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1 Introduction

B physics is the physics related to the decay and mixing of B mesons. These processes

require a change of beauty (B) quantum number, ∆B 6= 0, and must therefore be medi-

ated either by weak interactions or by physics beyond the Standard Model (SM). Weak

interactions (including interactions with the Higgs field) are mediated by heavy particles

with masses of order of the Electroweak (EW) scale, around µEW ' 100 GeV. This scale

is very large in comparison to the center-of-mass energy of B-physics processes, around

mb ' 5 GeV, and thus the weak interaction can be regarded as a local interaction, “factor-

izing” from the non-perturbative physics of mesons and of the strong and electromagnetic

effects operating at these low energy scales. If the physics beyond the Standard Model

(BSM) is also mediated by new particles with masses much larger than the B-physics

scale, BSM interactions will be also approximately local. This will be an implicit assump-

tion throughout the paper: that the BSM scale Λ is at least of the order of the EW scale,

Λ & µEW � mb. Therefore both in the case of Weak and BSM interactions, corrections

beyond the leading local contribution are suppressed by additional powers of mb/µEW or

mb/Λ, and completely negligible in comparison with current uncertainties in the compu-

tations of the leading matrix elements. As a result, B physics within and beyond the SM

– 1 –



J
H
E
P
0
9
(
2
0
1
7
)
1
5
8

is well described by an effective Lagrangian which includes QCD and QED coupled to all

six leptons and the five lightest quarks, plus a full set of local dimension-six operators

consistent with the field content and gauge symmetry below the EW scale:

LWET = L(u,d,c,s,b,e,µ,τ,νe,νµ,ντ )QCD+QED +
∑
i

C(6)i O
(6)
i . (1.1)

Here O(6)
i denote the (bare) dimension-six local operators, and C(6)i are the corresponding

(bare) couplings or Wilson coefficients. This effective theory is called the “Weak Effective

Theory” (WET). For a pedagogical account of the standard formalism we refer to the

classical reviews in refs. [1, 2].

One of the convenient features of Effective Field Theory is the framework it provides for

the resummation of large logarithms. In B physics, the perturbative hard-gluon corrections

to physical amplitudes lead to expansions of the type A =
∑

n an(mb, µEW,Λ, . . . )αs(mb)
n,

where an contain terms proportional to logn (mb/µEW). Thus the series expansion contains

sub-series of the type
∑

n bn[αs(mb) log (mb/µEW)]n. Since µEW � mb, the logarithm

is large and these sub-series do not have good convergence properties, and they must

be resummed. This resummation can be performed with Renormalization Group (RG)

methods within the WET, and leads to a reorganization of the perturbative series. This

requires to know the renormalization-scale dependence of the renormalized operators in

the effective theory, which is given by the anomalous dimensions.

The WET has been studied extensively as an effective theory of the Standard Model

below the EW scale. Matching the SM to the WET perturbatively leads to initial con-

ditions for the Wilson coefficients Ci(µ0 ∼ µEW) as functions of the SM parameters (see

e.g. [3]). However, in the SM many of the matching conditions are negligible, and it is then

conventional to restrict the operator basis to a subset which is closed under renormalization

and contains all the operators with non-negligible matching conditions. This basis may be

called the “SM operator basis”. The anomalous dimensions of the SM operator basis are

known to high perturbative orders [3–13].

Beyond the SM it will typically be the case that operators outside the SM operator basis

are generated with relevant matching coefficients. This happens for example when match-

ing the WET to a general set of dimension-six terms in the SM [14–16]. Thus, the BSM

B-physics toolkit should contain the full set of anomalous dimensions, at least to the lead-

ing non-trivial order. Many bits and pieces of the full anomalous dimension matrix (ADM)

relevant for BSM physics have been calculated in the past, but no complete account is avail-

able to date. It is the purpose of this paper to collect and complete the calculation of the

one-loop anomalous dimensions in QCD and QED for the full operator basis in B physics.

We start in section 2 defining the Weak Effective Theory beyond the Standard Model

and constructing a complete and non-redundant operator basis. In section 3 we outline the

QCD and QED renormalization of the effective theory. In section 4 we discuss the calcu-

lation of the full set of one-loop anomalous dimensions and collect the results. In section 5

we solve the Renormalization Group Equation by constructing the evolution matrix and

discuss the one-loop QCD and QED scale dependence of the Wilson coefficients. A brief

numerical discussion is presented in section 6. In section 7 we conclude with a summary.
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The appendices contain: a description of the complete set of results in electronic format

attached to this paper (appendix A), the Fierz identities needed to make the operator basis

minimal (appendix B), and the procedure to translate our results to other more traditional

bases used in the literature, first for magnetic and semileptonic operators (appendix C),

and then for 4-quark operators, together with a careful comparison of different sets of

results with previous calculations (appendix D).

Conventions

Throughout the paper we use the following conventions and definitions: we use the con-

vention σµν ≡ i
2 [γµ, γν ], and define the strings of gamma matrices

γµνρ ≡ γµγνγρ , γµνρσ ≡ γµγνγργσ .

The Dirac left- and right-handed projectors are defined as PL≡(1−γ5)/2 and PR≡(1+γ5)/2,

with the 4-dimensional γ5 defined as γ5 ≡ − i
4!ε

µνρσγµνρσ. With this definition, the following

relations hold in D = 4:

γµνρ = gµνγρ − gµργν + gνργµ + iεµνρα γ
αγ5 , (1.2)

γµνρσ = gµσgνρ − gµρgνσ + gµνgρσ + i
[
gνσσµρ + σνσgµρ − gρσσµν − σµσgνρ

− gµσσνρ − σρσgµν
]
− iεµνρσ γ5 , (1.3)

σµνγ5 =
i

2
εµναβ σ

αβ . (1.4)

The totally antisymmetric tensor is defined such that ε0123 = −ε0123 = +1. Throughout

this paper we will use naive dimensional regularization with anticommuting γ5. This is

convenient since our choice of basis will ensure that no Dirac traces with γ5 have to be

evaluated [8].

Finally, our convention for QED and QCD covariant derivatives is such that

Dµ ψ = (∂µ + i eQψAµ + igsT
aGaµ)ψ (1.5)

with Qe=−1. The field-strength tensors are then defined by ieQψFµν+igsT
aGaµν =[Dµ,Dν ].

2 Complete operator basis beyond the SM

In this paper we consider a complete and non-redundant basis for ∆B 6= 0 operators beyond

the Standard Model. However, these operators will not always correspond one-to-one to the

operators traditionally chosen in the SM operator basis, for which matching conditions and

anomalous dimensions are very well known and standard. In order to be able to use, on the

one hand, these well-known SM results directly, and other hand, our results for BSM opera-

tors, it is convenient to separate SM and BSM contributions at the level of the Lagrangian:

LWET = L(u,d,c,s,b,e,µ,τ,νe,νµ,ντ )QCD+QED + L(6)EW + L(6)BSM . (2.1)
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Here L(6)EW and L(6)BSM are the effective Lagrangians resulting after integrating out the SM

and the BSM heavy degrees of freedom, respectively. The effective Lagrangian originating

from BSM physics is

L(6)BSM =
4GF√

2

∑
i

[
C(0)i O

(0)
i + h.c.

]
, (2.2)

where the sum over i runs over all the operator indices that will appear below. The su-

perindex (0) indicates that the Wilson coefficients and the operators in eq. (2.2) are bare

quantities and must be renormalized. The relationship between bare and renormalized

quantities will be discussed in section 3. The coefficients Ci contain all BSM effects but no

pure-SM ones. Thus the SM matching conditions determine L(6)EW, and matching conditions

involving BSM particles determine the Ci. We organize the operators such that Oi and

O†i have ∆B > 0 and ∆B < 0, respectively. They can be grouped into classes according

to their flavour quantum numbers. This is useful because the flavour symmetries of QCD

and QED imply that the different groups cannot mix into each other. A summary of the

full list of non-redundant operators classified according to their flavour structure is given

in table 1. In order to keep a unified notation for all classes, we introduce a generic basis

for four-fermion operators, after which we list the operators in each class.

Generic basis for four-fermion operators

We adopt (except for Class I) the following generic basis of four-fermion operators à la

Chetyrkin-Misiak-Munz [8]:

O1 = (ψ1 PR γµ ψ2) (ψ3γ
µψ4) , O2 = (ψ1 PR γµ T

Aψ2) (ψ3γ
µ TAψ4) ,

O3 = (ψ1 PR γµνρ ψ2) (ψ3γ
µνρψ4) , O4 = (ψ1 PR γµνρT

Aψ2) (ψ3γ
µνρ TAψ4) ,

O5 = (ψ1 PR ψ2)(ψ3 ψ4) , O6 = (ψ1 PR T
Aψ2)(ψ3 T

Aψ4) , (2.3)

O7 = (ψ1 PR σ
µν ψ2)(ψ3 σµν ψ4) , O8 = (ψ1 PR σ

µν TAψ2)(ψ3σµν T
Aψ4) ,

O9 = (ψ1 PR γµνρσ ψ2) (ψ3γ
µνρσψ4) , O10 = (ψ1 PR γµνρσ T

Aψ2) (ψ3γ
µνρσ TAψ4) ,

where TA are the SU(3) generators in the fundamental representation. In addition, opera-

tors with primed indices, obtained by interchanging PR ↔ PL, must be considered as well.

These will also be referred to as operators with “opposite chirality”.

The basis (2.3) has been used extensively in higher-order calculations [3, 7–13] because

it allows to avoid the evaluation of Dirac traces containing γ5 to any order in QCD and

QED, provided that ψ1 and ψ2 have different flavours. In D = 4, it can be rewritten in terms

of the chiral basis — with Dirac structure of the form PL⊗PL, PL⊗PR, γµPL⊗γµPL, γµPL⊗
γµPR, σ

µνPL ⊗ σµνPL, . . . — by means of the identities (1.2)–(1.4), see appendix B.

The operators with an even index, O2,4,6,8,10, must be considered only for four-quark

operators. In addition, when ψ1 = ψ3 or ψ2 = ψ4 not all operators are independent and

the basis can be reduced by means of Fierz identities. In such case we always choose to

remove the operators with an even index (see appendix B for more details).
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Class Flavour structure Number of Ops. Other flavours ADM Example process

Class I sb sb 5+3 db db γ̂I Bq −Bq mixing

Class II ub `ν`′ (2 + 3)× 9 cb `ν`′ γ̂II Bd → π+µ−ν

Class III sb uc 10+10

sb cu

γ̂III B− → D
0
K−db uc

db cu

Class IV sb sd 5+5 db ds γ̂IV B− → K
0
K−

Class V

sb qq

57+57

db qq

γ̂V

Bd → D+D−s

sb F , sbG dbF , dbG Bd → Xsγ

sb `` db `` B− → K−µ+µ−

Class Vb sb ``′, ` 6= `′ (5 + 5)× 6 db ``′ γ̂Vb Bs → µ−τ+

Class Vν sb ν`ν`′ (1 + 1)× 9 db ν`ν`′ zero B− → K−νν

Class VI

ub `νc (3 + 2)× 9 cb `νc γ̂VIIa Bd → π+µ−ν

sb ννc (2 + 1)× 6 db ννc γ̂VIb B− → K−νν

sb νcν (1 + 2)× 6 db νcν γ̂VIc B− → K−νν

Class VII

`
c
b ccu (5 + 5)× 3 None γ̂VIIa Bd → Λ−c e

+

`
c
b ucu (2 + 2)× 3 `

c
b ccc γ̂VIIb Bd → p e−

νcb ucs 5× 3

νcb ucd

γ̂VIIc B+ → p ννcb ccs

νcb ccd

νcb ucb 2× 3 νcb ccb γ̂VIId Λ0
b → Bd ν

`b scd (5 + 5)× 3 None γ̂VIIe Λ0
b → K+e−

`
c
b scs (2 + 2)× 3 `

c
b d

c
d γ̂VIIf Λ0

b → π+e−

`
c
b scb (2 + 2)× 3 `

c
b d

c
b γ̂VIIg Ξ0

b → B+e−

νb ucs 5× 3

νb ucd

γ̂VIIh B+ → p ννb ccs

νb ccd

νb ucb 2× 3 νb ccb γ̂VIIi Λ0
b → Bd ν

Table 1. Summary list of non-redundant operators. The number of operators in each class is

indicated by (n+n′)×n`, where n is the number of different operators modulo lepton flavours, n′ is

the number of operators with opposite chirality, and n` accounts for the different leptonic flavours.

