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Abstract

Analytical calculations of radiative corrections in strong-field QED have hinted that in the pres-
ence of an intense plane wave the effective coupling of the theory in the high-energy sector may
increase as the (2/3)-power of the energy scale. These findings have raised the question of their com-
patibility with the corresponding logarithmic increase of radiative corrections in QED in vacuum.
However, all these analytical results in strong-field QED have been obtained within the limiting
case of a background constant crossed field. Starting from the polarization operator and the mass
operator in a general plane wave, we show that the constant-crossed-field limit and the high-energy
limit do not commute with each other and identify the physical parameter discriminating between
the two alternative limits orders. As a result, we find that the power-law scaling at asymptotically
large energy scales pertains strictly speaking only to the case of a constant crossed background
field, whereas high-energy radiative corrections in a general plane wave depend logarithmically on
the energy scale as in vacuum. However, we also confirm the possibility of testing the “power-law”
regime experimentally by means of realistic setups involving, e.g., high-power lasers or high-density

electron-positron bunches.
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I. INTRODUCTION

The predictions of QED agree with experiments with astonishing accuracy (see, e.g., Refs.
[1,12]). The question as whether QED can be considered a truly fundamental theory, however,
relates to its behavior at asymptotic high energies. Now, the QED coupling o = ¢2/he,
with e < 0 being the electron charge and in units where 4meqg = 1, is about 1/137 at
ordinary energies of the order of, say, the electron rest energy mc? = 0.511 MeV. At higher
and higher energies, the coupling « increases and features a pole, called Landau pole, at
Aqep ~ mc? exp(3m/2a) ~ 10?™ GeV [3-6]. The existence of the Landau pole has profound
theoretical implications and, strictly speaking, prevents one from considering QED as a
fundamental theory. From a more pragmatic perspective, however, it is clear that, because
of its extremely large value, the existence of the Landau pole does not represent a real
limitation on the applicability of QED. Moreover, numerous experimental evidences have
already called for embedding QED into a more general theory, the Standard Model, at much
lower energies than Aqrp. The exceedingly large value of Aqgp is intimately related to the

fact that radiative corrections in QED increase logarithmically for increasing energies [3-6].

The great success of QED has been motivating to test the theory under more extreme
conditions as, e.g., those provided by intense background electromagnetic fields. The typical
electromagnetic field scale of QED is set by the so-called “critical” field of QED: F,. =
m?/|e] = 1.3 x 10'°® V/em = 4.4 x 10" G (from now on units with i = ¢ = 1 are employed)
[5, [7,18]. The vacuum becomes unstable in the presence of an electric field of the order of F,
and the interaction energy of the electron magnetic moment with a magnetic field of the order
of F,. is comparable with the electron rest energy (note that the electric field experienced
by the bound electron in the experiment reported in Ref. [2] was about 1073F,,.). Generally
speaking, the presence of intense background electromagnetic fields allows for testing QED
on a sector where nonlinear effects with respect to the background field strongly affect
physical processes and the dynamics of charged particles.

High-power optical laser facilities are a prospective tool to test QED at critical field

2. In fact, al-

strengths, which correspond to laser intensities of the order of 10%* W/cm
though available lasers have reached peak intensities I of the order of 10*> W/cm? [9] and
upcoming facilities aim at Iy ~ 10%-10%* W /cm? [10HI2], the Lorentz invariance of QED im-

plies that the effective laser field strength at which a process occurs is the one experienced by



the charged particles in their rest frame [I3HI8]. More quantitatively, if F}"” = (Ey, By) de-
notes a measure of the amplitude of the laser electromagnetic field and if a quantum process
is initiated by an electron/positron (photon) with four-momentum p* = (¢, p) (k* = (w, k)),
the effective field strength in units of F,, is provided by the gauge- and Lorentz-invariant
quantum nonlinearity parameter xo = /|(Fo,wp”)?|/mEe (ko = /|(Fowk”)?|/mFe.) [13F
18]. Thus, the strong-field QED regime (xo, k¢ 2 1) can be entered already at intensities

of the order of 10 W /cm?, if the laser field counterpropagates with respect to an elec-

tron/positron (photon) of energy of the order of 500 MeV.

Now, electron beams with energies of the order of 50 GeV have been already produced
[19, 20] and one can even imagine to enter a regime of unprecedented field strengths where
Xo, ko > 1 (see Refs. [2IH23] for recent proposals to enter this regime via laser-electron
interaction [2I, 22] and via beamstrahlung [23]). The regime xo, ko > 1 is theoretically
extremely interesting especially due to the so-called “Ritus-Narozhny (RN) conjecture” [24-
27] about the high-energy behavior of radiative corrections in strong-field QED in a constant
crossed field (CCF) (see also Ref. [28] and the reviews in Refs. [29], 30]). We recall that
a CCF is a constant and uniform electromagnetic field (Ey, By) such that the two field
Lorentz-invariants E3 — Bi and Ej - By vanish. The RN conjecture states that at yo > 1
(ko > 1) the effective coupling of QED in a CCF scales as axg/?’ (oz/fg/?’). Since, apart
from irrelevant prefactors, the energy of the incoming particle enters radiative corrections
only through xo (ko) at xo > 1 (ko > 1), the RN conjecture implies an asymptotic high-
energy behavior of strong-field QED in a CCF qualitatively different from that of QED in
vacuum. The physical relevance of the RN conjecture is broadened by the so-called local
constant field limit, stating that in the limit of low-frequency plane waves the probabilities
of QED processes reduce to the corresponding probabilities in a CCF averaged over the

phase-dependent plane-wave profile [14].

The aim of the present work is to show that the high-energy limit and the low-frequency
limit do not commute with each other and that consequently the power-law scaling of the
effective coupling constant at asymptotically large energy scales strictly speaking pertains
only to the CCF background field. Instead, in the case of a general plane wave the asymptotic
scaling of radiative corrections at high energies is shown to be logarithmic as in vacuum. It is
worth emphasizing here that, being an approximation, it is not surprising that under certain

circumstances the local constant field limit may give even qualitatively different results from



FIG. 1. The one-loop polarization operator in an intense plane wave. The double lines represent

exact electron propagators in a plane wave (Volkov propagators) [5].

