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ON THE GLOBAL LIMITING ABSORPTION PRINCIPLE
FOR MASSLESS DIRAC OPERATORS

ALAN CAREY, FRITZ GESZTESY, JENS KAAD, GALINA LEVITINA, ROGER NICHOLS,
DENIS POTAPOV, AND FEDOR SUKOCHEV

ABSTRACT. We prove a global limiting absorption principle on the entire real
line for free, massless Dirac operators Hyp = a.- (—iV) for all space dimensions
n € N, n > 2. This is a new result for all dimensions other than three, in
particular, it applies to the two-dimensional case which is known to be of
some relevance in applications to graphene.

We also prove an essential self-adjointness result for first-order matrix-
valued differential operators with Lipschitz coefficients.

1. INTRODUCTION

1.1. Motivation and background. This paper was motivated by recent investi-
gations of the Witten index (a possible substitute for the Fredholm index) for classes
of non-Fredholm operators, a prime example of which being the massless Dirac op-
erator, see, for instance, [I4]—[I7]. Without going into the somewhat lengthy details
here, we mention that the Witten index can be expressed in terms of the spectral
shift function associated with the pair (H, Hy), where Hy = « - (—iV) represents
the free massless Dirac operator and H = Hy + V the massless interacting Dirac
operator. For a detailed introduction to this circle of ideas we refer to the survey
[16].

To briefly set the stage, suppose that 7 is a Banach space that embeds contin-
uously and densely into the complex, separable Hilbert space H so that H embeds
continuously and densely into H_ := H* . If S : dom(H) C H — H is a self-adjoint
operator, then (as we discuss in Section

H(S - ()‘ + iu)lﬂ)_luB(H*_,fH_) < Ch A€ R> [IAS (Oa OO), (11)

holds for some constant Cy € (0,00) (independent of A € R, € (0,00)) if and only
if
(0, (S = (N Fip) L) " )u| < Call¥ll3,, v EH, AER, pe(0,00), (1.2)

holds for some constant C € (0,00) (independent of A € R, u € (0,00)).
Such estimates yield the absence of any singular spectrum of S and permit per-
turbative arguments that yield unitary equivalence of S and additive perturbations
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2 A. CAREY ET AL.

S + W, assuming that W is “sufficiently small” (in a sense to be discussed in The-
orem . They also permit a discussion of Birman—Schwinger-type operators
(including their boundary values on the real axis) which are of fundamental impor-
tance in expressing the Witten index in terms of the spectral shift function for the
pair (S, S + W) (cf. Theorem in the concrete case of the pair (H, Hp)).

In particular, we will employ the fact (L.1)), to prove the principal goal of
this paper, a uniform (or global) limiting absorption principle for Hy = « - (—iV)
for all space dimensions n € N, n > 2. More precisely, given A € R, u € (0, 00), we
will prove in Theorem that there exists a C' € (0,00) (independent of A € R,
w € (0,00)), such that

. -1
H(HO —(A=£ 'LM)I[L2(R")]N) HB([L%(R”)]N’[Lal(]Rn)]N) <G,

(1.3)
AER, e (0,00).

The first result on a global limiting absorption principle on the entire real line for
free, massive Dirac operators Ho(m) = a-(—iV)+m g, m > 0 (cf. for details),
in the case of dimensions n = 3, is due to Iftimovici and Mantoiu [32] in 1999. The
first such result for free, massless Dirac operators Hy = a - (—iV) (cf. (8.2)), again
in dimensions n = 3, was proved by Saito and Umeda [46] in 2008 upon relying
on quite different methods as part of their study of zero-energy eigenvalues and
resonances. Since, apparently, no other global results are available in the massless
case, we now fill this gap, and by suitably modifying the approach of Iftimovici and
Maéntoiu, we prove a global limiting absorption principle (i.e., for energies on the
entire real line) for free, massless Dirac operators in all dimensions n € N, n > 2.
We note, however, that a limiting absorption principle for Dirac operators with
continuous matrix-valued short-range potentials in the massless case m = 0 (resp.,
in the massive case m > 0) in two and higher dimensions, valid on (—oo, 0)U (0, c0)
(resp., valid on (—oo, —m) U (m, 00)), assuming regular thresholds, has just been
proven by Erdogan, Goldberg, and Green [21] upon relying on a different approach.

It is gratifying that the new results in dimensions n € N\{3}, n > 2, include, in
particular, the two-dimensional case n = 2 which is known to have some relevance
in applications to graphene.

We emphasize that proving a limiting absorption principle for free (usually, con-
stant coefficient) operators Hy (resp., Hp(m)) is always a first step in proving
similar statements (typically, away from essential spectrum thresholds, though) for
interacting Hamiltonians H = Hy + V (resp., H(m) = Hy(m) + V) on the basis of
a sophisticated perturbative approach. The strategy behind such an approach has
been spelled out in great detail, for instance, by Yafaev in [49] Sect. 4.6, 4.7].

While we follow the broad contours outlined in the approach employed by Ifti-
movici and Mantoiu [32] in the massive case, m > 0, there are notable differences
in our treatment of the massless case, m = 0; of these we note, in particular, the
following:

e First, we do not rely on Nelson’s commutator theorem in proving essential self-
adjointness of the conjugate operator A introduced in . Instead, we employ an
extension of an essential self-adjointness result for general first-order matrix-valued
differential operators (such as, A, upon applying the Fourier transform) going back
to Chernoff, [18], but see also [3I] for a more modern treatment. Here, we treat
only the flat case but permit Lipschitz coefficients instead of the more restrictive
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(and more common) smoothness assumption. We expect this topic, to be treated
in detail in Section [2] to be of independent interest.

e Second, given our focus on massless Dirac operators in all dimensions n > 2,
we were led to a new conjugate operator A in when compared to the massive
case discussed in [32]. This causes a variety of additional technical difficulties in
Section [3] briefly outlined in the paragraph following (3.10).

e Third, rather than applying Hardy’s inequality as in [32], which is only appli-
cable in dimensions n > 3 (a restriction we wanted to avoid by all means), we now
apply Kato’s inequality (cf. , and especially, (3.25)).

Our principal result, the global limiting absorption principle on the real line for
Hy is presented in Section [3| (see Theorem . This is followed by a standard
application to scattering theory for the pair of self-adjoint operators (H = Hy +
V, Hyp), with sufficiently weak interactions V' (cf. Theorem, and some remarks
that put our results in proper perspective.

