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A COMPACTNESS RESULT FOR NON-LOCAL UNREGULARIZED
GRADIENT FLOW LINES

PETER ALBERS, URS FRAUENFELDER, AND FELIX SCHLENK

ABSTRACT. We prove an abstract compactness result for gradient flow lines of a non-
local unregularized gradient flow equation on a scale Hilbert space. This is the first step
towards Floer theory on scale Hilbert spaces.
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1. INTRODUCTION

In this article we provide the first step in the construction of non-local Floer homologies.
Applying techniques from interpolation theory we prove compactness results for the space
of solutions of unregularized gradient flow equations which do not need to be local, i.e.,
do not need to be solutions of a PDE. Our compactness results (Theorems 2.4 and 2.5])
are stated in the next section and proven in Sections [3 and 4l In Section Bl we show that
classical Floer theory and Floer theory with delay on (R*" wg) fit into our framework.
In the rest of this introduction we give a few motivations for why one may care about
non-local Floer homologies.
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Hamiltonian Delay equations. A delay equation is a differential equation in which
the velocity does not only depend on the present state but also on states in the past.
Such equations naturally arise in population dynamics, epidemiology and economics, but
also in several problems in mechanical engineering, fluid dynamics, and visco-elasticity,
see e.g. [I1]. In classical mechanics, delay equations arise in the (controversial) modified
Newtonian dynamics (MOND) proposed by Milgrom [I8], that serves as an alternative to
the hypothesis of dark matter for explaining several discrepancies between observations
and theoretical computations in the dynamics of galaxies: Under the hypothesis of Galilei
invariance of MOND, Newton’s equation becomes a delay equation, see [19] and [12, §6.1.1].

In our note [5] we addressed the question what a Hamiltonian delay equation may be.
The simplest Hamiltonian delay equation on (R*", wy) is of the form

i(t) = Xu(x(t — 7))

where Xp is the Hamiltonian vector field of a function H: R*® — R and 7 > 0 is the
delay time. On a general symplectic manifold (M, w) with Hamiltonian function H: M —
R, such an equation does not make sense, since @(t) € T,uM while Xy(z(t — 7)) €
Typi—ryM. A general concept of a Hamiltonian delay equation on a symplectic manifold
(M, w) different from (R*", wy) does not exist so far. However, by inserting into the action
functional of classical mechanics a delay term, and by computing the critical point equation
on the closed loop space of M, we obtained many examples of delay equations that certainly
deserve the predicate of Hamiltonian delay equations. A particular example are delayed
Lotka—Volterra equations. The search for periodic solutions of these equations with delay
is an old problem in population dynamics that was already discussed in Volterra’s seminal
book [23]. Finding a periodic solution in this problem is somewhat relieving, since then
there is at least one scenario in which both species survive.

Our variational approach to periodic solutions of Hamiltonian delay equations leads to
the question whether Arnold’s conjecture on the number of periodic solutions of Hamil-
tonian systems (see for instance [I7, Chapter 11]) continues to hold in the delayed case. In
particular, this would imply that the number of solutions which do not end in extinction
of a species can be estimated from below by the cup-length or by the sum of the Betti
numbers of the given symplectic manifold. We in fact proved in [4] that for a special class
of delay equations, namely those which can be obtained by an iterated graph construction,
the Arnold conjecture continues to hold. This theorem only requires classical Floer theory
with Lagrangian boundary conditions. It is therefore no question that the Arnold conjec-
ture can be generalized to delay equations, but the question is how far. Indeed, one can
easily cook up Hamiltonian delay equations for which the construction of a Floer homology
is extremely doubtful. For example, if the propagation also depends on derivatives of the
solution in the past, then the Hamiltonian term in Floer’s equation is not anymore of lower
order. But how do we actually specify what “lower order” means?