All the operators with flavour structure given in the second column are defined in section 2, while

the ones in the fourth column are obtained by obvious replacements. The last column lists an

example of a process to which the corresponding class of operators contributes.
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Class I: |∆B| = 2 operators

For |∆B| = 2 operators we use the traditional “SUSY basis” [17, 18] (but paying attention

to the different normalization in eq. (2.2)). In the case of |∆S| = 2 this basis is given by

Osbsb1 = (sγµPLb) (sγµPLb) , Osbsb5 = (sαPLbβ) (sβPRbα) ,

Osbsb2 = (sPLb) (sPLb) , Osbsb1′ = (sγµPRb) (sγµPRb) ,

Osbsb3 = (sαPLbβ) (sβPLbα) , Osbsb2′ = (sPRb) (sPRb) ,

Osbsb4 = (sPLb) (sPRb) , Osbsb3′ = (sαPRbβ) (sβPRbα) , (2.4)

where we denote with primed indices the operators with opposite chirality. The correspond-

ing |∆S| = 0 operators Odbdbi are obtained from Osbsbi by performing the substitution s→ d.

Class II: |∆B| = 1 semileptonic operators

In semileptonic operators we allow for lepton-flavour violation and non-universality, with

`, `′ ∈ {e, µ, τ}. Neutrinos are assumed to be left-handed and we shortly denote them by

ν` ≡ ν`, L. The operators can be either |∆I| = 1/2 or |∆C| = 1; the basis in the former

case is given by

Oub``′1 = (uPR γ
µ b)

(
` γµ ν`′

)
, Oub``′5 = (uPR b)

(
` ν`′

)
, (2.5)

Oub``′1′ = (uPL γ
µ b)

(
` γµ ν`′

)
, Oub``′5′ = (uPL b)

(
` ν`′

)
, Oub``′7′ = (uPL σ

µν b)
(
` σµν ν`′

)
.

The corresponding |∆C| = 1 operators Ocb``′i are obtained from Oub``′i by performing the

substitution u→ c.

Class III: |∆B| = |∆C| = 1 four-quark operators

A complete basis for |∆B| = |∆C| = |∆S| = 1 operators is given by

Osbuc1 = (s PR γµ b) (uγµc) , Osbuc2 = (s PR γµ T
Ab) (uγµ TAc) ,

Osbuc3 = (s PR γµνρ b) (uγµνρc) , Osbuc4 = (s PR γµνρT
Ab) (uγµνρ TAc) ,

Osbuc5 = (s PR b)(u c) , Osbuc6 = (s PR T
Ab)(uTAc) , (2.6)

Osbuc7 = (s PR σ
µν b)(uσµν c) , Osbuc8 = (s PR σ

µν TAb)(uσµν T
Ac) ,

Osbuc9 = (s PR γµνρσ b) (uγµνρσc) , Osbuc10 = (s PR γµνρσ T
Ab) (uγµνρσ TAc) ,

plus the analogous set with opposite chirality

Osbuci′ = Osbuci

∣∣∣
PL,R→PR,L

, (2.7)

and similarly for the operators Osbcui with opposite sign for ∆C. The corresponding op-

erators Odbuci and Odbcui with |∆S| = 0 (|∆I| = 1) are obtained from Osbuci and Osbcui by

performing the substitution s→ d.

– 6 –
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Class IV: |∆B| = 1, |∆S| = 2 four-quark operators

A complete basis for |∆B|=1, |∆S| = 2 operators is given by

Osbsd1 = (s γµ PL b) (sγµ d) , Osbsd1′ = (s γµ PR b) (sγµ d) ,

Osbsd3 = (s γµνρ PL b) (sγµνρd) , Osbsd3′ = (s γµνρ PR b) (sγµνρ d) ,

Osbsd5 = (s PL b)(s d) , Osbsd5′ = (s PR b)(s d) ,

Osbsd7 = (s σµν PL b)(s σµν d) , Osbsd7′ = (s σµν PR b)(s σµν d) , (2.8)

Osbsd9 = (s γµνρσ PL b) (sγµνρσd) , Osbsd9′ = (s γµνρσ PR b) (sγµνρσd) .

Here we have chosen a different basis compared to the generic basis of eq. (2.3) to

avoid mixing between primed and non-primed operators. All color-octet operators are

Fierz-redundant and have been omitted (see appendix B). The corresponding set of

|∆B| = |∆I| = |∆S| = 1 operators Odbdsi are obtained from Osbsdi by performing the

substitution s→ d.

Class V: |∆B| = 1, |∆C| = 0 operators

There are three classes of such operators: magnetic, hadronic (four-quark) and semileptonic

operators. In the case of |∆S| = 1, these are chosen as:

I Magnetic penguins:

Os7γ =
e

g2s
mb (s PR σµν b) F

µν , Os8g =
1

gs
mb (s PR σµν T

A b) GµνA ,

Os7′γ =
e

g2s
mb (s PL σµν b) F

µν , Os8′g =
1

gs
mb (s PL σµν T

A b) GµνA . (2.9)

Our conventions for the field-strength tensors have been specified in the previous section.

I Four-quark (q 6= s):

Osbqq1 = (s PR γµb) (qγµq) , Osbqq2 = (s PR γµ T
Ab) (qγµ TAq) ,

Osbqq3 = (s PR γµνρ b) (qγµνρq) , Osbqq4 = (s PR γµνρT
Ab) (qγµνρ TAq) ,

Osbqq5 = (s PR b)(q q) , Osbqq6 = (s PR T
Ab)(q TAq) ,

Osbqq7 = (s PR σ
µν b)(q σµν q) , Osbqq8 = (s PR σ

µν TAb)(qσµν T
Aq) , (2.10)

Osbqq9 = (s PR γµνρσ b) (qγµνρσq) , Osbqq10 = (s PR γµνρσ T
Ab) (qγµνρσ TAq) ,

where q = {u, d, c}. In the case of q = b, the color-octet operators Osbbb2,4,6,8,10 are Fierz-

equivalent to the color-singlet ones (see appendix B for details) and are not included in the

basis. In addition, (for q = {u, d, c, b}) the analogous set with opposite chirality is needed:

Osbqqi′ = Osbqqi

∣∣∣
PL,R→PR,L

(2.11)

The case q = s needs a separate discussion because it is convenient to group primed and

unprimed operators in a different manner, which simplifies the mixing pattern:

– 7 –
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I Four-quark (q = s):

Osbss1 = (s γµ PL b) (sγµ s) , Osbss1′ = (s γµ PR b) (sγµ s) ,

Osbss3 = (s γµνρ PL b) (sγµνρs) , Osbss3′ = (s γµνρ PR b) (sγµνρ s) ,

Osbss5 = (s PL b)(s s) , Osbss5′ = (s PR b)(s s) ,

Osbss7 = (s σµν PL b)(s σµν s) , Osbss7′ = (s σµν PR b)(s σµν s) , (2.12)

Osbss9 = (s γµνρσ PL b) (sγµνρσs) , Osbss9′ = (s γµνρσ PR b) (sγµνρσs) .

Again, the color-octet operators are Fierz-redundant and have been omitted (see

appendix B).

I Semileptonic:

Osb``′1 = (s PR γµ b) (`γµ`′) , Osb``′1′ = (s PLγµ b) (`γµ `′) ,

Osb``′3 = (s PR γµνρ b) (`γµνρ`′) , Osb``′3′ = (s PL γµνρ b) (`γµνρ `′) ,

Osb``′5 = (s PR b)(` `
′) , Osb``′5′ = (s PL b)(` `

′) ,

Osb``′7 = (s PR σ
µν b)(` σµν `

′) , Osb``′7′ = (s PL σ
µν b)(` σµν `

′) , (2.13)

Osb``′9 = (s PR γµνρσ b) (`γµνρσ`′) , Osb``′9′ = (s PL γµνρσ b) (`γµνρσ`′) ,

Osb``′ν 1 = (s PR γµ b) (ν`γ
µν`′) , Osb``′ν 1′ = (s PL γµ b) (ν`γ

µν`′) . (2.14)

In semileptonic operators we also allow for lepton-flavor non-universality, and lepton-flavour

violation. The later case (` 6= `′) is referred to as Class Vb, while the case with two

neutrinos is referred to as Class Vν.

The corresponding |∆S| = 0 (|∆I| = 1/2) operators are obtained from eqs. (2.9)–(2.14)

with the replacement s↔ d.

Class VI: lepton number violating operators

The operators that violate lepton number (but not baryon number) can be divided in two

groups: operators with one charged lepton and a neutrino (Class VIa) and operators with

two neutrinos (Class VIb and VIc). We use the notation ψc = Cψ
T

and ψ
c ≡ ψTC, where

C denotes the charge-conjugation matrix.

I Class VIa: the following operators violate lepton number by −2 units.

Oub``′c1 =(uPR γ
µ b)

(
` γµ ν

c
`′
)
, Oub``′c5 =(uPR b)

(
` νc`′

)
, Oub``′c7 =(uPR σ

µν b)
(
` σµν ν

c
`′
)
,

Oub``′c1′ =(uPL γ
µ b)

(
` γµ ν

c
`′
)
, Oub``′c5′ =(uPL b)

(
` νc`′

)
. (2.15)

The corresponding |∆C| = 1 operators Ocb``′ci are obtained from Oub``′ci by performing the

substitution u→ c.

I Class VIb: the following operators violate lepton number by −2 units.

Osb``′c5 = (s PR b) (ν`ν
c
`′) , Osb``

′c
7 = (s PRσ

µν b) (ν`σµνν
c
`′) , Osb``

′c
5′ = (s PL b) (ν`ν

c
`′) .

(2.16)

– 8 –
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I Class VIc: the following operators violate lepton number by +2 units.

Osb`c`′5 = (s PR b) (ν c` ν`′) , Osb`
c`′

7′ = (s PLσ
µν b) (ν c` σµνν`′) , Osb`

c`′
5′ = (s PL b) (ν c` ν`′) .

(2.17)

In class VIb and VIc if we swap the generation indices `↔ `′ the operators do not change

since (ν ci νj) = (ν cj νi) and (ν ci σ
µννj) = (ν cj σ

µννi). Therefore, for each possible ``′ pair

only one must be considered. The corresponding |∆S| = 0(|∆I| = 1/2) operators are

obtained from eqs. (2.16) and (2.17) with the replacement s→ d.

Class VII: baryon number violating operators

Baryon-number violating operators relevant for B physics can be divided in two groups:

operators that conserve B−L (Classes VIIa–VIId) and operators that violate B−L (Classes

VIIe–VIIi).1 All operators violate also L: they contain either a charged lepton (Classes

VIIa, VIIb, VIIe, VIIf and VIIg) or a neutrino (Classes VIIc, VIId, VIIh and VIIi).

I Class VIIa:

O`bcu1 = εαβλ (`
c
PR γµ bα) (ccβ γ

µ uλ) , O`bcu1′ = εαβλ (`
c
PL γµ bα) (ccβ γ

µ uλ) ,

O`bcu3 = εαβλ (`
c
PR γµνρ bα) (ccβ γ

µνρ uλ) , O`bcu3′ = εαβλ (`
c
PL γµνρ bα) (ccβ γ

µνρ uλ) ,

O`bcu5 = εαβλ (`
c
PR bα) (ccβ uλ) , O`bcu5′ = εαβλ (`

c
PL bα) (ccβ uλ) , (2.18)

O`bcu7 = εαβλ (`
c
PR σµν bα) (ccβ σ

µν uλ) , O`bcu7′ = εαβλ (`
c
PL σµν bα) (ccβ σ

µν uλ) ,

O`bcu9 = εαβλ (`
c
PR γµνρσ bα) (ccβ γ

µνρσ uλ) , O`bcu9′ = εαβλ (`
c
PL γµνρσ bα) (ccβ γ

µνρσ uλ) .

Operators of the type O`buci = εαβλ (`
c
Γi1 bα)(ucβ Γi2 cλ) are all related to O`bcui by transpo-

sition of the second current, and are not independent.

I Class VIIb: the cases O`buui and O`bcci are constrained by transpositions of the second

current. A set of independent operators is chosen as:

O`buu1 = εαβλ (`
c
PR γµ bα) (ucβ γ

µ uλ) , O`buu1′ = εαβλ (`
c
PL γµ bα) (ucβ γ

µ uλ) ,

O`buu7 = εαβλ (`
c
PR σµν bα) (ucβ σ

µν uλ) , O`buu7′ = εαβλ (`
c
PL σµν bα) (ucβ σ

µν uλ) . (2.19)

The corresponding operators O`bcci are obtained from O`buui by the substitution u→ c.

I Class VIIc:

O`bus1′ = εαβλ (νc` PL γµ bα) (ucβ γ
µ sλ) , O`bus3′ = εαβλ (νc` PL γµνρ bα) (ucβ γ

µνρ sλ) ,

O`bus5′ = εαβλ (νc` PL bα) (ucβ sλ) , O`bus7′ = εαβλ (νc` PL σµν bα) (ucβ σ
µν sλ) ,

O`bus9′ = εαβλ (νc` PL γµνρσ bα) (ucβ γ
µνρσ sλ) . (2.20)

The corresponding operators O`budi′ , O`bcsi′ and O`bcdi′ are obtained from O`busi′ by the sub-

stitution of the quark flavours s→ d, u→ c and (s, u)→ (d, c) respectively.

