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Abstract 

The main objective of the thesis is the development of the Direct Strength Method (DSM) for the 

design of cold-formed steel sections under general localised loading. In order to calibrate the DSM 

equations, it is necessary to have three main input variables which are the buckling load, the yield load 

and the experimental data.  

 The first objective of this research is the development of the Finite Strip Method (FSM) theory 

for analysis of thin-walled sections under localised loading with general end boundary conditions to 

determine the buckling load as described in Chapters 3 and 4 of the thesis. The theory is included in 

Version 2.0 of the THIN-WALL-2 program which can be used for analysing structural members under 

generalised loading conditions as described in Chapter 5. 

The second objective is the formulation of plastic mechanism models to estimate the yield load 

of thin-walled sections subjected to localised loading. In order to establish these models, observations 

are performed from experiments to ascertain the failure modes of structural members under localised 

loading with different cross-sections, load cases and flange fastening conditions. From the data, new 

simple plastic mechanism models are built-up based on the concept of the balance between the 

internal energy of the structural member and the external energy of the applied loads to estimate the 

yield load as described in Chapter 6. 

 The third objective is collating the experimental data of thin-walled sections under localised 

loading. The data is collected from previous literature for different types of cross-sections: un-lipped 

plain-C, lipped plain-C, SupaCee and Dimond Hi-Span channel (DHS) sections subjected to all load 

cases. In addition, both flange fastened and unfastened conditions are assembled in the experimental 

database as described in Chapter 6. 

 From these three input variables, the DSM design equations are proposed for structural 

members under general localised loading. The method is a consistent and simplified model 

generalised for all localised load cases. It includes both an inelastic reserve component as observed in 

testing and a yield load component. Also, a reliability analysis calibration is performed to validate the 

accuracy of the DSM predictions with the collected experimental data as described in Chapter 7. 
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Preface 

This thesis is submitted to the University of Sydney, Australia for the degree of Doctor of Philosophy. 

The work described in this thesis was carried out by the candidate during the years 2014 to 2017 in 

the School of Civil Engineering, the University of Sydney under the supervision of Dr. Cao Hung Pham 

and Professor Gregory J. Hancock.  

In accordance with the Bylaws of the University of Sydney governing the requirements for the 

degree of Doctor of Philosophy, the candidate submits that the work presented in this thesis is original 

unless otherwise referenced within the text. The Finite Strip Method (FSM) theory for the analyses of 

thin-walled sections under localised loading for Simply Supported boundary condition was devised by 

Professor Gregory J. Hancock. The candidate further developed this theory for general end boundary 

conditions by the inclusion of appropriate longitudinal displacement functions. In addition, the theory 

has been included in Version 2.0 of the THIN-WALL-2 program which is a combination of two 

programs: 

1. Graphical User Interface (GUI) program written by the candidate and Dr. Cao Hung Pham 

using Matlab. 

2. Finite Strip Method module written by the candidate in Matlab for analyses of thin-walled 

sections under localised loading for general end boundary conditions. 

A separate Version 1.0 of the THIN-WALL-2 program for pre-buckling and buckling analyses of 

thin-walled sections under localised loading with simply supported boundary condition alone contains 

C++ modules written by Professor Gregory J. Hancock and is not claimed as part of this thesis. 

 New plastic mechanism models are proposed by the candidate to estimate the yield load (Py) of 

structural members under localised loading. Also, the author proposes new Direct Strength Method 

(DSM) design equations to predict the capacities of structural members subjected to localised loading.  

 Four journal papers and five conference papers, which are based on the work presented in this 

thesis, have been published, submitted or are prepared for publication. In addition, four research 

reports have been published which are also based on the work presented in this thesis. 
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   Notation 

LATIN LETTERS 

Notation Meaning Unit 

[BFm] Strain matrix of flexural displacement   

[BMm] Strain matrix of membrane displacement   

[C] Transformation matrix   

[CF] 
Evaluation matrix of the flexural displacement functions at the nodal 

lines 
  

[CM] 
Evaluation matrix of the membrane displacement functions at the nodal 

lines 
  

[DF] Property matrix of flexural displacement of a strip   

[DM] Property matrix of membrane displacement of a strip   

[G] Stability matrix of section   

[gFmn] Flexural stability matrix of a strip   

[gMmn] Membrane stability matrix of a strip   

[GG] Global stability matrix of a strip   

[GL] Local stability matrix of a strip   

[K] Stiffness matrix of section   

[kFmn] Flexural stiffness matrix of a strip   

[kMmn] Membrane stiffness matrix of a strip   

[KG] Global stiffness matrix of a strip   

[KL] Local stiffness matrix of a strip   

[R] Rotation matrix   

{F} Load vector   

{FXm} Load vector component in X direction   

{FYm} Load vector component in Y direction   

{FZm} Load vector component in Z direction   

A Strip area mm2 

Aw Web area mm2 
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b Strip width mm 

Bf Flange width mm 

CC Both ends clamped   

CF One end clamped and one end free   

Cl Coefficient of bearing length   

Cr Coefficient of inside bent radius   

Cw Coefficient of web slenderness   

D Section depth mm 

d1 Web depth mm 

DX Displacement by transverse direction mm 

DY Displacement by vertical direction mm 

DZ Displacement by longitudinal direction mm 

EN End node   

EOF End one-flange loading   

ETF End two-flange loading   

Ex Young's modulus by longitudinal direction MPa 

Ey Modulus of elasticity by transverse direction MPa 

f1m(y) Polynomial function for flexural transverse variation   

FF Both ends free   

fod Elastic distortional buckling stress of the section in bending MPa 

fol Elastic local buckling stress of the section in bending   

fu Ultimate strength of steel MPa 

fum(y) Polynomial function for membrane transverse variation   

fvm(y) Polynomial function for membrane transverse variation   

FX(Z) Distributed lines load in X direction   

fy Yield strength of steel MPa 

FY(Z) Distributed lines load in Y direction   

FZ(Z) Distributed lines load in Z direction   

G Shear modulus of a strip MPa 

h Plastic hinge depth mm 
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i Strip number   

IOF Interior one-flange loading   

ITF Interior two-flanges loading   

j Node (nodal line) number   

k DSM coefficient   

kv Shear buckling coefficient   

L Strip length mm 

L1, L2 Lip lengths mm 

lb Actual bearing length mm 

Lo Beam length  mm 

m Series term mth   

Mod Elastic distortional buckling moment of the section kNm 

Mol Elastic local buckling moment of the section kNm 

Mp Plastic moment per unit length of plate kNm 

My Yield moment of the section kNm 

N Bearing length mm 

n Node number of a section nodes  

Ncd Nominal capacity of a member in compression for distortional buckling kN 

Nce Nominal member capacity of a member in compression kN 

Ncl Nominal capacity of a member in compression for local buckling kN 

Nm Yield-line length mm 

Noc 
The least of the elastic compression member buckling load in flexural, 

torsional and flexural-torsional buckling 
kN 

Nod Distortional buckling load kN 

Nol Elastic local buckling load kN 

Ny Nominal yield capacity of the member in compression kN 

p Start node of a strip   

P* Applied load kN 

Pcr Buckling load kN 

Pexp Experiment load kN 
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Pn Nominal capacity kN 

Py Yield load kN 

q End node of a strip   

r Centre radius mm 

r1, r2 Corner radii mm 

Rb Nominal capacity for concentrated load or reaction for one solid web kN 

Rc 
Nominal capacity for concentrated load or reaction for one solid web 

 with holes 
kN 

re Outer radius mm 

ri Inner radius mm 

s Strip number of a section   

SC One end simply supported and one end clamped   

SF One end simply supported and one end free   

SN Start node   

SS Both ends simply supported   

t Thickness mm 

tE Thickness for bending mm 

tf Thickness of flange mm 

tG Thickness for shear mm 

tw Thickness of web mm 

U Total strain energy of a strip   

u Longitudinal membrane displacement of a strip mm 

UF Flexural strain energy stored in a strip   

UM Membrane strain energy stored in a strip   

V Total potential energy of external forces or membrane stresses   

V Strip volume mm3 

v Transverse membrane displacement of a strip mm 

Vcr Elastic shear buckling force of web kN 

VF Flexural potential energy of the membrane stresses   
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VFL Flexural potential energy of the longitudinal stress   

VFS Flexural potential energy of the shear stress   

VFT Flexural potential energy of the transverse stress   

VM Membrane potential energy of the membrane stresses   

VMu 
Membrane potential energy of the longitudinal stress by longitudinal 

direction 
  

VMv 
Membrane potential energy of the longitudinal stress by transverse 

direction 
  

Vy Yield load of web kN 

w Flexural displacement of a strip mm 

X Transverse axis   

X1m (x) 
Displacement function for flexural longitudinal variation 

 and membrane transverse variation 
  

X2m (x) Displacement function for membrane longitudinal variation   

Y Vertical axis   

Z Longitudinal axis   

Ze Section modulus mm3 

Zf Section modulus about a horizontal axis of the full section mm3 

 Variable  
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GREEK LETTERS 

Notations Meaning Unit 

{Fm} Vector of polynomial coefficients of flexural deformations   

{Mm} Vector of polynomial coefficients of membrane deformations   

{Fm} Flexural displacement vector of a strip   

{Mm} Membrane displacement vector of a strip   

{Fm} Flexural strain vector   

{Mm} Membrane strain vector   

{Fm} Flexural stress vector   

{Mm} Membrane stress vector   

 Plastic hinge depth factor   

 Yield-line slope factor   

1 Slope factor   

o Slope factor depends on the bearing length ratio (N/D)   

b Buckling displacement (deformation) mm 

p Pre-buckling displacement (deformation) mm 

 Total potential energy   

 Factor depends on the radius ratio (ri/t)   

 Section slenderness   

 Load factor against buckling   

d Non-dimensional slenderness used to determine Mbd   

l Non-dimensional slenderness used to determine Mbl   

v Non-dimensional slenderness used to determine Vv   

 Number of series terms   

x,y Poisson’s ratios   

 Rotation angle of web   

x Curvature in x direction   

xy Twist in x direction   
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y Curvature in y direction   

yx Twist in y direction   

x Longitudinal stress MPa 

y Transverse stress MPa 

cr Elastic critical stress MPa 

xy Shear stress MPa 

 Variable, =x/L   
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Chapter 1 

INTRODUCTION 

1.1. INTRODUCTION ABOUT COLD-FORMED STEEL STRUCTURES 

Cold-formed steel can be seen as an alternative to hot-rolled steel. Members made from cold-formed 

steel have been used widely and effectively around the world with many applications such as roof 

trusses (Fig.1.1a), decking (Fig.1.1b), beams, storage racks, houses (Fig.1.1c), purlins, portal frames 

(Fig.1.1d), roof sheeting and floor decks. In addition, these members can be used as non-building 

members in transportation vehicles such as cars, railway cars or coaches. High strength steel is often 

used to create cold-formed steel members, thus the members are thinner and lighter than hot-rolled 

steel members. The thickness can be as thin as 0.42mm with a high yield stress of 550MPa [1]. 

Obviously, the self-weight of structures is reduced which makes the structures more efficient to 

transport and erect. 

    

                              (a) Roof trusses            (b) Decking 

    

                                      (c) Houses        (d) Portal frames 

 Figure 1.1: Applications of cold-formed steel 



 

                                                                                                                                                                   Chapter 1: Introduction 

Van Vinh Nguyen                                                                                                                                                         PhD THESIS 
 

41

The cold-formed steel members are manufactured by bending flat sheets at ambient 

temperatures which allows the creation of many shapes of cross-sections such as roof sheeting, 

channels, zeds, hats and proprietary sections such as SupaCees, SupaZeds, Dimond Hi-Span (DHS) 

channels, buiIt-up-I sections with and without stiffeners in the web and flanges as shown in Fig.1.2. It 

means that there are more options for member cross-sections when using cold-formed steel than hot-

rolled steel. 

    

Figure 1.2: Cold-formed steel (thin-walled) sections 

  However, because of the thinner sections, cold-formed steel members have modes of failure 

and deformation which are not commonly encountered in normal structural steel design as shown in 

Fig.1.3, and so design specifications and standards are required which provide guidance for the 

design of thin-walled members. In addition, the cold-forming process often produces structural 

imperfections and residual stresses which are quite different from those of traditional hot-rolled and 

welded members. Consequently, design specifications and standards have been produced specifically 

for cold-formed structural members [2], [3], [4], [5], [6].  

    

Figure 1.3: Failures of cold-formed steel structures 
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Recently, with the development of high strength steels, improvements of rolling and forming 

technology and evolution of complex shapes, cold-formed steel members are being fabricated with 

higher yield strength materials and used as an effective alternative to the hot-rolled steel members. 

1.2. SIGNIFICANCE OF STUDY 

Cold-formed members may fail because of compression, flexure (bending), shear or combinations of 

these forces. Many investigations have been focused on these areas. The design rules have been 

developed and included in both the North American Specification for the Design of Cold-Formed Steel 

Structural Members AISI S100-2012 [2] and the Australian/New Zealand Standard AS/NZS 4600:2005 

[3]. However, in some structures, cold-formed members are connected together and there is a direct 

transfer of localised loading from one to each other as shown in Fig.1.4. Web crippling at points of 

concentrated load and supports can be a critical problem in cold-formed steel structural members and 

sheeting for several reasons. Firstly, in cold-formed design, it is often not practical to provide load 

bearing and end bearing stiffeners. This is always the case in continuous sheeting and decking 

spanning several support points. Secondly, the depth to thickness ratios of the webs of cold-formed 

members usually is larger than for hot-rolled structural members. Thirdly, in many cases, the webs are 

inclined rather than vertical. Finally, the intermediate element between the flange to which the load is 

applied, and the web of a cold-formed member usually consists of a bend of finite radius, thus the load 

is applied eccentrically from the web.  

    

Figure 1.4: Localised loading 

Localised loading, patch loading and web crippling have the same phenomena; however, in this 

thesis the term localised loading has been used throughout. 

From the locations of the localised load, there are four loading cases which are referred in 

design in the North American Specification for the Design of Cold-Formed Steel Structural Members 

AISI S100-2012 [2] and the Australian/New Zealand Standard AS/NZS 4600:2005 [3] of thin-walled 

Localised loading 
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sections. These are Interior one-flange loading (IOF), End one-flange loading (EOF), Interior two-

flange loading (ITF) and End two-flange loading (ETF). The failure modes of structural members under 

the four different localised load cases are shown in Fig.1.5(a), (b), (c) and (d) respectively. 

    

                               (a) IOF load case [7]                        (b) EOF load case [8] 

    

                             (c) ITF load case [9]                       (d) ETF load case [10] 

Figure 1.5: Web crippling failure modes 

Currently, many experimental investigations have been performed to study cold-formed steel 

members under localised loading; however, there is limited theoretical research focusing on this area 

due to the difficulty in the buckling analysis and yielding analysis when the load is concentrated. Thus, 

it is necessary to have a theoretical combined with experimental investigation for cold-formed 

structural members subjected to localised loading.  

The common design methods used to estimate the capacities of structural members are the 

Effective Width Method (EWM) and the Direct Strength Method (DSM). The DSM is a recent 

alternative to the traditional EWM for design of cold-formed sections. The DSM has been developed 

by Schafer and Pekoz [11] and well established for design rules of cold-formed steel structural 

members under compression, bending and shear. In addition, the DSM of design was included in the 

North American Specification for the Design of Cold-Formed Steel Structural Members AISI S100-

2012 [2] (NAS) for the three load cases above and the Australian/New Zealand Standard AS/NZS 
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4600:2005 [3] for compression and bending. However, the NAS S100:2012 and 2016 Editions have 

not included the DSM for design of thin-walled sections under localised loading. Thus, it is important 

that the DSM is extended to localised loading so that the method is completely general. In order to 

establish the DSM for design of cold-formed sections under localised loading, it is necessary to have 

three main input variables as the buckling load, the yield load and the experimental data. 

The elastic buckling load is an important input to the DSM design equations for web crippling. 

Some investigations have been performed to determine the buckling load of cold-formed sections 

under localised loading; however, they still have limitations. Recently, Hancock and Pham [12] have  

developed the Semi-Analytical Finite Strip Method (SAFSM) for buckling analysis of thin-walled 

sections under localised loading; however, the theory is only available for the simply-supported 

boundary conditions at both ends of structural members. In normal structures, cold-formed members 

are connected by bolts or welds, thus the boundary conditions are different from simply-supported. 

Thus, it is necessary to develop the theory for analyses of cold-formed sections under localised 

loading with general end boundary conditions. 

 In addition to the buckling load, the yield load is another key input to the DSM design equations 

for web crippling. Some mechanism and yield models have been proposed as described in Chapter 2 

to estimate the yield load of thin-walled sections under localised loading; however, these predictions 

still have some disadvantages. Thus, it is necessary to develop simplified and consistent models to 

determine the yield load for web crippling for general cold-formed steel sections, load cases and 

flange fastened conditions. 

1.3. OBJECTIVES OF STUDY 

The main objectives which have been presented in the thesis are listed as follows: 

1. To develop the FSM theory for pre-buckling and buckling analyses of thin-walled sections under 

localised loading with general end of boundary conditions. 

2. To investigate elastic buckling stresses of thin-walled sections under localised loading and to 

determine various buckling modes as well as to get the critical load (Pcr) of the thin-walled 

sections. 

3. To collect the experimental data of structural members subjected to localised loading from 

previous literature. 
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4. To create simple plastic mechanism models to estimate the yield load (Py) of structural 

members under localised loading using the data in 4. 

5. To develop a consistent and simplified Direct Strength Method (DSM) for the design of cold-

formed steel sections under localised loading. 

1.4. RESEARCH METHODOLOGY 

1.4.1. Finite Strip Method 

The Finite Strip Method (FSM) [13] is an effective method for the static, stability, post-buckling and 

vibration analyses of thin-walled structures. In comparison with the Finite Element Method (FEM), this 

method has various advantages. Firstly, structural members are divided into strips instead of elements 

in analyses, thus the number of degrees of freedom is reduced. Secondly, there are no compatibility 

problems between flexural and membrane displacements at plate junctions in using the FSM. In 

addition, it is easy to define the geometry of the structural problem. 

 In the FSM, simple polynomial functions are used to describe the transverse variations, while 

continuous harmonic series functions are usually employed to describe the longitudinal variation of 

strip displacements. This approach is different from the FEM which uses the polynomial functions for 

both the longitudinal and transverse directions to describe the element displacements. In general, in 

order to give compatibility between the strips, the longitudinal harmonic series chosen for flexural and 

membrane deformations are the same. When harmonic functions are chosen based on analytical 

solutions, the FSM is commonly known as the Semi-Analytical Finite Strip Method (SAFSM). In 

another case, local spline functions may be used instead of the harmonic series functions in the 

longitudinal direction to account for the different end boundary conditions. This is known as the Spline 

Finite Strip Method (SFSM). 

 Cheung [13] originally developed the SAFSM for stress analysis of isotropic and orthotropic 

variable thickness plates in bending with simply supported boundary conditions. In this research, a 

polynomial function is used in the transverse direction, while a harmonic series function which is 

assumed to take the form of a half sine wave is employed in the longitudinal direction. This choice of 

displacement functions is consistent with the boundary condition of simply supported ends. This 

method was also extended to plates with clamped and free-end boundary conditions. In addition, 

Cheung [13] further extended the method incorporating the membrane displacements in addition to 

the plate flexural displacements for the stress analysis of folded plate structures. The displacements 



 

                                                                                                                                                                   Chapter 1: Introduction 

Van Vinh Nguyen                                                                                                                                                         PhD THESIS 
 

46

along each nodal line is described by only four degrees of freedom, thus the numerical work was 

reduced considerably in comparison with the FEM. The SAFSM was first used by Przmieniecki [14] for 

buckling analysis of plates involving only flexural deformations. Plank and Wittrick [15] extended this 

study to develop a complex finite strip method for the buckling analysis of plates under loading 

combinations such as longitudinal compression and bending, transverse compression and shear. 

Recently, Hancock and Pham [12] have used the SAFSM for the analysis of thin-walled sections under 

localised loading with simply-supported at both ends of the structural members.  

 For other boundary conditions, the displacement functions may be different from harmonic 

functions. In this thesis, the FSM has been developed for both pre-buckling and buckling analyses of 

thin-walled sections under localised loading for general end boundary conditions as described in the 

Chapters 3 and 4. The theory has been included in the THIN-WALL-2 V2.0 program as shown in 

Fig.1.6 and described in detail in Chapter 5. The general end boundary conditions theory has used a 

combination of longitudinal displacement functions from Cheung [13] and Bradford and Azhari [16]. Li 

and Schafer [17] have subsequently used the Bradford and Azhari’s functions for buckling analysis. 

    

Figure 1.6: THIN-WALL-2 V2.0 program appearance 
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Figure 1.7: Localised loading buckling modes in 2D and 3D views from THIN-WALL-2 V2.0 

 THIN-WALL-2 V2.0 is written to define input data using a Graphical User Interface (GUI) to 

perform pre-buckling and buckling analyses of thin-walled sections under generalised loading. The 

loading may contain uniform stresses or localised loading. The GUI is then used to display the results 

of the analysis. It is also possible to use this program to perform a cross-section analysis to generate 

the section properties. The cross-sections can be formed from different shapes includes open and 

closed sections or mixed sections. In this research, the THIN-WALL-2 V2.0 program is used to 

estimate the buckling load and buckling modes of structural members under localised loading as 

shown in Fig.1.7. The buckling load is a key input to develop the DSM for web crippling.  

1.4.2. Plastic mechanism models 

The yield load is another important input variable to the DSM for web crippling. Some models have 

been proposed to estimate the yield load of thin-walled sections under localised loading. For example, 

Keerthan et al. [18], Sundararajah et al. [19] and Dara and Yu [20] determined the yield load from an 

equivalent web yield capacity. Natário, Silvestre and Camotim [21] employed the yield-line method to 

calculate the yield load for different cross-sections, different flange fastened conditions, under both 

two-flange load cases. Young and Hancock [22] developed plastic mechanism models to estimate the 

yield load of un-lipped channel sections under localised load cases. In this thesis, observations are 

performed from experiments to ascertain the failure modes of structural members under localised 

loading with different cross-sections, load cases and flange fastened conditions as shown in Fig.1.8. 

From the data, simple and consistent plastic mechanism models are built up based on the concept of 

the balance between the internal energy of the structural member and the external energy of the 

applied loads to estimate the yield load. Currently, the models are available for different types of cross-
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section such as unlipped plain-C, lipped plain-C, SupaCee and Dimond Hi-Span (DHS) for all localised 

loading cases.  

An example of a plastic mechanism model for a lipped channel section under the interior one-

flange loading (IOF) is shown in Fig.1.9. The models for other cross-sections subjected to other 

localised load cases are described in Chapter 6 of the thesis. 

 

(a) Experiment                      (b) Failure modes 

Figure 1.8: The IOF load case [7] 

 

Figure 1.9: Plastic mechanism model for the IOF load case 

where N is the bearing length and Nm1, Nm2 are the yield-line lengths 

The models are simplified with horizontal hinges of length Nm1 and Nm2 to facilitate easy design. 

The internal energy of the structural member must be equal to the external energy of the applied 

loads as given: 

 1 1 1 1 2 2y p m p mP r M N M N        (1.1)

 



N

Plastic hinges

r Py

N



yield line 1

N



re
d1D

yield line 2

re

1

h=


D

1 m1

m2



 

                                                                                                                                                                   Chapter 1: Introduction 

Van Vinh Nguyen                                                                                                                                                         PhD THESIS 
 

49

Hence, the yield load (Py) is given by: 

1 2
p

y m m

M DP N N
r D h
        

 
(1.2)

where  

 N is the bearing length 

 Nm1, Nm2 are the yield-line lengths 

r is the load eccentricity from the web centre 

Mp is the plastic moment per unit length of plate 

This example has been included here so as to provide a demonstration of the nature and 

simplicity of the equations. 

1.4.3. Experimental investigations 

Experimental investigations have been performed by many researchers to study the behaviour of cold-

formed steel members subjected to localised loading. Four localised loading cases (IOF, EOF, ITF and 

ETF) have been tested  as shown in Fig.1.10. In addition, different cross-sections have been 

conducted in the experiments such as un-lipped plain-C, lipped plain-C, Supacee, DHS, lipped plain-Z, 

SupaZed and built-up-I sections. Also, both unfastened and fastened flanges have been considered in 

the tests. The experimental data has been collected from different sources to estimate the yield loads 

by the plastic mechanism models and the buckling loads using the THIN-WALL-2 V2.0 program based 

on the FSM as described in the Chapter 6. Full details are given in Chapters 2 and 6 of the thesis. 

    

  (a) IOF test [7]                         (b) EOF test [8] 
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  (c) ITF test [9]                                    (d) ETF test [10] 

Figure 1.10: Experiments of cold-formed steel members under localised loading 

1.4.4. Direct Strength Method 

The purpose of this research is the development of the DSM for the design of cold-formed steel 

sections under localised loading. Three main input variables to establish the DSM for web crippling are 

the elastic buckling load (Pcr), yield load (Py) and experimental data (Pexp). The elastic buckling load is 

obtained from the THIN-WALL-2 V2.0 program based on the Finite Strip Method (FSM), while the yield 

load is determined from the plastic mechanism models and the experimental data is collected from 

different sources for all load cases as described in Chapter 6. From these three components, a 

general set of DSM equations is proposed to predict the nominal strength of the structural members 

under localised loading. To introduce these equations in a general form, Eqs.(1.3) and (1.4) which are 

Eqs. (7.1) and (7.2) in Chapter 7, are summarised here. Eq.(1.4) is used to predict the yield nominal 

capacity, while the Eq.(1.3) is used to predict the inelastic reserve nominal capacity of structural 

members subjected to the different localised load cases.  
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where: 

 is the sectional slenderness, /y crP P   

 is the sectional slenderness when / 1n yP P   
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k1, k2, k3 are simplified coefficients and exponents calibrated through fitting the set of ratios 

exp / yP P to the right hand side of Eq.(1.4) which was proposed previously by Natário et al. [21] 

where a non-linear regression procedure was used. For different load cases, different 

coefficients and exponents are employed to build up suitable DSM design equations. 

k4 is a mechanism strengthening effect coefficient. It has been chosen as k4=1.8 in this study. 

The mechanism strengthening effect, which is observed experimentally, is probably caused by 

the moving hinge position in the flange under significant plastic deformation for stockier 

sections. 

Eq.(1.4) is plotted in Fig.1.11 by a continuous curve. The cut-off  / 1n yP P   is defined as the 

slenderness range for which the estimated web crippling load equals the yield load (Py). From 

Eq.(1.3), the inelastic reserve capacity is plotted by a dash line in the same figure. The DSM design 

curve is the combination of the continuous curve when >o and the dash line when oas shown 

in Fig.1.11. The DSM equations for different localised load cases are described in Chapter 7. The 

inelastic reserve capacity curve is similar to those for bending in the AISI S100:2012 Specification 

(Appendix 1, Sections 1.2.2.1.2.1.2 and 1.2.2.1.3.1.2). 

 

Figure 1.11: Proposal DSM design curve for web crippling 

1.4.5. Finite Element Method 

The Finite Element Method (FEM) which is the most powerful and versatile tool for solutions in 

structural analysis, is now well known and established. Many investigations have been performed to 
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develop the Finite Element Method for thin-walled structural members. In 1974, Cook [23] developed a 

solution procedure involving a combination of increment load or displacement control coupled with full 

or modified Newton-Raphson iterations and provided the basis for most nonlinear finite element 

computer programs. 

 Rajasekaran and Murray [24] studied the effects of local and member buckling and developed a 

formulation for elastic and inelastic buckling of thin-walled beams with local and member buckling 

interaction. A finite element model was developed from this formulation for elastic wide flange beams 

and the finite element stiffness matrices were derived from these equations for the wide flange I – 

sections. An investigation of the coupling for the section was carried out. The detail of a procedure for 

analysing inelastic beams and beam-column problems of arbitrary thin-walled open cross-section, 

under the assumption of no strain reversal were also presented by Rajasekaran and Murray [24]. The 

finite element formulation associated with such a procedure, and the expressions for programming the 

necessary computation of section properties and element matrices were given. 

Hancock and Trahair [25] extended the finite element buckling analysis method to allow for any 

combinations of continuous restraints which are uniform along the element, and the analysis of mono-

symmetric beam-columns with moment gradients. In other research, Hancock and Roos [26] used the 

finite element analysis based on an one dimensional mono-symmetric element to study the flexural-

torsional buckling mode of columns forming the upright frames of industrial steel storage racks. The 

FEM was further extended by Clarke and Hancock [27] in a nonlinear analysis applied to study the 

strength and behaviour of stressed arch frames. The analysis simulated geometric nonlinear 

behaviour and plasticity in the stressed arch, particularly at the top chord. 

The finite element program ABAQUS was used to establish the numerical modelling of ultimate 

strength of cold-formed steel members by Schafer [28]. The author reviewed the existing literature on 

the geometric imperfections, residual stress and stress-strain curve. The conservative bounds for 

imperfection magnitudes were established. The average flexural residual stresses were suggested to 

be used in modelling of residual stresses. Schafer and Peköz [29] provided detail of geometric 

imperfection and residual stresses in cold-formed members.  

Recently, Natário et al. [30] performed an investigation on the use of quasi-static analyses with 

explicit integration to evaluate the web crippling behaviour of cold-formed steel beams. In this work, 

the Abaqus code was employed to implement Shell Finite Element (SFE) models aimed at replicating 
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an experimental test and quasi-static analyses with an explicit integration scheme were adopted. In 

addition, the SFE models were developed in Abaqus code to study the flange crushing failure of a 

plain channel beam subjected to Internal Two Flange (ITF) loading conditions as described in [31]. 

In this research the FEM is used to model structural members under localised loading using 

Abaqus [32]. The elastic buckling results are compared with the results from the THIN-WALL-2 V2.0 

program to validate the accuracy of the FSM theory as given in Chapters 3 and 4. In addition, the FEM 

is used to simulate structural members from experiments to validate the test results and extend the 

data range based on the reliable data.  

The use of the FEM in the research methodology is shown in Fig.1.12.  

 

Figure 1.12: Use of FEM in research methodology 
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Chapter 2 

LITERATURE REVIEW 

2.1. INTRODUCTION 

This Chapter introduces the literature for rules in the current Specifications (Standards) for the design 

of cold-formed steel members subjected to web crippling in Section 2.2. In addition, the existing 

experimental data of cold-formed steel members under localised loading is summarized in Section 2.3. 

Section 2.4 gives the elastic buckling solutions for plates and complete sections. The yielding analysis 

of cold-formed steel sections under localised loading is reviewed in Section 2.5 including plastic 

mechanism models. The Chapter also gives the background of the Direct Strength Method (DSM) 

development for the design of cold-formed steel sections subjected to localised loading in Section 2.6. 

2.2. DESIGN CODE PREDICTIONS FOR WEB CRIPPLING 

2.2.1. Eurocode 3: Part 1.3 (ENV 1993-1-3:1996) 

The Eurocode-3 [5] provides a set of equations to avoid crushing, crippling or buckling of webs 

subjected to support reactions or other local transverse loads applied through the flanges. For a cross-

section with a single unstiffened web, the local transverse resistance of the web is determined as 

given in EN 1993-1-3:2006 6.1.7.2 [5]. These equations are empirically based on a range of 

experiments over many years. 

2.2.1.1. For a single local load or support reaction 

1. When 1.5 wc h  clear from a free end as shown in Fig.2.1 (this corresponds to the EOF load case) 

 

Figure 2.1: Single local load or support reaction with 1.5 wc h  [5] 

For a cross-section with stiffened flanges: 
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(2.1)

For a cross-section with unstiffened flanges: 
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(2.2)
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(2.3)

2. When 1.5 wc h  clear from a free end as shown in Fig.2.2 (this corresponds to the IOF load case) 

 

Figure 2.2: Single local load or support reaction with 1.5 wc h  [5] 
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(2.5)

2.2.1.2. For two opposing local transverse forces closer together than 1,5hw 

1. When 1.5 wc h  clear from a free end as shown in Fig.2.3 (this corresponds to the ETF load case) 
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Figure 2.3: Two opposing local transverse forces with 1.5 wc h  [5] 
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(2.6)

2. When 1.5 wc h  clear from a free end as shown in Fig.2.4 (this corresponds to the ITF load case) 

 

Figure 2.4: Two opposing local transverse forces with 1.5 wc h [5] 
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(2.7)

where: 

 c is the distance from loading to the closest end of the beam 

 Ss is the nominal length of stiff bearing 

 fyb is the design strength (MPa) 

 r is internal radius of the corner 

 hw is the web height between the midline of the flanges 

 t is the web thickness 

  is the angle of the web relative to the flange 
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 1 1.33 0.33k k 
   

2 21.15 0.15  and 0.5 1.0rk k
t

     
 

 

 

2

3 0.7 0.3
90

k     
 

   

 4 1.22 0.22k k   

 
5 1.06 0.06 1.0rk

t
    
 

  
228

ybf
k   

 The above equations are applied within the following limits: 

 

  

200 ;  6 ; 45 90o owh r
t t

   
 

2.2.1.3. For section with the web rotation prevented (fastened flanges) 

If the web rotation is prevented either by suitable restraint or because of the section geometry 

(e.g. I-beams) then the local transverse resistance of a web Rw,Rd may be determined as follows: 

a. For a single load or support reaction 

1). 1.5 wc h  (near of at free end): for a cross-section of stiffened or unstiffened flanges: 

2
7

,
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8.8 1.1 s
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(2.8)

2). 1.5 wc h  (far from free end): for a cross-section of stiffened or unstiffened flanges: 
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(2.9)

b. For opposite loads or reactions 

1). 1.5 wc h  (near of at free end): for a cross-section of stiffened or unstiffened flanges: 
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(2.10)

2). 1.5 wc h  (loads or reactions far from free end): for a cross-section of stiffened or unstiffened 

flanges: 
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(2.11)
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where the values of coefficients k*
5 to k11 should be determined as follows: 

 
*
5 1.49 0.53 0.6k k  

  6
0.120.88
1.9

tk  
 

 7
/1

750
sS tk      

if  / 150sS t  ; 
 7 1.20k 

  
if  / 150sS t   

 8
1k
k

    
if  / 66.5sS t  ; 

  8

/1.10
665

sS t

k
k

  
    

if  / 66.5sS t   

 9
0.150.82
1.9

tk  
   10

/0.98
865

sS t

k
k

  
 

 

 11
0.310.64
1.9

tk  
 

2.2.2. Australian and New Zealand Standard (AS/NZS 4600) 

The AS/NZS 4600 [3] equations are based on the AISI S100:2012 [2] using a different notation. The 

commentary to the AISI Specifications [33] gives the full database used to calibrate the equations. 

