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PREFACE

This work represents a study in the application of the Laplace 
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few exceptions indicated in footnotes, the derivation by this method 

of all the results is new. In Chapters II, VI, VIII, and X which 

contain collections of results, some of these are classical and given 

for completeness, and some are new* Almost all the results of 

Chapters I, III, IV, VII, and IX are believed to be new#

None of this work has been submitted for any degree, and it is 

entirely my own with the exception of Chapters I and X, which have been 

written for publication in collaboration with Professor Carslaw. These 

are included here since they form an essential part of the whole scheme; 

the problems considered were solved independently and published jointly.

The parts of this thesis which the referee may deem suitable will 

be published as soon as possible. Chapters I, VII, and X, and portion 

of Chapter I1/ have already been published, and Chapter III, and portions 

of Chapters VIII and IX are in the press#

It is my pleasure to adknowledge my great indebtedness to 

Professor Carslaw who not only aroused my interest in the subject, 

but in the course of a frequent correspondence extending over several 

years has been most generous with advice and criticism#

I am also indebted to Miss M. E. Clarke for her assistance with 

the computations of Chapter V and for the preparation of the typescript#
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INTRODUCTION

1. When this work was begun operational methods and their developments 

by Jeffreys and Bromwich had been applied extensively in various 

branches of applied mathematics, usually in order to solve partial 

differential equations in two variables, one of them the time, by 

transforming them into ordinary linear differential equations. The 

Laplace transformation procedure, due to Bateman, Doetsch and van der 

Pol, in a form then being developed by Professor Carslaw, seemed to 

me much the most attractive approach to these methods. Much of the 

work hitherto done had been of a didactic and expository character, 

intended to exhibit the power of the method by the solution of 

problems to which it was well sviited, rather than its capabilities 

when applied to more difficult problems arising in any one field.

The subsequent chapters represent a systematic study in the 

application of the method to problems in Conduction of Heat covering 

practically the whole range of the subject» The problems considered 

have to a large extent been chosen because of their practical importance 

and with a view to subsequent numerical computation. Results of one 

such calculation are given in Chapter V and an extensive numerical 

study of Chapter IX §§ 1 - 4 has been completed» A «ortain amount 

of selection has been necessary and this has usually taken the form 

of a bias towards results in cylindrical coordinates, these seem to me 

the most interesting and important both practically and theoretically.



2. The following sketch is intended merely to indicate the point 

of view taken in the sequel; in Chapter I the complete solution 

of a problem is given to illustrate the method, a fuller solution 

of simpler problems is given in Carslaw and Jaeger, f a i l . Mag. (7) 

XXVI (1988) 475] .

We have to solve the partial differential equation

...  <»
in some given region, with a boundary condition at the surface of 

the region^ and with a given value, v0 (x,y, z ) , of v(x,y,z,t) 

when t = 0.

We multiply the differential equation and its boundary condition 

by e"P^ , where p is a positive constant**, and integrate with

respect to t from 0 to oo . Then, writing

(oo e”*0 J v dt

o
for the Laplace transform of v , and making certain assumptions, 

the equation (l) becomes

V 2 7  - £  v = - -  vQ (x,y,z) , .......  (2)

which has to be solved with known, boundary conditions.

p may course be complex with R(p) > 0. The above statement

derives from work on ordinary linear differential equations vjhere

the complex variable is not needed and Professor Carslaw and I have

retained it throughout our work to keep partial differential equations

as much as possible on the same footing. We use a symbol A for 
the complex variable of the inversion theorem.

2 .



3,

Th© ©quation (2) is called the ”subsidiary ©quation” corresponding

to the given differential equation and initial conditions, and by

solving it we obtain v(x,y, z,p).

From v(x,y, z,p) wo obtain v(x,y, z,t) by the use of the

Inversion Theorem for the Laplace transformation which gives
/'V'+ioo

v(x,y,z,t) ____1_
2 - i r i

>te v(x,y, a*X)dX (3)

f-iOD

provided v(x,y, z,X) is analytic on and to the right of th© line 

R (X) = V and that certain conditions on either v(x,y, z, X) or 

v(x,y,z,t) are satisfied.

These conditions need hot be considered here since assumptions 

have also been made in deriving (2) so that even if it were proved 

that v(x,y, z,X) satisfied the complete conditions for the Inversion 

Theorem it would still not follow that (3) is the solution of the 

differential equation and its initial and boundary conditions.

It should be remarked that the conditions on v(x,y5z,t) for

the truth of the Inversion Theorem are extremely broad: roughly if

we assume à. priori that there exists a solution of the problem which

is of exponential type in t both th© assumptions made in deriving

(2) and the application of the Inversion Theorem will be justified

so that (3) will be the solution of the problem. This basis should

be adequate for most purposes of applied mathematics. If it is

desired to make the solution completely rigorous it past be verified

that the solution v(x,y,z,t) obtained in this way does in fact
M Cf. Doetsch, Theorie und Anwendung der Laplace-Transformation (Berlin

19.Ï7) Kap.6, Churchill, hath» Zeits. 42 (1937) 567; kath. Ann. 114 
(1937) 591. " " “ “



A.

satisfy the differential equation and boundary conditions. This 

m y  be done in different ways, e.g. by direct verification on the 

final form of the solution, or by direct verification on the line 

integral of type (5). For one-variable problems in Conduction 
of Heat the process of Chapter I § 9 may be used, the verification 

of the solution of the one-variable problems of Chapters II, III, TV 

is discussed in Appendix III.
The point of view adopted is thus that the deriving of a 

solution by the process leading to (3) may be regarded as satisfactory 
for problems in applied mathematics, but that if it is desired to 
make the solution completely rigorous verification of the final

solution would have to be made



3* The problems considered divide sharply into two parts; those 

of Chapters I to V which involve one independent space variable, 

and those of Chanters VI to X which involve more than one.

For problems involving one space variable the method of 

procedure is well known and corresponds closely to that of the 

operational methods in Goldstein*s classical paper** Those 

considered here are relatively complicated problems of practical 

importance, and for these the verification of the solutions is 

discussed in Appendix I.

Problems involving more than one space variable have been 

very little studied, in these cases the ’'subsidiary equation” is 

a partial differential equation and may be treated in a variety 

of ways. For this reason the work of Chapters VI to X is largely 

exploratory. Three different methods are developed and each is 

applied to give complete results for a set of important problems: 

(i) the obvious method of treatment by direct separation of 

variables in the subsidiary equation is studied systematically 

in Chapter VI# (ii) a new method for certain classes of problem 

is given in Chapter VII and developments suggested by this method 

in Chapters VIII and IX; (iii) the Green’s functions for point 

sources for regions bounded by surfaces of the cylindrical 

coordinate system are determined in Chapter X.

5

Proc. London Math. See. (2), 34 (1932) 51.



6

4# Parts of this -work are reproductions of papers already

in press. For this reason the Chapters are self-contained 

and each has its own paragraphing# There are also some minor 

changes in notation# Short introductions are prefixed to the 

Chapters indicating briefly their scope.



CHAPTER I

Introduction.

This Chapter contains the detailed solution of a single 

problem, it is given as an illustration of the method# In 

all problems subsequently considered the procedure is the same, 

a solution is obtained formally as a line integral ( ĵ -iog y-fioo), 

this is transformed into a real infinite integral by use of the 

contour of Figure 1 or into an infinite series by use of the 

contour of Figure 3, according to whether the integrand has a 

branch point or a line of poles* To make this transformation 

rigorous it is necessary to show that the integral round the 

circle r  of Figures 1 or 3 vanishes in the limit as its radius 

tends to infinity. In cases in which v(A) has a line of poles 

the radius must tend to infinity through a sequence of values 

which avoid these poles# A discussion of the vanishing of the 

Internal over f ~ for problems of Chapters II - IV is given in

Appendix III# The matter has also been discussed elsewhere#*
of obtaining

Since the method/the solution as a line integral is regarded 

as ourely formal, it must be verified that this solution does in 

fact satisfy the differential equation and boundary conditions.

Carslaw end Jaeger, Proo. London Hath. Soc# (2), 46 (1940)

361-388. 2. 3.

7 .
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For one-variable problems in Conduction of Heat the method 

of Chapter I, § 9 is available, its application to problems 

of Chapters II - TV is discussed in Appendix !♦



[Extracted from the Proceedings o f the Cambridge P hilosophical Society, 
Vol. xxxv. Pt. in.]
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A PROBLEM IN CONDUCTION OF HEAT 

B y  H. S. CARSLAW a n d  J . C. JA EG ER 

Received 6 January 1939

1. The problem of the conduction of heat in a solid sphere with a concentric 
core of a different material, the surface kept a t a constant tem perature, and the 
initial tem perature of the whole zero, has already been solved in these 
Proceedings*.

This note deals with the corresponding problem where the solid is bounded 
internally by the sphere r — a, while from r — a to r = b it is of one m aterial and 
from r = b to infinity it is of another. The surface r =  a is kept a t a constant 
tem perature v0 and the initial tem perature of the whole is zero.

We use the Laplace transform ation m ethodf, but the solution can be ob
tained in a similar way by the path  P  of the paper referred to above. In  §§ 2 and 
3 a solution in the form of a line integral is obtained by a formal use of the Laplace 
transformation. In  § 10 it is verified th a t this solution satisfies the differential 
equation and boundary conditions. The line integral is transformed into a real 
infinite integral in §§ 4-8.

2. Let the tem perature, conductivity, specific heat and density in a < r < b  
be vv  K x, cx and p x, and in r > b let them be v2, K 2, c2 and p2.

P ut k x = K x/cxf>' and k2 = K 2/c2 .
Then, writing ux = vxr and u2 — v2r, we have to solve the following equations^.

(1)

(2)

(3)

(4)

( 5 )

dux d2ux 
dt =  K or- , ( a<r<b) ;  = k2^  , {r > b), (1 )

¿>0
ux — v0a, when r = a; w2h>-0 when r-> oo, (2') 

ux = u2, when r = b,

(4'>,
ux = 0 when t — 0, (a < r  <b); u2 = 0 when t — 0, (r > b ) (S')

* Carslaw, “ The cooling o f a solid sphere w ith a concentric core o f a different m aterial ” , 
Proc. Cambridge P hil. Soc. 20 (1921), 399-410. Brom wich, “ Sym bolical m ethods in con
duction o f h e a t” , Proc. Cambridge P h il. Soc. 20 (1921), 411-27. In the first of these papers 
contour integration is used; in the second H eaviside’s operational calculus as developed by  
Brom wich.

f  Carslaw, M ath. Gaz. 22 (1938), 264-80. Carslaw and Jaeger, P hil. M ag. (7), 26 (1938), 
473. Carslaw and Jaeger, Bull. Am erican M ath. Soc. (in the Press). Also the work of Doetsch  
quoted on p. 396 and papers by Churchill, Lowan and others.

X Carslaw, Conduction of heat, 2nd ed. (Macmillan, 1921), § 64. W e quote this book below  
as C.H .



A problem in conduction of heat 1&&-

Multiply (1) by e~pt (p > 0) and integrate with regard to t from 0 to go . Then

But

by (5). We write*

S ? - p ,^ di-  *>/,J>4>
-pl

“ i = J,

00 . d2ux T t
e~pt dr. 

o dr2
(6)

e~pluxdt,

e~pluxdt

e~pluxdt.

Assuming that we may change the order of integration and differentiation 
on the right-hand of (6), we thus obtain the “ subsidiary equation”

d2ux
dr2

—  q\ux =  0, (a < r  <b),

where q\ — p /kx. Similarly from (!') and (5'), we have

d2u2

dr2
q\u2 = 0 , (r> b),

( 8)

(8')

where q\ = p /k2 and u2

Also, from (2) and (2'), we obtain
i;e~plu2dt.

and

ux = v0a/p, when r = a, 

u2 -> 0, when r oo,
(9)

(9')

J'c o  /*00

e~pluxdt — e~pt\m\ uxdt
0 J o  r-+a

reo r co
and lim e~plu2dt = e~pl\\m.u2 t̂.

r->ooJ 0 JO  r—>00
Similarly from (3) and (4), we have

ux = u2, when r =  b,

and - 7 )  = ^ 2( ^ 2- y ) ,  when r = b.

(10)

( 11)

Our problem is thus reduced to finding ux and u2 from (8), (8'), (9), (9'), (10) and
( 11).

We obtain ux and u2 from

e~pluxdt and u,t e~plu2dt.

W e use this bar n otation  throughout for the L ap lace  transform . Thus
[ c o

u(p) =  I e~piu(t)dt.
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3. As solutions of equations (8) and (8') with (9') of § 2, we take 
ux = A sinh qx(b -  r) + B cosh qx{b -  r),
w2 =  Ce~q̂ r~b\

and determine A, B and C from (9), (10) and (11).
We are thus led to

_  v0a K xqx cosh qx(b — r) +  (K2q2 + K) sinh qx(b — r)
1 ~ p K xqx cosh qx{b -a )  + (K2q2 + K) sinh qx(b -a )

and w, =
v0a K xg1e-q̂ r~b) _

~p K xqx cosh qx(b - a )  + (K 2q2 +  K)  sinh qx(b -  a) ’
where for brevity we have written

K = (K2 — K x)/b.
Then, from the inversion theorem* for the Laplace transformation, 

K xpx cosh fix{b — r) + (K2/<2 + K) sinh/M1(6 — r) d\ 
K xpx cosh ̂ (6  -  a) + (A'2//2 + K) sinh p x(b - a )  A

e - / i 2(r-b )

„  = M  fr+i"
 ̂ 2Î7T J y —ioo

and

Wo =
K x v0ai f r+ i

1 J y - i
0M d\

K x/ix cosh fix{b -  a) +  {K2p 2 +  K) sinh p x(b - a )

(1)

(2)

(3)

(4)

(5)
2,17T J y —ioo

where we have written
[l i =  VW*l) alld /i'2 =  \IWk2)- (6)

4. Consider now the closed circuit in the A-plane given in Fig. 1. The line 
AB is at a distance y from the imaginary axis; the 
large circle r  has its centre at the origin and its radius 
is B. There is a cut along the negative real axis. The 
circuit is completed by a small circle, centre at the 
origin, and we take — n < arg A < n.

We prove in § 5 that within or upon this closed 
circuit the integrands in § 3, equations (4) and (5), 
have no poles, and in § 6 that, when the radius of F 
tends to infinity and the radius of the small circle 
tends to zero, the integrals over BF  and CA tend to 
zero.

fy+i  oo
Thus we can replace the integrals of § 3,

J y — too

equations (4) and (5), by the sum of the integrals over 
CD, the small circle, and EF, when C and F  tend to Fig. 1.
— oo and D  and E tend to the origin.

In this way we obtain the required solutions in their simplest form.
* See, for example, Doetsch, Theorie und Anwendung der Laplace-Transformation 

(Berlin, 1937), p. 126, Satz 2. Churchill, Math. Z. 42 (1937), 569, Theorem 1.
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A problem in conduction of heat -♦>07U u  I

5. Let

I. There is no real positive zero A0 of F(X). 
For suppose that there is such a zero. Write

l = F  2 'sj^l

V̂ 2
m = K x

bKx ’ and c = b —a.

Then tanh# = —Ix + cm

must be satisfied by x = c Ĵ(XJkx).

We show that this is impossible for any real m.

(i) lfra > 0 , then — x/(lx + cm)<0 for rr>0.

(ii) l f w  = 0, then — x/(lx + cm) = — l/l<0.

(iii) If m < 0, the hyperbola y = —x/(lx + cm) has asymptotes

x = c\m\/l, and y = —l/l.

Thus, for x>c\m\/l, we have — x/(Ix + cm) < —l/l, while for 0 <x<c\m\l  
the gradient of — x/(Ix + cm) satisfies the relation

cm
(Ix + cm) c\m > 1.

Therefore in all three cases the graphs of tanh x and — x/(lx + cm) have no inter
section for x > 0.

II. There is no real negative zero — A0 of F(A).
For suppose that there is such a zero. Then we must have

tanx + = 0,cm ± ilx

where x — c^XjKy), which is impossible since 1^0.

III. There are no complex zeros*.
If possible, let £ + iy (rj $ 0) be a root of F(A) = 0. Then £ — iij is also a root. Let

_  sinhftfr—a) <()
1 sinh ĵ(6 — a ) ’ '

„2 - S i l l

9 l~ K, ’
Cf. C.H. § 106.

where
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and let U2 =  e~Q̂ r~b\ (r > b),

where
*2

Then d2U-—I - q2ui =  o} (a < r< b ), (1)

d2TJ
-¿ri~ q lU 2 =  0, (r > b), (2)

U1 = 0, when r =  a, 

TJ1 = U2, when r — b,

K i d̂ - K 2 Zi z  =  u " " Ult when r =  b.
dU, =  K 1- K 2 
dr b

(3)

(4)

(5)

Let U[, U2, q[2 and q22 be the corresponding expressions for the root £ — irj. 
Then we have

(*?

sothat 2iV ^  j bU1U ,1dr =  K 1^U'1 ^ - U 1^ j ,  when r =  b. (6)

Similarly

2 irj. K 2 V2V'2dr =  K 2\ u f - ^ - V ' f - ^ ), when r =  b. (7)

Adding (6) and (7), and using (4), (5) and the corresponding equations involving 
U[ and U2, we have

Z i V ^ j y ^ r  +  ̂ j *  =  0,

which is impossible, since U2U2 are positive.

6. The simple theorem given below deals with many cases in which it is 
required to prove that the integral over the circle F  of Fig. 1 vanishes as its 
radius R ->  oo.

Theorem 1 . I f  | /(A, £) j < 6 '^  exp [ — cosA$], when A = Reie, —Tr<d<n,  
R > R0, where £ is a parameter, and R0, C, and* k<\ ,  are constants independent of 
6 and £, then

JW(A,0^
taken over the arcs B B'F  and A A 'C  of the circle r  tends to zero as oo, if either 
£ > 0, t ^ 0, or £ ̂  0, t > 0.

* If k <  1 the result is true for £ > 0, t >  0.
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We consider separately the integrals 1BB> and IB.F over the arcs BB' and B'F. 
Those over A A ' and A'C  are treated similarly.

For BB'. Let a = cos-1 (~y/R), then
fin

■ ' dd = 
J a

I Ibb' I < CRkeA I dd = CRkerl sin-1 (y/R). 

Therefore lim | IBB. \ — 0.

For B'F. | IB F | < CRk f  exp [Rt cos Q — HR* cos \d] dd.
J in

Thus if t > 0, g ̂  0,

| I ß 'F  I <  C R k

And if t ̂  0, g > 0,

C in

J o '
e~msin0d6< CRk s:in 7rCRk~̂e-2RWIn dd < *  — ,

I IB’F I < CRk i  exp [ — gR* cos \d\ dd
J in

ii  n jr H
exp [ -  gR* sin d] dd < Rk~K 

o 5

Therefore in both cases lim | I B,F | = 0, and the theorem is proved.
/¿-»oo

7. We now show that the multipliers of (l/A)eA<in the integrands of §3, 
equations (4) and (5), namely,

K x/ix cosh px(b — r) + (K 2/i2 + K ) sinh /ix(b — r)

and

m  =

gft) =

K xfix cosh px(b — a) + {K2p2 + K) sinh /ix(b — a) ’
\ h e - / L2(.r-b)

(a < r<  b), (1)

(r>b), (2)
K x/tx cosh /ix(b — a) + (K 2/i 2 + K ) sinh px(b — a) ’ 

satisfy the conditions of Theorem 1. Write R = Kxp, so that on F, for n^d^O, 

/ix = p*eii9, fi2 = {kpY ê ie, where k = kx/k2. (3)
Then on F

| K x/ix cosh /Lx(b — a) + (K 2/i 2 + K) sinh/ix(b — a) \
— 1 1 eHiib-a) _)_ K 2k  ̂+ (K x — K 2kA e-2/ii(*-«)}px -f K{\ — e_2̂ i(6_a)}] |

^ \p* exp [pAb — a) cos \d] {| K x + K 2Ki \ — | K x — K 2k* | — 2 | K  | 

>(71yoi exp[pi(ö —a)cos|ö], (4)

provided* that p is greater than some fixed px. Also 

| K xpx cosh px(b — r) + (K 2p2 + K) sinh px(b — r) \

^ ( Kxp̂  + K 2Kipi + | K  |) cosh [/)*(& — r) cos \d]

<C2p* exiplp^b — r)cos§0], if p > p 2- (5)

Further, | A*e-^(r-6) | < C3pi exp [ — p̂ K̂ {r — b) cos \d~\. (6)

* C, Cx, ... are used for different constants, and p0, px, ... for fixed values of p.
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Therefore | /(A) | < (74exp [ — pl-(r — a) cos W], (p>px), (7)
and | i/(A) | < Cfjexp [ — pi(Ki(r — b) + b — a) cos \0], (,o> p b). (8)
Thus/(A), with £ = (r — a) kJ*, (b — a) k7 * ̂  ^ 0, and g(À) with 

s = {r-b)Kz* + (b-d)K\*, ^ ( b - a ) K j i ,  
satisfy the conditions of Theorem 1 , in both cases with k = 0. Similarly

9/(A)

and

dr

S2/(A) 
dr2

< exp [ -  pi(r -  a) cos \0], {p > p6),

< C7p exp [ — p*(r — a) cos\0\, (p > p7),

with corresponding results for

M  A) and 3 W )
dr dr2

(9)

It follows from (7) and (8) by Theorem 1 that, as stated in §4, the integrals of 
the integrands of §3, equations (4) and (5), over BF  and CA tend to zero as
li —> 00.

8. We can now replace § 3, equation (4), namely,
_  Vga f y+ico M K 1p l cosh fix{b — r) + (K 2p2 + A) sinh /ix(b — r) d\

1 2 i n j y _ i œ  K 1/i1cosh.p1(b~a) +  (K2p2 + K)sinh/i1(b — a)X
by the sum of the integrals over CD, the small circle, and EF  of Fig. 1 , when the 
radius of the large circle tends to 00 and that of the small circle to zero.

From the small circle we obtain
n K i +  K { b - r )  K 2 +  (K 1 - K 2)r/b 

0 K 1 +  K ( b - a )  0 K 2 + ( K 1 - K 2)a/b'

From CD, putting A =  and k — ^(kx/k2), we have

v0a f 00 - Kl!X̂t {-^1a  cos a (̂  ~  r ) +  A  sin oc(b — r)} — i K 2 oc sin a(b — r) doc 
in J  0 { A J a  cos oc(b — a) +  K  sin a (6 — a)} — i K 2^Koc sin oc(b — a )o c '

From E F ,  putting A =  x1a 2eiw, we have the conjugate expression. So from CD  
and E F  we obtain

_ ^ a R K ¡K r e- Kl«*i_________________a sinoc(r-a ) dec_________
n 1 2N Jo  [A \a c o sa (6 — a) +  A s in a (6 — a)]2-f K \ koc2 a\n2 oc(b — a ) ’

Hence finally

v1  =  a K 2 +  (K 1 -  K 2) rjb 
v0 r K 2 +  (K 1 -  K 2)a/b

2 K xK ^ J k f 00 a2t asin a(r — a)doc
nr Jo  [A 1a c o s a (6 —a) + A s in a (6 —a j]2 + A | x a 2sin2a (6 —a ) ’

*  Here and throughout the sequ el i t  i s  understood  th a t p r in c ip a l  
v a lu es  o f  square ro o ts  are taken .
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Also we can replace §3, equation (5), by the sum of the integrals over CD, the 
small circle, and E F . The small circle gives

K xv 0a
K 1 + K(b — a)'

From CD (on putting A = K1oc2e~in), we have

K x VqCL f 00 aH e iV «°i(T -b)dct

in  Jo [K1a,cosa(b —a)+  K  sin a(b —a)] —iK 2^K a sin a(b —a )’

where we have written k = k: J k2; from E F  we obtain the conjugate expression.
So, from CD and E F ,  we have

(A"xa cos a(b — a) + K  sin oc(b — a)) sin a(r — b) 
r 00 -K a2t + K 2 v/xasina(6 — a) cos *Jk a(r — b) ^

n Jo [A1acosa(6 — a ) -f A sin a(6 — a)]2 + A|xa2sin2a(6 — a)

Hence finally

v2 a K 1
v0 ~ r A 2 + (K 1 -  A 2) a/b

(K la cos a(b — a) + K  sin a(b — a)) sin a(r — 6)
_2A^X« f 0Oe_A.ia2/ + A2 a sin a(6 — a)cos^ca(r — 6)

nr Jo [A1acosa(6 — a) + Asina(6 — a)]2 + A|xa2sin2a(6 — a)

9. It remains to verify that the solutions given 
in equations (4) and (5) of §3 satisfy the differential 
equations and boundary conditions of §2. This 
verification is most easily performed on integrals 
along the path L' of Fig. 2, which begins at infinity 
in the direction arg A = — /?, where n >  (3 >\n, 
passes to the right of the origin, keeping all sin
gularities of the integrand to the left, and ends 

•in the direction arg A = /?. We first have to show 
that the path L  (y — ice, y + ice) can be deformed 
into the path A'. This and some other points in the 
verification process are covered by the following 
theorem.

Theorem 2. / / / (A,  £) is an analytic function 
of A on and to the right of the path L ', and if

| /(A, £) | < CRk exp [ -  cos \0],

A = Rei0, n > 0 Q̂ 0^ ti, R > R 0,

16
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where C, k< l ,  R0, and d0 > \n, are constants, then

I. J \ * / ( A , I ) ^  = J y W U ) ^ ,
provided that either t ^ 0, £ > 0, or t > 0, £ ̂  0.

II. f  «“M s dA
T ( 2 )

¿5 uniformly convergent with respect to t in t^  0 for fixed £ > 0, and with respect to 
i  in £^0  for fixed t>  0. the integral may be differentiated under the integral 
sign with respect to t in t^  0 for fixed £ > CV o r  f o r  f ix e d  t ? 0 i n # ^ 0 , a n d  in  

the la t t e r  case the r e s u lt in g  in te g r a l  i s  u n iform ly  convergent w ith  re sp e c t
HI. lim f eA//(A, £ ) ^  = 0, for fixed £> 0. ^

<-> o J L' A
IV. / / ,  addition, 3//3£ and 32//3£2 satisfy conditions of type (1), except that 

n e e d / & «nr?/woi be less than 1, i&ew
dXl e"/(A,£) ,

L' A

may be differentiated twice under the integral sign with respect to £, in £ > 0, /or
./foed £ > 0.

I. To prove that the path L may be deformed into L ' we have to show that 
the integrals

dX= jV '/(A ,£ ) A

taken over the arcs BB'B" and A "A 'A  of the circle of radius R of Fig. 2 tend to 
zero as R-+cc. Then, since there are no singularities between the paths L and L', 
the result follows by Cauchy’s Theorem.

Over BB'. \ I  | < CRke?1 ain-1 (y/R).

Over B'B". | I  | < CRkexp \ — £R* cos I/?] j emcos6dd.
J  in

Therefore | 1 \ < R*-1, if t > 0, £ 0

and I  \<{ß— In) CRk exp [ — £Rt cos \ß], if t ^ 0, £ > 0.

Thus the integral over BB'B", and similarly that over A A 'A ", tends to zero as
R —>• co.

II. On the path L', if A = pe;lP, the integrand of (2) is less in modulus than that of

C J  pk exp [ -I- pt cos ß — £p* cos |/?] dp, 

V, I f  the range o f  I  extends to  i n f i n it y

lim6 oOr ext f(a,#) ~
T 1

V P roof as f o r  the s p e c ia l  case a t  th e  f o o t  o f  p . 18 . .
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and the first part of II follows. Similarly, J* eMf (A, £) dX is uniformly convergent,

and the differentiation under the integral sign is permissible.
III. By II the integral (2) is a continuous function of t in t ^ 0 for fixed £ > 0.

dXlim f  e « /(A ,£ )~  = f  / ( A, g)
J L ' A  J L'

Thus

To evaluate the latter integral consider

I

X '

=  J /(A ,£ )
dX
X

taken round the arc B "B H A A "  of the circle of radius R in Fig. 2. Then
V

/  | < 2 CRk exp [ — HR* cos d0.

Thus if £ > 0, lim | -I | — 0, and, since theie are no poles of f (A, £)/A in the closed
R - +  oo

circuit formed by L' and the arc B "B H A A " , the result III follows.
IV. If we proceed as in II it follows that

L 0£ A
a2/(A,£) dX

0£2 A
are uniformly convergent with respect to £ in £ ̂  0 for fixed t > 0. Thus (2) may 
be differentiated twice under the integral sign with respect to £.

10. By § f, equations (7), (8) and (9), it follows that the multipliers of (1/A) eA<in 
the integrands of §3, equations (4) and (5), satisfy the conditions of Theorem 2.

It follows that the differential equations (1) and (1'), and boundary conditions 
(5) and (5') of § 2 are satisfied.

Also §2, equations (3) and (4) are satisfied since it follows from Theorem 2, 
II and III, that all quantities involved are continuous at r = b.

It remains to prove § 2, equation (2), which by Theorem 2, I may be written
M A'1/ / l cosh/^1(6 — r) + {K2/i2 + K) sinli / (̂b — r) dX 

k 1/i1cosh/i1(b — a) + (K2ju2 + K)sinhju1(b — a) A ’
By Theorem 2, II, this integral is uniformly convergent with respect to r in 
a ^ r^ b ,  for fixed t > O', and thus

lim vx lim ^  i  ,
r^a 2477T J v

lim = p -  f  <
r^ a 2l7T J L’

At dX
T -  Vn

Finally, the condition (2') of §2 may be verified as follows. Let the arc 
B"BH AA"  of the circle of Fig. 2 have fixed radius R so large that by equation (8)

o f § 7 | g(X) | < (7 exp [ -  R ^  cos \p]9
£ = (r-6)#c^* + (6-a)*7*-where
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Then by Cauchy’s Theorem

JeAW)^
over the portion A "B "  of L' is equal to the integral over the arc B"BH AA", 
which is less in modulus than

2/?(7 exp [Bt — £,Rh cos |/?],

and this tends to zero as £ -> oo, for t ^ 0.
Also the integrals over the portions of L' lying outside the circle B"BH AA" 

are together less in modulus than
P  0 0  f*  CO

2 Cl exp [ — Zpi cos bfi] dp < 4C l exp[ — E,u cos  ̂ft] udu
J R  " “  J O

4 C
~  £2 cos^/T

and this tends to zero as £->oo.

The University 
Sydney , Australia

The University of Tasmania 
Hobart, Australia



CHAPTER II.

IMS TATTTANEOTJ S SOURCES IN RODS, CYLINDERS AND SPHERES. 

Introduction,

Plano, cylindrical and spherical surface sources are defined in

C.H. (Chapter IX), In this Chapter solutions m i l  be obtained for

such sources in regions with plane, coaxial cylindrical, and concentric

spherical boundaries respectively, with boundary conditions of type

k + hv = 0 .............. (l)on

at the surfaces, where ~  denotes differentiation along the outward
& n

normal; k and h are constants which will be supposed ^ 0, but not both 

to vanish; a brief discussion of the physically unimportant cases in 

which one of them is negative is given in §§ 9, 10, The form (l) includes s 

the usual special boundary conditions of the -theory of conduction of heat; 

k = 0 corresponds to v = 0 on the surface, h = 0 to no flow of heat over 

the surface, and k = 1 to the usual boundary condition for radiation into 

a medium at zero. The "lc" has been introduced in (l) since it makes the 

structure of the formulae a little clearer, in particular in the case 

k = 0.

The method consists of adding to the solution MuM for a source of*

the required ¿ype in an infinite medium, a solution ’Sir" of the equation

of conduction in the region chosen so that lim w = 0 and that v = iu + w r
t -> o

satisfies the boundary conditions. It is verified in Appendix I by -the

type of procedure used in Chapter I that w  satisfies its differential

equation, that lim w  = 0, and that v satisfies the boundary conditicrisis 
t —y o

Also for t > 0 the reduction of the contour integral for v to the

■■
■■

■M
M



series or integral forn is justified in Appendix III. Thus for t > 0 

the solutions are complete and rigorous.

