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Abstract

Limitations imposed on control functions can significantly affect the performance
of a linear controller. When applied to the real physical system, such limitations
convert a linear function to a nonlinear input signal that alters the convergence
or stability of the solution. The main focus of this study is to identify, classify
and propose appropriate techniques to overcome such problems. In this regard, we
propose an exact definition for a conditionally controllable problem and investigate
control function formulations for such problems under the lenses of planning-based

and optimization-based methods.
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Chapter 1

Introduction

A sparrow perching on a narrow vibrating twig, a squirrel jumping over branches
of an old oak tree in pursuit of a tasty acorn, or a seagull diving into the water
for an afternoon meal are few examples of complex maneuvers performed in nature
that exploit nonlinear dynamics. Such nonlinearities, that are nightmares for con-
trol engineers, seem to be the key to develop elegant solutions for control problems.
Unfortunately, due to unruly behavior of nonlinear systems, there are only a few
systematic approaches available that help with synthesizing nonlinear control func-
tions. As aresult, numerous control problems are solved by linearizing the associated
dynamics about an operating point and using the vastly developed techniques for
linear systems to formulate a linear controller. Bearing in mind that the real system
is still nonlinear, the performance of the developed linear controller may drastically
vary from the original criteria. Owing to their simplicity, such linearized models and
controllers are desirable, and to some extent effective, for industrial systems. How-
ever, they are not advisable for control of modern robotic systems with convoluted

dynamics, limited actuations, and unavoidable interactions with the environment.



1.0.1 Outline of contributions

Since one can easily get lost in the labyrinth of nonlinear systems without an Ari-
adne’s thread, we will tie our rope around a subset of control problems that provide
a suitable framework for a systematic cascading of linear and nonlinear control ap-
proaches. Given this set of problems, namely conditionally controllable, we then
investigate appropriate techniques to synthesize control functions. The definition
provided for conditionally controllability is rooted in the concept of regions of at-
traction of dynamic systems [1, 2] and could be assumed as an extension of small
time stability in nonlinear dynamics [3].

In the second chapter of this manuscript, we give an exact definition for con-
ditional controllability and show how a problem can morph to being conditionally
controllable as we change the limitations imposed on the control function. In par-
ticular, we investigate swing-up control of a simple point-mass pendulum and the
effect of input saturations on the performance of the control function. Then, in what
follows, we investigate possible techniques to formulate a control function for condi-
tionally controllable problems by means of planning-based and optimization theories.
In Chapter 3 we propose a method to construct controller for conditionally control-
lable problems by cascading projected linear and piecewise constant functions. The
associated parameters of the piecewise functions are obtained by solving a planning
problem in the state space of the system via Ariadne’s clew framework. To construct
details of this approach, we present a formal setting for exploring trees as a building
block for planning based methods in normed vector spaces. We further extend the
setting to include time and solving planning problems on spatio-temporal grids. The
obtained tools are then used to construct a method for synthesizing control func-
tions to solve regularization problems and the proposed method is used to synthesize

control functions for three case studies of: point-mass pendulum, double-pendulum



and cart-pole. Chapter 4 is dedicated to some preliminaries of optimal control the-
ory and presentation of a method to synthesize control functions for conditionally
controllable problems by solving an optimization problem. In particular, the con-
trol function is constructed through composition of a piecewise constant function
with a linear controller. The coefficients of the piecewise function are determined by
solving an optimization problem for which the cost is defined as the norm of state
vector at a given finite time. If the constructed signal for specific discretization in
time does not satisfies a given convergence criteria, the process will start again with
a finer time intervals for the piecewise terms. The dissertation is concluded with
the materials presented in Chapter 5 at which we also discuss the application of

energy-based control in solving conditionally controllable problems.



Chapter 2

Conditional controllability

The current chapter is dedicated to the definition of a conditional controllable prob-
lem and in depth study of an example that highlight the motivations of this research.
The presented discussions will provide the necessary foundation for the methodolo-
gies discussed in the proceeding chapters. In what follows, we present the prelim-
inaries required to give a formal definition for conditional controllability. In order
to capture the essence of the proposed definition, we proceed with a case study of a
simple point-mass pendulum and investigate the effect of control input saturations
on the performance of a controller that is designed based on the linearized system

model.

2.1 Formal setting

Throughout this text, N and R represent the sets of natural and real numbers,
respectively. The set of positive real numbers is denoted with Rt := {z € R :
x > 0}. All vectors, matrices and vector-valued functions are denoted with boldface
letters or symbols. The space of n-dimensional vectors x =[xy, -+, z,| where z; € R

for every ¢ € {1,2,--- ,n} is denoted by R™. The inner product of two vectors x

4



and y in R” is defined as

<X7 y> =T1l +-+ TnYn, (21)

and the norm of a vector x € R" is ||x|| = (x,x)"/2. Let f : X — Y to be a function,
and W C Y, then f C W is an equivalent statement to f(x) € W, ¥x € X.
Moreover, to simplify notations, we will use f to indicate the function itself and
f(x) to indicate a point in the image of f for an arbitrary x € X. Let A to be a set,
the characteristic function for A is denoted with x4 such that y4(x) =1ifx € A
and = 0 if x € A. A property is said to hold almost everywhere (a.e.) if the measure
of set of points where it fails to hold is zero.

Despite the fact that analogous definitions for control systems based on concepts
of differential geometry and vector fields on manifolds exists (such as the definition
presented in [4]), here we will work with a statement of control system that is in

line with the definitions presented in [5] as follows.

Definition 2.1.1 (Control system). An ordinary differential equation of the form

y(t) = £(t,y(t), u(t)), (2.2)

with f: R x R” x R™ — R" is a control system if the initial value problem

y(t) = £, y(t),u(t)),
(2.3)

y(to) = Mo,

has a unique solution in the class of absolutely continuous functions! for any initial

state 19 € R™ and any arbitrarily assigned control function u : R — R™. We will

LA real-valued function f on a compact interval I = [a,b] is absolutely continuous if f has a



denote a control system with function f. Moreover, let y be the solution of (2.3) for
specific initial condition y(ty) = 19 € R™ and control u, then y is the trajectory of

the control system? associated to u and is denoted by y..

Definition 2.1.2 (Equilibrium point and equilibrium input). Point (1., w.) € R™ x
R™ is an equilibrium point of a control system, if f(¢,n., w.) = 0 for every t > t,.
Accordingly, n, is the equilibrium state and w, is the equilibrium input associated

with n,.

From a practical point of view, the differential equation (2.2) represents the time
evolution of a real physical system. Accordingly, a trajectory of the system may
require to satisfy constraints arising from system’s physical characteristics. Such
constrains could be categorized into three groups: (i) achievable state vectors, (ii)
attainable range of f(¢,y(¢),u(t)), and (iii) feasible control functions applicable to
the system. Considering such constraints, we can define control and regularization

problems as:

Definition 2.1.3 (Control problem). Given a control system f, a time interval
T = [to,tf] C (RUoo) and a set-valued function t — Yy(t) C R” to denote the set
of desired state vectors in time. Let ¢ — Y (¢) be a set-valued function representing
set of feasible state vectors in time such that for ¢t € T, Yy(t) C Y (¢t) and Y'(¢) is a
connected subset of R® with usual topology®. Moreover, let ¢ — ?(t) C R" indicate

the feasible range of f in time and U to be the set of feasible control functions. A

Lebesgue integrable derivative f’ and
b
1) = f@)+ [ fie)ar

2The terms “system” and “control system” are used interchangeably throughout the text.

3(Clearly, R™ with the usual (open ball) topology 7 := {||x — x¢|| < €: Vxo € R", Ve € R*} is
a topological space. A connected subset of a topological space is a set that cannot be partitioned
into two nonempty subsets that are open in the relative induced topology.



control problem, denoted by (f,U,Y, Yd,f/,T), is to find a set of control functions*

W C U such that for any n € Y (ty), exists u, € W satisfying

Yu, (1) =1 + /tf(T,y(T),un<T))dT eY(t),VteT,

to

£(t, Y, (1), uy(t)) € Y(t), ¥t € T, and

Yu, (t7) € Ya(ty).

Definition 2.1.4 (Regularization problem). Given a control system f, an initial
time ¢y € R; Let t — Y (¢) be a set-valued function representing set of feasible state
vectors in time such that for t € T, Y(¢) is a connected subset of R™ with usual
topology. Moreover, let t — ?(t) C R”™ indicate the feasible range of f in time and
U to be the set of feasible control functions. Given a desired trajectory y; : R — R”,
ya € C([to, 00]), such that y4(¢) € Y (¢) and yq(t) € Y (¢) for t > to, a reqularization
problem, denoted by (f,U,Y,yq4, ?,to), is to find a set of control functions W C U

such that for any n € Y (¢y), there exists u, € W satisfying

Yu, (1) =1 +/t f(1,y(7),un(7))dr € Y (), Vt > to,

£(t, Yu, (£), un(t)) € Y (1), V¢ > to, and

i [ya(t) = yu, (0)[] = 0.

We can explore the connection between control and regularization problems

through the following lemmas.

Lemma 2.1.1. If W is a solution to reqularization problem R = (f,U,Y, yd,?,to),

4 Alternatively, specific 19 € Y could be assigned to be the only initial state of the problem; that
is, the control problem is to find a function u € U such that y,(ty) = no and y,(tf) € Y. Such a
definition may be interpreted as a trajectory planning problem. Here, to avoid such specification,
we define the control problem of finding u,, for every n € Y.



then there exists a control problem C = (f,U, Y,Yd,)/},T) such that W is also a

solution of C.

Proof. Let € > 0 be given. Since W is a solution to R, then Vn € Y (ty), Ju e W
and t,n such that [|yu(t) — ya(t)|]] < € for all t > ty,. Let W, == {u € W :
limy o0 ||yu(t) — ya(t)|| = 0} and define 7(n) := infuew, tun. Then W is a solution
to C with ¢ i= supyey 7(n), T = lfo, £7] and Ya(t) = {n € Y(ty) : [n — ya(t)]| <
e} O

Lemma 2.1.2. If W is a solution to a control problem C = (f, U,Y,Yd,}A/,T) such
that Yy(t) = {na} for all t > t; and (g, un(t)) is an equilibrium point of £ for all
t > ty, then W is a solution to regularization problem S = (£, U,Y,yd,?,to) with

ya(t) = Na.

