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FREFACE.,

This work represents a study in the application of the Laplace
Transformation m;thod‘to <the Theofy of Conducﬁion of Heab; with a
few excgptions indicated in footnotes, the derivation by this method
of all the results is nei. In Chapters I1I, Vi, VIII, and X vhich
contain obllections of results, some of these are classicalland given
for completeness, ond some are néw., _Almosf all tﬁa results of
Chapters I, III, IV, VII, and IX are believed‘tolbq neﬁ.

one éf this work h#svﬁéén‘;ubmitted‘for any degrpe, end it is
cntirely my own'witﬁ the exception of Chapters I and X, which have boen
written for publiecation in collaboratién With,Profeésor Carslawe These
are included herec since they férm aq‘ég;éntialxéﬁft.of the whole schemog
tho problems considered were‘solﬁed ihdepé#dently and published Jjointly.

The parts of this thesis which fhe‘referoe nay deem suitaﬁlc will
be published as soon as poséible. ‘ Chapters I,:VII,‘and X, and partion
of Chaptér,IV ﬁavo already been published, énd Chapter IiI, and portions
of Chapters VIiI and IX are in the‘pfess.

It is ny plecasure to adknowledge my great indebtedness to
Professor Carslaw vho not only arcused mj interest in_tho subject,
but in the course of a frequent corres?ondehce extending over sovoral
vears has been most generous ﬁith advice and‘criﬁicisﬁ.

I an also indobted to liss li, . Clarke'for.her assistance vith

the computations of Chapter V and for the pfepafaﬁion of the Typescripte

© J. C. JABGER,
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1. Then this work was begun operational mothods end their devslopnents
by Jeffroys and Bromsrich had been applied extensively in various
branches of epnlied m&thPﬂ”Llc su#lly in order to solve pdrti&l
differential oquations in two variables, one of them‘the ﬁimé, by
transforming them into ordinary linesr differential equations.  The
Laplace transformation procedure, due to Bateman, Ddetﬁch end ven der
Pol, in = form then being developed by Professor Carslesr, seemed to
me much the mbst abtrochive approach to.theso mcthoas.u Huéh’ofvthe
work hwthérto done had besn of a dldaotlo and ex nooitorv charscior,
intended to exhibit the pcwef of the method by the solution of
problems to ”ﬂ’Cﬂ.lt was weall suited, rather thwn its capabilities
wnen appl1cd to nore dlfflcult problems arising in ﬂ“y one field,
Tho‘subssquont chapters represent a systematic study in the
application of the method to problems in Conduction of Heat covering.
practically the whbl@ roenge of the subjectse The préblems considered
have to o large extent becn chosen because of their practical importancé
ond with o view to‘subseqﬁont numerical computations  Results of one
sush caleulation ore given 1n Chapter V and sn extensive nlimericsal
study of Chepter IX 8§85l - 4 hes boen completed, A eertain enount
of selection has been necessory ond thié has usually takeh the form

of o bies Towards results in oylindricel coordinates, these seem to mo

tho most interesting and important both practically and theoretically,



2s The followring sketch is inv’cended nerely to indicate the point
of view taken in tho senuel; in Chapter I the 'cofnple’co solution
of a problem is given to il].ustfate the method, a fuller solubion
of simpler prp’blems is given in Corslaw and J}tmegcr,‘ [P_h_‘.l._l Haga (7)
XXVI (1938) 473].

We have to solve the partinl differential eguation

viv -1 X =g eeenenen (1)

=24
et

in some given region, i

g h a boundary condition at the. surfaco of
the region,end with a given value, Ty (x,:;;r, ), o‘f” v(%,v, 2,%&)
vhen t = 0.

e multiply the differentinsl equation and its boundary condition

by e“pt , whore p is a poni‘bivé constant™, ond integrate with

rospeet to t from O to o, Then, writing

Oo K3
7= P v at
(o]

for the Laplace transform of v , and moking certein assumptions,
the eguation (1) becomes

—— — 1 .

V v-%-v':.-?vo(}g’y,z> s *a 332904 (8)

vinich has to be solved with lmown boundory conditions.

24

o

p nay of course be complex vith R(p) > O. The ohovs statement
derives from vork on ordinary linear differential eguations vhereo
the complox voriable is not needed and Professor Carslevwr ond I have

retained it throughout our work to keep partial differential equatiors

as much o5 possible on the same fookinc, Ve use a sywbol A for

the complex variable of the inversion theorema



The sguetion (2) is called the "subsidiery oquation" corresponding

to the given differentinl ejquation end initial conditions, end by

solving it we obtain ¥(X,V,2,D)e

w

From v(x,v,z,p) we obtain v(x,y,2,t) by the use of the

Inversion Theorem for the Laplace transformetion™ which pives
Y+ico '

) N o, o "'
v(--.’ ’U:U = 2_‘31 c V(ffalf’.vz:))d) ssassn (O)

y=iom
provided V(x,¥,7,N) is analytic on and to‘the right of the liﬁe‘
R(N) = Y ond that cortain conditions on either F(x,v,2,\) or
v(x,v,2,t) are satisfied.
These conditions ne2d not be considered hore since assumptions

have nlso beon made in deriving (2) so that even if it wers proved

that v(z,v,z2,\) satisfied the complete conditions for the Inversion

Theorer it would still not follow that (3) is the solubion of the
differential oguation and its initial ﬂnﬂ bo*ndﬂ“" condit ions.

2

t should he remnrked thet the conditionﬁ on v(“,v.z L) for
the truth of the Inversion Theorem are exbremoly broad: roughly if

we asoums 2 priori that there exishts o solution of the problen vhich

.

ig of exporentinl +type in t both the as:umptlons made in deriving
(2) and the epnlication of the Inversion Theorem will be justifieod
so that (3) will be the solubion of the problen,  This besis should
be adeguste for most purposes of applied mathenaticse If it is

dosired to malre the solubion completely rigorous it ymst be verified.

that the solubion v(x,7,z,t) obtained in this woy does in fach

"

* Cf, Doetsch, Theorisc und fnwendung der Laplace-Transfornmatbion (Berlin
102 e 1. T .
1837) ¥en,6,  Churschill, Tath, Zoits, 42 (1937) 5673 tofh, Arm, 114

(1937) 591,



satis P" the differential equation and boundnrv nondltnoqu. This
ney be done in differcnt ways, e.g. by direct verification on the
finel form of the solution, cr Ey direct verification on the 1ino
intorral of type (3). For one-veriable problems in Conducfion
of Heat the process of Chapter I § 9 may be used, the verification
of the solution of the ono—variablé problems of Chapters II, III, I
is discussed in Appendix TTI

The n01pt of viesr ﬂdopt is tbus that the der1v1ng of n.

solution by the process 109d1ng to (3) mmy be rﬂ@ﬂrd a5 8¢ t' sfactory

&

Y Y .

for prool ms in applied moathematics, but tha b if it is d051red to
make the solution completely rigorous verification of the final

solution mould have to be made.
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3e The problems considersd divide sharply into Two parts; those
of Chanters I to V which involve one independent space varishle,
ard those of Chanters VI to X which inVolve'more than one,

For problems involwing one space variable the method of
procedure is well knovm and conresponds closely to that of the
operational methods in Goldstein's classioal-paperﬂ; Ihosg
considered here are relatively complicated problems of practical
importance, and for these the verification of the»sé;utipns is.
discussed in Appendix I, |

Problems involving more than one space veriable have been

very little studied, in these cases the “subsidiary equation” is

s

a partial'differential’oouation:and may:be treated in a‘variety

of woyse ‘Forvthis roason the work of Cﬁaptors VI to X is largely
exploratory. Three different methods are developed and each is
applicd to give complete results for a set of important problems:
(i) the obvioud method of tresatment by direct éeparation of
voriables in the subsidisry ocuation is étudiod systematically

in Chapter VI (ii) a new mothod for certain classes of problem

%Y

s given in Chapter VII and developments sugeested by this method
in Chapters VIII and IX; (iii) tho Green's functions for point
sources for reglons hounded hyr surfeves of the ecylindricol

coordinate system are determined in Chapter X,

wr

" Proc, london lath. Soc, (2), 34 (1832) 51,
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4, Parts of this work are reproductions of pavsis alkeady

a8

in press. For this reason the Chapters are self-contained
end each has its ovm paragraphing. There are also some minor

chonges in notation. Short introductions are prefixed to the

Chapters indicating briefly their scope.



CHAPTER I

Introduction.

This Chapter contains the detailed solution of o single
problem, it is given as an illustration of the ﬁethod. - In
all problems,subsequently considered the procedure is the sams,
a solution is ébtained fbrm&lly‘as a line integral (,X”iég x+ioo),
this is transformed into a real infinite integral by use of the
conour of Figure 1 or into on in inité éeries by uée 6f the
conbour of Figure 3, according to whether %he integrand Has‘a
branch point or a line of poless To make this transformztion
rigorous it is necessery to show tha ‘the integral round the
circlo M of Figures 1 or-S’vaniéheé'in the 1iﬁit as its redius
tonds to infinity. In cases in which v(A) has o line of poles
the radius must tend to infinihy through a seqcuence of values
which av&id these poles. A discussion of the wvenishing of the
intesral over [ for problems of Chepters II = IV is given in
Appendix III. The matter has nlso been discussed leowherd.“

of obtaining
Since the m?ﬁhod/%he solution as a line integral is regerded

as purely formal, it must he verified that this solution does in

fact satisfy the differential equation and boundery conditions.




For one-wvariable problems in Conduction of Heat the method

of Chapter I, § 9 is availeble, its application to problens

of Chanters IT = IV is discussed

e
=

n Appendix I.

B8,



[Extracted from the Proceedings of the Cambridge Philosophical Soctety,
Vol. xxxv. Pt. 111.]
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A PROBLEM IN CONDUCTION OF HEATl

By H. S. CARSLAW axp J. C. JAEGER
Received 6 January 1939

1. The problem of the conduction of heat in a solid sphere with a concentric
core of a different material, the surface kept at a constant temperature, and the
initial temperature of the whole zero, has already been solved in these
Proceedings*.

This note deals with the corresponding problem where the solid is bounded
internally by the sphere r = a, while from 7 = a to r = b it is of one material and
from r = b to infinity it is of another. The surface r = a is kept at a constant
temperature v, and the initial temperature of the whole is zero.

We use the Laplace transformation methodf, but the solution can be ob-
tained in a similar way by the path P of the paper referred to above. In §§2 and
3 a solution in the form of a line integral is obtained by a formal use of the Laplace
transformation. In §10 it is verified that this solution satisfies the differential
equation and boundary conditions. The line integral is transformed into a real
infinite integral in §§ 4-8.

2. Let the temperature, conductivity, specific heat and density in e <r<b
be v, K1, ¢, and p,; and in r > b let them be v,, K,, ¢, and p,.

Put ky = Kyfc,p,and Kk, = Ky, p, .
Then, writing u, =v,r and u, = v,7, we have to solve the following equations].
oy _ . P L 0y O :
(1) 5 =Ko (a<r<b); 5 —KZarz,(r>b), (1)
(2) u, =vya, when r = a; uy—0 when r—>co, (2')
(3) u; =wu, when r=25, t>0
ouy U\ Ouy Uy _ ,
(4) KI(W_T) = Kz(ﬁ"?): when r = b, (4')

(5) u,=0whent=0, (a<r<b); Uy = 0 when t = 0, (r>b). (5')

* Carslaw, ““ The cooling of a solid sphere with a concentric core of a different material ”’,
Proc. Cambridge Phil. Soc. 20 (1921), 399-410. Bromwich, ‘‘Symbolical methods in con-
duction of heat”’, Proc. Cambridge Phil. Soc. 20 (1921), 411-27. In the first of these papers
contour integration is used; in the second Heaviside’s operational calculus as developed by
Bromwich.

1 Carslaw, Math. Gaz. 22 (1938), 264-80. Carslaw and Jaeger, Phil. Mag. (7), 26 (1938),
473. Carslaw and Jaeger, Bull. American Math. Soc. (in the Press). Also the work of Doetsch
quoted on p. 396 and papers by Churchill, Lowan and others.

1 Carslaw, Conduction of heat, 2nd ed. (Macmillan, 1921), § 64. We quote this book below
as C.H.



A problem in conduction of heat 395
Multiply (1) by e~? (p > 0) and integrate with regard to ¢ from 0 to co. Then
© L o0u ® 0%, T
—pt 7 gy ot Z_ "1 4y 6
foel’ ot ‘%t Kljoe arzdr ©
0 B aul _ © © ot
But e Pt Idt =|ePly, | +p| ePu,dt
0 ot 0 0

[=e]
= pfo ePly, dt,

by (5). We write* Uy =-| ePlu,dt. (7)
1=, 1

Assuming that we may change the order of integration and differentiation
on the right-hand of (6), we thus obtain the ‘‘subsidiary equation”

-
%—q%ﬂl=0, (a<r<b), (8)
where ¢% = p/k,. Similarly from (1') and (5’), we have
d2u _ /
gty =0, (r>b), ®)
where q3 = plk, and U, = f e~Ply,dt.
0
Also, from (2) and (2'), we obtain
U, = vya/p, when r=a, (9)
and ' Uy,—>0, when r-—>o0, (9')
assuming that lim J oc,e—i"uldt = J e~Ptlim u, dt
r—>adJ 0 0 r—>a
and lim OD«2‘1"uzdt = J. e~Ptlim u, dt.
! r—>o0J 0 0 r—>wo
Similarly from (3) and (4), we have
U, = Uy, when r=2b, (10)
du, 7, di, 7,
it Rt [ 22 = 11
and Kl( o r) Kz(dr - ) when 7 =05. (11)

Our problem is thus reduced to finding %, and %, from (8), (8'), (9), (9'), (10) and
(11).
We obtain u, and u, from

o] oo}
Uy = J e Ply,dt and %, = J e~Plu,dt.
0 0
* We use this bar notation throughout for the Laplace transform. Thus

a(p) = / :Z-Mu(t) dt.
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3. Assolutions of equations (8) and (8') with (9') of § 2, we take
U, = Asinhgq,(b—r)+ Bcoshg,(b—7r),
Uy = Cle—2:(r=b),
and determine 4, B and C from (9), (10) and (11).
We are thus led to
. = 0% K, q, cosh q,(b—1) + (K,q, + K) sinh q,(b—7)
1" p K,q,coshg,(b—a)+(K,q,+ K)sinhgq,(b—a)
TR e K, g 7% o
®" p Kigcoshqy(b—a)+(Kyqy+ K)sinhg,(b—a)’
where for brevity we have written '
K = (Kz_Kl)/b‘ (3)
Then, from the inversion theorem* for the Laplace transformation,

and

y = V0% y+io i K puy cosh iy (b—7) + (Kypto + K) sinh p1,(b—7) dA @)
2w | i Kypycoshp,(b—a)+ (Kyus+ K)sinh py(b—a) A
and :
K. v.a [7tie e—Har—b) dA
Uy = —L 07 oMl _ — == (B)
27 2wy ) yoiw Kyptgcoshpy(b—a)+ (Kypy+ K)sinh (b —a) /A
where we have written

py=J(AJky) and gy = \J(A/Ky). (6)

4. Consider now the closed circuit in the A-plane given in Fig. 1. The line
AB is at a distance y from the imaginary axis; the
large circle I" has its centre at the origin and its radius Bl B
is R. There is a cut along the negative real axis. The
circuit is completed by a small circle, centre at the
origin, and we take —7m<argA <.

We prove in §5 that within or upon this closed
circuit the integrands in §3, equations (4) and (5),
have no poles, and in §6 that, when the radius of I’
tends to infinity and the radius of the small circle
tends to zero, the integrals over BF and U4 tend to
zero.

y+iw
Thus we can replace the integralsf of §3,

y—io

equations (4) and (5), by the sum of the integrals over A" 4
CD, the small circle, and EF, when C and F tend to Fig. 1.
—oo and D and X tend to the origin.

In this way we obtain the required solutions in their simplest form.

* See, for example, Doetsch, Theorie und Anwendung der Laplace-Transformation
(Berlin, 1937), p. 126, Satz 2. Churchill, Math. Z. 42 (1937), 569, Theorem 1.



A problem in conduction of heat 39%
5. Let

FA) = K, A/(%) cosh A/(%) (b—a)+ {Kz A/(%2) +KL;~!—{1} sinhA/(/%) (b—a).

I. There is no real positive zero Ay of F(A).
For suppose that there is such a zero. Write
_ Ky, _ K,—K, _
l= Kok’ m = K, and ¢ =b—a.
x
lx+cm

Then tanhz = —

must be satisfied by x = ¢4J(Ag/Ky).
We show that this is impossible for any real m.
(i) If m>0, then —z/(lx+cm)<0 for x>0.
(ii)) If m=0, then —z/(lx+cm) = —1/l<0.
(iii) If m <0, the hyperbola y = —z/(lx + c¢m) has asymptotes
x=c|m|/l, and y=-1/L

Thus, for x>c|m|/l, we have —x/(lx+cm)< —1/I, while for O<az<c|m |l
the gradient of —x/(lx + c¢m) satisfies the relation

cm 1
— e >———>1.
(lx+em)” c|m]|
Therefore in all three cases the graphs of tanh 2 and — z/(lz + ¢m) have no inter-
section for x> 0.
II. There is no real negative zero — Ay of F(A).
For suppose that there is such a zero. Then we must have

tan x +

em+ile

where & = ¢4/(A,/«,), which is impossible since [ # 0.

III. There are no complex zeros*.
If possible, let £ + ¢y (7 = 0) be a root of F(A)=0. Then £ — 7 is also a root. Let

_ sinhg,(r—a)

1™ sinhq,(b—a)’ (@<r<b),
where Q= €+_M7’

Ky
* Cf. C.H. §106.

Wy
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and let U, = e 200 (r>),
where g: = g-iﬂ?
Kg
Th PO _ ‘
en FEy —q3U; =0, (a<r<b), . (1)
Tl =0, (r>b), @)
U, =0, when r=a, (3)
U,=U, when r=b, (4)
dty . U, _ K, K, _
K,— o - K, e U,, when r=b. (5)

Let U3, U;, q;2 and ¢,2 be the corresponding expressions for the root £— 7.
Then we have

von [? , , 420, a2U,
(43— faUl Uidr = f (Ul arr —0 _(2;2_1) dr,
b ’
so that  2iy % f U,Udr = (Ui ddU;I UldU ), when 7r=b. (6)
a

Similarly

iU; dU), when r=b. (7)

2i77%fb U,ULdr = K (U2 U,

Adding (6) and (7), and using (4), (5) and the corresponding equations involving
U; and U,, we have

b @
20y {ﬁf U, U{dfr+£{—2f U, U;dr} o,
Kl a K2 b
which is impossible, since U, U3, U, U are positive.

6. The simple theorem given below deals with many cases in which it is
required to prove that the integral over the circle I" of Fig. 1 vanishes as its
radius R—co.

TaHEOREM 1. If | f(A,£) | < CR*exp[—&R? cos 6], when A= Re, —mr <6 <,
R > Ry, where £ is a parameter, and Ry, C, and* k < %, are constants independent of
0 and &, then

L2
by @t
|EICEE
taken over the arcs BB'F and AA’C of the circle I' tends to zero as R— o0, if either
£>0,t20,0r£20,¢>0.

* If k<1 the result is true for £>0, t> 0.
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We consider separately the integrals I, 5 and I over the arcs BB’ and B'F.
Those over AA’ and 4'C are treated similarly.
For BB'. Let a=cos™1(y/R), then
in
| Ipg | < OR"eY‘f df = CRke'sin~! (y/R).

Therefore lim | I, | = 0.

For B'F. | Ipp| < CRE j” exp [ Rt cos 0 — £ Rt cos 10]d0.
. i
Thusift>0,£>0,
in im ﬂORk_l
| Ipp| < C’R"J~ e~ RisinG df < O’R"f e 2RO df < T
—Jo 0
Andift>0,£>0,
| Ipp | < CR® fﬂ exp[— &R cos 10]dO
in

im . nC
= 20R*| exp[—£R}sind] dl9<—g Rk,
0

Therefore in both cases lim | Iy | = 0, and the theorem is proved.
R—o

7. We now show that the multipliers of (1/A)eMin the integrands of §3,
equations (4) and (5), namely,

U = K, py cosh py (b —7) + (Kypuo + K) sinh g, (b — 1)
K, pycoshpy(b—a)+ (Kype+ K)sinh p,(b—a)’

(a<r<b), (1)

A%e—ﬂz(f—b)
14 cosh gy (b —a) + (K iy + K) sinh py(b —a)’

and  g(A) = K (r>0), (2)

satisfy the conditions of Theorem 1. Write R=«,p, so that on I, for 7> 6 > 0,

- - J = pretil = (kp)tet?, where k=ky/K,. (3)
en on

| Kypq cosh puy(b—a)+ (Kypy+ K)sinh py(b—a) |
= ] OO (K, + Kyrt + (K~ Ky) =200} 1y + (1 — =200}
> 19 exp (b —a) cos 10 {| Ky + Kokt | — | Ky — Kot | —2| K | o)
> Cyptexp [p}(b—a) cos 30], (4)
provided* that p is greater than some fixed p,. Also
| Kty cosh puy(b—7) + (Ko pup+ K) sinh po, (b —7) |
< (K pt+ Kykipt+ | K |) cosh [pt(b—r) cos $0]

<Cyptexp[pi(b—r)cosil], if p>p,. (5)
Further, | Ale=#=D| < Oyptexp[— pixd(r—b) cos §6]. (6)

* (O, Cy, ... are used for different constants, and p,, p,, ... for fixed values of p.

14
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Therefore [ f(A) | <Cyexp[—pHr—a)cos}l], (p>p,), (7)
and [9(A) | < Csexp[—pi(x}(r—b)+b—a)cos 6], (p>p;). (8)

Thus f(A), with § = (r—a) k7%, (b—a)k7t=£>0, and g(A) with
E=(r—b)rgt+(b—a)kyt, £>(b—a)kit,

satisfy the conditions of Theorem 1, in both cases with £ = 0. Similarly

af <Cgptexp[—pHr—a)cos}0], (p>pe),
and 82f C 10 >
5 | < pGXP[ pHr—a)cosil], (p>p,), )
with corresponding results for
dg(A) 2%9(A)
o and 2 |

It follows from (7) and (8) by Theorem 1 that, as stated in §4, the integrals of
the integrands of §3, equations (4) and (5), over BF and CA4 tend to zero as
R—o0.

8. We can now replace § 3, equation (4), namely,

M‘7+icoeMK1,ulcosh,ul(b—r) (Kppty+ K)sinh yiy(b—r) dA
27 ) )i Kypycoshpy(b—a)+ (Kypuy+ K)sinh py(b—a) A’

Uy =

by the sum of the integrals over CD, the small circle, and EF of Fig. 1, when the
radius of the large circle tends to co and that of the small circle to zero.
From the small circle we obtain
; K, +K@b-r) —va Ky +(K,— K,)r/b
od K, +Kb—a) ° K,+(K,—K,)a/b’

From OD, puttin®A = k,a2e~i" and k = \(ky1/Ks), we have

_ 0a me—naﬁt {Kyocosa(b—7)+ Ksina(b—r)}—iK,kasina(b—r) da

am Kiocosa(b—a)+ Ksina(b—a)} —iK,\kasina(b—a o
0 { ( ) ( ) 2 ( )

From EF, putting A = k;a2%'", we have the conjugate expression. So from CD
and £ F we obtain

2v0 g—raat asina(r—a)da
K K ‘/hf ' [Kiacosa(b—a)+ Ksina(b—a))*+ Kika?sinla(b—a)’

Hence finally
v, _aKy+ (K, —K,)r/b
vy, rK,+(K,—K,)afb
_2K1K£’}/ff eyt asina(r—a)do
ar 0 [Kixcosa(b—a)+ Ksina(b—a)]?+ Kika?sin?a(b—a)’

® Here and throughout the sequel it is understood that prinecipal

values of square roots are talken.
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Also we can replace §3, equation (5), by the sum of the integrals over CD, the
small circle, and EF. The small circle gives

_ Kyvea
K, +Kb—a)
From CD (on putting A = «,a%~"), we have

Ko [ —k1a® eveerOde
7 oe [Kiacosa(b—a)+ Ksina(b—a)] —iK,Jkasina(b—a)’

%4
where we have written k = «,/k,; from EF we obtain the conjugate expression.
So, from CD and EF, we have

(K acosa(b—a)+ K sina(b—a))sin Jk a(r—b)

2K,960 [® _, o + K, Jkasina(b—a)cos Jk o(r —b) ot

R 0 ¢ [Kixcosa(b—a)+ K sina(b—a)]2+ Kika?sin?a(b—a)
Hence finally

vy _ @ £

vy TK,+(K,—K,)ajb

(Kyoccosa(b—a)+ K sina(b—a)) sin \k o(r — b)
_2Ka . +K2\/Kocsinoc(b—a)cos\/Koc(r—b)da
ar Jo [Kioxcosa(b—a)+ Ksina(b—a)]*+ Kika?sin?a(b—a)

9. It remains to verify that the solutions given Bl g
in equations (4) and (5) of § 3 satisfy the differential g~
equations and boundary conditions of §2. This
verification is most easily performed on integrals -
along the path L’ of Fig. 2, which begins at infinity L
in the direction argA = —f, where 7> 8> 17, \ a
passes to the right of the origin, keeping all sin- ik
gularities of the integrand to the left, and ends o /
-in the direction arg A=f. We first have to show
that the path L (y —ic0, v +1400) can be deformed
into the path L’. This and some other pointsin the
verification process are covered by the following
theorem. 8 1] 4

THEOREM 2. If f(A,£) is an analytic function Fig. 2.
of A on and to the right of the path L', and if

| f(A, £)| < CREexp [ — £ RE cos 16], (1)

when A=Re?, 7>0,>0>0, B> R,
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where C, k<1, Ry, and 0> Lm, are constants, then

L 52 = [ o,
L A - A
provided that either t>0,£>0,0r t>0, £ 0.
1. J Af, £) 9 (2)
L' A

18 uniformly convergent with respect to ¢ in t> 0 for fixed £> 0, and with respect to

£1in £>0 for fixed t > 0. Also the integral may be differentiated under the integral

sign with respect to t in t > 0 for fixed £>0, or for fixed £,01in €2 0,and in
the latter case the resulting infegral is uniformly convergent with respect

1L lim f ef(A, §)d—f =0, forfived £>0. to £ in €20,
.

t—>0

IV. If, in addition, of/0& and 93f/0&2 satisfy conditions of type (1), except that
, need/ k nz:us;/ not be less than 1, then

dA
[ a0

may be differentiated twice under the integral sign with respect to &, in £> 0, for
fized ¢t > 0.

I. To prove that the path L may be deformed into L’ we have to show that
the integrals

1= {0,075

) taken over the arcs BB'B’" and A"’ A’ A of the circle of radius R of Fig. 2 tend to
zero as R — co. Then, since there are no singularities between the paths L and L/,
/ the result follows by Cauchy’s Theorem.

Over BB'. | I | < CR¥er'sin~1(y/R).

Y
Over B’'B". | I | < CRkexp [—£R} cos 158 f elttcos 0 @
in

Therefore |1 | <% Re-19f $>0,£20

and | I|<(f—3%m) CRFexp[—ERcosip], if t>0, £>0.

Thus the integral over BB'B"’, and similarly that over 44’4", tends to zero as
R—o0. ‘ :
II. Onthepath L’,if A = pei#, the integrand of (2) is less in modulus than that of

¢ [“prexp L+ ptoos p— ot cos 141 dp,

V. If the raenge of § extends to infinity

lin f N rire) 2 = o,

£ 71

Proof as for the special case at the foot of p. 18..
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and the first part of IT follows. Similarly, f eMf(A, £) dA is uniformly convergent,
I

and the differentiation under the integral sign is permissible.
IIT. By II the integral (2) is a continuous function of ¢ in ¢ > 0 for fixed £ > 0.

Thus lim | ef, 8% = f f(A,g)d—f.
r

t—>0J L’ A
To evaluate the latter integral consider

dA
1- {1097
taken round the arc B”"BHAA" of the circle of radius R in Fig. 2. Then
- I
| I|<2CRkexp[—ERYcos if] f do.
0

Thus if £>0, lim | I | = 0, and, since there are no poles of f(A, §)/A in the closed
R—>w

circuit formed by L’ and the arc B”BHAA", the result III follows.
IV. If we proceed as in II it follows that
of (A, §) dA 0*f(A, §) dA
PYAASACE YRl PYAASALE YRl
[Lotet S ma [T
are uniformly convergent with respect to £ in £> 0 for fixed ¢ > 0. Thus (2) may
be differentiated twice under the integral sign with respect to &.

10. By$§ ¢, equations (7), (8) and (9), it follows that the multipliers of (1/1) e¥in
the integrands of § 3, equations (4) and (5), satisfy the conditions of Theorem 2.

It follows that the differential equations (1) and (1’), and boundary conditions
(8) and (5') of § 2 are satisfied.

Also §2, equations (3) and (4) are satisfied since it follows from Theorem 2,
IT and III, that all quantities involved are continuous at r=b.

It remains to prove § 2, equation (2), which by Theorem 2, I may be written
lim v. = lim 2% f Y Ky py cosh (b —r) + (Kypts + K) sinh (b —7) é/\_
roa b rsa2tmr ) Kypgcoshpy(b—a)+ (Kyuy+ K)sinhpy(b—a) A

By Theorem 2, II, this integral is uniformly convergent with respect to r in
a <r<b, for fixed ¢t > 0, and thus

. v dA
lim v, = —.“—f eM—— = v,
r—a Zim) A

Finally, the condition (2') of §2 may be verified as follows. Let the arc
B""BHAA" of the circle of Fig. 2 have fixed radius R so large that by equation (8)

oS |90 | < Cexp[— Rigeos 1A,
where E=(r=b)kst+(b—a)kit

18
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Then by Cauchy’s Theorem
Jeran

over the portion A" B’ of L’ is equal to the integral over the arc B"BHAA"
which is less in modulus than

2fC exp [Rt — £ R? cos 3],

3

and this tends to zero as £— oo, for ¢t > 0.

Also the integrals over the portions of L’ lying outside the circle B”"BHAA"
are together less in modulus than

20fwexp [—&ptcosipldp < 4C’fmexp [—E&ucos if]udu
R 0

_4C
ot 1’

and this tends to zero as £ oo.

TaE UNIVERSITY THE UNIVERSITY OF TASMANIA
SYDNEY, AUSTRALIA . HoOBART, AUSTRALIA
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CHAPTER TTI.

TNSTANTANEOUS SOURCES T RODS, CYLINDERS AND SPHERES.

Introduction.

Plane, cylindrical and spherical sﬁrface sources are defined in
Coie (Chap’cer IX), In Jc‘his Chapter sqlu’cions will be obtained. for
such sources in regions with pla.ne, obaxial cylindrical, and concentric
spherical boundaries respectiv.ely,‘ vwrith boundary coz1difion§ of type

k2T + hv = 0 - R ¢ D)

at the surfe.ces, vhere 3% denote., dlfferentla.tlon alon&, the ouhrard
norma;; k and h are constants ‘Whlch Wlll be suppooed o, buu no’c oth
to wenish; a brief discussion of the physically umrqoortmt caseos-in
which one of them is negat:.ve is given in 88 9, 10, The form (l) includess
the usual spaclal boundary condltlons of the theory of conduction of heat;
=0 corrasponds to v =0 on the uurface, h = O ‘o no flow of.‘ heat ower
the surface, and k = 1 to the usual boundary condrl::.on for radiatior inbo
e modium at zero. Tho "k" has been introducéd in (1) since it makes the
structure of the formulae a little clearer, in particular ih the case
‘- o,‘ . :

The method consists of adding to the solution "u" for a source off
the required fiype in an infinite medium, a solution M of the equaiion
of conduction in the region chosen so tha.b t]imo w=20 a.nd that v=wu +wr
satigfies the boundary conditions. It is verified in Appendix I by -the
type of procedure used in Chapter I that w sa’olsfles its differensiml
equation, that 1lim w = 0, and that v sa‘cisf‘ies the boundary condi’cicnsxs

t—=o
Also for t > 0 the reduction of the contour mtbgral for v o the
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series or integral form is justified in Appendix III. Thus for © > O
the solutions are complete and rigorous. |

Tvio further steps are made which are purely formal, (i) a solution
for arbitrary initial temperatﬁre f(x) 1is obbtained from the source
solution, in doing this infinite processes are interchanged without
justification, and (ii) +t is made to tend to zero in tais result in
order to obtain formal expansions of f(x) in forms required for:
subsequent work in Chapter VI. lost of these expansions theorems are
Imovm, for examplé the rosult of 8 1 is a SturmrLiouvillﬁu expansion,
that of 8 3 is a Dini series and the case e k=0 of §4 is Weber!s
integral theqrems, the general expansion of 8 4 was obtained formally by
foldstein (loos oite)s Tho ostablishing of conditions on the arbitrary
functions for the wvalidity of these expansions seems Lo me avmatﬁer‘fbr the

pure mathematician using the Lobesgue integral. ‘

Greents functions have been studied in this Chapter Loth because they
are of fundamental importance in Conduction of Ileat® and because tho
solutions for them can bo verified, only the further step of deriving
solutions from them for arbitrary initial temperature £(x) is here regarded
as formale The solutions for arbitrary initial temperature may also be
obtained by direct application of the Laplace transformation, but in order

to apply the inversion theorem to the solubtion of the subsidiary equation
orders of integration must be ihterchanged so the solutions obtained in
this way are either purely formal or must be completely justified, whereas
with the Green's function procedure the first part of the solution is
established rigorously and only the last step is regarded as formal or

has to be defended.

