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ON THE CAUCHY PROBLEM FOR STOCHASTIC PARABOLIC
EQUATIONS IN HOLDER SPACES

KAI DU AND JIAKUN LIU

ABSTRACT. In this paper, we establish a sharp C?t*-theory for stochastic partial
differential equations of parabolic type in the whole space.

AMS SuUBJECT CLASSIFICATION: 35R60; 60H15

1. INTRODUCTION

In this paper, we consider the Cauchy problem for second-order stochastic partial
differential equations (SPDEs) of the It6 type

(1.1) du = (Y gz + bugi + cu + f)dt + (0™ uy + v*u + ¢F) dw?,

where {w*} are countable independent standard Wiener processes defined on a fil-
tered complete probability space (2, F, (F¢)i>0,P), the coefficients, free terms and
the unknown function u are all random fields adapted to the filtration F; that is
complete and right-continuous. Equation (1.1) has many practical applications such
as in probability, engineering, and economics, and has been studied since long ago
(see [R0z90]). A well-known example of (1.1) is the Zakai equation arising in the
nonlinear filtering problem, see [Zak69, Roz90, Par91]. Regularity theory for equa-
tion (1.1) also play a prominent role in the study of nonlinear stochastic equations,
see [Wal86, DPZ92, Kry97, Chol5] and references therein.

Denote the matrices a = (a¥) and o = (0'*). The following uniform parabolic
condition is assumed throughout the paper:

(1.2) M, +o00*<2a<AX'I, onR"x][0,00)xQ,

where A > 0 is a constant, ¢* is the transposed matrix of o, and I, is the n x n
identity matrix.

A random field u satisfying (1.1) in the sense of Schwartz distributions is often
called a weak solution of (1.1), see [R0oz90]. The regularity of weak solutions in
Sobolev spaces has already been investigated by many researchers. Various aspects of
L2-theory have been obtained since 1970s, see [Par75, KR77, Roz90, DPZ92] among
others. A complete LP-theory was established by Krylov [Kry96b, Kry99] in 1990s.
By Sobolev’s embedding, one then has the regularity in some proper C?*“spaces,
which however requires relatively high regularities of the given data. As an open
problem proposed by Krylov [Kry99], one desires a sharp C**®-theory in the sense
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2 KAI DU AND JIAKUN LIU

that not only that for f,g belonging to a proper space X', the solution belongs to
some kind of stochastic C?T%spaces, but also that every element of this stochastic
space can be obtained as a solution for certain f, g belonging to the same X.

The purpose of this paper is to establish such a sharp C?**“-theory for equation
(1.1). In order to state our result, we need to define the proper Hélder space X and
introduce a notion of solutions.

Definition 1. A predictable random field u is called a quasi-classical solution of
(1.1) if

(i) for each t € (0,00), u(-,t) is a twice strongly differentiable function from R"™ to
LY = L7(2, F;R) for some v > 2; and

(ii) for each = € R™, the process u(z,-) is stochastically continuous and satisfies
the integral equation

u(z, Th) — u(x, Tp)

:/ 1 [0 (@, ) ugigi (@, 8) + V' (2, g (2, 8) + c(z, )u(z, t) + f(z,t)] dt

To

T
+ / [0 (2, Yy (2, t) + V¥ (@, )u(z, t) + ¢ (2, )] dwy
To
almost surely (a.s.) for all 0 < T < T} < 0.

If furthermore, u(-, t,w) € C*(R™) for each (t,w) € (0,00) x €, then u is a classical
solution of (1.1).

It is well known that L) = L7(Q, F;R) is a Banach space equipped with the norm
€]z == (EE])Y7, where v > 2 is a constant fixed throughout the paper. Let
T >0and Qr = R" x (0,7). We define the L}-valued Hélder spaces C7"*(Qrp; L)
and Cy)" /29 [7) as follows, where 8 = (B4, ..., 3,) denotes a multi-index and

Bl =B+ + B

Definition 2. For m € N :={0,1,2,...} and « € (0, 1), the space C""*(Qp; L7)
consists of all predictable random fields u : Qr x @ — R such that u(-,t) is an
LY-valued strongly continuous function for each ¢ and

DPu(z,t) — DPu(y,t)]|
1.3 ul* = Jul®, 4+ max sup | : ’ ]
( ) ’ |m+a,QT ’ |m7QT [Bl=m ¢ gty ’l‘ - y’a

)

where \u]ﬁ}QT = MAaX|g|<m SUD(, neo, [D7u(z,1)]1y, and the derivatives are defined
with respect to the spatial variable in the strong sense, see [HP57].

Using the parabolic module | X |, := |2| + /[t] for X = (z,t) € R" x R, we define
CmFee2(Qs [7) to be the set of all u € C™(Qp; L7) such that

x,t
Dﬁu(X) — Dﬁu(Y)HLw
1.4 U L o~ = u L“Vf + max su H =
( ) | |(m+a,a/2),QT | |m,QT \Bl=m X;él}jf |X _ Y’%

< 00

Similarly, we can define the norms (1.3) and (1.4) over a domain @ = O x I, for
any domains O C R™ and I C R. See §2.1 for more general definitions.
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We can now state our main result, while a detailed explanation of the coefficients
and free terms has to be postponed to Assumption (H) in §2.2.

Theorem 1.1. Assume that the classical C%-norms of a”,b',c,0' 0", v,v, are all
dominated by a constant K uniformly in (t,w) € (0,7 x Q, and the condition (1.2)
is satisfied. If f € CQp; L)), g € CH*(Qp; L)) for some v > 2, then equa-
tion (1.1) with a zero initial condition admits a unique quasi-classical solution u in
C’i;a’a/z(QT; LY).

The Cauchy problem with nonzero initial value can be easily reduced to our case
by a simple transform. Such an established C?*®-theory is sharp in the sense that
as proposed by Krylov in [Kry99]. We remark that by an anisotropic Kolmogorov
continuity theorem (see [DKNO7]), if v > n/a, the above obtained quasi-classical
solution u has a C2*° modification with § < o — n/~; and if v > (n + 2)/a, then u

has a 03:5’6/2 modification with § < o — (n + 2)/7.

Our result can be applied to a wide range of nonlinear filtering problems. For
example, the Zakai equation is the homogeneous case of (1.1) as the terms f and
g vanish, and is often associated with a deterministic initial value condition. As an
application of Theorem 1.1, we have a more general result that embracing the Zakai

equation.