Two further steps are made which are purely formal, (i) a solution 

for arbitrary initial temperature f(x) is obtained from the source 

solution, in doing this infinite processes are interchanged without 

justification, and (ii) t is made to tend to zero in this result in 

order to obtain formal expansions of f(x) in forms required for 

subsequent work in Chapter VI. Most of these expansions theorems are 

known, for example the result of § 1 is a Sturm-Liousilie expansion, 

that of § 3 is a Dini series and the case k = 0 of § 4 is Leber’s 

integral theorem* **« the general expansion of 9 4 was obtained formally by 

Goldstein (loo, oit.). The establishing of conditions on the arbitrary 
functions for the validity of these expansions seems to me a matter for the 

pure mathematician using the Lebesgue integral.

Green*s functions have been studied in this Chapter both because they 
are of fundamental importance in Conduction of Heat*5* and because the 
solutions for them can be verified, only the further step of deriving 
solutions from them for arbitrary initial temperature f(x) is here regarded 
as formal. The solutions for arbitrary initial temperature may also be

obtained by direct application of the Laplace transformation, but in order 

to apply the inversion theorem to the solution of the subsidiary equation 

orders of integration must be interchanged so the solutions obtained in 

this way are either purely formal or must be completely justified, whereas 

with the Green’s function procedure the first part of the solution is 
established rigorously and only the last step is regarded as formal or 

has to be defended.

* Titchmarsh, Eroc. London Math. Soo. (2) 22 (1922) 16.
**C.H. §§ 70 - 93.

21.



2. 2.

1 . The rod 0 <  x  Instantaneous source o f Jg S S S g t . A .
a t x = 0

at
x = x* a t t  = 0» Boundary conditions k j| — ** hjV  = 0/  and + h^v m 0

a t x = / »

We have to solve

0 , , ^ .  , > „

with k1 2I - h , v = : 0 ,  *  = o .  t  > 0A dX *L

k2 § £  + h 2r  ~  0 * *  =  /  i  t  > 0 ,

q - ( x- x , ) 2AM;
——  e + w = u + ir #and

whoro

V ss
2 v/Cttk t)

¿ » X v J L jR *  o <.%<./ 9 t  > o, 
ax2 * SS

and 11m w = 0 . 
t  -> o

The subsidiary equation ib r w is
d^w Z r r n.— g* • q w =s 0 j 0 < x  < /  9

with solution w = A sinh qx 4* B oosh qx *

A, — 0 •ql3&*x 'lAlso u m e  .
2k q

Thus the boundary oonditions a t  x  =  0  and x as /  require 

kxqA - hjB = - kjqje"^

A(kgq oosh q£ 4* h^sinh q^) + 3 (k^sinh, q/ + hg oosh q^) = .
Solving and su bstitu tin g  we fin d

Q[kiq cosh qx 4- h j sinh qxj [kg<l oo«h q ( l  -  x *) 4» hg sinh q(/ -  x«)]
V as

q^(kxkgq2 + h^hgjsinh q^ 4- qO^hg ♦  kgh^) oosh q^j

when 0 < x < x* ,  and when x* < x  < /  we interchange x  and x* •



z 3.

V 28 2Ì7TK
kXt

From the In v e rsio n  Theorem we h a v e , w r it in g 4* /*- = \ / (* / K) ,

JT+ioo 3
f k ^ o o s h  /\x + h^ sin h  ^.xj jk2/v cosh ^ )+  i% sin h /4^ -3? j)^

(k^kg/v2 ♦  h^hg) s i n h + k2h^) JUgfe/M?

..... (1)
l̂ -ioo

I f  =  h2 = 0 # X as 0 I f  a  p o le  o f  the in teg ra n d  o f  ( l ) ,  n o t 

o th e rw ise . The o th e r  p o le s  o f  th e  in teg ra n d  a re  t h e  zo ros o f

(k jk g y*2 ♦  h^hg) sinhy*^ ♦  yu (k^hg + k g h j)  o o ahfU ,  .............. (2)

t h is  has no r e a l  and no com plex z e r o s * . The im aginary zero s a re  th e  

ro o ts  o f

(k jkg /32 -  h^hg) e in ya^  m /K kjhg ♦  k g h j)  oos/3^ • ................ .. (3)

I f  th e  p o s i t iv e  ro o ts  o f  (2) a re  /̂ 1# f\, . . .  th e  p o le s  o f  th e

F ig . 3.

To e v a lu a te  th e  in t e g r a l  ( l )  c o n s id e r  th e  in t e g r a l  o f  i t s  in teg ra n d  

taken round th e  contour o f  F ig .  3 c o n s is t in g  o f  the l i n e  AB to  th e  r l $ i t  

o f  th e  im aginary a x is  and d is t a n t  V from i t .  and p o rtio n  o f  th e  c i r c l e  

whose ra d iu s  R ta k e s  a  sequence o f  v a lu e s  a v o id in g  th e  ze ro s  o f  (2) f  such 

a sequence would be f  K (n + i')^ ^  / • Than i t  can be shown t h a t  a s

th a  ra d iu s  R te n d s to  i n f i n i t y  in  th is  way th e  I n te g r a l  o v e r  r te n d s  to
pfl+iOO

zero  and th us s a y  be ro p laco d  by 2*1 tim es th e  iu. i o f  th e  r e s id u e s
J y-ioo

o f  th e  in teg ra n d  a t  th o  p o le s  w ith in  th e  contour

+ This notation w ill  he used throughout the sequel* 
The p ro o f i s  s im ila r  to  I  9 3 .
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Bow ♦ k̂ hg) «iah^ ♦ ̂ ( k lh2 ♦ kgh^cotfi/v? J

008
g r ( * M +hi> & ( J ^ n + hI ) + ^ 2]  + ^ * $ {  + h |)J .

Z t i h f o - k f c p * )

Using this result (1) gives

00

T  =  Q 2 1 (4)

whre Z. , x f a 3# !  + h|)|4{kl/3n cos /̂ jjx 4* h-̂ sin
, (* )  =  — ^ ..... ................................................................... 1  ' •• (®)

[ « f t !  *  ^ ( 4 ? n  + 4 )  + V » ]  + klhl (4f£  + hi> J

and (3)« being qynntrical in x and x* holds for x ^ x* •

I f  hx a= hg = 0 there is in addition a pole at \ 8fe 0 which give* 

an additional tern -4 •

Putting Q =s f  (x* )dx* and integrating from 0 to 4 we have a formal

solution for in itia l temperature f  (x) 
oo

▼ = ẑ u) •" J zna,)f(*•)«*•. (6)

v/here i f  = h^ = 0 a tom  ^  I fix^dx* is to be added to ( 6 ) .

Letting t  0 we have the formal expansion

f  <*) =
oo 4
y  Zn(x) I 3a(x*)f(*, )dx» ,
fe l J  o

4

(7)

where i f  = h2 = 0 a term f(x*)dx* is to be added to (7)*



2 $

2. :>emi-infinite rod x >  0. Instantaneoue aouroo of strgacth q at
x = x* at t = 0« Joundary condition** k - hv = 0 at x - 0»

As in § 1 v;e have
-  , -q* ̂  Q

' V==A* + 2Kq °

whoro k - hv = 0. dx
Henoo we find
-  _ JL kg CO3h qr, + h sinh <pc .-<5*' t 
~ kq kq ♦ h

whan x > x* we intorchsnge x «ad x* •
Prom the Inversion Theorem

1+ioo v. f . .Q k ̂ oosh ̂ x + h sinh^x d> ....... (l)
= fHLT k/> + kl Z1

v 4ir 2 -in-U«ing the oontour of Fig. I with \ = ku2©1 oh EF and A « e

on CD, (l) beocizaeB

2Q r - K U 2 t

Jo
. a
“  I T

00

1
- K U2t•

du
k^u2 + h2

Z(u,x)Z(u,x*)du ,

ku oos ux + h «in ux where Z(u,x) ® --- - --- r -----*
v/(k2U2 + h2)

(2)

For initial tonpsrature f (x) we hav® formally
0D 9 , 002 f -KU^t

v = * L •
Z (u*x)du f Z(u#x# )*(*•)**• , ........ . (4)

v
oo ooM *  so, letting t ^ O ,  f t * * #  f Z(u,x)du f Z(u.**)f (*')«*' . —  <«

"O

* This may alternatively be reduced to the usual forms « of# .arslaw ena

Jaeger# Phil, Mag« (7), 23 (1938) p* 473* S 4#
** In regions extending to infinity solutions are to be bounded at infinity

unless otherwise stated*
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3« The cylinder 0 <: r  < a. An instantaneous cylindrical surface source
 ̂Vof sssssSi,<i M ü m L AjLsâM-JmHÊKJÊamà * ! ! ♦ * * *

viien r  = a#

Here we hare to solve

3“V 1 av 1 3v 
a r2 r a r  “ a t  '

0 ^ r < a

with k âZ + hv = 0 , r  = a, t  > 0 ar
and T s u  + f  ,

r2 + r ' 2
where u = i ^ t 0 4Kt

and . l  s *  1 aw 
“7  + ? s v = ~ ? t  *oT

0 r < a

and lin  w m 0 , 0 ^ r
t  —> o

A P •

- err u = I0(qr*)K0(qr) ,  r > r*

“  57* ^ < V )* 0 («*■') • r  < r* .

Also i f  t  s  A IQ (qr) , the boundary oondition when r  = a requires 

*  £ + hIQ (qa) J a  -  1Q (qr* ) K^(qa) + h ^Q(q&)J

and hence

v = û  + »  -  JL- ‘ iy q a )+ h  ^ (q » ) ]  -  Ipfaippcq Kp(qtt) »h  ¿o(qa)]
^  kq l± (q*) + h Iq(qa)

wh«a r > r* , sad when r < r* «e  intereliange r and r* .

3o(qr0 

• • • • (l)

v m Q
4$±k

The Inversion lieoren gives 
J+ioo

At

$ ■»ioo

I (up') I0^r)[k)UK^.a)-f hjjoQua)]
0 k /» Ig ^a ) + h l 3 fyta)

••• (2)

A large ftamber o f problems on Conduction o f  Heat In cylinders is given in

’arslav/ and Jaeger, n0n sea* problems in Conduction o f Heat with circular
(Zb46 Gy 4(3 )

Hynrastry", Proc# bond. lath. Soc., in pa»o» s « 'The verification  of the 

solutions is discussed there and the question o f the position o f tho poles 

o f Y (A) • 8 5 below incorporates several o f  these results#

d\



1 1

The poles of the integrand of (2) are at \ = ~ ko(* shore i <*g ,

8 = 1, 2, ••• are the positive roots* of

k^J^Caoi) + h J0(a<*) = 0 . *.•••••••••••••.... (3)

If h » 0 there is also a pole at X » 0,

Evaluating the residues at these poles we find

t  Y  -K*h  J o ( * *«) J0(r'°<,) (4)
-rrai

vrtvere if h = 0 an additional tom —ii— is to bo added to the right '¡Land 
side*

Putting Q = 2TTr*f(r*) and integrating with respect to r* from
formal

0 to a we have the/solution fbr initial taupe r a ture f (r)

Y s*
00

3=1
- Kol-gt

W.
-----  f r .f ( r .) Jo (r. ^ )dr.

J 0 •(5)

a
whore if h = 0 a tom ~  | r*f (r*)dr* is to be addod to the right

a* «A
hand side*

Putting t = 0 xm have the expansion 
co a

f(r) * jr / . ... (6)oa
where if h = 0 a term ~  ^  r*f (r * )dr* is to be added to the right hand

aids«

All roal and simple* Watson# Qaeor j of Bessel Functions, Si 15*23, 15*25# 
This work will be cited throughout the sequel as W,B#F*
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V  at

4. The region bounded internally by the oylinder r ~ a. An Instantaneous 

cylindrical surface aource o f strength Q over r  = r f a t t  = 0> The boundary 

condition at r = a, k ~  -  hv = 0*

Here os in S 3 we find

- _ _ 2 _  Ip (qr) [kq «¿(qa) -  h Ko(qaj] -  Kq (qr) [kq I^(qa) -  h IQ (<t&)] f- , , j  

~ 2irK kq K j(qa) -  h K0 (qa) 0
• • (1)

when r  < r* .

Hence

-  Ka^r) i ;  Ko^r.>u>

°° 2 ......... 2
~ § f  ° * KU 11 C(u,r)C(u,r*)udu , ................... ................. . . .......... (3)

«here C («,r ) = “ p.H . “  + * ° f f i j, . . (4)
f  pou^ (au) +hJ0(au)j 2 4- j^Y^an ) + hY0 (on)^2 J  *

Hence for in it ia l teraporature f ( r )  vre have formally
ao «  od

r «• Ku^t r
v «  I • C(u#r)u du I C(u,r, )í‘(^, )^ ,dr, , • ••................  (5)

and putting t  = 0
00 ao

f ( r )  a j C(u,r)u du f  C(u#r* ) f ( r * )r *dr*  • ........................  (6)

o a
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5. The hoi lev: cylinder a < r < b« An instantaneous cylindrical surface

source o f strength Q over r =  r 1 at t  g Q# fIho boundary oonditlona

k, QJ- -  h,v a 0 . r  = a, t > 0  
1 ar  A

kg + hgv a 0 , r = b, t  > 0#

Let as usual v* = u + q , liters

= V « p)Kotap' )  » < r* , /

and w = AI0 (qr) + BK^qr).

Then the boundary conditions require

A^ql^(qa) -hxI0(qa)] + Bjk^K* (qa) - (qa)] = - ̂  Kq (qr•)[k^(qa)- (qa)]

A[k2q i ; (qb) + h2X0 (qb)] + B[kaqK̂  (qb) + hgK^qb)] =  -  X0 (qr' )  [k2ql^ (qb)4hgK0 (qb)]

Solving arid substituting mm find, fo r a < r  < r* ,

7  = 2nKA (q ) ( Zo W ( ^ l ^ o  li (¡§  *  K0 jftfelC  W  "  hl Xo J

X flo  (q r•) [kjjqi^ (qb) + h2KQ (qb)] -  K„ (qr •) j k ^  (qb) + (qb)] j .

« • r e  A (q ) = [l^ q l^ qa ) -  (qa)] [kgqK̂  (bq) + hgi^ (b q ]

•  [^ q 1© faq) ♦  ̂  0>q)"] (®q) -  (a q )J ............. ( l )

2*s poles o f the integrand o f v  are the zeros o f /l(yu) i,e , are 

at X »  • kô I , where the <*8 are the positive roots* o f

[kx*  Jq (a*) -  + hg Y0 (b x ]

*  [ki<kW0 (aoO -  h j Y0 (av)| |k2<V +hgJ0(b «)j = 0

«•• (2)

*  25te roots are a ll real and simple, c f* Cars law and Jaeger, loc . c it .
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If m  hg ss 0 , A = 0 is also a polo of the integrand*
Evaluating the roeidues at these polos we have f in a lly

GO

v -  Sr2fi « • H r  F(r.o^) F (r \< ^ ) , (S)

where

F(r.o<_) «»IM. ~ hiJp(a^)]
(k |^  + h |) [ k ^ j ;  ( a ^ ) .  h lJ0 (* * < $ -  (kf *2 + h |[k 2 V o C h ^ + V J b ^ 2 j  *

* { Jo (r^ )[k g  8Y ^ a) + V o (kV ]  -  ’‘o ^ D ' Z  8̂ H )+ h *Jo (bo‘«)] j
and« if h. a h. = 0 # an additional tana .....S,.. .1 2 ir(b2 - a2)
the right hand side of (3)*

F6r initial temperature f(r*) we have formally

“  - K«.2t fbV = y  o 8 F(iy*a) J r>f(r') I (r ' ,* s )dr>
»=1 ■'a

aid, if =s 0, an additional term

is to be added to

b2 - a2 J r^fCrMdr'

(4)

(S)

is to be added to the ri$it hand side of (4).
Putting t = 0 we find

ao b
f(r) = V  F(r,̂ ) J r'f(r') FGr'.w^dr' , .....

3=1 a
b

where, if &l = hg = 0 , an additional term — g- r*f(rOdr* is to

be added to the right hand side of (5) •
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6« J2®_ sphere Q ^  r  < a> Instantaneous sp h e rica l su rface source o fstren gth Q a t r  =  r» a t  t  =  0 , Boundary co n d itio n  k ~~+hv = 0 , when r  m  a«
P u ttin g  v  =  u/r tiie  equations fo r  u area u

a¥ = 0 ^ r  <  a ,  t > 0
k sUi + (h -  *)u  =  0 ,  r  =  a , t  > 0# dr a

^ier© a - (r -r  * ) 2/4nt ( r fr  •) /4 i<tAs usual, let u = + w ,

________2________r  Fe8tt r* (^Kt)®  «-
" * 1 "1 = BV- r ’- ' q [«"qlr“ 1" 1 -  •_q/" r ’ ^  .
and v;here w is  to  o ati s fyI t  25 K * 0 <  r  < a  ,  t > 0 ,d t  a r 2w ith lim  w as 0 « t  —̂ oThe su b sid ia ry  equation fb r  w is  

d^w

] .

dr2 -  q^w s  0 ,

and a so lu tio n  o f  t i lls  which makes w  f in it e  when r  = 0 is  w = A sinh qr«S u b stitu tin g  in  ( l)  th is  g ives
A as - Q r

• ia(h- h,). k } l  . ,-<(** r«)|r*Kq skq oosh qa + (ah -  k) sin h  qa
Hence v/e have fo r  r* <  r  < a

(1)
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Q sinh g r^ o h -k ) sinh q (a - r )  + kag cosh q (a - r j ]  # (£)
47rrVq aleq cosh qa + (ah -k ) sinh qa

Thus by the inversion theorem

_ Q
nli+lOO

#At sinh * C ali -  fc) sinh (a -  r ) + ka/* oosh /*(a- r)i  a*.
8n^ir*K Jjr-ioo ak^cosh + (ah -  k) sinh /*

. . . .  ( s )

Let ^1* 4 2»

ak|

**. be the positive roots of the equation 

co g  £  a ♦  (ah -  k )  sin ^ a = 0 j ..................

it  is known that the roots of (4) are a ll real and simple**

Then using the contour of Fig* 3 it  is found tlrnt the line integral 

in (3) equals 2 T i times the sum of the residues at the poles 

X ss- k£ ! # b = 1, 2, *•• There is no pole at A =  0 unless h = 0*

Now

f ak h? cosh + ya(ah -  k) a i n h l  |

Hence finally

u _ Q V  (a h - l )2 + a2^^ 4. t  * * £ &
T = 7 - 3 T| y  + oh(»-\T i) ,to  r Peein r> 4 .  8 • (8)
and i f  h = 0 a tern

4Tra3
Is to be added to the right hand side of (5)*

C*H*, p* 137*
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7. «phorical « h e ll a  < r  < b» Inrtantaneous sp h erical surface

source o f strength Q a t  r  -  r* a t  t  = 0» Boundary oonditiona 

~~ -  h^v — 0 at  r  = a  ,  and kg |!~J1 4- hgv «  0 # when r  = b»

Putting v =a u/r vre have to solve

a < r  < b ,  t  > 0
a t  a r 2

h i ? - .
%0$1)U t>  0

*2 If  + (hz r  = b , t >0,

Putting u = Uj 4  t  ,

, Q r -  (r-r* 
S^rr* (^Kt),j *-

)2A*t m e-(rfr»)2A KtJ

?fe hmre u -  $  r  -q| r-r'| - q (r+r' ) 1
o imvo U1 S ir  r  »Kq L° *  9 J

w s  A ainh qr 4 B oosh qr

and the boundaiy oonditions require

A j^bkgq oosh qb + (hhg -  qbj  ̂ + B £bkgq ainh qb + (bhg -  kg)ooah qbj

■ • srki **k - * '  * »
A £akjq oosh qa -  (ahx + k^Jsinh qa j  4* 3 £afcjq sinh qa -  (ah^-4 k^) Gosh q a j 

°  “  y ? f m  {(■fc1q - « h i - k 1)e~q ( r ,~a) + (akiq + ah1+ k 1) 8‘ q (r ' +a)J > 

Solving fo r A and B and aubatitu ting we find tlia t when a <  r  < r #

* » fsfesur (^ q 00 ■* ***** + G #toh ,(r" •*]
X ^bkgq oosh q ( b - r * )  ♦  H sinh<j(b — p ' ) J  , . . .  (1)

where G = ah^ 4- kx # H = bhg -  kg ,  .......... .................... ........................ . . . . ( 2 )
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and ^ ( q )  =  [abk^kgq2 ♦  HgJ s in h (b - a )q  + qjakjH  + bkgoj s o a h (b -a )q  0 (S)

and then r* < r  < b we interchange r  and r* in ( l ) .

The poles of u(A) are ^  = * ( where ,  «  = 19Z3
S L>

are the roots of

jj3H -  abk^kg 2j s in ( b - a )  + | ak^H + bkgCrj o o s(b - a) a  0 .  (4)

Also I f  both and hg are zero A as 0  i s  a polo*

Now

4j>Awi = 1 nV jgfcSSfc SttdL»
J x = - K ?s 8 » (GH -  abk^kg

Using this result we have f in a lly  using the inversion theorem with 

the contour o f F ig . 3 .

v  = J_ _  • ' K^ t  R8 (r)H 8 ( r ' ) .................................................... (6)

where

R _(r)

S' *1

(n* + b »to  £a( r - a )  •*■ «R x ^ «  008 ^ » ( r -  a )]

i ( b -  a) (a2fc|^ + ff2) ( b ^ l ^  + K2) + ( M g *  (Jbkg) (GH+abkjk^2 ) j I

(&)
3Q

4 * (b 3 -  a3)
I f  h^ = hg = 0 

hand side of (6 ) .

a term is  to be added to the rig h t
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8. Instantaneous spherical surface source o f strength Q over r  =  r f

at t  g  0 In the r egion bou dad in ternally  by r  =  a# Boundary condition

k ~  -  hv = 0 , ■when r  = a , 
a r -------------------

Putting v  =  u/r the equations fo r  u are

SE »  k ~~~ * r  > a , t  > 0 
at ^r 2

k —  -  (h +  ~ ) u  =  0 ,  r  =  a  , t  >  0* 
ar "■

Let as before u »  u-̂  + w ,

vahe re
q r_-(*-rf) A « t  _ ^•(r+rt) /4Kt~|

1 Sir p. < ™ t)i L J

and u. = _ 2 _ — Te-«jir -r M .  . - q ( r * " ) l  
1 8^r*KqL J

then a solution o f the subsidiary equation fo r  w , f in it e  as r  -> co is  

— —qr
w =  A i , and the boundary condition at r  =  a requires

A(akq + ah + k)®"**6 »  . j^ ak q - a h - k ) «T ^ r  + (akq + ah + k )e .

Hois

u g  — 8.-..—  L - q l ^ ' i  +  e- q ^ r ' - 2 a )  _  » t o j h  a  9- q (r ^ * - 2a) 1 (1)
8 i r r ,Kq I akq+ a h + k  ^

q f -(r -r*  )V 4 kt A ^-(r+r*-2a)2AKt 

• t o t ) 5  { *

And 

▼ sc
8 tt r r 1

a h t k  f r a h + k  (r  + r * -  2a + (- 2-~ar Jo « p [ - - a K — ““J**/
Q f

8-nrrr* (^Kt)

-  ( r - r  •) * A  *-2a) 2A * t
+ e

ah Í Í ( 4 ^ K t ) '  eap|Kt(2~jj~) + ( r + r * - 2 a )

)

„ f r + r ’ - 2 &  J ah + k _ //^\  1
*  orfo i~ T 7 W  ~5k" v("t) j J

For the reduction see Curslaw’ and Jaeger, Phil.» Mac« (7)^ XXVI (1938 ) 473, S 4*



9. I t  has hitherto been supposed that none o f the constants In the boundary 

conditions are negMlve, I f  either oT both of" hj/kj, ^2^2  ( °r  there 

i s  only one bounding surface, h/k) i s  negative the boundary eondition i s  o f 

no physical in terest since i t  implies -that the so lid  gains heat a t th is  

surface at a rate proportional to i t s  temperature, but the o ffse t  oh 

mathematics* o f the solution i s  north b r ie f sonsideration•

Consider the problem of § 1 : i f  both h j / ^  and hj^/kg were positive 

the expression 8 1 (2), narasly

(kjkg 4* h - j h g ) s i n h ^ (k-jhg ♦ kgh-j^oosh/^/ 

had no rea l zmeo (save ^  «  0 which did not give r is e  to a pole o f the 

integrand o f 8 1 (1 )) ,

I f  h j =3 hg =  0, X ~ 0 was a polo o f the integrand o f 1 1 (1).

I f  either or both of hj/k-^ and h^/kg tiro negative there may in  addition 

be poles o f the integrand o f 8 1 ( l)  fbr roal positive  values of A • Hie 

exact re su lts  are as follows*

( i)  i f  both h\/k^ and hg/k^? Bro negative there are either one or two 

positive seros o f 8 1 (2),

( i i )  i f  hi/k~± i s  negative, say = -H , writing hg »  hg/feg xm
t

( iia )  i f  H^> hg tliere I s  one positive  aero o f I  1 (2)

(lib ) i f  2I^< hg there are one or no positive soros according 

as < 4  or ^ 4  %

*  I t  E«y be remarlcod that Lowan in eegeral papers [o ,g , B u ll, Amor, Math. Soc. 
44 (1938) 125, ibid 45 (1939) 310| has used boundary/ conditions o f th is type 
without specifying the sign o f the constants, which sometimes have to be 

taken >  0 ,  and sometimes ^  0 to  correspond with the physical boundary 

conditions o f Conduction o f Heat*

3$
V
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Since the path ( Jf-io o , T+ioo ) o f the Inversion Theorem i s  to 

have a l l  the s in g u la ritie s  o f  tho integrand to i t s  le ft#  a  p ositiv e pole

v *A = o f the integrand w il l  give r is e  to a to m  proportional to  • * ,

i . e .  exponentially increasing*

10* I f  we consider -the problem o f 8 3 with negative h/k. we obtain the

well-known re su lts  fo r • in i series*

I t  is  known* th a t i f  h /k  is  negative the equation 8 3 (3)

k^J^CaoO + h J 0 (a*) = 0

has a  p air o f pure imaginary zeros, say 1. i/3 .  Then tho integrand o f 

§ 3 (2) has a  re a l positiv e zero k/aP In addition to  the re a l negative

zeros * 8 as 1 , 2 , . . *
2

The pole \ m k/3 gives a contribution to the re s u lt  o f  

Q J 0 (rfi) I„ (r'p)

^  I*(*/sJ -  I® (up)*

Combining th is  re s u lt  with those o f § 3 we obtain the expansion** 

fo r  f ( r * )
oo

f ( r ) J r 'f(r,) J o ( r ’ * s ) d r ’ 4  Bo(r)

where Bq (r) 0  I f  h /k  > 0

~  j  r ' f ( r ’ )<lr* I f  h A  = 0

a
JL
.2 I

-  ia.̂ r2 f I far«)r*f(p’ )dr*W  - I Y * i f  hA<^0*

*  W.B.F. 8 15*26

501 W.B.F* 8 18*3



CHAPTER III.

HEAT CONDUCTION IN COMPOSITE CIRCULAR CYLINDERS.

The conduction of heat in composite linear and spherical solids 

has been extensively studied. The object of this Chapter is to present 

some results for circular cylinders of two materials; it is to be 

regarded as a sequel to two papers, A problem in conduction of heat*, 

and Some two dimensional problems in conduction of heat with circular 

symmetry*, which will be cited as I and II, respectively. The method 

used here is that of the Laplace transformation as developed in the 

paper I, which may be consulted for a fuller exposition; the solutions 

given here are formal, the verification that they satisfy the given 

differential equation and boundary conditions is discussed in Appendix I.

The algebra is complicated, but is greatly simplified by the 

systematic use of cylinder functions; the principal results used 

are collected in § 2.

In § 3 the hollow composite cylinder with zero 'initial temperature 

and boundaries kept at constant temperatures for t y 0 is discussed; 

in § 4 the cylindrical surface source in the hollow cylinder with 

boundaries kept at zero; in 8 5 the corresponding results for the 

solid composite cylinder are given without proof. A brief discussion 

of the region outside a circular cylinder is given in § 6.

M Carslaw and Jaeger, Proo. Cambridge Phil. Soc., 35 (1939) 394.

+ Carslaw and Jaeger, Proc. London Math» Soc. (2), 46 (1940) 361.

38.
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2. It is convenient to introduce functions defined as follow»»

D(x*y) * 0*)
>r+s y k

Dr »(*•*) ~ ------ D(x,y) # (2)
F,# ay*

where for brevity I^foy) will be written for Dit0(*#y)*

These functions are connected with the cylinder functions

C(*,y) = J0(*)To(y) - Ve(x)Jo(y) (s)

Cr * " " " —  C(x,y) (4 )
r*g >y*

by the relations

D(ix,iy) = - 4 ^C(x,y) (6)

i3̂ * DrjS(ix#iy) *  - i TrCr^#(x#y) • («)
The ibl lowing properties are trivial

W * 9* + * V i , . (x*y) * W * *  = 0 (7)

Drf,+2(x.y) + ± DP.^l(**y) ' Dr.»(**y) = 0 (8)

o(x*y) *  - D(y#*) (9)

Do,l<**y5 = - ^(y.x) (10)

^(x#*) a i (U )

D(*»y)D*(*#*) - Dfos)!^*,/) a i  D(*,y) (12)

D(x,y)Dlil(x#s) - D0 ¿ ( « • » ^ ( w )  «* ^(*#y) (IS )

0&wr)51#1(a^y) - Do,i^x* ^ Dî x*y  ̂25 (14)

i0(x)Di(*.y) - i£(*)D(x»y) = 7  \  (y) (15)

Io(x)Di(y,a) - Io(*)I>i(y»x) * ii(y)D(x#«) (18)

Io(x)D(y,s) + Io(y)D(»,x) + Io(*)D(x,y) = 0 (17)

Eqpiations (15) $ (16), (17) are valid also if tho I are replaced by K*



A-0.

3. Hollow cylinder of one material from r  = a to r  = b and of 

another from r = b to r  = o. The In itia l temperature of the -whole 

zero» The surface r  = a kept at _Htu_ and r  m o at zero» for t  > 0» 

Let the temperature, conductivity, specific heat, and density in 

a < r < b be v^, f t »  cIm  and f 1# and let = Kj/cjj^j let the 

corresponding quantities in b < r  < o be Vg, Kg, Og, fg  and «g.

Then we have to solve

‘ l ' T j h r s r 0  ■ n r *
a < r  < b, t  > 0 (18)

«&*«*•»» b < r < o ,  t > 0 (19)

with s  Vg , r  = b, t  > 0 (20)
bvx bVg

K. i  = K„ — ~ , r  = b, * ar 2 ar t  > 0 (21)

v^ = Vc, r =2 a, t  > 0 (22)

vg = 0 ,  r = e, t  > 0 (23)

v^ = 0 i&ien t = 0, (a < r  < b )i v2 = 0 when t  = 0, (b < r  < c) • (24)

Multiplying by e**^, p > 0, integrating with respect to t  from

0 to oo, and writing

v, »  f  e"1*  vx dt , 
Jo

Vg = Jj; * "pt Vg dt .

we obtain the subsidiary equations

d̂ v-i i dvi o_
, a < r  < b (28)

b < r  < o (26)

to be solved with v^ =  Vg/p , r  «  a (27)

Tg =  0 . r  = o (28)

ti r  = b (29)

r  = b (30)



*2 *Trtiore q| m p / ^  ,  = p/n

The general solution o f  (25) which sa tis fie s  (27) is

-  ,  j t P Oaa ^ S l j . ♦ A D(rq ,aq ) ,
1 P D(aq1,bq1) 1 1

and the general solution o f  (26) which sa tis fie s  (20) is

v 2 =* B B(rq2,c q 2) .

Equations (29) and (50) then require

A D fbq^oq^ -  B D(bq2#oq2) = 0
K V

£l , lA *2̂^8® *  *  b p - o f ^ . b q ^  *

(81)

Solving fo r  A and B and substituting, w» obtain f in a lly
V

\ K1q1ri1 (b<i1»rq1)D(bq2, o - 2 ) -  i£2q2D(bq1,r q 1)D1(bq2,oq£ )|

— K1VoV = ----- k_2_ D(rq2,oqg) ,
2 b p d (p )

where

(82)

(33)

A(p) — (bq1»^q^)PO^qg#qq2) * ^jqgP(bq^#®qj)P^(bq2#cq2) « (34)

To evaluate Vg wo have from the inversion theorem for  the Laplace 

Transformation t

v  gl V°2 2wib

X +ioo

ì  —1 ) -
¡¡A & Y  1 d>

whBPO = / ( V kj) ,  and /ug = y ( V k2) .