1With B here we denote baryon number, not to be confused with beauty, as in the rest of the paper.
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I Class VIId: the cases O`bubi and O`bcbi are constrained by Fierz identities; here we choose

the following minimal basis of independent operators:

O`bub1′ = εαβλ (νc` PL γµ bα) (ucβ γ
µ bλ) , O`bub5′ = εαβλ (νc` PL bα) (ucβ bλ) . (2.21)

In addition, O`bcbi = O`bubi |u→c.

The following classes correspond to B − L violating operators.

I Class VIIe: the operators

O`bsd1 = εαβλ (` PR γµ bα) (scβ γ
µ dλ) , O`bsd1′ = εαβλ (` PL γµ bα) (scβ γ

µ dλ) ,

O`bsd3 = εαβλ (` PR γµνρ bα) (scβ γ
µνρ dλ) , O`bsd3′ = εαβλ (` PL γµνρ bα) (scβ γ

µνρ dλ) ,

O`bsd5 = εαβλ (` PR bα) (scβ dλ) , O`bsd5′ = εαβλ (` PL bα) (scβ dλ) , (2.22)

O`bsd7 = εαβλ (` PR σµν bα) (scβ σ
µν dλ) , O`bsd7′ = εαβλ (` PL σµν bα) (scβ σ

µν dλ) ,

O`bsd9 = εαβλ (` PR γµνρσ bα) (scβ γ
µνρσ dλ) , O`bsd9′ = εαβλ (` PL γµνρσ bα) (scβ γ

µνρσ dλ) ,

mediate transitions of the type Λ0
b → K+e−. The corresponding operators O`bdsi are related

to O`bsdi by transpositions of the second current and are not independent.

I Class VIIf: the cases O`bddi and O`bssi (mediating transitions such as Λ0
b → π+e− and

Ξ0
b → K+e− respectively) are constrained by transpositions of the second current. A set

of independent operators is:

O`bss1 = εαβλ (` PR γµ bα) (scβ γ
µ sλ) , O`bss1′ = εαβλ (` PL γµ bα) (scβ γ

µ sλ) ,

O`bss7 = εαβλ (` PR σµν bα) (scβ σ
µν sλ) , O`bss7′ = εαβλ (` PL σµν bα) (scβ σ

µν sλ) , (2.23)

with the corresponding operators O`bddi obtained from O`bssi by the substitution s→ d.

I Class VIIg: the set O`bsbi (mediating, e.g. Ξ0
b → B+e−) is constrained by Fierz identities,

resulting in only four independent operators. We choose:

O`bsb1 = εαβλ (` PR γµ bα) (scβ γ
µ bλ) , O`bsb1′ = εαβλ (` PL γµ bα) (scβ γ

µ bλ) ,

O`bsb7 = εαβλ (` PR σµν bα) (scβ σ
µν bλ) , O`bsb7′ = εαβλ (` PL σµν bα) (scβ σ

µν bλ) , (2.24)

and the operators O`bdbi are obtained by the substitution s → d. The operators O`bbsi

and O`bbdi are related to the former by transposition of the second current, and are not

independent.

I Class VIIh: the set of operators in class VIIh and VIIi correspond to the classes VIIc

and VIId, respectively, where νc` is substituted with ν` and where the left-handed projector

is interchanged with the right-handed one because of the opposite chirality of ν and νc.

O`bus1 = εαβλ (ν` PR γµ bα) (ucβ γ
µ sλ) , O`bus3 = εαβλ (ν` PR γµνρ bα) (ucβ γ

µνρ sλ) ,

O`bus5 = εαβλ (ν` PR bα) (ucβ sλ) , O`bus7 = εαβλ (ν` PR σµν bα) (ucβ σ
µν sλ) ,

O`bus9 = εαβλ (ν` PR γµνρσ bα) (ucβ γ
µνρσ sλ) . (2.25)

The corresponding operators O`budi , O`bcsi and O`bcdi are obtained from O`busi by the sub-

stitution of the quark flavours s→ d, u→ c and (s, u)→ (d, c) respectively.
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I Class VIIi:

O`bub1 = εαβλ (ν` PR γµ bα) (ucβ γ
µ bλ) , O`bub5 = εαβλ (ν` PR bα) (ucβ bλ) . (2.26)

In addition, O`bcbi = O`bubi |u→c.

3 Renormalization of the effective theory

The Wilson coefficients and dimension-six operators appearing in eq. (2.1) are bare quan-

tities and have to be renormalized. The relationships between bare and renormalized

quantities are given in terms of matrix-valued Ẑ factors:

C(0)i = Zcij Cj , O(0)
i = ZOkiOk . (3.1)

The renormalization matrix ẐO ≡ ẐO takes care of field renormalization, and possibly the

renormalization of masses and couplings that might appear in the normalization of the

operators (specifically in O7(′)γ , O8(′)g). In our set-up ẐO is always a diagonal matrix. The

renormalization matrix Ẑc ≡ Ẑc takes care of the renormalization of the Wilson coefficients

and includes operator mixing. These renormalization factors depend on the renormalization

scale and provide the renormalized Wilson coefficients and operators with the corresponding

renormalization scale dependence. In particular, since the bare coefficients do not depend

on the scale, one finds that (in matrix notation)

d ~C
d log µ

= −Ẑ−1c
dẐc
d log µ

~C ≡ γ̂T ~C (3.2)

which defines γ̂, the anomalous dimension matrix.

The renormalization factors Ẑ are calculated by subtracting the UV divergences of

bare amplitudes perturbatively in a chosen renormalization scheme. In this paper we will

regularize UV divergences by means of dimensional regularization in D = 4 − 2ε dimen-

sions, and subtract the divergences in the MS scheme. However, the one-loop anomalous

dimensions will not depend on the renormalization scheme.2 Scheme dependence only af-

fects the finite one-loop terms, and all terms starting at two loops, which also depend on

the choice of the evanescent operators.

Given the normalization of the operators in section 2, one loop corrections are always

suppressed by one power of α, where α is either αs or αem (the loop expansion coincides

with the coupling expansion). A generic renormalized amplitude can then be written as

A =

{
δij +

αs
4π

1

ε̂

[
δZc,sij + δZO,sij +Asij

]
+
αem

4π

1

ε̂

[
δZc,emij + δZO,emij +Aem

ij

]}
Cj 〈Oi〉tree

+ finite terms +O(α2
s, α

2
em, αsαem) , (3.3)

where the first two terms in each square bracket are the counterterm contributions, the

matrices Âs, Âem are the UV divergent pieces of the bare one-loop amplitudes, and 〈Oi〉tree

2Barring the mass ratio issue mentioned below eq. (4.24).
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are the tree-level matrix elements of the operators. The scale dependence is contained in

the parameter
1

ε̂
=

1

ε
− γE + log(4π)− log µ2 . (3.4)

The requirement that the one-loop divergences in the bare amplitudes are cancelled by the

counterterms leads to the equation:

γ̂T =
αs
4π

[
− 2Âs − 2 δẐsO

]
+
αem

4π

[
− 2Âem − 2 δẐem

O
]

+O(α2
s, α

2
em, αsαem) . (3.5)

The renormalization factors δẐO are given by

ZOij = δij +
αs
4π

1

ε̂
δZO,sij +

αem

4π

1

ε̂
δZO,emij +O(α2

s, α
2
em, αsαem) , (3.6)

with

δZO,sij =


−2CF δij for 4-quark operators

−CF δij for 2-quark-2-lepton operators
1
3(11CA − 12CF − 4f TF ) for electromagnetic operators

4
3 (2CA − 3CF − f TF ) for chromomagnetic operators

(3.7)

with CA = 3, CF = 4/3, TF = 1/2, f = 5, and

δZO,emij =


−1

2(Q2
1+Q2

2+Q2
3+Q2

4) δij for 4-fermion operators (ψ1Γψ2)(ψ3Γ
′ψ4)

−1
2(7Q2

b +Q2
s) for electromagnetic operators

−1
2(7Q2

b +Q2
s) for chromomagnetic operators

(3.8)

The one-loop divergences in the bare amplitudes (the matrices Âs and Âem) are ob-

tained by calculating all one-loop QCD and QED corrections to the relevant amplitudes,

expressing them in terms of tree level matrix elements of the operators in the basis, and

keeping only the 1/ε poles. This requires the evaluation of elementary one-loop penguin

and vertex diagrams with one insertion of a dimension-six operator. A representative set

of the diagrams that have to be calculated is shown in figure 1.

4 Complete anomalous dimension matrix at one loop

The complete one-loop ADM is obtained from eq. (3.5) inserting the results for the Z

factors and one-loop divergences outlined in section 3. We have calculated all the entries

of the ADM, and compared our results for the entries that were already known, finding

perfect agreement there. A summary of pieces that were known and how to compare them

to our results (in our new basis) is given in appendix D.

The full anomalous dimension matrix for the full set of operators listed in table 1 has

the following block-diagonal form:

γ̂ = Diagonal
{
γ̂I, γ̂II, γ̂III, γ̂IV, γ̂V, γ̂Vb, 0̂2×2, γ̂VIa, γ̂VIb, γ̂VIc, γ̂VIIa, . . . , γ̂VIIi

}
. (4.1)

The different blocks γ̂J have dimensions specified in table 1, and are given sequentially in

the remainder of this section.
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 1. Representative set of one-loop penguin and vertex diagrams needed for the evaluation

of the anomalous dimension matrix at order αs and αem.

Class I: |∆B| = 2

We combine all Class I operators into the following vector:
−→
OI = {Osbsb1 ,Osbsb2 ,Osbsb3 ,Osbsb4 ,Osbsb5 ,Osbsb1′ ,Osbsb2′ ,Osbsb3′ }. (4.2)

The block γ̂I in the order specified by
−→
OI is given by

γ̂I =
αs
4π



4 0 0 0 0 0 0 0

0 −28
3

4
3 0 0 0 0 0

0 16
3

32
3 0 0 0 0 0

0 0 0 −16 0 0 0 0

0 0 0 −6 2 0 0 0

0 0 0 0 0 4 0 0

0 0 0 0 0 0 −28
3

4
3

0 0 0 0 0 0 16
3

32
3


+
αem

4π



4
3 0 0 0 0 0 0 0

0 −4
9

16
9 0 0 0 0 0

0 16
9 −

4
9 0 0 0 0 0

0 0 0 −4
3 0 0 0 0

0 0 0 0 −4
3 0 0 0

0 0 0 0 0 4
3 0 0

0 0 0 0 0 0 −4
9

16
9

0 0 0 0 0 0 16
9 −

4
9


. (4.3)

The ADM corresponding to the set Odbdbi is identical.

Class II: |∆B| = 1 semileptonic

All Class II operators are combined into the vector:
−→
OII = {Oub``′1 , Oub``

′
5 , Oub``

′
1′ , Oub``

′
5′ , Oub``

′
7′ }. (4.4)

In this order, the block γ̂II is given by:

γ̂II =
αs
4π


0 0 0 0 0

0 −8 0 0 0

0 0 0 0 0

0 0 0 −8 0

0 0 0 0 8
3

+
αem

4π


−4 0 0 0 0

0 4
3 0 0 0

0 0 −2 0 0

0 0 0 4
3

1
6

0 0 0 8 −40
9

 . (4.5)

The ADM corresponding to the set Ocb``′i is identical.
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Class III: |∆B| = |∆C| = 1 four-quark

We group the unprimed Class III operators into the vector

−−→
OIII = {Osbuc1 ,Osbuc2 ,Osbuc3 , · · · ,Osbuc9 ,Osbuc10 } = {Osbuc1−4 ,Osbuc6−10}, (4.6)

where in the second equality we have divided the set into two subsets. With this notation,

the block γ̂III has itself a sub-block-diagonal form:

γ̂III =

(
Γ̂1−4

III 0

0 Γ̂5−10
III

)
, (4.7)

with the following sub-blocks:

Γ̂1−4
III =

αs
4π


0 −20 0 2

− 40
9 − 52

3
4
9

5
6

0 −128 0 20

− 256
9 − 160

3
40
9 −

2
3

+
αem

4π


40
9 0 − 4

9 0

0 40
9 0 − 4

9
256
9 0 − 40

9 0

0 256
9 0 − 40

9

 , (4.8)

Γ̂5−10
III =

αs
4π



−16 0 0 −2 0 0

0 2 − 4
9 − 5

6 0 0

0 32 16
3 −32 0 −2

64
9

40
3 − 64

9 −26 − 4
9 −

5
6

0 −512 − 1024
3 384 −16 32

− 1024
9 − 640

3
256
3

1184
3

64
9

46
3


+
αem

4π



− 10
3 0 4

9 0 0 0

0 − 10
3 0 4

9 0 0

− 64
9 0 74

9 0 4
9 0

0 − 64
9 0 74

9 0 4
9

1024
9 0 − 1408

9 0 − 94
9 0

0 1024
9 0 − 1408

9 0 − 94
9


.