A general framework for Floer homology. To address the question about the meaning
of “lower order”, it is useful to briefly review the history of Floer homology. In their
celebrated work [9, 0] Conley and Zehnder proved the Arnold conjecture for the standard
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torus. With hindsight, [1], one can say that they constructed an infinite dimensional Morse
homology on the Hilbert manifold of loops of class W'/%2 on the torus. The result of Conley
and Zehnder was later generalized by Floer [I3] to a larger class of symplectic manifolds.
Floer considered a much weaker metric for building a “gradient vector field” than Conley
and Zehnder, namely an L?-metric instead of a W'/*%-metric. In contrast to Conley and
Zehnder’s, Floer’s “gradient flow” equation is not an ODE on a Hilbert space. Instead, by
thinking of a path of loops as a cylinder, Floer interpreted his gradient flow equation as a
PDE on the cylinder in the symplectic manifold, namely a perturbed holomorphic curve
equation. Floer referred to his PDE as an “unregularized gradient flow equation”.

Although we nowadays have many examples of Floer homologies, see for instance [2],
it is still a difficult issue to say precisely what an unregularized gradient flow equation is.
New insight into this question comes from the recent discovery by Hofer, Wysocki, and
Zehnder [15] of new smooth structures in infinite dimensions. While scales of spaces are
an old topic in interpolation theory, see for example [22], a completely unexpected result
in [I5] shows that one can define on a scale of spaces a new notion of smoothness, which
leads to new types of infinite dimensional manifolds, called scale-manifolds. As with Hilbert
manifolds, in the case of finite dimensions this new notion restricts to the usual notion of a
manifold. However, in contrast to the setting of Hilbert manifolds, the structure of scales
allows one to define a notion of “lower order”. These are the sct-vector fields defined by
Hofer, Wysocki, and Zehnder.

Since Floer’s equation is a PDE in the symplectic manifold, it is nowadays perceived
that locality is crucial in the construction of Floer homology. This perception is supported
by the fact that compactness properties of the moduli space of Floer’s equation are a
consequence of Gromov’s compactness theorem for J-holomorphic curves in symplectic
manifolds. In contrast, our guiding principle is that a Floer homology should be a Morse
homology on a scale manifold. The generators of such a Morse complex do not need to be
local solutions of an ODE, but may contain delay or be non-local in an even stronger sense,
and the gradient flow equation is non-local a fortiori. A key question is if in such a setting
one can still expect compactness of the solution space of the gradient flow equation. This
is the issue addressed in this article, in which compactness properties of a certain non-
local ODE on a scale space are proved. This analysis owes much to the work of Robbin
and Salamon [20] and can be thought of as a non-linear generalization of their results.
A crucial ingredient here is the compactness of the embeddings between ascending scales.
This compactness requirement in some way plays the role of the local compactness of finite-
dimensional manifolds used in the construction of Morse homology and is a feature which
is missing in the Hilbert manifold setting.

Conceptual and technical advantages. If one wishes to see the Floer homology of a
symplectic manifold (M, w) as the exact analogue of Morse homology on a finite-dimensional
manifold, one should define the L?-Riemannian metric on the loop space AM in terms of
an w-compatible almost complex structure that lives on AM, not just on M, see the pref-
ace to the appendix of the arXiv version larXiv:1312.5201 of [14]. Such an almost complex
structure leads to a non-local gradient flow equation, that allows a much bigger space of
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perturbations. This is for example of interest if one wants to achieve transversality. For
instance, this can be used in equivariant symplectic homology. The foundational and quite
difficult work of Bourgeois and Oancea [6] [7] shows that one can construct equivariant sym-
plectic homology using just local methods, see [0, Proposition 3.6] and [7, Example 2.4].
On the other hand, if one allows non-local methods, the construction becomes analogous
to the construction of equivariant Morse homology on finite-dimensional manifolds and can
therefore easily be adapted to different equivariant Floer theoretic set-ups.

Non-local gradient flow lines arise even if the critical point equation is local. An example
is Rabinowitz—Floer homology [3|, 8]. Here, the critical point equation

J(w(t)[0w(t) —nXu(v(t)] = 0
—[a H(v(t))dt = 0
for a loop v: S* — M and the Lagrangian multiplier n € R is local, since the second

seemingly non-local equation reduces to H(v(t)) = 0 for all ¢ € S, but the L? gradient
flow equation

{ Osv(s,t) + J(v(s,t)) [&v(s, t) —n(s) Xg(v(s, t))] =
Osn(s) — [ H(v(s, 1)) dt =

fails to be local: In the second equation, dsn(s) depends on the whole loop v(s, -). Further,
for the perturbed Rabinowitz action functional, even the critical point equation becomes
non-local.