Ihe integrand o f  (35) has simple poles at X = 0 tgd \m  • * 1 s
where — <̂e , 8 = 1, 2, • • • , are the roots o f

KjCj(b«(jfte()C (Kb^fKOi/ ) • k SgC (b^i&^i/^i^b^i^o^) x  0 ,

whore •» = '/ (• 'iA o) •

(85)

(SC)

(37)

(30)
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Consider tlio In teg ra l o f tho integrand o f (30) taken round 

the contour o f Fig* 3 eo n sistin g  o f tho lin e  AB d is ta n t $ from th e 

¿■aginary a x is  and portion o f a  c ir c le  P  -nhlfili does not pass through 

any polo o f tho integrand* The in te g ra l over f~ tends to  zoro* as

i t s  radius tends to  in fin ity  through a soquonce o f values which avoid
i f 4*ia>

in  (35) nay be replaced by
d -ioo

2iri tim es tho sum o f t!*o resid u es a t  th e poles o f i t s  integrand*

Tho residue a t X «  0 is

_____b dr/°J— _ *  . os)
Kj log(b/o) -  Kg log(b/a)

To evaluate the residue at X » • «  ̂2 we have

2 * ̂ r 1 = b(KA  -

*  t *  { Ki/xi Do . i Di ^  *  K2/i2D b̂r i* an-')Di . i^ >r t ’ 0̂ ) }

♦  *A1 ( K^O ib/^.c/UgjD ^jCb^.a^) -  K g /^ J>1(b/i1,»^1)D1 (t1/u2 .o/u2)}

(40)

how, when X = -  k x  ̂ |

V A f a ° f 8 )  ,  -  g2<C1(Kb<,,KO^,) w
c T b ^ ^ ^ y  Kjdj ft ̂ g# a <<8 ) ,

For details of tho method of proof see I I , § 2*
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Introducing this in (4) and using (14), we obtain

Ja « i j b ♦ b 0fc|- 2g)Dj
b borj

> s= - ic(a£ ̂
^ ST — K-aC

x we„2bigF(aCs)c"(̂ big,^c^Jc (boc#,a^8) * (42)

where

i .  = C2(Kb^,KO^) f|  KjbVCig*2-

+ 1  * M %  »X - *2 ) ^ 1  (b  ̂##*°<*) + Kl M
- li|c2(b̂ 8,a-<s) . (43)

W m « the residue of the Integrand of (35) at X= - K*2 la 
2- it bilge"* 2 ^ C(»<r̂ 8,KO<<s)c(Kb<<||,Ko^s)C(b^g#a^8)F(<<a) • (44)

rom (39) and (44) vm havo finally
v = y log(r/o) __
2 ° -<! log(b/o) - Kg log (b/a)

CD__ «.
• ‘»tK1X2V0 X  e 1® C(Kr^s,Ko^a)C(Kbdte#KCoi#)C(b^g,ft̂ 8)i: (oCg) • (45)

s=l
In tho s«i:K) nay tre find from (32), using (12),

Kj logCb/c) - Kg log(b/r)
Vl ~ ° ¿ 2 lor; (b/o} - Kg log (b/a)

1K2Vo ^  nf-- * - '/,2i
8=1

C(r^B,a^#)C‘!(Kb«i#,K0i>)F(^8) (46)

For the san© problem but with r = a maintained at zero and 
r = o mb ^2 * > 0 1» find in place of (32) and (33)

7i = - b^Sio :,(rqi*a'!i)

^2 = p a (p ) [ Kl<!lD b̂q2*rq2̂ I>l^ 1 * “ 1̂) * K2q2D(bq1,aq1)D1(bq2,rq2) j-

vbero A(p) is g i m  by (34) • H«*ee



T = _ v K2 3x>s(r/a)__________
1 1 Kj log(b/c) -  Kg log(b/a)

4-*ttB^2 JL- ®" " * ♦  C(r^8#a^a)C(Kb^#K©̂ a)C(b<<a#a,̂ B)F(^8) (47)
8=1

v %  log(b/r) -  K2 log(b/&)
V2 = 1 , I o c V ° ) -  HfreW a'J

+ ttK̂ V-̂  5~ »  1 •* C(icr«<s,KOx||)C2(ll><(|,*s<B)l, (»'s ) » (48)
 ̂ ~ 8=1

where the °̂ s are the roots o f  (S7) •

The solution fo r  tho cylinder with r = a maintained at V0 and 

r  ss o at Vj fo r  t  > 0 is  obtained by adding (46) to (47) and (45) to (48).

4# Hollow oylindor o f  one material fro : r  = a to r = b and o f  another 

from r = b to  r = o . -Tho surfaces r  = a and r  = c kept at aero 

fbr t  > 0*  An instai if wi—wa oylin d rlca l surfaoo source* o f strength Q 

at t  m 0 otot r  «  r* , a < r* < b «

Iler© in tho notation o f  | 3 ws have to soli?© (13), (19)» (20)» (21)

with a  0 ,  when, r  »  a, t  > 0 , (40)

Vg = 0 , when r »  o 3 t  > 0 , (BO)

and ti  = bi  + , i ' (SI)

where ui  *  7 ^ $  H ' (r2 + r ' 2 )/4  “ i t 5 (52)

and w^ satis fies

k j£*3L  + ~  m M a < r  < b , t  > 0 
1 dr2 r * r

(63)

and Urn w, = 0 , a < r  < b 
t  ->o 1

(64)

It is  known that4.

*  Cf. I I , § 10.

+ The resu lt foHoars from Watson, Theory o f  hasgol Functions, § 13.7.



2tt7-Ko(r»q1)I0(rq1)

r > r1

r < r1

the subsidiary equations, formed as in § 3, aro 
*2- . _ b < r < cd v, x dvj g-

A + I ^ - , f e - 0 .
dr2 r ̂  1

a < r < b

Tg = 0 .
Tj = 0 ,

FX = ?E
«in.K dr

r = o
r as a 

, r =r b 
jr <**2
"-2 TET * r 3  b i

(S5)

(66)

(57)

(60)
(59)
(60) 

(61)

(68)

(65)

whore q-, and q^ aro defined in (51).
The solution of (5G) satisfying (68) is 

Vg = CD(rq2,oq2) .
As solution of (57) wo take

= ADirqj^.bqj) + BDCrqj.Oq^

Then, using tho iraluo (55) of Uq , (59) requires
ADfnqj.bqj) + I0(aq1)K0(r,q1) *  0.

and (60) and (61) give
CD(bq2,cq2) - BD(bq1,aq1) ss

Kgq2CD1(bq2,oqg) - KjqjBD-^bqj.aqj) = I0(r*q1)KjCbq1) +

Solving for A, B, C and substituting in (62) and (¿3) we obtain on 
reduction

V - ^  D(r,qx,aq1)D(rq2,oc,2,, (S4)
2 ~ a (pI

whore A(p) is given by (26),

KjA
b
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\  -  2 7 ^ 5 7 1 <lx^(bqg»cqg (bq1>r ’ q1 ) — Kgqg-!^( jq2»oqg)D(bqj^r*q^ > 11 

when a  < r  < r* < b ,  (66)

¿ml v.iior: i  < r J< r < I £  ftMWMUl M ;e r M l r* I (C5).

i<Yom (64) and the Inversion Theorem fo r  the Laplaoe Transformation 
’£+loo

v2 = 3 l
4triii<c,b

Vfc D(r'/Mi.a^ )D (r /̂ , o ^ ) - s ^
y -too

(66)

A w m  a* before ^  ̂  = / ( V  i t ) , Ag -  '/ ( V ^ )  •

The integrand of (6 6 ) i s  a  • in g le »v a lu ed  function o f  \ w ith  simple 

po les a t  Xk -  tc£^j where t iie  oĈ  a r e  th e  roots o f (37)*

Tlion as in  8 3 i t  fo llow s th a t  the l in e  in te g r a l in  (66) nosy be rep laced  

by 2td tim es tim  sum o f the res idues a t  these po los. These are  ix r ied ia to ly

avaluated  on using  (42) and we ob tain
i  _ ?  j  »><*<Sb

Vg = •* - îrQK^Kg T  * 8«
8=1

F ( * , ) C  (b^B,a ^ g )C ( r V a,a < g )0 (Kb-^.KC  <e )C  ( « r ^ . i y x , )

(67)

d l  r.l ' ror- ' 05' ,  M  n M l  I  < r <  r*,
oo ^

▼x = -»̂ bKgQ X  ¿ 5  F(^t )c (b < .,a^ >)C(ro<(|,a<8 )C (m b^K © ^)
8=1

<  i  K̂ C(»cboia,K:c«:g)C1 (b^8, r ,<<8 ) •  K2(cC1 (Kb0<g,KOc<8 )C(b<Bfr ,aia )

f t ils  becomes, on u sin g  (41 ),
oo 2

V]L = - 2L ^ s  F(^8)c(r< a . a 3(s )C (r ,<a ,a x a )C2 (»cb<s ,ko^s ) ,  (68)
s=l

and t h i s ,  being sym m etrical in  r  and r * , ho lds fo r both a  < r  < r* 

and r* < r  < b .

Iho so lu tio n  o f th e  problem o f an instantaneous c y l in d r ic a l  su rface  

mxarom o f  s tre a^ th  Q a t  r*» b < r » " t ^ »  i s  obtained in  the mao way.



47

We fin d

v , a ----
*  P.-wK oh  A

(69)
2-irK2b a (p )

y = SL̂aaal f«8q8B(b^l. M 1)D1 (bfl2,r'^) - K^iD^bq^aq^Dibqg.r'q^l ,
 ̂ 2t K2 a (?) I

when o > r  > r* > b ,  (70)

whore M p ) i s given by (3 4 ).

Tlien from th e  In v e rs io n  Theorem we o b ta in  
oo k x 2+

l r  e~*l s* ̂ |F(^#)C(b̂ 8,â 8)c(r<<a,a^#)c(kr*«xs#K0^c(»cWa#k0£<8)
V1 m m

TT (¿liri k
I k2 3=1 (71)

”irQK  ̂K ^
Vg E - T- ~ i  A S %  8 F (*a )C2 (b<<8,a<<8)e ( K r ^ j K c ^ e t K p ^ j ^ c ^ ) .  (72)

k2 8=1

I f  we pu t Q = t  in  (67)# (68), (71 ), (72) and in te g ra te  w ith
formally

re sp e c t to  r* f ro n  a  to  o , we o b ta in  th e  s o lu t io n  o f  idle problem in  whioh 

th e  i n i t i a l  tem pera tu re  o f  th e  c y lin d e r  la  f  ( r )  and th e  su rfa c e s  r  =  a

mnA r  m C- a re  k e p t  a t  zero  f o r  t  > 0 .  Assuming th a t  f  (r )  i s  such t h a t  

th e  o rd e rs  o f  in te  gration and summation may be in te rch an g ed  w© liave

v x = -  2 i  p (<8) C ( r V H ) c (Kb,i8» K C ^gO ^g) (73)
8=1

2 ®  « «K «i **t
Tg = -  J -T  I^Kg _ £  ■<!« * *  F(»CB)c(b<<^ a^B)c(»cr^€#'<o<<8)6 (^ a ) ,  (74)

8=1
whore

b ~ c
g(*8) « C(Kbxs#(co*i8) j r ,f(r0c(rVB,**,)dr,+j£2c(b*B,a«iB)J’

V 1  2  V
*  b (78)

5 ,  The com posite s o l id  c y lin d e r  o f  one m a te r ia l ,  V i#& i»°i#fi»  *i# fo**

0 ^ r  < a  and o f  a n o th e r , V£,K2»°2» f2*K2< ^°r  a <  r  <

The r e s u l t s  co rrespond ing  to  th o se  o f  8§ 3 and 4 a r e  a s  fo llow s*

( i )  I n i t i a l  t smpor a tu r s  so ro . The su rfa c e  r  = b faept a t  to r  t  > Q.



= T0 + ^k|to 2 . • (76)
8=1

T , *  V , + t k|v0 Z  f* X W  fy * j j $ b * L . . « b O F , ^ . )  .  (77)
8=1

■»bere + <*g $ s = 1, 2 , • • • ,  aro thè roots o f

(& x )(kCWj xb1̂ ) • K (k&<| kb°i) = 0 f  (7o)

where K= ,y ( Ki/,<2) *

and

^  7r^a^^C^(<ia^8#»<b̂ a)|K2 (K£ f m Kj) ( * ^ 5 ♦  Kj (&j *  â *s)j m 4®*%) •
(79)

( l i )  t e  «arfaoo r  = b kapfr a t  suro fo r t  > 0« Instantaneaua oyltndrloal

gurf&oe so uree o f stra n iti! Q a t  t  = 0 over r  = r*» 0 < r*  < a« 
ao 2

T , = -  1  < y F * &  J 0 (i-V B)J  (r ^8)C2 (ka<,#Kb«,)F (o<g) (ao)
8=1

1 ® « »KW^t
▼2 *  • ' f ir^ l %  oCJ l l ^o(r , ^8^0^ftX8 ^ ^ a<8* Kb<\g)c r^g^KboigjF^(Xg)* (Ol)

8=1
it e r a  F^(xfi) aad t e  ara given in (79) «nd (7 8 ) .

( i t i )  Tha surface r  = b feapt a t  «aro fb r t  > 0» InstaataBBaous ey lin d riaa l 

rtrfSace aouroe o f strength_ Q ab t  = 0 ovar r  = r 1» a < r* < b»

J o (a * s H j (r<* ì C fcrV g^bc^JC  («ca^ K b^ F^ ÌX g ) (02)

J ? ( a * .  ) C (k r 1< am Kb«u)C ( * r ** a» *b x ) Ft (x ) (83 )

4*.
_00

„  -  « É a
1 =  "  4 « ,

£  < $ " * *
8=1

ttQk | k i 00 2 
ST 2 - * ! • *

v 2 *  *  4 « | Z _  *  
8=1

(tv) The surf aog r  = b kopt nt  t aro fo r t  > Q> The i n i t i a l  ta ip om tura

of* thè so lid  f ( r ) «  Here thè formai solution is
2_ J?? 0 —== - J-TrTl̂ Kg cCg# 1 8 J0 (rxa)C(naxg#Kbxs

v? = - | ttV 2 L J o(*^|)c (Krv Kb^ > Fi ( "« )e x (<0) »
“ 8=1

(84)

(86)
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vfe»re = C(Ka*g,Kb«<.a) r ’ f  (r*)^0 (r ’¿^dr*
Jo

+ | ~ J 0(*^S) j r 'f (r ')C (K r ' 
X  2  *  «

(86)

6. The region bounded internally by the cylinder r  «  a» From r = a 

to r  = b the «o lid  is o f  one material, and for r ?  b

of another v2»f’2*°2»®2*,<2*

( i )  t t .  aurface r = a minteined at tanperatura fo r  t  > tha

in it ia l temperature o f the whole zero*

-  V,
V  ss —  
1 pA

Proceeding as in § 3, the Laplace Transforms o f the temperatures in 

a < r < b and r > b respectively are found to be

^ 7  {  Kl<UKo(bqa)Di ( ^ . « ,q1) -  <87)

? 2  =  P w t 7 K° ( r q 2 } '  (8 8 )

whore 4(p) t* -  Kgqg^ (b q 2)D(bq1#aq1),  (89)

and qx s  / (p A j ) ,  qg = y (p/*2) .

Vj and v2 are determined from those by the use o f the Inversion 

Theorem. This gives
| y f " * a  St

‘/i-ioo

aiiere ♦ /̂ 2 = y ( * A 2) .

Fig. 1



$"0 #

The integrand of (90) has a  branch point a t  the o rig in  so we use 
the  contour o f F ig . 2 co n sis tin g  o f the lin e  A3 d is ta n t  y from the 
laaginajy axis« arcs AA'C and BB'F o f a  c irc le  r  whose radius R w ill  
toad to oo, the lin es  CD and EF on which arg A equals m w and -ir 
rospectively , and a  sn a il  c irc le  about the o rig in  -diose rad ius € w ill 
tend to zero. The in teg ra l over f~~ tends to  zero as th e  radius tends 
to  in fin ity*# Also th e re  are no poles o f the  integrand w ith in  the 
oontour. Thus the l in e  In teg ra l in  (90) nay be replaced by the lim its  of 
1di© in teg ra ls  over CD, EF, and th e  small c i r c le  as R oo and £ 0*

The small c irc le  gives Y0 .
On CD we put \ =  and on BF, A »  k w and we obtain

f in a lly
4KjV0 f°° -KlU2t  . _ 1~X~ J 0 u?  ?Z('u) ; | [Kl°l(bu»a” )C(kbu»KTu) - k2hC (ba.»u)Cl(Kfai,Kru)]

# is r e  <f(u) SO Kj>J0 (Kbu)C1 (bu9au) -  « KgJ^(Kbu)C(bu,au) 
iff(n) m K1YQ(Kbu)C1 (bu,au) -  KKgŶ  (Kbu)C (t»i,au) 

and k s  v / i^ A g )  •

(91)

(92)

Sim ilarly  wo obtain
v = V + Bffk r  . - Kl “ 2 t C (ru .au) du 

~^b^ J o  <p ^(u) +  %(/£(u) u3 (95)
I  O’  j  o

( i i )  The surface r  »  a  maintained a t  zero fo r  t  > 0 . An instantaneous 
cy lin d ric a l surface sotsres o f  streng th  Q a t  t  »  0 over r  m r \  a  * r* < b .

-« ju ^ t C ( r luJau)C(ru.au) du 
<f>2 (u) +< //(u) ( « )

11 For the laetliod o f proof and a  more d e ta iled  d iscussion  o f the 
procedure of th i s  section , see I ,
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g ]Q j* - *>1u 2t  c ( r <u .« u )  ^ ( r , u )
b ? J o 3 4>®(u) + ^ 2 (u)

( 95)

where X (r#u) m  KjC (Kbu,Kru)C^(bu,ou) -  KgkC^(Kbu#Kru)C (bu#au) ,  (9G)

and <f>(u) and ifj(u) are defined in (92)*

( i l l )  Ihe sarfaoe r  = a rmintainod a t  aero fo r t  > 0« An inatantjnewt» 

cy lin d rica l surface source o f  strength Q a t  t e O  over r  = r 1« r f > b .

; Ki u t  f e l t o  ^

< p *(u ) + i f / * ( u )

T _  K1Q.. f  -* iu 2t  ^ (r .u )  Ti(r'u)
T2 “  2 n Kg J ------------------------ udu

<p (W  * M

(97)

(98)

(iv ) The surface r  = a  maintained a t  soro fo r  t  > 0» Ihe i n i t i a l  

t oniporature o f the whole f ( r ) «  I t  i s  assumed th at f  (r) ia  such th a t

the orders o f in teg ration  may be interchanged.

^  ... .. g(u) f  (99)
ttV  J 0 4>2 (u ) +<(/2 (u )

00

t 2 = f  o'"*1“ *  -----g(u)<ta • (100)
Tb Jo <f>Z M  +^/2 (u)

where

g(u) == f  r ' f ( r ’
'trbK.

)C (r ,u ,au )d rl + ...- *■
U l kS

,00
r ’ f i r ' )  X (r'»u )d p *. (101)
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CHAPTER XV*

m m  m is  general boundary conditions of practical importance*

Ihe usual boundary conditions of tho rmthem&tlc&l theory of 

'onduction of Heat are of type

k  ¿ 2  -  h r = ,an
i.e. oonstant surface temperature, no flow of heat, or radiation. In 

many practical problems ooro general boundary conditions ore encountered 

which may easily be solved by the lap lace trans fo rnation method. Some 

of these are studied here.

The first type of pro len considered is that in which heat is transferred 

from a surface by contact with known mass of well stirred fluid whihh im y  

itself bo heated or cooled in some wayj if the stirring is perfect the 

effect is that of perfect conductivity and it is to emphasise the source 

of the probloms that the phrase "perfectly conducting fluid” is used In 

the enunciations.

The problems considered are all ono-dinsnsional and are intended as 

a preliminary study to two-dimensional problems of engineering interest.

The socond type of problem is that of prescribed flux over a boundary, 

this boundary condition is not of naioh interest in conduction of hoat, but 

is of 1 portance in the theory of the flow of compressible liouids through 

porous media. The constant line source iniated at t = 0 In infinite 

medium is discussed by tills method in 8 7 and in 8 8 a problem Illustrating 
tho method of treatment of the oonsta t line source in a region with 

coaxial cylindrical boundaries.
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!♦ Ihe reg io n  bounded in te r n a l ly  by th e  c y lin d e r  r  «  a  i s  i n i t i a l l y  

a t  u n i t  ten p o ra tu re»  The re g io n  r  <  a  co n ta in *  p e r f e c t ly  conducting 

f lu id  o f  de n s i ty  ft1 and s p e c i f ic  heat  o 1 i n i t i a l l y  a t  u n i t  t cgiipera tu re» 

'o r  t >  0 f l u i d  i s  removed a t  a  r a to  Q. c»c# p e r second p e r u n i t  le n g th  

and rep laced  by f lu id  a t  zero*

We have to  so lv e

3 ^  + 1 9v _  1 3v
3 r 2 r  3 r  K 3 t

r  >  a  » t  > 0

^ ra2f fc* §0L = 2tt& k £ .  
' d t  a r Q p c 'v  , r  »  aw ith

and v  = 1 , r ^ a ,  t  = 0 .

Tha su b s id ia ry  ©cfuation i s  

1 dv f c  I ,  r > ad^v 1 dv
d r2

w ith  Tra2 f*c*pv -  7r a 2^»©» *  2tt*  K ~  -  Q />»o*v # idiem r  r= a .

Thus ▼ ______________* |( q r ) _____________________
p p {  ( l  H » Y )  KjjCqa) K^(qa) j

• «• •»Ml  ( l )

<* =  ™ /Q ,  /3 =  2 ^ K /f» c * Q .

Therefore
, P° - Klffc"

V = 1 - 2?ri
^ ( i u r )  2du

a  [ ( l  -  oca^u2) KQ(iau ) -  i /3 a u  K ^(iua)J
-  Conjugate

}

= 1 - 2 .  i o"Ku2t du (l« o ta 2u2 )C0 (ur>ua) +fiau[J0 (ur)Yi(ua) -  Y0 (ur)J1 (ua)j

r  o u [ ( l - o i a 2u 2) J 0 (u&) + /3au^1(au)J2 +[(l«-<<a2u2)Y0(ua)+^auy1(au)]2

• • • • (2 )
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2 . The region bounded external ly  by the cylinder r  a  a i s  in it ia lly  

a t  zero» At r  =  a  I t  i s  in oontaot with mass M per unit length o f 

perfectly conducting flu id  o f spec I f  lo heat o* In it ia l ly  a t  zero.

For t  >  0 flu id  i s  removed a t  the m as ra te  m per unit length per unit 

t i l »  and replaced by flu id  a t V. There i s  no external lo ss o f heat from 

the nass M#

Y/g have to solve

£
a r
9 v 4 1 av 1

2 r  a r  k a t  * 0^: r  < a  # t  >  0

with He* 2Z = -  2va K ^ L + m o * ( V - v ) # r  = a , t  > 0
a t  3**

and v =s 0 'vviien t  =  0  ,  0 <  r  a*

Hie subsidiary equation i s

0 r  <  a

(1)

^  +  I ± C - q a7 = 0 ,
dr2 r dr 4

with .\'c*p?= -  * l r *  + mo'» . » * « “  r  =  a .

Thus v =
V I. (qr)________________

p | ( 1  + Ap) X0 (<p!rTlaiq_l]7 a q )J"
# • • • • • • • • • • • • • »  (2

where A = , k a* 2TTK/jao* . 
i+ioo

Thus v = zn
c *  d \  I0 (/tr)

X  [ ( 1  +  A X ) X 0 ^ * )  +  k a / L l j ^ a ) j

The integrand has a simple pole a t \  = 0# residue 1# and single poles 

a t  X s *  Koa| where l o ^  ,  s = l ,  2, • • •  are the roots otf

(1 -  kA<x?) J o (a*0 -  kaoCK^a^ =  0* ................ .................  (3)

Hie residue a t  the pole V =  - kol|  i s

„  -  K<*Jt2k © 5_______ ^  ^ J o ( r x g )
JQ (*%) | (ka2* + ¿ k A) + (1 - kA^|)0
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Thus

v as V -  2kV
DO -  *<*|t e ■

Jo(a0̂ ) £kol|(ka2 + 2 KA) + (1 -  *A*g)J
(4)

I f  in addition heat is  supplied to the m ss M at rate H per unit 

length per unit time, V on the right hand side o f (4) is  to be replaced 

by V + fl/mo* .

3. The region bounded ogtornally by the cylinder r  = a is  in it ia lly  at 

unit tempo rature» At t s Q  i t  le  put in contact with mass M per unit 

length o f  perfectly  conducting flu id  o f  sp e c ific  heat o> at soro temp rature» 

The m ss M loses heat at a rate proportional to  it s  temperature»

We have to solve

¿ î l  + I à I  = A à î #
drZ r ar k at

0 ^ r  <; a , t ^ O

with gfe* 3JL = -  Zkk K âZ -  kv ,  r = a , t  > 0 . 
9* 3 r

The subsidiary equation Is

d^v . 1 dRF 2— 1 m
¡ 7  + F d F ' 1 T = - - '  0 « r < a .

— Srwith (Mc*p + k )v  + H K ~ = 0  , when r  a  a

Thus v a
(k + Iifetp) Ip far)

■ m m o  i i i— ii i ■ i

V =s 1

P p {  (Mc*p ♦ k) Iq (qa) ♦  ¡¡N lf
r+ioo xt

(k 4- ?fo«\) Io(^r) e d\-*  f
JM-oo + k) Ip(^a) 4

«•».....»«*• (l)

the integrand lias a sinple pole at A = 0 o f unit residue and siiaple 

poles at X «  «Kd| » where 1  o(# # 8 = 1, ••• are the roots o f

(k -  m * K o i 2 )  JQ(aoO -  2TTax Jx(acx) = 0 , .................. .. (2)
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Hem

[~A { W a + k) x0 (**) + ana./«!! ÍMI) f ]
*“  ̂ ^^A^KOlg

= -  J oJ j Ä  | ( k  -  Ho'Nxff+4r^KM6*+-ir»2 )J

Thus

v  ■  -  4 ^
oo (k -  ac»n«t2) JQ(rX,)___________

£ (k  -  Mc« k<*2) ¿ + 4ir < 2(Kao, +-rra2)J  JQ(»"(,)
• • • •* •*  (3)

4 .  The ho Hour c y lin d e r  a  < r  < b w ith  sero  I n i t i a l  tempo ra tu ro  and 

bou dory c o n d itio n s  o f  typo 1 2 ( l )  a t  r  =  a  and r  =  b*

The g e n e ra l boundary o o n d itio n  o f  t h i s  ty p e  1«

kl f f +k2 f ? +kS ’  = k4 ..................................................
we s h a l l  ta k e  t h i s  a t  r  = a  ,  and

.a)

(2)

when r  = b .  I t  w i l l  be assumed t h a t  the c o n s ta n ts  k have v a lu es  a r i s in g

from a p h y s ic a l problem , otlierwisc« th e re  may be a d d it io n a l  tonus in  th e

s o lu tio n  which in c re a se  e x p o n e n tia lly  w ith  th e  tim e?

We have to  so lv e

+ a  <  r  < b  ,  t  >  0drZ r  a r  K a t

w ith  v  m 0 ,  when t  -  0 ,  a  r  <  b ,  and boundary c o n d itio n s  (1) and (2 ) .

The su b s id ia ry  eq u a tio n s  a ra

+ 1 áv  
?  r S *

a  < r  < b  ,

In  p r a c t i c a l  problems th e  s ig n s  o f  the? o o n stan ts  a re  such th a t  the seros 

o f  A  tyO a re  a l l  a t  n e g a tiv e  v a lu e s  o f  X » I t  i s  p o s s ib le  to  have 

p o s i t iv e  ze ro s  b u t th e  oases in  w hich th ey  a r i s e  a re  a r t i f i c i a l *

Cf* Char). 2 , 8H^jo.
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w lth (kxp +  k ^ v  + k2 =  k ^ p  , r  =  a

(kjp + k’F  + 4  g  = k^P . r = b.

Ihe so lu tio n  is
pV M q ) =  *4  j  j j k xp + k j)K 0 (qb) -  kJqKx ( q b ) j l0 (qr) -  ¡jk^P  + k j ) IQ(qb) + k gq lx (qb )JKq (q r) J  

-  í [ ( k 1p +  ks)K0 ( q a ) - k 2qK1 ( q a ) ] l0 (<pr)- [Ckjp +  k j ^ q a ) *  kgql^qa)]KQ(q r )j

vrtiere

A (q ) = [(k 1p + k3 )Io (q a )+ k 2q I1 (qa)][(k^p+kj)K 0 (qb)-k¿qK 1 (qb)|

-  [<kÍP +  k * ) I G(qb) + k ¿q l^ (q b )j Jcj ) Ko (<la  ̂ -  kgqK^Cqa^j

The iitfcecrand o f  V(X) has a sim ple polo a t  \  -  O o f  resid u o

ak4 (- kg + bkg lo g  r A ) -  b k ¿ ( - k g  +  akg lo g  r / a )  

ábkgkg log(a/>) - akjkJ ♦ bkgk¿
thougfr fo r  sp e o ia l  v a lú es o f  the con stan te , e .g#  k3 =s k j  =  0 ,  i t  m y  havo 

a  double ono, I t  a leo  has ¿  simple po lea a t  \  W — Kíx.  ̂ ,  wher© £  ^ s , 

s = l #  2# « m  aro the ro o ts  o f

[ ( k j - k j K ^ ^ U a )  -  kg* J j f c i O ]  [{k j -  k j  k t*Z)Y0 ( * b )  -  k¿*

-  F (k j -  kx K * 2 ) J „  (*b ) -  k ¿ «  J x (*b )]  [ (k s  -  kjK* 2 )YQ ( (& )-  k g * Yx (« a ) |  = 0  . .  (S

Aleo

K  a w 1  » -■ - -lw»<£ 2¡P'J0(b<*,) - " ̂ V l H i ]

whare P m  k j  -  « k ^ 2 ,  P« a  -  « k j * 2 ,  H m  kg +  ÍK k j/a  ,  Q» =  k ¿ +  2kx * / b  .

..............  (4)

O
 w
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Thus finally
ok4 (-^ 2  + bkg log r/b) -  bk^(-kg + ak3 log r/a) 

abkgkj log(8yA)) -  ak^kg + bk2k3
v = _

y  £"*** fc&fead ~ [«»(**■) - ip^tehi---------
¿ ¡i {w0(**,) - w i K , ) ] 2̂  (p2+*iNP

+ IT

X
k4[j0(«V> { P*yo<V> -  k2 V l (ot.b)j - " k2°(«Jl^»b)] ]

^ [ W 5 ( rao K &)- k2V i (olBa)| -  ( wo M - kz V iK * > j]

............  (5)

5. Examples of some Importance in the theory of g 4 are*

(i )  The region r < a is perfectly conducting, of density P* and apeoific

heat o * ♦ heat is supplied to it  at rate H per unit time per unit length

for t > 0» The region a < r < b has oonAnettvity K, apecitic heat c ,

dggisity p « The boundary condition at r ~ b is k ~~ + hv ~ 0. The

In itial temperature of the whole zero«

Here the boundary condition at r = a is

7r e? P 9cf ^ a K + H «3t dr

Thus in the notation of i  4 ( l )

k  ̂=r7ra2f*c* , = -  2mr a K , kg = 0 , k/, = H

kj *  0, kj =  k , k’ = h . k  ̂= 0 .

This problem may be regarded as an approximation to the case of an 

insulated wire heated hy electric current.



n

( i i )  The region bounded e x te rn a lly  by the cy lin d er r  = a contain» p e rfe c tly

conducting f lu id  o f  density p % and s p e c if ic  heat o * *. The region a < r  < b

is  a conductor, K, c . At r  = b the boundary condition is  k ♦  hv m 0. 
— • 1   —  "  *  -  ■—       .  ■■■■ ! ■ ' ■  "     ■  "  ■ B V

be in i t ia l  temperature o f tho «hole is  zero* For t  > 0 volume Q o f  f lu id  

ia  removed per u n it length o f  the in te r io r  and re placed by f lu id  a t  V»

Here the boundary condition a t  r  »  a  ia  

i r ¿ 1 =  27t&k | ~  + Q/*of (V -  v ) .