¥ Ditchmarsh, Broc. London lath. Soc. (2) 22 (1922) 1s6.
BL_,, oHe Su 70 = 93, |
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1. Toyroed 0<=x <./4. TInstantaneous sourco of strencth Q ab
at x =0

x= x' at t=0, soundary conditions I:l- - hlv e 0/ aﬁ& av + h?."' = 0

at x= ./,
Via havae to solve

azv 1 A
o= XK 9% "

0<x<.4, £2>0
2
) S -*x‘:g' JEARS
ond = Q e( )/ W= W,

‘),
Wers ‘mz%‘g%, 0 <x<A 4 >0,

Tho mbsidiary oquation for w 1is

dx" qai""(), O<x<d,

with solution W= A sioh ox + 1 cosh qx .

Mo Te 0 gral==l
2Kq

ihug the boundary conditions st x=0 and x =,/ require

Q_ ez
gk = byB = g=lny « Iyq)e =

Aleyq cosh gf + bosinh of) + D{zgeish g7 + hy cosh of) = %;l-(kaqa hz)e'qc{?'z' },
Solving ond substituting we £ind '

vzgﬁqq cosh gx + hy sinh m;«: r:,q cosh g/ = x*) + hq ginh q(f x')]
| xq[ﬁ:lkgq + hyha)sinh w’ q{lzhs + kohy) cosh q,]

when 0 < x<Xx', madwhen ='< = </ we intopehanpe x ond =Y,
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From the Invorsion Theorem we have, Writing+ = vV (A/x),

Yeloo . . .
vesl j o [l poosh px+hy sinh pa] fisp g cosh plie 2)+ pwishplfexd) |
Zam ;

Yeico
) i A XXX AR (1)

I? hy=hs =0, A=0 is e pole o the integrand of (1), not
otherwrisas The other poles of tho iIntczrand are the soros of

(klk'z /&2 + hlhz) ﬁiﬂh/ﬂ«j "f‘/((klhz -+ kzhl) QOﬂh fllf? » dess0renay (2)
this has no vresl and mo corplex zoros®  The imaginary zeros aro the
roots of

(klkz P - hlhz) ﬁmﬁzi’i = F(klhz + kghl) ‘OQSJP";' - easeacsemene (3)

If tho positive roots of (2) are P, fo, «es the poles of the

inte;rand of (1) are A=« przz s N1y 25 can o

!

— B
f
c&

— A

%o evalunte the in"c@@ﬁl (1) consider the interral of its intesrond
taten round tho contour of Tig. B consisting of tho line AD to thoe rifhtt
of the imginary axis ond distent ¥ fron it, snd portion of tho oirele
vizose radius R takos a sequonce of values avolding the zeros of (2)3 sueh
a segquencs vould be {K (u + ‘;f;:)g;"g/é’a } o Then 1t can bo showm that as
the radius I dends to infinity in this way tho intosral over [~ tends to
zero ond thus Jﬁﬁm iy be roplaced by 2mi Lines tho sun of the rosidues

Y=ion
of the integrond ot tho poles within the contour

#IHIS notation Will be used BTATOUZROUL The Sequele.
™o proofl is ginllar 4 I 8 5, '
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ow [‘g’i { Plicgley p& + nyhy) sioh af + pE(kghg + ety Jeosh puf ]

:-:ekﬁg

cos B’ {( 2.2 [ 2
- ~ S B )*1@1]*3:11 (56 +15)].

2Ky hy - 110 B ) 1 2{3 ntE E: 2 2

Using this remult (1) plives
- ‘ _
v=1_ ZI n(,@.)u (X') “K,ant sesnsssessensrusesss (4)
=3
| [2Bez + hg)j“(i- Po 008 [ + ysin o)

oro Zn(x) = . {(5)

) Gl 2y Tl 2
(<"1./3n + hl)-[{f(kzﬁn + hz) + ng,‘,] + kb kz,/? +h )}
and (2), bolns sypmetrical in x and x', Imlda for x % LI
I Iy = iy =0 thore is in additlon a pole at A =0 vhich givos
a1 0ddibional term & o

Putting 0 = £(x')dx* end intesrating from 0 to 4 wo havo a formal

- polution for initial ta@amtura 4‘(‘)

0 : .
T o= Z Zn(x) G KPEI J u‘..(x')f(I')dX' (EI XSRS R XY : (6)
=1 o 7 |
; ' &
vhere if hy =h, =0 a tom 3‘1 - f{x*)dx' is to Lo olded to (6).

Lotting € 2> 0 we hovo the formal cxpansion

o

o0 . P
f(:i) = Z Zn(x) J Zﬂ(ﬂ‘)f(@')dz, a VeeReTRLSITOIIRERTLS (7)
L on= o

1
: .
5

P

whero 1f Ly =1y =0 = torn ;-'“}*f £(z*)ax' ic o be added to (7).
(]
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2. Comi-infinito rod x> 0.  Instantaneous sourco of strength Q st

z=x'_ at &= 0. Joundary conditiod™ & %'-‘;- whve=0 at x=0.

Ag i 8 1 ve havo
wg|x=x'|

. . ‘;.".qx —9-
s - V=L@ +2qu

o~

where Iﬁ“&“ %W“" (J.

gcmccs we find ,
O ' Xq cosh gz +h sinh oz qx"

-
v:.——'

kq ~ kq+h

ond vhen x > X' we intorchmpe = esnd x' o

s Tthem == <x%,

Tyont tho Invorsion “’ﬁxoorm:x
Y4+ioo

N -
~=mj o7 Lpcoshpxibelthpx 1, e (@
' Y=1c0 n
U 2 =im

Using tho contour of Tige I with A= ku’e ory TF and A =Xu’e

on CD, (1) becomes

v =2t a-'m”c (hzcos uk + h ainux)(l'u oos nux! +hsinux)du
T T 122 R
o ¥%u? 4w
o e 2 ‘
3 - K11 :
‘-:":"""‘“ f - ] Z(u.‘x)Z(u,x')ﬁu s eesseeseesePBesdRBTOOIRRISS (2)
o
vhore Z(u,:{) = m 008 uX h_sin ux . PENVIBESESEIFNGOPERBIRIORS (3)

N/(Kzuu + hca

Tor initial tempsrature £(x) we hove formally
. b - Kuzt >
f e Z (u,y=)au f S{uyx?)C(x)dx" , casnesnens (2)

:\Eto

v =

J 7(u,x)du f 72 (a2 )P ()t , «es(5)
(e Q

Afra

and go, letting 0, £(x) =

This roy alternabively bo roduced to the usual form:. cffs Carslaw end

Jaoger, Tndl. Iag. (7), 24 (193C) pe 475, 8§ 2,

#€ In regions extcndmg o infinity solutions are to be boundcd at infinity
unless otherwise stated. :
¥



-
TmU W=

__a_
C areax L‘* EpIj{pe) +h T (,:a)

26,

e . The cylinder O <r <. ‘n instentanecus cylindrical surlace source

ol streusth O over r=1r* nt % =0, Poundary eondition Zzg-; + hv = O

vhen » = o,

ilore we havs o »sslva

2
v 13’”‘,,1?.3. Osr<a, %50
31.3 ¥ ar 3t ¥ .

with k%‘-ﬁ-hvzﬂ, r=a, >0

md TTUSW,

N o reppte - .
Thore u o= p g e * zo(“z"{fg) &
azw 137 1ow ,
and '—’2-‘*";5?&'??’ 0\<r<§§.p ’b>03
or
emd  lim w=0, 0K r<a.
t>0
. — Q
Tew u::*-é- T lar)x,(er) s >t

==EEF: I (Q?)K (qr') ™ r<r!.,

Algo i W =4 I,(qr) , tho boundery condition whon r =& roguiros
A {kq 18 (qa) + hiy(on) } = - ot Ty (grt) {hq E (q8) + 1 hQ(qa)}

and heoce

QI (qr)(l.q I} (qn) +h Io(qa)] 1, {ar) [iq Kg(qa) + 1 chqa)] 1 (cr)
2rK Xq 1} (qa) +hI (q_) gr

whel > rt , and when » <r' we interochange »r w@ad »Y .

sed s (1)

Tho Invorsion Thooron pives

Frico R ey o £, {pe) [ pI, (o) + LDC/&)] To (ur) [ picefpua) + 1K, (f‘&)}a A

ese (2)

* A largo elbor of problems on Conduction of Iioat in oylindera is piven in

Carslow and Josgor, "On wone pmblezrf %.a ﬁcﬁﬁucti@n of Leat with civeaul
946

yna » Proce Iond. [nth. Soc ff”iﬂ-ﬁgeea.) The verificetion of tho

solutiong is diseussed there and tho quostion of the position of tho poles

of *(\) » & 5 bolow incorporatos sceveral of thosc results,




Tho polog of ik intesrand of (2) aro ot
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b~ .

=1, 2, ese are tho positive roots™ of

It h = 0 thare

“
SRENVCRENCSECARINOOY (d)

z;«Jg(am) +h Jy(aa) =0 «

4o nlse a pole ok A = 0,

Lyaluating the residves ot theso polos wo £ind

o
Y “Kd‘?b Jolrag) I, (et :
V'"'“ij: ‘ G 0(1 8) ( S) PreseBesRsBsEs et (4)
™ 5= JS(G 'S Jl(ap%)
vhere 1€ L= 0 an additionel Sorn . is to bo cdded %o the rig:t hand
."-C\.‘&a
sides
Patting Q= 2metf(r?) ond intograting with respect to r' fron
formal
0 4o & we hove tho/solution for initial tsmpsr&mr@ £(x)
- Kolz-‘” - .
";“’m-g—- © ‘ UO(Q?OQE) J i (r') Jo(r'ols)d_r' ? occ(ﬁ)
CU 5 (asty) + I% (o) A
« £
whoro i =0 o bom S j 9(e)drt 4s o bo added to tho richt
Db
()

kond sildes

Pobting

F:a

o =
2(r) =

vihore 4 h =0 o 'toz'l 2, i pe(rt)drt i

8ido.

=0 ve have tho mﬁ&* o

Z J (Ns)
=1 J‘(ﬁ ) + Jl(ﬂu

)fr’z(‘r')aa(r'xs)ar‘ s essevs {(G)
(41

% bo added o the right hand

5

g worls will be elted theougiond

ALl peol mnd simplo. Taboon, theorm

of Bossol Punctions, B 15,003, 15425,

H1o soquel ag eDels
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4s  The reglon bounded intornally by the cylinder r = an. Au instantancous

-

cylindrical surface source of strongth Q over r == r!' at ¥ = 0. The boundary

condition at r = a, Xk g-;_- - v == O

Fere os In § 3 we find
7oL a5 - b )] - &Ena ) - b Laa o,
& g Ey(qa) = h ,(qa) -

e P <1rt,.

I*ence

- O o) s (o) - nofpn)] - 1, e e p s ) = B T al] o
v ?;ﬂj xrﬁé(’&&)*h? (}.n.) R ',0 o ”,Kﬁ(/*r)d"

ceacss (2)

-nuzt
I:‘:mr- G(u,r)ﬂ(u,r’)u&u ry GOPSANSIDAIIEIIBEREAIS O REDIIES (3)

3o (ur) [ty (o) + 1, (anf] = ¥our)[imdy (o) + 1 (zm)l
{[:aal(ah) -f-mo(m):lz + [mﬂl(m)n o (@] } ’

whore  Clu,r) =

X 2”‘ X

- K1l

"\T:J (-] C(u,r)u '&le C(u,r')f‘(r‘)r'dr' > Besssssnnssnne (5)
o a

ead pubting © = 0O

o0 o
f(r) ‘-—':j C(U,-I‘)ﬂ du J C(u,‘:')f(r')r'dr" & SENANBeEOENEER (G)
o

a
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G¢ The wollow eylindor n<r <Wbe An instmtmeoué o lindrical surface

gource of stronpth O over y = x* at t = 0. _ The boundary conditions

‘_'[:l@.y.uhw::O, r=a, %>0

or
1:2%1:_»‘-} hoy=0, r=b, t>0.

Let npueunl v=u+ q, wheors

—_— 0 . :
a rzw Io(art)i(agr) » x> xt
= "'"'K {qr)"t (qr') » r< r' ¥

md W= AT (qr) + BE,(qr).

Thon the boundary conditlons requirc
AEzqu(; (qa) =g, (qs)] + 3 E:lqi‘t; (qo) = By, (qa)] = .- -ﬁ%‘- Z {ar?) [quf{é (qa) = hyI, (qai'
A[Ltngc; (gb) 1,7 (db)] +u[ oay ' (c) & hm (ob)].. - -..-. I,(qr? )E_qq c(qk.}) I}.mo(q‘u)]
| Soiving and substituting we fi;.w, for a<r <r',
¥ = TRy {1’0 (a) [y (a0) = hyity (aa)] = Ky (ar) g0t (a6) = 137, ()] }
X {za (qr')[iggqﬁg (qu)+ hz%(‘lb)] - X, (qx")E':;;qI‘;(qb} »+h2:c°(qb)]}
wore Alg) = [quz (a3) = 1T, (qa) | [icpa] (bg) +1: 125 (bq)]
= [izpa75 (ba) + 151, (v9)] [1.1@ ()= g7, )] o eeen ()
Tho poles of the inberrand of ¥ Bre t1o zoros of AQA) 148, BTO
at A= -Kolg » Horo e o are the positive roots™ of
[ra a0 (e = 133, (ao)] [y g (o) 1y ¥, XNl

rl’low (ac) « I, ¥ (mz):} [kzc( g (Bo) + by (bc()] =0
| ees (2)

"

she rools ore oll ronl ond sinple, efe Carslow ahd Joeser, loc, ¢ib,
ey —————
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If by = h? =0, A=0 iz alsoa polo of the inbesrands.

mwaluatlng the rosiducs at thoso poles o bave finally

o) o ,
vz:g“.- z @‘Kokst P{I‘,o(ﬁ'} ?(Z‘,,O(o) » BesALENIOIESINURTINENRS (3)
21[ — = 2
vhoro
ag[lgoy J0 (o) = hyd, (as)]
F(raﬁlﬂ) — 5 lf_iﬂi O NB 1Yo °‘5

2" { 1+ 1) iy 73 (osy) = myd (o Y = 0B i oy |2

% {ootra) i g2 o) 41,7, 6] = 0y 73 #1200 ()

and, if b, = h, = 0 , ao odditional term L e 15 40 bo added o
T (b2 = =)
tho right hand side of {3).

For initial temperatire £(r!) we have formally

Z kel P
V= Z; Q—' ‘S' F(rJO‘,S) j rff(r') Iw"(r’,a(s)dr’ svssrvevensn (‘i)
8= o :

andt, if Iy =0k 5 = 0, =an additional tern

Ty
e rtf(r?)dr?
be - a2 J;

1a to be added to tho risht hand side of (4).

Putting t=0 wo find

SRR - v | b
f(t‘) = Z F(rp‘."(s) f !"f(l") F(F‘,Ns)dr' » seesscsee (5)
5=l a '

2
whero, if hj =lp = 0 , on additional tern -{}—‘f—-g- f rif(et)dr? is b
] 28

be edded to tho rirht band sido of (G)e



3.

Gs dho sphore 0< r <. Instantancous spherical surface source of

strength Q ab r = rt ot © = 0, Soundary condition 1~ -!»hv 0, vhen r = g,

Putting v =1w/r tho squatioms fer u are

X z. ‘
au . K-a-é;‘v, osr<e, +2>0
ET 3re

etV eGP eOds Beo (1)

1;%.‘%.-5. ( -—-»%;’-)uzo » T=8, >0

s usual, let u:ul»%-"w.

‘ 2

- {pept )o/a - (et fi) ‘

where 0y =- Qe { (r=r?) /"t - Q,(NT )4/ "t] .
x‘l‘rrr,."(th:)d ‘ :

edvhero w is to satisly -

v é.zfi t ,
5T K 2 OSr<as, £t> 0,

with lin w=0 .
t>0
The subsldiayy cquation for w i

d“w
- =0,

and & solution of this which makes W finitovhen r=20 ig
= A ginh qTa
Cubstitating in ’(1) this r?i*es

fat e ) = 1 ] {0®=¥" L -q(a-i-r')}
BTT’KQ &-"G oosh on b (0.1 - ‘_X_) Slnh aa

Ao e

Ioco wa bave for PP <P < B
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=_ 0 sk or'[(ah «X) sivh q(o-r)+ kaq cosh q(a.-r)] vees (2)
Zrricq elq coth qa + (eh =Iz) sinh qa
Thug by the inversion thoorent
y+ion .
V 5 e J o't Em,ﬁr'[{aﬁl-k) sinh p(a-r)+mucosh pla=r)| an
Eréir's Jy o0 sl pcosh pa + (ah=1k) einh fia

sess (3)
Let 51, Eos wee bO the positive roots of the ogquation
k£ cos fo - (ah=k) SIn £8=0 3  erecssccsccscess (4)
i% is Imown that 1o roots of (4) are ell resl and si-mic¥,
" Then using tho conbour of Fige 3 it ::.s found that tho line intepral
in (3) eqw.lu 2T ‘Lﬁ&ﬁ 'tlw sun of the reciduce ot tho poles
N=w kf.‘s’ s 8=1, 2, see There is o pole ot A= 0 unloss h~ De

Low

d S ! - ] ki ' -
[a‘x { o ot pa tplan-n) swhped | kEE

_nosafgrazen o
= Sy 8- §S+ms(a.1 Br)‘]

Tenos finally

X )
u_ . Q Z (a.‘»« 1)“ + a” g , ‘ - xézi;
%P T e I3 e 8 39 iri ot . 8 5

h:od 2 ary? 3 az EB 3 nh(&v- l) s r'g;ﬁ gin ¥ gﬂ? 2 » (Q)

- L o0 o - 2 3 Ml
i 1 h=0 o torm i is %o be added to the rishi hand side of (G).
: dywed

- .
c olay Pe 137



33.

7o ho sphirical sboll o< r < bs Instanbsnoous sphorical surface

source of stren~th N ot v =1r! at { = 0., Doundary conditions

L&g‘}“hlv:() ot =8, and kag,‘}.}.hzvaa’ men' r:bo

Patting v= u/z' we hove @ solve

b2
AU ., A a<r<b, E>0

- 2
L 62:'2
I:l .(11 +-—=-)um0, r=a, %>0

1o
Iy 3”~;~(h ».ﬁ.:."‘.}a:o. r=%, t >0,

Pulting u=1u; +w,

o o Cemrt )2 00 a-(!}%?’)z/ék‘b]
B et (rrt)id ‘

[rale=l L rater) ] |

vhera 14 =
' 150w r'xq

W= A sivh qr + D cosh g
ond tho boundery conditions roquire

A {bkzq oosh qb + (bhy - Izg)nizﬁl qb} + B {bkaq sinh qb ¢ (bh, = ky)oosh qb}

- - =q(b-r?) s-q(b-rr')]

¥i8 {&1{1 cosh qoe (Al 41 )siru m} + 3 {9331 sinhh qo = (ohl-:» I:l) foshi qa}

_ ~q(rt-a) ; N v =g(rta)
= m{(ﬁﬁé ﬂ'hl-L Jo. - (eL L ak ey I de .

uolvznf' for A cxd B and substituting we £ind thot vhen a<r < 2!

4rmricg Alg)

U= ' [m:lq cosht g{ren) + G sinh gew 9.)}

% {bkzq ool q{b=rt) + I sinh cl.(b-a r')J s ven (1)

-

vhero O = L‘:ﬁl L0 1:1 s e bhﬂ - IZE " o.o-nooooQoﬁat-ooot'oonnbsooocn(?‘)
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and  Af{cg) = [abkl!j;zqz + III] sinh(bma)qu-q[al;lﬁ+bkzia sosh(ben)y , (3)

and wWhen r'< r <b we Interehanrc r and p' in (1)
The poleg of 'ii'()\) ore A= e Kgg s Thoere iég s 8=1,2, “_’
ara tho roots of

o= vy P stn(oee) o facg s bvigg] coso-e) =0, (@)

Also iT Loth Dy end Ly are zero A=0 i35 a poloe
Tow |
4 7{ KA 0‘3} - (-0 (eZ5E5 + A (PEES+ 1D+ (g e (it a’~k1k3é§)
' A=wk EE 26 (G - bk, £2)

‘cos (o-a)g

Using this rosullt we have finally using tho iInvorsion thooro: with

tho contour of Dine 3,

O ‘n

v=:rﬁ‘”;rﬁ" ; 3 Ils(r)Iig(r') » TASREEEESEESAEDINIIORES (5)
g=1

vhere

@ + v z:“é“) ot £ (rnc) + ol € con & (e o))

{(bo :E'L) (B. 1 (“') (JU’ ,.,éa Je ")’5" (ﬁ«ﬂl{l‘r bl 0) (f_ 14- Z‘.OI’} éz)}
ves {6)
iz to be added w the right

R (t‘) =

50
4w (13 - a%)

I, =h,=0 o tom
1 =

hand side of (6)e
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8, Imstantancous spherlcal surface source ol strensih O over » = y!

ab t = 0 in the reogion bounded internally by r = a., Dloundary condition

kg-gw hv=0 ’ whon r::a.
Putting v =u/r the squations for u ore

u a“u :
Do e K G r>a, >0
3% 2t 7 !

or
3% . (h+-—-)u=0 s T=o, 4>0.
o .
Lot as bafore n=Uy kW
DL -(r+r' g
chore b, = [ = (rrt)’ / )2/ ]
Bwr'(th)~

T o=l ! =qrert| _ fq(zi.g.rf)i!
and v = d"’r'Kq 8

Thea o osolution of the subsidlayy cquatlon for w, finitec ar r—>w 1is

- -(j X" . g ; .
F=do o s &nd the bounlary gondition at r =e rTeqiros

| g (ste et
{[@q'ﬁ‘“k)*’ Alr'=8) | (o 4+ alesr )}

Llpkg v e +1)e” =

L}Tfr'Ka
Thus
T ol ~qlr-r'| q(rar'-?a) 2(5&' + k) a—q(rwf-r'-:aa) ] (1)
Bwr'xq " akgr bk
Ing® Y ”
e { Pyt “ Akt - "'uns‘l 4‘ ;
- o {‘(r_r)/xt+a(r+¢ 20) /vt
Brrr? (k)
2 ,
ah -+ ol - »-7” T+r¥- 2a4
- 2 a}» *03@[ s ( & RE g) ] g
. 0 ( ‘-(r-r‘) //'_K’c ~(p2-r’-ﬂa)"/4h'b
Sret (kb ) )

- 9};&?!‘(&1‘,"*;) ‘GXP KJ (_ -.. f‘k) - (r.‘}‘r" z&) Eul+-:J

s
\ X orls Mi}(ﬁ%’ MM \/(K“L)}

" . ~ ) - )
Tor tho roduction sco Corslor cnd Josger, Fhile Ing. (7) VT (1933) 473, 8 4.
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9. Tt has hithorts bosn supposed thed nono of tho constants in #ie boundary
conditions aro mojetive. IT eltlior of both of hy/ley end hofies (or 32 there
is only one bounding suriace, h/i:_) is 119;39.&1;5.?9819 boundary eonditlon is of
o physical intorest sinco it Ioplios that tho solid gains heat st this
curface st a rate propordional o its ﬁ:a:zpommre, but tho offoct oh
mathenatics™ of tho solution is worth brief monsideration.

Consider thc problon of 8 1 ¢ 4f both hy/fiy and hoflzy were positive
tho cxprossion & 1 (2), nanely |

(lgkq P2 + Ighg)sinh if + pllghy & kohy Joosh mf

hed no roal zero (sovo ,~ -0 which did not give riso to o pole of the
integrand of § 1 (1)) |

If Iy = hg = 0, A= 0 was & polo of tho intoprand of 8 1 (1)«

If eithor or both ol l;lﬁ-:l and }ln/}.’:ry vro negativo therc may in addition
Le poles of the intoprend of & 1 (1) for vonl positiv: valuea of A » The
exact romilss era as follarss

(1) 22 woth 211/351 and h »/ o are negative thers cve either one or two
positivo goros of B 1 (2).

(1) if 111/.’:_-,' ig nepative, soy =<1, writing hz, = hy Azg e find that

(iia) if T3> hé thero ié one pogitive cero of € 1 (2)
(iin) iv < I"t:? thoro arc one or no positive zoros noeording
12

7 7 ‘

g e =e < A oo > T,
lil - o0 < 0 D> 9
“

® 1 my bo yomexrlod {hot Lowan in negcml pBpors ic:;u. Sull, Amor, Vath. Soce
44 (1032) 125, ibid 45 (1939) 310] has unsod houndowy sonditions of thism Lype
without gpecifying tho simn of tho sonstants, 1hiolh sonetimes have to ba

talon > 0 , and sorwbimos <0 4o correspond with the physicrl boundary

conditions of Conduction of Ileabe



Since tho path ( Y=io, Y+ic) of the Inversion "heoma in to
hnvo ell the singrlaritics of the integrand to its lolt, m positive pole
At
A= 7\1 of the integrond will sive rise to a tor proportionnl to e 1 .

i.c. exponentially incroasing.

10, If we considep the problem of § 3 with nesative L/L we obtain the
wollelxzowa results for Dini corics.
It is Imowm® that if b/ is nosative tho ocuntion B 3 (3)
1 ekJ (u.o\) hJ, (ac) = 0
‘has a paly of puro inaginary goros, sey L if. Then the integrend of
IE 3 (2) has & renl positive zero K[S“ I eddition to tho rosl negativoe
ZOros aKoL‘;f: » &= 3.’;2,."

o
The pola A= KR~ gives o contribution to the result of

e

B SPE I(ep) I (x'B)
a (2] <5 .
Ta o2 (9,/3) - 13(&[3)

Combining this rosull with tlwse of § 5 we obiain tho expaision®™™

for £(r?*)

[» 9]
- 2 ‘0(!'“8) 1 ] ? LIS
£, 02 ; 32 (eoy) + Jl(ams) f : f(r ) Joletagdixt = olE)

i

whors B(r) =0 i bAi> 0

H

-
e r'f’(r')&.!" if ﬁ: s
ﬁ

e Tpm
ra Ig (s.[&) - I% (&P)

&

Tt (et)art , 4f 1w/ < 0.

B -
;z.Bg;"g 'ﬁ 15.25

R B 8§ 1043



CHAPIER TIII.

HEAT CONDUCTIOK IN COLPOSITE CIRCULAR CYLINDERS.

The conduction of heat in composite linear and spherical solids
has been extensively studieds.  The object of this Chapter is to present
some results for circular cylinders of two materials;' it is to be

regarded as a sequel to two papers, A problem in conduction of heqﬁ?,

and Some two dimensional problems in conduction of heat with circular :

symmetrxf, wnich will be cited as I and II, respectivelys The mecthod -
used hore is that of the Laplace transformation as developed in thé
paper I, which may be comsulted for & fuller eprsition; the solutions
given here arp'fqrm&l,‘the vorifiéatiqn that they satisfy the given
differential equation and boundary conditions is discussed in Appendix I.

The algebra is complicated, but is grcafly simplified py the
systematic uso of cylinder functions; +the principal résults ﬁsed
are collected in § 2.

lIn § 3 the hollow composite cylinder with zero'ihitial temperature
and boundaries kept at constant temperatures for + > 0 is discussed;
in 8 4 the cylindrical surface source in the hollow cylinder with
boundaries kept at zero; in 8 5 the corresponding results for the
solid composite cylinder are given without proof. A brief discussion

of the region outside a circular cylinder is given in 8 6,

= Carslaw ond Jaeger, Proc. Cambridge Phil. Soc., 35 (1939) 394,

* Corslaw and Jacger, Proc. London Math, Soc. (2), 46 (1940) 36l.