Corollary 1.2. Under the hypotheses of Theorem 1.1, if the initial value u(-,0) €
C*t(R"), the free terms f € L*(]0,00); C*(R™)) and g € L>=([0,00); C'T*(R"))

are all nonrandom, then equation (1.1) admits a unique classical solution.

Note that in Corollary 1.2, the coefficients a, b, ¢, o, v are allowed to be random
and merely required to satisfy natural regularity assumptions. To the best of our
knowledge, this is a new result concerning the classical solution of the Zakai equation.

The solvability of SPDEs in L)-valued Holder spaces was previously studied by
Rozovsky [Roz75] and Mikulevicius [Mik00]. However, they both need to assume the
leading coefficient a is deterministic and there is no derivatives of u in the stochastic
term, namely o = 0. Such a strong restriction excludes many interesting examples
and applications. Moreover, neither of them addressed the time-continuity of second-
order derivatives of u, which is now obtained in our Theorem 1.1. For more related
results under other appropriate assumptions, we refer the reader to, for example
[Kun82, Wal86, Fun91, CJ94, BMSS95] and references therein. Most recently, Hairer
[Hail4] created an abstract theory of regularity structures for SPDEs including multi-
level Schauder estimates. Our approach in this paper is totally different to that of
[Hail4].

The solvability in Theorem 1.1 can be derived by the standard method of continuity
(see §2.2), once we have the following Schauder estimate.

Theorem 1.3. Under the hypotheses of Theorem 1.1, letting u be a quasi-classical
solution of (1.1) and u(-,0) = 0, there is a positive constant C' depending only on
n, \, v, and K such that

L, L, L,
(15) ‘u’(2+a,a/2);QT < CeCT(‘f‘a;QT + ’g’1+a;QT)'
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In non-stochastic cases, the Schauder estimate is one of the most important es-
timates for elliptic and parabolic equations, which was traditionally built upon the
potential theory, and then was obtained via different approaches by, for instance,
Campanato [Cam64], Trudinger [Tru86], Schlag [Sch96], Simon [Sim97], and others.
Also, perturbation arguments were used by Safonov [Saf84], Caffarelli [Caf89], and
Wang [Wan06], which can be applied to fully nonlinear equations. However, each
individual method of the above has some essential defect when applied to the SPDEs,
partially because of the adaptedness issues, and also the absent of a proper maximum
principle for the SPDEs. !

In our proof of Theorem 1.3, we adopt the perturbation scheme from Wang’s work
[Wan06], while instead of using the maximum principle, we establish certain integral-
type estimates as inspired by the work of Trudinger [Tru86]. See also [DL16], where
many of our results were first announced.

The paper is organised as follows. In Section 2, we introduce some notation and
extend Definition 2 to general cases in §2.1, which will be used in subsequent sections.
In §2.2) by assuming having Theorem 1.3, we prove Theorem 1.1 via the method of
continuity. In Sections 3 and 4, we consider a model equation

(1.6) du = (augiy + f)dt + (6% ug + g%) dw?,

where the random coefficients ¢ and o are independent of x. We first prove some
auxiliary estimates in §3, and then establish the interior Holder estimate in §4, which
is the crucial ingredient of obtaining the Schauder estimate (1.5). In Section 5, we
prove Theorem 1.3 by establishing the global Schauder estimate for the Cauchy prob-
lem of (1.1). Some properties and approximation of L)-valued continuous functions
are proved in Appendix.

2. PRELIMINARIES
2.1. Notation. For a function u of z = (z',...,z") € R", we denote
w = Diu=uyi, Ujj = Dijju = Ugizi, Du=u, = (uy,...,u).
Hereafter, § = (f1,...,0,) with ; € N ={0,1,2,...} is a multi-index; we denote
DB:D&“-DB", 1Bl = B1+ -+ + B

For m € N we denote D™u the set of all m-order derivatives of u. These D"u(x)
for each x are regarded as elements of a Euclidean space of proper dimension.

Let O be a domain in R™, I C R be an interval, and @) := O x I. Let E be a
Banach space. For a function h : O — E, we define

[h]go = ]h|§o = 51618 |h(z)||z; and

[hEy = sup [h() = hy)lle for v € (0,1).

z,y€0, zy |z — y|*

ITwo different types of maximum principle for SPDEs were obtained in [DMS05] and [Kry07],
respectively, but neither is suitable for our circumstance.
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Then for m € N and « € (0, 1), denote

Ihhno = max |D°hlgo,

‘h‘TErH-oz;O ::’h|7€1;0 + ‘gllgﬁ[Dﬁh]g,O

Here and below, all the derivatives of an E-valued function are defined with respect
to the spatial variable in the strong sense, see [HP57].
For a function u : Q = O x I — E, we define

[U’]aE;Q = Supte]['u’(W t)]i(?a
|U|£z+a;Q ‘= SUDPy¢ey |’LL(, t)|fl+a;(9'

Letting | X|p = |(x,t)|p = |z|4++/|t| be the parabolic modulus of X = (z,t) € R"xR,
we further define

[1D7u(X) — Diu(Y)|

E
U .0 = max sup ,
Wlontaaraa Bl=m X,yeQ, XY | X =Yg
|u’(Em+a,a/2);Q = ’u‘fn;Q + [u](Em+a,a/2);Q'

In the following context, the space E is either a Euclidean space or L), where

w?

v € [2,00) is a fixed constant. We omit the superscript when E is a Euclidean space.
In the case of £/ = L7, we introduce some new notation:

¥ ¥
-0 =115 [1.=[]
. v ¥
For Instance, Hu”era;Q = |u‘£n‘ika;Q7 and [[u]](a,a/Q);Q = [u]f/;,a/m;Q'

Using the above notation, the spaces CI"**(Q; L)) and C"}j‘“’a/Q(Q;Lg) defined

T

in Definition 2 are the sets of all predictable random fields u : @) x €2 — R such that

lulmtao and [ull(mta,a/2)0 are finite, respectively.

