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ABSTRACT: In this note, we perform the large-charge expansion for non-relativistic sys-
tems with a global U(1) symmetry in 3+ 1 and 2 + 1 space-time dimensions, motivated by
applications to the unitary Fermi gas and anyons. These systems do not have full confor-
mal invariance, but are invariant under the Schrodinger group. Also here, the low-energy
physics is encoded by a Goldstone boson which is due to the breaking of the global sym-
metry when fixing the charge. We find that in 2 + 1 dimensions and higher, there is a
large-charge expansion in which quantum corrections are suppressed with respect to the
next-to-leading order terms in the Lagrangian. We give the next-to-leading-order expres-
sions for the ground state energy and the speed of sound.
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1 Introduction

The large-charge approach consists in studying conformal field theories (CFTs) in sectors of
fixed and large global charge, allowing a perturbative expansion of a generically strongly
coupled theory with the inverse charge acting as a controlling parameter. It has been
successfully applied to a variety of CFTs in the last few years, such as O(NN) vector mod-
els [1-6], matrix models [7, 8] and super-conformal field theories (SCFTs) [9-12]. Other
aspects of CFTs at large charge have been explored in [13-15]. The predictions of the
large-charge expansion have been independently verified by numerical methods to very
high accuracy [16, 17].

All the systems studied so far at large charge are relativistic. In this note, we apply the
large-charge approach to non-relativistic systems. The most famous example of this class
of systems is the four-dimensional unitary Fermi gas (for a review, see [18]), which derives
its importance from the fact that it can be experimentally realized with cold atoms [19].
The unitary Fermi gas can be described by a non-relativistic superfluid and an effective
Lagrangian was first proposed in [20]. In consequence, its low-energy dynamics is encoded
by a Goldstone boson, just like in the bosonic theories studied previously at large charge.
Also anyons in three dimensions are described in the ultraviolet (Uv) by a Schrodinger
particle minimally coupled to a Chern-Simons U(1) theory [21-24]. Unlike in the treatment



of CFTs at large charge which are analyzed on R x S¢ in order to invoke the state-operator
correspondence, we work throughout in flat space.’

Non-relativistic systems do not have the full conformal symmetry, but instead obey
Schrodinger symmetry [24]. The main difference to the fully conformal case is the appear-
ance of a mass scale m, which starkly modifies the type of terms that can appear in the
Wilsonian effective action.

The leading-order piece of the effective action can be found via thermodynamic argu-
ments [26]. We follow however (like in the original O(2)-model case) a reasoning based on
dimensional analysis, which yields the same result in a simple and transparent fashion. In
the non-relativistic case, some care must however be taken as natural units (¢ =1, h=1)
are not adapted to this limit. Since here, ¢ = co, we will keep track of A all the way.

We start out with the massive Schrédinger particle with a potential term which is
compatible with Schrodinger symmetry. Since the Schrodinger field is a complex scalar,
it can be written as ¢ = ae’, making the global U(1) symmetry § — 6 — o manifest.
We then identify the classical ground state at fixed and large charge and expand around
it. Fixing the U(1) charge @ breaks the global U(1) symmetry and the fluctuation x
around the minimum 6 = ut acts as a Goldstone field. Once we have integrated out the
non-propagating radial mode a, we find the same leading effective Lagrangian which was
identified in [20] for the unitary Fermi gas.

Motivated by these findings, we set out to directly construct an effective Lagrangian
for the Goldstone field, expanded around the ground state § = put. Our strategy for
writing down the effective Lagrangian at large charge for the Goldstone field consists in
the following three steps:

e Using dimensional analysis, we write down the allowed terms under the assumption
that there are no dimensionful couplings (apart from m).

e We compute the charge-scalings of these terms and only retain the ones with positive
charge scaling, reducing the effective Lagrangian to only a handful of terms which
are not suppressed in the limit of large charge.

e We use Schrodinger invariance to further constrain the terms that can appear in the
effective Lagrangian.