2+ It is convenient to introduce functions defined as followa:
D@y = Iy () (7) = Bo(x)I, (),
Dp (%) = :

:::f D(xy¥) »
vhera for brovity Bl(x;y) will be written for Dl,t: (=5
These functions are connected with the oylinder functions
Clxy) = Jo(=) ¥ ) = ¥, )3, &)

C(zx,y)

Cr g(xs'.’?) = 2
S axr ay®

Ly the relatlions

D(ix,iy) = - %‘J-rrc(z,y)

‘r+l

1 D glixty) == w0y g(%e¥) o
Tho i‘ollewing properties are trivial

(xy) += (x7) = Dy, g(xy) =0

r+2.s x r*l
Dy, g2 (To¥) + 8 +1(x.:v) = Dr,g(my) =0
D(x,y) = = D(Y.x) |

Dy, 1(my) = = bl(mx}

Dy(mx) = 3

D7) (%) = Dlx2)0; (0¥ =3 Ds,y)
D(x,y)Dy 3 (xs2) = D‘ 1 (=2)D; (x7) @'-1- D3 (z,7)
D(xsy)Dy 3 (=) = 1(x,y)91(x,y) “x":f
LD, (5y) » 1 =)D (xy) = 'x‘f o &7)

I, (x)D1(ys2) = Io(2)D1(7,x) = I (7)D(x,2)

I, (x)D(y,2) + In(y)D(z,x) + In(2)D(x,y) = 0

59,

(1)
(2)

(s)
{2)

(6)
(e)

¢9)

(8)

(9)
(10)
(11)
(12)
(13)
(12)
(15)
(16)

{17)

Tequations (15), (16), (17) are vnlid also if tho I =are replaced by K.
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3¢ Yollow cylinder of one material from r=a to r=1b sndof

snother from r=%b to r=c. _ The initial temperature of the whole

zoros _The surface r =a lept at Vo, and r=1o at rero, Tor € > O

let the tomperaturs, éanductiﬁty, specific heat, and densiiy in
corresponding quantities in b <y <& be va, Kp, 0p, Po and Kae
Then we have tﬁ 50 lve

13
Xy o127 a<r<b, t>0 (18)

“1¥3.2 ¥ T )“

afi-z-i%*i::z 331 ber<o, t>0 15)
with 7vy=1vy, r::b, £ >0 (20)

K, o ::1 Ry =2 —£, r=b %50 (21)

vy=V, r=8 >0 (22)

vp=0, r=p5, t>0 (23)

vy =0 vhen t=0, (a<r<b); vy=0whmt=0, (b<r<o)s (22)
Tultiplying by o°P%, p >0, intesroting with respect to t from
0 to oo, mnd writing

o
we obtain the subsidiary squations
% g
&rz‘+”ﬁ” - g3V -o,.a<r<b (25)
87, L5
to be solved with ¥, =V, /b, r== (27)
vy = T, r=5% (29)
dvz

Klar s r=b (30)
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2

o
whero q‘]‘_ = P/ Kl » Qﬁ = 'P/ Ko e (Zl)
Tho pencoral solublion of (26) wilch satisficg (27) 2

= Vs D(rqi,tq;)

+ 4 D(‘ Lo 2PY 323 ) F
l I’ Q(aq":uﬂlj I §
cad tho peaneral solution of (20) which cotisfiocs (23) is
T o= 3 b,
7p = 3 Dlragseqy)
Deuations (29) cad (30) then requiro

A D(bq,,rql) - B 73(bq,,,cg2) =0

EqVg

Lp (”‘*Qlab% )

b

<.

uol".nj; for 4 and 3 ond sabotitwiting, o obbtain £innlly

m(‘n"} { gt 1(°°!1'f‘“w)-)( 0e07p) = xgq;,f’(bqlo‘rql)ﬂ.(bqg.c.qz)} (32)

o

— ey
v, = m-j»u—q.- D(rqﬁ’cq”) s (33)
“ twalp
vhoro
a(2) = Zy0;0; (043,007 )8 (B0gaCas) = Kpqon (5090807 )0y (ban,cq,) (3¢)
Yo oraluato vy wo hove fron Hwv dunversion thoorca Lor 4ho laplaco

Traasformntions

V.
2 tj.;'ﬂ'..?_l)

L v 2] D(?
e [ Feacfa) gy . (35)

i AA(N)
¥ =i

S P2y _ A
The Intogrend of {(05) hae simple polos ot A= 0 od A= e Ky
= 'g* - i ; ~
feilerys] "'°(r:, s 8571y &, eew 5 0rs tho rools of
51101(’;‘)‘&,&4)9(«1‘3&,:(04) - KZIBC(bA,ax)C.; {Kxywoa} = O , ‘a7)

yhoro k= o/ ("1/"2) . (32)



4Ze

Consider the integral of tho integrand of {36) talen round
tho contorr of e 3 eonslsbing of tho 1ino 1D distant ) from the
Imasinary axls ool porbtion of & cirelo U thich does nol Dpass thyouch
any polo of tho intogrands  Tho dnbogral over - teals to zoro® oo
ites rodins tonds Lo ind ::1:;.%:? o oopocoonee of volues woich uva.d

r’um
poles of tho integronde Imis ho f : . in (3‘(3) nay Lo :m;ﬁacca by
2ni  tines the sum of Hwo ros#c_ucm u.f :»m poles of its Inbtosronde
Tho residue et A= 0 is

b 1or{r/c) (38)
TR T

%o ovaluato tho rosidug o M= e Kl-« g o hovo
V) 2 e DG opgaot)
* By = 15003 (0pqa0pg )0 (oppactn)
+ Cpo {»-Jul Dy, 1(Pnsepa)Dy (Opgepg) = Zopst(bpgaapq)Dy, 1(b{~<§,0(~*>}}
+ap {o f—;i?(bfx—;,cpﬁ)ﬁldl(bm,am) - .‘xt'i/-'ﬁgaal(bf‘?,Elf‘l)nl(bl“o,cfkﬂ)}
(40)
ot vher A= = Kq <5

ZopaDy (L‘Aq,elup) D(Qﬁn,sﬂy) L(Kba(s,m-tg) I.MKC-; (Kbu(a,,KG %)
islﬁjﬁlﬂbrl’ﬂ‘uﬁ J(b‘“?;ﬁl‘kl) (:(i}o(a,&&ﬂ) L.-iC-, (b( ,&n( )

= 0, ShFe

(21)

#®
TPopr doteils of the nothod of proof soo I, B Ze



nirofusing this in (1) ond using (14), we oblain

aa(ny] 21 ) 5
[A '-“"“"“‘"a) i FJ(,; "i‘h “*5) ad (bh,&rkl) “hb(-;'! “O)ft (I ' AO)D (bh,af‘? )d,
T2 .- K(dg ::‘a‘ -&g
i q-\ A:: - Kldg
- - (c2)
= zb;ﬂw (a(,.)u (Kbd,,,t(o.( 3¢ “":s""*"g) 5 2
vhore
, J e ,
L =G (Ka& pecag) {%— 7 (4 < ,eguz:?)a(gc“(ms,axﬁ)
& O(B p :; & 2
+ T Zq (g = 5 “10""8’9‘“‘”) + T,

- Ha(}g(uxs,axa) . (43)

. 3 2
g the e sic’h*o of the intogrand of (33) st A= = w«y is

AZI‘,,e “* G (‘(krarﬁ,xgec )U(Kbxﬁ,mcx ){,(bxr.a,( o (x&} . (24)

Fron (39) end (44) vo lovo Sinally
iy ’D"(I'/Q)
‘Vz = V !
-xl IO”(b/G) v I o 7\)’“(1)/8.)
@D
- K t _ \
L S HONTN L 3 iy *3 ‘C('f!'a(a,KCa(G)C(K":)a(B,KCd_s)C(bo(s,gﬂ(g)l‘-'(o(s) .
I the sane wopr we fird fron (32), using (12),
=T, Ty 10{;(;;/0) - Iy 10~(m/r)
17 o T IosUAe) = &, og(h/a

45)

™ Aed 0 e(nb A 3 -
T, 5 07 T ol )0R Mg o () (45)
=1 ,
Tor tho somo problea bub with ro= o maintained ot zoro ond

Yy for %> 0 W £ind i plecs of (32) exd (03)

r=a o3
"
V= - At D{x qys0ay)

ack ":ri o . ) - ’ ) .
T = ey { TaapP(Oagera)dy(bayeaa;) = TpaP(baanap)ly (agerag) |

-2 ORAS) A (:)) is S." Ton 4. (v_) s -“;CQQG

LWABTORACS



"9"1 = o ’v’l Kg 103(!‘/6) e
Ly ton(p/fe) - g lo(o/a)
oo Ky & ‘
SR ¢ :‘1 Ve o 1s® C(:!:'a( N-E i1 O g ) (b« g 04g )i (a( Y (¢7)
el

) lon{b/r) = I, log(b/a)
2 1 R (B/c)~- Lo lou(o/n)

gy 5_ 0 TEY Olara proag)0P (e, a4g)T(4g) (e9)

theroe tha *g aro tho roots of (37)e
Tho solution for tho uyl ndor AR r=a maintained ot Ve amd

r=e ob Vg for © >0 isobicinod n,,r adding (46) to @7) end {45) to (48).

de  Follow oylindor of onoe malo vinl fron y=a %% r =71 nad of shother

from r=1h 4o = ce -The gurfacos r=a anl r=c lept ab zexo

'

for L > 0. An ingtonboreous eylindrical sorfoca sov urco™ of gironnth Q

ot t=0 ovor r=1r' o <r'tb

Tiore 44 1o notobion of & 3 we hova to solwn (12), (19), (20), (21)

with v, = 0, wwm r=o, >0, (290}
and vy Sy P Wy o : | (51)
- . R 2 t I - ey
Yhere R “1{' cxﬂ[ N )/ Ko vl& 3 K 'b) (c2)

and 's&'l satisflico
)
Ay, - ATy dWY _ .
{. B i) == £ ; 0 53)
kl‘bgﬂ rar)"hi‘; ] <r<b, >0 (03)
pad é‘%’% =0, o<cr<h (s4)

Tho rosult follown fron tntson, Thoory of Ioccol Divotlons, B 13.7.




- Q e Ly i L3

=z 8 By (r'qI)Ea (rql) s r< Y .

Ky

fho gabsidinry equations, formcd og in § 3, oro

—2ei o, =0, ber<eo (56)

ﬁ+lfﬁaqﬁlzﬂ, a<r<D {(57)
des
-‘Fa'“’o* r=c (52)
?l::(} » = o ((539))
'171::%'2 s = b (C0)
B Sen, rsb, (o)

whoro a3 and as aro dolined 4n (31)e
Tho solutlon of (56) sobinfying (58) is
T, = C0{rqu0q,) o ‘ (c2)
La sciu‘cion of (87) wo talo
Wy = iD(rqy,bay) + BD(rqystgy) (63)
then, using tho value (55) of Wy , (569) roouires
» ;“D(agi,isql) 4 ‘ﬁ‘_{;)"‘;z IQ (aql )XZQ (r‘ql) = 0,
ed (€2) ned (61) give
cD{ogy,eq,) « n0(bagangy) = ?;%;; LARC TEAD I (bay)
a5y (bagscag) = F3ap70y (bayeaqy) =%‘§% I, (r*qy)(bgy) + ,,,}3_)-.{‘. .

Solving for Ay By C and substliuting In (62) and (83) wo obtain on

roduetion

(G4)
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vhen & <r<r'< b, (65)
mdvhon a<ri< r<b o dnterchayge r and r' In (C5).

Proa {(64) end the Trroraion Theoren for the I.a lace Transformation

+Loo
. QB 0 an n
Vo "m ) D(r'f‘l’a{“l )D(z-luz,cﬂz)-m . (63)
y =i

whero ag beforo /Kl = -\/(A/KE) s /&2 =/ (N/KE) .
Tho imborrond of (C3) is o sinsloevnlued funetion of N with simple
polos ol A= e "1"‘§ vhore the o ore tha reots of (37).

Thon o8 in B 3 it £ollows that $ho lino dntesral in (68) oy be ronlacod
L7 Svi Gimes tho sum of tho resliducs ot ﬂmu‘ polw. Theso ero imredioctoly
cralunted on usmb (42) cnd o olinin
- lvgzlgf, Z «Ze mealab ) (o(a)u(oxs,a«a)c(r’ds,ms)e(nbds,xéxs)c(xr«ﬁ,nca(s)
o=1 '

(67)

Ve &2 et
[ 2 46;

$3m1lerly, from (05), wo chinin, whon a < v < ¥l
w0 2t
1_0 - N
vy =57 bhg‘, Z Mg-a 1 l(x g)C (Dxgatid )G(re(s,axn)(,(ﬁ; ,KO:(B)
{IulC(l('ba( 2KCK )Cl(b“,.,r’a(a) - ?rynﬁl(s(bxs,nﬁo( Yo (b« ,I"d )}
This boconso, om US inﬁ (41),
[

3 -k
vl f’i“: lILZQ Z &g e l B -1('( ){x(r’( ’E"( ) (r X ,ﬂl( )C (‘(Ja( ,Kcl(cv) » (C‘q)

cod this, DBeing 5maatrical in r ond pt, holds for both o < r< !

ad w¥f< r < b

Tho solutlon of tho preblen of wn Inctontoneocus eylindrical surfoco

sourco of sivon-th Q et r', b <r™® 335 obiained in the A0 AT




&7,

Ve find
0o

— \;,..S

vl“

D{r*q.s0q,)D(r (62)
Zergh A(D) ( Qoo QG) ( ql.&ql)

- Q?’ (ﬂ{z:cq"f)
2" a W ko A (‘))

[zqqﬁ(bql.am )'Dl(uq‘nr C,{“) - hlqlDI(bqlaaql)D(qucr q )"‘
vhen ¢ > >7r' >b, (70)
wore a(p) is givon by (34).

Then fron the Invﬁrulon Shooyon: we obtain
| nQEEg & iy Bt

Ty = - g = és;-:]. o LBV a(““(o( )6 (b« L2 Doty b1y (rx 20 )G(kr’«s,koxgu(kbazs,mo( )
B @ . (72)
wiisky T - g XY o 2
T, = - T;; 34:_1 gggk L's® - (,,(s)c, (zg,(s,g_a(s)c(era,xcgs)c(xx'*ds,wco(s). (72)
If we put 0O = 2#Ff(e)ar? in (67), {(G3), (71), (72) emd integrate with

formally
vospoct ta r' fron o o 0, wo obtein/the solution of the problex in which

tho initial dorporature of‘ tho eylindoy iz £{r) and tho surfaces r=28

end r = ¢ ovo Lepd ot zoro for & » U  Aonusing that £{r) is such thot

thoe orders of inlof mt.wvz and surrabion ooy be interclmg@d wo have

v;_ = ‘;jv u};m Z alg *"‘3;’(5{: "(0( )(’(u FRre '} ‘f'< LY akw‘ )u(‘n) (73)
: 5:1
_! nK 2 ‘
Ty == 50T Z w5t 1(« )0 (b0 )u(kr« g<0x)B(<)s (74)
shors |
S( ') - G(Kt}’(sg‘(G‘ )f ‘“‘(@')C(i"&,,,J&E)uZ" %qg-——]i}(b )ﬁd;)j ﬁ(rbc('(r'o(&‘xﬁds)aﬂ
i}

(75)

Ga The ecomposlto colid eylinder of ono material, 73 25908751 Kqs fOF

Os¢r<a mdol rotlIor, Vn,llo,Cos Poskns for &< r< De

i

tho rosults em'mszgandin;‘; t3 those of 88 8 and £ are as followss

(1) Initial topeorcture zcroe  Tho surfaco r =1 kont at V, for t > 0.




e
g N~ - K 2 .
=Y, “”'I{%‘fa él o 1¢Eb Jc(raza)-.?o(axs)c(m%,xbxa)?l(ds) s (76)
< ,“Kl <25 2

Ty = Vo + w57, Z ° s J (840 (it 1y bty )Ty (<) (77)

were Ldg, B=1, 2, ess , aro tho roots of

13 (200 (ctutyib) = g, (0.0, ey = 0 @
whoro K= \/ (,“j/“z) ’
and
V0 1&): T 9,".(“02(«&.4 'Kb&s)ﬁfz(qu - xl)J‘“ (ax )«3»&&1(“1 gsz)-lga(a%)]- :mJ (a.ac
(79)

(11) The surfaco ¥ = b lept ot goro for t >0 _ Instentancous oylindrieal

surfoco sourco of strength: Q ot =0 over r=1x!, 0 <x' 2o,

- @ ey | ' |
Ty = %WQKIKZ é}a(ge 1 5 "-av(r"":s)"g ‘(rxs)ca(kan(n,&og')ﬁ’l(«8) (80)

1 ' & iy 5t
Vg = = TR, Zi xge 1%8 ,“Jo(rua)ﬂa(a.xs)(}(Kaxn,«bxs)c(«ro(_sik'bds)Fl(xs), (c1)
* =

wherc Ty(«g) and tho <, nre given in (79) md (70)e

ws

(111) Tho surface r=1D ’L:api, at soro for © > 0¢ Instantenoous eylindrieal

surfaco az:mrm of stronth Q@ 8t € =0 aver r=r!, o< r'< U

é
ﬂQh K o w“ <Lt
V. o= 2“1 Z 2. s 3, (&,(S)Jo(!'a(a)ﬂ(‘(r’,(a‘l(ho(s)c(KB.AS'KEO(E)Fl(JS) (c2)

1 4 KE p’!
WQL{okl -k {; .
Tp @ = = ; <2 s J- (D.a(,‘)b(KI’a(S,KDA( )G(‘m s,nldﬁ) Tyl<g) {c3)

-

(iv) Tho surface r = b lkopt ab zoro for & 5 O0e  Tho initial temporature

of ﬁle @olid f(r). Here the formal soiutlon is

. ,L -‘v- -
‘E'l i ';:!’:f 7"2}{1;{0 Z 0( " ‘Ja (r‘g)c("a"(st“b"(g)?l(*s)gl ("(5) (84)

,,

wk dld?-

e
E « “a
1;;'2 ‘a’ ulf"q

J{} <& %)C(Kr‘(sik‘bdg)?]_(*g gl("s) » (85)



TR

. a‘
whero (}l(e(s):C(Kﬁ(s,Kb&a)f o1, (o1 Jar?

1
(Y '(
+ ;;) 1 J,, (ady) e {r )0 (kxr T« gy kb )dr® . (co)
1 £ Es

Ges Tho ropion bomded internally by Lhe eylinder r=a. Iron r=2an

to ¥= b the solid ls of one matorial, vy, Fi"’liglj“z' :agc; ;t’for r> b

of prothor Vg,fosCnslo,kae

(1) w0 surfaco r = o raintalncd ot toporature Ve for 4> 03 the

1itial temporaturo of the wiole sors.

Proceeding os in § 3, tho Loplaco Tramsforng of the Layperatures in

o <r<h and r 2D respectively cre foumd to be

‘Vl = ;Z%P‘T { Kl‘nﬁg (qu)El(Oqlarql) - Kngxé (‘bq‘?)ﬁ(tqls‘rql)} | (87)
o 82

3 pbA(p)hO(rq ) x _ (32)
whero ‘A(P) “‘qul (BQE)ﬂl(OQlDan) - Eo V(an)Dqul,aql)p (GO)

and q =V (3;’/"1): ay = /(o/kg)e
vy and v, 8are detornined Qyori theso by the use of tho Invorsion

Theorene This gives
Klva Y4+ioo axb
Ve 0 e . . ite . ¥
A T o » OBk (90)
=i |

whero fq = "\/ (’\/ Kl) » /“g = ‘\/(A/ KQ)’

4

8 _ g
c
F E'\
¢ S
A

Fig.-?.
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Tho intogrend of (90) has o &wzc!z point at the origin so we use
the contour of Fige 2 eomsistiag of tho lima Al distant Y fron the
imapinnry axis, srog AA'C and B3'F of a-cirele I wioso radius I will
tond to o, tha linog CD and IF on vhich ergA oguols « ™ and W
rospectively, and a &nll circle sbout the oripin those radius € will
tond to peros he integral over M tonds to gzore as tho radius tends
to infinity®, /,lso thore are mo polos of tho intogrand within the
¢onbours Shuo the line integral in (92) oy Do replaced by tho 2inits of
tho intorrals over €D, L7y and the smnll cirele ag R0 and € 0,

Tho &1l circlo pives Ve |

On CD wo put A= Kluzm ~i and o1 DFy, A= k-lu?ehr mnd we obtain |

f?*m..ly‘

1!1%
0 1 {45 () + ¢E(11)} [ﬂcl(butml)c(‘(butkm)'ﬁinkn(bﬂ,ﬂ-d)cz(kbu,um)l

(91)
vhere  ¢p@) = Tyd, (<bu)C, (b, on) = Kpdd («bu)C (bu,an) (
' = {92)
¢ (@) = K7 (m)Cy (b3,am) = KE; ¥ (Kb )C (bu,an)

and K= \/(“1/"8) .

Sirdlarly wo obtain

w2 2
v, = v, + %}—2;2.[ Pl L) T ¢(ru,oun) g (03)
“pe o cpz(u) 4 \pz(u) a3

(11) o cucfoecs r=on madntadnod ob soro for & > 0. An dnstenbancous

cylindrical surfacc sourco of strencth Q ot t=0 over r=1r!, o <r'< b,

) r" skt C(rtu,on)C(ra,m) dn (58)
LT T & o g(a) +t]f‘(u) e

® For o ncL d of proof and o more dotailod discussion of the

procodure of this sochion, oo I.
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g “'K-—lif -Klu t C(rfuow) X(f’u) . (95)
$P () + 4' ()
whore  X(rsu) = I,C (Kbu,Km)Ci(ba,au) = E w0y (kbugrau)C (bu,au) , (95)

ond P () end  P(u) aro dofined In (02).

(111) "he surfaco ¥ = a raintained ot goro for t > 0. An instontansous

cylindrical surfaco sourco of sixensth 0 at £=0 ovor r=r!, r*'> b,

£ KlQ, @ 3l<1u2% G( )X( ) :
b ader-as [ o - rpa) X(eten) 4, o)
2% ¢ “) ”‘4’ (u)
e r ’K?”‘%’ ‘X(!'au) \/(r'u)
TR | 08
2= 2 Ko o 4) (u) _}_4,2(!3) (o8)

(iv) Tho surfaca r =« mintai.;cﬁ at zoro for t > 0.  The initial

tomporature of tho wiwle £(r)e It is pssumod thet £(r) iz such that

tho orders of Intesration mey be dnterchanred.
00

FA i - 2 ;

v = .j:lléz j o kKb (,(m,a 1Y) ) %}, (09)
i O

o]
® ‘

24 2 :

v, = & s‘ erKlu k¥ ‘QAX(I‘)L)‘) — {u)dn , (1\35)
i P ¢ () + ¢~ ()

whers

D b .
aa) =J‘ et {rt)C(rta,on)dr? 4+ ::-.-(l u f rif(e?) X( tu)det.  (101)
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SOTI IONT CHIEZDAL DOVLRIRY COUDIRIDIS OF IRACTICAL ITICNTANICD,.

Tho usuel bounduyy conditlons of tho mmthamatical theery of
Conduction of eat sxre of 4ypo
an
1.0, conctant surface torporatiro, no : of hoal, or rodintion. In

.

iy practical problene rore poucral bomndary condlblens cro cnesuntored

~

Y

which may easily Do solveld Iy tho lanlaco tromsformntion imilods  oome
of’ these aro studied hora.

Tho £irst 4ypo of provient considered ds that In vhich heat is transforred

fron o surface by contast 1Ath kmown mags of woll cbirred fluid whihh ray
ftscld bo heated cr coolcd in somo wayy I1f tho stirring dis perfect tho

offect is that of porloect condustivity end it ic o omphosizo tho source

a3

of tho prodloms tiot Lhe phrase "poriectly corductiig; £1luid™ is usod in

The probleng consldorad aro oll cno-dinonsional and are intended oo
a prelinineyy study to twedinonsional problomg of enpineoring intorost,
Tho soccad typo of problen is that of preseribod flux ovor a bowndory,
this ‘muzlr’a.r" condition is not of ruch inteorcst in cozmdusiion of Lionk, but
ig of irportanco i the -L.lcm‘ r ol ¢ho Llow of -':‘}O:.‘;px‘f:sﬁiblé Liculds throush
poyous nedise  ihio constent 1ino sourco iniated at t =0 in i ~inite
modiun 3s discussod Uy Yhds moliod In 8 7 and in B O & probloa illustrating

tho retiod of treabamt of 4ho econstont line source in a roslos with

coaxial cylindrical boundorics.



1. The rorion bounded intefnally by the eylinder r = a dis initially

&b unit torporature. The reglon r <a contains perfectly conducting

fluid of density L' and specific heat o' initially at unit bemperature.

Jor >0 fluid is reroved ot a roto O cece per sooond per unlt longsth

and replaced by fluid at zoro.

e have to solve

2
¢ , 1ov 123w

P AN AN ; R’ 4. >0
3,.2*:'31' K ot * r>a, t

with Taf’c'az=‘ﬂr&"‘3v-—QPc'v. r=a, t>0, N
ihe subsidiary oqnaticn is
W& 147 1 |
o, 14T ==y, rsa

with ragf"c'p'\'r' - vazf'c' =2mwa K g -Q pPlo*v , when r=a.

: 1 Ko(ar) Ssscsnes 1)
Thus '52'--« > P{(l +x8%g%) K X (g0) -'ﬁ&q (qa,)} (

wore o« =T/, A= 2Ti/ple.

therolore

. f" ~Ku't
1 e Zo (i) 2au .
V Sl - ' w» Conjurate
iy um {1 «02u”) K, (iau) = ifau K&(iua)}

J B-ixuzi: an  (Leaafn®)C, (ur,ua) + gau[J, (ur)¥1(un) = ¥, (ur)J, (ua)]
LA u l_(l- «8ful)J, (ua)+ &&31(351)] 2 El '“ﬂ-gu“)yo(“g)*ﬁwyl.(au)] &

vess (2)



%

2. Tho reozion bounded oxternally by the eylinder r =g is initially

at zoroe At r =8 il is in contact with mess 31 per unit lensth of

perfoctly conducting fluld of specific hoat of i;:itiany ot gora.

For +> 0 fluid is roroved at tho mass rate n por unit length per unit

timc and replaced by fluid at Ve There is no external loss of heat from

the ness

o have o solve

v, lav _1lov 0osr<o, t>0

with ot 3:5‘ ore 1&3 ’*I",ZL’(V 'Q’) 2 roHE £t>0 ssaseses (1)
and v=0 when £=0, O rga.
The subsidiary oquabion is

S r<a
dl‘z Q N
with 1e'pr= = 27wal %‘- ﬁ%:i - mo!'v , when r = f.
VI, (gr)
Thus —'6:'3 sevesnseseeemace (2]
P {(1 + .{m) Is (qa.) + kag Il(e.q)} :
whero A=1Yn, I =3TK/mo* .
y+ioo
v 8% aA 15 Gur)

" SR CEFSPE Implyfpe) |

The intesrond hag o simple pole ot A = 0, rosidue 1, and simple poles
et A= -Kdg where 3.’.0% s 81, 2, «ss arc the roots of
(1 = kb)) I (ex) = 1m ok, (as) = 0, viessessecarsasase (3)
The rosidus at tho pole A= = Koﬁg_ is

- K&
- o o “UEY g Jo (v )

Jo(axg) {.’::N“(L.e."’ +EKA) F (1 = KA wE) ]
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T=V e 2T Z o= e Jg (%) veesse (4)
Jg(a.us) {k&s(m & 2KA) + (1 - «ng)}

If in addition hoot is supplicd to tho mass I ab rate I por unit
lencth por wnit time, V on the right hend side of (4) is o Lo replaced

vy ¥+ Ufnet

3. The roplon bounded oxtornally by the eylinder » =a is initially at

uwnit temporaturce At t =0 it is put in contact with mass M per unit

length of porfoetly condueting £luld of specific heat o' at zero temporatiros

The mass 11 loses lwat at & rate proportional to its temporatura,

Tie have to solve

2 A
.‘?...‘I.a@-%_aé? %g%, 0sr<o, >0
T

with "Q'gtg"'}ﬁ-aﬁ "“1—’-?': T=8R s t >0,

‘1'110 subsidiary aqwtlon is
._7.+r._-qvug%, 0gr<an,

with (Efe‘p-kk)-x;é-'zﬂ’&lfﬂzf), ‘whon T = a.

(tz + 1o'p) Tolgr)
p{(ie'p + k) I (qa) + 2179.0 Il(qa)}

'L?ERJIS ?;:% ' EEIXIXXEXT 2] (1)

e \t
S j (2 + Yo'\ I, (ar) &7 dA
am Yeico )\{(‘“"'A + k) Io(pa) + avra,lerra)}

the intorrond has o siplo pole at A = 0 of unit rosidue and simple
polos ot A= =-xdf , where Loy, 8 =1 «». erc the roots of

(= - Totk 0(8) JG(B.OO - 2T X 31(&«) = Oe eessoressasecse (2)
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Tow

-—-{ L)) +l«.:) Ty (r) + 270pTy (ho) }]A - i%%ﬂ {(z; !mg) +41ro(2(xlzc’+n }}
‘»'3-&0(
Thue o
e Ies) o "AEE (L - JIGtK &g) T (%)
) Zl {_(1. - 1ic? Ko(z) énro(z(ki.c' -I-'rra.g)) J (a,o(a)

LZEZTRT ] (S)

£y ‘the hollow cylinder a <r <b with zoro Initisl temporaturo and

bourdary eonditions of type 82 (1) ot r=0 and r=Db

The gommi boundery sondition of thim type is
I:..l + Lz av"'kg'vw«f_ﬂ » i;vsco"ooq’-ovongvp-cot00---09‘1) '

e ghell tako thisat r=n » and

3_ +%Q_+ Sv—k'

vhel = b. Itwill bo ngsued that the sonstents k have valuos arising
from a physical problon, othorwiso there rmey be additional borns in the
solution which increesoe cxponontially with the tine¥

Yo have to solve

Brilar 1o, acr<v, %30
ar '

with v=0, whon =0, asrgb, adboudary conditions (1) and (2).
The sabsidiory cquations are

da‘ 1&“‘ 2=
- d '

L . \ T

In proetical problems the signs of the seustants are such #hiat the goros
of A(W ora all ab megative voluco of N e It i possible to have
positivo cerog bub the ecasos in wiiich thoy erdse are crtificial,

Ci's Chape 8, B8qand 0.
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with  (gp + k)T + I ...‘Z. k/p . r=a
(i + kT + Ky '—d?“ /o s r=b,

iro golution 1s
o7 Alg) = Xy z [(Llp +1)%_(qb) ..;.,,q%(qa)]x (ar) = [(1:f3+ )Io(qb)+kéqfl(qb)]lig(qr)}

-1 {[tzcl@+z;3)a€, (q) = eyt (T 3, ge) - [lgp + B Tl + kpama(as)] 5, <qr)}

whero : )

Alg) = [(klp »1»3):{ (a8)- %anll(qa)] [_(l.lp +k-<) (qb)a-k.,gﬁl(qb)l
[(klp 1T, (60) 150 (49 | [(klpf gt (ae) - 1 M(qa]

The intorand of (N hag o sirpla mole ot A =0 of residue

aley (= %y +bly log rﬁ:) = bl (= kp +8ky log r/a)
ablgkg log(o/b) = ak3k2 + blegkeg

#wuch for spooinl walues of the constants, cefe ky = k3 =0, it may have
o double onm' Tt nlso hag £ sirple polos ot A = = Kogg s Vhere o 0(
g=1, 8, ses &ro ths roots of

[( g Ity Ko )J (:m) - % J}_(m)] [(K5~ l2g K 2y (’ub) - k%cx Yl(om)]

= {063~ 1] 1 aB)3, o) w1 3 L 0)] [ = g0 )Y, ) B Y ()] =0 e (3

Liso
[(\%A(P)] - I3 - qusjl(a”@] (72 + eneg) - E’Ws% L«»"‘sél(b“‘éi " sz
pax A A-.:..mf,i T pra (o) - _q«BJ« (bus)]EEJ () = YTy )]

)
vhere P=ly - Klzlo(g s PU= 3:3 - KL}_ » Q= 2:24-,2!(}:1/& s QY= kg"" g k/o.
sevseve (4)



Thus Linally
Ma(‘ka + m_s 100 r/b) = v} (=l + alz log r/a)

abligley log(a/b) = aloglh 4 bigkd

v o

o Z o 5 [y o) = Kty (w,)”psg(%) = Koy (ag)]
[PJQ (estg) = Imoaswl(eas)]z(l"g + 1'% B - [P Jomg et o] 2 (P2 + 00E)

Ieg |3, (agr) { P77 (4,0) = Kop¥y (tg) | = ¥ etr) {z:*.:fg (%) = Ky 3 (stgb) ] 1

- 1o o) {7 () =Ty ) | = ¥, (o) [ 27, () =2y o)}

seos00bs (5) ’
Be CIxarmles of some importance in the thoory of § 4 arse:

(1) ‘ho roplon r < s 1is perfectly conducting, of density p' ond speoific

hoat o'.  Heal is supplied %o it ob rate I por unit time por unit lensth

for > 0. The reglon &<y < b hos conduetivity K, specitic heat o .,

density P+ The boundary condition at »=1b ds k g-; + hv = Os The

initial temporature of tho winlo nercs

Tere the boundory mnﬂiﬁio:. at r=a is.
7 of prot %‘z zvraﬁg-z-—b I .
Thus i tho notation of & 4 (1)
I *:s?ra.?‘f"ﬁ"ﬂ s 3«‘3 ==2Tak, k=0, Ixp=I
If;_*-"-‘O, 1:5,_::-3:, I:fs:h 5 1—:;{::0 .
Tils proble: mey be rosorded as an opprozimiion to the casa of an

insuloatod wire heated by vleciric cwrronts
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{41) The region bounded extornally Ly the eylinder r = a containg perfectly

oonducting £iuid of demsity PY and spocific heat o'+ Therogiona<r<b

is & conduckor, U, Pp ¢e 4% r =1 tho boundary condition is I:--—-&» hv = 0.

tha initial tommeraturo of tho vhole is gero. lor £> 0 wolume Q of fluid

1s romoved mpor mit lpﬂ:gm of the inf{:er:lor and mpla.ceﬁ by fluid at V.

Ters tho boundeyy gondition at yr =g is
e f’o‘ ggr- arak Q—-+ APt (V = v),
So in the notation of B (4)

In :'wagp'c' »,I ky = = 270 I, Izg = Qplo? , ky = QplotV

it

Lle €3

=0, k=1, Bl=h, K=0,

"1
Problens of this fype ocour in the thoory of hot mmter systoms.

(111) Tho ropion & <r< b. Zoro 3Initial temporaturss. Comstant flux F

ovor r=1a_ for t> O« lio £low of lisat over r = b,

Zore the boundary conditicn at r=a is

k3

e K =

nfe 4

So in 8 {4) (1)
I‘:l =0 » b

i

- 03

i

and =0, a=0, I:;r:: 0 .

Problens involving preseribed flux over a boundayy do net arise rmch in
Conduction of Ioaty thoy are of irporinnes in tho thoory of £low of comwe
pressible £lulds thyouph porous rmedis whoreo tho sane differentinl equation

CCCUTS .
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{(iv) A one-dirensionod heat interchansor: The yoplon r <& contains

mess 11" per unil loagth of perfoctly conducting £luid, p', cf, which is

reroved ab rato m!' per mib lensth por ymit tire end replaced by fluld

at Vo The rojion r >D containg E*IR, por wnit length of perfoctly

conducting {luid, p", o, which is rorpysd at rate n" per wmit lenpth per

mit tino and replaced by fluid at goro. The region ac r<b isn

conducting wediun I, Py ce _ The initial tomperature of the wholc Z6T0 .

The boundary conditions are

1 QY. = pral 2V + mlot (Vevw), r=n
at oY
Mot X = 2nhy 13Y « 1eMy r=0 s
ot ar ,

So in & (), (1) and (2), we have

l?:l =e? , Ly=2mak, Ikg=n'', I;=n'"

k

[
v [l ;J o DTh 7% RS | ¢ 1r
“’l = i » L.z S K F 3 :{“3 =nc F 3 £

',:O.

