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THE K-THEORY OF TWISTED MULTIPULLBACK QUANTUM
ODD SPHERES AND COMPLEX PROJECTIVE SPACES

PIOTR M. HAJAC, RYSZARD NEST, DAVID PASK, AIDAN SIMS,
AND BARTOSZ ZIELINSKI

ABSTRACT. We find multipullback quantum odd-dimensional spheres equip-
ped with natural U(1)-actions that yield the multipullback quantum com-
plex projective spaces constructed from Toeplitz cubes as noncommutative
quotients. We prove that the noncommutative line bundles associated to
multipullback quantum odd spheres are pairwise stably non-isomorphic, and
that the K-groups of multipullback quantum complex projective spaces and
odd spheres coincide with their classical counterparts. We show that these
K-groups remain the same for more general twisted versions of our quantum
odd spheres and complex projective spaces.
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INTRODUCTION

Complex projective space is a fundamental object in topology and algebraic ge-
ometry. It also makes its mark in lattice theory as its affine covering provides a
natural model of a free distributive lattice [3]. In [I5], a noncommutative defor-
mation of complex projective spaces preserving this lattice-theoretic property was
introduced and studied. The new quantum complex projective space C*-algebras
C(PN(T)) were defined as multipullback C*-algebras [25] rather than as fixed-

point subalgebras [31], 24].

In this paper, we solve the problem of constructing multipullback quantum-
odd-sphere C*-algebras C(S2" 1) from which the C*-algebras C'(PV (7)) emerge
as fixed-point subalgebras for a natural circle action. Then we develop and utilise
a presentation of C(SZ¥+1) as the universal C*-algebra generated by N + 1 com-
muting isometries satisfying a sphere equation (see Theorem. We exploit this
presentation to show that the K-goups of C(SZNT1) and of C(PYN(T)) coincide
with their classical counterparts.

1Keywords: free action on C*-algebras, associated noncommutative line bundle, multipullback
and higher-rank graph C*-algebras, noncommutative deformation. AMS codes: 46L80, 46L85.
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The constructions and results described above admit the following generali-
sation. For each antisymmetric matrix § € My41(R), we construct f-twisted
versions C’(Si,%“) and C(P)(T)) of our quantum odd sphere C*-algebra and
our quantum complex projective space C*-algebra. The twisted sphere algebra is
universal for N + 1 isometries commuting up to phases specified by the matrix
and satisfying a sphere equation. The twisted projective space C*-algebra is the
fixed-point subalgebra of C’(S?{%H) for a natural diagonal U(1)-action. We prove
that K-theory of these algebras is independent of 6.

To state our main result, we recall some background. Given a C*-algebra A,
we write C(U(1), A) for the C*-algebra of norm-continuous functions from U(1)
to A. Each action « of U(1) on A determines a homomorphism

(0.1) 0:A— C(U®1),A) by d(a)(N) :=ax(a), a€A XcU(1).
We say that « is free if and only if

span{ad(b) | a,b e A} = C(U(1),A),
where §pan stands for the closed linear span. The general definition of freeness of
a quantum-group action on a C*-algebra is due to Ellwood [I1], and the special
case of any compact Hausdorff topological group acting on a unital C*-algebra
looks exactly as above.

—

Given « : U(1) ~ A as above, for each character m € U(1) & Z, the spectral
subspace A, is

Ay i={a€Alax(a) =A"aforall A\ e U(1)}.
The subspace Ag is the fixed-point subalgebra A% (also denoted AYV()) of A,
and since A,, A, C A4, for all m,n, the spectral subspaces are always A“-

bimodules. When « is free, they are finitely generated projective left A*-modules
[10, Theorem 1.2] encoding associated noncommutative line bundles.

By constructing a strong connection [I3], we prove that the action of U(1) on
C(S2N+1) is free, so that its spectral subspaces C(SH' 1), are finitely generated
projective left C'(PY (T))-modules. To prove that the characters of U(1) defining
these noncommutative line bundles are Ky-invariants, we derive a general method
of pulling back noncommutative associated line bundles over equivariant maps
(Theorem [5.1)).

The key results of this paper can be summarized as follows:

Theorem 0.1. Fiz an integer N > 1 and a matriz 0 € My41(R) that is antisym-
metric in the sense that 0;; = —0;; for all i,j. Then:

(1) Ko(C(SH™) =Z = Ki(C((SHy™))-
(2) Ko(C(Py(T))) =ZN*" and K (C(Py(T))) = 0.
(3) The spectral subspaces C(SH t1)m, regarded as left C(PN(T))-modules,

are pairwise stably nonisomorphic. In particular, the module C(S?{N+1)_1
of sections of the tautological line bundle is not stably free.
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Our multipullback approach to quantum odd spheres is based on the Heegaard-
type splitting of a (2N 4 1)-dimensional sphere into N-dimensional solid tori. Each
odd-dimensional sphere decomposes into a union of solid tori, along the lines of the
Heegaard splitting of the 3-sphere [21]. Under this decomposition, the embedding
of each component torus in the sphere is equivariant for the diagonal U (1)-action.
Taking quotients by the U(1)-actions yields a covering of the complex projective
space by quotients of solid tori, which is a closed restriction of the usual affine
covering.

To obtain the untwisted (6 = 0) sphere algebras C'(S7 ™), we study a noncom-
mutative deformation of this decomposition, using the point of view from [22] that
the Toeplitz algebra T can be regarded as the C*-algebra of a noncommutative
disc. In [B], the authors constructed a decomposition of a 3-dimensional quantum
sphere along these lines by taking a pullback of two copies of the tensor product of
the circle algebra and the Toeplitz algebra. The index pairing of noncommutative
line bundles over the resulting pullback quantum complex projective line (mirror
quantum sphere) was computed in [I8]. Subsequently, in his Ph.D. thesis, Jan
Rudnik extended the construction in [5] to five dimensions using multipullback
C*-algebras. One of his main results was establishing the stable nontriviality of
the dual tautological line bundle over the multipullback complex quantum pro-
jective plane [I9, Theorem 2.4]. In this paper, we carry this idea further to all
odd integers bigger than one. Very recently, Albert Jeu-Liang Sheu showed in
[27] that, for all dimensions, the multipullback quantum-complex-projective-space
C*-algebras can be realized as groupoid C*-algebras.

The paper is organized as follows. In Section [l we recall definitions and claims
crucial for the formulation and proofs of new results. In Section[2 we construct our
multipullback quantum-odd-sphere C*-algebras and their twisted analogues. With
the help of the theory of twisted higher-rank graph C*-algebras [28], we establish
that the twisted multipullback quantum-odd-sphere C*-algebras can be presented
in terms of a universal property (see Theorem . In Section |3| we construct
quantum complex projective space C*-algebras and their twisted analogues as
fixed-point algebras for U(1)-actions on the corresponding sphere algebras. We
identify the untwisted quantum-projective-space algebras obtained in this way
with the ones constructed in [I5] as multipullbacks. In Section 4} we prove parts
and (2)) of Theorem [0.1} In Section[5] we use the Chern-Galois theory of [4] to
prove Theorem which then we use to show Theorem .

1. BACKGROUND

1.1. Multipushouts, multipullbacks and the cocycle condition. In what
follows, we will construct algebras of functions on quantum spaces as multipull-
backs of C*-algebras. To make sure that this construction corresponds via duality
to the presentation of a quantum space as a union of closed subspaces (see [20]),
we assume the cocycle condition (see Deﬁnition. First we need some auxiliary
definitions.
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Let (7r; : Ai = Aij)ijesiz; be a finite family of surjective C*-algebra ho-
momorphisms, with A;; = Aj; for ¢ # j. For all distinct 4,4,k € J, we define
Ay = Ai/(ker 7§ + kermy) and denote by [-]5, : A; — A’ the canonical surjec-
tions. For distinct 4, j, k € J, define

W]ij : ;-k — Aij/wj-(kerw,i), by [bz];k — w;(bl) + W}(kerw,’;).

These m; are isomorphisms when the 7} are all surjective, as assumed herein.

Definition 1.1 (Proposition 9 in [5]). We say that a finite family (% : A; —
Aij)ijeriz; of surjective C*-homomorphisms satisfies the cocycle condition if and
only if, for all distinct 4,5,k € J,

(1) mi(kerm}) = ] (ker7]), and

(2) the isomorphisms ¢ = (7)) Lol : A, — Aly satisfy ¢fF = o @ik,

Theorem 1 of [20] implies that a finite family (775 cAp = Aij)ijesizy of C*-
algebra surjections satisfies the cocycle condition if and only if, for all K C J, all
ke J\K, and all (b;)icx € @,cx Ai such that 7}(b;) = 7/ (b;) for all distinct
i,j € K, there exists by € Aj such that also wi(b;) = 7F(by) for all i € K.
This corresponds in the classical setting to the idea that all partial pushouts of a
collection of topological spaces embed in the total pushout.

1.2. Heegaard-type splittings of odd spheres. We recall the Heegaard-type
splittings of odd-dimensional spheres into solid tori. We write

T:={ceC||c=1}
for the unit circle, D := {c¢ € C | |¢| < 1} for the unit disc, and
N
SENHL = {(z:): € ch+t | Z ‘Zz|2 =1}
i=0
for the unit (2N + 1)-dimensional sphere. For 0 < i < N, let
Vii= {(ZOa“-aZN) € SN 2] = maX{|Zo|,-~-’|ZN|}}-

Also, let 2 := (20, ...,2x) and d := (do, . ..,dxn). Then ¢;(2) := |z;| 'z determines
a homeomorphism ¢; : V; — D' x T x DVN=% C CN*!, with inverse given by
¢;1(d) =1+ Zj;&i |alj|2)_§ d.

These homeomorphisms allow us to present SV *! as a multipushout of closed
solid tori. Indeed, for each i, let X; := D* x T x D™ ~*, and for i < j, let

X; ;=D xTx D771 xTx DN =X,nXj.
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Then S?N*1 is the multipushout of the solid tori Xo,... Xy given by the dia-
grams (1.1)).