Proof. Since W is a solution of C, then for all n € Y (#;), there exists a u € W such

that

N+ / " f(r y(r),u(r) dr € Ya = {na).

to
On the other hand, since (14, u(t)) is an equilibrium point of f for all ¢ > ¢;, then
f(t,ma,u(ty)) = 0 = y(t). Consequently, the value of y,(t) remains at ng and

f(t,y(t),u(t)) =0 for all t > ¢;. Thus, for all ¢ > ¢; we have

t
I3a(t) = yul®) = Ina =i~ [ 7. y(0),u(r))dr =0,
ty
that implies lim; o ||ya(t) — yu(t)|| = 0. O
Since the objective of a regularization problem is to reduce the error between
yu(t) and y4(t), it is natural to define e(t) := y4(t) —y(¢). In addition, let ug : R —

R™ to be a given operating control function (uy(t) could represent the equilibrium



input associated with y,(t)), we can define v(t) := uy(t) — u(t). Writing f in terms

of e and v yields

(1) = Yalt) — £(1,yalt) — e(t), ua(t) — v(0)). (2.4)

Equation (2.4) represents the error dynamics for the corresponding regularization

problem. Moreover, applying Taylor series expansion to (2.4) leads to

Va(t) —e(t) = £(t, ya(t) — e(t), ua(t) — v(t)) (2.5)
of of
~ £(t,ya(t), ua(t)) — Iy () ﬁjﬁiﬁe(t) = Bul) K%;V(t)- (2.6)

Noting that y4(t) = £(¢,ya(t), us(t)), equation (2.6) simplifies to

o
dy(t)

e(t) + i

é(t) ~ (D)

vVt =Ade) +B)v(t).  (2.7)

ug(t)

g <

a(t)
a(t)
Owing to its linear nature and significant developments of techniques for linear
systems, using a linear approximation of the system can significantly simplify solving

control and in particular regularization problems. Moreover, if v(¢) is defined as a

linear function of e(t), that is v(¢) := K(t)e(t) for a specific K(t) € R™*" then
e(t) = A(t)e(t) + B(t)v(t) = (A(t) + B(t)K(t))e(t) = Ac(t)e(t), (2.8)

where A.(t) € R"" defines the closed-loop form of the system. Since (2.8) could
be solved as a simple initial value problem (without the explicit dependency on u),
then solving the corresponding regularization problem reduces to finding K(¢) such
that eigenvalues of A.(t) coincide with some desired values (further discussions on

linear systems and corresponding linear control synthesis are available in [6]).



Linear controllers of the form v(t) := K(t)e(t) are effective under two assump-
tions: (i) if ||e(t)]| is small enough such that the linear model (2.7) is a valid approx-
imation of (2.4); (ii) if the output of v(¢) could be directly applied to the system?®.
In real physical systems, due to the limited power of the actuators and system prop-
erties, range of u(t) may be constrained to only a specific subset of R™, denoted by

D. Consequently, we can define u as

u(t) = PrDoj (ud(t) — V(t)) = argvrileig lug(t) — K(t)e(t) — wll. (2.9)

Let U denote the space of feasible control functions and D to be the acceptable
range for u € U, then we can define two subsets of U that are: the set of realizable

functions, Uy, and the set of projected linear functions, Uy, defined as:

Uy :={uecU:u(t)e D forae. teR}, (2.10)

U :={u e U :u(t) = Proj (us(t) — K(t)e(t)), uq € U, K(t) € R™"}. (2.11)

In this research, we will focus our discussions on a specific class of control prob-

lems, named as conditionally controllable problems, defined as the following.

Definition 2.1.5 (Conditionally controllable problem). Let R = (f,U,Y, yd,i},to)
be a regularization problem and D C R™ be the feasible range for u € U. Let Uy
and Uy, be defined as (2.10) and (2.11) for the given D. Then, R is conditionally

controllable if the following conditions hold:

(i) The regularization problem (f,Up,Y,yq, EA/, to) does not have a solution; How-

ever, there exists t — Yy (f) C Y(t) such that the modified regularization

°Clearly if conditions (i) and (ii) are not satisfied, the real representation of error dynamics
(2.4) diverges drastically from its linear approximation (2.7). Consequently, the linear techniques
used in synthesizing the control functions may be no longer valid.

10



Figure 2.1: A portrait of a condition-
ally controllable problem. As illustrated,
since 1 € Y, Ju, € Up such that
limy o0 ||ya(t) = Yu, (t)|| = 0. On the other
hand, since & € Yy, yu, does not con-
verge to y, for any us € Up. However,
we can find a function u; € Uy such that
Yu, (tf) € Y for some finite ¢;.

problem (f,Ur,Y \ Yy, y4, }A/, to) has a solution.

~

(ii) The control problem (f,Uy,Y,Y \ Yn,Y, [to,ts]) has a solution for a finite ¢;.

In other words, for conditionally controllable problems, a subset of saturated
linear controllers in Uy, which could be synthesized based on relatively simple and
general techniques of linear control theory, can solve the control problem in a neigh-
borhood of desired states, but there also exists certain subsets of the state space,
for which no function in Uy, can lead the system to any point in the set of desired
states. As it is discussed in this manuscript, extending the control functions to
Uy can lead to more interesting solutions that harness the inherent complexities of
nonlinear systems. A conceptual portrait of a conditionally controllable problem is

illustrated in Figure 2.1.

Theorem 2.1.3. Let R = (f,U,Y, yd,}/},to) with D C R™, be a conditionally con-
trollable problem. Moreover, letuy : R — R™, uy € U to be a given operating control
function. If R, = (£.,V, E,0,E.to) with e(t) := ya(t) — y(t), v(t) := ug(t) — u(t),
£, 1= V() — £, yalt) — (), ualt) —v(), () i= yalt) =Y (1), B{t) = ya(t)~ T (1
and V :={uy(t) —u(t) : u € U} be the error regularization problem associated with

R, then R, is conditionally controllable if and only if R is conditionally controllable.

Proof. Based on the definition of F, it is immediate that if y(t),y4(t) € Y (¢) and

va(t),y € ?(t) if and only if e(t) € E(t) and €é(t) € E(t) First we show that if R is
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conditionally controllable, then R, is also conditionally controllable. Let W C Uy,
be a solution for Ry = (f, UL, Y \ Yn, ¥4, ?,to), first we show that Qp C Vi, :={v €
V:v(t) = ug(t) — u(t), u € U} is a solution for R, = (£,Vy, E \ Ex,0, E,t),
where Ey :=y4(0) — Y. Let n € Y, since Wy, is a solution for Ry, then Ju € W,

such that

Jm [ya(t) = yu(®)ll = [[ya(t) —n —/ f(t,y(t), u(t))dt]| = 0.

to

On the other hand, we have

e(t) = &+ / Fa(t) — £(t,yalt) — e(t), ua(t) — v(t)) dt,

to

where & € E, & = y4(to) — n. Based on the definition of @, Iv € @, such that
v(t) = ug4(t) —u(t). Substituting e(t) = yq(t) —y(¢) and v(t) = uyg(t) — u(t) in the

definition for e(t), we get

- /tf(t,y(t),u(t)) dt =e(t) — & — /tt ya(t) dt.

to

Knowing that n = y4(0)—& and using the obtained expression for ftz f(t,y(t),u(t))dt

in [lya(t) = yu(t)|| yields

1ya(t) = yu(®)]| = llya(t) —n — / £(t, y (1), u(t))dt|
— llya(t) —n +e(t) — & - / yalt) dt|

= lyatt) = (va(0) + [ 5a(t)de) +e(e)] = (o).

to

Consequently, lim; . [|[ya(t) — yu(t)|| = 0 = lim;,o||e(t)]] = 0. To show

that (@, cannot solve R., assume by contradiction that for & € Ey, dv € @

12



such that lim; . ||ey(t)|| = 0. Based on the definition of @, Ju € Wy such

u(t) = uy(t) — v(t); Based on the derivation in the first part, we get

im flev (8] = fim €+ [ 3ult) ~ £(6.yalt) — o(0) ua(t) ~ v(0)) ]

t—o0 to

t t

~ Tim [|&+ / yalt) dt - / (¢, y.u(t)) di|

t—o00 to to
t

= i (v + [ 3atyr) = (n+ [ 500y uen )

to to

= tlim lya(t) — yu(t)|| = 0,
—00

that is contradictions since & € Ey = mn € Yy and #u € W, such that
limy- e [ya(t) = yaul8)] = 0.

To show that R, also satisfies the second requirement for conditional control-
lability, let Wy C Uy to be a solution for Cy = (£, Uy,Y,Ys,Y, [to,t7]), & € Ey
and Qy C Vy :=={v € V 1 v(t) = uy(t) — u(t),u € Ux}. Moreover, let E4(t) :=
ya(t)—Yy(t); we claim that Q is a solution for C. = (£, Vi, E, Eq, E, [to, ts]). Since
§& € Ey then n = y4(0) — & is in Yy, thus Ju € Wy such that yu(tf) € Y. Pick

v € Qu such that v(t) = uy(t) — u(t), then

e (ty) =&+ /t ' Va(t) — £(t, ya(t) — e(t),uq(t) — v(t)) dt

0

:5+/tf yd(t)dt—/tf £(t, y(t), udt

to to

= (v + [ satat) = (n+ [ 500y, 0dr) = yatty) - valty)

to to

Since yu(ty) € Yy, thus ya(ts) — yu(ty) € Eg4, that implies Qx is a solution for

Ce = (f., VN, E, Eq, E, [to, tf]). Using the same steps as presented here, we can show

that conditionally controllability of R, implies conditional controllability of R. [
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There are many examples of conditionally controllable problems in physical sys-
tems with nonlinear dynamics. In particular, such problems are frequently observed
in control of multi rigid body systems. As it is highlighted in the following sections
and chapters, in the case of rigid body mechanics, such solutions are often related to
controlling the energy or momentum of the system that allows driving state vectors
from Yy to Y7.

To further examine conditionally controllable problems, we can proceed with
the case study of a simple point-mass pendulum model as discussed in the following

section.