2.2. The solvability. Let L and A* be differential operators
L=a"Dy+b'D;+c, and A" =o*D; + "

The Cauchy problem under consideration can be written as

du = (Lu + f)dt + (A"u + gF) dw! in Q :=R" x [0, 00),

u(-,0) =0 in R™

Throughout the paper, we assume that

(2.1)

(H) For all i,j = 1,...,n, the random fields @, V', c and f are real-valued, and
o', v and g are £>-valued; all of them are predictable. a” and o* satisfy the stochastic
parabolic condition (1.2). For some « € (0, 1) there exists a constant K such that
max{|a”|s;0, Va0, [claie: [0 [1+a:0, [V]1+a;0} < K for all w € Q.

Recall that Qr = R"x (0,7, and T' > 0. Using the notation in §2.1, the Schauder
estimate in Theorem 1.3 can be written as: There is a positive constant C' depending
only on n, \,v,« and K, such that

(2.2) I]UI:I(Q‘HLOC/Z)?QT < CeCT(Hf”a;QT + [9l1+as07)
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for any 7" > 0, where u is a quasi-classical solution of the Cauchy problem (2.1).

Proof of Theorem 1.1. With the above a priori estimates in hand, we can obtain the
solvability of the Cauchy problem (2.1) by the method of continuity. Consider

(2.3) du = (Leu+ f)dt + (A"u + ¢") dwf,  wu(-,0) =0,
where s € [0, 1] and
Ly:=sL+ (1 —8)A, A¥:=sA"

Evidently, the solutions of (2.3) satisfy the a priori estimate (2.2) with the constant
C'independent of s. In view of [GT01, Theorem 5.2], it suffices to show the solvability
of the stochastic heat equation (the case s = 0):

(2.4) du = (Au+ f)dt + g* dw}, wu(-,0) =0.
Set f¢ = ¢ * f and ¢° = ¢° * g, where ¢°(x) = e"p(x/e) and ¢ is a nonnegative
and symmetric mollifier defined on R™ (see Appendix). Then (from Lemma A.6 in

Appendix) we have that f¢ € C%(Q; L)) and ¢° € C1T*(Q; L}) satisfying

(2.5) 1/ = flajzior + 19° — 9li4a/2:0, =0, ase— 0.

Moreover, f¢(z,t,w) and ¢°(x,t,w) are smooth in z for any (t,w), and f¢ ¢° €
C™(Qr; LY) for all m € N, so by Fubini’s theorem,

E/ (L+ |2[)7P(ID™ f (2, )] + [D™g" (z, 1)[") dadt
Qr

g/ (14 |z[*)P(E|D™ f*(z,t)|" + E|[D"¢*(z,1)|") dadt
or
< C )T ([ Do + 19 ho,) <00 ¥YmeN

with 2p > n. Therefore, it follows from Krylov—Rozovsky [KR82, Theorem 2.2] that
(2.4) with free terms f¢ and ¢° admits a unique weak solution u® satisfying

E sup / (14 |z|*)P|D™uf (x,t)["dr < 0o ¥m € N,

t€[0,T

and by Sobolev’s embedding, u° is smooth in z, and E|D™u®(z,t)|" < oo for each
(x,t) € Qr and m € N (see Lemma A.1 in Appendix). From estimate (2.2) (with
a/2 instead of «) and keeping (2.5) in mind, we have

UUE - UE/H2§QT < C(”fg - fglﬂa/2;QT + ”98 - 95,”1+a/2;QT) —0

as €,/ — 0. Hence, u® converges to a function u € C’if (Qr; L)) that appar-
ently solves (2.4). The regularity and the uniqueness follow directly from the es-
timate (2.2). O
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3. AUXILIARY ESTIMATES FOR THE MODEL EQUATION

Given countable independent Wiener processes (still denoted as {w*}) starting at
time t = —1, and predictable processes a” = {a"(t) : t > —1} and o'* = {o%(¢) :
t > —1} satisfying the stochastic parabolic condition (1.2), we consider the model
equation
(3.1) du(z,t) = [a" (t)uy; (2, t) + f(x, )] dt + [o* (Oui(z, t) + ¢"(z, )] dwh

with (x,t) € R" x [—1,00).

We first prove some auxiliary estimates for the model equation in this section, and
then proceed to the interior Holder estimate in the next section.

Let O C R", and H™(O) = W™?(0O) be the usual Sobolev spaces. Let I C R
and Q = O x I. Define

LEL{H(Q) := LP(Q; LY(I; H™(0))), for p,q € [1,00].
For r > 0, we denote
(3.2) B.(z)={yeR": ly—x| <7}, Q.(v,t)=B.(z)x (t -1,
and simply write B, = B,(0), @, = Q.(0,0).

Proposition 3.1. Let m be a positive integer, r € (0,1] and 0 € (0,1). Let u €
LPLZHTTH(Q,) solve (3.1) in Q, with f € LPLZH™ 1(Q,) and g € LELIH™(Q,).

Then there exists a constant C' depending only on n,p, \,m and 0 such that

107wl iz e 3i@un) + 1D e i3 < O el izszezan

m—1 m
+C Z rim+k+1HDkaLf,LfL§(QT) +C Z rimH{HDkQHLﬁLfL%(QT)-
k=0 k=0

Consequently, for 2(m — |5]) > n,

P87 A supg,, |D%ullz < Cr" Mullzrarzo,)

m—1 m
+C Z r_m-‘rk:-i-l ||Dkf||Lf,L?L%(Q7') +C Z T_m+k||Dkg||Lﬁ’,L%L%(Q,-)v
k=0 k=0

where the constant C' further depends on |f).

In order to establish the above local estimates, we first show the following mixed-
norm estimates for the model equation (3.1).