2.2.2.1. Bearing without holes (AS/NZS 4600 3.3.6.2) 

The nominal capacity for concentrated load or reaction for one solid web connecting top and bottom 

flanges (Rb) shall be determined as follows: 

2 1sin 1 1 1i b
b w y r l w

w w w

r l dR Ct f C C C
t t t


   

         
   

 

 

(2.12)

where 

  C is a coefficient 

  fy is the yield strength of steel 

  tw is the web thickness 

 is the angle between the plane of the web and the plane of the bearing surface.  shall be 

within the following limits: 45 90o o   

  Cr is the coefficient of inside bent radius 

  ri is the inside bent radius 

  Cl is the coefficient of bearing length 

lb is the actual bearing length. For the case of two equal and opposite concentrated loads 

distributed over unequal bearing length, the smaller value of lb shall be taken 
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  Cw is the coefficient of web slenderness 

  d1 is the depth of the flat portion of the web measured along the plane of the web 

  The coefficients and capacity reduction factors are given in Tables 2.1 to 2.5. 

Webs of members in bending for which 1 / 200wd t   shall be provided with adequate means of 

transmitting concentrated actions or reactions directly into the web(s). Rb is the nominal capacity for 

load or reaction for one solid web connecting top and bottom flanges. For webs consisting of two or 

more such sheets, Rb shall be calculated for each individual sheet and the results added to obtain the 

nominal load or reaction for the full section. 

One-flange loading or reaction occurs when the clear distance between the bearing edges of 

adjacent opposite concentrated actions or reactions is greater than 1.5d1. Two-flange loading or 

reaction occurs when the clear distance between the bearing edges of adjacent opposite concentrated 

actions or reactions is less than or equal to 1.5d1. End loading or reaction occurs when the distance 

from the edge of the bearing to the end of the member is less than or equal to 1.5d1.Interior loading or 

reaction occurs when the distance from the edge of the bearing to the end of the member is greater 

than or equal to 1.5d1. 

Table 2.1: Back-to-back channel sections [3] 

 

Table 2.1 applies to I-beam made from two channels connected back-to-back 

The coefficients in Table 2.1 apply if 1/ 210;  / 1 and 90o
b w bl t l d     
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Table 2.2: Single web channel-sections and C-sections [3] 

 

The coefficients in Table 2.2 apply if 1/ 210;  / 2 and 90o
b w bl t l d     

Table 2.3: Single web Z-sections [3] 

 

The coefficients in Table 2.3 apply if 1 1/ 200;  / 210;  / 2 and 90o
w b w bd t l t l d      

 

 

 



 

                                                                                                                                                            Chapter 2: Literature review 

Van Vinh Nguyen                                                                                                                                                        PhD THESIS 
 

61

Table 2.4: Single web H-sections [3] 

 

The coefficients in Table 2.4 apply if 1 1/ 200;  / 200;  / 2 and 90o
w b w bd t l t l d      

Table 2.5: Multi-web deck sections [3] 

 

The coefficients in Table 2.5 apply if o
1 1/ 200;  / 210;  / 3 and 45 90o

w b w bd t l t l d       

2.2.2.2. Bearing with holes (AS/NZS 4600 3.3.6.3) 

When a web hole is within the bearing length (lb), a bearing stiffener shall be used. For beam webs 

with holes, the web crippling strength shall be calculated in accordance with Clause 3.3.6.2 multiplied 

by the reduction factor (Rc), given in this Clause. 

Web crippling strength of channel-section webs with holes, as determined by Clause 3.3.6.2, 

shall be applicable within the following limits: 

(a) 1/ 0.7whd d   

(b) 1 / 200d t   

(c) Holes centred at mid-depth of the web 

(d) Clear distance between holes is greater than or equal to 450mm 
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(e) Distance between the end of the member and the edge of the hole is greater than or equal 

to d 

(f) Non-circular holes corner radii greater than or equal to 2t 

(g) Non-circular holes with / 65 mm and 115 mmwhd t b   

(h) Circular holes diameters less than or equal to 150 mm. 

(i) / 15 mmwhd t   

When a web hole is not within the bearing length ( 25 mmbl  ) 

1 1

0.325 0.0831.01 1.0wh
c

d xR
d d

     
 

(2.13)

When any portion of a web hole is not within the bearing length (lb75mm) 

1 1

0.047 0.0530.90 1.0wh
c

d xR
d d

     
 

(2.14)

where: 

lb is the bearing length 

d is the depth of cross-section 

x is the nearest distance between the web hole and the edge bearing 

Although this thesis does not include web crippling with holes, this brief summary for the 

Australian/New Zealand Standard AS/NZS 4600:2005 [3] shows approach used currently. 

2.3. EXPERIMENTAL INVESTIGATIONS FOR WEB CRIPPLING 

Experimental investigations have been performed by many researchers to study the behaviour of cold-

formed steel sections subjected to web crippling. Different cross-sections have been tested such as 

unlipped plain-C, lipped plain-C, SupaCee, Dimond Hi-Span (DHS), lipped plain-Z and built-up-I 

sections. In addition, four localised load cases (IOF, EOF, ITF, ETF) and both flange unfastened and 

fastened conditions have been considered in the experiments. Table.2.6 summarises the experimental 

investigations for web crippling. This selected data for comparison in this thesis is the regarding to the 

test data since 1995. Generally, these tests have been performed following the Standard Test Method 

for determining the web crippling strength of cold-formed steel beams S909-08 [34] and include high 

strength steels. The data on Z-sections and back to back channels has been excluded. The detailed 

experimental data used for the development of the DSM for design of cold-formed steel sections 

based on Table 2.6 is given in Chapter 6. 
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Table 2.6: Web crippling experiments 

Authors Years Sections Load case 
Number of 

tests 

Flange  

fastened 

conditions 

Places 

Cain and 

LaBoube [35] 
1995 

Lipped plain-Z EOF 28 

Unfastened 

The Missouri 

University of  

Science and 

Technology, USA 
Built-up-I-section IOF 14 

Beshara and 

Schuster [36] 
2000 

Lipped plain-C 

ITF 18 

Fastened 
The University of 

Waterloo, Canada 

ETF 18 

Lipped plain-Z 

ITF 18 

ETF 18 

Young and 

Hancock [22] 
2001 Unlipped plain-C 

IOF 24 

Unfastened 
The University of 

Sydney, Australia 

EOF 24 

ITF 14 

ETF 12 

Macdonald et al. 

[37] 
2008 Lipped plain-C 

EOF 18 

Fastened 

Glasgow Caledonian 

University, 

Glasgow, UK ETF 18 

Uzzaman et al. 

[38]  
2012 

Lipped plain-C 

ITF 10 

Unfastened  

& Fastened 

Queen’s University, 

Belfast, UK 
ETF 14 

Uzzaman et al. 

[39] 
2012 ETF 23 

Morelli et al. [40] 2014 

Lipped plain-C 

IOF 

16 
Unfastened  

& Fastened 

The University of 

Sydney, Australia 
DHS 16 

Khatale et al. 

[41] 
2014 

Lipped plain-C 

ITF 8 

Unfastened  

& Fastened 

The University of 

Sydney, Australia 

ETF 8 

DHS 

ITF 8 

ETF 8 

Sundararajah et 

al. [19] 

2015 Lipped plain-C 

ITF 18 

Unfastened 
Queensland 

University of 

Technology, 

Australia 

ETF 18 

2016 SupaCee ITF 15 Unfastened 
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ETF 21 

Efendy et al. [7] 2015 

Lipped plain-C 

IOF 

16 
Unfastened  

& Fastened 

The University of 

Sydney, Australia 
SupaCee 16 

Hadchiti et al. [8] 2015 

Lipped plain-C 

EOF 

16 
Unfastened  

& Fastened 

The University of 

Sydney, Australia 
SupaCee 16 

Bartlett et al. [9] 2016 

Lipped plain-C 

ITF 

16 
Unfastened  

& Fastened 

The University of 

Sydney, Australia 
SupaCee 16 

Htet and Pham 

[10] 
2016 

Lipped plain-C 

ETF 

16 
Unfastened  

& Fastened 

The University of 

Sydney, Australia 
SupaCee 16 

Lian et al. [42] 2016 Lipped plain-C EOF 22 
Unfastened  

& Fastened 

Queen’s University, 

Belfast, UK 

 

2.4. ELASTIC BUCKLING FOR WEB CRIPPLING 

2.4.1. Elastic buckling analysis for rectangular plates 

A plate element subjected to compression, bending and shear or a combination of these stresses in its 

plane may buckle or distort locally at a low stress level (namely local buckling stress). Local buckling 

involves flexural displacements of the plate elements, with the line junctions between plate elements 

remaining straight. The elastic critical stress for local buckling has been extensively investigated and 

summarized by numerous researchers. Saint-Venant [43] derived the differential equation describing 

buckling of an elastic plate which is loaded in plane: 

4 4 4 2

4 2 2 4 22 0w w w t w
x x y y D x

   
   

    
 

 

(2.15)

3

212(1 )
EtD

v



 

 

(2.16)

where: 

  E is the modulus of elasticity of cold-formed steel 

  w is the plate deflection perpendicular to surface 

   is the applied compressive stress in transverse direction 

  t is the plate thickness 

   is Poisson’s ratio 

  D is the plate flexural rigidity 
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The critical buckling stress of a plate as shown in Fig.2.5 was solved by Bryan [44] using 

differential equation based on the small defection theory as given in Eq.(2.15). Consequently, the 

critical local buckling stress for a rectangular plate subjected to compression stress in one direction 

can be calculated by Eq.(2.17). 

 

Figure 2.5: Rectangular plate subjected to compression stress [45] 

 
22

212 1cr
k E t

hv
      

 

 

(2.17)

where: 

 cr is the elastic critical stress 

  t and h  are the plate thickness and width respectively 

k is the plate buckling coefficient which depends on support conditions. The values of k is 

shown in Fig.2.6 for different L/h ratios. 

2
1h Lk m

L m h
             

 

 

(2.18)

  m is the number of the half sine-waves in the x direction 

 

Figure 2.6: Buckling coefficient for flat rectangular plates [45] 
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For a plate subjected to a concentrated force as shown in Fig.2.9(c), the stress distribution 

throughout the plate varies considerably and this causes mathematical difficulties which have to be 

resolved. Despite this, the first solution for the problem was published by Timoshenko and Gere [46]. 

Since then, several solutions have been published to solve the above problem. Girkmann [47] 

investigated the buckling analysis of a rectangular plate with simply supported edges subjected to a 

single edge force. However, the results were only applied to plates with L/h<1.1 and the solution was 

only given in the form of a determinant which had to be evaluated for any particular case. 

Khan and Walker [48] studied the buckling of two plates subjected to distributed edge loads. 

The first case is a rectangular plate loaded along parts of two opposite sides as shown in Fig.2.7(a), 

the length of the loading can vary between being a point load and being uniformly distributed along the 

edges (n=L). The second one is a plate subjected to locally distributed edge load which is balanced by 

the shear stresses along the vertical edges as shown in Fig. 2.7(b). For both these loading cases, the 

buckling loads are calculated for plates having zero torsional restraint along the edges, this theory 

corresponds to theoretical simply supported boundary conditions. The buckling load of the plate 

subjected to these load cases is calculated by Eq.(2.19). The values of the buckling coefficients (k) for 

the opposite locally distributed edge loads (case 1) are shown in Fig.2.8(a) and for the locally 

distributed edge load (case 2) are shown in Fig.2.8(b) with two different ratios of n/h.  

 

      (a) Opposite locally distributed edge loads              (b) Locally distributed edge load 

Figure 2.7: Plate geometry and typical load conditions [48] 

2

cr
k DP

h


  
(2.19)

where  

  n is the bearing length 

  Pcr is the buckling load, cr crP tn
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From Eq.(2.19), the buckling stress of plate can be calculated as given: 

 

2

2
212 1

cr
k E

h nv
t h

 
       
   

 
(2.20)

    

 (a) Opposite locally distributed edge loads                    (b) Locally distributed edge load 

Figure 2.8: Variation of buckling coefficient with length/depth ratios [48] 

Zetlin [49] studied an elastic stability analysis of a plate supported at both ends and subjected to 

locally distributed edge load. Zetlin assumed that the plate was simply supported with lateral 

movement prevented along all four edges and without restraint in the plane of the plate. The applied 

load was supported at the ends of the plate by distributed shear stresses along the transverse edges 

as shown in Fig.2.7(b). The buckling coefficients (k) are given in Table.2.7. 

Rockey and Bagchi [50] investigated the buckling of plate girder webs subjected to locally 

distributed edge load with simply supported edges. The system studied was similar to Fig. 2.7(b). The 

flexural and torsional properties of the flanges were included in the analysis using the FEM to solve 

the buckling coefficients (k) of the plates. The values of k are given in Table.2.7. 

In other research, Khan et al. [51] studied the buckling analysis of a plate subjected to locally 

edge load as shown in Fig.2.7(b). The solution was developed in a more computer friendly direction. 

The buckling coefficients (k) are given in Table.2.7. It is found that there is agreement between these 

results with those presented by Rockey and Bagchi [50] for L/h<3.0. 

Chin et al. [52] studied the behaviour of a plate which was the same as described in Rockey and 

Bagchi [50] and Khan et al. [51] to check the quality of a newly developed finite element. The initial 
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aim of this research was not mainly focusing on the buckling of a simply supported plate subjected to 

partial edge load; however, the results were matched with those obtained by Rockey and Bagchi [50] 

and Khan et al. [51] as shown in Table.2.7. 

Table 2.7: Buckling coefficients (k) for simply supported plates (Fig.2.7(b)) [53] 

L/h 

ratios 

n/h 

ratios 

Zetlin [49] Rockey and 

Bagchi [50] 

Khan et al. [51] Chin et al. [52] 

 

 

 

 

 

 

 

1.0 

0  3.25  3.20 

1/65 3.32    

0.05 3.36 3.27   

0.1  3.34   

0.2  3.45  3.35 

0.25   3.42  

0.3  3.60   

0.4  3.70  3.70 

0.5  3.95 3.9  

0.6  4.15  4.20 

0.75  4.50 4.65  

0.8  4.80  4.80 

0.9  5.10   

1.0 6.20 5.55 5.57 5.60 

 

 

 

 

 

2.0 

0  2.40   

0.1  2.45   

0.2  2.50   

0.25   2.41  

0.4  2.6   

0.5   2.59  

0.6  2.80   

0.75   2.84  

0.8  2.90   

1.0  3.20 3.15  

 0.25   2.32  
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3.0 

0.50   2.43  

0.75   2.66  

1.0   2.95  

 

 

 

4.0 

4/65 2.15    

0.20 2.12    

0.25   2.21  

0.50   2.34  

0.75   2.54  

1.0   2.80  

  

 Johansson and Lagerqvist [53] used a set of 46 k values, as given in Table.2.7, which were 

obtained from Zetlin [49], Rockey and Bagchi [50], Khan et al. [51] and Chin et al. [52] to find a 

reasonable simple equation for k values as follow: 

2 2 2

2.1 1.2 0.4 2.0h n hk
L h L

               
       

 

 

(2.21)

   with n/h1.0 

Natário et al. [54] reviewed the analytical studies as well as fundamental background of 

localised buckling analysis of thin web plates. Webs of steel members can be idealised as rectangular 

thin plates simply supported along the edges, subjected to locally distributed in-plane edge 

compressive forces. The critical elastic buckling load can be computed by relatively simple rational 

analytical formulae. Four cases of localised edge loads were considered in this review as shown in 

Fig.2.9. The buckling load (Pcr) of the thin plate can be written in a simple form as given in Eq.(2.22). 

The buckling coefficient k depends on the type of distribution of the edge loads. The values of k can 

be calculated by Eq.(2.21) and these values are shown in Fig.2.10 for all four load cases with different 

n/h ratios. 

 
2 3

212 1cr
EtP k
v h





 

 

(2.22)
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Figure 2.9: Localised load cases for plate buckling analysis [54] 

 

      (a) Cases I, II, III (Fig.2.9)      (b) Case IV (Fig.2.9) 

Figure 2.10: Variation of buckling coefficient k with length/depth ratio (L/h) [54] 

Figs.2.9 and 2.10 indicate that Case I and Case III represent limiting situations of edge loading. 

For a given load bearing length (n), while Case II and Case IV represent the most common situations. 

The difference between the Case II and Case IV can be seen in two main reasons: 
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 Due to two opposite locally loads on both sides of the plate, Case II always has lower buckling 

coefficients (k) in comparison with Case IV, regardless of the plate length-to-high ratio L/h. It 

means that Case II is much more prone to buckling than Case IV (see Fig. 2.10 for n/h=1) 

 For a given value of L/h, the influence of the lateral simply supported ends on the coefficient k 

is much more effective for Case IV than for Case II: the k values are almost unchanged for 

L/h>2.0 in case II and L/h>5.0 in Case IV. 

The approaches for elastic buckling analysis of rectangular plates have been investigated for 

different localised load cases. However, the limitation is that only rectangular plates with simply 

supported end boundary condition has been covered. Thus, it will be less accurate when applying 

these equations to calculate the buckling load of completed sections with corners, flanges, fastened 

flanges condition and different end boundary conditions. 

2.4.2. Elastic buckling analysis for structural members with complete sections 

The theoretical analysis of web crippling for cold-formed steel flexural members is extremely 

complicated for beams having webs connected to flanges because it involves the following factors: 

non-uniform stress distribution under the applied load, elastic and inelastic stability of the web 

element, bending produced by eccentric load when it is applied on the bearing flange at a distance 

beyond the curved transition of the web, various edge restraints provided by beam flanges and the 

interaction between flange and web elements. Some advanced investigations have been approached 

to determine the buckling load of structural members under localised loading using the Generalised 

Beam Theory (GBT), the Finite Strip Method (FSM) and the Finite Element Method (FEM). 

2.4.2.1. Elastic buckling analysis using General Beam Theory (GBT) 

Natário et al. [54] developed computer software namely GBTWEB to analyse the elastic web buckling 

of thin-walled steel beams under concentrated loads. The program is based on the GBT formulation as 

described in [54] to calculate all first-order plane stress components (either uniform or non-uniform), 

which may then be included in the geometric stiffness matrix for the ensuing buckling analysis. Due to 

the nature of the web crippling phenomenon, which is potentially influenced by combinations of all 

stress components, GBTWEB is viewed as a good alternative method to handle this problem, 

combining a reasonably low pre-processing effort with an accurate structural analysis [21]. The 

GBTWEB software [55] is based on three main windows that follow the corresponding main steps of 

the buckling analysis in the GBT framework: (i)  cross-section analysis, (ii) first-order and buckling 
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analysis and (iii) buckling solution. Fig.2.11 shows the graphical user interface for the cross-section 

and structural member data input and analysis. 

 

Figure 2.11: GBTWEB main window [55] 

The software was used by the authors to determine the elastic buckling load of cold-formed 

steel sections to develop the DSM for web crippling of beams under the ETF load cases as described 

in [21]. In this research GBTWEB was seen as an effective option to calculate the buckling load of 

unlipped plain-C sections from Young and Hancock [22], lipped plain-C and build-up-I sections from 

Hetrakul and Yu [56], lipped plain-C and lipped plain-Z sections from Beshara and Schuster [36] and 

lipped plain-C sections from Macdonald et al. [37]. In order to validate the GBT results, Shell Finite 

Element (SFE) models were performed to carry out the non-linear analyses and corresponding elastic 

buckling analyses. In general, the GBT and SFE analyses have similar results, not only in terms of the 

web buckling modes configuration but also concerning the buckling load (Pcr).  

 

Figure 2.12: Comparison between the buckling loads obtained from SFE (Pcr,SFE)  

and GBT (Pcr,GBT) analyses – values divided by t2 [21] 
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It can be seen that for some cross-sections the GBT solutions are too high such as unfastened 

C sections and too low in others such as built-up I sections as shown in Fig.2.12. This may be 

because of the lower accuracy of the GBT solutions in the buckling analysis for some cross-sections 

and fastened flange conditions. 

2.4.2.2. Elastic buckling analysis using Finite Strip Method (FSM) 

The FSM developed by Cheung [13] is an efficient method of analysis in comparison with the FEM. 

This method is used extensively in the DSM of design of cold-formed sections in the North American 

Specification for the Design of Cold-Formed Steel Structural Members AISI S100-2012 [2] and the 

Australian/New Zealand Standard AS/NZS 4600:2005 [3]. It is therefore essential to extend the FSM 

of buckling analysis to localised loading. The SAFSM was applied in Chu et al. [57] and Bui [58] to the 

buckling analysis of thin-walled sections under more general loading conditions, where multiple series 

terms were used to capture the modulation of the buckles. The limitation of these investigations is that 

the transverse compression and shear are not included. Thus, Hancock and Pham [59] applied the 

FSM to the buckling analysis of thin-walled sections subjected to shear forces.  

More recently, Hancock and Pham [12] have extended the SAFSM to the analysis of thin-walled 

sections under localised loading with simply supported boundary condition using multiple series terms 

in the longitudinal direction. A pre-buckling analysis was performed to compute stresses prior to the 

buckling analysis using these stresses. Solution convergence with increasing numbers of series terms 

was provided. The theory was included in a computer program namely bfinst10.cpp [12] written in 

Visual C++ to assemble the stiffness equations and stability equations to solve for the pre-buckling 

displacements and pre-buckling stresses, the buckling load factors and buckling modes. In the 

numerical examples, the authors performed buckling analyses for a plate under localised load along 

one longitudinal edge at the centre of the plate, unlipped and lipped sections under the IOF and ITF 

load cases. Fig.2.13 shows the buckling modes from bfinst10.cpp of a rectangular plate and an 

unlipped channel section under localised loading. The comparison between the results from SAFSM 

using bfinst10.cpp and FEM using ABAQUS is shown in Tables.2.8 to.2.10 
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                       (a) Rectangular plate                        (b) Unlipped channel section 

Figure 2.13: Buckling modes from bfinst10.cpp [12] 

Table 2.8: Buckling coefficients k for simply supported rectangular plates [12] 

 

It is concluded that the SAFSM for buckling analysis of thin-walled sections subjected to 

localised loading with simply supported ends has been developed and benchmarked against the FEM. 

However, in practice, cold-formed members are connected together by welds or bolts so that the end 

boundary conditions are expected to be different from simply supported. Thus, it is necessary to 

extend this method to the analysis of thin-walled sections under localised loading for general end 

boundary conditions. 

 

 



 

                                                                                                                                                            Chapter 2: Literature review 

Van Vinh Nguyen                                                                                                                                                        PhD THESIS 
 

75

Table 2.9: Unlipped channel section buckling load in kN [12] 

 

Table 2.10: Buckling coefficients k for lipped channel section [12] 

 

2.4.2.3. Elastic buckling analysis using Finite Element Method 

The Finite Element Method (FEM) is a powerful and versatile solution for structural analysis. The 

method is applicable for any geometry, boundary conditions and material variation. The FEM was 

included in the ABAQUS software [32] which has been used effectively and widely. Dara and Yu [20] 

used ABAQUS to perform buckling analysis of lipped plain-C and lipped plain-Z sections under the 

IOF load case as shown in Fig.2.14 and the EOF load cases. In this research, the ABAQUS models 

simulated the actual loading and boundary conditions of the tests adopted from the literature. 
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      (a) Assembly of C-sections and bearing plates                         (b) Buckling modes 

Figure 2.14: FEM model on ABAQUS [20] 

In other investigations, Hancock and Pham [12] used ABAQUS to model a rectangular plate 

under the IOF load case, unlipped channel and lipped channel sections under both the IOF and ITF 

load cases. The buckling loads and buckling coefficients (k) from ABAQUS were used to validate 

those from SAFSM developed by the authors as shown in Tables.2.8 to.2.10. Fig.2.15 shows the SFE 

model for an unlipped channel section under the IOF load case. 

       

                 (a) Loading and boundary condition                                   (b) Buckling modes 

Figure 2.15: Unlipped channel section under the IOF load case 

Natário et al. [21] used ABAQUS to perform SFE models of unlipped plain-C, lipped plain-C, 

lipped plain-Z and build-up-I sections under the ETF load case. The buckling loads obtained from 

these models were used to validate those from the GTB theory developed by the authors as shown in 

Fig.2.12. 

2.5. ESTIMATION OF THE YIELD LOAD FOR WEB CRIPPLING 

2.5.1. Equivalent web yield capacity method 

Yield load is an important component which contributes to the determination of the strength of 

structural members subjected to web crippling. Keerthan et al. [18] and Sundararajah et al. [19] 

determined the yield load from the equivalent web yield capacity method which is used for hot-rolled 
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steel sections as given in the Australian/New Zealand Standard AS/NZS 4100:1998 [60]. The yield 

load estimation for the interior two-flange (ITF) and end two-flange (ETF) load cases is given in 

Eqs.(2.23) and (2.24). However, the behaviour and failure modes of cold-formed steel members is 

different from the hot-rolled steel members. This method seems to be not accurate to estimate the 

yield load of cold-formed steel members subjected to web crippling as it does not account for corner 

radius effects. 

           

1

2y y w
dP f t N   

 
                for the ETF load case 

 

(2.23)

                             
 1y y wP f t N d                     for the ITF load case (2.24)

where: 

Py is the yield load 

N is the bearing length 

d1 is the flat portion of the web 

tw is the web thickness 

fy is the yield strength of steel 

2.5.2. Plastic mechanism models 

In 2001, Young and Hancock [22] proposed analysis models to estimate the bearing capacity of un-

lipped stocky channel sections under localised loading. In this research, the selected plastic 

mechanism models for the derivation of a Py formula depends on the observation of experimental 

and/or numerical (non-linear SFE) results. The models to calculate the yield load of un-lipped channel 

sections under the different localised load cases are shown in Figs.2.16 to 2.19 and the Py calculation 

is given in Eq.(2.25). 

 

Figure 2.16: Plastic mechanism models for the IOF load case [22] 
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Figure 2.17: Plastic mechanism models for the EOF load case [22] 

 

Figure 2.18: Plastic mechanism models for the ITF load case [22] 

 

Figure 2.19: Plastic mechanism models for the ETF load case [22] 
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Yield capacity of sections given by: 

p m
y

M N
P

r
  

 

(2.25)

where: 

Mp is the plastic moment per unit length 

2

4
y w

p

f t
M   

 

(2.26)

r, ri and re are centre-line, inside and outside corner radii, respectively 

2
w

i
tr r   and e i wr r t   

D is the overall depth of the section 

Nm is the yield-line length  

mN N iD                for interior loading (2.27)

2m
eDN N               for end loading 

(2.28)

i=1.3   for the IOF load case 

i=1.4   for the ITF load case 

i=1.0   for the EOF load case 

i=0.6   for the ETF load case 

These are simple models for the calculation of the yield load of un-lipped stocky sections. It 

means that the sections are thick and compact and without flange stiffeners. However, the failure 

modes of slender sections with different shapes, flange stiffeners and flange fastened conditions might 

be different from the stocky un-lipped channel sections. Thus, it is necessary to develop plastic 

mechanism models to determine the yield load of general cold-formed sections subjected to web 

crippling. 

2.5.3. Elastic-plastic analysis using Shell Finite Element method (SFE) 

Natário et al. [61] used the SFE model to evaluate the 1st order elastic-plastic (EF) behaviour of cold-

formed steel beams under four different localised load cases (IOF, EOF, ITF and ETF). The 

distributions of plastic strains of the 1st order elastic-plastic collapse mechanisms are shown in 

Fig.2.20. The yield loads from these models were used as well as the buckling loads obtained from the 

GBT to predict the strength of web crippling of structural members. 
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                                a. IOF load case                       b. EOF load case 

 

             

                                c. ITF load case                       d. ETF load case 

Figure 2.20: Elastic-plastic models using the SFE [61] 

2.5.4. Yield-line mechanism 

Natário et al. [21] gathered the experimental data from previous literature to study the behaviour of 

thin-walled sections under the ITF and ETF load cases. The authors employed the yield-line method 

based on the rigid plastic analysis to determine the yield load. In this method, the formulae to calculate 

Py are derived, using the principle of virtual work, on the basic of the observed yield-line mechanisms. 

For lipped plain-C sections with unfastened flange conditions under the ETF load case, the yield-line 

mechanism was proposed in Fig.2.21 and the yield capacity of the member is given in Eq.(2.29). 

 2 24 2y y mP f N r t r    
(2.29)

                                    

12.5
2m e
dN N r    

(2.30)
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Figure 2.21: Yield-line mechanism for C-sections beams with unfastened flanges [21] 

The yield-line mechanism for lipped plain-C sections under the ETF load case shown in Fig 

(2.22) and the yield load can be calculated by Eq.(2.31). 

 

Figure 2.22: Yield-line mechanism for C-sections beams with fastened flanges [21] 
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The yield-line mechanism was proposed for plain-Z sections under the ETF load case shown in 

Fig.2.23 and the yield load of the member under this load case is determine by Eq.(2.34). 
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Figure 2.23: Yield-line mechanism for plain-Z sections with fastened flanges [21] 

Fig.2.24 shows the yield-line mechanism for the built-up-I-sections, while Eq.(2.38) gives the 

calculation of the yield load of this type of cross-section under the ETF load case. 

2
24 3

3 2y y m m mP f N r t r
         

 

 

(2.38)

1min ; 2.5
2m s ext
dN L L r    

 
 

 

(2.39)

 

1
1

Nm

yield line

d1
/2

N

2.5
1 re

d1
/2

re

L

Plastic hinge

r
Py

r

Py





yield lines





'

Nfl





Ninc1

N
inc2

''' '

d1
/3

N
ve

rt



 

                                                                                                                                                            Chapter 2: Literature review 

Van Vinh Nguyen                                                                                                                                                        PhD THESIS 
 

83

 

Figure 2.24: Yield-line mechanism for built-up-I-sections [21] 

The yield-line models proposed by Natário et al. [21] have been seen as effective models to 

determine the yield load of thin-walled sections under localised loading. However, these models seem 

to be too complex for different cross-sections and fastened flange conditions for easy application in 

design standards. In addition, these models are available for the ETF load case but they are still not 

available for the IOF, EOF and ITF load cases. Thus, it is necessary to investigate simple and 

consistent models to calculate the yield load for different cross-sections, fastened flange conditions 

and loading conditions. 

2.6. DIRECT STRENGTH METHOD OF DESIGN FOR WEB CRIPPLING APPROACHES 

Investigations have been performed to establish the DSM equations for web crippling based on 

experimental data. In 2014, Keerthan et al. [18] performed an investigation of cold-formed steel hollow 

flange channel beams known as LiteSteel beams (LSBs) subjected to the ITF and ETF load cases. In 

this research, the buckling load (Pcr) is calculated by the elastic buckling equation of rectangular plates 

as given in Eq.(2.22), while the yield load (Py) is determined from equivalent web yield capacity as 

given in Eqs.(2.23) and (2.24). The DSM design equations for the LiteSteel beams subjected to the 

ITF and ETF load cases are given in Eqs.(2.40) and (2.41). 
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where: 

Py is the yield load 

Pcr is the buckling load 

Pn is the nominal capacity of structural members under localised loading 

In other research, thirty-six tests were conducted by Sundararajah et al. [19] to assess the web 

crippling behaviour and strengths of Lipped channel beams (LCBs) under the two-flanges load cases 

(ITF and ETF). The buckling load and the yield load are calculated the same as the calculations in 

[18]. From these two main input variables and the experimental data the authors proposed the DSM 

design equations for lipped channels beams subjected to the ITF and ETF load cases as given in 

Eqs.(2.42) and (2.43). 

0.67 0.67

0.23 1 0.05n cr cr

y y y

P P P
P P P

    
              

      for the ETF load case 

 

(2.42)

0.67 0.67

0.46 1 0.05n cr cr

y y y

P P P
P P P

    
              

      for the ITF load case 

 

(2.43)

In 2015, Dara and Yu [20] performed an investigation for C and Z sections subjected to the IOF 

and EOF load cases. In this research, the buckling load was obtained from models simulated by FEM 

on Abaqus, while the yield load was determined from equivalent web yield capacity. The DSM 

equations were proposed to estimate the nominal web crippling strength as follows: 

n yP AP            for         
 

(2.44)

c
n yP BP        for         

 

(2.45)

where 

A, B and C values changes, as given in Table 2.11, with the respect to the loading condition 

and member cross-section shape. 

   is the non-dimensional slenderness used to determine Pn, /y crP P   

Py is the yield load, calculated by  

y yP f Nt         (2.46)

t is the section thickness 
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Table 2.11: Generalization of developed design equations 

 

Recently, Natário et al. [21], [62], [63] collected the experimental data from Hetrakul and Yu 

[56], Young and Hancock [22], Beshara and Schuster [36] and Macdonald et al. [64] to investigate the 

web crippling behaviour of structural members under the ITF and ETF load cases. From the test data, 

the authors used the yield-line method to calculate the yield load, while the buckling load was obtained 

from GBTWEB software which is based on a GBT formulation previously developed by the authors. 

Then, the DSM equations were proposed to estimate the capacity of structural members under 

localised loading as given in Eqs.(2.47) and (2.48). 
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For the ITF load case: 
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 More recently, Sundararajah et al. [65] conducted 36 experiments of SupaCee sections and 

used the previous data for lipped channel sections subjected to the ITF and ETF load cases. The 

authors calculated the buckling load by the elastic buckling equation of rectangular plates the same as 

their previous research [19], while the yield-line models were employed to determine the yield load. 

The DSM design equations were proposed to estimate the capacity of both lipped channel and 

SupaCee sections as given in Eqs.(2.49) and (2.50). 

1.0 1.0

1 0.2n cr cr

y y y

P P P
P P P

    
              

      for the ETF load case 

 

(2.49)

0.9 0.9

1 0.2n cr cr

y y y
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      for the ITF load case 

 

(2.50)

 Currently, there is one set of DSM equations from Dara and Yu [20] to estimate the nominal 

capacity of structural members with C and Z sections subjected to the IOF and EOF load cases. 

However, these DSM equations seem to be too complex with many coefficients which depend on the 

cross-section types, flange stiffening conditions and flange fastened conditions as shown in 

Table.2.11. Also, in this investigation, the yield load is obtained from equivalent web yield capacity 

which is used for hot-rolled steel members, thus it may not predict accurately for cold-formed steel 

members with rounded corners. 

