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It has been demonstrated that the spectrum of the molecular 
graph contains information about the extent of branching of the 
molecular skeleton. In particular, the largest eigenvalue, xi, in the 
spectrum has been shown to be closely related to the total number 
of walks in the graph (eqs. (11) and (15)). Thus, a justification of 
the recent empirical finding that x 1 is a measure of branching9,in 

has been obtained. 

Many physical and chemical properties (viscosity, surface tension, re­
fractive index, boiling point, density, thermochemical constants etc.) of satu­
rated ' hydrocarbons depend on the extent of branching of the carbon skeleton 
of the molecule1• Similar regularities exist also in homologous series of other 
compounds, e. g. alcohols, fatty acids, alkens etc. The recent interest in topo­
logical ideas in chemistry2- 4 stimulated the study of branching5- 9. A number 
of topological indices have been proposed1•5•8 •9 in order to express branching in 
a quantitative manner. 

In this respect, the fact that the spectrum4•10 of a graph contains information 
about branching may be of great importance. Namely, this would allow the 
application of the mathematical apparatus of graph spectral theory10 in theo­
retical study of saturated organic compounds11• 

The first indication of the branching dependence of graph spectral quan­
tities came from Collatz and Sinogowitz13 . Hosoya5•14 demonstrated that for 
acyclic molecules his topological index ZG is in a simple way related to the 
characteristic polynomial15 P(G, x) of the molecular graph G, that is ZG = 
= iN P(G, i), where i = V - 1. 

Relations between the graph spectrum and branching were noticed also 
by Lovasz and Pelikan16• They concluded that the maximal eigenvalue x 1 of 
a tree is a measure of branching17 and that trees can be well ordered according 
to x1 . This finding was later confirmed by extensive numerical work performed 
on molecular graphs9• In addition recent numerical investigation on cubic 
graphs18 (these are regular graphs of degree tree; all cubic graphs have x 1 = 3), 
have shown that the values of the second, third etc. eigenvalue of a graph 
have good ordering properties. However, the mathematical background of these 
regularities has not yet been understood. 

In the present work we would like to offer a result which shows the 
reasons why and how x 1 is related to the branching of a graph. 
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We shall use the following notation4 • The molecular graph G has N 
vertices v1' v 2 , •. • , VN and M edges e1 , e"' ... , eM. Its adjacency matrix A is 
defined as 

if the vertices v P and 
vq are adjacent 
otherwise 

(1) 

The degree DP of the vertex Vp is the number of edges which are incident to vp. 
Evidently 

N 

DP= ~ Apq (2) 
q = l 

Let Dmax and Dmin be the maximal and minimal vertex degrees, respectively, in 
the graph. In the molecular graphs of saturated hydrocarbons, Dmax ~ 4, 
Dmin ~ 1. A graph is called regular of degree D if Dmax = Dmin = D. 

A walk19 of the length n in a graph is a sequence of n + 1 vertices and n 
edges, v1 , e1 , v 2 , e2 , • • • , en, Vn+i, such that the edge e.i is incident to the vertices 
vi and Vj+ 1 (j = 1, 2, ... , n). This walk is said to connect the vertices v 1 and 
Vn+i· A walk with the properties vi op Vk and ei op ek for all j op k is· called a 
path19. Let Wpq(n) and Ppq(n) be the number of distinct walks and paths, re­
spectively, of the length n, connecting the vertices V? and Vq-

The total number of paths, P = ~ ~ Ppq(n) in an acyclic molecular graph 
n p,q 

has been shown to be a quantity which can be excellently correlated with a 
number of branching-dependent molecular properties1,7 . Hence, P is a good 
measure of what one intuitively associates with the notion of branching. 
Similarly, it should be evident that in a general case, the larger is the brancl~ing 
of a graph, the larger is the value of any Wpq(n). Namely, every branch intro­
duced in the graph will result in numerous new possible walks. Therefore, 
the total number W(n) of walks of the length n in the graph 

N N 

W (n) = ~ ~ W pq (n) (3) 
p=l q = l 

should also possess convenient properties for being a measure of branching21 • 

In the text below we will see that W(n) is closely related to the largest eigen­
value of the graph. 