52N+1

/\4

J t
X, < vinV, ———— X ;
So if ~ is the equivalence relation on the disjoint union [[, X; generated by
¢i(d) ~ ¢;(d) for all d € V; NV, and all i < j, then SN+ = (], X;)/~. (Note
that ¢;; 0 ¢;;' =idx, .)

To motivate our definition of Heegaard quantum spheres later on, we dual-
ize this multipushout picture of S2N+! to obtain a multipullback presentation of
C(S*N+1). Let res : C(D) — C(T) be the restriction map. For i < j, we write

i+ C(D)®" @ C(T) @ C(D)®N
— C(D)¥ @ C(T) ® C(D)% "1 o C(T) ® C(D)®N I
for the surjection id®? @ res ®id®~ 7. Then C(S2V+1) is naturally isomorphic to

{(fo,---, fn) € BLC(D)® @ C(T) @ C(D)PN " [mh(f;) = w] (fi) for all i < j}.

1.3. Gauging diagonal actions and coactions. Throughout this paper, we
denote a right action of a group G on a space X by juxtaposition, that is (z, g) —
xg. The general idea for converting between diagonal and rightmost actions of
a group G on a topological space X is as follows. We regard X x GG as a right
G-space in two different ways, which we distinguish notationally as follows.

e We write (X xG)¥ for the product X xG with G-action (z, g) - h := (z, gh).
e We write X x G for the same space with diagonal G-action (x,g)h =
(zh, gh).

There is a G-equivariant homeomorphism & : (X x G) — X x G determined by
k(z,g) := (2g,9), with inverse given by k= 1(z,9) = (zg~',g). In general, given
any cartesian product of G-spaces, we will regard it as a G-space with the diagonal
action, except for those of the form (X x G)% just described.

In what follows, the tensor product means completed tensor product, and we
use the Heynemann-Sweedler notation (with the summation sign suppressed) for
this completed product. Since all C*-algebras that we tensor are nuclear, this com-
pletion is unique. We often identify the unit circle T with the unitary group U(1),
and use the quantum group structure on C(U(1)). Even though we only use the
classical compact Hausdorff group U(1), we are forced to use the quantum-group
language of coactions, etc., to write explicit formulas, and carry out computations.
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Let G be a locally compact group, and let H := C(G). Then S: H — H, given
by S(h)(g) := h(g~!), is the antipode map, £(h) := h(e) defines the counit (e is
the neutral element of G), and

A:H— H® H=C(GxG),
A(h)(g1,92) == h(g192) =: (ha) ® h(2))(91,92) = hq)(91)h(2)(92),
is a coproduct. If o : G — Aut(A) is a G-action on a unital C*-algebra A, then
there is a coaction 6: A - A® H = C(G, A) given by

d(a)(g) := ay(a) =: (a@) ® an))(9) = a@)ya)(g)-

Consider A ® H as a C*-algebra with the diagonal coaction
P& h— po) ® ha) ® Pyh(z),
and denote by (A ® H) the same C*-algebra with the coaction on the rightmost
factor: p ® h = p ® h(1) ® h(z). Then the following map is a G-equivariant (i.e.,
intertwining the coactions) isomorphism of C*-algebras:
(1.2) E:(A@H)—)(A@H)R, a®hn—>a(0)®a(1)h.
Its inverse is explicitly given by

(1.3) R (A®H)R—>(A®H), a®h>—>a(0)®5(a(1))h.

1.4. Affine closed coverings of complex projective spaces. The odd sphere
S§2N+1 is a U(1)-principal bundle. The diagonal action of U(1) on S?N+1! is given
by

(20, -, 2N)A = (20, ..., 2N N).
Since T C D is rotation-invariant, this action restricts to a U(1)-action on each
D' xTx DN~ so the multipushout given by is U(1)-equivariant.

To obtain a multipushout presentation of PY(C) = $2N*+1/U(1), we need to
gauge the diagonal actions to actions on the rightmost components. This will
yield an alternative multipushout presentation of SZV+!. Using the notation of
Section we write x : (DY x U(1))® — DN x U(1) for the gauging homeomor-
phism. Identify U(1) with T, and write F; y : DY x U(1) — D' x T x DV~¢ for
the map

Fi,N(d()a R diflvdia d’i+1 e 7dN717dN) = (d()7 ey d’b‘*ldeu di+1 oo 7dN71a dl)
We obtain a U(1)-equivariant homeomorphism

hi:=F;nor: (DN xU(1)® — D' x T x DN

Let X2 := (DN x U(1))% for all i. For i < j < N, let
XE = (DI x Tx DN="'x U(1)", XE = (D' x T x DV x U(1))",
and X; ; := D' x Tx DI7" 1 x T x DV =: X; .

For ¢ 7é J, we define hl‘j = hi’XR : )(JRz — Xi’j = Xj’i.
Jyi ’
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We use the h; and h;; to transform the multipushout structure of S2N+L de-
scribed by (1.1)). Explicitly, for 0 < i < j < N, we obtain the commuting dia-
gram (|1.4).

xpl x, Xj <t xR

1.4 L L

(1.4) xn Xk
X’L,J

For i < j, we define x;; := h;il o hyj : Xﬁi — ij. (Note that, unlike in the
previous multipushout presentation of S?¥+1, these maps are not identities.) With
this notation, SN *! is homeomorphic to the quotient of the disjoint union

[T (o xvapr= ] x~

0<i<N 0<i<N

by the smallest equivalence relation such that d ~ x;;(d) for all d € X le The
equivalence relation ~ respects the U(1)-actions, so that we obtain a multipushout
presentation of S?VN*1/U(1) = PN(C) by everywhere restricting U(1) to a point.
This multipushout presentation of the complex projective space agrees with the
multipushout presentation used in [I5, Section 1.2] to obtain the multipullback
noncommutative deformation of P (C).

2. TWISTED MULTIPULLBACK QUANTUM ODD SPHERES

2.1. Twisted quantum even balls. Recall that we regard the Toeplitz algebra
T as the quantum-disc C*-algebra [22]. Let s be the generating isometry in T
[0, [7] and u the generating unitary in C(T). Let o : T — C(T), s — u, denote the
symbol map. We use the exact sequence

0—K—T-5C(T)—0

to regard the circle T as the boundary of the quantum disc, or two-dimensional
quantum ball. Thus the one-dimensional quantum sphere then corresponds to
the quotient 7 /K. From this perspective, T®V can be regarded as the algebra
of a Cartesian product of N two-dimensional balls, and therefore as a copy of a
2N-dimensional (non-round) quantum ball. The quotient 7®N+1/ICEN+1 ig then
viewed as the algebra of the boundary of the quantum ball, that is, a quantum
sphere of dimension 2N + 1. In the same spirit, 7®" @ C(T) is regarded as
the algebra of the Cartesian product of a 2IN-ball and a circle, which is to say a
(2N + 1)-dimensional noncommutative solid torus.

By analogy with the Heegaard splitting of S?~*! in the preceding section, we
define the algebra C(S2NT1) of continuous functions on the Heegaard quantum
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sphere as a multipullback of the C*-algebras 7®! ® C(T) ® T®N~% with respect
to the maps

T T C(M TN — T C(MeT¥ " oC(Me TN, i<y

given by 7T§ = idT@i@C(T)@Tj—i—l ®0o @idren—;.

In Section we will realize C(S7 ™) as the special case where 6 = 0 of a
multipullback of twisted tensor products of the same sort. We begin by defining
the twisted Toeplitz algebras ’7'9N +1 which we view as twisted-quantum-ball C*-
algebras.

Definition 2.1. Fix N > 0, and suppose that § = (Hij)ffj:o € Mn(R) is
antisymmetric in the sense that 6;; = —6;;. We define the twisted Toeplitz algebra

7;N *1 to be the universal C*-algebra generated by isometries {w, ..., w%} such
that

wf»wz = eQﬂaikaw? and wf-*wz = eiQWiaj’“wa?* for all j # k.

With this in hand, we are ready to present our definition of the twisted Heegaard
quantum sphere S?{NQH, which we view as the boundary of a twisted quantum ball.

Thus we generalize the 3-dimensional case S% 4 introduced and analyzed in [2].

Definition 2.2. For 0 < ¢ < N, let If denote the ideal of ’779N+1 generated by
1 — wlwf*, and for i # j, let If; := I? + IY. Let Bf := TN+ /10 and BY; =

T3/ I8 Also, let
(2.1) o TN — BY  and 7r§- :BY — ij

be the natural quotient maps. We define the twisted Heegaard quantum sphere
C*-algebra as the multipullback of the algebras BY over the homomorphisms 7r;,
that is

C(SN) = {(bo,...,bN) c®Y, B

To ease notation we define wi" := o;(wf) and w?™ := w? 4+ 1¢ + 19 for all k
and distinct ¢, j. We define s; € C’(S?I%H) by

. 0;0 o;N
S,».:(wi yeee, Wy )
For i,7 € {0,..., N}, we have
Sis; = 2705 S;Si, sl-s;f = 672’”0”53‘51-, when ¢ # 7,
*
sis;i =1, and
N
(2.2) [T —sesp) =o.
k=0

The universal property of ’7"9N+1 yields a U (1)V*+1-action satisfying (Mo, . .., Ax)-
w? = Xjwf. We call this the gauge action on TV, This action descends to each
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B; and each Bjj,
the gauge action. Restricting to the diagonal in U (1)
C(S3Yt) such that

(23) Oé)\(bo,...,bN):()\‘bo,...,>vbN).

and hence induces a U(1)N*+!-action on C(S?{%H), also called

N+1 gives a U(1)-action o on

2.2. A universal presentation. We prove, using Whitehead’s twisted relative
Cuntz—Krieger algebras of higher-rank graphs [33] (see also [2§]), that the twisted
Heegaard quantum sphere C*-algebra of Definition [2.2] enjoys a universal property.

Theorem 2.3. Consider an integer N > 1 and a antisymmetric matriz 0 €
Mpy1(R). Let Ag(N + 1) be the universal C*-algebra generated by isometries
S0, ---,SN Satisfying

(2.4) 8isj = 2705 sjs;  and sisj = ¢ 270s s;si,

and the sphere equation
N
(2.5) [[=sis;)=o0.
i=0
Then there is a U(1)-action on Ag(N +1) such that \-s; = \s; for all i, and there
is a U(1)-equivariant isomorphism ¢g : Ag(N +1) — C(Sg?;“) such that

bo(si) =s; = (wf;o, . ,wf;N) for all 1.