So in  the notation o f  8 (4 )

k i  ssiroPp'o* # kg » -  Zim. K , k3 *  Qf*o' , k4 =

k* a  0 , 4  = k . ^5 a  k  » k4 «  o .

Problems o f th is  -typo occur in  tho theory o f  hot -water systems,

( i i i )  The region a < r <  b . Zero in i t ia l  temperature. Constant f lu x  F 

over r  m a fo r  t  > Q* Ho flow  o f Iieat over r  m b .

Here the boundary condition a t  r  = a  ie

-  K F .a r

So In |  (4) (1)

1=1 = 0 ,  kg = - K ,  k3 = 0 ,  k4 = F ,

• * #
and = k3 =r 0 # k  ̂=* 0 .

Problems involving proscribed f lu x  over a  boundary do not a rise  much in  

Conduction o f  Heat; they are o f  importance in  the theory o f  flow of oom̂  

pressib lo  flu id s  through porous media «here the same d iffe r e n t ia l  equation

occurs.
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(iv) A one-dlxaBnaionod heat interohanger: The region r  < a contains 

mass a 1 per un it  length o f  perfectly conducting flu id , f>%, o *, nAiioh 1« 

removed a t  rate m* per un it length per unit tin e and replaced by flu id  

a t V, Ihe region r  >  b contain« It" per unit length o f perfectly  

conducting fluid» P ", on, whioh i s  removod a t rate n" per unit length per 

unit tiraa ai d replaced by flu id  a t  zero* The region a <  r  ^  b ig a  

conducting medium K, P, o, The in i t ia l  temperature o f  the whole &ero.

The boundary conditions are

H’ c* 3JL »  27raK 2 3  + nJc* (V -  v) , r  =  aa t  a r
n”o« 2 3  SB 2rrb s s3  •  mfoV ,  r  = b «a t  ar

So in 8 (4), (1) and (2), we haw

kl ~ M*c« , kg ss 2^ a K , kg *s »•© * # s= m 'o 'V

k j  =» M"c" , kg =  E^bK , k3 ~  m c $ 1=4 =  0 .

6* Problems on flow o f heat in the region bounded in ternally  by a  cylinder

r  =5 a with general boundary 00 nd i t  ions o f type 8 4 ( l)  a t r  =» ft may lead
\

to & d iff ic u lty , absent in that o f 8 1, su ffic ie n tly  illu stra te d  by the

following problem:

The region bounded internally  by a  cylinder r  =  a  i s  in it ia l ly  a t  

unit temperature» For t  > Q ooenstcart flow o f heat |  flora the region

r  > a over r  ~ a>

We have to solve

2 i t + i a s - A - o  , r >  »  ,  t >  0
a r 2 r a r

with 2r*r K ~  =  Q » r  =  a  ,  t  >  0 ,a r
and v a  1 i r  > a  , t  =  0*
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with

Hence

Thu»

The su b sid iary  equation  i s  

1 dv 2~ i

9 ' ™ * f
2 i r a K i ? = l -

r  > a

T =  - U ±1k M
P 2TT a  K qp (qa) 

ftiooI TJX« j, X.

t » i — I— [ 9 JM H
47r<iiaK

” V-ioo
(i)

y-ioo

The f lu x  a t  any ra d iu s  r  i s  in  the same way
r+ioo V4.

av Q f  * x t afeg^A
F =  -  K a r 4 7T4 (2)

Proceeding in  the u su a l way u sin g  the contour o f  Fig# 1, equation (2)

g iv e s

F _ — £ L  - J L .
* " *  7T*

00
JL . f
^ J

- * u2t J i (u r )Y T(ua) -  Y x (u r)Ji(u a )  ^

u p ?  (ua) +  y|  (ua)J
. . . .  (S)

The in te g r a l  o f  ( l ) ,  however, cannot bo evaluated u sing  the contour
A m

o f  F ig *  1 . I t  esn  be expressed a s  a  loop in te g ra l about the o r ig in , / ,
»'-oo

but t h i s  cannot be contracted  onto the r e a l  a x i s .  We may proceed a s

fo llo w s: In th e  u su a l way, u sin g  tho contour o f  F ig . 1 , we fin d  
Jr+ioo x 00 ?

~ J L  j ¿ ¡ M g i £± m - SI [  *  Jo(ur)T1(im )^Y Q(urj_JJLfa>) J

9  J,.to * J. iw .iw  1
In tegratin g  th is  w ith  re sp e c t  to t  from 0 to  t  we obtain

Jf+ioo
1 f  ( e *6 - l ) K 0 ( / i r ) i i \ _  2 f (•” ''
iT I  . TjZtjfiSS 7

^-ioo

"  Ku2t *  1) [ j q (ur)Yx (ua) -  YQ (ur) J l  (ua)] du 

u2j j | (u a )  t  Y?(ua)]

(5)

bow i t  fo llow s, by in te g ra tin g  round a  contour c o n s is t in g  o f  the lin e  

R(z) =t X w d  p ortion  o f  a  c i r c le  o f  rad iu s R ->oo in  the r ig h t  hand
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half plane, that when r >  a
par+ioo 

 ̂̂r-ioo
h l & & L  0
T p ^ S i

(6)

Thus from (l), (5), and (6)

Tiie flux for any radius r >  a la

r  e- Ku2t-l)[j1(ur)Y1 (ua) - Y^urlJ^ua)]jdu
*  X  J 0 U ¡J^(ua) +  y | (ue)j

i

.... (8)

Biis agrees with (3) since

r
J1(var)Yi(ua) - Yi(nr)Ji(iift)  ̂ Tra 
„ du=~ ?7>

r >  a , •••••••* (9

as may he seen by lotting t^>0 in (3). The result is easily proved 

directly*.

7* The difficulty of S 6 is also encountered in treating by this method 

the problam of a constant line source in infinito medium.

Suppose we have a constant lino source at the origin in infinite medium 

for t > 0. The initial temperature toro. The flow of heat from the line 

source Q per unit length per unit tine.

Vfe have to solve

¿1 + kZL-lil. , r > 0, t > 09r2 r g r  k at

with Ito T- 2irr K 2ll - q, r-»o L drJ

n x
Titchmarsh, Proc. London Yatli» Soc . 22 (1922) 15. n
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The subsidiary equation i s

4  +  r  > 0 ,dr2 r dr
witli 11m (- 2 T r  l 5 = ; .  

r - > o  dr P

IlN solution i s  T =  — S mB
2 n K  p

and tlie flu x  Is  given by ¥  m EiJ'SF).<í̂ r̂  Q

From (2) we f  ind in  the u su al s a y , u sin g  Fig# 1, 

F m -srfcr - I e J^(ur)di\I T F ' W  f

■ : » w w  m  <mmwm2T  r  4TT
1 -r2/8KtG

's/rTKt
I^ (r2/ 8 Kt)

_ s__, - r 2 /4 K t .2tt r

(1)

(2)

Won ( l)  we have
r+ioo x+.

.  -  _ »  [ -  ¡1................... O)

and th is  nay be expressed as a  loop in tegral (-0 0 ,  0+) but the loop

oannot be contracted about tlie origin# But 
r+ioo oo

K0 (f*r)&\ m n f e U t  J Q(ur)u du ........... (4)
> - io o  %

-  h •■r2/4Kt  <•)
Integrating (5) with respect to t  from 0 to t  we have as in ft 0 for r >  0 
o f  - r 2A s t

V = [  -------- 1---------  * ............................................................... (6)
Jo

Or from (4) we have as in 1 6



V = - iT K  i ....................................................(7)

All those might have boas derived by integrating tho solution for 

the instantaneous line source*

As t oo the expressions (6) and (7), like 8 6 (7), tend to infinity. 

Ihere are no logarithm steady state terms as in bounded regions.

8* Problems involving constant line sources initiated at t = 0 in 

bounded regions are easily dealt with in the same way. As an example 

consider the following:

The region a <  r < b Is initially at zero temperature. At t m  0 

a constant lino source of strength 2irRQ is established at the point 

r a r* t 8 = 0. There is no flow of heat over the boundaries.

We require a solution of

♦  > *  a < r < b ........ (1)ar2 r ar r2 aez * at

sueh that v m  0 . when t = 0 , a < r < b , ..............  (2)
and SBLm o , 

ar
when r « a t t > . .... .........  (3)

§ Z = o  , ar when r = b # t > 0 , ....

lim R §X rs Q ,R —>o ai ■

• ) * ................whore +H rt2 m 2rr* cos

and in (5) is written for a differentiation along the normal to

the circle R = constant.
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Hie subsidiary equation is
iv_ M

^  + I 2 i  + i _ a S .  , « f . o .a r 2 r  a r  r 2 a e 2

where q2 = p/ k •

This is  to be solved with

a v  
a r

35 0 ,  when r  = a ,

J2LZ s O ,  when, r  = b ,
a r
lin h 2 Z * - ^n ^ o  3R P

(7 )

(8 )

(9)

(10)

(11)

A solution o f (7) satisfying ( l l )  (the solution for a line source 

In an in fin ite  region) is

- | v * >  ......................................................................... (12)
oo

. I T  ^ b (V P )^ .(q r ')  w i n » .  r <  r* .  ..................  (13)
n==o

00

"  I  2 1  t nIn ^ r ’ )Kn(<ir ) 008 ■ * r  > r* ,
n=o

(14)

(15)

cos nfc, r  > r * ,  (17)

where t n a  1 i f  n = 0 and ^  = 2 i f  n >  0

Thus we take as the general solution o f (7) and ( l l )

V = -  |  2_  £n + V q ) ^ )  + Bn<‘l )Kn < V )}  cos ne, r  ^ r* (16)

00

7=s-p ^  + Aji(q)InW  + 3aW*n^  ̂j
n=o ^

«r>H determine A^q) and Bn (q) so th at these sa tis fy  (9) and (10)*

This requires

An(<?)In (<?b) + ** *  Kn (<lb) In (<l^ , ) - j

Solving and substituting in (15) we obtain when r <  r*

1 n > 0



V  SB
1  y~  " Kn (qr)l^ (qa )j flnCqrO^Cqbj^KnCqrQlACQb) }

^(qa)K£(qb) -  «¿ (¿ )J£ (qb)P /L —
YPX)

^nC08 XX0

(18)

and when r > r* we havo to intorcliange r  and r* in (10)#

Applying the inversion Theorem to the terms of (18) we obtain« 

when a < r  < r*,
Y +ioo .

OOB . *  f  J *  [Ir. ( ^ K ^ ) - ^ )

. . . .  (19)

00 V 4*100n

_ a _ T £„oos n& I
s i  / n—  j

TP=0 <T-too

where II < S •

dA
X

The Integrands o f (19) are a l l  single valued function of )  , so. 

using the contour of Fig. 5« the line integrals become 2 iv  times the 

sum of Hie residues at their poles*

The term involving n = 0 has a double pole at the origin with residue 

_ 1 _  f  2Kt + a2 log f  +b2 log | r  1061 - | (a2 + h2) j  * (20)

A tom involving n > 0 has a simple pole at the origin with residue

(r2”  + a20) (r ,2n + t 211) 
anr^r'OCb2“ -  a2“ )

(81)

v 2inally a term involving n ^  0 has simple poles at A = " K^n,s * 

whoro + 0̂  fl , n m 0 ,1 ,.. .,  s = 0 ,1 ,.. .,  are the seros (a ll real and 

simple) o f

4(*.a)Ti(ocb) -  4 (p C b )r^ M  = 0 . .............................  (824

2he residue o f the n** integrand at the pole X =  -  Kotjj la
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n* »
» 8 (**%, s ) ^n(r*oCn,s) -

a2 (n* -  ( Q ^ ‘ ) -  b8 (n2 -  ^ . o K *  ( b ^  , )

Yfaere = <̂n̂ r% .,8^ a ^ dVi,8  ̂ '“* ^aC3T°<n#8 )^ ft(b0̂ a ) *

••••  (2S)

. • . .  (24)

Adding those re s u lts  we have f in a l ly

V ~ ^2 "'~ m£ r 1^) -  ~ (a" tb * 5) + a** lo g  ~ + b 2lo g  % log

00

-  Q
n=l

< M * + & ) < ? • * + f ? )  ooe n 8
in»r'“^  - a2“)

-  i , ^  f  s. OOR i* f  * * * * « & •  Jn2 ( ^ . e)Un ( r ^ rB)'Jn (rH  )

-  4  a2^  - b ^ )  j ^ . >  - W B S p f c

(25)

when a c r e  r* , and to obtain tho re s u lt  fo r  r # <  r  <"b we have to 

interchange r  and r* • The second term may o f  course be expressed as

& se rie s  o f  logarithm s, corresponding to an in f in ite  se r ie s  o f images*



68

CHAPTER V .

A NUMERICAL STUDY+OF HEAT FLOW B I THE REGION BOUNDED INTERNALLY BY A

CIRCULAR CYLBIDER*

Bio problem of heat flow in tho region bounded internally by the 
cylinder r  = a , with unit in i t ia l  temperature and r  = a kept a t zero 
for t  > 0, has been oonsidorod by many writers*. I t  has practical 
in terest in connection with the oooling of deep mines and Smith (loo, c i t .) 
has considered i t  from ibis point of vim  and derived a solution for the 
case in which the temperature a t r  = a is  a step function of the time* 
he has obtained a solution in a form suitable for computation by moans of 
an empirical numerical approximation which makes i t  d iff ic u lt to determine 
the error in the fina l resu lts. Bie object of th is chapter is  (1) to give 
numerical values for the solution sufficient for practical purposes, these 
are given in 9 1. and in 8 2 are compared with the obvious physical 
approximations, the oooling of a solid bounded by a plane or bounded 
internally by a sphere, ( ii)  to consider the problem of the oooling of

The importance of the problem was suggested to me by Professor Carslaw 
afte r correspondence with Professor Ingersoll.
* Nicholson, Proo. Roy. Soo., A, 100 (1921) 226. Goldstein, Proo. London 
'n th . Soo. J&4 (1951) 53 (operational methods)• Smith, Joum. App. Phys. 8A(1957) 441 (Carslaw*s contour integral method). Carslaw and Jaeger,
Phil. Mag. (7) 27 (1930) 475 (Laplace Transformation). fitohmrah, Theory

yof Fourier Integrals, S 10.10. All these authors save Smith consider the
related problem in which the in i t ia l  temperature is  zero and r  = a is kept
a t unity for t  > 0| the resu lt of tho pros ant problem is  obtained by sub
tracting from unity the resu lt of th is type with r  = a kept a t -  1.



tho region bounded internally by & cylinder, and initially at unit 

temperature, by forced convection of air in the region r < a*

This gives rise to a boundary condition of "radiation11 type#
 ̂v—  - h v = 0 at r = a. Numerical value» of h for forced convection r
ore given In Pishanden and Saunders11 • The solution is given in § 3

and a comparison with the corresponding problems for plane and 

spherical boundaries in 0 4#

Another type of boundary condition which nay be of sons practical 

importance has been discussed in Chapter IV, 8 1«

* Calculation of Heat Trans mission. London, H.M. Stationery Office#
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1 • The region bounded internally by the cylinder r = a. The initial
tewperaturo Vn« The surface r = a kept at zero for t > 0> Tb find
the flux at r = a.

It la known [of, Carslaw and Jaogor, loc, olt,| that th© tonparature

at any point in this problem is given by 
.00

v = - WoTT
¿•«u2* .T0 (ur)Y0 (u,) - Y0 (ur)J0 (ua) du 

j|(u») + Y|(ua) u

Thus the flux from the solid at r =» a is 

F = idg ) r=sa
4KV0 f °  , - Ku2t du

air u|jf(®a)tY|(au)|

ileno©
.00

J L ,  *
« 5  a it

-in. .•__a*
{«£<*) + Y2(x)]

where * = Kt/a^,
Thus to find the flux wo need the values of

r  ¿ w * .
l (y ) ss ......—'a*1 •

x|j|(x) + y£(x)J

•«•••••••••••••• (1)

(2)

(3)

This is most easily pat in a form suitable for numerical integration

by integration by parts. Let
u(D f-\ ... .= %

then

oIIO

and S  *

(4)

(5)

TX Tf * (6)
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a lso ,for largo x , f  (x) = x + j  -  + 0(-i-) . ........................  (7 )

Substituting the result (6 ) In (3) and integrating by parts we

obtain
r00 2 -

l(°0  =3 -rr̂ l xe ^ (x ) d x  . ............ . ........ . (8)

This ibrm is convenient fo r large values o f *  . pQr  moderate 

values i t  is  better to remove the f ir s t  terms o f its  asymptotic expansion
to

(7) from ^ (x ) and intorrato the terms involving these separately#

Ihis gives qo

i W = T. [ ^ + i _ v/ |  J + ™ ^ 9- ^ j x i ( x ) + | _ ™ . x2 j

........  (9)

For small values o f tC the fbllowing series expansion may be derived 

following Goldstein (loo# a lt#)

I(cO = £ »  .5642 ' + .5 -  .1410 «<" + *125 oi -  .1469 <

+ .203 <<2 • .315 ♦  *536 * 5 -  . . .  }•

....... (10)
th is w ill give four place accuracy up to «  0#1 •

Numerical values o f l(^ ) are givssi* in Fig# IV#

I f  the surface temperature is not constant the results nay easily 

be obtained by numerical^using Duhamsl’ s theorem.

For the case in which the surface temperature is  a step function o f 

tho time Smith (loc# c i t , ) has given formulae involving a function G(*) 

given by

8{«) = ^  iM

dx

*  I t  is proposed to publish a four-place table covering tho range o f 
importance in practice# This is  not yet oompleto#
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ao that numerical -values for this case can easily be obtained 

from the results of this section*
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'litíj. 4 ~



7*

2* I t  i s  perhaps o f  some in terest to compare the re su lts  fo r the 

region bounded in tern ally  by a cylinder with the obvious physical 

approximations t the regions bounced in tern ally  by & sphere and bounded 

by a  plane respectively * She re su lts for the two la tte r  oases are w ell 

known*

For the sphere (radius a)

For the plane

For the cylinder (radius a)

These are compared in Figure 5 fo r constants o f the order o f those 

occurring in mining p ractice , namely, k s  .01 , a =  150 j the units 

used are c*g*s*  throughout* I t  is  seen that fo r  these values idle re su lts 

fo r the cylinder l ie  throughout a l i t t l e  le ss  than midway between the 

sphere and plane re su lts , which provides on easy q u alitativ e  guide to 

th eir behaviour*

OTo vF*e 
1

KVo >/(vi<t)

i k =7 f lM

(X)

(2 )

(3 )
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3• Solid bounded internally by r = a. Radiation at t m a into a

medium at zero» Tho Initial toaporftture Vp.___to f ind feo Ku» over

r = a»

The boundary condition at r = a Is

Mrar - hv = 0,

ïhe solution giving the temperature at any point is*

V as -
2hV0 j-Ku2t J0 (ur)|uYi(ua) thY0(ua) - Y0 (ur) fuJi(ua) +hJQ (ua)] du
TT

10 [uJjiua) +h*J0(ua)]2 + uTjfca)
. . .  (1)

Thus the flux from the solid over r = a is

where ss Kt/a^ # b s ah ,
oo

and I(b, «0 =
-¿x

[xJ^x) + bJ0(x)j2 ♦ [xYi(x) ♦ bY0(x)j
dx 

2 x

Letting t ̂  0 and r ->a in (1) we obtain

l(b,0) = ̂

and therefore
F

.....  (2)

..... (3)
••••••• (4)

-> h as t ~>0. .......... .

It may be remarked that the sur aoe temperature of the solid is 

* 4hV0 . x
-, - - r 2- K*.*)

TT C

so that when l(b#°0 is known the surface temperature is also known*

(6)

(6)

(7)

x This may be obtained from Chapter II, S 4« A direct derivation is
(2) >460 c>W)

given in Car slaw and Jaeger, Proo» London lath, Soe* (4ft pragft).
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To bring (4) to a fom  su itable fo r numerical integration we 

proceed as in 8 1*

I*t <f(x) = -  + are  I* d p  (x) + b H® (jc)l , ..........

hsn as x 0 9 cf>(x) 0

and,for large x ,  <f(x) = x -  ^ +  ( b + | - ) i  + i f e  .

(8)

Then, integrating by parts as in § 1, we find

+lardar ? * * * *  y(x)*K b ,= ()

o

00

(9 )

— IT - ¿ X 2

i t w  } | *  ( * + f > j  &* * + b ’s + z ?

tt3/2 r 2 ¿x?
i t s *  [ (8b +  S ) nA  -  vA j +  0 ( | * + b + b 2 ) e r f o ( b v A )  . .  (8)

In Figuro 6 are given curves of l(b , 0  against <* for 

b — • 2, 1, G • 10 •





7?

4« In  view o f  th e  in p o s s ib i l i ty  o f  g iv in g  com plete r e s u l t s  fb r  

th e  problem  o f  8 5 , i t  seems w orth  t f i i l e  com paring th e  v a lu e s  fo r  

th e  c y lin d e r  w ith  th o se  fb r  th e  p lane and th e  sphere  p f  th e  same 

rad iu s*  The r e s u l t s  are«
2

J b r  tho  p lan*  _ L _  = , ’fU* e r fo  h / ( * t )  ..............  (1)

F or th o  o y U nder J L _  = ^  K b .* )  .............. (2)
hKvQ

For th e  sphere  — = -.- - - r- ♦  o rfo  (fc + ~ ) > /(* t)
hKV0 1 +  ah 1 + a h  *

...  (3)
*2

A ta b le  from which e  e r fo  x  may be o b ta in ed  i s  g iven  In

Pearson, Tables for Statisticians and Biometricians, Vol* 2, p* 11.
- , -C j 1 T

Since e e rfo  x  »  ...A» + 0(— ) , (1) and (3) nay be rep laced  by
x i/TT x3

F ________1 anA 1 . _______ afh_____
hKV0 h/y/ ( t k  t )  1 t  ah "(ah + l)^*N/ ( w* t)

i f  h > /(K t) i s  s u f f ic fa i t ly  la rge*

In  F igure  7 th e  v a lu es  c a lc u la te d  ftfam (l), (2 ) , uid (3) a re  compared 

from die case  a m 150, k = .0 1 . Curves I ,  I I ,  I I I  a re  r e s u l t s  f o r  th e  

sp h ere , c y lin d e r  and p lane  correspond ing  t o  b  = .2  (h = *0 >133), and 

Curves IV, V, VI th o se  correspond ing  to  b = 1 (h W -00667 ) ,  As in  

§ 2 th e  v a lu es  fo r  th e  p lane  and sphere p rov ide  o n ly  a  rough q u a l i t a t iv e  

approxim ation to  th o se  fo r  th e  c y lin d e r .



go.
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CHAPTER VI.

THE REGIONS BOUNDED INTERNALLY AND EXTERNALLY BY FINITE CIRCULAR 

CYLINDERS WITH ZERO INITIAL TEMPERATURE AI'ID PRESCRIBED SURFACE 

CONDITIONS.

Introduction,

In this Chapter will be given a complete set of formal solutions 

for solids bounded by coaxial cylinders and planes perpendicular to 

the axis Tilth zero initial temperatures, prescribed temperatures at 

some surfaces, and at the others boundary conditions of the type used 

in Chapter II. The surface temperatures will be assumed to be 

expansible in the forms developed in Chapter II; when the regions 

extend to infinity the conditions for these, e^g. Fourier’s or Weber’s 

integral theorems, are extremely restrictive; a different method 

which avoids this difficulty is developed in Chapters VII and VIII.

The results for the finite cylinder are classical, but are given here 

for completeness, the use of the general boundary conditions of 

Chapter II enables a very large collection of results to be given 

compactly.

This Chapter is intended as a study in the most obvious method 

of applying the Laplace procedure to two variable problems, namely 

that of separation of variables in the subsidiary equation. The 

general results are formal, but it may be remarked that the method 

is superior to the classical ones in that by using the results of 

Chapter II the possibility of omitting isolated terms (such as the



first term of a Dini series5*) is obviated. Results deduced 
by the transformation of line integrals using the contours of 

Figures 1 or 3 (e.g. the deductions of § 2 (8) from § 2 (6)) 
may be justified as in Appendix III.

The surface temperatures will be assumed throughout to be 

independent of time; the extension to the case in -which they 

are known functions of the time is trivial.

In § 1 a collection of the expansions of Chapter II is made 

for convenient reference.

82.

*  / \Cf. C.H. p. 118, II; Goldstein, Proc. London Hath. Soc. (2) 34

p. 83.
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1* ¿t w i l l  be assumed, that; the a r t i t r a r y  fu n ctio n s occurrin g can be 

expanded in  one o f  the fo llo w in g  forms d iscussed  in  Chapter I I .

( i)  th a t appropriate to  th e region  0 < x  <  £  w ith  boundary conditions

^ 1 * “ ^iv — 9 ***** x a 0 t and kg|~ + hgv wi 0 when x m 4*
oo * 4

*  Y_ zn W  ZjM*}tlx')èx' , .......................................  (1)
» A

whsjro ZjjCx ] i[**$ & »£ ] (kl Pn °°* Prfc+ hl 8111 Prft)

mrm + hf)WIPa+h|)+k2m| +ilbl<kÌPn+^ j é

.. (2)

and th e are th e ro ots of

(kxk2 p 2 -  h ^ ^ s l a  f é  -  p C k ^  ♦  k g h j j e o s ^  = 0 ,  . . .  (3)

a n d i f  hi  *  hg = 0 a  term y  J *  f  (x*)dx* i s  to be added to  the r ig h t

hand sid e  o f  (1)# °

( i i )  Hiat appropriate to  th e reg io n  x  > 0 w ith  boundary con d ition

k 5Z  -  h7 »  0 a t  x  = 0. 
ax  --------------

O /• .QQ
f ( x )  M  ~  j  Z {u #x ) d u j  Z (u^ xM fU O dx* ..............................  (4)

v J h a i *  7 ( n  - , fo  008 ux + h Sin  UX /,vwhere ¿vu^xj — « w v ...... .. ■■ ■ • 5̂)
/ ( i A r  + hz )

( i i i )  appropriate to the regio n  Q < r  < a w ith  boundary oondition

k  —  + h r = 0 a t  r  = a .
h r  ------ -------

00

f ( r ) = ^ 2  £  Tz V  "°'|r  a)t2V— r l  ■ * • * '• ) »
a s=l Jo(a*e) + Jlia-'g) •

... (6)

where th e  <̂e are the ro o ts  o f



« 4-

k a ♦ faJ (»*) = o , (7)

and I f  b = 0 a term 

hand side of (6).
a2 uor r #f  (r  * )dr * i s  to be added to the r ig h t

(iv ) Hint appropriate to the region r  > a with boundary oondition

k -  hv = 0 a t  r  = a.
dr ---- :----

f ( r )  = J~°° C (u,r)u  du j* C (u ,rf ) f i r ’ J r ’ dr* , (8)

JoC urjflaiY iiaa) + hY0 (au)J -  Y o fu r^ lo aJjiau )+ h J0 (au))
«bare C (u ,r) mv*—  ------- ----- m iP  ------------ “3RS V I

i  jkaJ^(au) + h JQ(aa) j ♦  k̂uYĵ  (au) + hYQ(an) j 2 j

(v) th at appropriate to  •too region a < r  < b with boundary oonditlogj

w

c\ ^  *  h^v *  ® a t r  = a and kg + hgv = 0 a t  r  — b>
*b00

f ( r )  F (r ,^ s ) I r * f ( r O F C r S ^ Jd r *  ,
s» l J  a

(10)

---zAste *laMkted--------- u

* {Jo«***S i {b̂ +Hft(b̂ 8) i - Yo (rV h^J0 1
. . .  (U)

and the t  # ate  the roots o f

[k l* J o (a^  ’  hl J o ( » t j  § * < M  + V o  <b*)| -  [kl <Yo ^  = 0 ,
*b

and I f  = hg = 0 an additional term j r , f ( r , )dr* is  to  be

added to the r ig h t hand side o f  (10 )•



ir6~

2, H>e f i n i t e  c y lin d e r  0 ^  r  < a ,  0 < g < 4* Th» su rfa c e  r  g  a  

k ep t a t  f  (s )  f o r  t  > Q» Boundary c o n d itio n s  èZ. -  h ,v  »  0 , * »  0 ,

t  > 0 , and kg + hgv ü  0 , z a  t  > Q»

V/e have to  so lire

+ F  + = 7  * 0  ̂ r < a , 0 < z < ^  , t  >0
ô r 2 r 3z2 àt

w ith  ▼ =  0 ,  whoa t  = 0 ,  0 ^ r < a # 0 < z < ^

k l  ~~  -  hyv  «  0 # z ~ Q > £ r  < a  , t  > 0 ,

N * r
kg + kgV =  0 ,  % ~ 0 0 ^  r  < a  , t  > 0 ,

and v  es f  (z) « iviion r  = a  # 0 < z < / ’*

Th© s u b s id ia ry  eq u a tio n  i s

♦ < # < • .  o < . < ^ .......................a )
3 r 2 r * r  b g2

to  be  so lved  w ith  v  = ~  f  (z) ,  r  ~ a  , 0 < z < ^ # ......................  (2)

k i  —  -  h j v  »  0  s  z = G ,  0 ^ r < a #  • • ( 3 )

kg -X  + hgv *  0 ,  z -  4  t 0 4 r  < a  .   (4)

We assume t h a t  f  (z) can be expanded in  a  s e r ie s  o f  typo  8 1 (1) •

A so lu tio n  o f  ( l )  s a t i s f y in g  (3) and (4 ) and f i n i t e  when r  =* 0 i s  

Zn ( z )  I 0 j r  / ( q ^  +  Z3m)j  »

where th e  Zm(z) and f?n  a re  d e fin ed  in  § 1 (2) and (3) .

Thus a  s o lu t io n  o f  ( l )  and th e  boundary c o n d itio n s  (2 ) , (3) and (4) i s

-  r  1 Z a W l o M , 2 + P m)I f '  , ; . .
J . . . . . . . . . . . . *

4
1 ô ( 0** ) C

whore i f  h i  = hg a  terra  1 J f  (z*)dz* i s  to  be added to  the
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right hand side o f (5X*

To determine v f*om (5) we require 
/->-floo

I  2r i  I ^n  J >
J » - t o

hi V(4 ♦ P £ j
V ^  + pn^

d>

The integrand has a simple pole at \ = 0 of residue

si : <la at Aa -  tt p- a > •' Ml !, • >• M l t s

positive roots of

Jq (a*) « 0  • (T)
lbe residue at the pole X = -  l< (p§ + 01 g) 18

2 “s Jo(r^,)
^ fq p r  w *

nms oo
_ *•<*/>■) . 2 \ ____  Jo(rt8)» • iig r i  4  pi+.g
Using this result in (6) we have finally

(0)

oo
<T7

inal
S&jgfld +& Z -Vr-4  e" K (f̂ + " » ) t ) 2_(a) f Z ja 'W e O d *W  8 t i 3PI ^ ¡T  < m J

(9)

where i f  as h£ =» 0 a term

17 f , J  “  i iifeaL ^ f r f  f  f (e ’ )d »’ 
r  1 h W  / JQ

is to be added to the right hand side of (9)#
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3 . the region 0 < % < ¿ ë r  > a . 3he surface r  «  a  lwgt a t  f  (* )  té t

t  > 0« Boundary o nditions ^  -  ^ lv = 0 • z a  ^ > °»
a; ' 
aV hgV as 0  ̂ l  t  > 0«

Proceeding as in  8 2 we find
oo

t *  rj B « B (« )« o fr 7 (q 2 + fm)l

• «  P K0 |a/(<lZ+finpj
i U O y i O d * » (i)

vahere the ^ ( z * )  and the pm are defined in  § 1 (2) and (3)

;)

To determine v we r e t i r e

^ m i  r i+ lœ  5 »
2 r i  I A K

-loo 0
I  »

i|*V(-£ + P j)

E v i l  ♦ PD
a * (z)

This has a simple pole a t  A= 0 o f  residue ^ (afrn) *

Also i t  has a branch point a t  A = - * P n  * taking the usual contour about 

th is  point and putting A = -  *f\| ♦  i<u2e~iir on CD and A = -  < 'f2 ♦  *u 2e iir 

on BP’we obtain  (the s a a ll  c i r c le  about tlio point -  gives zoro)
n  __  O

I  =»
- Kp S t  C00 - K U2t  

a e
2 v i

f e"Kut 2udu f J0(ru)-iY0(ru) JQ(ru) + lY0(ru) + VfrfrJ 
J0 u2 -»- pi ( JQ(au) - 1Yq(auT m JQ(au)+ iY0(au)

_  «o(g/W>  ̂ 2 „ - « f i t  f ®  e~ Ku2t udu 0o (ra.au)

T 6 J 0 u2 + p i  J 2 (« u )+ Y?(au)
. . .  ( 3 )

where CQ(x#y) «  ¿0 (x)Y0 (y) -  Y0 (x )J0 (y)«) 

Using th is  re su lt in  ( l )  we have
oo

T =  / _  
m=l

f lco(^n) . 2 J* udu C (ru#8cu) ? -  i \ f  W-.V?

and i f  = hg = 0 a term
j f 2 f® - ku2t C0(ru#au)
7  i + \ l  * 4 ,  (au) + Y§(au)

udu

o

• • • (5 ) 

r(z»)ds» i s  to be

added to the r i$ v t  hand side of (5 ) ,
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4* The hollow qyliadsr m < r < be The gurfaoo r m a Isopt at f  (e)
Xvfo r  t  > j « x>imdary conditions k + hv = 0 # \vhoii r «  b« t  > Oi

askl  Ì z“ *" ^lv *  °* * ** t  > Og and kg + hgv = 0, *_= ^  t  > 0 .