FIG. 2. The one-loop mass operator in an intense plane wave. The double lines represent exact

electron states and propagator in a plane wave (Volkov states and propagator, respectively) [5].

the exact theory in a plane-wave field. Indeed, we recall that the basic assumption behind
the local constant field approach is that the quantum process at hand is formed on a length
which is much smaller than the typical laser wavelength [14]. The analysis below shows
that in the high-energy limit this assumption is violated and that radiative corrections are
formed over much longer regions.

Our investigation starts from the one-loop polarization operator (see Fig. 1) and mass
operator (see Fig. 2) in a general plane wave.

The one-loop polarization operator in a general plane-wave background field has been
first evaluated in Refs. [311, [32]. However, it turned out to be technically more convenient
here to employ an equivalent expression of the polarization operator found more recently in
Ref. [33]. The corresponding expression of the mass operator has been found in Ref. [34].
In all these works the external plane-wave field has been taken into account exactly in the
calculations by employing the Furry picture [35], i.e., by quantizing the electron-positron
field starting from the Dirac Lagrangian in the presence of the background plane-wave field.

This is indicated in the diagrams in Figs. 1 and 2 by representing the electron states



in the plane wave (Volkov states) and the electron propagator in the plane wave (Volkov
propagator) by means of double lines.

The paper is organized as follows. First, we investigate the polarization operator (Sec. IT)
and then we pass to the technically more complicated case of the mass operator (Sec. III).
In order to make the presentation less abstract, the results are presented in the special case
of a single-cycled laser pulse. This gives one also the possibility of introducing the analytical
techniques and of understanding their region of applicability in a concrete case. Then, the
results are generalized to the case of an arbitrary finite pulse in Sec. IV. The conclusions of
the paper are presented in Sec. V.

After this paper was submitted, related calculations on the probability of single photon
emission and of photon helicity flip in a general plane wave, which are related to the imag-
inary part of the mass operator and of the polarization operator, respectively, appeared in

Ref. [36], whose conclusions are in agreement with ours.

II. HIGH-ENERGY ASYMPTOTIC OF THE ONE-LOOP POLARIZATION OP-
ERATOR IN A PLANE WAVE

As we have mentioned in the Introduction, we start here from the general expression of the
polarization operator in an arbitrary plane wave found in Ref. [33]. In order to emphasize the
difference between the CCF case and the plane-wave case, we choose here the most similar
conditions to the CCF case, i.e., a linearly-polarized plane wave and, in agreement to the
available results in a CCF [24-27], an on-shell incoming photon whose four-momentum £’
(k? = 0) coincides with that kj of the outgoing photon, i.e., k}' = kb = k*. The plane wave
propagates along a given direction m, such that ki = (wo, ko) = wo(1,n) is the typical (on-
shell, k2 = 0) laser four-momentum, with wy being the central laser angular frequency (more
generally, this quantity can be interpreted as the inverse of a typical time scale characterizing
the plane wave). The direction n identifies a plane perpendicular to it, where we introduce
two unit vectors e and b perpendicular to each other and to n. By correspondingly defining
the two four-vectors e/ = (0, e) and e} = (0,b), it is always possible to write the laser four-
potential Af(¢) = (0, Ag(p)) in the form Af(p) = Apet1)(p), where the constant Ag > 0
relates to the amplitude F}"” of the plane wave as F}"" = Ag(k{je’ — kje’), where the well-

behaved function 1(p) of the phase ¢ = (kox) is arbitrary except that it vanishes sufficiently
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fast for ¢ — 4+00. More precise conditions on the pulse-shape functions will be given below.
We only mention that we will not consider the idealized case of a monochromatic (infinitely
long) plane-wave field apart that briefly at the end of Sec. IV.A.

In the case under consideration the vacuum part of the polarization operator vanishes
after renormalization [5]. The field-dependent part of the polarization operator, instead, can
be written in momentum space as

P (ky, k3) = (2002 1 — K )3((oky) — (koka)) 32 RCRIAL ()AL (R), (1)

I=e,b

where we have extracted the usual light-cone delta-functions enforcing the conservation of
three components of the four-momenta for a process occurring in a plane wave depending
on ¢ = (kox) and where A (k) = (kfe} — kie}' )k, /(kok) [32, 33]. Note that an additional
contribution to the polarization tensor Pﬁ “(k1, k2) has been ignored because in the case of
on-shell incoming and outgoing photons (k% = k3 = 0) it turns out to be proportional to
K'kY and, due to gauge invariance, would not contribute to any physical amplitude [33].

The scalar coefficients P(k) can be written in the form [32] 33]

dr _gidtp 202(o.r
Fo :‘_m/ wof T <2£o[< )+ pZ(p, Tl T

i {6714”)[1*5 BQ(em)] _ - 49Tc)p}>7
A1p

dr AT 4202 (o7
Py(k) m / dgp/ / 3/2 <2§0PZ(% T)e % [1+£5Q%(¢,7)]

47'p

where 0y = (kok)/m? = (ko + k)?/2m? > 0 is twice the square of the total energy of the

(2)

(3)

incoming photon and of a laser photon in their center-of-momentum system in units of m?,

where & = |e|Ao/m is the classical nonlinearity parameter [14, 7], and where
X = |5z [Carvte-m)—vto-n)| |5 [ arve-r)-wern|. @
Zpm) =4
o =g [Larito—m) - i [ arso-7)] )

It is worth observing at this point that the structure of the coefficient corresponding to the

Wlp+T1)— (e — 1), (5)

additional term in the polarization operator mentioned above and to the others arising from
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considering a more general laser polarization is similar to those in Egs. and , and
their inclusion would not change the conclusions below.

The introduction of the two important gauge- and Lorentz-invariant parameters 6, and
& (note that ko = 6p&y) allows us to quantitatively define the low-frequency or CCF limit
and the high-energy limit, and to ascertain, in particular, their commutativity.