We find two subleading higher-derivative terms at tree level at next-to-leading-order (NLO)
in the expansion in . The resulting effective Lagrangian takes for 241 and 3+1 dimensions

the form
E(e) _ Cohlfd/2md/2U(d+2)/2

+ e B2y~ A2y =012 9,0 9,U (1.1)
+ CzﬁS—d/Qm—Q-‘rd/QU(d—Q)/Q(8i8i9)2 + O(/J'_2)7

LA state-operator correspondence also exists for non-relativistic CFTs [24]; it necessitates studying the
system in a harmonic potential. Non-relativistic CFTs in a harmonic potential have been discussed at large
charge in [25] after this work was completed.



where b

U=0:0— o 0,0 0;0. (1.2)
This is to be understood as an expansion around the classical ground state 8 = ut and the
charge density p is related to the chemical potential via

d+2h
H:k77p2/d'
m

- (1.3)

This matches for 3 + 1 dimensions the result of [20].

The first quantum correction to this semi-classical result is the Casimir energy, which
is proportional to Q'/%. Since no other term displays the same scaling, we predict that this
is the only possible contribution at this order.

Apart from the practical motivation stemming from the unitary Fermi gas, the exercise
of writing down a large-charge expansion for a non-relativistic system is worthwhile, as our
intuition of what an effective theory of a Goldstone boson should look like is heavily based
on relativistic ideas. We come across many features which at first sight seem surprising,
but are ultimately due to non-relativistic nature of our model.? It also serves to sharpen
our ideas of the exact limits of applicability of the large-charge approach. Just as for
relativistic theories, where the large-charge approach is limited to space-time dimensions
bigger or equal than 2 + 1 by the Coleman-Mermin-Wagner theorem [28, 29], we find in
the non-relativistic case that the expansion breaks down for dimensions smaller or equal
than 1+ 1.

This note is organized as follows. In section 2, we discuss the Schrédinger particle
at large charge, first performing the semi-classical analysis in section 2.2 in which we find
the ground state at large charge, integrate out the radial field a and find the leading-
order effective Lagrangian for the phase 6. In section 2.3, quantize the fluctuations 7,
X canonically in order to show the suppression of interaction terms by the large charge.
In section 3 we directly construct an effective Lagrangian for the Goldstone boson alone.
In section 3.2 we estimate the size of the quantum (loop) corrections to the tree-level
propagator for the Goldstone y and show that they are suppressed by inverse powers of p.
In section 3.3 we discuss the higher-derivative corrections at tree level in four dimensions
and in section 3.4 in three dimensions, finding in both cases one term at order ;° and that

all further corrections are suppressed by at least p~'.

In section 4, we present our final
results, namely the energy of the ground state on the torus and the NLO expression for
the speed of sound, and end with concluding remarks and an outlook. In appendix A we

collect the necessary background material on Schrodinger symmetry.

2 The Schrodinger particle at large charge

2.1 Setup

While it is possible to directly construct the effective Lagrangian for a Goldstone boson
at large charge, which we will do in the next section, we first construct the leading order

2For a general treatment of non-relativistic effective field theory, see [27)].



starting from the simplest non-relativistic system, namely the Schrodinger Lagrangian in
d + 1 dimensions with a potential V',

) h
£0) = Lwrow —vow) — oo - vy, (2.)

where we disregarded possible higher-derivative terms. The form of the potential term can
be determined entirely by dimensional analysis, under the assumption that there are no
dimensionful parameters except m:

), (2:2)

m

V(™)

with k£ > 0 a dimensionless constant. V is invariant under the 13-parameter Schrédinger
group generated by the operators in eq. (A.3) in the appendix.

The global U(1) symmetry of the system, 1 — e~‘¥)), has associated Noether charge
density p given by>

1/ oC oL 1
’=h (a@w)w B Y > aiide 23)

We fix this charge via the condition

/ddxp =Q, (2.4)

which we choose to fix such that Q > 1.
We now look for a ground state at fixed charge which is homogeneous in space, so
p = Q/volume is constant.* We solve the equations of motion (EOM)

ov

o = 50 (2.5)
and find
) = Ae (2.6)
with A = v/hp and
= kd%lzﬁpz/d, (2.7)

where p plays the role of a chemical potential and due to the above scaling will be large
for @ large.
The energy density of the classical ground state is given by

k
o = hQE pdH2)/d o (d+2)/2 (2.8)

3The minus sign in the U(1) transformation is necessary in order to obtain a positive charge.
4Such a state, should it exist, is always of lower energy than a non-homogeneous state.