As in § 2 we obtain
co

T = ** ) ¡ [k q ^  (<fab) + hip (<fê )| 
rari •0 '<h#)|kqt̂ J0 (4iab) + h_¡;0 (q^>)J * ^o[(^na) ‘W 5) + *l*ô %n*:’)|

**<•) J f(s ')Z m(8')ds* ..........................  (1)

TÈmre Zm(» )  and p ffi a re  d e fin e d  1n  8 / ( i j  and ( 3 )  and

%n = \/(q2 + (2)

Té find V we require 
»$+ìao I

m* Vt) = -*ììhT
___1 lo ̂ tM) fofa) + hK0 (bfa)j « Kp (rfa,) [fefal¿ fofa)- ____^

-loo * *©5 y 5 5 Ç 5  + fofa)j -  ^  3  ♦ hIo 5 f 3
dX

(3)
artiere ^  »  7 ( ~ + p | ) .

Oils has ft sicqple pole at X = 0 o f  residuo

M rf t a ) [ W l ( bPm) * luo (¥m)l ♦ Kq («pa? fk fa lj (bpa ) ♦ h l0 (bpm)] 

I0 (»pffl)[kpnK1(bpn) -  hK0 (bpm)J + + h l0 (bfm)]

fiad simple polo» at \ = - Kflm - K*§. S W *i o<ß, s = 1 ,2 , . . .  are the 

positive seros o f

Jo («¿)jk*Y¿(b«0 + hYo (W)J -  Y0 (e * ) [w ¿ (b * )  + hJ0 (b<)| = 0.

Ow residuo at the pole A = -*^3,2

(4)

(8 )

-  is



*  §|krfflJ i(b « (# ) -  hJ0 (b<<g )
2

(*| + p l )  { (k2«<jj+ h Z )«*f < * * » ) " k^CgJl Ch^g ) «* hJ^ O ^ g )
n

-JT O

*feere C0 (x,y) m JQ(x)Y0 (y) -  Y0 (x)JQ(y ). 

'Thus (3) gives

B(pm,r , t )

I f f  * W

i 0 (rPra) °̂pm) ~ *  »okpn) tym1 !  & pm)  + hIo ^ i j j

W -  “ 0 % ) V *

+ t V  £  K(^ s ) t ^ [ k V i O * . )  -  h J p ^ s )|2 Co(r^s. ^ s) (7) 

M  { (fc2'n + h2)JSC^s) -  f k V l ^ a )  *

(8 )

J\nd with tills -value o f  8 (^n*r*^) we have from ( l )

00 4

▼ = V f  f ( 2*)Zm(*, )d** * ............................
KP=1  ̂ O

and i f  = hg =r 0 vro have to add to the ri^rit hand side o f  (8) a terra

I  ♦  r L  o' K^  i k^ 0 . L -  ..
1 ^  ( ^ i + h2)J | ( a . E) . f k V l ( b . 8) .W o(b, 8) ] Y

r e ’ t (z<)dz' . (9)
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5. Bib eecd -ln fln ite  cylinder 0  ̂ r  < a, % > 0« 3ho surface r = a

kept at f  (g) fb r t  ;> 0 . Boundary oondition k-̂  |Z -  h jv  *  0» z a Q, t  > 0 

Wo assume f  (z) can be expressed In the ibm  § 1(4) •

Proceeding as in § 2 we fin d

~ 2 fC° i a f c ^ 2!_L2f £ ^ BV ss
p * J o y T T i T T M f

,00

Z(u#s #)f(zOde* « (1)

Using the resu lt S 2 (8) th is  gives

Z r
▼ a —¥

00 ¿5 <T0 (ru) -*(•’<§+ u2)li( l o ^ )  . 2 s~ 8̂ J0 (ru) J
{ Z  get 36ST
' s=l 8

ao

| Z(u,z)du J*
' A

Z(u,Z»)f(E')d

° ... (2)
whore the o<e are the positive roots o;? JQ (a*) a  0«

6, The region r ? a, s ? 0« 3ho narfaee r  a a kept at f  (a) fo r  

t  > o . oondition -  h^v = 0 # « » 0 ,  r  > a« t  > 0«

Assuming that f  (z) can bo expanded in to form g 1 (4) to fin d  as

in § 5

TT 5= fL.
P*

*  W ( q 2  +  U 2 )

Ko . / ( q 2 + u8)
Z (u, z )du

.00

Z(u#z f)f(zOdz* • . . . . .  (1)

Then using the resu lt I 3 (3) we have
,oo -ku^t

V SB 2 f ° f  ,  2 J"“1’2* (•“  e” kU 11 u*du’ c0 (ru ',au ') } * - ■ -*  Jo I  + f *  J • U2 +  u «2  j g f o f i a  f z ( u * z ) d u Jo
(2)

7 . The hollow semi*» in fin ite  cylinder a < r  < b , g > 0» Oho surface

r = a kept at f  (g) for t  > 0 . Boundary eenditiona jCi -  h^v = 0,

whan z = 0# a < r  < b# t  > 0 , and k^- + hv i  0 , when r  *  b , t s O ,  t  > 0* ---------------- s-------------------------------------- ---------------- e---------* ----------

Assuming that f  (z) oan be expanded in the form 8 1(4) we have as in 8 6



y r -

oo
v = lofq'r) kq'K̂ (q'b) + hKo(q'b) - ^(q’r) kq*^(q,b) + hl^q’b)

Io(q*a) kq'i^q'b) + hKQ(,'b)' - K„(q'a) kq'li(q'b) + hl0(q*b);

where q* = J (q^ 4- u^)*

*Z(u,s)du f ZCu^zOf U^ds* , ... (1)

Then it follows as in 8 4 that 
oo „00

v m i
uu „ w

B(u,r,t)Z(u#z)du Zfa.zOf(2')ds* ,

vihore 

B(u,r#t) =s I*(ru) kuK^(bu) - hSo(bu) 1 + Ko(ru) kul^(bu) + hl0 (bu)
Io(an) kuli^(bu) - UKq  (bu) 4* &c (an) kuli(bu) + hIo(bu)

+ t T  +'a) ̂ j|Wx(b*.) - hJ0(W6)|2 C0(rx„a^,)
* 4  (*| +u*) | (k2<| + h2)«T|(a<e)- | k V l ( b,<a) -H,(b<s)|Z |

and the are the positive roots of 8 4 (5).

(2)

8« Finite cylinder 0  ̂r < a# 0 < g <>^» s = 0 malntainod at f(r)

for t > 0# Boundary oonditlons kj ~~ ♦ h^v m 0, t s/, 0 ^ r < a» t > 0,

and fc —  + hr = 0, when r m a, 0  < z < / .  t > 0«—  & z — ------------—  - — -------
Vie as suras that f (r) can be expended In the series 8 1 (6)

f ( r ) = 7  J l  ~ z .---- .'J '° ---- - f r * f ( r ' ) j  (r'.<8 )dr* . . . . .  I
&a 8 = 1 J o ( a * B ) + Jo2 ^ )  *L °

(1)

■ŝ cre the are the positive roots of

kot Jq Cu )̂ + h JQ (a<0 = 0 # *.............. (2)

- *  * *“  ? £  -  <»
in tho case h = 0
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Here the subsidiary equation Is

a% a-— r* + —* r~  4- — — -  q V =
5 r 2 r a r  *z2

3 solved with v  = -~ f  (r) ,
P

»  § ♦ * # * *

—  + hv = 0 , a r

. 0 £ r  < a, 0 < z < a3 .

when * »  O0 0 £ r  < a •

when z »  0  ̂ r  < a .

when r = a, 0 < % < /» •. . . .  (6)

A solution o f  (3) which sa tis fie s  (5) and (6) and is  f in ite  «hen 

r  a  0 is

co8h -  2) +  h j  s in h  qs C^ -  * ) | ,  . . . . .

whore qg *  >/(q2 ♦ *§ ) •

(7)

and  ̂s is  the root o f

k-cJ^CftoO + h JQ(a^) a  0 .

Thus a solution o f  (3) satisfying (4 ), (5 ), and (6) is

-K f  sinh i d f e £ . MjiteaL—  f  mm#**
P“ Z g g  kx ooah + h j sliih j|(a<#)+  j|(a«<a) -*0

... (8)
where the summation is  ovor the positive roots o f  (2 ), and i f  h = 0 a term

2 kiq oosh q (/  -  z) +  hi sinh q(^ -  g) f 
¡¡¡I k  ̂ q 00 sh ♦ h  ̂ sinh q l  J

c
is  to be added to the right hand side o f  (8)»

To determine v  from (8) we require

r * f  (r f )dr*

A(<s ,* .t )  ■  J f r
/i^+ioo . N . .

e ** cosh pmw *  2 ) t  h j sinh - z )
dA , (9)

$ -100 kl f 8 00811 /V * * hl  8lnh / V

There = v^(~ +  ̂2) .

Hie Integrand o f  (9) bee simple polos at A *  0 and at A a  -  t<(P2 +



9*.

where g ^  n s  1 , 2 , . are the p o s itiv e  ro o ts o f|3 o o s ^  + s in  ^  =  0« ••»••••»•••••••«••• (X0)E valu atin g  th e  resid ues a t  th ese (9) becomes
A(Vz,t),  S B g g & ± ^ A ^ ii± i - f*1*8 00,41 ^ 8  + hl  ainh 4 %  B=1

* • * • (ll)And u sin g  th is  r e s u lt  in  th e to m e o f  (8) we have f in a l lyoo£ _  f
▼ z.* 2 **1 (12)

./hero i f  h = 0 8 term
V f t *  f  2(hl  1  ^ i f a W j L  |  f  r ’ f ( r ’ )dr'
a ** + fl) * )0

is  to  be added to  th e r ig h t hand sid e  o f  (12)«
9 . The region  r  > a , 0 < z < ¿ .  » =  0 m aintained a t  f  (r) fo r  t  > 0»joundary co n d itio n s k^ i Z  + h jv  m 0 ,  whan g m r  > a , t  > 0 , and5Z «  hv = 0 ,  whan r  =  a , 0 < * < xf o z . t  > o*We assume th a t f ( r )  can be expanded in  the form I  1 (8), namelyf ( r ) i oo -00C(u,r)u du I G ( u , r ' ) f ( r ^ r ' d r *  # «•••»«•••»*•• ( l)o *0i/vhere C (u ,r)  is  d efin ed  in  g 1 (9)*Then as in  g 8 we fin d  .oov « 4 i  S a l S t j eSSlStb , , l j h  q , ^ : . * ). C(u ,r)udu f  C (u ,r « )r 'd r » tp k-jq* cosh q * 4 -th j sin h  q V  JA A a  * • •where q* *  \/(q^ + u2)# (2)



* -

00

Them p roceed ing  as in  8 8 vro have

k^u ooah s in h  u C v -s )  m y  ^  (u2-f^^ )t 2/?m(kf + k ^ ) s i n

kxu cosh ,6i + h2 s in h  ( f m ^ ^ k l h l ^ l ' * ^ kfPm)

oo

f
* C (u ,r)udu  I C (u ,r ’ ) f  ( r O ^ d r *  , (3 )

where tli© pn  a re  th e  p o s i t iv e  ro o ts  o f

k^f3 oos p /  ♦  s in  p ^  = Q<

10* The hollow  c y lin d e r  a  < r  < b , 0 < z < 1 =  0 m ain ta ined  a t  f  (r )

fo r  t  > 0» Joundary c o n d itio n s  -  li^v = 0 , when r  = a ,  0 < i  < / ,

t  y  Q| kg + hgv = 0 , alien r  *  b , 0 ^  i  < 4» t  > 0 |  k  y ~  ♦  h.v = 0

when 8 » ^ »  a < r  < b , t  > 0 »

Wo assume t h a t  f  ( r )  can be expanded in  th e  form  g 1 (1Q)#
oo

f ( r ) y  f (p,«(s ) r ' f ( r ’ )F(r'»<< ) d r ' , (1 )

vihere F ( r ,< 8) and th e  * s a re  d e fin e d  in  f  1 (11) and (12)*

Then a s  in  g 8 we f in d  ^

- I  V  K fc —  j & S t  +hl  , lnh ir f f ig l  *■(-,- ) I r 'f(r ')K r \< < ,)d r ' 
’ p e i l  ki i ,  cosh V ^ + b l  8lnh 1 /  8 \

• •• (2 )

where qfl m >/(q2 + <* 2 ) # and i f  h^ -  hg = 0 an a d d i t io n a l  term
.b

1 Q  V g -

2 k^q cosh •  *) + h j  s in h  q(4  -  z)

p(b2 -  a 2) k jq  cosh q l  + s in h
r #f ( r * ) d r #

i s  to  be added to  th e  r ig h t  hand s id e  o f  (2)« 

Hence u s in g  the  r e s u l t s  o f  S 8 we have



?s-

oo o

rm A(«is,z ,t )P (r ,^ ) j r ’f (r ')d r ' 
1f=1 ‘' a

(8)

whore A («g, » , t )  Is defined in R 8 ( l l )  except that kj end fcg there ore 

to be replaced by k and h, and the -mines o f °Cg to bo used in -this result 

are the roots of f  1 (12)* I f  = hg «  0 an extra term

2—g- A \ V 0Z t H J I
^  ̂o

is to be added to the rigfrt hand side of (S).

■ A (0 ,»,t ) f  r * f ( r ' ) d r ’
b2 -  a2 J_

U .  Semi-infinite eylindcr » > 0 .  0 £ r < >♦ nalntalned at f  (r )

for 0 * r  < a. t >  0» Boundary oonditlons k iZ  + hv =  0, vfcen r  j» >.

z > 0» t > Q#

As in § 8 we assume that f  (r ) oan be expanded in the series § 1 \! )

* >  -  h
------ f c ) r * f ( r * )

s » i  4 ̂

where the o£# are the positive roots of

k* J^Ca*) + hJ0(a«z) = 0  , .......

and a term f r * f  (r* )dr* is to be added i f  h = 0. 
a2 L

dir* § •••• ( l )

(2)

The subsidiary equation is 

+^  + i 2 Z  + £ i -  q ^ r= 0  , O i r < a ,  z >0.  
Sr2 r d r  3z2

with v  »  A  f  (r ) t wh«n * »  0, 0 i  r < a,

and k -»* her *  0, «hen r = a, * > 0. 
S r

(3)

(4) 

(6)

A solution of (5) satisfying (5) and fin ite  «hem r = 0, and when z~> oo, is 

a"**8* J0 (rv ŝ  *

where the «U  *  root ot (2)* * *  % *  / (12 +



Thus the solution o f  (S)# (4 ), and (5) is
oo

m 2 V  e v = —
P* *=1 4

l 8 J° f r'firOJoCrVjdr' •••••••• (o)

a
and i f  h «  0 a t o n  J L  e ** f  r * f (rOdr* is  to be added to the r i$ it

pa  ̂ * o
hand side o f  (6 ).

To determine v  we require

I= : 2k

f t +lCO ex t - ^ / ( 4 ^ | ) dX (7)

5 -ioo

Hie integrand o f  (7) has a simple pole at A = 0 o f  residue e • 

Also i t  has a branch point at Km *  « ¿ 1  • Deforming the contour about

this in the usual way and putting l  = -  *<| + Ku2e~i7r oa CD 

 ̂ss -  ic* g + k u2eilf on EF we obtain

I = -  * * __ -S
-KU^t

TT e u sin au
♦ < §

du •#••••••*••••• (d)

= a ~ ZJ 5 + a» * * 8 O T ' a  p s / <t '  + I -  a *  8 °r fo  |*g -/< t  -  j

............(9)

Using the value (8) In (6) we find 
oo « oo

t = -2-  ?  i f » *  - i . - " >  f  •-Ku2t y f e J i  a«? - ^ ^ f r T T  /"a2 ¿ it  * Jo uè +df
•••• (10)

v/hero i f  h =» 0 a term
oo

| l * f  f * * * ”  ^ M | 4 l | y "* r ’ f  (r*)dr*

a
*=*■ erfo —A —
7  Î 7 T

r'fCr'JdP'

has to bo added to tlio right hand side o f (10) •
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12. The region | y O0 r ;> a» t = Q maintained at f (r) fbr r > a, t > G< 
Boundary condition k + hv a 0, when r = a, g > 0 , t > 0.

We assume that f(r) can be expressed in the form 8 1 (8), namely 
00 00

f(r) « f C(u#r)u du j C(u,r*) fCrOr’dr* •«»••••*•«•» (l)

where C(u#r) is defined in g 1 (̂ ). Ihen as in f 11 we find 
00 00

* ̂  p f ®~q  ̂C(u,r)udu f C(u#rt)f(r’Jr’dr»    (2)
o ‘'a

vihere q* s* \/(q2 ♦ u2)*
Uien using the result S 11 (8) it follows that

* « • »  .  £  e - K“ 2 t  f °  U ’ . t o  EU« J .f ! r  •  U&t l̂C(u,r)udu f C(u#r*)f(rOr'dr',
I u2 + u*2 I J

. .  (S)

v «  , j • I e
o  ̂o -a

or using 8 11 (9) the integral in ihc bracket nay be expressed in terms 
or error funotions*

13* fhe eemj-infinite hollow cylinder z > 0, a < r < b» g = Q
maintained at f (r) for t > 0» Boundary conditions - h^v m  0 ,
then r m  a, t > Of k£ + hgV = 0, when r = b, s > Q# t > 0»

We assume t at f(r) can be expanded in the series 8 1 (10) 
oo b

f(r) *  f  .....
s=l *e

■hero the are the roots of 8 1 (12) and if ■ hg = 0 an additional
2 rbtom — --- g j r'f (r' )<Jr' Is to bo added to the ri$lt hand side of (l)

(1)



Then as in  S 11 wo o b ta in
oo
ST

b
V  = e"qsZ F(p, t̂ )

8=1
.2  .  j  2 ’

r ' f ( r , ) F ( r , ,«(8)d r l  , (2)

v/horo qs = y/Cq* + oi j;)» iM l i f  h ,=  hg = 0 an e x tra  term
b**qz

(b8 -  a 8)p
i s  to  be added to  th e  r ig h t  hand a id e  o f  (2)« 

As in  § 11 wo have f in a l l y
oo t 00

V  =

’ n •8=1

r ' f ( r ' )?(*•*,* ) d r ' s
• • •  (3)

where i f  h^ =  hg =  0 an a d d it io n a l term

b2 -
oo

{ * - ♦ {

-  KU^t s in  su dn
u

D
j f r ’f ( r ' ) i i r '

i s  to  be added to  th e  r ig h t  hand o f  (25̂ *
'Hie in f i n i t e  in te g ra ls  in  th e  b ra ck e ts  may be expressed  in  term s 

o f  e rro r  fu n c tio n s  as  in  8 11 (9)»



CHAPTER VII. ^

THE SOLUTION OF BOUNDARY VALUE FROBLE1S BY A  DOUBLE LAPLACE TRANSFORMATION#

J* C* Jaeger*

. The Laplaoe Transformation has most frequently been used to transform 

a linear partial differential equation with two independent variables 

into an ordinary differential equation, the "subsidiary equation", from 

the solution of vhioh that of the original equation is deduoed* If it 

is applied to an equation with more than two independent variables the 

subsidiary equation Is also a partial differential equation and is usually 

solved by classical methods* The object of this note is to point out 

that partial differential equations in which the range of two (or too re) 

independent variables is (0, aj may easily be handled by simultaneous 

Laplaoe Transformations in these variables* The point of view is that 

of Chapter I in whioh the Laplace Transformation method has been 

regarded as purely formal, and the solution as subject to verification*

The method is related to that of Doetsoh* for equations of elliptic type

but assumes no theoretical basis* In I 2 a  simple two variable problem
3,

is discussed to illustrate the method and in |f(4 and 5 two new three 

variable problems of a type to whioh it is well adapted*

*  Ce^«elesF^aifld^^^fa^ ^ o r ^ >^rg> ov ^̂ ^ w ^ m 4 d g » •4 h ^ ly -g io o v y ’’in r^ p reee t^ -•-•Pro< n
h&ndon- -j-athy -oooyy  Auguety- -&>30f- - -BtriHrv -*v>rv- Afetby -Soovy  46- -£&>&&-)- -40^

+ Doetsohj Thoorle und Anwandun, ;on der Laplaoe--»Transformation,

(Berlin 1937), Chapter 22*



lo O m

1„ Ws consider a function v(x,t) in the range x > G, t > 0. 
Let u^x) * t(x*0) , ux(x) « jlij

W0(t) « T<0,t) , Wj(t) m
t»0

>x=o

The Laplace Transform with respect to t will be denoted by a ’’bar".

thus

7(p) *  j e-pt f (t)dt ,
o

and that with respect to x by a capital letter, thus
<30

a(p') > j*"P’x 6 (x) dx , 

and the double Laplace Transform by both
CO oo

V(pf,p) « JJ f*  v(x,t) dx dt ,
o o

p and p v are supposed to have real parts sufficiently large to ensure 

convergence* Ibis notation Indicates compactly the variables occurring j 

if there is another Independent variable y  it will occur throughout. 

Then subject to suitable restrictions on v we have

* * * * * *

CO to

if
0 o

^ rt V  vO o  

CO CO

, < r . %

o o
CO COr T  «*pt-*p  *X  y i— m  .. m/ / *  ¿ 4  d* d t -  P' 2T  -  p«¥0 -  w,

D o  3 X

(1)
(2)

(S )

(4)

From a given differential equation and boundary conditions ws obtain 

a subsidiary equation and boundary conditions by multiplying by 

exp[-pt~p*x] , integrating with respect to x and t from 0 to oo, and



' O l  .

using ( l)  to (4 ). Solving th is  equation we obtain V(p*#p ).

To derive v (x ,t)  from ^(p'#p) we assume an inversion theorem 

which may be derived formally from Fourier's in tegral theorem in several

variables ^  y+o

v(x*t) ss - -JL- f dA j ^ ( A #X)d\ (5)
^ ̂  J f ~ L C D  y'-Coo

where ir > arg \ > - tt , and tr > arg X > - irt provided that»

V( X,A) is  bounded in some h a lf planes R (^ )>  << 9 R(X) > X, ,

and Y > *  * y ' >  <*'

Other conditions in addition to (6) w ill o f course be neoessaxy for 

the truth o f the inversion theorem (5 ), but neither these nor the assumptions 

involved in  (1) to (4) need be disouased since the whole process o f 

determining v(x*t) as a double oontour in tegral o f type (5) is  regarded 

as purely formal* I t  has then to  be v erified  that th is  solution does 

sa tisfy  the d ifferen tia l equation and boundary conditions. This is  dons 

in the oase o f the equation o f conduction o f heat by transforming the 

paths of integration in (6) to paths beginning in  the third and ending

in the second quadrant and the v erifica tio n  is  then performed on these 

new Integrals. The whole prowess follow s the lin es o f the one-variable 

oase* and w ill not be given here. The oontour in tegrals o f type (5) 

are evaluated by a deformation o f the oontour precisely  as in the one- 

variable case« th is  w ill be dons without comment* the method and 

ju s t if  ication having been given ■■ w p e  erW re ferred t o *

2 , Heat conduct ion in the region x > 0* The in it ia l  temperature sere. 

The end x »  0 kept at unit temperature for t  >  0 .

We have to solve

* -tterelftTr-and--dtegfery-bony-d i r .  Cf. C hapter I .



lo2. #

1
9*J

- 1 ^  = 0 .*7% * t > Q9 x > 0 a>
u0(x) * 0 , x > 0 (2)
w0(t) * 1 , 
w, (t) unknown*

t > 0 (S)
§' §'ByX(l) andX(4) the eubaidiary equatloa le

(pt̂  - ZJ7 -  ZL + w,
K P

and ao V(p'.p) - ZLJLJElM  .
p(p,iL - p/k )

Fbr V(A*#A) to satisfy/(e) is» mat have* w  (A) « - (Ak) ^ and thus

V(V,\) a[\* +/n/(VO]
Hence by the inversion theorem/(6)

„ *  +  ¿ 0 0  „  C O O-j r  r \t4.A*x„Vf
*(x*t) W - ) d \ J 9 ----- d *

^ Jf-iMa tc o  *f r ^ ( V ^ ) 3

i - $ j  • * * *

(4)

3 • Heat conduction in the region x > 0# 0 <  y < b  | y « b

Maintained at unit temperature for t > 0 | y » 0 and x c o Maintained 
at sero for t > Q> the initial temperature tero»

We have to solve

* Boundary conditions stated' shortly as in (2) and ( 3) are to be understood
as: for fixed x > 0, lim v(x*t) m 0, (g’)

t o
f o r  fixed t >  0, lia v(x,t) * 1. (g*)x -> o

+ From this result the flux of heat at the origin may be obtained directly*



i o 3 .

¿ S  + -  A  2Z «  o # t  >  0# x  > 0# 0 < y < b
3x 2 ay2 K ^

with UgCy^x) * 0 *  x  >  0 # 0 < y < b

wc (y#t )  * o  , t  > o  # o < y  <  b 

wt ( y , t )  unknown

▼(y#x#t) «  0 , ehen y  »  0, x > Q# t  > 0 

v (y ,x ,t ) »  1 * whan y *  b, x > 0, t  > 0, 

The subaidiary equation la

dy
where S3

_ ♦  qxT  *  w, ( y ) ,  

P,z -  p/ k •
This is  to be ao lved w ith  V  m —i,

PP

The solu tion  Is

whan y = b  

when y  a  0»

( 1)

( 2)
* < * » • . » > j f  *  < *  -  » • * * • > #

-  / W « , ( y ’ )dy« .
o

^ z _ 7 _ i

Now sin  b^/( V 2 -  A ) ,  qua function o f  A S  has seros a t A ' 3 w d~^~  ♦  

n «  0f  1#••• so to s a t is iy C ^ ) the numerator o f  V (y#V f A) must vanish

at V  *  +>/(—-?- ->• £•) , » a  t A # M  »  that is 
b *

X b i . 2 .  *4’  *  '  <?

■  00 n so 1|2| m • • (3)

Th® residue of e ^ '*  V(y, A'. X), qua funotion of X' a t the pole \'= -\/(
2 *  nTr 1K

is

exp£-x\/C
SL i -n

b K; a l n ^
t-

f a f j U L »  -  (  a la  w, ( y ' ) d y '  ( .

X b ^ - + ^  J -  *  J

Using (3) in  th is  gives fo r  the re s u lt o f the A,- ln ‘t®&rR tl°n in  § 1 (5)



/a*.

ainh 
A ainh

2*n~nr 
\(kn ^ 2

«here the first tara come» from the pala V  a 0«

1
m

For the \ # integration we require 
J *  exp[At « x(A ♦

*x>
oo

_ 1 . x --K”‘̂  2 f -Kt(^l + 0  du
«(* at TT j u(u 4* <***)0

jT+l» QQ-*/. v a »•* •'**' •■» •
•••• (4)

¿r-ioo
Using these results we have finally 

00
- b £ Bto^

+p. 7 °(-)n. m j f * * + * * m a g M u e  (S)
0 n~l D y u(u^+n tt/VOv

Clearly problems In which the temperature of y * b is a function of 
x or t may be dealt with In the same way provided the function satisfies 
fairly wide conditions.

4 • Heat conduction in the region x > 0» 0 < y <bi the initial
temperature unity 1 the surface maintained at aero for t >  0.

W© have to solve

¿ 4  + -  A  ¿5 •  0 # t >  0 , * > 0  * 0 < y < bax* W * * at
with ^(y.x) » 1* x > 0, 0 < y < b

w^(y#t) « 0, t > 0, 0 < y <. b
w, (y,t) unknown,

v(y,x,t) m 0 when y ■« 0 end y « b for x >  0 and t > 0«



/o«T.

The subsidiary equation is

d T  2.T» —> t \ 1— -  + qx7 = w, (y) -  — f  $
dyz ' *P

where q^ »  p*z -  p/m .

This is to be solved with V «  0# when y «  0 and y o b .  The solution is

V(y.p'.p) ** - ,ln qb - ,ln ^  - ,ln q(b * y)
kp*qz sin qb

-  J • I » q 0 > - y , )w ,(y ')d y ' f  ,m  ^ ( y j d y ,

* (i)

The sexes e f  sin b(A,a — —) , qua funotion o f Y# are at
i z x K §t

\* «  ¿ (S j~  ♦^ ¡*|  n »  0 ,1 ,2 ,... , sad thus, in order thaty((6) may be

satisfied, we must have

•  - ♦  f  «In 53^- w (y' )«ly’ *  0 , n »  1 ,2 ,... .
nTK( B ^  ;  L ) t  j

The residue o f e ^ x 7 (y ,V i\ ) at the pole A* = - is

(2)

• l f a V t ^  -  ^  
•**

-à

b" *
£

Using (3) in this result o f the \ *_ integration in § 1 (5) is

4b
7T

2. 00
expr x(( ^ i Ù L +A)i sin isn+jya

(2 r+ l) [> (2 r+ lf7 ra+Xba]  L b 

. sinh b(VK)^ * sinh yCVO^ «» sinh(b -  y ) ( V k)^
x #

where the last term has been derived from the pole A* *  0 I there are no 

poles at V  a -iv^ (V x )*

Carrying our the A -  integration in the usual way we have fin a lly



io 6.

v(y#x#t) « 8
irr ^~ J exp£«*Kt(uz + (2r+ i f  Tryb* )jdu,

r=o (3)

The same metijod applies to oases In vdnioh the in itia l temperature 

uQ (y,x) is a function of x and y under fa irly  general conditions on the

function.

As an example le t i^Cy^x) *  x, for x > 0, 0 < y  < b.

Ihe only change in V(y#p^p) is that the firs t  term of (1$ is 

replaced by
-  sin bq ♦ sin qy ♦ sin q(b -  y)

Kp,2qa sin bq

Proceeding in the sane way we fin d  that the only pole o f  V(yf Af#\)

qua function o f X* is X' «  0, where the residue is

x  s ia h  bC V tO ^ -  sinh  y ( V k ) ^  -  sin h (b  m y ) (X A )^  ^
X sinh b (X/k) e

Performing the integration of^CS) *• obtain fin a lly

T(y.x.t) • J l f  i r J ^ . t o  S& +XU L.
r=o

(4 )



to ?

5. Ileat conduction in  the sera i-In fin ite  cy lin d e r x  > 0« 0 ^ y  c  a ,

y =» a a t  u n it temperature fo r  x > 0 and t  > 0 ; x  m 0

laalntalnod a t  sero fo r  0 ^  y  < a  ,  t > 0  i the I n i t i a l  tea^perature zero»

W$ have to  so lve

a ^  +  a^v x l ^ i  -  
a *2 a y 2 y d y r f i - 0 * t > 0 *

w ith  uQ(y ,x) =  0 , x > 0 , 0 ^  y  < a

w0 (y ,t )  rs 0 , t  > 0 , 0 «; y  <  a

W ^ ( y #t )  UE&nOMl

v ( y ,x , t )  m 1  , when y  = a  * x  >  0 ,  

1510 su b sid iary  equation Is

x > 0#

t  >  0 .