For additional (and more general) references in the context of smooth operator
theory, limiting absorption principles, completeness of wave operators, and absence
of singular continuous spectra, see, for instance, [2], [3], H], [6], [8, Ch. 17], [3I,
o, [0, (12, 20, B2, 23, 24, 27, 28, 29, 36, (37, B9, [, B2, B
Sect. XII1.7], [44], [45], [46], [48], [49, Ch. 4], [50, Chs. 0-2], [5I]-[53], in particular,
global limiting absorption principles for Schrédinger operators can be found in [22],
[23], [45].

1.2. A summary of the notation employed: We conclude this introduction
by summarizing some of the notation used throughout this paper: Vectors in R™
are denoted by =z = (21,...,2,) € R® or p = (p1,...,pn) € R", n € N. For
x = (x1,...,2,) € R™ we abbreviate

(@) = (L+[2[*)"/2, (1.4)

where |z| = (2% + - + ﬂci)l/2 denotes the standard Euclidean norm of z € R,
n € N.

The dot symbol, “-” is used in three different ways: First, it denotes the stan-
dard scalar product in R™,

x'yzzxjij ‘T:(xla"'vxn)vy:(ylv”'»yn)eRn‘ (15)
j=1

Second, we will also use it for n-vectors of operators, A = (A;,...,4,) and B =
(B1,...,B,) acting in the same Hilbert space in the form

A-B=Y 4B, (1.6)
j=1

whenever it is obvious how to resolve the domain issues of the possibly unbounded
operators involved. Moreover, for T' an operator in some Hilbert space H and
A= (ajr)1<ik<n € CV*N an N x N matrix with constant complex-valued entries
acting in CV, N € N, we will avoid tensor product notation in

T®Ain HoCV (1.7)
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such that
H

H®CV is identified with HY = | : |, (1.8)
H

and
T & A is identified with TA = (Taj,k)1<j7ng = (aj)kT)lngcgN = AT. (19)

That is, we interpret T'® A as entrywise multiplication, resulting in an N x N
block operator matrix TA = AT. Thus, if T = (T1,...,T;,), with T;, 1 < j < n,
operators in H, and A = (Ay,...,A,), with 4; € CN*N 1 < j<n, NxN
matrices in C, we will finally employ the dot symbol also in the form

I'A:ZTjAj:ZAjTj:A‘E (1.10)
j=1 j=1

where T;A; = A;T;, 1 < j < n, are defined as in . In the interest of clar-
ity we temporarily underlined vectors of operators (and matrices) such as T =
(Th,...,T,); we will refrain from doing so in the bulk of this manuscript.

For X a given set, A € XN*N N € N, represents an N x N matrix A with
entries in X.

Let H, K be separable complex Hilbert spaces, (-, - )3 the scalar product in H
(linear in the second argument), || - || the norm on H, and I the identity operator
in H. If T is a linear operator mapping (a subspace of ) a Hilbert space into another,
then dom(T") and ker(T") denote the domain and kernel (i.e., null space) of T. The
closure of a closable operator A is denoted by A.

The resolvent set and spectrum of a closed operator T are denoted by p(T') and
o(T), respectively.

The Banach space of bounded linear operators on a separable complex Hilbert
space H is denoted by B(H).

For a densely defined closed operator S in H we employ the abbreviation (S) :=
(I +151?) Y ? and similarly, if T = (Th,...,Ty), with T} densely defined and closed
inH,1<j5<n,

(T) = (I + T2, T = (1T + -+ [T )2, (1.11)

whenever it is obvious how to define |T1|?+- - -+ |T},|? as a nonnegative self-adjoint
operator.

To simplify notation, we will frequently omit Lebesgue measure whenever possi-
ble and simply use L?(R"™) instead of L?(R™;d"x), etc. If no confusion can arise, the
identity operator in L2(R") is simply denoted by I, and I represents the identity
operator in CV, N € N.

The symbol F is used to denote the Fourier transform and f :=Ff. For N € N,

the Fourier transform of functions in [L2 (R")]Nis taken component-wise, that is,
if f=(fi,.- fn) T € [L2R™M]Y, then = (Fi,..., fw) T

If Q@ C R™ is open, then C§°(2) denotes the set of infinitely differentiable func-
tions on R™ with compact support in . In addition, S(R™) denotes the Schwartz
space of rapidly decreasing functions on R™, S"(R™) the space of tempered distri-
butions, and W*P?(R"), k € N, p > 1, the standard LP-based Sobolev spaces.
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We abbreviate C+ = {z € C| & Im(z) > 0}. The symbol | - | denotes the floor
function on R, that is, |x| characterizes the largest integer less than or equal to
xz eR.

Following a standard practice in Mathematical Physics, we will simplify the
notation of operators of multiplication by a scalar or matrix-valued function V' and
hence use V rather than the more elaborate symbol My, throughout this manuscript.

2. ESSENTIAL SELF-ADJOINTNESS OF FIRST-ORDER DIFFERENTIAL OPERATORS
WiITH LirscHITZ COEFFICIENTS

We start with a general self-adjointness result for first-order differential expres-
sions which we believe is of independent interest. It will be applied in the subsequent
section in connection with the operator A in ([3.8)).

Let n, N € N be fixed. We consider N x N block operator matrices of bounded
operators of multiplication

Fe B(LP®R)MVN jeN 1<j<n, (2.1)
(e.g., Fj can be N x N matrix-valued operators of multiplication satisfying F; =
(Fj7k,g)1<k7g<1v, Fre € LOO(Rn), 1<j<n 1<k /l<L N) together with the
unbounded, closable operators

—i0; s [WR2RM)Y = [L2RM)]Y, jeN, 1<j<n (2.2)
where 0; = 9/0z;, 1 < j < n. We put
o (2@
T B N 2 s N R Y
On [L2R™)]”

n
where ([LQ(R”)} N) denotes the n-fold direct sum of [L? (R")]N with itself. One
notes that V is, in fact, densely defined and closed. Define
n
* ny1 NV INEM
—A=VV == 07 [WHRY)])T - [LPRM)] . (2.4)
j=1
The main goal of this section is to prove the essential self-adjointness of a class
of first-order differential operators. To make the result precise, we introduce the

following set of assumptions, which will remain in effect throughout the remainder
of this section.