Lemma 3.2. Let Qr = R" x [0,T], p > 2 and m € N. Suppose f € LPL2H™!
and g € LPL?H™. Then equation (3.1) with condition u(z,0) = 0 for all x € R™
admits a unique weak solution u € LP L H™(Qr) N LP LZH™ Y (Qr), and for any
multi-index 5 such that |5 < m,

(3.3) IDPul g oo 2 + 1D uall o222 < CUID fll o rzmzt + 1079l 1222)-
where C' = C(n,p, T, \).
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Proof. The special case of p = 2 follows from the L?-theory of SPDEs, for instance,
see [R0z90, Theorem 4.1.2]. We prove the general cases of p > 2 by induction of m.
Thus it suffices to show the estimate (3.3) for m = 0, namely

(3.4) ||U||L£L§°Lg + ||u||L£L?H; < C(Hf”ngLfH;l + ||9”L5,L§L§)'

Take a stopping time 7 : Q — [0, 7] such that

(3.5) E{(Sup/ ]u(x,t)|2dx+// |ux(x,t)]2dxdt) } < 0.
tefo,r] J R 0 JRn

By the It6 formula (cf. [Roz90, Theorem 4.2.2]) and integration by parts,

t
HMM@:// (20 + o+ gl12] dads
0 n

+2/( (1), dt+2// ug” dedw?,

where (-, -) denotes the duality product between and H! and H_!. By the parabolic
condition (1.2) and using Young’s inequality, we have

mwmm@+ﬂnmm@m

te[0,7]

SCAWV®W¢+MUM¢ﬁ+C

t
sup // ug® dzdw”
te(0,7] n

Then computing E[-]?/? on both sides gives us that

(3.6) QQxywm@+AWww@mf]

< (I arrmri0m + 191 203 0n) + CE LZI?E

[ o]

where C' = C(A\,T). By the Burkholder-Davis-Gundy inequality (see [RY99]), the
last term is dominated by

2 \%

dt) }

CEK/OTi/nugkdx

k=1

a0 <cs[(ow [ wworar) (] o) |

<eE sup |u(t)|}, + Ce
te[0,7] ®

-1
Hg”IzﬁLgLi(QT)'

Taking the positive number ¢ sufficiently small and combining (3.7) along with (3.6),
we thus obtain that

| (sw Tl + [t mpm>}<cmumnmqu+uwH@@@ﬂ%

te(0,7]
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where the constant C' depends only on A and 7. Then (3.4) follows by applying the
above estimate to the following sequence of stopping times

t
Tg 1= inf{t >0: sup |Ju(s)|32 —l—/ |u(s)||5 ds > k} AT,
s€[0,4] * 0 *

and sending k to infinity. For m > 1, one can easily apply the induction argument

to conclude the lemma. O

Proof of Proposition 3.1. Now we are ready to prove the estimates in Proposition
3.1. Tt suffices to consider the case r = 1. For general r > 0, we can apply the
obtained estimates for » = 1 to the rescaled function

v(z,t) == u(re,r’t), VY(z,t) € R" x [~1,00)
that solves the equation
(3.8)  dv(z,t) = [a(r*t) vy (@, t) + F(x, )] dt + [0 (r*t)vi(z, t) + G*(z, )] dBF,
with
F(x,t) =r2f(ra,r’t), G(x,t) =rg(rz,vt), BF=r"tuwk,

and obviously, 5* are mutually independent Wiener processes.

By induction, we shall only consider the case of m = 1. Let ¢ € CP(R™!) be
a nonnegative function such that ¢(x,t) = 1 if |(z,t)|, < V0, where 6 € (0,1), and
C(z,t) = 0if |(z,t)|p > (1 4+ v/6)/2. Then v = Cu satisfies

(3.9) dv = (aYDijv + f)dt + (6™ D + §*) dw?,
where )
f=Cf =2a7(Gu); + aGu+ Gu,  §* = Cg" — o™ Gu.
Applying Lemma 3.2 to (3.9) with |5| = 0, we have
(3.10) lullez ez + 1Pullerzrz gy
< C(lullzprzrzin + 1z 2z 00 + 19l o r2r20))-

While by choosing another cut-off function ¢ such that {(x,t) = 1 if |(x,t)|p < 0,
and ((x,t) = 0 if |(2,t)], > V0, and again applying Lemma 3.2 with |3] = 1, we
have

(3.11) |1 Dull s peer2(Qq) + HDzUHLE,Lng(Qe)
< C(HDUHLZL,%L%(Q\@) Al e 2z + 9z 2man))-
Combining (3.10) and (3.11), the first inequality in Proposition 3.1 is proved.

In view of Sobolev’s embedding theorem, the second inequality in Proposition
3.1 follows directly from the first one. In fact, from Sobolev’s theorem, one has
H™(Qy) C C2(Qp) if 2(m—j) > n, see [AF03, Theorem 4.12]. Hence, LP L° H™(Qq) C
LP LCI(Qg). More specifically, if 2(m — |S]) > n, then there is a constant C' de-
pending only on n, m, |3] and € such that

I supg, [ D7ulllzz, < Cllullrsree )
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which along with (3.10) and the first inequality in Proposition 3.1 yields the desired
estimate. The proof is complete. 0

As an immediate application, we give an estimate for equation (3.1) with the
Dirichlet boundary conditions

(3.12) u(0,-) =0, wulgp, = 0.

Proposition 3.3. Let f and g be in LYL?H™(B, x (0,72)) for all m € N. Then
the Dirichlet problem (3.1) and (3.12) has a unique weak solution v € L2L?H(B, x
(0,72)), and for each t € (0,72), u(t,-) € L7(Q; C™(B.)) for allm > 0 and e € (0,7).
Moreover, there is a constant C' = C(n,~) such that

(3.13)  llullizrer2mx0s2) < C2 N lzrz iz (s x 002 + Tll9l Lyrzi2(m, x002))-

Proof. The existence, uniqueness and smoothness of the weak solution of the Dirichlet
problem (3.1) and (3.12) follow from [Kry94, Theorem 2.1]. And the estimate (3.13)
can be derived analogously to that of (3.4) by means of [td’s formula and rescaling.

O

4. INTERIOR HOLDER ESTIMATES FOR THE MODEL EQUATION

We continue the investigation to the model equation (3.1) with (z,t) € R" x
[—1,00). The aim of this section is to prove the interior Holder estimates for (3.1).
To be more general, we assume that f € CO(R" x [-1,00); L) and g € C(R™ X
[—1,00); L), and f(z,t) and g,(z,t) are Dini continuous with respect to = uniformly
in ¢, namely, the modulus of continuity defined by

w(r) = sup  ([If (=) = [y, Dy + g2(2,1) = 92, D)l 12)

t>—1,|z—y|<r

satisfies that

/Olwdr<oo.

r

Recall the notation B,, @, and Q,(x,t) defined in (3.2). The main estimate is the
following

Theorem 4.1. Let Z = (z,s) € R" x [0,00) and u be a quasi-classical solution to
(3.1) in Q1(Z). Under the above settings, there is a positive constant C, depending
only on n, X and vy, such that for any XY € Q1,4(2),

A0 ) -l < foan [ P arps [ = ar],

r
where § = ‘X - Y’p and Ml = HUI:IO;Q1(Z) + I]fI:IO;Ql(Z) + Hgﬂl;Q1(Z)-

An immediate consequence is the following interior Hélder estimate for (3.1), where
we denote Q.1 = B, x [0,T] for r,T > 0.
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Corollary 4.2. Let u be a quasi-classical solution of (3.1), and a € (0,1). If
u(z,0) = 0 for all x € R", then there is a positive constant C, depending only on
n, A,y and a, such that

”f”a;Q1,T + Ug”1+a;Ql,T
a(l — )

(4'2) ﬂuwzﬂ(a7@/2)§91/4,tr <C HUUO;QLT +

for any T > 0, provided the right-hand side is finite.