0 ^  y < a

d^F

dy2

1 *lv 8*“ "• / \ (1)

eh r3  q2 = p |2 -  p/ k •

This i s  to  be solved with v  or 7^ 7  when y  = a  . 

A p a rt ic u la r  in te g ra l o f  the equation ( l )  i s

vftiero C0(x,y) m J0(x)Y0(y) -  Y0(x)J0(y) .

So the so lu tion  o f  ( l)  and i t s  boundary conditions i s

J o
a

tt Jrt(nv) f
+ i71^T J * • • • * • •  (2)



/£>g>

J0[a (V 2 -  V k)^  , qua function o f  \* , has zeros at y m ¿V (°(g + £■) $ 

whore ±  oi # s = 1, 2, are tiie roots o f

.T (a<x) ss o •O (3 )
To satisfy  8 X (6) the numerator o f  T(y,\*,X) must vanish for 

X * sr -f (o(* + A.) , S = 1, 2, . . .|  i*e . we ran at have

¿ o ( y O8' . iaiip&L
X v^s 7X~ ^  Jo (‘ V

Jo(y,(y8 ^ l(y , 5y,dy, =*0 * s = 1, 2, (4)

Ihe residue o f  T(y#\*f \) qua function o f  V  at tho pole A* = -x /¡fv j ♦ ĵ O 

is
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THE REGIONS BOUNDED BY A CIRCULAR CYLINDER AND PLANES PERPENDICULAR 

TO ITS AXIS WITH CONSTANT SURFACE TEI.IFERATURES•

In Chapter VI the tem peratures o f  s o lid s  bounded by c o a x ia l  

c y lin d e rs  and p lan es p e rp e n d icu la r to  th e  a x is  w ith  g iv en  su rfa c e  

co n d itio n s  and zero i n i t i a l  tem perature were d is c u ss e d  by the 

obvious method o f  se p a ra tin g  v a r ia b le s  in  the s u b s id ia r y  e q u a tio n .

In ca ses in  which th e  tem perature f ( x )  o f  a su rfa c e  exten d in g  

to i n f i n i t y  was p re sc r ib e d , the c o n d itio n s  on f ( x )  would in  f a c t  

be v e ry  r e s t r i c t i v e ,  and in  p a r t ic u la r  th e  im portant case f ( x )  = Constant 

cannot be so lv ed  in  th is  way. In Chapter V II  a method was developed 

fo r  d e a lin g  w ith  some problems in v o lv in g  s e m i- in f in it e  s o l id s  and was 

found to be a p p lic a b le  to  problems in  -which the su rfa c e  or i n i t i a l  

tem peratur©3vrere n o t so r e s t r i c t e d .  The form o f  the r e s u l t s  o f  

th a t  Chapter su g g ests  an a l t e r n a t iv e  method o f  se p a ra tin g  th e  v a r ia b le s  

in  th e  s u b s id ia ry  eq u atio n . In t h is  Chapter form al s o lu tio n s  w i l l  

be g iv en  in  t h i s  way fo r  th e  s e m i- in f in ite  c y l i n d r i c a l  re g io n s  

z > 0 ,  0  ̂ r  < a ; r  ;> a,  0 < z < /̂  5 z > 0 ,  r  > a w ith

co n stan t su rfa c e  tem p eratu res. Problems w ith  r a d ia t io n  boundary 

co n d itio n s

k + hv = k n dn 1

a t  the s u r fa c e s , k , h, k]_ b ein g  c o n sta n ts , may be d e a lt  w ith  in  

th e  same way. The same method a p p lie s  to  problems w hich can be
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solved by the methods of Chapter VI such as the finite 

cylinder with constant surface temperature. The two methods 

give different forms for the steady state solutions but the 

transient terms are identical.

The problems solved constitute a complete set for the 

regions bounded by the cylinder r = a , and planes z = 0 

and z = £  with constant surface temperatures and zero initial 

temperature. In addition in §§ 5 and 6 two problems with 

constant initial temperature are solved directly; this seems 

worth while doing in view of the importance of these problems,
f

the solutions can of course be derived from the other results

of this Chapter.



I l l

1. The problem o f Chapter VII» 8 5. Heat ooiiductlo n  in  the sera i- in f in ite 
cy linder s > 0» 0 ^ r < a #  r  — a  main tax ied  a t  u n it  temperature fo r
g > 0 and t  > Q| i  m 0 maintained a t  sero f o r  0 r  < a» t  ^  Q> 
the I n i t i a l  tenporature zero*

The subsid iary  equation i s

~ — q®v == 0 » 0 ̂  r < a * s> 0 • • • • (l)a r  r ^ r  <92^
to be solved "with

v = i /p  # r = a ,  2 > 0    (2)
= 0, s = 0 » 0 ̂  r < a . •••••(3)

b# seek a  so lu tion  o f the  type
-  1 h W  ♦ "V .  T < i « .«T = P W  ± 1  • * Jo K >    <4 >° i®»l

¡¡mi (rise
chare tho m m 1, 2» •••  ere  ih e /ro o ts

Jo(***> s  0 • .............  <5>
The f i r s t  to r»  i s  the so lu tio n  o f  (1) and (2) fb r the in f in i te

cylinder» tlie oocond a se rio s  o f co rrec tin g  teams v.hich s a tis fy  (1)
and vanish ?*ien r  = a  # the co e ffic ie n ts  a are to  be  chosen so
th a t  (4) s a t i s f ie s  (3)* This req u ire s

0 = P + Z ? ^  Jo H )  •nrt,

Thus a  = -  —ILTfek—, .... —ap (« |+ q 2 ) Jj^aofe,)

-  1 V q r )  2 4 ?  Jn (r*n) + lt.\
and8° v = p W * * Z  7 ^ 7 7  * * " (6)

iapsl
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This i s  in  agreem ent w ith  Chapter VII 8 5 (5) excep t fo r  tlie  change 
o f  n o ta tio n  and th e  va lue  o f  v  fo llow s as b e fo re  from C hapter VII 8 s (4) 
and Chapter I I  8 5 (6)

.  ’  T  ' k i t e i f  . .

••»♦¿¿I l " <u * <5>
..... (7)

2 . The region  r  >  a , 0 <  z <  /  • •  a  ^  kept a t V for  t  > 0 .
The o th e r  su rfa c e s  a t  gero . The i n i t i a l  temp  -ra tu ro  zoro .

The su b s id ia ry  equation  i s

2-Z + A3Z + .  q2? = 0 ,  r > a , 0 < a < X  .........  (l)a r 2 r a r  ^ 2
w ith  v  “  l / p  » when z  = /  9 r > a  .............. (2)

= 0 ,  * = 0, r  > a .............. (3 )

= 0 # 0 < s <■£ g r  = a  .  . . . . . . .  (4)
oo

Choose v = ~  *n s ln  Ko^r %i^ # .............. ^
n  a  1

where »  * /(q^  +
This s a t i s f i e s  i l ) ,  (2) and (S) and in  o rd e r t h a t  i t  may s a t i s f y  (4) we
re q u ire

F sit + X  “« •*“ = 0 •n?=l
2n7T (-  )n- z '¡t yy •.•»*....... .^  <Jn Ko(aqn )
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Bam

1
v-;

r+iOD

i-iOD X

At K0^rN/(î ~  + —)J
5P] $ 7 ^ 7 l|&  + g|rii i

d\

-  4 . * ^  *  £  -  *  • '■ * * *  j f c £ » f c g f a

CO
And v/e have fin a lly  

GO
« 2 -▼ =s rr *f

"" ^— n l
OKI °

8 ^  2 *  ( - ) n ^(m ur/^) iitte

7  + ~  ■ n Y C i M T  9111

00

iL Z<->n -  Kn^r^t/^ . ItTTZ
00 -  Ku t̂

sin
15=1

C0(ur,ua) da
u(u2+ n V 7 X )[4 '(u «x )+ y02(«a )] *

..........  (• )

3» Hio region r  > a, i  > 0« 8 = 0 kept at unity fo r t  > Q# r  > a>

r m a at gsro fo r  8 > 0» ^ > 0. The in it ia l tonporaturo zero»

The subsidiary equation is

. ¿ a v  . _ 2-  n—« + T  nr + o -  q t  = u , r >3p2 f a r  j,.2 ■ q a, z >  0

with v  ss l/p ,

ss o *

i  = 0, r  >  a

r = a , s >  o.

Let v
oo ^

*x — e + J f  (u) sin uz + j  <*u*

Ihis satis .Pies ( l )  and (2) and (3) requires
oo

p  o *** + J f(u ) sin uz B ^Ja^+u2)^  du = 0
o

Jlence, by Fourier's integral theorem

ttP(u,2♦ q2 ) Kq|a(u*2 +  q2)^ !

(1)
(2)
(3)
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Thus
— 1 -qs 2
V = P ° * -n-p

I 5a d H i l A . a u  .
J„ u8 ♦  a* K a(u2 + q2)“ (4 )

And, using § 2 (8) 
oo* 27 s  1

°0
00

uu
2. f s in  us K^fur) „* *  J '"  u v  a -----du

4
1

-KU2 i® »KU,2 t-* u 2t  . . f © CQCu’r^ u ^ i)^ *e u s in  uz du / ------------- -T.SL1-.-1----J — -— .——.j Q u« (ur2 +u w) p 2 (u• a) + y|(u*a)j (S)

4 • Ths region r  > a , z > 0« r  = a  kept a t  u n ity  fo r  g > 0 , t  > 0«
» at Q leapt a t  zero f o r  r  > a# t  > o« Tbs I n i t i a l  toriporaturo zero«

The subsid iary  equation i s
I =r 0 - r ^ a -  * ^ O .  ........... ..T l  , I  a il + a^v

a r 2 r az2 ~
v =  l /p  , r  =s a.
v m 0 , z = Oj

Let

t l i is  s a t i s  i f  os ( l )  and (2) j (3) requ ires

P + f  f  ̂  G0 (rtt,au) du = 0 ,  r  > a.
J0

Som by I I  1 4  (6) (Weber’s  In teg ra l theorem)

° (<ir) =  i  1 M * w * % ^ * *

(1 )

(2 )

(3 )

— I f W X „ - , -z (o 2 + U2)^  .v =5pk^T̂ 7 I ^ i  * ................  (4)

(5)

Thus (6) gives
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CD

f  (u) m  - u
pK0 (qa)[j^(ua) + Y|(ua)[" J

CQ(ur\ua) Ko(qr O i^dr1

iuid we have
_  1 Kp(qr) 
~ P ’O q a )p Kq (qa) ir p

oo

MO

-s(q2 + u2) CQ (urtua)u du
(u2 + q2)j j 2 (ua ) + Y2 (uafj

• *••• (g)

And thus, using VII § 3 (4) 
oo

V = 1 T-Jj* "TT
a"112 Cp (ru»au) du 
J§(au) + Yg(au) u

CQ(ru,au)u du i 
2 / J§(au) •* Y2 (au) J

oo

1

00
-KtClI2 ♦  U*2 )

G 8in u»z du* 
U* (u2 + U#2)

• ♦ • • (7)

o* lloat conduction in the region JU JLZ, r  ^ a . Hio suri^aoei  ̂jtOljpt 

at zero. The In it ia l temperature unity.

V/© have to  solve

j 2?  l a v  a2?  a -  1 „  .
¡ 7 2 + ? ~  + ^ "  "  T * r > a '  ..............

with v rs 0 ,  ehen 8 = 0 and e = r > a ...........• <

v = 0 # r  = a , 0 < & . . . . . . .

Seek a solution 00
— einh * sinh qe -  slnh q ^ - z )  . mas „  N
v - — p i i S h i r ------------- + Z  % — y W »

u )

(2)

(S)

:p=1

irfiore qn = * /(q 2 + ii^V2/^ 2)*
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This s a t i s f ie s  (X) and (2 ) , and (S) requires
oo

J  %  . l a  y  K ^ )  •  0 .
zmX

101100
fc-)n -  a

nTT pj q2 + n V / f 2I ' o H 1

— siilli -  slnh qz * sinh q ( ::*  z) , 2 'V  L (-)n -  l]go(rqa) _
T "  P ■H l  "  +TK ^  n ^ + n V / / 2] ^ ^ )

oin • 

• • • • (4)

•Therefore. n u A o x  w *  v  ^

8 y  «ln(2n + l ) 7 r t / /  -  *<2n+l)2*2t / ' e / e*KU t  C0 (ur,na) da 

^  +  o  f j| (u a)+ Y | (u a)ju

6 . The region i  > 0 , r  > a* I n i t i a l  temperature unity» Surfaces 

fcopt a t  zero fo r t  > 0«

T b o  fa c t  th a t  the solu tion  fo r  th is  case follows from the solu tions for

constant boundary temperature and aero i n i t i a l  temperature suggests a

combination o f the solu tions o f  §§ S and 4 , Thus 
- 1 1  Ko(cfr) 1
T 3 ? ‘ ? W ' p e

CO
2 C u s in us Ko~rr;g ?tt* + q* ^

a

r(u 2 + q2P 9° -z ( q2 + u 2 ) : C0 (ur,ua)u du
I " L ± 5 l 1 1  -  *  L .  f  *  . - u -
a(u2 + q2 ) ' U ' f f ' P  J (u2 + q2 )| j2 (ua) + Y2 (ua)|

(1 )

s a t is f ie s  the subsidiary equation and i t s  boundary conditions* llenco we

have the solu tion



" 7

V a  -  1 +

CD 00 a
£  f sin us î o (ur) £  f o"° CQ (ru,au)cki
“  y u k 0 W  J te(m)+T$(m)U

00

*  f  ------------du (
TT* Jo u[j£(ua) 4- y |(u a ) | J

00 00 
. f co (ur,ua) du r

t Jq u£Jq (u a )4- Yq(ua)j J

[ j 2 (au) +Y§(au)J 

oo ftln u. a
w

du» ♦ ♦ (2)

j-HtCu^-Hi*2) «in u*s ^ ,
® ■'%..  auf ,u* (3)

since the f i r s t  throe tarns of (2) are the steady s ta te  solution «hioh 

m a t be z e ro *



taf

7 • Hie f in i t e  cy lin der 0 ^ r  < a , 0 < r  < / »  I n it ia l  temperature zero . 

r = a kept at uni ty fo r  t  > 0» [  m  0 and z m /  kept at aero fo r  t  >  Q»

ihe subsidiary equation la

+ i  -iLI + iLX. -  q^v -  0 9 0 ^ r < •# 0 < z. 4  • •••••* (1)
a r2 r * r a*2

with v  = l /p  , r  = a ,  0 < z < /  .............. ••«•«••••(2)

v  = 0 , when z -  0 and z ~ A $ 0 r  < a • ....................... . (3)

tie choose qo

V =  — 7 ~ ; ~  + 7  A J ( r ^ )  cosh {& 4 -  z)«j ,
P I„ (q») ¿—z

U )
8=1

where* qg = s /(q2 + <*2) .  s a t is f ie s  (1) and (2 ), and (5) requires

p\ v ) '+ 7L A* v rv  °°si‘ M i* = ° •
8=1

Qius l  2 <<_Ag cosh s’/  q * .......... .... p-------kt *
a*> J1 (a<^)(q2 + o<2)

aid, substituting in (4),

y .  T _ V o ^ _____ o ° 8 h ( ^ -  « h e ......................... (6)
p M q » )  a  p ■Ji(«ws )(q 2 + ^ )  oouh

3ien, using tho result

»  ri+iao 9At ak a t È 0 d s t  ;) fe 2 + 7 » > *
*  Xfk2-»- >/k) oosh |/(fc2 + > /k)5

*  r-ioo

. °°*  m * a j i , j L * k2t »  $*** f  *r K(2afl)PV t / ^  asm tMiak,
k2 ooth \4  <% k2 ^  (2n + l)  jk2 ♦ (2n-f l ) 2??2/^ 2 J

. . .  (6)

have f in a lly

She are the p os itiv e  roots o f  J0 (a<*).



oo
2 V  Jo(r*a) 0O8h(ü>t -  s) c<#

V ~ * a  <*g J i ( a O  coshS=1
8 T  °% -M r*,,) T  .“ K(2n+l)Z7T2t//2 ein(2n + 1) tt«/#*83r £¿ icrafiTtíSKf^]

.... (7)

The tra n s ie n t terms oí* (7) are  the same as those o f  Chapter Y l§ 8 2 (9)# 
but the steady s ta te  to m s are obtained in  a d if fe re n t  form*

8. fjw fte  cy lin d er 0 <^a* 0 z <4* I n i t i a l  tecgrerature goro*
1 s  4  kept a t  un it:/ fo r  t  > 0» -foe o thor surfaces ánpt a t  zero fo r  t  

The subsid iary  equation i s
+ A ÜÜZ + ¿L l •  q^v = 0 * 0 ^  r  <. a  ,  0 s < <¿ # sees* (l)dr2 r a r  ^

vrith v  =s X/g 9 t  ~ ¿  9 0 «  r  < a     (2)
tt = j t * » o # o  ̂ r < a     (s)
v = 0 # r  s a  , < 2 < ¿  •     (4)

1 e  soek a  so lu tio n  o f  type
?  = + £  af i* 3n ^ Io(r «!n) ................................................. (B)

whore qn at ♦ nV ^/^) •

This s a t i s f ie s  ( l ) # (2), and (8 ), and in  order th a t  (4) may be s a tis f ie d  
\m requ ire

2 1  ^ H i } “ °*Usrl
I n  ol. = - j f e g l r J Í ---- .

P ^ q |
a r t  t  = f  n (I )n Io(r.%¿ * 2i ....................................... (6 )

p rJnh **  <£ I0 <*fa) ¿
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Therefore finally 
oo

z 2

15=1

00 00 - KtUa+n̂ -rr2/^2)
(-)nIrt(nrrrA"’) . mr* 4^ y  „ » ^ i n r z  "ST (r^ )*n ^ W / r ~ -t  ¿Ln(-f •ta - r  L  3 f f m ...

(7)
•whore the <xg are the positive roots of JQ (a<x) = 0 •

The transient terms of (7) agree with ttiose of ifoapter VI, f 8 (12)#

9* 3he semi-Infinite cylinder 0 ̂  r , g > 0« The Initial taapsfmtuw 

sere» s = 0 kept at unity for t > 0, 0 < a, r »  a kept at sero

for z > 0P t > 0«

The subsidiary equation is

v = 0 , 0 ^  r <; a , z > 0 , ..... (l)

0 ^ r <. a ................. (2)

s > 0 • •••••••••••••••••••• (3)

q*) sin uz f(u) du , »»•••••*•••••••«•«•• (4)

where q* = *s/(q2 ♦ u2).

This satisfies (1) and (2), and (3) requires 
a>

~ e-q* + ^(aq*) «in uz f(u) du as 0 .

f(u) 3

¿T + iaz + ii.
2 r dr dr az2

be solved with

v = l/p , 2 = 0
7 = 0 , r = a ,

Here we choose 
7  - 1 .~qZ ■V = —  s +p

CD

J  *
Jo

Tims

and

2u
^Pq'2

-  1 -q* 2
v = p e "

r° u sin u* Io(rq’) ^
j  7 »  du •

(6)

Therefor©



m.

oo
* 1 . 1  f I c Wir J u  I o (u b )

uz du 00 t / n J* -^ t(^ -K i2)4 V  Jo ( r ° 0  f •_____ 8 u sin uz du
"-a /  *8% ^ )  j  +

8=1 o • . . .  (6)

whs '3 the oĈ  are the positive roots o f  JQ(a°0 = 0 ♦

The transient terms o f  (6) agree with those o f  Chapter VI, S 11 (10)*

10« The region r > a, 0 < a < A  r = a kept at unity for  t  > 0,

0 < t  <  A  Tbs other surfaces at zero* The ini t i a l temperature zero»

The subsidiary equation is

• q^v = 0 , r > a ,  0 < z < d  ,a2?  , l  3t 2 -
+ £ Z

3r2 r 9r ¿ z 2
be solved with

v = l /p  , when

«1 1! o • ■when

We olioose
00

(1)

(2)

(S)

v g  p K (qsiy  * C0 (ru,au) e o a h (»^  -

This sa tis fie s  ( l )  and (2 ), and (3) requires

M
oo

+ J C0 (ru,au) oosh ^  (q2+u2) ri f(u ) du = 0 .

Thus, by Chapter I I , § 4  (6),

f(u ) ooeh * ( „ * ♦ « * > * - -  ; - (<3a)^ ) + ^ (ua^  J  C0 («r..ua)K0 (qr .) r .d r .

2u
wp(q2+ u2) j j 2 (ua) + Y2 (uaj]

Uding this resu lt In (4) we obtain

r -  ,
1

P Ko(<ja)
___2 _____- .............(5)
rrp(q2 + u2) J j 2 (ua) + Y2 (ua)j cosh (q2 + u2)«
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herefore, using the re su lt |  7 (6 ), wa obtain fin a lly  

2 | ooah(i^ -  s)u  C0 (ru#au) duV =  1 +
7T u oosh .¿¿u |~j|(an) + Y^(au)j

- x  / y  p30 -  Ku^t -K/on-f

^  l'2 n + 1  ̂ J 0 ju2 + ( 8 n + l ) y ^ / ^ [ j | ( u a )  + Y|(ua)J

..........  (6)
The transient part of (6) i s  iden tical with that in  the 

solution Chapter Tl, f 3 (5) but the steady sta te  terms are obtained

in d ifferen t forms by the two methods.



CHAPTER IX.

THE TCEDGE WITH ZERO INITIAL TEi.jPERATURE.

It is well known* that the solution of the problem of 

conduction of heat in a region with prescribed surface 

temperature and zero initial temperature may be obtained 

from the steady state solution and the Green's function for 

the region with boundaries at zero. The Green's function 

for the region is thus the most fundamental but solutions 

for problems with zero initial temperature and prescribed 

surface temperature are of considerable interest and are 

frequently derived independently.

In Chapter VI a complete set of solutions for the regions 

bounded by coaxial cylinders end planes perpendicular to the 

axis was given by the obvious process of separating the variables 

in the subsidiary equation*. This provides a very simple method 

of obtaining formally the results which would be obtained by tho 

more sophisticated Green's function procedure**.

The method of Chapter VI depended on the fact that tho

* C.H. § 9.

The operational equivalent of this was used by Goldstein,

J. Angew. Math, und Hech., 12 (1932), 235.

** C.H., Ch. X, § 80.

123.
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subsidiary equation

i Ü + I ^ + i i - q ^ O
2,r2 rar 3=2 *

had separable solutions of two types

sin mz I0[r V ( q 2 + ra2)]

and

J ( «I r) sinh z «vA0̂  + q^)

a)

(2)
and by choice of the appropriate one all the boundary value 

problems could be solved.

In the present chapter problems of the same type for the 
wedge will be considered. Here the subsidiary equation is

b^y ( 1 by + 1 frAr _ ^2—  _ q
a r ‘ r hr .2 ̂ 02 (3)

of which there is only one type of separable solution, namely,

sin Im (qr) .........  (4)

Using solutions of type (4), problems in which the temperature 
vanishes on planes 9 = 0  and 0 = 0O can be solved (these are 
discussed in §§ 1, 2) but not problems in which the temperature 
is prescribed on these planes.

The method of Chapter VIII which involved the use of 

the solution of the subsidiary equation for a wider region is 
not available here but suggests that the steady state solution
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might be used in the same way. Clearly this process is 

closely related to the method of obtaining a solution from 

the Green’s function and the steady state solution, but again 

it gives a fairly easy formal process for getting the solution 

withoug the use of Green’s function.



JU the region 0 < r < a, Q < . 9 <  ero In itia l temperature»

the boundaries e = 0 and 9 = kept at zero fb r t  > . r  ^ a
oo

kept at f  (&) = ®n « i»  d&.
n=l °

2he subsidiary equation is

+ 7  t r  + ?̂ - q2̂  = o , o < r < a . o < » < #  (1)
ar" r 3r r2 afl2

with v s  o when & = 0 and d = $0 , 0 < r  < a . ........ . . ( 2 )
oo

V =  i  2 1  “»  s ln  ^ S ~  » 0 ? r  =  a  ...........................(3)
re=l

We sh a ll write throughout

a =s n 7r/eo .  ................................. ....................... .. (4)

A solution o f ( l )  which sa tis fie s  (2) is  

sin  a% *a (q*0 »

and thus the solution o f  the subsidiary equation and boundary conditions is

7=* S +***$& .................... (5)
To determine ▼ we require 

/+ loo

- * J  ................... <«>
d-ioo

where ^  = rv /(V K) •

> T'^J) a •*agle values function o f  A with a simple polo at A = 0

and simple poles at A = -  ,  viiere o<Q# m = 1 , 2 , . . .  arc the positive

roots o f J8(ao<) »  0 •

Evaluating the residues at these poles (6) becomes



,z7

Thus fin a lly
oo

v »~ ®n sin4 «difeK4!
nf=l

(8)

2. Bie region 0 < 9 < ftQ t r  > a . ¿«ro ... P »

boundaries Q a  0 and £ = SQ kept a t sero fo r  r > a  , t  > 0 » 

r  «  a  Inapt a t  f(ft) fo r t  >  0«

As in g 1 tho solution  o f tho subsidiary equation and boundary

conditions i s

v = i
t  L*  “ta *  '

(X)
S = ri Tr/e0 •

To find v wo require 
/•fioo

1I = 2iTr
r-ioo

a\t K8 (fa-) aA
¡ g p n  r * (2)

Since K .(z) , e > 0 , h :« no zeros fo r  | arg z| <  tt/2  two use the

path o f F ig, 1 and obtain fin a lly

_ — q r m Ku^t C„ (ur.ua)du

ajsfgar • (3)

Ce(x#y) = J8(x)Y8(y) - JQ(y)Y#(x) •
And

oo
v = V  -  ,a se , 2 c - K u s t  c«(ur,«u)du

u  *  L r 7  (  • » r f < « )  * * M  J

For t  =  0 tlio terms in tho brackets all vanish, , Titohnarsh, 

Proo, London Ilatlu Soc,® 22 (1922) 15*

• • • (4 )



5 ?he region 0 < f < a i  0 <  e < e ss 0 rjaintained a t  zero,

e =» a t  unity, r  =  a  a t  zero* Zero I n it ia l  temperature*

As suggosrbod In the Introduction v/e have f i r s t  to find the steady

teip© ratur o t consider
oo

w _  # - >  A ffiiô fr \n7^ oT a  g -  +  /  « jj » in  — -

th is s a t i s f ie s  the steady sta te  equation and the boundary conditions for

I M S  « and the steady sta te  solution i s

▼ *  f ~  + *0
2
? f  ¿ £ * l n n r t  , r i nV s 0 

»0

For the general problem the subsidiary equation is

a 5  + .l a v  
r  9*r

l  a2̂  _ f c+ - r  —ny •  q “V 
r2 a*2

ss 0 ,  0 < r c  a. 0 < ®0 . ••• (2)

with wlsn 0 *  0Q , 0 < r  < a

= 0 , 9 = 0 , 0 < r < a

»  0 , r  = a , 0 <  0 < 0O

We sooik a solution o f the type

V a *e ♦ * .
p0o Frr

00

I
W=1

8ta s p i*\nTr/®o 
Ç ) +

oo

Z
n=l

n “ire 
o

.. (6)

where tfcs are Vbm roots o f  <Ts (*a ) = 0 .  s i s  written for s 7̂

in the orders o f Ijossel functions**

(G) s a t is f ie s  the boundary conditions (S)# (4) and (5), ana to sa t is fy  (2)
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4* The  r egion r  >  0 , 0 < 9 < &Q, 9 m 0 kopt a t  sero and £ g %0

a t  unity fo r  t  > 0* Zero i n i t i a l  temperature.

The subsidiary equation is

« f t  + i  \  -  q2^ = 0 ,  r  > 0 ,  0 < #  <  dQ .......... (1)
r  a r  r *  ad2O*

with v = l/p when e = r  > a ..............  (2)

ts o when © = 0 ,  r > a  •••••••(3)

Hie steady s ta te  solution is  ©/©Q •

Tie m eet a so lu tion  o f (1) o f typo 
00 00

v m — ■ + s in  “ • j f  (u) J #(ur)du , ..............(4)
i r f  °  i

v/liere s is  v/ritten fo r m»A0 fte the orders o f Bessel functio  s .

This s a t is f ie s  (2) and (S^and ( l )  requires
oo ao

0 = s - ^ | ~ -  2 \  J  (u2 + q2 ) J s (ur) f n (u)du .  ..................  (5)

_  » 2 y  (_ )*  . nir-e
KOTr ^?0" = *  —  n ato  “  *

and thus (0) requires
oo n

J  (u2 + q2 ) dg (u r)fn (u)du a  ~  - . ...................... .. (6)
o B

uow r00 J s ^ -> du _  i  

{  "  " 8

2 ( - )nso we take f n (u) = — f f r  1 ■ Cx ? and obtain
k^qu (u2 + q2 )

~ 9 sr^ 2 ( - ) h , n-rrQ f °  J . ( u r )  du ,„A
’ ■ s i *  * 7 ? )  ..................m
v = | - . J -  £  ( . ) “  . in  T .-‘A  iiip H ..................................... (8)



13/.

5. The region r  >  a , 0 < 9 < 9 Q» 8 = 0o kept a t unity fo r  r  > a,

t  >  0» Ihe other surfaces at zero« The In i t ia l  temperature zero«

From S 4 i t  is  known that fo r  the problem o f  the wedge r  > 0, 0 <  9 <  9Q,

with 9 = 0 at zero and 9 = 0O a t unity fo r  t  >  0 and zero in i t ia l  

temperature the transform o f the temperature on r  = a is

_0_ + 7  2 (_ )nP0° Z-j K0„

00
. n-rr 9 f

•“ “5T IJo

Jf(ua) du 
u(u2 + q2)

00 00 , ^V  / vn . nir 9
Z, (_) 8in "5T

f JL  2
( “ imp + *9Q

f Js(u*) du [1 u(u2 + q2) I •
rp=l \ ^0 '

We seek a solution o f  the subsidiary equation on 0 < 9 < 90 , r > a  

which w i l l  have the value ( l )  when r  =  a, and w i l l  vanish -when 9 = 0

and 9 = 90. Such a solu tion  w i l l  be
oo

mr 9
oo

7  ( - ) n sin e,
n=l

2 2 
irnp + K9(

f  J s(* u ) du ]  Ks (q r )
u(u2 + q 2) j  Ks

••••••• (2)

Thus the solution o f the subsidiary equation fo r  the whole problem is

the d ifferen ce  o f (1^ and (2 ),  namely

pe<

00

1
n=l

2(-)n «fa SZS.
>»00 eo

r + 7
I u(u2 + q2) i—  n7rP

Jn np=l

sin nire (q r)
00 Ks (qa)

_2_
*9,

00 00
"ST / >,n n7r 9 Ks (q r ) f  Jg (ua)du
7  <-> , l n —  w r j  7 òJ+% 2 )
n=l o

Now

Ĵ +iao v +. cd o,
1 f e Ks (r \ / (V K)) ^  m /¿a 8+ .2 f  e *U C8(ur,ua)du

^  jy _ ioo Ks (o- y ^ A Y )  r  " J  u [ j2 (ua) + Y2 (ua)]

and, fo r  rea l 0̂  ,



1 3 2  .

r+ioo 

J  jf-loO

8Xt K, (r 7 ( XA )  )------dA
(X+ M»2)Kg(a> /(^A ))

_  i  Í Ks  +  Conjugate
-  8 Ka (ia=V }

-
e T

J»(r°QJ«(**) + Ya(rx )Yg (af<) -  K*2*  

+ T^(ax)

•  f° e "Kt(u2+a<2) C8 (ur,ua)adu  

T  J0 v .[ j*(u a )  +  Y i ( u a ) J ^ ' ^

2 f°lxe~Kt û2'1' ^  C a (ur, ua) du

+ ir Jo  j j a (ua) +  Y ! ( u a ) j o * - ”̂ ’

Thus
oo «>0 v— n irr@ f

= l - + l -  Z  <" ) I
°  0 t r t  o

-KU2t J fl(ur)du
u

00 oo 2x.
“  , . »  mr/90 a r t  4 y  f  £ -  Gg (u r»^-~~ r

I  y  H f  +  ^  / _  n e o J  u f j 8 (ua) +  y |  (ua) 1
"TT /.--  H * l i s i  O ^

rs=l

00

4
T0,

Z < - > “
s in

nTre
9«

n =l

oo
s in

mre

n =l

-K u 2 t j a (m ) f j , ( t i r ) J . ( u a )  + Y«(ur)Ys  (ua) ] du

u [ j2 (u a  

f J s (ua)du I

) + ï \  (uà)]

r° -  KV^t iore

1

3*(vr,Tra)dv

l  ‘  J L H
[ j | ( v a )  + y | ( to) |cV *-uì)
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CHAPTER X .