(4.9)

The anomalous dimensions for the set of primed operators Osbuci′ are identical, as well as

the ones for the sets Odbuci , Osbcui and Odbcui and their primed counterparts.

Class IV: |∆B| = 1, |∆S| = 2 four-quark

The operators in Class IV are ordered and grouped into the following vector:

−−→
OIV = {Osbsd1 ,Osbsd3 ,Osbsd5 ,Osbsd7 ,Osbsd9 }, (4.10)

with respect to which the block γ̂IV is given by:

γ̂IV =
αs
4π


4
3

1
6 16 −4 −1

4

−32
3

14
3 64 −16 −1

0 0 −18 11
6

1
8

0 0 −40
3

74
3

5
6

0 0 256
3 −1600

3 −64
3

+
αem

4π


−20

9
2
9 0 0 0

−128
9

20
9 0 0 0

0 0 −4
3 −2

9 0

0 0 32
9 −28

9 −
2
9

0 0 −512
9

128
9

20
9

 . (4.11)

The anomalous dimensions for the set of primed operators Osbsdi′ are identical, as well as

the ones for the set Odbdsi , and its primed counterpart.
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Class V: |∆B| = 1, |∆C| = 0

The block γ̂V is the largest one, given by a 57 × 57 matrix (plus an identical copy for the

primed operators). This block can itself be divided in sub-blocks, which is instructive since

this already unfolds most of the features of the mixing pattern. We order the complete

basis of Class V operators into the vector:

−→
OV =

{
Osbuu1-4 ,Osbuu5-10 ,Osbdd1-4 ,Osbdd5-10 ,Osbcc1-4 ,Osbcc5-10,Osbss1-9 ,Osbbb1-9 ,Os7γ,8g,Osbee1−9 , O

sbµµ
1−9 , O

sbττ
1−9

}
(4.12)

which defines also the different sub-blocks in the matrix. Then,

γ̂V =



Au Zd Zu Hu Hu Nu Nu Nu

Bu

Zd Ad Zd Hd Hd Nd Nd Nd

Bd

Zu Zd Au Hu Hu Nu Nu Nu

Bu K

Iu Id Iu C D P P P

Iu Id Iu D C J P P P

E

Lu Ld Lu Q Q F G G

Lu Ld Lu Q Q G F G

Lu Ld Lu Q Q M G G F



, (4.13)

where the empty entries represent zeroes. The different sub-blocks are as follows:

The diagonal entries are given by:

Âq =
αs
4π


0 −20 0 2

− 40
9 −16 4

9
5
6

0 −128 0 20

− 256
9 −40 40

9 −
2
3

+
αem

4π
Qq


20
3 + 8Qq 0 − 2

3 0

0 20
3 0 − 2

3
128
3 + 80Qq 0 − 20

3 0

0 128
3 0 − 20

3

 , (4.14)

B̂u =
αs
4π



−16 0 0 −2 0 0

0 2 − 4
9 − 5

6 0 0

0 32 16
3 −32 0 −2

64
9

40
3 − 64

9 −26 − 4
9 −

5
6

0 −512 − 1024
3 384 −16 32

− 1024
9 − 640

3
256
3

1184
3

64
9

46
3


+
αem

4π



− 10
3 0 4

9 0 0 0

0 − 10
3 0 4

9 0 0

− 64
9 0 74

9 0 4
9 0

0 − 64
9 0 74

9 0 4
9

1024
9 0 − 1408

9 0 − 94
9 0

0 1024
9 0 − 1408

9 0 − 94
9


,

(4.15)

B̂d =
αs
4π



−16 0 0 −2 0 0

0 2 − 4
9 − 5

6 0 0

0 32 16
3 −32 0 −2

64
9

40
3 − 64

9 −26 − 4
9 −

5
6

0 −512 − 1024
3 384 −16 32

− 1024
9 − 640

3
256
3

1184
3

64
9

46
3


+
αem

4π



− 4
3 0 − 2

9 0 0 0

0 − 4
3 0 − 2

9 0 0
32
9 0 − 28

9 0 − 2
9 0

0 32
9 0 − 28

9 0 − 2
9

− 512
9 0 128

9 0 20
9 0

0 − 512
9 0 128

9 0 20
9


, (4.16)
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Ĉ =
αs
4π


8
9

2
9

128
9 − 32

9 − 2
9

− 160
9

50
9

320
9 − 80

9 − 5
9

2
9 − 1

36 −
154
9

29
18

1
9

0 0 − 40
3

74
3

5
6

32
9 − 4

9
896
9 − 4832

9 − 194
9

+
αem

4π


− 32

27
2
9 0 0 0

− 80
27

20
9 0 0 0

− 2
27 0 − 4

3 − 2
9 0

0 0 32
9 − 28

9 −
2
9

− 32
27 0 − 512

9
128
9

20
9

 , (4.17)

Ê =
αs
4π

(
− 14

3 0

− 32
9 −6

)
+
αem

4π

(
16
9 −

8
3

0 8
9

)
, (4.18)

F̂ =
αs
4π


0 0 0 0 0

0 0 0 0 0

0 0 −8 0 0

0 0 0 8
3 0

0 0 0 − 512
3 −8

+
αem

4π


−4 2

3 0 0 0

−16 20
3 0 0 0

0 0 − 20
3 − 2

3 0

0 0 32
3 − 76

9 −
2
3

0 0 − 512
3 −

128
9 4

 . (4.19)

The mixing among the four-quark operators is given by the following matrices:

D̂ =
αs
4π


−4

9
1
18 −16

9
4
9

1
36

−64
9

8
9 −256

9
64
9

4
9

2
9 − 1

36
8
9 −2

9 −
1
72

0 0 0 0 0
32
9 −4

9
128
9 −32

9 −
2
9

+
αem

4π


28
27 0 0 0 0
304
27 0 0 0 0

− 2
27 0 0 0 0

0 0 0 0 0

−32
27 0 0 0 0

 , (4.20)

Ẑq =
αs
4π


0 0 0 0

0 4
3 0 0

0 0 0 0

0 40
3 0 0

+
αem

4π
Qq


16
3 0 0 0

0 0 0 0
160
3 0 0 0

0 0 0 0

 , (4.21)

Îq =
αs
4π


0 4

3 0 0

0 64
3 0 0

0 −2
3 0 0

0 0 0 0

0 −32
3 0 0

+
αem

4π
Qq


−28

9 0 0 0

−304
9 0 0 0

2
9 0 0 0

0 0 0 0
32
9 0 0 0

 , (4.22)

Ĥq =
αs
4π


0 0 0 0 0

−4
9

1
18 −

16
9

4
9

1
36

0 0 0 0 0

−40
9

5
9 −

160
9

40
9

5
18

+
αem

4π
Qq


−8

3 0 0 0 0

0 0 0 0 0

−80
3 0 0 0 0

0 0 0 0 0

 . (4.23)

The matrices describing the mixing of four-fermion operators into electro- and chromomag-

netic operators only contain an αs part, due to the normalization of Os7γ ,Os8g. They are

given by:

K̂ =
αs
4π



0 0

0 0

−16xc 0

0 −4xc
256xc 0

0 64xc


, Ĵ =

αs
4π


0 0

0 0

−1
3 1

28
3 −4

−512
3 128

 , M̂ =
αs
4π


0 0

0 0

0 0

8xτ 0

−128xτ 0

 . (4.24)
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The matrices K̂ and M̂ depend on the parameters xc ≡ mc/mb and xτ ≡ mτ/mb, respec-

tively, that make the ADM scale- and scheme-dependent. However such dependece can be

removed in principle by including in eq. (2.9) new dipole operators normalized with mc or

mτ instead of mb.

The mixing among operators containing different leptonic flavours is given by:

Ĝ =
αem

4π


8
3 0 0 0 0
80
3 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

 . (4.25)

The mixing of the semileptonic operators into four-quark operators is given by:

L̂q =
αem

4π
Qq


−8

3 0 0 0

−80
3 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

 , Q̂ =
αem

4π


8
9 0 0 0 0
80
9 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

 . (4.26)

The mixing of four-quark operators into semileptonic operators is given by:

N̂ q =
αem

4π
Qq


−8 0 0 0 0

0 0 0 0 0

−80 0 0 0 0

0 0 0 0 0

 , P̂ =
αem

4π


28
9 0 0 0 0

304
9 0 0 0 0

−2
9 0 0 0 0

0 0 0 0 0

−32
9 0 0 0 0

 . (4.27)

Finally, for the lepton-flavour violating operators in Class Vb, {Obs``′1−9 } with ` 6= `′ we find:

γ̂Vb =
αs
4π


0 0 0 0 0

0 0 0 0 0

0 0 −8 0 0

0 0 0 8
3 0

0 0 0 −512
3 −8

+
αem

4π


−20

3
2
3 0 0 0

−128
3

20
3 0 0 0

0 0 −20
3 −2

3 0

0 0 32
3 −76

9 −
2
3

0 0 −512
3 −

128
9 4

 . (4.28)

All these matrices replicate exactly for the corresponding sets of primed operators, as well

as for the operators mediating b→ d transitions. We also reiterate that the ADM for the

Class Vν operators Osb``′ν1,1′ vanishes.

Class VI: lepton number violating

We group the Class VI operators in the following way:

−−→
OVIa = {Oub``′c1 , Oub``

′c
5 , Oub``

′c
7 , Oub``

′c
1′ , Oub``

′c
5′ } ,

−−→
OVIb = {Osb``′c5 ,Osb``′c7 ,Osb``′c5′ } ,

−−→
OVIc = {Osb`c`′5′ ,Osb`c`′7′ ,Osb`c`′5 } . (4.29)
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The blocks γ̂VIa−c are given by:

γ̂VIa =
αs
4π


0 0 0 0 0

0 −8 0 0 0

0 0 8
3 0 0

0 0 0 0 0

0 0 0 0 −8

+
αem

4π


−2 0 0 0 0

0 4
3

1
6 0 0

0 8 −40
9 0 0

0 0 0 −4 0

0 0 0 0 4
3

 , (4.30)

γ̂VIb = γ̂VIc =
αs
4π

−8 0 0

0 8
3 0

0 0 −8

+
αem

4π

−2
3 0 0

0 2
9 0

0 0 −2
3

 . (4.31)

Class VII: baryon number violating

We define the following vectors for the Class VII operators:

−−−→
OVIIa = {O`bcu1 ,O`bcu3 ,O`bcu5 ,O`bcu7 ,O`bcu9 } ,

−−−→
OVIIb = {O`buu1 ,O`buu7 } ,

−−−→
OVIIc = {O`bus1′ ,O`bus3′ ,O`bus5′ ,O`bus7′ ,O`bus9′ } ,

−−−→
OVIId = {O`bub1′ ,O`bub5′ } , (4.32)

−−−→
OVIIe = {O`bsd1 ,O`bsd3 ,O`bsd5 ,O`bsd7 ,O`bsd9 } ,

−−→
OVIIf = {O`bss1 ,O`bss7 } ,

−−−→
OVIIg = {O`bsb1 ,O`bsb7 } ,

−−−→
OVIIh = {O`bus1 ,O`bus3 ,O`bus5 ,O`bus7 ,O`bus9 } ,

−−→
OVIIi = {O`bub1 ,O`bub5 } .

The blocks γ̂VIIa − γ̂VIIi are then given by:

γ̂VIIa =
αs
4π


2 −1

4 0 0 0

16 −3 0 0 0

0 0 1 1
4 0

0 0 −4 3 1
4

0 0 64 −16 −3

+
αem

4π


−16

3 0 0 0 0

0 −16
3 0 0 0

0 0 14
3 0 0

0 0 0 −26
3 0

0 0 0 640
3

14
3

 , (4.33)

γ̂VIIb =
αs
4π

(
−1

2 0

0 −1

)
+
αem

4π

(
−16

3 0

0 −26
3

)
, (4.34)

γ̂VIIc = γ̂VIIh =
αs
4π


2 −1

4 0 0 0

16 −3 0 0 0

0 0 1 1
4 0

0 0 −4 3 1
4

0 0 64 −16 −3

+
αem

4π


−2 1

6 0 0 0

−32
3

4
3 0 0 0

0 0 −4
3 −

1
6 0

0 0 8
3 −8

3 −
1
6

0 0 −128
3

32
3

4
3

 , (4.35)

γ̂VIId = γ̂VIIi =
αs
4π

(
1 0

−1
2 2

)
+
αem

4π

(
−4

3 0
1
3 −2

)
, (4.36)

γ̂VIIe =
αs
4π


2 −1

4 0 0 0

16 −3 0 0 0

0 0 1 1
4 0

0 0 −4 3 1
4

0 0 64 −16 −3

+
αem

4π


−4

3 0 0 0 0

0 −4
3 0 0 0

0 0 −4
3 0 0

0 0 0 −4
3 0

0 0 0 0 −4
3

 , (4.37)
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γ̂VIIf =
αs
4π

(
−1

2 0

0 −1

)
+
αem

4π

(
−4

3 0

0 −4
3

)
, (4.38)

γ̂VIIg =
αs
4π

(
1 0

0 2

)
+
αem

4π

(
−4

3 0

0 −4
3

)
. (4.39)

ADMs for other sets corresponding to primed operators (when existing) or other operators

with different flavours, as specified in table 1 and section 2, are obtained by replication of

the appropriate matrices given above.

