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ABSTRACT

The Riemann zeta function has a deep connection with
the distribution of primes. This expository thesis will
explain the techniques used in proving the properties of
the Riemann zeta function, its analytic continuation to the
complex plane, and the functional equatiQn that the Riemann .
zeta function satisfies. Furthermore, we will describe the
connection between the Riemann zeta function and the Prine
Number theorem, and state the most famous unsolved
mathematical problem, the Riemann Hypothesis. One of the
most important generalizations of the Riemann zeta function
are Dirichlet’s L-functions. Also, we will explain the
techniques used in proving the properties of Dirichlet’s L-
functions and the functional equation that Dirichlet’s L-

functions satisfy.
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CHAPTER ONE

INTRODUCTION

In the study of the distribution of the prime numbers,
Bernhard Riemann, in 1859, wrote an eight-page paper
entitled, “On the Number of Primes Less Than a Given
Magnitude” that impacted the mathematical world. In his
paper, Riemann stated several unproved conjecfures that
were settled by Hadamard, de la Vallee Poussin, and von
Mangoldt more that 50 years later. However, one of the
conjectures in Riemann’s paper still remains without a
proof. This conjecture is now known as the famous Riemann
Hypothesis, and it was listed as one of the millennium most
important unsolved mathematical problem for the 21°¢
century.

In hisveight—page paper, Riemann introduced the zeta

function, ((s),s € C and over the years, the study of the ((s)

function has contributed immensely to mathematics.
Moreover, the essence of many theorems depends on the
understanding of the Riemann Zeta function. The objective
of this thesis is to provide a survey on the proven
properties of the ((s) function, its particular application

to the Prime Number Theorem, and the functional equations



that Dirichlet’s L-functions satisfy.
In chapter 2, I will briefly go through the historical
background of the Riemann Zeta function. A detailed proof

will be provided for the analytic continuation of the ((s)

function, and its functional equation. Chapter 3 will
provide important facts of the product formula for the
related &(s) function. Chapter 4 will explain the
application of ((s) function in proving the Prime Number
theorem. Finally, in chapter 5, we will generalize the
Riemann Zeta function to Dirichlet’s L-functions and
outline the proof for the functional equation that
Dirichlet’s L-functions satisfy.

The three major source of information used in this
thesis are the following references: Edwards[6],
Davenport[2], and E.C.[4]. See references for detail on

these sources.



CHAPTER TWO
HISTORICAL BACKGROUND OF THE RIEMANN
ZETA FUNCTION
Introduction
The study of prime numbers dates back as far as
Euclid’s time (300 B.C.). Moreover, Euler also provided
important results about prime numbers (1737). In fact,

Euler proved a famous identity,

o0 1 1 ¢
el I]—————~ for a fixed s>1. (2.1)
2

s ns - 1— p—s

This identity became an important tool and a starting point
in Riemann’s paper. During 1792, independent works from
the great Gauss and Legendre contributed major results in
regard to the asymptotic density of the prime numbers which

led to the statement =(z)~z/logz, z — oo, where m(z) counts

the number of primes less than given z. This statement
became known as the Prime Number Theorem (PNT). However,
the PNT remained unproved for almost fifty years, from 1850
to 1894.
Properties of the Riemann
Zeta Function

As was mentioned above, Riemann’s ingenious idea was



to treat Euler’s identity (2.1) as function of complex

variable s. So, ((s), s€ C was adopted as the Riemann Zeta

function and it became the key point in the study of the
distribution of prime numbers. In fact, Riemann defined

the zeta function, ((s), with the following formula

+oo \—7T
- 2mf ( ) dm, seC, (2.2)

+ooe

and showed that this formula is analytic throughout the
whole complex s-plane except for a simple pole at s=1.
(Note: II(s) is the factorial function notation used in
Edward[6], I'(s)=1II(s—1) and it is used throughout this
thesis). We will explain this formula (2.2) in the
following section. Moreover, another fascinating result
was that the zeta function, ((s) satisfies the functional
equation,
¢(s) = H(—s)(2m) *2sin(sm /2)¢(1 — 5) . (2.3)
This result follows from (2.2) and it is used to

calculate the trivial zeros of the ((s) function. An

important result that Riemann found was

H(% — D% (s) = — D=2 (1 —5), (2.4)

which is another functional equation that remains unaltered



with the substitution of s=1—s. Its full proof will be
provided in the last section of this chapter. The zeros of

the zeta function ((s), for Re(s) <0 are known as the trivial

zeros and they are precisely at the poles of IK%——D i.e.,

s = —2,—4,—6,... Riemann went on to state that the non-trivial
zeros of the zeta function, ((s) lie in the critical strip
0<o<1l. In fact, he conjectured that the ((s) has

infinitely many zeros in 0< o <1 that are symmetrical with
, L , 1
respect to the real axis and to the critical line o'::i,

which is now known as the famous Riemann Hypothesis.

Furthermore, Riemann also stated that the number of zeros

1 . .
p::§4—w where 0<{t<T is approximately

T T T
%logg—g—i—O(logT). (2.5)

Von Mangoldt gave a complete proof of this statement in
1905. Riemann went a step further and defined an integral

function as folles:
£(s) = H(%)(s — 1 ¢(s) (2.6)

This is an analytic function of s, is defined for all

values of s, and it has the product representation



§(s):§(0)H(1—%), where g(o):%. | (2.7)

o
This product formula was proved by Hadamard in 1893 and
became a very important tool for the proof of the Prime
Number Theorem as we will see in chapter 4.