=3

+

Gs Probloms on flow of bheat in the roglen bownded internally by a cylindoer
r =06 with pencral bowndary sonditions of iope 84 (1) et r =8 my lead
to & difficulty, absent in that of § 1, mffisiently illustrated by the
following problem: |

The ronion bounded intornally by o ¢ylinder r = 8 is initially ot

it tooporntures  For £ > 0 eonstost flow of heat @  from tho ropion

T >80 OVer ¥ <.

g have to sclwvo

&4'2‘&-&2»‘“:0’ r>a; t> 0
2 T or
or
can . 0¥
trith 2‘"1‘1‘:5‘;253.; r=o, t>0t

ond v=1, r>a, L=0,
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The subsidiary equation is
D — ,
Ay . 1dv -l -
L2+1E-aT=-3, s
. dr _Q
writh 2Ta KEF“ D
o Tt QElar)
Tonce T > + 2o K qp L (q&)
Ffia] At Okr A
. R Q Ko {ar)d
e k" — T R S  ees0snde s
o 42T R a) . -
)r.-ico .
The £lux at eny radius v is in the same way
V+ico 4 A
0
-—--m"-- Fl(ft’)& o ' ZIZIERRRR YY) (2)

F=akit=.
-~} Lar‘-- “i& ’ x‘!{( ‘)
| . . 100,

Proceoding in tho usual way using the contour of ige 1, equation (2)

gives -
I’ = ’.?*E}:; - -IL J ° uKu“{' Jl (vr)il(ua) . Yl{ur)Jl(ua) (XX ] (3)
“ ™8 A [J‘l’ (ve) + ¥§ (W;ﬂ}

The dntorral of (1), howover, commwnd be ovaluated using the conbour (o)
o+

of Tige 1+ It cenm Do expressed vs o loop intejral about the origin f ’

‘ 00
bub this cammot bo contracted onto tho rea‘l axis. TVie may procood o8

follafm* In the usual woy, uaing tho contour of Tige 1, we fixid

+ioo Nb ‘ o0 2,

1 Ko (pr)a _ _ 2« f ;r«u Jo(ur)gl(ua) Y (ur)Jl(ua) .
o

Ea T 7% (ua) + yz <ua.)

T et R |

Integrating this with reopeet o t from 0 o £ wo obbain

x i ’ o .
1 f R =), ()l _ 2 jm’(:"“ 5o E;O'(m-)yima) = ¥, (ur)J; (ua)] au

oo XKL ,
) u?ﬂ[ai(ua) + 'i’:{)‘(ua)]

-
o

'E XXX (5)
Iow it follows, by intesrating round & contour corsisting of the line

R(z) = ¥ ond portion of & circle of radiun I > in the pight hand




half plens, thab whon r>co
¥Y+ioo

j\ %/%3 0 o SEP2PLPPESNIDEEBIIGEBOSIVENBIIS (G)
.».‘;1

Y=l
Tims fron (1). (&))) (5)

S j (‘Ku “-1)‘ Jo(ur) ¥y (un) - To(ur)Jl(m)]_cl_ti ‘
ax u? Ji(ua) + Y%(aaﬂ

The flux for ony radius r> e is

o - a’v J’ gt 1) [J 1(ur)Y; (us) = Yy (ur)s I(ugi)] du
T 11'25:.

sesvee (?}

o]

- PRy 2 anes (8)
u j;_sgi(ua) - El(ua}}
Thig a,gg;réea with (3) sinco o
r Jifur)¥ytue) = GGy (ua) o mwa L~ . (9)
0| Jg(ua) o+ Yz(ua)] er

as mey Lo soon bJ lotdinn -0 in (8), Tio resll iz easlly proved

directly™,

7o Tho dlfficulty of 8 6 is nlso emeourtored in treating by this rothod
the problen of & constant line sozimo in Infinito mediun.

Suppase 10 have a constant line ssurco at vho oripln in infinite mediun

for 12> Qe The initial temperoturo zeroe Tho flow of heat fyor: the line

gource (O por unit lenzth per unit timo.

lv _1lav
t"ra""'?‘mKs';Ey r>O’ ﬁ>G

with Un |- g7r Ei’-‘{-'] = 0,
r>o b or

@)

ﬁ ~ v - - - - - »d Eid
Titchmarsh, Proce Lomdon Iailh, Soc. 22 (1022) 15, :
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The subsidiary equation ils

+ e Q » r>0

", Ty 8
with ln («2FrxSD =2,
~ roo I
- O K ' )
Tho solution iz v o= m;"_{ﬂ_ﬂ 2vecscssrnrsrRnS (1)

and the flux is piven by F= 2,7..& -—-—c;—-” o‘o.oaooo;ooattyi(Z)

Tron (2) we £ind i tho usuel way, using Tire 1,
w0

a Q -t
Y‘::Z,'-TI-- T\L'e Jl(ur)ﬁ_u

" S
Q_ .o 1w/ 1. (r%/oKk)

’Tth ia

: -rz/ékf;
= 5 € .
I o
I'rory (1) we have
T+l - AL _
T = ---Q'v:-—-rj ILOSL!')B dA seBBIBIEBGELOIOOOIRIOIDOSS (3)

ATUaR |, A
¥=ico

ond this mey bo exprocsod as a loop intesral (woo, 0+) Lut the loop
cannot be eontracted about the origine. IDut
Y+ioo A o0 o
¢ + - K=
"‘}“" j =] KOQKT)CIX = Kf L] k Jo(nr)u du . sssasBeseD (4—)

s

¥ =io , ]
- 4 "
%&'ﬁ fz/ KE eBesessesbE e (5)}
Integrating (5) with respect to % froz 0 4o 's’;*m have ag in § G for »y O
- 2 frk
V:",E?’}ﬁ? j T i - '& . CRIISIBFCEESITECSECENEREDIONLVIOERPTSE (6}

,o}
Or fron (4) we have as in § ©



- b4

o
TS - -2-_'—?'-‘_? J ('B_'Kuab - 1) Jo(ur) %E, » evessbbenessboburonny (7)
<

All these nisht have beon derived by integrating the solution for
the instantanecus line sources. | R

Az £t oo the expressions (6) end (7), like B 6 (7), tend to infinity.
Theye are no logarithn steady statc torns as In boundsd reglons.

8o Problenms involving constant line sources initiated ot =0 in
townded reglons ore casily dealt with in the camo way. As an example
consider the following:

The reglon o <r <D is initially ot zoro tomporatures At _t=10

o constant lino sowrco of strempth 2WK) 3is esteblished at the poi:rb

r=r', 6=0, Thore is no flow of heat ovor tba bowndaries.

“le require a solution of

8%, 1av, 1 2fr 1av >0, o< b

are Rt 2 pae K oG ' >0, ¥ <bo eeree (1)
suoh "ﬁl&t v=0, vhen t=0 s A <r <b, ‘ Cﬁfll‘..ﬁliltilil (2)
nvd g:-o @ wion r=2nu 3 >0 ? nesaerereIeRSYCER (3)
g——;ﬁg » ‘Whm f:b Y L >0 2 aesdsesassneeise (4)
R]:?;mo R %% Qs : P T N L Y Y Y Ry R (5)
'{’;ﬁ@:‘@ R = {rz e {"2 Ed ,'Err' cos g}ﬁ 2 SIEEABNBASSEETEERENY (6)

ood dm (5) =2 5% is writhon for o difforantiation nlon: tho normal to

the cirelo I = conchaxntb,
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the subsidiary oquation is

D .
-Q-z %Q-" ‘E;TQ qaa'. 0, sesssesePsnsasseePInReIS (7)
or orT 1’."" s :

‘Whefc‘ q2=P/K * et s avsenWEERIERNPONEINDEIDEIETS (8)

This is 4 bo solwved wilth

g: = 0 , when P, I IAEIBVELESREEAOISI LGNSO REDY (9}

-a;;;z’ﬂ ? vhom r =05 ™ 000NN PPOOEANNETREERSIERS (2.0)
e Q :

lim Rg—;-‘:—i; ssssrerRIITOESIRIESISICIIINTERIICEOITOTS (11)

A solution of (7) satisfying (11) (the solution for a ling sourco

in an infinite reglon) is

'f; (q'ﬁ) PRSP ISIBEABIENERERTEBENERRINSIVISOEST (12)
Q:- Z Ij(qr)ﬂa(q_r') 008 19 r<g r? , esessssnw (13)
_ ? 4 | -
v s ¢]
,% Z €L (@i (@) 005 xd s E> TN, eveereses (10)
where e =1 .Lﬁ n=0 snd %:ﬂ if n>0 . cessmnnce (15) ‘
ﬁms wo tale no tho general solution of (‘7\ and (11)
o3
= % Z €& {%ﬂqr’)lfﬂ(qr')Mn(q)fn(qx‘)+1’3ﬂ(q)l’m(q2‘)} cos n9, r <r' (10)
=g
oQ
v = ."% Z {In(qr')' (ar) Mq(q)fm(q?)w;(q)xn(qr)}CCS 03, r>r' (17)
=0

and deterrine Ay(q) ond Bp(q) so that those satisfy (2) ond (10).
This requires
8. (I (q2) + Bala)in(ga) = = Ii(q)ky(gr)

2 () T (gb) + Bp(e)ip(dh) = « La(ab) Inlar?) -
Solving and substituting in (15) wo obtain when r< r?



T =

66

€,c08 1O

_Q Z {1, ()} (q0) =Ky (ar) Ty (qa) } {In(rr')in(qb)-?m(nr )Iq(ob)}
A CORUCORFSCHEACT) :

crenesew (13)
and then r> r' wo Lhavo to intorchense r and r' dn (18),

Apolying tie Inversion Theorsn to the tornms of (13) we obtain,

wvhen 8 < T <Y,

o0 Y44

:%Z €pc08 19 f A{: (L. () (f“’)‘%(/‘")lﬂ(f‘algirnﬁ“r'ﬁ% ')""Wﬂlﬂ'fg%

EVA A A T R U

eese (19)

vhore M= v NVK) .

The intosrands of {19) are all single vnlued fimotions of )\ ., 8o,
using tho contour of Flge 3, tho 1linc interrals Docome 2iw times the
su of the vesiducs at tholr poles.

Tho tora dnvolving n = 0 hos o doudlo pole at tho origin with residuc

2 ‘
bzi = i"K{. kf—l%‘l-.-}- a® 10*' -%b“ o5 ""“2"""‘2‘ loz;"'"-"'(& +b2)} (20)

L torm drvolving n> 0 has @ simple pole at the origin with residue

(P8 4 ) (p122 4. pETY
oyl 10 (120 - p71)

)
Tinally e torm involving 2> O has sioplo poles ot A = «K &g’s »

eeasesePPEICISIOEISHOSRSS (21)

whors i‘*n,a s 1 =03 ,00es 8 =0,15ess; aro the zoros (211 real end
simple) of
Jé@ka)z;(ﬁb) - J;_L(‘Xb)y;lé*ﬂ) =0 SESTIRIBIINEIBIEEILE (22)

o
Tho rosiduo of the nid intogrend at tho pole A\ = - "“;,s is
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ab (o} n, B 2(0(’2 Eﬁ) Un(f()(n,g) g*’;(r O(H,S) ‘u Kolﬁlsﬁ‘ eee (23)
e T I i, ) - D%, o)

vhoro Uﬂ(mn,s) = Jn("“éz,a)fzzt(b’%z,a) - Y*n(%,sﬁf;(b%, g) vees (22)

Adding these ropsults woe have {inally

- s =, - - X
S I Ml 3w t2) e B2 1Y 0D Tar Bupyae D4 BDE . D
v = Y {gkb’*u(!‘ +r1%) d(a. +1*)+ 0™ log r-&»b log 3 +g§:’-.z' 08 &

_ 0
, Z (e23 4 270) (p120 4 p2Y)
-} ‘ gn(b?n = m) cosg ne
KO(W’S“L"(n s In° (a3, s)Un("’éz 8)0a (” %, 8) .

82 (@ =bAE )t (aoy, )" I o 510> (b, 6)

o0
fnr"a“'bg Z €, ooz ne Z

treveesInROee (25)
vhen o< r<r', aud to oblain tho result for r'< r<b we have to
interchange r and r's The second term may of courso ba exprossocd as

a sorics of logarithns, corresponding to an Infinito gories of imapes.



CIAPIZR V.

. G _ . -
A HTLTRICAL STUDYTOT IIZAT FLOW TV TIM RRGION BOUIDED INTERIALLY BY A

CINCUL R CXLIININ,

Thae problon of hoat flow in tho rogion bounded internally by ‘the
cylinder r=a , with mit initinl tompornture amd r = a Lept at zerc
for & > 0, has been considorod Ly nany writers®, It has practical
intorost in cormection with tho oooling of deep nines and Snaith (lose cite)
hog consldored it fron #iis point of view and dorived m solution for the
coce in which thwe tompoyoture at » = & is & step function of the timej
he has cbtalned a solution in s form suitable for computation by means of
en emplrical nuerical epproximation which mlres it diffioult o detornine
1o orror in tho £inal results. The objoct of this chapter is (1) to give
nuwzerical valuca for the solution sufifieiont for practical purposes, theso
are given In B8 1, and in 8 2 are comj;»zaxed with the obvious physical
approxizations, the sooling of o s0lid bownded by a plane or bounded

internally Ly & sphore, (3i) to comsidor the problem of tho eooling of

68.

* 2o importance of the problon wmsn sugfested to me by Profoscor Carslaw

afior corrospondence with Profescor Ingersolls

x Tiichiolson, Proce LOye COCe, A, 100 (1021) 226, Gclzistein, Proce London

Lath, _Gg_%f)é& (1031) 53 (oporational methods),  Cmith, Joura, Appe Physe 8
(1937) 441A(Gexslm"s contour 3ntogral nothod). Carslar and Jaeger,

Fuil. Jan. (7) 27 (1938) 473 (Leplace Twausformtion).  Titehmarsh, Thoory
of Touricr Int)egmls, 8 10,10« A1l theso authors sovo Smith eonsider the

rolated problen in whieh the initial tomporature ic zero and r = a is kept

ot mity for t > 03 the result of tho prosmt problem is obtained by sube
tracting fron wmity tho result of this type with r = a kept at = 1,
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tho region tounded intcrually by & eylindey, and initially et wnit
temperature, by forcod convection of air in the region r < 2,

This pives riso to o bowmdary eondition of “radlation" type,

;—:;- hv=0 at r=a., Huoorical wvalucg ol h for foreed comvoction
ore piven in Pishenden mnd Saunders™®,  Tho solution is given in 8 3
and a eorparison ﬁﬁz the corresponding provlems for plane and
szhorieal Doundarics in 8 4,

Inother type of boundary conditicn which may be of sor® practieal

Srmortance has boon discussod in Chapter IV, B 1.

The Calculation of Teal Tramsmission. London, W, Stationery Office,
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le e rosicn bounded inmternally by tho cylinder r = a. Tho initial

Lompornbture Vpe  Tho surfaece r=n Iopt at zero for ¥ > 0. To find

Ttho fhw st r = 8

Tt is Imomm Jof. Carslow and Jaoger, loce eite] thet tho terporature

ot any point in ihis problen is piven by
(4] )
el [ gt To(ur)ly(um) - Yo(ur)dofun) du
o J2(ua) + ¥2(ua) . u

T

Thus tho flux fron tha sc'l datyr=2a is

I‘::h[zv}
ar ¥
b =21

00 2
_ AT, f T T
c&-n'g ul Jg (an) +Y§ (Et!)]
Hance 7 2
. 00 -dx
F o4& ; ax
P I *sessssssbesRIY (1)
Wy aw . [Jz(x) w’-’(x)}
vhEro Xz Kt/&zc ‘ SentesrINLEEROOED Y (2)
Thus to £ind the £lux wo noed the values of
@ xP
I(a{): a (ix Y seaNIIREIIBERITELYTS (3)
x| 92(x) +¥2 (x)]

This 4is rmost ﬁasily mt in a forn sultable for numerical intepration
by intesraticn by parts. Iot
%(R) = , "" 21 of F(l) (x) s sssvsssssscasEnrtnEse (4)

then ‘P(O):ZD 5 ‘ Grecnbesbesnatnassite (5)

2 (S E X R AN ENEXS S REENERY Y] (G)
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- ey — T 1 - .
aISO,for 13-1"8@ :'i) 1[)(3) ~2"§‘z.f‘8‘£"’ U(;g;:) » evssssenssoevEne (7) :

Substituting the result (8) in (3) end integrating by parts we
cbtain

-a(:

e o]
I(d): ‘n'o(g ‘/’(3) d-z 2rocewnsessIsbERIES (8)

o
This form is conwonient for larpe values of < o For noderate
valuos 1% 15 botter to r@vs tho first ternms of its asymtotic oxpansion
(7) fron 4«/7(3) and Gir;te;;mta the torms involving these soparately.
hig glves ' o
= e el ST ode JT e fa e"‘"‘z{x Px) + - G eaf fax
eerees (9)
For small volues of X tho £0llowing series expansion may be derived
following Coldstein (1005 oite) \
I(x) = x? {.5344. "b-r»‘ o0 = 41410 i 4 o125 x = 41407 « 5/
0203 <2 o o315 <% 4 w5305 < L., }
caseecs (10)
this will give four place mocuracy up to « = Cel ,
lunsrical values of I(«) are piven®™ in Tige IV,
I tho surfoce tenmporature is mot constent the results mmy ea.sily
wGTnL;
bo obinined by nmerical/\nsmg Duharel's theorer.
Por the ease in which the surface tomporature is e step funchion of

tho tino Smith (1oc. cit.) has given formilee involving o function G(x)

glven by
(<) = £ 1(«)

% It i proposed to punblish o four-place teble sovering tho range of
irmortancoe in procticos - This is not yeb comnletos



go thot numorical walues Jor this cane con easily be obtained

from tho results of thisg seoction,

72.



73

/0

E(lﬂ. 4 .



7%

2¢ It ig perhaps of some intoreost bo compara tho results for the
ronion Dounded internally Uy s cylinder with the cbvious physical
approxinatiorg: +tho rogions bounded internally by a spherc znd bounded

by o plane rospectively, The rosults for the two lattor ccses are woll

Imowns

For the sphere (radius ) N | +-‘1- semansnsss (1)

‘ Vg \/(—:m t) a- '

I )
FO!,“ th-e lee? ﬁﬂ: srgeesnsse (2)
V(Trg)
slisder (radius 8) ===z L(X) | (3)
Foy the oylinder (radius &) T, = :‘“ sessesvans (O

Those arc compared in Fipure 5 for eonstants of tho order of those
cccurring in rmining practiee, nemely, K= (01 , a = 150 § +the units
uged arc CeGeSe throughout. It is scen that for these walues tho resulls
for tho cylinder lie throughout a 1ittls logs than midwey betweon tho
sphiore and plane results, which provides an easy qualitative pguide to

+tholyr Dbohaviours
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Sphere

_Cylinger

Plané

4
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S¢ Solid bounded inbormelly by » = a. Radiation at r=a into &

modium st goroe Tho initial temperature V,. 5o £ind the flux over
T = fle
The bousdery condition at r=a is

% v
SE:'-IW'@.-.Q.

The solution piving tho temperaturs at sy poiat ig"

v =

= % e gofar) [ty ) 13, ] = Yo o) ity () 100 o] g

76.

T ) 1 . ;3 2
. [292 () +hy ()] 2+ [uity o) 1Y, (a2
- e (1)
Thug tho flux {rom the solid ovor r=a is
2
¥ 4h"a
-fg—o-ﬁ“;‘é’“ I(b"&} ¥ S9PSOVPEBEISEBRIREDS (2)
vioro —& = Kﬁ/&z » b = ah » Be0sasReesssssisy (3)
and I(b,a():f NN TS - 2% esreovey (4)
: o @ + 03, + [ + oY)
Letting =20 ond r ->a in (1) we obtain
0
I(bgc‘) "‘E IIOIQIFOU'OI“!O!Qv!nct'.'!&ﬂl&!’l&tl!'l (5)
ad ticreiore
'ﬁ%‘rg -“h M +t 0. | AT Y R R Y A R Y (C)
It roy bo remerkod that tho surizse terporature of the sclid is
4hYV,
vaz_;zf I(b,d() S22 APBEEBESITSEBAD (7)

so thab vhon I(b,«) is !mown the swiace temperature i also lmovm,

¥ s toy be obtained from Choptor 1T, § 4, A direct dorivation is
, , (20,46 U9 2.9),361,
glvon in Carslaw and Jaogor, Proce London Math, Soc. (in-press).
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“o bring (4) o a for: suitable for mumerical intosratlon wo
proceced o5 in 8§ 1,
1ot ‘f(x) S%‘* arg [x. IZ?_') (=) + b Hg) (x)-! . sessssssrces (8)

then as x>0, ¢{x)—>0

i - . o 3y 1 1
and for large x, ¢(x) == = i—'f-r b+ E') S+ 0(;—) .
then, inbterrating by ports cs in § 1, we find

0O
(ons « 1 o .
I(b;a() z'ﬂ'jﬁ {xz+ba'§‘ (22+b2)§ }X& ?(X) dx svsocnns (9)

o

\gﬂ,J‘ @"@8{ LS }[xcy(x)-x3+%v.x-(b+-g-5jﬁx
' o

2 +DE | (xB+DEYF

"'{"% (b + 3) N \/frJ +—-§a (-g-!-'b-!'bz) erfo(b /%) .. (C)

.

In Pigare 6 are given curves of I(b,«) sapainst « for

b = 25 1, O 10,
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b=5

6:(0

0

(¥

11q .
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4e In viow of ths izpososibility of giving corplete results for
the problan of 8 3, it scoms worth vhilo comporing the values for
tho cylinder with thoge for the plane and the sphore of tho same

radiug, Tho resulis are:

§ C .‘2‘
Tor tho plsne S, gsd:};, eria h\/ {~t) sevesse (1)
nv,

For the oylinder L dha cersnes (2

: 2

: 7 3 ch wt(h+1/n) _
I ‘ I N -\ S Pl 4=
or the sphere Tl i e & or c(b+a}J(kt)

T1XE) (3)

1. table from which =6x2 erfc x nay be obtained is givem in

Pearson, Tables for Statisticians and Biometriciens, Vole 2, ps 1ll,
“,;

Since &% orfo ® = -x-%;-%- Q(‘l‘é‘) , (1) end (3) may be roplaced by
‘ x

1. a?n
1+eh  (an+1)%/¢ret)

1f hy/(kt) is suflichntly large.

o=

hilVy — haflwwt)

In Frure 7 tho vnlues caleulated foaw(1l), (2), ond (3) are compared
fromine case o = 100, k= 01, Curves I, 1I, III are rassults for the
sphore, cylindor and plone corresponding to b = o2 (b = 400133), and
Curvos IV, V, VI +those corrosponding to b=1 (h= -o00667 Jo As in
§ 2 the vnluos for the plene md sphere provide only a rough quelitative

approxination to those for the cylindore
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CHAPTER VI.

THE REGIONS BOUNDED INTERWALLY AND EXTERWALLY BY FINITE CIRCULAR
CYLINDERS WITH ZERO INITIAL TEMPERATURE AND PRESCRIBED SURFACE
CONDITIONS. |

Introductione.

In this Cheapter will be given a complete set’of‘formal solutions
for solids bounded by'coaxigl cylinders and planes pérpeﬁdicglar to
the axis with zero initial temperatures, preéoribed temperatures at
some surfaces, éﬁd at fhe others boundary conditiohs of the type used
in Chapter II. The surface témperatures willlbé_assﬁmed fp be |
expansible in the formé7devéloped in Chapter iIQ‘Ewhen the regi§ns
extond to infinity the conditions for these, esge Fourier's or Yieber's
integral theorems, are extremely restrictive; a different mefhod
which avoids bhis difficulty is dev"eloped,zin‘Chap'f‘;ers VII and xfIII.
The results for the finite cylinder are . classical, but are given hoere
for complecteness, the use of the general boundary conditions of |
Chapter I1I enables a very large collection of results to be given
‘compactly. |

This Chapter is intended as a study in the most\obvious method‘
of applying the Laplace procedure to two variable problems, nsmely
that of separation of variables in the subsidiary cquation. Tho -
general results are formal, but it nay Be.remgrked that the method
is superior to the classical ones in that by using the résuits of

Chapter II the possibility of omitting isolated terms (such as the
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first term of a Dini series™) is obviated. Results deduced
by the trensformation of line integralé uéing fhe contours of
Figures 1 or 3 (e.z. tho doductions of § 2 (8) fron § 2 (8))
may be justified as in Appendiz ITT.

The surface temperatures will be assumed throughout to be:
independent of time; +the coxtension to the case in which they
are knovm functions of the time is trivial.

In 8§ 1 a collection of the expansions of Chaptér II isvmade :

for convenient references,

ES ’ '
Cf. C.He., pe 118, II; Goldstein, Proc. London liath. Soc. (2) 34

Pe 83
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1. It will be assuned that the arbitrary fimctions cccurring can be

oxpanded in one of tho following forms discussed in Chaptoy IT,

(i) Tha® anpropriats to tho reglon O < x <. vith bozm&arv conditions

lzlgf.-hlvai) whenr x =0 , and kg.....'t-hav“o \men x = .

f’(x) = Z Z ( ) I Z (x’)f’(x‘)&x‘ seonderIsEPREIRNITRSE (1)

{ (kz pm-i-hg)] (Ll Pr €08 Brx+hy sin PreE) |
o2 Fa‘}h‘?)[/(kzpn 1) +Tghig] + Ly (5 pRe1d) |7
ond thoe Pz ave the yoots of
(leg F - Illhg)ﬁl,{l ﬂr"’ - F(klhz + Lghl)cospxs =0, caw (3)

ond if Iy =l =0 o tem -,f f(z1)dax® 1s to be ndded to the right
hand side of (1)

thore 2,(x) =

. (2)

(i1) That eppropriato to tho region x > 0 with boundary condition

LM i ky=0 at x=0,
ax e e e )

5 W o ¢]
f(X) :1‘;,' j‘ Z(L},X)QU.J' Z;A(u,‘x")f(;*;’)dx' TR (4)
o) O .

= cos ux 4+ h sin ux
V@R + n®)

(3ii) That approvriate to tho region 0 € r < o with boundary sondition

(XA X T L R SN TN Y ¥ TN (Q)

2 v =0 ab T = o,

e |

. o . 8

2 Jjﬁ(r‘S) I o o Y

o) =2 5 e . () I (et )dret , L.l ()
(I’) = &2 = Jg (MB) + Jf(a“g) o f21

wirero £ho ‘s aro the roots of



&

Lo(J (ﬁo() i) (au() =0 s AP ESEPEE SR b IR RTINS RRDENTY (7)
mmd if h=0 o term 2. r r'2(rt)dr' is to be added to tlm right
hand side of (G)a | |

(iv) Thot eppropriato to the roplon r > o with bowndary conditlon

AV .
T2 o o = A -4
Yo w=0 at g e

£{v) ::j'm 2u,r)u do !.m Clu,rt) £(r*)rdr? , esevacsses (8)
o n
e ur}{m’il(gm) + I O(cm}‘ - Y, (ur)llmfl(aa) ehJO(an)“ (©)
| [y () o 5, @)+ iy (o) + 1 o)} {

vhore  Cu,r) =

(v) ‘“hat sppropriato to tho reqlon a <r < b with boundary conditions

dy h . ’ ‘
L:lg?w hlvzﬁ at r=g m_xd kﬂ;";"} Bop =0 akt _r =l

o0 b
f(r) :Z_ F(f"ﬁ)f r'f(r’}?(r',&a)dr‘ > . essssesensy (10)
=1 : o
‘W"(a gll( Tg(ﬁ.dg) » hlJ (Qﬁ(,)—!

there Iy« g) ==

{J (ro&)[kgaasﬂ’ (’Oa(s)—b ha¥, (oa( )Ja‘f (vx_ )Lkz.%ﬁ‘ (b« )-}-tho(bx:)u
aee (31)

and tha gy sbo the roots of

[rey60) (@9~ 13, (o] [t 00+ iy (0] = g (a0 1Yol fod s ) = 0 4

b
and 3 hy =hp =0 ou adiitional Gorm esfems | xt2(r?)drt 15 to be
' ' he =&

added o tho right hand side of (10).
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2¢ o finlte cylindor D &Lr<p, 0 <z <./, The surface r=a

opt ot £(s) for € > 0. Lowsdary conditlons ky ..g..g; -hyv=0, 2=0,

4 >0, and I:z.g-;l-khavzﬂ, .‘E”"ﬁ' t > 06

.o hava to solve

aéy . 1dv % _ 1y 0 < - '
3pZ TOF 342 KaL'® * o ?

I av«-h%’—-(} =Q 0Ly <a £ >0
:{,S‘E: o A s £ ¥ SR < & L »
1- 37,;,‘ =.0 = . O« a £ 0
Lpgptigr=.0, =4, O<r<a, %50,

"

ad v=0(2), vhon r=a, 0< 2 <.

Tho cubsidiary equation is

..;_.~,.~_u.~...__-.gq2?30’ G £r <o, 0<<z<K.7, wéow (1)

R | ' - ,
to bo solved with v:z-i;f(z) s T=n, 0<z<., ressesensan (2)

av o ‘ o A
kls-;;w hl‘.r“ﬁf) > 2=0, 0&r<o, vevenne (3)

i

l:ag-;;:‘!” El??f.:-?@ > 2 r"f’ 0K < B teessen (4)

o assuno thal £(z2) can bo expanded in & sorios of type 8§ 1 (1) .
A polution of (1) satisfying (8) and (4) and finits vhon yr =10 ig
| Zy(z) IO[E‘\/ (® # péﬂ ’
whors tho Zn(z) end p, ave dofined in g 1 (2) end (3) .

Tms a solution of (1) end the boundary conditicns (2), (3) and (4) ie
(o) 4 - 2 v &
_ G ERVACER TS
v Z - :1( J»o‘ {q 2 .‘m— g f(Z')Zx(Z‘)dZ' ¥ vesnsvive (5)
=1 I-Qi.a ‘/ (q“ +p IT‘-)J o '
1 I (ar)

ey 3 Tra se Ty . . Plz)Ag? e e by added i
whoro A7 Ll e h?,‘ a torm e m{) 2( )L& is to bo added to tho

xuh_‘

-
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right hand side of (5}'.

Yo detoraing v froao (6) we requiro

y+ioo . P,
b TN Hey|
T = lﬁy f . - IGLT \/(‘? ’*’P::')] an

e IXEYIEFEEN AN R B (G}

S ATV ]

Tho intorreed has a simple pole ot A=0 of residue
To(rp o)/ T (0B s
giple poles ot X.- - k(F‘* d«aw) » ThOTC K, 5= 15 2, ese ore the
positive roots of
3, () =0 errrersrincsascessasesssce (7)
The reosidue ot the poleo A - K(Fz + 42) is

2 dg Jo(r“s) - K(Pn "“’)t
el BB

'Th«uf.‘ 6y
(res) 2 2 5 Solrdg) = & (ph+al
— e .,.{,, — e ——— Fol 3
‘{Q(af’:;j B =1 Ff:!"""% 9 Gy

sseaned (C)

ging thic reotlt in (6) we have finally

. |
2
ya {—Tf-y a2 ) _le ol Rl )t}z. &) f 7. (a")2(a")az*
T &,
2 ¢ fotfn =1 Pa+4 Jolo<g) )
thero if Iy = hg =0 6 torn
. kZy) A
1 (1.8 Selel f £(2*)az"

15 to bo addod to tho rirht hand side of (O)s
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3. Tho roglon 0 <z <.4, r>a. “ho surface » =& Yopt ab £(z) fLér

£ > O+ Poundary e-nditiong x:? -}E - hlv =0, z= 0, t >0, end

If*ﬁ-—-v%hzv Q. Z»—-a‘, '&>0.

-
-t

Procoeding ag in § 2 vo find

-,522 ()i [ V(P +FR)|
=1 P Efn/(a%+pB)

vhore tho Zn(a') and the P ere defined in § 1 (2) ond (3) .