Furthermore, the maps 7T;- : B; — Byj; satisfy the cocycle condition of Defini-

tion [11)

The existence of the U(1)-action on Ap(N + 1) and of the homomorphism ¢
follows from the universal property of Ag(N+1). We use the technology of twisted
relative higher-rank graph C*-algebras [28] to see that ¢y is injective. For surjec-
tivity, and to see that the cocycle condition is satisfied, we will need the following
technical lemma.

Lemma 2.4. Let A be a C*-algebra and suppose that Iy, ..., I, are ideals of A.
Suppose that ag, ... ,an € A satisfy a; + (I; + 1;) = a; + (I; + I;) for alli,j. Then
there exists a € A such that a + I; = a; + I; for all i.

Proof. We proceed by induction on n. The base case n = 0 is trivial. Suppose as
an inductive hypothesis that there exists a’ € A such that a’ + I; = a; + I; for all
i <mn. Then a' + (I; + I,) = ap, + (I; + I,,) for all i < n, whence

(26) a —ap € mi<n(l'i =+ In)

Since the ideals of the C*-algebra A form a distributive lattice with meet given by
intersection and join given by sum, we have

N+t =(NE)+ > (Inmi@h)C(ﬂb)JrIn.

i<n i<n P#£FC{o0,...,n—1} i<n
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Combining this with , we obtain @’ — a,, = b’ —b,,, where b/ € ﬂ?:_()l I; and
b, € I,. Put a :==a —¥b. Since b/ € I; for all i < n — 1, we have a + I; =
a +1I; =a; + I; for i <n— 1. Furthermore, a =da’ — V' = a,, — b, and b,, € I,,, so
a+ I, = a, + I, too. O

To prove Theorem we use twisted higher-rank graph C*-algebras. The
general theory of these objects requires significant background, but fortunately
the only higher-rank graphs we need to consider are the following elementary
examples.

Let A denote a copy of the monoid N¥*! under addition. This becomes an
(N + 1)-graph in the sense of [23] Definition 1.1] under the degree map d : A —
NV+1 given by the identity map on NV¥+1. We write eg, ..., ey for the canonical
generators of NV*t1. Since we are viewing A as a category, we write uv for the
composition of elements u, v. This is really just u+v when the two are regarded as
elements of NV*1. The unique vertex of A is 0 € NV*1. For u = (pg, ..., un) € A,
we write |u| := Z?}:O wi- A cocycle on A is a map ¢ : A x A — T satisfying the
cocycle identity c(u, v)c(\, pv) = c¢(X, p)e(Aw, v) for all A, pu,v € A. Since NVF! is
directed, every finite ' C A\ {0} is exhaustive as in [28], Section 2]. So given any
collection & of finite subsets of A\ {0}, we can form the twisted relative Cuntz—
Krieger algebra C*(A,¢;E), which is generated by isometries {sg¢(X) : A € A}
satisfying relations (TCK1)—-(TCK4) and (CK) of [28, Section 3].

Lemma 2.5. Let A denote NV*! regarded as an (N + 1)-graph as above. Fix a
antisymmetric matriz 0 € My 1(R). There is a cocycle ¢ on A given by

(2.7) c(p,v) = omid()T0d(v))

Let £ .= {{eq,...,en}}. Then there is an isomorphism Ag(N + 1) — C*(A, ¢ E)
that carries w; € Ag(N + 1) to sg(e;) € C*(A, ;&) for 0 <i < N.

Proof. One checks that Ag(N+1) and C*(A, ¢; £) have the same universal property.
O

Proof of Theorem[2.3 The relations (2.4)) and (2.5)) are invariant under multipli-
cation of the s; by any fixed A € U(1). Thus the universal property of Ag(N + 1)
yields the desired U(1)-action.
The universal property of 7;N *1 yields a homomorphism
Vg : ENH — C(Si,%“) given by  ¥g(a) = (00(a),o1(a),...,on(a)).
Applying Lemma 2.4/ to A = T,V *! and the ideals I; = ker(o;) shows that
C(S?{%—Fl) = {(Uo(a)vgl(a)v o 70’]\](&)) ‘ ac 7?9N+1}5
so that 1y is surjective. Since H;.V:O(l — w]—w;-‘) € ker g; for each i, it belongs to

ker 1), so ¥y descends to a surjective homomorphism ¢g : Ag(N +1) — C(S?J%H)
such that ¢g(s;) = s; for all i.
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By Lemma [2.5] it suffices to show that the homomorphism
p:C* (N ;€) — C(SEHY)
satisfying p(sg(e;)) = da(s;) is injective. For this, we aim to apply the gauge-

invariant uniqueness theorem [28, Theorem 3.15] for C*(A, ¢; £).

The homomorphism p is equivariant for the gauge actions on C(SE%H) and
C*(A, ¢; E). Since s¢(0) is the identity element of C*(A, ¢; £), we have
p(sg(0)) =(1,1,...,1) #0.

Hence, by [28, Theorem 3.15], it suffices to show that for each finite F' in the
complement of the satiation € of £ (see [28, page 837]),

p( I (s£(0) = s& (s ()™)) # 0.

HneEF

The set

E:={F c A\ {0}

there exists ¢ > 0 such that |p| > ¢ implies p > ¢ for some ¢ € F'}
satisfies (S1)-(S4) on page 87 of [2§] and contains £. An induction shows that any
set containing & and satisfying (S1)-(S4) contains £’. So & = £. So for a finite
set I ¢ &, there is a sequence (p') in A with |p’| — oo such that p’ % ¢ for all
q € F and all 7 € N. By passing to a subsequence, we may assume that pé — 00
for some j < N. Since p* ¥ q for all ¢ € F and all 4, it follows that ¢ € F implies
q; > 0 for some [ # j. Hence there exists [ # j such that g > e;, which forces

se(q)sg(q)” = sé(er)sg(q —e)sg(q — ) spe(er)” < sg(er)sg(er)”

Thus

p(1 = s6(a)s5(0)") = p(1 - sg(e)si(e)”) = 1 — sisi.

Applying this reasoning to each g € F', we obtain

p(TI( = se(@se(@) = T[]0 —sis):

qer I#]

Since each s; € C(Sg?;“) C @ﬁ\;o B; (where B; = T, *!/I,), the jth coordi-
nate of [[,_;(1 —sisy) is

(2.8) (H(l —slsf))j =Uj(H(1 —wlwl*)).
I#£7 I#j

So it suffices to show that the right-hand side of (2.8) is nonzero. Since o;(7; 1)
is universal for the same relations as the twisted relative Cuntz—Krieger algebra
C*(A,¢;{e;}), there is an isomorphism o, (T ™) — C*(A,c;{e;}) that carries
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oj(wy) to sfej}(el) for each I. The satiation {e;} of {e;} does not contain the set
{e1 | 1 # j}, so [28, Proposition 3.9] implies that

[I( = sty (e)ste,p(e)) # 0,
1]

giving o; ( I, 4 j(l — wlwl*)) # 0 as required. This completes the proof that ¢y is

an isomorphism.

Since each B; = TQNH/Ii and B;; = TON‘H/(IZ' + I;) by definition, the ho-
momorphisms 7} are distributive in the sense of [20, Definition 2]. Lemma
shows in particular that given distinct ¢, j, k and elements b; € B; and b; € B;
such that W;(bl) = 7 (b;), there exists by € By such that 7¥(by) = 7i(b;) and
wf(bk) = 7}, (b;). Hence Theorem 1 of [20] implies that the 7} satisfy the cocycle
condition of Definition [L1] O

2.3. Strong connections. Since we focus on free U(1)-actions on unital C*-
algebras, we avoid the general coalgebraic formalism of strong connections of [4],
and formulate the concept of a strong connection from [I3] solely for U(1)-actions
on unital C*-algebras.

Let A be a unital C*-algebra carrying a U(1)-action. For m € Z, recall that A,,
denotes the spectral subspace {a € A | A-a = AN"a for all A € U(1)}. We write
Clu, u*] for the *-algebra of Laurent polynomials. Let ¢ be a unital linear map

: (C[u’ u*] - (eamel Am) Q? (eameZ Am) < A® A’
alg

alg

where P, ., A denotes the algebraic direct sum of the spectral subspaces. We
say that ¢ is a strong connection for the U(1)-action on A if, writing

ma:A@ug A— A

for the multiplication map, we have

(2.9) (maol)(h)=h(1)14 forall h € Clu,u"],
and
(2.10) lu") e A, ® A, forallneclZ.

By [30] the existence of a strong connection is equivalent to strong grading:
AnAn, = Apyn forallm,n e Z.

Moreover, by the main theorem of [I] combined with [4, Theorem 2.5(1)], the
existence of a strong connection is equivalent to freeness.
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2.3.1. A strong connection on Sf{%ﬂ. In what follows, we will also need the fol-
lowing family of U(1)-fixed elements of C (S%I%+l):
N
Hy=1, Hi= [] (1-s;s}), i€fo,....N-1}.
j=it+1

Consider the linear map
0: Clu,u*] — (@mez O(S?I%+1)m) ® (@mEZ C(S?{%+1)m)

alg

defined inductively as follows:
(1) :=1®1, Lu") =si" ®@sj forn >0, and

(2.11) (= Y ((sk © 1)0(u™) (1 & s;Hk)) for n < 0.

0<k<N
Then /¢ is a strong connection for the U(1)-action on C’(SIQLI%H): Equation
for n > 0 is trivial, and for n < 0 follows from an elementary induction argument.
Equation for n > 0 is trivial because sq is an isometry. To check it for n < 0,
we first use the sphere equation (2.2) to see that Z,JLO sgspHp = 1, and then

employ a straightforward induction argument (see the proof of [I7, Lemma 4.2])
using the recursive formula (2.11)).

