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Abstract: In this paper, the control of a mobile robot system via a feedback linearization controller and anti-control of chaos with parametric uncertainty is researched. Anti-control 
is also applied to convert non-chaotic systems to chaotic ones and to create chaos dynamic. The synchronization of system errors with a chaotic gyroscope system is researched 
for energy reduction and performance improvement. In the other words, control effort is based on synchronizing the error system with chaos for decreasing control cost. The 
combination of these techniques yields high efficiency and global convergence of trajectories, even in the presence of parametric uncertainty, which has been shown by simulation. 
Finally, the energy of control signals is calculated and compared for showing the energy reduction. 
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1 INTRODUCTION  
      

Recently, the controller of non-holonomic systems 
became a challenging area for engineers; however, a lot of 
work has been done in this field. Non-holonomic systems 
have non-holonomic constraints on velocities. Constraints 
are considered in wheeled mobile robots [1]. The control of 
a non-holonomic system is more difficult than that of a 
holonomic system. Non-holonomic control problems are 
studied in [2]. The time-varying adaptive control based on 
backstepping for uncertain non-holonomic chained systems 
was studied in [3]. There are two approaches for mobile robot 
control: one of them is stabilization and the other is trajectory 
tracking, which means the control of robots to track a desired 
trajectory. Many researchers pay attention to tracking [4-6]. 
The Lyapunov function is used for designing a tracking 
controller in [2]. Feedback linearization for tracking is 
studied in [7], backstepping in [8-9], the sliding mode control 
in [10], adaptive control in [11], fuzzy control in [12, 13], 
neural network control in [14], etc. 
     The mechanical system is synchronized with a chaotic 
system to control the system in [15]. The chaotification or 
anti-control of chaos means that a non-chaotic system is to 
be chaotified. Recently, the application of chaos in control 
attracts a lot of attention. Some features, such as initial 
conditions and limitations, are creating complexity in chaotic 
systems. 
     Due to the global stability of the chaos system, it is used 
in this paper, and errors of the states of the system are 
synchronized with a small ratio of the chaotic system, so that 
the states of the system can follow the reference path. In this 
paper, this concept of the anti-control of chaos is used, which 
refers to the synchronization of the error system with chaotic 
system. 
     The gyroscope system is studied in several research 
papers because of its applications in navigational, 
aeronautical and space engineering [17, 18]. There are 
different types of the linear/nonlinear gyroscope which has 
periodic or chaotic motions [19, 20].  

     The organization of this paper is as follows: in section 2, 
the chaotic gyroscope system is introduced, in section 3, 
mobile robot dynamics are described, sections 4 and 5 deal 
with the feedback linearization controller for nonlinear 
systems and mobile robot, in section 6, the control of mobile 
robot systems with feedback linearization via the anti-control 
of chaos is researched, in section 7, the linearization 
controller for the mobile robot with parametric uncertainty is 
studied, the simulation results are provided in section 8 and 
finally, the conclusion is provided in the last section.  
 
 2 CHAOTIC GYROSCOPE SYSTEM 
    

The gyroscope is modelled as follows and the scheme of 
it is shown in Fig. 1(c) [21]: 

 

1 1 2

2
2 3
1 3

(1 cos )
sin sin sin

sin
c c f t

θ
θ α β θ θ θ ω θ

θ

−
+ − + + =   (1) 

 
Where sinf tω  is defined as parametric excitation, the linear 

and nonlinear damping terms are 1cθ  and, 3
2c θ  and 

2

2

1 13

(1 cos )
sin

sin

θ
α β θ

θ

−
−  is a nonlinear force.                

By giving 1 ,x θ=  2x θ=   and 
2

2

1 3

(1 cos )
( )

sin
g

θ
θ α

θ

−
= −

1
sinβ θ− , Eq. (1) can be rewritten as follows:  

 
1 2

3

2 1 1 2 2 2 1( ) sin sin( )

x x

x g x c x c x f t xω

=

= − − − +





                      (2) 

      
     Where the parameters are defined as follows: 32 < f < 36, 

2

1α =100, 1β =1, 1c = 0.5, 2c = 0.05, and ω = 2. Fig. 1(a) and 
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1(b) illustrates the irregular motion exhibited by this system 
for f = 35.5 and the initial conditions of (x1, x2) = (1, −1). 