Acknowledgment. We thank Irene Seifert very much for carefully reading the preprint. FS
cordially thanks Augsburg University for its warm hospitality in the autumn of 2017. PA
is supported by DFG CRC/TRR 191, UF is supported by DFG FR/2637/2-1, and FS is
supported by SNF grant 200020-144432/1.

2. THE COMPACTNESS RESULT

In this section we formulate our compactness results. Assume that f: N — (0,00) is a
monotone increasing unbounded function. Define the Hilbert space 6% as the vector space
of all real sequences x = {z, },en satisfying

Z fv)a? < oo
v=1
endowed with the inner product
(w,9)r = > fV) 2y,
v=1

For k € Z abbreviate
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Note that Hj, is dual to H_, with respect to the standard inner product on ¢? = H,.
The assumption that f is unbounded implies that the inclusion Hy,; — Hj is dense and
compact. Let H = J, ., Hy. We choose a map ¢: N — {£1} and define

F=F:H-H z {g(y) 70 x}

veN

For every k € Z the map F restricts to an isometry
F: Hk—l—l — Hk

We refer to F as the fundamental operator. The fundamental operator can be interpreted
as the Hessian of the smooth quadratic functional

o H - R, z~ %Z((V)\/f(y)x?,

with respect to the standard inner product on Hy = (2.
We first introduce the notion of a moving frame.
Definition 2.1. A moving frame is a map
&: Hy — £ (Hy, Hy)
such that for every x € Hy there exists a continuous bilinear map
D®(z): Hy x Hy — Hy
such that the following properties hold.

(®1) For every x € Hy the continuous linear map
@([L’) HQ — HQ
s an 1somorphism.

(®2) The map
Hy x Hy — H(), (IL’,’U) — (I)(LU)’U

18 continuous.

(®3) Forx € Hy, h € Hy and v € Hy,

im @z + h)v — B(x)v — DB(x)(h, v)||o = 0.
12 e — () () (h, v)llo

(®4) The map
Hy x Hy x Hy — Hy, (z,h,v)+— D®(x)(h,v)

18 continuous.



6 PETER ALBERS, URS FRAUENFELDER, AND FELIX SCHLENK

(®5) For every x € Hy the isomorphism ®(x): Hy — Hy restricts to an isomorphism
®(x): Hy — Hy such that the maps
H, x H — Hy, (z,v)— ®@@)v, (z,v)— &) v
are continuous.
(P6) For every k > 0 there ezists a constant co = co(k) such that for every x in the ball
{z € Hy: |z|: < k}:
(@)l 2 (ro, o)z (hr1, 1) < €05 1 ®(2) ™| 2b10, o) 2 (1 ) < €0
and

[1D® ()| 2(20) < co-

In (®6) and throughout, the intersection X N'Y of two Banach spaces (X, | ||x) and
(Y, || lly) is endowed with the Banach norm max{|| ||x, || [[y}. Moreover, |D®(x)||z(m,)
denotes the norm as a bilinear form.

Example. The trivial frame ¢ =idpy,, D® = 0 is a moving frame.
Definition 2.2. An unregularized vector field V: Hy — Hy is a map
V € C°(Hy, Hy) N C°(H,, Hy)
such that at every x € Hy the map V: Hy — Hy is differentiable with differential
DV(z): Hy — H,
with the following properties.

(V1) DV is continuous in the compact open topology, i.e., the map
Hy x Hy — Hy, (x,%)— DV(x)&
15 continuous.
(V2) There exists a moving frame ® such that for every x € Hy the map
®(z) DV (z) ®(z)~' — F: Hy — Hy
extends to a continuous linear operator
P(x): Hy — Hy
with the property that the map
Hy x Hy — Hy, (z,%)— P(x)z
15 continuous.