3. TWISTED MULTIPULLBACK QUANTUM COMPLEX PROJECTIVE SPACES

Our twisted multipullback quantum odd sphere C*-algebras (see Definition
yield a natural construction of a family of f-twisted complex projective space
C*-algebras as fixed-point algebras. Using the U(1)-action o on C(Sff?g“) from
equation ([2.3]), we define

C(Py(T)) = C(Sig™)"

To study C(Si{%ﬂ)o‘, we gauge the diagonal action o on C(S?I%H) to an action
on a single twisted component, where it is easy to determine the U(1)-invariant
subalgebra. Asin Section restricting to the diagonal subgroup of U (1)V*1 yields
a diagonal action on 7" T given by A wf := (A,...,A) - w? = Mwf. We can also
compose with the coordinate inclusions U(1) < U(1)N*1 to obtain actions -; of

U(1) given by
Nowy_ {vs Hi#
Aw;  ifi=j.
Since that gauge action descends to the quotients by the I,f and I,fj, so do these
U(1)-actions. We will consider Bf and BY; to be endowed with the diagonal U(1)-

action and we denote by Bf - and BZ?R’“ the same C*-algebras endowed with
the U(1)-action on the k-th twisted component. Accordingly, we will write the
generators of BYf* and Bf}R" as w5 and w7 respectively.
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Lemma 3.1. For any (N+1)x(N+1) antisymmetric real matriz 6 and 0 < i < N,
define antisymmetric real matrices k;(0) and 5;1(9) of the same size by

Ki(0)k =055 + 0k + s, if 5.k #1,  ki(0)i; = 6,5,
(3.1) R HO) 1 = =00 + Ojk — Oxi if Gk # 0, Ky (0)ig := Oig.

(2

Then ;' (ki(0)) = 0 = ri(k;'(0)), and there exists a U(1)-equivariant C*-
isomorphism k; : B — B

m(wz;i) — w:i(&)?i;Riw?i(e)ﬂ;Ri ifi#k, m(wie;i) — w:i(e);i;Ri7

(3.2) g N w OEEY = O i £ ke kT (w O R = 0

(2 (2 K2

Proof. The equalities ; '(k;(0)) = 6 = r;(r;(0)) follow from elementary cal-
culations using . To see that defines *-homomorphisms, note that, by
the universal property of 7? and the definition of I?, it suffices to check that the
clements r;(w!) and r; " (w}* P77 satisfy respectively the relations that deter-
mine BY and Bfi(

are trivial).

. Let 4,7,k be all distinct (the cases where k =i or j =1

(1) Since (wi)*w? =1, we must have r;((wl')*w?’) = 1. Furthermore,

ki((wp ) wpt) = k() ki (wy?)

ki (0)38; R\ %
= (w} Oy

_ );i§Ri>* );i;Riwl_ii(e);i;Ri -1

Ki (9 Ki (0
Wy, Wy, i

(2) Since (w:iwm;Ri)*wZ"(g);i;Ri =1, we must have

H«il((wﬂi(a);i;Ri)*wl]zi(g);i;Ri) =1.

A k

Furthermore,

-1 ((wlf:i(G);i;Ri)*wzz‘(@)ﬂ;Ri) _

; fl(w;:i(a);i?Ri)*H‘—I(w:i(0)§i§Ri)

K ? (2

K

b
' we must have

. 0i, 03 2mif;,,,,051
(3) Since w; w,™" = ek w  w;

Hi(w?;iwz;i) — eQﬂieikni(wZ;iw?;i).
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Furthermore,
01 051 01 0;1
wi(w; wy*) = wi(ws" ) ki (w,”)
_ w’?i(e);l;Riwﬁ'i(e);i§Ri w:i(Q)ﬂ;Riw{w(@);i;Ri
J % 7
_ eQm'm(e)mw;i(@;i;Ri wlf:i(G);i;Riw?(9);i;Riwfi(0);i;Ri

_ ezm(m(e)ikm(o)jk)wm(e);z’;Ri w5 O3 O R s (O

K2

27rz(m(9)1k+m(9)]k+'€z(9)ﬂ)w .
w; J
QﬂZ(HL(9)1k+Hz(0)]k+NL(9 JL)K/Z (w;),z)

_ ezm‘(ni(G)ik+ni(9)jk+Hi(9 Jz)

Hz 97, j@z)

0),1,R (0);i;Riwm(0);i;Riwn

15

It remains to show that 6, = x;(6); k—i—m( )jk+ri(6);:. Since k;(0)ir = ik
and /‘61(9)” = Hij, we have ij = O, + /@(9)]% + Hji, SO Iii((g)jk = Qij =+

01 + Or; by antisymmetry of 6.

(4) Since (wf Wrwlt = e 2milin g i(w?;i)*, we must have

ik 031 —2716; 051, 031y x%
/@i((wj ) wy ):e 2 6-”“/{( wy (w w; ) )
Furthermore,
051 051
/fi((w ) wy )
0;1 051
*“l(w )" "Gl(wk )
ki (0);53Ri\* ¢, Ki(0)55RiN*, ®i(0);4R: ki (0)45R;
:(wi() )(wj() )wk() wi()
27”( '(9)jk—ﬂi(9)ji—'ﬂ(9)m)wﬁiw)?i;Ri(wﬁiw)%i;Ri)*wﬁiw);i;Ri( :
i i 7
271'1( Ki(0)jk—ri(0)ji—ri(0)ir

Ju :
o2 (=i (0)jh—rii (0)5:— m(a)lk)ﬁ i . (w'i)*
1 J
:eQﬂ'z( Ki(0)jk—ri(0)ji—ri( a)lk)lil( ';i)*)

= e ("),

( ) Since w]l(e) R w:i(@);i;Ri _ 627rim(G)jkai(e)ﬂ;Riw;i(e);i;R

Ki—l(w;i(e);i;Riwlf:i(e);i;Ri) _ 627”';-@71(0)]-;9Ki—l(wlf:i(e);i;Riw;z‘(a);i;Ri).
Furthermore,
KJ;I(w;&i(ﬁ);i;Riwzi(G);i;Ri) _ 1(11);{1 (0);3;R; ) 1( ki (0);4;R; )
=’ ,z(we,z * ( 2)*
K3
— 27T’L( 91k+91k+9U)wz,’L( fl) wf,l(wf,l)*

e27‘l’i (GU+9]]C+01“) /f:l (w21(9)717R7)K/;1 (u)‘7
627‘ril{i(0)jkHi—l(w;:i(a);i?Riw;i(0);i;Ri)'

wm(e);i;Ri)*

1(9 4R, n-(@);i;Ri (wﬁi(e);i;Ri)*(wf_ﬁi(e);i;Ri)*
J

, we must have

Ki(e)ﬂ;Rq‘,)
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(6) Since (w'?z‘(@);i%Ri)*w]:w(e);i;Ri — e2mi- K@(Q)kak i(0);4: 1 (w;i(9)§i9Ri)*7 we see
that
Hi—l ((w;i(9)§i§R1¥)*w"l:i(g)?i;Ri) _ e*27‘l’il$i(0)]‘kﬁi—1 (wZi(a);i§Ri (w;i(a);i§Ri)*).
Furthermore,
K/;l((w;i(e)ﬂ?Ri)*w:i(9)§i;Ri) _ 1 w!

633\

ki (0);5;R; ki(0);4;R;
ri(0) )*k; 1( () 0
v

w;

i (
- ’Z(w ORT
271'1

( w; i 7
K, 1 (0)34;R; )*K—l(wm(G);ﬁRzﬂ)

i)
]k+01k+931)wzﬂ 0; Z we;i (U)@;i)*
) .

o2mi (—0:5—0;—01:

— 6727Tini(a)jkl4,i_ (wgl(e)vlsz (w;l(9)717Rl)*).

Thus we have shown that x; and n‘l are well defined *-homomorphisms. They

are evidently U(1)-equivariant. Since w’** and w*?**™ are unitaries, x; and r; "
are mutually inverse. O
The maps k;, £, © descend to the B‘9 because they fix the generator

oi(1- w?(w?)*)
of g;(If). Tt follows that ; induces an invertible U(1)-equivariant C*-isomorphism
j: Bl — BZI"(G);Ri such that

0;1j

i(0)5i7;R; :(0)3i5; Ry .p - 0; (0):i7: R
b (Wi 0) = OB ORI g o o gy () = O
K;jl (wki(O);ij;Ri) — wz;i_]( fz]) if i £ k, H;]l (wm(e) iR ) fﬂj~

Blf%(e);Ri

So we obtain maps 47 : — iji(e);Ri from the commuting diagram

Bﬂi(9)§Ri Ni_l B0 T B0 Fizg B”i(9)§Ri'

% % 1] ©j

At
9;

For any 0 < k < N, we have &;(wgiw);i;m) = wgi(g);ij;R".

3.1. The multipullback structure of C (52N TR, We define the twisted Hee-

gaard sphere C*-algebra C’(SQNH) to be the image of C’(SQN'H) under H?LO K.

We compute morphisms 7r that assemble the BK’(Q) % into the multipullback

C*-algebra C(S?{%H)R. le any i < j. We determine 7?; and ﬁ'f through the
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commutative diagram

Ki(0);R; r;(0);R
B, Bj
. T~ @ -7 )
Ky ~ _ - K ;
T 0);R <~
B! —— B, Byt Bl ~—— BY
TF; J Ri J Ki;j J 7l

Then C (Sy 2N +1) is equivariantly isomorphic to the multipullback C*-algebra over
the 7T Note that the above diagram can be rewritten as follows:

(3 3) BR,(H),Rl B’?j(e)?Rj
. ' ]
/ -
/ e
ol w7
5195 e o3
7
\ e
N P 1
Kki(0);R; i 9 Jsi k;(0);R;
Bw < _B_ij_ _ /BZJ
Pij
Thus, for ¢ < j, we have 7r = a and 77 = 1/)”- o aj, where % 1= Kijj o Ky, . We

compute the images of the generators of BZ?(Q) i under the wij- for i < j and
k#1,j,
ww( £s ) ”R>:: Hi;]( ( Wy,
= Rigj (wz I (wf U)*)
= ri (wp " Y (w3 )"
— wzi(e)?iﬁRiw;‘ﬂi(e);ij;Ri (w

](0);2'1';3]'))

i(0)535; R\ % i(0);i5;Ri \ *
;{ Y ) (’LU; Y )
= w 2 (0);i5;Rs (wj;i(e)ﬂj?lti)*’

0 R — 0 R
i (T Oy = ey (k5w D)

= g (] (wj ™))
— w?i(e),mRi (wfi(a)ﬂj;Ri)*(w;i(0)§ij§Ri)*
_ (w;i(9)§ij§R'i)*7
1/)1]( w5 (0)5id:R; ) = ki (Kj—z;(w;j(e);ij;l%j))

= Kiyj (wje U)

ki (0)3i5;: R ) Ki(0)5i5;R;
:wj()” wf()” .

and

3.2. The U(1)-fixed-point subalgebra of C(SE%H)R as a multipullback.
For any antisymmetric (N + 1) x (N 4 1) real matrix 6, let us denote by &;(6) the
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matrix obtained from r;(#) by removing the i-th row and column. Re-index the
remaining elements so that both row and column indices run from 1 to N.