2.2 Case study: swinging up a pendulum

Consider the point-mass pendulum system as depicted in Figure 2.2. The equation

of motion for the pendulum is
i(t) = 3 sin(g(t)) + (2.12)

where ¢(t) € R is the angle measured from an axis parallel to the gravitational
(free-fall) acceleration, g € R, to the pendulum link in counterclockwise direction.
[ € R* is the length of the pendulum, m € R is the concentrated mass at the
bob. u(t) € R is the torque applied at the joint of the pendulum. To simplify the
equations and without loss of generality, let ¢ = | = m = 1 (with appropriate units).
Let y(t) := [q(t), ¢(t)]T be the state vector, then (2.12) leads to y(t) = f(t,y(t), u(t))

where

£t y(t), ult)) = alf) | (2.13)

sin (y1(t)) + u(t)
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Figure 2.2: The pendulum system and the corresponding parameters.

Let R = (f,U,Y,ya, }/}, to) to be a regularization problem defined for f in (2.13) with
the objective of moving and holding the pendulum at upward configuration where
y1(t) = y2(t) = 0. Since f does not explicitly depend on time, we may simply let
to = 0; moreover, y;(t) = yo(t) = 0, implies y4(t) = 0. For simplicity, we assume
that there are no physical restrictions on the mechanical structure of the pendulum,
therefor Y = Y = R2. Moreover, we follow the assumption that the motor used to
generate the input is just limited by its maximum applicable torque. Accordingly, we
define U := L*> and D := [—~Wpaz; Winaz|, Where wy,q, > 0 is the maximum torque
output of the motor. Thus, the exact definition of R is R = (f, L, R? 0,R? 0) for
f as in (2.13).

Let e(t) := yq(t) — y(t) = —y(t) be the error vector. To set y(t) = 0 be an
equilibrium state for the system, we need f(t, 0, u4(t)) to be zero for all ¢t € R, which
implies ug4(t) = 0. Thus, let v(t) = uq(t) — u(t) = —u(t), then the error dynamics of

the system &(t) = 0 — £(¢,0 — e(¢),0 — v(t)) simplifies to

alt) _ ealt) — £t e(t), u(t)), (2.14)

éo(t) sin (e1(t)) — u(?)

with the corresponding linear approximation é(t) = Ae(t) + Bu(t) with matrices A
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and B equal to

A= , B= . (2.15)

To explore the behavior of the linear system with linear controllers, let u(t) =
(k,e(t)) for k = [k, ko]T € R% Then, the closed-loop representation of the system
simplifies to &(t) = A.e(t), where

0 1
A, = : (2.16)

1—k —ke

with eigenvalues

7(A) = (), 20} = {3(~ bt raa k) @1

Since A has two distinct eigenvalues in C, it is diagonalizable [7]. Therefor, consider
the decomposition A, = QAQT, where Q € C?*? is the matrix of eigenvectors and
A = diag(A;(k), A\ (k)). Using such decomposition, we can compute the solution of

é(t) = A.e(t) for a specific k as

e)\l(k)t 0
-1
ex(t) = Q Q™" eo, (2.18)
0 6)\2(k)t
where ey = —y/(0) is the initial error value. Since our objective is to find a linear
control function that ensures lim;_,o ||ex(t)|| = 0, we can choose ki and k3 such that

Mt and e*2R)t 5 0 as t — oo, that is R(\;) and R(\y) are negative. Let Q to be

the set of k vectors such that R(A;(k)) and R(A2(k)) are negative, then

Q={keR*: k; >1and ky, > 0}. (2.19)
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Consequently, for every k € Q, lim;,« ||ex(t)|| = 0. However, we have not yet ex-
plored the response of (2.13) when the input is constrained to set D = [—wWaz, Winaz)-

Based on Theorem 2.1.3if R, = (f., L>=,R? 0,R?,0) is conditionally controllable,
then R is also conditionally controllable. Accordingly, we can focus our discussions
solely on the error dynamics of the system. In what follows we will develop the tools
required to investigate how R, morphs into a conditionally controllable problem as
Wimae decreases. First we need to identify functions in Uy and Up. Since D C R is

an interval, then Uy, is

Uy, = {u € L s u(t) = sat(k, e(t)), k and e(t) € R?}, (2.20)

where for a given A C R and x € R, saty z is

satz := min{max {z, inf(A)},sup(A)}. (2.21)
Similarly, we can identify functions in Uy as

Uy = {u € L®:u(t) = D for ae. t € R}. (2.22)

Let k € R?, we define ' := {§ € R?: |(k, &)| < wpar} that corresponds to the
set of points between two affine lines (k, &) = —wpa.x and (k, &) = wyax. Moreover,
let ¥ :={& € R?: (k, &) < —wWpay} and Xg := {& € R? : (K, &) > wpax} ¢ For

every u € Uy, if e(t) € T, then u(t) = (k, e(t)) with the error dynamic defined as

é1(t) = ea(t),

éo(t) = sin(eq(t)) — krer(t) — kaea(t).

(2.23)

SNote that based on the definitions of ', ¥ and Xg, we have X; NT' = {§ € R? : (k, &) =
~Wmaz}, SRNT ={E €R?: (K, &) = Wyae} and Xp N Xg = 0 for any wyae > 0.
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Let Er(e(t)) to denote the total energy of the system for e(t) € I', then
L, L
Er(e(t)) = §€2<t> + cos(ey(t)) — 1+ §k161<t). (2.24)
Taking derivative of Er(e(t)) with respect to time leads to
Er(e(t)) = 62(t)62(t) - Sin(@l (t))el (t) + k161 (t)el(t) (225)
Substituting é;(¢) and é;(¢) from (2.23) in (2.26) yields
Br(e(t) = —ksed (1), (2.26)

which is negative for every k € Q and zero if e3(t) = 0. On the other hand, for
every u € Uy, if e(t) € ¥ U Xg, then u(t) = *wpee. Thus, the input of the
system serves as a conservative force and provides the possibility of characterizing
the trajectories in the phase portrait” of the error dynamics using work-energy
principle. Let t, < t, € R, then for every e C ¥, or C X based on the work-

energy principle we have

By, (e(ty)) = Ex,(e(ta)) + We(ta)—se(ts)s (2.27)

Esg(e(ty) = Esq(e(ta)) + We(ta)—se(ts) (2.28)

where Ey;, (e(t)) and Ex;, (e(t)) denote the energy of the system for e(t) in ¥, and
YR, respectively. Wei,)—e(,) is the work required to take the system from e(t,) to

e(ty). The total energy associated with the simplified pendulum model in (2.13)

"A phase portrait is a set of trajectories in the phase plane of the system that illustrates evolution
of the dynamics form various initial conditions.
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with an arbitrary input is

B(y(1)) = 5330 + cos(yn (1), (229)

that implies

1 1
s, (e(1)) = B, (e(t) = Bx(e(t)) = 5e3(0) + cos(—ea(t)) = 5e3(1) + cos(er (1))
(2.30)
Moreover, the work done by constant external force u(t) = +wyq, on the pendulum
1s

e1(ty) Wimaz (61(tb) — el(ta)), if e(t) € Xy,
We(ta)e(ts) = — / u(t) dey = (2.31)

1(ta) Winas (el(ta) — el(tb)), if e(t) € X,

for all t € [t,,ty). Substituting (2.31) and (2.30) in (2.27) and (2.28) yields

for ¥ :
@ + cos(er(ty)) — Wmazes(th) = e%(gta) +cos(ei(ta) = Wmaeer (o), (2.32)
for Xp :
B coste(t)) + wmarer(t) = 2L+ cos(e(t) + wpmer(t,). (23)

Noting that (2.32) and (2.33) are true for any initial condition e(t) € ¥, and X,

respectively; we can define

Hy, (e(t)) = %e%(t) + cos(e1(t)) — wmazer(t), (2.34)

Hy,(e(t)) := %eg(t) + cos(e1(t)) + Wmazer(t). (2.35)
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The following lemma highlights the connection between Hy, (e(t)) and Hy,(e(t))

with trajectories in ¥; and Xy, respectively .

Lemma 2.2.1. Ife(t) € X1 for t € [to,t1], then e(t) coincides with a level set
of Hs, (e(t)) for all t € [to,t1]. Similarly, if e(t) € g for t € [to,t1], then e(t)
coincides with a level set of Hx,(e(t)) for all t € [to, t1].

Proof. 1f alevel set of Hy;, (e(t)) coincides with a trajectory in Xy, for ¢ € [to, ], then
Hy,, (e(t)) must be constant for every point of that trajectory; that is Hy, (e(t))=c
for all t € [to,t1], where C' € R is a constant. Taking the derivative of Hy, (e(t))

with respect to time leads to

%HEL(e(t)) = eq(t)éa(t) — sin(er(t))é1(t) — Wmax€a(t).