THE DETERMINATION OF GREEN*S FUNCTION FOR THE EQUATION OF CONDUCTION 

OF HEAT IN CYLINDRICAL CO-ORDINATES BY THE LAPLACE TRANSFORMATION,

1, In troduction , The Green* a Function o f  th is  paper i s  th e  temperature (v)

a t  P, ( r . 0 , * )  a t  time t  due an instantaneous u n it source a t  P *, ( r * , 0 * , s

a t  time t  =  0,  the s o l id  being a t  aero tem perature and the su rface  kept a t

zero .

Let R2 «  r 2 +  r *2 -  2 r r f co s(e  -  0 «)

—  „  -  x ( * - « ’ ) ] A « t

(X)

( 2 )
8(*rm t)

Put V *  u +  W,

Then in  the so lid  w has to s a t i s f y

aw .... , i  . i .j 8b  + b2* )  t  > o (4)

lim  w =  0,  
t  —y o

(6)

and w m -  u , on tho su r fa c e , t  > 0« (6)

Let the Laplace Transforms o f  u , v , £Uid w be u , v . and w.
*00

i . e ,  U as I •  ^  u d t ,  (p > 0) (7)
vo

and so on.

Then in  the s o l id  w has to  s a t i s f y

s7  r j r  ,7  ’ (8)

where q =  v /(p /k ), (9)

and w a  -  u ,  on the su rfa c e (to )
We knowAhat

*  The r e s u l t s  (12) and (13) aro  derived  from t  13,47 (2) o f  Watson, Theory o f  

B e sse l Functions, by tak in g  m  jt* V  =* 0 , and ^  =  0,  21 « )  re sp e c t iv e ly .



'3f.

. - q / D *2 +

+ (i-S*)2]
QO

= — I cos §(z -s’)K0 (y£)d§ , Triers = /(i2 + q2) 
Jo

- i f4m< J -7|ï-i*| J0(éR)
• " ' -=— — - fedg .

o 1

(ID

(12)

(IS)

Having fbnd w , with the help of those results, and thus v, we obtain

v from the inversion theorem for the Laplace transformât ion*,
/•j+iœ

T(t) * ËT? # v(,\)dN (14)
J -ioo

for all regions bounded by the surfaces of "the cylindrical co-ordinate system# 

The corresponding results for two dimensions (line source at (r*,©*)) can 

be deduced from these by integration with regard to *•, but they are easily

obtained directly, starting with
, -B2/4kt

“ 4 “ ” -i0 (<p)
instead of the above#

2. The region bounded, externally, by r = a. Source at (r*, ©*, 0)#

(15)

(16)

Hare using (12) and the result 
co

K0( R) * oos n(© - ©#) I ^ r )  %(yr#)
n=-oo
oo

y  oos n(© • ©•) Xa^r*) Kn (yr)

r < r*

r > r*
n=-oo

we find that a value of w satisfying (4) and (6) and finite at the origin is

* As elsewhere fcf. Carslaw and Jaeger# Proc. Cambridge Phil# Soo. 55 (1939) 394
(*•),46 --------------------------------and Proc# London Math, Soc#, \ro regard the use of the Inversion

Theorem as formal, and the results as subject to verification.



nt>

CO 00

-  T “T~ /  eos a t e - ô * )2tt K ■" —
Iî=-a>

;2 . 2X _ //fe2

cog £s Infyr)Infyr,)Kn(711)

where y=  ^ /(l  + q*5) a  + p /c)

The notation (18) will be used throughout the paper. 

Writing Fn (x,y) = In (x)Kn (y) - ^(xi^Cy) . 

we find from (5), (12) end (1?) that

▼ = 1 y  Ae f  c Xn(7r ' ) Fn(7a* 7 r )
rV Jo In (7 a)is=-oo

when r > r*, and we interchange r and r* when r < r*

Writing ryjS§|® + V O #  we find* that
,0i+ia>

(17)

(18)

(19)

(20)

1
21-n-

>t

ï-ioo ~ *2 4
the summation being taken over the positive roots of Jn (<*a) » 0.

Thu 8 T = 4 ?  Z  “ • »(• - * * 3 /  • * * *  f  co. | *
ir a »=~cx> * [Jn U a)] J0

e
2^a2 </ (-nKt)

00
V coo n(e-e’) y e~ &k2$jsk!£—  r.« / XT 2 #n=-oo

and this is valid for r ^ r*.
K u * > ]

(21)

3. The region bounded, internally, by r = a. Source at (r*, 8 *, 0).

Here v 3= Z ~  cos n(ô-©f) f ^Èlï~J?2L̂ lr.L, 1,a _ 00s |* d^ #
2^Vk ns-00 ^ ( 7  a)

1 r < r1, (22)

where Fn (x, y) is defined in (19). This gives, for r ^r*.

* Hie method of evaluating integrals of this type by completing the contour
by a large circle to the left of the imaginary axis is assumed known, as 
also that for the corresponding integral arising from (2 2) which has a
branch point at the origins cf. Cars law and Jaeger, loo, flit.



/36 .

jif f  oo.n«-»’) r
27r xfcoo « o j|(^a)+ Y^(<a) J

,- *  , jcos &z e di

00
V

.00

• ” ‘ 2 /4 K t /  o o . , ! ( « ■ » ' )  I P n f r r j C n f a r ' )
—  Jo J iU ) ♦t5(*a)4 n v/(7r-K t )
0=5-00

where Un ( *r ) a  J ^ rOY^ Oia) -  J n ( * a ) Ŷ ( * r )

(23)

(24)

4» Iha reg ion  bounded by r  =  a  and r  a  b (a < b ) .  Source a t  ( r * ,  6 * ,  0 ) ,

H ere  v  »  - i
2 v  k

And th is  g iv es

-  /  oos » < • - • • )  r  . * < * < * • .
v ¿=-00 Jo W ’ i ' y

r  =  - 4 - r  . • i  /4 k t  /  OO.  « ( • - • • )  y  -i V *  . (26)
sT m  ^  « K 3  -  4 ^ )

fo r  r  ^ r * # tho summation being over the p o s it iv e  ro o ts  o f  Un (<<b) «  0 , 

where Un (^r) i s  defined  by (2 4 ).

3 . The reg ion  between g — 0 and i s / ,  Source a t  ( r 1,  0 *»  « * ) »

1b fin d  w fo r  th i s  case  we usg (13) and thus take
.00

r  J . ( § i 0 [ a  aidh y jz  + 3 .in h  ,
1

— y z *where B 8inh y ^  as -  e i

A A l > — /yĈ * ’ S *)A s in h  — -  e 1

Then

v  as i f 00 gjp(§R) ¡ a *  ^ “ z , )  alnh^ s d- . o
2irK J 0 'tq sinh  *y)4yj sinn  n

•+4a,
KjjCfR) sinhCt? -  « ) (q2 - § 2)~ sinh z ( q * - # * ) s  di

< z < z

2 . 2s !

2tt I k J -ioo ( q 2 - |2 ) s  8inh / ( * 2 - i 2 )

Completing the path by a  largo  c irc le * to  the r ig h t , the integrand has po les 

a t  f *  q  ̂ when q } a \/(q2 ♦ a 2- ^ /^ 2) ,  m =s 1, 2, . . .  •

Therefore we have, fo r  z £ z * ,
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JO
V

V  st - J L  7  a in-2̂ 5.
TT K ,0    A

. unrE*S'lll Ko^R),
Kissl

03
But I e

'o

-p t  -  Km^TT t̂/  ̂ -R2/ 4 Kt _
© ©  255 2 K.

00
_ 2 \ -Ki/irV'^ . HIT* , nir*' *”E
ftwrefore ♦  • $ / « !  «In —  »la - 7 —  ■ T

irt=l

(27)

(28)

6« The region boundod by the cylinder r = a, externally, and tho 
pianos t g 0 1 g=s^» Source at (r'M 0*» z*)»

Here
—  1 C  - owz MStf V  2n(qnF)Fr»(aqn*r,<iEi)
T = 7Z7 2- 8in ~7~ 8ln ~2 Z _  — O T T 5 ----- —  cos

ef*1 n=-oo “ ^

«hero = v/(q2 + n2-rr2/Z2) # and r < r* •
This gives for r ̂  r*

(29)

T % 1 ^
J3P=1

oonvz9 XT ~2~__  008
re** oo ( V *  g 3 p r

(SO)
where tho << are the roots of ¿.(da) = 0#

7. The region bounded by r = a , internally« and the plonos z =c Q# t =/. 
iouroo a t  ( r 1» 0 '*  gQ*

Hare
oo 00

v = /  sin * sin y' 2 w L oos n(0 -0*), (31)
ni=l rt=—oo ^n^nj6-)

ahem r  < r ' .

And v s= —7TTVv

for r £ r*.

* • _oo O
1 £? -KE2TT2t/^ mi»« TO» V , \ f
¿7  ^  # sin sin  ■■y~  X  ° ° G n ( 0 - 0 ') J
r * is=i  ̂ rs=«*oo o



I3S

8* The region bounded by r  «  a and r  = b. a < b# and by the 

planes z «  0 , z — /•  Source a t  ( r ' . Q ' . g 1) .

'rere

V . J L  f  « t e U a t a f f i C .  f  ^ a ^ g ^ g a y t  n ( e - a ’ ) ,  (53)
TTW7  Z -  ^  -<■ ' ” ■

15=1 rpa-00

EJ=1

~  / _

•in -~jr~ sin  ■■

n

-rr ST -Kn2TT2t / ^  mins , rnnz* « v v  -^  / e s in  •"?*' s in  - y  ■■ / oos &

a < r  < r * .

353-00
( « - V «  ^J^tjU^rMyyr«) 

j2 ’(*tt) -  j| (^ b ) *

fo r r  ^ r * .  the emanation being over the p o sitiv e  roots o f Un (<b) =* 0 «

9 . The region bounded by the planes 9 = 0» 8 = 8^» Source a t  ( r tJ 0 , #Q)

Here we use ft re s u lt  o f  D ougall**-

I f  r ,  t \  and \ are  r e e l  and p o sitiv e  and G < 8 - 0 * < 2 ^ ,  r  y r \
oo i

(54)

X o M * p f  - - -¿^•r7 ig--  K„ W K b * ' Hi
^ -o o i

•here P top l i e s  th a t the p rin cip al value a t  the o rig in  i s  taken*

Thus using (12) sis hare whan 0O > 8  > 8* « r  > r ' ,  
.oo > oo i

cos jJJ 
s inu = F k i  8 0 , M P [  * — I t e ? * 1 0 ♦V O “ 00 i

This gives
0000 ^00 i

~ - i 4 pJ i
oos 3)('rr * 8 />-t8t )sin^»-t»03s ^(tt- 8 *) s in ^ ^ -^ )

s in  2)tt sin  2>8,
^rO^fyrJd^jdi

Since t l i is  s a t i s f ie s  the equation fo r  w and makes u «f w zero on 0 — 0

and 8 a* 8q .

Also we have
oo

■a {

00 i

oos £z
O v —00 i

s in  ^8* s in  ¿3 (0Q -  q) 
sin  2)

sinoe the path can now be completed a t  the origin*

Gray and MStbses* tre a tise  on Bessel Functions* Bd# 2 , p. 101.
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The inner integral is  evaluated by oomple&ing the path (-00 i ,  00 i )  by 

a large een i-o irc lo  in the right hand h a lf piano and evaluating the residue# 

at the pole# nV®# o f integrand. c sm dl w rite throughout the sequel

8 as nV®0

and ^  w ill imply a summation over the values n = 1 to 00 • ihen ~m

obtain for r > r ' and 0 < 9 < 9,
,00

•in ae «in  s »• l o o * | «  % < ]» ') K8(^r) d §  . (56)

3ut for r  > r*
i oo

dt

o

d ' J#0*r) Jg ^ r*) •

Kenco wo find, fo r  r  \  r* and 0 < 9 < 9(

v  = -* 2/4 * t
9q (imt) Z  Biji * ain •“

8 ■ r
^ , ) d  ̂ _ (37)

10. The region bounded by r  »  a ,  externally« and by the planes 9 = y ,  9 = 9p< 

Souroe at (r*# 9*» Q).
oa

2 r i  £ —— -  008-VK# 1 jZ s ia  ^ sin  b* '  
 ̂ 8

r  > r 1.
* o (88)

n -a 2A K t _  2# V Mri m  crin^S1 V  J8 ( < * • ) .  . (89)
a ^ o C ^ t )^  ^ ¡f

where 2* implies a summation ovor tlie positive roots o f Js («<a) = 0.

11. The region bounded by r = a. in terna lly , and by the planes 9 = 0. 9 = 9Q>

Souroe a t ( r *i 9f » 0 ) .

sin s9 sin se• Ks ̂ 1 )PS ̂ a )  ) d | p < r,. (40)
Ks (- /a)  (



/*- o

V =  C ( " Kt")'$ ¿  S in  39 . t o  »e *

whor» üfl (^ r) i s  defin ed  in  (2 4 ).

rm  v . ^ 2t<*. e í k í í r J ü J f r l i á i ,  (4 i)
j | f e a )  +  Y2 ( *a )  

°  8

V r= TTK̂

12.  m e reg ló n  a  < r  < b ,  0 < 9 < 9 » . Source a t  (r»# 1 %  0)»

j* coa i *  |  ¿  s in  8© sin sa* F* j dé; # a  < r  < r ' .

*  7 ? (42)

(42)
«ijÉe* * 1,A |ct r-

v  ae------------ -t  /  « in  aO ainS®*
29 (-n-Kt)® " i "

¿  2 ¡£ Z Z  j j ( » * )V a ( * r ' )
*  -  ¿ « (^ b )

tiio «uEDiation in being over the positivo roots o f  Ug (*b) =t 0*

1S. m» reglón 0 < s < / ,  0 < 9 < 9^, Source a t  (r*» 9*» a 1) .
oo

dtf2 . IHn-Z*v  *  —— 7 s in  *5 P  s in  J y ~  Sin s9 sin  s9* I s f r ^ K g C r q J ,  r  > r » #
:j=1 (44)

where e a  y / (q^ + *ftr^/¿®) ,

v =  ^  e~w,â f f i t / f ì  g jji JT  gin «in  s9 f í < o " J¿(^r)J^ i^U
•  "  rt

(45)

14 . Oía r»g lo n  O < «  < <¿ ,  O < 9  < » n. O 4 r  < a» Source a t  ( r ' , * ' » . * ) »

T =  4T E
“ . t o  2 - . i n  2 ^ 1  ^ . i n ^ . t o  .9 -  M a a t e h g i d .

r *  < r  < a . (48)

8 V" __-kmZTrZt /'? 2 s to  S S  s in  - ^ í lV "  # ln  ^  ^  g .«  5- e K

'  *  -  K M *p > o p

whore th e <* are  tho positive ro o ts  o f  J 8 ( *a )  a  O#



15# Hie region 0 < z < 4» 0 < % < &a9 r ? a» Source at (r* , ê1t z*)9

CO
4 S' . E S  , ;yg* r  . K8 (r'q,;i)F,(rq[ìl,aqnl)

■»r x r  2 -  «in  -7 -  «to  -7 — «in  «e  ein « » • ----- k ’ G ^ T ^ -------* a <  *K/4Ô- .O ÜP=1

[r = 4 -  "  sin a» .lu  f  ~  %
F  ^  ~  Jo jf^*ô ♦ Iff«*)

(48)

00 .

(49)

± 2 .  • ! »  9  sin 2 ^  2  sto • •  • » «  * •  .
° 15=1 8

a < r  < r 1 (60).

oo

^  -  ¥ - 9 *  4  -  -  -  - 2

(61)
sbara tiw * «urs tfao positive roots o f U (*b) s  0.
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APPENDIX I.

Verification of the solutions of a number of problems obtained 

by the Laplace transformation method.«

1. It was remarked, in the Introduction that one of the advantages 

of the Laplace transformation method was that it solved very simply 

certain types of problem under assumptions which might well be 

regarded as adequate on physical grounds for problems in applied 

mathematics. To make the solution completely rigorous it is necessary 

to verify that it does satisfy the conditions of the problem.

For ordinary linear differential equations with constant 

coefficients a general verification process* can be given covering 

all cases (with one exception). For partial differential equations 

no such general process has been found. For problems in Conduction 

of Heat involving one space variable, such as flow in slabs, cylinders, 

and spheres, the method of Chapter I is available. A discussion of 

of this method for the cylinder 0  ̂ r < a with constant surface 

temperature and zero initial temperature has also been given elsewhere.

The process is tedious and Theorem 2 of Chapter I was introduced to 

save as much repetition as possible. It is necessary to prove an 

order result for each problem from which by Theorem 2 most of the 

verification can be done; certain details have to be discussed 

independently for each problem (it may be remarked than an extension 

of Theorem 2 would cover many of these). To illustrate the method

si Carslaw and Jaeger, "Operational Methods in Applied Mathematics"
(Oxford, in press), § 34 and 35# Doetsch, loo. cit», Chap* 1C.
+ Proc. Lond* Hath# Soc# 46 (1940) 361 (§4)«
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in this Appendix verifications are given for a complete set of 

problems* for the cylindrical regions 0 ^ r < a, a < r < b  and 

r >a with boundary conditions

kl 5E + k2 57 + k3V = k4 *
î, kg, k3, k/j. being real constants, at a surface. The problems 

considered are for each region (i) oonotant-ourfaoy ■bompyraturo and 

zero initial temperature, (ii) constant ourfaoo tompyrtH^upn tmi 

constant initial temperature, (iii) the instantaneous cylindrical 

surface source. The complete set of verifications for the general 

boundary condition above has been given to make it clear that no 

exceptional cases arise. They include as particular cases 

Chapter II §§ 3 - 5, Chapter IV §§ 1 - 5, and most of the problems 

in Proc, London Ilath. Soc., loo, cit. Some remarks oh the remaining 

problems of Chapter II and those of Chapter III are made in § 11,

2, Notation,

We write

■;» = (k-j> + k3)I0 (̂ a) + kg^I1(|ua)   (l)

g(X) = (k1A + kg)KQ(̂ a) - k g ^ K j ^ )    (2)

P(>) = (k̂  \ + + kg^I-L^b)   (3)

G(A) = (k^A + k|)K0 (̂ b) - k ’^ K ^ b )    (4)

where v^(A/k).

C will be used for any positive constant, fg, ... for
fixed values of p ,

Cf, Radial Heat Flow in Circular Cylinders with a General Boundary
Condition: Jo urn, & Proc, Roy, Soc. H.S.W. LXXIV (1940) 342.
This paper will be referred to as R,H,F.
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3. The région* 0 ^ r < a. Zero initial temperature. Boundary

ôondition at r = a,
V/ hv+ ko —  + k-?v = k. , t > 0, 1àt * *r 5 4 ' (5)

Here
^ 4 ^ 0  f a r ) , where q = >/(p/k) .

P { (klP + k3)l0(aq) + k2ql!(aq)}

Thus, with the notation of (l), the solution obtained formally by

application of the inversion theorem is
_ k4 r+io°  M

v = 2tt i f(M
••••••• (6)

r-ioo
From the asymptotic expansions of the Bessel functions it

follows that when

A = Kp ei9 , TT ̂  0O ^  0 > 0 ....  (7)
|f(V,| > C ^  exp[a p® cos -Jej , if Ç o .....  (8)

where ^ is 3/4, l/4,or - l/4 according as =(=0; k^ = 0, ko 4= 0;

or k-̂ = k£ = 0; respectively.

Also since*

|I0(*)1 £ exp|R(z)| .... (9)

we have when ,X = /cpe1^ , -tt > 0Q ^ ^ 0
110 (jur) | <  G exp[r f's' oos ¿¿]

Thus To far)
f < c p ©xp[-(a - r)p's“ oos g©j, p>pQ, 0 ^ r ^ a.

..  (10)
Chapter IV, § 2. R.H.F. § 2.

+ W.B.F. § 3.31.



S im ila r ly

! _  xo ^ r ) 
^ r  fT>7

and

£  T0 </«!•)

< r c p 1' ^  e x p [ - ( a - r ) p s oos |e j  , 0 i  r  i  a  . .  (11)

<  0 f 1 ( l  +  i p r 2) e x p l - ( a - r )  p *  oos ¿Gj, 0 £ a

where has the v a lu e s  3 /4 , 1 /4  o r - l / 4 *

(12)

Thus in  a l l  o a se s  the in tegran d  o f  (6) s a t i s f i e s  th e c o n d it io n s *

o f  Chapter I ,  theorem 2*

I t  fo llo w s im m ediately th a t
> t

v =  J X  I c 2 TT 1 I
J l '

eS t I 0 (/ur)dA

AfW
(13)

when t ^ O ,  0 r  <  a or t > 0 ,  0 ^  r  ^  a ,

th a t  lim  v  =  0, fo r  f ix e d  r  in  0 £ r  < a , and th a t  v s a t i s f i e s
t  -y o

i t s  d i f f e r e n t i a l  equation *

I t  rem ains to  v e r i fy  th a t  the boundary co n d itio n  (5) i s  s a t i s f i e d ,

namely -that, fo r  f ix e d  t  > 0,

lim  
r  —> a

dv
=  k4

We tak e  v in  th e  form (13) and observe  th a t  by Theorem 2 we

(14)

may d i f f e r e n t ia t e  under the in te g r a l  s ig n  w ith  r e sp e c t  to  r  in  

0 ^  r  < a  fo r  f ix e d  t  > 0, and w ith  r e s p e c t *  to  t  fo r  f ix e d

t  >  0 and 0 ^ r  $ a .

Thus

k +  k +  k v - _ _ f eV'ffciX-t- ka ; i 0 (^ r) t  k 2 ^ I 1 ( ^ r ) }  dX
1 a t  2 a r  3 2 w i  J  > f(N )

*  These are  taken  to  in c lu d e , here and su b seq u en tly , th ose o f  IV o f  th a t  
Theorem*

*  This r e s u l t  fo llo w s from the p ro o f o f  Theorem 2, I I .  
in  the o r ig in a l  statem en t o f th a t  Theorem.

I t  was n o t given
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and by II and IV of Theorem 2 this integral is uniformly convergent 

with respect to r in 0 < r ^ a for fixed t ? 0* * Thus

lim (k 31 + k„ Si + k.v)r a -L^t ¿dr
k4 f 
2 IT i

n.t

9AtdX ,~>r = k4

4. The region* 0 £ r < a. Unit initial temperature. Soundary

condition at r = a
bv

kl + k2 F7 + ksv = k4' t °- (15)

Here the solution of the subsidiary equation and its boundary conditions

is
?  = I + _______________________________  . ........  (16)

P

And thus4-

v = 1 +
2t  i

p | (kxp + k3)l0(qa) + k2ql1(qa) j

-•f+ioo v, r  -1

a ‘J Lk4 - ___________

j'-ioo ^  (kl X + k3 ) Io((ua) + k2/u I l(jka) 1
, t > 0 .. (17)

Chapter IV, § 3.

* Applying the inversion theorem to l/p gives (in its usual sense

as a principal value integral)

2-tr i

/•Y+iOO yj.
5 e*" d%

=  1 , -4- > 0
\

\ -ioo _ A
-  3 9 t =  0

II O to t <  0

(A)

The integrand of this line integral is not of the type contemplated 

in Theorem 2, but the same argument shows that the line integral in (A)

may be replaced by the path L* if t } 0*
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It follows from (10), (ll), (12) that in all cases the integrand
of the line integral in (17) satisfies the conditions of Theorem 2«
It follows that the path can be deformed into L*, that v satisfies
its differential equation, and that lim v = 1.t -> o

Also, as in § 3, for fixed t > 0,

k, + y Sv + k v = k + _i_ f (k4 ~ kz) [(klA +kg) Io ( w ) + k2A< ll "d> 
" »t "2 ar S '3 2Ti J A f(*)

and lim (l̂  + k2 + k~v) = k3 + ~ - r  f ------—r —» a 1 fct  ̂hr 3 3 2tt 1 ^
JL*

= k^ .

5, The instantaneous cylindrical surface source at t = 0 over 
r = r ’ in the region 0 <: r < a with boundary condition* at r = a

kl It + k2 |r + k3v = 0 9 t > 0. ........  (lo)
The solution for the instantaneous cylindrical surface source 

at t = 0 over r = r* in infinite medium was
r 2+ r *  ̂ f

U = - A —  9 “ —m r  i  ( ~ t ) , t  > 0 , ...............  (19)4-TTKt O  ̂K-C

911(1 "  = Io ^ r '^Ko ^ r  ̂ ' r ^ r * 1 ...............  (2°)

= ¿"¿T Io(/qr)Ko^qr^ * r ^ r* J
The method of solution consisted in determining a function w which
satisfied

^ E  + I S w .  1 * 1 = 0 ,  0 4 r < a, * > 0  .....  (21)^ r2 r b r K bt
and lim w = 0 , 0 ^ r < a ,  ....... (22)

t-$ a
and such that v = u + w satisfies the boundary condition (18).

R.H.F., § 3.x
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I t  i s  found t h a t
w = - 4 T  iw: 100

K -io o I 0 (/-r ' ) I 0 i/»r)g(> )sX ''f W • ••••••• (23)
and r y +i4"rr i  k ioo

IofoOf I0 (̂ r)g(A) - KQ(̂ r)f(A) j dA J' -ioo -- (A) when r 1 £ r < a .
Now when > = eiw , ir > O0 ^  9 ^  0 ,i o ( ^ T) i 0 ( ^ ) s WfC s) — ^4- r  J L  " ]<  C j? expt (r + r* -  2a) ^ w cos ¿©I ,  f ? ( ° o

b k f .').i < Cf^ exp[(r'-r)^ oos •*] .

r 1 i- r  4  a ,  f  >p,

(25)

(26)w ith  s im ila r  r e s u lts  fo r  th e d e r iv a t iv e s .I t  fo llo w s  from (25) and Theorem 2 th a t  w s a t i s f i e s  (21) and (2 2 ). A lso  from (26) th a t  the path o f  in te g r a t io n  in  (24) may be deformed in to  L* and th a t  th e  in t e g r a l  over L* may be d if fe r e n t ia t e d  under the in t e g r a l  s ig n  w ith re s p e ct to r and t  fo r  r* < r a and f ix e d  t  )> 0 . Thus
k, &  + k„ in  + k,T = -  — <1

1 b t  - d r  3 4-ir1" itc ^ r *){  [ ( k ^ + k ^ o ^ + k g ^ i ^ r J g C X ) !  - [OcjA+k̂ K̂ r) K^r Jj f(A) (L* f ( X)
and th e in t e g r a l  i s  unifo rm ly  convergent w ith  re s p e ct to  r  in

t ><3 .r 1 < r <; a^ Thereforelim  (k-, + k j^ Z  + k^v) =  0 .r -»> a 1 du ^ar 5
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Since we have always used the inversion theorem purely form ally 

and not established conditions fo r  i t s  v a lid ity *  i t  is  necessary to 

complete the proof to show that the app lication  o f  the inversion theorem

to (20) gives (1 9 )•

Consider the region 0 < r  ^ r * , we have 
r^+ ioo

At
4 V i K I' -100

and on A =  xp  e 1^

1o (pr )K0 ( p r ' ) e  dA

I I 0 (^r )Ko (Jur, ) |  < C f *  e x p jj* (r1 -  r )  ^ ^ 00s a©j , 0 £ r  £ r * ,

Thus by Theorem 1 (foo tnote ) the in tegra ls  over the arcs BB*F and

AA.*C o f  Fig* 1 tend to zero as p —> 00 fo r  t  /► 0, 0 <: r < r * .

Therefore

/-jr+ioo

4 t  iK
At

I 0 (/ur) K0<r r , ) ° 0 d *
100

itCO
2 k Q

4ttl i*c
-  K U 2t

U J0(u r) [ ko ( iu r *) -  KQ(- iu r 1 ) ]  du

J L
2tr

r°° o.
o ^ JQ (ur) J0(ur* )udu 

o

r* +r*^\ , r r *x
4-TKt 9XIH_ T W “ ) ï o t e )  . t  > 0, 0 *  r *  r>.
Q

The proof fo r the other range is  s im ilar
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6* The region r > a. Zero initial temperature*« Boundary

condition at r = a

...... (27)k l + k 2 I?  + k Sv = k4 » t > °.

1C | i + i0 °  K,
Here v =

(̂ r)dX
2-rr i

I' -ico
Ag w

.....  (2 8)

\ QFrom the asymptotic expansions it follows that fbr A = Kf>e , tt? QqZ&?0 

< C f* expjj(r - a) j3 cos ^  •• (29)

where ^ = - 1, - or 0 according as k-̂  ^ 0; k^ = 0, kp ^ 0» 

or k-j = kp =  0 respectively. The derivatives satisfy 

similar conditions*

Thus in all cases the conditions of Theorem II are

satisfied and it follows that the path can be deformed into L*,

that v sati^ies the differential equation.and that lim ̂ = 0*
’■ t - * o

Tt is verified as in § 3 that the boundarj^ condition (27

is satisfied.

The remaining condition

lim v = 0 , for fixed t > 0,
r —> oo

follows from Theorem 2, V.

R.H.F. § 5.
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7, The region r y a. Unit in i t ia l  temperature*. Boundary

condition at r  = a

kl  5T + k2 I f  + V  = k4 » t  > 0

-  1
Here v ss — +

(kA -  k3)K0(qr)
p ^(kqp + k3)K0 (qa) -  k2q Kq(qa) }

.............. (30)

• • • ■ • • • a  (ol)

T+i0°
(k4 -  kS)K0(Ar)eVi dA , x A

2tt i  / ------------ ---------------------a t  *• K6d)
^-ioo

and v  = 1 +

Now fo r  \ — kç> e ^  , t t >0 o ^ 6 ^ O ,

(k4 - k3)K0 (iir ) ^ r  . . -i -, ~!
—  :*rNy -------- <  Gp e x p [ - ( r - a )  cos 4©J ,

where ^  = -  1, -  -g-, 0 according as kq ^=0; kq = 0, k2 ^ 0;

kq =■ = 0 , resp ec tive ly . The d eriva tives  s a t is fy  sim ilar

conditions. Thus the integrand o f the lin e  in tegra l in  (32)

sa tis fie s  the conditions o f  Theorem 2 and i t  fo llows as before that

the d if fe r e n t ia l equation and boundary condition is  s a t is fie d .

Also that lim v  = 1 , r y a. Also i t  fo llow s from V, Theorem 2, 
t  -> o

that

lim v = 1 , fo r  fix ed  t  y 0.r oo

Chapter IV, § 1.
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8. An instantaneous cylindrical surface source at t = 0 

over r = r* in the region r > a with boundary condition

at r = a

y ij, + k9 + v v = 0 , t > 0. 1 at 2 a r 0 (33)

Here

Qv = — —
V+ioo x,

e*1 K0frr')f I0(/kr)g(» - K0^Ur)f(A)| dX  ̂
4v‘iK / . g M

r - i o °

a < r  ̂r1. ... (34)

And w = -
4 tt ik

100/ r + i

V -ioo

K0^r')K0 î r)f(A)d>.
6(>)

•••••• (35)

i© TT > Qq > © > ° ,Now when = icpe'

\h^'\ihte)e.yir Ko(ftr)f(»h < cp-® expr-(r'- r) oos ¿el,
s W  1 L / j

a $ r i r', f> p o, •• (36) 

K0(^r')K0^r)fCX) < c p-i exp[l (r + P, . 2a) ^  oos fe .