We first consider the low-frequency/CCF limit, which physically has to correspond to
keeping the laser field amplitude and the external photon energy fixed and finite. This is
realized in a Lorentz invariant way via the double limit £, — oo and 6y — 0 such that
Ko = 0o, remains fixed and finite. As it has been shown in Ref. [33], the expressions in
Egs. and , indeed reduce to the integrals over ¢ of the corresponding coefficients of the
polarization operator in a CCF [37], with the local expression of the quantum nonlinearity
parameter being given by k(¢) = kolt'(¢)| (here and below, a primed function indicates
the derivative with respect to its argument). In fact, in the limit £, — oo and k( constant
the phases in the coefficients P.(k) and B, (k) become very large and the main contribution
to the integral in 7 comes from the region 7 ~ 1/§y < 1 close to the origin. This allows
one to appropriately expand the functions X (p,7), Z(p,7), and Q*(p,7) for small values
of 7. The resulting integral in 7 can be represented in terms of Airy and Scorer functions
Ai(+) and Gi(+) [38] and the coefficients P,.(k) and P,(k) become (see the original Ref. [39]

although the expressions below are taken from Ref. [33]):

Pecor(k) = — —m / d@/oo i'/og 4p— ! 9 (’:Z;)) ) (7)
By ocr(k) = — —m / /OO 6;152 4p+2 79 (;égpp)) ) (8)

where g(z) = 27%/3df(z)/dz and (see, e.g. Ref. [38])

flz) =i /OOO dt e =) = 7(Gi(2) + iAi(2)). (9)

If one then performs the limit k3 — oo in Eqgs. @ and , by exploiting the asymptotic
properties of the function ¢(-), one finds indeed that both P, ccr(k) and P, ccr(k) scale as
[de x%/3(). Now, as mentioned, the above procedure works if the phases in the integrands
of the coefficients P.(k) and P,(k) become very large and this requires that the parameter
ro = £2/0y is much larger than unity [see Eqgs. and (3)]. In other words, under the CCF

limit of the polarization operator one implicitly assumes that ro > 1. A similar observation
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has been already made in Ref. [40] in the case of photon splitting in a plane wave and in
Refs. [41], 42] in the case of nonlinear Compton scattering (in this latter case the validity
condition of the CCF needs to be modified at low light-cone energies of the emitted photon
j13)).

We now turn to the high-energy limit, which physically has to correspond to an incoming
photon with higher and higher energy colliding with a laser field with given properties. This
limit is realized in a Lorentz invariant way via the double limit 6, — oo and kg — o0
such that the invariant field amplitude §, = k/6p remains fixed and finite. This situation
is quite complementary to the CCF limit because now the phases in the integrands of the
coefficients P,(k) and P,(k) tend to become much smaller than unity, with the result that
the integral in 7 receives a substantial contribution also for large values of 7. This remark
and an inspection at the phases in Egs. and imply that, unlike in the CCF limit, the
parameter 7y is much smaller than unity in the high-energy limit. Below, we will show that
correspondingly the asymptotic behavior of the coefficients P.(k) and P,(k) is completely
different from that within the CCF limit at ko — 0.

The above analysis shows that the quantity ro = &2/6, is precisely the parameter dis-
criminating between the CCF limit (ry > 1) and the high-energy limit (1o < 1), which also
clarifies why the two limits do not commute. Furthermore, this implies that from a physical
point of view it would be more appropriate to identify the limit ko — oo within the CCF
limit as the “high-field limit”, as it can be realized asymptotically for higher and higher
laser field strengths.

We pass now to analyze explicitly the asymptotic form of the coefficients P.(k) and P, (k)
in the high-energy limit §y, — oo at fixed &. From Eqgs. and it is clear that it is
sufficient to consider the coefficient P.(k). We first observe that all integrals in p can be

taken analytically because they have the form

* dp et
[n_/1 W—/P——l’ (10)

2

with n = —1,0,+1 and Im[a] < 0 (recall that the prescription m? — m? — i0 is always
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understood [33]). The results are [44]

I_1(a) =Vinae *W_, ,(ia), (11)
I[)(CL) :ﬁe_ia/gw—l/ll/?(ia)7 (12)

a

I(a) =e~"?K, (5) : (13)

where W, ,(+) is the Whittaker function and K, (-) is the modified Bessel function [3§]. In our
case, it is either a = ag(7) = 47/6p or a = ao(7) +as(p, 7), with as(p, 7) = 47EQ* (0, T) /bo:

P =55 ["ap [T T{agixien)
< Ifao(r) + a5 7)) + Z(e, P {aolr) + agli, 7)) (14

S (an(r) + o) = L)}

In order to be able to take the integral in ¢ explicitly, the pulse-shape function () has to
be assigned. Since we would like to consider the more realistic case of a pulsed field than
a monochromatic plane wave, for the sake of definiteness we choose the one-cycle, pulsed
function ¥(¢) = — sinh()/ cosh®(y) [45]. This is a very convenient prototype of finite pulses
because a single function encodes both the oscillation and the damping at ¢ — +oo of the
field and the case of a general pulsed field will be considered in Sec. IV. In this way, all the
resulting integrals in the functions X (¢, 7), Z(y, 7), and Q*(¢, 7) can be taken analytically

and, for the sake of convenience, we report their expressions:

oo 1 3 + cosh(4r
> 2 rtcoth(r)—1 7tanh(r) —1
T = de Z(p,7) = - + + , 16
2(7) /_oo 0 Z(p,7) 3 sinhQ(T) COSh2(T> (16)

> 2 1 2 1
Toe(r) = / do Qo,7) = 2

_ 5 2 + T smh(Er)” (17)
In particular, the function as(p, T) for a finite pulse, i.e., such that the pulse-shape function
() is square-integrable (see also Sec. IV), is bound for all values of 7 [see also Eq.
@] This suggests that in the high-energy limit 8, — oo, one can expand the functions
I,(ao(T) + af(p, 7)) for small as(p, 7). It is interesting to notice, as we have also hinted
above, that, since the nonlinear dependence of the coefficient(s) P.(k) (and Py (k)) on &
only arises through the function as(y, ), which is proportional to &2, the high-energy limit

0y — oo ultimately corresponds to the perturbative limit {x — 0. As we will see below,

9



however, nonlinear effects in £2 are only logarithmically suppressed as compared to the terms
proportional to &. In fact, it is instructive to first consider the leading contribution in this
expansion, i.e., to replace I1(ao(7) + as(@, 7)) = L1(ao(7)), Io(ao(T) + ar(p, 7)) = Io(aog(T))
and I_y(ao(1) +ag(p, 7)) = I_1(ao(7)) = I' (ao(7))as (¢, 7) in Eq. (14). As we have already
hinted above, all the integrals in ¢ can be taken analytically and we obtain