Moreover, for every trajectory in ¥, we have

é (t) = 62(t),

éo(t) = sin(eq(t)) + Wimaz-
Substituting é;(t) and é;(t) in 4 Hy, (e(t)) yields

d . : . .
Sz (e(t) = ex(t)éa(t) — siner(t))ér(t) — Wmazéi(f)

= eg(t)<sin(el(t)) + Winae — sin(er (t)) — wmam> =0,

that implies Hy;, (e(t)) is constant for all ¢ € [to, ¢1]. Similarly, substituting é;(t) =

81t is interesting to note that Hy, (e(t)) and Hs,(e(t)) are the Hamiltonian functions [8] of the
system for u(t) = +wyq.- As an example
_ OHs, (e(t))

é1(t) = T(t) =es(t), éat) =

_OHy, (e(t))
ey (1)

= sin(e1(t)) + Wimaz,

which is exactly the dynamic equation that represents the trajectories in Xp.
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ea(t) and é;(t) = sin(e1(t)) — Wmas in 4 Hy,,(e(t)) leads to £ Hy,(e(t)) = 0. O

Let VHy, (e(t)) and VHy,(e(t)) denote gradients of Hy, (e(t)) and Hyx,(e(t))

with respect to e(t), respectively; then

—sin(ey(t)) — Wnae —sin(ei(t)) + Wax

VHs, (e(t)) = ., VHs,(e(t)) =
€9 (t) 62(t)
(2.36)

Let Sp, and Sk to be the set of stationary points of Hy, (e(t)) and Hyx,(e(t)), re-

spectively. Then

Sy ={&=1[£,0]" € 2 : sin(&) + wpaz = 0}, (2.37)

and

SR = {E' = [517 O]T € ER : Sin(fl) — Wmaz = 0} (238)

We can further decompose both Sy, and Sg into disjoint subset S}, S%, Sy and S%

defined as
Sp = {[ 2j7 — sin " (Wiag ), O}T . je{0} UN}, (2.39)
52— {[ (2 + )7 + sin " (wpnaa), 0] ¢ j € {O}UN}, (2.40)
SL = {[2j7r+sm (tWnas), 0] 2 j € {O}UN}, (2.41)
S? = {[ 25 + 1)m — sin™ (Winaz), O}T : je{0} UN}. (2.42)

Let V2Hy, (e(t)) and V?Hy,(e(t)) denote Hessians of Hy;, (e(t)) and Hy, (e(t)) with
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respect to e(t), respectively; then

) ) ) —cos(ey(t)) 0
V*Hsy, (e(t)) = V°Hyx,(e(t)) = V°Hx(e(t)) = ) s (2.43)

Note that for every & € S} U Sk and 0 < Wy, < 1,

—/1 —w? 0

max

V?Hs (&) = . | (2.44)

is indefinite, revealing that every stationary point in S} U Sk is a saddle point if
Winaz € [0,1). On the contrary, for every & € S? U S% and 0 < wyner < 1,

1 —w? 0

max

V?Hx(E) = . s (2.45)

is a real positive definite matrix, indicating that every stationary point in S? U S%
is a local minimum for (xs, Hs, + Xxs,Hs,)(€(t)) if wne € [0,1). Given the

characteristics of singular points in Sy, and Sg, we define

L= {Eesy: My, (8) < Hy,([-a(i),0]7) and & < —a(j)},  (2.46)

ho= {8 €Sn: Hyn(8) < Hyy([0(7),0]7) and & > a(i) }, (2.47)

where a(j) := 2jm + sin ™! (Wpaz). The sets @) and Q% represent the points in ¥,
and X with smaller Hy, and Hy,, with respect to the points in S and S% that are
located at the left and right side of the points in S} and S}, respectively. Provide
the above statements, we proceed with the following theorem. The corresponding

lemmas and corollaries that are used in the proof of Theorem 2.2.2 are presented
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Appendix A.
Theorem 2.2.2. Let wyq, € (0,1) and k € Q2 such that I'N (U;O:O Q’L> = (). Then,
limy o0 [lex(®)| = 0 if ex(0) & UjZo(Q U Q).

Proof. Based on Lemmas A.0.6 and A.0.7, if e, (0) & U;’io(Qi U @%), then 3t > t,
such that ex(t') € dI'. Moreover, by Lemmas A.0.2 and A.0.3 we have that ever
time the trajectory passes through I' it enters into an orbit with lower Hy, or
Hy,, (depending on the region). This decrease of Hamiltonian continues every time
the trajectory passes through I' until it resides in I" completely. Then, based on

Lemma A.0.1, lim; . |lex(t)]| = 0. O

Now we have all the tools necessary to prove the following theorem which states
that R, = (f., L°,R? 0,R?,0) for D C (—1,1), D # {0} is a conditionally control-

lable problem.

Theorem 2.2.3. Let R, = (f., L>°,R? 0,R? 0) be a regularization problem where

£.(t,e(t), u) = ealt) ,

sin (e1(t)) — u(?)
Moreover, Let Uy, and Uy defined as

U = {u € L :u(t)= sgt(k,e(t)), k and e(t) € Rz},

Un = {u € L™ :u(t)e D forae. te R},
where D := [—Wmaz, Wmaz| fOT Wmae > 0. Then, R, is conditionally controllable if
Winaz € (0,1).
Proof. First we show that a solution for (f., Uz, R?\ Yy, 0,R? 0) exists as a subset
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of U, where Yy := U;’;O(Q’L UQ%). Let a = sin™! (wyae) and

£(0) = \/2 <HEL(—a) + Winaal) — cos(e))

= \/2 <wma19 — coS(0) + Waz + /1 — w?nax)'

Moreover, let

f(0)

wmaz

ki

m(0) :=

Y

+0

and 6* to be a zero of g(f) := 4L f(9) —m(6) in the interval 6 € [—7 +a, —a) that is
g(0*) = 0. Note that such zero exists since () is continuous for 6 € [—-7 + «, —a),
g(—m 4+ ) > 0 and limg_,(_q)- g(0) = —(1 — w2 )1 < 0. Let U C Qbe W =
{k € Q: —k < m(0*)ks}, then for every k € U, I'N Yy = (. Thus, based on
Theorem 2.2.2, for every u € Wy, := {u € Uy : k € ¥}, lim_, [|e,(t)|| = O if
e,(0) € R?\ Yy. In addition, based on Lemma A.0.4 and A.0.5, if €,(0) € Yy, for
any u € Uy, e,(t) € Yy for all t > tg. Since Yy N0 = () for every w,,q, > 0, then
there is no subset of Uy, that can be a solution for (f., Uz, R?,0,R?,0).

As the final step, we need to show that there exists a subset of Uy that solves

(fe, Un,R%, Y \ Yy, R?,[0,t4]) with t; < co. Let j € {0} UN, s} := [-2j7 — a, 0],
s5:=[—(2j + 1)m + , 0]" and e(0) € @’ , then

Hs, (s}) < Hs,(e(0)) < Hz, (s;).

Consequently, we need to find a u € Uy such that Hy, (e,(tf)) > Hy, (sj). Noting

that Hy, (e(t)) = Ex(e(t)) — Wmnaze1(t) we can define

AH := Hy, (Sb — Hy, (e(0)) = EE(SJI') — Ex(e(0)) + Wnae(e1(0) — (31)1')'

J
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Based on the results of Lemma A.0.4, every trajectory in QJL forms an orbit, thus

we can simply take e;(0) = (s1); that leads to
AH = EE<S]1) — Ez(e(O))

Since @7 are disjoint, if u can increase the Ex(e,(t)) by AH in t;, then e,(t;) €
Y \ Yy. To do so, we propose u(t) := —kswnae sign(es(t)) with 0 < k3 < 1 that
yields

Es(e(t)) = kswmazes(t) sign(ea(t)) > 0.

Substituting u(t) in f, leads to
é2(t) = sin (e1(t)) + kswmas sign(ea(t)),

that implies {[nm,0]7 : n € {0} UN} is the set of equilibrium points for the error
dynamics endowed with control function u. Since for wy,q, € (0,1), Yy U{[nm, 0] :
n € {0} UN} = (), using u we can constantly increase Fx(e(t)). Moreover, for any

j € {0} UN,

HEL(S}) — HEL(S?) = Wpae (200 — ) + 24/1 — w2,

Therefore, we can let ¢y be the time such that

ly
/ k3womazea(t) sign(es(t)) = wpmee (200 — ) + 24/1 — w2,
0

Finally, since for every e(0) € @, —e(0) € Q% we can extend the same conclusion

to the trajectories with e(0) € Q7.
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Figure 2.3 illustrates T, QJL, 12, S, Sr, level sets of Hy, and Hy, and tra-
jectories in T' for w,q, = 0.50, 0.75, 1.00 and 1.25 with k = [2, 1]7. Note that as
Wpmae Increases to 1, points in S} and Sj converge to points in S7 and S%, respec-
tively. Consequently, the area of QJL and qu decreases as Wyq; — 1 from below.
For w,q, = 1, QJL = {-7(2j+ 3)} and Q% = {m(2j + %)} Moreover Q]L and ng
cease to exist for wy,,, > 1, indicating that the problem is no longer conditionally

controllable.

2.3 Overview

As the presented discussion suggests, finding an exact definition of Yy may be a
tedious task. In practice, such regions could be explored through numerous simula-
tions (or experiments) of the system with different initial conditions. However, the
nature of conditionally controllable problems provides the possibility of simplifying
nonlinear control synthesis into two subtasks of (i) finding a linear controller for the
linearized model using the well known techniques of linear control design and (ii)
developing a nonlinear control law that can lead the system trajectories from Yy
to Yz. Although such decomposition is achievable with various techniques, in this
study, we will focus our attention on two methods of Planning-based and Optimal

control.
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Figure 2.3: Phase portrait of f, for w., € {0.50,0.75,1.00,1.25} with k = [2, 1].
Points in S} USE and S7 U S% are depicted with (x) and (o) markers, respectively.
QJL U Qfé regions are highlighted with orange color and the level sets of x5, Hs, +
Xz, Hs,, are illustrated with color gradient changing from gray (low) to white (high).
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Chapter 3

Planning-based control

As an alternative to classical approaches of designing control functions, we can for-
mulate synthesizing a controller as solution of a motion-planning problem. Two com-
mon approaches in the literature that follow this technique are: Linear Quadratic
Regulators (LQR)! trees [10, 11]* and randomized kinodynamic planning [12].
LQR trees, and similar approaches, are used in controlling of a fixed-wing glider
to perform a bird-like perching maneuvers [13, 14], stabilizing a torque limited dou-
ble pendulum in the upward configuration [15], and demonstrating aggressive ma-
neuvers with quadrotors [16]. As an alternative, randomized kinodynamic planning
approaches [12] construct a Rapidly-exploring Random Tree (RRT) [17] in the state

space of the system to find feasible trajectories connecting an initial state to a given

!An LQR control function is a linear function v(t) := Ke(t) that minimizes the cost func-
tional J(e,v) := [, e’ (t)Qe(t) + v’ (t)Rv(t) dt for a system with linear dynamics of the form
é(t) = Ae(t) + Bv(t). Positive definite matrices Q and R are used to define the gains on state and
input vectors, respectively. Although some of the preliminaries of optimal control theory is covered
in Chapter 4. an interested reader may refer to [9] for detailed derivation of LQR controllers.

2Tt must be noted that, while both methods discussed in [10] and [11] share similar motivations,
there are a few major differences associated with them. In [10], the control function synthesis
problem is formulated as finding an optimal switching sequence of control gains for a discrete
time linear systems with respect to a quadratic cost function; while [11] discusses design of an
acyclic connected graph of LQR controllers that are constructed by considering corresponding
controllability regions in such a way that the union of controllable regions of the nodes covers a
desired subset of the state space.
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goal set.