Proof. We define u(x,t), f(z,t) and g(z,t) to be zero whenever ¢t € [—1,0), and be
equal to u(z,t), f(z,t) and g(z,t), respectively, whenever ¢ > 0. Then it is easily
verified that @ is a quasi-classical solution (see Definition 2) of the following equation

da = (e + f) dt + (o™*a; + §*) dw?
in the area R™ x [—1,00). Applying (4.1) to the above equation we have

0 lasux) + U§U1+a;Q1(X)]

(4.3) [sal0r2:@1 .00 < C | lalogux) +

a(l — a)

for any X = (z,t) € R" x [0,00). Then we fix z = 0 and let ¢ run through [0, T7;
keeping in mind that @, f and ¢ vanish when ¢ < 0, and using the localization
property of Holder norms (see [Kry96a, Lemma 4.1.1]), we have

[[wa]] (,0/2);Q1 a1 — [[ﬂmc]] (,a/2);Q1 a1

< C(n,a) sup ([[ﬂm]]<a,a/2);cz1/4(o,t>+Ufbﬂo;@1/4<o,t>>
0<t<T

Hf”oz;éh(&t) + Hgﬂl—%a;@(oi)
a(l —a)

l]fl:la;Ql,T + ”g”1+a;Q1,T:|
a(l —a) '

The proof is complete. O

< C sup [H{LUO;QI(O:t) +
0<t<T

<C |:UUUO;Q1,T +

Proof of Theorem 4.1. By means of translation, we may suppose Z = (0,0) without
loss of generality.

Letting ¢ : R™ — R be a nonnegative and symmetric mollifier (see Appendix)
and ¢°(z) = e"p(x/e), we define u® = ¢° xu, f© = ¢°* f and ¢° = ¢ * g. Under the
condition of Theorem 4.1, it follows from Corollary A.5 (see Appendix) that

UfE - fﬂO;R" + |:|g€ - gl]l;R” — 07
D% (X) — D*u(X)|l — 0 VX eR" xR,

as ¢ — 0. Evidently, f¢ and Dg® are also Dini continuous and has the same modulus
of continuity w with f and Dg. On the other hand, from Fubini’s theorem one can
check that u® satisfies the model equation (3.1) in the classical sense with free terms
f¢ and g°. Therefore, it suffices to prove the theorem for the mollified functions, and
the general case is straightforward by passing the limits.
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Based on the above analysis and the property of mollified functions (see Lemmas
A.1 and A.2 and Remark A.1 in Appendix), we may assume that f and g satisfy the
following additional condition:

(A) f,g € LYL?H*(Qgr) N C*(Qp; L)) for all k € N and R > 0.
From the definition of w, one can see that for any x,y € R" and t € R,
1 (2, t) = f(y, D)l + 1lga(2,8) — 92 (y, D)l 1y < w(lz —yl),
lg(z,t) = g(y,t) — go(,1) - (x = Y) |2z, < |2 — ylw(lz —yl).
With p = 1/2, we denote
Q" =Qp =Q,(0,0), k=0,1,2,---.
Let us introduce the following boundary problems:
du® = [aijufj + £(0,¢)] dt + [Uikuf + ¢"(0,t) + g];(O, t) -z dwf in Q,
u*=u on 0,Q",
where 0,Q* denotes the parabolic boundary of the cylinder @ for k = 0,1,2,....

Applying Proposition 3.3 to the equation of u* — u, we can obtain the the solvability
and interior regularity of each u*.

(4.4)

Now, we claim that there is a constant C' = C(n, \,7) such that
(4.5) [D™(u* — u ) Jogerz < Cp2™ M (%), m=1,2,....

To see this, we apply the second estimate in Proposition 3.1 (with f and g vanishing)
to u* — u ! with |3] = m,r = p**1 0 = 1/2 and p = 7 to get

][ (UK . uK+1)2 dx
QK+1

Here and in what follows, we denote fQ = ﬁ /. 0 with |@| being the Lebesgue measure

of the set Q C R"*!.
On the other hand, it follows from Proposition 3.3 that

1/2
Je = H][ (u* —u)?dX

< Cp*w(p").
Ly/?
Combining the above we obtain
IK7m S Cp—mK—m(JK + JK+1) S Cp(Q—m)K—mw(pK)

and thus the claim (4.5).
The estimate (4.5) with m = 2 gives (recalling p = 1/2)

1
ZH(UK — u) e logrre < Cp2 Zw(pK) < 40/ = (r) dr < oo,
0

T
k>1 k>1

1/2

= Iy m.

”Dm(UK . UK+1)|:|0;QK+2 S Op—mK—m
LY/?

which implies that uf,(0) converges in L} as k — oo, (here 0 € R"™). We shall
prove that the limit is u,,(0). Since v > 2, it suffices to show that

(4.6) T [, (0) — trs (0)]] 2 = 0.
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Applying the second estimate in Proposition 3.1 to u* — u with m = n 4 2,|5| =
2,r=p,0=1/2and p = 2, we have

sup 5, — wsulfiz < Co*E

¥ — uf2dX + CIE][ Flz,t) — £(0,0)2dX
QK

K K

+CE][K (lg(z,t) = 9(0,t) = g2(0,8) - x[* + [|ga (. t) — g2(0, 8)[|*) AX

n+1

OB (DM D) dX

k=1

According to the additional condition (A) on f and g, it is clear that the last three
terms on the right-hand side tend to zero as k — co. Moreover, from Proposition 3.3
and (4.4) we have

p IE][ ju* —uf*dX

SCEF (f.0)= FO.08 + 5 lgfe.0) = 90.6) = (0.1) - 2ff) A
< Cw(p*)? =0, ask— oo.