 

 

 
Figure 1 (a) Time series of x1 and x2, (b) Phase Portrait of a gyroscope, (c) A 

schematic diagram of a symmetric gyroscope 
 
3      MOBILE ROBOT KINEMATICS AND DYNAMICS 

 
The mobile robot system is modelled as follows: 
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Where the control inputs of v  and ω  are the forward 

and angular velocities, as shown in Fig. 2(a). The non-
holonomic constraint, which comes from the non-slip 
condition, is described as follows [24]: 

 
sin cos 0x yθ θ+ =                                                          (4) 

Let us assume that T( ), , , ,r r r r rx y vθ ω  are the 
references, hence the following equations are satisfied: 
 

cos 0

sin 0 .

0 1

r r
r

r r
r

r

x
v

y

θ

θ
ω

θ

=

   
    
           







                                              (5) 

 

 
Figure 2 (a) Illustration of error transformation where the following vehicle follows 

the path of the leading vehicle at the distance L [24]; (b) Mobile robot with two 
actuated wheels 

      
Where the control inputs references are derived as follows: 
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Fig. 2(a) shows the error when the real vehicle follows 

the reference vehicle. The error system is described as 
follows [24]: 
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By differentiating Eq. (7), the nonlinear error model of 

the system is obtained as follows: 
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For the dynamic model, Eq. (9) is added to Eq. (3): 
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Where m is the mass and I the moment inertia of mobile 

robot with the radius of the rear wheels r and the length the 
between wheels b, 1τ  and 2τ are the control torques of each 
rear wheel as it is shown in Fig. 2(b). 

The error ( , , )x y
Te e eθ converges to zero with control 

laws for v  andω , and this is a tracking control problem. 
 
4 FEEDBACK LINEARIZATION CONTROLLER FOR MIMO 

NONLINEAR SYSTEMS 
 

The general system is considered as follows: 
 

1

1

( ) .

[ , , ]

m

i i
i

T

m

x f x g u

y h h

=

= +

=






∑



                                                                   (10) 

1

( ) ( )
i

m

k f k g k i
i

y L h L h u
=

= +∑                                                 (11) 

 

kr is the relative degree and Lf (h) is the lie bracket [f, h]. 
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( )J x is the decoupling matrix and the m×m matrix is 
defined as follows: 
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Where rk is the relative degree, Lf(h) is the lie bracket 

[f,h] and ( )J x  is assumed to be non-singular. 
Let the m×1 be a vector yr: 
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Therefore, 
 

( ) ( ),  ry l x J x u v= + =                                                      (15) 
 

Where ( )l x is the 1m×  vector and v  is the 1m×  input. 
A decoupled set of equations are given as follows: 
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The input v  is designed by methods such as: pole 

placement method, LQR, etc. For example, 
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The control, u, is given as: 
 

1( )u J v l−= −                                                                  (18) 
 
5 FEEDBACK LINEARIZATION CONTROLLER  FOR 

MOBILE ROBOT 
 
The feedback linearization controller will be designed 

for the system described by Eq. (3), as shown in Fig. 3. 
 

 
Figure 3 Block diagram of the control system. 

 
If we define 11y x= and 22y x= as outputs, then we have: 
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Let us suppose that 3 3 1 2, , .v x v x u uω= = = =   
The states have been extended as: 
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Take 11y x= and 22y x= . 
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The relative degree of the system is 2 and the matrix ( )J x  is 
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The control, u, is obtained as: 

 

1 1 11

2 2 2

3 3

cos sin

( ) 1 1
sin cos

u V V
J x

u V V
x x

θ θ

θ θ
−= = −

 
      
             

                       (23) 

       
Now (V1, V2)T can be obtained by using the pole 

placement technique in Eq. (17) and 1v u= . 
It should be noted that, by using the pole placement 

method, the mobile robot converges faster or more slowly to 
the desired path depending on the occasion of poles.  
 
6 FEEDBACK LINEARIZATION CONTROLLER FOR A 

MOBILE ROBOT BY USING THE ANTI-CONTROL OF 
CHAOS (CHAOTIFICATION) 
 
In this section, the errors of states track the chaotic 

gyroscope system with a small amplitude, but in section 5, 
error signals are converged to zero, as shown in Fig. 4. The 
coefficient α is used to reduce the magnitude of chaotic 

systems and 1010 1α− ≤ ≤ . 

 
Figure 4 Block diagram of the control system 

     
     Thus, the error system in Eq. (8) is studied by using the 
feedback linearization technique. 1 yy e=  and 2y eθ=  are 
defined as outputs. 
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Assuming that 1 yy e= and 2y eθ= . 
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The relative degree of the system is 2 and the matrix ( )J x  is 
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The control, u, is obtained by using Eq. (22): 
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Designing 1 2( , )TV V  by using pole placement technique in Eq. 