2¢2 [e%¢) ) 2%
=S [ (2
0

T T 0,
4T 1

FVTW 12172 (9—0> [IX(T) - 5Ze2 (T)} } ,

(18)

which, being proportional to &, coincides with the leading-order expression of the perturba-
tive limit £; — 0. Now, we evaluate the above integral in 7 in the asymptotic limit 6, — oo.
It is clear that we can divide the computation into three integrals that, according to the

notation above, we will denote as Ix, .7, Fg2:

o0 dT . 4ZT
Ix :\/}/ 76_2”/00\?\771/2,1/2 (9—0> Ix (1), (19)
0
so= [ ey (57) 2uto), (20)
0 T 90
o0 dT . 4y
fQQ :/ —672”/90W—1/2,1/2 (_> IQ2 (7-) (21)
o T to

The simplest integral to evaluate is #x because it converges also in the limit 8y — oo and
its asymptotic value is £y ~ —2/3. The asymptotic values of the integrals .#; and %2
can be obtained by employing the standard technique of dividing the integration region into
two regions by means of a fixed 7y such that 1 < 79 < 6y [46]. In this way, in the integrals
from 0 to 79, the functions of 7/6 in the integrands can be approximated for small values
of 7/6y. Analogously, in the integrals from 7, to oo, the functions Z(7) and Zg2(7) can be

approximated for large values of 7. The results are

1 2 1 )
Iy =2108%(00) — (27 +iz + Czy ) log(6) + 72 + imy — —=7* — log?2
3 3 3 3 12 (22)
T 1 2
+ (’7 + Z§> 0271 + 50272 + ch’
4 T 2
jQQ _ﬁ [log(Go) —2— Y — Z§:| - ﬁCQQ’b (23)
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where v = 0.577 ... is the Euler constant and where

Cz1= / drlog(7)Z,(7) ~ —0.781. .., (24)
0

Czo= / drlog®(1)Z, () ~ 0.579. . ., (25)
0

dr _r T -

Cx :/O e [Ko(r) + 9 +log (3 )| = 0.240...., (26)

Co21 = / drlog(1)Zee(7) = 0.218. ... (27)
0

At this point the last task is to verify whether the higher-order terms in the expansion of
the functions I,,(ao(7) + af(p, 7)) for small as(y, ) provide subleading order contributions
in 0. In fact, we show explicitly that this is not the case for the function I (ao(7)+as(p, 7)).
If we expand the function Ij(ag(7) + as(y, 7)) we have that the series .#; of higher-order

terms can be written as

A [EEE ()
where
Lon(T) = / Z dpZ (o, 7)Q™ (¢, 7). (29)

The functions Zyz,,(7) contain neither parameters nor large numerical coefficients and tend
to zero both for 7 — 0 and for 7 — o0o. As a result, they are different from zero only for
7 < 1, which can be also easily ascertained numerically. Thus, in the limit 6, — oo the
remaining function of 47 /6, can be expanded for small values of this quantity. Since it is
d"I(a)/da™ ~ (=1)"(n—1)!/a™ for a < 1 and n > 1 [see Eq. and Ref. [38]], we obtain
that the contribution of .7 is independent of 6, and equal to

Gy = Fy(o) = / d / M ogll + Q. 7). (30)

Note that the definition of Q?(p, 7) in Eq. @ implies that Q?(p,7) > 0. A similar analysis
shows that the higher-order terms arising from the expansion of the functions I_; o(ao(7) +

ag(p, 7)) for small as(p, 7) are indeed subleading in 6,. Thus, we obtain

am?&y 2 5
P.(k)=-— o log*(60) — (27 + im + 2+ 3Cz1) log(6o) ++° + imy — ET{' —log®2 +2
> T 3
+3JZ(€O) + (7 + Z§> (3CZ,1 + 2) + §CZ72 + QCK + 3CQ2’1 ,
(31)
2 2¢2
Py(k) =P, (k) — O‘;LT S (32)
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These expressions let us to conclude that the polarization operator features a leading double-
logarithmic behavior in the high-energy limit. Also, the dependence on the classical non-
linearity parameter is quadratic except that for the function jg(fg), which depends on the
logarithm of the ratio between the local value of the square of the electron laser-dressed
mass and m? [see Eqgs. and @], and contributes to the constant term in the asymp-
totics. On the one hand, this is certainly different from the corresponding vacuum case,
as the polarization operator vanishes for an on-shell photon and depends only logarith-
mically on the quantity |k?|/m? for an off-shell photon with k% # 0 [5]. However, other
radiative corrections in vacuum like those corresponding to the vertex corrections show a
double-logarithmic dependence on |k?|/m? [5]. More closely to our result, the amplitudes of
photon-photon scattering show a double-logarithmic dependence on the Mandelstam vari-
able s [5], which corresponds to 26ym? in our notation [see also the remark below Eq. ]
On the other hand, we confirm that this logarithmic dependence on the energy scale is
qualitatively different from the power-law dependence obtained in the CCF case in the limit
ko — 00. Since for sufficiently large values of 6y, the parameter ry = £2/6, introduced above
will be at a certain point smaller than unity, we can conclude that the polarization operator
in a plane wave features a logarithmic behavior in the high-energy limit.

As a byproduct of the above analysis, we can determine the expression of the total
probability Ppgw (k) of nonlinear Breit-Wheeler pair production [16, 47-61] in the same
high-energy limit and for an unpolarized incoming photon, by applying the optical theorem

5, 133]:

1 P.(k) + Py(k) &l 3
Ppw = I = —=llog(fy) —v—1—=Czq]|. 33
e = g | L %
We have explicitly verified that the same expression can be obtained starting from the
probability of nonlinear Breit-Wheeler pair production as given, e.g., in Ref. [61]. It is
interesting to note that the dominating double logarithm appears only in the real part of
the polarization operator. Instead, in the CCF limit one finds that both the real and the

/3

imaginary part of the polarization operator scale as mﬁ in the limit xyg — oo.