5 Renormalization-group evolution

Given the anomalous dimension matrix and the renormalization group equation (RGE)

d~C
d log µ

= γ̂T ~C =
αs
4π
γ̂(1,0)T ~C +

αem

4π
γ̂(0,1)T ~C +O(α2

s, α
2
em, αsαem) , (5.1)

the solution for Ci(µ) in terms of the initial (matching) conditions Ci(µ0) is expressed in

terms of the evolution operator matrix Û(µ, µ0),

~C(µ) = Û(µ, µ0) ~C(µ0) = T

{
exp

[
−1

2

∫ t

0
dt′

αs(µ
′)

4π
γ̂(1,0)T +

αem(µ′)
4π

γ̂(0,1)T
]}

~C(µ0),

(5.2)

where t = ln(µ20/µ
2) and the t-ordered exponential is defined as the Taylor series with

each term t-ordered, with t′ increasing from right to left. The matrix Û(µ, µ0) can be

decomposed as follows:

Û(µ, µ0) = Ûs(µ, µ0) + ∆Ûe(µ, µ0), (5.3)

where Ûs(µ, µ0) is responsible of the evolution in pure QCD, while ∆Ûe(µ, µ0) describes

the additional evolution caused by electromagnetic interactions.3 The leading order result

for the pure QCD evolution matrix reads:

Ûs(µ, µ0) = V̂

(αs(µ0)
αs(µ)

)~γ(1,0)

2βs0


D

V̂ −1, (5.4)

where the matrix V̂ diagonalizes γ̂(1,0)T ,

γ̂
(1,0)
D = V̂ −1 γ̂(1,0)T V̂ , (5.5)

and ~γ(1,0) are the diagonal elements of the diagonal matrix γ̂
(1,0)
D . The exponent contains

the coefficient βs0 = 23/3 of the leading order QCD beta function β(gs) = −βs0
g3s

16π2 with

f = 5 active flavours. It is convenient to define the parameter ηs = ηs(µ, µ0) ≡ αs(µ0)
αs(µ)

so

that we can write the QCD one-loop evolution matrix as

Ûs(µ, µ0) = V̂
[
η~as

]
D
V̂ −1, (5.6)

with the vector of exponents ~a = ~γ(1,0)/(2βs0).

3Generalizations to higher orders of these expressions can be found in refs. [19, 20].
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The matrix ∆Ûe(µ, µ0), responsible for the extra evolution in the presence of QED

interactions, can be calculated order by order in αem; at first order it is given by [19–21]:

∆Ûe(µ, µ0) = −1

2

∫ t

0
dt′ Ûs(µ, µ′)

αem(µ′)
4π

γ̂(0,1)T Ûs(µ
′, µ0), (5.7)

where µ′ is such that t′ = ln(µ20/µ
′ 2). Neglecting the running of αem and employing the

leading order expression for Ûs in (5.4), the integration in eq. (5.7) yields

∆Ûe(µ, µ0) = − αem

2βs0αs(µ0)
V̂ K̂(µ, µ0)V̂

−1, (5.8)

where the entries of the matrix K̂(µ, µ0) are given by:

Kij(µ, µ0) = (V̂ −1γ̂(0,1)T V̂ )ij ×

{
(η
aj+1
s − ηais )/(ai − aj − 1) if ai − aj 6= 1,

ηais ln (1/ηs) if ai − aj = 1.
(5.9)

In the rest of this section we provide explicitly the vectors ~a and the matrices V̂ for

each operator Class. For convenience, we also provide the complete evolution matrices

Û(µ, µ0) in a mathematica notebook attached to the arXiv version of this paper — see

appendix A.

Class I: |∆B| = 2 operators

The vector ~a is given by:

~aI =

{
6

23
,
1 +
√

241

23
,
1−
√

241

23
,−24

23
,

3

23
,

6

23
,

1 +
√

241

23
,

1−
√

241

23

}
. (5.10)

The matrix V̂ is given by:

V̂I =



1 0 0 0 0 0 0 0

0 −15+
√
241

2
−15−

√
241

2 0 0 0 0 0

0 1 1 0 0 0 0 0

0 0 0 1 −1
3 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 −15+
√
241

2
−15−

√
241

2

0 0 0 0 0 0 1 1


. (5.11)

Class II: |∆B| = 1 semileptonic operators

The exponents ai are given by:

~aII =

{
0,−12

23
, 0,−12

23
,

4

23

}
. (5.12)

The matrix V̂ is simply V̂II = 1̂5×5.
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Class III: |∆B| = |∆C| = 1 four-quark operators

The vector ~a is given by:

~aIII =

{
−24

23
,−12

23
,

6

23
,

3

23
,
−17−

√
241

23
,−24

23
,

1 +
√

241

23
,

1−
√

241

23
,

3

23
,

√
241− 17

23

}
.

(5.13)

As in eqs. (4.6), (4.7) we decompose the matrix V̂ into two sub-blocks:

V̂III =

(
V̂ 1−4

III 0

0 V̂ 5−10
III

)
, (5.14)

with

V̂ 1−4
III =


−8

3
4
3 −

8
3

64
3

−16 −4 −4 −16
1
6 −1

3
2
3 −4

3

1 1 1 1

 , (5.15)

V̂ 5−10
III =



−53
3 −
√

241 −64 86
15 −

2
√
241
5

2(43+3
√
241)

15 0 −53
3 +
√

241

−16 0 −16 −16 −64 −16
79
4 + 11

√
241

12 16 −207+7
√
241

30
−207−7

√
241

30 0 79
4 −

11
√
241

12

27 +
√

241 0 2(51−
√
241)

5
2(51+

√
241)

5 16 27−
√

241
53+3

√
241

48 1 −43+3
√
241

120
−43−3

√
241

120 0 53−3
√
241

48

1 0 1 1 1 1


. (5.16)

Class IV: |∆B| = 1, |∆S| = 2 operators

The exponents ai are given by:

~aIV =

{
−24

23
,

1 +
√

241

23
,

1−
√

241

23
,

6

23
,

3

23

}
. (5.17)

The matrix V̂ is given by:

V̂IV =


0 0 0 −4 −96

0 0 0 1 6

−64 −16 −16 0 −64

16 4(36+
√
241)

5
4(36−

√
241)

5 0 16

1 1 1 0 1

 . (5.18)

Class V: |∆B| = 1, |∆C| = 0 operators

The corresponding vector ~a and matrix V̂ in this class are 57-dimensional, and thus it is

not practical to present them explicitly here. In addition, the diagonalization of the ADM

block γ̂V cannot be carried out analytically, and therefore the expressions are necessarily

numerical with finite precision. The complete numerical expression for the 57×57 evolution

matrix ÛV(µ, µ0) can be found as mathematica notebook attached to the arXiv version

of this paper.
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Class VI: lepton number violating operators

The vectors ~a and the matrices V̂ for classes VIa-c are

~aVIa =

{
0,−12

23
,

4

23
, 0,−12

23

}
, (5.19)

V̂VIa = 1̂5×5 , (5.20)

~aVIb = ~aVIc =

{
−12

23
,

4

23
,−12

23

}
, (5.21)

V̂VIb = V̂VIc = 1̂3×3 . (5.22)

Class VII: baryon number violating operators

For Class VIIa, VIIc, VIIe and VIIh the vectors ~a and the matrices V̂ are given by:

~aVIIa = ~aVIIc = ~aVIIe = ~aVIIh =

{
− 3

23
,

3

46
,− 3

23
,

3

23
,

3

46

}
, (5.23)

and

V̂VIIa = V̂VIIc = V̂VIIe = V̂VIIh =


−4 −16 0 0 0

1 1 0 0 0

0 0 −16 −16 −64

0 0 4 20 16

0 0 1 1 1

 . (5.24)

For Class VIId and VIIi the vector ~a and the matrix V̂ are given by:

~aVIId = ~aVIIi =

{
3

23
,

3

46

}
, (5.25)

V̂VIId = V̂VIIi =

(
−1

2 1

1 0

)
. (5.26)

For the Classes VIIb, VIIf and VIIg, the anomalous dimensions are diagonal and therefore

V̂VIIb = V̂VIIf = V̂VIIg = 1̂2×2 , (5.27)

and the vectors ~a are given by

~aVIIb = ~aVIIf =

{
− 3

92
,− 3

46

}
, ~aVIIg =

{
3

46
,

3

23

}
. (5.28)

6 Numerical example: Class-V spectra

As mentioned in the previous section, the number of operators in Class V is too large to

present here explicitly the evolution matrix ÛV (see appendix A). Nevertheless, we would

like to discuss a simple way to visualize the matrix ÛV by making use of bar plots, as those

presented in figure 2.
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C i
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)

(a) Contribution to the Wilson coefficients at the scale µb assuming Csbbb5 (µW ) = 1.

10−5

10−4

10−3

10−2

10−1

1

101

Osbuu1−10 Osbdd1−10 Osbcc1−10 Osbss1−9 Osbbb1−9 Os7,8 Osbee1−9 Osbµµ1−9
Osbττ1−9

Cj(µW ) = 1

−10−7

−10−6

−10−5

−10−4

−10−3

−10−2

−10−1

−1
−101

Cs 7
(µ
b
)

(b) Contributions to Cs7γ(µb) for a matching condition Cj(µW ) = 1.

Figure 2. Examples of spectra of Class V. Purple and green bars correspond the QCD and QED

renormalization-group evolution given by the matrices Ûs and ∆Ûe, respectively.
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The solution of the RGE (5.2) can be written in components as

Ci(µb) =
∑
j

Ûij(µb, µW ) Cj(µW ) =
∑
j

[
Ûs(µb, µW ) + ∆Ûe(µb, µW )

]
ij
Cj(µW ). (6.1)

The values of the Wilson coefficients can be displayed in a bar plot providing a sort of

spectrum of Class V. We distinguish two types of plots: we can show all Ci(µb), for a given

set of matching conditions Cj(µW ), or for a fixed i we can show all single terms appearing

in the j-summation in eq. (6.1) stemming from each Cj(µW ). These two plots can be

employed to convey different types of information:

I Ci(µb)-spectrum: it shows the value of all Wilson coefficients at the scale µb, Ci(µb),
for a given set of matching conditions Cj(µW ).

A simple example is given in figure 2a. Each operator Oi in Class V corresponds to a bin

on the x-axis; its Wilson coefficient at the scale µb is represented by a bar (with positive or

negative value). As matching condition we simply set Csbbb5 (µW ) = 1 and all others equal to

zero. Purple and green bars correspond to the QCD and QED contributions given by the

matrices Ûs and ∆Ûe, respectively. The two scales are chosen to be µW = MZ and µb = mb.

In general, more than one Cj(µW ) is different from zero, so that the sum over j must be

taken in eq. (6.1). For instance, once a specific new physics scenario is considered and the

whole set of matching conditions is known, the Ci(µb)-spectrum gives an overall view of

the sizes of the Wilson coefficients at the scale µb.

I Cj(µW )-spectrum: it shows, for a fixed i, each partial contribution to Ci(µb) in the

sum (6.1).

Figure 2b shows each partial contribution to Cs7γ(µb) for an initial condition Cj(µW ) = 1

(for all j); operator names are on the x-axis. We note that the bars can be viewed also as

the value of Ci(µb) if only the corresponding Cj(µW ) is set to be non-zero at the scale µW .

From this perspective, suppose that |Ci(µb)| < k, then k times the inverse of the bar size

can be regarded as the corresponding constraint on Cj(µW ). In our case we could read for

example |Csbbb9 (µW )| . k/5 or |Csbcc5 (µW )| . k/10−4 etc. It is understood that this rough

estimate holds under the assumption that only one Wilson coefficient is different from zero

at the scale µW .

The same kind of spectra can be drawn for linear combinations of Wilson coefficients;

for example figure 3 shows the C9µ-spectrum of the SM-like operator C9µ defined as

αem

4π
VtbV

∗
ts C9µ(µb) = Csbµµ1 (µb) + 10 Csbµµ3 (µb), (6.2)

with Cj(µW ) = 1 for all j.