Hypothesis 2.1. (i) Suppose Fj, 1 < j < n satisfy .
(ii) Let D C [L? (R")]N be a core for V with the property that
F(D)CD, Fi(D)CD, jeN 1<j<n (2.5)
(731) Suppose that the commutators
[—ion, ), [— 0, F7]: D — [L2RM]Y, jkeN, 1<jk<n,  (26)
extend to bounded operators
di(Fy), dy(F) € B([LQ(]R”)]N), G keN, 1<, k<n, (2.7)

respectively.
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(iv) Define the symmetric unbounded first-order differential operator

Li=—iY Fo;—iY 0;F; D~ [L*®RY)]". (2:8)
j=1

j=1
Pr0p0s1t10n 2.2. Assume Hypothesis [2.1| Then items (ii) and (iii) in Hypothesis
1| hold with D replaced by [Wl 2(R")] Moreover,

WH2R™)]N C dom (L). (2.9)

Proof. The proof that items (i¢) and (éi7) in Hypothesis hold with the choice
D= [WLQ(R")}N is standard (cf., e.g., [26, Proposition 2.1]).

One notices that L is symmetric by construction. In particular, L is closable and
hence L is well-defined. To show that [W2?(R")]Y C dom (L), define the bounded
operators

F=(F,....,F): ([LP®R)]N)" = [L2®"M)]Y, (2.10)
and
(F)T = (Ff,..., F) « ([L2RM)]Y)" — [L2(R™)] Y. (2.11)

Using matrix multiplication one verifies that
L=F-(=iV)+ (F)" - (—=iV)+ Zd D — [L2RY)]". (2.12)

Since F, (F*)T, and dj(F}), 1 <j < n, are all bounded and D is a core for V, one
infers

[Wh2®™)]Y = dom(V) € dom(T), (2.13)
establishing . [l

The proof of the main result of this section relies on the following lemma which
yields a useful resolvent-type identity.

Lemma 2.3. Assume Hypothesis and set

-1

R i= (Tppeyy —m P A) 2 [L2RM]Y = [L2®M)])Y, meN.  (214)

Then the following resolvent identity holds:

(LR — RnL*)g = —— Z (Ok Rindy(Fy) + Rindy(F;)0k) 05 Rimg
]k 1
- (2.15)
1
= — > 05(OkRmndi(F) + Rundli(F})O) R
7,k=1

for all g € dom(L*) and all m € N. In particular, the commutator

Z(I[LZ(Rn)]N - m_lA)_l - (I[L2(Rn)]N - m_lA)_lL* . dom(L*) — [LQ(Rn)]N
(2.16)

extends to a bounded operator X,, : [L2(R”)]N — [L2(R”)]N for allm € N and
Sul% | Xom | B(2 @y~ < 00 (2.17)
me
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Proof. The second claim of the lemma follows from the estimate

and from our assumption that
A (F7), di(Fy) : [L2RM]Y = [L2®™)]Y, 1<jk<n, jkeN,  (2.19)
are bounded. One notes also that
X' =—-X,, meN. (2.20)

Therefore, we focus on proving identity .

We first prove identity for f € dom(L) = D. To this end, let f € D
be given. The desired identity is a result of the following computation (applying
Proposition to take care of domain issues):

0,0 R <m, meN, (2.18)

B([L?(R™)]N)

LRyf — RnLf =—i Z(Fij — R, F})0,f — z‘Z@j(F;‘Rm — R F})f
j i=1

1
(ARWFj Ry — Ry F;AR) (05 )
1

7
m“
J

n

3=

+ 0;(ARWF; Ry — R FY AR, f

~
I
—

g~

=

(8kRmdk (Fj)Rm + R dg (Fj)ﬁkRm) (8jf)
1

|
=

0; (0 Ry (F}) Ry + Rondy (F})04Rn) . (2.21)
1

E
Il

Js
We have now shown that identity holds for all f € dom(L), that is,
(LR — Ry L) f = Xy f,  f € dom(L). (2.22)
For g € dom(L*) one then computes
((me - RmL*)gv f) [L2(RM)]N — (9, (B L — me)f)[LQ(R")]N
= —(9, X )2 @y~
= (Xmg, flir2@nyny, [ € dom(L), (2.23)

where the last equality makes use of (2.20). Since dom(L) is dense in [L? (R")]N,
this proves identity (2.15). O

Lemma in particular (2.15)), is essentially a restatement of the resolvent
identity. The slightly complicated form of this identity is due to our assumptions on
the coeflicients Fj, F', 1 < j < n. Indeed, we do not assume that these operators
preserve the domain of the Laplacian A : [W2’2(R”)]N — [LQ(R")]N. In fact,
they are only assumed to preserve the domain of the gradient V : [WLQ(R”)} N

n
([r2@m) ™).

With these preparations in place, we are now ready to state and prove the main

result of this section.
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Theorem 2.4. Assume Hypothesis . Then L : D — [L2(R™)]V is essentially
self-adjoint.

Proof. The operator L is symmetric by construction. To prove that L is essentially
self-adjoint it suffices to show that

dom(L*) C dom(L). (2.24)

To this end, let g € dom(L*). One notes that
1

TT}E}HOO (I[L2(Rn)]N - m_lA)_ g=g, (225)
and, moreover,
(Iip2ryy —m~'A) " 'g € dom(T), (2.26)

since [WQ’Q(R")]N = dom(—A) C [WLQ(R”)]N C dom(L). By Lemma one

infers
- — -1 — =1,
L(I[L‘Z(]Rn)]N —m 1A) g = (I[LQ(Rn)]N -—m 1A> L g+ Xmg7 m e N, (227)

so that the sequence

{Z(I[LQ(]Rn)]N - m_lA)_lg}meN (2.28)

is bounded in the norm of [L? (R")]N, implying g € dom(L). O

Remark 2.5. Theorem [2.4] extends Proposition 10.2.11 in Higson and Roe [31] (see
also [I8]) in the smooth context, while we now permit Lipschitz coefficients F; in
the differential expression L in . More precisely, assuming smooth coefficients,
Higson and Roe prove that any first-order, symmetric differential operator of finite
propagation speed acting on the smooth compactly supported sections of a smooth
hermitian vector bundle on any complete manifold (without boundary) is essentially
self-adjoint. While the results proved here are very similar in nature (although
restricted to the flat case), the actual strategy of proof in Theorem differs from
the one employed in [3T] and is inspired by ideas appearing in [33] and [34], [40]
in the context of Hilbert C*-modules. In a broader picture our methods relate
to the noncommutative geometry program [19], since our proof is in some sense
coordinate-free and can therefore be readily generalized to a much wider array of
unbounded operators of the form Zj Aj - D; + B (with D; and D) commuting
for all 1 < j,k < n), provided that an appropriate reference operator, for example
>, D3, is already well-understood.