... (37)

and
g(>T

with similar results for the derivatives#

Thus the integrands of w and v satisfy the conditions of 

Theorem 2 and it follows that w satisfies

ifk + I h i = , r > a, t > 0¿¡r2 rjr k F  ^ '

and

lim w = 0 , r y a t o
lim w = 0 , t > 0t oo

Also, as in § 5, that v satisfies (33)

* R.H.F., § 6.
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9. The hollow cylinder* a < r < b, Zero initial temperature,

Boundary conditions
i>vkn *1+ k1 at 2 £7 + v  = k4 ,

k ’ ^ + L ^ + k l v r O ,1 at 2 ar 3

r = a, t > 0 

r = b, t > 0.

(38)

(34?)

^he ”k w in 79 is taken zero for shortness. This entails no loss

of generality. 

Here
CX+i°°

v = 2 -TT i
r-i®

\ *i QNow on A = Kp e

{G^)l0(/ur • * F(A)K0(/*r) } e**"' dA 
A (f(A)G(X) - g(X)P(X)f

...  (40)

or > e0 ^ 6 ? 0

G(A)lo (̂ r) - H(A)K0 (̂ r)
f(>)Cr(X) - g(X)P(X). < C j? exp I - (r - a) j? cos 0(,p̂ o.r, 41'

w

where <* = -1, -•£, 0 according as k^ £ 0; k]_ = 0, £ °? k-, = kg = 0,

Thus in all cases the integrand of v satisfies the conditions of

Theorem IT and it fb Hows that the path of integration may be deformed

into LT, that v satisfies its differential equation, and that

, lira v = 0 , a < r < b ,
-? o

For the boundary conditions at r = a and r = b we have for

fixed t > 0

V, ^  + k? *1 + k,VSt ‘ }r

— 1 a f  rn ’if(k%A+k.7'i I0(̂<r) + kg^I^r) ̂  |^S+k?)’ro(̂ -r)- kpjuKi
J t  >{f(A)0(S) - g(>)F(A)

and thn integral is uniformly convergent with respect to r in

dA

Chapter IV, § 4. R.H.F., § 4.



/ 5*

a ^ r £ b fo r  f ix e d  t  > 0 .
lira. (k-, + k 9 ÜLZ + k^v) =r —5 a 1 & t  2 ô r e Xt dX2tt i = k 4 , t  > 0 .

A lso  lira (k, liZ + k P 2lZ + k v) = 0,  t  > 0 . r b  1 d t  ¿ a r  3The s o lu tio n  o f  th e  corresponding problem w ith  u n it  i n i t i a l  tem perature fo llo w s from (36) alon g the lin o s  o f  §s 4a 7 ,

10. An in stan tan eou s c y l in d r ic a l  su rfa c e  source a t  t  -  0 over r =  r* in  the hollow  c y lin d e r  a < r < b w ith  boundary c o n d itio n s*k d + k£ 5Z + k 3v = 0 , r  = a , t  y  0 ............... (^2)k ’ + k l  51  + k jv  = 0, r = b , t  ?  0 .................................... (4S)- a t  2Here Qv = — *—41(4* t+10° {l^(>r)K(A)-KnÇur)f(>) ti Ir,(AT,)G(^)-Kn(^r')F^)\ 9 AX .
f(X)G(>) -  g(N)P(MJ'-ioo u < tr  ̂ f '  ............... (44)and i f  r* $ r < b we in terch an ge r  and r* in  (4 4 ).A lsoQ4tr2ivc *p+ioo

r-io o :0 Qur ) G 0 ^Ko^r») f  (>)- I 0(^rO g (X3 + ( ^ [ i p ^ 1)G( * ) - * ^ 9F(̂ 3 0*tdxf(X )G (X ) -  g ( » F ( X ) . . . .  (45)On X = »cp el c  , w > 0Q y ,  0 ^  0,
[ [lo(^r)g(X) -  K0 (^r)f(X)][j:0 (/url )G(A)^K0 (/ur, )F(X)]

f(X)G(A) -  g(>)F(X)
exp|^-(r’-rjp^Qos ¿-©j

p > f V  a * r r 1...........  (46)and i f  r 1 < r ^ b we in terch an ge r  and r 1 in  (4 6 ).
R .H .F .  § 4 .
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Also
Io(/<r)G(X)[Ko(/ur’)f(N)-Xo0ur');;(X)]-t-Ko^r)f»)[lo(rr’)^(»-Ko^r’)F(A)]

r ( x ) ö M  - s (x)f (x )
< 0 p “* exp[-(2b - r - r ’)f> cos { ïfj

or < Cj> "■ ■' sxp|-(r+ r* - 2a) 6j ,
(47)

with similar results for the derivatives*
Thus the integrands of (44) and (45) satisfy the conditions of 

Theorem 2. It follows that the paths of integration may be deformed 

into L1, that w satisfies its differential equation, and that

lim v/ = 0* t —> o
Finally

^ 2 f ^ )  = Ä
£(kjX + k 3)l0 (jur)+k2|uli <yur)J g (X)-[hqX +k$Kb( r̂) -I îuKi(ju f̂(x)

L’ f(X)G(>) - -O)F(X)

* |l0^ur')G(X) - K0(Jar')F(X) ̂ e ^ d X  , •>. < r <: r>,
the integral is uniformly convergent with respect to r for a £ <r<r

for fixed t > 0* Thus
lim (k-. + k9 5Z + k,v) = 0.r-£ a at 2 ar

Similarly the boundary condition (39) is satisfied*

11* It was remarked in S 1 that the verifications of this Appendix 

include the instantaneous cylindrical source problems of Chapter II 

99 3 - 5. The corresponding solutions of Chapter II for instantaneous
r t

plane and spherical sources may be dealt with in the same wayj the work
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is simpler as Bessel functions are not involved.

With regard to the problems of Chapter III the only new feature, 

the division into two media, introduces no difficulties. To illustrate 

this a brief discussion of the problem of Chapter III, S 3 is given.

On A =  Kj, p e^Q , it > ^ e ^  o ' wg find from Chapter III § 3

(32) and (3 ) in the notation of that Chapter

KljulDl(b/<x,r/ti)D(b/>2,o<u2) - K2<a2D(biK1,rJn1)DI( ^ 3 ,c/«g)
4 (>)

< C  expjp’-(a - r) cos fe] , P V o> a ^ r £ b
and
D(r^,c^g)

T V  ' < C expj p {-(b-a) - K(r-b)} cos T i , p > p, b £ r £ c.

Thus the integrands of the line integrals for v^ and Vr> satisfy the

conditions of Theorem 2. It follows that

lim vp = 0 , for fixed r in a < r ^ b
t —> o
lim v0 - 0 , for fixed r in b £ r < c,

t -9 o
that v-̂  and V£ satisfy their differential equations, and that the 

paths L may be deformed into L f. Also by Theorem 2 II and IV
r «Vbi

Vo
Ü7T

and vp =

K

Yr

ifipl ( t y * L » °^) • K2^2D ^/Ul>rA4l)D1^2>°/u2)} 

e\t D̂ ryu2,o^2)dX
_  J M s )

d A

are uniformly convergent with respect to r in a ^ r S b and b ^  r^ c 

for fixed t y 0, and their derivatives with respect to r have the 

same property. Thus the conditions (20), (21), (22), (23) of

Chapter III § 3 are satisfied
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APPENDIX II.

1. In this Appendix are discussed properties of the roots 

of certain equations required in the solution of problems* 

of Conduction of Heat in solids bounded internally or externally 

by circular cylinders, with the boundary condition 

Vv , ,___ , _
•X it ^ T "2 57 - *4 .............. ( V

at a surface* k̂ , kg, kg, k̂. are real constants.

In (1) we take k-̂  ^  0 and if k1 = 0 we take k 3 ^ 0. 

This convention is assumed throughout.

It is assumed in this Appendix that two of k-ĵ  k2, kg are 

not zero; in that case the results are well known* k  , where 

it occurs, is a real positive constant*

Chapter IV, §8 1 - 5. Also ’’Radial Heat Flow in Circular

Cylinders with a general Boundary Condition”, Journal and

Proceedings, Royal Society, New South Wales, LXXIV (1940) 342j
%

this paper will be referred to as R.H.F.
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2• The roots of the equation?~

(kg -  k^x ‘0 JQ(a<*0 “ kg^ J-] (â ) = 0  ...... (l)
are all real and simple provided

k > 0, k2 > 0, k3 ̂  0. ...........  (2)
(i') Pure imaginary roots«

A pure imaginary root d a i& of (l) is a real zero of
(lc8 + kjK^2)!̂ «̂ ) + kz p i1(<ip')... (3)

Now IQ(z) and I., (z) are both positive for real positive z
and thus, taking as in § 1 ^  > 0, the expression (2) is certainly
always positive if } 0, kg ^ 0 and kg ^ 0.

Thus if k-, ^ 0, kg ^ 0, k^ ^ 0, (3) has no real positive
zero* It is an even function so also has no real negative zero* 

These conditions are satisfied by the phy§i9al problems in 
Chapter IV* If they are rot satisfied there may be real zeros 
of (3).
(ii) Complex roots.

If ^ and y are conjugate complex roots of (l) vre have 
(ks - k1K|2)jQ(a|) + k2f J'(a£) = 0
(k3 - k-j^ ')J0(a-y) + k2^ Jo(er̂ ) = 0.

Thus
-  k - j w d  ) J o ( 8 - | ) d 0 ( a ^ )  +  k g ^ |  J 0 ( a ^ ) J o ( a | )  “  ^  J o  J 0  j  =  ° *

* Chap. IV, §§ 2, 3. R.H.P. 2, 3.
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Now“

a(^  J0(&f)Jo(a7' “ f  Jo^a7^Jo (*§) ) = ' i  **7 ') j X J0 (|x)J0(yx)dx 

Therefore
fa

ak iic(y  -  § ) J0(ai)^T0(s-7) + ^3(7 -§2)j xJ0 (|x) JQ (^x)dx = 0. 

I f  k^ ^ 0 and kg ^ 0 this is  im possible and so there can 

be no complex roo t,

( i i i )  Prom the asymptotic expansions o f  the Bessel functions 

i t  follow s that ( l )  has rea l roo ts , situated, fo r  large n, near 

the points ±  (rnr -  j-w ) , i f  kx -)= 0 , or k-, = k2 = 0

-  (n-rrf j t ) , i f  kx = 0 , kg £ 0.

(iv ) The equation ( l )  has no repeated roots (except p ossib ly 

at << = O) .

This follows**" from the fa ct  that

y = (1 -  A*2) J0 (z) + Bz j'Q(z)  

s a t is f ie s  a linear second order d if fe re n t ia l equation, namely, 

z[2AB + B2 -  A + A2z2Jy" + | 3A + B -  2AB -  B2 -  3A2s2 j  y 1

+ z {  4A2 + 4AB + B2 + A2z2 f y = 0.

* G. £ M., p. 69 (23),

+ G, ■'b M,, p, 79. Th. I . A repeated aero is  possible also at 

As =  ±  V/(A -  2AB -  b 2 ) .
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3* * To prove th at*
(kxA + 3 K0 ^ a  ̂ ” kg^-Ki^.0.) ..................... (l)where f^ =  \/(A /  k) has no zero fo r  ~ tt $  arg >  ̂ ir provided

^ ^2 ^ krj £ 0 .  ...................... . (2)This i s  equivalent to proving th a t(ak3 + k 1kZ2A ) K 0 (z) + k ? zK^(z) ...............................  (3)has no zeros fo r  R(z) ^ 0.( i)  "Tie exp ression  (3) has no zero fo r  r e a l  p o s it iv e  z i fkj_ }  Ct  -̂3 ^  ' y  kg ^ 0«This fo llo w s sin ce KQ(z) > 0 , K ^ z )  > 0 fo r  r e a l  p o s it iv e  z .( i i )  The exp ression  (3) has no complex zero §  , For i f  -y i s  th e  con jugate o f  §  we have(ak3 + k-jKf 2/a )Ko (§) + k g | K * ( i )  = 0 (ak3 + k 1 K V '/a)K o (-*|) + k 2^ K  = O Thus ^ ( i R - 7 2)Ko (i)K 0(r) + k 2 ( § K ^ } K 0 (7 ) -  7 K ;(7 )K0 (g) f  = „  Not/1 | k ’ (|)K 0 (7 ) -  7 ^ ( 7 )K0 (|) = ( ^ - g 2) [ “ x K ^ x ^ ^ d x  Therefore K0(§)ko (7 ) -  k ^ g 2- * , 2) j “30 x Kq ( g x ^ C y x ) * :  =  O .Thus i f  kx £ 0, kg  ̂ 0we have a co n tra d ictio n  and so no complex zero i s  p o s s ib le .( i i i )  The exp ression  (.3) has no pure im aginary zero z = i y ,fo r  t h is  im p lie sr tt i  (akj -  k ^ y 2/ .)  | - J 0(y) + iY 0( y ) |  + 1 < r  i k 2y (y) + iY^ (y) j  =  0
+ The equation occurs in  Chap. IV , § 1 and R .H .F . § 5 .*  G. & M ., p . 70 (30).



+ k2yJo(y) = 0

+ k2yYo(y) = °* *
- Y0(y)J<J(y) = o,

and so we have a contradiction .
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+ kgzI^Caz)^ £(k{ Kz2 + kg)K0 (b z)- kgzK^bz)] 

£(k2KZ2 + k g )lQ(bz) + kgzl^(bz)j £(k^Kz2+ kg)K0 (az) -  kgzK-j^az)"") ,

where b > a. The k ’ s and k ,Ts are rea l constants, k s  0 . . . . .  a )

( i )  The expression ( l )  has no real p os itive  zeros i f

k| Of k.j ^ Of kg ^ 0, k^ ^  Of kp g  0 , kg ^ 0 . ••••• (2)

( l )  may be written

( k q K z 2 + kg) (kq k z2 + kg) jjCo (az)K0 (bz) -  K0 (a z ) lo (bz)]

-  k2kpZ?' [ l 1(as)K1 (bz) -  K-^az) I^ b z ) ]

+ k2z(k^ k z2 + kg) r i i( a z ) K 0 (bz) + I Q (bz)K1 (az)J

-  kgzC k-j^z2 + kg) ^IQ(az)K1(bz) + I j^ b z ) ^  (az )] ................... (S)

I t  i s  known^that I 0 (az)KQ(bz) -  I Q(bz)K0 (az)

and I]_(az)K2(bz) -  K^(az)l-j_(bz)

have no r e a l  p o s it iv e  zeros and s in ce  b > a i t  fo llo w s from the

+ Chapter IV, §§ 4 ,5 . R.H.F. i f  4 ,7 .

* G. & M., p . 82, Th. X.

i . e .  (akg -  kx •< y2/a )J 0 (y) 

and (akg -  kx K y ?/a )Y 0 (y) 

I t  follow s that J0 (y)Y'Q(y) 

but th is  is  equal to 2 / (try)

4« The zeros o f+

Q kXKZ2 + kg) IQ (az)
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asymptotic expansions that both are negative.
Also I^(az)KQ(bz) + K^(az)lQ(bz)
end IQ(az)K^(bz) + K0(az)l^(hz)

are both positive for real positive z. Thus the terms of (3) 
have respectively the signs of

-(k^Kz2 + k2^2z"i k2z (k-[kz2+kj), -k2z(k-jKz?J + k^) .
As in § 1 above we take k-j_ ^ 0, k* ^ 0 (and if either vanishes 
the corresponding or k^ ^0). Then if

kl ^ °» kl ^ °* k3 > kZ ? °» k2 < 0, k2 2 o 
all terms of (3) are £ 0 for real positive z and thus there 
is no real root.

The conditions (2) are satisfied in the cases of physical 
importance discussed in Chapter IV, § 5 and R.H.F. § 7# If 
the conditions (2) are not satisfied there may be real positive 
zeros.
(ii) The expression (l) has no complex zeros if

k-j ^ 0 , k^ >  0 , k 2  ̂ 0 , k 2 :> 0 .

Consider the differential equation containing the parameter z

r Ir |f) - z?'l] = °> a < r < b, ............  (4)
with boundary conditions

(k̂  k z + kg)u + kg = 0 , r = a .... . (5)
(k-j k z2 + k^)U + kg ̂ 2 = 0 , r = b. .............  (6)
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I f  z =  f  , a zero o f ( l ) ,  a non-zrro so lu tio n  o f the 

d i f f e r e n t ia l  equation (4) and boundary condition s (5) and (6) i s  

U =  [(1r1K | ? + ks )K0 (ftf) -  k 2§ K 1 ( a | ) ] x 0 ( r | )

-  f o c i k f  " + k3) l o ( a | )  +  kg |  I ^ A f ^ K j r g )

Suppose ÿ i s  a complex zero o f ( l )  and l e t  y be i t s  conjugate,

then U* , the conjugate ofU s a t i s f i e s  

1 dU ! d̂  \ ? 3 T

r  d?^r  3F  ) "  " l ^  =  0 > a < r < b ,

.2 i„ _l v-_ dU* _ q r  = awith (kj k /y  ̂ + kg)II* + kg ^

(k ’ v ^  + k ’ )UK + k ‘ ^ “ =  0 , r  =  b

(7)

(8 ) 

(9)

^om (4) and (7) we obtain  
,.b /*b

( f  -  I 2 ,
1 a

) I  rTJTI*dr =  j" [tj | r ( r  4 ? )  -  U*dr dr

d ^
dr

Ur i

U r  ® )1dr dr J dr

u J  a

r  U r f r i * ^  + kg) f u M k {  + kg)
~ [■ k | ^  £  'j

Ur (k-; *  + kg) U*r (k1 x t  " + kg)
r=b

-1 r=a

i*e ,
7

=  ^ 2 - 7 2 ) l < b - % V - 7 2) l < a
bkqK,^2

2

•b *

i<. j = o
‘2 i - -' ^2

Thus tak in g , as alw ays, k^ ^ 0, k^  ̂ 0, i f  kg < 0 , kg > 0 

we have a co n trad ic tio n * The extension  to kg £ 0, kg ^  0 i s

t r i v i a l .
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( i l i )  The expression ( l )  has pure imaginary roots jl , s a l ,  2, • •

•where the ^ are the roots o f
5

["(kg -  k^K 2)J0(a<<) -  kg< J-|_(a«0̂ j ^(kj -  k^ k )VQ(b«iO -  kgrf Y^(brf)j

-  R k J -k j «rf2)Jo (b ^ )-k g «f J1(b ,< )][(k3 - k 1k/)Y0(f..«<)-kg<Y1(a^)J = 0

( 10)

~ron the asymptotic expansions o f the Bessel functions i t  follows 

that for large s these are near

or (s + |)
b - a ”  b -  a

depending on which o f the k vanish,

( iv ) The roots o f equation (lO) are simple.

At a repeated root o f (10) the derivative o f the le f t  hand

side o f (10) w i l l  also vanish. This gives on evaluating

j~(k* - k*KT<<2) JQ(b - k j^ J-̂ CbeOj  ̂i'kjf -  K k ^ V  + kg (kg + 2 Kk^/a) ^  f

~  j^(k3 -  K k ^ 2)J0 (ao() -  kgc<J-L(a^)j (kg -  * k j *  ' '+ kg(kg+ 2kk^/t) '¿J =0

.............  (H )

,1-h

Combinirg this with (10) we obtain i.

¡~(k3 -  Kk-j! o(2)Y0 (bi<) -  kgoCY^Cbicfl i  (k3 -  k1< ^ 2) 2 + fcg(kg + 2ick-j/e.)^j 
u  " J  l  J i

jl |^k^-Kk-j<< )Yq (ae<) -  kg<< Y- (̂a<0 j | (k* -  k’ ) ' + kg (kg+iKk-^/b)

............ ( 12 )

How the expressions in ( l l )  and (12) are lin early  independent solutions 

o f a linear second order d iffe ren tia l equation so cannot.* vanish 

simultaneously and we have a contradiction.

*  G. & M., p, 80, Th. 2. There may be repeated roots for exceptional

values which make tho coe ffic ien t o f the second dericative in this 
equation vani sh.

H
lO

i



APPENDIX I I I .

1 . In th is  Appendix i t  i s  v e r if ie d  fo r th e complete s e t  o f 

problems discussed in  Chapter IV, R .H .F .a n d  Appendix I  th a t the 

in te g ra ls  round the arcs  BB’C and AAIC o f  the c i r c le  J~~ o f  F ig . 3, 

or round the arcs  BBfF, A !C o f th e  c i r c l e  I o f  F ig , 1, tend to 

zero as the r a d ii  tend to  in f in i t y .  When F ig . 3 i s  used the 

radius i s  to tend to  in f in i ty  through a sequence o f  values avoiding 

the poles o f th e  in tegrand ; th ese  poles have been determined in  

Appendix I I ,

In a l l  cases i t  has merely to  be v e r if ie d  th a t the integrands 

o f the lin e  in te g ra ls  for v  s a t is f y  the conditions o f Theorem 1, 

Chapter I .  The proof o f  th a t  theorem s t i l l  holds i f  the radius 

tends to  in f in i t y  through a sequence o f  valu es. The upper arc 

w >/ 0 > 0  only w il l  be discussed, the lower ones are tre a te d  

s im ila r ly .

2 2
2 . Lemma. For A = K (n + if) 7L. 0 ' , n = \/(A 'k ), ^   ̂ 0 £ 0 .

'

| coshijua - ¿ T r i )  | > C exp£(n + V)-rrcos \0| .......... ( l )

■where C is  a con stan t independent o f n . 1 

* coshfyta -  ]..ir i )  ] = j co sh f(n +  ? ) ir e 1®'^ -  i"j j ^

= ; | cosh[(2n+ 1 ) ttcos ;0! + cosj^ (2n+l ) i r  sin 0  -  "¿J

= oosh£(2n+ 1 ) t  cos ©j | 1+  sin £ (2n +  l ) t  s in  ¿ lx

x seohp(pn+l) ir  cos ©J r
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How l e t  6 = 2 s in
0 5

- 1  2n + T
2n + 1

6 \/n'+ V/{6
so th a t  cos h. = — ----- —

2 2n + 1

( I )  -rr > 6 ^

Then (2n + (2n + l ) r s i n  -g-

y  (?.n + l ) T s in

?

f  y ~  1 T'----2
> (2n + 3A )  IT

T h erefore  0 ^ sin["(2n + l)w  s in  ^
u ' V 2

i , / 1 . \, 2 (2n + 1 ) tt cos ~Thus I cosh ( Ai a -  < C e v

( i t ) e. > o

j s in ^ (2 n +  1 ) tr s in  j sech ĵ (2n+ l ) - r  00s J

^ sechi (2n + l ) -ireos ~  i
L 2 _i

<  sech; (2n + 1N> t  cos P. ,

£ sech
-rrx

, fo r  every  p o s it iv e  in te g e r  n

Thus | l  + s in j (2n + l)-rr sin  seoh^(2n + l ) v  00s

^ 1 -  sech v > n , fo r  every  p o s it iv e  in te g e r *
9

T herefore Jc o 3h(| ka- ■ j-v i) j^  y  C e ^ n+ ^ ir  oos "2"

Prom ( i )  and ( i i ) the r e s u l t  follow s«

\ TT 1 0
Thensarne argument g iv e s , when A = tc(n + ¿7 —  © 9

a2
| coshGua -  | i r i )! > c '

3 , The reg ion 0 * r  < a*

co n d itio n  a t  r  :~ a

k- >v
’ s a

+ k 0 + k«v 2 a r

are  v - f T o ( f 'r )  1
2-tri 1

r
- {«>  ̂ {(8,> +£3) T0(^ a )

(i)

(ii)

(2)

Boundarv

(V
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Now, in the notation o f  Appendix I,  § 2, 

f W  = (kiA + lc3) l 0 (^a) + k2 jU.Ii(^a)
3

2ko u e_  2 (kxX + k3)e^ 

( 2 ^ a ) '

TTi
T---------- cosh

n ¿K> U 9 <z
(/aa -  —- tti) + ---- --------- * -  cosh(^a -  —rri)
» 4 ( 7 4(2v^a)

+ sim ilar terms 0(~) compared with the above.

Thus3* i f  A = K(n + / )  " e ^ , ur ^ 0 > 0
a2

|f(>)| y  C n | cosh (^a -  i i r  i )  | y  C n3  ̂ ®xpjjn+-; -rr cos . ¿ j ,

n > nQ, kx ^ 0 ........... (4)

or y  Cn*|oosb( .̂a -  -£'Tri)[ y  C expQn + ^iroos ^¿j , n y- n^,

i f  k-̂  = 0, k2 =j= 0, . . . . . .  (5)

or y  Cn“’2| cosh (^a -  ^•iri)| y  Cn“*̂  expQn + #)-tt cos ^¿J, n > n2,

i f  k1 = k2 = 0, ...............  (6)

where the resu lts o f  S 2. ( l )  and (2) have been used,

Also | I0 (z)| ^ exp|R(z)|.

Thus on A = K(n + -g-)'2 tt iQ

Y < C n exp | (n + ’■)‘Tr •' (r -  a) cos ¿ 3  |  > "TT ^ 9 y- 0, 0 * r<: a, 

n > n3

where cxf is  -  3 /2 , -  |  or 2 according as k-̂  =j= Oj k-j = 0, k£ r  0? 

or k  ̂ = k2 = 0 ,

In a l l  cases the conditions o f  Theorem I are sa tis fie d  and thus 

the integral over tends to zero as it s  radius tends to in fin ity  

i f  e ither

0 <: r  ̂ a , t > 0

or 0  ̂ r < a , t ^ O .

c ir c le s  o f  these ra d ii do ndt pass through any pole o f  the integrand o f 
Appendix I 9 3 (6) .  Cf, Appendix II § 2 ( i i i ) .
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4» The region 0 £ r < a* Unit initial temperature» Boundary

condition at r = a

+ k2 = kA , t > 0.7i 2 fcr

Here

/•i 100

V = 1 + T '

r -1100

QXt Qc4 - kj Iq (^r)d*_______
A|(k1> +  k3)lQ^a) + k^I-, (jua)j

, t > 0,

It follows from the results of § 3 that in all cases the conditions 

of Theorem I are satisfied.

5• The instantaneous cylindrical surface source over r = r 1 

in 0 £ r < a with boundary condition at r = a

Here,

ki t£ + k2 If + V  - 0 *
in the notation of Appendix I,

t > 0,

§ 2,

r* ^ r < a.

Prom the asymptotic expansions it follows that, for

? 2 .
\ - k (n + ;) e1^ , tt ? Q ? 0

a^

Appendix I,



| ï 0 < ^ ' }  ! <  c n“  e x p | | ( n + i ,) i r - ^ - ^ —
r*  ̂ r  < a , n > ,

where «<. = -J-, - 3/2 according as 4= O5 = 0, kg 4 0;k-̂  = kg = 0 .Thus, u sin g  S 3, (4 ), (5 ) , (6 ), we have when
A ~ K ' + -|)2 ?L. e'"- ,  -TT ^ G ^ 0

a^I 0 (jurM f I c (^r)g(A) -  K0 fyur)f(N)f(X ) < £  exp  ̂ cos ;-e I
r ’ r < a , n > nip.Thus the c o n d itio n s  o f  Theorem I  are s a t is f ie d  fo r  t  > 0 i f  r* £ r ^  a and s im ila r ly  th ey  are s a t i s f i e d  i f  0 <: r  £ r ' .

6. The problems corresponding to  those o f  §§ 3, 4,  5 fo r  th e reg io nbounded in t e r n a lly  by the c y lin d e r  r  = aIn  th ese cases the order p ro p e rtie s  proved in  Appendix I  § 6 (29) and § 8 (36) h old  in  f a c t  fo r  tt^ 0 ^ 0  and i t  fo llo w s  im m ediately th a t  th e 6 'on dition sof Theorem T are s a t i s f i e d .
7 . The hollow  c y lin d e r  a < r < b .  Zero i n i t i a l  tomperatureBoundary co n d itio n s

ki re+ k2 + k-v : A. » r =J a , t  y 0
t{ *Z + k|:Jl + kî = 0 ■&t $ r r  = b , t  >  Q
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Here

v = 2 ir i
k4 /*̂ +10° | G ( A )  IQ (/tr) -  F(>)KQ(^r)| e* d\

Î -ioo
^ f ( A ) G ( A )  -  g(X)F(>)|

«•••«• (7)

It follow s from the asymptotic expansions that

2^x/(a b ) I f  (A)G(A) -  g(A)F(A) } = -  2 ^ ^  + kg) (k-, A + kg) s in h ^ (b -a )

-  2kg ^(k-jA 4-  kg) cosh ^u(b -  a)

+  2kg ^ ( k *  A  +kg) cosh ^  ( b  -  a )

t  2kgkg fx sinh û(b -  a)

+ corresponding terms 0(~) compared
r

with the above (8)

We take* A = K (n + ¿)^  ~— — © ^ , -jr> Ô ^ 0 and i t  fo llow s
4 (b -  a )2

as in § 2 that

end

Thus fo r  A “  K (n + x)

| cosh u (b -a )|  A c 0XP 

.21N 2 ir " ie
(b -  a)

^A) KA) - g(A)F(,A)| y C n *  expj~(n + ^ ttcos k; 

where ^ = 3 , k-ĵ  £ 0, kj £ 0

Qn +  t ) tt cos à ê j .............. (9)

to00Is
r-i |*d> 

+

J
.............. d o )

© ?  0 3

1 \  l l  
4  ) TT COS '5©j , n > X1q • • • •  ( X 1 }

+ :  °

or k-̂  =  k j =  0 , k 2 += ° »  k 2 4= 0

= 0 , k l  ~ k^ = k| = 03 k^ =)= 0

= -  1, k i  = kg = k-j_ = k 2 -  0 .

-------- ---------------- 1 . .... ■ —-  ■ - - -•« ■■■• ■ • - • w ■
c A c ir c le  o f  radius * (n + TY ‘ ’7r w il l  in  no case pass through

(b -  a) 9
a pole o f  the integrand o f  (7 ). Cf. Appendix H , § A- .
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Also

|5 (A )l0 ^ r )  -  F(A)K0 ^ r ) |  < C nexp[(n + | )  ( ^ f ) i r o o s  ÿ l ,  n > ^  . . .  (12)

where ^ = 1, O, -1 according as k^ ^ 0 ; = 0, k^ ^ 0; kj| = k* = 0.
% / 1 . 2  ttThus on — Kin + 7*)

(b -  a)
e1^ , t M ^ O

5 W l 0 Çw) -  P(A)K0 ^>r)I Ä < r  !  ( a - r )  x ?
f ( « s { |  ." iÔ t ip W  < expj (n + X)T b ^ lT  r  j0; , n ^ n,

■where ^ i s  -2 , -1 , 0 ,

Thus in  a l l  cases the conditions o f Theorem I are  s a t i s f ie d .

8. The in stan tan eous*ey !5Jndrio a l  sur face  ëôurce over r  — r 1 in  the 

hollow cy lin d e r  ‘ a  < r<  b w ith  boundary conditions

r,=  a , t  > 0k l I? + k Z * k iv - 0 *

*18  ♦ 4 S  * >4" ° • r  = b, t  > 0«

Here

v =
4 TT̂ iK

<!i+:L00 i Io rVk r) S '^ ) -  ■ro(^r ) f‘ ( » H  I0 (|ur’ )G(A) -K 0 (jk r ')F ^ )\ 9 AtdA
f(»G (A ) -  g(X)F(A)

 ̂jr-ioo
a < r  ^ r  *.

On A = k(n + 7-V ------—
4 ( b - a )

iQ
TT ^ © > 0

{ l Q(r>-)s(>) -  K0 (f.r)fOO}^ I0 (|W’ )G(>) -  K0 (|ur ' )F(M J

< 0 » “ « *  { (n + l ) w J ^ s k £ r r j l  00s $ » j

» > » .



= 2 , kx 4= 0, k^ % 0

= 1 , k-j = 0, k* ^ 0, kg 4= 0

= 0 , k-j = k* = 0 ,  kg 4= Oj kg 4= 0;

= -1 ,
T  T 1k-j — k-ĵ  — Of krj — Of kr) -p 0

¡1 ! CO w kl  = kl  = k2 = kg = °«

Thus i n a l l  cases

{ IoÔlr)s (* î " Kc (Jur)f(>)h  I o ^ r ')5( ^  -  K0 (jur')F(^) \
f(x)sW -  s W ? W

, ( , 1. -rr'v -  r  * ) •*
<  C n**1 exp j (n + 4) — —  cos 4 © >

and t he  c o n d itio n s  o f  Theorem I are  s a t i s f ie d *  i f  t  ^ 0 and a ^ r  ^

and sim ilarly they are satis fied  i f  r*  ̂ r ^ b.