Finally, we note that for any foreseeable laser intensity, in this limit the probability Pgy
is much smaller than unity as it is proportional to the small parameter arg < 1 (assuming,
of course, that at the energies under considerations « is much smaller than unity and that

the logarithm does not compensate for the smallness of the quantity ary).
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III. HIGH-ENERGY ASYMPTOTIC OF THE ONE-LOOP MASS OPERATOR IN
A PLANE WAVE

The analysis of the asymptotic behavior of the leading-order mass operator in a plane
wave (see Fig. 2) proceeds analogously as for the polarization operator. It is only technically
more involved.

The starting point is the general expression of the leading-order mass operator found
in Ref. [34]. However, analogously as in the previous section, we directly consider the
“diagonal” part of the mass operator for incoming and outgoing electrons having the same
on-shell four-momentum p} = p§ = p* = (¢, p) (p*> = m?) and average spin (1/2 = (/2 =
¢/2 in their (common) rest frame. Analogously to the polarization operator, the vacuum
part of the mass operator vanishes after renormalization [5], whereas the field-dependent
part can be written as My (p1,p2) = (27)%6*(p1.L — p2.1)0((kop1) — (kop2))Mc(p), with
M:(p) = Zj ) M]C( The five functions M, ((p) have the form [34]

Maclp :_m&’/ /dT/ 1+a:A
Myc(p ——mﬁo/ / dT/ —i—x

- (s f*“"py dr FE 14+ Q2 (em)]
M, AU S 2a —A T 1H60@7 (%
5¢(p) = i—m / / / 1+x 21+x (¢, 7)e "2

(38)

2 0.7 ) *i% 1+£0Q2(<P 7')}’ (35)

907 ) '2n0[+€oQ2(<PT)]’ (37>

Here, we have introduced the functions
A(@: T) = 1/1(@ - 7-) - w(ﬁp)a (39)
32 1 ! A2 ! 1 ! / / ?
Q (QO,T) = - dr'A (9077—) ) dr A(QO,T) ) (40)
7 Jo T 0

with



being the spin four-vector [5] and f3"" = (1/2)e"** F, ,/Fer, being the field pseudo-tensor
amplitude in units of the critical field, and the parameter 1y = (kop)/m?, which plays the
same role as the parameter 6y = (kok)/m? in the case of the polarization operator. Note

that only the term M; ((p) depends on the orientation of the average spin of the electron.

The strategy to find the high-energy asymptotic for 7y — oo at & constant is analogous

to the one employed in the previous section. The integrals in x have all the form

- da z" —iax
R = | (44

with n and d being two non-negative integers and with Imf[a] < 0. By introducing the

incomplete gamma function I'(0, z) [38], the integrals that we need are

Too(a) =1 —iae™T(0,ia), (45)
Ioa(a) = %[1 ~ia— a2 T(0, ia)], (46)
Lio(a) = —1 + (1 + ia)e®T (0, ia), (47)
i(a) = %[1 ia+ ala — 20)¢°T(0, ia)], (48)
Iri(a) = %[—3 —ida+ (2 + 4ia — a*)e™T(0,ia)). (49)

In order to analyze the high-energy asymptotic behavior of each contribution M; (p) to the
mass operator, it is convenient now to introduce the quantities ao(7) = 7/2n and as(p, 7) =
’7'58@2(@,7') /2n9. As before, the strategy is based on the observation that the function
as(p, 7) for a finite pulse is bound, such that it vanishes in the high-energy limit 7y — co and
&o fixed. Analogously to the case of the polarization operator, we first consider the leading-
order contribution and we set as(¢,7) = 0 in the terms from M, (p) to Ms(p), whereas
we approximate Io,(ao(7) 4 ag(, 7)) — Loa(ao(7)) & Iy (ao(7))as(p,7) and I 1(ao(r) +
af(p,7))—I11(ao(7)) =~ I 1 (ao(7))as (e, 7) in My ¢(p). At this point, we perform the integrals
in ¢ and we already notice that the term M; (p) vanishes. Now, we have shown that
higher-order terms in Mj - (p) in the expansion with respect to as(¢, 7) provide contributions

subleading in 7, such that we will ignore Mj; (p) from now on. Concerning the other terms,

14



we need the integrals

Tr(r) = /Oo do R(p,r)— —2 -5 4 Lin T 4 coth(r) + %] . (50)

- 3 712 sinh(7) h?(7)
Is(r) = /_ de S(p,7) = % + %%ﬁ;(ﬂ (51)
Ta2(T) = /_Z do A*(p,7) = g + sini(T) [sin};(ﬂ — coth(7) + g} : (52)
T = [ do@en =3 - 5+ 1gms (53)

Now, we start from the term M; ((p) and we can write it as

1o & d T T
M = —mé? — | — 21 — )| ZAs (7). 4
1.¢(p) 27Tmfo/0 deT [ 0,1 (2770) + 214, (27]0)] o) (1) (54)

From the asymptotic behavior of the integrand, we obtain that in the limit of large 7, it is
M ¢(p) = —amé&} /2.

We pass now to the term M ¢(p), which is approximately given by
My (p) = gm§2 /OO ar Too | — Za2(T) (55)
J dr 0 fo o T\ 200 '
In this case it is necessary to split the integral by choosing a 7y such that 1 < 79 < 1.
After approximating the functions of 7/ng in the region 0 < 7 < 7y for small values of the
argument and the functions of 7 in the region 7 > 7y for large values of the argument, the

final result is

« T3
Ma(p) ~ 5—mé [log(%o) —7—iy = ;O (56)
with
Cpo = / drlog(r)Ths () ~ —0.637 . . (57)
0
The asymptotic expressions of the terms
M ()—ﬁmﬁ/wd—TI ) Zn(7) (58)
3,420—47T 00 - 2,1 2 R
and
o dr T
M. = —mé? — Lol — | Z
1) = gomed [ o (5= ) 700 (59)

can be determined with the same technique of splitting the integration region. We directly
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provide the asymptotic expressions:

Ms(p) =— —m§0 {log (2m0) — (34 2y + im — 3Cgr1) log(2n9)
2 (60)
, 3. w3 , 3
+1+3y+°+ Sim + iy + T~ 5(3 + 2y +im)Cpry — 50372] ,
o . 3
Mac(p) =g—m& [logQ(Q%) - (2 + 2y +im + 505,1> log(2m0)
61
2 . . 7T2 3 3 ( )
+2y 4+ +z7r—|—27r’y+z+§ <1+’y+z )C’51+ —Csal,
where
Cr1= / drlog(7T)ZR(7) &~ —0.347. .., (62)
0
Cra = / drlog*(T)IH(T) ~ 0.154 . . ., (63)
0
Cs1 = / drlog(7)Z5(T) ~ 0.695. . ., (64)
0
Csp = / drlog®(1)Ts(1) =~ 1.02. . .. (65)
0