2.2 Semi-classical analysis

Choosing a fixed-charge ground state spontaneously breaks the global U(1) symmetry,
leading to the appearance of a massless mode, the Goldstone boson [2]. To see this, we
now expand the Lagrangian (2.1) to second order in the fluctuations around the ground
state we identified above, writing the field as

b(t,@) = alt 2)e™ 0D = (Vhp 4 (L, @) ) e WD), (2.9)

where n(t,x), x(t,z) are the fluctuations around the ground state. The quadratic terms
in the fields are given by

2

. I h B 4
La(n,x) = /Tp (nx - nx) ~ o din 0in — 27{: 0iX 0iX — gung, (2.10)

where for later convenience we have added a surface term to obtain a time derivative for n.

The dispersion relation is found via the inverse propagator,
%p2 + %M —ivhpw

, =0, (2.11)
ivhpw %pz

_ 2 [ d koo ~3/2
mm-Jd7ﬁmQ+wmf)+o@ ). (2.12)

As expected, the dispersion relation shows linear behavior in p near zero even though the

SO

system is non-relativistic. The speed of sound is given by
22
* dm’
differently from the relativistic system in which scale invariance fixes the speed of sound
to (c**)? = ¢2/d [1].

S

(2.13)

An important difference to the relativistic cases described so far in the literature,
where the radial mode was massive, is that here, the radial mode does not propagate.
We can therefore again integrate it out and write an effective Lagrangian only for the
Goldstone boson y, at least to leading order. To lowest order, we can use the saddle point
approximation and express the radial mode a via its EOM in terms of #. Assuming that a
varies slowly, we find

d mh2-d/d h
/4 _ 09,
a(t, ) 112 ? <8t9 9 0,0 819> . (2.14)

Substituting this back into the Lagrangian (2.1), we find

(d+2)/2
) (2.15)

LO(6) xx B=D/2pd/2 (ate - % 90 0,0

In section 3, we will construct the subleading corrections in the large charge. This
reproduces the leading-order effective Lagrangian of the four-dimensional unitary Fermi
gas, which can also be obtained via the thermodynamic reasoning of [20, 26].



2.3 Quantization

In the following, we want to quantize the fluctuations 7, x canonically in order to show the
suppression of interaction terms by the large charge.
We first need to perform a Legendre-transform of £y in (2.10), using

oL (5£
s (=22 = hon, (2.16)

which results in

5£2 . (Sﬁg A h th N R 4 2
= = — Lo = —0;n0; — 9;x O; —pun-. 2.17
Ha= it 5 X L2 =gy Om N+ 5 OiX 0iX + S (2.17)
The EOM associated to H o) are
X h1/2 2 Ap
X=- Vi + Uz
2mpl/2 dv/hp (2.18)
Rl
0= "5 —Vx.
m

To canonically quantize the Hamiltonian, we impose the usual equal-time commutation
relations,

[¢<t7 .%'), H¢>(t7 Z/)] = Zﬁ(5($ - y), (2'19)

which in our case take the form

[X(t,z),n(t,y)] = i\/fﬂw —y). (2.20)

In order to rewrite everything in terms of standard creation and annihilation operators,
it is convenient to make a choice of what we call field and what we call momentum. For
example, using x and IIy, the Hamiltonian density becomes

Ho = — O,TL 04T, + 2 03 0 4 112 (2.21)
2*2mpzxzx m iX 0iX hpd X :
Then we can write

X(z) = / (;gd\/lﬁ (ap + alp) e, (2.22)

I () = / (;?;d(—i)\/g (ap —al ) (2.23)

where A is a function of p, and the a,, are standard creation/annihilation operators.