(V3) For every k > 0 there exists a constant ¢c; = ¢1(k) > 0 such that for every x in the
ball {x € Hy : ||z||1 < K}:

P (@) || .2(t0,10) < €1, and if in addition x € Hy: x|l < cl(||V(x)||1 + 1).
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Definition 2.3. An unregularized vector field V is called elementary if the moving frame in
assumption (V2) can be chosen to be the identity, and if assumption (V3) can be strength-
ened to the assumption

(V3') There exists a uniform constant ¢, > 0 such that for every x € Hy:
IP@)l 20, < ¢t and 2]y < A ([V(@)llo +1),

and if in addition x € Hy:  ||z|2 < 4 (|[V(@)|h + [|z]: + 1).

In the case of the classical Floer equation on (R?*", wy) or on the standard torus (7", wy)
and for the constant almost complex structure i, the unregularized vector field is V(x) =
—i0yx — VHy(x), and (roughly) F = —id, and P(zx) = Hess Hy(x). In our setting, the
Hamiltonian term of the Floer equation, however, does not need to be of the classical
form —V H;(x), but can be non-local, as is the case if it contains delay, see §5.31 The
unregularized vector field V' above is elementary. A moving frame ® arises if the almost
complex structure .J is not the constant complex structure 7, as it happens if one writes
the Floer equation on a symplectic manifold in a symplectic chart.

We fix an unregularized vector field V and for T' > 0 look at solutions w: Iy — H; of
the equation

dsw = V(w) (1)
where I := (=T, T).
Theorem 2.4. Suppose that
w, € C°(Ir, Hy) N C*(Ir, Hy)
for v € N is a sequence of solutions of ([l), for which there exists a constant r such that
lwyllcorr,oyncr (i 1) < Ky Vv €N (2)

Then a subsequence of w, converges to a solution of () in the Banach space C°(Ir, Hy) N
CY(Ir, Hy).

In the case that V is elementary we get a stronger result.
Theorem 2.5. Suppose that
wy, - CO([T, Hl) N Cl(IT, H())

for v € N is a sequence of solutions of ([{l) for an elementary unreqularized vector field V,
for which there exists a constant k such that

||8swl,]|Lz(IT7HO) S K, VveN. (3)

Then a subsequence of w, converges to a solution of () in the Banach space C°(Ir, Hy) N
CY(Ir, Hy).
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Remark 2.6. (i) If in Theorem the vector field V is the negative Hy-gradient of a
functional A, then assumption (3]) can be guaranteed by looking only at trajectories whose
A-values (“actions”) are in a fixed compact interval. Indeed, if V(w) = —V.A(w), then
along a solution w,

T

A(w(=T))-A(w(T)) = —/_T&A(w(s))ds = / (—VA(w),0sw) ds = ||8Sw]|%2(IT7HO).

-7
An example in which this assumption is met is the Floer equation with or without delay
on (R?*" wy), see § Bl
(ii) The verification of assumption (2]) is a more severe problem. Already in classical
Floer homology it is known that compactness of the space of gradient Floer lines cannot be
achieved by action bounds alone, due to the phenomenon of bubbling. On manifolds (M, w)
with [w]|x,m) = 0 bubbling can be excluded, and it is then well-known in classical Floer
homology that on trajectories with actions in a fixed compact interval the bound (2]) holds.
We expect that for these symplectic manifolds, the bound (@] can be proven also in the
case of delay. This is an interesting research project for the future.

3. TWO LEMMAS

For the proof of Theorems [Z.4] and 2.5 we need two auxiliary lemmas.

Lemma 3.1. Suppose that w € C(Ir, H)NC*(Ir, Hy) is a solution of () such that there
exists a constant k with the property that

1wl co(rp, )N (1 Ho) S K- (4)

Then for every 0 < T' < T it holds that w € (Ni_y W*?(I, Hy_1,) and there exists a
constant ¢ = c¢(k, T") such that

||w||n§:0 WH2(I1p Ho_y) <c

Proof. Let ® be the moving frame for V as in assumption (V2) of the definition of an
unregularized vector field V. We set

£ = P(w)osw = d(w)V(w) € C°(Ir, Ho). (5)
From () and property ($6) of a moving frame we observe that
1€llcoqrr,my) < cok. (6)
Claim 3.2. For every 0 < T" < T it holds that £ € C'(Iy, H 1) and
0§ = DO(w)(@(w)™'E, 2(w)™'E) + P(w)€ + F¢.