If we now analyze possible contributions of higher-order terms in the expansion with respect
to as(p,7), it is easily recognized that only the terms M;(p) and My (p) undergo correc-
tions, which have to be taken into account here for consistency and which can be written
as OMsc(p) = amé2.Ir(&)/4m and SMy(p) = améd.Is(&)/4n, with Fp(&) and L (&)
depending only on the parameter &, (and on the pulse shape)

/ dy / )log[1 + £2G%(p, 7)), (66)
/ dy / ) log[1 + €20%(p, 7)) (67)

In this way we obtain the complete asymptotics of the quantity M.(p) = Z?:l M, (p) in

the form
Mc(p) =%m§§{ log?(2m0) + [3 — 2y — im — 3(Cr1 + Cs,1)] log(2m0) + 3[Fr(&) + Fs(&)]
+ 2127+ im)(Cra + Cs) +3Cra + 2051 — 20w + Crp + Ol
—7—3y+7% - giw+i7w+7r—2}.

4
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The results above cannot be compared with the corresponding analytical asymptotic found
in Ref. [34] in the case of a circularly polarized monochromatic field. However, by applying
the same technique employed above, we have reproduced the asymptotic expression in Eq.
(3.42) in Ref. [34]. It is interesting to observe that, due to the infinite extension of a
monochromatic field, the asymptotic behavior of the mass operator is different from that
found above. Although, in fact, the asymptotics shows a double-logarithmic behavior as
here, the double-logarithm and the logarithm in the monochromatic case are evaluated at
the effective parameter 7y = (kop)/m?, where m? = m?(1 + &2) is the effective electron mass

in the circularly polarized laser field.

As in the case of the polarization operator, the asymptotic behavior of the mass operator
in the high-energy limit §, — oo and & fixed is logarithmic and qualitatively different from
the power-law behavior in the CCF limit 79 — 0 and & — oo (such that xo = 70&o is
finite) at large values of x¢ [37]. In this case, the discriminating parameter between the two
asymptotic behaviors is so = & /ng, such that the high-energy limit requires that sy < 1
whereas the CCF limit requires that sg > 1. We recall that in the vacuum case nonzero
radiative corrections in the mass operator (after renormalization) arise only for incoming
electrons with an off-shell four-momentum p? # m? and also increase logarithmically with

the parameter [p?|/m? [5].

Analogously to the total probability of nonlinear Breit-Wheeler pair production in the
case of the polarization operator, the imaginary part of the mass operator is related via the
optical theorem to the total probability of nonlinear Compton scattering [43], 45, 62-R1].
In the case of an unpolarized incoming electron the high-energy asymptotic of the total

probability Ps reads

2 a &2
Po = ——2 TmMy(p) = 250

3 3
= log(2 ——~v—-=(C C . 69
o 6710 0g(2m0) + v 2( r1+ Cs1) (69)

2

Finally, we also note here that for any foreseeable laser intensity, in this limit the prob-
ability Po is much smaller than unity as it is proportional to the small parameter asy < 1
(we also assume here that at the energies under considerations « is much smaller than unity

and that the logarithm does not compensate for the smallness of the quantity asy).
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IV. GENERALIZATION TO ARBITRARY, FINITE PULSE SHAPES

In this section we generalize the above asymptotics to the case of an arbitrary pulse shape

1 (p) of the laser field, provided that it describes a finite pulse, i.e., that the integrals

Wy, = /_Z dp¥*(p), (70)
Wy = /_Z dp¢"*(), (71)
Wy = /_ Z dp 9" () (72)
are finite and that
i [ devtene+r) = 73)

This last assumption plays a role in order to ascertain the behavior at large values of 7 of
integrals with respect to ¢ involving, e.g., the functions X (p,7) and Z(¢, ) in the case of
the polarization operator. Note that all above integrals diverge for a monochromatic wave,

such that the analysis below is inapplicable to this case.

A. Polarization operator

Below the same notation as in Sec. II is employed for the integrals Zx(7), Zz(7), and
Zo2(T) as in Eqgs. — but of course with the general expressions in Egs. —@.
It is easily proved that for an arbitrary finite pulse the functions Zx (), Z;(7), and Zg2(7)

tend to zero quadratically in the limit 7 — 0 and, in particular, that

IX(T) ~ —W¢/7'2 for 7 < 1, (74)

Ty(7) = 2Wyr? for 7 < 1, (75)
1

IQQ (T) = §W¢/T2 for 7 < 1. (76)

In the complementary limit 7 — oo we instead obtain

lim Zx(7) =0, (77)
T—00
lim Iz(T) = Ww, (78)
T—00
li_>m T2 (1) = Wy (79)
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These results already allow to carry out the asymptotic expansions of the integrals Zy,
Jz, and SF2 in Egs. — as above. Starting from the leading-order expansion of the
functions I,,(ao(7) + as(p, 7)) with respect to af(¢, 7), we obtain

*d
Iy =2 / (o), (80)
o T
W, 2
Iy ¥ [logQ(Go) — (27 + 9T + _CZ,l) log(fy) + % + imy — EWZ — log??2
2 Wy, 12 (81)
+ <’Y+Z'E) Cy1+ 1022 + WyCgk
2 3 2 ) d) ?
2W¢ LT 2
jQz —7 [log(Qo) —2— Y — Z§:| - ﬁCQQ’b (82)

where the definitions of the constants Cz 1, Cz9, Ck, and Cgp2; are as in Egs. —
except, of course, that the numerical values of Cz;, Cz2, and Cg2; here depend on the
pulse shape.