In Riemann’s paper, he gave a difficult explicit

formula for u(z) ~li(z) for z>1, namely,

J(z) = li(z) — > li(z") — log?2
P

: dt
- li(zP) — log 2 f— 1). 2.8
* 2/;1(3: )> 082+ t(t? — 1) logt (@>1) (2.8)

z
dt :
Here IKx)::j}f—z is known as logarithmic integral. There are
og:
2

various important components that Riemann used to derive

the above formula. For Re(s)>1, he showed that we can

' o @]
rewrite log((s) = ZZ%p_"s as
p n=2

o
1
logC(s):st(:v)s—Hd:v, Re(s) > 1. (2.9)
T
0
J(z) is a step function that jumps 1 when it encounters

1 1
a prime p, 5 for p2, 3 for p3 and so on. He then obtained



a+100

1 s ds . .
ch)—-E;; !ﬁlog(@)ﬂ—;3 (¢ >1) by applying the Fourier

inversion formula to (2;9). From both formulas, (2.6) and
(2.7) for &(s), we get H()@——D e ::%IIG——%). So, log((s)
p

is expressed in terms of the non-trivial roots, p of the
zeta function and other logarithmic terms. However, von
Mangoldt provided a much simpler formula that has replaced

Riemann’s original formula, namely,

(m)—m—z Z2Zn—§—£0—) (z >1), (2.10)

P
where E — consists of a sum over the non-trivial roots p
p
P

of the zeta function, {((s). (2;8) was derived by using

[e 9]
log(@)::{j:Kx);%Idm, however, (2.10) is derived from the
0

C(s) —f—log (z)J(z)dz = f——qﬁ z)dz . Here, ¢Y(z)= nz logp is

also a step function, but #(z) behaves better than J(z)

because is analytic everywhere, except at s=1, the

40)
[50)

roots p, and the zeros of IK%).



In 1914, Hardy succeeded in proving the existence of
infinitely many zeros on the critical line. However, no
one has been able to prove that all of non-trivial zeros

are on the critical line.

Analytic Continuation
The goal of this section is to show the analytic

continuation of the Riemann zeta function using Riemann’s

original techniques (See E.C.[4] and Edwards[6]). The zeta
1
function is defined by §@)::§:—?, and it converges for

n=1
Re(s) =0 > 1, and converges uniformly for o >1+¢, where

e>0.
Remark: Let s=o0+ti, so Re(s)=0. We will sometimes use
Re(s) instead of ¢ for convenience.

Proof: The proof is not difficult to show. Let m and n be

positive integers, m<k for c2>1+¢, we get

k k k 1—o [k
1 1 1 7
e D D L
ml—a m—¢

< <
~ (0 —1) £
Note that the last term can be as small as we desire for a

fixed € >0 and large enough m .U



1

Once the convergence has been proved, we can prove the

identity,
O
1 1
= =]]—=" (2.11)
nzlns g 1—p $
for seC, Re(s)>1, where p runs through all primes.
Proof:
. 1 —s —2s —3s —4s —5s = 1
Note that s— = =14p" " +p " +p " +p ™ +p =
- P n:Op
=1
So, each term of the product can be expressed as E: —ik
n=0
Thus, the right-hand side of (2.11) is
o o0
1 1
= : where
N1, ey Ty =0 plnzs ) pZMS e nl,ng;nr=0 (pf2 ,pgz P )S '

PPy, Pp @re distinct primes and mny,ny,..n.are natural numbers.

By the Fundamental Thecorem of Arithmetic, we can conclude

= 1 1
that = —.
nl:ﬂ2§;’ﬂr=0 <p{12 ’ p;@ D )S T;J n’

We will show that ((s) has no zeros for Re(s)>1.

Lemma 2.1 The ((s) function has no zeros for Re(s)>1.
Proof:
For Re(s) >1, we can see that (1—-27°)(1-37°)---(1—P°)(s) =

14+ m® +my°® +... where my;my,... are integers whose factor are



greater than P . This implies that |[(1—-27°)---(1—P~*){(s)| >
1-(P+1)7 —(P+2)?—..>0 for a large enough P. Thus,

<) > 0.

O

So far, we seen have that ((s)= z:—— holds for
=17

Re(s) > 1. However, Riemann showed ((s) has an analytic
continuation which holds for all s€ C\{l1}. The formula by

which Riemann extended the zeta function is

g(s)zn(_s)f+°°( o & e | (2.12)

27 ~1 gz’

The derivation of this formula will be not discussed
in depth, but we are going to mention important techniques
that Riemann used to derive his formula. One important key
to understand is Cauchy’s Integral Theorem: If f(z) is

énalytic in a simply connected domain D and < 1s any loop

(closed contour) in D, then ff(z)dz =0.
v

Let us examine the following contour integral,

+oo (— )¢
) C2) & ,ec. (2.13)
too € =1 z ‘

lle note that (—z)° is defined as (—z)° = e?lo8(-2) = gslomaitidrg(=2a))

and log(—z) is not defined on the positive real-axis since

10



log(z) is not defined on the negative axis. The limit of
this integration refers to a path of integration that
starts at +oco above the real-axis and goes around the
origin counterclockwise (positive direction) and heads back

to 400 below the real-axis,

Y1
Y2/ 5 3 +00

\/T_ "

wo (o) do

Let
+0 ¥ =1 z

:.[-+lf +1[ be the contour path, and let
M Yo 73

the argument, Arg(—z)= —m for = going from +oco to 6>0, and
Arg(—z) =7 for 43 going back to +oo. The integral (2.13)
converges for all s, which implies that (2.13) does not
depend on the choice § by Cauchy’s Theorem. Again, (2.13)

is function of s only. ‘Thus, Cauchy’s Theorem can be
applied to evaluate the integral on each of the paths,
Y1,%Y2,yYs such that (2.13) becomes,

+oo (—z)° dz o (—2)° dz (—z)° dz y (—z)* dzx
Lmﬁjf;::[(&—ﬂ;+1k&—ﬂ;+£@hﬂzn

1z1=6

11



It is not difficult to show that the middle term goes to

zero-as 6 - 0 for s>1 on the circle I1z1=6, because we can
dz  i6edo

write z = 6¢” and ——::—gﬁr-zidH and note that z(e” —1)"! has
z e

a removable singularity. The remainder terms can expressed

as
too - Too o sl
lim exp(s l(;g(a: + im)dz _ gim f :i; i
=0 J (e — )z e’ —1
and
y exp(slogz — im)dz g
li ~ = dz . 2.14
50 J:[o (€® — 1)z ¢ jo‘ (e® — 1) v ( )

0 s—1

z
We now state the formula, jizf——
e
0

__1dx::IKs—-D§@) which

can be obtained from the definition of the factorial

o0
function IK$::lfe_%%ﬁ, (s > —1) by replacing ¢t for nz and
0

summing over n. Adding both terms in (2.14) and the

, as we

H(s)f+Oo (—z) dz

formula we stated, we get C@) 9 1
T — z

desired.