For any 0 < i < N, let A; := 7;]:/(9). The isometries vi,...,v% generating A;
satisfy

i 2miRi(0) k0,0 PNk d = 2R (0) i (i
viv, =e Fupvg, (V) Tvp =e *up(03)",

forall 1 <j k<N, j#k.

We claim that A; is isomorphic as a C*-algebra with the U(1)-invariant subal-
gebra of Bf {O3R:Tg see this, observe that the universal property of A; yields a
C*-homomorphism ¢; : 4; — Bfi(e);Ri such that

PRI s (U
(k) = moyir .
k wkl(e)’ T S

An argument using the gauge-invariant uniqueness theorem as in the proof of
Theorem @ shows that ¢; is injective. To see that it is surjective, first observe
0);R;

that B Ol g densely spanned by elements of the form

(wlff,w);i;Ri)nl . (wjf”:;(‘g)ﬂ;Ri)nN (wjfivi(e);i;Ri)*mN L (wlﬁi(e);i%Ri)*ml.
Since w?(e);i;Ri is unitary in B®i(®)i%:  the expectation onto the U(1)-invariant
subalgebra of B (%:f

spanning element to

, obtained by averaging over the U(1)-action, takes such a

N 0
ki (0)585Ri\n; ki (0)35R;
6ni7mi H(wg )n] H (wk )*nk'
3=0 =N
i ki

Therefore, the U(1)-invariant subalgebra of B[ ()R g spanned by elements of
this form, and such elements are in the range of ¢;. Hence ¢; is surjective. For
any ¢ # j we will denote the generators of A;;; (which are the images under the
canonical quotient maps of the generators of 4;) by vi;j e vj\;,j . For ¢ < j, the
elements v;;j € A;;; and vijl € A;,; are unitary. The inverse of ¢; satisfies

—1/ ki(0);5;Ry 'U/Z;H_l ifk<i
) w — |
P (v ) {v; if i < k.

Let J; be the ideal of A; generated by (1 — v;(v;)*) For 0 <i<j<N,let
Ai;j = Ai/Jj7 and Aj;i = Aj/Ji+1.
The isomorphisms ¢; ! descend to isomorphisms

1 gr®RUQ) wiOsiiRe [V ik <
(B ) = Aijy  wy ~ v if i <k
i .
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Using the isomorphisms ¢; and ¢;; we can transport the multipullback structure
of the U(1)-fixed-point subalgebra of C’(Sif’veﬂ)R as follows (0 < i< j< N):

P ki (8); R\ U (1) )j (0);R;\U(1) _
B3) At (O (B OO 2y,
/
\ ; ,
\ T /
i (0);R:\U(L) Yij #;(0);R;\ U(1)
AN (Bij ) ~ (Bij 7) %
1IN /p{
A +
Ajj<——————=——~ Ajii

In the diagram (3.5), we have used the same symbols to denote the (co)-restrictions
of the maps &;, 67 and v;; to the respective U (1)-invariant subalgebras. Since all
these maps are U (1)-equivariant, the restrictions corestrict as expected.

We will now explicitly write the values of maps pz-, p{ , i, 0 < i < g <N,
defined by the commutative diagram above, on generators of respective domains.
It is straightforward to verify that pj and p! are the canonical quotient maps given
by

p;(v;) =v?, and  pl(v)) =o', 1<k<N.
In case of the isomorphisms ;; := gbfjl ) 1/A)ij 0¢j, 0 < i< j <N, we wil
perform a careful case-by-case analysis. The first splitting into cases follows from
the definition of ¢;; (see (3.4)): either k =4+ 1or k # i+ 1.

(1) For k =i+ 1:

(2) For k # i+ 1: iy (v]") = ¢i_j1 (1@] ((bji(vi;i))) =: (x). Here the definition
of ¢;; forces a split into cases k > j or k < j.
(a) For k > j:

— n (6 ;";R.
() = 03" (g (wpr ) )
— 677! (wgi(e);ij;m (w;i(e);ij;m)*>

= v,i;j (v;;j)*.
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(b) For k < j:
() = &3, (g (w2 71
_ (b;jl (w:i_(f)§ij§Ri (w;i(o)ﬂj;Ri)*)

=: (*x).
Now we arrive at another split into cases: k —1 > 7 or k —1 < 4.
(The case k — 1 =i was taken care of previously.)
(i) Ik — 1> i, then (xx) = v;7 (vj”)".

(ii) If K —1 <4, then (**) = ”U,i;j(v;.;j)*.

Summarizing, when 0 < i < j7 < N and 1 < k < N, we obtain
vl if k=i+1
G (") = S (Vi) ifk>jork<i+1.
vl ) it l<k <
Consequently, the U(1)-fixed-point subalgebra of C (SE%H)R is isomorphic to the
multipullback of the algebras A; with respect to the natural maps A; — A;;,
Aj — A, i < j, determined by the diagrams

A; A;
..
5 bij §

4. THE K-GROUPS OF TWISTED MULTIPULLBACK QUANTUM ODD SPHERES AND
COMPLEX PROJECTIVE SPACES

We begin by deriving a short exact sequence of commutative C*-algebras whose
noncommutative counterpart provides a basis for computing the K-groups of the
twisted multipullback quantum complex projective spaces.

The 2N + 1-dimensional sphere S?V*! is the closed subset of CV*! defined by
$2N L = {(z,..., 2x) € CVH j SN olail =1},
Denote by D := {c¢ € C| |¢| < 1} the unit disk, and by Dy := {c € C| |¢| < 1} the
interior of the unit disk. Next, we define a “non-round” odd sphere as follows:
I = {(co, - en) € DV TI (1 = ) = 0}
Since vazo(l — |e;|?) = 0 if and only if |¢;| = 1 for some i € {0,..., N}, it follows
that Zio ci|> > 1 for any (cg, . ..,cn) € SEVTL. Also, Zi]\io |22 =1 gives

1

maxy 2|, .-, |2 >
R
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Hence there are well-defined maps

N
SIVHL 5 ()Y g s ;7J c §2N+1
2i=o lCil? j=0
2 "
G2NHL 5 (LN ’ €5p
(2) =0 max{|zol,...,[2n[}/ ;o i

These maps are mutually inverse and continuous, so that S2V+! =~ SQDN 1

Now consider the following splitting of S%N +
are closed and open respectively:

S = {(er)i € S [fen| = 1} T {(ci) € S3¥" | Jen] < 1}.

into a pair of disjoint sets which

The condition in the first of these sets forces Hil\io(l — |ci?) = 0 regardless of the
values of (cg,...,cn—1) € DV. Hence

{(ci)i € ST | |en| =1} = DY x St

Furthermore, when (¢;)¥  is an element of the second set, then HjV:gl (1—|es|?) =0
because 1 — |cy|? > 0. Consequently,

{(Ci)i S S2DN+1 I |CN| < 1} = S%N71 x Dy.
Summarizing, we obtain the decomposition
S = (DY x SN T (S5~ x Do).
For the diagonal actions of U(1), this decomposition of SZ¥ ! induces the U(1)-
equivariant short exact sequence
00— Co(SH ! x D) —= C(SHE*!) ——= C(DN x S') ——=0

of C*-algebras. Finally, remembering that 2" and S*N~! are equivariantly
homeomorphic for the diagonal U(1)-actions, and using standard identifications,

we obtain the following U (1)-equivariant short exact sequence of C*-algebras:
(4.1)

0 ——=C(S?M 1) ® Cy(Dg) — C(S*V+) — = C(D)®N @ C(S') ——=0.

4.1. Quantum odd spheres. Recall that s denotes the isometry generating the
Toeplitz algebra 7. The universal properties of the maximal tensor product and
of the untwisted algebra 76N *1 show that the map

(4.2) TN 5wy — 1% @ s @ 19N ¢ TONH
is an isomorphism.

To see where Definition [2:2] comes from, and how it relates to noncommutative
solid tori, recall first that o denotes the symbol map from 7 to C(T). When
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6 = 0, we denote C(S%I%H) by C(S3VT1). We have TV ™! = T8N+ and each I;
of Definition [2.2]is precisely the kernel of
(4.3) id®" @ o @id®V 1 TONH B = T% o C(T) @ TEN,

and so each B; is the noncommutative solid torus algebra 7% @ C(T) @ T®N .
The algebras B; and B;; and the maps 7T§ of Definition are then given by

Bij =T @C0(MeT®% oMo T I, i<j, i,j€{0,1,...,N},
Bij Z:Bji, 7 <1, i,jE{O,l,...,N}, and
(4.4) mi=id @ o ®id" 1 B; —» By;, i#j, i,j€{0,1,...,N}

Thus our definition of C' (S?{%H) as the multipullback along the 7% is a natural

noncommutative dual to the Heegaard-type splitting of S2V*1 described in Sec-
tion

To compute K*(C(Sz%ﬂ)), we first compute the K-theory of the untwisted
quantum sphere C’(SZ{N 1) by applying the Kiinneth theorem and then the six-
term ideal-quotient exact sequence. We then apply results of [28] to see that the
K-theory of C’(S?I%H) is identical to that of C'(SZMT1). Since the cocycle ¢ on
A in Lemma is induced by a group cocycle on ZF, the corresponding twisted
multiplication on C*(A;E) can be realised using Rieffel’s framework of twisted
multiplicative structures on C*-algebras arising from actions of R* applied to the
gauge action of T* on C*(A;€) and the dense *-subalgebra span{s,s, : u,v € A}.
So we could alternatively apply [26l Main Theorem (page 200)] to prove that the
K-theory of C’(SIZLI]Y@H) is identical to that of C'(SZY ™).