For a very recent approach to essential self-adjointness of first-order differential
operators with applications to Dirac-type operators we refer to [7] (the approach
in [7] is quite different, relying on ellipticity conditions which are not used in our
setup).

Needless to stress, self-adjointness is one of the single most important properties
of an unbounded operator, because of its implications to the spectrum and to the
Borel functional calculus. o

3. A GLOBAL LIMITING ABSORPTION PRINCIPLE FOR
FREE, MASSLESS DIRAC OPERATORS

In 1999, Iftimovici and Mantoiu [32] proved a global limiting absorption principle,
that is, one on the entire real axis and hence including threshold energies +m for
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the free, massive Dirac operator Ho(m) with mass m > 0 in three dimensions. The
first proof of a global limiting absorption principle for massless Dirac operators Hy
in three dimensions is due to Saité and Umeda [46] in 2008. As no other result on a
global limiting absorption principle in the massless case is known to us, we now fill
this gap and upon modifying the approach by Iftimovici and Mantoiu for m > 0,
we treat free, massless (m = 0) Dirac operators Hy in all dimensions n € N, n > 2.
This includes, in particular, a new result for the case n = 2 which is known to
be connected to applications to graphene. in this context, we emphasize, however,
the recent result by Erdogan, Goldberg, and Green [21], who prove a limiting
absorption principle for Dirac operators with continuous matrix-valued short-range
potentials in the massless case m = 0 (resp., in the massive case m > 0) in two and
higher dimensions, valid on (—o0,0) U (0, 00) (resp., valid on (—oo, —m) U (m, 00)),
assuming regular thresholds.

Here the notion “free” Dirac operator refers to a particular constant coefficient
first-order matrix-valued differential operator with vanishing electric (and mag-
netic) potentials, see .

To rigorously define the free massless n-dimensional Dirac operators to be studied
in this manuscript, we introduce the following basic assumption.

Hypothesis 3.1. Let n € N, n > 2, set N = 2l+1D/21 " and denote by o,

1 <j<n, aper = B, n+ 1 anti-commuting self-adjoint N x N matrices with
squares equal to Iy, that is,
Oz; =qj, ojop+oaga; =20y, 1<jk<n+1 (3.1)

Given Hypothesis we introduce in [LQ(R")]N the free massless Dirac oper-
ator as follows,

Ho=a-(—iV) = Zaj(—iaj), dom(Ho) = [WH2(®™)]". (3.2)

Employing the relations (3.1)), one observes that
HZ = —InA, dom (HZ) = [W22(R™)]". (3.3)

For completeness we also recall that the massive free Dirac operator in [L2 (R”)} N
associated with the mass parameter m > 0 then would be of the form

Ho(m) = Hy+mB, dom(Ho(m)) = [WY2RM]™, m>0, 8=an1, (34)

but we will primarily study the massless case m = 0 in this paper.

In the special one-dimensional case n = 1, one can choose a7 to be one of the
three Pauli matrices. Similarly, in the massive case, 8 would typically be a second
Pauli matrix (different from o).

The main goal of this section is to obtain a uniform limiting absorption principle
for the free n-dimensional massless Dirac operator in dimensions n > 2. The method
of proof employed relies on Kato’s inequality (cf. , not to be confused with
his distributional inequality) and the construction of an auxiliary operator A that
has a positive commutator with the free massless Dirac operator Hy.

To set the stage for the definition of A we introduce the following assumption:

Hypothesis 3.2. Let n: R® — R denote a radial function of the form
n(p) = h(lpl), peR”, (3.5)



10 A. CAREY ET AL.

where h : [0,00) — [0, 1] is defined by

T, r€[0,1/2),
h(r) =< k(r), re[l/2,1), (3.6)
1, r € [1,00),

and the function k : [1/2,1) — [0,00) is nondecreasing and chosen so that n €
€ (R™\{0}).

The operator of multiplication by the independent variable z; in [L?(R™)] N will
be denoted by @); and we shall write

Given Hypotheses and we introduce in [L? (R")]N the operator

A= [0 VA I-)(-iv)- Q)

+(Q - (=iV))(=A)"n(~iV)(a - (*N))]v (3.8)
dom(A) = Dy(R"),

where
Do(R") = F* (G ®™\{ON]Y) < [SR™)]™. (3.9)

That is, Do(R™) consists of functions whose Fourier transforms have compact sup-
port and no support in a neighborhood of p = 0.
In addition, we introduce

B =n(-iV) € B([LZ(R”)]N), (3.10)

defined via the spectral theorem.

We emphasize that the necessity of including the factor n(—iV) in the definition
of A considerably complicates matters as at various occasions we will have
to consider B~! in combination with other operators. The corresponding massive
case, m > 0, as treated by Iftimovici and Mantoiu [32], corresponds to the bounded
operator ( — A + m21)71 instead of (—A)~! in A, and hence does not require the
introduction of the term n(—iV) in . Naturally, this considerably influences
some technical aspects in the proofs of this section.

For any n € N, we also introduce the scale of weighted L2-spaces,

L2R™) = {f € L*(R") [(Q)*f € L*(R™)} = L*(R™; (1 + |z|*) d" =),
L2,(R") = [LZRM)], s3>0,

Proposition 3.3. Assume Hypotheses [3.1] and [3:2} Then the operator A is essen-
tially self-adjoint on Do(R™) and

(3.11)

[22(R™)]™ C dom (A). (3.12)
Proof. Considering A = FAF~!, A reads
<1 . _ , Ly
A= [0 @er @@ (-9 + (%) e @l

dom (A4) = [Cg°(R™\{0})]".