O

12



The Functional Equation of
the Zeta Function

Riemann himself gave two proofs of the functional

equation for the zeta function, ((s). Mathematicians have

found different ways of proving the functional equation for
the zeta function; however, this section will be devoted in
the discussion of the techniques used by Riemanncin his
original paper which is found in E.C.[4]. It is
interesting to note that historical accounts poipt out that
the Poisson summation formula was an extremely important
tool used in Riemann’s original proof. The Poisson
summation formula,

o o0 0o

E: f(n) = E: f(n) where f@)zz]ﬁf@ﬂéhmdz (2.15)

n=—co n=—0co —co
tells us that existence of the relationship between the sum

over the integers of a function f and its Fourier

transform. The function must be differentiable “smooth”
and vanishing at oo. The argument for the proof of the
functional equation goes as follows:

By definition,

II(s) = fe_tt_sdt,

0

which implies that

13



o0

H(%—l):[e‘tti_ldt, for o> 1. (2.16)

Now, let t =n?mz in (2.16) and note that dt = n?xdz, which

Rt s
=1
gives the following result: IK%——D::tfe_M“Kn%mﬁ2 do(n’r) =
0

o0

x>
([e—"”%fﬂ'x drz. This implies that = II—~—1 t[ z dz,
0 0

v &
[N
m]m

for o0 >1. Let us now take the summation over n and get

8 [ee] oo X
T8 - : 7 _p? . .
WZIK§~—1)E nt =) L{xzef”mdm, and note that the right hand

n=1
side converges absolutely, which allows us to bring the

summation inside as follows:

w H(— - 1)271—5 = Zx [ie—"zm]dm‘

n=1 n=1

e.¢]

If we let d{x)ZZEZ:e_n%w, then we Qet the following

n=1
expression,
8

w_%ﬂ(%—l)zn = [2'y (2.17)
n=1 0

s
o 2 o

This can be solved for ((s), Zn_s zﬁj‘x
o= -1

) o

W(z)de .

Riemann then applies the Poisson summation formula, (2.15)

14



2
to the function, f(z)=e ™™, >0 and obtains its Fourier

1 ——n27r/:1;

transform to be, fﬁﬁ::ij?e which gives us the

following identity:

(o0} 1 [e0]

§ : —n’rz —nlr/z
€ = — € .
/T n="00

n=—oo n=

o0
Since d(w)::}Ze‘”“z it is clear that,
n=1

2¢(z)+ 1 = Z e —

n=—00
R O 1

The interchanging of the summation and integration in the
following argument is justifiable by absolute convergence

of the integrands in the integrals for Re(s)>1. We now

apply (2.18) to the right-hand side of the following

2 0 1 L
formula, = 2H(%—1)Zn‘s = fz;Qs 1¢(z)dx+fx25 lqp(x)dg; . We get
n=1 1 0

o0

1 1
zs—1 =1, 1 1 1 1
2 2 P - -
[x d)(m)da:—l-{x ( m¢(m)+2 _ — )

1

© 1 11 1 11

=5-1 Zs-1 1 1 zs-1 1 1 =5—

= |22 — = — dz — = |(z2

= i[ac W(z)dz + Jaﬂ - P ( . ) dz + 6[3;2 dz 5 J(z Yz

15



1 11 11 3 1 1
L CH. (l)d L RIS I L
2 Y(z) x+6[z a:w —|do 26[33. T 26“33 T

'—‘!—,8

3

® 1 11
= Imis_lw(z)dm + Ixis_ﬁzb(i)dx + LI .
i 0

s—1 s

Changing the limits of integration for the integral
11 3

ss—> 1
tfx232¢0ﬁdx, we obtain the desired result,
z
0

S CES OB
n=1

Ft b L1
[(m +a T Epa)ds + g - (2.19)

s, 1
~3t3

)

Thus, WTIK%—-DC@)::W IK—§~—%KO:—Q is the functional

equation which remains unchanged with the substitution of
s=1-—s.

O

We note that II(s) = sII(s—1), and IK%)::SIK%-—l) which implies

' 2
that IK%——I)::;IK%). Riemann then multiplies (2.19) by

and defines

£(s) = w—%H(%)(s —1)¢(s), (o >0). | (2.20)

We will discuss formula (2.20) in the following chapter.

16



CHAPTER THREE

THE PRODUCT FORMULA FOR £(s)

Introduction

In Chapter two, we stated Riemann’s definition for

£(s)

£e) = = T (s ~1C6) | (3.1)

which is an entire function and by the symmetry of the

functional equatioﬁ; we‘get

s) = 61— 9).
We state some of the interestiné remarks for the £(s)
function. In Chapfer two, we showed that ((s) has no zeros
for Res>1. The zero of s—1 and the pole of ((s) cancel so
that s=1 1is neither a pole nor a zero. So, &(s) has no
roots p for the half-plane Res>1. Similarly, by the
functional equation, if p is root of the ¢(s), itlimplies
that 1—p is also a root, and so is its conjugate 1—p.
This shows that &(s) has no roots for the half-plane Res <0

because the trivial zeros of ((s) are canceled by the poles
of IK%). Thus, all roots p of £(s) must be the nontrivial

roots of the zeta function in the strip 0<Rep<1.

17



Riemann stated that the {(s) can expanded into an

infinite product,
&)= O[] -2 (3.2)
5 p

where p are precisely the roots of the Riemann zeta
function where the factor p and 1—-p are paired. However,

it was Hadamard who showed the validity of (3.2).

In following sections, we will follow Hadamard’s line
of argument. We will discuss the estimate of the
distribution of the roots ofvﬁ@), show the convergence of
the product representation, and conclude with the wvalidity

of product formula for &(s).

Estimate of &(s)
It is not difficult to show that for sufficiently

large values of R the estimate |(s)|< R® is valid in the

disk

1
s——§r§.R, since the largest value of &(s) takes place
1 o
at s::iﬁ-R, (See Edwards([4]). For sufficiently large

enough R, we choose N such that %+R§2N<%+R—|—2. By

using (3.1) and noting that N!<N" we obtain the following

result;

18



(5 + B) < E@N) = (N)r ™ (2 — 1)
< NY(@N)¢(2N) = CNV+
< 0(%1% 4 2)(R/9¥3  RR.

Where C is some constant and the result is true for a
large enough R.

0

Another interesting question that we may ponder 1is,
how many zeros does &(s) have? Before we answer this
question, let us appeal to the well-known Jensen’s formula
which is stated as the follow theorem.