|y, ab] = (2m)%6(p — o). (2.24)

These expressions automatically satisfy the commutation relations of x with its momen-
tum. We only need the value of \(p) that diagonalizes the Hamiltonian. After a standard
calculation we find that if

A(p) = hop” (2.25)



where w(p) is the expression in eq. (2.12), the Hamiltonian becomes

My =2 / (gj_}))dw(p) <aj,a,, + % [ap, a;f,D . (2.26)

What happens to the interaction terms in this picture? Using the form of Il¢, we can

see that the field 7 scales as 7 ~ p~ /4. Then, expanding the potential term V (n?) in the
action, we see that the generic term in the expansion in p scales as

> 1 p e 1 "
Vi) = en md—d—nji’l = > cn 0 @n=a=zya )" (2.27)
n=2 n=2

where 7/ is rescaled to be of order x° = 1. This shows explicitly that the interactions are
parametrically suppressed with respect to the quadratic part of the Hamiltonian which, in

this normalization is of order p'/2.

3 The effective action for the Goldstone field

3.1 Leading order

The Goldstone field that we have identified in the preceding section dominates the low-
energy physics of our non-relativistic model at large charge. It is therefore convenient to
directly construct an effective action for this field alone.

The leading part of the effective Lagrangian (2.15) can also be constructed using in-
variance under Schrodinger symmetry:

(d+2)/2
> — cohC D22y @2 (31)

L£O(0) = cohP=D/2pd/2 <ate — % 90 0,0

where cq is a dimensionless constant. The EOM at leading order is given by

2
oU — h 0;U 0,0 — —hU 0;0;6 = 0. (3.2)
m md
The U(1) charge density is
Y I

and the solution to the classical EOM is § = ut, where p is given by

_ %Comdﬂh@fd)ﬂud/g (3.4)

We see that we can equivalently use p as an expansion parameter as p is given by a positive
power of p. Let us expand 6 around the ground state 8 = ut + k), where y is the Goldstone
field and its normalization is chosen such that the kinetic term 0;x 0;x is canonical:

1 o(d+1)/d  p(d—2)/(2d) 1

_ —d/dy(d—2)/4 _
o= 2o WA = G gyuad i am o 8P

where we have introduced d% = 2/(cod(d + 2)).




We expect that the cases d =2 2 will lead to very different outcomes. For d > 2, the
fluctuations are parametrically small in the large-charge expansion, allowing us to perform
perturbative calculations. In the following, we will however see that also the case d = 2 is
well-behaved.

We expand the Lagrangian (3.1) (up to a boundary term) around the ground state
solution:

— 2 }i/l 1
L 0 = cnhi d—-2)/2,.d/2 (d+2)/2 . .
( 9 >(d+2)/d Kld—2)/d

d+2 d/2

P L By 8 — 2 Bix Bix + (’)<
me, P

1
(d—2)/(2d) > ’
(3.6)
where we have recovered the speed of sound of eq. (2.13).

There will be two kinds of corrections to the above leading-order semi-classical effective
Lagrangian: quantum loop corrections and higher-derivative terms at tree-level. As the
behavior of the system is different for d = 3 and d = 2, we will discuss the higher-derivative
terms of these cases separately. For d < 2, we have seen that the fluctuations grow with
the charge. This means that the higher-derivative terms are not suppressed but enhanced
for large charge, thus breaking our construction.

3.2 Quantum corrections

In the following, we want to estimate the size of the quantum (loop) corrections to the
tree-level propagator for the Goldstone x. We want to show in particular that they are
suppressed by inverse powers of p. In order to do so, we need to continue the expansion of
the effective Lagrangian to include interaction terms of up to order four:

2 >(d+2)/d p(d—2)/d (@+2)/d )
— —p + 0ix Orx — €5 05X 0ix (3.7)
d+2 e

00 = (

2 12 p(d+2)/4 4
-2 <cod(d + 2)> m(d+4)/4 M(d—2)/4 Oix Dix 0ix

d—2 2 pld=2)/4

3
* 3 cod(d +2) md/4 M(d+2)/4(atx)

2(d—2) RY? 1
 cod(d + 2) m(@+2)/2 1d/2

(9x)? Dix Dix

2 h(d+2)/2 1
T od(d + 2) m@ D72 (@2

3 6ix8ixc‘)jx8jx+... .