Therefore, (4.6) is proved and uf,(0) converges strongly to u,,(0) in LY. Moreover,
by means of (4.5), we have

r

P~ o (r
A1) i) = Oz < 30— w el <€ [T E ar,
J>K 0
where C' = C(n, A, 7).
Next we estimate the oscillation of uf,. Starting from k = 0, u?_ satisfies the
following homogeneous equation:

(4.8) du?

zT

a Dijul, dt + o™ Djul, dwy  in Qg4

Using the second estimate in Proposition 3.1 (with f and g vanishing) to u?
have

we

xxT)

HD uwxﬂo Q14 I]Dxua:acl]0§Q1/4 S C“ungL:’,LEL%(Ql/g)
< C(Huxx - UmHLZLng(QI/z) + Huw:vHLZL,%Lg(Ql/z))-

Then we apply the first estimate in Proposition 3.1 to u to get
||Uz:r||LzL§Lg(Q1/2) < C(HUHLngLg(Ql) + ||f||L1,L§Lg(Q1) + ||g||LzL§H;(Q1)),

and to u® — u along with Proposition 3.3,

||ng - UmHLZLng(Ql/Q) < C(HUO - u“LlLng(Ql) + HfHLngLg(Ql) + HQHLngﬂg(Ql))

< C(Hf”LZLng(Ql) + HQHLZL%’H;(QQ)-
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Therefore,

”Dwugacﬂo;chm + UDiugxﬂ()%le

< C(““”LZL?L%(QH + ||f||LZ,L§Lg(Q1) + ||9||L3L§H,;(Q1)) < CM,.
Hence, for —1/16 < s <t <0 and x € By 4,

t t

7y .0 ik 0 .k

/a D”ude—k/ o D;u,, dw;
S

||U2$(JZ, t) - ng(ﬂf, S)“LZ, =

s Ll
< OVt = s(|Du,loq, . + 1D*u),l0q,,,) < CVE—sMy,
where C' = C(n, A\, 7). Thus, we obtain
(4.9) uge(X) — g, (V)lly < CMIX =Yy, VXY € Qi
To deal with u¥, with k > 1, we denote
h=u —ut, fori=1,2,..., k.
Then h* satisfies
(4.10) dh' = ahy;dt + o™ hidwy  in Q".
By (4.5) we have
p~ 1D oger + [ DR o < Cp~*w(p' ™).
Hence, for —p?<tY) < ¢ < 0 and |z| < p~*,
1P (2,0) = hipy(0,0) [ < Cp* ™' (p ™)
and
0 0
I o0) = 0z = | [ D, ar [ o Dipiaut]

< CP DR g + CoF [DH o < Cpm(p).
Let Y = (y,s) € Q1/4, and K € N such that
5= [Vl € [6F2, p°).
Combining the last two estimates and (4.9), we can obtain
[, (Y) = w5, Ol < 05 (Y) — a5 (0) g + 1H5, (V) — B, (0)] 2

<l (V) = e (0) 12 + D 1AL, (Y) = R (0)]l 1y
=1

< CMlpi-l-l + Czpk—bw(pL—l)

=1
< Cf]\41pv~<-|-2_{_Cvpk-ﬁ-Z/~ #d

w(r)

1
r

dr.

1
< CoM, +C(5/
§

r2
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By virtue of (4.7) we have the following decomposition
(4.11) 20 (Y) — Um( )Nz
< JJug, (V) — g, (0 )||m + Hum Um( My + luze (V) = e (V) 2

gC{(SMlJr / dr]ﬂwum( ) — s (V) 1.

It remains to estimate the last term in the above inequality. To this end, we consider
the sequence of equations

du"™ = [auy" + f(y,0)] At + [0"u; ™ + ¢"(y,t) + g3 (y, 1) - ] dwf 0 QX(Y),
u"* =u on 9,Q"(Y) with K:O,l,...,K—l,IZ—O—Q,...;
the equations associated with K and K+1 are replaced by the following single equation
du"® = [a%u + f(y, )] At + [0 u " + g"(y,1) + g5y, 1) - 2] dwf i Q¥(0),
u’* =u on 9,Q%(0).

As |Y|p € [pFF2, p*F), it is easily seen that Q*T2(Y) C Q%(0) C Q1(Y). So
analogously to proving (4.7) but only with minor changes, one can derive

. a
(112) 50 ez < € [
0

where C' = C(n, ) On the other hand, applying Proposition 3.1 to the equation
satisfied by u¥"* — u*, and using (4.4), we have

||um76 (Y) - ux:z:( )HLZ < C(Huxﬁ - UEHL;Y,L,%L%(QR) + ’W((S))’
while by Proposition 3.3,

¥ — Uk”LZL%L;(Ql) < Cw(6).
Thus 15
(1) = (Vs < C0) 4 ¢ [ Z
0
Substituting the above estimate into (4.11), we then complete the proof. O

Remark 4.1. Consider the model equation of divergence-form
(4.13) du = (a7u; + f1); dt + (o™ u; + ¢*) dw}.
With the help of the following approximation sequence
du® = a”uy; dt + [c*uf + ¢"(0,8)] dwF in QF,
u*=u on J,Q",

we can similarly obtain an interesting estimate

[[u]] 1+c,a/2);Q1 /4 < C 0Q1 + Z an I:Ia;Q1)7

provided the right-hand side is finite. The result on the model equation (4.13) can
help us establish a C'** estimate for more general equations, which will be discussed
in a separate work.
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5. GLOBAL HOLDER ESTIMATES FOR GENERAL EQUATIONS

This section is devoted to the proof of Theorem 1.3. First we state two technical
lemmas.