Theérem 3.1 (Jensen’s formula)

Suppose that f(z) is an analytic function defined in a

disk 121 < R. Suppose also that f(2) haé no zeros on lzl=R

but it has zeros inside the disk, namely, 2,29,23,...,2, with

their multiplicities and f(0)= 0, then

R R R R
log| £(0)| + log PR

2y 23 Zn

2m
1 i
= %\Ufloglf(Ree)'dH .

(The proof follows from properties of analytic functions
and the Cauchy integral formula).

Theorem 3.2 Let n(R) be the number of zeros (with their

19



multiplicities) of £(s) which are located in the disk

s——%‘S.R. Then n(R) < 3RlogR for all large enough R.

Proof:

1
We Apply Jensen’s formula to £(s) on a disk s——§‘§§2R and

get.log&@) + }: log——2—~——<]og«2RYR). We see that,

R
20 ifaer 1P —1/2]7
g2

s = (log2 4+ log R — log
|p=1/2|<2R lp—1/2] lp—1/2|<2R

1
—=|). The
p 2’)
summation indicates that the terms corresponding to roots p

in the disk

1
8__§’S'R are all at least log2. This implies

that n(R)log2 < 2Rlog2R—log§(%) and hence

1
2Rlog2R  108¢()
log 2 log?2

n(R) < < 3RlogR, for all large enough R. Thus,

we have completed the proof.

O

Convergence of £(s)

This section is devoted to show that the above rough

estimate is sufficient for the convergence of the product

o0
formula in (3.2). We know that if the infinite series E:an
n=1

20



oo
converges absolutely, then product Il(l-ﬂanD is also

n=0

convergent. It is easy to see that we can pair the roots

of the &(s) by the noting that logé(s) = Zlog(l—i) and by
p
_ P

absolute convergence of the sum, we get

5 2w

Im p>0
where p ranges over all roots of &(s). Now,
Z log[l—i]—l—log[l——s ]‘: log[l—i][l— 5 H
Irn 70 p L=p)l mgo pIL 1=p

Im p>0

s . 5 s(1—s)
This implies that || [1——~]:: || [1—-——————].
Im p>0 P Im p>0 ,O(l - P)

To prove the convergence of the product formula in (3.2),

namely II{I—-E}, it suffices to show the convergence of
P

. .
z:y——————’. In fact, the technique here is to write
p(l = p)

1 1 1

= < by completing the square. So,
(L = p)| ((p_ly_l Cip Y ’ :
2 4 2
. . 1
it suffices to show the convergence of Ezr——jgzﬂﬁ;
p_
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€>0. By knowing the estimate of the p of &(s) in

|s—1/2| =R, and noting that |p—1/2|> R,, we can %how that

. -1 1 ;
E:IP__l/éFIE<1C7+-§:;;E;; and the right-hand side is

convergent for £>0.

0]

Validity of the Product
Formula &(s)

We now state Theorem 3.3 that will show the validity
of the product formula (3.2). The proof for Theorem 3.3
-requi;es three very important results which we state as
lemmas. We are merely going to sketch the important steps

in the proofs of the lemmas.

Theorem 3.3 The function F(s)= [ 5%? Ty 1s an even
t-(=3)/e-3)

1 . : . . :
analytic function of S—5 which is defined in the entire s

.

plane. Moreover, F(s) does not have zeros, thus logF(0) is

determined up to multiples of 2mwni. Hence, logF(s)= constant.
O
£(s)

Te-5=

Lémma 3.1 Given € >0, then Relog
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Proof: The idea is to write f(s) = u(s)+v(s) as the sum of

its real and imaginary parts, and consider

¢(8)=mﬂj)f—(s)]- (3.4)

Substitute u(s)+ v(s) for f(s) and observe that |2M —u(s)| >

in the

=S|~

M > u(s) on the circle Isi=r; it shows that |#(s)| <

disk {isti<r}. We express (3.4) as f@)::%%?$é3

which gives

2ﬂ4ﬁr_1__ 2Mn
o=

for I1st=7 and holds in a disk {isi<n}.

|f(s)] <

1—nr"
O

Lemma 3.3 Let f(s) be an even analytic function which is
defined in the entire s plane. Suppose f(s) has a rate of

growth less than 1s12, that is; for every &€ >0 there exists

R such that Ref(s)<els? for all points s, Isi>R. Then f

is a constant.
Proof: (sketch of the proof)

We must conclude that f(s) = constant. The idea here is to

express f@)::a0+—ms+wh§-+aﬁ3+n“4-@ﬁ" and assume that

ag =0. The coefficients of f(s), %L:-lf f@)ds by the
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1
Cauchy Integral formula. Let D be the disk {wlf§§]2}, then

1. .
1 f(ﬁRew) on+l g

la, | = 5 1[ T 7idf| < —— for €>0 by Lemma 3.2. The
m 0 (ERG’L&) R

result shows thét a, =0 for n>2 since € can be chosen as
small as we desiré to. We also note that ag =0=a; follows
from the fact f(s) is an even function and the rate of
growth of f(s). Thus, f(s)=0 which implies that f(s) is a
constant.

O]

We recall the function,

F(s) = () | | (3.5)

from Theorem 3.1 and by the three lemmas, we can see that

log F(s) = ¢ where c is constant. Thus we obtain,

1 1
S——‘_ —_——
f@)::cII 1— % , which implies that EKD::CII 1___~2T )
p p—"§ P p—§
_1 1yt
ividi 2. -1 2 _
Dividing &(s)/&(0), we get CII l——=|c II 1— | =
p p—§ P p_§
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1

£(s) _ ) 2 : -

—————II 1—————T -II ——==| . The right-hand side equals
2

0 or 1 if s=p or s=0, respectively. Since it is a

function of s, we get 5@)::§GDII[1——%] to be the desired
P

expression.

]
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CHAPTER FOUR

THE PRIME NUMBER THEOREM

Introduction
The Riemann Zeta function has many applications, and
this chapter will be devoted to showing how the Riemann
zeta function, ((s), play a key role in proving the Prime
Number Theorem (PNT). BRefore we discuss what each section
contains, it will be important to state the PNT.

The Prime Number Theorem:

m(z) ~ 1 a5z > 0.

ogzT
We take a moment to explain what the theorem is
actually telling us. =(z) is a function that counts the
number of primes less than or equal to z. In fact, if we
were to graph w(z), we can see that this is a step function

that jumps by one unit every time it encounters a prime.