7 Conclusion

General analyses of B-physics processes beyond the SM require control of the

renormalization-group evolution below the electroweak scale. This evolution is well known

for the dimension-six operators in the WET that have non-negligible matching conditions

in the SM. However, in a general New Physics model, many other operators may re-

ceive relevant matching conditions. The first step is to write down the most general set
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Osbuu1−10 Osbdd1−10 Osbcc1−10 Osbss1−9 Osbbb1−9 Os7,8 Osbee1−9 Osbµµ1−9
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−101

−102

−103

−104

Cj(µW ) = 1

C 9
µ

Figure 3. Contributions to C9µ as defined in (6.2) assuming Cj(µW ) = 1 for each operator Oj in

Class V.

of dimension-six operators in the WET. We have built a complete, minimal and suitable

basis of operators relevant for B-physics. This basis is presented in section 2.

We have also calculated and collected the complete set of one-loop anomalous dimen-

sions of these operators. The anomalous dimension matrices for each operator class can be

found in section 4. The evolution equation for the Wilson coefficients necessary to evaluate

the coefficients at the B physics scale in terms of the matching conditions at the EW or

the New Physics scale, with resummation of QCD and QED leading logarithms is given in

eqs. (5.3), (5.6) and (5.8). The explicit results for the different blocks corresponding to the

different classes of operators (see section 2) are also given in section 5. The evolution ma-

trices are given for convenience in electronic format as a mathematica package attached

to the arXiv version of this paper, and discussed in appendix A.

The results of this paper will be useful in any attempt to automatize completely gen-

eral analyses of physics beyond the SM which take into account consistently experimental

constraints from B-physics. These results have already been incorporated into the modular

program DsixTools [22].
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A Complete numerical results for the RG evolution matrices

From the results presented in section 5 one can easily construct all the matrices Û(ηs)

needed for the evolution of all Wilson coefficients. In the case of ÛV(ηs), we have not

presented the explicit expressions for the 57-dimensional vector ~aV and rotation matrix VV,

but they can be obtained by diagonalization of the ADM given in eq. (4.13).

For convenience, we provide a mathematica package attached to the arXiv ver-

sion of this paper called EvolutionMatrices.m, which contains all the matrices ÛJ(ηs) for

J = I, II, . . . ,VIIi, as a function of the coupling ratio ηs ≡ αs(µ0)/αs(µ) and the QED fine-

structure constant αem. After correctly specifying the path and evaluating the package

<<‘‘EvolutionMatrices.m’’

the variables Us[I], Us[II], etc. contain the QCD evolution matrices Ûs corresponding to

each class of operators, and the variables , Ue[I], Ue[II], etc. contain the corresponding

QED contributions ∆Ûe. For example, the complete evolution for Class V operators to

first order in QED is obtained doing:

<<‘‘EvolutionMatrices.m’’

UclassV = Us[V] + Ue[V];

and similarly for the other operator Classes.

B Fierz identities for four quark operators

In this appendix we give the (four-dimensional) Fierz identities that allow to remove the

redundant color-octet four-quark operators in Classes IV and V. The discussion is framed

in the context of Class V operators, but the case of Class IV is completely analogous as

for Class V sbss operators.

It is convenient, also for the following comparison with previously published results,

to introduce the following Fierz basis of four-quark operators. For q = u, d, c, b we define:

Fq1 = (sγµPLb) (qγµPLq) , Fq2 = (sαγµPLbβ)
(
qβγ

µPLqα
)
,

Fq3 = (sγµPLb) (qγµPRq) , Fq4 = (sαγµPLbβ)
(
qβγ

µPRqα
)
,

Fq5 = (sPRb)(qPRq) , Fq6 = (sαPRbβ)(qβPRqα) ,

Fq7 = (sPRb)(qPLq) , Fq8 = (sαPRbβ)(qβPLqα) ,

Fq9 = (sσµνPRb)(qσµνPRq) , Fq10 = (sα σ
µνPRbβ)(qβ σµνPRqα) ; (B.1)

while for q = s:

Fs1 = (sγµPLb) (sγµPLs) , Fs2 = (sαγµPLbβ) (sβγ
µPLsα) ,

Fs3 = (sγµPLb) (sγµPRs) , Fs4 = (sαγµPLbβ) (sβγ
µPRsα) ,

Fs5 = (sPLb)(sPLs) , Fs6 = (sαPLbβ)(sβPLsα) ,

Fs7 = (sPLb)(sPRs) , Fs8 = (sαPLbβ)(sβPRsα) ,

Fs9 = (sσµνPLb)(sσµνPLs) , Fs10 = (sα σ
µνPLbβ)(sβ σµνPLsα) . (B.2)
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The analogous set of primed operators with opposite chirality is obtained interchanging

PL ↔ PR everywhere. For q = s, b not all operators are independent and Fierz identities in

D = 4 allow to remove half of them. In this work, we choose to express the even operators

in terms of the odd ones via the identities (with anticommuting fermion fields):

Fs,b2 = Fs,b1 , Fs,b4 = −2Fs,b7 ,

Fs,b6 = −1

2
Fs,b5 −

1

8
Fs,b9 , Fs,b8 = −1

2
Fs,b3 ,

Fs,b10 = −6Fs,b5 +
1

2
Fs,b9 . (B.3)

Note that with the operator definitions given in eqs. (B.1) and (B.2), primed and unprimed

operators do not mix, which is the main reason for the different definition in q = s operators.

The reason for choosing to eliminate the color-octet operators (the ones with even indices),

is that one-loop closed penguins involving Osbss or Osbbb will not appear.

Using the identities (1.2)–(1.4) and the relation among matrices of the fundamental

representation of SU(N),

TAij T
A
kl =

1

2
δilδkj −

1

2N
δijδkl, (B.4)

the F operators can be expressed in terms of the four-quark operators of Class V in

eqs. (2.10) and (2.12) by means of the following linear transformation:

Fqi = Rij Osbqqj , q = u, d, s, c, b, (B.5)

where R̂ = diag(R̂A, R̂B) is a block diagonal matrix where the 4×4 sub-block R̂A mapsO1−4
into Fq1−4, and the 6×6 sub-block R̂B maps O5−10 into Fq5−10; their explicit expressions are

R̂A =


−1

3 0 1
12 0

− 1
3N −

2
3

1
12N

1
6

4
3 0 − 1

12 0
4
3N

8
3 −

1
12N −

1
6

 , R̂B =



−1
3 0 1

3 0 1
48 0

− 1
3N −

2
3

1
3N

2
3

1
48N

1
24

4
3 0 −1

3 0 − 1
48 0

4
3N

8
3 −

1
3N −

2
3 −

1
48N −

1
24

0 0 1 0 0 0

0 0 1
N 2 0 0


. (B.6)

The same transformation applies to primed operators. Eq. (B.5) allows us to obtain the

Fierz identities for the operators Osbbb and Osbss in eqs. (2.10) and (2.12):

O2 = −1

3
O1 +

1

24
O3 −

4

3
O5 +

1

3
O7 +

1

48
O9 ,

O4 = −8

3
O1 +

1

2
O3 −

16

3
O5 +

4

3
O7 +

1

12
O9 ,

O6 = −1

3
O1 +

1

48
O3 −

1

12
O5 −

7

48
O7 −

1

192
O9 ,

O8 = O5 −
11

12
O7 −

1

16
O9 ,

O10 = −16

3
O1 +

1

3
O3 −

32

3
O5 +

8

3
O7 +

1

2
O9 . (B.7)
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The same 4D identities hold for the primed operators, for Class IV operators (2.8), and

for the corresponding operators with s ↔ d. These identities are useful in the calculation

of the one-loop anomalous dimensions, and set a reference for the subsequent definition of

Fierz evanescent operators necessary for fixing the scheme in higher order calculations [33].

C Semileptonic operators: traditional basis

In this appendix we provide the transformation rules to translate the Wilson coeffi-

cients of semileptonic operators between our basis and a more “traditional” one, e.g.

refs. [15, 16, 24, 25].

I Class II operators: we consider the basis in refs. [15, 16] for |∆B| = |∆C| = 1 oper-

ators. In this case the operators are equivalent to ours, with a redefinition of primed and

unprimed operators necessary to block-diagonalize the ADM. The dictionary is given by:

CV = Ccb``
′

1 , C ′V = Ccb``
′

1′ , CS = Ccb``
′

5′ , C ′S = Ccb``
′

5 , CT = Ccb``
′

7′ . (C.1)

The same relations hold for b→ u`ν`′ .

I Semileptonic Class V operators: the translation in this case requires a bit of work.

We start with the “Fierz” basis for semileptonic operators:

F ``′9 = (s γµPLb) (`γµ`′) , F ``′10 = (sγµPLb) (`γµγ5`
′) ,

F ``′S = (sPRb) (``′) , F ``′P = (sPRb) (`γ5`
′) ,

F ``′T = (sσµνb) (`σµν`
′) , F ``′T5 = (sσµνb) (`σµνγ5`

′) , (C.2)

plus the four primed operators F ``′9′,10′,S′,P ′ obtained from the unprimed by interchanging

PL ↔ PR. The operators F ``′ are given in terms of Class-V semileptonic operators in

eq. (2.13) by

F ``′i = R`ij Osb``
′

j , (C.3)

where we have combined the operators in the following way:

−→
F ``′ = {F ``′9 ,F ``′10 ,F ``

′
S ,F ``′P ,F ``′T ,F ``′T5,F ``

′
9′ ,F ``

′
10′ ,F ``

′
S′ ,F ``

′
P ′ } , (C.4)

−→
O sb``′ = {Osb``′1−9 ,O

′ sb``′
1−9 } . (C.5)

The explicit expression of the 10 × 10 matrix R̂` is

R̂` =



1 0 0 0 0 0 0 0 0 0
5
3 −

1
6 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0

0 0 −5
3

2
3

1
24 0 0 0 0 0

0 0 0 1 0 0 0 0 1 0

0 0 0 1 0 0 0 0 −1 0

0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 −5
3

1
6 0 0 0

0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 5
3 −

2
3 −

1
24



. (C.6)
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We define the “traditional” basis of operators and Wilson coefficients by the Lagrangian:

Lb→ss.l. =
4GF√

2
VtbV

?
ts

{
C7O7 + C8O8 + C7′ O7′ + C8O8 + C8′O8′

+
∑

`=e,µ,τ

[
C`9O

`
9 + C`10O

`
10 + C`S O

`
S + C`P O

`
P + C`T O

`
T + C`T5O

`
T5

+ C`9′ O
`
9′ + C`10′ O

`
10′ + C`S′ O

`
S′ + C`P ′ O

`
P ′

]}
, (C.7)

where the different operators are related to our operators by:

O`i =
αem

4π
F ``i , O7(′) =

αs
4π
Os

7(′)γ , O8(′) =
αs
4π
Os

8(′)g . (C.8)

These definitions are consistent with refs. [24, 25], but not with refs. [15, 16] where the

CKM elements are not factored out. Thus it is important to have this in mind when using

the matching conditions in refs. [15, 16]. These definitions are also consistent with the

usual values quoted for the SM Wilson coefficients: CSM
7 (mb) ' −0.3, CSM

8 (mb) ' −0.17

and C` SM
9 (mb) ' −C` SM

10 (mb) ' 4.

It follows that the Wilson coefficients Ci in this “traditional” basis are related to the

Wilson coefficients of Class-V operators in eqs. (2.9) and (2.13) by

αs
4π
VtbV

?
ts C7 = Cs7γ ,

αs
4π
VtbV

?
ts C

`
7′ = Cs7′γ ,

αs
4π
VtbV

?
ts C8 = Cs8g ,

αs
4π
VtbV

?
ts C

`
8′ = Cs8′g ,

αem

4π
VtbV

?
ts C

`
9 = Csb``1 + 10 Csb``3 ,

αem

4π
VtbV

?
ts C

`
9′ = Csb``1′ + 10 Csb``3′ ,

αem

4π
VtbV

?
ts C

`
10 = −6 Csb``3 ,

αem

4π
VtbV

?
ts C

`
10′ = 6 Csb``3′ ,

αem

4π
VtbV

?
ts C

`
S = Csb``5 + 40 Csb``9 ,

αem

4π
VtbV

?
ts C

`
S′ = Csb``5′ + 40 Csb``9′ ,

αem

4π
VtbV

?
ts C

`
P = 24 Csb``3 ,

αem

4π
VtbV

?
ts C

`
P ′ = −24 Csb``3′ ,

αem

4π
VtbV

?
ts C

`
T =

1

2
Csb``7 − 8 Csb``9 +

1

2
Csb``7′ − 8 Csb``9′ ,

αem

4π
VtbV

?
ts C

`
T5 =

1

2
Csb``7 − 8 Csb``9 − 1

2
Csb``7 + 8 Csb``9′ . (C.9)

D Comparison with the literature

In this appendix we compare our results from section 4 with previously published results

for the anomalous dimension matrices.