 There are four sets of DSM design equations to determine the nominal capacity of structural 

members subjected to the ITF and ETF load cases. The equations from Keerthan et al. [18] are used 

for hollow channel sections, the proposals from Sundararajah et al. [19] are used for lipped plain-C 

sections and from Sundararajah et al. [65] for both lipped plain-C and SupaCee sections, while the 

DSM equations from Natário et al. [21] can be used for un-lipped plain-C, lipped plain-C, lipped plain-Z 

and I sections. It is clear that three sets of DSM equations from [19], [65] and [21] can be used to 

estimate the nominal capacity of lipped plain-C sections under the ITF and ETF load cases; however, 

the DSM coefficients for each set of equations are totally different.  
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CHAPTER 3 

PRE-BUCKLING ANALYSIS OF THIN-WALLED SECTIONS UNDER  

LOCALISED LOADING FOR GENERAL END BOUNDARY CONDITIONS 

3.1. INTRODUCTION 

In order to carry out an elastic buckling analysis of a thin-walled member under localised loading, it is 

necessary to compute the pre-buckling membrane stresses in the member. The pre-buckling analysis 

described in this Chapter is a linear elastic analysis step to provide stresses for conducting the elastic 

buckling analysis described in Chapter 4. This process of pre-buckling analysis then buckling analysis 

is also given in Natário et al. [66] in a research about localised failure of thin-walled steel members 

subjected to concentrated loads. 

This Chapter summaries the displacement functions for different end boundary conditions of 

structural members. The theory of the FSM for pre-buckling analysis of thin walled sections under 

localised loading for general end boundary conditions is given and also built into Version 2.0 of the 

THIN-WALL-2 as described in detail in Chapter 5. Numerical examples have been performed using 

the THIN-WALL-2 program and compared with the results from the FEM analyses using ABAQUS [32] 

to validate the accuracy. The results from the pre-buckling analysis step are membrane stresses and 

deformations of the structural member which are used for the elastic buckling analysis described in 

Chapter 4. A convergence study of stresses with the number of series terms is also provided in this 

Chapter. 

The most significant development of this Chapter is the choice and validation of the 

displacement functions for different boundary conditions. Consequently, this Chapter introduces the 

displacement functions first before giving the full derivation of the stiffness matrices and load vector 

based on energy principles. 

3.2. BOUNDARY CONDITION 

Boundary condition refers to the support conditions at the ends of structural members (plates or 

beams) in the analyses of thin-walled sections under loading. The structural member is divided into 

strips and for different supports and loading conditions, different displacement functions are required 

for the displacements of the structural member. 
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The simply supported boundary condition (S) as shown in Fig.3.1(a) is a common type of 

support for structural members. The main feature of this boundary condition is that the strips can 

rotate about the transverse direction at the end edges and move freely in the longitudinal direction. At 

the simply supported ends, there are only shear forces while the moments and the axial forces vanish. 

The clamped boundary condition (C) as shown in Fig.3.1(b) is the second type of support for 

structural members. The main feature of this boundary condition is that the strips can deform freely in 

the longitudinal direction but they cannot rotate about the transverse axis or expand transversely at 

the end edges. At the clamped ends, there are moments and shear forces, while the axial force 

vanishes. 

 

Figure 3.1: Boundary conditions 

The free boundary condition (F) as shown in Fig.3.1(b) is the third type of support for structural 

members. It appears when the ends of the structural members are free and not connected with other 

members. The main feature of this boundary condition is that strips can rotate about the transverse 

axis at the end edges and deform freely in all directions. Thus, there are no forces, moments or 

stresses at the free ends. 

By combining two from these three boundary conditions, there are possible different 

combinations of boundary conditions which can be applied to strips of structural members: 

 1. Both ends simply supported (SS), 

 2. One end simply supported and the other end clamped (SC), 

 3. One end simply supported and the other end free (SF), 

a. Both ends Simply supported b. One end Clamped and one end Free

X

Y

Z

X

Clamped

Free

Y

Z
Simply supported

Simply supported
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 4. Both ends clamped (CC), 

 5. One end clamped and the other end free (CF), 

 6. Both ends free (FF). 

3.3. LOCALISED LOADING CASES 

In general, it is possible to analyse thin-walled sections under arbitrary localised loading. The loading 

is located at any position along the beam. In addition, the loading can be applied from one side or both 

sides of the structural member. The applied loads and the reaction loads at the supports lead to the 

buckling of the structural member. From the locations of the localised load, there are four loading 

cases which are referred in design in the North American Specification for the Design of Cold-Formed 

Steel Structural Members AISI S100-2012 [2] and the Australian/New Zealand Standard AS/NZS 

4600:2005 [3] of thin-walled section under localised loading, as follows: 

1. Interior one-flange loading (IOF),  

2. Interior two-flange  loading (ITF),  

3. End one-flange loading (EOF), 

4. End two-flange loading (ETF). 

In the interior one-flange loading (IOF) case as shown in Fig.3.2(a), the localised load is applied 

in the interior of the beam with the required distance from the support to the bearing plate greater than 

1.5 times the web depth to avoid the effect of two external support conditions. In this case, the buckle 

appears at the area of the web under localised loading since the end reaction points are stiffened.  

In the interior two-flange loading (ITF) case as shown in Fig.3.2(b), the localised load is applied 

on both sides of the cross-section of the beam. The required distance from the beam end to the 

bearing plate is greater than 1.5 times the web depth. With these loading conditions, the buckle 

appears in the area of the web between the applied load and the reaction. 

In the end one-flange loading (EOF) case as shown in Fig.3.2(c), the load is applied in the 

interior of the beam at a stiffened loading point in order to prevent failure around this area. With this 

loading condition, reactions appear at the ends of the beam and the buckle is enforced appear in the 

area of the web above the external supports.  

In the end two-flange loading (ETF) case as shown in Fig.3.2(d), the load is applied at the end 

of the beam which leads to the appearance of a reaction at the opposite supports. The buckle appears 

in the area of the web between these loads. 
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Figure 3.2: Localised loading cases 

3.4. DISPLACEMENT FUNCTIONS 

3.4.1. Choice of displacement functions 

In the Finite Strip Method (FSM), it is vital that the choice of suitable displacement functions for a strip 

is the most important stage of the analysis, and great care must be exercised at this stage. An 

incorrectly chosen displacement function may lead to results which converge to incorrect solutions for 

successively refined meshes. The FSM can be considered as a special form of the FEM procedure 

using the displacement approach. Unlike the standard FEM which uses the polynomial displacement 

functions in all directions, the FSM employs simple polynomials in the transverse direction and 

continuously differentiable smooth series in the longitudinal direction, so that such series should 

satisfy the boundary conditions at the ends of the strips. The displacements of a strip are a 

combination of the flexural displacements perpendicular to the strip and membrane displacements in 

the plane of the strip. Generally, the form of the displacement function is given as a product of 

polynomials and smooth series. The notation used in this Chapter 3 and Chapter 4 for the FSM is the 

same as used by Hancock and Pham [12]. The local x, y, z axes are the same orientation as 

Timoshenko and Gere [46]. 
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3.4.2. The flexural displacement functions of a strip in local x, y, z axes 

An isometric view of flexural displacements of a strip is shown in Fig.3.3 

The plate flexural deformations w of a strip can be described by the summation over μ series terms as: 

1 1
1

( ) ( )m m
m

w f y X x




  

 

(3.1)

where: 

 is the number of series terms of the harmonic longitudinal function 

X1m(x) is the function for longitudinal variation 

 
f1m(y) is a polynomial function for transverse variation. This function for the mth series term is 

given by: 

2 3

1 1 2 3 4( )m Fm Fm Fm Fm
y y yf y
b b b

                
     

 

 

(3.2)

{Fm} is the  vector of polynomial coefficients for the mth series term which depend on the nodal 

line flexural deformations of the strip 

   1 2 3 4
T

Fm Fm Fm Fm Fm      (3.3)

t, b and L are the strip thickness, width and length respectively. 

 

Figure 3.3: Flexural displacements of a strip  

3.4.3. The membrane displacement functions of a strip in local x, y, z axes 

An isometric view of membrane displacements of a strip is shown in Fig.3.4  
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Figure 3.4: Membrane displacements of a strip 

The membrane deformations in the longitudinal and transverse directions of a strip can be 

described by the summation over μ series terms as: 

1
1

( ) ( )vm m
m

v f y X x




   

 

(3.4)

2
1

( ) ( )um m
m

u f y X x




   

 

(3.5)

where: 

X1m(x) and X2m(x) are the longitudinal variation functions for the membrane transverse v and 

longitudinal u deformations respectively 

fvm(y) and fum(y) are the transverse variations. These functions for the mth series term are given: 

1 2( )vm Mm Mm
yf y
b

      
 

 
(3.6)

3 4( )um Mm Mm
yf y
b

      
 

 
(3.7)

{Mm} is the vector of polynomial coefficients for the mth series term which depends on the nodal 

line membrane deformations of the strips 

   1 2 3 4
T

Mm Mm Mm Mm Mm      
 

(3.8)

3.4.4. Available displacement functions for different boundary conditions 

a. Both ends simply supported (SS) 
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The displacement functions by Cheung [13] are:  

1 ( ) sinm
m xX x

L
   

 
 

 

(3.9)

2 ( ) cosm
m xX x

L
   

 
 

 

(3.10)

These displacement functions for the SS case with m=3 are shown in Fig.3.5. 

 

Figure 3.5: Displacement functions for the SS case with m=3 

b. One end simply supported and the other end clamped (SC) 

The displacement functions by Cheung [13] are: 

1 ( ) sin sinhm m
m m

x xX x
L L
        

   
 

 

(3.11)

2 ( ) cos coshm m
m m

x xX x
L L
        

   
 

 

(3.12)

 with  
4 13.9266,7.0685,10.2102,....,

4m
m 

  

   
sin1,2,3,...,  and 
sinh

m
m

m

m 


  
 

The functions have been chosen in preference to the Bradford and Azhari functions [16] 

because they better satisfy equilibrium at the ends as required for the pre-buckling analysis. The 

Bradford and Azhari functions were chosen to satisfy the kinematic boundary conditions for buckling 

analyses. 
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These displacement functions for the SS case with m=3 are shown in Fig.3.6. 

 

Figure 3.6: Displacement functions for the SC case with m=3 

c. One end simply supported and the other end free (SF) 

The displacement functions by Cheung [13] are:  

Case 1: 11 and 1m  
 

11 21( )  and  ( ) 1xX x X x
L

   

 

(3.13)

Case 2: 

 
sin2,3, 4,5,...,  and 

sinh
m

m
m

m 


    

      
4 33.9266,7.0685,10.2102,13.3520,...,

4m
m 


 

1 ( ) sin sinhm m
m m

x xX x
L L
        

   
 

 

(3.14)

2 ( ) cos coshm m
m m

x xX x
L L
        

   
 

 

(3.15)

The displacement functions for the SF case with m=3 are shown in Fig.3.7. 
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Figure 3.7: Displacement functions for the SF case with m=3 

d. Both ends clamped (CC) 

The displacement functions by Cheung [13] are:  

1 ( ) sinm
m xX x

L
   

 
 

 

(3.16)

 
2

1
( ) sinm

m x
X x

L
 

  
 

 

 

(3.17)

These functions were selected in Chapter 3 of Cheung [13]. Cheung developed these functions 

to satisfy the natural boundary conditions and have been proven successful in static analyses. 

The displacement functions for the CC case with m=3 are shown in Fig.3.8. 

 

Figure 3.8: Displacement functions for the CC case with m=3 
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e. One end clamped and the other end free (CF) 

The displacement functions by Bradford and Azhari [16] are: 

1
1( ) 1 cos
2m

xX x m
L
        

 

 

(3.18)

2
2 1 1( ) sin

2 2m
m xX x m

m L
             

 

 

(3.19)

These functions have been chosen as they are simpler to implement in Chapter 4 - Buckling 

described later. They are different from those developed by Cheung [13]. 

The displacement functions for the CF case with m=3 are shown in Fig.3.9. 

 

Figure 3.9: Displacement functions for the CF case with m=3 

f. Both ends free (FF) 

The new displacement functions used in this research are:  

Case 1: 1m    

11 21( ) 1 and ( ) 0X x X x   
 

(3.20)

Case 2: 2m    

12 22
2 1( ) 1  and ( )xX x X x
L 

     

 

(3.21)

Case 3: 3m    

 
1

2 5
( ) 1 2sinm

m x
X x

L
 

   
 

 

 

(3.22)
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2

2 52 5( ) 2 cosm

m xmX x
m L

      
   

 

 

(3.23)

These functions have been chosen as they are simpler to implement in Chapter 4 - Buckling as 

described later. In a similar manner to those chosen for the CC case, they satisfy equilibrium when a 

series is taken and have no kinematic restrictions as would occur for the FF case. 

The displacement functions for the FF case with m=3 and m=4 are shown in Fig.3.10 and Fig.3.11. 

respectively. 

 

Figure 3.10: Displacement functions for the FF case with m=3 

 

Figure 3.11: Displacement functions for the FF case with m=4 
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3.5. THE FLEXURAL STIFFNESS MATRIX OF A STRIP 

3.5.1. The flexural displacement functions 

The displacement function from Eq.(3.1) can be rewritten as matrix format. 

  Fm Fmw M   
 

(3.24)

where: 

   2 3

1 1 1 1Fm m m m mM X yX y X y X    
 

 
yy
b

  

3.5.2. Bending stresses and curvatures of a strip 

Stress distribution 

 

Figure 3.12: Stress distribution 

Stress resultants 

 

Figure 3.13: Stress resultants 
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Figure 3.14: Curvatures 

Curvature in x direction 
2

2

1
x

x

w
r x


  


 

 

(3.25)

Curvature in y direction 
2

2

1
y

y

w
r y


  


  

 

(3.26)

3.5.3. Twisting stresses and deformations of a strip 

Stress distribution 

 

Figure 3.15: Stress distribution 

Stress resultants 

 

Figure 3.16: Stress resultants 
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Curvatures 

 

Figure 3.17: Curvatures 

Twist in y direction
2 1

2 2
xy

xy

w w
y x y x r

           
  

 

(3.27)

Twist in x direction
2 1

2 2
xy

xy

w w
x y x y r

   
        

  
(3.28)

3.5.4. Flexural property matrix 

The relationships between plate flexural and torsional rigidity are given as: 

3 2 2

12 212(1 )
x

x y x x y
y x

E t w wM D D
x y

  
 

  
        

 

 

(3.29)

3 2 2

12 212(1 )
y

y x y y x
y x

E t w wM D D
y x

  
 

  
        

  

 

(3.30)

3 22
12xy xy xy
Gt wM D

x y


 
    

 

 

(3.31)

In which:   

3

12(1 )
x

x
y x

E tD
 




   

3

12(1 )
y

y
y x

E t
D

 



 

1 x y y xD D D      
3

12xy
GtD   

 

(3.32)

Writing these relationships in Matrix format 

    Fm F FmD    (3.33)

where: 

z

x y

dx dy

w

w
x

w
y



 

                                                                                                                                                   Chapter 3: Pre-buckling analysis 

Van Vinh Nguyen                                                                                                                                                         PhD THESIS 
 

101

 {Fm} is the flexural stress vector:     T

Fm x y xyM M M      

  Fm is the flexural strain vector:    T

Fm x y xy        

  [DF] is the property matrix of flexural displacement of a strip, given in Appendix A of the thesis 

3.5.5. Strain of a strip 

The second derivative of w by x 

1
2 2 3 2'' '' '' ''

1 1 1 12
3

4

Fm

Fm
m m m m

Fm

Fm

w X yX y X y X
x






 
              
  

 

 

(3.34)

The second derivative of w by y 

1
2

2
1 12 2 2

3

4

2 60 0

Fm

Fm
m m

Fm

Fm

w yX X
y b b






 
             
  

 

 

(3.35)

The second derivative of w by both x and y 

1
22

2' ' '
1 1 1

3

4

2 4 62 0

Fm

Fm
m m m

Fm

Fm

w y yX X X
x y b b b






 
              
  

 

 

(3.36)

The strain of a strip 

    
x

Fm y Fm Fm

xy

B

 


 
    
 
 

 

 

(3.37)

 where [BFm] is the strain matrix of flexural displacement, given in Appendix A of the thesis 

3.5.6. The flexural strain energy in a strip 

The energy of a strip because of loads (bending and twisting) as described in [15] and [12] is given by: 

2 2 2

2 2
0 0

1 2
2

L b

F x y xy
w w wU M M M dydx

x y x y
   

        
   

 

(3.38)

    
0 0

1
2

L b
T

F Fm FmU dydx    

 

(3.39)
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For orthogonal plate with m and n series terms and the summation of strain energy is given: 

   
1 10 0

1
2

L b
T

F Fm Fn
m n

U dydx
 


 

    

 

(3.40)

Replacement Eqs.(3.33) and (3.37) to Eq.(3.40): 

       
1 1

1
2

L b
T T

F Fm Fm F Fn Fn
m no o

U B D B dydx
 

 
 

    

 

(3.41)

This equation can be rewritten in other variables as: 

       
1 1

1
2

y
T T

F Fm Fm F Fn Fn
m no o

bLU B D B d yd
  

  
  

   
 

   

 

(3.42)

where: 

      1
Fm F FmC   

 
x

L
  , 0  when 0x L      

 
yy
b

 , 0 1 when 0y y b     

 
{Fn} is the flexural displacement vector of a strip 

   1 1 2 2
T

Fn n x n n x nw w    

 [CF] is the evaluation matrix of the flexural displacement functions at the nodal lines, given in 

Appendix A of the thesis. 

Eq.(3.42) can be rewritten as: 

           1

1 1

1
2

y
T T T

F Fm F Fm F Fn F Fn
m no o

bLU C B D B C d yd
  

  


 

 

   
 

    

 

(3.43)

             1

1 1

1
2

y
T T T

F Fm F Fm F Fn F Fn
m no o

bLU C B D B d yd C
  

  


 

 

     
   

   

 

(3.44)

3.5.7. The flexural stiffness matrix of a strip 

The flexural strain energy from Eq.(3.44) can be written as given: 

    T
F Fm Fmn FnU k   

(3.45)

where [kFmn] is the flexural stiffness matrix of a strip 
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       1T
Fmn F Fmn Fk C k C

   
 

(3.46)

       
1 1

y
T

Fmn Fm F Fn
m no o

bLk B D B d yd
  

 
  

     
   

   

 

(3.47)

Matrix A 

  F FnA D B  (3.48)

Matrix B 

    T
Fm F FnB B D B  (3.49)

Matrix C 

    
1

0

y
T

Fm F FnC B D B d y


   

(3.50)

Matrix D 

    
1

0 0

y
T

Fm F FnD B D B d yd
 




    

(3.51)

    Fmn
Ak D 

  
(3.52)

In which: 

 A is the area of a strip: A=bL 

 [kFmn] is the flexural stiffness matrix of a strip 

 The values of matrices A,B,C and D are shown in Appendix A of the thesis 

3.6. THE MEMBRANE STIFFNESS MATRIX OF A STRIP 

3.6.1. The membrane displacement functions 

The membrane displacement function from Eqs.(3.4) and (3.5) can be rewritten in matrix format. 

    Mm Mm Mmf M 
 

(3.53)

where: 

    TMmf v u  

   1 1

2 2

0 0

0 0
m m

Mm
m m

X yX
M

X yX

 
  
  

 



 

                                                                                                                                                   Chapter 3: Pre-buckling analysis 

Van Vinh Nguyen                                                                                                                                                         PhD THESIS 
 

104

3.6.2. Membrane stresses and strains 

Stress distribution 

 

Figure 3.18: Stress distribution 

Longitudinal strain 

 

Figure 3.19: Longitudinal strain 

Shear strain 

 

Figure 3.20: Shear strain 
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3.6.3. Membrane property matrix 

The relationships between the flexural and torsional rigidity of a strip: 

2 12(1 )
x

x y x y
y x

E u v E E
x y

 
 

  
            

 

(3.54)

12 1(1 )
y

y x x y
y x

E v v E E
y x

 
 

  
            

 

(3.55)

xy xy
v uG G
x y

 
  

        

 

(3.56)

where: 

2 (1 )
x

y x

EE
 




; 1 (1 )
y

y x

E
E

 



;   

12 (1 ) (1 )
x y y x

y x y x

v E v E
E

   
 

 
  

 

(3.57)

Writing these relationships in Matrix format 

    Mm M MmD    (3.58)

In which: 

 {Mm} is the stress vector 

   T

Mm x y xy     

  Mm  is the strain vector 

   
T

T

Mm x y xy
u v v u
x y x y


     

            
 

 [DM] is the property matrix of membrane displacement, given in Appendix A of the thesis 

3.6.4. Strain of a strip 

The first derivative u by x: 

1

2' '
2 2

3

4

0 0

Mm

Mm
m m

Mm

Mm

u X yX
x






 
         
  

 

 

 

(3.59)

The first derivative of v by y: 
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1

2
1

3

4

10 0 0

Mm

Mm
m

Mm

Mm

v X
y b






 
           
  

 

 

 

(3.60)

The summation of the first derivatives: 

 The first derivative u by y: 

4 2
10 Mm m

u X
y b


 


 

 

(3.61)

 The first derivative v by x: 

' '
1 1 2 1Mm m Mm m

v X yX
x

 
 


 

 

(3.62)

 The summation: 

' '
1 1 2 1 3 4 2

10Mm m Mm m Mm Mm m
u v X yX X
y x b

    
    

 
 

 

1

2' '
1 1 2

3

4

10

Mm

Mm
m m m

Mm

Mm

u v X yX X
y x b






 
              
  

 

 

 

(3.63)

The strain of a strip: 

    Mm Mm MmB    (3.64)

 where [BMm] is the strain matrix of membrane displacement, given in Appendix A of the thesis 

3.6.5. Membrane strain energy in a strip 

The membrane strain energy of a strip because of load as described in [15] and [12] is given by: 

 

     

0 0

0 0 0 0

1
2

1 1
2 2

L b

M x x y y xy xy

xL b L b
T

x y xy y M M

xy

U tdydx

tdydx tdydx

   

   


    

 
     
 
 

 

   
 

 

 

(3.65)

The m and n terms must be introduced and the summation taken over the m and n, hence  

   
1 10 0

1
2

L b
T

M Mm Mn
m n

U tdydx
 


 

    

 

(3.66)

Substituting Eqs.(3.58) and (3.64) into Eq.(3.66): 
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1 10 0

1
2

L b
T T

M Mm Mm M Mn Mn
m n

U B D B tdydx
 

 
 

    

 

(3.67)

This equation can be rewritten in other variables as: 

       
1

1 10 0

1
2

y
T T

M Mm Mm M Mn Mn
m n

bLtU B D B d yd
   

  




 

   
 

   

 

(3.68)

Eq.(3.68) can be rewritten as: 

           
1

1

1 10 0

1
2

y
T T T

M Mm M Mm M Mn M Mn
m n

bLtU C B D B C d yd
   

  



 

 

   
 

   

 

(3.69)

            
1

1

1 10 0

1
2

y
T T T

M Mm M Mm M Mn M Mn
m n

bLtU C B D B d y C
   

  



 

 

     
   

   

 

(3.70)

where: 

      1
Mm M MmC    

 {Mn} is the vector of membrane displacement,    1 1 2 2
T

Mn n n n nu v u v   

[CM] is the evaluation matrix of the membrane displacement functions at nodal line, given in 

Appendix A of the thesis 

3.6.6. The membrane stiffness matrix of a strip 

The membrane strain energy from Eq.(3.70) can be written as given: 

    T
M Mn Mmn MnU k   (3.71)

where [kMmn] is the membrane stiffness matrix of a strip 

       1T
Mmn M Mmn Mk C k C

   (3.72)

      
1

1 10 0

y
T

Mm Mm M Mn
m n

bLtk B D B d yd
   

 




 

     
   

   
 

(3.73)

Matrix M: 

  M MnM D B  (3.74)

Matrix N: 

    T
Mm M MnN B D B  (3.75)
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Matrix P: 

    
1

0

y
T

Mm M MnP B D B d y


   

 

(3.76)

Matrix Q: 

    
1

0 0

y
T

Mm M MnQ B D B d yd
 




    

 

(3.77)

    Mmn
Vk Q 

  

 

(3.78)

In which: 

 V is the volume of strip, V=bLt    

 [kMmn] is the membrane stiffness matrix of a strip 

 The values of matrices M,N,P and Q are shown in Appendix A of the thesis 

3.7. TRANSFORMATION FROM LOCAL TO GLOBAL COORDINATES 

Each member has its own local axis system with the y and z axes lie in the plane of the cross-

sections, while the x axis is along the member. The axes were chosen to align with Timoshenko and 

Gere [46] for plate buckling. However, the global axis system used in the finite strip analysis has been 

chosen to conform with that normally chosen in structural analysis of thin-walled members. The X and 

Y axes lie in the plane of the cross-section, while the Z axis is located along the member (along the 

strips) as shown in Fig.3.21.  

 

Figure 3.21: Global coordinate for the Finite strip method 

 

D

B

Y

X

t

L1

Z is the longitudinal axe
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The global and local displacements are shown in Fig.3.22  

 

Figure 3.22: Global and local displacements 

Load vector of plate with two nodal lines in the local coordinate: 

     T
m mf C   

(3.79)

where: 

 {fm} is the vector of a strip displacement in local axes 

   1 1 1 1 2 2 2 2

T

m x m y m z m z m x m y m z m z mf F F F M F F F M  

 {m} is the vector of polynomial coefficients. 

   1 2 3 4 1 2 3 4
T

Fm Fm Fm Fm Fm Mm Mm Mm Mm        
 

 
[C]-T is the transformation matrix, given in Appendix A of the thesis 

Changing load vector from the local coordinate to the global coordinate: 

    m mF R f  (3.80)

where: 

 {Fm} is the load vector of a strip in global axes 

   1 1 1 1 2 2 2 2
T

m X m Y m Z m Z m X m Y m Z m Z mF F F F M F F F M  

  [R] is the rotation matrix, given in Appendix A of the thesis 

Y

Z

X

y
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B1

B2
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W1
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V2

W2

2

U2

z

x
X,Y,Z are global axes
x,y,z are local axes aligned with the strip

4 degrees of freedom
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Global coordinate
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3.8. THE STIFFNESS MATRIX OF THE SECTION 

The stiffness matrix of a strip in the local coordinate system is assembled from both the flexural 

stiffness matrix and the membrane stiffness matrix, thus the stiffness matrix [KL] is an 8x8 size matrix. 

   
 

0
0
Fmn

L
Mmn

k
K

k




 
  
 

 

 

(3.81)

 where [KL] is the local stiffness matrix of a strip 

The stiffness matrix of a strip in the global coordinate is determined by a multiplication of the 

stiffness matrix in the local coordinate with transformation matrices as given: 

     TG LK A K A  (3.82)

where: 

 [KG] is the stiffness matrix in the global coordinate, 

 [A] and [A]T are transformation matrices from local to global coordinates, given in Appendix A of 

the thesis. 

The relationship between the load vector and the displacement vector is given by: 

    m G nW K   (3.83)

 
 

 
 

1 1

2 2

ppmn pqmnm n

m nqpmn qqmn

K KW
W K K




              
           

 

 

(3.84)

It means that: 

  ppmn pqmn
G

qpmn qqmn

K K
K

K K

        
        

 

where: 

 p, q are the start node and end node of a strip 

 {W1m} and {W2m} are the load vectors of the start node and the end node of a strip 

   1 1 1 1 1
T

m X m Y m Z m M mW W W W W  

   2 2 2 2 2
T

m X m Y m Z m M mW W W W W  

 {1n} and {2n} are the displacement vectors of the start node and the end node of a strip 

   1 1 1 1 1
T

n X n Y n Z n Z n      

   2 2 2 2 2
T

n X n Y n Z n Z n      



 

                                                                                                                                                   Chapter 3: Pre-buckling analysis 

Van Vinh Nguyen                                                                                                                                                         PhD THESIS 
 

111

[Kppmn], [Kpqmn], [Kqpmn] and [Kqqmn] are four components of the stiffness matrix of a strip in the 

global coordinate 

The stiffness matrix of the section for each mode is assembled from the stiffness matrices of 

nodes in strips, thus the size of this matrix is 4 times the number of nodes. The stiffness matrix at each 

point of this matrix is determined by doing the summation of stiffness matrix components of strips 

which have the same node. The stiffness matrix of the whole section is assembled from the stiffness 

matrices of series terms as shown in Fig.3.23, thus the size of this matrix is 4 times the number of 

series terms and the number of nodes. 

4r n    

where: 

r is the size of the stiffness matrix [K] 

 is the number of series terms 

n is the number of nodes of the section 

 

Figure 3.23: Stiffness matrix for whole section 
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3.9. LOAD VECTOR 

The localised load applied on the structural member is assumed to be a line load along a nodal line as 

shown in the Fig.3.24. The loads may be applied in different directions and at any position along the 

structural member. 

 

Figure 3.24: Localised loading applied on a strip 

The deformation of the nodal line U,V,W in X,Y,Z directions is given by: 

1 1 ( )m mU U X Z  

1 1 ( )m mV V X Z  

1 2 ( )m mW W X Z  

 

(3.85)

where: 

X1m(Z) is the longitudinal variation curve for the transverse deformation (U,V) 

X2m(Z) is the longitudinal variation curve for the longitudinal deformation (W) 

U1m, V1m, W1m, are amplitude deformations of the loaded nodal line for the mth series term 

The load vector for nodal line j can be derived for the potential energy of the external forces as 

given in Eq.(3.90): 

   Tj
m Xm Ym Zm MmF F F F F  

 

(3.86)

 In which 

Y,V

Z,W

X,U

L

F (Z)

F (Z)

F (Z)Z

General BC

General BC
X

Y

F (z),X F (z),Y F (z)Z

are constant line loads
per unit  length

L1L2
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2 2

1 1

2

1

1 1

2

( ) ( )  ;  ( ) ( )

( ) ( )  

L L

Xm X m Ym Y m
L L

L

Zm Z m
L

F F Z X Z dZ F F Z X Z dZ

F F Z X Z dZ

 



 


 

 

 

(3.87)

The load vector for each series term is assembled from the load vectors of nodal lines, thus the 

size of this vector is 4 times the number of nodes. The load vector of whole section is assembled from 

the load vectors of series terms as shown in Fig.3.25, thus the size of this vector is 4 times the number 

of series terms and the number of nodes. 

 

Figure 3.25: Load vector of whole section 

where: 

L1 and L2 are the starting and ending points of the line loads respectively as shown in Fig.3.24 

FX(Z), FY(Z), FZ(Z) are the distributed lines load in the X,Y,Z directions. These loads may be 

constant or vary with Z 

FXm, FYm, FZm are the X,Y,Z components of the load vector for each nodal line for the mth series 

terms. 

{F jm} is the load vectors for of nodal line j at the series term mth 

{Fm} is the load vectors for of the section at the series term mth 

{F} is the load vectors for of the whole section 

3.10. PRE-BUCKLING ANALYSIS 

3.10.1. Minimization of the potential energy 

The strain energy of a strip is given by: 

F MU U U   (3.88)

 In matrix format: 

    T

p pU K   
(3.89)

 where {p} is the pre-buckling displacement of the section, called pre-buckling modes 

The potential energy due to the external forces can be written as: 
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   T

pV F   
(3.90)

 where {F} is the load vector of the whole section as given in Section 3.9 

The total potential energy is the sum of the elastic strain energy stored in a strip and the 

potential energy of the external loads, thus: 

U V    (3.91)

        T T

p p pK F      
(3.92)

The principle of minimum total potential energy requires that: 

   0
p




    
  

 

 

(3.93)

Hence: 

      0pK F    (3.94)

    pK F   (3.95)

3.10.2. The pre-buckling displacements 

The relationship among the load vector, the displacement vector and the stiffness matrix from 

Eq.(3.95) is rewritten by: 

     1
pA K F   

 

(3.96)

 where {pA} is the amplitude of the displacement vector for the whole section 

The vector {pA} has the same size with the load vector {F} as shown in Fig.3.26. It means that 

the size of this vector is 4 times the number of series terms and the number of nodes. 

 

Figure 3.26: Amplitude of displacement vector 

The displacement vector {pA}
 
is splitted up to the displacement vectors for each mode {pAm}

 

and the displacement vectors for each nodal line {jpAm} 

   Tj j j j j
pAm pAXm pAYm pAZm pAZm      
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where: 

 j is the nodal line 

{pAm} is the amplitude of the displacement vector for mode m 

{jpAm} is the amplitude of the displacement vector of nodal line j, mode m 

The amplitudes of the pre-buckling displacements are multiplied with the displacement functions 

to get the pre-buckling deformations for all sections along the structural member. 

1 sec( )j j
pXm pAXm mX x  ;     1 sec( )j j

pYm pAYm mX x   

2 sec( )j j
pZm pAZm mX x  ;     1 sec( )j j

pZm pAZm mX x   

 

(3.97)

where: 

 jpAXm,jpAYm,jpAZm,jpAZm are the amplitudes of displacement of nodal line j, mode m 

 jpXm,jpYm,jpZm,jpZm are the displacements of node j, mode m 

 secx  is the location of sections along the beam 

The displacement of nodes along the beam is determined by doing the summation of the 

displacement in all series terms. 

1

j j
pX pXm

m



 


 ; 
1

j j
pY pYm

m



 


   

 

(3.98)

1

j j
pX pZm

m



 


 ; 
1

j j
Z Zm

m



 


   

 

(3.99)

 where jpX,jpY,jpZ,jpZ  are the displacements of node j 

3.10.3. The polynomial coefficients  

The relationship between the polynomial coefficients vector and the amplitude displacement vector of 

each strip in each mode is given by: 

     Ti i
m pAmA   

(3.100)

where: 

{ipAm} is the amplitude displacement vector of the strip i 

   Ti SN SN SN SN EN EN EN EN
pAm pAXm pAYm pAZm pAZm pAXm pAYm pAZm pAZm          

i is the strip number 

SN and EN are the start node and the end node of the strip i respectively 
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{im} is the polynomial coefficients vector of the strip i in the mode m 

      i i i
m Fm Mm    

(3.101)

 In which 

  1 2 3 4

T Ti i i i i
Fm Fm Fm Fm Fm         

(3.102)

  1 2 3 4

T Ti i i i i
Mm Mm Mm Mm Mm         

 

(3.103)

3.10.4. The membrane stresses 

The membrane stresses of a strip are given by: 

    Mm M MmD    
 

(3.104)

 where  Mm is the membrane strain vector:   

    Mm Mm MmB    
 

(3.105)

Hence:       

     Mm M Mm MmD B   
 

(3.106)
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(3.107)

Evaluation of the membrane stresses at nodal line of each strip: 

 At nodal line 1: 0yy
b

    

 

'12
1 2 2
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2'1
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' 4
1 2

0 0

0 0

0 0

m m
Mm

x
Mm

Mm y m m
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(3.108)

 At nodal line 2: 1yy
b
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' '12
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(3.109)

The summation can be taken over the m series terms at any longitudinal position to get the 

membrane stresses for all sections: 

   
1

M Mm
m



 


   

 

(3.110)

3.11. NUMERICAL EXAMPLE 

A pre-buckling analysis has been performed for a lipped channel section with rounded corners under 

localised loading using the THIN-WALL-2 V2.0 program. The geometry of the beam and the loading 

are shown in Fig.3.27. The beam is analysed with different boundary conditions for the web and the 

flanges of the end sections. In addition, lateral restraints are applied along the beam at Nodal Lines 11 

and 35 to avoid twisting caused by eccentric loading. In the Simply-Free (SF) and Free-Free (FF) 

cases, the beam can deform freely in the longitudinal direction, thus longitudinal restraints are applied 

at Nodal Lines 11 and 35 along the beam to prevent this movement. Furthermore, in the Free-Free 

(FF) case, the beam has no supports at both ends, thus vertical restraints are applied at Nodal Line 35 

along the beam to prevent the movement of the beam in the vertical direction. The results from the 

pre-buckling analysis of the beam under localised loading include deformations and stresses. The 

stress and deformation values are obtained from Nodal Line 23 in the middle of the section for all 

sections along the beam.  