For a large value of z, w(z) starts to look like the
function of z/logz. 1In fact, as z — oo, 7(z)~z/logz. This

implies that w(z) is an asymptotic function; which simply

means, hnl—zgg—-zld However, z/logz does not really give

s—oo z [logz

a good approximation to w(z), and it was great Gauss who
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z
. dt .
provided the logarithmic integral, lix)z‘]:——— which better
2

logt
approximates w(z). Comparing Table 1 and Table 2 we can see

that li(z) is a better approximation than z/logz, (see Table

1 and Table 2).

Table 1. Approximation of n(z) to z/logz

z 7(z) z/logz w(z)/(z /logz)
103 168 144.8 1.16
10* 1,229 1,086 | 1.13
10° 9,592 8,686 1.10
108 78,498 72,382 1.08
107 664,579 620,420 1.07
108 5,761,455 5,428,681 1.06
10° 50,847,534 48,254,942 1.05
101° 455,052,511 434,294,482 1.04
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Table 2. Approximation of w(z) to li(z)

T 7(z) li(z) (z) [ li(z)
108 168 178 0.94...

10* 1,229 1,246 0.98..

10° 9,592 9,630 0.993...

10° 78,498 78,628 . 0.996...

107 664,579 664,918 0.9994...
108 5,761,455 5,762,209 0.99986...
10° 50,847,534 50,849,235 0.99996...
101° 455,052,511 455,055,614 0.999993...

The Prime Number theorem, can either refer to
m(z) ~z/logz, ©— oo or w(z)~li(z), z— o0, because we are
interested in the value of their limits.

Riemann himself outlined the proof (with no details)
cof it in his eight-page paper, but it was Hadamard and de
la Vallée Poussin who provided the missing details,
independently. Nonetheless, this chapter will primarily
focus and follow Hadarmard’s line of argument, but it will
include de la Vallée Poussin’s argument. We will discuss

the proof that Rep <1 for the roots, p. Moreover, we will

prove that (z) ~2 and conclude with the proof of the

PNT.
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The Riemann Zeta Function Has No
Zeros on the Line Re(s) =1

We are going to show that for all the non-trivial zero
of ((s), their real parts are less than one. This is going
to be de la Vallée Poussin’s proof found in Edwards|[6].

By (2.1), ((s) has no roots for Re(s)>1 and from von
Mangoldt’s formula, this reduces to showing that ((s) has no
roots p on line Re(s)=1.

Theorem 4.1 (de la Vallée Poussin) C@) has no roots p on
line Re(s)=1.

Proof:

From (2.1) (Euler product) and for o>1 we get

[o¢]

logC — ZZ% —mo —ztmlogp zp_g + Z
P

p m=l

0 1

§ : —ma, —itm lo;
—p gp
m

m=2

1
—p™eT¥mlogr {5 pounded. We see that,
m

oo
where z Z
P

m=2

o0
1
E:;Ep_ma_“mbgp can be rewritten as ((s) =

log {(s) ::23
P

m=1
o0
1
exp EDEZ;; —ma—mM%p] It follows that,

b4 m=
Re(s) — Lm0 ot log o™ 4.1
e((s) = exp| Y > —p ™ cos(tlogp™) | - (4.1)

p m=l

Now, de la Vallée Poussin established a relatibnship
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between ((o + it) and {(0 + 2it) by using Merten’s identity;
3+4amﬂ+wﬂ9:2ﬁ+mm@220, ' (4.2)
for all values of §. We are going to prove that C(1 + i)

remains bounded away from zero for all ¢t by (4.2). By the

identities (4.1) and (4.2), we see that

3log (o) + 4Relog((o .-I- it) + Relog((oc +2it) >0 for Re(s) >1. This
implies that
CO)[¢ o +it)][¢(o +2it)] =

o0

3 + 4cos(mtlo + cos(2mtlo
exp E z ( gp) ( g P) '
p m=l

- (4.3)

The right-hand side of (4.3) is either 1 or greater than 1,
which implies that

C3(a)|C4(a + it)“((a +2it)| > 1, (o> 1).
If we fix ¢t and let o0 —1, ((0)=¢(1) has a simple pole. If
1+it were a zero of the zeta function, ((s), the inequality

tells us that the left-hand side goes to zero as o —1.

However, ((o +2it) is bounded as ¢ — 1, contradiction. Thus

there exist no zeros of the zeta functicn on the line
Re(s) =1. ’

O

31



Proof that o¥(z) ~ =z

In this section, we outline the main steps of the

proof for #(z) ~z, z—oo. We recall the formula (2.10),
namely,
zf z=2  ¢(0)
D) =z-Y —+ + . (z>1). (4.4)

As it was mentioned in Chapter 2, the formula was obtained

o0
by applying Fourier inversion to —CKQ/C@)::{[¢&@$"“%M
0

(where (z) = zjlogp), and from using the identity

p" <z

IK%)@——lﬁfq”C@)::%II(I——E). The result from applying the
p
p .

Fourier inversion is the following equation,

a+it .
1 C'(s)) , ds
7) = — _ =2 4.5
(=) 27w f[ ¢(s) s’ ( )
a—1
which is the key in evaluating (4.4). Next, Riemann found

the anti-derivative of (4.4) and showed the validity of its

term-wise integration to obtain another formula, namely;

m _ $2 :L,p+1 $—2n+1 €I(0) CI('"I)
[ Y = = o T e m@m D T a0 ey oF 2t

z>1. It is not difficult to argue that the last four
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converge to zero,

ez g~ ¢'(0) ¢'(=1)
terms, Zp:p(p+1)+22n(2n+1) C(O) v ¢(=1)

2
as r — 00 by dividing every term by %?. Thus, we obtain

z
2
the desired result fw(t)dt ~ % .

O
To show that ¢(z) ~ 2z, we are going to require a
preliminary result that we state as Theorem 4.2 which is

found in Apostol([1l].

Theorem 4.2 Let A(z) =a(l)+a(2) +..+a(n) =) a(n) and let

n<z
’ T
Al(a:):j; A(t)dt . Suppose that a(n) >0 for n=123... If
A(z) ~ Lz asz — oo is an asymptotic formula, for a

positive constant ¢ and L >0, then A(z)~ cLz®!