Recall that TON *1 is canonically isomorphic to 7®N*+! via the map that carries
the generator w; of 75N+1 to the elementary tensor 1 ® - ® 1 ®s®1®---® 1,
where the s appears in the ith (counting from zero) tensor factor. Recall also
that we have Ko(7) = Z and K;(7) = 0 with the generator in Ky being the
class of the identity element. It then follows from the Kiinneth theorem (see,
e.g., |32, Remarks 9.3.3]) that Ko(7;" ™) = Z[1] and K;(7{" ™) = 0. Given
m = (mg,ma,...,my) € ZN*1 we write W,, for the element Hﬁio wi of TN
(By convention, w; ¥ = (w?)* for k > 0.)

Lemma 4.1. For N >0, there is an isomorphism of K(¢2(NNT1)) onto the ideal
I of TN generated by H;.V:O(l —wjwy) that carries the matriz unit Epy to
N
Wp( [Ta- ij]*»))Wq*.

Jj=0

Proof. Let R := H;VZO(I — wjwj). As the w; are commuting isometries, we see
that wiR = 0 = Ruw; for all i, and then we deduce that Wy R = 0 = RW),, for all

p € NV+1\ {0}, Similarly, observe that
(W, RW)(WoRW;) = (W, R)W; W, RW} = 6, gw, Ruw;.
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Since (W, RWy)* = W,RW, we see that the W, RW; form a family of matrix
units indexed by NV¥+1 and so there is a homomorphism of K(¢2(NV+1)) — T
carrying each Ep, to W,RW/. Since R is nonzero, and since K(£*(NV+1)) is
simple, this homomorphism is injective. Surjectivity follows from

[T} (1 — wjw}) = (1 — wowg)R = R — woRwj. 0

The following result generalizes [2, Theorem 4.1] and [I9, Theorem 3.2]. It also
contains statement of Theorem so the proof of this theorem also proves
Theorem [0.1)(1)).

Theorem 4.2. Consider an integer N > 1 and an antisymmetric matricz 6§ €
My 11(R). Then Ki(C(SHS™)) = Z and there is an isomorphism Ko(C(S2,™))
>~ 7 that carries [IC(S?{N0+1)] to 1.

Proof. We first consider the case where 6;; = 0 for all 7, 7. Theorem [2.3] combined
with Lemma and the isomorphism 7' ! = T@N+1 given in (&.2)) implies that

(4.5) C(S2NHYy = TN/ o0 TONL /o (p2(NNH1)),

We claim that the inclusion ¢ : K(£2(NVNF1)) — TN of Lemma {.1] induces
the zero map on K-theory. As Ko(K(£2(NN*1))) = Z is generated by [R], we just
have to show that [R] = 0 in Ko(7 ') 2 Z. The isomorphism 7' ™! = 7&N+1
given by carries R to (1 — s5*) ® (1 — s5*) ® --- @ (1 — ss*). Since s is an
isometry, we have [1 — ss*] = [s*s — ss*] = 0 in Ko(T). As K{(7) = 0, the
Kiinneth isomorphism implies that [(1 —ss*) ® (1 —ss*)®@---® (1 — ss*)] =0 in
Ko(T®N*1). Therefore [R] is zero in Ko(75 ') as claimed.

Since K;(K(F2(NNV+1))) =0 = K1 (T3 ™), Theorem 9.3.2 of [32] gives an exact
sequence

z Z Ko(C(SF))

Ko(C(SE"™ ) 0 0.
Hence Ko(C(SZT)) = Z[1] and K;(C(S3H 1)) = Z.

For general 0, we have C(S%IA;H) >~ C*(A,¢; €) by Lemma By (2.7), the
cocycle ¢ on A arises from exponentiation of an R-valued cocycle. Hence [28]
Theorem 6.1] gives

K*(C(SIQLI%H)) = K.(C*(A,E)) = K.(C*(A,1;E)) = K. (C(SZNTY)
via isomorphisms that preserve the Ky-class of the identity. |

Remark 4.3. An alternative proof can be obtained using the exact sequence (4.6]).
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4.2. Multipullback quantum complex projective spaces. In our computa-
tion of the K-theory of C(PN(T)), we will use two auxiliary results. The first
result is a quantum version of the short exact sequence (4.1):

Lemma 4.4. With respect to the diagonal U(1)-action, for any positive integer k,
there exists a U(1)-equivariant short exact sequence of C*-algebras

(46) 0—=CS*FHRK—C(SH™) —=T® 0 C(S') —0.

Proof. The starting point is the Toeplitz extension, i.e., the exact sequence

0 K T —2=C(8') ——=0,

where ¢ is the symbol map. Since the Toeplitz algebra is nuclear, so is T,
whence the sequence of C*-algebras

A7) 0—=TO K — TO @ T 4% 70k g 0(S1) — 0

is also exact. Equation gives (T®F @ K)/K®*+1 = C(S3F7!) @ K by the
nuclearity of . So taking quotients by KX®**! throughout yields the exact
sequence . The U(1)-equivariance follows from the fact that all the identifi-
cations used are U(1)-equivariant. O

The second result is a standard fact about compact-group actions, so we omit
its proof.

Lemma 4.5. Let G be a compact Hausdorff topological group and let A be a C*-
algebra with a pointwise norm continuous G-action o : G — Aut(A). Let I C A be
a closed two-sided G-invariant ideal of A. Then A/I admits the induced G-action,
and the sequence of fized-point algebras

0 I¢ AC (A/)E ——=0

18 exact.

To compute the K-groups of the invariant subalgebra C(PN (7)) := C(SZ¥+1)e,
we first construct a family of short exact sequences. Fix N € N, N > 1. For all
k€ {1,...,N} apply the exact functor -® K®V~* to the sequence to obtain
the short exact sequence

0——C(SFF ) @ KN —— O(SFH) @ KON K

T g C(S") © K2+ —— 0.
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By Lemma the restriction of the above sequence to U(1)-invariant subalgebras
is again exact:

U(1)

U(1)
(48) 00— (C(SE™) @RBN+1) T — (C(SE) @ KN H)

k 1 N—k u()
— (T e o) @V k)T 0.

Our gauge trick (T.2)—(T.3) shows that 7®* @ C(S) @ K®N~F with diagonal U(1)-
action is U(1)-equivariantly isomorphic with 7®* @ C(S1) @ K&V =% where U(1)
acts only on the C(S!)-component. Hence

(4.9) (T®* @ C(8?) @ KEN-F)U M) = T8k g ON—k,
Next, let
U(1)
Sii= (CSHF) @ K2V F) 7, ke {0, N},

Using this notation and (4.9)), we can write the family of short exact sequences (4.8])
as

(4.10) 0— =S 1 —=8, —=T® @ KONk .
where k € {1,...,N}.
Theorem 4.6. Let N be a positive integer. Then

Ko(C(PN(T))) =2ZN*tt  and  Ki(C(PN(T)))=0.

Proof. Since Sy = C(PM(T)), it suffices to prove that Ky(Sy) = ZF*! and
K;1(Sk) = {0} for all k € {1,...,N}. We do this by induction on k. For k = 0,
the gauge trick gives

SO _ (C(Sl) ® K@N)U(l) ~ ]C®N.
Consequently,
Ko(So) = Ko(K) =7, Ki(S) = K:1(K)=0.

Now assume that Ko(Sg_1) = Z* and K;(S,_1) = 0. The short exact sequence
(4.10) of C*-algebras induces the six-term exact sequence of Abelian groups:

(4.11) Ko(Sk—1) — Ko(Sk) — Ko(T®)

T |

K1(T®F) <—— K1 (Sk) =— K1(Sk-1)-
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The Kiinneth theorem gives Ko(7®*) = Z and K;(T®*) = 0. Combining this
with the inductive hypothesis, the sequence (4.11]) becomes

Zk —_— K()(Sk) e Z

|

0<~— K1(Sk)=— 0.

Exactness gives K1(S;) = 0, and exactness combined with the projectivity of free
abelian groups gives Ko(Sy) = Z @ Z* = Z*+1L. O

4.3. Twisted multipullback quantum complex projective spaces. We be-
gin by establishing notation. Fix a positive integer N, and let § € My 11 (R) be an
antisymmetric real matrix. For k,1 < N, define Oy; := e2 i For 0 < k<[ < N,
let Ty be the universal C*-algebra generated by the isometries s, .. ., s; satisfying
the usual identities:

$iS; = @ijS]‘Si, S:Sj = @iijb’;.
We will identify 7y, with the corresponding subalgebra of To n. Let K ) be

the ideal of T, generated by the product Hﬁzk(l — 8;87). For each k < N, the
universal property of 7y n shows that the formula

ag(8;) = Ous;

defines actions oy, of both N and Z on 7y, n, and hence on each Ty, ;,.

The idea of the computation is the same as in the untwisted case, with small
changes due to the fact that the isometries generating the noncommutative sphere
do not commute. We regard the twisted noncommutative sphere as the quotient
of the twisted semigroup algebra of NV¥*! by the ideal of compact operators:
C*(NN*1 ©)/K. A convenient presentation of C*(N, ©) that will be used below
comes from the fact that

C*(NNHL 0) = (.. ((T Xay N) 1 N)..) xapy N,

where the actions oy are determined by the cocycle ©. While there exists a
considerable theory of semigroup C*-algebras, we do not need to use it below.
Instead, we will reduce the computation to the one done in the untwisted case.