The beam has been also analysed using a pre-buckling analysis by ABAQUS with equivalent 

loading and boundary conditions. It was meshed into 5mm x 5mm, except at the section’s corners. 

The corners were modeled with 1mm x 5mm mesh to accurately represent the influence of corner 

radius. The stress and deformation values are obtained from a group of nodes at the same positions 

as the nodal lines from THIN-WALL-2. 
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Figure 3.27: Lipped channel section under localised loading 

The beam is subdivided into 21 equally spaced sections to calculate and plot the deformations 

and stresses along the beam. The comparison between the stresses and deformations from the FSM 

and the FEM are shown in Figs.3.28 to 3.34 for the Clamped - Free (CF) case which uses the 

Bradford and Azhari [16] displacement functions. The results for other boundary conditions are shown 

in Figs.B-1 to B-35 in Appendix B of the thesis. The comparisons demonstrate the accuracy of the 

FSM when 25 series terms are used particularly for the transverse and shear stresses. There is a 

small difference in the local peak of the longitudinal stress at the center in some cases but this is 

unlikely to have an effect on the elastic buckling analysis in Chapter 4. The only significant 

discrepancy appears to be the shear stresses in Fig.B-10. The shear forces resulting from these 

stresses are in equilibrium with the applied load but the different stress gradients in Fig.B-8 have 

resulted in the different shear stresses. To confirm these functions, the stiffness matrix has been 

evaluated both analytically and numerically. The alternative Bradford and Azhari functions [16] for this 

case show a greater discrepancy and therefore cannot be used as an alternative. Despite the 

discrepancy, the effect on the buckling loads in Chapter 4 is negligible. 
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Stress comparison: 

 

Figure 3.28: Longitudinal stress at Nodal Line 23 along the beam for the CF case 

 

Figure 3.29: Transverse stress at Nodal Line 23 along the beam for the CF case 

 

Figure 3.30: Shear stress at Nodal Line 23 along the beam for the CF case 
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Pre-buckling deformation comparison: 

          

                       (a) From THIN-WALL-2              (b) From Abaqus 

Figure 3.31: Pre-buckling deformation comparison for the CF case 

 

Figure 3.32: Transverse pre-buckling deformation at Nodal Line 23 along the beam for the CF case 

 

 

Figure 3.33: Vertical pre-buckling deformation at Nodal Line 23 along the beam for the CF case 
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Figure 3.34: Longitudinal pre-buckling deformation at Nodal Line 23 along the beam for the CF case 

3.12. CONVERGENCE STUDY 

A study has been performed for the lipped channel section in Section 3.11 with different boundary 

conditions and different numbers of series terms to find the acceptable number of series terms for the 

pre-buckling analysis. The longitudinal and transverse stresses are obtained from Nodal Line 23, 

Section 11 at the middle of the beam, while the shear stresses are obtained from Nodal Line 23, 

Section 1 for the SS, SC, SF and CC cases and Section 9 for the CF and FF cases. The relationships 

between the longitudinal stress and the number of series terms are shown in Fig.3.35 for different 

boundary conditions. The solutions are converged for the longitudinal stress when the number of 

series terms reaches 25 as shown in Table 3.1. Similarly, the transverse stress and shear stress are 

converged when the number of series terms reaches 25 as given in Tables 3.2 and 3.3 and shown in 

Fig.3.36 and Fig.3.37. It means that about 25 series terms are required to get the converged stresses 

as well as deformations in the pre-buckling analysis for a localised load one tenth the length of the 

member. 
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Table 3.1: Convergence of longitudinal stress at Section 11 and Nodal Line 23 

(L=1000mm, n=100mm) 

 

Table 3.2: Convergence of transverse stress at Section 11 and Nodal Line 23 

(L=1000mm, n=100mm) 
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Table 3.3: Convergence of shear stress at Nodal Line 23, 

at Section 1 for the SS, SC, SF, CF and Section 9 for the CC and FF cases 

(L=1000mm, n=100mm) 

 

 

Figure 3.35: Convergences of longitudinal stress (x) at Section 11 and Nodal Line 23 

(L=1000mm, n=100mm) 
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Figure 3.36: Convergences of transverse stress (y) at Section 11 and Nodal Line 23 

 

Figure 3.37: Convergences of shear stress (xy) at Nodal Line 23, Section 1 for the SS, SC, SF, CC 

cases and Section 9 for the CF and FF cases 

Similar convergence study has been performed for the same lipped channel section in Section 

3.11 with the beam length 1000mm and the load length 50mm. The convergence of the stresses are 

given in Tables.3.4 to 3.6 and shown in Figs.3.38 to 3.40. It can be seen that the solutions are 

converged for the longitudinal stress, transverse stress and shear stress when the number of series 

terms reaches 25 as for previous example. 
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Table 3.4: Convergence of longitudinal stress at Section 11 and Nodal Line 23 

(L=1000mm, n=50mm) 

 

Table 3.5: Convergence of transverse stress at Section 11 and Nodal Line 23 

(L=1000mm, n=50mm) 
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Table 3.6: Convergence of shear stress at Nodal Line 23, 

at Section 1 for the SS, SC, SF, CC and Section 9 for the CF and FF cases 

(L=1000mm, n=50mm) 

 

 

Figure 3.38: Convergences of longitudinal stress (x) at Section 11 and Nodal Line 23 
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Figure 3.39: Convergences of transverse stress (y) at Section 11 and Nodal Line 23 

 

Figure 3.40: Convergences of shear stress (xy) at Nodal Line 23, Section 1 for the SS, SC, SF, CC 

cases and Section 9 for the CF and FF cases 

3.13. CONCLUSIONS 

A Finite Strip Method of pre-buckling analysis of thin-walled section under localised loading has been 

developed for general end boundary conditions. This method has been benchmarked against the 

Finite Element Method. 

Suitable displacement functions are used for different support and loading conditions for both 

flexural and membrane displacements. For a load over one-twentieth to one-tenth of the span, 

approximately 25 series terms are required in the analysis process to get accurate pre-buckling 

results, particularly stress.  
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CHAPTER 4 

BUCKLING ANALYSIS OF THIN-WALLED SECTIONS UNDER  

LOCALISED LOADING FOR GENERAL END BOUNDARY CONDITIONS 

4.1. INTRODUCTION 

In order to develop the Direct Strength Method (DSM) for design of cold-formed steel sections under 

localised loading, it is necessary to calculate the buckling load of structural members. The elastic 

buckling analysis described in this Chapter is an important step which provides the buckling load to 

establish the DSM design equations for web crippling as described in Chapter 7.   

This Chapter introduces the functions used to compute the stress distributions in the strips of 

the structural member for different end boundary conditions as described in Chapter 3. In addition, the 

theory of the FSM for the elastic buckling analysis of thin walled sections under localised loading for 

general end boundary conditions is developed. Numerical examples have been performed by the FSM 

built into Version 2.0 of the THIN-WALL-2 program as described in detail in Chapter 5. The numerical 

solutions are compared with those from the analyses by the Finite Element Method (FEM) using 

ABAQUS [32] to validate the accuracy including a convergence study.  

The most significant development of this Chapter is the choice and validation of the stress 

functions based on the displacement functions, as described in Chapter 3, for different boundary 

conditions. Consequently, this Chapter introduces the stress functions first before giving the full 

derivation of the stability matrices based on energy principles. 

4.2. STRIP BUCKLING DISPLACEMENTS 

4.2.1. Flexural buckling displacement 

An isometric view of flexural displacements of a strip is shown in Fig.3.3 in Chapter 3. 

The flexural deformations w of a strip can be described by the summation over  series terms as: 

1 1
1

( ) ( )m m
m

w f y X x




   

 

(4.1)

where: 

 is the number of series terms of the harmonic longitudinal function 

X1m(x) is the function for longitudinal variation 
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f1m(y) is a polynomial function for transverse variation. This function for the mth series term is 

given by: 

2 3

1 1 2 3 4( )m Fm Fm Fm Fm
y y yf y
b b b

                
     

 

 

(4.2)

{Fm} are the vector polynomial coefficients for the mth series term which depend on the nodal 

line flexural deformations of the strip 

   1 2 3 4
T

Fm Fm Fm Fm Fm      
 

(4.3)

t, b and L are the strip thickness, width and length respectively 

The flexural deformations w can be written in matrix format: 

     1
1

1
m FL F Fm

m
w X x C







   

 

(4.4)

where: 

     1
Fm F FmC   

  1 ( )m FL Fmf y    

       2 31 / / /FL y b y b y b      

 
{Fm} is the flexural displacement vector for nodal line displacements for the mth series term 

   1 1 2 2
T

Fm m x m m x mw w  
 

 
[CF] is the evaluation matrix of the flexural displacement functions at the nodal lines, given in 

Appendix C of the thesis 

In the computation of the flexural potential energy described later, the derivatives of the flexural 

deformation are required. The derivatives used are as follows: 

The derivative of the flexural displacement functions by x variable: 

   '
1

1
m FL Fm

m

w X x
x







 

   

 

(4.5)

          
2

' '
1 1

1 1

T T
Fm FL m n FL Fn

m n

w X x X x
x

 

 
 

      
  

 

(4.6)

The derivative of the flexural displacement functions by y variable: 
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    1
1

1
m FT Fm

m

w X x
y b







 

   

 

(4.7)

          
2

1 12
1 1

1 T T
Fm FT m n FT Fn

m n

w X x X x
y b

 

 
 

 
    
  

 

(4.8)

The derivative of the flexural displacement functions by x and y variables: 

         '
1 1

1

1T T
Fm FL m n FT Fn

m n

w w X x X x
x y b

 

 


 
  

    

 

(4.9)

         '
1 1

1

1T T
Fm FT m n FL Fn

m n

w w X x X x
y x b

 

 


 
  

    

 

(4.10)

  where        2 31 / / /FL y b y b y b      

4.2.2. Membrane buckling displacement 

An isometric view of membrane displacements of a strip is shown in Fig.3.4 in Chapter 3. 

The membrane deformations in the longitudinal and transverse directions of a strip can be 

described by the summation over  series terms as: 

1
1

( ) ( )vm m
m

v f y X x




   

 

(4.11)

2
1

( ) ( )um m
m

u f y X x




   

 

(4.12)

where: 

X1m(x) and X2m(x) are the longitudinal variation functions for the membrane transverse v and 

longitudinal u deformations respectively 

fvm(y) and fum(y) are the transverse variations. These functions for the mth series term are given: 

1 2( )vm Mm Mm
yf y
b

      
 

 

 

(4.13)

3 4( )um Mm Mm
yf y
b

      
 

 

 

(4.14)

{Mm} is the vector of polynomial coefficients for the mth series term which depends on the nodal 

line membrane deformations of the strips 

   1 2 3 4
T

Mm Mm Mm Mm Mm      
 

(4.15)

The membrane deformations of the strip can be written in matrix format: 
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     1
1

1
m Mv M Mm

m
v X x C







   

 

(4.16)

     1
2

1
m Mu M Mm

m
u X x C







   

 

(4.17)

where: 

 
     1

Mm M MmC   

  ( )vm Mv Mmf y      and     ( )um Mu Mmf y    

   1 ( / ) 0 0Mv y b    and     0 0 1 /Mu y b      

{Mm} is the vector of membrane displacement for the mth series term 

   1 1 2 2
T

Mm m m m mu v u v   

[CM] is the evaluation matrix of the membrane displacement functions at nodal line, given in 

Appendix C of the thesis 

In the computation of the membrane potential energy described later, the derivatives of the 

membrane deformations are required. The derivatives used are as follows: 

The derivative of the membrane deformation v by x variable 

   '
1

1
m Mv Mm

m

v X x
x







 

   

 

(4.18)

          
2

' '
1 1

1 1

T T
Mm Mv m n Mv Mn

m n

v X x X x
x

 

 
 

      
  

 

(4.19) 

The derivative of the membrane deformation u by x variable 

   '
2

1
m Mu Mm

m

u X x
x







 

   

 

(4.20)

          
2

' '
2 2

1 1

T T
Mm Mu m n Mu Mn

m n

u X x X x
x

 

 
 

      
  

 

(4.21)

4.3. MEMBRANE STRESSES 

4.3.1. Membrane stress calculation 

The membrane stresses of a strip for the kth series term of the pre-buckling as in Chapter 3 are given 

by: 
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    Mk M MkD    (4.22)

where 

 [DM] is the property matrix of membrane displacement, given in Appendix C of the thesis 

 Mk is the membrane strain vector:    

    Mk Mk MkB    (4.23)

Hence:   

     Mk M Mk MkD B   (4.24)

 where [BMk] is the strain matrix of membrane displacement, given in Appendix C of the thesis 

4.3.2. Stress distribution in a strip 

A strip subjected to loading will have complex stresses as shown in the Fig.4.1 where the stresses due 

to the k=1 series term are drawn. The stresses are obtained from the pre-buckling analysis step 

described in Chapter 3. 

 

Figure 4.1: Stress distribution of a strip with both ends simply supported (k=1)  

The longitudinal stress for elastic buckling analysis which is obtained from Eq.(4.24) varies in 

both the longitudinal and transverse directions and is given by: 

     1 1 2 2 3
1 1

x k L k k L k L k
k k

yx x x
b

 

     
 

     
   

(4.25)

where: 

k is the series term of the stress functions 

z

x

y

L
b

x

dx
dy

2k

1k

-1.0

1.0

k(x)

Tk

Tk

xy
yx

1.0 k(x)

y

k

k

x,y,z are local axes aligned with strip

Lk
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 x(x) is the longitudinal stress of the strip 

 L1k,L2k,L3k are the amplitude components of the longitudinal stress at series term kth 

12
1 2 2 3 2 3 4 2;  and L k Mm L k Mm L k Mm

E E E
b

         

 1k(x),2k(x) are the functions for the variation of the longitudinal stress along the strip 

       '
1 1 2 2 and k k k kx X x x X x    

E1, E2, E12 are given in Appendix C of the thesis 

The transverse stress for elastic buckling analysis which is obtained from Eq.( 4.24) is the 

average transverse stress in a strip and is given by: 

     1 1 2 2
1 1

y k T k k T k
k k

x x x
 

    
 

    

 

(4.26)

where: 

 y(x) is the transverse stress of the strip 

 T1k,T2k re the amplitude components of the transverse stress of the strip at series term kth 

1
1 2 2 3 12 4 12

1 and 
2T k Mm T k Mm Mm

E E E
b

         
 

 1k(x),2k(x) are the functions for the variation of the transverse stress along the strip 

       '
1 1 2 2 and k k k kx X x x X x    

The shear stress for elastic buckling analysis which is obtained from Eq.( 4.24) is the average 

stress in a strip and is given by: 

     1 1 2 2
1 1

xy k k k k
k k

x x x
 

    
 

    

 

(4.27)

where: 

 xy(x)  is the shear stress of the strip 

1k,2k re the amplitude components of the shear stress of the strip at series term kth 

1 1 2 2 4
1  and 
2k Mm Mm k Mm

GG G
b

         
 

1k(x),2k(x) are the functions for the variation of the shear stress along the strip 

       '
1 1 2 2 and k m k mx X x x X x  

 

G is the shear modulus 
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For different boundary conditions, different functions are required for flexural and membrane 

displacements, as described in Chapter 3. 

4.4. THE FLEXURAL STABILITY MATRIX OF A STRIP 

4.4.1. The flexural potential energy of the membrane forces 

The flexural potential energy of the membrane forces as described in [15] and [12] is given by: 

       
22

0 0

1
2

L b

F x y xy xy
w w w w w wV x x x x tdydx
x y x y y x

   
                                                

 
 

 

(4.28)

 1 2F FL FT FS FSV V V V V     (4.29)

where: 

 VFL is the flexural potential energy of the longitudinal stress 

 
2

0 0

1
2

L b

FL x
wV x tdydx
x


         

   

 

(4.30)

 VFT is the flexural potential energy of the transverse stress 

 
2

0 0

1
2

L b

FT y
wV x tdydx
y


  

       
   

 

(4.31)

 VFS is the flexural potential energy of the shear stress 

1 2FS FS FSV V V   (4.32)

 1
0 0

1
2

L b

FS xy
w wV x tdydx
x y


             

   

 

(4.33)

 2
0 0

1
2

L b

FS xy
w wV x tdydx
y x


             

   

 

(4.34)

4.4.2. The flexural potential energy of the longitudinal stress 

Longitudinal stress distribution in a strip is shown in the Fig.4.2  
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Figure 4.2: Longitudinal stress distribution in a strip with both ends simply supported 

Elemental shortening and potential energy 

 

Figure 4.3: Elemental shortening and potential energy 

Shortening of element 

21
2x

wd dx
x

    
 

 

(4.35)

Integrating along length of strip 

2

0

1
2

L

x
w dx
x

       

 

(4.36)

Increase in potential energy of membrane forces resulting from flexural deformations: 

 
2

0 0

1
2

L b

FL x
wV x tdydx
x


         

   

 

(4.37)

Substitute (4.25) and (4.6) to (4.37) equation and do the summation taken over  series terms 

of the potential energy of of the longitudinal stress: 

         

   

'
1 1 1 2 2 3

1 1
1 10 0 '

1

.1
2

T TL b
Fm FL m k L k k L k L k

k kFL
m n

n FL Fn

yX x x x
bV

X x tdydx

 
       


 

 

          


   

 

(4.38)

z

x

y

L

b

x

2k

1k

1.0 k(x)

x,y,z are local axes aligned with strip

Lk

dx
dy

z

x
x

dx

x=

w

xtdy xtdy

w
x
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Separate the VFL 
into VFL1 

and VFL2 

           ' '
1 1 1 1 1

1 1 10 0

1
2

L b
T T

FL Fm FL m k L k n FL Fn
m n k

V X x x X x tdydx
  

   
  

 
    

 
   

 

(4.39)

       

   

'
1 2 2 3

12
1 10 0 '

1

.1
2

T TL b
Fm FL m L k k L k

kFL
m n

n FL Fn

yX x x
bV

X x tdydx


     




 

         


  

 

(4.40)

These equations can be rewritten in other variables as: 

       

   

'1
1 1 1

11
1 10 0 '

1

.1
2

T Ty
Fm FL m k L k

kFL
m n

n FL Fn

XLbtV
X d d y


        


  

 



 

 
       

 


   

 

(4.41)

       

   

'1
1 2 2 3

12
1 10 0 '

1

.1
2

T Ty
Fm FL m k L k L k

kFL
m n

n FL Fn

X yLbtV
X d d y


         


  

 



 

           
 



   

 

(4.42)

Rearrange these equations: 

   

        

1

1
0

1
1 ' '

1 1 1
1 10

.
1
2

y
T

L k FL FL

FL
k T

Fm m k n Fn
m n

d y
LbtV

X X d



   




      






 

 
  

          
 
 





 

 

(4.43)

   

        

1

2 3
0

2
1 ' '

1 2 1
1 10

.
1
2

y
T

L k L k FL FL

FL
k T

Fm m k n Fn
m n

y d y
LbtV

X X d



   

 


      






 

 
               

 
 





 

 

(4.44)

where: 

      1
Fm F FmC   

 
x

L
  , 0  when 0x L      

 /y y b , 0 1 when 0y y b     

 
{Fn} is the flexural displacement vector of a strip 

   1 1 2 2
T

Fn n x n n x nw w    
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[CF] is the evaluation matrix of the flexural displacement functions at the nodal lines, given in 

Appendix C of the thesis 

Eqs.(4.43) and (4.44) can be rewritten as: 

   

            

1

1
0

1
1 1' '

1 1 1
1 10

.
1
2

y
T

L k FL FL

FL
k T T

Fm F m k n F Fn
m n

d y
LbtV

C X X C d



   




      




  

 

 
  

          
 
 





 

 

 

(4.45)

   

            

1

2 3
0

2
1 1' '

1 2 1
1 10

.
1
2

y
T

L k L k FL FL

FL
k T T

Fm F m k n F Fn
m n

y d y
LbtV

C X X C d



   

 


      




  

 

 
               

 
 





 

 

 

(4.46)

In other format: 

       1
1 1 1

1 1 1

1
2

T T
FL FL Fm F Lw mnk F Fn

k m n

VV B C C C
  

 


 

  

      
   

   

 

(4.47)

       1
2 2 2

1 1 1

1
2

T T
FL FL Fm F Lw mnk F Fn

k m n

VV B C C C
  

 


 

  

      
   

   

 

(4.48)

where: 

 V is the volume of the strip, V=Lbt 

 AFL, BFL1, BFL2, CLw1mnk, CLw2mnk are given in Appendix C of the thesis 

Hence: 

        1
1 1

1
2

T T
FL Fm F FL mn F FnV C g C  

   

 

(4.49)

        1
2 2

1
2

T T
FL Fm F FL mn F FnV C g C  

   

 

(4.50)

 where  1FL mng and  2FL mng  are given in Appendix C of the thesis 

4.4.3. The flexural potential energy of the transverse stress 

Transverse stress distribution in a strip is shown in the Fig.4.4  
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Figure 4.4: Transverse stress distribution in a strip with both ends simply supported 

The flexural potential energy of the transverse stress 

 
2

0 0

1
2

L b

FT y
wV x tdydx
y


  

       
   

 

(4.51)

Substitute (4.26) and (4.8) to (4.51) and do the summation taken over  series terms of the 

potential energy of of the transverse stress: 

         

   

1 1 1 2 22
1 1

1 10 0
1

1 .1
2

T TL b
Fm FT m k T k k T k

k kFT
m n

n FT Fn

X x x x
bV
X x tdydx

 
      


 

 

 
     



    

 

(4.52)

Separate the VFT into VFT1 and VFT2 

       

   

1 1 12
11

1 10 0
1

1 .1
2

T TL b
Fm FT m k T k

kFT
m n

n FT Fn

X x x
bV
X x tdydx


    




 

 
     



   

 

(4.53)

       

   

1 2 22
12

1 10 0
1

1 .1
2

T TL b
Fm FT m k T k

kFT
m n

n FT Fn

X x x
bV
X x tdydx


    




 

 
     



   

 

(4.54)

These equations can be rewritten in other variables as: 

       

   

1
1 1 1

11 2
1 10 0

1

.1
2

T Ty
Fm FT m k T k

kFT
m n

n FT Fn

XLbtV
b

X d d y


        


  

 



 

 
       

 


   

 

(4.55)

z

x

y

L
b

Tk

Tk
1.0 k(x)

x,y,z are local axes aligned with strip

y

dx dy
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1
1 2 2

12 2
1 10 0

1

.1
2

T Ty
Fm FT m k T k

kFT
m n

n FT Fn

XLbtV
b

X d d y


        


  

 



 

 
       

 


   

 

(4.56)

Rearrange these equations: 

   

        

1

1
0

1 2
1

1 1 1
1 10

.
1
2

y
T

T k FT FT

FT
k T

Fm m k n Fn
m n

d y
LbtV
b

X X d



   




      






 

 
  

          
 
 





 

 

 

(4.57)

   

        

1

2
0

2 2
1

1 2 1
1 10

.
1
2

y
T

T k FT FT

FT
k T

Fm m k n Fn
m n

d y
LbtV
b

X X d



   




      






 

 
  

          
 
 





 

 

 

(4.58)

These above equations can be rewritten as: 

   

            

1

1
0

1 2
1 1

1 1 1
1 10

.
1
2

y
T

T k FT FT

FT
k T T

Fm F m k n F Fn
m n

d y
LbtV
b

C X X C d



   




      




  

 

 
  

          
 
 





 

 

 

(4.59)

   

            

1

2
0

2 2
1 1

1 2 1
1 10

.
1
2

y
T

T k FT FT

FT
k T T

Fm F m k n F Fn
m n

d y
LbtV
b

C X X C d



   




      




  

 

 
  

          
 
 





 

 

(4.60)

In other format: 

       1
1 1 12

1 1 1

1
2

T T
FT FT Fm F T mnk F Fn

k m n

VV B C C C
b

  

 


 

  

      
   

   

 

(4.61)

       1
2 2 22

1 1 1

1
2

T T
FT FT Fm F T mnk F Fn

k m n

VV B C C C
b

  

 


 

  

      
   

   

 

(4.62)

 where AFT, BFT1, BFT2, CT1mnk, CT2mnk are given in Appendix C of the thesis 

Hence: 

        1
1 1

1
2

T T
FT Fm F FT mn F FnV C g C     

 

(4.63)
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        1
2 2

1
2

T T
FT Fm F FT mn F FnV C g C     

 

(4.64)

 where  1FT mng and  2FT mng  are given in Appendix C of the thesis 

4.4.4. The flexural potential energy of the shear stress 

Shear stress distribution in a strip is shown in the Fig.4.5 

 

Figure 4.5: Shear stress distribution in a strip with both ends simply supported 

The flexural potential energy of the shear stress 

1 2FS FS FSV V V   (4.65)

 1
0 0

1
2

L b

FS xy
w wV x tdydx
x y


             

   

 

(4.66)

 2
0 0

1
2

L b

FS xy
w wV x tdydx
y x


             

   

 

(4.67)

Substitute (4.27), (4.9) and (4.10) to Eqs.(4.66) and (4.67) and do the summation taken over μ 

series terms of the potential energy of of the shear stress: 

         

   

'
1 1 1 2 2

1 1 1
1

0 0
1

.
1
2 1

T T
L b Fm FL m k k k k

m n k k
FS

n FT Fn

X x x x
V

X x tdydx
b

   

    



  

 
  

  



  
   

 

(4.68)

         

   

1 1 1 2 2
1 1 12

0 0 '
1

1 .1
2

T TL b
Fm FT m k k k k

m n k kFS

n FL Fn

X x x x
bV

X x tdydx

   

    


  

 
     



  
   

 

(4.69)

Separate the VFS1 
into VFS11 

and VFS12 

z

x

y

L

dx
dy-1.0

1.0

k(x)

xy
yx

k

k

x,y,z are local axes aligned with strip

b

k

k
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'
1 1 1

1 1
11

0 0
1

.
1
2 1

T T
L b Fm FL m k k

m n k
FS

n FT Fn

X x x
V

X x tdydx
b

  

  



 

 
  

  



 
   

 

(4.70)

       

   

'
1 2 2

1 1
12

0 0
1

.
1
2 1

T T
L b Fm FL m k k

m n k
FS

n FT Fn

X x x
V

X x tdydx
b

  

  



 

 
  

  



 
   

 

(4.71)

Separate the VFS2 
into VFS21 

and VFS22 

       

   

1 1 1
1 121

0 0 '
1

1 .1
2

T TL b
Fm FT m k k

m n kFS

n FL Fn

X x x
bV

X x tdydx

  

  


 

 
     



 
   

 

(4.72)

       

   

1 2 2
1 122

0 0 '
1

1 .1
2

T TL b
Fm FT m k k

m n kFS

n FL Fn

X x x
bV

X x tdydx

  

  


 

 
     



 
   

 

(4.73)

These equations can be rewritten in other variables as: 

       

   

'1
1 1 1

111
1 10 0

1

.1
2

T Ty
Fm FL m k k

kFS
m n

n FT Fn

XLbtV
b

X d d y


        


  

 


 

    
 



   

 

(4.74)

       

   

'1
1 2 2

112
1 10 0

1

.1
2

T Ty
Fm FL m k k

kFS
m n

n FT Fn

XLbtV
b

X d d y


        


  

 


 

    
 



   

 

(4.75)

       

   

1
1 1 1

121
1 1 '0 0

1

.1
2

T Ty
Fm FT m k k

kFS
m n

n FL Fn

XLbtV
b

X d d y


        


  

 


 

    
 



   

 

(4.76)

       

   

1
1 2 2

122
1 1 '0 0

1

.1
2

T Ty
Fm FT m k k

kFS
m n

n FL Fn

XLbtV
b

X d d y


        


  

 


 

    
 



   

 

(4.77)
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Rearrange these equations: 

   

        

1

1
0

11
1 '

1 1 1
1 10

.
1
2

y
T

k FL FT

FS
k T

Fm m k n Fn
m n

d y
LbtV

b
X X d



   




      






 

 
  

          
 
 





 

 

(4.78)

   

        

1

2
0

12
1 '

1 2 1
1 10

.
1
2

y
T

k FL FT

FS
k T

Fm m k n Fn
m n

d y
LbtV

b
X X d



   




      






 

 
  

          
 
 





 

 

(4.79)

   

        

1

1
0
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1 '

1 1 1
1 10

.
1
2

y
T

k FT FL

FS
k T

Fm m k n Fn
m n

d y
LbtV

b
X X d



   




      






 

 
  

          
 
 





 

 

(4.80)

   

        

1

2
0
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1 '

1 2 1
1 10
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y
T

k FT FL

FS
k T

Fm m k n Fn
m n

d y
LbtV

b
X X d



   




      






 

 
  

          
 
 





 

 

(4.81)

These above equations can be rewritten as: 

   

            

1

1
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1 1'

1 1 1
1 10

.
1
2

y
T

k FL FT

FS
k T T

Fm F m k n F Fn
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(4.82)

   

            

1

2
0
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1 1'

1 2 1
1 10
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1
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y
T
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FS
k T T

Fm F m k n F Fn
m n

d y
LbtV

b
C X X C d



   




      




  

 

 
  

          
 
 





 

 

(4.83)

   

            

1

1
0
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1 1'

1 1 1
1 10
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1
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y
T

k FT FL
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k T T

Fm F m k n F Fn
m n
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C X X C d



   




      




  

 

 
  

          
 
 





 

 

(4.84)
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1

2
0

22
1 1'

1 2 1
1 10

.
1
2

y
T

k FT FL
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k T T

Fm F m k n F Fn
m n

d y
LbtV

b
C X X C d



   




      




  

 

 
  

          
 
 





 

 

(4.85)

In other format: 

       1
11 11 11

1 1 1

1
2

T T
FS FS Fm F S mnk F Fn

k m n

VV B C C C
b

  

 


 

  

      
   

   

 

(4.86)

       1
12 12 12

1 1 1

1
2

T T
FS FS Fm F S mnk F Fn

k m n

VV B C C C
b

  

 


 

  

      
   

   

 

(4.87)

       1
21 21 21

1 1 1

1
2

T T
FS FS Fm F S mnk F Fn

k m n

VV B C C C
b

  

 


 

  

      
   

   

 

(4.88)

       1
22 22 22

1 1 1

1
2

T T
FS FS Fm F S mnk F Fn

k m n

VV B C C C
b

  

 


 

  

      
   

   

 

(4.89)

where AFS1, AFS2, BFS11, BFS12, BFS21, BFS22, CS11mnk, CS12mnk, CS21mnk, CS22mnk  are given in 

Appendix C of the thesis 

Hence: 

        1
11 11

1
2

T T
FS Fm F FS mn F FnV C g C  

   
(4.90)

        1
12 12

1
2

T T
FS Fm F FS mn F FnV C g C  

   

 

(4.91)

        1
21 21

1
2

T T
FS Fm F FS mn F FnV C g C  

   

 

(4.92)

        1
22 22

1
2

T T
FS Fm F FS mn F FnV C g C  

   

 

(4.93)

where        11 12 21 22, , ,FS mn FS mn FS mn FS mng g g g    and  2FT mng  are given in Appendix C of 

the thesis 

4.4.5. The flexural stability matrix of a strip 

The total flexural potential energy of the membrane stresses from Eq.(4.29) can be written as given: 

    1
2

T
F Fm Fmn FnV g    

(4.94)

where  
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 Fmng is the flexural stability matrix of a strip 

       1T
Fmn F Fmn Fg C g C

   (4.95)

 Fmng is given in Appendix C of the thesis 

4.5. THE MEMBRANE STABILITY MATRIX OF A STRIP 

4.5.1. The membrane potential energy of the membrane stresses 

The membrane potential energy of the membrane stresses as stated in [15]: ”to calculate the loss of 

potential energy of the stress x(x) we make use of the following non-linear expression for the 

longitudinal strain x”: 

2 2 21
2x

u u v w
x x x x


                             

 

 

(4.96)

The first term has already been accounted for in deriving internal energy, whilst the last term, 

involving w, has been used in Eq.(4.28) in the calculation of the loss of potential energy of the basic 

stresses due to the flexural displacement. Thus, the appropriate expression for the loss of potential 

energy of the basic stresses due to the membrane displacement is: 

2 2

0 0

1 ( ) ( )
2

L b

M x x
v uV x x tdydx
x x

 
                 

   

 

(4.97)

As stated in [15], it is believed that there are no membrane instabilities associated with 

transverse stress and shear stress so that there are no term in above equation associated with these. 