Since the speed of sound depends explicitly on the chemical potential u, in this section
it is convenient to rescale the space coordinates so that ¢, ;= ;. The action then takes



the form

0 2\ (@24 pld-2)/d d+2)/d I o
£O(x) = () P L 9y Byx — Dx Dlx

d/2
d+2 mct/

+d

Rd=2/4 /g2
0 md/a, (d+2)/4 < 3
a3 K(d—2)/2 (
4" a2 (d2)/2

(8tX)3 —d0Oix 8§X agX) (3'8)
+ d0jx Oix Iyx Ox — 2(d — 2)(0ex)* Dix Dix).

The Feynman rules are easily computed starting from this effective Lagrangian.

e The tree-level propagator is given by

1
D(w,p) = 2 —p2 (3.9)
e The trivalent vertex has the form
f(d—2)/4 d—2 )
x dy /@A ( 5 wiwows — dwipo 'p3> + permutations. (3.10)

e The quadrivalent vertex has the form

d(% p(d=2)/2 )
x 773 (A1 - p2)(ps - pa) — 2(d — 2)wiwaps - pa) +-permutations. (3.11)

4 md/2p(d+2

From these building blocks we can construct the following two one-loop diagrams:

w,p

w—v,p—k w,p (3.12)

We now want to evaluate how the coupling g = go + g1 + . . . of the quadratic part (9yx)? —
J}x d.x in the Lagrangian is renormalized at one loop, where gy = 1 in eq. (3.8) and g¢; is
the one-loop contribution.

We compute the self-energy II(w, p) associated to the two diagrams above and use the
renormalization group (RG) flow equations to compare the ratio of the one-loop contribution

to the tree-level term,
A% OIl(w, p)
OA A )
_ = D T~ . .
0 ("" ’ p) SA

Since we want to estimate the u-scaling of these effects it is convenient to separate the

(3.13)

dimensionful part of the self-energy from the dimensionless one:
H(w, p) = p®**h*mm* 10 (w, p), (3.14)

where the «; are exponents to be computed and II' is the self-energy in which we set
p=h=m=1.



In the case of the two one-loop diagrams it is easy to see that both self-energies scale
in the same way:

B(d—2)/2
Lo (w,p) = WTL}(W,P),
s (3.15)
B(d—2)/2 .
o (w,p) = WHQ(W’]))’
which means that at one loop we have
AL OI(w, p )
250 o, AT D p)A L (1L () + 1L 2p)
go oA oA (3 16)

pld=2)/2 5 , 1
= WD(M’]?)AE (H%}(wap> + H@(wap)) = O(W)

We see that the one-loop effects are suppressed by negative powers of u for all dimensions
and that the suppression grows with higher space dimensions.

Now that we have the quantum corrections under control, we can move on to the
corrections due to higher-derivative terms at tree level.

3.3 Higher-derivative terms in four dimensions

We first start with the obviously well-behaved case of 3 + 1 spacetime dimensions. In the
first step, we write down the allowed terms using dimensional analysis under the assumption
that there are no dimensionful couplings other than m.

We have the following ingredients to generate higher terms:

m, h, 0y, 0;,0, U= 00— i@ﬂ@,ﬂ, (3.17)
2m

where the combination U is suggested by the result of integrating out the radial mode (2.14).
The most generic term with the right dimensions has the schematic form

O, o< HF712m3278 go 20 yo/2=eh, (3.18)

where «, 8 are positive integers (by locality) and the derivatives can act either on U or
on the field 6, which is dimensionless as it is a Goldstone field, and can thus appear only
through its derivatives.