Let 1= (pug, - -, ) € N'F17F be a multi-index, and let {e,}, be the standard
orthonormal basis of I2(NF1=F). For k <i <1, let §; := (0,...,1,...0) € Ni+1-k
with 1 in the slot labeled by i. Define

I Hj
mp(sen = [ ©Feus.
k<i<j<l

Lemma 4.7. Let k € {1,...,N}. In the decomposition
ZZ(NN+1) — lQ(Nk) ® l2(NN+17k),
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where the second factor corresponds to the last N + 1 — k components in NNT1,
the following equalities hold:

70,N) (To.k— 1Kk, ny) = T0,k—1) (Toe—1) @ Kk, vy
70,8 (Koo,n)) = m0,5—1) (Ko,5-1)) @ K, n)-

Proof. By construction, for i < k,
To,n) (8i) € T(0,h-1)(T0,k—1) min B(Z(NVFI7F)),
0,8 (K. ny) € m0,5-1) (Tok—1) @min K (NVHIFY).
Now the claim of the lemma follows. O

Corollary 4.8. Let k € {1,...,N —1}. Put C(Sya. ) = To;/K). There
exists a U(1)-equivariant short exact sequence of C*-algebras:

0——=C(SFen o 1) @ Kie,n) — C(Sian,) ® Kiesr,w)

— (To,k—1 Xy Z) @ K18y —= 0.

The action of U(1) is the one induced naturally from its diagonal action on To N .

Proof. Lemma [£.7] reduces the claim to the identity

7(0,k) (T0,6) /T (0,1) (To,k—1Ko,k)
= 7(0,1) (To.k—1 Tk ) /T 0,6) (To k= 1K (k1)) = To,k—1 Xy, Ly

which immediately follows from the construction of mq ). O

k
Proof of Theorem[0.1)(3). For 0 < k < N, let T, := (C(Sé(;:l) ® Kerr1,n)) Y.
Since the crossed product 7o x—1 Xq, Z contains the regular representation of Z,
and hence a copy of the regular representation of U(1) on C*(Z) = C(S1), we get,
as in the untwisted case,

v
((Tok—1 Xay, Z) @ Kp1,8)) W Tok—1 @ Kt1,n)-

Finally, as Ty = C(P) (7)) by Theorem the rest of the argument is the same
as in the untwisted case, with T} in place of Sk. O

5. NONCOMMUTATIVE LINE BUNDLES OVER MULTIPULLBACK QUANTUM
COMPLEX PROJECTIVE SPACES

5.1. Equivariant homomorphisms and spectral subspaces. Take a U(1)-
equivariant *-homomorphism f: A — A’ of unital U(1)-C*-algebras, and suppose
that the U(1)-action on A is free. Then there exists a strong connection ¢ on A. It
is straightforward to check that ¢’ := (f® f)o/ is a strong connection on A’, so that
the U(1)-action on A’ is also free. The U(1)-equivariance of f guarantees that its
restriction to the fixed-point subalgebra B := AV() corestricts to the fixed-point
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subalgebra B’ := (A/)Y(M). This f turns B’ into a B’~B bimodule given by the
usual multiplication on the left and the formula b’ - b := ' f(b) on the right.

Since f: A — f(A) is a linear surjection over a field, it splits. So there exists a
linear map g: f(A) — A such that fog =ids4). We have A = g(f(A)) ® ker f.
Let {a}; be an extension of a basis {e}}; of f(A) to a basis of A’. Also, let
{ex}r be a basis of ker f. Then {a;}; := {g(e})}; U {ex}r is a basis of A, and
flar) = ajor f(a;) = 0. For any n € Z, we can write £(u") = >, a;®@7(u™) and
™) =3 e ap @ f(ri(u™)). Here L’ and L are respectively m’ and m element
sets, with m’ <m, and f(a;) = a) for I <m’ and f(a;) =0 for I > m/.

It follows from the Chern-Galois theory of [4] that the existence of a strong
connection guarantees that spectral subspaces are finitely generated projective as
left modules over fixed-point C*-algebras. Given a strong connection ¢ and a
spectral subspace A,,, we have an explicit formula given in [4, Theorem 3.1] for
an idempotent E™ representing the spectral subspace: E}, := r(u™)a;. Hence
F(EY) = f(r(u™))a; for I < m/ and f(E};) = 0 for [ > m' are the matrix
coefficients of an idempotent representing B'® g A,,. Using the strong connection ¢’
and the linear basis {a;};, we conclude that the matrix coefficients of an idempotent
representing A/, are also f(ry(u™))a;, but with indices k,l € L.

To continue this reasoning and to take care of the range of indices, it is con-
venient to adopt the block-matrix notation. Let 8, := (ri(u"),...,rm(u™)) and
v := (a1,...,am). Much in the same way, let 5], := (f(ri(u™)),..., f(rm (u™)))
and v := (af,...,a,,,). Then E™ = BT~ € M, (B) is an idempotent matrix
representing A,, and (E')" = 57/1T’7/ € M, (B’) is an idempotent matrix repre-
senting A/ . Finally, put

By = (fre(@™), ..., frm(u™)) = (B, p,)  and
"= (¥,0,...,0) (with m — m/ zeros at the end).

Then (E")" = 874" € M,,(B') is an idempotent matrix representing B' @5 A,.

The crux of our argument is that (E')"™ and (E”)™ represent isomorphic left B’-
modules. After extending (E’)™ by zeros to size m, we obtain a matrix conjugateﬂ
to (B")™:

Lo BT\ o) 10N _ ("N (7 0)
<—p;T’v’ 1) ot (p;TV’ 1>< 0 > '

Here we used the fact that +/ B;T = 1, which is condition (2.9)) for the strong
connection ¢'. Following the reasoning of the previous paragraph we have arrived
at:

Theorem 5.1. Let f: A — A’ be a U(1)-equivariant *~homomorphism of unital
U(1)-C*-algebras, and let B and B’ be the respective fived-point C*-subalgebras.

2 We are grateful to Tomasz Maszczyk for pointing this out to us.
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Assume that the U(1)-action on A is free. For each n € Z, let A, and A}, denote
the n™ spectral subspaces of A and A’ respectively. Then, for any n € Z, there is
an isomorphism of finitely generated left B'-modules:

B’ %u A, 2 AL
In particular, the induced map (f|g)« : Ko(B) — Ko(B') satisfies

(f1B)«([An]) = [4}]  for every n € Z.

5.2. Pairwise non-isomorphism. The goal of this section is to prove Theo-
rem , i.e. to show that the line bundles over the multipullback quantum
complex projective space PV (T") associated to the Heegaard odd quantum sphere
SI%IN +1 are classified by their defining winding number. We will do it reducing the
problem to the special case N = 1, which was already solved elsewhere. Here the
main problem is that we do not have any U (1)-equivariant maps from C(SZ" 1)
to C(S%). We overcome this difficulty by finding a wrong-way equivariant map
that restricted to fixed-point subalgebras induces an isomorphism on the K-groups.
To begin with, we need to unravel the pullback structure of C/(S2NT1):
Lemma 5.2. For any N € N, N > 0, the U(1)-C*-algebra C(SH ™) can be
presented as the following equivariant pullback:

C(SlQLIN—O—l)
CSH hHe TN ®C(S")
SZN 1 ® C Sl
Here o: T®N 3 w — (00(w),...,on_1(w)) € C(SZN™Y), and o; is defined

by U.3), which is the 6 = 0 case of (2.1). The defining *-homomorphisms are
equivariant with respect to the diagonal action.

Proof. We adopt the definitions from (4.3) and (4.4), but now we have to play
with different N at the same time, whence the need for additional labeling:

=T eC(S") o T*N-
7T;—’N =id' @ o ®idV 7.

Then, the definition of C(S3"*!) becomes:

O = { o, bw) € DL BY [VO<i < j <N N () = 7l N (b))
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Denoting V0 <i< j<M<N: w;’N(bi) = 7N (b;) by PN((b:):), we can
rewrite this formula as

(5:1) CSE) = {(Ba)inbx) € @Y, BY) @ (TEN @ C(sY)) |
PY_((b)) A (FO<i SN =15 73V (b:) = (0 @id) (b)) |-

Next, using the exactness of the tensor product - ® 7 (which follows from
nuclearity of 7), we can write

CsH e T={G) e @S B I PN ()} e T
(5.2) ={)i € @ BY | P, (600 }-
Combing with , we arrive at:

C(SENHY) = {((b)i,b) € (C(SH Mo T)e (TN 2 C(SY) |
VO<i<N—1: 73" (b;) = (0 @id) (bw) }-

Finally, we obtain

C(SHYHY
={(z,y) e (CSHF HeT) e (TN eC(S)) | (deo)(z) = (o ®id)(y)},

which proves the lemma. O

The next step is to establish a wrong-way map with the right-way inverse in
K-theory:

Lemma 5.3. Consider C(S3) @ T®W=Y with the diagonal U(1)-action. Then
n: C(S3)szr— x@1eC(Sy) @ TeW-D

is a U(1)-equivariant *-homomorphism whose restriction-corestriction 7 to the
U(1)-invariant subalgebras induces an isomorphism of K-groups:

i+ K (CRUT)) — K. ((C(h) o T00) ).

Proof. The pullback presentation of C(S3;) together with the exactness of ten-
soring with 7®® =1 yields two U(1)-equivariant pullback diagrams. We combine
them in the following commutative diagram of U (1)-equivariant *-homomorphisms
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(all considered with the diagonal U(1)-action):

(5.3)
[ A
- ‘\5(933 @ TEN-1)
;/)(ld;@l\ / \
T ®C(SY) ToC(S") @ TeWN-1 C(SY) @ T®N

0®& %@0 A{T@id
C(S") @ C(S") C(SH®C(S"H) @ TEW-1 -

id®1

Using the gauge isomorphisms (|1.2]) together with some permutations of tensor
factors, we transform the diagonal action (on the pullback components) to the
action on the rightmost factor thus obtaining the following diagram:

(5.4)

—_ — _77_ —_ =
T (o O(33) @ TEN-1)R
% / \
T ®C(SY) TeC(SY) TN eC(Sh) TN @ C(Sh)
id®1®id

o®id o®id
Cc(Ssh) @(151 C(8Y) @ T®(N-1 ®051

\—/

id®1®id

Here the top line is U(1)-equivariantly isomorphic to the top line of the previous
diagram, and ¢ and v are given by

¢: T ®C(SY — C(SH ®C(SY),
¢t @ur— u)S(o(t)) ®ug),
Y ToTEWN-D g C(s') — C(SY) @ T2N-D g C(sh),
Yit@T@u— S(o(t)r(1))un) ® Ty @ up) -

Finally, to pass to the restriction-corestriction of Diagram to the U(1)-
invariant subalgebras, it suffices to note that it is isomorphic the restriction-
corestriction of Diagram [5.4] and that the latter is obtained by removing the
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rightmost factors from the pullback components:

n
I T s U(1)
C(P\(T)) ((c(sg) & To0-0)")
T T TEN TEN
id®1
o Soo o®id ,L[,
Cc(sh) C(SYHeTeW-1
id®1
Here

b TN 5t@ 7 — S(o(t)F)) ® 7o) € C(S") @ TEWN .
Due to the naturality of the Kiinneth formula, all three maps id®1+¢v-1) between

the pullback components induce isomorphisms on K-groups. Hence, it follows from
[12, Theorem 3.1] that also 77 induces an isomorphism on K-groups. U

Proof of Theorem (@ Lemma implies that
f = (pri @idyrew-n) o (pr] @idrew-»)o - opry
is a surjective U(1)-equivariant *-homomorphism
O8N — C(S3) @ TEW-,
Furthermore, by Lemma we have a U(1)-equivariant *-homomorphism
n: C(Sf) — C(Sh) @ TN,

which induces an isomorphism on K-groups.