Concerning the higher-order expansions of the functions 1,,(ao(7) +af(p, 7)) with respect
to as(p,7), as it is clear from the discussion below Eq. , the results will be the same as
above because they only depend on the properties of the functions I,,(ao(7) +as(p, 7)). One
has only to keep in mind that if the pulse has a duration corresponding to a phase ® > 1,
then the asymptotics will be valid if 6y > ®. The reason is that in this case the functions
Z7,(7) in Eq. are significantly different from zero for 7 < @ [see Eqs. and (6)]
such that the asymptotic expansion of the derivatives d"I;(a)/da™ at a = 47/6, for small
values of the argument is valid only for §,/® > 1. Under this additional assumption, we

obtain

am?&Ww, , 2 2 -
P.(k) =— % {10g2(00) - <27 +im+ 2+ chz’l) log(0y) + mﬂz(&)) 42

5
—|—z'7r*y—Eﬂ2—10g22+4+2<7+ig+01<>

2 X 1
+M {(’Y + 25) Cz1+ 502,2 +Cg21 + jX} } :

(83)

Py(k) =P() + 270 gy, (84
and

Pow = %53;:/1" {log(Qo) 1 Wiwcz,l} . (85)
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As a check about these results we recall that the angular frequency wy was introduced
by hand in the expression of the polarization operator P;”(ki,kz) in Eq. (1). Thus, this
quantity must be effectively independent of wy, which is the case if the coefficients P;(k) are
proportional to wy. This can indeed be verified by noticing in particular that £2v?(¢) =
e2A2(p)/m?, that ¢ = wy(t — n - &) and that all the occurrences of wy in the logarithms of
6y can be removed by means of a change of variable in the integrals in 7 in the constants
Cz1, Cza, and Cg2 ;1 [see also Egs. —].

As an additional test on the validity of our method, we show in Figs. 3 and 4 the real and
the imaginary parts of the quantities P,(k) and P,(k) as functions of 6y evaluated according
to the analytical asymptotics in Eqs. and , respectively, and to the exact expression
in Egs. and (3)), respectively. The pulse-shape function () = sin?(¢/2N)sin(¢p) for
¢ € [0,2N 7] and zero otherwise has been employed. In order to show also the dependence of
the results on the pulse length, the results of two simulations are reported corresponding to
N =5 and N = 10. Also, the parameter &; is assumed to be sufficiently small as compared
to unity that nonlinear contributions in &2 to P.(k) and P,(k) can be neglected, and both the
approximated and the exact expressions of P,(k) and P,(k) are effectively proportional to
&. Thus, by conveniently plotting the quantities P.(k) and Py(k) in units of —am?&2/m, it
is not necessary to specify a numerical value of &, (keeping in mind the assumption &, < 1).
The figures indicate the very good agreement between the analytical asymptotics and the
exact curves for large values of 6, and, as expected, an approximated linear dependence on
N [see Egs. and (84)].

Now, we observe that, since the probability Pgyy is proportional to {2, one can ask whether
it can be obtained starting from the cross section of linear Breit-Wheeler pair production [5]
(note that the first two terms of the expansion of the probability of nonlinear Breit-Wheeler
pair production for small & and in a monochromatic plane wave can be found in Ref. [14]).
However, the result in Eq. has been obtained under the assumption of a finite laser
pulse, whereas the linear result is obtained for monochromatic photons. Thus, in order to
reproduce Eq. starting from the cross section of linear Breit-Wheeler pair production,
one has to consider the incoming photon being in a coherent state according to the precise
shape of the laser field. Conversely, one can start from the general results in Eqgs. and
(3), expand the coefficients P.(k) and B, (k) for small & up to terms of the order of &2, and
then employ a constant-amplitude pulse form ¥ (¢) = cos(p) for —®/2 < ¢ < & /2 and zero
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FIG. 3. Real part of the quantity P.(k) (Fig. 3a) and of the quantity Py(k) (Fig. 3b) in units
of —am?¢?/m. The pulse-shape function ¥(¢) = sin?(p/2N)sin(p) for ¢ € [0,2N7] and zero
otherwise has been employed. In Fig. 3a the continuous red curve (dotted black curve) and the
dashed blue curve (dash-dotted green curve) are obtained from the exact expression in Eq.
and from the asymptotic expression in Eq. , respectively, and correspond to N =5 (N = 10).
The same colors and styles have been used for the curves in Fig. 3b with the exact and asymptotic
expressions being given in Eq. and in Eq. , respectively. The parameter &; is assumed to
be sufficiently small that both the exact and the asymptotic expressions can be approximated to

be proportional to fg.

otherwise, with ® > 1 (and ultimately sent to infinity when the monochromatic limit is

considered). One finds that

Ta(r) ~ — {% {1 . Sin;m} 4 sin2r) _ COSQ(T)} o, (86)

T(7) ~ sin®(1)®, (87)

2T

.2
Top(r) ~ % {1 B 81117—2(7')} o, (88)
where the symbol ~ indicates that only the terms contributing to the diagonal part of the
polarization operator in momentum space are retained. The asymptotic behavior of the
functions Ix(7) and Iz (7) for large 7 is indeed very different from the corresponding ones

in a finite pulse and this explains why one cannot obtain Eq. from the cross section of

21



504 L] I
R L] I

_100 T T T T T T T T T T T T T T T T T T
20 40 60 80 100 120 140 160 180 200 20 40 60 80 100 120 140 160 180 200

9() 90

FIG. 4. Imaginary part of the quantity P.(k) (Fig. 4a) and of the quantity P,(k) (Fig. 4b) in
units of —am?2¢2 /7. The pulse-shape function ¥(y) = sin?(p/2N) sin(p) for ¢ € [0,2Nn] and zero
otherwise has been employed. In Fig. 4a the continuous red curve (dotted black curve) and the
dashed blue curve (dash-dotted green curve) are obtained from the exact expression in Eq.
and from the asymptotic expression in Eq. , respectively, and correspond to N =5 (N = 10).
The same colors and styles have been used for the curves in Fig. 4b with the exact and asymptotic
expressions being given in Eq. and in Eq. , respectively. The parameter & is assumed to
be sufficiently small that both the exact and the asymptotic expressions can be approximated to

be proportional to fg.

linear Breit-Wheeler pair production. However, by employing the results in Egs. —,
one finds that

Py == Smigge [T [T R 1 (89)
<psm (1) = {‘ {1 Sm;(T)} + Siﬂz(fT) N COSQ(T)}>’

Py(k) = = Sm’ga / dT/ Z@ ¢ %pl {psinQ(T)—i {1_ Si“;(”]}_ (90)

The asymptotic expressions for large values of 6, are obtained by working out first the

integral in 7 and then that in p as above, and the result for the pair-production probability
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2
Paw = 5% flog(260) — 1. (91)

This expression can indeed be obtained starting from the cross section of linear Breit-Wheeler

pair production as given in Ref. [5] and taking into account the flux of laser photons.