This equation is written as below: 

M Mv MuV V V   (4.98)

where: 

 MvV is the membrane potential energy of the longitudinal stress by transverse direction 

2

0 0

1 ( )
2

L b

Mv x
vV x tdydx
x


         

   

 

(4.99)

 MuV is the membrane potential energy of the longitudinal stress by longitudinal direction 

2

0 0

1 ( )
2

L b

Mu x
uV x tdydx
x


         

   

 

(4.100)
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4.5.2. The membrane potential energy of the stress by the transverse direction 

Membrane deformations 

 

Figure 4.6: Membrane deformations of a strip 

Increase in potential energy of membrane forces resulting from membrane deformations: 

2

0 0

1 ( )
2

L b

Mv x
vV x tdydx
x


         

   

 

(4.101)

Substitute Eqs.(4.25) and (4.19) to Eq.(4.101) and do the summation taken over  series terms 

of the potential energy of the longitudinal stress:  

         

   

'
1 1 1 2 2 3

1 1
1 10 0 '

1

.1
2

T TL b
Mm Mv m k L k k L k L k

k kMv
m n

n Mv Mn

yX x x x
bV

X x tdydx

 
       


 

 

          


 

 

 

(4.102)

Separate the VMv into VMv1 and VMv2 

           ' '
1 1 1 1 1

1 1 10 0

1
2

L b
T T

Mv Mm Mv m k L k n Mv Mn
m n k

V X x x X x tdydx
  

   
  

 
    

 
   

 

(4.103)

       

   

'
1 2 2 3

12
1 10 0 '

1

.1
2

T TL b
Mm Mv m k L k L k

kMv
m n

n Mv Mn

yX x x
bV

X x tdydx


     




 

         


  

 

(4.104)

These equations can be rewritten in other variables as: 

       

   

'1
1 1 1

11
1 10 0 '

1

.1
2

T Ty
Mm Mv m k L k

kMv
m n

n Mv Mn

XLbtV
X d d y


        


  

 



 

 
       

 


   

 

(4.105)

y

x

dxv
x

(x)1

(x)2 (x)2

(x)1
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'1
1 2 2 3

12
1 10 0 '

1

.1
2

T Ty
Mm Mv m k L k L k

kMv
m n

n Mv Mn

yXLbt bV
X d d y


         


  

 



 

            
 



   

 

(4.106)

Rearrange these equations: 

   

        

1

1
0

1
1 ' '

1 1 1
1 10

.
1
2

y
T

L k Mv Mv

Mv
k T

Mm m k n Mn
m n

d y
LbtV

X X d



   




      






 

 
  

          
 
 





 

 

(4.107)

   

        

1

2 3
0

2
1 ' '

1 2 1
1 10

.
1
2

y
T

L k L k Mv Mv

Mv
k T

Mm m k n Mn
m n

y d y
LbtV

X X d



   

 


      






 

 
               

 
 





 

 

(4.108)

In other format: 

       1
1 1 1

1 1 1

1
2

T T
Mv Mv Mm M Lv mnk M Mn

k m n

VV B C C C
  

 


 

  

      
   

   

 

(4.109)

       1
2 2 2

1 1 1

1
2

T T
Mv Mv Mm M Lv mnk M Mn

k m n

VV B C C C
  

 


 

  

      
   

   

 

(4.110)

 where AMv, BMv1, BMv2, CLv1mnk, CLv2mnk are given in Appendix C of the thesis 

The above equations can be rewritten as: 

        1
1 1

1
2

T T
Mv Mm M Mv mn M MnV C g C  

   

 

(4.111)

        1
2 2

1
2

T T
Mv Mm M Mv mn M MnV C g C  

   

 

(4.112)

 where  1Mv mng and  2Mv mng  are given in Appendix C of the thesis 

4.5.3. The membrane potential energy of the stress by the longitudinal direction 

Increase in potential energy of membrane forces resulting from membrane deformations: 

2

0 0

1 ( )
2

L b

Mu x
uV x tdydx
x


         

   

 

(4.113)

Substitute Eqs.(4.25) and (4.21) to Eq.(4.113) and do the summation taken over  series terms 

of the potential energy of the longitudinal stress:  
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'
2 1 1 2 2 3

1 1
1 10 0 '

2

.1
2

T TL b
Mm Mu m k L k k L k L k

k kMu
m n

n Mu Mn

yX x x x
bV

X x tdydx

 
       


 

 

         


 

 

 

(4.114)

Separate the VMu into VMu1 and VMu2 

       

   

'
2 1 1

11
1 10 0 '

2

.1
2

T TL b
Mm Mu m k L k

kMu
m n

n Mu Mn

X x x
V

X x tdydx


    




 

 
  

  


  

 

(4.115)

       

   

'
2 2 2 3

12
1 10 0 '

2

.1
2

T TL b
Mm Mu m k L k L k

kMu
m n

n Mu Mn

yX x x
bV

X x tdydx


     




 

        


  

 

(4.116)

These equations can be rewritten in other variables as: 

       

   

'1
1 1 1

11
1 10 0 '

2

.1
2

T Ty
Mm Mu m k L k

kMu
m n

n Mu Mn

XLbtV
X d d y


        


  

 



 

 
       

 


   

 

(4.117)

       

   

'1
1 2 2 3

12
1 10 0 '

2

.1
2

T Ty
Mm Mu m k L k L k

kMu
m n

n Mu Mn

yXLbt bV
X d d y


         


  

 



 

            
 



 

 

 

(4.118)

Rearrange these equations: 

   

        

1

1
0

1
1 ' '

2 1 2
1 10

.
1
2

y
T

L k Mu Mu

Mu
k T

Mm m k n Mn
m n

d y
LbtV

X X d



   




      






 

 
  

          
 
 





 

 

(4.119)

   

        

1

2 3
0

2
1 ' '

2 1 2
1 10

.
1
2

y
T

L k L k Mu Mu

Mu
k T

Mm m k n Mn
m n

y d y
LbtV

X X d



   

 


      






 

 
               

 
 





 

 

(4.120)

In other format: 
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       1
1 1 1

1 1 1

1
2

T T
Mu Mu Mm M Lu mnk M Mn

k m n

VV B C C C
  

 


 

  

      
   

   

 

(4.121)

       1
2 2 2

1 1 1

1
2

T T
Mu Mu Mm M Lu mnk M Mn

k m n

VV B C C C
  

 


 

  

      
   

   

 

(4.122)

 where AMu, BMu1, BMu2, CLu1mnk, CLu2mnk are given in Appendix C of the thesis 

These above equations can be rewritten as: 

        1
1 1

1
2

T T
Mu Mm M Mu mn M MnV C g C  

   

 

(4.123)

        1
2 2

1
2

T T
Mu Mm M Mu mn M MnV C g C  

   

 

(4.124)

 where  1Mu mng and  2Mu mng  are given in Appendix C of the thesis 

4.5.4. The membrane stability of a strip 

The total membrane potential energy of the membrane stresses from Eq.(4.98) can be written as 

given: 

    1
2

T
M Mm Mmn MnV g    

(4.125)

where  

 Mmng is the membrane stability matrix of a strip 

       1T
Mmn M Mmn Mg C g C

   (4.126)

 Mmng is given in Appendix C of the thesis 

4.6. THE STABILITY MATRIX OF THE SECTION 

The stability matrix of a strip in the local coordinate is assembled from both the flexural stability matrix 

and the membrane stability matrix, thus the stability matrix  LG  is an 8x8 size matrix. 

   
 

0
0
Fmn

L
Mmn

g
G

g




 
  
 

 

 

(4.127)

 where [GL] is the stability matrix in the local coordinate. 

The stability matrix of a strip in the global coordinate is determined by a multiplication of the 

stability matrix in the local coordinate with transformation matrices as given: 
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     TG LG A G A  (4.128)

where: 

 [GG] is the stability matrix in the global coordinate, 

[A] and [A]T are transformation matrices from local to global coordinates, given in Appendix C of 

the thesis 

The global stability matrix of a strip is divided into four parts which are based on the number of 

nodes of each strip as given: 

  ppmn pqmn
G

qpmn qqmn

G G
G

G G

        
        

 

 

(4.129)

 where p and q are the start node and the end node of each strip 

The stability matrix of the section for each series term is assembled from the stability matrices of 

nodes in strips, thus the size of this matrix is 4 times the number of nodes. The stability matrix at each 

point of this matrix is determined by doing the summation of stability matrix components of strips which 

have the same node. The stability matrix of the whole section is assembled from the stability matrices 

of series terms as shown in Fig.4.7, thus the size of this matrix is 4 times the number of series terms 

and the number of nodes. 

 

Figure 4.7: The stability matrix for whole section 
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4.7. ELASTIC BUCKLING ANALYSIS 

4.7.1. Minimization of the potential energy 

The strain energy of a strip is given by: 

F MU U U   (4.130)

 In matrix format: 

    T
b bU K   (4.131)

 where
 
{b} is the buckling displacement of the section, called buckling mode. 

The potential energy due to the membrane stresses can be written as: 

F MV V V   (4.132)

 In matrix format: 

    T
b bV G   (4.133)

The total potential energy is the sum of the elastic strain energy stored in a strip and the 

potential energy of the membrane stresses, thus: 

U V    (4.134)

         T T
b b b bK G       (4.135)

 Note: the negative sign in the above equation is a result of the assumption that the compression 

stress is positive producing a reduction in the potential energy. 

The principle of minimum total potential energy requires that: 

   0
b




      
 

(4.136)

Hence: 

       0bK G    (4.137)

where: 

 is the load factor against buckling for the applied stresses 

 r is the size of the stiffness matrix [K] and the stability matrix [G] 

4r n    

 is the number of series terms 

n is the number of nodes of the section 



 

                                                                                                                                                          Chapter 4: Buckling analysis 

Van Vinh Nguyen                                                                                                                                                         PhD THESIS 
 

151

4.7.2. The eigenvalue 

The Eq.(4.137) is called a LINEAR EIGENVALUE PROBLEM. The r values of  for which the 

determinant of ([K]-[G]) is zero are called the EIGENVALUES. The r eigenvalues are the load factors 

for buckling in the r different series terms. Obviously the section will buckle at the lowest calculated 

value of . The eigenvalue  is obtained from this equation by using Eigenvalue routine in Matlab. 

4.7.3. The buckling modes 

The r values of {b} corresponding to the r values of  are called the EIGENVECTORS. They are the 

amplitude of the buckling modes of the section which are obtained from below equation: 

       0bAK G    (4.138) 

Each eigenvector {bA}
 

corresponds to a partial eigenvalue  in the above equation. The 

eigenvectors are computed by solving Eq.(4.138) in Matlab. In the calculation, the buckling mode is 

the eigenvector corresponds to the minimum eigenvalue  and this is the amplitude buckling mode for 

whole section as shown in the Fig.4.8. This buckling mode vector has the same rows with the [K] and 

[G] matrices.  

 

Figure 4.8: Amplitude of buckling modes vector 

The buckling mode vector {bA}
 
is split up to the buckling mode vectors for each mode {bAm}

 
and 

the buckling mode vectors for each nodal line {jbAm} 

   Tj j j j j
bAm bAXm bAYm bAZm bAZm      

where: 

 j is the nodal line 

{bAm} is the amplitude of the buckling mode vector for series term mth{jbAm} is the amplitude of 

the buckling mode vector of nodal line j, series term mth 

The amplitudes of the buckling modes are multiplied with the displacement functions to get the 

buckling modes for all sections along the structural member. 

1 sec( )j j
bXm bAXm mX x  ;      1 sec( )j j

bYm bAYm mX x   

2 sec( )j j
bZm bAZm mX x  ;      1 sec( )j j

bZm bAZm mX x   

 

(4.139)
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where: 

jbAXm,jbAYm,jbAZm,jbAZm are the amplitudes of buckling mode of nodal line j, series term mth 

jbXm,jbYm,jbZm,jbZm are the buckling modes of node j, series term mth 

secx is the location of sections along the beam 

The displacement of nodes along the beam is determined by doing the summation of the 

displacement in all series terms. 

1

j j
bX bXm

m



 


 ; 
1

j j
bY bYm

m



 



 

1

j j
bX bZm

m



 


 ; 
1

j j
bZ bZm

m



 


  

 

(4.140)

 where jbX,jbY,jbZ,jbZ 
are the buckling modes of node j 

4.8. NUMERICAL EXAMPLE 

Buckling analyses have been performed for a lipped channel section with rounded corners under 

localised loading using the THIN-WALL-2 V2.0 program. The geometry of the beam and the loading 

are shown in Fig.4.9. The beam is analysed with different boundary conditions for the web and the 

flanges of the end sections. In addition, lateral restraints are applied along the beam at Nodal Lines 11 

and 35 to avoid twisting caused by eccentric loading. In the Simply-Free (SF) and Free-Free (FF) 

cases, the beam can move freely in the longitudinal direction, thus longitudinal restraints are applied at 

Nodal Lines 11 and 35 along the beam to prevent this movement. Furthermore, in the Free-Free (FF) 

case, the beam has no supports at both ends, thus vertical restraints are applied at Nodal Line 35 

along the beam to prevent the movement of the beam in the vertical direction. The results from the 

elastic buckling analysis of the beam under localised loading include buckling modes and load factor. 

The buckling modes are obtained from Nodal Line 23 for all sections.  

The beam has also been analysed using the ABAQUS software with an equivalent loading and 

boundary condition. It was meshed into 5mm x 5mm, except at the section’s corners. The corners 

were modeled with 1mm x 5mm mesh to accurately represent the influence of corner radius. The 

buckling mode values are obtained from Nodal Line 23 for all sections. 
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Figure 4.9: Lipped channel section under localised loading 

Table 4.1: Buckling load factor () comparison (L=1000mm, n=100mm)  

 

The buckling analyses of the section have been performed for different boundary conditions by 

both the FSM using 15 series terms and the FEM. The detailed comparison of the buckling load factor 

 for the different boundary conditions is shown in Table 4.1 with the difference from 0.0007% to 

1.1582%. It is clear that the FSM provides accurate estimates of buckling load factor in comparison 

with the FEM. 

The beam is subdivided into 21 equally spaced sections to calculate and plot the deformations 

along the beam. The comparison between the buckling modes from the FSM and the FEM are shown 
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in Figs.4.10 to 4.13 for the Clamped - Free (CF) case which uses the Bradford and Azhari [16] 

displacement functions with 15 series terms. The results for other boundary conditions are shown in 

Figs.D-1 to D-20 in Appendix D of the thesis. 

        

                       (a) From THIN-WALL-2              (b) From Abaqus 

Figure 4.10: Buckling deformation comparison for the CF case 

 

Figure 4.11: Transverse buckling deformation at Nodal Line 23 along the beam for the CF case 

 

Figure 4.12: Vertical buckling deformation at Nodal Line 23 along the beam for the CF case 
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Figure 4.13: Longitudinal buckling deformation at Nodal Line 23 along the beam for the CF case 

For the CF case, the selected maximum buckling deformation is -29.857 mm to obtain the 

buckling deformation in other sections and directions without scale factors. 

4.9. CONVERGENCE STUDY 

A study has been performed for the lipped channel section in Section 4.8 with the beam length is 

1000mm and the load length is 100mm. Different boundary conditions and different number of series 

terms are performed to find the required number of series terms for a converged buckling analysis. 

The relationships between the load factor () and the number of series terms are shown in Fig.4.14 for 

different boundary conditions. There is convergence of the buckling load factor () when the number of 

series terms reaches 15 as shown in Table 4.2. It means that a smaller number of series terms is 

required for elastic buckling analysis in comparison with the number of series terms for pre-elastic 

buckling analysis as described in Chapter 3. 

Table 4.2: Convergence of buckling load factors (), (L=1000mm and n=100mm) 
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Figure 4.14: Convergence of load factor ()  

(L=1000mm and n=100mm) 

Similar convergence study has been performed for the same lipped channel section in Section 

4.8 with the load length is 50mm and the beam length is 1000mm. The convergence of the buckling 

load factor is given in Table.4.3 and shown in Fig.4.15. It is clear that the solution is converged for the 

buckling load factors when the number of series terms reaches to 15 as previous example. 

Table 4.3: Convergence of buckling load factors (), (L=1000mm and n=50mm) 
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Figure 4.15: Convergence of load factor () (L=1000mm and n=50mm) 

4.10. CONCLUSION 

The Finite Strip Method of elastic buckling analysis of thin-walled section under localised loading has 

been developed for general end boundary conditions. This method has proven to be accurate and 

efficient in comparison with the Finite Element Method.  

Different displacement functions are required for flexural and membrane displacements for 

different support and loading conditions. The elastic buckling analysis requires a smaller number of 

series terms than the pre-buckling analysis to obtain the converged buckling load factor and buckling 

modes in comparison with the FEM. 
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Chapter 5 

THIN-WALL-2 V2.0 PROGRAM  

5.1. INTRODUCTION 

The development of the Direct Strength Method (DSM) for design of cold-formed sections as specified 

in the North American Specification for the Design of Cold-Formed Steel Structural Members AISI 

S100-2012 [2] and the Australian/New Zealand Standard AS/NZS 4600:2005 [3] requires the ability to 

compute the elastic buckling loads of thin-walled sections including overall (Euler), distortional and 

local modes. Li and Schafer [17] developed the CUFSM computer program for buckling analysis of 

thin-walled members under compression and bending. The program is based on the Constrained 

Finite Strip Method (cFSM) developed by Ádány and Schafer [67]&[68]. Another computer program 

THIN-WALL was developed by Papangelis and Hancock [69] which is also used for analysis of thin-

walled sections under compression and bending. This program is based on the Semi-Analytical Finite 

Strip Method (SAFSM) of analysis developed by Cheung [13] and then applied to the buckling of thin-

walled sections under compression and bending by Plank and Wittrick [15]. Currently, both of these 

programs are not available for analysis of thin-walled sections under localised loading. An alternative 

approach based on Generalised Beam Theory (GBT) has been recently developed by D. Camotim 

and his colleagues in the program namely GBTWEB [55]. The latest version of this program allows for 

arbitrary cross-sections, and arbitrary loadings. 

 This Chapter introduces the new development of the THIN-WALL program namely THIN-WALL-

2 Version 2.0 (THIN-WALL-2 V2.0) used for the analysis of thin-walled sections under generalised 

loading and general end boundary conditions. The Chapter gives a comparison among the three 

versions of the THIN-WALL program to compare the new developments. 

5.2. FINITE STRIP METHOD - BRIEF OVERVIEW 

The Finite Strip Method is an effective method for the static, stability, post-buckling and vibration 

analyses of thin-walled structures. In this method, in order to give compatibility between strips, the 

longitudinal harmonic series are chosen to satisfy the boundary conditions at the longitudinal ends of 

strips of structural members. In this case the FSM is known as the Semi-Analytical Finite Strip Method 

(SAFSM). In another case, the local spline functions are used instead of the harmonic series functions 
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in the longitudinal direction, the FSM then is developed to account for different boundary conditions. 

This is known as the Spline Finite Strip Method (SFSM). 

The SAFSM analysis implemented in the THIN-WALL-2 program Version 1.0 described in 

Nguyen et al. [70] uses two different versions of the SAFSM buckling analysis. The first is bfinst7.cpp 

[71] for uniform loading which uses complex mathematical functions with no end constraints and so 

shear modes and the signature curve associated with shear are included as well as those associated 

with bending and compression. The second is bfinst10.cpp [12] for localised loading which assumes 

simply supported end boundary conditions and arbitrary loading. The theory including displacement 

functions used in the buckling analyses is described in detail in [72].  

The FSM has been further developed for analysis of thin-walled sections under localised loading 

for general end boundary conditions as described in Chapters 3 and 4. This general theory is included 

in Version 2.0 of the THIN-WALL-2 program as described in this Chapter. 

5.3. THE THIN-WALL-2 V2.0 PROGRAM OUTLINE 

5.3.1. Domain of Application 

The THIN-WALL-2 V2.0 program is written to define input data using a Graphical User Interface (GUI) 

to perform pre-buckling and buckling analyses of thin-walled sections under generalised loading. The 

loading may contain uniform stress and localised loading. The GUI is then used to display the results 

of the analyses. It is also possible to use this program to perform a cross-section analysis to generate 

the section properties. The cross-sections can be formed from different shapes includes open and 

closed sections or mixed sections. 

5.3.2. Code Structure 

The THIN-WALL-2 V2.0 program contains the GUI which calls three programs: bfinst7.cpp which is 

written using the C++ computer language and FSM module which is written using Matlab. The 

bfinst7.cpp program as described in [73] and [72] is used in a Uniform Stress module where the main 

functions are a cross-section analysis, a stress analysis and a buckling analysis of thin-walled sections 

under uniform stress. This is the same as in THIN-WALL-2 V1.0. The bfinst10.cpp is written using the 

C++ computer language and is used in a Localised Loading module for both pre-buckling and buckling 

analyses of thin-walled sections under localised loading with both end simply supported boundary 

condition as described in [12]. This is the same as in THIN-WALL-2 V1.0. The FSM module is written 

in Matlab and is used for analyses of thin-walled sections under localised loading with general end 
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boundary conditions as described in [74] and [79]. The main reason this module has been written in 

Matlab is to allow the challenging function integrations in Chapters 3 and 4 to be easily performed 

using in-built Matlab integrators. 

 The program sequence in THIN-WALL-2 V2.0 is shown in Fig.5.1. In the first step, the user 

defines the input data such as materials, element types, sections and the restraints. The second step 

includes two types of analysis of a structural member under loads. The first type is the analysis of a 

structural member under uniform stress. In this case, the user defines the half-wavelengths and 

assigns the uniform loads such as compression, bending and shear before running the section 

analysis, the stress analysis and the buckling analysis. The second type is the analysis of a structural 

member under localised loading. The user defines the series terms number, the boundary conditions 

and assign the localised loading before running the analyses. In the final step, the analytical results 

are displayed on the main window of THIN-WALL-2 V2.0 and exported into different data files. 

 
Figure 5.1: Sequence of THIN-WALL-2 V2.0 
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5.3.3. Comparison with the previous versions of the THIN-WALL program 

The THIN-WALL-2 V2.0 program is developed by expanding the functions of the THIN-WALL and 

THIN-WALL-2 V1.0 programs. This expansion refers to the extension of THIN-WALL-2 V2.0 to pre-

buckling and buckling analyses of thin-walled sections under generalised loading such as uniform 

stress or localised loading with general boundary condition compared to only uniform compression and 

bending in THIN-WALL and only simply supported boundary condition for localised loading analysis in 

THIN-WALL-2 V1.0. In addition, the new version improves the quality of some features related to the 

graphical interface. 

 Table 5.1 shows the comparison among three versions of the THIN-WALL program, making it 

possible to assess the new developments. 

Table 5.1: Comparison of THIN-WALL versions 

Features THIN-WALL THIN-WALL-2 V1.0 THIN-WALL-2 V2.0 

 

 

 

 

 

 

Modeling 

Material Limited number of 

materials 

Isotropic material 

Corrugated webs 

Unlimited number of 

materials 

Isotropic material 

Unlimited number of 

materials 

Isotropic or orthotropic 

materials 

Element type One element type Many element types Many element types 

Cross-section 

geometry 

Default and general 

section types 

Default and general 

section types 

Default and general 

section types 

Boundary 

condition 

One “standard” of end 

supports  

                (S-S) 

2 “standards” of end 

supports 

(Free to deform for 

uniform stress and 

simply supported 

boundary condition for 

localised loading) 

6 “standards” of end 

supports 

(Free to deform for 

uniform stress and 

general end boundary 

conditions for localised 

loading) 

Restraint Restraint by X,Y,Z 

axes and rotation by Z 

axis 

Restraint by X,Y,Z axes 

and rotation by Z axis 

Restraint by X,Y,Z axes 

and rotation by Z axis 

 

Loading 

Static  

loading 

Uniform compression 

(N) and bending (M) 

Uniform compression 

(N), bending (M), shear 

(V) or localised loading 

Uniform compression 

(N), bending (M), shear 

(V) or localised loading 
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(2 load cases IOF and 

ITF) 

(4 load cases IOF, 

EOF, ITF and ETF) 

 

Analysis 

Cross-section  

analysis 

Available Available Available 

Pre-Buckling 

analysis 

---- Available Available 

Buckling 

analysis 

Available Available Available 

 

 

Results 

Deformation 

modes 

One section All sections All sections 

Deformation 

shapes 

2D view 2D and 3D views 2D and 3D views 

Stress x stress due to N or M x, y and xy stresses 

due to N, M, V and 

localised loading 

x, y and xy stresses 

due to N, M, V and 

localised loading 

Export data and 

report 

Available Not available Available 

Support Introduction Available Not available Available 

Tutorial Available Not available Available 

 

 

 

 

Other 

Cross-section 

templates 

17 9 9 

General section Available Available Available 

Save/load data Available Available Available 

Changing font 

style 

Available Not available Available 

Changing unit ---- Not available Available 

Output files type *.txt 

(text file) 

*.txt and *.xls files 

(text and excel files) 

*.txt and *.xls files 

(text and excel files) 

Public The University 

of Sydney 

website 

Available Available Not available 
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5.4. THE THIN-WALL-2 V2.0 PROGRAM, DETAILED DESCRIPTION 

5.4.1. General 

There are 11 menus which are created in THIN-WALL-2 V2.0 as shown in Fig.5.2. Each menu has 

different functions which help the user to manage the analyses effectively. The user can select these 

menus step by step following the analyses. In addition, there are some short cut buttons on the main 

window which have the same functions with selection from the menus, thus it is easier for the user to 

run the program. 

 

Figure 5.2: Program menu 

5.4.2. File Menu 

The main function of the File menu as shown in Fig.5.3 is to manage the data during the running 

process of THIN-WALL-2 V2.0. The user can create a new folder which includes all of the data files for 

each project. During the running process, data files are created in the main folder of THIN-WALL-2 

V2.0 to provide support for the analytical steps. When the user closes the project, all data files are 

moved from the THIN-WALL-2 V2.0 folder to the new folder which the user has created. In addition, 

the user can open an old project and continue with a previous job. In this stage, all data files are 

moved from the old folder to the THIN-WALL-2 V2.0 folder and used during the analytical steps. With 

this feature, the user can manage and save the data files easily and use them for different purposes. 

 

Figure 5.3: File menu 

5.4.3. Edit Menu 

The Edit menu as shown in Fig.5.4 is designed with the main function of supporting the user in 

managing objects during the analytical processes. The user can copy, cut and paste the input and the 
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output data from other programs such as Microsoft Word, Microsoft Excel or some image software into 

THIN-WALL-2 V2.0. Also, these data can be exported from THIN-WALL-2 V2.0 to other software. 

 

Figure 5.4: Edit menu 

5.4.4. View Menu 

The main function of the View menu as shown in Fig.5.5 is to help the user to control images in the 

main window. The user can choose 2D view, 3D view, they can also rotate, move, zoom in and zoom 

out objects to have the best views. In addition, there is a View-Bar designed on the right hand side of 

the main window which is used to control objects easily by selecting option buttons directly without 

selection from the menu. 

 

Figure 5.5: View menu 

5.4.5. Format Menu 

The Format menu, as shown in Fig.5.6, contains selections which the user can use to change the 

appearance of the program. For example, the user can define and change the units for the whole 

program by the Units option from the Format menu. The Unit_System window appears as shown in 

Fig.5.7 for the user to select the unit of length and the unit of force. After choosing the units and 

clicking on the OK button, the units are displayed in all relevant dialog boxes and the values which are 

defined in the previous steps are updated automatically with the new units. 

 

Figure 5.6: Format menu 
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In addition, there are other selections in the Format menu such as fonts, colours, lines which the user 

can change for objects in the program in order to have the best display solutions. 

 

Figure 5.7: Define Units 

5.4.6. Define Menu 

5.4.6.1. General 

The Define menu as shown in Fig.5.8 is used to define some input data for the program such as 

materials, element types, sections and section loops. When the user selects each of these options, 

some windows appear for the user to input and manage the input data. 

 

Figure 5.8: Define menu 

5.4.6.2. Define materials 

In the first step of the analytical process, the user has to define the materials for the structural 

member. The THIN-WALL-2 V2.0 program is designed for both isotropic and orthotropic materials with 

the same or different values of Young’s modulus and Poisson’s ratios in the longitudinal and 

transverse directions. 

 A steel material is created as the default material, so that if the user agrees with this, then they 

can click on the OK button to ignore the material definition step. In order to define a new material, the 

user clicks the Add button, so that a Materials_New window appears to input the material properties as 

shown in Fig.5.10. There are an unlimited number of materials; therefore, it is easier for the user to 
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analyse structures which are made from more than one material. The materials which have been 

defined are displayed in a table in the Materials window as shown in Fig.5.9. 

  

              Figure 5.9: Define materials    Figure 5.10: Add new materials 

 The user can select the material in the Materials table and click on the Modify button to change 

the material properties. The Materials_Modify window appears as shown in Fig.5.11 for the user to 

revise the properties for the selected material. Also, the user can delete any material which they 

defined by selecting material in the Materials table and clicking on the Delete button.  

 

Figure 5.11: Modify materials 

5.4.6.3. Define element types 

After the material definition step, the user has to define the element types which include the properties 

of each strip such as the material, thickness for bending and thickness for shear which are used in the 

cross-section analysis. Similar to the material definition step, there is an Add button, a Modify button 

and a Delete button which are used to add new element types, modify element types or delete 

element types respectively. For example, when the user clicks on the Add button, the 

Element_Types_New window appears as shown in Fig.5.13 and the user can select material from the 

material list which is defined in the material definition step. After that, the user inputs the thickness for 
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bending and the thickness for shear of the new element type. The element types which have been 

defined are displayed in the Element Types window as shown in Fig.5.12.  

  

            Figure 5.12: Define element types                    Figure 5.13: Add a new element type 

5.4.6.4. Define Sections 

a. General 

Before a computer analysis of a thin-walled section can be commenced, the geometry of the cross-

section must be described to the computer. The method of computer data input is similar to the data 

for a plane structural framework being analysed on a computer. To achieve this similarity, a thin-walled 

cross-section should be divided into an assemblage of rectangular elements, with the ends of the 

elements intersecting at nodes.  

 The coordinates of the nodes of the cross-section based on an arbitrary axis system (X,Y) are 

input with the identification number for each node. The rectangular elements of the cross-section are 

input together with the identification number of the connected nodes. A number of different elements 

types can be defined, and the effective thickness and elastic moduli in flexure and shear, and 

Poisson’s ratio for each type are also input. Any elements which form a closed loop must be included 

in the data for the section. The element number in the loop is preceded by a negative sign if the order 

of the node numbers which define the ends of the element is opposite to that for a clockwise traverse 

around the loop. By selecting the Sections option in the Define menu, a window appears as shown in 

Fig.5.14, the user can select the section type buttons then click on the Add button to define a new 

section. Currently, the program is available for three cross-section types which are C-sections, Z-

section and General sections. In addition, the program allows define many sections and the user can 

set one section to become current by clicking on the Set Current button. Also, the user can select one 

section and click on the Show/Modify button to display all properties of the selected section. 
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Figure 5.14: Define a new section 

b. Channel sections 

THIN-WALL-2 V2.0 is designed with three channel section types: an un-lipped channel section, a 

lipped channel section and a general channel section. Each type has four types of web stiffeners such 

as plain-C, rectangular stiffener, one triangular stiffener and two triangular stiffeners as shown in 

Fig.5.15. In this window, the user selects a channel section type and element type in order to assign 

default properties for the section. The dimensions of the section are overall dimensions but the 

program changes these dimensions automatically to centre to centre dimensions to calculate the 

section properties. Also, the user defines the strip subdivision for the section to determine the number 

of strips and nodes included in the section. 

 After finishing inputting the dimensions for the section, the user clicks on the Apply button to 

show the section data. The Section_Data window appears with two main data tables as in Fig.5.16. 

The first one is the Node_Data table with the nodal information such as nodal number, nodal co-

ordinate. From this table, the user can add new nodes, insert nodes and delete nodes by clicking on 

the Add button, the Insert button and the Delete button respectively. The second one is the Strip_Data 

table which includes the strip number, start node and end node of each strip. The user can change the 

start node, the end node and reassign the element type for each strip. By clicking on the Apply button, 

then the section data is updated and shown in the Section Preview panel. 
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Figure 5.15: Define channel sections 

 

Figure 5.16: Section data 
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c. General sections 

Recently, cold-formed steel has been applied with many section types, but some of them have not 

been created as template sections. In order to define these sections, the user selects the General 

Sections option from the Define/Sections menu, so that the General_Sections window appears as 

shown in Fig.5.17 which includes two tables. The first one is the Node_Data table where the user can 

input the nodal co-ordinates directly. The user can prepare the nodal co-ordinates in an Excel file, then 

copy and paste into this table. The second one is the Strip_Data table where the user can input the 

data for the strips. The user can click on the Default button to get the default definition for the 

Strip_Data table before changing the start node, the end node and the element type for the strip which 

the user may want to change. By clicking on the Apply button, then the section data is updated and 

shown in the Section Preview panel. 

 

Figure 5.17: Define a general section 

5.4.6.5. Define Section loops 

For closed sections, the user needs to define the section loops. The section loops are clockwise. And 

the direction of strips is from the start node to the end node. If the direction of strips is the same with 

the loops, the sign of the strips is positive, otherwise the sign is negative. 

When the user selects the Section Loops options from the Define menu, the Section_Loops 

window appear as shown in Fig.5.18. Then the user clicks on the Add button, the Section_Loops_New 

appear as shown in Fig.5.19 for the user to define a new section loop. 
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         Figure 5.18: Define section loops   Figure 5.19: Add new section loops 

5.4.7. Assign Menu 

5.4.7.1. General 

The Assign menu as shown in Fig.5.20 is used to define some input data for the analysis steps such 

as half-wavelengths, stress resultants for analysis of sections under uniform stress and boundary 

conditions, series terms, localised loading for analysis of sections under localised loading.  

 

Figure 5.20: Assign menu 

5.4.7.2. Assign stress resultants and half-wavelengths for the Uniform Stress module 

a. Define half-wavelengths 

THIN-WALL was written to analyse a structural member under uniform compression and bending 

alone over a range of half-wavelengths. Further development has been done for THIN-WALL-2 V2.0, 

so that it is possible to perform buckling analyses of a structural member under uniform compression, 

bending and shear or combinations of them over a range of half-wavelengths using the Uniform Stress 

module. 

 Before the definition of stress resultants, the user has to define the half-wavelengths by 

selecting the Half-wavelengths option from the Assign/Uniform Stress menu. The Half-wavelengths 

window appears as shown in Fig.5.21 with forty default half-wavelengths which are displayed on the 
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Half-wavelengths table. The minimum default half-wavelength is 30mm and the maximum default half-

wavelength is 10000mm. In addition, the user can define more half-wavelengths, insert new half-

wavelengths, modify half-wavelengths or delete half-wavelengths by clicking on the Add button, the 

Insert button, the Modify button or the Delete button respectively.  

   

Figure 5.21: Define half-wavelengths 

b. Assign stress resultants 

After the definition of the half-wavelengths, the user selects the Stress Resultants option from the 

Assign/Uniform Stress menu. The Stress_Resultants window appears for the user to input the axial 

force, bending moments Mx, My, shear forces Vx, Vy, bimoment B, Saint-Venant (uniform) torque and 

warping (non-uniform) torque as shown in Fig.5.22. 

 

Figure 5.22: Assign stress resultants 
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5.4.7.3. Assign boundary condition, localised loading and series terms for the Localised 

Loading module 

a. Assign boundary condition 

Boundary condition refers to the support condition at the ends of the beam for use in the localised 

loading analyses using the Localised Loading module as described in Chapter 3. By selecting the 

Boundary conditions options from the Assign/Localised Loading menu, the Boundary_Conditions 

window appears as shown in Fig.5.23. From this window, the user can select six types of boundary 

conditions such as: 

1. Both ends simply supported (SS) 

2. One end simply supported and one end clamped (SC) 

3. One end simply supported and one end free (SF) 

4. Both ends clamped (CC) 

5. One end clamped and one end free (CF) 

6. Both ends free (FF) 

For different boundary conditions, different displacement functions are required for both flexural 

and membrane displacements as described in [74]. The both ends simply supported is set up as a 

default boundary conditions for strips of the structural member. 

 

Figure 5.23: Define boundary conditions 

b. Assign localised transverse loads 

There are four localised loading cases as shown in Fig.5.24: Interior one-flange loading (IOF), Interior 

two-flange  loading (ITF), End one-flange (EOF) loading and End two-flange (ETF) loading as 

described in Chapter 3. 