Proof. We fix T" € (0,T") and abbreviate ¢ := T_zT/ > (. Choose a smooth cutoff function
p e C>®(Ir,[0,1]) satistfying

1, selp
5(8)_{0, s€lp\Ir_..



Pick a bump function p € C*(R, [0, 00)) with the properties

1
p(c) =0 for o] >1 and / p(o)do = 1.

1

For § > 0 we set ps(s) = p(%) and abbreviate
wy = pepy ¥ (Bw).
Then w, has compact support in Ir, and w, € C*(Ir, H). Now set
£,(s) == ®(w,(s) V(w,(s)) € CIr, Hy).
Since dsw,(s) € H; for each s € R, it follows from ($2)—(P4) and (V1) that the curve &,
is differentiable in H,, and that
056, = DO(w,) (05w, V(w,)) + ©(w,) DV (w,)0sw,.

This with (®4) and ($2), (V1) imply that 9,§, € C°(Ir, Hy). Using

®(z)DV(2)®(z)™' = P(x) + F(x) forxe H
we can write

06, = D®(w,)(0sw,, V(w,)) + ®(w,) DV (w,)0sw,
= D®(w,)(0swy, V(w,)) + Plw,)®(w,)0sw, + FP(w,)0sw,.

We next show that in C°(Ir, H_;) as v — oo we have the convergence,

Do (w,)(0sw,, V(w,)) + Pw,)®(w,)0sw, + FP(w,)0sw,
)

1 1
DO(w)(Osw, V(w)) + Pw)P(w)dsw + F(w)osw.

Since on the smaller interval I7v we have w, — w in C°(Ip, Hy) N CY (17, Hy) it follows
that V(w,) — V(w) in C°(I7/, Hy) and ®(w,)0sw, — ®(w)dsw in C°(I7r, Hy) by ($2).
Hence the left | follows together with (®4) in C°(I7/, Hy), the middle | follows together
with (V2) in C°(I7+, Hy), and the right | follows in C°(I7/, H_) since F: Hy — H_; is an
isometric isomorphism.

Also note that &, = ®(w,)V(w,) = ®(w)V(w) = & in C%(Iv, Hy) C C(Iy, H-1). We
denote by

n = DP(w)(Osw, V(w)) + P(w)®(w)dsw + FP(w)0sw

our candidate for 9,6. We then have ¢, — ¢ and 0,§, — n in C°(Iy, H ;). Therefore,
with (, ) the Hy inner product,

[ (7% 90> ds = 1/h—>Igo <8S€V7 Q0> ds = — lim <§I/7 85Q0> ds = _/ <§a 08Q0> ds

T I V=00 J L Ly

for every compactly supported test function ¢ € C*° (I, Hy) to the dual space Hy of H_;.
Hence n € C°(Iy/, H_y) is a weak derivative of £ and so, being continuous, is its derivative.

O
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Claim 3.3. [t holds that £ € L*(I7, H)) "N WY2(I7, Hy) and we have the estimates

10:€ll 2 < con (10812 + V2T (k + 1)), (7)
€lzaamy < cor (1051l + V2T (s + 1)), 8)

Proof. We define 3, p, ps as before, and for 0 <0 < 5 set &% = B¢ and
& 1= s+ €7 € C(Ir, Hy).
Then 5? has compact support in I7. From Claim we obtain
§ = F o6 = F'DP(w)(@(w) ¢, @(w) ') — F P (w)E.
Therefore

& = pox (F80.6 — FDO(w)(@(w) '€ @(w)¢) — FTP(w)e’)

= (Dps) * (F'E) = s+ F((0.8)€ + R)
where we abbreviate
R = DO(w)(®(w) ¢, &(w) ") + P(w)E”.