B. Mass operator

We can follow a similar reasoning in the case of the mass operator and of the functions
Zr(T), Zs(T), Za2(7), and Zs.(7) introduced in Egs. — and to be intended below
according to the general definitions in Egs. —. One can easily show that under the

already mentioned conditions on the pulse function 1(¢), one obtains

Ir(T) ~ —§W¢NT4 for 7 < 1, (92)
Is(71) ~ éW¢/T2 for 7 < 1, (93)
Tnz(7) = Wyt? for 7 < 1, (94)
T (T) = %WWQ for 7 < 1, (95)

and

Jim Tp(r) = W, (96)

Tim T (r) = 2, (97)
Tim Tpe(7) = 210, (98)
lim T (7) = W (99)

Based on these results and on the results of Sec. III, it is straightforward to generalize

the asymptotic expressions of the terms M ¢(p), ..., My (p) up to the leading order in the
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expansion of the functions I, 4(ao(7) + ar(p, 7)) for small values of ar(p, 7):

3o
My ¢(p) = — Emf(?Ww (100)
(8% T
M;¢(p) ngé‘g {Ww [log(Qno) -y - 25} - —CA2} (101)
(6% .
M37c<p) = — —mf‘ng |:10g2(2770> — (3 + 2’)/ 4+ — WCR’1> 10g(27]0>
iy (102)
3 1
+1+3’}/—|—7 + §Z7T—|-Z7r’y+z — m(3+2’)/+27T)CR1 - MCRQ] )
o ) 1
Mac(p) =-m&Woy [10g2(2no) - (2 +2y +im + Wcsu) log(210)
(103)

(s 1
) Ty (1479 +i8) Caa+ 5 Csal
+2y + 7% +im +imy + +W¢ +7+1 51+2W 52}

In this way the final result for the function M¢(p) also including the contributions of high-

order terms in as(¢p, 7) reads

«
M¢(p) :§m§§W¢{ 10g2(2770) + [3 — 2y —im — W (Cra+Csy) } g(2n0)

(104)

2 . - ~ 3 2
+ m[jR(&)) + I5(&)] = T—=37+7* - Sim iy + Z

1
+W[(2’}/ + ZW)(CRl + 051) + 3CR1 + 2051 — 2052 + ORQ + CSQ]}
¥
with all constants being defined as in Sec. III but, of course, for a general pulse-shape
function ¥ (p).
Finally, the asymptotic of the total probability of nonlinear Compton scattering in an

arbitrary finite pulse at high-energies reads

a£0 3 1
log(2 ——v—-—(C C . 105
1 770 og( 770)+2 Y Ww( r1+Cs1) (105)

The two remarks about the appearance of the angular frequency wy and the agreement with

Po =

the cross section of the corresponding linear process (in this case linear Compton scattering)
can be verified also in Egs. ((104)) and (105]) (note that the first two terms of the expansion of
the probability of nonlinear Compton scattering for small £, and in a monochromatic plane

wave can be found in Ref. [14]).

C. An additional remark

The results in Egs. , , and ((104) also confirm that the high-energy behavior

of the polarization (mass) operator depends logarithmically on the center-of-momentum
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energy of the incoming photon (electron) and a laser photon in a qualitatively similar way
as in vacuum. This behavior is consequently very different from the power-law behavior
observed in the CCF limit at large ko (xo). In this respect, we would like to point out also
that, although the above theoretical analysis reconciles the high-energy behavior of QED
in vacuum and of QED in an intense plane wave, it does not prevent the experimental
verification of the interesting regime where the RN conjecture would apply [21H23]. In
fact, according to the above results, if the parametric conditions 6y < 1, & > 1, and
ko = 0o&o > 1 (in the case of an incoming photon) or 1y < 1, & > 1, and xo = 7§ > 1 (in
the case of an incoming electron) are fulfilled at the given experimental conditions, then the
parameters ry = £2 /0y = k2/65 and sy = &2 /ny = x&/ns are automatically much larger than
unity and, according to the RN conjecture, the power-law increase of the effective coupling

constant can in principle be tested.

V. CONCLUSIONS AND OUTLOOK

In conclusion, we have shown that the one-loop polarization operator and mass operator
in an intense, finite plane wave feature a logarithmic behavior at high energies, similar to
other radiative corrections in vacuum. This is qualitatively different from the power-law
behavior in the regions kg > 1 and yo > 1, which is observed within the CCF limit. The
difference arises from the non-commutativity of the high-energy limit (either 6, — oo and
& fixed or ny — oo and & fixed) and of the CCF limit (either 6 — 0 at ro fixed or
no — 0 at xo fixed). In the case of the polarization operator and of the mass operator the
discriminating parameters between the two regimes have been identified to be ry = £2/6,
and sy = &2 /no, respectively, which should be much smaller (larger) than unity in order the
high-energy (low-frequency/CCF) limit to apply.

As a byproduct we have obtained the high-energy asymptotics of the total probabilities
of nonlinear Breit-Wheeler pair production and of nonlinear Compton scattering for an
unpolarized incoming photon and electron, respectively, and for an arbitrary, finite plane-
wave field. Both these probabilities are proportional to &2, and depend as [Apgy log(6y) +
Bpw]/0y on 6y (the pair-production probability) and as [Aclog(ne) + Bel/no on ng (the
photon emission probability), with the values of the constants Agw, Bpw, Ac, and Be

depending on the pulse shape.
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The above analysis was carried out by considering an on-shell incoming particle for a
more consistent comparison with available results in a CCF also obtained for on-shell in-
coming particles. In the vacuum case the corresponding radiative corrections vanish after
renormalization and the high-energy behavior of the radiative corrections refers to incoming
particles with larger and larger “virtualities”, parametrized by the quantity |¢?|/m?, with ¢
being the corresponding off-shell four-momentum. The analysis of this different asymptotic
region is extremely interesting but goes beyond the present study, and will be the subject

of a future investigation.
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