Proof: We are only going to provide an outline of the
proof for Theorem 4.2. We first need to consider the fact

that A(z) is an increasing function and a(n)>0. We let

B >1 and observe the difference of A(fBz)— A4(z). We get,
Bz Bz
4y (Br) — A (@) = [ Aw)du > [ A(z)du

— A(2)(Bz — 2)
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= z(8 — DA(z) .
This gives us

o) 1A 4O

T

It is not difficult to show that if we keep [ fixed and let

z — 00, we find

A(z) B -1
li <L
lr:il—»i;lpxc -1 - ﬂ"l

Now, as B —1, we obtain

Afz)

lim sup—— < cL.

g—oo IT°

Consider A(z)— 4(az) for any a with 0<a<1l, we clearly

see that
A(z) 1—-af
lim inf—— > L
T—00 l—«
1—af
L —cl, asa — 1

l—«

A
This shows that c(i) —clL, T — 00
z

O

2
Let us denote #y(z) = ZA n)(z —n) and wl(a:)w— (from the

n<z

previous result). By letting a(n)= A(n), A(z)= (), and

A(z) = ¥(z) as Theorem 4.2 indicates, we can easily conclude
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that (z) ~ z .

The Prime Number Theorem
The Prime Number Theorem says that
w(z) ~ z/logz as z — oo.
Proof: To prove the PNT, the key idea to understand is the

chain of connections among %(z) = z logp, 6(z)= Zlogp, and
p" <z p<z

m(z) for z >0, such that =(z)/(z/logz), 6(z)/z, and ¢¥(z)/z
have the same limits %-—>oo. We first find the relation
between (z) and 6(z), and the relation of #(z) to w(z). This
series of connections will lead to w(z) ~ z/logz.

We note that o(z) = 6(z) + 6(z/?) + 6(z'/3) +... by grouping
together the terms of ¥(z) for which the power m is the

same. Moreover, by grouping the terms for which p are the

1
same, we obtain ¥(z)= E 08T logp. We get the following
r<allogp
inequality,
logx
0(z) < P(z) < logp = n(z)logz . (4.6)
SRR v @

Divide (4.6) by z, and recall that ¢¥(z)~z, as z — oo from
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w(z)logx
the previous section. Thus, 15—()—g as x —o00. Next, if
T

O<a<l z>1, 6> Z logp > {m(z) —n(z*)}logz®. We

¥ <p<z

Q_(g_z S o n(z)logz logz

observe that w(z%) < z%, so .
z ¢

let o be

> since a can be as

6(z)

1
fixed and z — o0, we get 1>M
x

m(z)logz s
z

close to 1 as we desire, which implies that 1>

T
z — oco. Thus w(z)~

logz °

O
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CHAPTER "FIVE

DIRICHLET L-FUNCTIONS

Introduction

The Riemann zeta function, ((s) is not an isolated

object but, rather comes from a family of functions called
. . = f(n) . . .
Dirichlet series, » “=* where f(n) is an arithmetical
n
=1

function. In fact, there exist other functions that are
genéralizations of the Riemann zeta function which are used
in the study of algebraic number fields. Examples of such
functions are the Dedekind zeta function, the Hurwitz zeta
function, and the Epstein zeta function. This chapter will
be focusing on the proéerties of Dirichlet L-functions.
Moreover, just as we proved the functional equation for ((s)
function, we will also provide the proof of functional
equation that Dirichlet L-functions satisfy. Dirichlet L-
functions are extremely important tool in the study of
prime numbers in arithmetic progression, and their

properties are somewhat related to the properties of ((s).

In order to have a better understanding of Dirichlet L-
functions, this chapter will provide definitions and

properties of Dirichlet characters, primitive characters,
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and conclude with the proof for the functional equation.
Most of the material in this chapter comes from Apostol[1l]

and Davenport[2].

Dirichlet’s Character
Definition 5.1 (Dirichlet Characters)
Let G be the group of reduced residue classes modgq and g
be a fixed positive integer. Let ¥ :(Z/qZ)— C* be a
homomorphism. Corresponding to each character x' of G, we

define an arithmetical function x:Z — C* as follow:

X'(n+q2Z) if (nq)=1.

x(n)={0 if (n,q) > 1. (5.1)

Moreover, we denote the Principal Dirichlet character modg

to be

' B 1 : if (ng) =1
0™ =00 g > 1

The functions x with the above definition are known as

Dirichlet characters.
We can clearly see from our Definition 5.1 that

Dirichlet characters are completely multiplicative, that
' _ . / '
is; x(nm) = x(n)x(m) for all mandn since x' is a

homomorphism map.
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Lemma 5.1 There exists ¢(g¢) distinct characters modg, where
©(qg) is the Euler ¢-function which gives the number of
positive integers less than or equal to ¢ and relatively
prime to g¢.

Proof: The proof follows from the fact that ¢(q) forms a set
of reduced residue system modgqg. This implies that there
exists ¢(g) characters x for the group G of reduced
residue classes modg. Thus, there exists ¢(gq) characters x
modgq . |

Lemma 5.2 and Lemma 5.3 follow from Lemma 5.1.

Lemma 5.2 Let XxiXp. Xeq Pe the ¢(q) Dirichlet characters

modg. Then, the first sum is given by,

Y. x(n)=

nmod g

{cp(q) if x = xo

0 otherwise;

where the sum is over any representative set of residues

modq. The second sum is of the form,

> x(n) =

x mod g

w(g) if n = 1(modg)
0 otherwise;

where the sum is over all the ¢(g) characters.

Lemma 5.3 Let »Xxo. X be the ¢(g) Dirichlet characters
X lX H ] (p(q)

modg, and let a, n€Z with (a,g)=1. If X is the conjugate
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character to x, then

‘go(q) | if n = a(mod g) |

0 otherwise.

> Xla)x(n) =

x mod ¢

This sum represents the orthogonality relation of the

characters. We note that X(a)x(n) = x(n') where n’'=1(modq) if

and only if n = a(modg).

Note that if the order of a group G is n, |G|=n and

for ¢ € G then ¢" =1 (1 is the identity of G). Similarly,
let XEG where é:{xlsz—MC*} forms a group of order

©(q), then we get (x(n)) =1=1x,. So the values of x are
)th

precisely the ¢(q roots of unity. Moreover, we denote ¥

to be the complex conjugate of x.