(17) and 2uω = . 
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7       FEEDBACK LINEARIZATION CONTROLLER FOR A 
MOBILE ROBOT WITH PARAMETRIC UNCERTAINTY 
 
In this section, nonlinear control laws are proposed for 

the control of the mobile robot motion described by Eq. (3) 
and Eq. (9). Feedback control for 1τ  and 2τ in the presence of 
uncertainty in the parameter m is derived. 

Assuming that 1y x= and 2y θ= . The relative degrees 
are 2 and the control signals without the anti-control of chaos 
are obtained as: 
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The control signals with the anti-control of chaos with 
the Eqs. (8) and (9) are obtained as Eq. (29): 
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8 SIMULATION RESULTS  
8.1 Control of the Mobile Robot 

 
Feedback linearization control is applied to a mobile 

robot system with a different desired reference and the results 
are shown in Fig. 5. Reference paths are Circle (circular 
reference: (xr = cos t, yr = sin t), Sine wave (xr = t, yr = sin t) 
and Sinc wave (xr = t, yr = sin t/t = sinc t). In these cases, 
poles=−100 were chosen for the linear controller. 

 

 
Figure 5 Control signals for references and path following 
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Figure 6 Control signals for references and path following 

 
8.2 Anti-control of Chaos for Controlling the Mobile Robot 
 

The mobile robot system is controlled via the anti-
control of chaos with a different desired reference, and they 
are shown in Figure 6. In these cases, poles=−150 were 
chosen for the linear controller. As shown in Fig. 4, the two 
states of the mobile robot system and the error system are 
synchronized with the two states of chaotic gyroscope 
systems. 
 
8.3 Mobile Robot Control with Parametric Uncertainty 
 

In this section, the performance of the feedback 
linearization controller with parametric uncertainty is 
illustrated. The parameters were adopted as follows for the 
circle reference: m = 10 kg, I = 1.25 kgm2, b = 1 m and r = 
0.1 m. 

The parameter m with uncertainty is in Fig. 7.(a), a poor 
tracking of variables x and y  by using the feedback 
linearization controller in the presence of parametric 
uncertainty is shown, while in Fig. 7(d), the feedback 
linearization controller with the anti-control of chaos was 

applied to better tracking. Fig. 7(b) and 7(c) shows control 
signals and 7(d) shows the tracking comparison of the 
feedback linearization controller with the anti-control of 
chaos, whether in the presence of parametric uncertainty or 
not. 
 
8.4 Energy Comparison 
  

In this paper, the main purpose is the reduction of energy 
or control cost with synchronization error system with chaos 
system. The energy is defined as follows, which it means the 
integral of signals squared (area under the curve):  
 

2 2( )energy v ω= +∑                                                       (30) 
 

The energy comparison is shown in Tab. 1. It is shown 
that the anti-control of chaos causes the energy reduction. 
 

Table 1 Energy comparison. 
Control circle sine wave sinc wave 

feedback linearization control 15683 31415 30890 
anti-control of chaos 592.08 818.55 565.29 



Hassan ZARABADIPOUR, Zahra YAGHOUBI: CONTROL OF NON-HOLONOMIC MOBILE ROBOT SYSTEM WITH PARAMETRIC UNCERTAINTY 

TEHNIČKI GLASNIK 13, 1(2019), 43-50   49 

 
Figure 7 Path following in the presence of parametric uncertainty. (a) Using the 
feedback linearization controller. Feedback linearization controller with the anti-
control of chaos: (b) Control signal (v), (c) Control signal (ω), (d) Path following. 

 
9 CONCLUSION 
    

In this paper, the control of the mobile robot system has 
been researched in two different ways, and the feedback 
linearization controller has been used in both of them. 
Different desired references have been applied for a better 
comparison. Due to the positive feature of chaotic systems 
such as energy improvement and control cost, the errors of 
the states of the mobile robot system are synchronized with 
the chaotic system. 

While the desired tracking error is permanently zero, the 
control effort is based on the convergence of the error to zero, 
which is a somewhat strict way of dealing with the issue. The 
fact is that although by decreasing the error, the desired 
control is obtained, but too much control cost should be 
applied, while the anti-control of chaos solves this problem. 

The non-linear control laws that yield convergence of the 
trajectories in the presence of parametric uncertainty have 

been derived. Simulation results are proposed to illustrate the 
effectiveness of the proposed controller. 
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