In what follows, we start with discussing a set of tools needed to solve a plan-
ning problem in a normed vector space and extend their application to synthesizing
control function. In particular, we present a generalization of exploring trees in
a normed vector space and their extension to include time. In the presented de-
velopments, we have considered paths and trajectories in the set of continuous and
absolutely continues functions, respectively. Such consideration allows direct utiliza-
tion of the proposed setting in solving path planning and control problems. Lastly,
based on the presented materials, we propose an algorithm to synthesize control
functions for conditionally controllable systems and test its effectiveness in three

different case studies.

3.1 Exploring trees

We start with a definition for paths connecting two points in a vector space.

Definition 3.1.1 (Path). Let (X, || -||) be a normed vector space, x1,xs € X and
a,b € R such that @ < b . A path connecting x; to xs is a function ¢ € C(R),
¢ : R — X such that ¢p(a) = x; and ¢ (b) = x2. We will also use ¢y, x, or more
concisely ¢;_,5 as alternative notations when it is required to emphasize the points

that are connected via path ¢.

In the remaining sections of this chapter, and without loss of generality, we
assume that every path starts at its source when the input is 0 and reaches to its
destination when the input is 1; that is, we substitute a = 0 with and b = 1 in

Definition 3.1.1.

Lemma 3.1.1 (Path compositions). Let (X,|| - ||) be a normed vector space and

Xi,...,Xp, € X, p<oo. Let gp(s) = (p—1)s — k+1 and Py be a path connecting
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Xi t0 Xpq1. Then ¢ip, : R — X defined as

b1p(5) fok )P r(gk(s)),

where I} = (—oo,zﬁ), I, 4 = [1—%,00) and I, = ]ﬁ[k—l,k) forl <k <p-—1,

is a path between x; and x,.

Proof. Since 0 € I, 1 € I,y and | J;_, I = 0, then ¢1.,(0) = $1(0) = x; and
$1,(1) = d,-1(1) = x,. Thus, P;-,, satisfies the required boundary conditions.
Now we need to show ¢, is in C(R). Let J := {1% 1 <k < p—1} for
every s € L= J'_] I \ J, &1,(5) = drgr(s)) + 0. Since g, and ¢y, are both
continuous, then the composition ¢y o gx is also continuous that implies continuity
of ®1,,(s) for every s € L. Now, let s € J, then s = % for some 1 <k <p—1.

Thus
b1p(5) = dilgr(s)) = dr(0) = xy,

On the other hand g _1(gx—1(s)) = Pr_1(1) = x;. Let € > 0, since dy_10gr_1 and

¢ 0 g are both continuous, then there exists 651 > 0 and 9, > 0 such that

[br-1(9x-1(5)) — Pr-1(gs-1()) ]| = x5 — Dr-1(gr—1(1))[| < €if [s =t < I,
[dr(gx(5)) = Dr(gr()] =[xk — drlgr()]| < €if [s — ] < 0.

Let § := min{dg_1, dx}, then for every ¢ such that |s —t| < 0, [[P1om(s) —
$1.m(t)]| < € that implies continuity of ¢, for every s = J. Since JU L = R,

Given the definition of a path and a tool to compose paths, we can proceed with

a definition of spatial directed rooted trees, which will form the foundation for the
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definition of spatial exploring trees.

Definition 3.1.2 (Spatial directed rooted tree). Let (X, || - ||) be a normed vector

space and V be a countable subset of X. Moreover, let

= {(bxlﬁxz X1, Xp €V, x1 # X2}>

be a set of paths between the points in V. Given r € V, the triple (V| E, r) is spatial

directed rooted tree with root r, if for every x € V| one can construct a unique path

q)rﬁx ZXIk (bk gk ))

as established in Lemma 3.1.1 such that ¢, € E for every k. If such condition

holds, it is easy to verify® that |E| < |V].

Definition 3.1.3 (Spatial exploring tree). Let (X, | - ||) be a normed vector space,
Y C X, reY and N € N. Then, a spatial exploring tree of size N, donated by Wy,
is a spatial directed rooted tree (V, E,r) such that |V| = N, which is incrementally

constructed based on the following algorithm:

3 Assume by contradiction that |E| > |V|. Then there exists at least one pair x; # Xp in V and

two paths ¢, # ¢y in E such that ¢,(0) = d(0) = x; and ¢,(1) = dy(1) = x2. Consequently,
one can construct two not equal paths from r to xa by composing §,_,x, with ¢, or ¢, that
leads to a contradiction with uniqueness of ®,_,x for every x € V.
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Data: r, Y
Result: Uy
Vi={r}, E:=0;
while |V| < N do
(%, by ) i= Expand(V, Y);
Vi=VUuix), Ei= EU{dyvox);
end

\IJN = (V,E,’I");

where Expand(V,Y") is a sub-algorithm that returns a new vertex x € Y and a path

from v € V to x. The set Y represents a given workable* subset of X.

The following method illustrates how a planning problem could be solved by
utilizing spatial exploring trees.
Method 3.1.1. Let Y C (X,||-]),r €Y, ¥ = (V,E,r) and N € N be a maximum
given size for . A path from the source r to d neighborhood of a destination g € Y’

could be constructed by iteratively exploring Y via the following algorithm.
Data: g, ¥, N

Result: ¢
if Iv € V such that ||g — v| < ¢ then

return Q_,v;

®

Ise if |V| < N then
(%, §yox) = Expand(V, Y);
V=V U{x}, E:= EU{dyv_x};
else

return (;

end

4The set workable subset is also refereed to as the free space, denoted as C free, in some planning
related literature such as [18] and [19].
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where 0 < 0 € R is a predefined acceptable distance from the goal point. Note that,
if |V | exceeds N and there is no vertex in V' within a ball of radius ¢ around g, then
the solver will return ¢ = () to indicate incapability of finding a path from r to g
for the defined Y, N and 0 values.

Depending on details of Expand(V,Y") in Definition 3.1.3, we can construct dif-
ferent spatial search trees. As an example, we proceed with a definition for rapidly-

exploring random trees, which are commonly abbreviated as RRT.

Definition 3.1.4 (Rapidly-exploring random tree). Let D be a probability density
function for Y C (X, - ||) and let x € Y ~ D denote choosing a random point in
Y based on D. A rapidly expanding random tree is a spatial exploring tree that is

constructed based on the Expand(V,Y') algorithm defined as
Data: V, Y

Result: (x, ¢)

xeY ~D;

v = arg mintyey ||x — W]

if 3 € C such that (0) =v, d(1) =x, and d(s) € Y, Vs € R then
return (x, ®);

else

return (0,0);

end

In an alternative implementation of rapidly-exploring random trees, instead of
discarding paths for which ¢ ([0,1]) NY*® # 0, we pick a new vertex X by finding
t* = min{t € [0,1] : p(t) € Y}® and defining X := ¢ (¢*), and (/j\)(s) = P(). if

t* # 0, we return X and (T) as the new vertex and path.

SLet v = ¢(0) € Y, then 3¢ > 0 such that {x € X : [x —v|| < ¢} C Y. Also, since ¢
is continuous, 36 > 0 such that [[$(5) — O)]| = [[d(6) — V[ < e = () € Y. Thus, for
every t € Q := {s € (0,1) : ¢p(s) € Y}, 36, > 0 such that {s € (0,1) : |t —s] < &} € Q
that implies @ is open and consequently its complement with respect to the interval [0, 1], that is
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In order to solve a control problem using rapidly-exploring random trees, we need
to employ a strategy to synthesize a path between every two points in the feasible
subset of the state space. Note that, developing such strategy is equivalent to finding
a solution set {W;,} for the set of control problems {(f, U, Y, nq, }/},T) :Vng € Y}
that is clearly a complicated and computationally expensive task, specifically for
systems with convoluted dynamics; However, some possible workarounds discussed

in the literature are:

i) Using an iterative algorithm, such as shooting method, dynamic programming
or a method derived from techniques in optimal control theory, to synthesize
a control function that generates a trajectory connecting two vertices of the
spatial exploring tree. Examples of such techniques are explored in [20] and
[21]. In general, due to their iterative nature, application of such algorithms

are laborious.

ii) Decomposing vertex-to-vertex transition problem into two subproblems of (I)
finding a path between two vertices of the tree based on system kinemat-
ics (by computing y(¢) as time derivative of the path y(¢), which ignores
y(t) = f(t,y(t),u(t)) as a dynamic constraint); and (II) using a control func-
tion to follow the obtained path using the linear approximation of the dynamics.
Assuming that the initial point of the path coincides with the initial state of the
system, which is a consequence of solving the kinematics based planning, then
e(0) = 0, that implies possibility of using a linear controller. However, if the
problem is conditionally controllable and the source vertex belongs to Yy, then
this controller will fail to follow the given path. Accordingly, an implementa-

tion of the method needs to handle possibilities of diverging from the desired

Q°={s€0,1]: d(s) & Y}7 is a close set. Since Q° is a bounded, close and not empty (based on
the initial assumption that ¢([0,1]) VY # 0), it has a minimum. If v € Y\ Y, then v € Y (Y is
a close set) and v = ®(0) ¢ Y, thus t* = 0.
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path. An example of such implementation of rapidly-exploring random trees is

presented in [22].

As the above discussions suggest, a more natural way of employing trees to
solve a control problem is to include time and dynamic constraints in the growth
of the spatial trees. In this regard, we introduce dynamic-based expanding trees
as a special subset of spatio-temporal exploring trees, as presented in the following

section.

3.2 Spatio-temporal exploring trees

To provide a definition for spatio-temporal exploring trees, we need to include time
in the definition of spatial directed rooted tree as presented in Section 3.1. Thus,

we start with the following Lemma

Lemma 3.2.1 (Trajectory compositions). Let (X, | - ||) be a normed vector space,
vi = (tg,xx) € Rx X fork=1,...,p < 0o € N such that t;, < tyy1 for all k,
and @i : R — X be a trajectory connecting vy to viy1, that is, @r € AC(R),

@r(ty) = x; and @p(tgy1) = X1 for everyk=1,...,p— 1. Then

Q1p(t) =% + /tt (pz:i X1Ii (T)(P;f(T)>dTv

1

where I, = [tg, tgs1] for 1 <k <p—1 and I,_1 = [ty—1,00), is a trajectory’ that

connects vi = (t1,x1) to v, = (t,,x,).