We will also exclude terms which are odd under parity

(t,0) = (—t, —0). (3.19)

We can further constrain the form of O, by imposing invariance under the
Schrédinger group, which means in particular that it has to be a Galilei scalar. The key
observation is that the Jacobian dtd3z transforms homogeneously both under dilatation
and special conformal transformation (SCT) (for details see appendix A):

scale: dt d%z — et d¢d% (3.20)
sct: dtdiz — (14 x)~ @2 drddz . (3.21)

~10 -



This fixes the transformation properties of O, 3. As shown in appendix A, dimensional
analysis implies scale invariance, so we can confine ourselves to verifying invariance un-
der sCT.

The only covariant way in which the time derivative can appear is in the combination
appearing in U. This means that we can set & = 0 in (3.18) and write the generic term as

Op oc WP=123/2=8 928525, (3.22)

Since no time-derivatives appear explicitly, only terms with an even number of 6 fields are
allowed by parity.

At this point, it is convenient to use the p scaling of the possible terms to determine
those higher-derivative terms which are not suppressed in the limit of large charge. We
have the following leading p scalings:

U~ pu, 90 ~ Y4, U ~ VA4, (3.23)

For given 3, the term with the highest u scaling is obtained when all the space derivatives
act on exactly two fields 6:

OF> oc W 2m32=P U228 gng o ~ p? =7, (3.24)

with n + m = 28. We see that only for § < 2, the p scaling can be non-negative. In
order to compare with the quantum corrections discussed in section 3.2 it is convenient
to rescale the space derivatives as 9,= w129, so that the leading quadratic term is of
order 1° as in eq. (3.8). Using the rescaled space-derivates, the maximum scaling of the
operators becomes p>~25,

We now check the possible terms explicitly:

e 3 =0 admits a unique term, namely the leading-order contribution

O = K 12m32U5/2, (3.25)

e For =1, there are (up to total derivatives) two possible terms,

oY) = n2m'2u-12 9iu 8u, (3.26)

O = n2m'2UP/2 919 919, (3.27)
The second term is however excluded by scT. We are thus left with only (’):(ll),
which appears also in the effective Lagrangian of [20] which is an expansion in small
momenta. This term however has p scaling (’)gl) ~ p~2 and is thus suppressed at
large charge, but gives the first NLO correction.

e For 8 =2, the only possible terms that naively admit non-negative p scaling are

oM = w/2m =202 9.0,0 90,9, (3.28)
OF) = WPm=2U2 90 9,9,0'0. (3.29)

- 11 -



The operator Ogl) is only invariant on-shell, i.e. its variation is proportional to the
EOM at leading order (3.2) (after integrating by parts and neglecting a boundary
term). It appears also in the effective Lagrangian of the unitary Fermi gas [20]. We
see that Oél) scales as Oél) ~ =2, and it appears in the effective Lagrangian as a

)

NLO correction together with the term above. (9§2 is not invariant under SCT, either

on or off-shell.

e For 8 > 2, the first term compatible with the symmetries is

Oél) — 15232012 5890 001,09, (3.30)

A

with a (rescaled) p scaling of (’):(31) ~ p~* and it is more suppressed than the two

terms above.

We see that the first correction to the leading-order effective Lagrangian comes at order

12 and all further corrections are already suppressed by p=2.

3.4 Higher-derivative terms in three dimensions

Next, we will study higher-derivative corrections to the leading-order effective Lagrangian
in 2 + 1 space-time dimensions. We have as before the ingredients (3.17) and the most
generic term allowed by dimensional analysis now has the form

Onp x Bom!' =P oxa?PU?—a=F, (3.31)

As in the four-dimensional case, time-derivatives of # that do not appear inside U are
excluded by Schrodinger symmetry, so we can set o = 0:

Op o WPm!'=P o2 U7, (3.32)

As before, we only allow parity-invariant terms. We use again the p scaling of the possible
terms to determine those higher-derivative terms which are not suppressed in the limit of
large charge. We now have the following leading p scalings:

U~ pu, 00 ~ 1, o;U ~ 1. (3.33)
Introducing again 9= 1~ 1/2 ; we see that for given 3, the term with the highest u scaling is
OF ~ p?>= 2, (3.34)

independently of where the derivatives act. We see that again only for 5 < 2, the u scaling
can be non-negative. We check the possible terms explicitly:

e 3 =0 admits a unique term, namely the leading-order contribution
Oy = mU?. (3.35)

This term has p-scaling Qg ~ 2.