Since F: Hy — Hy and F: Hy — H_; are isometric isomorphisms, this formula and the
properties of ® and P imply that

& e C=(Ir, Hy).

Moreover, we compute
0.6 = F& = 0.6 = F((0ups) ¥ (F')) + F (ps x F (0,00 + R))
= 0.8 - 0. + psx (0,906 + R)

— pox ((0.B)E+ R). (9)
By Young’s inequality,
|5 = ((8:8)€ + R) HL2(IT,H0) < HP5HL1(1T,R) [[(8:8)¢ + RHL2(IT,H0)'

T T T/s
losller = [ psts)as = [ 3p(3)ds = [ ployao =1
-7

- ~T/5
we can estimate using (@), the bound on D®(w(s)) in (®6), the definition ®(w)~ ¢ = dw,
assumption (4)), and property (V3):

s+ (@56 + R)

Since

< [@oe+r

L2(IT7H0) L2(IT7H0)

< cokl|0sBl2 + V2T (cor® + cocrk)
- cm@(”@sﬁﬂg—l—\/ﬁ(/{—l—cl)). (10)
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From (@) and (I0) we infer
1067 = FE 2oz < con (10812 + V2T + e1)). (11)

Note that F is selfadjoint with respect to (-,-), the inner product on Hy. Since 5? has
compact support we obtain using integration by parts

T T
/ (0.0, Felyds = — / (€0, Fo.Ll) ds

=T =T

T
= — /T<Fg§,08§§> ds
T

= _/ <as£§7F£§>dsa

=T

from which we deduce

T
/ (0,65, Fedyds = 0.

-T
This implies that

T
1062 — FE 2oy = / (0 - 7.0 - 7)) ds
T T
= / (0:8],0,]) ds — 2 / (0.8, F&)) ds
-T -T

T
+ [ (e Feas
-7

= ||88§?||%2(1T,H0) + ||]:€?||%2(1T,H0)

= ||as5§“%2(1T,Ho) + ||£§||2L2(IT,H1)’

Here we have used for the last equality that F: Hy — Hjy is an isometric isomorphism.
Combining this with (1) we obtain the two estimates

1.8 20y < con (10,8012 + V2T (5 + 1)), (12)
€ 2y < o (19812 + V2T + 1) ). (13)

Note that the bounds in (I2]) and (I3]) are independent of 6. Hence there exists a sequence
8, — 0 as v — oo such that & converges weakly in L?(Ir, Hy) N WY2(Ir, Hy) to some

&5 e L*(Ip, Hy) N WY(Ir, Hy).
Because §§V converges strongly in L?(Ir, Hy) to £” we conclude that

& = ¢ € L*(Ir, Hy) N W2 (Ip, Hy).
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We write 0,6° € L%(Ir, Hy) for the weak derivative of £#. Moreover, from ([I2) and (I3)
we get the estimates

106 N2y < cor (0.5l + V2T (s + 1)),
162ty < cor (1981 + V2T +cr)).

Since £°|_7v 7 = &|j—7v 11, these inequalities imply Claim O

Claim 3.4. For every T' < T the function 0w = ®(w) ¢ has a weak derivative in
L3(I7/, Hy), namely

O*w = ®(w) 10, — d(w) DO (w)(dsw, Dsw).
Proof. Abbreviate A(s) = ®(w(s)). We need to show that
A(s)710:6 — A(s) ™! 0 DA(s) 0 A(s) ™ €(s)

is a weak derivative of d,w = A(s)7'¢. As in the proof of Claim we take w, =
pepp ¥ (Bw) € C=(Ip, Hy), and we now set &, := ®(w,)0sw,. With A,(s) := ®(w,(s)) we
then have d,w, = A;'¢,. By (®3), (®4), the map s — A, (s) = ®(w,(s)) € L (Ho, Hp) is
differentiable, and so

Pw, = 0,(ATIE) = A (s)710,6, — A (s)" o DA (s) 0 A (s) " E(s) € Hy.  (14)

In order to prove Claim B.4] we will argue below that for every compactly supported ¢ €
C*(Iys, Hp) it holds that