Lemma 5.1. Let ¢ be a bounded nonnegative function defined on [0,T] satisfying
(5.1) o(t) < (s +ZA (s—1)%, V0<t<s<T,

for some nonnegative constants 6, 52- and A; (i=1,...,m), where § < 1. Then

0)<C Zm: AT,
=1

where C' depends only on 01, ...,0, and 6.
Proof. We may suppose T = 1, otherwise let ¢(t) = ¢(7T't). Then (5.1) implies
o(t) <Op(s) + A(s —t)°, VO<t<s<I,

where 0 := maxj<j<,, 0; and A := Ay + --- + A,,. It suffices to consider 6 > 0.
Take 7 € (0,1) such that € := 677° < 1, and set to = 0, t;11 = t; + (1 — 7)77 for
7=20,1,.... Then

0 o(t;) < 0 (i) + AL —7) 00T = 07 p(t) + AL - 7).
By iteration, we gain
p(0) < O%p(ty) + (1+e+- -+ DAL —7)7°
< OFp(ty) + (1 —e) LAl — 1)7°.
By letting &k — oo, we conclude the proof. O

Lemma 5.2. Let B = {z € R" : |z| < R} with R > 0, E be a Banach space,
p>1,and 0 < s <r. There exists a positive constant C, depending only on n and
p, such that

(5.2) [ul s, < O lulip,, + Ce™* P |lull ooy
for any u € C"(Bg; E) and € € (0, R).

Proof. Let us consider R = 1 first. Following the proof of classical interpolation
inequalities for Holder norms (see [GT01, Lemma 6.35] or [Kry96a, Theorem 3.2.1]),
one can derive

(5.3) [Wlp < Ce*lu)ly, + Ce*|ulfp,-

Consider the case of r < 1 first. For arbitrary = € By, we select a ball B.(y) = {z :
ly — z| < e} C By such that z € B.(y). Then we compute

() s = ][ @lsas < ]i ) =) e + ]i )z

< Ce'[u)lp, + Ce™™?||ul

LP(B1;E)»
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which yields (5) with s = 0 and r < 1. For the case of r > 1, we have
ulfs, < Celulfp, + el oo
< Cas{‘l[u]EBl + Csaf1|u|(;E;Bl + C’a_"/pHuHLp(Bl;E).

Choosing ¢; = 2C¢, we get (5) with s = 0 and r > 1. Finally, for the general case,
we derive

(5.4) |u|SE;B1 < CsT_S[u];E;B1 + C’5_5|u|OE;B1 < Cs’"_s[u]gBl + Cs_s_”/p||u||Lp(Bl;E).

The case of R =1 is proved.
Now we turn to the general R > 0. With v(x) := u(Rz) we have that [v]}p =

RuEy and ||v]|resie) = RP||ullte(srm). Applying (5.4) to v we can obtain

r;Br

that
[W)E g, < C(Re)*[u]fp, + C(Re)™* "l Lo(5,:5)

s$;Br —

for any u € C"(Bg; E) and € € (0, 1). The proof is complete. O
We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let p/2 <r < R < p with p € (0,1/4) to be specified. Take
a nonnegative function ¢ € C§°(R™) such that {(x) = 1 when |z| < r; {(z) = 0 when
|z| > R, and for § > 0,

[(Jomn < C(R—1)".
Set v = Cu, and
af (t) = a”(0,t), o (t) = a™(0,1).

o

Then v satisfies
(5.5) dv = (a%vy; + f)dt + (o, + §°) dwF,
where
f=(a" = ad)Cus; + (b'C = 20" ¢)ui + (e¢ — a¥ Gy = V'G)u+ Cf,
§" = (0" — o) Cu; + (V¢ — o™ G)u + Cg".
For a positive number 7, we set Qr, = Br x (0,7) and define
1/
M) = s (£ Blutrar) L M7 = sup M)
0<t<t \J B, (x) zER™
Then by Lemma 5.2,
1flacn, < (¢ + KR [ul2sasop, + C(R = 1) 72777 Mg p(u)
+ [flaer, + C(R=r)"[floen..
1901+as0n, < (¢ + KR [uloraon, + C(R —1) 727 Mg g (u)
+ [[g]]l+a;QR,T +C(R — r>_1_a”9”0;QR,T'
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where C' = C(n, K,~,e,p). Take p,e > 0 so small that e + Kp* < 1/4, then by
virtue of Corollary 4.2, we obtain that for any p/2 <r < R < p,

1 —2—a—n T
[[U]](2+a,a/2);Qr,T < 5[[“]]2+a;QR,T +C(R—) ? MMO,R(”) + [[fﬂa;QR,T
+ [9li+asen, + C(R=7)"[flogn, +C(R—7)"""[gllo.0n.-

By Lemma 5.1, we gain

(5.6) [Wraa2r0,nr < C(Miy(0) + [flusc,, + D9lisace,. )

Similarly, with Qs -(z) := B,2(x) x (0,7) for any point € R", we have
SellanIIU]](2+04704/2)§QP/2,7—(93) S C<M;—(u) + I]fHOGQT + I]gl]1+a§QT>7

which along with the localization property of Holder norms (cf. [Kry96a, Lemma 4.1.1])
and Lemma 5.2, we have

(5'7> [[u]](2+a @/2);0, < C sup ([[uﬂ 240,0/2);Q, /2,7 () + I] HO%Qp/z,T(fC)>

zeR"

< C( SGUREI[[U]](Z—i-a,a/?);Qp/Q +(z) +M /2( )>

< C<M;(U) + Hfﬂa;QT + ”gﬂl-m;QT)v

where C' = C(n, A, v, «) is a generic constant.
To estimate M (u), we apply 1td’s formula to compute

dlu” = ylu|"2u(auy; + b'u; + cu + f)dt
1y =1

+ T|u|7_2|aikui + vRu + ¢gF? dt + dmy,

where m, is a martingale. Integrating in 9, ; x 2, and using the Holder and Sobolev—
Gagliargo—Nirenberg inequalities, we get

lu(z, 7)|" do < C’lE/

(ltaal” + Tl + £17 + |gI") dadt
Qp,'r

By
Thus,
M&p(“) S ClT(I:IuI:I2§Qp,T + |:|f|:|07QT + I:IgI:IO,Q‘r)7
where C; = Cy(n, \,7). Letting 7 = (2CC;)}, the above inequality along with (5.7)
yields
(58) ” |:|(2+o¢ a/2);0 < CO(UfHOc;QT + U9U1+a;Q7)a

where Cy = Cy(n, A, 7, a).
Let us conclude the proof by induction. For § > 0, assume that there is a constant
Cys such that

(5.9) Jule+aaszios < Cs([flases + 1901+as0s)-
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With u® := u(-, 9), it is easily seen that v := (u — u”) satisfies
dv = [a7vy; + b'v; + cv + (f + aVu; + b'uf + cu®)] dt
+ [o™%v; + vF + (g% 4+ o ud + vFu®)] dwF,  on R™ x (S, 00),
v(S,x) =0, z e R"
Applying (5.8) to this equation and with (5.9) in mind, we have
lul2+aar2iess, < Mvletaamiess. + [ul@raar2ios
< Co([flasossr + 19li+asosy,) + CoNluleraar2ios