- 12 —



e For 5 =1, there is the term
O, =~ olU dLU. (3.36)
This term has p-scaling O1 ~ 2.
e For 5 =2, the only possible term that naively admits non-negative u scaling is
Oy = W*m~" 0;0,0 0,056. (3.37)

This term is invariant under the Schrodinger group (up to a total derivative) and has
again scaling Oy ~ =2, thus contributing to the effective Lagrangian at the same
order as ;.

We find thus, that also in three dimensions, the large-charge expansion works and the NLO
correction terms have scaling ;1 ~2. This three-dimensional discussion may apply to the case
of anyons, where in the UV, the system is described by a Schrédinger particle minimally
coupled to a Chern-Simons U(1) theory [21-24].

4 Results and conclusions

In this note, we have studied the large-charge expansion of Schrodinger-invariant non-
relativistic systems with a global U(1) symmetry in 2+ 1 and 3+ 1 space-time dimensions.
As expected, the fixed-charge low-energy dynamics is governed by a Goldstone boson. We
found in both cases that apart from two NLO terms, all further corrections both from
higher-derivative terms at tree-level and quantum corrections are suppressed by higher
inverse powers of u. The resulting effective Lagrangian takes the form

£(9) — Cohl—d/Zmd/QU(d-i—Q)/Q
+ e 222 = /2 5.1 9, U (4.1)
+ 02h3_d/2m_2+d/2U(d_2)/2 (81819)2 + O(,U’_2)a
where the ¢; are dimensionless Wilsonian couplings. The resulting dispersion relation is
given by
w cp(l d2h(26 +dc)p2+(’)<1>> (4.2)
= Cs - —_ 1 2) D) y .
"m M 2
which again matches the result of [20]. We find an O(p°) correction to the speed of sound
c2 = 2hy/(md), while quantum corrections enter only at a higher order.

Based on the above effective Lagrangian, we can now give as an example of an observ-
able the expression for the energy of the ground state on the torus,

b [d—+2 b 1
2 (d+2)/d 1 1/d 2
Vbl,o( )/ + 7‘*1/%3 ?P / CTd(—Q) + Tz/d + O<p2/d>’ (4-3)

where by and by are constants related to the ¢; above, V is the volume of the torus T¢,

h2
By — —
Td m

and (pa is the Zeta-function of a unit square torus. We see that the energy receives a
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contribution from the classical ground state energy (2.8) and from the Casimir energy. Note
that the four-derivative terms O; and Oz do not contribute to the energy of a homogeneous
configuration as they contain space derivatives, but enter the Casimir energy at order
(’)(po) with a coefficient by that can only be computed numerically. All other classical and
quantum corrections are suppressed by inverse powers of p.?

The main difference between the model studied in this note and the relativistic systems
that have been discussed so far in the limit of large charge in the literature is the presence of
a dimensionful parameter m, which we can identify e.g. with the Fermi mass in the case of
fermions at unitarity. This parameter is compatible with the Schrodinger symmetry (where
it can be thought of as a central charge) and we do not need to make any assumptions
about it, i.e. it is not used to write a derivative expansion. The terms that are allowed
by the symmetry are quite different with respect to the relativistic case and lead to a
characteristic signature in the dependence of the energy on the U(1) global charge @ that
we use as a controlling parameter. For example in d + 1 dimensions, we find that the
leading contribution is E ~ QU@+2/d ys. E ~ Qd+1)/d in relativistic systems. We also see
that the speed of propagation of small fluctuations scales like ¢; ~ Q%% vs. ¢ ~ Q° in the
relativistic case.