The user selects the Localised Transverse Loads option from the Assign/Localised Loading 

menu, the Fig.5.25 appears to define the localised loading. Firstly, the user selects a loading case by 
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clicking on one of the four Load buttons, so that the loading case is displayed in the Load View panel. 

Secondly, the user inputs the length of the beam (L), the load length (n) and the load position. The 

user can select the relative assign or the absolute assign to define the position of loading on the 

beam. In addition, the value of loading must be input into the Load Value panel in the middle of this 

table. Finally, the user defines the applied loading points by selecting nodes in the Applied Loading 

Points table on the right side of this window. 

  

Figure 5.24: Localised loading cases 

 

Figure 5.25: Assign localised loading 
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c. Assign series terms 

In the buckling analysis of a structural member under localised loading, THIN-WALL-2 V2.0 calls the 

Localised Loading module to analyse the structure and export the results to data files. In this analysis, 

the Localised Loading module analyses the structure with multiple series terms in order to get the 

most accurate results. Therefore, the user has to define the number of series terms as shown in 

Fig.5.26 by selecting the Series Terms option from the Assign/Localised Loading menu. When using 

more series terms, the user gets more accurate results; however, the program runs longer because 

there are more degrees of freedom as described in [12]. In addition, the user can define different 

number of series terms for the pre-buckling and buckling analyses. 

 

Figure 5.26: Assign series terms 

5.4.7.4. Assign restraint 

The Restraints window appears as shown in Fig.5.27 when the user selects the Restraints option from 

the Assign menu. There is a table which includes the nodal number and the nodal co-ordinates for the 

user to assign the restraint conditions. There are four degree of freedom for each node, thus the user 

can fix the nodal translation such as Dx, Dy, Dz in the X,Y,Z directions and the nodal rotation about the 

Z axis. By selecting the restraint condition for each node from the table and clicking on the Apply 

button, the restraint conditions for the whole section are updated and displayed on the Section View. 

For the analyses of standard sections under localised loading, the user can click on the Default button 

to apply the lateral restraints at localised loading points as described in 4.4.7.3. 
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Figure 5.27: Assign restraints 

5.4.8. Analysis Menu 

5.4.8.1. General 

The Analysis menu is shown in Fig.5.28 is used to manage the analysis steps such as section 

analysis, pre-buckling analysis and buckling analysis. 

 

Figure 5.28: Analysis menu 

5.4.8.2. Section analysis 

The Uniform Stress module initially runs a cross-section analysis to achieve the section properties 

such as section area, moment of area, centroid, shear centre in rectangular axes and principal axes, 

mono-symmetry parameter, torsion and warping constants. In addition, the user can show these 

section properties on the properties panel, display images of the section properties on the main 

window and export images to other software as in 5.4.9.2. 
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5.4.8.3. Pre-buckling and buckling analyses 

The Analysis window appears as shown in Fig.5.29 when the user selects the Analysis option from the 

Analysis menu or the Analysis button on the Analysis bar. From this window, the user can select the 

analysis type with suitable loading. 

 

Figure 5.29: Analysis options 

 If the user selects the Uniform Stress option, the Uniform Stress module is called as shown in 

Fig.5.30 to run the analyses of the section under uniform stress. The user can select running stress 

analysis only or both stress and buckling analyses. The stresses and buckling modes are exported for 

21 cross-sections and displayed on the Main Window as in 5.4.9.3. 

 

Figure 5.30: Running bfinst7.cpp for Uniform Stress analysis 

 If the user selects the Localised Loading option, the Main_Code box appears on the Analysis 

window. If the user selects BFINST10 option, the Localised Loading module is called to run the 

bfinst10.cpp engine as shown in Fig.5.31 for analyses of structural members under localised loading 

with both ends simply supported boundary condition. If the user selects the FSM option, the Localised 

Loading module is called to run the FSM module as shown in Fig.5.32 for analyses of structural 

members under localised loading with general boundary conditions. The user can select running pre-
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buckling analysis only or both pre-buckling and buckling analyses. The stresses, deflections and 

buckling modes are exported for 21 cross-sections and displayed on the Main Window as in 5.4.9.4. 

 

Figure 5.31: Running bfinst10.cpp for localised loading analysis 

 

Figure 5.32: Running the FSM module for localised loading analysis 

5.4.9. Results Menu 

5.4.9.1. General 

The Results menu as shown in Fig.5.33 is used to export the results from analytical steps such as 

section properties, stresses, deflections, buckling modes…  

 

Figure 5.33: Results menu 

 All results of analytical processes are exported to data files and stored in the main folder of the 

THIN-WALL-2 V2.0. Three buttons appear on the tree menu such as the Properties button, the Pre-

buckling button and the Buckling button to turn on and turn off the Properties panel, the Pre-buckling 
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panel and the Buckling panel respectively are shown in Fig.5.34(a),(b),(c). From these panels, the 

user can display the results on the main window of THIN-WALL-2 V2.0.  

     

  (a) Properties panel    (b) Pre-buckling panel            (c) Buckling panel 

Figure 5.34: Panels on the tree menu 

 The user has to select the Result Options from the Results menu, so that the Result_Options 

window appears as shown in Fig.5.35. From this window, if the user selects the Uniform Stress option, 

then the GUI reads the data files which are exported from the Uniform Stress module to display on the 

main window. Alternatively, if the user selects the Localised Loading option, then the GUI reads the 

data files which are exported from the Localised Loading module. 

 

Figure 5.35: Result options 



 

                                                                                                                                         Chapter 5: THIN-WALL-2 V2.0 program 

Van Vinh Nguyen                                                                                                                                                         PhD THESIS 
 

180

5.4.9.2. Section properties 

The user can display the section properties after running the section analysis step. The Properties 

button appears on the tree menu as well as the Properties panel to display the section properties such 

as section area, moment of area, centroid, shear centre in rectangular and principal axes, torsion and 

warping constants and mono-symmetry parameters as shown in Fig.5.34(a). 

 A graphical-bar is designed on the right side of the main window with some special buttons 

which the user can click on to display section, node number, strip number, restraints, rectangular and 

principal axes on the main window as shown in Fig.5.36. 

   

Figure 5.36: Section properties 

5.4.9.3. Localised loading pre-buckling analysis results 

After running the Pre-buckling analysis of a structural member under localised loading, the Pre-

buckling button appears beside the Properties button on the tree menu. By clicking on this button, the 

Pre-buckling panel appears on this menu with two display options which are deflection and stress as 

shown in Fig.5.34(b). If the user chooses the Deflection option, two panels appear for the user to 

select 2D or 3D views and un-deformed or deformed views. The deflection modes and shapes of the 

structural member are displayed on the main window as shown in Fig.5.37. In the section option panel, 

the user can change the section displayed or scale the deflection of the sections. 
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Figure 5.37: Pre-buckling deformation in 2D and 3D views 

 If the Stress option is selected, the stress panel appears for the user to select stress types such 

as longitudinal stress (Sx), transverse stress (Sy) or shear stress (Txy). Also, the user can select display 

or un-display stress values and legends for each diagram on the main window as shown in Fig.5.38. 

 

 Longitudinal (0.5L), Transverse (0.5L) and Shear Stresses (0.45L) 

Figure 5.38: Pre-buckling stresses 

5.4.9.4. Localised loading buckling analysis results 

After running the buckling analysis of a structural member under localised loading, the Buckling button 

appears beside the Pre-buckling button on the tree menu. When the user clicks on this button, the 

Buckling panel appears with two display options which are Buckling Mode and Buckling Load as 

shown in Fig.5.34(c). 

 If the Buckling Mode option is selected, the View panel and Deformation panel appear to select 

2D or 3D views and un-deformed or deformed views. The buckling modes and shapes of the structural 
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member are displayed on the main window as shown in Fig.5.39. When the user selects the Buckling 

Load option, the Buckling_Loads window appears with the information about applied loads, buckling 

factor and buckling loads. 

         

Figure 5.39: Buckling modes in 2D and 3D views 

5.4.9.5. Uniform stress buckling analysis results 

In the buckling analysis of a structural member under uniform compression, bending and shear, the 

Buckling panel appears with two display options which are buckling mode and signature curve. If the 

Buckling Mode option is selected, the View panel and Deformation panel appear to select 2D or 3D 

views and un-deformed or deformed views. If the Signature Curve option is selected, the 

Signature_Curve window appears with some other display options. The user can display the signature 

curve, buckling modes and buckled shapes together on this window. The signature curve illustrates 

the relationship between buckling load factors and half-wavelengths as shown in Fig.5.40.  

 

Figure 5.40: Signature curve 
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5.4.10. Report Menu 

The Report menu as shown in Fig.5.41 is designed to write a report of the analyses. Firstly, the user 

input the personal information which should be included into the report. Secondly, by selecting the 

Create_Report option, a Report window appears as shown in Fig.5.42, from this the user can select 

some options to create a full report which contains the input data, the output data and the results of 

the analyses. Also, the user can export the data files into different files such as text files. In addition, 

the user can export images file by select the Pictures option from the Reports menu, a new window 

where the user can control the images with different colors, view-points before saving them in different 

formats. 

 

Figure 5.41: Reports menu 

 

Figure 5.42: Report options 
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5.4.11. Tools Menu 

The Tools menu as shown in Fig.5.43 is used to control the Main Window of the program with some 

selections such as lock and unlock the programs, turning on and off some tool bars in the Main 

Window. 

 

Figure 5.43: Tools menu 

 In order to support the user in using THIN-WALL-2 V2.0, there are tool-bars which are created 

on the main window. The first one is the Define bar where the main functions are defining materials, 

element types and sections. The second one is the Assign bar which is used to assign boundary 

condition, loadings and restraint. The Analysis bar contains the cross-section analysis button, the 

buckling analysis button and the un-lock and lock buttons. The user can click on these buttons to 

control the analyses. The Report bar is used to display the results of the analyses. Also, the user can 

export results into other format of data files in order to use for different purposes. The final one is the 

Result bars which is located on the right side of the main window. The user can click on buttons from 

this bar to display images on the main screen such as section, node number, strip number, buckling 

modes and shapes, signature curve, etc. 

5.4.12. Help Menu 

5.4.12.1. General 

The Help menu as shown in Fig.5.44 is designed with some selections which help the user understand 

more about the THIN-WALL-2 V2.0 program, the SAFSM as well as the authors of the program as 

shown in Fig.5.45. 

 

Figure 5.44: Help menu 
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Figure 5.45: Author’s information 

5.4.12.2. Introduction about the SAFSM 

THIN-WALL-2 V2.0 is written by relying on the theory of the SAFSM, thus it is necessary for the user 

to understand this theory. This function provides a brief introduction as well as advantages and 

disadvantages and the application of this method. In addition, some links are shown in this module 

which helps the user to find useful references.  

5.4.12.3. Tutorial 

There are some instructional files included in this module as well as a video which the user can 

download directly to study how to use THIN-WALL-2 V2.0. Also, if there is any problem, the user can 

contact the authors or the supporters by clicking to the Support button as shown in Fig.5.46 to gain the 

supports and the best solutions.  

 

Figure 5.46: THIN-WALL-2 V2.0 tutorial 
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5.5. CONCLUSIONS 

This Chapter provides a presentation of the THIN-WALL-2 V2.0 program which is based on the FSM. 

This second release extends the domain of application of the first one THIN-WALL [69]. It is possible 

to use this program to analyse structural members under uniform compression, bending and shear or 

localised loading and general end boundary conditions. The structural member may be made from 

both isotropic and orthotropic materials. In addition, with the general section module, THIN-WALL-2 

V2.0 may be used to define and analyse all types of sections such as open sections, closed sections 

and mixed sections. 

 Finally, the GUI module which is included in THIN-WALL-2 V2.0 shows an improvement of this 

program in displaying the results from the analyses. The buckling modes and shapes are displayed in 

both 2D and 3D views, thus the user can understand the working of the structural member clearly. 
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CHAPTER 6 

EXPERIMENTAL DATA, BUCKLING LOAD AND PLASTIC MECHANISM MODELS USED  

IN THE DIRECT STRENGTH METHOD APPLIED TO LOCALISED LOADING 

 

6.1. INTRODUCTION 

Experimental investigations have been performed in by many researchers to study the behaviour cold-

formed steel members under localised loading. In addition, buckling analysis method and yielding 

analysis models have been proposed; however, these proposals still have limitations. 

This Chapter summarises the experimental data which is used to develop the Direct Strength 

Method (DSM) for the design of cold-formed steel sections subjected to localised loading. This data is 

collected from previous literature for different localised load cases, cross-sections and flange fastened 

conditions. In addition, an introduction about the buckling analysis using THIN-WALL-2 V2.0 program 

to calculate the buckling load of structural members under localised loading is given. The Chapter also 

gives new plastic mechanism models used to estimate the yield load of the structural members. The 

buckling loads, the yield loads and the experimental data are used to establish the DSM equations for 

web crippling as described in Chapter 7. 

6.2. EXPERIMENTAL DATA 

6.2.1. Beshara and Schuster [36] (2000) 

Beshara and Schuster [36] performed a statistical analysis on all available test data in order to develop 

more accurate coefficients for the Canadian standards as well as an experimental investigation into 

the web crippling capacities of fastened plain-C and plain-Z sections under the ITF and ETF load 

cases. The specimens were tested in pairs as shown in Fig.6.1 to avoid the twisting caused by 

eccentric loading. Table E-1 in Appendix E of the thesis shows the dimensions for 18 channel sections 

with different section depths, corner radii and bearing lengths of specimens under the ITF load case. 
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Figure 6.1: Fastened plain-C section under the ITF load case [36] 

6.2.2. Young and Hancock [22] (2001) 

Young and Hancock [22] performed a series of experimental tests on unlipped plain-C sections 

subjected to web crippling. The test specimens consisted of six different sectional sizes, having 

nominal thickness ranging from 4 to 6mm, a nominal depth of webs ranging from 75 to 300mm, and 

nominal flange widths ranging from 40 to 90mm. The specimens were tested as single element and 

flange unfastened condition as shown in Fig.6.2. Tables E-2 to E-5 in Appendix E of the thesis show 

the measured dimensions for 24 tested specimens under the IOF load case, 24 tested specimens 

under the EOF load case, 14 tested specimens under the ITF load case and 12 tested specimens 

under the ETF load case. 

 

Figure 6.2: Unfastened plain-C sections under localised loads 
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6.2.3. Macdonald et al. [37] (2008) 

Macdonald et al. [37] conducted tests on 36 fastened lipped plain-C sections under the EOF and the 

ETF load cases to investigate the effect of corner radius (r), web height (d1) and bearing length (N) on 

web crippling. The specimens were tested as single element under loading as shown in Fig.6.3. The 

Finite Element Method (FEM) also was used to simulate the experimental investigation and validate 

the results. The detail sectional dimensions are given in Tables E-6 and E-7 in Appendix E of the 

thesis. 

 

Figure 6.3: Fastened plain-C sections under the EOF and the ETF load cases 

6.2.4. Uzzaman et al. [38] and [39] (2012) 

Uzzaman performed a combination of experiments and non-linear finite element analyses to 

investigate the influence of holes on web crippling strength of cold-formed steel lipped plain-C sections 

under the EOF and the ETF load cases as described in [38] and [39]. In addition, both flange fastened 

and unfastened conditions were considered in the investigation as shown in Fig.6.4. Non-linear finite 

element models were conducted to compare against the experimental results. The data for 10 sections 

without holes under the ITF load case and 14 sections from Uzzaman et al. [38] and 23 sections from 

Uzzaman et al. [39] under the ETF load case is given in Tables E-8 to E-10 in Appendix E of the 

thesis. 
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Figure 6.4: Plain-C sections under the ITF and ETF load cases  

6.2.5. Morelli et al. [40] and Khatale et al. [41] (2014) 

Experimental investigations involved the testing of two types of lipped channel sections: unstiffened 

web (plain-C sections) and stiffened web (DHS sections) were performed by Morelli et al. [40] for the 

IOF load case as shown in Fig.6.5 and Khatale et al. [41] for the ITF and ETF load cases. Two 

thicknesses 2.4mm and 3.0mm were tested with the depth of the sections remained constant at 

300mm and the flange width ranging from 96 to 103mm. The detail dimensional data is given in Tables 

E-11 and E-12 for 32 specimens under the IOF load case, Tables E-13 and E-14 for 16 specimens 

under the ITF load case and Tables E-15 and E-16 for 16 specimens under the ETF load case in 

Appendix E of the thesis. 

 

Figure 6.5: Plain-C and DHS sections under the IOF load case 
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6.2.6. Sundararajah et al. [19] (2015) 

Sundararajah et al. [19] conducted 36 experiments to assess the web crippling behaviour and strength 

of unfastened lipped channel beams (LCBs) under the two-flange load cases (ITF and ETF) as shown 

in Fig.6.4(a). The experimental web crippling capacities were compared with the predictions from the 

current design rules from the Australian/New Zealand Standard AS/NZS 4600:2005 [3] and the North 

American Specification for the Design of Cold-Formed Steel Structural Members AISI S100-2012 [2]. 

The data of these experimental results are shown in Tables E-17 and E-18 in Appendix E of the thesis. 

6.2.7. Efendy et al. [7] and Hadchiti et al. [8] (2015) 

Experimental investigations were performed at the University of Sydney to study the behaviour of 

lipped plain-C and SupaCee sections under one-flange loading. Efendy et al. [7] performed 

experiments for 32 specimens under the IOF load case as shown in Fig.6.6, while Hadchiti et al. [8] 

conducted other 32 specimens under the EOF load case. The specimens were tested in pairs to avoid 

the twisting caused by eccentric loading. Also, both flange unfastened and fastened conditions were 

considered in this research. The sectional data and test results are shown in Tables E-19 and E-20 for 

the IOF load case and Tables E-21 and E-22 for the EOF load case in Appendix E of the thesis. 

        

Figure 6.6: Plain-C and SupaCee sections under the IOF load case 
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More recently, Bartlett et al. [9] and Htet and Pham [10] have performed experimental studies to 

investigate the capacities of cold-formed steel members under the ITF and ETF load cases 

respectively. In these studies, two types of cross-sections which are lipped plain-C sections and 
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SupaCee sections as shown in Fig.6.7 were tested to examine the effect of web stiffeners on sections. 

The specimens were tested in pairs to avoid the twisting caused by eccentric loading. Tables E-23 and 

E-24 for the ITF load case and Tables E-25 and E-26 for the ETF load case in Appendix E of the 

thesis show the sectional dimensions and test results from the experiments. 

 

Figure 6.7: Plain-C and SupaCee sections under the ITF and ETF load cases 

6.2.9. Lian et al. [42] (2016) 

Lian et al. [42] performed a combination of tests and non-linear finite element analyses to investigate 

the impact of holes on web crippling under the EOF load case. The specimens were tested as single 

element as shown in Fig.6.3(a). The experimental data for 21 sections without hole is given in Table E-

27 in Appendix E of the thesis. 

6.3. BUCKLING LOAD 

The buckling load is an important input of the DSM design equations for web crippling. Some 

investigations have been performed to determine the buckling load of thin-walled sections under 

localised loading; however, they still have limitations. In this thesis, the THIN-WALL-2 V2.0 program 

based on the FSM as described in Chapter 5 is selected to determine the buckling load of cold-formed 

sections subjected to localised loading. The program can perform the buckling analysis for all types of 

cross-sections, localised load cases and boundary conditions as described in Chapter 3. The buckling 

analysis results from THIN-WALL-2 V2.0 are benchmarked against the Finite Element Method (FEM) 
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analysis of cold-formed steel sections under localised loading with general end boundary conditions. 

Fig.6.8 shows the definition of localised load cases in the THIN-WALL-2 V2.0 program. 

 

Figure 6.8: Assign localised loading 

In the analysis of a beam under the IOF load case, the both ends Simply Supported (SS) 

boundary condition is assigned for the beam to match up with the practical boundary condition applied 

for the beam in experiments as shown in Fig.3.2(a). In addition, the localised load is applied on the top 

flange of the beam with interior locations. For the ITF load case as shown in Fig.3.2(b), the boundary 

condition is selected similar to the IOF load case; however, the localised loads are applied at both 

sides of the beam with interior locations.  

In the experiment of the beam under the EOF load case as shown in Fig.3.2(c), the load is 

applied in the interior of the beam at a stiffened loading point in order to prevent failure around this 

area. With this loading condition, reactions appear at the ends of the beam which leads to web 

crippling. Thus, in the analysis, the beam length is taken as half of the original beam length from the 

experiment as shown in Fig.3.2(c) and the Clamped-Free (CF) is assigned to the beam. The localised 

load is applied at the end of the bottom flange.  

For the ETF load case, the Simply-Free (SF) is assigned to the beam. Also, the longitudinal 

restraints are applied at the applied loading points to prevent the movement of the beam in the 

longitudinal direction. The beam length is equal to the original length of the beam as shown in 

Fig.3.2(d). The localised loads are applied at the end of the both flanges. 
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The buckling loads for the IOF and EOF load cases obtained from FSM using the THIN-WALL-2 

V2.0 [76] program are compared against those from SFE using Abaqus [32] as shown in Figs.6.9 and 

6.10. Similar comparisons for the ITF and ETF load cases are described in the Research Report 965 

[77]. 

 

Figure 6.9: Buckling load comparison for the IOF load case 

 

Figure 6.10: Buckling load comparison for the EOF load case 
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6.4. YIELD LOAD 

The yield load is another key input to the DSM design equations for web crippling. Some models have 

been proposed to estimate the yield load of thin-walled sections under localised loading; however, 

these predictions still have some disadvantages. In this research, observations are performed from 

experiments to ascertain the failure modes of structural members under localised loading with different 

cross-sections, load cases and flange fastened conditions. From the data, new plastic mechanism 

models are built up based on the concept of the balance between the internal energy of the structural 

member and the external energy of the applied loads to estimate the yield load. 

Regarding to the effect of inside radius to the yielding analysis, in general, all cold-formed 

sections have a corner radius and so the loads are eccentric from the web centreline. This can be 

compared with sections such as hot-rolled and welded I-sections where the web yielding is a direct 

result of bearing rather a plastic mechanism. This thesis concentrates on cold-formed steel sections 

with corner radii. 

6.4.1. Plastic mechanism models for the IOF load case 

The experiments were performed by Efendy et al. [7] at the University of Sydney for lipped plain-C 

sections and SupaCee sections under the IOF load case as shown in Fig.6.11(a). From the 

observation, it is found that for both flange unfastened and fastened conditions, the failure modes are 

similar which include two yield-lines. The first one is a straight line located on the top flange with the 

length equal to the bearing length, while the second one is a semi-circle from the top of the beam to 

the depth from 0.1D to 0.15D on the web (D is the overall depth of the beam) as shown in Fig.6.11(b). 

 

(a) Experiment                     (b) Failure modes 

Figure 6.11: Experiment and failure modes for the IOF load case [7] 
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 From the failure modes of the specimens under loading, a simplified plastic mechanism model is 

proposed as shown in Fig.6.12 to estimate the yield load for the IOF load case. In this model, there are 

two straight yield-lines matching up with two plastic hinges in the cross-section. The first one is located 

in the top flange with the length (Nm1) equal to the bearing length (N). The second one is located in the 

web which is the representative of the semi-circle yield-line on the specimen. The length of this line 

depends on the slope of two distribution lines from the bearing edges and its depth from the top of the 

beam. The model is simplified with horizontal hinges of length Nm1 and Nm2 to facilitate easy design. 

 

Figure 6.12: Plastic mechanism model for the IOF load case 

The internal energy of the structural member must be equal to the external energy of the applied 

loads is given as: 

 1 1 1 1 2 2y p m p mP r M N M N        (6.1)

Hence, the yield load is given as: 
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r is the load eccentricity from the web centre line 

Mp is the plastic moment per unit length of plate 

2

4
y

p

f t
M   

(6.4)

fy is the yield strength of steel 

h is the depth of the second plastic hinge 

h D  (6.5)

 = 0.35 for unlipped plain-C sections 

 = 0.125 for lipped plain-C and SupaCee sections 

 = 0.07 for DHS sections 

N is the bearing length 

Nm1 and Nm2 are the yield-line lengths:  

For unlipped plain-C sections:  

1 20 and 2m mN N N h    (6.6)

For lipped plain-C, SupaCee and DHS sections 

1 2and 2m mN N N N h    (6.7)

  is a yield-line distribution slope factor 

1o    (6.8)

  is a slope factor,  

=1.0 for unlipped plain-C sections 

= 2.0 for lipped plain-C, SupaCee and DHS sections 

  is a factor which depends on the bearing length ratio (N/D)  
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              For other values of N/D,  is interpolated or extrapolated linearly 

 

(6.9)

  is a factor which depends on the radius ratio (ri/t) 
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For other values of /ir t , o is interpolated or extrapolated linearly 

(6.11)

6.4.2. Plastic mechanism models for the EOF load case 

The experiments were performed by Hadchiti et al. [8] at the University of Sydney for lipped plain-C 

and SupaCee sections under the EOF load case as shown in Fig.6.13(a). From observation of the 

tested beams, it is found that for both flange unfastened and fastened conditions, the failure modes 

are similar which include one inclined yield-line. The beginning point of this yield-line is located at 0.2D 

to 0.25D from the top of the beam, while the ending point is located at the junction between the web 

and the top flange as shown in Fig.6.13(b). 

 

                                  (a) Experiment             (b) Failure modes 

Figure 6.13: Experiment and failure modes for the EOF load case [8] 

From the failure modes of the specimens under loading, a plastic mechanism model is proposed 

as shown in Fig.6.14 to estimate the yield load for the EOF load case. In this model, there is one yield-

line matching up with one plastic hinge on the cross-section. In order to make a simple model for the 

calculation, the yield-line is assumed as a horizontal line. The length of this line depends on the slope 

of the distribution line from the bearing edge and its depth from the top of the beam.  
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Figure 6.14: Plastic mechanism model for the EOF load case 

 The concept of the balance between the internal energy of the yield-line and the external energy 

of the applied load is given as: 

 1 1 2y p mP r M N      (6.12)

Hence, the yield load is given as: 
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where: 
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 h=D 

 = 0.25 for unlipped plain-C, lipped plain-C, SupaCee and DHS sections 

Nm is the yield-line length 

mN N h   (6.14)

  

= 1.0 for unlipped plain-C, lipped plain-C, SupaCee and DHS sections 

  is determined by Eq.(6.9) 

  is determined by Eqs.(6.10) & (6.11) 

6.4.3. Plastic mechanism models for the ITF load case 

The experiments were performed by Bartlett et al. [9] at the University of Sydney for lipped plain-C and 

SupaCee sections under the ITF load case as shown in Fig.6.15(a). It is found that the flange 

unfastened condition has different failure modes from the flange fastened condition. In this case, there 
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is only one yield-line located at the middle of the web as shown in Fig.6.15(b). From the failure modes 

of the specimens under the ITF load case with flange unfastened condition, a plastic mechanism 

model is proposed as shown in Fig.6.16 to estimate the yield load. In this model, there is one yield-line 

matching up with one plastic hinge at the middle of the web.  

 

                                  (a) Experiment             (b) Failure modes 

Figure 6.15: Experiment and failure modes for the ITF load case with flange unfastened condition [9] 

 

Figure 6.16: Plastic mechanism model for the ITF load case with flange unfastened condition 

The yield load (Py) for flange unfastened condition is given as: 
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 = 0.5 for unlipped plain-C, lipped plain-C and SupaCee sections 

 = 0.25 for DHS sections 

Nm is the yield-line length 

2mN N h   (6.17)

  

1= 1.5 for unlipped plain-C, lipped plain-C, SupaCee and DHS and sections 

  is determined by Eq.(6.9) 

  is determined by Eqs.(6.10) & (6.11) 

The flange fastened condition case is more complex than the flange unfastened condition with 

two yield-lines in the both flanges and three yield-lines in the web as shown in Fig.6.17. From the 

failure modes of the specimens under the ITF load case with flange fastened condition, a plastic 

mechanism model is proposed as shown in Fig.6.18 to estimate the yield load. In this model, there are 

two yield-lines in the both flanges with the length (Nm1) equal to the bearing length (N). There are two 

other yield-lines located in the web which are the representative of the semi-circle yield-lines in the 

specimen. The last one is located at the middle of the web. 

 

                                  (a) Experiment             (b) Failure modes 

Figure 6.17: Experiment and failure modes for the ITF load case with flange fastened condition [9] 
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Figure 6.18: Plastic mechanism model for the ITF load case with flange fastened condition 

 The concept of the balance between the internal energy of the yield-line and the external energy 

of the applied load is given as: 

1 1 1 2 2 32 2 2 2y p m p m p mP r M N M N M N        (6.18)

The yield load (Py) for flange fastened condition is given as: 
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where: 

2 1 / 2
h

D h
        

 h=D 

 = 0.5 for unlipped plain-C sections  

 = 0.125 for lipped plain-C, SupaCee and DHS sections  

Nm1, Nm2 and Nm3 are the yield-line lengths 

For unlipped plain-C sections 

1 2 30,  2 , 0m m t mN N N h N     (6.20)

For lipped plain-C, SupaCee and DHS sections 
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(6.21)

For the top and the bottom yield-lines in the web 
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 = 1.5 for unlipped plain-C sections 
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 = 2.0 for lipped plain-C, SupaCee and DHS sections 

For the middle yield-line in the web 

2m o    (6.23)

  is not available for unlipped plain-C sections

 =1.0 for lipped plain-C, SupaCee and DHS sections 

  is determined by Eq.(6.9) 

  is determined by Eqs.(6.10) & (6.11) 

6.4.4. Plastic mechanism models for the ETF load case 

The experiments were performed by Htet and Pham [10] at the University of Sydney for lipped plain-C 

and SupaCee sections under the ETF load case as shown in Fig.6.19(a). It can be seen that the 

flange unfastened and fastened conditions have similar failure modes which include one horizontal 

yield-line located at the middle of the web as shown in Fig.6.19(b). From the failure modes of the 

specimens under the ETF load case, a plastic mechanism model is proposed as shown in Fig.6.20 to 

estimate the yield load. In this model, there is one yield-line matching up with one plastic hinge at the 

middle of the web.  

 

                                  (a) Experiment             (b) Failure modes 

Figure 6.19: Plastic mechanism model for the ETF load case [10] 
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Figure 6.20: Plastic mechanism model for the ETF load case 

The yield load (Py) is given as: 

2 2y p mP r M N    (6.24)

p m
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r
  

(6.25)

where: 

 h=D 

 = 0.5 for unlipped plain-C, lipped plain-C and SupaCee sections 

 = 0.25 for DHS sections 

Nm is the yield-line length  

mN N h   (6.26)

  

1 = 1.0 for unlipped plain-C, lipped plain-C and SupaCee sections 

1 = 1.5 for DHS sections 

  is determined by Eq.(6.9) 

  is determined by Eqs.(6.10) & (6.11) 

6.4.5. Summary of the plastic mechanism models 

It is found that for different cross-sections, different plastic mechanism models are employed to 

estimate the yield load Py. The factors for the different plastic mechanism models are given in Table 

6.1 for different load cases, flange fastened conditions and cross-sections. It can be seen that for the 
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ITF load case, the factors for the flange unfastened condition are different from the factors for the 

flange fastened condition because of the different plastic mechanism models. For other cases, the 

factors are the same for both the flange unfastened and fastened conditions. 

The values of the yield loads determined by the plastic mechanism models for the collected 

experimental data under different load cases are given in Tables E-1 to E-27 in Appendix E of the 

thesis. 

Table 6.1: Factors for plastic mechanism models 

 

6.5. CONCLUSION 

The buckling analysis using the THIN-WALL-2 V2.0 program based on the FSM described in Chapters 

3, 4 and 5 has been selected to determine the buckling loads of the structural members under 

localised loading. Consistent and simplified plastic mechanism models have been developed for all 

four localised load cases to calculate the yield loads of the structural members. The parameters of the 

plastic mechanism models are adjusted due to the cross-sections types, loading conditions and flange 

fastening conditions. The experimental data is collected with the detail dimensions and yield stress 

values. This data is used to calculate the buckling loads and yield loads in order to build up the DSM 

design equations for structural members under localised loading as described in Chapter 7. 
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CHAPTER 7 

A CONSISTENT AND SIMPLIFIED DIRECT STRENGTH METHOD FOR THE DESIGN 

OF COLD-FORMED STEEL SECTIONS UNDER LOCALISED LOADING 

7.1. INTRODUCTION 

The Direct Strength Method (DSM) has been seen as a reliable, consistent and well established 

design approach for cold-formed steel structural members under compression, bending and shear. For 

localised loading, many investigations have been performed to develop the DSM design equations; 

however these proposals are still not consistent. 

This Chapter gives proposals of DSM equations for design of cold-formed steel sections under 

localised loading. These equations are built-up based on the buckling load (Pcr) obtained from the 

THIN-WALL-2 V2.0 program as described in Chapter 5 and the yield load (Py) estimated from plastic 

mechanism models as described in the Chapter 6. This is a consistent, simplified and generalised 

model for all the localised load cases IOF, EOF, ITF and ETF. It includes both an inelastic reserve 

component as observed in testing and a yield load component. Also, the calibration is performed to 

validate the accuracy of the DSM predictions with the collected experimental data. 

7.2. EXPERIMENTAL DATA, YIELD LOAD AND BUCKLING LOAD 

The experimental data is collected from previous literature for structural members subjected to 

localised loading. The data includes four load cases such as the IOF, EOF, ITF, ETF and four types of 

cross sections such as unlipped plain-C, lipped plain-C, SupaCee and DHS sections. In addition, both 

flange unfastened and fastened conditions are considered in this collection. This data is used to 

determine the buckling load (Pcr) from the THIN-WALL-2 V2.0 program and the yield load (Py) from 

plastic mechanism models as described in Chapter 6. The experimental data, the buckling loads and 

the yield loads are given in Tables F-1 to F-27 in Appendix F of the thesis. 

7.3. DIRECT STRENGTH METHOD FOR WEB CRIPPLING 

7.3.1. General DSM for web crippling 

The Direct Strength Method (DSM) has been adopted for design of columns, beams and beam-

columns as described in [2]. In order to develop the DSM design equation for localised loading, it is 

necessary to have three main inputs which are the buckling load (Pcr), the yield load (Py) and the 

experimental failure load (Pexp). From these three components, a general set of DSM equations is 



 

                                                                                                                   Chapter 7: Direct Strength Method for web crippling 

Van Vinh Nguyen                                                                                                                                                        PhD THESIS 
 

207

proposed to predict the nominal strength of structural members under localised loading as given in 

Eqs.(7.1) and (7.2).   