A GLOBAL LIMITING ABSORPTION PRINCIPLE 11

In this context we note that C§°(R"\{0}), n € N, n > 2, is a core for V (see, e.g.,

[25, p. 97]). Therefore, the operator A is a first-order differential operator of the
form introduced in (2.8) with F}, 1 < j < n, defined by

Fip) = 3ol nops, peRN(0) 1<j<n  (314)

Given Hypothesis on 7, one can check that F; leaves the core C§°(R™\{0})
invariant (in particular, the |z|-behavior of n(Q) near x = 0 is not felt by func-
tions in C§°(R™\{0})). Moreover, Hypothesis also guarantees that the partial
derivatives of F}; are bounded functions, and therefore

(=0, Fy) € B([P®M]Y), 1< k<n. (3.15)

Thus, the assumptions of Hypothesis are satisfied, and therefore, Theorem
implies that the operator A is essentially self-adjoint. The inclusion (3.12) then
follows from ({2.9)). O

In the next result, we compute the commutator of Hy with A.
Proposition 3.4. Assume Hypotheses [3.1] and [3.2], then
i[A, Holp = By, o € Dy(R™). (3.16)
Therefore, for each 11,19 € [L%(R")}N N [WLQ(R")]N,
(Y1, B2 [2@nyy = (’iHoi/fl,Z%)[Lz(Rn)]N - (iZ¢17H0w2)[L2(Rn)]N' (3.17)

Proof. We compute the commutator of ﬁo =a-@ and

A= (Bl n(Q)@ (—i9) + (V) QHlQI?n(@)  (3.18)
on [C§°(R™\{0})]". To this end, one observes that
[Ho,Q - (=iV)] = [Ho, (=iV) - Q)]

n

= > [0Q): Qu(—idy)]

J,k=1

=—iy_ Q;a;(Q;, 0]

= iH, (3.19)
on [C5°(R™\{0})]". As a result, one obtains
[Ho, A] = 27 Ho|@QI*n(Q) [Ho, @ - (=iV)] + 27 [Ho, (=i¥) - Q] Hol@Q|*n(Q)
= (i/2)Ho|Q|*n(Q) Ho + (i/2) HoHo|Q|*n(Q)
=in(Q)
—iB (3.20)
on [C5°(R™\{0})]Y, where ~
B :=n(Q). (3.21)
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Assuming Hypothesis[3.2] the square root BY/2 is defined by the spectral theorem
via

BY2 = y(—iv)/? ¢ B([LQ(R“)}N) (3.22)

The next result requires Kato’s inequality in R™, n > 2, which is of the form
(cf., e.g., [ p- 19], [30])

mn — mn n 2
Ko [ @alai@F < [ aplpllf). £ e dom((-a), ne N, w2
(3.23)
for some constants K,, > 0. In particular,

Ko [ @l @P < [ @p@lfo)lf. Feilu®) neN nz2,
(3.24)

equivalently, and in the form to be used below,

K/ d"plp| " F(p)|* < / d"z(@)|f(x)?, feLl,R"), neN, n>2.
]Rn RTL

(3.25)
Proposition 3.5. Assume Hypothesis [3.2] Then
_ 1N 1N
B2 e B([13 )Y, [L2®)Y), (3.26)
that is, there exists Cy > 0 such that
_ 1N
IB™Y29|p2(rnyn < Cilldllez oy, ¥ € [L3,,(R™)] . (3.27)
Proof. The nonnegative function n(p)~'/2 of p = (p1,...,pn) satisfies
1
-1/2 1/2
so it suffices to note that
|V e B([L3,®")] ", [2®M)] V), (3.29)
which follows from Kato’s inequality in the form of (3.25)),
1 —1/2 —1/27 —-1/2
H| - ZV| / wH[LZ(]Rn)]N = H|p| / wH[LZ(]Rn)]N < Kn / ||’(/}H[Lf/2(]R")]N> (3 30)
N )
¢ e [L3,,(RM)] 7, n>2.
[l

Proposition 3.6. Assume Hypotheses and [3:21 Then there exists a constant
C5 > 0 such that

1B 2 A% ooy < Callllizz@eyss ¥ € dom(A) =Do(R™).  (3.31)
Thus, the operator B~/2 A : Dy(R™) — [LQ(R")}N extends to an element

B YA ¢ B([L%(R”)] N ®m)] N). (3.32)
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Proof. With A defined by (3.18), write

A= %(ﬁg +A,), (3.33)

where
Ay = HolQ*n(Q)(Q - (—iV)), (3.34)
A, = ((=iV) - Q) Ho|Q*n(Q), (3.35)

on [C§°(R™\{0})]¥. Then one observes that

A = _izanjﬁolQl_%(Q)
:1 (3.36)
= =iy (05, Qi HolQI™*0(Q)] + A

7j=1

One notes that the operator ijfo\Qrzn(Q) represents the operator F;(Q), where
F; is defined according to (3.14). Hence, by (3.15) it follows that the commu-

tator [8j,ijIO|Q\’2n(Q)] extends to a bounded operator for every j = 1,...,n.
Therefore, the operator Ay defined by

Ao = =iy [0;,Q;HolQ*n(Q)],  dom(Ay) = [C5°(R™{OD]Y,  (3.37)

j=1

extends to a bounded operator

=~

Ag - [L2R™M)]Y — [L2R™)N (3.38)
commuting with B = 5(Q). In particular, one infers that
A=At A0 [ORERNOD]Y = 2R (3.39)
Writing
Ap = (a- (=iV))(=A)"In(=iV)((=iV) - Q), (3.40)

one obtains
1B 406 oy = e (890 (= A) " n(—19) (=9 - Qb gy
< Collpllize@mynys ¥ € Do(R™), (3.41)
for an appropriate constant Cy > 0, by the (bounded) functional calculus for self-

adjoint operators. Finally, one uses (3.41), the fact that EO commutes with E,
boundedness of ;1\0, and Proposition to obtain

—1/2 _1/9 T al1/0
187248 g < B2 At gy + 27" | 20B7 wH[m(w)]N
< Col[YlliLz@ny~, ¥ € dom(A), (3.42)

for an appropriate constant Cy > 0. ]

Next, we investigate the commutator of A with B.
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Proposition 3.7. Assume Hypotheses [3.1] and 3.2} Then B leaves the domain of
N . .
, which commutes with B, such