J‘ f{Z')Zm(Z')dB' sresenseoe (}-)

To dotorminoe v we require

Fic -
I':':-’l-" j‘*. * ;t - ; \/() '{"Pt‘f} an sscevensssveines (2)
¥ =1 & l‘l\/x"’“””Fn)l

his hes o oslnie elo o £t A= 0 of rosifte I (!'Fm)/ 0 (afn *

el

Also 3% has o branch point ot A= e kpu s teking iho usual contovr cboul

o -3 ; o i
this point ond putiing A= -.kF,,‘:. +Kkule on CD and A= = kpg + wule

on TF we obiain (the small circlo sbout o pq.’mﬁ - Kp gives zoro)
P £t j o Kkt Pudu | I (ru) = 1Y (m,) Jq (xu) “‘i’fo(?"%) + 5 (#Bp)
2wl o) ud+ Fm Jo (an) = 1T, (an) = Jo (au) + ¥, (an) Kgiapmi

]m(rﬁfw) .-npgt J‘m o= KUt L 0p (rueu)
'ﬂ'
)

T ' ‘ ’
o) w? P8 52(en) + 12 (en)

1
i

(s
ssIRNSABROY vl

viore  Cu(zy) = 34 (m)V, () = T5(x)I, (7)e) -
Using this rosuli in (2) we have

2{; - o

- 5 @ K e uwdar C Ty Gl

: a%»,i‘-‘.“ f ...................._... o 8 ) Zm(?‘)f f(z')zézﬁdi
o b4 )

Vo=
e + Fn Jz(a 1) 4 ‘Ezau)
_ ees (5)
and 1f hy = b5y =0 o tern e
(. 2 @ ekult Colruom) .
L {1«:‘:?— j g alr udw f £(c')dz' s o bo
& Ao Js(aa) + 10(‘&1_)

edded o tho rifht hand sido of (5),
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4¢  Tho hollow eylinder o <31 < b. Tho surfaco r =o Ilopt ab  £(z)

for ¢ > 0. Doundary conditions '.fs: + hv=0, vhon r=0b, t >0;

Ll -byv=0, 2=0, % >03 snd kﬁ TAhr=0, 3=/ >0

Lg in 8 2 wo oblain

= f I, (gr) Ykn ‘5(ab) + by (qnb)' - K{O[(qmr)u (qn‘b)-!-hlc(qmaﬂ

=1 folasn)|lg i (ap) + bk, (gb) | = ol (a.8)] [otaTs (a.b) +01, (g b))

X zmp(z) Sc; f(z‘)zﬁ(ﬁuv)d;i reensensenses (1)

whors Zp(z) and Pn ore dofined in § f (2) .7} ana (3) and
Qy == \/(QE‘%PI%) SIS NCEIAB ISR ENSSEFTROO e {2)
Yo find v we roqu_ii-e
y+ioo 2 %
3 (P""ara ) == e J o Iolre) h*f“’ g (Op) + hliy (bf‘m)l = By (zpes )r Lo Iy (bf’*ﬁ)"'hzoﬁf*rl
el fetoo © Tolau) e o,um) + mu(bﬁﬁ Ky (aM{%%(JFJ) +hI (b’w}
ssssBBNL S (3)

Thore = \/(-f:- +BE)s
This i}as: o slmple polo at A= 0 of yresiduc
o () |1t (opr) = 1% (opr)] + I Copin) [Tt (o) + w7, (bpﬂﬂ

I, ("‘ﬁa)l:}f n*‘-l(bP:z) - mag(bpm)] + nﬁ,(apz,‘){l T, (bp,) + hI (bﬁm)‘! (4)
end s.:.::le mlca at A= «---lcfkjL - mkg s shoro Les 8= 1,2,400 are the
positive gerosg of

K (M)L«v ) + 17, (o)) = To (e |1asd (01) + 13, (0] = 04 ()

The residue ab the ple A= .-.».K{a;? - K"‘g is
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o (PRI xz&dsmmsa - 1, (b4g)] ® Co (rtgrnes)

(6
(<2 %p %) { (2«2 +n®) 5 (ax,) - [T”f"s*’? (bxg) = G(bds)] } |

thiere  Colz,y) = o (=)¥, () -1, (x)JG ()
Thus (8) gives ‘
_ (xpr) ﬁiﬁ;ﬁl(bf’m) '-"khy*o (meﬂ + &y () ‘_k[’zazl (bp) + BT, (bp ““ﬁ
(apﬂ){z.la,x.l(bﬁ) - 1%, (op)] o 5, (op) [klam 1, (o) + 1T, (vp.)|

2, 42 .
WO - k(e . 12,
o (Pr+<s)e xg[ﬁk,(sg,‘-%) - Mc(b‘s),l G (regatsg)

o1 (B2 {02 +10)0F(asg) = [y (o) = 13, (og)]

R

« (1)

hod with $his valuo of ﬁ’(Fw,I‘,{;) wo havo from (1)

m
v = J(F,a’r,t)n (2) f Q( e ADL AN evsssvararsnvasss (6)
| r-l | .

>

and i hy =h, =0 w6 hovo o add to tho right hand side of (3) o torn:

- 2t
{ 2 - bh log(r/b) + WZ‘ ) e h:"s*jl(b*s) - 1y ba(a)‘ Cylr« ,a.xg') }

Iz = bl 1o .
2 lop(e/) 5=1 (k~x§~;~ hf*)J,g(axﬁ) - E“sﬂ’i(b”‘s)’mo(948)12

. py
X :%" f z'f(’ﬂ’)d?j’ * ’ FRasLIGPIIRTEN (9)

a
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Yo.

Os  1ho somieinfinito cylinder O <r< @, 2>0. T curface r=4

ept &t £(z) for & > 0. Coundayy condition 1:1?’5 - Dyv =0, =0, £ 2 0,
To nsoumo £(2) ¢z Do exprecsed in the forn § 1(2). =

I’Z‘GG"’J&E@ 28 in 8§ 2 weo find

0
- 3 .LO[I‘\/(q“ + ud)}
VLT 83 Zlugnt )it . ;
P !_n"\/(g " ng) Z(ueﬂ)ﬂ”' _ (U: )f(g ) : (1)
o - Yo
Uging tho vosull § 2 (0) this plves
m : ‘(at‘?» &Yy oo
2 (L), 2 ¢ _%s Jolm) = VE+WR ., f 2 (1,202 (s )zt
VQ?F{‘*TIQ'S“‘JA;Z u2+«§55(au)ﬁ - B (a) 4\Ug3 az’,
o ’ ° vee (2)

vhoro tho 4 are the positivo roots of Jylax) = Os

Ge Thoreplon 1 28, 5> Ce Sheswface r=a keptat £(z) for
& 2. a%

T D> Ds ‘ Dotndary condition 1*3. gi-g—- hlv =0, 220, »>a €>0.

Assuning that £(z) eaz bo expandod in o form § 1 (4) we fird ce

in§s o o
iR B 2 214 '
— o B 4 1) .
v :%; [ f’.» J(q,, - 21 Z{u,z)du J (uyz?)f(27)dz? o seees (1)
ol M P ) ,

Then vaing the result § 3 (3) vio. have

oo
m i: .
2 { o {Ta) kg utdu? C,(rut,ant) s f ,
+2 4 - - s Z{uyz)du | 2(u,ztis)dat
w o L&Q an) W o uﬂi +urd Je(an) + Y5 (an’) (2) A B,

sre (3)

7e Tho hollow serieinfinito oylindor a< r <b, 2 > 0., Tho suwlace

_ . S - -
r=aloptat £(z) for %> 0. DLoundary conditions kK %—;— = hyv = 0,

then o =90, o <z <b, £+ >0, a=d ’L::“’Iw 0, whemyp=D, 2= 0, £ > 0e
r

Aoswndng 4hat £(5) ean be empanded in the form 8 1{4) o hovo as in 8 5



=2 fo To(q“r)[!’q (Q'b) + h»o(ﬂ'b)l uo(q'r)rlq'la(q'b) +h o(a'&))i
CTpr o Eo(q',a)[kq"" (g'b) + hi, (q'u)j - Iao(q’a)lkq'lg(c'b) 4 hl (q'b)j

X % (uy 5 )du I Z{u,zt)£(e")dst , eee (1)
: o
thare gt = +/(q® + ue)e

hen 1t follows as In B 4 that

a @ ‘ o0
'»":f‘;:‘ j‘ B(u,r:.t)ﬂ(u,z)ch f Z(U., ')f(z‘)&' : esersernpeceas e (2)
O o
TS} g4 . ' .
| To (ru) oty (bu) = B ()] + }:‘0 () fiuty (u) + hi, (buﬂ
(us‘e"'{') : e

To (o) {1ty () = 1y (bu)} + 2, (@) [Ty (bu) + B, (bu)|

oD - ¢ ~f@,§,‘
- ) (o 3) dzlkstl(ms) = hd, (ba(s)l Co (regandg)

=1 (‘b +u2) { (l;z'(z'i-hz)tyz(a(s) ‘*5"(8’37 (b‘(ﬂ) -Iﬂ (b<g) "12}

pnd tho  «y  arc the positive roots of & 2 (5).

Oe Tinito cylinder G £ T< &, 0 <2 << 2z=0 mnaintainod at £(r)

for 4 > 0. Doundary conditions Xkj %l:; o+ illv =0, z=., 0O<r<a, > 0,

and --‘LZ-~,'L*V~0, when r=a, 0<z<4 >0

Vo agoume that £(r) con bo expended in the serios § 1 (G)

O
. -l : _Jals 43; - J ¥ (gt 1 1
M0 =3 2 T et | TEVREGE s e @)

wiera the g are tho positivo roots of
L P L .
I—i‘igcta“o + kK d (ad) =0 » SaBsesesvsbavsbaRseses o {2)

and a term ---J‘ r*2(rt)ar' is to be added to tho riht hand side of (2)

i ¢ho case h = Q,



Iore the subsidiary cquotion &

SLOIL 18
¥F, 1¥ g

- T =0
az% 1 O

s r<a,
. w =_ 31,
1o bo solved with ¥ = —P £(r) , when

g=0, 0SsPY<n
1.1 ~§'hlv 0Q,vhen g=., 0sr<ao
sz»ﬂw--o when r=ga, 0 <z <./
t’ P & =l 2w
4 solution of (3) which satisfies (5) end () aad is finite when
r20is v ‘
To(rag)fkyag comh ggls = 8) + by simhqg(2 = )| 5 eunee
whoro gy \/(q +=(§) ’
end c(‘g 16 the oot of

k«J (o) +h I, (ax} = 0.

41'

‘!

™

us o solution oi‘ (3) sa{;isfyizzﬁ‘ (), (5), and (G) iz

a
Z Iyq, cosh qg(7=2) +hy simh qSC"-*z) Js (rg)
s=1 Ky oosh ggf + by simh g 7 Jg(axs)-&- J%(&d
o

Fos

™. (8)

vhere the summtion 1s over {he positive rsota of (u)‘ md 17 h=0 a torm
'!’:.]_q cosh q( - ) sinh q(
Paa Iy q cosh gf + h]. amh a’

(%

- &) f o (r?)dr!
ic 1o bo cdded to the right hend side of (8).
To dotorni

T
5

ormino v fron (8) we roquirs
¥-iom

V(K s 2pt) =

s S,Z, P B »‘Wi

Moorpg coal mg(L = 2) Iy sizh pg(F =2)
¥ ~ioo 3:1 Mg O8I /“g’i’ + by sinh p
noro g J(—E-{-J )

ax 5, (9

Tho wtvg;‘mﬁ of (9) has sinple polos ot A= 0 and ab A= = k(F" L ).

esess (3)
sose. (4)
esees (5)

wsess (G)

9]

) f T (et i

L
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where Pn’ n= 1,2,e0s, Ere the posltive roots of
I“::i F GQSFA? + hl sin Fif‘f: 0. SERLSNGEIBEPINIBIINELS (10)
Lvalunting the reosidues at these (9) becomes

PRI TN TS o T L 1 Yy
10(3 egogh f‘ a + hl 8inh /"o( =1 (dz_!,.F@c_,;lthml.;./k]Pm) _
| e (11)

l‘x(&s, Z,t) :::

/nd veing this yesult in tho torms of (8) we have finally

P Joi(ra(,) . .
JURE o ‘ y ' s wes (12
T e él AMgrns®) I2(ax,) + J7 (adg) f R S 42

vhero 4f h=0 a torm
o 2 2 -
" {1 - Z ‘KFﬁ q(hl + kl Fm)sip PICP ‘} f r'f(r‘)dr’

is to Do added to tho right hand side of (12).

9%« The rogion r>ea, 0<z<A 2=0mintained nt £(r) for > T,

Doundary conditions I-:l + hv=0,vhen =4 r>a, +>0, and

.,,b'g hv = O,ﬁhen ¥ =4, U<a<.—#”,. £ >0,

Vo asswie that i‘(r) cen be ewnandod in the form & 1 (cﬁ), nerely

2() = sm

O“
thers C(u,r) 45 defined in 8 1 (9).

00
C(u,r)udu[ Clu,r?)E(r")r'dr? ,  seevesccesees (1)
o

":heuas:‘nsawei‘ma

o
.%_“%S qut cogh q| i -z)+111 sinh q V ﬁ) (I(u,r)uc'm g c (u,r')r"dr',
qu cosh q’zﬂ‘i‘hl sinh q'ﬁf @ ‘..‘(2)

vhere q! = /(g% + ul),.



-

Then procecding as in & § o have

[es , o0
v = f { Iyu_cosh u(f=z)+hy sinh ul-z) Z ~r(uPHpR)e 2;@(&1-:- klpm)sin pr %
o kqu cosh ./ +hq sinh A =1 F (pL4u Xk hl.b/hl-ﬁfkfpm
00
X C(u,r‘)uduf C(U,f’)f(?')?'dr! » sssssesnncse (3)

whero the Pn are the positive roots of

I:lp 008 lﬂf + h}_ sin F,:?‘ = 0,

10¢ The hollow cylinder & <r <b, 0 <z <.% =0 mintaincd at £(r)

for % > 0. Poundary conditions k .g.;.’: - Illv =0, when r=a, 0< z</,

. VvV -
s > 03 ha%-é-hzv:o, vhen r=0, 0< z3<.4, %t >0; 1«:5~£~5—hv'-.0

whon z=./, & <r< b, t >0.

- Tio essumo that P(r) can be expanded in the form 8 1 (10),
o ;

f(r) = Z F(r.a(s) f 3."f(f”)]?(r"ds)dr' s ¢sssEsNOEEES (1)
, s=1 8,
whore Flre<g) ond the < ave dofined in § 1 (11) and (12).
‘ﬂmn as :1.n 8§ 8 wo find

‘{;-'::-}- Z _& cosh qsc =) +h1 sinh Qs(/ a) F(r < ) f rvf(ri)p(rc’da)drt

P =1 qus cosh qgf’-i-hl sinh q 7 . -
whore g = /(a° +a<§f). and 4f hy S hy =0 an additionsl ternm
2 I3q cosh q{f=z) + h;“m?,q,(ff’f"‘) pr2(et)art
p(b2 »a?) k1q cosh of + hy sinh g a -

is to bo added to the right hand side of (2).

Heneo using the results of 8§ 8 wo have
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0 b
< .

o L f&((ﬁ,‘g,t)?(ﬁ"ds)[ X"f(f')dl" f(l";o(s) sesnasIRsRIRERS (3)
s=1 Vg

whers A(«gs5;t) is defined in B 8 (11) except that ky end hy thora are
%o bo veplaced by k and h, and the welucs of «g to bo used in this rosult

aro tho rosts of § 1 (128)e If k3 =hy =0 an extra tern
a

2 4(0,5,%) f #12(rt)ar
o]

e - &

is o bo added 4o the right hand side of (3).

1l, Semiminfinlte eylinder » >0, OJ<r<a, o= 0_naintained at £(r)

for 0D sr<<n, >0 ‘onmdary' condi*biong k .;%f + hv=0, vwhen r =8,

z>0, £>0.

Ag In g § wo asswwo that f£(r) can be expanded in the series § 1 (c)

00 : o

Al Jo(rdg) »

f(r) = g‘? s J}(\" "w (r' det ey (1)
as é}. I2(adg) + 2aty) Yo grrele) dete e

wviore the «, aoro tho pesitive roots of

8
kM'J;(&d) + hJQ(a.e() =0 » A T YIRS R R RS2 A (2)
a’
and o ‘torm %{ re(rt)drt 4s to Do ndded if h = 0.
o0& dy :

Tho subsidiary oquation is

e o
3-*%-4-%3—%4-%%00 %::Q » RS - <n, B )0, seeseseee (3)
T e &

-1 ‘
with "9'2"?":{'(:‘) § when 20, O L r <8y Sscscvsrnesadesenss (4)
&nd kg—rg‘i’%l?zo_' T Y= 8y & D Ue CECEEVBANRERPRISES (5)

A solution of (3) sacisfying (5) end finite when r = O, and when z-—><0, ia

g P

3 p o
wThoro ke o(s io a root of (2), and qB = \‘/(qz ”§”°(§)'



it
pmiw

Mue tho soiution of (3), (4), and (8) is.
(o} S &
T=E Z 2 Jolrds) rre(et)d (20« )drt , sseseses (0)
: X 2 (e 2 te Q o
po* ‘a1 Jo(a,xﬂ)-i-.fl(a& )

md i h=0 atora E. qu r?£(e?")dr? s to bo added to the ripht
o]

hand side of (G)s
To deternine ¥ 1;’3 roquirs .
+1co
(77 gt/ gy
I=37g : N

[ZS RS AR R N 3 ) (7)

Y =i

. -2
Tho intecrand of (7) has o slaplc pole ab M =0 of rosiduc e E,

2155 1% has a branch point &t A= « »c«:‘;f « Defornin; the contour about

2’6"1!'

s 2 =i B
4uis in tho usual way and putbing A == K*g + Kku“e on CD and

iw -
A:.kdg *«uge onn I we obtain

(8)
PENEBEONBESERRY (%4

: . o m
X L v}
-gdg 20 5 =i oy sin zu
™ ud + .(?
O

-3 A 3‘j 5
=0 B+ge ® oric f K‘b"}'z——:rg-l arf.‘a[ NCT -ﬁ%

ceenen(9)
Usinz tho value (8) 4n (G) we £ind |

m? zL 2 - By i - vt 1 8in z;z Jo (45) i 1L (rt) I 1 ) !
j g 8wy B ) : du [r ((BAE
= {6 ™ f W r4g }J‘(Mi)'&-.]z(aa(a) A -

Ted]

8] .
rene (10)

a lerm
on " 2{‘ . B
3-;{1-;[ D el
-9

(s]
21

rio(rt)dr?

hes to bo added to the rinld hand side of (10).
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12, ihio rosdon 2 2 O, ¥ > a. 2= 0 mintained at ﬂ""), forr >a, £L> 0.

Downdary condition lcg-%«!— hr=0, vhea r=a, 2z >0, t>0.

o asoumo that  £{r) con bo expressod in the forn § 1 (G), nauely

oo o
£(r) = f C(u,r)n du f C(n,l") f(r*)retdrt sesssessenes (1)
(o] )
vhore C(u,r) is defined in §1 (g)e Then @s in § 11 we find
w© 0
— F - ' ‘
v =%f 8 a’s C(‘Li"l‘)';‘gi‘-&f G(u,r')f(r')r'dr' ssensss ettt (2)
o B

; o
there g = \/(g° + u)a

Thon usiag e rosalt § 11 (8) it follows that

P e p et P '@ g0 gt =
= {v& -=0 e u_sin 2ut oty rjudn [ Clo,rt)e(e?)rtarr,
o o & ve (3)

or using § 11 (0) the integral in tho bracltol may bo expressed in torns

op grror fuwictlons,

13« Tho semieinfinite h@i};ﬁf( oylinder 2 >0, 8<r<be z=0

onlntained at £(r) for & > 0.  Downdary conditions Ij g’% -hw=0,

then r=1a, t >0% kgg%+hav=0, vhen r=Db, 2z >0, -l:-'>0.

Ve mssie tiat £{r) ecan ho oxpanded in the serios 8 1 (10)

00 b
f(r) = Z I-’(r,e(s) f I"f(?')?(r‘,a(s)dr‘ cnssseess (1)
=1 3 :

vaero the & aro tho roots of &1 (12) and 4f hy why =0 an additional

1

3

Lorn = = s‘ P10(r)dr' 18 to bo edded ¥ the rifht hand side of (1)
- A

EqS
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Toon ag in B 11 wo obtain
o0 b

1 < - .l v -
-"i? % L 1<) qfs‘z ?(rnv(s) J‘ r'f(r“)F(x"‘)"(s)df' ' esesssarse (2)
=1 a

vhero Qg = J(q -MLB), and if h,= Tnz =0 an extm tem
b
2 & 3% f rte(et)drt

PR

is 4o Lo cdded o the ripht hand side of (2).
Ag in § 11 wo have £inally

o

@
Z{ R T f o wﬁdﬂ}r@, B)f 2 (rt)T (et )ar!

W+ L2
° es (3)
vhere 1f hl =hy =0 e alditional termn
2 2 © awu?t gmgman ] . |
R { - f 3 —— } f rif(pt)dr’

o o
is to be addod to tho right hand of (3)s
The infinite integrals in the brackets may be expressad in terms

of orror functions as in 8§ 11 (9).



CHAPTER VII. 99
TIZ SOLUTICT OF DCUIIARY VALUD ITOOLIIE BY L DOUBLT LAPLACE TRANSFORMATION,

Je Ca Jaozers

. The laplaso Transformation has nost Jroguently been used to transform
& linear partial differential equation with two independent veriables

into an ordinary differential oquatlon, t:o “subsidiary equation”, from
the solution of which that of ihe originel equation is deduced, If it

is applisd to an equation with more than two independent variables the
aubsidiary oquation 1s nlso & partlal dlfforontisl equation and is usually
8olved by classicul methodss ho objoct ol this note 18 to point out
that partisl differsntisl equations in whloh the range of two (or more)
independent variables is (0, a may eesily be handled by simultaneous
Laplace Transformations in thesco wvaurilablea, The point of view ias that
of _Chapter I . in which the laplace Tranaformation method has been
rezarded s purely formal, and the solution as subjeot to varifica.tionlc
The mothod ie rolated to that of Doetsch™ Zor squations of elliptie type
but cesuncs no theorotloal basls. T # 2 & siuple two varisble problem
is discussed to 1llustrate tho rwthod and in 152’4 and § two new three
variablo problems of & typo to which it is well adapted.

® Carslewpad-Jasors-froevGerdridre Firthe Soov;--in-prese;--Frocs

Iondon- 2iedivy Hoony Tumtiedy- 205 - Sul- Srore Hathn- Boon-45--3036)-40%

+ Dootschy Thoorie und Amwendwniom der Tanlace-Transformation,

(Berlin 1037), Chapter 2%,
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1. Ve cougider o fMunotlon vix,t) M twramzse x>0, €20,
“t
_ , v
Lot ug(x) = v(x,0) , ul(x) = Eﬁj

w6 s vo) s () = [

The Leplaczo Tpansfornm with rospeot to 4+ will be denoted by & "bar",

thus @

T(p) = f o 7P p(elat ,
and that with resﬁmcﬁ "bs = Yy a capital lotter, thus

0p") = J P o) ax
end the double Laplace ”‘ra.nsfam by both

Tlptep) = ” PP E g (x,k) x dﬁ .

p and p' saro 'éau?;x:aed to haws venl purts sulfliciumtly lerge to ensure
convergenco.  This motablon indicabes conpactly tho variables occurrings
if thers 1z another independont variable y 1t will ocour throughout.

Then subJect 4o suitablo rosirictions on v we have

J f P o dx b = T = U, | @
j‘f omPUenx 3'70;:«{:%@ “'PUQ";?’ (2)
fjé"?t'?"‘.a.‘zax db = piT w %‘ | ' (3)
jf .mt-g x azf,,. &x at = 9T w P, - 7 | - (4)

From & pivon differentisl oguation und boundary conditlons we obtaln

.

e subsidiary aquatlsn end boundary conditlons by multiplying by

exp[«pt=p'z] , intorrating wils respect 3 x and ¢ £rom O to , and
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using (1) to (4)¢ Colvin; this equation we obtain V(p',p).

To derive v(x,t) fron T(p'yp) we ossume an inversion theorem
which may bd derived formally fron Fourier's integral theorem in several
veriables. ‘ Fvim

yrio

vixt) = - -4-1-- ar [ ™ TIEF(N NN (6)

y-to Y-io
where T>arg N> =7, and T>arg X > e, provided thabs
T(N,A) 16 bounded in somo half planes R(X)>« , RN >« ,
and V>l , y > | } ©
Other conditions in addition to (8) vill of course bo nocessary for
tho tyuth of the inversion theorem (G), bub neither these nor the assumptions
fnvolved In (1) 4o (4) need be disoussed pince the whole process of
determining v(x,t) as & double contour Integral of type (6) 18 regarded
as purely formals. It has then to be verii‘ind that ﬂxﬁs solution does
satisfy tho differential squation and boundary conditions. This is done
in the caso of the oguatlon of conduction of heat by transforming the
paths of integration in (6) o pathe bezfndng in the third and ending
in the second quadrant and the verification 1s then performed on these
new irtecrnlse Tho whole prowess follows the lines of the one-:mriu.ble
case™ and will not be given heres The eonbour inlugrals of type (5) |
are evalunted by & deformation of the conbtsuyr precisely ea in the one-
varisble case, this will ‘ba done withoub ooxment, the method and

. A o
justification having beon pilven jm=bhe=pepert—referred—3o

2. Heat conduction in the regicn %> 0e Tha initis) temperature geroc,.

The end x = 0 kept at wnit temperature for > 0

Te havo Lo solvo

X Sar & )ond ..tm.%‘!wi_ﬁ‘——m.nm- Cf. Chapter I.
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1 )
ax Kg.{;. 0 t>0, x>0 (1)
with®  u,(x) =0, x>0 (2)
w () =1, >0 (8)

w, (t) unimown,
Byé,(, (1) and?('(&) the subsidiary equation is
(pr? ~-§)‘§z"= PL+W,
and 80 V(p',p) = v+ Wu (p) |
% = p/k)
For T(N',A) to saﬁlafy,{(ls wo st ham* ¥\ == (AN -4 and thus

v(/\ ﬂx) A[’\' + /\/()\/“):l

$i
Hence by the inversion thsorem/((d)
R P 6 At '
x(%, 1) = w .}T.rz aA ‘[8 2 ay’ (4)

Vico i X[A' - .\/()\/K)]
f*‘” Xt = (k) 2
..i.ao I/QV(K%) éx& ;

w

0

3¢ leat conductlon in the rosion x> ¢, O0<y<b g y=b

Haintalned at unit temperature Jor £>0 3 y=0 end x =0 daintained

at goro for t > 03 the inltinl teuperature seros

e have t3 solve

" Boundar;r condi Lions statod shortly as In (2) and (3) are to be understood

as:  for fixed x> 0, ﬁ&;i;zx v(x,t) = G, (e")
S
for fixed ¢ >0, lim v(x,t) = 1. | (3")
x >0

* Fronm this rosull t’lé flux of heat at tho origin ney be obtained directly,
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2
X

with u,(y,x) =0, x>0, ‘0 <y<b
w,(7,t) =0, t>0, 0<y<b
w, (y,t) uslmown |
v(y,xt) =0, vhen y=0, x>0, t>0
v(y,%t) =1, when y=Db, x>0, t>0,
The subsidiary aquation is

-
;1}-‘;* TV =¥ (v)

where g =p'™ - phk . ' - (1)
- £ of By Tg 1 X

Thig is to be saly@d with W ““:3“ vhea y=0D>

The solution 1s o .

sinar _ 8Inay | ety of WS (ot ay!
V(yap'sP) = oV aings ~ G 8in P ainq(b -y, (y*)dy

85.2 8_g,ma1 ;; [ slngy ', (v')ay" (2)

2__ 2
Now ain bp/(N? = A), gqua funotion of At has zeros at A' = Ea/(EE- +2),
n=0,l,eee 80 to sat:isi‘},(b 6) the mmerznr of T(y,N,A\) mst vanish

at A\ ~+\/-~s-f-é§-) y D= 1m0 » b is
l..
n
1—(1:?”.1 n.,;.)ﬁ-j- j 85.31 3%11‘&" (:f')dy‘ =2 ‘C’, n = 1,2..’" . \(3)
X b=
b K

o

Tho residuo of o™= Tlys AN, e funchtion of A* at tho pole )\'= _\/(nr 3~" )
is

= nﬂ.Tri a‘« | e'- .
OXD] XN/ (=1~ & ‘
i Mok LI _")J s T ) O nw | g T F )y
2 .‘.1:;- s b a2 LS & ' i
BT 4 Q¥ AB (LT D)4
> K b K K

Using -(3) in this pives for tho rosulb ¢f the )'~intezration in §:1 (5)
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oimh g /Y g 2 () —;}?pr[ (n L ] ’

Asiih BA/IVK) T o N T AE@")

vihcro the Clrsi torm comos “von tho polo AY = 0.

ﬁor the A=~ Intesratlon wo requlso

1 m@[)&; - x+ « )d]ﬁk
2ri -
Y-iw A(% * o(")
o ,
L1l eax 1 exdt 2 akhien’) du
=z “Z° ’1‘3;] ) Sinux‘ma cees (4)
Y+iec X‘G ) ( /bz
; 1 o~ sinh 2 -m ™¢ 0w

ad mrs.f N aiﬂx% _ dAm L Z tn Sl

¥-ioo _

Ugin: theso results we have £inoally

n B N A n |
v(yystst) m%'ob;-‘; Z.I. g 0 (; - nm-’-‘gi

L4 it (u® + 0t TAY) in |
- al«)" sin Ain ux du. (5)
“r!%‘ z 3%2[

uu™+ ¥ mAhY)

c?

Clearly problems in viiloh the torporature of y = b is a function of
x or + oey ba dealt with In the samo way provided tho funotion satisfiseg
fairly wide conditions,

4o+ eat conduotion ium thw reslon > 0, 0 < ¥y <by the initial

tenporaturo wiitys the surince madntained at zero for t > 0,

Wa‘ hnwve to solve

.SQ;‘L;»;E »{'%”Q B30 ,K>0,0<y<b
with u,(px) =1, x>, O<y<u

Wy(7eB) =0, t>0U, G<y<b

w, (72h) wilmown,

v(yys,t) =0 vhen ye0 md y=D for x>0 and &> 0.
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~ Tho subslidiery equation is

7.7 i — 1
L0 q75,0 -

whero q" = p' = p/ .
his 1o to be solved with V=0, wheny =0 and y =b. The golution is
Tigapsp) = - £18.90 = 81 @7 = stn qlb = 7)

kp'q” sin ¢b
2
w BN gr gin Q(b}a y*};’ (y*)dy! « %Ql(‘]:ﬁz_ f@m qy'“(v')dy’

g sin qb
. . X (1),
“ho goros of s&in b(A\" — -ﬁ\-)“ qua function of A\!, are at

anEmt ) ;33 Y
A = S R )5, N 0,1p25eee » il tms. in order that{(6) may be

gatisfied, we st have

b[l - (-)] j Sin'%‘w (yNdy* =0, n=232,000» (2)

2
mrn(nbf + A.)w

) . ) L2 b
The rosidus of M=% T(yeAt',A) &t the pole \' = = (g__z[__!_‘\.)a ia

T Y T S e o b[i - (-)] nny e
R WA (T ) v

Usirs ((2) in this result of the )\, Intezratlon in &1 .(5) is

n & 1 (2r+ DI A‘%} 1y L20 1)m
- ;o (er+1)[n(zr+ 1)27r‘+Xb] [ﬂx( 7] e

o Sl b()t/k)d - ai;"g(jk)‘ w ginh(b - ) (A/K)‘J
A sinh bOVK)E

where the last term hes boon dorived £rom the ,@ole A' =0 3 there aro no
poles ax ! =S/ (V).
Carryin: our the \=- &ntesration in the usual way we have {inally
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w > :
wGiat) = Ly SaGreloh [ean v oolits ers 2 o e,
r=o e ' J

The samo method appliel o ocases tn +Ziich the initial temperaturs

(3)

u, (v,%) is & funoilon of x and y under falrly general conditions on the
function.