We now provide the following examples to show the

different Dirichlet characters modg for each value

g €{1,2,3,4,5,6,7,8}. For g=1land ¢g=2, ¢(g)=1, there exists
only the principal character ;. For ¢=3, (g =2, and

¢g=4, ¢(g)=2, we obtain two Dirichlet characters, x, x for

"each modulus
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n 1 2 3 n 1 2 3 4

xo(n) 1 1 0 @ 1 0 1 0
xi(n) 1 -1 0 xn) 1 0-1 0

For ¢=5 ¢(q) =4, we obtain four Dirichlet characters,

Xo, X1, X2, X3 -

) 1 2 3 4

@) 1 1 1 1
xu@ 1 -1 -1 1
xon) 1 1 —i —1

O o © O | w»

xs(n) 1 —i ¢ —1
For ¢ =6, ¢(g) =2, we get two Dirichlet characters, X, x -

n 1 2 3 4 5 6

X(r) 10 0 0 1 O
xi(n) 1 0 0 0-1 0

With ¢=7, ¢(¢g) =6 we obtain 6 Dirichlet characters,

Xo, X1, X2, X3 Xa, X5 -
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n 1 2 3 4 5 6 7
xo(n) 1 1 1 1 1 1 0
xi(n) 1 1 -1 1 -1 -1 0
vm 1 o w-—w —w -1 0
xs(n) 1 o —w —w W 1 0
xan) 1 —w  w? W —w 1 0
xsm) 1 -—w —w? w w -1 0

in

Here w=e€®. When ¢=38, ¢(qg)=4, we obtain four Dirichlet

characters, xo X1, Xo, Xs -

n 1 2 3 4 5 6 7 8
or) 1 0 1 0 1 0 1 0
xim) 10 1 0-=1 0 -1 0
Xo(n) 1 0 -1 0 1 0 -1 0
xs(r) 1 0 -1 0 -1 0 1 0

However, the functional equation for IL(s,x) will be &

valid only for primitive characters, so we will define
primitive characters.

Definition 5.2 Let x(n) be any character modg other than
the principal character. The character x(n) is said to be
primitive modg if it has no induced modulus ¢ <g¢. That
is, x(n) is primitive modq if and oﬁly if for every ¢ that

divides ¢, 0< ¢ <g¢, there exists an integer a = lmod(q),
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(a,g) =1 such that x(a)=1.
We state Lemma 5.4 without proving it.

Lemma 5.4 Every non-principal character x modp where p is
prime is a primitive character modp.
Here is an example of a character that is not primitive.

Example: Let x be the character mod9 given by

n 1 2 3 4 5 6 7 8 9

xn) 1 -1 0 1 -1 0 1 —1.0
This particular character is not primitive for the
following reason: By the above definition, ¢ that divides
9 such that 0< ¢ <9 are 1 and 3. The principal character,
Xo 1s not primitive because 1 is an induced modulus. Now,
¢ =3 1s an induced modulus for mod9 so let
a =4=1mod3), (49) =1 but x(4)=1. Thus it fails our
definition 5.2 so x mod9 is not

primitive.

Dirichlet L-Functions
After the previous lemmas, we are in the position to
officially state the definition of Dirichlet’s L-functions.

In this section, we are going to prove their convergence
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and hence the Euler product formula. The proof follows a
similar argument to the case of the Riemann zeta function.

Definition 5.3 Let x be a Dirichlet character modq. We

define the function L(s,x) as

[ee]
L(s,x) :Z x(n) for s€C, Re(s)=o>1. (5.2)
Theorem 5.1 (Davenport[2]) For o >1,
i) L(s,x) converges absolutely.

1) L.(s,x>=H[1—&f’>]_l

» p

Proof: To prove absolute convergence, let Re(s)=1+¢,

e>0; then
M M M
x(n x(n 1
& x| 5 x| 9h 1
n=N+1 T n= N+1 n n=N+1"T

< (N + 1)7(+) f ——dz <(N +1)70+) 4 eIV 4 1),
N+1

We can take ¢ to be as small as we desire, and by Cauchy’s

o0
criterion of convergence, E X%J converges absolutely for
n
n=1

Re(s) >1 and uniformly for Re(s)>1+4¢. In Part ii), the

argument is the same as in the case for the Riemann zeta

function by using part i) and taking the fact that x is
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-1
completely multiplicative. Thus, IKax)::II(l—-X%»] .
p

P

0

Up to this moment, we have not acquired sufficient
tools to prove the functional equation for L(s,x), so in the
following section we start by providing the tools that will

be needed.

Functional Equation of L(s,X)

In this section, we are going to prove the functional
equation for IL(s,x) which is valid only for primitive
characters. Once we have understood the Gauss summation in
relation to the characters, the proof follows similarly as
the proof for the functional equation for the ((s).
Definition 5.4 ©Let x(n) be any Dirichlet character modq;
we define the Gauss sum related with x as follow;

700 = xDey(D) + x()e 2) + ..x(m)ey(m)

q
= 2 x(m)ey(m) . (5.3)
m=1
This is a linear combination of imaginary exponentials,
2mim/q

where e (m) is defined by e/ (m)=ce

Lemma 5.5 For any primitive character, x(n),
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)T ®) = S X(Rey(nh) - | (5.4)
h=1

Proof: If (n,g)=1, by (5.3), we multiply x(n)by 7(X¥) which

gives us x(n)r(¥x) = i)?(m)x(n)eq(m) . Let m = nh(modg), and we

m=]

note that x(n)x(n)=1. This implies that x(n)r(X) =

x(n)r(X) = Zx(nh)x(n)eq(nh) Z;Y(n)x(n)i ey (nh) = Zx(h)e (nh).

Thus, we get the desired result. It is not difficult to

show that it holds whether (n,q)=1 or (myq)>1.

O

Now, (5.4) can be rewritten as
1 q
n)=— y(m)e,(mn (5.5)
X(0) = o5 > Xlmley ().

by replacing h for m, and with (n,¢) =1 and assuming
(x) = 0.
Another result we would like to prove is the following
proposition.
Proposition 5.1 Let x(n) be a primitive character modgq,
then

IT0)| = va (5.6)

Proof: To prove this, we use (5.3) to get the following
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' 9 g
expression, Ixﬁnﬂzh(xﬂz=:;g;;g;x(M)xUbkaOKhx—ibD . We note

that each character has |x(n)|=1 and there exist ¢(g) in a

complete residue class modg which shows that |x(n)f = ¢(q) .