                   

 41 1 1n

y o
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P




  
     
   

              for       o   

 

(7.1)
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       for       o   

 

(7.2)

where: 

 is the sectional slenderness, /y crP P   

 is the sectional slenderness when / 1n yP P   

k1, k2, k3 are coefficients and exponents calibrated through a non-linear regression procedure, 

fitting the set of ratios exp / yP P to the right hand side of Eq.(7.2) which was proposed previously 

by Natário et al. [21]. For different load cases, different coefficients and exponents are 

employed to build up suitable DSM design equations. 

For o  the nominal inelastic capacity of structural members is based on Eq.(7.3) which is 

itself based on the inelastic reserve equation for beams in the AISI S100:2012 Specification (Appendix 

1, Sections 1.2.2.1.2.1.2 and 1.2.2.1.3.1.2). From this, Eq.(7.1) is proposed to predict the nominal 

inelastic capacity of structural members under localised loading. 

 42

11n y y y
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(7.3)

where: 

/y oC    

k4 is a mechanism strengthening effect coefficient. It has been chosen as k4=1.8 in this study. 

The mechanism strengthening effect, which is observed experimentally, is probably caused by 

the moving hinge position in the flange under significant plastic deformation for stockier 

sections. 

7.3.2. DSM design equations for the IOF load case 

The experimental data for the IOF load case is collected from Efendy et al. [7] for lipped plain-C and 

SupaCee sections, Morelli et al. [40] for lipped plain-C and DHS sections and Young and Hancock [22] 
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for unlipped plain-C sections. The analyses are performed to obtain the buckling load and the yield 

load as described in Chapter 6. The relationship between Pcr and Py is set up to propose new DSM 

design equations with the coefficients k1=1, k2=0.15, k3=0.4 and k4=1.8 as given in Eqs.(7.4) and (7.5) 

to predict the capacities of structural members under the IOF load case.  

                   

1 0.8 1
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y
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               for       0.776   

 

(7.4)
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        for       0.776   

 

(7.5)

where k1 has been chosen as 1.0 to ensure the correct position for the cut off for the inelastic reserve 

equation. Eq.(7.5) has the same coefficients and exponents as the local buckling DSM equation in the 

AISI S100:2012 Specification (Appendix 1, Sections 1.2.2.1.2.1.1 and 1.2.1.2.1). 

The DSM Eq.(7.5) for the IOF load case is plotted in Fig.7.1 with the test data. The cut-off 

 / 1n yP P   is defined as the slenderness range for which the estimated web crippling load equals the 

yield load. From Eq.(7.4), the inelastic reserve capacity is plotted by a dash line in the same figure. 

Then, the DSM design curve is the combination of the continuous curve when > 0.776 and the dash 

line when  0.776 as shown in Fig.7.1. It can be seen that the DSM curve fits the experimental data 

well.  

 

Figure 7.1: DSM design curve for the IOF load case 
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Comparisons between the experimental capacities (Pexp) and the nominal capacities (Pn) for 

each group of test data are given in the Tables F-1 to F-5 in Appendix F of the thesis. The summary of 

the mean values and the coefficient of variation of the ratios (Pexp/Pn) is given in Table 7.1. It is found 

that the average value of the ratios (Pexp/Pn) is 1.020, thus the predicted capacities are conservative in 

comparison with the experimental capacities and it is good for safe designs. The average value of the 

coefficient of variation is 8.30% which is less than 10%, thus it is acceptable variation. In addition, the 

relationship between the ratios (Pexp/Pn) is plotted as shown in Fig.7.2 to clarify that these values are 

close to the expected ratio (Pexp/Pn=1). 

 

Figure 7.2: The ratios of Pexp/Pn for the IOF load case 

Table 7.1: Summary of the ratios (Pexp/Pn) for the IOF load case 

 

7.3.3. DSM design equations for the EOF load case 

Experiments for structural members under the EOF load case have been performed by many 

researchers such as Hadchiti et al. [8] for lipped plain-C and SupaCee sections, Macdonald et al. [37] 

and Lian et al. [42] for lipped plain-C sections and Young and Hancock [22] for unlipped plain-C 
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sections. This experimental data has been collected and the analyses have been performed to obtain 

the buckling loads and the yield loads. The DSM design equations have been proposed to predict the 

capacities of structural members under the EOF load case as given in Eqs.(7.6) and (7.7). These 

equations are the same as the DSM equations for the IOF load case. 
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               for       0.776   

 

(7.6)
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       for       0.776   

 

(7.7)

 

Figure 7.3: DSM design curve for the EOF load case 

From Eqs.(7.6) and (7.7), the DSM design curve for the EOF load case has been plotted in 

Fig.7.3 with the experimental data. Some data points are located above and below but not far from the 

design curve. It means that the design curve captures the trend of the experimental data well. 

Tables F-6 to F-10 in Appendix F of the thesis show the comparisons between the experimental 

capacities (Pexp) and the nominal capacities (Pn). Also, the ratios (Pexp/Py) is plotted against the 

sectional slenderness () to display the deviation of the experimental data as shown in Fig.7.4. The 

comparisons are summarised and given in Table 7.2 with the average values of the mean values and 

the coefficient of variation are 1.017 and 9.38% respectively. Similar to the IOF load case, these 

values prove that the predicted capacities (Pn) are conservative in comparison to the experimental 

capacities (Pexp) and are acceptable. 
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Figure 7.4: The ratios of Pexp/Pn for the EOF load case 

Table 7.2: Summary of the ratios (Pexp/Pn) for the EOF load case 

 

7.3.4. DSM design equations for the ITF load case 

From the previous literature, the experimental data for the ITF has been gathered from different 

sources. There are 32 specimens for lipped plain-C and SupaCee sections from Bartlett et al. [9], 16 

tests for lipped plain-C and DHS sections from Khatale et al. [41], 18 specimens from Sundararajah et 

al. [19], 10 specimens from Uzzaman et al. [38], 18 specimens from Beshara and Schuster [36] for 

lipped plain-C sections and 14 specimens from Young and Hancock [22] for unlipped plain-C sections. 

The DSM design equations are established to predict the capacities of structural members subjected 

to the ITF load case as given in Eqs.(7.8) and (7.9) with the coefficients k1=1, k2=0.15, k3=0.6 and 

k4=1.8.  
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(7.9)

where the value of k1=1.0 has been chosen to ensure the correct position for the cut off for the 

inelastic reserve equation, while the value of k3=0.6 is the same as used in the distortional buckling in 

compression equation in AISI S100:2012 (Appendix 1, Section 1.2.1.3.1). The choice of this equation 

is most likely related to the fact that the failure mode in Fig.6.13(b) for the ITF case involves more lip 

deformation than the IOF case in Fig.6.9(b). 

From Eqs.(7.8) and (7.9), the DSM design curve for the ITF load case is plotted in Fig.7.5 with 

the experimental data. It can be seen that the data points are located close to the DSM curve. This 

prediction is proven by the comparisons between the experimental capacities (Pexp) and the nominal 

capacities (Pn) given in Tables F-11 to F-18 in Appendix F of the thesis and the summary of these 

comparisons given in Table 7.3. The average value of the ratios (Pexp/Pn) is 1.043 and the average 

value of the coefficient of variation is 7.69%. Also, the deviation of the ratios (Pexp/Pn) is close to the 

expected ratio (Pexp/Pn =1) as shown in Fig.7.6. It can be concluded that the proposed DSM design 

equations predict efficiently the capacities of structural members under the ITF load case. 

 

Figure 7.5: DSM design curve for the ITF load case 
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Figure 7.6: The ratios of Pexp/Pn for the ITF load case 

Table 7.3: Summary of the ratios (Pexp/Pn) for the ITF load case 

 

7.3.5. DSM design equations for the ETF load case 

The experimental data for the ETF load case includes 32 lipped plain-C and SupaCee sections from 

Htet and Pham [10], 16 lipped plain-C and DHS sections from Khatale et al. [41], 73 lipped plain-C 

sections from Macdonald et al. [37], Sundararajah et al. [19], Uzzaman et al. [38] & [39] and 12 

unlipped plain-C sections from Young and Hancock [22]. Similar to other load cases, the experimental 

data is plotted as shown in Fig.7.7 in the relationship between the (Pexp/Py) ratios and the sectional 

slenderness ( /y crP P  ). The DSM design equations to calculate the capacities of structural 

members under the ETF load case are proposed as given in Eqs.(7.10) and (7.11) with the coefficients 

k1=1.0, k2=0.25, k3=1.0 and k4=1.8.  
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(7.11)

where the value of k1=1.0 has been chosen to ensure the correct position for the cut off for the 

inelastic reserve equation, while the value of k3=1.0 implies the buckling phenomenon is closer to 

Euler than local or distortional. The choice of this equation is most likely related to the fact that the 

failure mode for the ETF case is Fig.6.17(b) is more like an eccentrically loaded strut than a localised 

failure. 

From Eqs.(7.10) and (7.11), the DSM design curve for the ETF load case is plotted in Fig.7.7 

with the experimental data. It is found that there is good agreement between the DSM design curve 

and the experimental data.  

 

Figure 7.7: DSM design curve for the ETF load case 

Table 7.4 shows the summary of the comparisons between the experimental capacities (Pexp) 

and the nominal capacities (Pn) which are given in Tables F-19 to F-27 in Appendix F of the thesis. 

From this summary, it is found that the average value of the ratios (Pexp/Pn) is 1.041, thus it is a 

conservative prediction of the nominal capacities. The average value of the coefficient of variation is 

10.78% which is higher than the expected value 10% due to some scatter in the experimental data. 

These points are located far from the expected line (Pexp/Pn =1) as shown in Fig.7.8. However, the 
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prediction and the DSM design equation are acceptable and available to estimate the nominal 

capacities of structural member under the ETF load case.  

 

Figure 7.8: The ratios of Pexp/Pn for the ETF load case 

Table 7.4: Summary of the ratios (Pexp/Pn) for the ETF load case 
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7.3.6. Summary of the DSM models for web crippling 

It is found that the same DSM equations with k1=1.0, k2=0.15, k3=0.4 and k4=1.8 are employed to 

predict the nominal capacities of structural members under the one-flange load cases (IOF and EOF). 

However, the two-flange load cases require different DSM equations with k1=1.0, k2=0.15, k3=0.6 and 

k4=1.8 for the ITF load case and k1=1.0, k2=0.25, k3=1.0 and k4=1.8 for the ETF load case. The 

summary of the DSM coefficients and the section slenderness (o) for different load cases is given in 

Table 7.5.  

Table 7.5: DSM coefficients 

 

In order to produce a DSM design method which is simple and align with the current DSM 

equation for compression, bending and shear, the coefficients (k1, k2, k3) have been chosen to 

represent the type of behavior observed (such as local, distortional, Euler). It appears that the IOF and 

EOF cases fail in mainly a local mode and hence k3 has been chosen as 0.4 similar to the DSM local 

buckling equation. The ITF case involves the lips and has a mode similar to distortional buckling, 

hence k3 = 0.6. The ETF case looks more like a simple strut buckle and hence k3=1.0 has been 

chosen similar to Euler. 

The cross-sections which are used to develop the DSM design equations have dimensional 

limitations as shown in Table 7.6 
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Table 7.6: Limits for pre-qualified members subjected to web crippling 
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7.4. CALIBRATION OF DSM EQUATIONS FOR LOCALISED LOADING 

7.4.1. Reliability analysis 

The reliability of safety index o is a relative measure of the reliability or safety of a structure of 

structural element. When two designs are compared, the one with the larger o is more reliable. The 

reliability index accounts for the uncertainties and variabilities inherent in the design parameters, such 

as the material properties, geometry and applied load. To calculate the reliability index o, a first-order 

second moment (FOSM) method described by Ellingwood et al. [78] can be used. This method is 

outlined in Chapter F in the NAS (AISI 2007). The strength of the tested elements, assemblies, 

connections, or members shall satisfy Eq. (F1.1-1a) or Eq. (F1.1-1b) from the NAS (AISI 2007) as 

follows: 

i i nQ R   (7.12)

where: 

 i iQ is the requires strength (factored loads) based on the most critical load combination 

determined in accordance with Section A5.1.2 for LRFD 

 i and Qi are the load factors and load effects, respectively 

Rn is the average value of all test results 

  is resistance factor which is given by: 

 
2 2 2 2
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(7.13)

In which: 

CP is the correction factor 
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n is the number of tests 

m=n-1 is degrees of freedom 

C is the calibration coefficient, C =1.52 for LRFD as specified in Chapter F of the NAS (AISI 

2007) 

Pm is the mean value of professional factor, P. This factor gives the accuracy of the model by 

taking the ratio of the mean value of the tests Rn divided by the model 
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Fm is the mean value of fabrication factor, F. This is the ratio of the actual dimension to nominal 

dimension, normally thickness, because it is the most important dimension for thin-walled 

sections 

Mm is the mean value of material factor, M.  

VF is the coefficient of variation of fabrication factor 

VM is the coefficient of variation of material factor 

VP is the coefficient of variation of test results 

VQ is the coefficient of variation of load effect, VQ=0.21 for LRFD and LSD 

o is the target reliability index, o=2.5 for cold-formed steel members 

7.4.2. Results of reliability analysis 

The results of the reliability analyses performed using Eq.7.13 are given in Table 7.7 which includes 

the results for the all localised load cases (IOF, EOF, ITF and ETF). The values of Mm, VM, Fm and VF 

are 1.10, 0.10. 1.00 and 0.05 which are exactly from Table F1 from the NAS (AISI 2007). The resulting 

safety indexes o are shown for =0.9. Alternatively, the resulting  values are also shown for a safety 

index o=2.5.  

Table 7.7: Reliability analysis results 

 

From the reliability analysis, it is indicated that the IOF load case has the best reliability results 

with the safety index o and resistance factor  of 2.415 and 0.880 respectively in comparison with 

2.400 and 0.876 for the EOF load case, 2.453 and 0.889 for the ITF load case and 2.510 and 0.903 

for the ETF load case. For the IOF, EOF and ETF, the safety index o is lower than the target value 

2.5, also the resistance factor  is lower than the expected value 0.9 due to the wide range of the 

experimental data which was picked up from different sources. For the ITF, the safety index o is 

higher than the target value 2.5, also the resistance factor  is higher than the expected value 0.9. 

Thus, resistance factor  of 0.90 could be used with all DSM design equations for localised loading as 

appropriate.  
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7.5. COMPARISON BETWEEN THE PROPOSED DSM AND THE AS/NZS 4600 

The nominal capacities of channel sections under different localised load cases can be calculated 

using the Australian/New Zealand Standard AS/NZS 4600:2005 [3] equation which is based on the 

North American Specification for the Design of Cold-Formed Steel Structural Members AISI S100-

2012 [2] as follows: 

2 1sin 1 1 1i b
b w y r l w

w w w

r l dR Ct f C C C
t t t


   

         
   

 

 

(7.14)

where 

  C is a coefficient 

  fy is the yield strength of steel 

  tw is the web thickness 

 is the angle between the plane of the web and the plane of the bearing surface.  shall be 

within the following limits: 45 90o o   

  Cr is the coefficient of inside bent radius 

  ri is the inside bent radius 

  Cl is the coefficient of bearing length 

lb is the actual bearing length. For the case of two equal and opposite concentrated loads 

distributed over unequal bearing length, the smaller value of lb shall be taken 

  Cw is the coefficient of web slenderness 

  d1 is the depth of the flat portion of the web measured along the plane of the web 

  The coefficients and capacity reduction factors are given in Tables 2.1 to 2.5 in the 

Australian/New Zealand Standard AS/NZS 4600:2005 [3]. 

The comparisons for the nominal capacities between the proposed DSM as described in 

Section 7.3 and the AS/NZS 4600 [3] equation are given in Figs.7.9 to 7.12. In general, the Eq.(7.14) 

gives higher nominal capacities of members under all different localised load cases in comparison with 

the proposed DSM. The AS/NZS 4600 standard is unconservative for the design for structural 

members under localised loading and consequently has lower factors 0.75 to 0.90 depending on the 

load case when compared with the proposed DSM model which has higher  factors as explained 

before. In addition, this equation is only available for plain-C sections and it is not available for 

SupaCee and DHS sections. Also, there are too many coefficients used in this equation for different 
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load cases, fastened flange condition, stiffened flange condition as described in Section 2.2.2 in 

Chapter 2. Thus, the proposed DSM equations as described in this Chapter can be seen as more 

effective to determine the nominal capacities of members under web crippling. 

 

Figure 7.9: Nominal capacity comparison for the IOF load case 

 

Figure 7.10: Nominal capacity comparison for the EOF load case 
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Figure 7.11: Nominal capacity comparison for the ITF load case 

 

Figure 7.12: Nominal capacity comparison for the ETF load case 
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7.6. NUMERICAL EXAMPLES 

7.6.1. General 

Capacity determination has been performed for a lipped channel section with rounded corners under 

localised loading using the proposed DSM equation in this thesis. The geometry of the beam and the 

loading are shown in Fig.7.13. The beam has a thickness of 2mm and yield strength is 500MPa. Four 

localised loading cases such as IOF, EOF, ITF and ETF are considered in the calculations. The 

buckling loads are obtained from the THIN-WALL-2 V2.0 program as described in Section of 6.3, while 

the yield load are calculated by the plastic mechanism models as described in Section 6.4 of Chapter 

6. From the input variables, the capacities of the beam are determined using the proposed DSM 

equations as described in this Chapter. 

 

Figure 7.13: Lipped channel section dimensions 

7.6.2. IOF load case 

The buckling load is obtained from the THIN-WALL-2 V2.0 program: Pcr = 32.63 kN. 

The plastic mechanism model is given in Fig.(7.14): 
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Figure 7.14: Plastic mechanism model for the section under the IOF load case 

The yield load is determined by: 

1 2
p

y m m

M DP N N
r D h
        

 
(7.15)

where: 

Mp is the plastic moment per unit length of plate 

2 2500 2 500 Nmm/mm
4 4
y

p

f t
M 

    
(7.16)

h is the depth of the second plastic hinge 

0.125 200 25 mmh D     (7.17)

 = 0.125 for lipped plain-C section 

  is a yield-line distribution slope factor 

1 2.0 1.0 2.0o       (7.18)

  is a slope factor, = 2.0 for lipped plain-C 

  is a factor which depends on the bearing length ratio (N/D=0.5),  = 1.0 

Nm1 and Nm2 are the yield-line lengths:  

1

2

100 mm 
2 100 2 2 25 200 mm

m

m

N N
N N h

 

      
 

(7.19)

  is a factor which depends on the radius ratio (ri/t) 

1 1 1.0
1.0o




    
(7.20)

  = 1.0 for the radius ratio (ri/t=2.5) 
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 The yield load: 

500 200100 200 27380 N = 27.38 kN
1.0 6 200 25yP            

 
(7.21)

The slenderness: 

27.38 0.916
32.63

y

cr

P
P

     
(7.22)

Checking:  

 0.916 0.776    

The nominal capacity is calculated by Eq.(7.5) as given: 

0.4 0.4

1 0.15 cr cr
n y

y y

P PP P
P P

    
              

 

 
0.4 0.432.63 32.6327.38 1 0.15 24.64 kN

27.38 27.38nP
             

     
 

 

(7.23)

The design capacity is given by:  

0.9 24.64 22.17 kNnP     (7.24)

The design capacity from AS/NZS4600 [3]:  

0.9 28.60 25.74 kNbR     (7.25)

7.6.3. EOF load case 

The buckling load is obtained from the THIN-WALL-2 V2.0 program: Pcr = 16.73 kN. 

The plastic mechanism model is given in Eq.(7.15): 

 

Figure 7.15: Plastic mechanism model for the section under the EOF load case 
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The yield load is determined by: 

p
y m

M DP N
r D h
       

 
(7.26)

where: 

Mp = 500 Nmm/mm as given in Eq.(7.16) 

h is the depth of the second plastic hinge 

0.25 200 50 mmh D     (7.27)

 = 0.25 for lipped plain-C section 

  is a yield-line distribution slope factor 

1 1.0 1.0 1.0o       (7.28)

  is a slope factor, = 1.0 for lipped plain-C 

  is a factor which depends on the bearing length ratio (N/D=0.5),  = 1.0 

Nm is the yield-line length:  

100 1 50 150 mmmN N h       (7.29)

=1.0 as given in Eq (7.20) 

 The yield load: 

500 200 150 16670 N 16.67 kN
1.0 6 200 150yP            

 
(7.30)

The slenderness: 

16.67 0.998
16.73

y

cr

P
P

     
(7.31)

Checking:  

 0.998 0.776    

The nominal capacity is calculated by Eq.(7.7) as given: 

0.4 0.4

1 0.15 cr cr
n y

y y

P PP P
P P

    
              

 

 
0.4 0.416.73 16.7316.67 1 0.15 14.18 kN

16.67 16.67nP
             

     
 

 

(7.32)

The design capacity is given by:  

0.9 14.18 12.76 kNnP     (7.33)
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The design capacity from AS/NZS4600 [3]:  

0.85 17.47 13.97 kNbR     (7.34)

7.6.4. ITF load case  

a. Unfastened flanges condition 

The buckling load is obtained from the THIN-WALL-2 V2.0 program: Pcr = 17.73 kN. 

The plastic mechanism model is given in Eq.(7.16): 

 

Figure 7.16: Plastic mechanism model for the section under the ITF load case - Unfastened 

The yield load is determined by: 

p m
y

M N
P

r
  

(7.35)

where: 

Mp = 500 Nmm/mm as given in Eq.(7.16) 

h is the depth of the second plastic hinge 

0.5 200 100 mmh D     (7.36)

 = 0.5 for lipped plain-C section 

  is a yield-line distribution slope factor 

1 1.0 1.5 1.5o       (7.37)

  is a slope factor, = 1.5 for lipped plain-C 

  is a factor which depends on the bearing length ratio (N/D=0.5),  = 1.0 

Nm1 and Nm2 are the yield-line lengths:  

2 100 2 1.5 100 400 mmmN N h        (7.38)
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=1.0 as given in Eq (7.20) 

 The yield load: 

500 400 33333 N = 33.33 kN
1.0 6yP 

 


 
(7.39)

The slenderness: 

33.33 1.371
17.73

y

cr

P
P

     
(7.40)

Checking:  

 0.998 0.844    

The nominal capacity is calculated by Eq.(7.9) as given: 

0.6 0.6

1 0.15 cr cr
n y

y y

P PP P
P P

    
              

 

 
0.6 0.617.73 17.7333.33 1 0.15 20.48 kN

33.33 33.33nP
             

     
 

 

(7.41)

The design capacity is given by:  

0.9 20.48 18.43 kNnP     (7.42)

The design capacity from AS/NZS4600 [3]:  

0.8 17.42 13.93 kNbR     (7.43)

b. Fastened flanges condition 

The buckling load is obtained from the THIN-WALL-2 V2.0 program: Pcr = 25.36 kN. 

The plastic mechanism model is given in Eq.(7.17): 

 

Figure 7.17: Plastic mechanism model for the section under the ITF load case - Fastened 

Plastic hinges

Py





Py

N=100

N    =200

yield line 1

N    =100
1h

=


D m1

m2

N    =375m3

N=100

1


1
m

1
m

t

b

r

r

1
t

1
b

yield line 3

yield line 2

re
=

6
d1

=
18

8
re

=
6

D
=

2
0

0

b=       2.0t

=1.0m

=0.125

=1.0



 

                                                                                                                   Chapter 7: Direct Strength Method for web crippling 

Van Vinh Nguyen                                                                                                                                                        PhD THESIS 
 

229

The yield load is determined by: 

1 2 3
2

2
p

y m m m

M hP N N N
r D h
         

 
(7.44)

where: 

Mp = 500 Nmm/mm as given in Eq.(7.16) 

h is the depth of the second plastic hinge 

0.125 200 25 mmh D     (7.45)

 = 0.125 for lipped plain-C section 

 For the top and the bottom yield-lines in the web 

1 1.0 2.0 2.0t b o         (6.46)

 = 2.0 for lipped plain-C section 

  is a factor which depends on the bearing length ratio (N/D=0.5),  = 1.0 

For the middle yield-line in the web 

2 1.0 1.0 1.0m o       (6.47)

 =1.0 for lipped plain-C section 

Nm1, Nm2 and Nm3 are the yield-line lengths:  

                  1 100 mmmN N   

                 2 2 100 2 2.0 25 200 mmm tN N h        

                3 2
2002 200 2 1.0 25 275 mm

2m m mN N h          
 

 

 

(6.48)

=1.0 as given in Eq (7.20) 

 The yield load: 

500 2 25100 200 275 32.64 mm
1.0 6.0 200 2 25yP             

 
(7.49)

The slenderness: 

32.64 1.134
25.36

y

cr

P
P

     
(7.50)

Checking:  

 1.134 0.844    

The nominal capacity is calculated by Eq.(7.9) as given: 
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0.6 0.6

1 0.15 cr cr
n y

y y

P PP P
P P

    
              

 

 
0.6 0.625.36 25.3632.64 1 0.15 24.44 kN

32.64 32.64nP
             

     
 

 

(7.51)

The design capacity is given by:  

0.9 24.44 21.99 kNnP     (7.52)

The design capacity from AS/NZS4600 [3]:  

0.85 36.96 31.42 kNbR     (7.53)

7.6.5. ETF load case 

The buckling load is obtained from the THIN-WALL-2 V2.0 program: Pcr = 8.04 kN. 

The plastic mechanism model is given in Eq.(7.18): 

 

Figure 7.18: Plastic mechanism model for the section under the ETF load case 

The yield load is determined by: 
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(7.54)

where: 

Mp = 500 Nmm/mm as given in Eq.(7.16) 

h is the depth of the second plastic hinge 

0.5 200 100 mmh D     (7.55)

 = 0.5 for lipped plain-C section 

  is a yield-line distribution slope factor 
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1 1.0 1.0 1.0o       (7.56)

  is a slope factor, = 1.0 for lipped plain-C 

  is a factor which depends on the bearing length ratio (N/D=0.5),  = 1.0 

Nm is the yield-line length:  

100 1.0 100 200 mmmN N h       (7.57)

=1.0 as given in Eq (7.20) 

 The yield load: 

500 200 16670 N = 16.67 kN
1.0 6yP 

 


 
(7.58)

The slenderness: 

16.67 1.440
8.07

y

cr

P
P

     
(7.59)

Checking:  

 1.440 0.707    

The nominal capacity is calculated by Eq.(7.11) as given: 

1.0 1.0

1 0.25 cr cr
n y

y y

P PP P
P P

    
              

 

 
1.0 0.68.04 8.0416.67 1 0.25 7.07 kN

16.67 16.67nP
             

     
 

 

(7.60)

The design capacity is given by:  

0.9 7.07 6.36 kNnP     (7.61)

The design capacity from AS/NZS4600 [3]:  

0.9 10.68 9.61 kNbR     (7.62)

7.7. CONCLUSION 

The DSM has been developed using generalised design equations to predict both the yield load and 

inelastic capacities of structural members subjected to different localised load cases. The same DSM 

equations are used to calculate the nominal capacities of structural members under the one-flange 

loading cases (IOF and EOF), while the two-flange load cases (ITF and ETF) require different DSM 

equations. These equations are benchmarked against the experimental data collected from different 

investigations. A resistance factor  of 0.90 is recommended to use for the DSM equations for all 
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localised load cases (IOF, EOF, ITF and ETF) in the design of cold-formed steel sections under 

localised loading.  

The two main inputs which are used to build up the DSM equations are the buckling load and 

the yield load. The buckling load is obtained from THIN-WALL-2 V2.0 program based on the FSM, 

while the yield load is determined from plastic mechanism models. 
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Chapter 8 

CONCLUSIONS AND RECOMMENDATIONS  

FOR FUTURE STUDIES 

8.1. INTRODUCTION 

This Chapter summarizes the outcomes of this thesis in both pre-buckling and buckling analyses of 

thin-walled sections under localised loading as well as the development of the THIN-WALL-2 V2.0 

program. In addition, an overview about the plastic mechanism models for yielding analysis of cold-

formed steel sections subjected to web crippling is given. The Chapter summarises the development 

of the DSM for the design of cold-formed steel sections under localised loading. Finally, 

recommendations for future studies in this research area are suggested. 

8.2. ANALYSIS OF THIN-WALLED SECTIONS UNDER LOCALISED LOADING 

8.2.1. Pre-buckling analysis 

Pre-buckling analysis of cold-formed steel members under localised loading is an important step which 

provides membrane stresses used in the buckling analysis step. In this thesis, the Finite Strip Method 

(FSM) has been developed for pre-buckling analysis of thin-walled sections under localised loading 

with general end boundary conditions. This method has been benchmarked against the Finite Element 

Method (FEM) as described in Chapter 3. There are six possible different combinations of boundary 

conditions which can be applied to structural members, as follows: 

 1. Both ends simply supported (SS), 

 2. One end simply supported and the other end clamped (SC), 

 3. One end simply supported and the other end free (SF), 

 4. Both ends clamped (CC), 

 5. One end clamped and the other end free (CF), 

 6. Both ends free (FF). 

For different boundary conditions at supports and locations of applied loads, different 

displacement functions are required for both flexural and membrane displacements. In this research, 

the displacement functions introduced by Cheung [13] have been selected for the SS, SC, SF and CC 

boundary conditions, while the displacement functions from Bradford and Azhari [16] have been 
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employed for the CF boundary condition. In addition, a new set of displacement functions have been 

proposed for the FF boundary conditions as described in Chapter 3. 

As stresses are not uniform along the member due to localised loading, the pre-buckling 

analysis also requires multiple series terms with orthogonal functions. The larger the number of series 

terms used, the more accurate results obtained from the pre-buckling analysis. A convergence study 

has been performed with the beam length is 1000mm and the load length is 100mm to understand the 

relationship between the convergence of the stresses and the number of series terms. It is indicated 

that the stresses converged when the number of series terms reaches 25. It means that about 25 

series terms are required to get the converged stresses as well as deflections in the pre-buckling 

analysis for a localised load one tenth the length of the member. The more localised is the loading, the 

larger the number of series terms required to get the accurate results in the pre-buckling analysis. 

8.2.2. Buckling analysis 

In this thesis, the FSM has been developed for the buckling analysis of thin-walled sections under 

localised loading with general end boundary conditions. This method has proven to be accurate and 

efficient in comparison with the FEM as described in Chapter 4. For different boundary conditions, 

different functions are required to express the stresses of a strip in the structural member. The stress 

functions are employed the same as the displacement functions as described in the pre-buckling 

analysis.  

Similar to the pre-buckling analysis, multiple series terms are required in the buckling analysis to 

get more accurate results. A convergence study has been performed to understand the relationship 

between the convergence of buckling load factors and the number of series terms. It is found that 

there is convergence of the buckling load factor () when the number of series terms reaches 15. It 

means that a smaller number of series terms are required for buckling analysis in comparison with 

those in the pre-buckling analysis. 

8.2.3. THIN-WALL-2 V2.0 program 

The FSM theory has been developed for both pre-buckling and buckling analyses of thin-walled 

sections under localised loading for general end boundary conditions. This theory has been included 

in the THIN-WALL-2 V2.0 as described in Chapter 5. The program contains a Graphical User Interface 

(GUI) which calls three programs: bfinst7.cpp, bfinst10.cpp written by using C++ computer language 

and a FSM module written by Matlab. The bfinst7.cpp program as described in [73] and [72] is used in 
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a Uniform Stress module where the main functions are a cross-section analysis, a stress analysis and 

a buckling analysis of thin-walled sections under uniform stresses. The bfinst10.cpp program is used 

in a Localised Loading module for both pre-buckling and buckling analyses of structural members 

under localised loading with both ends simply supported boundary condition as described in [12]. The 

FSM module is developed for analysis of structural members under localised loading with general end 

boundary conditions as described in Chapters 3 and 4. 

 In general, the THIN-WALL-2 V2.0 program can be used to define input data using the GUI to 

perform pre-buckling and buckling analyses of thin-walled sections under generalised loading. The 

loading may contain uniform stresses due to compression, bending, shear or combinations of these 

loading and localised loading. The structural members may be made from both isotropic and 

orthotropic materials. It is also possible to use this program to perform a cross-section analysis to 

generate the section properties. The cross-sections can be formed from different shapes includes 

open and closed sections or mixed sections. In addition, the buckling modes and shapes are 

displayed in both 2D and 3D views, thus the user can understand the working of the structural member 

clearly. 

 Simulations have been modeled by the FEM using Abaqus [32] for analysis of structural 

members under localised loading. It is found that there is agreement between the results from the 

THIN-WALL-2 V2.0 program and those from Abaqus. Thus, the THIN-WALL-2 V2.0 program has been 

seen as a good alternative software which can be used in analysis of thin-walled sections under 

generalised loading. 

8.3. YIELDING ANALYSIS 

Yield load (Py) is an important input to develop the DSM for web crippling. In this thesis, new and 

simple plastic mechanism models have been developed for all four localised load cases to calculate 

the yield loads of the structural members under loalised loading. The parameters of the models are 

adjusted due to the cross-sections types, loading conditions and flange fastened conditions. Currently, 

the plastic mechanism models are proposed for unlipped plain-C, lipped plain-C, SupaCee and DHS 

channels as described in Chapter 6. 

8.4. DIRECT STRENGTH METHOD FOR WEB CRIPPLING 

In this thesis, the DSM has been developed for the design of cold-formed steel sections subjected to 

localised loading. In order to develop this method for web crippling, the experimental data has been 
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collected from previous literature for different cross-section types, localised load cases and flange 

fastened conditions. In addition, the buckling load (Pcr) is obtained from the THIN-WALL-2 V2.0 

program, while the yield load (Py) is determined by the plastic mechanism models. From these inputs, 

a consistent and simplified DSM equations for design of cold-formed sections under localised loading 

are proposed. The DSM has been developed using generalised design equations to predict both the 

yield load and inelastic capacities of structural members subjected to different localised load cases. 

The same DSM equations are used to calculate the nominal capacities of structural members under 

the one-flange loading cases (IOF and EOF), while the two-flange load cases (ITF and ETF) require 

different DSM equations. 

The DSM equations for each load case have been plotted with the experimental data as 

described in Chapter 7. It is indicated that the DSM equations are benchmarked against the 

experimental data collected from different investigations. In addition, a resistance factor  of 0.90 is 

recommended to use for the DSM equations for all localised load cases (IOF, EOF, ITF and ETF) in 

the design of cold-formed steel sections under localised loading. 

8.5. RECOMMENDATIONS FOR FUTURE STUDIES 

The FSM method has been developed for analysis of thin-walled sections under localised loading for 

general end boundary conditions and has been included in the THIN-WALL-2 V2.0 program. However, 

it still has some limitations which need to be improved in the future work: 

1. The displacement functions for the SC, SF boundary conditions are combinations of sin, cos, 

sinh and cosh functions as described in Chapter 3. These functions make the integrations in 

both the pre-buckling and buckling analyses become more complicated. Consequently, the 

THIN-WALL-2 V2.0 program runs slowly in solving the integrations in the analytical 

processes. Thus, it is necessary to discover simpler displacement functions for the SC and 

SF boundary conditions for faster execution is required. 