Ag on exaple lot u,(y,®) =x, for x>0, 0 <y <be

The O"ﬂ.j' chanze in V(y,pip) 1s that the first term of (1) is

replaced by .
= 8in bg + 6in qv + sin g(b = y) .
kp'a sin by

Proceedin; in tho some wey we £ind that the only pole of Ty, A',»)
qua funotion of A' is A' = (o, whera the residue is

5 Sinh hk()«/n)‘J - gink g(%)% ~ ginh(b - ¥) ()\/K)%
A sdnh b(\/K)<

Porforming the A= integrotion uf%s) we obtain finally

R @® - k2 2
v(ysxst) ”—?’?’5‘ Z 'T%?%—Tﬂ*m’(aﬂm v/ sin (2r+ Ly ()
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Ge oot conduction in the soni-infinite cylinder x> 0, 0SSy < 8.

v = o maintainod ab wnit teporabure for x>0 end £>0 3 x=0

paintained at goro for O0<sy<e, +>0 3 the initisl toporature zoro.

e have to solve

2 - |
a"v v iov lav. o, ¢x0, z>0, Osy<s
oxE pyf JOU KoL |

with uo(:-,?,x)::()‘.: x>0, Osy<sa
wb(y,’ﬁ)::@‘, t>0, Osy<mna
wy {ypt)  wilmown
v(y.z.t):l) vhen y=a, x>0, t>0.

tho subsidiary equation is

i“ﬁg*%‘g* ng'.::%l(jf) SEAEPASIITRIFENRUIOIRENNOPOIOOY (1)
at TV |

whora qz = p'z -p/K
Thisg 1sto‘bosolved. vith v-,{);', vhen y=8& .
partieulsr intecral of the equation (1) i1s

¥ |
T1C, (08,aqy) o (qy)
[330'2(1&, ] J; 79, (gr* oy 7t )ayt + '2-39-(-7 LC (aopr*) |y ) ay*

whoro Gy (x,y) = ()1, (7) = Y, (=), (F) »

So tho solution of (1) snd its boundary conditions is

¥

() . wColomsay) . g

Visp'p) = np‘i,,o(ga) 230(‘;53’ ]Jg(w')wlfzf')y‘dy‘
Q

*’" Jo (qy)
23, (qa)

a
J Colqueyt o )y tayt - sesees {2)
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J, [n(A"“ - A/K)] » qua function of A' , has zeros ab \' = _.\/(o(,3 +~A-) .
whiere - o(,,3 s B=1; 2, eeep are the rools of
J,(8) =0 & eseevssessscsssanssacssoss (3)
To satisfy 8§ 1 {6) the mumor a{or of T(ysNGN) mst vanish for

At = A/(o(!;;-g-‘h s 8=1, 2, eeeg 1ece wo mash have

Jolig) | _Jolyag) g T )yt dyt =0, 8= 1,20 (&)

>M/o(§ * X o I (m%}

o
The rosidue of V(y,\',N) ¢uo fuction of A' at tho pole A = «A/(x] + %.)

2

is
g O “X”/(xﬂ*mﬂ JQ(J’ o) s o(YNg)
a,(cx + %/&)‘* 5 o (ax,) /\(D(g + X/K)"d axg J (&o{s)

3 8

so(ywﬁlcw)y'ay'

Using (4) &a this snd adding the rosidue at X" =90 gives for tha rosuld
of o )\'-im:om@iion in 81 (8) |

I ﬁ(x/K)]\ 2& J (y%) .xpt‘x\f(x - X/K)] TeePeOsRe (5)
AT, Ean)] ’Zi aRx(xE + /<) I (eg)

Tor the A=intogration we use § 3 (&) and ﬁm rosult

; f e Tofy (Vi)

wmt K g‘c

2 S Io (7o) e
3'-':1 ws J?}(%)

L el

2, » esssen (6)

&X-—1+
¥ wlon 5 Tola (/)4

vhoro tho (>(g arc tho roote of (3). ‘i‘.l‘ms wo cbtain ﬁ_mnv

e 2)
m‘a X T () Kﬁ(x e sin xu du
'Z' Jolyx ) 4 X :

V(chst) =1 "!" g 3 (:’i::“)s o Zl Eciaxgi j ' u(uz +& 2)

- ° sseese (7)
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CIIAPTER VIII.

THE REGIONS BOUNDED BY A CIRCULAR CYLINDER AYD PLANES PERPEUDICULAR

TO ITS AXIS WITH CONSTAUT SURFACE TEMPERATURES.

In Chapter VI the temperatures of soiids bounded bj' coaxial
cylinders and planes perpendicular to the axis with given surfdce B
conditions and zero initial témperafure were discussed by the
obvious method of separating varia.bles in the su’osidiary equ'a’cion..
In cases in which the ’cemperaturé f(x) of a surface extending
to infinity was preécribed; the cbnditions on f(y) vould 1n fact
be very restrictive, énd iﬁ particular vtile imf'ortah‘bnic;ase i_"(xj) = Constant
cannot be solved in this i'ray. " In Chap’cei‘ VII a mothod was ‘do‘velopec‘l
for dealing with some problems involving fsemieinfiriite solids and vras . -
found to be;‘.a.p.plicabléi to 'prvciab_lr‘-;ms :Ln nhlch the 'sufface or initial
temperatureswere not so restricted. .Thg forrll of the resﬁits of
that Chapter suggests an alternative méthod of separating the variables
in tho subsidiary equation. - In this Chapter formal solutions will
be given in this way fqr, the semi=-infinite cylindrical regions
z2>0, 0<r<as r>/.a, C<z</€3" z>»0, r>a with
constant surface temperatures. Problems with radiation bou.ndafy
conditions

R

at the surfacecs, k, h, kj being constants,. na.y be dealt with in

the same way. The same method applies to problems which can be



1l10.

solved by the methods of Chap’cef VI sucfl as 'the' i‘i.ni’ceﬁ
cylinder with constant surface temperaturé. The ’cﬁo methods
give different forms for the steady state solﬁti‘oﬁs but the
transient terms are identical.

The problems.solvved consilsi‘c‘ut‘e a complete set fé;j the“
regions bounded by the cylinder 4r =a, and ﬁla.ﬁes z ='C
and gz = .4 wlth constant surface ’dempera'bures and zero initial
toemperature.s In addition in §§ 5 mivd 6 two érobléms vrith
constant initial temperature are solved dircétly; thi‘s secns
worth while doing in view of the impof’cénce of these problems,
the soiutions ca.nqu .c'our‘SG ﬁc.'dex'ived_ from the other ‘result's

of this Chapters
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1, ™0 problom of Chanbor VII, B G Yool conduction in the semi-infinite

eylindor 2> 90, 0 r<a, r=onon mainteized at unit tooporature for

2> 0 omd t> 03 =z=0 maintuived at roro for 0< r <a, t > 0s

The iniblel ferperaturo zero.

o subsidiary equation is

Fored g ey ' ’
v 1w v | o=, pS -
arz 4 T or I‘azz q"“l?' J . 0gr<a » 2> 0 sene (1)
o Lo solved with
T=llh, ve=c, 2>0 | ceees (2)
=0 , 2= 0 5 s r<a. Cemees (5)

@ seor o solutlon of '“*e typa

2
~ 1 ‘ SVACRELE ,
ve2 %_(9_74 Z &, 7, (e ceees (8)

pasitive

vhoro ¢he A, m= 1, 2, ess &re thefroots of

7

‘Ja(aoh) =0 5 seesreve (5)
Tho 2irst tora ds the solution of (1) and (2) for Hio infi-ite
cylinders tho sceond o serics of corrccting torms which satisfy (1)
and vanich ﬂz‘:zan r=a§ tho sooflicionis 8, are o bo chosen 50

that (4) sotisfies (3)e ""ﬁs roquiros

N | Io(q!')
oo} BB i

2%
apbE=a?) 9y (ae)

g o, = -

o

Io(qr) 2 o I () -,,.\/ &+ o)

-__-:,2.‘. e - e *0e 6)
P Tolea) T e P<°5§_+9“) Jl(ew&) (

gnd o



n2. .,

This is in asrecnent wiilh Chopter VII 8 6 (5) oxcopt. for the chaugo
of notaticn md the.tnluo of v follows o8 before fronm Choptor VII B 5 (4)

and Chapier vII § 5 ()

2 Js (1o}, )e P " %G Jo(i“’%x) 8 h’c(ﬂ,:u ) sin zu du
TEite g5 Jg (8% uu? +55)
== Joleoy) e 5 o\8%y) J (u® +o 13

soesees (7)

!1

8¢ Therogion r>a, 0<z<A. p=. Topbat T for > C.

Tho other surfacos ab goros  The initial taperature goro.

Tho subsidiary equation is
2

8‘6-'*‘;' 13V qe;,.(} 3 | sl s A D<z < ssevsns (1)
are Tor | az
viith o= 1/[1 Py when =z =, » > sesevae (2)
=0 , ‘ z =0, r>4a secenee 3)
=0 4 O< g <¢Z?3 r=2a . ssosase (‘1)
1 sinl < nme |
h v o 81 aE Z e 5
Choose v = ) REITY (};’—A §.' aﬁ’ gin | ?' Lo(rqn) » evecvey (O)
n=1 '

whora g, = n (q?" + nPpRfit )
This satisfies {1), (2) ond (3) mnd in order that it vy satisfy (4) we

roquira
tiah 1z
g; sinh Z 911'5*1’7“1* (an)MO *
Ilenco 0, 22 &ﬂr(.)n
220G 3 D
T ped Ky (agy) |
oo n. - .
] > 11 .:a. ey ’
Z | (z) G(rg_L) ﬂi’ﬂ.m 1,, » esv e (C)
9 Hy(agy)
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KG r«/(%?g-g + '2")]

[ 2 + A.)’I

5’2 xnle/e? ,ﬁz Tolame/s) _2 0 I/ i o % Colur,ua) du
= .- ;—a’—z 6' ke .», €y o(xxra./,r " &ﬁ%ﬁféﬂ){-%{u&)}

vosnsse (7)

v=24i > () Kolmr/d) | mm

7 £= TH L (/) sin —7~
. fﬁ;-; Zm(_)n é«-ox::;?‘rrz‘r:/;e’,:’v:2 o BT Co(u.r,ua) du
A v u( S nors/ ’zjtz(ua)i» ’f"r(u;ﬂ
7 snedas (')

% Doregion r >e, 2> 0 z =0 kept at unity for +> 0, > .

r=0 at goro for 2> 0, > 0. The initial temporature goro.

The subsidiary oquation is

;‘;”‘:‘3;4'?? ¢F=0, r>e >0 sesvrsese (1)
it Y= /o, z=0, r>a wsssnness (2)
=0 r=n, >0 } sssssesss (3)

©

ot V= %B‘q“ + f 2(u) sin uz lifo[r(qg + uz)j due
o .

i satisfies (1) mnd (2) and (3) requives

o0 A
1 Rl b . B
0 L J f() siz uz Ko&(q2+u2):j =0 .
©
fenco, by Lourder's into ral theoren
2t
L) = - - -

7ot +42) I [u(u"z + q‘l)j:f
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‘ e 2 ; K 2 + gy
YES%G aq -T@, I u Zh:. ug_ KO r(ﬂg ; q;’;; il e SesssEsses ({‘:)
u® + q Qa.(u + q°)i
ind, vein; 8 2 (0)
o
. B 8in ug Kg(m-)
£ B 123
il o Kuzt usinuz du ¢ ¢ Co (utr,utn)dus ‘ (5)
Y TS S T AT ey REL S
™ g at(ut®+u~} |5 uta) + Y5(uta)

Lo Sho 1'0""10'1 r> 8, 22>0e r=p leptabwmity for =30, &> 0.

z =G kept nl goro for »> o, T >0. The initiel tompaoraturc zero.

Tho gubsidiary equatiaa ig

Dl — -
é::go t}.-é.v_faé-g‘u q??gg » TD> R, 2>0 , sssesenssss (1)
aru hli  id YA ‘
with T = l/p » r =0 z >0 ) ss60008880 N (2)
F;O’ o o=t O, > Ge eseassevere (5)
o o0 o
- 1 () | «2(q®+n~)"
ot v ﬂgm'{“ f f(ﬂ) C (m,ﬁ}’!) 3 (q - B du » eevsvasnaesry (.d:)
o}
this sabisifos (1) and (2); (s) roquirecs
1 e (qr) Q f( ) .
'i;f = o i (rﬂ.,&u) du=0, D He sessss (u)
o

Towr by IT B4 (6)  {ober's :?r*‘:cmrc:" theoren)
o _
. C. g &
Zolor) = g(&?.h&)& - C, (urt,um) K (qr')r'dr' .
. Jg (un) + 15 2(na)
o 0




@
2(u) = e - (qa)[Jg (ﬁ:) e (xza)T 139 (ur' ua) T (grt)rtdr!
s B -
(e + g ] 92 () + V2 ue)|
98 wo havo 2

—

0
ol *O(N' - — ~z(g®+u? Y e Co(uryualu du
R qa b (v.?,§ )rdz( ug) +Y2(ua.)]-

8% G4 (ru,0n) du

Jz(&d)*YE(m) B

<

il

ot

+

3o
cﬁ“—ﬁe

-‘}‘-—u
2

; — o 8 _
- J& (om) +¥2 (o) . | ot (a2 + 12)

0 o o 2
2 j Go (msaﬂ)u du =xg(a +ute) sin u'z dut

ns",

evees (C)

veee (D)

Se loab conduetion in thoregion 0< 2 <./, > as The surfnces Iopt

ot foro. The dnitial tonpornturo witv.

V7o lhave o solvo

; 1
+EcT ke g vEe=, r>8, 0<z<J
ar? rar 3,2 K
with =0, W z=0 ad z=., r>a
=0, r=a, 0<2 <7
foclz o solution
— sinh gf = pinh gz = sinh q(,ﬂ -ﬂl
7 : + E
v P sinl gf 2q sin 2

YTy T Y (1)

escssonnn (2)

reeeney (3)

{mﬂ)a:
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Thig soticfics (1) ond (2), ond (u) roquires

sith of = ginh 0% - a:mh q(,,-z) Z 1
p sint g By 84 1""’“'0(&1’2)”‘0'
fonce _
. 26%[(=)" - )
= n'rrp[g“ P nzrr‘z/fffgjﬁo (ag,,)
and w n
w. £l gf e glny qz - sith q(/ = z) E(") - ﬂ%(rqn) gin T2 |
= D sim of TK =1 B|a® a»n‘*n“/f"“ Ey(aq,) - s
ssee o&)

Therselcre '

L 3. sin(E+D)ma/ e»«cem)%/ f &N G, (ur,u8) du .

=ema (2 + 1) o0 2 ‘

L=~ I—JO‘ (ua) + Y5 (ua)Ju

Ge Thorenlonm 2> 0, > a. Initiel torperaturc unity. Surfaoces

Toph ob goro for > Q.

ihe oot thot tho solution for this case follows from tho silutions Jox
conctoml bowdary temperature and zero initicd temperecture sugsests o

corbinnbion of the solutions of 88 3 and 4, Thus

, e P W p (a0 ‘, e
X o wu sin vz . T r(uzé_qw),, 5 / o Vz(‘q + 1) Co(ur.ml)u du
E au?.' . » Dy ‘.—- < . bad + o -
™D J; ue+ e By Lg_(uzvx-cf) | TP A {us+ qz)[Jg(L.a.) + Y?,(ua)]

(22X NN X} (1)
eolicfics the suhsidicry cquobion and ite boundary conditionss  lenco we

hoyve tho goluiion



n7.

- - ‘
vme1al j sin ug | g(u:é) 2 f e "% ¢ (ru,on)da
i Wi (ae) T [9E ) + v2(an)|u
o Y .
P NG I ‘“Ktm“: Detws g, L )
5] ]
A U[J” (an) + Y2 (ua)] "

I
I

[3a}
4“; C,{ ) du "' 24012
o(ur,ua) du f kb(uiat2) minuts o0 e

“ 2 | D \ 2 '
™ L @ Jg(ua)+YO(ua):} u

since 1ho first throo torna of (2) are tho sioady state solution whiich
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7e Tha finito oylinder 0<r<8v, 0<z </, Initlal tenperature zero.

r=o kopt ot wmity for £>0s 2=0 end ==/ kopt at gero for t> 0,

Tho subs_ﬁiary equation is

FT LoV 9V %=0, Ogsr<m 0<Z £+  seeser (1)

pod
ar? T 3T 558
with ‘;: 1/1"3 » T=8 5 0 L 2 <A sesesessasvsiscee (2)

"V?SO, vhen g£=0 and 2 =.7, Ogsr<t. esesvsccnvatseee (3)

e choose ©
T
:,;"_:'-‘-‘;—2{-9}'—;—4- Z A J (!.'o(s) cosh (J“ 7 - z)qa » sssrzesesnssrees (4)
P Zolan s=1

there® = /(g 2 4 o(?’ This satisfies (1) and (2), and (3) requires

@
EJ—D—(_%E}-T b Z As Jo(ro(s) gosli ‘%ef?q_s =0

=1

Thus Ay cosh Dl 2= 2 X

5 " ap J, (axg) (g2 2 4 oZ)
end, svbstitubing in (‘A):

- Dole)_ 2 Z 7o (""‘i) sosh(lif=2)as ... (&)
" p Tolga) D Jq (axg) (g° + o) 6ol G2 dy 3

Them, using tho result

Y4+ioo 1. ) 1’.
. 6>\‘u dA acgh(if = z) (1:2 o+ {}/k)“’
R }\(1;17-.;, VK) cosh 1:2(k% + A/x)‘u’
V=ito

aly & pnEmn)EOLE s 1) et
(en+ l)tkz + (2n+ 1)3n2/,532]

cosh T'(‘“‘_:,,gl.— z) ‘ 3:_. -K:L t &
¥ cosh 1hag 1P

1]

=0
ose (6)

we hove £inally

e &

g 0oro tho positivo roots of J, (o).
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2 f Jo(rg)  cosh((ri= 2) oy
v=leg % Jylad)  cosh fifog
8 > S8 Jo(mg) s i ~K(m+1)2n2t/,2 "}7rz,4" |
- — e}
am £ 9y (ac) (an-s-l.)th + (zn-l-l) :

-

 eaens (7)
Tho transiont terms ol {7) are the same as thoso of Chapter VI, § 2 (9},

ut the stoa’y state tcrzﬁs are obtained in a dif-erezri: for.

Coe Tho finito cylinder O <y <&, 0 <g <.J. Initial temporaturc zoros

8 =7 Tept b walty for &> 0, “he other surfncos Lopt at gero for & Je

The subsidiary oquation is

?" Ay . -
§%+%%§+%o qa"x?:::O' Osr <& 5 0<Z<¢£"’“ X XEx (1)
b o ‘

wilthh ¥= ]/j? » »ﬂ:zf? & 05>r< a ' o essbouRaBONBLOERRIRITY (2)
=, g=0, O0sr<a NI RANEIETEIORIRNP NN (3)
v 0, r=58, . D<z<Ae ssereRegI e ROt e (4)

Ve sook & golution of.' ’qype

ish o
?QW Z ) .5_’1'7‘:: (rqn) » Seasas PO NIREIR LY (5)

Pisiabae! .\/ (q + n“rz//’z) .
This sablsfics (1), (2), and (3), tmsl in order that {4) ray be satisfied

e roquiro

o0
ginh qz , nre _
peihgr T [ R 1,(eq,) = 0.
T (o's)n

[ 2

Thus o, = —
P55 Toleqy)

x> 1 - .
, . . 7 (e i .
" =PS§E§J’E)‘Q§?*§;‘; Z ( )I 1'0(:‘ ) 355-1133:%';2 . ' sesseenpere. (G)
= - Ir_:l qu 0(%) 4

i
4]
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Therofore finally o o
= K (C( “+ n&" / y“

o0
_z,2 ) ()1 (/) me oz 5 Jo(rg)e
W=t z - Ie%ﬂm/fi‘) sin Zn( ftin Z_ °§("f’g §+ n"?)Jé(&“s)

s8e e (?)
vhiero the & are the positive roots of J, (as) =0

Tha transient torms of (7) agroo with tiose of Chaptor VI, B O (12).

9¢ Do seieinfirito oylinder O0<» <a , 2 >0. Tho initial tompersture

zoroe == 0 lkepk ab wnity for t >0, Osr< s r=ga keptat rero

Tor z> 0, +t > 0.

The subsidiary aquaticm. 3.5
| 2V 1% . 3T . =
1 e i M + L t;“vf—': 0, s r<a, 2> 0, sevessese (1)
1 2 ror aza ,
or
to bo solvod with
.{;z 1/P * 2=0, 0Dsr<asa sarEPNRIRET LRGN Is ey (2)
T=0 » =8, 2>0 sessERBESEIOEERGIENS (5)
llore wo ehoose
-] =q2 . .
V:;)"Q + Zo<l‘q') 8in vz f(IZ) Moo ) avssrnsssrRREARRNINE (&)
o S
O

vhera gt = o (qg + u®).

Thin {:igfiea (1) and (2), and (3) roquires
| (0] '

g - j I,(aq®) sin uz £(u) du=o0.
o -

1t fie

Thug 1) = - e—
‘,0
- 1 =gz 2 i m:z. uz; 10(1‘11 ) du . eovevensnaasavee (5)
ond vT==0 - N I ; , , 5
D R o u® I, (aq")
o

Thoroforo
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V:l-

Ao

{ Iour) sin s < Jae) ) et e
ur) sin uz du 4] << r o u 8in ug

j u I (un) 76 [ Xgdglang - (@ + u?) ‘
Q s=1 a & e (8)

whary tho «, are tha pcsi‘him roots of Jylaa) =0 »
The transiont terms of (6) agree with those of Chapter VI, § 11 (10). -

10 Thorotion r> 8, 0<%<fe r==0 koptatuityr for t> 9,

0 < <4, iho other surlaces at zero. Tho initial temporature zoro.

ihe subsidiary squatlon is

Do
v P
:1:: -5-3: g!’ %:z:; q%:: 0, r> a8, O0< 28 <4, sssse (1)

to bo gsolvod with
.'F:! l/p, when 1"’-—'—3, 0<3<tg tsevessseene (2)
¥=0 » vhen £=0 and g=.,’ r D> fe sesacioseves (3)

o clhiovose

?:_ﬁfm ‘J\ o(m;ﬁu) eﬂah(hu *‘Z) (q‘:-l-uz) f‘(u) du . sve (4) ‘
his gatisfies (1) end (2), end (3) roquires

D Ko (qe)

Tus, by Chapter 1I, § 2 (G),

00

td - »10 p

Lo (gr) + J C, (v, en) cosh 14 (qz*“z)“ £{u) au=10 .
o

o0
£(u) cosh &4{(q? +‘u2)5 = - j Co (ur’,ua)Ko (qr*)rtdr?

e u |
p Eg{qn) [J§ (ua) +¥2 (uaﬁ. A

_ 2u
mp(g@+u?) EJ§ (un) + Y5 (uai]'
Uding this resuls in (4) we obtain

o _Tolar) . [ __2oosh(lf- #)(g?+ LT — s e ®)
P ola) ‘ﬂ'p(q3+u2)rJ2(ua)+ Yz(ua)Tcoah 14 (qR+u?)s
o]

v
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Thorofore, using the result § 7 (6), wo cbiain Tinally

jou
e=142 f cosh(%4 = z)u Co(ru,ou) du
u cosh ;7u r Jg(m)-i- Yg (au)]

3

o 0 D s e
Z sin(2n+1) w2/ f s t'%m*z)z’rztﬂ ,3 C,, (ur,ua)u du
r=p °

+=3 @+1) [+ (ea+ D5/ [o2 (ua) + Y2 (ua)]

aamese (6)
Tho transiont part of (C) is identieal with thalt in the

solution Chapter VI, B 3 (5) but the stendy statc torms mre obtained

in difforent forms by the two mothods. ‘
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CHAPTER IX.
THE YEDGE WITH ZERO TNITTIAL TELPERATURE.

It is well kmovm™ ﬁhat the solutioﬁ[of the problom of
conduction of heat in a region with prescribed.surfacé
temperature and zero initial temperature mﬁy be obtained
from the steady state solution and the Green's fﬁnction for
the region with boundarios et ZOroe The Gréen‘s function.
for the region is thus the mdst;fuﬁdaﬁenﬁal:but sdlﬁﬁiohs .
for problems with zero initiai temporatﬁre.and:éfescribed
surface tomperature are of considerable interest and are
frequently derived independently;r

In Chapter VI a comélote set of solutiéné for thé fegions
bounded by coazxial cylinders end planes pérpendicul&r t§ the
axis was given by the obvious process of separating the variables
in ‘the subsidiary equation+. This providos o. very simple mothod
of obbtainingoformally the rosults which would be obtained by:the
more sophisticated Green's functioﬁ procedurexg.v

The method of Chapter VI dopended on the fact that tho

® C.H, § 9.
+ The operational equivalont of this was used by Goldstein,

Js Angovw. liath, und lech., 12 (1932), 235,

% 0., Ch. X, § 80.



subsidiary equation

2= = 2=
brz roar 322

had separable solutions of two types
sin mz I [:r l\/(q2 + mz)] | eosesssess (1)
o - ‘ o | ..

and

3 (dv) sinh 2 \/(d2‘+ ) cerrenenes (2)

and by choice of the appropriate one all the boundary value
problems could be solved.

In the present chapter problems of ﬁhe same type for the
wedge will be considored. Herevﬁhe subsidiary equation is

L LM, 1 A%
ard Tar 242

-a%F =0 cereereens(3)
of vhich thore is only one typé of soparﬁbie“soluﬁiOn; namely,
sin w0 Tr) - eeeseeeens (&)
Using solutions of type (4), problems in which the temperaturq
vanishes on planes € = 0 and € = 8, can be sqlved'(these'arc
discussed in §§ 1, 2) but not probloﬁs’in which ‘the teﬁperaturs
is prescribed on these plancs,.
The method of Chaptér VIII which involved the use of
the solution of the subsidiary equation‘fbr a wiaor region is

not available here but suggests that the steady state solution
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<

night be used in the same way. Cleerly this process 1is
closely related to the method of obtéining a solution from

the Green's function and the steady state soiution,‘but again
it gives a fairly easy formal process for getting the solution

withoug the use of Green's function.
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le« Thoroglon O<r<a, O <8 <B8y. Coro inltlal temperature.

tho boundarics 8‘“0 ad 8 =8, kept at zero for £ 0. r=a

Lept at £(8) = Z 8, sin -=-—- d&

tho oubsidiary equation is

Q'T lav 1 65‘ 3,;- 0, U<<r<a, 0<8<8 (1)
q o

i T=0 whon =0 and 8=&,, O<r<a secsases(2)
co :

‘;"—:& Z n.,l siﬁ 31;‘.@ 8 D<a<&o D) Tr=2a o.doocoé.go.-(S)
P Yo

Ve shall write throushout

4

8 7311"-/@& . SessIPRBEISITACHINNCI SO ERRTIAES B (::)

end thus the *olawo*ﬂ of’ the subsidimry squation and Dboundary conditioﬁs is
?Cf"“ Z %1 Biﬂ 89 -—s;((g%. Poorevaceecsopsrvates (5)

pot=il Is aa
to (etormlno v wo require
¥+iwo o
T er et ot Zslr) aa (c)
-t 11‘.", v - I x > A AAAS A AR AN E LR NS d
B
J=ilom ,

whore M= MK .
l }‘ ( ) >
N T —-)- is o singls valves functleon of A with o s._'f:@le polo i A =0,

e2d gi-ple pclexs at A= = M(n s thore o, m= 1,2,... arc e nositive
roots of Ja(e.u) =0
Eraluating ho rosiducs ab those palos (6) becomss

o S Jglrey) ekolt
: o o - .
I=) +& -——-—-i-—--s e n
(1 ) o =l o(mJ ~ (&0&1) :

) nnnl)ttt!l(?)
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Tmg £inally

S s 2 =3 (ro,) "’“" t
Vo= Z 8y gin o8 [(E)a ,},E Z -——55-(&—133- saeeses (3)
= o=l

2 Toreglon 0<8<8&,, r>a. Joro initicl torperatures The

bowndaries 9=0 ond 9 =8, kopt at gorc for r>a, t>0.

r=o Iespb et T(3) Jor €D O

Lo dn @ 1 tho solution of tho subsidiary e‘id&tion ol Boundary .
conditions is . - y ) v T
Ve ‘; oy sin 0 FHI RN ¢
siwcro s =ur/6, . S

o find v wo roquire

Y4+
™ _‘W{ Sl A [EX XA RN RN RN NE Y
: t=1loo “s A

Sinco zaa(z) » 8> 0, hum no gores for |arg 2} € /2 wo use e

path of Fige 1 end obtnin Sinally

oo
T = (&a o’ -{3- 6— Kuzﬁ Cg(ur’m)du BgIsesERRIDIR (3)
r T uf 32 (au) + Yz(a.uT
Yo

viwera Og (X:.'y’) = JS (K)Yg (37') - JE @)YS(X) ]

nd o
L0 B , .
Z o, 2 -kttt Cgluryau)du
2 r ? y
=1 [ T o ' u (nu) + g(au)]

Tor = 0 {ho terms in tho brackots all vanish, ef . Titehoarsh,

Proce Inndon Il Soca() 22 (1922) 15,
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3, Toroglon O0<r<®f, 0<8<8,, &=0 oaintainod ot zero,

9 =0, abunity, r=go akzoro. Yero initlal temporaturc.

As eusnostod in the In\‘;roducticﬁ wo hovo £irst do £ind the steady terporatur

tomeraturos consiéer
nmye
8 E g. Zﬁ G (1‘) s ,

4his soblsfios tho stoady state equation and the bowmdary sonditions for

8=0 and @=8_, Tho bomdary condition for r =0 roguired

a
_ 0
e
Z“ 8- sin % *
=l
# . “' (r_)n - LR A _
lienes Gy = w5ty end o stoady stzto solution isg
o o 2 (=) nme (r)ﬁ'"iﬁg
vg-go-«i-;’: u"‘”m 9 ™ * ssassessse (1)
=l
Toy thie pomeral prodlen the subsidiary equation Is

e —
197 1 9% o
AT, L1 20 g% o0, O<r<m 0<8<8,, .. (D)

arg re dw
.3 w1 ‘ .
with " ”""'f;'l Vi@ BE‘QO » O0< v <o “ssesecvennanee (3)
=0, 8 =0 3 Q <’T < & Ssesesbesensan s ({1‘;)
=0, T=10 D<Q<Q"O essessBesrsieny (5)

o sodz o caluaio.‘ of the type

¥ S,/ nmre

3 - r ' ”‘l .

2 oL 2 ( oin B-EEy 10 4 Z sin g Loy Ta0T)
o Dm ‘o o

| SN ()

whevo the o oro the roots of Js(&a) = 0. B igwrititon oy ::W'@Q

-
v o=

in tho orders of Dengel functionge.
() satisfics tho borndery conditions (8), (4) mnd (5), end Lo sstisiy (2)

veo roduire
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o o)
0 :-""-;3: 277 Z -)n nrg (r)ﬁ /do - Z si‘:&-—-—- Zﬁy u(“g"" ‘lz)Je("r)

=]

eevs (7}

o

A s 5

o

go (7) rogquires '
- Y ¢ I/, Z 2
- LR R SRC SRR
('3
ind heaco, rultiplying by rdg ) and integrating with z?espect to »

fron Oﬁg o
e n Jo ‘_ ("") ]rJ (&r)clr- o, (ok +q%). 7 o® [J (&1)]

' -3t
s @ o= A _ L)

nA T a2 B (&"+(1‘3)[J (ota)] J [1 - ("')B] rJ fr) de

and
o0 51 . Q0 )
Ty \;ir - L ‘ n.’r 9 e ' n -
By T Lo : fo! mrof L5 n '
) Fe
' g ¥ J- [ by ﬁ
‘ 1= (2B g
’ s | i r)ix .
Z— &+ @[3} ), o’ ] Tsbr)ix
/ .
JSheraforo /
- o
o o
v,..?.w::.Z .L..m ”(-)
90 m
r=i
(o0 o
.4 (..) IS Z wkd™ s T (vll")
G — gin a 1w (__)] rd br %(
mwoe = 1 QO " ’ JS(O( J L & )L.

valch Iz thoe result obtained in tho usual woyr b*r cozbining (1) and the

Crooatlo {unotion,
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& =0 lepbat zero and 8 =8,

4e  The rogicn T >0,

at ity for

D> Cs

0_<9<Qo.

sero inltial teuperaturoc.

Tho subsidi

. ~ o
L5 — o
27 +3‘.§-+-13~9f-;*~ qu? 0, . T>0,
2 Tor pldoed
or
with ¥=1/p when 8=86,, r>n
=0 whon =0, r>on
o steady state solution is G/QQ .