The eigenvalues Xj and the eigenvectors cj = (Cj1' Cjz, .. . ' cjN) of the graph 
G fulfil the relation4 CiA = xiCi (j = 1, 2, ... , N). Since A is a symmetric 
matrix, its eigenvalues and eigenvectors are real. These eigenvalues form the 
spectrum of the graph4,10, and will be labelled in non-increasing order: 
x1 ~ x 2 ~ ••• ~ xN. The ortogonal matrix C = (C1 , C2 , . . , CN)T has, hence, the 
property 

(4) 

from which it follows, 

(5) 
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W pq (n) = (A ")pq 

which combined with eq. (5) yields 

Finally, from eq. (3) we get 

where 

N 

wpq (n) = ~ (xj)" cjp cjq 
j = l 

N 
W (n) = ~ (x/' (Qi)2 

j = l 

N 
Qi= ~ ciP 

p = l 
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(6) 

(7) 

(8) 

(8') 

Formula (8) has also been f9und independently by F. Harary and A. J. 
Schwenk23• 

It is known that x 1 fulfils the inequality 

(9) 

and moreover, if G is a connected graph, the eigenvector C1 is positive, that 
is C1i > 0 for all j = 1, 2, ... , N. This is the graph theoretical interpretation13 

of the well known Frobenius theorem24 , which applies to non-negative matrices. 
In chemistry eq. (9) was first used by Coulson25. This inequality can be inter­
preted as an indication that graph spectra contain information about branching. 

Let us first consider regular graphs of degree D. Because of (9), x1 = D. 
Besides, the eigenvectors of a regular graph have the following interesting 
property: 

( 

vN if j = 1 

Qj = 

0 if j > 1 

(10) 

In order to prove the above equation, note that since X1 = D, cl = (Nr11• 

(1, 1, .. . , 1). Therefore, according to eq. (8'), 

N 

!J1 = ~ (Nt'J. = vN 
j = l 

All other Qi 's are equal to zero because of the mutual ortogonality of the 
graph eigenvectors, 

for j ~ 1 

Substituting eq. (10) back into (8) , one gets a simple expression 

W (n) = ND" = N (x1)" (11) 

Another elementary combinatorial derivation of eq. (11) is the following. 
In regular graphs a walk of length n can start from any of the N vertices and 
can be continued at each vertex in D different ways. 

Eq. (11) can be rewritten also in the form 

Tn = (W (n)/N)' '" = x 1 (= D) (12) 
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For convenience we have defined a topological index T n 

n 

T n = v-1- ~ (xi)" (Q)2 
N j = l 

(13) 

which can be completely calculated from the eigenvalues and eigenvectors 
of the graph. Thus, in regular graphs Tn is independent of n. 

If G is not regular, eqs. (10)- (12) are no more valid and Tn depends on n. 
However, from eq. (13), 

T = lim Tn = X 1 
ll-+00 

where we have used the relation 

n 

lim v ~ Fi C9" =max {f1 , f 2 , ••• , fJ} 
Il-+ 00 j = l 

with Fi (j = 1, 2, ... , J) being any real numbers such that 

J 
~ Fi (fi)n > 0 for sufficiently large n. 

j = l 

(14) 

Formula (11), together with the remark made imm€diately after it, suggest 
that T n can be understood as a mean value of vertex degrees with respect 
to walks of length n . This mean value for long walks (that is for n-+ oo}, 
which is equal to x 1, is called the dynamical mean of the vertex degrees10• 

On the other hand, any definition of branching must be (explicitely or impli­
citely) related to vertex degrees. Intuitively it is clear that a measure of 
branching must be based on some kind of a mean value of vertex degrees26• 

For example, the measure of branching defined by9 Q = ~ D/ is based on 
the quadratic mean -v l N D= -- ~ Di2 

N i = l 

and we have Q = N D2 • In other words, Q is based on the mean value of 
vertex degrees with respect to walks of length two. 