< 00(1 + NCS)(”fHOé;Qs+T + U9H1+a;Qs+7)a
where N is a constant depending only on n, A,y and K. Hence,

Csyr < 00(1 + NCS)

As 7 is fixed, by iteration we have Cg < Ce®®, where C = C(n, \,7,a, K). This
concludes the proof of estimate (2.2) and thus Theorem 1.3. O

APPENDIX

In this section we prove some properties and approximation of L)-valued continu-
ous and differentiable functions. Let O be a simply connected domain in R". Denote
C(O; LY) the set of all LY-valued strongly continuous functions defined on O such
that sup,cp E[|u(z)|"] < oo, and C™(O; LY,) the set of all C(O; L)) functions whose
strong derivatives up to order m all exit and belong to C(O; L), where m is a non-
negative integer. In view of a known result (see [DPZ92, Proposition 3.6]), every
function in C(O; LY) has a modification jointly measurable with respect to = € O
and w € ; we will always choose this modification.

In what follows, we denote Du to the strong derivatives of an L}-valued differen-
tiable function u, and du to be the classical derivatives if exist.

Lemma A.1. Ifu € LY(Q;C™(0)), then u € C™(O; L)), and DPu = 8°u for any
multi-index 5 with |B] < m.

Proof. 1t follows from the dominated convergence theorem that L7(Q2;C(O)) C
C(O;LY). For u € L7(2;CY(0)), we know that du € C(O; L), and by Jensen’s
inequality and Fubini’s theorem,

N

Elru(x + re;) — u(z)] — du(z)|” = E /0 [Oiu(z + sre;) — Ou(z)] ds

1
< / E|O;u(z + sre;) — Qju(z)|"ds = 0 asr — 0.
0

Thus, Du = Ou and u € C*(O; L)). The lemma is concluded by induction. O

Let ¢ = ¢/ [qo @ with ¢(z) = e VO 1M1y () for 2 € R™ Define ¢° =
e "p(x/e) with e > 0. It is easily seen that

|Dmg0€| < Cvg—n—m’ / |Dmgpe"y < OE—('y—l)n—'ym
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for all m € N and v > 2. Now we mollify a function v € C(R™; L)) using ¢*:

(A1) W = o k= / (- — y)u(y) dy.

It is easily seen from Fubini’s theorem that u* € C'(R"; LY). In view of Theorem 34.B
in [Hal74], u(z,w) is a measurable function in x for each w, and u(-,w) € L] (R™)

for almost every w. Thus, by the property of mollifiers, u®(-,w) € C°°(R™) for almost
every w.

Lemma A.2. Ifu € C(R™ L)), then u® € (,,cn
any Bgr belongs to L7 (Q; C*(BR)) for all k € N.

C™(R™; LY), and it restricted on

Proof. By Holder’s inequality and Fubini’s theorem we have

/ 9" (x — y)u(y) dy
B:(z)

N
E|0™u(x)|" = E

< IBEIW‘I/ 0™ (y)|" dy( sup EIU(I)I”) < CeP™ I [u]d g,
B

zeR™

which implies that v® € (.o C™(R"; L)) and also that u® € L7(€); WEY(R™)) for

loc

any k € N. By Sobolev’s embedding theorem, u® € L7(Q; C*(Bg)) for any k € N
and R > 0. O

Remark A.1. If u also depends on time, say u € C(R" x R; L), then the above
lemma implies that u®(-,t) € L7(%; C*(Bg)) and sup,e_p g Elu®[}.5, < oo for all
k€ N and R > 0. In particular, u* € L) L?H*(Qgr) N C¥(Qg; L)) for all k € N and
R >0.

Lemma A.3. Ifu e C(R™; L)), then

(A.2) lir% E[lu®(z) —u(z)]"] =0 VzeR™
E—

if, in addition, u is uniformly strongly continuous, namely

lim sup maxE[|u(z +y) — u(x)|"] =0,

e—0 zeR"™ |y‘§€
then the convergence (A.2) is uniform with respect to x € R™.

Proof. Using the continuity of u we have

/B ) )] dy

y

Elu(z) — u(x)]” = E

<IBL7 [ 1ol dy (maxBlu(e +9) - u(e)")
B. lyl<e

< C'I|n‘zixE|u(x +y)—u(z)]” -0 ase—0.
Y|IS€

Then the lemma is easily concluded. [

Lemma A.4. Ifu € C*(R™; L)), then v € C*(R™; L)) and Du® = ¢° * Du.
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Proof. We compute that
E ‘r_l[ue(x +re;) —us(x)] — p° x Diu(m)rY

[ ey (M= D)) oy

r

Y

=E

1
< / / ¢ (x — y) E|Dyu(y + sre;) — Dyu(y)|” dsdy.
() JO

Since lim,_,o E|Dyu(y + sre;) — Dyu(y)|” = 0 and E|Dau(y + sre;) — Dau(y)|” <
27[Jul{.gn, the lemma is concluded by the dominated convergence theorem. O

The following consequence is straightforward.
Corollary A.5. Ifu € C™(R"™; L)), then D"™u®(x) converges to D™u(x) in L), for
each x € R"™, as e tends to zero; if, in addition, D™u is uniformly strongly continuous,
then the convergence is uniform with respect to x € R".

The final lemma concerns the convergence of Hélder norms.
Lemma A.6. Ifu € C*(R™; L)) with a € (0,1), then v* € C*(R™; L)) satisfying
[w]arr < C(n,7)[ullasgr and lim._o[u® — u]q/2mm = 0.
Proof. By Hélder’s inequality and Fubini’s theorem we have

/ o () u — ) — ula’ — )] dy

~

E|[uf(z) — u* (/)] = E

£

yEBe

<IBL | et dy( sup Elu(z —y) —u(a’ —y)[") < Clulgele — 2|7,
B

thus [uf]arr < Clu]are. Furthermore, by the definition of Holder norms we can
easily seen that

[uf = w2 pmn < [0° = ulame Ju® — uorn < Clu]amn[u” — ullogrn,

so the proof is concluded by Lemma A.3. 0J
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