General remarks

Historically, the ∆F = 1 effective Hamiltonian does not contain all the operators in

eqs. (B.1) and (B.2), but only the subset that corresponds to the low energy effective
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theory of the weak interactions in the SM. They are usually divided in three classes

depending on the leading order mechanism that induces them in the full theory:4

• Current-current operators arising from a tree-level exchange of a W -boson; we can

denote them by (in the notation of eq. (B.1))

Pu,c1 = Fu,c1 , Pu,c2 = Fu,c2 . (D.1)

• QCD-penguin operators coming from penguin diagrams with a gluon exchange; since

the quark-gluon couplings are flavour independent, the summation over all possible

quark flavours is taken:

P3 =
∑
q

Fq1 , P4 =
∑
q

Fq2 ,

P5 =
∑
q

Fq3 , P6 =
∑
q

Fq4 . (D.2)

• EW-penguin operators originating in the SM from photon or Z penguins and box

diagrams; they correspond to the combinations

P7 =
3

2

∑
q

eqFq3 , P8 =
3

2

∑
q

eqFq4 ,

P9 =
3

2

∑
q

eqFq1 , P10 =
3

2

∑
q

eqFq2 . (D.3)

The operators Fq5,...,10 usually are not considered in the SM.

We will now compare the ADM matrices presented in section 4 with the previously pub-

lished results. As already stated in section 2, in QCD the operators Osbqqi with q = u, d, c

mix through vertex-correction or closed penguin diagrams (see figures 1a–1c), while for

q = s, b they mix in addition with open penguins (see in figure 1d). However, the one-loop

ADM of the operators (D.2) and (D.3) receives contributions from both open and closed

penguins since for q = b, s also the operators with even indices participate. Moreover, pen-

guin diagrams appear with a multiplicity factor f given that more than one quark flavour

is allowed in the loop. For a comparison with previous published results, it is necessary

therefore to extract these three contributions; in some cases, when this is not possible, a

comparison is performed by recombining our results in section 4 in order to obtain the

ADM for the operators (D.2) and (D.3). Usually the ADMs are expressed in the Fierz

basis, γ̂F , and must be converted into our basis by means of the transformation (B.5):

γ̂O = R̂−1γ̂FR̂ . (D.4)

Also for q = s, b the ADM has to be reduced to the minimal basis by applying the Fierz

identities in (B.3) and by eliminating from the ADM the rows and/or the columns corre-

sponding to the even (redundant) operators. In the following it is understood that such

transformations have to be applied in the comparison whenever necessary.

4We ignore here for simplicity possible global normalization factors, as for example VtbV
∗
ts, since they do

not affect the ADM.
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QCD mixing

Early calculations of genuine vertex corrections to four-quark operators Fq1−4 can be found

in [26, 27]. One- and two-loop ADM in QCD for |∆S| = 1 were calculated in refs. [4, 5]; the

contribution of vertex correction diagrams to the mixing of Fq1−4 can be read, for example,

from the ADM of QCD and EW penguin operators (D.2) in section 3.1 of [4].

In ref. [28] the one- and two-loop ADM for |∆F | = 2 were calculated; the results are

expressed in terms of four-quark operators with a generic flavour structure, denoted by

Q±1−5. The vertex corrections for the operator Fq5−10 can be extracted by identifying the

operators defined in eq. (13) of [28] with

Q±1 =
1

2
Fq1 ±

1

2
Fq2 , Q±2 =

1

2
Fq3 ∓F

q
8 ,

Q±3 = ∓1

4
Fq4 +

1

2
Fq7 , Q±4 =

1

2
Fq5 ∓

1

4
Fq6 ∓

1

16
Fq10,

Q±5 = ±3Fq6 −
1

2
Fq9 ∓

1

4
Fq10; (D.5)

the above relations take into account also that in [28] σµν is defined as σµν = 1
2 [γµ, γν ].

When q = b, s the Q− operators vanish and Q+
1 = Fq1 , Q+

2 = Fq3 , Q+
3 = Fq7 , Q+

4 = Fq5 ,

Q+
5 = −Fq9 .

The contribution to the |∆F | = 1 ADM from one loop penguins where first evaluated

in [29–31]. The penguin contributions to the Class-V ADM due to insertions of four-quark

operators can be retrieved, for example, from section 3.2 of [4]. The operators P4 and

P6 can mix only via closed penguin diagrams, so that the relative contribution to the

ADM originating from the insertion of Fq2,4, with q = u, d, c, is obtained by setting the

number of flavours f = 1 in the results for P4 and P6. On the contrary, P3 can mix only

through an open penguin; the ADM contribution due to Fs,b1 is just one half of the result

for P3. Moreover, we note that the mixing of F b,s7 into Fq2 via an open penguin is related

through Fierz identities (B.3) to the mixing pattern of the operators Fq4 , from which the

contribution to the ADM can be extracted as well. The ADM of the operators Fq5−10 were

also calculated in [32, 33].

Vertex corrections to four-quark operators do not depend on the flavour, so they can

be employed to calculate directly the ADM of the operators in Classes I, III and IV. They

also contribute to the diagonal sub-blocks Â, B̂ and Ĉ of Class V where, however, penguin

contribution must be included as well: closed penguins for Âq and B̂q and open penguins

for Ĉ. The off-diagonal sub-blocks of the Class-V ADM in (4.13) are generated only by

penguins: closed penguins for the sub-blocks Ẑq and Ĥq and open penguins for Îq and D̂.

The one-loop QCD mixing of the operators O7γ and O8g appearing in the sub-block

Ê in (4.13) was calculated in [34, 35]. Given the normalization of the four-quark operators

in Class V, the only operators mixing into O7γ and O8g at O(αs) are Osbcc7−10 and Osbbb5,7,9,

corresponding to the sub-blocks K̂ and Ĵ in (4.13); the mixing was calculated in [32].

We recall that in the SM, where only QCD and EW penguin operators are considered, the

mixing between P3, . . . ,P6 and O7γ ,O8g vanishes at one-loop. Therefore the leading O(αs)

contribution to the ADM arises from two-loop diagrams, calculated in [36, 37]; with our

conventions, these mixing contributions enter in the ADM only at order α2
s.
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The QCD mixing of semileptonic operators in Classes II, V and VI (the blocks γ̂II, F̂

and γ̂VIa,b,c) is determined simply by the anomalous dimension of the quark current. The

operators with vector current do not have an anomalous dimension in QCD due to current

conservation. The ADM of scalar and tensor currents can be recovered from the results

of ref. [38]. The ADM of baryon-number violating operators in Class VII are new to our

knowledge; a calculation with a UV cut-off can be found in ref. [39].

QED mixing

Electromagnetic corrections to the mixing of four-quark operators in the |∆S| = 1 Hamilto-

nian were computed in [40] at one-loop and in [5] at two-loops. From appendix A of [40] it

is possible, for example, to extract the contributions to the ADM due to vertex corrections

and the penguin diagrams. Vertex corrections are recovered from the ADM sub-block rela-

tive to the mixing of EW penguin operators into QCD penguin operators; it is easy to see

that such mixing is driven only by vertex corrections. The sub-block of the ADM giving the

mixing between QCD penguin operators and the EW ones yields the contributions arising

from closed penguin diagrams, which are denoted by the number of up- and down-type

quarks fu and fd, and open penguins, given by the remaining fu, fd-independent part once

the vertex corrections are subtracted.

Vertex corrections determine the ADM entries of the operator Osbsb1,4,5,1′ in Class I, the

sub-block Γ̂1−4
III of Class III, and the entries relative to the operators Osbsd1,3 in Class IV. In

Class V, the sub-blocks Â, B̂ (Ĉ) receive a contribution from vertex corrections and closed

(open and closed) penguins. The off-diagonal sub-blocks in (4.13) are generated by closed

penguins for the sub-blocks Ẑq and Ĥq and both open and closed penguins for Îq and D̂.

Also the sub-block N̂ and P̂ , giving the mixing of four-quark operators into semileptonic

ones, can be obtained from Ĥ and Î by appropriate substitution of the quark charge with

the lepton charge. In a similar way the results for Ĝ, L̂ and Ô can be derived from Ĥ by

removing a factor of three (the lepton in the loop does not carry color) and substituting the

quark charges with the leptonic one. The QED mixing of the magnetic operators O7γ ,O8g,

the sub-block Ê of (4.13), was calculated in [41], at one loop, and in [42] at two loops,

where the mixing of the semileptonic operators

Q9 =
∑
`

Osb``1 and Q10 =
∑
`

5

3
Osb``1 − 1

6
Osb``3 (D.6)

is also presented. The QED mixing of semileptonic operators in Class V (corresponding

to the blocks F̂ and γ̂Vb) can be recovered from the results of ref. [43], where the one-loop

ADM of an effective Lagrangian for µ→ e transitions in calculated.

To our knowledge, the O(αem) term in the ADM of Class I (only for the operators

Osbsb2,3,2′,3′), Class II, the sub-block Γ̂5−10
III of Class III and Class VII are new. In Class V, the

results of the sub-blocks B̂ and M̂ , and the entries of Ĉ relative to the operators Osbqq5−9 are

also new.
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

– 32 –

https://creativecommons.org/licenses/by/4.0/


J
H
E
P
0
9
(
2
0
1
7
)
1
5
8

References

[1] G. Buchalla, A.J. Buras and M.E. Lautenbacher, Weak decays beyond leading logarithms,

Rev. Mod. Phys. 68 (1996) 1125 [hep-ph/9512380] [INSPIRE].

[2] A.J. Buras, Weak Hamiltonian, CP-violation and rare decays, hep-ph/9806471 [INSPIRE].

[3] C. Bobeth, M. Misiak and J. Urban, Photonic penguins at two loops and mt dependence of

BR[B → Xsl
+l−], Nucl. Phys. B 574 (2000) 291 [hep-ph/9910220] [INSPIRE].

[4] A.J. Buras, M. Jamin, M.E. Lautenbacher and P.H. Weisz, Two loop anomalous dimension

matrix for ∆S = 1 weak nonleptonic decays I: O(α2
s), Nucl. Phys. B 400 (1993) 37

[hep-ph/9211304] [INSPIRE].

[5] M. Ciuchini, E. Franco, G. Martinelli and L. Reina, The ∆S = 1 effective Hamiltonian

including next-to-leading order QCD and QED corrections, Nucl. Phys. B 415 (1994) 403

[hep-ph/9304257] [INSPIRE].

[6] M. Misiak and M. Münz, Two loop mixing of dimension five flavor changing operators, Phys.

Lett. B 344 (1995) 308 [hep-ph/9409454] [INSPIRE].

[7] K.G. Chetyrkin, M. Misiak and M. Münz, Weak radiative B meson decay beyond leading

logarithms, Phys. Lett. B 400 (1997) 206 [Erratum ibid. B 425 (1998) 414]

[hep-ph/9612313] [INSPIRE].

[8] K.G. Chetyrkin, M. Misiak and M. Münz, |∆F | = 1 nonleptonic effective Hamiltonian in a

simpler scheme, Nucl. Phys. B 520 (1998) 279 [hep-ph/9711280] [INSPIRE].

[9] K.G. Chetyrkin, M. Misiak and M. Münz, β-functions and anomalous dimensions up to three

loops, Nucl. Phys. B 518 (1998) 473 [hep-ph/9711266] [INSPIRE].

[10] P. Gambino, M. Gorbahn and U. Haisch, Anomalous dimension matrix for radiative and rare

semileptonic B decays up to three loops, Nucl. Phys. B 673 (2003) 238 [hep-ph/0306079]

[INSPIRE].

[11] M. Gorbahn and U. Haisch, Effective Hamiltonian for non-leptonic |∆F | = 1 decays at

NNLO in QCD, Nucl. Phys. B 713 (2005) 291 [hep-ph/0411071] [INSPIRE].

[12] M. Gorbahn, U. Haisch and M. Misiak, Three-loop mixing of dipole operators, Phys. Rev.

Lett. 95 (2005) 102004 [hep-ph/0504194] [INSPIRE].

[13] M. Czakon, U. Haisch and M. Misiak, Four-Loop Anomalous Dimensions for Radiative

Flavour-Changing Decays, JHEP 03 (2007) 008 [hep-ph/0612329] [INSPIRE].

[14] B. Grzadkowski, M. Iskrzynski, M. Misiak and J. Rosiek, Dimension-Six Terms in the

Standard Model Lagrangian, JHEP 10 (2010) 085 [arXiv:1008.4884] [INSPIRE].

[15] J. Aebischer, A. Crivellin, M. Fael and C. Greub, Matching of gauge invariant dimension-six

operators for b→ s and b→ c transitions, JHEP 05 (2016) 037 [arXiv:1512.02830]

[INSPIRE].

[16] J. Aebischer, A. Crivellin, M. Fael and C. Greub, 1-Loop Matching of gauge invariant dim-6

operators for B decays, PoS(BEAUTY2016)064 [arXiv:1606.02588] [INSPIRE].

[17] F. Gabbiani, E. Gabrielli, A. Masiero and L. Silvestrini, A complete analysis of FCNC and

CP constraints in general SUSY extensions of the standard model, Nucl. Phys. B 477 (1996)

321 [hep-ph/9604387] [INSPIRE].