Since x 1 can be interpreted as a certain kind of mean vertex degree, it is 
not surprising to find correlations between x1 and any properly defined measure 
of branching. 

If we apply elementary combinatorial reasoning, used after formula (11), 
to non-regular graphs we immediately get 

(15) 

where we have replaced the constant vertex degree D in regular graphs by 
the dynamical mean x 1 of vertex degrees in the general case. 

Of course, we have a better approximation for W (n) if we just take the 
leading term of (8), namely 

(16) 

but (15) is also sufficiently good at least for molecular graphs. This claim is 
supported by the following, more or less empirical facts. 
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In non-regular graphs C1i ~ (Nt'", and Randie has shown27 that the 
largest C1i 's belong usually to the vertices of maximal degree, while the smallest 
C1i 's belong to terminal vertices and their neighbours. However, also in non­
regular graphs Q 1 ~ y N and Q 1 »Qi for j ~ 1. Our experience suggests that 
in medium size molecular graphs eq. (15) is a good approximation for all n 
except for n = 1, 2 and 3. 

In fact, eqs. (8), (11), (15) and (16) show the way in which x 1 is related to 
the total number of walks in a graph. Thus we have a relation between a 
spectral (x1 ) and a combinatorial (W (n)) property of a graph. The earlier 
found fact9•16 that the largest eigenvalue of the molecular graph is a measure 
of branching is now completely understood. 

TABLE 

Compound 

n-hexane 
2-methyl-pentane 
3-methyl-pentane 
2,3-dimethyl-butane 
2,2-dimethyl-butane 

n-heptane 
2-methy I-hexane 
3-methyl-hexane 
2,4-dimethyl-pentane 
3-ethyl-pentane 
2,3-dimethy 1-pentane 
2,2-dimethyl-pentane 
3,3-dimethyl-pentane 
2,2,3-trimethyl-butane 

1.802 
1.902 
1.932 
2.000 
2.074 

1.848 
1.932 
1.970 
2.000 
2.000 
2.053 
2.101 
2.136 
2.175 

Table presents a chemical example, namely the x 1 values of all hexanes 
and heptanes28• The ordering of these molecules according to increasing x 1 

follows the intuitive notion of branching. The behaviour of higher alkanes 
is similar28• Numerical investigations have shown that simple correlations 
exist between x 1 and the measured chemical and physical properties of alkanes 
and other saturated series. These correlations are, however, of similar accuracy 
as those with the previously proposed1,5,s,9 topological indices and will not 
be presented here. Further examples of the applicability of x 1 in chemistry 
can be found in Ref. 9. 

As a final comment we wish to note that the graphs of 3-ethyl-pentane 
and 2,4-dimethyl-pentane have equal x 1 values ( = 2.000). Such cases of coinci­
dence occur more frequently in graphs with larger number of vertices. More­
over, numerous pairs (triplets etc.) of isospectral nonisomorphic trees exist 
if N is large enough29 • The same holds for molecular graphs30• Therefore it 
must be concluded that x 1 (or even the whole graph spectrum) cannot in 
all cases differentiate between the branching of two molecular skeletons. 
Nevertheless, if two molecules have equal x1 , their branching should be 
expected to be similar. 
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SAZETAK 

Jedna napo01ena o grananju 

D. M. Cvetkovic i I. Gutman 

Dokazano je da spektar molekularnog grafa sadrfava informaciju o velicini 
grananja molekularnog skeleta. Pokazano je da je najveea vlastita vrijednost x 1 u 
spektru molekularnog grafa u bliskoj vezi s ukupnim brojem puteva u tom grafu 
(jednadZbe (11) i (15)). Na taj je nacin obrazlozeno jedno svojstvo x 1 koje je nedavno 
nadeno empirijski9 •16, naime da x 1 pretstavlja mjeru grananja. 
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