Furthermore, the sum for emn(l —Mh) is zero unless My =h,.

Thus, we get (p(q)|T(X)[2 = ¢p(g) which gives (5.6).
L

We now state our goal for this chapter as a theorem,
which will require the previous tools to prove it.
Theorem 5.2 The Functional quation for an L-function:
Let x(n) be a primitive character modq. If

0 if x(-1)=1
1 i x(=1) =-1

Lsta)

&(s,x) = (g)_2 H[%(s +a-— 1)]’L(s, X) v\;here a=

1
-q '.z '
then §(1~s,i)=%§(s,x). Here, 7(x) is defined as in (5.3)

We note that x(—1)= %1 and consider the two cases.

CASE 1: X(~1)=1'.

The technique here is similar as the one used in proving
the functional equation for the Riemann zeta function, ((s).

We recall the result (2.16) from Chapter two, namely,

o0
-2 2 3~ Z at
- 2H(f_1)n‘s = fe_" ™z dr. Let T = — then dzr = ri and
) q
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substitute into the equation then,

i
) ,,ts

: > 27rE —nir= 2
WZH(%—l)n_S:fen Q[ J __f g2 " 2qﬁ=
q
0

q27r H(——l)n_s = f qt2 Ydt .

Replacing ¢t by z we get

‘)

s _s St
g2 2H(% —1n~° = f
0

f s
172 . (5.7)

We multiply both sides of (5.7) by X(n) and sum over N to

get

s s
g2 2H(% —DL(s,x) = [ 42
0

o0 2T

1 —n*r=
Zx(n)e q]dm which holds for o >1.
n=1

We note that x(—1)=1 tells us that it is an even function.

o ' [o¢]
Since (z,x) = Zx(n)e_"“m/q SO —;—w(w, X) = Zx(n)e_"“”/q , we obtain
—00 n=1

2 157 S
g3 H(%—l)L(s,x) = Efaﬁ W (z,x)dz . (5.8)
0 '

Lemma 5.6

OOz, x) = (¢/ )z ) | (5.9)

Proof: This follows from the th#ee elements;

Zx eI, Xn) =



form of the Theta function,
[e's} y 1 oo ) .
Ze—(n—{—a)‘w/z — m§ze—n“7r:c+27rma (5.10)

(As in Chapter two. the proof of (5.10) follows from

Poisson Summation formula. Moreover, note that when a =0
o] ) __l
in (5.8), we get ¢(z)= Zef’””” =z 2¢(z™') which was used in

proving the functional equation for the zeta-function).

[

(¢/=)

We can express (5.9) as ¥(z,x) = e )w(m_l,x) and by

1 e nre/q 1(¢/=) -15) =
Ed)(ﬂﬂ,x)—;X(n)@ /9, we obtain, —w(x )+2 e Y™ X) =

t

o0
Zx(n)e"”zm/q. This allows us to split the integral in (5.8)

as

q27T H(——l)L(S X) = 1f w(w,x)dw+2fw " 2¢ X ) dz

1

1

2]:1:2 1/)(30,)()03:17—}— 270x )fx 2 21!)(3: x)dz .

The second line is obtained by expressing 7,0(:1:_1,%) in terms
of (z,x). Furthermore, the second expressidn remains

. unchanged when s and x are replaced by 1—s and ¥,
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respectively. The term.IK%—-D is never zer

us that the last expression is regular. We

functional equation which is the analytic c

L(s,x), namely;

1

2

l — —%(1—3)
q?(1 s%r : II‘

(=5 - D|2a -5 = -

O

We now consider.

CASE 2: x(=1)=-1.

ro, which tells

achieve the

ontinuation for

%—1)L(s,x). (5.11)

Proof:

Since x(—1)=—1 implies that x is an odd function, in which
i 2

case, ¢me)::§:x(nk“”””q vanishes. The main technique here
—0oQ

. s 1 .

is to replace 5——1by §(s+1) in (5.7). Once|l the replacement

is done, the argument is similar to the aboyve, s0 we are

just going to mention important. steps. By replacing

§

5 1 by %(s+ﬁD, we get;

s 1

9z2 24y .

T
2T

l(s+1) —%(s+1) S
q? T IT ne

2n

—8

I

In a similar way as in case 1), we mul
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tiply both sides




0o 2
of (5.12) by x(n), sum over n and let dﬁ@gx)::EZny(nk "M to
=00

obtain the following expression,

List1) —3e+n
2 T

b s 1
H(%)L(s, X) = f (2, x)2? 2dz . (5.13)
0

Lemma 5.7

TG (@ x) = ia/ 2)* P (@7 %) (5.14)
Proof: The important technique here is to take the

derivative of the generalized Theta function (5.10),

o}

_5§:e ”+®’Vy-§:e””W+%ma with respect to a and note that

—00
the derivatives of its series converge uniformly. We use

W (z,x) and 7(X) as in Lemma 5.6 and it will not be too

difficult to see that we can get 7(%)%(z,x) = i(g/z)* 2y (z71,%) .
[l
Similarly as in case 1), the integral in (5.13) can be

separated as

ls —é(s ‘ 0 51
q2( +1)7r ’ H( VL(s,x) 2f¢1($ X) x2 2da: %—f X)z? 2dz
1
.
| 1 q2
z,x)r? 2dx + ——— zT,X)r 2dx
wal( X) 3w fwl( X)
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Thus, the last expression remains unchanged with the
substitution of sforl—s. So, we obtain the other
functional equation for the case x(—1)= —1, that is;

1

1 1 1 1
—(o_ _._(2 - __(3+1)
2 (2 S) 9 2 (S +1) 2 H

-1 L g2 2 s _
H(§ (1—38)L(1—s,%) = ) q T (E)L(s, X) - (5.15)

We recall the functional equation for the case 1), (5.11)

L

7 s
(—s — 1)]L(1 —8X) = i “q2H(§ —1)L(s,x) . So, we

o, b
m
T(x

H sl
? : 2

0 if X(—l)zl
join both (5.11) and (5.‘15) by a = ! " x(—1)=—1. As a

result, the functional equation for Dirichlet L-function is

1
obtained; namely, if  £&(s,x) = (g)mi(sﬂ)H[%s +a—1)|L(s,x) then
1
_ i%q?
1—-9X%) = 8, :
é01 - %) = SL-e(60)
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