Our result for a Schrodinger-invariant system with a global U(1) symmetry in 3 + 1
space-time dimensions must be compared to the results of Son and Wingate for the unitary
Fermi gas [20]. They perform a small-momentum expansion for a superfluid at fixed chem-
ical potential u, resulting in an effective action with leading and NLO contributions. The
main difference is that we use the global charge as a dimensionless controlling parameter
and do not need to make assumptions on the momenta. Since in both cases, Schrodinger
invariance is imposed, we find the same operators that appear in their formula (116).

There are a number of further directions to pursue in the study of the large-charge
expansion of non-relativistic systems. To make contact to the case of the anyons in 2 + 1
dimensions, it is necessary to study the gauging of the global U(1) symmetry.

To be able to find anomalous operator dimensions, on the other hand, the system must
be studied in a harmonic potential in order to make use of the non-relativistic state-operator
correspondence described in [24]. We leave these problems for future study.
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A Schrodinger symmetry

The Schédinger Lagrangian of eq. (A.4) is invariant under the scale transformation
(t,z;) — (t',2h) = (¥t eTxy), (A.1)

where 7 is a real parameter. In addition, the Schrodinger Lagrangian is also symmetric
under the non-relativistic special conformal transformation

) roN t T
() = (o) = (15 1) (22)

with A a real parameter. The algebra that contains the Galilean algebra with central
extension plus scale and special conformal transformations is called Schrodinger algebra.
In [24] the generators of the Schrodinger algebra are given for a general Hamiltonian H:

N = /ddgv p(x) Mass
P, = /ddacji(ac) Momenta
Jij = /ddx (xijj(x) — z;ji(x)) Angular momenta
(A.3)
K; = /ddx zip(x) Galilean boosts
D= /ddx ;i Dilatation
2
C= / dz 5 p(x) Special conformal transformation.
The action of the free Schrédinger field in d dimensions,
5= [atedeg o —vow) - o-owou, (A1)

is invariant under non-relativistic conformal transformations.
It is convenient to consider the infinitesimal form of the scale and special conformal
transformations (the expression for finite transformations are collected in table 1):

ot ozt 0
scale 2t zt —%w
scr —t? —ta' L(td —i%a?)y

It is immediate to verify that the derivatives with respect to time and space and the volume
element transform as

50, 50 5(dt diz)
scale —-20; —0; (d+2)dtdx
SCT  2t0i+2'0;  t0; —(d+2)tdtdx
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galilean transformations Dilatations SCTS

(@,1) (RE+Tt+dt+b) (7, et) (2w o)
i TR 7 —i ma?

(7, 1) IR ) gz ) A (14 kel R ) gz
O O — TR~V 6727—815 (1 + )\t)Qat + )\(1 + At)f -V
v RV e TV (14 M)V
d?z dt dizdt em(4+2) qdg dt (14 At)~(d+2) qdg 4t
0(%,t)  O(Ft) — & (miRT + Imo?t) 0(z,1) 0(Z,t) + 2 5
U U e 2y (14 \t)2U

Table 1. Summary of the transformations under the Schréodinger group in d space dimensions.

It is also convenient to decompose the complex field 1 into its radial and angular part
) = ae~" which transform separately and consider the operator U = 9;0 — h/(2m) 9,0 0,0:

oa 00 oU
scale —%a 0 =20
SCT t%a %xz 2tU

The terms allowed in the effective action have to be invariant under the Schrodinger
group. This means that they have to be Galilei scalars (all indices are to be contracted with
0;; because parity forbids eijk), and invariant under scale transformations and scT. If we
assume that there are no dimensionful couplings, scale invariance is implied by dimensional
analysis. To see that, observe that the generic term has the schematic form

O = h*m” 9] 926° (A.5)
and must have the dimensions of a Lagrangian density
(0] = L2~ IMT~2, (A.6)
This fixes the coefficients v and § to obey the relation
2v+d0=d+2. (A.7)
Under scale transformation, O transforms as
O~ O0+7(-2y—-90)O (A.8)

and this compensates the variation of the volume element dt d%z — dt d%z +7(d + 2) dt dx
precisely when 2y + § = d + 2.
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