Proof. Based on the assumptions of the lemma, @, € AC(R), @i(tx) = X and

@r(tipi1) = Xy forevery k=1,...,p—1. Thus for every k € {1, ..., p— 1}, there

SNote that, since we are choosing @ to be an absolutely continuous function, there is no
contradiction with the given definition of a trajectory as in Definition 2.1.1.

35



exists a Lebesgue integrable derivative of @, namely @7, such that

tet1
Xpi1 = X + / @ (7)dr.

ty

Moreover, if @} is integrable, then xy, (7)@}(7) is also integrable. Finally, since
a finite sum of Lebesgue integrable functions is also Lebesgue integrable, we get
S P X1, (T) @), (T) is integrable that implies @, € AC(R).

To check for the boundary values of @_,, at t = ¢; and ¢, we can proceed as

what follows. For ¢ = t; we have

t1

o1yt =i+ | ’ (pz_lekm(p;(r))w ~x1,

and for t =t, we get

[]

The result of Lemma 3.2.1 could be used to give a definition to spatio-temporal

directed rooted trees and spatio-temporal exploring trees as in what follows.
Definition 3.2.1 (Spatio-temporal directed rooted tree). Let (X, | -]|) be a normed
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vector space, T' = [to, ;] C R and V C T x X be a countable set. Moreover, let
E = {(pvl—WQ LV = (tl,X1> €V and Vo = (tQ,XQ) € ‘/, 1 < tg},

be a set of trajectories between the points in V. Given r = (¢,,x,) € V | the triple
(V, E,r) is spatio-temporal directed rooted tree with root r, if for every v € V', one

can construct a unique trajectory

venlt) =%+ [ (X wn)eiin)in

as established in Lemma 3.2.1 such that @, € FE for every k. If such condition holds,

it is easy to verify” that |E| < |V].

Definition 3.2.2 (Spatio-temporal exploring tree). Let T = [to,t;] C R and
(X, |l -1]) be a normed vector space. Moreover, let Y C X be a given workable
set, r = (¢,,%x,) € T x Y be an assigned root and N € N be a desired size. Then,
a Spatio-temporal exploring tree of size N, donated by Yy, is a Spatio-temporal
directed rooted tree (V, E,r) with |V| = N that is incrementally constructed based
on the following algorithm:
V.={r}, E:=0;
while |V| < N do
(W, @y_w) := Expand(V, T x Y);
V:i=VU{w} E:=EU{@v_w};
end

return Yy := (V, E,r);

where Expand(V,T x Y) is a sub-algorithm that returns w € T'x Y as a new vertex

"Similar to the discussion for Definition 3.1.2 we can show that uniqueness of trajectories
between the root and tree vertices implies |E| > |V].
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and @y_,w as a trajectory connecting v € V to w.

In the following definition, we present an application of Spatio-temporal explor-

ing trees as a tool to explore the state space of dynamic systems.

Definition 3.2.3 (Dynamics-based expanding tree). Given a control system y =
f(t,y(t),u(t)), as defined in Definition 2.1.1, ¥ as a connected subset of R™ with
the usual topology, U as the set of feasible control functions, T' = [to,tf] C R and
yo = y(0) € Y. A dynamics-based expanding tree is a spatio-temporal exploring
tree that is constructed based on the following Expand(V,Y") algorithm

vo = (to,yo0) := PickVertex(V);

ot := PickTime(R™);

u := PickControl(U);

@(t) == yo+ [, £(r,y(7),u(7))dr;

if @(t) €Y, for allt € [ty,ty + 0t] then
return ((to + 6t, @(to + 0t)), @);
else

return (0, 0);

end

where PickVertex, PickTime and PickControl are sub-algorithms to choose a
vertex v from V', a positive time interval ot and a control function u from U, re-
spectively. Depending on details of these sub-algorithms, we can tailor the procedure

to generate trees suitable for different given problems.

In [23] we have demonstrated that using a set of dynamics-based expanding
trees, {2, = (V;,E;,r;) : j €N, j=1,...,N < oo}, we can solve different control
problems with relatively complicated dynamics.

In what follows, we explore application of dynamics-based expanding tree in

solving conditionally controllable problems.
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3.3 Extension to conditionally controllable prob-
lems

Let (f,U,Y,yq, )A/,to) be a conditionally controllable problem, then for every ng €
Y \ Yy, Ju € Uy, such that limy o ||ya(t) — yu(t)|| = 0. Let t; > to, if the cost
of solving the initial value problem y = f(¢t,y(¢),u(t)); y(t1) = n € Y is small
enough, then we can check if the performance of a control function u € Uj, is
satisfactory. This possibility of evaluating the control functions allows utilization of
Ariadne’s clew framework [24] where the planning problem is decomposed into two

contemporaneous subtasks of Explore and Search that are:
i) Explore: build and enhance a representation of the accessible set;

ii) Search: check for possibility of reaching the target from accessible set based on

a predefined criteria.

In the case of conditionally controllable problems, if the Explore subtask can
identify a region intersecting with Y \ Yy, then the Search subtask can utilize a
function in Uy, to guide the system trajectory toward y,(t).

On a different note, complexities of the computations involved in synthesizing a
planning-based controller demands utilization of a digital computer to evaluate and
apply the control function. Thus, the resultant output will be a discrete signal that
could be represented as a continuous input via zero-order hold®. Accordingly, the

control signal attains a constant value during each sampling time, which needs to

8Let x[n] : N — R™ represent a discreet signal and ¢, € R be the sampling time (also known as
the sample interval), then zero-order hold representation of x is x,0n : R — R” defined as

Xzoh(t) = Z X[TL] X[tsn, ts(n+1)) (t)
neN
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be accounted for in design of the algorithm®. Based on the presented discussions,
we propose the following algorithm to synthesize control functions for a class of
conditionally controllable problems where the set of feasible controls is L>°. The
presented method utilizes spatio-temporal exploring trees to explore the state space

of the associated error dynamics as the Explore subtask of Ariadne’s clew framework.

Method 3.3.1. Given T = [to,tf], ts,tn € RT, 0 < ty << (tf —to), 1 < ng <<
(tr—to)/ts € N, t;, >> t, and an error regularization problem R, = (f.,V, E, 0, E, to)
with V' = L that is conditionally controllable when range of control functions in
V' is constrained to D := [, [w;, .., wi,..] C R™. Let C be a given finite subset of

0D. If there exists a control function

N
u(t) == Z Xt ti+6x] () Wi,
k=0
for which tx11 =t + Ok, 0 € {ts, nsts} for all k&, N < (ty —to)/ts and

D. s, =t..
W €

C, lf&k = nsts,

that can regulate the error from a given e(ty) € E to zero. Then, u(t) could be

constructed by determining the values of d; and wy through the following algorithm:

9The effect of zero-order hold must also be considered for the functions in Uy, if they are meant
to be implemented via a digital computer. In the following discussions, for the sake of brevity, we
assume that the sampling time is small enough to guarantee the stability of the linearized model
with a linear control signal passing through a zero-order hold filter. We will address this effect in
the discussions presented on Section 3.4
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Data: t;, e(tx), and H

Result: 6, wy and H

To ==ty & = e(tr);

Pi={(r,&)}; Q:=10; i:=0;

while 3t € [ty, t; + t4] such that ||@(t,p;, V)| > € do
(p, w) := PickVertexAndControl(P, C, H);

if p=0Vi> N then

return (t,, SampleControl(D), 0);

Ise if @(t,p,w) € E(t) A @(t,p,w) € E(t), Vt € [t5, t5 + nst,] then

@

Pi+1 = (tf) + nstsa (p(tf) + nstsvpvw));
P:=PU{pin}; Q:=QU{w};
=1+ 1

else

Mask(p, w);

end

end

if |P| =1 then

return (ts, ve, (to), 0);
else

return (nts, W1, Wii);

end

where v := Proj, Ke(t) is projected linear control function that regulates the linear
approximation of the error dynamics at e(t) = 0, H is the results of planning
obtained in the previous step, that is ue, ,)—o0; H = () indicates unavailability of
previous planning solution. € > 0 is an acceptable distance from 0 that suggest

convergence of e(t) to zero. N € N is a given maximum size of the tree (|P|). For
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p = (tp, &) € R x R™ and control function u, @ (¢, p,u) is defined as:

@(t,p,u) =§&, —i—/t f.(r,e(7),u(r)) dr.

P

Sub-algorithm PickVertexAndControl returns a vertex p = (¢p, &) € P such that
ts < ty — nsts and a control u(t) = w € C based on the current vertices in P
and history H. PickVertexAndControl returns p = () if all the vertex and in-
put combinations are used (to eliminate exploring repeated vertex-control pairs).
SampleControl(D) sub-algorithm returns u(t) = w € D based on a defined proba-
bility density function. The Mask sub-algorithm masks specific vertex and control

tuple so that PickVertexAndControl does not pick the same combination again.

The procedure presented in Method 3.3.1 constructs the control function u(t)
gradually from ¢, to t;. At each step, the algorithm attempts to find a control
function ug(t) from the current point (tx,e(t;)) to a point in the goal region {& €
R™ : ||&|| < €} satisfying |ley, (t)|| < € for all t € [ty,tf + t5]. If the algorithm
terminates successfully, it returns wy, = ug(t;) and o, € {ts, nsts} along with H = vy,
which could be used as a reference for the next step planning. However, if the process
terminates unsuccessfully, which can happen by completely exhausting all the inputs
in C for all the vertices in P satisfying t, < ty — nst, or reaching the maximum
allowable tree size, then it will return a random control input from D to alter the
current state e(tx) and repeat the procedure.