Vo #eo
6 oo
v-::-fr-'%
Po é:‘l

viere B is vrittea for n’ﬁ/@

s vy b

his satinfios (2) "‘,‘,‘;l (3),ed (1) roquires
w

f (u2+ %) J_(ur) £,(a)da

axy equatimz is

o gsolubion of (1) of

gin 2 L 2n(u) Jglur)au ,

) )
0 - m—- - sia *-g"

o n=1 %

oo - -

S S - (=)= nmwy
How "'(-5-‘ = - _'-'-_-;— "‘?::‘ sin & 2

© =1 °
and Llag {3 vosuivos

le2]

m . 2z ~
Tow Jglurjdu
u

o

BO lt vmr«-‘- uE!l:O fvl(n) =

Pl
—

&
Tmo =
PQ n=al "0
[e4]
‘ o '
Yo Ko

+ %) Jglur)f, (Wan =

N
G

2(e)2
] el
ke u(ut+ go)

(o)

¥
[

————— vv‘m«

™K

-kl
a

-2

: ﬁ 20y mme [ S0 &
' "o J u(ud+ gf)

Jg (ur)du

in tho orders of Lessel !

(=)

oad obtaln

0<9<'90

ssasn (1)

mes RNy (2)

T XTIy (5)

R €]

wrictionsge

gesvonese (0)

sssseesssnss (6)

eSsCEePOeROPIRDESS

SrEISETIRIRIBNOD ('3)
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5¢ Tho region r>a, 0<8 <645, 06 =6, kept at unity for r > g,

t >0, The other surfacos at zeroe The initial tempera.ture ZET0s
From 8§ 4 it is knomn tha'b for the problem of the wedge r > o, 0<8<8,,
with 8 =0 at zero and 6= 8¢ at unity for © > 0 and zero initial

temperature the transform of the temperature on r =a is

e 0]
4‘ Z 2(=)2 gin DO Jg(ua) du

Z n nre 2 2 Jg{ua) dua

2€Ss - in - ‘_&""_‘——' seseone

i.e ( ) 8 90 { Tnp + Keo j u(uz +q2) },‘ (1)
=1 o ‘ . '

We seck a solution of the gubsidiary equation on 0 <8 <9y , r> a™

whioh will lowo tle value (1) wliol » = &, ‘and will venish when © =0

and @ = 90. Such & solution will be

o @
2 . nIre 2 2 Jg(au)du Eg(qr) (2)
- - v— e S [EX NS XR]
%; (=) sin 99 { Tap K8, A u(u2+q2) Kg(qa) .

Thus tho golution of the subsidiary equetion for the whole problem is

the difference of (l) end (2), neamely

o] e s) Qo
- 5 (=) e Jg (ur)du 2(=)" nre Ks(qr)
v = T?.g.(;--i- K(ei sin neo j‘ usu.3T+q ) + Z nTp sin S X, (q0)
n=1 o n=]
o)
n :mre Ks (qr) Jg(ua)du ,
. N 9 Z =) Kg(qa) u(uC+q2)
=1 o
y+i o 2 |
b A 8 =Kuct
low j LILVACTL) S 2 Cg (ur,ua)du
e Yot BEVVK) = u[sZ (ua) + Y5 (ua)]

o]

end, for veal o ,
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e Ko JOS)  an

1
Zi Jb’ . ()\-%-Ml ©)E 4 (2/ (WK))

® 2, 3
K (3rd) -l 2 j Pt +o) Cg (ur,ue)edu
.....(--—q.“3 t ° - ‘ e
.3- {Ks Y + Conjugate } m A 1?[32(.‘1&) +Y2(11&)] (w cL)

| Faa 24,&)
_ J5(r)dg(en) + Yo (r)¥s(ox) g&g 2 j Wlu Cg (ur,uo)du

ge{ax) + Yg{ad [Jz(ua) + Yz(ua)](u =)

Thus
©
-xult Jglur)du
et .g-Z(-) sin 5 j :
1) o _ 2
S () a7 e 4 JO f Cs (ur,us)du
+7?r' / %—(%) ° stn T8 w2 Zl u{gz(ua) +Y2(;a§]‘
- n=1 , =
‘ 2 = n nre il 3 wut Jg(ua)[Ja(ur)%_(ua) + Ya(ur)YQSuaﬂ du
- -é—; %1 (") sin QQ L | u [Jg(ua_) + Yg(ua)]
4 = n 17e 0 })uzt 3S(m)du Jwaré' «vP Cgq (vr,va)dv .
" 78 Zl =) =T, Jo b L, [aEGe) +Y5 (*v&)]&s‘—tt)
n=
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CHAPTER X.

THE DETERMINATION OF GREEN'S FUNCTION FOR THE EQUATION OF CONDUCTION

CF HEAT IN CYLINDRICAL CO-ORDINATES BY THE LAPLACE TRANSFORNATION.

1, Intra: uf*t:.m. . The CGreea's Iincticn of this paper is the temperaturs (v)

at P, (@, @, z) at tims + due Q% on instanbtaneous unit source at PY, (rt,8%,2')

at time t = 0, tho solid beins ot zero tomorature and the surface kept at

Z0ro.
Lot FZ = 1% 4 rt2 = 2rr¥ cos(@ « &) (1)
w524 (zwzt)] /2
and U = et 32!‘[—?’ v {a zj]/_k't (2)
8(wet)
Put v=u+ w
Then in tho solid w has to "sa'{:isfy
aw h“w 1w 1 a A \
“CEtTw e zW) £ 20, @
lim w=0, (5)
) t=20 ‘
end w= = u, on tho surface, = > 0. (6)
Let the Laplaco Transforns of u, v, oud w be u, v, and w.
i.0e ur:f e udt, (z »0) | (7)
o .
ond 50 Onle
Then in the golid w has o scatisfy
1 &14 1 ba&—- b?:" d;‘ : 53
- b . Q,
whore q = /(/k), | ' (9)
end W= w o, oo the supines ' (@0)
Ve lmovlthat

® Tho rosults (12) cad (13) ars dorived from B 13.47 (2) of Vatson, Theory of

Bossol Functions, by taling = - T = 0, end p=0y v= % respectivelys




134,

~al/in? + (z=2F]

! 41!“(\/[1'{2 + (z., z’)zJ ( )
o0
= --—-2_:;“ I cos £(z »2")Z, (7?»)!1%. thiore = v (éz + q%) (12)
o
o
1 é‘ql‘z..-'-z’l Js(ER) p
Sawe) ° —5==£d§ . (13)
1 L — eas

Havinz fond ¥ , with the help of those results, and thus v, we obtain

v fron the inversion theorem for the Iazﬁlﬁce transformation®,
1 ¥+ico e
v(t) = i J‘ e V(AN : ' (14)
¥ =ico '

for all regions bounded by the surfaces of the oylindrical co-ordinate system.

The corresponding results for two dinonsions (line source at (r',6')) can
be deduced from these by integration with regard to 2', but they are easily
obtained directly, starting with

2 .
1 =R%/axt
and U = 5= K (qR) (16)

instead of the abovec,

2. The ropion bounded, externally, by » =a. Source at (r', 8%, 0).

Tore using (12) and the rosult
oo
K (R) = Z cos n(6 » &) In('«zr) ’1{11(71") s rir

Y00

-
= Z cos n(e =« ') In(7r") Kﬁ(f?r) s TO>r!
T=-0

we find that a valuc of w satisfying (4) cnd (6) and finite at the origin is

*® As elsewhero [cf. Carsls o] J%e&eqr Proc, Canbridge Phil. Soc. 35 (1939) 394
2)4 36
and Procs london Ilath, %c.,)%ﬁeﬁbz'rc’regard the use of the Inversion

Theorem as formal, end the resulis as subject to verification,
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@ o

W= - 72—;-71-‘: Z cos n(ewev)f cos £z I“(vrinlt(‘(zg Jn ) dg , (7)
where 7= JE + %) = (6% + p/) . (12)

The motation {13) will bo uced througiwut the paper.

Writing Fy(z,y) = I (x)E,F) - By(=)T,0) » (19)
wo find fron (3), (12) and (17) tim’a ,

o , |
- 1 In{yr*)Fy 8, 7r)
V= Pury émcos n(e - m) I cos £2 ,In(’]'—") dg (20)

when r > r', and we interchanse » and rtwan r <r'.
Triting M= A (€% + A/K), e findg that

Y+
..}....f i ot Inlr )P, wr) oy akz;‘"?‘h Jn(&r)Jn(«lr‘) -th
21w {mino In(/ua) ” (‘“‘)]

the summation bein" taken aver the positive roots of Jy(xa) = 0.

2

-xh I (ax) I («r?) ¥ -«Et
[Jn(ia)]z fo)
oy

2 /é«t . et 3 ) ee?)
I meermetetmatonertt 2 (Q..Q') -] n\AT jJdnLr R
2ra? f (mut) MX: o g‘ [Uh(«a)]? el

cos £zd4€

and this is valid for r 2 r',

3. The reglon bounded, internally, by » = 8., Source at (r', 8, 0).

Hera ?:-.f-#%sa-af Z,,cc«,s n(s -fe')j Kn(?.'}Fn(ﬁr’ 78) cos £z 4 ,
STH  pmeto o En 7 s)

r<r!, (22) -

where Fp(x, y) 1s defined in (19)s This gives, for r 2r',

¥ The metlnd of mluatinb i.n‘ce“rals of i« tyre bJ completing the contour
by a larpge circle to the lefs of the inaginary axis is assumed known, as
also that for e correspon&*““ intesral arising fronm (22) which has &
brench point et the origin: ef. Carslow end Jaeger, loc. 8it.
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o0 (o9 s

v = --]-;-: GOS8 n(gﬁeﬂ») “' o e"' K g Ug(dr)vﬂ(d(r') dd I cos %z - kg"t dg
CR = J5(<a) + Y2 (a)
y ] o »
,-zg dxh R :
= =l / Z- 6os8 ﬁ(@,g!) [ & 9" s Un(ir)nn(c(r') a« , (23)
amyf(ret) A I2(<a) + Y5 (<8)
where Uy («r) = Jy(xx)¥, (x0) = Iy (x2) ¥, («x)s (24)

4. "ho repfon bounded by p=s end r=b (& < b). Source st (r', 6%, 0).

o

Here ¥ = s cos 31(5}..9“)[
2

; P (e )F, (q‘b,»;r')cos £z4E
: Fn("];:"?b) | » BT LT
(25)

NS o
And this gives

e : ;Z'Kt -2“/‘44‘% Z cos n(u-ﬁ')z o(z aka(z'{‘) J;l(;b)vn(dr)un(dl") . (26) 1

J5(4a) = JE(4b)

for ¥ 2 rt, tho swrnbtlon belng over the positive roots of Up(«b) =0,

whare TUp(«r) is defined Ly (24-);

3. The rogion bobwoon £ =0 and z=. Source at (r*', 8', ')

To £ind ¥ Por this caso we uso (13) and thus take

= i Iw £ (gv)@ sishys + D sinh y(f -2)]ag
am o ,? o\ 352 81r '7u . ’7.« 2

et |

'
where DB sinh 7/=~g 7%

A sinh 4715”4.-:- "”7( ~z‘) .
Then
‘;z"}l‘u £ X )s_m’q at) sinhvz dE , O <z <z*
- o 'v[smh »7,%’

—
—

+dos B
1 I £1, (&r) sinn(s .,a)(q “68)" st 2(gP- €97 ae
21725'“ oo (q _ag“)" 3;{3}1 j(qaqéz) 13

Comploting the rath by a large circlo o the right, the integrand has poles
at é-— 9. sdien a., = \/, ¥ km‘rrz/“");.' n= 1, 2, ese »

Thercforc wo have, for o 2 z',
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(s o]
- 1 N nwg ., nwzt .
=i

E—wé- o KO(QEF) .

8in nwe sin i . g 7 . (28)

Ge Tho rogion boundod by the sylinder r = a, externally, and tha

plancs z =0, 7=, , Cource at (r!, 8%, z').

I'ere
e o0
Fol 5 o B B X Inlen)teanriey) ' o
Vegry L e /= Ceosnle-en) (@)
A ) : Te—to Ll p) : L '

whers q. = J(q‘? +m3'rr2/f‘fz) s 8nd rirt.

This gives for r 2ot

o 2 2. /2 o e O
2 e mwg _,  Twzt T .\ ” I far) Ty lax?)
T = —5 2 o sin ~7 sin 7 - cos n(_@‘e) =) o 3
watf é:oo L« L’Jn (« aﬂ
(30)

whero the & aro tho roots of J,{xn) = O,

7. ‘hwe roplon bounded by r = n , intornally, and tho ploncs 2 =0, g=/,

Sourco ot (r', @', 2'),

llere
o o0
— , nwTg .. Tawaz? B Y. y
vesd ) anften i3 ¥ SOPORER) gine-e), ()
= ) i m—w  falage)
when r <l
o0 o0
o AN P — - K‘zt
- ,"' s 'f’u - . ] \ . ’ T
ot vk 8§ TS mn g et X | o,
“ = ” T YEem o J5ka)+Y5 (e
(32)

for r 2 '
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Ce Tho rogionboumdad by r=a snd r=Db. a<b, md by the

pleies 2=0, 2=.., OSource at (r',6%,2'),

o
V== Z sm?j} ain mmz' Z n(aqmrqq)l‘n(qur qn)
T / it bn(%,qu)

o0 B <P<rt,
- (.1 2{; i s v - 2.b
R sin 35 4 oon n0=0)3 & <t 2 u e

J2(an) = Jg(a( b)
(34)

eos n(6»8'),  (33)

=1 .

for » Z r', tho smmation boing over tho positive rooks of ’Uﬂ(xh) = Qo

D¢ The rezion bounded by the planes 8 =0, 8 =6_, Sourco at (r!,8Y,0).

flero wo use o rosult of T‘:mrall f=

iff r, vty and N ero roal and positivo and 0 < 8-8'< 2w, r >rt,

oo
. — cog »(r=-g+a?) . ‘
Ig(AR) = Pf T E ()T, (et )idy

-x0i ‘

where P implies thot tho prineipel value at the origin is taken.

Tims using (12) we have when 65, > 8 >8% , r >,
o ool ( )
- i . B coB V{mr=84+8"
T = ; 1)K 2 ,
m Io 008&5[?[@5. T I”(7r )Isz)(”zr)d ]d% .

This give
o

ol - .
P cog P (=818 )sin»9 +com V(=0 sin»@-5 . s
I {yrt)i 2
cos £z Pf a1t am in 20, 1,(_71‘) 5,(‘]r)d_ g
-0l
Sinco this satisfies tho eruation for W and maes W4 W zoroon © =0

wd 8 =48 .,
Also we IMW

w
. atn 06" o0 9(8,-9) | |
¥ ?J' [_ 8in 8, ——1 (F) (7r)d”]d§ ’

o d

ginco the patlh can notr bo conpleted at the origin,
B Gray and Uotheus, {reatisc on Dessel “’tmcmo 15, Dde 2, De 101,
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© the immer intonral is evaluated by couploting ithe path (ecod, o l) by
o larre seni-civelo in tho right hend half plano and svaluating the residucas
at tho poles n"f/ag of the fm‘cagrand.‘ Tio shnll write throughout the sequel
s =078, o (35)

ond Z will imply o swration over the valuwes n=1 to om. | Then we

8

outain for T >r' and 0 <B < 9,

o ,
'-""'-—-?-'—-— Sy o - ey | - I3
¥ = =T Zs 8in g% s8in &% S cos £ 13(7;!' ) I{s(a?r) dg . (36)

ut for r> r!t

@ o K ‘8"5
Ig(ar?) Kglar) = K[ g'p% dt I ) Js(dr) Jg(dr’) do e
0 o '

Tence wo find, for r Zr' and 0K @< 6,

—-ge falV% r4 ® - K
vk g/ Z oin o6 sim sa? | «& <CF I e lr)d« o (37)
By (met) o

10 ‘the rorlon bovnded Ly r = a , externally, and by the playios 8 = 0, @ = Bos

gourco et (rt, 8', 0).

- 2 (@ : Is(’yr')I (r8,72)
V= I cos £z {Z sin ge cin £o! g‘) }dé r >r'.
o 8
(38)
ekt Ior)strna
T 3 — Z sin g9 ainget O SeNTIiskE c. s (39)
a2, (met)H 5 < ‘J’ «a)}®

vhere  inplies o swmation ovor the positive roots of Jy(«n) = 0.
& .

11, Tho resion bounded by r = o, intornally, snd by tho planes 8 =0, 8 = 85+

Sourea ot (r?, 8%, 0)a

) 00 ‘
?b'”% J cos Ez {Z sin 0 oin sot Ssr s (jraye) }dg s, r<rt. (40)
) ,

o - Kg (/7 a)

vl
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28/84% ® 2
v = 'S-Trif: sin 5% sin 85" w(*r)—[-}s&i—ﬂﬁ (41)
o\mcw)= =2 o Jgla) + &‘"(du)

there Ug(«r) io delined in (24).

12, “horepler o<r<b, 0<@8c< Gg.y Source at (r', 8, 0)e

oo | cosEs {Z sin 56 sine Ta (g r)Tg (bt ) } d€, m<r<rt.

™ B .rﬁ(«?a,»?b)
/ 2, (a2)
2 ‘—z" 3 Zar E 520 VT (e
v =1-----—-1° _ Z_ 8in g9 sinse! Z < J5 (00U (xx7) s (43)
po, (Tet)d B < I8(xg) = Jz(dh)

the gomtion in £ being over the potlﬁva rmts of* Us (.x'b) = 04

18, The repion 0 < w <.37,A 0 <@ <9, Sourco ‘z_xt (rt, 8%, at).

'117‘.'

It A
-7 gy —

Z sin 58 sin s8Y I (r'qm)Ks(rqm). r >rt,
8 (a4)

s

o0 0 D o] o
v = Z Jm""}‘ﬁ/g sin m}" sin :"f;z' S sin s sin se! X oL @ 'Kdzt Js(atr)Js(oLﬂdm
V'F:l E ,A’ i , i
° (45)

e Toresdon 0Kz, 0<@<B, 0 <r<a, Source at (r',0%z')s

@
I 'qm) T, ag,, .
T 2 giﬂ“f‘ sin B2 v_/_ gin g6 sia se! alr 2 (8% ra ) .

1< r <8, (48)

o o - B
- 3 =P f% gin B ZZ pin 2 E sin 89 sin sG’E 6 T aan)igert)
- azv/?g r‘ l}' (*a)
e ,Q I:pl .

vhere tho « arc tho positivo roots of Jglxa) = U,
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15 Thoe rogion 0 <z <., 0< B <8,, T >a. Source at (r*, 81, z'),

53:3?%‘ Z ""mm sin IZ‘ZL'L’.. Z sin & sin 89! KS(r;in')!;:xlfr%’aqm) s B<Tr<TY,
| (48)
2 P B .k ‘(z‘b »
v = :%_ Z —kn“-:r 'b/} sin z::rz in / Z 8in 08 ain 39' J’ & > Ug(dr)ﬂg(dr')d&' '
AT 1 8 o J5lxa) + Yg(a(g)

(49)

1Gs ihor rogion 0< 2 ,<,_‘€' 0<®8<9, a<r<db. Sourcoat (r', 8% 2'),

0

4 .1
‘F""K Y Z 8in m;z sin ri;m Z 8in &9 Bin o PS(%I'% Felog,rta,) ,
A== i i g Fglag,,by,)
a<r<rt, (60).
= 2
_ 27" - 24/ ‘ 2-»4« t.2
=3 S N2 310 IEL 5 sin 5@ oin o' S IEb) U rlig(« )
o= | ) S s = Je(n) - JEEb)
(51)

vhere the % aro {ho positive roots of TUg(«b) = 0.
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APFENDIX I.

Verification of the solutions of a nurber of problems ohtained

by the Laplace transformation methode

1. It was remarked in the Irtroductlon that one of the advantages
of the Laplace transformation method wes that it solved very simply
certain types of problem under assumptions which might well be |
regarded as adequate on physical grounds for problems in‘appiied :
mathematics, To make the solution cémpletély rigdrous it;ié necessary
to verify that it does satlsfy the condltlonu of the problen.‘

For ordinary linear dlfierentlal equatlons with constant
coefficientsa generel verification process™ can be given covering‘
all cases (with one exception). For partial differential equations
no such goneral process has beon fbuﬁd; ~ For pfébléms in Coﬁductioh
of Heat involving one space variable, such as flow in 8labs, cylinders,
ond spheres, the method of Chapter I is available. A discussion of
of this method for the cylinder O < r< a with constan£ surface
temperature and zero initial tamperatufo has also been given elsevherc.™
The process is tedious and Theorem 2 of Chapter I was introduced to
save as nuch repetition as possible. It is necessafy to prove an
order result for each problem from which by Theorem 2 most of the
verification can be doﬁe; certain details havé to be discussed .

independently for each problem (it may be remarked than en extension

of Theorem 2 would cover many of these). To illustrate the method

® Carslaw and Jaeger, "Operational liethods in Applied liathematics®
(Oxford, in pross), § 34 and 35+ Doetsch, loces cit., Chap. 18.
+ Proc. Lond. Lath, Soce 46 (1940) 361 (8 4)e-




in this Appendix verifications are given for a complete s'et.qf
problems® for the cyliﬁdrical regions 0 sr< a a<r<b and

r >a with boundary conditions

. vV IV o

Iy, ko, kg, ky Dboing real constants, at a surfaoe.' Thg problens |
considered are for each region (i) censsent—sunfeee—bomporature sad
zero initial temperatu.re, (i1) consbant—surfoee—tomperetume—and.
constant initial temperature, (iii) ‘the‘ instantaneoﬁs cylindrical
surface sources Thev 'col.rhpleté se"c‘ of verificafions ‘for the general
boundary condition above has been given toﬁ L@ce it clear 'bh_a‘t; no
exceptional cases arise, ‘They include as particular cases |

Chapter II 88 3 - 5, Chaptor IV 88 1 = 5, and most of the problems

in Proc. London lath. 'So.c., loce cit. Some remarks oh the remaining

problems of Chapter II and those of Chapter III aro made in § 11.

2 Notation.

We write
£ = (™ + kg)To(ua) + kpfu Ty (ue) cevenss (1)
8N = (M + kg)K (pa) = ko pEy(ua) N )
F(A) = (kg M+ kg)I_ (10) + ky mIy (ib) ceaenen (3)
G(A) = (kg + k5)K, (4b) = kpmEy (ub) e (@)

whore M= &/(A/k).
C will be used for any positive constant. f’l, f’z, ees  for

fixed values of P o

143

® ¢f. Radial Heat Flow in Circular Cylinders with a General Boundary
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3« The region® O g r < as Zoro initial temperature. Boundary

Gondition at r = a,

k av ] .‘;‘L 'S =l e . 5
—a—_{::‘*‘ x{z " +L3V k4 ) t > O. ‘ . essee (O)
Here , ;
_ k, I {(ar) - S
== 11, s vhere g = A/(p/x)-

p{ (c3p + k3)T, (aq) + kpaly(aq) |
Thus, vith the notation of (1), the solution obtained formally by
application of the inversion‘ theorem is . |
yrioo g Io(pr)dr

2w i B (M)
f=ioo ‘ :

..’ . esesess (6) .A

Fron the asmﬁpto’cic expansionséf’ the Bossel “fuﬁc’cioﬁs i£
follows that when 4 _
A= kpol®, wReyBO IO L avenns (7)
lf()«)l >C fd exp[a. PJE cos %9], ‘if_‘ f">{)of '..;... (8)

where « is 3/4, l/4—,or - 1/4 according as ky :{: 0; ky =0, 1:2 :i: 0;
or 1:1 = ky = 05 respectively.

Also since™

l1,(2)] < exp|R(z)] B ceeee (9)
we have when M= erie s ™ > Go'é 6 >0 '

v | 5 1

IIOQAr)l < ¢ exp[xf p= cos ‘,9]

I I‘)

HON

Thus

- 2 . '
L C F e::p[—(a,...r)p‘fd cos '?;;Q], F’FO’ 0 £r < as

eeees (10)

™ Chapter IV, 8 2. R.H.Fe § 2.

+ o -
WeDBe

Fe § 3431,
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Similarly

bbr 129«; r) |< rCF exp[ (a, r)(J cos ge] 3 f7fos O Sr<a e (11)

and
2 2 | | o
¥ Io(,ur) 1 1.9 [ & wJ , : '
br2 l(%) c P (1+ Zf T )expl=(a=-r) P c?s 79|, F) ﬁo’ Osrg a
ceve (12)
AAAAA ere « has the values 3/4, 1/4 or =1/4,

Thus in 1l cases the integrand of (6) satisfies the conditions¥®
of éhapter I, Theoren 2.

It follows immediately that ’ = : N
X o™ I, (pr)dA
v = 4 f O(P) F- o.c.--oo-.al‘(ls)

2wi AL

when t 20, 0<r< a or t> O, ‘O srs 'a_,“,_‘ 2
that tl_i}mo v =20, for f1~ced r in 0<r< é, end that v satisfies
its differcntial equation.
It remains %o verify_ that the boundary condition (5) is satisfied,
namely ‘that, for fixed € » ‘O, |
rli;la {1‘1-—--!-1{2 av+l’3v} =k, z cesesssesees (14)
We teke v in the form (13) and observe that by Theorem 2 we
may differentiate under the integral sign with re'speqt to r in

O0<r a for fixed © >0, +and with respect™ to +t for fixed

t >0 and Osrga.

,_ - | |
by A W k ™ (k1N + 1g) Io (ur) + kep p Iy () } X
a8 “Zar P Tawi i, AN

# These are talen Lo include, here and subsvequently, those of IV of that
Theoreris ‘

T This result follows from the proof of Theorem 2, II. It was not given
in the original statement of that ’?‘heorem. : ‘ '
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and by II end IV of Theorem 2 this integral is uniformly convergent
with respect to r in 0 <& r £a for fixed +t > 0. Thus

k At

i v A 4k v) = 2 o ax

r%;;(hla +kza + kv v) = eI f. N ky
Lt 5

4, The region

® 0 <r<a. Unit initial temperature. Doundary

condition at r=a

[ —

kl_._c.—i-l\_z-b—--l-l\.sv-—ka,r -t >0- sssesasss (15)

Here the solution of the subsidiary equation and its boundary conditions

is _ o | |
B (i - k5] 2o (ar) ceeenenes (16)
_ P {(ilp + 13)1 (qa) + quIl(qa)} o
And thus*
[+ico
v=1 4o ol fké - ks]Io({“r)df‘ £ 30 .. (17)
2‘ i L3
T 1 mico M@y h + 1_3)I°@a)+L2F11¢a) }

= Chapter IV, 8 3.
+ 4Applying the inversion theorem to 1/b gives (in its usual sense -

as a principal value integral)

+ N~
1 XlOO Xb an /
2w 1 —y s 20 | |
r‘lm =‘73_i“’ ‘b:o Lo LI Y ) (A)
=0, %<0

The integrand of this line intégral is not'of'ﬁhe type contemplated
in Theorem 2, but the same argument shows that the line integral in (A)

may be replaced by the path Lt if © ) Q.
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It follows fron (10), (11), (12) that in all cases the inbegrand
of the line integral in (17) satisfies the conditions of Theoren 2.
It follows that the path can be deformed‘into Lt*, that v satisfies

its differential equation, and that lim v = 1.

t =20
Also, as in § 3, for fixed + > O,
N NN T (T [CLE DA +1’2}~11<t¢)1e “an
dt 2 dr 2wl Af(N)

Lt

o ‘ At
. kp = ke)e = AN
and  lim (&, OV v = 1 (kg - kg
rea ( bt+kzb +k3’V') k3+2 — f : Py
. Lt -

=k4:,

5. The instanbaneous cylindrical surface source at +t = 0 over

r =r' in the region 0 < r<a with boundery condition® at r =

\v Gv ' ' ” o
kg 3T + Lk, M+L5 ..Q, t >o. N  eesssseses (18)

The solution for the instentaneous cyllndrlcal surface source

at t =0 over r =r! in infinite medium‘was

2ypt2 ’ :
Q - Ie4r |
u = ymape e TR (2 K't) s t > 0, ) escennre (19)
and a‘:-a_‘?‘( o} ’)Ko<q.r) ) I'zr! } Ceveveas (20)
"é-':'zn Kolar') , r< bt

The method of solution consisted in determiningva function 1w which

satisfied
b"“ﬂ' lb.“i-.!’...i:(), Oﬁr < 4, ‘.b}O eessese (21)
Aard rar KIL

end lim w=0, Ogr<a, ‘ eeeeses (22)
0 .

and such that v = u + w satisfies the boundary condition (18).

a
(X

H - .
I?..Holpo, 8 3.
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It is found that

W= -

f?f-:—ioo Io(far')Io([*r)é(/\)em ax

ppem " o cervess. (23)
and Y+ioo | | N
yeo 0 { Lo (urt) { Iy () (N) = Kowfm} ¥ ax (20)
SRR P oy “
wvhen r' < r < a.
ie -

Tow vinen M= Kfe > , > 6 >€ 20,

Io (pr? )Io(ﬁr)g(%)'
£(»)

< Cf oxp[(r-x-r'-Za)f * cos "e], ]07f)0 o (25)

To (prt) § Io (ur) g (W) -Ixo(pr)f(x\)ﬂ
£(N)

< Cf’ exp[(r'-r)’o- cos :_‘9] s
r'*srga, ]0>P,‘, ..b(ZG‘)
with similar results for the derivatives.: | | |
It follows from (25) end'Thedréﬁ 2 that w satisf‘ies‘ (21) é.nd
(22)e  Also from (26) that the path of iﬁéégm'cion in (24) may be
deformed into L' and that the integral over L' may be differentiated
under the intogral sign with respect to r and % fof r'< r sé.

and fizxed t > Os  Thus

Io(urt) { [(141).5: DIo(pr) ‘+1»2,u11q«;r)] 5(N) }
¢ -L M EEdper) Tl (] £(A)

4 ik Lt ‘ | f‘(X) /
' o ‘ - oMan

and the integral is um.fornly conver{,ent with respect fo r in
(d\l ‘\.’u.J ¢ >o.

rt< rg a,\ Therefore

.. OV _v |,
Llﬁ 1{25--4'73 = -

lim Iz 'bbv k = V.



Since we have always used the inversion theorem purely formally

and not established conditions for its wvalidity, it is necessary to
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complete the proof to show that the s.pplica.'bion of the inversion theorem

i

to (20) gives (19).
Consider the region O < r < r', e have
y+ioo

Q

Lartin

Io(/.gr)Ko(I«r')e'\t an

_x-ioo
and on A= kp eie

. ‘Xf. 2 B
IIo(lur)th.r')l < cp expE-(r‘-r) f= cos :_,G] s O<r<rs,

Thus by Theorem 1 (footnote) the integrals over the arcs BB'F and

AA'C of Fige 1 tend to zero as (3-—)00 for t >0, 0 <r <rt,

Therefore
43100 . -
Q G
1 K 1Yo~ AN
4w i o(fm)‘og'““ )
K—ioo '
® 2
2 KkQ - kKu®t : . .
} At ik J ° u Jo(ur)[Ko(lur') -Ko(-lur'):l du
o
fo'e} 2
Q - K
= J. o T g (ur)d, (urt)udu
o
Y
Q - r'+r.‘ ‘rrt
=4__.‘u'l(-b eXP( 4wt ) Io(th) s -b7 0, 0<r<rt.

The proof for the other range is similar,

f7Po



6. The region r > a, Zero initial temporature™.  Boundery

condition at r=a . -
JAV . dV ‘ ' o AR
kl -a-fb-+lx25?+k3v=k4 ’ 'b)O. ’ 0“0Q0o.|c¢ (ZIZ)
+ic0 3\t L T '
Here v = — EEREEEEED
271 Az(N) - , -
[ =ico

I1so

Trom the asymptotic expansions it follows that for A= lrf‘elg, Ty 68,2620

Ko (ur)

40

< CF"( expE—(r - a) ‘0%’. cos 39] s ‘0>fo | .o (29)

where o == 1, = 5 or O ‘according ns Xy + 03 | ky =0, ky F 03
or ¥y = ky =0 fespecﬁiveljr'. - The de:;ivs.tives satisfy
similar conditions. | | B |

Thus in all cases the conditions of Iheorcm"nil Gj‘rd
srtisfied ond it follows that the path cen be doformed into L1,
that v satifies 'bhe‘?‘dif‘ferehtie,lv equation and the,"b 'ﬁ]f;nok = O,
Tt is verified as in § 3 that the boundery conditien (27)
in entisfied, |

The remnining condition

lim v=0 , for fized > 0,

T —>00
follows from Theorem 2, V.,




7. The region r > a. Unit initial temperabure®. = Boundary

condition at r = a

1;15?_!_1;; A—+k3v=k4’ 'b}O. LI N (30)

ks - kz)K
Here v ::%)‘-.;. (g 3)Ko (ar)

23T eereeses (31)
p {(klp + ks)Kvo(qa) - koq Kq(qa) }

r-!-ioo AL
and v=1+ 2-1—}—; ey = ks?g;)g“r)e axr s 5> 0. ., (32)
J’-ioo v

Now for A= erie, ™ 28, G}O,

- k3)K, (ur) 1.,.
kg g(i) (l“ l < CF e?p[ (r--a)f7 cos oe] IO>F°

vwhore = =1, = %, O accordingy as Ik :{: 0; ky =0, ky ¥ 03

Iy =k, = 0 , respectivoly. The def;vativés satisfy similar
conditionse.  Thus ’chq integrond of the line intogral in (32)
satisfies the conditions of Theorem 2 an& it foilows as before that
the differential equation and bouhdax'y condi‘cion is satisfied.