Next, the freeness of the diagonal U (1)-action on C(S3" 1), which follows from
Section for # = 0, allows us to apply the final statement of Theorem
to infer that the equality of Ko-classes [C(SZY11),,] = [C(SZNT1),] implies the
equality of Ky-classes

(5.5) [(C(sE) @ T*N )] = F((SH)m)
= [ ([(SH D)) = [(C(SE) @ TEE),].

Here by f we denoted the restriction-corestriction of f to U(1)-invariant subalge-
bras. Much in the same way, identifying the isomorphic C*-algebras

(st e 7o) = (s @ 7o),
we conclude that
(5.6) [(C(S}”{) ® 7'®(N—1))m] _
(5.7) [(C(S%) @ T2N-1),]

7= ([C(S)n)).-

=
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Now, it follows from (5.5)—(5.7) and Lemmathat [C(S%)m] = [C(S%)n]. Fi-

nally, by an index-pairing calculation[I6, Theorem 3.3], we obtain m = n. O

ACKNOWLEDGEMENTS

This research was supported by NCN grant 2012/06/M/ST1/00169 and the Aus-
tralian Research Council. Ryszard Nest was supported by the Danish National
Research Foundation (DNRF) through the Centre for Symmetry and Deformation
at the University of Copenhagen (CPH-SYM-DNRF92). Part of this work was
completed when two of the authors (P. M. Hajac and A. Sims) were at the Univer-
sity of Miinster, supported by the Focus Programme on C*-algebras in July 2015.
We thank the organizers for the opportunity. It is a pleasure to thank Carla Farsi,
Elizabeth Gillaspy and Tomasz Maszczyk for discussions.

(1]

2]

[10]
[11]
[12]
[13]

[14]

REFERENCES

Baum, P.F.; De Commer, K.; Hajac, P.M.: Free actions of compact quantum groups on
unital C*-algebras, Documenta Math. 22 (2017), 825-849.

Baum, P.F.; Hajac, P.M. Matthes, R.; Szymanski, W.: The K-theory of Heegaard-type
quantum 3-spheres, K-Theory 35 (2005), 159-186.

Birkhoff, G.: Lattice Theory, vol. XXV. American Mathematical Society, Providence, R.I.,
third edition, 1967.

Brzezinski, T.; Hajac, P.M.: The Chern-Galois character, C.R. Acad. Sci. Paris 338 (2004),
113-116.

Calow, D.; Matthes, R.: Covering and gluing of algebras and differential algebras, J. Geom.
Phys. 32 (2000), 364-396.

Coburn, L.A.: The C*-algebra of an isometry, Bull. Amer. Math. Soc. 73 (1967), 722-726.

Coburn, L.A.: The C*-algebra of an isometry II, Trans. Amer. Math. Soc. 137 (1969),
211-217.

Connes, A.: Non-commutative differential geometry, Inst. Hautes Etudes Sci. Publ. Math.
62 (1985), 257-360.

D’Andrea, F.; Giovanni L.: Bounded and unbounded Fredholm modules for quantum pro-
jective spaces, J. K-Theory 6 (2010), 231-240.

De Commer, K.; Yamashita, M.: A construction of finite index C*-algebra inclusions from
free actions of compact quantum groups. Publ. Res. Inst. Math. Sci. 49 (2013), 709-735.

Ellwood, D.A.: A new characterisation of principal actions, J. Funct. Anal. 173 (2000),
49-60.

Farsi, C.; Hajac, P.M.; Maszczyk, T.; Zieliiski B.; Rank-two Milnor idempotents for the
multipullback quantum complex projective plane, arXiv:1708.04426.

Hajac, P.M.: Strong connections on quantum principal bundles, Comm. Math. Phys, 182
(1996), 579-617.

Hajac, P.M.: Bundles over quantum sphere and noncommutative index theorem, K-theory
21 (2000): 141-150.



54
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]

23]
[24]
[25]

[26]
[27]
28]
[29]
[30]

(31]

(32]
33]

(34]

P.M. HAJAC, R. NEST, D. PASK, A. SIMS, AND B. ZIELINSKI

Hajac, P.M.; Kaygun, A.; Zieliniski, B.: Quantum complex projective spaces from Toeplitz
cubes, J. Noncomm. Geom. 6 (2012), 603-621.

Hajac, P.M.; Matthes, R.; Szymanski, W.: Chern numbers for two families of noncommu-
tative Hopf fibrations, C. R. Math. Acad. Sci. Paris 336 (2003), 925-930.

Hajac, P.M.; Matthes, R.; Szymanski, W.: A locally trivial quantum Hopf fibration, Algebr.
Represent. Theory 9 (2006), 121-146.

Hajac, P.M.; Matthes, R.; Szymariski, W.: Noncommutative index theory for mirror quan-
tum spheres, C. R. Math. Acad. Sci. Paris 343 (2006), 731-736.

Hajac, P.M.; Rudnik, J.: Noncommutative bundles over the multi-pullback quantum complex
projective plane, arXiv:1512.08772.

Hajac, P.M.; Zielinski, B.: The cocycle condition for multipullbacks of algebras, Banach
Center Publ. 98 (2012), 239-243.

Heegaard, P.: Forstudier til en topologisk Teori for de algebraiske Fladers Sammenhang,
Thesis (in Danish) 1898.

Klimek, S.; Le$niewski, A.: A two-parameter quantum deformation of the unit disc, J. Funct.
Anal. 115 (1993), 1-23.

Kumjian, A.; Pask D.: Higher rank graph C*-algebras, New York J. Math. 6 (2000), 1-20.
Meyer, U.: Projective quantum spaces, Lett. Math. Phys., 35 91-97, 1995.

Pedersen, G. K.: Pullback and pushout constructions in C*-algebra theory, J. Funct. Anal.
267 (1999), 243-344.

Rieffel, M.A.: K-groups of C*-algebras deformed by actions of R, J. Funct. Anal. 116
(1993), 199-214.

Sheu, A. J.-L.: Projective modules over quantum projective line, Internat. J. Math. 28
(2017), 1750022, 14 pp.

Sims, A.; Whitehead, A.; Whittaker, M.F. Twisted C*-algebras associated to finitely aligned
higher-rank graphs, Doc. Math. 19 (2014), 831-866.

Szymanski, W.: Quantum lens spaces and principal actions on graph C*-algebras, Banach
Center Publ. 61 (2003), 299-304.

Ulbrich, K.H.: Vollgraduierte Algebren, Abh. Math. Sem. Univ. Hamburg 51 (1981), 136—
148.

Vaksman, L.L.; Soibel’'man, Ya.S.: Algebra of functions on the quantum group SU(n+1),
and odd-dimensional quantum spheres, (Russian) Algebra i Analiz 2 (1990), 101-120; trans-
lation in Leningrad Math. J. 2 (1991), 1023-1042.

Wegge-Olsen, N.E.: K-theory and C*-algebras, A friendly approach, The Clarendon Press
Oxford University Press, New York, 1993.

Whitehead, B.: Twisted relative Cuntz-Krieger algebras associated to finitely aligned higher-
rank graphs, honours thesis, University of Wollongong, 2012. (arXiv:1310.7045).

Woronowicz, S.L.: Tuwisted SU(2) group. An example of a noncommutative differential
calculus, Publ. Res. Inst. Math. Sci. 23 (1987), 117-181.



QUANTUM ODD SPHERES AND COMPLEX PROJECTIVE SPACES 35

INSTYTUT MATEMATYCZNY, POLSKA AKADEMIA NAUK, UL. SNIADECKICH 8, WARSzAWA, 00—
656 POLAND

E-mail address: pmh@impan.pl

DEPARTMENT OF MATHEMATICS, COPENHAGEN UNIVERSITY, UNIVERSITETSPARKEN 5, 2100
COPENHAGEN, DENMARK

E-mail address: rnest@math.ku.dk

SCHOOL OF MATHEMATICS AND APPLIED STATISTICS, UNIVERSITY OF WOLLONGONG, NSW
2522, AUSTRALIA

E-mail address: dpask@uow.edu.au

SCHOOL OF MATHEMATICS AND APPLIED STATISTICS, UNIVERSITY OF WOLLONGONG, NSW
2522, AUSTRALIA

E-mail address: asims@uow.edu.au

DEPARTMENT OF COMPUTER SCIENCE, UNIVERSITY OF LODZ, POMORSKA 149/153 90-236
LODZ, POLAND

E-mail address: bzielinski@uni.lodz.pl



	The K-theory of twisted multipullback quantum odd spheres and complex projective spaces
	Recommended Citation

	The K-theory of twisted multipullback quantum odd spheres and complex projective spaces
	Abstract
	Disciplines
	Publication Details

	Introduction
	1. Background
	2. Twisted multipullback quantum odd spheres
	3. Twisted multipullback quantum complex projective spaces
	4. The K-groups of twisted multipullback quantum odd spheres and complex projective spaces
	5. Noncommutative line bundles over multipullback quantum complex projective spaces
	References