/<A(s)_1§,8sgo> = lim /<Al,(s)_1§l,,8s<p> (15)
= — lim / (A,(5)710:& — Au(s) ' DA, () Au(s) & (), ) (16)

= - [ - AT DA A e e) )
where all integrals are over I7» and (, ) = (, )n,-
([@): Recall from the proof of Claim B2l that ®(w,)dsw, — ®(w)dsw in C°(Ir, Hy), that
is,
61/ — 6 n CO(IT/, H())
Further, by (®6), the functions |(A,(s)7'&,, ds¢)| are uniformly bounded by the constant

co (1€l corpr,m0) + 1) 1052l Co(r,0,10) for v large enough. Hence (1) follows from the domi-
nated convergence theorem.

(@IG): By (®2)-(®4),
058 = 0,(P(w,)0sw,) = DP(w,)(0sw,, dsw,) + ®(w,)0w, € C°(I7, Hy).
Hence ([I8]) follows from (I4)).
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(I@): The identity
lim [ (A,(5) " DA)A) 6 (5)) = [ (AT DAGS) AG9)€(5)0)

vV—00

follows from the continuity of @' and D®, from &, — £ in C°(I+, Hy), and from dominated
convergence. Further, since 0,¢ is the weak L?(I7/, Hy) derivative of £, the identity

lim / (Au(5)710:80, ) = / (A(s)7'0:8, )

is equivalent to

i [ (6.0, (1405 170)) = [ (€0, (AG) 9. (18)

V—r00

Note that transposition 7" commutes with differentiation and does not change the oper-
ator norm. The bounds in (®6) thus imply uniform bounds on the operator norms of
Os[A,(s)71)T and [A,(s)71T. Therefore, (IR) again follows from the continuity of ®~! and
D®, from &, — & in C°(I7, Hy), and from dominated convergence. O

Recall that we denote by 9w the weak derivate of d;w. Combining Claim 34 with (),
(@), and with property (®6) of a moving frame, we estimate
103wl 2ty b0y < N P(w) T 0sE L2110 1)
+H[|®(w) T D (w) (Dsw, Dsw)| 21,0, 116)
COHaSé-Hl?(IT/,Ho) =+ V 2Tc(2)li2

< cgﬁ(uasmb + V2T (e + 2@).

IN

Combining this estimate once more with () we get

HwH%/VM(IT,,HO) [remnt H%Z(IT/,HO) + HwH%/VL?(IT/,HO)

< ||a§w||%2(IT/,HO) + 2T||7~U||201(IT,H0)
< 52([10.8]ls + VET(c1 + 2)) +2T2 = 12
< ¢ B2 c1+2k)) +2Tk* = K. (19)

From (@), ([8), and property (®6) of a moving frame we obtain
105wl iz my = 19(w) ™ €l z2(r,0,m)

< Cé/i(”@sﬁHg +VoT (ki + cl)).

Combining this estimate with () we infer

||7~U||%/V1»2(1T,,H1) = ||asw||%2(1T,,H1)‘|‘||w||%2(1T,,H1)

IN

||08w||%2 (Ipr,Hy) T 2T||7~U||2CO(1T Hy)

2
< <||88ﬁ||2+2\/ (Hcl)) 4T = K2, (20)
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Recalling that d,w = V(w) we estimate by taking advantage of assumption (V3) on an
unregularized vector field, and with p := max{v/27",1},

lollzy iy < ern(IV@) 2y m) +1)
= a1 p(19swll 21y my + 1)

< ClM(HwHWl»?(IT/,Hl) +1)
< p(k1+1) = Ko (21)
Lemma 3] follows from (I9), ([20), and (2I) when setting ¢ = max{xo, k1, k2 }. O

Lemma 3.5. ForT >0, p> 1, and { € N the inclusion

J4 /—1
L: m Wk’p([T, Hg_k) — m Ck([T, Hg_l_k)
k=0 k=0

18 a compact operator.