2. The displacement functions for the SC and the CF cases still have problems with the shear 

stress results. The SC case has symmetric shear stress at both ends of structural members 

and these values are not matching with the shear stress from the FEM (Abaqus). Especially 

for the CF case, shear stresses equal to zero at the clamped end occur which does not 

appear in the results from Abaqus. These problems do not affect the final results from the 

buckling analysis as explained in Chapter 3; however, it is still important to discover more 
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suitable displacement functions for the SC and CF cases to get accurate results for the pre-

buckling analysis. 

3. In this research, the boundary condition refers to the support conditions at the ends of all 

strips of structural members included strips on the web, flanges and lips. However, for 

members in practical structures or in experiments, it is difficult to apply the boundary 

conditions for the lips and flanges alone. It means that the boundary condition for strips on 

the web may be simply supported, clamped or free, while the boundary condition for strips 

on the lips and flanges are always free. Hence, the boundary conditions for structural 

members can be mixed boundary conditions. Consequently, different displacement functions 

are required and applied for strips in different parts of the structural member. Thus, it is 

necessary to develop the FSM theory for analysis of cold-formed steel members subjected to 

web crippling with mixed boundary conditions. 

4. The FSM has been developed for analysis of thin-walled sections under compression, 

bending, shear force and localised loading. However, the method has not developed for 

analysis of thin-walled sections subjected to combinations these above loads. Thus, this is 

an important research direction in the future which makes the FSM method become more 

general. 

 The DSM has been proposed for design of cold-formed steel members subjected to web 

crippling. It seems to be a consistent and simplified proposal in comparison with other previous DSM 

predictions. However, the proposals still have some restrictions as follows: 

1. Currently, the plastic mechanism models, which provide the yield load (Py) for the DSM, 

have been developed in this thesis for un-lipped plain-C, lipped plain-C, SupaCee and DHS, 

channels. The experimental data is still limited for other cross-section types such as hat 

sections, Z-sections and box sections as shown in Fig.8.1, channel sections with hollow 

flanges as shown in Fig.8.2, roof sheeting and decking. Thus, it is essential to gather more 

experimental data for different cross-sections to further develop the plastic mechanism 

models. 
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Figure 8.1: Different cold-formed steel sections 

 

Figure 8.2: Channel section with hollow flanges 

2. In this thesis, the DSM is proposed for cold-formed steel members without holes; however, 

structural members with web openings are used widely for different purposes as shown in 

Fig.8.3. The creation of holes decreases the strength of members under loading. Also, the 

behaviour of members with holes is different from members without holes. Thus, it is 

important to develop the DSM to predict the capacities of structural members with holes 

subjected to localised loading. 

    

Figure 8.3: Cold-formed steel members with holes 
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APPENDIX A: FLEXURAL AND MEMBRANE STIFFNESS MATRICES 

1. Flexural stiffness matrix  

The evaluation matrix of the flexural displacement functions at nodal line. 
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The property matrix of flexural displacement of a strip 
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 Ex, Ey are the moduli of elasticity of the longitudinal and transverse directions of a strip 

respectively 

 x, y are the poisson’s ratios  

 G is the shear modulus of a strip 

The strain matrix of flexural displacement 
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Matrix A:  
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In which: 
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Matrix C:  
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b b
    

 '' '' '' ' '
24 1 1 1 1 1 1 12 2

1 6 12
5 3 3x m n m n xy m nC D X X D X X D X X

b b
    

 '' '' ''
31 1 1 1 1 12

1 2
3 x m n m nC D X X D X X

b
   

 
1

'' '' '' ' '
32 1 1 1 1 1 12 2

1 2 8
4 2 2 nx m n m n xy mC D X X D X X D X X

b b
    

 
1

'' '' '' '' ' '
33 1 1 1 1 1 1 1 1 1 1 12 2 4 2

1 2 2 4 16
5 3 3 3 nx m n m n m n y m n xy mC D X X D X X D X X D X X D X X

b b b b
      

 
1

'' '' '' '' ' '
34 1 1 1 1 1 1 1 1 1 1 12 2 4 2

1 6 2 12 24
6 4 4 2 4 nx m n m n m n y m n xy mC D X X D X X D X X D X X D X X

b b b b
      

 '' '' ''
41 1 1 1 1 12

1 6
4 2x m n m nC D X X D X X

b
   

 '' '' '' ' '
42 1 1 1 1 1 1 12 2

1 6 12
5 3 3x m n m n xy m nC D X X D X X D X X

b b
    

 
1

'' '' '' '' ' '
43 1 1 1 1 1 1 1 1 1 1 12 2 4 2

1 2 6 12 24
6 4 4 2 4 nx m n m n m n y m n xy mC D X X D X X D X X D X X D X X

b b b b
      

 '' '' '' '' ' '
44 1 1 1 1 1 1 1 1 1 1 1 12 2 4 2

1 6 6 36 36
7 5 5 3 5x m n m n m n y m n xy m nC D X X D X X D X X D X X D X X

b b b b
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Matrix D: 

    
11 12 13 14

1
21 22 23 24

31 32 33 340 0

41 42 43 44

y
T

Fm F Fn

D D D D
D D D D

D B D B d yd
D D D D
D D D D

 




 
 
  
 
 
 

   

 

(A-8)

In which: 

 11 4x FD D I       13 4 1 22

1 2
3 x F FD D I D I

b     

 12 4
1
2 x FD D I       14 4 1 22

1 3
4 x F FD D I D I

b      

 21 4
1
2 x FD D I       23 4 1 2 52 2

1 1 4
4 x F F xy FD D I D I D I

b b      

 22 4 52

1 4
3 x F xy FD D I D I

b      24 4 1 2 52 2

1 2 4
5 x F F xy FD D I D I D I

b b      

31 4 1 32

1 2
3 x F FD D I D I

b      32 4 1 3 52 2

1 1 4
4 x F F xy FD D I D I D I

b b      

33 4 1 3 1 2 1 52 2 4 2

1 2 2 4 16
5 3 3 3x F F F y F xy FD D I D I D I D I D I

b b b b          

34 4 1 2 1 3 1 52 2 4 2

1 3 1 6 6
6 2 2x F F F y F xy FD D I D I D I D I D I

b b b b          

41 4 1 32

1 3
4 x F FD D I D I

b    

42 4 1 3 52 2

1 2 4
5 x F F xy FD D I D I D I

b b      

43 4 1 2 1 3 1 52 2 4 2

1 1 3 6 6
6 2 2x F F F y F xy FD D I D I D I D I D I

b b b b          

44 4 1 2 1 3 1 52 2 4 2

1 6 6 12 36
7 5 5 5x F F F y F xy FD D I D I D I D I D I

b b b b          

In which: 

    1 1 1F m n
o

I X X d
 

   


         '' ''
4 1 1F m n

o

I X X d
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    ''
2 1 1F m n

o

I X X d
 

   


         ' '
5 1 1F m n

o

I X X d
 

   


   

    ''
3 1 1F m n

o

I X X d
 

   


   

 
     1 1 1'

1

( ) ( ) ( )m m m
m

d X d X d X
X

xdx L L dd
L

   
 

            
 
 

 

 
 2 2

1''
1 2

( )m
m

d X
X

L d



   
   

2. Membrane stiffness matrix  

The evaluation matrix of the membrane displacement functions at nodal line. 

1 0 0 0
0 0 1 0

[ ]
1 1 0 0
0 0 1 1

MC

 
 
 
 
 
    

1

1 0 0 0
1 0 1 0

[ ]
0 1 0 0
0 1 0 1

MC 

 
  
 
  

 

 

(A-9)

The property matrix of membrane displacement 

 
2 12

12 1

0
0

0 0
M

E E
D E E

G

 
   
  

 

 

(A-10)

2 (1 )
x

y x

EE
 




; 1 (1 )
y

y x

E
E

 



;   

12 (1 ) (1 )
x y y x

y x y x

v E v E
E

   
 

 
 

 

(A-11)

The strain matrix of membrane displacement 

 

' '
2 2

1

' '
1 1 2

0 0
10 0 0

10

m m

Mm m

m m m

X yX

B X
b

X yX X
b

 
 
 
 
 
 
 
 

 

 

(A-12)
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Matrix M: 

  M MnM D B  
 

(A-13)

 

' '
2 2

2 12 11 12 13 14

12 1 1 21 22 23 24

31 32 33 34
' '
1 1 2

0 00
10 0 0 0

0 0 10

n n

n

n n n

X yXE E M M M M
M E E X M M M M

b
G M M M M

X yX X
b

 
 

    
         
       

 
 

 

In which: 

 11 0M        '
23 12 2nM E X  

 12
12 1n

EM X
b

      '
24 12 2nM E yX  

'
13 2 2nM E X      '

31 1nM GX  

'
14 2 2nM E yX      '

32 1nM G yX  

21 0M        33 0M   

1
22 1n

EM X
b

      34 2n
GM X
b

  

Matrix N: 

    T
Mm M MnN B D B  

 

(A-14)

 

'
1

11 12 13 14'
11 12 13 141 1

21 22 23 24
21 22 23 24'

31 32 33 342
31 32 33 34

41 42 43 44'
2 2

0 0
10

0 0
10

m

m m

m

m m

X
N N N N

M M M MX yX N N N NbN M M M M
N N N NX

M M M M
N N N N

yX X
b

 
   
     
           
         
  

 

In which: 

 ' '
11 1 1m nN GX X      31 0N   

 ' '
12 1 1m nN G yX X     '12

32 2 1m n
EN X X
b

  

 13 0N        ' '
33 2 2 2m nN E X X  
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 '
14 1 2m n

GN X X
b

     ' '
34 2 2 2m nN E yX X  

 ' '
21 1 1m nN G yX X     '

41 2 1m n
GN X X
b

  

 
2 ' '1

22 1 1 1 12 m n m n
EN X X G y X X
b

     ' '12
42 2 1 2 1m n m n

E GN yX X yX X
b b

   

 '12
23 1 2m n

EN X X
b

     ' '
43 2 2 2m nN E yX X  

 ' '12
24 1 2 1 2m n m n

E GN yX X yX X
b b

    
2 ' '

44 2 2 2 2 22m n m n
GN E y X X X X
b

   

Matrix P: 

    
11 12 13 14

1
21 22 23 24

31 32 33 340

41 42 43 44

y
T

Mm M Mn

P P P P
P P P P

P B D B d y
P P P P
P P P P



 
 
  
 
 
 

  

 

(A-15)

In which: 

 ' '
11 1 1m nP GX X      31 0P   

 ' '
12 1 12 m n

GP X X      '12
32 2 1m n

EP X X
b

  

 13 0P        ' '
33 2 2 2m nP E X X  

 '
14 1 2m n

GP X X
b

      ' '2
34 2 22 m n

EP X X  

 ' '
21 1 12 m n

GP X X      '
41 2 1m n

GP X X
b

  

 ' '1
22 1 1 1 12 3m n m n

E GP X X X X
b

     ' '12
42 2 1 2 12 2m n m n

E GP X X X X
b b

   

 '12
23 1 2m n

EP X X
b

     ' '2
43 2 22 m n

EP X X  

 ' '12
24 1 2 1 22 2m n m n

E GP X X X X
b b

      ' '2
44 2 2 2 223 m n m n

E GP X X X X
b
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Matrix Q: 

    
11 12 13 14

1
21 22 23 24

31 32 33 340 0

41 42 43 44

y
T

Mm M Mn

Q Q Q Q
Q Q D Q

Q B D B d yd
Q Q D Q
Q Q D Q

 




 
 
  
 
 
 

   

 

(A-16)

where: 

 11 5MQ GI       31 0Q   

 12 52 M
GQ I       12

32 2M
EQ I
b   

 13 0Q        33 2 4MQ E I   

 14 6M
GQ I
b       2

34 42 M
EQ I   

 21 52 M
GQ I       41 7M

GQ I
b   

 1
22 1 52 3M M

E GQ I I
b        12

42 2 72 2M M
E GQ I I

b b    

 12
23 3M

EQ I
b       2

43 42 M
EQ I   

 12
24 3 62 2M M

E GQ I I
b b       2

44 4 823 M M
E GQ I I

b    

In which: 

    1 1 1M m n
o

I X X d
 

   


        ' '
5 1 1M m n

o

I X X d
 

   


   

    '
2 2 1M m n

o

I X X d
 

   


        '
6 1 2M m n

o

I X X d
 

   


   

    '
3 1 2M m n

o

I X X d
 

   


        '
7 2 1M m n

o

I X X d
 

   


   

    ' '
4 2 2M m n

o

I X X d
 

   


        8 2 2M m n
o

I X X d
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3. Transformation matrix 

The transformation matrix   TC 

 

 

0 0 1 1
1 1 0 0

1 0 3 2
0 2

0 0 0 1
0 1 0 0

0 0 3 2
0 0

T b b b
C

b b



 
  
 
    
 
 
 
 

  

 

 

(A-17)

The rotation matrix  R
 

 

0 cos sin 0
0 sin cos 0
1 0 0 0
0 0 0 1

0 cos sin 0
0 sin cos 0
1 0 0 0
0 0 0 1

R

 
 

 
 

 
 
 
 
 
   
 
 
 
 
  

 

 

(A-18)

The transformation matrix  A
 

 

 

sin 3sin 2sin cos cos
cos 3cos 2cos sin sin

1 1
2

3sin 2sin cos
3cos 2cos sin

1

b b b
A

b b

    
    

  
  

   
   
 
    
 

 
 
 

  

 

 

(A-19)
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APPENDIX B: PRE-BUCKLING COMPARISON BETWEEN THE FSM AND THE FEM FOR 

DIFFERENT BOUNDARY CONDITIONS 

1. Both ends Simply supported (SS) 

Stress comparison: 

 

Figure B-1: Longitudinal stress at Nodal Line 23 along the beam for the SS case 

 

Figure B-2: Transverse stress at Nodal Line 23 along the beam for the SS case 
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Figure B-3: Shear stress at Nodal Line 23 along the beam for the SS case 

Pre-buckling deformation comparison: 

           

                       (a) From THIN-WALL-2              (b) From Abaqus 

Figure B-4: Pre-buckling deformation comparison for the SS case 

Deformation comparison: 

 

Figure B-5: Transverse pre-buckling deformation at Nodal Line 23 along the beam for the SS case 
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Figure B-6: Vertical pre-buckling deformation at Nodal Line 23 along the beam for the SS case 

 

Figure B-7: Longitudinal pre-buckling deformation at Nodal Line 23 along the beam for the SS case 

2. One end Simply supported and one end Clamped (SC) 

Stress comparison: 

 

Figure B-8: Longitudinal stress at Nodal Line 23 along the beam for the SC case 
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Figure B-9: Transverse stress at Nodal Line 23 along the beam for the SC case 

 

Figure B-10: Shear stress at Nodal Line 23 along the beam for the SC case 

Pre-buckling deformation comparison: 

           

                       (a) From THIN-WALL-2              (b) From Abaqus 

Figure B-11: Pre-buckling deformation comparison for the SC case 
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Figure B-12: Transverse pre-buckling deformation at Nodal Line 23 along the beam for the SC case 

 

Figure B-13: Vertical pre-buckling deformation at Nodal Line 23 along the beam for the SC case 

 

Figure B-14: Longitudinal pre-buckling deformation at Nodal Line 23 along the beam for the SC case 

 



 

                                                                                                                                                                                       Appendices 

Van Vinh Nguyen                                                                                                                                                         PhD THESIS 
 

261

3. One end Simply supported and one end Free (SF) 

Stress comparison: 

 

Figure B-15: Longitudinal stress at Nodal Line 23 along the beam for the SF case 

 

Figure B-16: Transverse stress at Nodal Line 23 along the beam for the SF case 

 

Figure B-17: Shear stress at Nodal Line 23 along the beam for the SF case 
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Pre-buckling deformation comparison: 

 

          

                       (a) From THIN-WALL-2              (b) From Abaqus 

Figure B-18: Pre-buckling deformation comparison for the SF case 

 

Figure B-19: Transverse pre-buckling deformation at Nodal Line 23 along the beam for the SF case 

 

Figure B-20: Vertical pre-buckling deformation at Nodal Line 23 along the beam for the SF case 
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Figure B-21: Longitudinal pre-buckling deformation at Nodal Line 23 along the beam for the SF case 

4. Both ends Clamped (CC) 

Stress comparison: 

 

Figure B-22: Longitudinal stress at Nodal Line 23 along the beam for the CC case 

 

Figure B-23: Transverse stress at Nodal Line 23 along the beam for the CC case 
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Figure B-24: Shear stress at Nodal Line 23 along the beam for the CC case 

Pre-buckling deformation comparison: 

        

                       (a) From THIN-WALL-2              (b) From Abaqus 

Figure B-25: Pre-buckling deformation comparison for the CC case 

 

Figure B-26: Transverse pre-buckling deformation at Nodal Line 23 along the beam for the CC case 
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Figure B-27: Vertical pre-buckling deformation at Nodal Line 23 along the beam for the CC case 

 

Figure B-28: Longitudinal pre-buckling deformation at Nodal Line 23 along the beam for the CC case 

5. Both ends Free (FF) 

Stress comparison: 

 

Figure B-29: Longitudinal stress at Nodal Line 23 along the beam for the FF case 
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Figure B-30: Transverse stress at Nodal Line 23 along the beam for the FF case 

 

Figure B-31: Shear stress at Nodal Line 23 along the beam for the FF case 

Pre-buckling deformation comparison: 

 

           

                       (a) From THIN-WALL-2              (b) From Abaqus 

Figure B-32: Pre-buckling deformation comparison for the FF case 
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Figure B-33: Transverse pre-buckling deformation at Nodal Line 23 along the beam for the FF case 

 

Figure B-34: Vertical pre-buckling deformation at Nodal Line 23 along the beam for the FF case 

 

Figure B-35: Longitudinal pre-buckling deformation at Nodal Line 23 along the beam for the FF case 
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APPENDIX C: FLEXURAL AND MEMBRANE STABILITY MATRICES 

1. Flexural stability matrix 

The evaluation matrix of the flexural displacement functions at nodal line. 

1 0 0 0
10 0 0

[ ]
1 1 1 1

1 2 30

F
bC

b b b

 
 
 
   
 
 
  

   1

1 0 0 0
0 0 0

[ ]
3 2 3

2 2

F

b
C

b b
b b



 
 
 
   
  

 

 

 

(C-1)

The property matrix of flexural displacement of a strip 

 
1

1

0
0

0 0

x

F y

xy

D D
D D D

D

 
   
  

 

 

(C-2)

3

12(1 )
x

x
y x

E tD
 




   
3

12(1 )
y

y
y x

E t
D

 



 

1 x y y xD D D      
3

12xy
GtD   

 

(C-3)

 Ex, Ey are the moduli of elasticity of the longitudinal and transverse directions of a strip 

respectively 

 x, y are the poisson’s ratios  

 G is the shear modulus of a strip 

The strain matrix of flexural displacement 

 

2 3'' '' '' ''
1 1 1 1

1 12 2

2
' ' '
1 1 1

2 60 0

2 4 60

k k k k

Fk k k

k k k

X yX y X y X

yB X X
b b

y yX X X
b b b

 
    
 
 

   
 
 
 
 

 

 

 

(C-4)

The flexural stability matrix of a strip: 

       1T
Fmn F Fmn Fg C g C

   
 

(C-5)
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1 2 1 2

11 12 21 22

FL mn FL mn FT mn FT mn
Fmn

FS mn FS mn FS mn FS mn

g g g g
g

g g g g
   


   

    
       

 

 

(C-6)

Components of the flexural stability matrix 

   1 1 1
1

FL mn FL Lw mnk
k

Vg B C


  

       
  

 

(C-7)

   2 2 2
1

FL mn FL Lw mnk
k

Vg B C


  

       
  

 

(C-8)

   1 1 12
1

FT mn FT T mnk
k

Vg B C
b



  

       
  

 

(C-9)

   2 2 22
1

FT mn FT T mnk
k

Vg B C
b



  

       
  

 

(C-10)

   11 11 11
1

FS mn FS S mnk
k

Vg B C
b



  

       
  

 

(C-11)

   12 12 12
1

FS mn FS S mnk
k

Vg B C
b



  

       
  

 

(C-12)

   21 21 21
1

FS mn FS S mnk
k

Vg B C
b



  

       
  

 

(C-13)

   22 22 22
1

FS mn FS S mnk
k

Vg B C
b



  

       
  

 

(C-14)

    V is the strip volume, V=bLt 

Matrices for calculation of the flexural stability matrix 

  1 1 1
1

1 1 1 1

1
1 1 1 1

1 1 1 1

2 3 4

2 3 4 5

3 4 5 6

4 5 6 7

L k L k L k
L k

L k L k L k L k

FL
L k L k L k L k

L k L k L k L k

B

  

   

   

   

      
            

        
        
        
        
        
        
                         

 

 

(C-15)
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3 2 3 2 3 2 3
2

2 3 2 3 2 3 2 3

2
2 3 2 3 2 3 2 3

2 2 3 3 4 4 5

2 3 3 4 4 5 5 6

3 4 4 5 5 6 6

L k L k L k L k L k L k L k
L k

L k L k L k L k L k L k L k L k

FL
L k L k L k L k L k L k L k L

B

      

       

       

                 
       
                 
       
             
     

2 3 2 3 2 3 2 3

7

4 5 5 6 6 7 7 8

k

L k L k L k L k L k L k L k L k       

 
 
 
 
 
 
  
  

  
                            

 

 

(C-16)

1 1 1

1 1
1 1

1 1
1

0 0 0 0
0

4 60
3 4

6 90
4 5

T k T k T k

T k T k
FT T k

T k T k
T k

B

  
 

 

 
 
 
   
 
 
  

        

2 2 2

2 2
2 2

2 2
2

0 0 0 0
0

4 60
3 4

6 90
4 5

T k T k T k

T k T k
FT T k

T k T k
T k

B

  
 

 

 
 
 
   
 
 
  

 

 

(C-17)

1 1 1

1 1 1

11 1 1 1

1 1 1

0
2 30

2 3 4
2 30

3 4 5
2 30

4 5 6

k k k

k k k

FS k k k

k k k

B

  
  

  

  

 
 
 
 
 
 
 
 
     

            

2 2 2

2 2 2

12 2 2 2

2 2 2

0
2 30

2 3 4
2 30

3 4 5
2 30

4 5 6

k k k

k k k

FS k k k

k k k

B

  
  

  

  

 
 
 
 
 
 
 
 
  

 

 

(C-18)

1 1 1
1

21 1 1 1
1

1 1 1
1

0 0 0 0

2 3 4
2 2 2

3 4 5
3 3 3

4 5 6

k k k
k

FS k k k
k

k k k
k

B

  

  

  

 
 
 
 
 
 
 
 
  

         

2 2 2
2

22 2 2 2
2

2 2 2
2

0 0 0 0

2 3 4
2 2 2

3 4 5
3 3 3

4 5 6

k k k
k

FS k k k
k

k k k
k

B

  

  

  

 
 
 
 
 
 
 
 
  

 

 

(C-19)

Integrals for calculation of the flexural stability matrix 

     ' '
1 1 1 1

0
L wmnk m k nC X X d

 

    


   

 

(C-20)

     ' '
2 1 2 1

0
L wmnk m k nC X X d

 

    


   

 

(C-21)

     1 1 1 1
0

T mnk m k nC X X d
 

    


   

 

(C-22)
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     2 1 2 1
0

T mnk m k nC X X d
 

    


   

 

(C-23)

     '
11 1 1 1

0
S mnk m k nC X X d

 

    


   

 

(C-24)

     '
12 1 2 1

0
S mnk m k nC X X d

 

    


   

 

(C-25)

     '
21 1 1 1

0
S mnk m k nC X X d

 

    


   

 

(C-26)

     '
22 1 2 1

0
S mnk m k nC X X d

 

    


   

 

(C-27)

 
x

L
    
 

, when x changes from 0 to L, then   changes from 0 to   

 
yy
b

 , when y changes from 0 to b, then y  changes from 0 to 1 

      1 1 1'
1

( ) ( ) ( )m m m
m

d X d X d X
X

xdx L L dd
L

   
 

            
 
 

 

 
 2 2

1''
1 2

( )m
m

d X
X

L d



   
 

 

Stress functions 

       '
1 1 2 2 and k k k kx X x x X x    

 

(C-28)

       '
1 1 2 2 and k m k mx X x x X x    

 

(C-29)

12
1 2 2 3 2 3 4 2;  and L k Mm L k Mm L k Mm

E E E
b

         

 

(C-30)

1
1 2 2 3 12 4 12

1 and 
2T k Mm T k Mm Mm

E E E
b

         
 

 

(C-31)

1 1 2 2 4
1  and 
2k Mm Mm k Mm

GG G
b

         
 

 

(C-32)

2. Membrane stability matrix 

The evaluation matrix of the membrane displacement functions at nodal line. 
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1 0 0 0
0 0 1 0

[ ]
1 1 0 0
0 0 1 1

MC

 
 
 
 
 
    

1

1 0 0 0
1 0 1 0

[ ]
0 1 0 0
0 1 0 1

MC 

 
  
 
  

 

 

 

(C-33)

The property matrix of membrane displacement 

 
2 12

12 1

0
0

0 0
M

E E
D E E

G

 
   
  

 

 

 

(C-34)

2 (1 )
x

y x

EE
 




; 1 (1 )
y

y x

E
E

 



;   

12 (1 ) (1 )
x y y x

y x y x

v E v E
E

   
 

 
 

 

(C-35)

The strain matrix of membrane displacement 

 

' '
2 2

1

' '
1 1 2

0 0
10 0 0

10
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The membrane stability matrix of a strip: 
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Components of the membrane stability matrix 
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Matrices for calculation of the membrane stability matrix 
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Integrals for calculation of the membrane stability matrix 
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APPENDIX D: BUCKLING COMPARISON BETWEEN THE FINITE STRIP METHOD AND THE 

FINITE ELEMENT METHOD FOR DIFFERENT BOUNDARY CONDITIONS 

1. Both ends Simply supported (SS) 

Buckling deformation comparison: 

        

                       (a) From THIN-WALL-2              (b) From Abaqus 

Figure D-1: Buckling deformation comparison for the SS case 

 

Figure D-2: Transverse buckling deformation at Nodal Line 23 along the beam for the SS case 

 

Figure D-3: Vertical buckling deformation at Nodal Line 23 along the beam for the SS case 
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Figure D-4: Longitudinal buckling deformation at Nodal Line 23 along the beam for the SS case 

For the SS case, the selected maximum buckling deformation is -12.545 mm to obtain the 

buckling deformation in other sections and directions without scale factors. 

2. One end Simply supported and one end Clamped (SC) 

Buckling deformation comparison: 

         

                       (a) From THIN-WALL-2              (b) From Abaqus 

Figure D-5: Buckling deformation comparison for the SC case 

 

Figure D-6: Transverse buckling deformation at Nodal Line 23 along the beam for the SC case 
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Figure D-7: Vertical buckling deformation at Nodal Line 23 along the beam for the SC case 

 

Figure D-8: Longitudinal buckling deformation at Nodal Line 23 along the beam for the SC case 

For the SC case, the selected maximum buckling deformation is -16.527 mm to obtain the 

buckling deformation in other sections and directions without scale factors. 

3. One end Simply supported and one end Free (SF) 

Buckling deformation comparison: 

         

                       (a) From THIN-WALL-2              (b) From Abaqus 

Figure D-9: Buckling deformation comparison for the SF case 
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Figure D-10: Transverse buckling deformation at Nodal Line 23 along the beam for the SF case 

 

Figure D-11: Vertical buckling deformation at Nodal Line 23 along the beam for the SF case 

 

Figure D-12: Longitudinal buckling deformation at Nodal Line 23 along the beam for the SF case 

For the SF case, the selected maximum buckling deformation is -11.173 mm to obtain the 

buckling deformation in other sections and directions without scale factors. 
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4. Both ends Clamped (CC) 

Buckling deformation comparison: 

         

                       (a) From THIN-WALL-2              (b) From Abaqus 

Figure D-13: Buckling deformation comparison for the CC case 

 

Figure D-14: Transverse buckling deformation at Nodal Line 23 along the beam for the CC case 

 

Figure D-15: Vertical buckling deformation at Nodal Line 23 along the beam for the CC case 
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Figure D-16: Longitudinal buckling deformation at Nodal Line 23 along the beam for the CC case 

For the CC case, the selected maximum buckling deformation is -20.395 mm to obtain the 

buckling deformation in other sections and directions without scale factors. 

5. Both ends Free (FF) 

Buckling deformation comparison: 

         

                       (a) From THIN-WALL-2              (b) From Abaqus 

Figure D-17: Buckling deformation comparison for the FF case 

 

Figure D-18: Transverse buckling deformation at Nodal Line 23 along the beam for the FF case 
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Figure D-19: Vertical buckling deformation at Nodal Line 23 along the beam for the FF case 

 

Figure D-20: Longitudinal buckling deformation at Nodal Line 23 along the beam for the FF case 

For the CF case, the selected maximum buckling deformation is -12.713 mm to obtain the 

buckling deformation in other sections and directions without scale factors. 
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APPENDIX E: EXPERIMENTAL DATA, BUCKLING LOADS AND YIELD LOADS FOR WEB 

CRIPPLING. 

1. Beshara and Schuster [36] (2000) 

Table E-1: Lipped plain-C sections under the ITF load case 
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2. Young and Hancock [22] (2001) 

Table E-2: Unlipped plain-C sections under the IOF load case 
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Table E-3: Unlipped plain-C sections under the EOF load case 

 

Table E-4: Unlipped plain-C sections under the ITF load case 
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Table E-5: Unlipped plain-C sections under the ETF load case 

 

3. Macdonald et al. [37] (2008) 

Table E-6: Lipped plain-C sections under the EOF load case 
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Table E-7: Lipped plain-C sections under the ETF load case 

 

4. Uzzaman et al. [38],[39] (2012) 

Table E-8: Lipped plain-C sections under the ITF load case (2012) 
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Table E-9: Lipped plain-C sections under the ETF load case (2012) 

 

Table E-10: Lipped plain-C sections under the ETF load case (2012) 
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5. Morelli et al. [40] (2014) 

Table E-11: Lipped plain-C sections under the IOF load case 

 

Table E-12: DHS sections under the IOF load case 

 

Corner radius: r1 = 5 mm, r2 = 3 mm; Beam length L=1100 mm 
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6. Khatale et al. [41] (2014) 

Table E-13: Lipped plain-C sections under the ITF load case 

 

Table E-14: DHS sections under the ITF load case 

 

Corner radius: r1 = 5 mm, r2 = 3 mm; Beam length L=1500 mm 

Table E-15: Lipped plain-C sections under the ETF load case 
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Table E-16: DHS sections under the ETF load case 

 

Corner radius: r1 = 5 mm, r2 = 3 mm; Beam length L=750 mm 

7. Sundararajah et al. [19] (2015) 

Table E-17: Lipped plain-C sections under the ITF load case 
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Table E-18: Lipped plain-C sections under the ETF load case 

 

8. Efendy et al. [7] (2015) 

Table E-19: Lipped plain-C sections under the IOF load case 
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Table E-20: SupaCee sections under the IOF load case 

 

Corner radius: r1 = r2 = 5 mm; Web stiffeners: G = 2.90mm, F = 4.20 mm; Beam length L=900 mm 

9. Hadchiti et al. [8] (2015) 

Table E-21: Lipped plain-C sections under the EOF load case 
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Table E-22: SupaCee sections under the EOF load case 

 

Corner radius: r1 = r2 = 5 mm; Web stiffeners: G = 2.90mm, F = 4.20 mm; Beam length L=900 mm 

10. Bartlett et al. [9] (2016) 

Table E-23: Lipped plain-C sections under the ITF load case 
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Table E-24: SupaCee sections under the ITF load case 

 

Corner radius: r1 = r2 = 5 mm; Beam length L=1000 mm 

11. Htet and Pham [10] (2016) 

Table E-25: Lipped plain-C sections under the ETF load case 
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Table E-26: SupaCee sections under the ETF load case 

 

Corner radius: r1 = r2 = 5 mm; Beam length L=1000 mm 

12. Lian et al. [42] (2016) 

Table E-27: Lipped plain-C sections under the EOF load case 
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APPENDIX F: DIRECT STRENGTH METHOD DATA 

1. IOF load case 

Table F-1: Lipped plain-C sections (Efendy et al. [7]) 

 

Table F-2: SupaCee sections (Efendy et al. [7]) 
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Table F-3: Lipped plain-C sections (Morelli et al. [40]) 

 

Table F-4: DHS sections (Morelli et al. [40]) 
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Table F-5: Unlipped plain-C sections (Young and Hancock [22]) 
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2. EOF load case 

Table F-6: Lipped plain-C sections (Hadchiti et al. [8]) 

 

Table F-7: SupaCee sections (Hadchiti et al. [8]) 
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Table F-8: Lipped plain-C sections (Macdonald et al. [37]) 

 

Table F-9: Lipped plain-C sections (Lian et al. [42]) 
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Table F-10: Unlipped plain-C sections (Young and Hancock [22]) 

 

3. ITF load case 

Table F-11: Lipped plain-C sections (Bartlett et al. [9]) 
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Table F-12: SupaCee sections (Bartlett et al. [9]) 

 

 

Table F-13: Lipped plain-C sections (Khatale et al. [41]) 
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Table F-14: DHS sections (Khatale et al. [41]) 

 

Table F-15: Lipped plain-C sections (Sundararajah et al. [19]) 
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Table F-16: Lipped plain-C sections (Uzzaman et al. [38]) 

 

 

Table F-17: Lipped plain-C sections (Beshara and Schuster [36]) 
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Table F-18: Unlipped plain-C sections (Young and Hancock [22]) 

 

 

4. ETF load case 

Table F-19: Lipped plain-C sections (Htet and Pham [10]) 
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Table F-20: SupaCee sections (Htet and Pham [10]) 

 

 

Table F-21: Lipped plain-C sections (Khatale et al. [41]) 

 

 

 

 

 

 

 

 

 

 



 

                                                                                                                                                                                       Appendices 

Van Vinh Nguyen                                                                                                                                                         PhD THESIS 
 

306

Table F-22: DHS sections (Khatale et al. [41]) 

 

Table F-23: Lipped plain-C sections (Macdonald et al. [37]) 
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Table F-24: Lipped plain-C sections (Sundararajah et al. [19]) 

 

Table F-25: Lipped plain-C sections (Uzzaman et al. [38]) 
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 Table F-26: Lipped plain-C sections (Uzzaman et al. [39]) 

 

Table F-27: Unlipped plain-C sections (Young and Hancock [22]) 
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