A invariant, and there exists K € B([LQ(]R")]
that

i[B, Al = KBy, o e dom(A). (3.43)
Thus, i|B, A] extends to a bounded operator in B([L2 (R”)]N).
Moreover, if ¢, 5 € [L2(R™)]", then
(1, K B)p2mmyy = (iA¢1, Bio)ip2meyy — (iB1, Ao)p2@nyy . (3.44)
Proof. Using , one computes
i[B, A] = i[B, A, + (1/2)Ao]
= i[B, A/

= —HolQ|*n(Q) > Q;10;,1(Q)]

j=1
= —Hon(Q)((Vn)(Q) - QIQI %) (3.45)

on [C§°(R™\{0})]Y¥. The claim now follows as
= Ho((Vm)(@Q)-QIQI ™) : [C R\ {0D)Y — [L®M]™ (3.46)
extends to a bounded operator on [L? (R")]N by Hypothesis M and since the set
[Ce°(R™\{0})]¥ is a core for A by definition. O

Assuming Hypotheses [3.1] and define
TE(M\p) = Hy— (At ip)Ip2@nyn FieB, ANER, p>0,e€[0,1).  (3.47)
Proposition 3.8. Assume Hypotheses and . For each A € R, p € (0,00),

e €[0,1), TE (X, p) is a linear homeomorphism from [Wl’z(R”)}N to [Lz(R”)}N
satisfying

g N
||T;t()‘7ﬂ)w||[2L2(Rn)]N > P19y, ¥ € [WHARM)]T. (3.48)

Proof. Let A € R, u € (0,00), and € € [0,1). The claim is evident if ¢ = 0, so
we assume from now on that ¢ # 0. To obtain the lower bound in (3.48), let

(RS [W172(R”)] N Since Hy is self-adjoint and B is nonnegative,
Re{([Ho — Mr2(gm~ F ieBIY, Fipn)) o guyn }
=Re{ Fip([Ho - Mir2(wnyn ]9, 9) [LZ(]R")]N} +Ref{en(By, ) [L2(]R")]N}
— ep(th, BY) paamyn 20, ¢ € [WH R, (3.49)

and therefore,
||Ta:t()‘,//')'(/}‘|[2L2(]R")]N
= |I[Ho — M2 @nyy FieBIY|ITp2@nyy + 1210172 @y
+2Re{([Ho — Mz2(mn)~ F ieBJY), Fit)) 1 goyn }
> 1Py ¥ € W@ (3.50)
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It is clear that
TE(\ p) € B([W1’2(Rn)]N, [L2(Rn)}’v) (3.51)
for each A € R and p € (0,00), since the operator icB is bounded. Moreover,
TE(\, p) is a closed bijection. In fact, immediately implies that T (), )
is an injection with a closed range. In addition, since [T\, p)]* = TF(\, p),
TE(\, p) is a surjection. O
By Proposition TF(\, i) is a linear homeomorphism from [W1’2(R”)}N to
[LQ(]R")]N for each A € R, p € (0,00), € € [0,1). Therefore, we define
GEO\ ) o= (O )~ e B([L2®n)] Y, wh2en] V) © B([12@m)Y),
AeER, pe(0,00),e€]0,1), (3.52)
noting that GZ(\, i) are adjoint to one another,
(GE\ ) =GF(\p), NER, pe(0,00),e€(0,1). (3.53)
We also define the scalar-valued function
FEO m90) i= (4, GO )z oy
AER, pe(0,00), ¢ €0,1), ¢ € [L2R™)]".

The following result is a standard application of the second resolvent identity, so
we omit the details of its proof.

(3.54)

Proposition 3.9. Assume Hypotheses and . For each ¢ € [LQ(R")]N,
AER, pe (0,00), the function

0,1) = C
FEO\ w0) : 0, ’ 3.55
i) {ﬁHFE(MM;w), (355
is smooth on [0,1) and
dFEi A, 14 .
WMD) 4, iGE O W BEEN )y, € 01). (356)

Proposition 3.10. Assume Hypotheses and . GE(\ p) leaves [L%(R")}N
mvariant:

GE(\ ) [LIRM] T c [LIR™)]™. (3.57)
In addition, the following estimates hold:
1BY2GE O im0 gy < THFEO )], v € [L2RM)]Y, (3.58)

_ 1 N
||Bl/2G2:(>\7ILL)¢H[L2(RTI)]N < 018 IHQ/)”[L%/Q(R")]Nv d) € [L%/2(R )] ) (359)
AeER, pe(0,00),e€(0,1),
where Cy is the same constant as in (3.27)).

Proof. To prove the invariance claim, it suffices to show that GZ (), i) preserves
the domain of the unbounded self-adjoint operator @); for all 1 < j < n. Thus, let
j €N, with 1 < j < n, be fixed. Note that the sequence of bounded operators
e _ -1\
{’L(ZI[L2(RTL)]N +m 1Qj) } (360)

m=1
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converges strongly to the identity operator in [L2 (R")]N. One computes
[in (i (rny + m_le)_lva(A’“)]
=Gx(\p) {Ho F ieB,iQ; (il j2@ny~ + m—le)_l]Gf()\, 1)
= GE(\ p) [HO T ieB, m (il g2 ey~ + m*le)’l} GE(\ ). (3.61)

In addition, the operator B preserves the domain of Q; and [Q;, B] : dom(Q;) —
[L? (R")]N extends to a bounded operator ¢;(B) € B([L2 (R")]N) Therefore,

m[Ho FieB, (iI[L’z(Rn)]N + m_le)_l:|

. . _ -1
=10y (ZI[L2(R7L)]N +m le)

:':Zg(ZI[L2(RTL)]N +m- Q]) ( )(’LI[L2(Rn)]N +m- Q]) , (362)
which converges strongly as m — oo to
—ia; £ ieq;(B). (3.63)

The fact that G (), 1) preserves the domain of Q; now follows since the righthand
side of (3.61)) converges strongly to

— GZ(\ pic; F ieq;(B)IGZ (A, ). (3.64)
To prove (3:58), let ¢» € [L2(R™)]™, A € R, and € (0,00) be fixed. Then
[P )| 2 £Im (€, GE 1)8) o oy v
= £Im[((Ho — (A £ i) [pz@nyy F ieB)GE (A p)th, GZ (A 1)8) 2 gy ]
= /‘HGi A 7/”|2L2(Rn)]1v +€HBl/2G§E()‘7M)wH[zLZ(R")]N
> 5||Bl/2Gi A |? 2RV (3.65)
which yields (3.58). Next,
[EEOm.0)] = [(6,GEO 1)9) 12 gy |
< B2 g3 gy 1B GE O )6y
< Calldllz o [ BY2GEON 6] oy 0 € [L3®M]Y. (3.66)

where the last estimate makes use of Proposition Upon combining (3.65) and
(3.66|), one obtains