To explore performance of Method 3.3.1 in synthesizing control functions we
proceed with the following case studies of a simple pendulum, a point-mass dou-
ble pendulum and a point-mass cart-pole system. In all the given examples, the
PickVertexAndControl sub-algorithm is set to alternate between history and cur-

rent explored vertices until it exhausts history H.
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3.3.1 Simple pendulum

As our first demonstration, we continue with the simplified point-mass pendulum

example presented in Section 2.2 with

feyiam - | 0 3.1)
sin (y1(t)) + u(t)

and the error regularization problem R, = (f., L°°,R? 0,R? 0) with the error dy-
namics f, = —f(¢t, —e(t), —v(t)). Let the interval D := [—wnaz, Winaz), Vi = {v €
L> :v(t) = satp(K, e(t)), Kande(t) € R?}. Based on Theorem 2.2.3, R, is a con-
ditionally controllable if w,,q, € (0,1). To evaluate the performance of Method 3.3.1
to synthesize a control function for R., we set w,,.. = 0.5 and picked two initial
conditions: (i) e(0) = [=2, 0] € Ey and (ii) e(0) = [-4, 2|7 € E\ Ey. The
corresponding synthesized control function using Method 3.3.1, denoted by u, and
the corresponding response of the system to u are illustrated in Figure 3.1. In ad-
dition, Figure 3.1 includes graphs of saturated linear function v(t) =: satp(K, e(t))
with!® K = [-10,—3]7, and corresponding response of the system to v. As seen
in the figure, even when e(0) € Ey, the control function u can meet the objective
of the regularization problem. However, v saturates at w,,, and results in an un-
damped oscillatory response of the system. A more interesting behavior is observed
for e(0) = [—4, 2]7 € E '\ Ey. In this case, although e, () eventually reduces to
zero in time, the exploring nature of the proposed method allows finding a shortcut
in that results in a faster convergence of e, (t). Other parameters used in this case

study are: t; =25, T'= 10, e = 7/10, ny = 10 and ¢, = 0.1.

10The negative sign in K appears by defining the error dynamics with e(t) := yq(t)—y(t) = —y(t)
and v(t) := uq(t) —u(t). This mismatch in the sign of K with the analysis presented in Section 2.2
is due to a sign simplification that is applied in Section 2.2 by replacing v(t) with —u(t).
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Response to u(t)

Response to v(t)

u(t) and v(t)

Figure 3.1: Response of the pendulum system to the synthesized control func-
tion based on Method 3.3.1, u and the projected linear control function v(t) =:
Proj, (K, e(t)). Solid and dashed lines in the first two rows indicate e (t) and eq(t),
respectively. In contrast, solid and dashed lines in the third row depict u(t) and
v(t), respectively. The phase portrait of the system is depicted in the last row
where red and yellow lines are used to illustrate system response to u(t) and v(t),
respectively. The contour lines indicate Hamiltonian isoclines on X7, and . The X
and o markers are used to illustrate the singular points. Please refer to discussions

in Section 2.2 and Figure 2.1 for more detailed description of the depicted phase
planes.
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Figure 3.2: The point-mass double pendulum system and the corresponding param-
eters.

3.3.2 Double pendulum

As an example of a more complicated system, we can study performance of Method
3.3.1 in synthesizing control functions for a point-mass double pendulum system de-
picted in Figure 3.2. The detailed derivation of the differential equation of motion
for the system with arbitrary values of my, ms, I; and Iy is presented in the Ap-
pendix B. In order to simplify the expressions, we take m; =mqy =11 =lb =g=1
(with appropriate units). Moreover, by defining y(t) := [q1(t), q2(t), ¢1(t), Go(t)]*

as the state vector and u(t) = [uy(t), uz(t)]” as the input vector. we can obtain a

first order representation for the system as

where

M(y (1)) — 2cos(y2(t)) +3 cos(ya(t)) + 1 | (33)

cos(ya(t)) +1 1
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and

cos(y1(t) + ya(t)) + 2 cos(y1(t)) — ya(t) (2us(t) + ya(t)) sin(ya(#))

Y3 (t) sin(ya(1)) + cos(y1 (1) + va(t))

®(y(1)) =

(3.4)

Similar to the point-mass pendulum problem, we chose the objective of the con-
trol problem as swinging up and holding the system in the upward configuration.
Accordingly, yq(t) = [7/2, 0,0, 0|7 = y,4. Moreover, we assume additional con-
straints on the range of ¢;(¢) and ¢»(t) and set Y(t) =Y :={n e R*: —27 < <
27, —m < my < w}. Since y4 = 0, we can set uy to be the input required to make y,

an equilibrium point of (3.2). Thus,
uy — ‘I)(yd) =0 = uy=0. (35)
=0

Having defined the values of y; and u,, we can proceed with defining the error

dynamics. Following the formulation presented in (2.4), we get

es(t)
e(t) = es(t) : (3.6)
M ! (e(t)) (V(t) + i’e(e(t))>

where e(t) :=yq — y(t), v(t) :==uqg — u(t),

M. (e(£) = M(y, — e(t)) = 2cos(ex(t)) +3 cos(ea(t)) +1 | (3.7)

cos(ea(t)) + 1 1
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and

®.(e(t)) = D(ya —e(t))

_ | sin(er(®) + ex(t)) + 2sin(er (1)) + ea(t) (2es(t) + ea(t)) sinfea(t)) | (3.8)

sin(eq (t) + eo(t)) — €2(t) sin(ez(t))

Based on (2.6), we can obtain a linear approximation of (3.6) around e(t) = 0 and

v(t) =0 as
é(t) = Ae(t) + Bv(t), (3.9)
where ) ) ) )
0 0 10 0 O
0 0 01 0 O
A — , and B e . (310)
1 -1 00 1 =2
-1 3 00 -2 5

In order to find a gain matrix K for the linear control function Ke(t) that
regulates the linear approximation of the system presented in (3.9), we follow the
pole placement technique discussed in [6], which is known as Ackermann’s formula.
Based on this technique, the eigenvalues of the closed loop linear approximation of

the system, that is é(t) = A.e(t) with A, defined as

A.:=A+BK, (3.11)

could be arbitrarily assigned as the roots of a desired characteristic polynomial, if
the controllability matrix C := [B, AB, ---, A""'B] is of rank n. For the double

pendulum example rank controllability is 4 that allows us to proceed with Acker-
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mann’s formula. Choosing desired polynomial A(s) = (s + 1)%(s + 2)? leads to

13 5 15 6
K" =—[0,0, -, 1JC'\(A) = — : (3.12)
5 3 6 3

Finally, to construct the projected linear control function v(t) := Proj, Ke(t), we
pick D ={w € R?: ||w| < 0.5}

Figure 3.3 shows response of the system from two different initial conditions
to both v and u, which is the control function constructed by Method 3.3.1. As
depicted in the figure, u can successfully reduce norm of error to zero in time. For the
initial condition e(0) = [r, 0, 0, 0]7, the projected linear control function v saturates
and remains at the boundary of D as |ley(t)|| demonstrates a periodic response.
On the other hand, for the same initial condition, u(f) can successfully reduce
leu(t)|| to zero in time. This behavior is in line with the definition of conditionally
controllable problems and suggests that the given regularization problem for the
double pendulum system is conditional controllable and [r, 0, 0, 0]7 € Ey (the set
EN corresponds to set Yy when the regularization problem is written in terms of
the error dynamics as discussed in Theorem 2.1.3). Other parameters used in this

case study are: t5 = 20, T" = 20, € = 0.5, ng = 20 and ¢, = 0.1.

3.3.3 Cart-pole

To further investigate the performance of Method 3.3.1, we continue with a point-

mass cart-pole system!!, which is a simple example of an under actuated system?!?.

1 The cart-pole system is also referred to as the inverted pendulum in the literature.

12Based on Newton’s laws of motion, dynamics of mechanical systems are inherently second order
[25]. Consequently, we can assume § = f(¢,q,q,u) as a generic form of the system accelerations
where q is the vector of generalized coordinates and u is the vector of input forces and moments.
However, in many systems, namely control affine, g is an affine function of u. As a result, we can
write q for control affine systems as q = fi(¢,q,q) + f2(¢,q,q)u. An under actuated system is a
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Figure 3.3: Response of the double pendulum system from two different initial
conditions to both the synthesized control function based on Method 3.3.1, u and
the projected linear control function v.
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Figure 3.4: The point-mass cart-pole system and the corresponding parameters.

A point-mass cart-pole system is illustrated in Figure 3.4. The detailed derivation
of the differential equation of motion for the system with arbitrary values of my,
mo and [ is presented in the Appendix B. In order to simplify the expressions, here
we take m; = my = I3 = g = 1 (with appropriate units). Moreover, by assigning
y(t) == [q1(t), g2(t), G1(t), G2(t)]" as the state vector and u(t) as the input force, we

can obtain a first order representation for the system as

ya(t)
y(t) = ya(t) , (3.13)
M- (y(0) ([ul), 0)F - B((0) )

where

M(y(F)) = 2 — cos(y2(t)) and B(y(1)) sin(y(2))y2(t)

— cos(ya(t)) 1 —sin(ya(1))
(3.14)

The objective of the cart-pole system is to balance the pole in an upward config-

uration as the cart stands at a specific position. Accordingly, we chose the desired

control affine system for which Rank(f2(¢,q,q)) < Dim(q).
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state for the control problem as y,(t) = 0 = y,4. Since y4 = 0, we can set uy to be

the input that makes y; an equilibrium point of (3.13). Thus,

[ug, 0]F — 3@ =0 = uy=0. (3.15)

Having defined values of y; and ug, we can proceed with defining the error

dynamics based on the formulation presented in (2.4) that leads to

€3 (t)
é(t) = es(t) : (3.16)

M (o) ([0(1), 0)7 + @ (e(1)))
where e(t) .=y, —y(t) = =y(t), v(t) := uqg — u(t) = —u(t),

-2 cos(ea(t))

Me(e(t)) = M(yd - e<t>> = ) (317)
cos(ey(t)) -1
and
B, (e(t) = Blyg —e(t)) = | HEDIAD] (3.18)
— sin(ey(t))

Based on (2.6), we can obtain a linear approximation of (3.16) around e(¢) = 0 and
u(t) =0 as
é(t) = Ae(t) + Bv(t), (3.19)
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where