– 33 –

https://doi.org/10.1103/RevModPhys.68.1125
https://arxiv.org/abs/hep-ph/9512380
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9512380
https://arxiv.org/abs/hep-ph/9806471
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9806471
https://doi.org/10.1016/S0550-3213(00)00007-9
https://arxiv.org/abs/hep-ph/9910220
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9910220
https://doi.org/10.1016/0550-3213(93)90397-8
https://arxiv.org/abs/hep-ph/9211304
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9211304
https://doi.org/10.1016/0550-3213(94)90118-X
https://arxiv.org/abs/hep-ph/9304257
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9304257
https://doi.org/10.1016/0370-2693(94)01553-O
https://doi.org/10.1016/0370-2693(94)01553-O
https://arxiv.org/abs/hep-ph/9409454
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9409454
https://doi.org/10.1016/S0370-2693(97)00324-9
https://arxiv.org/abs/hep-ph/9612313
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9612313
https://doi.org/10.1016/S0550-3213(98)00131-X
https://arxiv.org/abs/hep-ph/9711280
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9711280
https://doi.org/10.1016/S0550-3213(98)00122-9
https://arxiv.org/abs/hep-ph/9711266
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9711266
https://doi.org/10.1016/j.nuclphysb.2003.09.024
https://arxiv.org/abs/hep-ph/0306079
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0306079
https://doi.org/10.1016/j.nuclphysb.2005.01.047
https://arxiv.org/abs/hep-ph/0411071
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0411071
https://doi.org/10.1103/PhysRevLett.95.102004
https://doi.org/10.1103/PhysRevLett.95.102004
https://arxiv.org/abs/hep-ph/0504194
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0504194
https://doi.org/10.1088/1126-6708/2007/03/008
https://arxiv.org/abs/hep-ph/0612329
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0612329
https://doi.org/10.1007/JHEP10(2010)085
https://arxiv.org/abs/1008.4884
https://inspirehep.net/search?p=find+EPRINT+arXiv:1008.4884
https://doi.org/10.1007/JHEP05(2016)037
https://arxiv.org/abs/1512.02830
https://inspirehep.net/search?p=find+EPRINT+arXiv:1512.02830
https://pos.sissa.it/contribution?id=PoS(BEAUTY2016)064
https://arxiv.org/abs/1606.02588
https://inspirehep.net/search?p=find+EPRINT+arXiv:1606.02588
https://doi.org/10.1016/0550-3213(96)00390-2
https://doi.org/10.1016/0550-3213(96)00390-2
https://arxiv.org/abs/hep-ph/9604387
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9604387


J
H
E
P
0
9
(
2
0
1
7
)
1
5
8

[18] J. Virto, Exact NLO strong interaction corrections to the Delta F=2 effective Hamiltonian in

the MSSM, JHEP 11 (2009) 055 [arXiv:0907.5376] [INSPIRE].

[19] A.J. Buras, M. Jamin and M.E. Lautenbacher, The anatomy of ε′/ε beyond leading

logarithms with improved hadronic matrix elements, Nucl. Phys. B 408 (1993) 209

[hep-ph/9303284] [INSPIRE].

[20] T. Huber, E. Lunghi, M. Misiak and D. Wyler, Electromagnetic logarithms in B → Xsl
+l−,

Nucl. Phys. B 740 (2006) 105 [hep-ph/0512066] [INSPIRE].

[21] S. Bellucci, M. Lusignoli and L. Maiani, Leading Logarithmic Corrections to the Weak

Leptonic and Semileptonic Low-energy Hamiltonian, Nucl. Phys. B 189 (1981) 329

[INSPIRE].

[22] A. Celis, J. Fuentes-Martin, A. Vicente and J. Virto, DsixTools: The Standard Model

Effective Field Theory Toolkit, Eur. Phys. J. C 77 (2017) 405 [arXiv:1704.04504] [INSPIRE]

[https://dsixtools.github.io].

[23] H.H. Patel, Package-X: A Mathematica package for the analytic calculation of one-loop

integrals, Comput. Phys. Commun. 197 (2015) 276 [arXiv:1503.01469] [INSPIRE].

[24] S. Descotes-Genon, L. Hofer, J. Matias and J. Virto, Global analysis of b→ s`` anomalies,

JHEP 06 (2016) 092 [arXiv:1510.04239] [INSPIRE].

[25] C. Bobeth, G. Hiller and D. van Dyk, General analysis of B → K
(∗)
`+`− decays at low

recoil, Phys. Rev. D 87 (2013) 034016 [arXiv:1212.2321] [INSPIRE].

[26] G. Altarelli and L. Maiani, Octet Enhancement of Nonleptonic Weak Interactions in

Asymptotically Free Gauge Theories, Phys. Lett. B 52 (1974) 351 [INSPIRE].

[27] M.K. Gaillard and B.W. Lee, ∆I = 1/2 Rule for Nonleptonic Decays in Asymptotically Free

Field Theories, Phys. Rev. Lett. 33 (1974) 108 [INSPIRE].

[28] M. Ciuchini, E. Franco, V. Lubicz, G. Martinelli, I. Scimemi and L. Silvestrini,

Next-to-leading order QCD corrections to ∆F = 2 effective Hamiltonians, Nucl. Phys. B 523

(1998) 501 [hep-ph/9711402] [INSPIRE].

[29] M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, Nonleptonic Decays of K Mesons and

Hyperons, Sov. Phys. JETP 45 (1977) 670 [INSPIRE].

[30] F.J. Gilman and M.B. Wise, Effective Hamiltonian for ∆S = 1 Weak Nonleptonic Decays in

the Six Quark Model, Phys. Rev. D 20 (1979) 2392 [INSPIRE].

[31] B. Guberina and R.D. Peccei, Quantum Chromodynamic Effects and CP-violation in the

Kobayashi-Maskawa Model, Nucl. Phys. B 163 (1980) 289 [INSPIRE].

[32] F. Borzumati, C. Greub, T. Hurth and D. Wyler, Gluino contribution to radiative B decays:

Organization of QCD corrections and leading order results, Phys. Rev. D 62 (2000) 075005

[hep-ph/9911245] [INSPIRE].

[33] A.J. Buras, M. Misiak and J. Urban, Two loop QCD anomalous dimensions of flavor

changing four quark operators within and beyond the standard model, Nucl. Phys. B 586

(2000) 397 [hep-ph/0005183] [INSPIRE].

[34] M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, On the Weak Radiative Decays (Effects of

Strong Interactions at Short Distances), Phys. Rev. D 18 (1978) 2583 [Erratum ibid. D 19

(1979) 2815] [INSPIRE].

– 34 –

https://doi.org/10.1088/1126-6708/2009/11/055
https://arxiv.org/abs/0907.5376
https://inspirehep.net/search?p=find+EPRINT+arXiv:0907.5376
https://doi.org/10.1016/0550-3213(93)90535-W
https://arxiv.org/abs/hep-ph/9303284
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9303284
https://doi.org/10.1016/j.nuclphysb.2006.01.037
https://arxiv.org/abs/hep-ph/0512066
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0512066
https://doi.org/10.1016/0550-3213(81)90384-9
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B189,329%22
https://doi.org/10.1140/epjc/s10052-017-4967-6
https://arxiv.org/abs/1704.04504
https://inspirehep.net/search?p=find+EPRINT+arXiv:1704.04504
https://dsixtools.github.io
https://doi.org/10.1016/j.cpc.2015.08.017
https://arxiv.org/abs/1503.01469
https://inspirehep.net/search?p=find+EPRINT+arXiv:1503.01469
https://doi.org/10.1007/JHEP06(2016)092
https://arxiv.org/abs/1510.04239
https://inspirehep.net/search?p=find+EPRINT+arXiv:1510.04239
https://doi.org/10.1103/PhysRevD.87.034016
https://arxiv.org/abs/1212.2321
https://inspirehep.net/search?p=find+EPRINT+arXiv:1212.2321
https://doi.org/10.1016/0370-2693(74)90060-4
https://inspirehep.net/search?p=find+J+%22Phys.Lett.,B52,351%22
https://doi.org/10.1103/PhysRevLett.33.108
https://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,33,108%22
https://doi.org/10.1016/S0550-3213(98)00161-8
https://doi.org/10.1016/S0550-3213(98)00161-8
https://arxiv.org/abs/hep-ph/9711402
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9711402
https://inspirehep.net/search?p=find+J+%22Sov.Phys.JETP,45,670%22
https://doi.org/10.1103/PhysRevD.20.2392
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D20,2392%22
https://doi.org/10.1016/0550-3213(80)90404-6
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B163,289%22
https://doi.org/10.1103/PhysRevD.62.075005
https://arxiv.org/abs/hep-ph/9911245
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9911245
https://doi.org/10.1016/S0550-3213(00)00437-5
https://doi.org/10.1016/S0550-3213(00)00437-5
https://arxiv.org/abs/hep-ph/0005183
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0005183
https://doi.org/10.1103/PhysRevD.18.2583
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,D18,2583%22


J
H
E
P
0
9
(
2
0
1
7
)
1
5
8

[35] B. Grinstein, R.P. Springer and M.B. Wise, Strong Interaction Effects in Weak Radiative B

Meson Decay, Nucl. Phys. B 339 (1990) 269 [INSPIRE].

[36] M. Ciuchini, E. Franco, G. Martinelli, L. Reina and L. Silvestrini, Scheme independence of

the effective Hamiltonian for b→ sγ and b→ sg decays, Phys. Lett. B 316 (1993) 127

[hep-ph/9307364] [INSPIRE].

[37] M. Ciuchini, E. Franco, L. Reina and L. Silvestrini, Leading order QCD corrections to

b→ sγ and b→ sg decays in three regularization schemes, Nucl. Phys. B 421 (1994) 41

[hep-ph/9311357] [INSPIRE].

[38] J.A. Gracey, Three loop MS-bar tensor current anomalous dimension in QCD, Phys. Lett. B

488 (2000) 175 [hep-ph/0007171] [INSPIRE].

[39] A.J. Buras, J.R. Ellis, M.K. Gaillard and D.V. Nanopoulos, Aspects of the Grand Unification

of Strong, Weak and Electromagnetic Interactions, Nucl. Phys. B 135 (1978) 66 [INSPIRE].

[40] M. Lusignoli, Electromagnetic Corrections to the Effective Hamiltonian for Strangeness

Changing Decays and ε′/ε, Nucl. Phys. B 325 (1989) 33 [INSPIRE].

[41] K. Baranowski and M. Misiak, The O(αem/αs) correction to BR[B → Xsγ], Phys. Lett. B

483 (2000) 410 [hep-ph/9907427] [INSPIRE].

[42] C. Bobeth, P. Gambino, M. Gorbahn and U. Haisch, Complete NNLO QCD analysis of

B → Xsl
+l− and higher order electroweak effects, JHEP 04 (2004) 071 [hep-ph/0312090]

[INSPIRE].

[43] A. Crivellin, S. Davidson, G.M. Pruna and A. Signer, Renormalisation-group improved

analysis of µ→ e processes in a systematic effective-field-theory approach, JHEP 05 (2017)

117 [arXiv:1702.03020] [INSPIRE].

– 35 –

https://doi.org/10.1016/0550-3213(90)90350-M
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B339,269%22
https://doi.org/10.1016/0370-2693(93)90668-8
https://arxiv.org/abs/hep-ph/9307364
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9307364
https://doi.org/10.1016/0550-3213(94)90223-2
https://arxiv.org/abs/hep-ph/9311357
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9311357
https://doi.org/10.1016/S0370-2693(00)00859-5
https://doi.org/10.1016/S0370-2693(00)00859-5
https://arxiv.org/abs/hep-ph/0007171
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0007171
https://doi.org/10.1016/0550-3213(78)90214-6
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B135,66%22
https://doi.org/10.1016/0550-3213(89)90371-4
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B325,33%22
https://doi.org/10.1016/S0370-2693(00)00544-X
https://doi.org/10.1016/S0370-2693(00)00544-X
https://arxiv.org/abs/hep-ph/9907427
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9907427
https://doi.org/10.1088/1126-6708/2004/04/071
https://arxiv.org/abs/hep-ph/0312090
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0312090
https://doi.org/10.1007/JHEP05(2017)117
https://doi.org/10.1007/JHEP05(2017)117
https://arxiv.org/abs/1702.03020
https://inspirehep.net/search?p=find+EPRINT+arXiv:1702.03020

	Introduction 
	Complete operator basis beyond the SM
	Renormalization of the effective theory
	Complete anomalous dimension matrix at one loop
	Renormalization-group evolution
	Numerical example: Class-V spectra
	Conclusion
	Complete numerical results for the RG evolution matrices
	Fierz identities for four quark operators
	Semileptonic operators: traditional basis
	Comparison with the literature