B AGE O 0l < [P 10) o
1 2+ ’
X Cll|¢H[L2 /2(R™)] NHB / G )‘ K ¢H[L2 R")]

which then implies

N

1B2GE (0 )| 2y < Cre™ Hellize ,@myv, ¢ € [LTpRM)]7. (3.68)

and - follows. O
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The main goal of this section is to prove a uniform limiting absorption principle
for Hy, namely, given X\ € R, p € (0, 00), there exists a C' € (0,00) (independent of

A €R, pu € (0,00)), such that
H Ho — (A £ ip) 2 mnyv) HB (IL2(R™)]N,[L2 1(Rn)]N) (3.69)
AeR, pe (0,00).

To accomplish this, it actually suffices to prove
|FE O )| < Ol oy € [ERM]Y, XER, e (0,00),  (3.70)

for some constant C’ € (0,00) (independent of A € R, u € (0,00)), by the next
lemma. The latter is surely well-known, but we include a proof for completeness.

Lemma 3.11. Suppose that Hy is a Banach space that embeds continuously and
densely into the Hilbert space H so that H embeds continuously and densely into
H_:=H.. IfH:dom(H) C H — H is a self-adjoint operator, then

|(H — (A +ip)I3) 1||B(H+,H7) <O, MNER, pe(0,00), (3.71)

for some constant Cy € (0,00) (independent of A € R, p € (0,00)) if and only if
(0, (H = A im) L) ") | < Coll¥ll3,, ¢ €Hie, XER, pe(0,00), (3.72)

for some constant Cy € (0,00) (independent of A € R, p € (0, 00)).

Proof. The equivalence of and follows from the estimates

sup (&, TY)a| < T llBrey o) 4 sup (&, TY)nl,  (3.73)
YEH 1Yl =1 YEH 1Yl =1

which hold for any T' € B(H,H). In fact, for T € B(H,H), one obtains

1T 3w, 1y = sup [PATIEY
peH 4, ||Ylln =1

= s (s (@)

YEH L 1Yl =1 \pEH L [l =1

w dEM L lIlla, =ldlln, =1
and (3.73]) follows by the polarization principle. |

The following lemma will be used in the proof of the global limiting absorption
principle for Hy.

Lemma 3.12 (Lemma 7.A.1 in [4]). Let (a,b) C R be an open interval and let f,
¢, and v be nonnegative real functions on (a,b) with f bounded and measurable and
é,v € L*((a,b); dx). Assume there exist constants w € [0,00) and 6 € [0,1) with

b
f) <w +/A dt[p(t)f(t)" + v (1), X € (a,b). (3.75)

Then

b 1/(1-9)
FO) < elXdtv® [wl_e +(1— 9)/ ds ¢(s)e =) [ dt (o) . Xe (a,b).
A

(3.76)
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Given these preparations, everything is finally in place to state and prove the
principal result of this section, a global limiting absorption principle for Hy in all
dimensions n € N, n > 2:

Theorem 3.13. Assume Hypotheses and |3.2] ﬂ and let A € R, p € (0,00). Then

I(Ho = (A i) 2 ey ”B([L%Rnn vz, ey S © (3.77)

(R
for some constant C' € (0,00), independent of A € R, u € (0,00). Equivalently,
4@~ (Ho — (A £ i) T2 (e ) THQ) ™ | gageyny S €0 AER, i€ (0,00).
(3.78)

—1 s Hg-Kato-smooth, that is, given €9 > 0, for each f €

Consequently, (Q)
(2w

sup
€€(0,0), Hf”[LZ(uen)]N 1

+ (@) (Ho = (= ie) 2y )™ [ Fpay | <000 (3:79)
Proof. By Lemma [3.11] it suffices to show
1NV

for some constant C' > 0.

Choose ¥ = GEX(\,p)*y and ¥y = GF(A\, p)y. On one hand, since 1 €
[L2(R™)]N, Proposition guarantees that vy,vs € [L3(R™)]Y. On the other
hand, ¢1, ¢, € [WH2(R™)]" since

GE(\p) € B([LQ(R")]N, [WLQ(R")]N). (3.81)

471—2 d>‘ |:H HO - (/\—FZ&')I[Lz(]Rn)]N 1fH[2L2(]Rn)]N

Therefore, combining the results of Propositions [3.4] and one obtains
7¢) (G¥(/\ M)vaG (/\7/J/)w)[L2(R")]N

B (1,GE O u)zp,ZGf(A,mw)mmw
F (AGF (N, )b, HoGE (N, 1)) 12 )
= i(¢’ZGsi()\vﬂ)1/))[L2(Rn)] ( ()\ WY, 1/)) [L2(R™)]N
- (i5BG§F()\7MW’ZG§()\aM) )[L2(]R")]N
— (AGF (X, p)b, ie BGE (N, 1)) (12 oy

(A, GE(N, 1)) (p2@eyy F (GFN, 1), A [p2(gny
+e(KBY2GF(\, p)w, BYV2GE(\, p)y) (3.82)

EFEO

(3-44)

[L2(R™)]N?
Y e [LARM])Y, AeR, pe (0,00), ¢ € (0,1).

Hence,
d
O] B0 gy [ B GO gy

+BY2GE sy
+ ||K||B([L2(R")]N) € HBI/QG?(AaN)*’L/}H[Lz(Rn)]N||Bl/2Gi >\ K ¢||[L2 R7)]
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_ 1/2
< Cae ™2 FE (O 159)) 2 10 2 oy (3.83)
pe [L2RM]Y, NeR, pe (0,00), ¢ € (0,1),

where we applied Propositions and and Cy € (0,00) is a constant inde-
pendent of A € R, p € (0,00), and € € (0,1).