Also ‘that tl_i,mo v=1, r > as. Also it follows from V, Theorém 2,
thal

r:-LE)moo v=1, for fixed %t > O.
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8. An insbtantaneous cylindrical surface source at t =10

over r = r' in the region r > a with boundary condition -

at r=a
IV 4. DV Ly |
kl-b——"'Lzs—;‘f'l»sv—Q, t > (O i evcrccece (53)
Ilere .
+ico I
so_0 ¥ Mt K (urt) § I () (D) = Ko fur)£(A) ] an
At ik . ' g™ ‘
a/-loo
a< r§rte .. (34)
Y+ico : e o
And W = == Q"‘_ Kog‘\r )Kowr)f(/‘)dAo sevens (35)
4T ik (M) : o
Y =ico ‘ '

Now when \ = kp e:"e 3 w >_90 >89 > 0,

K (ur') {I s(\) - K MY - P S
olurt) § o<pr>z();‘_o<gr>< H < op emftere2) p% oos i,

agTsr, 2P, .. (36)

folpr Vol @)| ¢ 6% axpl- (x4 - 20) P oos % P>

and 26 |

wes (37)
with similar results for the derivatives. |

Thus the integrands of w and v satisfy the conditions of
Theoren 2 and it follows that w satisfies

L 41 Aw 1 dw
arz Y br - K O
lim w1 =0 r > a
t-o0 ? ?

and lim
t - o0

Il

o
ot
'
(o}

Also, as in 8 5, that v satisfies (33)

- [ ~
o T Y ;
“* Rallelteay g Ooe



153

9¢ The hollcw cy inder® a < r <b. Zero initial temperature, :

Boundary conditionsg

a v | | R
k" 5—%"' 1‘- S"""‘kSV: 13'.4 s r : =Y tT >0 seessess (58)

! Ay 'av =0 =D, ‘ z.9)
by gt ko ar t +kyv =0, r=hb, t > q. 'ff'f’fsgfe’

1 > 14 3 - . - ‘ . . -
The "k," in I8 is teken zero for shortness.  This entails no loss
of generslity.

Here

r, (Y7 fer, (o) & PO, () o™ s
v = ry - esese. D .
T e AENER) - gFOV] T
Vo on A = KPeie, - )6 9?0;\j .‘ e

GNT_(ur) = FOVK, (ur) |
2N = gF(N).

c F exp[ (r 'l)f ';e],f?e;;_v (4‘1)‘

vhere « = =1, =i, O according as ky = 0; kl = O, l&z 4: 03 k-, = ké = 0.
Thus in 211 cases the integrand ‘of v satiﬁfms, .the COndl’tlonS”Of :
Thaorem TT and itlfbuows th“t the pa ath of‘ Jn'boﬂ'ra'blon may - be deformd
inte L'y thot v satisfies :L*Ls dxff‘erentlal eouahon, and that-
lim v =20, a<r<b,

For the boundary conditions at r = a ond ‘r =b we have for
fixed + >0 | | |

OV 4+ 1

__.f G<»>{<w+1c~>1 fe) + ) § TNt *+kz>1<oﬁ‘~r>- e}
. MeMGER) - g())F(A) |

and th- m«rar“m‘ is wniformly corwvcrrcrut mth o*‘nnv'b to r in

M x

o ~ -
Ch&p'{‘,er Tv’, i 1,1»:- Ra}iv?og g 47'
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a <r £b for fixed Tt > 0. Thus

oo .
k e’ ax
1im 1 bv_*_l, b'\‘+_< - 4 ————:1: .b o
r—3a( 23T 3V) 2wi . IS 6 >0

Also lim (& I 4k _._+kv "c' O."
r-Db la za ) =0 ?

The solution of the corresponding problem with unit initial

temperature follows from (36) along the iinosof §8 4, 7.

10. An insbtantaneous cylindrical surface source at 'b = 0 over

r = r' in the hollow cylinder a < r< b m.'bh ‘boundary condltlong

1+ vk =0, r= o £30 ceeies 642)
l_ig%-{-kt bv’f‘lsv "_“O, r=b,- 'b?O. a-.-oo (4:5)
Here . | b
YT Ll e AP HO RS AL H 10Ge >e<A>-how )me Mar
T P ’ (%)G(%) - s(%)F(%) ”

y-ioo : :
a < h‘« ! co?{oc. (4:4)

end if r'< r <b wo interchange r and r' in (44).

Also . ‘ . : C .

e et 17 s o) )= O+ i) o)
4meig - e(MNG(N) - gFN) )
0 L vees (4

On X'— kFG 3 ™ >e 9;0:

Lo )0 - Ko ur ) O G mw%“ LAl P XP["(r'-r)f%Bos%‘e]
£(NG(A) - s(F(N) | ._[ b

,F>l00, ag&r&r!t

end if r!'< r € b we interchange r and r! in (46).
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A,luQ

To ()5 (N [Ko (e >f<>>-zoc«r'> <x>]+nocur>f<>>[xo<,m )G (>‘)-Ko(f*r‘)r‘(")]_4
£(NC() = gIT(N)

< op} m,[ (2 - r-r')f? os 18], p 7Py

or: < Cf - e::p[-(r+r’ - 20) f’“ cos ’8] , f'?ﬁi A

cesesssesesaoss (A7)
vwrith similer resulss for tl;e derivatives..
Thus the intogronds of {(a4) end (4-5) :sati.s‘f‘y the conditions of
Thooren 2. It followrs thdt the patﬁs of intégrgtj,on mey bé defomea
into L', that w sotisfies its d.ifferen‘cial‘equ:;’cion, end that

lim w = 0.

t =0
Finally 5
(g X, bv.uwv)*“‘;(;?‘ E“’l”ks)I <r*r>+»°r«11‘wr>] (N~ Bk1)+m7)’§o\f~r)-’:2fu€1((uf £N)
2y LU | f(A)G(>)~- g(MTFN)

x {Io(/ur‘)G(%) - KoQ«r’)F(z\)} e&’d)\ , o<r< rt,
the integral is wniformly convergent with respzet to r for v o r<v’
for fixed t > O, Thus

1im (k + X +kv)
r3 g 1a ? 3

Similarly the boundary condi'l:ion (29) ic sotisficd.

11. Tt was remarked in 8 1 that the verifications of this Avpendix
include the instontaneous cylindrieal source problems of Chapter II
§§ 3 = 5, The corresponding solutions of Chapter II for instenteneous

plene and spherical sources may be deelt with in the same ways the work
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is simpler as Bessel functions are notv involved.

With regard to the problems of Chapber IIT the only new feature,
the division into two rriodia, introduces no difficultiess To ,\illustra;te‘
this a brief discussion of the problem of Chapter III, § 3 is given.

On A= "1€9ie s T>6,79 20 e f‘iﬁd fron Chapter IiI § 3

(32) end (3 ) in the notation of thét Chapter

I‘*lf‘lnl(bf‘l:rf‘lm(bf‘?: op2) = KpppD(opy, vy )y (bﬂz’cl“z) l
A

]
N
H
N
o

1.
<¢C c:cp[(ii(a.-r} cos 1@:] - F?FO,

and

D(r(u?,cflz) e : L. ‘ L

2 " P —,‘ - - - S = : : had
— 5 < ¢ cxp[? {‘\‘3 ) .K(r b)} co ‘;9],‘ f>1, b<rsec
Thus the integrands of the line intesrals for vy end v, satisfy the
conditions of Theorem 2. . It follows that .

lim vy =0, for fixed r in aq¢rs<b

t—=>o0 _ :
lim v, =0, for fixed r in b sr<c,
t=20 ~ .

that w9 and 75 sotisfy their differentiel eguotions, ond that the

peths L mey bo deformed into L's  Also by Theorem 2 IT and IV

7, e Xt{ K (D1 (b s v )D (b, cpio) = KopipD (bt , 2 )D7 (hpg, -c/uz)} “
¥y = e & |

L7 daeid ,\A(,\) . : ( {

and v = Yo f e"t D(Tfkg,cﬂz)dx
T2 7 P
L Aan)

wes}ueéw.,o.(

ere wmiformly convergent with respect to r in e < r < b and b< r< ¢ ‘
for fixed % > 0, and their derivatives with respect to r have the
same property,  Thus the conditions (20), (21), (22), (23) of

Chapter III 8 3 are satisfied.
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AFPZIDIX IT,

1a In this Appendix are discussed properties of the roots
of certoin equstions required in the solution of problems®

of Conduction of Heat in solids bounded internally or externnlly

by cirecular cylinders, vith the boundary condition

;I _ . W N
kl-b-'t-'!'l.s"i"!'lnzsa;— A Lewes00% 0000039 (1)

ot a surface. kl; Yo, ks, ky =ore real conSt@ntéQ
In (1) wo tolie ky > 0 ond if k; =0 wo take kg » O.

This convention is assunsd throughout.

A

It is assumed in this Appendix that two of Iy, I, ks ore

f

not zero; in thot cose the vresults are well !mown. K , where

it ceccurs, is a real positive consbant.

= ciq o . . ‘
~ Chopter IV, 85 1 = 5. Also "Radial Heat Flow in Circular

Cylinders with a general Boundory Condition", Journal and

>

Proceadings, Roval Society, Hew South VWalos, LXAIV (L940) 2423
o

2

of

Ais papeor will be referred to as R.HeF.



2. The roots of the cquation™”

(kg - kl«.xz)Jo(ax) - ko« Jy(ax) = O cirenes (1)

are 211 real end simple provided

ky 20, ky >0, kg O. R ¢3)

(1) Pure imaginary roots.

A pure imeginary root «= ip of (1) is a real zero of
(kg + ke kPIT (ap) +kppTy(f)  wrvnrrnnn (3)

Tovr Io(z) and Il(z) are both positive for real po_sitiv_e 2
and thus, taking aa in § 1 ky 3 0, the expression '.(2) is‘certainiy
nlwevs positive if P;O, kg >0 end kg > O. |

Thus if kq 20, ks » 0, kg >0, (3) has no renl positive
ZOTO0 It is en even ﬁmc’ciéri ﬁo also hes ro real negative zero.
These conditiong aro satisfied by tho physieal problems in
Chaptor IV. If they are not satisfied there may be recl. zeros
of (3).

(1) Complex roots.

If £ end » aro conjugate complex roots of (1) we have

(ks = klxgz)Jo(ag) + ko £ J1 (ag)

i

0

I

0.

(kg - klwv(?’)Jo(sw[) + kg 5 (o)
Thus

- 1clk(§2_72)J0(a§)Jo(a7) + kﬁé Jo(a.Y)J;(ag) o Jé (&?)Jo(aé)f = 0.

® Chap IV, 88 2, 3. RJI.F. 8§ 2, 3.



Tow - _ v a ,
a(w(Jo(a@J(;(a?) - éJo(w?)J;‘(cg)) = (gz _72) f x Jo(gx)Jo(a7x)d:»:
o ‘

Therefore

aJ.clar(«?z - gz)Jo (a8)J, (a.?) +,1:2('7‘2‘- éz)j: xJo(gx)Jo(w{x)d;: = O,
If k1>/ 0 end kp > O this is bimpossibl‘e ond so there cen
be no complex robt.’ v
(133) Trom tho asymptobic oxpansions of the Bessel funcbions
it follows that v(l) has reel roots, s:’.tua.fed, for iarg;e n, neer

the points I (aw = Fm) , if k3 L0, or Xy =1k, =0

ZIaw+ FT) L, if k=0, Xk, ko0,

<

(iv) The equation (1) has no repeated roots (except possibly

at £ =0).
| This follows™ frem the fact that
y=(1 - Az?') Js(z) + Bz J;(z)

setiasfies a linear sccond order differentiel equation, nansly,

z[ZA‘B +B% -y AZZ?’]y" + {80+ B - 28 - B2 = 3472 } vt

+z{4A3+4AB+B?’+A282}Y=O*

(]
3
Do

w I’.’fo, Pe 69 (23).
T, s, D. 79. The I. A repestsd nero is possible slso ot

Az = 5 (k- 218 = 32),
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(]

« To prove that™

(}’lx‘!‘ ka)KO (f‘&) Lad kz/AKl(!kAB) oooc‘aooni (1)

vwhere = V(A/K) hes no zero for -m g erg X < w Dprovided

kl }O, 1’:2$O’ ks }O. noooocot'o-q-oo (2)
This is equivalent to proving that
(kg + Lyea?/n)i (2) + o2k (2)  weeoennnnans (3)

has no zeros for R(z) 2O

(1) The exoressicn (3) has no zero for reel positive z if
’(l 2 0, ks 2 0, 1{2 s 0.

This follows since Ko(z) >0, Kl(z) > 0 for real positive z.

(1i) The oxpression (%) has no complex zoro§ , Ior if '? is the
conjugate of £ we have

(el # lykE”/0)K_(B) + kpE X5 (E) =

(okg + 1y K72/a)1:o () + g Eg(y) = 0
Thus ._"--(g = I (E)E, () + 1ep { BEGE)K, () = 9 KoK, (g)}
Now'  EXK_ &) (n) - 1% K, (8) = («7" g?)f 2K, (€ )I’O(\?x)o
Therafora (g‘? 47?)-_- o (8)K, 47) - lp(g. 4? )f xK (gy)l.o(ﬂ?}.)d : O,
Thus if k3 2 O, ko £ 0
we have o contradiction and so no complex zero is possible,

(313 Tno exproscion 73) has no pure imaginary zero =z = iv,
Y - \ > o Nt

for this implies

T (kg = kqey/a) { =36 (7) + 17, (:/)} + '%‘"ik2Y{'J<; )+ iY‘;(y)} =0

e
+ ]

" The equaticn occurs in Chap. IV, § 1 and R,H.F, § 5,

*® Ge 2 M., e 70 {30).
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1l

ie0s (e.kg -k ky?‘/a)Jo(y) + kgch',(y) 0 }
end (ektg = kqK v2/2)Y, (y) + ksz:) (¥) 0. J

Tt follows that J (MY F) = Yo Io(v) = 0,

but this is equal to _2/(1ry), and so_vze'he.ve‘ a contradiction.

4+ The zeros ofT

[(l.clxzz + kz)I (az) + kzle(a:.)] [(1‘5]'. kzz-l-ké)Ko(bz)b-lkézzKl(b‘z)]

o -[(l;lkzgf}- kg) I, (bz)+ kéle (b;ﬂ [(lez?+ kg)Kq(02) = kzzKl(az)] Y
vhere b > a. The I's and k''s are ronl constemts, k> O. sess (1)

(i) The expression (1) has no real positive zeros if

: 1. t : ‘ . ' ,
Iy 305 k) 20, kz» 0, k330, kp < 0, kp 2 0., ERIER (2)

(1) moyr be written 7 , :
(g x 20 + kz) (lf{ K‘ 22 4 ké) [IO (22)Kqy(bz) - ‘Ko (7)1, (b:’.)]
- kzk;za[?l(az)Kl(bz) - Kl(az)Il(bzi]
+ kpz (k]'_ K22 + ké) [I‘l(e.z)Ko (bz)‘ + I,(bz)Kq (ez)]
- bolegko? + k) [1 (0K (02) + ), (2] erenvens (B
It is kmown™that I, (a2)K,(bz) = I, (bz2)Ky(ez)
ond  Ij(ez)Kq(bz) = Kl(az)Il(b:,’.)

have no real positive zeros and since b > a it follows from the

* Chapter TV, §8 4,5. R.H.F. §§ 4,7.

%G, & ., pe 82, The Xs
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asymptotic expansions that both are negative.

Also Il(az)Ko(bz) + Kl(az)Io(bz)

end Io(a2)Ky (bz) + K (22)I;(bz) )
ere both positive for real positive z. ~ Thus the terms of (3)
have respectively the‘signs of

t t ' ' N 1 2

- (kyke? + k(e ka4 kg),  Kglepn®s gz (kka4lg),  =kpzlkyka™+kg).
As in f 1 above we take kq > O, k! > 0 (end if either vanishes

1l
the corresponding kgz or ké > 0)e Then if

k) 30, k120, k530, ky» 0, kp<0, ky > 0
all torms of (3) are € 0 for reel positive z -and thus there
is no real root. |
The conditions (2) are satisfied in the cases of ﬁhysical
importance discussed in Chnpter‘IV, §'5 énd R.Hff; 8 Te If
the conditions (2) ore not sotisfied there may be real positive

ZCI'0Se

(ii) The expression (1) has no complex zeros if

k>0, k3 30, ky <0, kj>O

Consider the differential equation containing the parameter o

1 d '
;:-a-;(r_—' "'ZgU:O, 0 <7Tr <b, 7661000000200 (A')
with boundery conditions
o
(klu<z“ + kS)U + kz %gf= 0, r=a sescescessesnss (B)

(kiKZZ-F](%)I;.*—ké-g—g-:OJ r:b‘ 0"0.0.“‘.-‘00." (6)
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If 2 =§, a zero of (1), = non-zero solution of the
differentisl equation (4) 2nd bhoundary conditions (5) snd (6) is
U= [(klk gz + kz)K (08) = k& Kl(a.g):l Io(r§)" |

- [(klx,§2 + Lg) Ty (n§) * k, §I].,(°’§):|KO (rg)‘

Suppose E is = complex zero of (1) end 1e’c‘7 be its conjugste,

then U® , the conjuszate of U satisfies

14, ar¥y st ; »
Fa AU _,720"=0, a <r <b, veereeenss (7)
with (kll(a?z + 153)ﬁ : 2 gf_ =0, r= g, Ceean vesee (g)
' g : : e B
(]’:1‘(7?’ -+ IS)LT;{ + Lé % = 0 3 ‘ I‘ = b ‘ : o0-4¢0‘oo09 (9)
From (4) ond (7) wo ob‘mln
b
2 .2 . _ il d (. dU
(%" - )f U™ dr = [U % d (p 90U
7 £ n, : ar 7 T dr( dr dr

dt au b
,{
[Ur = e dr]

- [ Ur(lq K»v] + kv)/+ U"r(k] Ké + Lg)]
r=h

1’2 ‘ . r\ ~2
3 Ur(klkzqz +kg) | W (icy k6 2 + kg)] |
2 | - k r=i

__bk-;t( > o2y 2 % 2
R € -7)‘Ulr=b -%(éz-Vz)lU‘r:g

i |
.. (72 i gz)“‘arm Par + b}l:] |U| ;C;K o] 2 % =0

=2
o

Thus toking, as clways, klz 0, 1’::'L >0, if ks, <O, ké >0

. . . t .
we heave o contrediction, The extension to kZ <0, k2 >0 is

trivial,



(1ii) The e:xpression (1) has pure imaginary roots i.idq s =1, 2, sas

vhere the d ore the rootes of

[(k - kK« 2)J, (o) = ko & Jl(qx)] \:(k5 - lfll(a(?)Y (b«) = k?o( Yl(w)]

- [y =g wa®)a, (o) = X3 9 (ba()] [(;»s-u—lk,(?)y (o) = 1ep & ¥, (o «)]

;oo!o".(lo)_
Tron the asymptotic expansions of the Bessel functions it follows

that for large s these ere near

deponding on which of the k vanlgn.,

(iv) The roots of equation (10) are ulmnle.

At o repeated root of (10) the derivative of the left hand

side of (10\ ill also vanish, Thw. Bives on m"”11n+1n~ o

. 1l
[(ch - 1c1»<.<?)J (bd - ki d (bo():{ {(LQ - Kklo(?)? + ko(k + 2 Kl.l/ﬂ) d}

©

L
PO +L9(1¢?4 ?lrd")/b) azf =0

:_!: [(]{S - Kkl42)Jo(a.d) - kzO(Jl(&ﬂ()l {(ké-‘(l
' I EEEXER] (11)v

Comhining this with (10) wo obtain

FH

[(1 -kl a*)Y (ba) . = L?o(Y (bo()] (Lr5 - kK dz) + Xk (19 + 2xkep/2) d}

3

+ L(kg ~ kIl Yg (o) = Top & ¥y (a«()] { ci- K13 <2) P+ 1 (e 2 d o) ]
| ceeeee (12)
Wow the expressions in (11) and (125 are 1inédrly indepondent solutions
of a linear second order differentisl equation so connot™ vanish

simulteneously and we have a contradiction.,

K .
G. & e, p» 80, Th. 2.  There mey be ropeated roois for ex cnnuwcn“T

7olues which male the cocfiicient of the second dericative in +this
cenabion wanish, '
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APPENDIX III.

1. Tn this Appendix it is verified for the complete set of
problesms discussed in Chapter IV, R,H.F,, and Appendix T that the
integrals round the arcs B3'C and AA'C of the cifcle [T of Fig. 3,
or round the sarcs BB'F,:AA'C of +the oircig [ of Fig; 1, fend to
zero as the radii tend to infinity. ‘hen Fig, 3 is used the
radius is 4o tend to infinity through o sequence of‘values avoiding
the poles of the integrand; these poles have been determined in
Appendix II.

In all cases it has merely to be verified that the intsgrands
of the line intorrals for ¥ ocabisfy the }sonditions of Theorenm 1,
Chepter I.  The proof of that theorem still holds if the radius
tends to infinity thrgugh e gequence of wvalues,  The ubpcr arc:
w26 > 0 only will be discussed, tho‘loﬁer ones ATo ﬁreated

similarly,

W2 e i ' '
2s Lema. For A =k(n + ) I% oi® | M= NAK), > 8 20,
a“ '

]cosh(lua. -Zl-rri)l Y C e:r.p[(n + #) 1T cos 18:] Ceees (1)
vhera C 1is a constan®t independent of n. ' |
: . o
| cosh (ke -7}_,-" )] 2 lcosh[(n—!—-?;) 'rrele/z-%-wi;l |

1-{ cosh[(?,n+' 1) 7 cos "'9] e oos[(2n+ D sin 39 = -ﬂ }

I

1l

B

o
3

5 cosh[(2n+ 1) cos 38:] { 1+ sin[(?:n#— 1) sin WG;:lx

|

x seoh[ (2n+ 1) cos -}9] }



-1 2n + 7
Tovr let = 2 sin
P on + 1
Hot B _ a/n + 7/15
co tha cos ChE T .

Then (2n + 1)11‘.; (n + 1) 7 sin g-
o ] p
> (en + 1)1@1;- &
> (2n + 2/0)

1 2 2n + : 2

Thus |cosh (Iuo, -smi)| < C o( n+ 1) cos 5
(11) py 80 i
‘sin[(?,n-;. 1)11- sin 5 I sech [(Zn-!« 1)r cos S;._H A

< :ech[(ﬁn + 1) mecos fi_]
=

< soch[(Zn 4+ 1) 7 cos P)]
: 2

/7
€ sach --}—-—

S HE

s, for every positive intoger 0 .

Thus {l + sin[(2n+ 1) sin ?;-:l soch[(Zn+ 1) cos %:}}

> 1l - seoh-r—r-a\—/-/-

5
nerefore |cosh(pma- ._1rl)|2 yC C(?n-!- 1) cos =

r

rom (i) end (ii) the reenlt follovs.

2 s

. N2 WY 16

Therseme crgument gives, vhen A = k(n + 3) ") 87" &
o
A

| cosh(rxa. - ZS-:-wi)[ >C exp[(n + %) weos "g]

, for every positive integor, v v

186

(1)

LI IR I B B N BN J

e (31)

se 20990 (2)

Boundary

condition Dt T = oo

oM Lpr) dn
y-i {(6>+@)I(IM) *ﬁf"r'é‘“‘ll

. The resion O € r < a, Zero initial temperature.

3®
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Towr, in the nobabion of Nfppendix I, 8 2,

£(A) = (9 + Ig) T (’ua) + Xk fLIlQu)
2(%1\ + kz)e% 2k Frd '
+ 8% 2k =) o
o 3 - cosh(pe. - -Z-n'i) . Z22E > cosh(lua - .E.rri)
(?.Tf'!,ka.)g - (2wpa)” s
+ similar torms O(%) compared vith the above.
. 2 15
Thus®if A = K(n + _‘1:_)2 L.elg R w8 > O‘

22 .
|t > ¢ ng/2 lcosh(lua._- %:.‘ri)l D C‘nS/Z GXP[(II'*"?,?')‘E cos l‘ﬂ s
ﬁ '. n >rio, ‘1;:1%:‘0 Ceesses (4)
or > Cnl’l cosh(ln.e.'j.- —E-Tri)[ > C r‘L o:f:p[(r_l + &) cos :jﬂ L n > nq,
| if 1/_0 ko £ 0, esesss (5)
or >Cn lco,h(!nn. - -—_1r1)] ) Cn 1« em[(n + 5 v cos 18:}, n > n,,
' AR Ky =k =0, cesssees (6)

where the rosults of & 2. (1) an2 (2) have been used.

Also | I, (z)| € exp|R(z)].
Thus on° A = k(n + 1)2 AP
| 02
I (ur) (r = a)

o ‘
S < Cn oxp{(n+~?»;)1r.-—-—;—f- cos 36} , Wy >0, 0<r< n,

n 3 n,
where o is = 3/2, = % or #% according as Iy 05 Iy =0, kg + 03
or kl = }:2 = QO |
In 211 cases the conditions of Theorem I are satisfied ond thus
the integral over |_ tends to zero,as its radius tends to infinity
if either
0O<r< a, t >‘O

or Ofr<a, t > 0.

Circles of these radii do not es Jchronrvh any pole of the intezraond of
‘ppendiz T § 3 (6),  f. Avpendix IT § 2 (111)a



4, The region 0 £ r ¢ 2. Unit initial temperature, Boundary

condition at r = a

13% 237 T8 F Fpoe t > 0.
-
nere
“+ico ‘ - ‘
=1+ r ' ot Bin, - k2| I, (ur)dr
R o . N s

It follows from the results of § 3 that in all cases the conditions

of Theoren I'are sotisfied,

Se The instantoncous cylindrical surface source over r = r!.

in 0 € r < a with boundary condition . at r = a

,Bv .

o, 2o o, S— z = : .
13ty P ET=0, £ 20

llere, in the notation of Appendixz I, § 2,

yt+ioo k
VI e ._.,...D.._... IO (f‘r') {Io(ﬂl‘)?j(l\)

- Ko (ur)2(M) } o2 an ',
Awiic { -ido ‘f’(z\) :

rf&r<a.

From the asymptotic expensions it follows that, for

: 2
R R A
N=kin+ 57 Lo T2 e >0

-

£ >0,

/68




l </‘*”‘ ){I \,.U' 2 z\)- Yuv)f’()«)} }( ¢ n" oyp[(q.a‘).,r___,____:

. 1. n . .
= 75, =i, -3/2 according as

“C].:}r?:: Os

(r'- r+2)

rigr<oa, no>ny,
y = 0y B 05

Thus, using & 3, (&), (5), (6)",»1':@'}1951'@ when.

Nek(ms 2?50

ja

o () £(N)

S [

8(/\) -
£(N)

[Tofes? { 7o)

-

2 e

z 0

L ex%D § (n-r

rt g ra< a,

(r

'.nf) no.,

Thus +the conditions of Theorem I are °a'l:1 ficd for & > 0 Jf

H

r ¢ a and sinilarly thoy are

.

end-

[S12

The problemscorresponding to those of 85 3, 4, 5

isfied if 0 rg rt.

- CO

co

Vi

for the rorion

boﬁnded in":errﬁNV by the oylinydcr‘ r = Q

In these coses ’chﬁ ordeyr properti
ond § 8 (86) hold in fach for Ty € >0 wnd it
thot the éonditionsof Jn%rem T are sobisfied,

7 The hollow cylinder o <1 < b,

oo proved in Appendiz T

d7 |, 5. dV
kl -=-—_E- o+ Lz 6——-— + ]Cs'v"' = 1‘A s

r T
r =
Y

]
o0
~—~
V]
[&o]

S

. z;'\«t
l LDJ

e}
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Here

Tep fﬂ‘im {c;(,\):r.o(,m) - F(A)Ko(,ur)}‘ o™ an

2wl A eNEM) = gMFMT réee (D

v =
J =ico
It follows from the asymptotic cxprmsions that ‘ .
2/«\/(ab) {f(,\)G(A) = sNFMN) | = = 2052 + 1.-:5)(1<,1,\+ ké) sinh pu(b=a)
- 21:5,«(1—:1}« + kg) cosh lu(b -0) L
+ 2k /k(l-:-l/\ +1:é) cosh p (b =2a) B
+ 2}:21;é f’*z sinh {u(b -1n)
+ corrgsponding; teﬁns O(%) compared
with the chove cesearene (8) .

: 2 2 N '
We toke® A= k(n + %‘-) -(--15——)-6- ot® s Ty @20 oand it follows
ok Do) . T )

as in § 2 that

| sinh /u(b-a)l > cC e"’p[:(n + %—)‘I’T’COS 16{} eeassss (9)
end |cosh m(b=a)] > C exp|(n + £)wcos ;;QJ cavenes (10)
. | : ‘. - ‘
w?  ie

. | 1,2 _
Thus for \ = K}(n + 71:) m e

[£ENER) - sMTM] > © 2% oxp[la+ Proos 2] , myny .we (1)

s T}9703‘

vhere L =3, k%0, k-;? Lo
=2, ¥ =0, kp%o0, I * 0

=1, k1=1~:g=0,-1€i"—;"-0 or :lzvki=0, o =0, iy £ 0
=0, 121=1:2=::'L:0, 1:5%0

= - 1, 1:1:1:2=1:1=k,,=0.

p—
(b=2a)?
a pole of the integrand of (7), Cf. Appendix II,54 .

A cirele of radivs wK(n + %:)? will in no case pass through
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Aleo
& r INn/b=1T 171
I w / g { 3 7 Bty Iy - o = o
!"’(’\)Io(f‘*> - F-..,/\)I{O“uz-)! < Cn O.:CpL(:l + 7 (b_&)‘vrcou ,_,(i;, N>y e (12)
1 1 ! 1 t
vhere & =1, 0, =1 according as ¥y £ 03 k) = 0, ky 3 05 kg =k, =0
1.2 w2 ie
Thus on A = K(n-%;l-)" e~ mw> 8>0

(b =2)?

?{A)Ko@r)% < (
VA RSV VR H G e

vhere « is =2, =1, O,

Thus in all eoser the conditions of Theorem I are satisfied.

8e The instwitboneousioylindefeal surface dourcs over r = »! in'the

hollow-oylindéz’ o< r< b with boundary conditions

dY7 AV _ —
klsﬂr‘"‘ k?ar k -—-0, r.= a-: t>o
'g B'xr ] BV !_ - -
B et Vo T T =0 r=5b, 1t >0
Here
Y +ioo , . . - ” , A
7=t {To () 2N) = o () ()} T Qur )5 (3) = Ky (ur PN} 0¥
4 “ix £NGEAN) = 2(NF(A)
Y =ioo :
\ a<rsrt.
2
1.2 w i
on A:K(n+-ﬁ-) WGJ P w2 e >0
- (b=n

| {70800 = K () e 3, G0N = Ko (eI ]

<
< Cn exp { (n+—-)-rr (b - }f”’i" r') cos 7:9}

n>mn,



where £ = 2 , kl#O, kia‘:O

=0, k=k=0, k#$0, ky4o0
]
=<1, ky=k =0, k,=0, ko%0
t 1
= -2 s 1’;1 .'.‘.:k'l :kz :.'2 = O.

Thus in 2ll cases

{1, () 3) = £, (ur)200) I Ty e)E0N) = Ko e )P |
NG = zNFIN)

1, (e -t
< Cn=l exp{(n+-4-) —-:O(*I:-:%;-}* cos%9§ s

and the conditions of Theorem I are satisfied, if + » 0 and

and similarly they are sabisfied if r'< r £ b,

172

;5 or k=0, ki#o, k2=0