0010 0
0 001 0
A= , and B = : (3.20)
0100 1
0200 1

Although, similar to the double pendulum example, we can use the pole place-
ment techniques to find an appropriate gain matrix K, here we follow LQR deriva-
tion. That is, we seek to find K such that the linear controller a(t) := Ke(t)

minimizes the cost functional

J(e,a) = /O " e()7Qe(t) + Ra2(t) dt, (3.21)

subjected to é(t) = Ae(t) + Ba(t). As explained in Chapter 4, the optimal gain

matrix K* could be obtained by as
K*= R 'B"P, (3.22)
where P is found by solving the continuous time algebraic Riccati equation
AP +PA —-PBR'B'P+Q=0. (3.23)
Substituting Q = I, and R = 20 in (3.22) and (3.23) we obtain K* as
K" ~ [0.22, —5.77, 1.31, —4.66]. (3.24)

Finally, to construct the projected linear control function, we set D = [—0.5,0.5]
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that leads to

= ProjK*e(t) = K" 2
v(t) EOJ e(t) [—os.?,to.a e(t), (3.25)

Figure 3.5 shows response of the system from four different initial conditions to
both v and u (function w is the control synthesized by Method 3.3.1). As depicted
in the figure, for all cases u can successfully reduce norm of the error to zero while

for

e(0) € H := {[0, 1, 0, 0]", [0, 0, 1, 0]", [0, 0, 0, 1]" }, (3.26)

the saturated linear control function, v, drives system to instability and causes
norm of the error to increase in time. Similar to the double pendulum example, for
these initial condition, v saturates and remains at the boundary of D while ||e,(t)]|
increases in time. However, for the same initial condition, the synthesized control
function u can successfully reduce ||e,(t)|| to zero in time. This set of conditions
suggest conditional controllability of the problem and shows that H C Ey (the set
EN corresponds to set Yy when the regularization problem is written in terms of
the error dynamics as discussed in Theorem 2.1.3). Other parameters used in this

case study are: ty = 20, T'= 20, € = 0.5, n, = 10 and ¢, = 0.1.

3.4 Remarks and conclusions

In this chapter, we covered some preliminaries on spatial exploring trees and dis-
cussed their limitations in synthesizing control functions as solutions to planning
problems. To address this limitations, we extended the idea of spatial exploring
trees to include time and presented a formal setting for spatio-temporal exploring
trees. Finally, the presented idea is used to as tool for synthesizing control functions.

In particular, we proposed Method 3.3.1 that utilizes spatio-temporal exploring trees
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Figure 3.5: Response of the point-mass cart-pole system from four different initial
conditions to both the synthesized control function based on Method 3.3.1, u, and
the projected linear control function v.
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Figure 3.6: | P| versus ns when evaluating w; and d; for the three case studies. The
missing boxes indicate inability of the method in finding a trajectory from the given
initial condition satisfying |le,(t)|| < e for all t € [ty t; + T7.

in an Ariadne’s clew framework to gradually construct a control function to regulate
the error.

Effectiveness of the proposed method is explored by synthesizing control func-
tions for three case studies from different initial conditions. The conducted sim-
ulations revealed effectiveness of the method in constructing control functions for
each problem. However, through numerous experiments with the parameters as-
sociated with Method 3.3.1, we observed the importance of t,, n, and the linear

control function gain, K, in the success of the algorithm. In general, reducing ¢,
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increases the computation time and increasing t, affects convergence of the error
close to e(t) = 0, where the linear approximation of the system is valid. In the
implementation of the method, special care must be given to the sampling time t,.
If the effect of discretizing the saturated linear control function, v(¢), which is a con-
sequence of using digital computers in implementing Method 3.3.1, is not considered
for in the Search subtask of Ariadne’s clew framework, ¢, should be small enough
to reduce the divergence of e, (t) from e.,nv)(t). Based on the results presented in
this chapter, if such divergence is small, the algorithm can successfully account for
it by solving the planning problem from the diverged point in some future time step.
Such action also suggest the noise rejection capability of Method 3.3.1. Similarly,
smaller values of n, result in shorter search horizons which increases the number of
vertices required to solve the planning problem. Thus, reducing ng, increases oscil-
lations in the synthesized control function. On the other hand, increasing ng leads
to more scattered tree vertices that may reduce the chance of finding a solution.
Figure 3.6 illustrates the effect of ng on |P| at t = ¢y for the three case studies.
The corresponding results are obtained by running the algorithm with 100 different
random number seeds for each ng value. The parameters used in the algorithm are
the same as for the case studies with the maximum allowable size of the search tree
is set to 2000. The presented results suggest existence of n; optima for which the
planning problem is solved with fewer iterations, that corresponds to smaller |P| at
to. Another important observation is the effect of linear controller gain matrix K on
the performance of the algorithm. Accordingly, some experimentation with a given
system is required to find a gain matrix that results in better performance of the
Search subroutine in Ariadne’s clew framework. Finally, the time horizon ¢, should
be long enough to correctly reflect convergence of the projected linear controller.

Choosing small ¢, may deceive the search subroutine and result in an ineffectual
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control function.
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Chapter 4

Optimal control

This chapter focuses on utilizing methods of optimal control in synthesizing control
functions for conditionally controllable problems. We start with a brief overview and
preliminaries of optimal control theory and continue our discussions with the details
of the proposed method to synthesize control functions for conditionally controllable
problems. In particular, we present an algorithm to construct control functions
through composition of a piecewise constant function with a linear controller. The
coefficients of the piecewise function are determined by solving an optimization
problem for which the cost is defined as the norm of state vector at a given finite

time.

4.1 A brief introduction to optimal control theory

As an informal definition, we can state an optimal control problem as the following.
Let y(t) = f(t,y(t),u(t)) be a given control system, U be the set of admissible

control functions, J(y,u) be a given performance measure and 7" C R be a time

o8



interval. An optimal control problem is to find u* € U such that

u" = arg {lnellrjl J(Yu, ), (4.1)

satisfying
W(t,y(t),u(t)) >0, (4.2)
E(t,y(t),u(t)) =0, (4.3)

for all t € T'. Functions ¥ and E are defined based on the physical requirements of
the system.

In what follows, we present a short introduction to optimal control theory by
discussing common techniques used to solve an optimal control problem analytically
and numerically. An interested reader may refer to [9], [26] and [27] for more detailed

derivations and explanations.

4.1.1 The variational approach to optimal control problems

From historic perspective, contributions to calculus of variations by Edward J. Mc-
Shane lead to major developments of optimal control theories, largely due to the
work of Lev Pontryagin [28] and Richard Bellman in the 1950s. In what follows,
we summarize Pontryagin’s maximum principle, as stated in [9], as the following
theorem. For the sake of brevity, we omit proof of the theorem and refer interested

readers to [9] or [28] for detailed discussions and proofs.

Theorem 4.1.1 (Pontryagin’s maximum principle). Given a control system y(t) =

f(t,y(t),u(t)), a time interval T = [to,tf] and a set of feasible control functions U.
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Let

J(u) ;== h(ty,y(ty)) + / ' g(t,y(t),u(t))dt,

to
be a given performance measure. Then, the control function u* that minimizes J

must satisfy the following necessary conditions:

i) y*(t) = %H(t,y*(t),%*(t), u*(t)), for allt € T;

i) A*(t) = —%H(t, y* (1), N*(t), u*(t)), for all t € T}

iii) Ht,y* (), A*(t), w*(t)) < H(t, y*(£), A*(t), u(t)), for allu € U and all t € T;

i0) [hlts,y*(t) = A (t0)] oy + [ bty 27)
FH(y, ¥ (£), N (t) w* (15) |8t = 0;

where

H(t,y(t), A1), u(t) = g(t, y(t), u(t)) + A (OF(t, y (), u(t)),

is the Hamiltonian function. 0y and oty are variations of the final state and time,
respectively.
Moreover, if there is no constraint on the range of functions in U, that is for all

uc U, u:R— R™, then condition (iii) simplifies to
., 0
iii) = =H(t,y* (1), A"(1), () = 0 for all t € T.

u

The results of Theorem 4.1.1 could be used to find an optimal control function

for linear regulator problem as presented in the next subsection.

4.1.2 Linear Quadratic Regulator (LQR)

In this subsection, we apply Theorem 4.1.1 to find a linear control function of the

form v(t) := K(t)e(t) for linearized system € = A(t)e(t) + B(¢)v(t). The result
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presented here follows the discussions in [9] and are primarily due to the work of R.
E. Kalman.

Let the performance measure be defined as

1

J = 5(Celty).elty) + 5 / (QM)e(t), e(t) + ROV, vy, (44)

where t; < oo is fixed, C, Q(t) € R™™ are symmetric positive semi-definite matrices
and R € R™™ is a symmetric positive definite matrix. It is also assumed that
e(t) € R" and v(t) € R™ are not bounded. Moreover, e(tf) is not constrained. The

corresponding Hamiltonian for the problem is

and the necessary conditions are

e'(t) = A(t)e*(t) + B(t)v*(¢) (4.6)
N () = —Q(t)e" (1) — AT ()N (1) (4.7)
0= g—il =R(t)v*(t) + BT (t)A*(2). (4.8)

Solving (4.8) for v*(¢) and substituting in condition (4.6) leads to

& (t) = A(H)e(t) — BRI ()BT ()A*(¢). (4.9)

Note that the existence of R™1(#) is assured due to its positive definiteness. Equa-

tions (4.7) and (4.9) form a set of linear homogeneous differential equations of the
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form

é*(t) _ | A®) -BORTOBI()] e () | (4.10)
Mol o|-em AT ()
with the solution
e*(ty) _ dultity) bl tp)| |e () ' (4.11)

}\*(tf) ¢21(t7tf) ¢22(t7tf) }\*(t)

From condition (iv) of Theorem 4.1.1 by setting dt; = 0 (since the final time is

fixed) we can obtain a boundary condition for A*(t) as
A (ty) = Ce*(ty). (4.12)

In [9], by borrowing the idea presented in [29], it is shown that the above formulation
simplifies to

vi(t) = =R ()BT (1)Gy, (t)e(?), (4.13)

where

Gy, (1) = (bt ) - C(I)lg(t,tf))_l(chn(t, )= dultty).  (414)

Generally, in order to implement v*, we need to resort to numerical procedures to
evaluate ;;(t,tr). Alternatively, by substituting (4.12) in (4.11) and solving the
results for A*(t) as function of *(¢), which leads to A*(t) = Gy, (t)e (t), and finally

taking derivative of A*(t) = Gy, (t)e * (t) with res