Next, fix ro € (0,1), and integrate over [r,r9] C (0,1) in to obtain for
arbitrary ¢ € [L? (R”)]N

To
C’4||¢H[L§(Rn)]1v/ dee™PIFE(N, ;)2

T0
> / de
r

T0 d

| (A p59) — Fi<ww>|
>||fo,u,w| [ m )|, AER, pe (0,00), 7€ (0,m0),  (3.84)

de

de(A,u;w'

which yields

ro _ 1/2
|FE (3 9)] < |F35<A,u;w>|+C4Hw||[L§<Rn)]N/ dee™ 2| FE(\ 0|2,
b e [LRY]Y, AR, pe (0,00), 7€ (0,r0). (3.85)
By Lemma [3.12] with § = 1/2,

1/2 1/2 2
|FEO, )| < [[FEO\ )| +C4||¢H[L§(Rn)]N(7“o/ — /)7, (3.86)
ve [L3RM)]Y, AeR, pe (0,00), 7€ (0,70).
In addition, by Propositions and
1/2
EEO )] = (0, G (N, 1)) 2oy V2
1/2.,111/2 1/2 ~+ 1/2
<IBY29| 2oy |1 BY2Go O )0 2oy (3.87)
1N
<Oy P [¥lliez ,@mypvs ¥ € [L}2(R™M]7, A€R, pe(0,00).
Therefore,

N 2
| (A ;)| < [Carg 1/2||¢||[L%/2(]Rn)]N + Call¥ 2oy (g = /)],

N (3.88)

¥ € [LIR")]7, AeR, pe (0,00), r € (0,70).

Finally, taking the limit » — 0T and applying Proposition one obtains
|FE O )| < [Corg 2+ Curg?] ||¢H2Lz ) (3.89)

which yields the desired inequality with C' = [Cl To 4oy L/ 2]
The claim (3.78)) is clear from the fact that (Q}‘S is an 1bometrlc isomorphism
from L?(R™) onto L2, ,(R™), s,t € R. That (Q)~' is Ho-Kato-smooth follows from

B (ck., e.g., 43, p. 148], [49, p. 134]). O
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Of course, Theorem implies the absence of any singular spectrum (i.e., the
absence of eigenvalues and singular continuous spectrum) of Hy,

os(Ho) =0, (3.90)

but since H is unitarily equivalent, via Fourier transform, to the operator of multi-
plication by a.-p, p € R™, purely absolutely continuous spectrum of Hy was obvious
from the outset.

Remark 3.14. In the massive case, where Ho(m) = Hy + m 3, m > 0, a global
limiting absorption principle (i.e., for energies on the entire real line) for Hy(m)
was proved in dimension n = 3 by Iftimovici and Méntoiu [32] in 1999. The corre-
sponding massless case (i.e., for the operator Hy) in dimension n = 3 was settled in
2008 by Saito and Umeda [46] employing entirely different methods in their study
of zero eigenvalues and zero-energy resonances of massless Dirac operators. Our
result, Theorem appears to be new for n € N\{3}, n > 2. The cases of two
and higher-dimensional massless as well as massive Dirac operators with contin-
uous matrix-valued short-range potentials has also just been studied by Erdogan,
Goldberg, and Green [21], employing an entirely different approach. The authors
prove a limiting absorption principle in the massless case m = 0 (resp., in the mas-
sive case m > 0) valid on (—o0,0) U (0,00) (resp., valid on (—oo, —m) U (m, c0)),
assuming regular thresholds. o

Theorem implies existence and completeness (in fact, unitarity) of wave
operators for the pair of self-adjoint operators (H = Hy + V, Hy) for sufficiently
“weak” perturbations V of Hy in the following standard manner (we refer to [49]
Ch. 4], especially, [49, Theorem 4.6.1], for details): Consider the self-adjoint matrix-
valued potential V' = {V; ,, }1<e,m< v satistying for some C € (0, 00),

Ve [L2®M]YY, V(@) |evew < Cla) 2 for ae. x € R™, (3.91)
and define the interacting massless Dirac operator H via
H=Hy+V, dom(H)=dom(Hy) = [W"*®R")]". (3.92)
One infers that
{z)V{x)||cnxn < C for ae. z € R", (3.93)

and
)t = (@)~ (Ho — ZI[LQ(R”)}N)_1<Q>_1

<Q>_1(H — ZI[L?(Rn)]N)
—1, 171
X [I + <Q>V (H() — ZI[L2(R7L)]N) <Q> 1} , Z€ C\R
Theorem 3.15. Assume Hypotheses and (3.91), and define the operator
H asin (3.92)). If in addition,

sup  [[(QV(Ho — (A £ i) Tra ey )™ HQ) ™ | gpzgnywy <1 (3:95)
A€R, pe(0,00) H ) [L2(R™)] ”B([L (R™)]N)

(3.94)

then the wave operators
i SitH —itHg — ol oitHo ,—itH
Wy (H, Hy) = tilirgoe e , Wy(Ho, H) tilli%loe e , (3.96)
exist and are complete, that is,
ker(W (H, Hy)) = ker(W (Ho, H)) = {0},

ran(Wy (H, Hy)) = ran(Wy(Ho, H)) = [L2(Rn)]N. (3.97)
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In fact, they are unitary and adjoint to each other, Wy (H,Hy)* = Wi(Hy, H).
In particular, H and Hy are unitarily equivalent and hence H 1is spectrally purely
absolutely continuous.

Remark 3.16. Since we permit a (sufficiently decaying) matrix-valued potential V' in
H, this includes, in particular, the case of electromagnetic interactions introduced
via minimal coupling, that is, V' describes also special cases of the form,

H(q,A) := a-(—iV—A)+qly = Hy+[gIn—a-A], dom(H(q, A)) = [Wl’Q(R")]N,

(3.98)
where (g, A) represent the electromagnetic potentials on R™, with ¢ : R® — R,
ge L*R"), A= (41,...,4,), 4; :R" > R, A; € L*(R"), 1 < j < n, and for
some C € (0, 00),

lg(x)] + |A;j(z)| < C{z)~? for ae. 1 €R", 1< j < n. (3.99)
o

Remark 3.17. Using the notion of (local) strong operator smoothness as described
in detail in [50, Sects. 4.4-4.7], the decay rate (-)~2 in (3.91)), can be relaxed
to (-)~? for some p > 1 (cf. [13]) and this then permits situations where H has
eigenvalues and hence H is no longer unitarily equivalent to Hy and spectrally
purely absolutely continuous. o
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