Proof. For N € Nlet Vy C Hy = (? be the N-dimensional subspace of sequences
x ={x,},eny with x, =0 for v > N. Observe that Viy C Hy for every k € Z. Let

TN : H0—>VN

be the orthogonal projection. The standard basis of Hy = ¢? is a common orthogonal basis
of Hj, for every k € Z. In particular, the restriction

WN‘Hk: Hk—>VN

is the orthogonal projection of Hy to Vi for every k € N. Let

l
HNZ ﬂ Wk’p([T,Hg_k) — We’p([T,VN), W +— Ty OwW.
k=0

Since Vy is finite-dimensional and p > 1, the inclusion
In: W(Ip, Vi) — C*(Ip, Viy)

is a compact operator. We abbreviate by
-1

Jn: Ce_l(IT, VN) — m Ck(IT, Hg_l_k)
k=0
the inclusion and by
l -1
LN - m Wk’p(IT, Hg_k) — ﬂ Ck([T, Hg_l_k)
k=0 k=0

the composition of these three maps,

LN = JNO]NOHN.
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Since Iy is compact and the other two maps are continuous, ¢y is a compact operator. We
are thus left with showing that ¢y converges to ¢ in the norm topology as N — oo. Arguing
by contradiction we assume that there exists a constant ¢ > 0 such that for infinitely many
N € N there exists wy € mi:o WkP(Ip, Hy_}.) with the property that

max{ (v — LN)wNHCk(IT,HZ,l,k) 0<k</(-— 1} =1 (22)
but
max { Jwnllweogm, ) 0<k <0} < e (23)
From (22)) we deduce that there exists 0 < j < ¢ — 1 such that
(e — LN)wNch(IT,HZ,l,j) =1

for an infinite number of N € N. Fix such an N. Then there exists s = sy € I with the
property that

| (id — wN)ang(s)HHHﬁ = 1. (24)
Let g € (1,00) be the number dual to p in the sense that
1 1
Sy =1
p q

Suppose that s' € I satisfies |s' — s| < (5=)”. Then with (23),

1 q
|s" —s] < (—)
2c
q
1
2HwN||W1+j’p(IT7HZ—17j)

q
1
< - .
<2H (ld - 71-N)wNHWl“’”(ITJiQ/13‘))

Using also (24)) and Hélder’s inequality, we estimate

H (1d — 7TN>8ng(S/) HHlfl—j Z H(ld - WN)&in(S) HHfflfj

!

/s H(id — WN)aﬁJ’le(U)}}Hl,l,j do

. ; 1
> 1—|/(id - 7TN)8§+1wNHLp(IT7HZ717j) |s" — s|q

: , 1
> 1= |[(d = 7mn)wnllyisinggm, , ) 18" = sl
> 1—34

1

5-
Since the function f is monotone increasing by assumption, we thus obtain

J6a - mx)osun(s), = ST
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Using this we can estimate

||wN||Wj»p(IT,He,j) > HangHLP Ir,Hy_j)

(
H(ld - 7TZV)@Z,UJZVHLT’(IT,EQ,J')
N+ T) - min { ()7}

=1 f(N—I—l)-min{(i)p%,T%}-

v

v

Since f is unbounded, this violates (23)) for N large enough. This contradiction proves the
lemma. [

4. PROOF OF THEOREM [2.4] AND

Proof of Theorem[2.4] According to the assumptions of Theorem 24 and by Lemma B.1]
for every 0 < T" < T the sequence w,|[_7+ 1 is uniformly bounded in mi:o WHh2(Ip, Hy_y,).
Lemma tells us that the inclusion

1

2
(YW*2(Ir, Hyy) — () C*(Irr, Hi—)

k=0 k=0
is compact. Therefore, w,|r,, has a convergent subsequence in C°(Ip:, Hy) N CY (I, Hy).

The theorem now follows by a diagonal argument. 0

To see how Theorem [2.4] implies Theorem we need the following proposition.

Proposition 4.1. Suppose that w € C°(Ip, Hy) N C (I, Hy) is a solution of () for an
elementary unregularized vector field V', such that there exists a constant k with the property
that

||asw||L2(IT,H0) < K.

Then for every 0 < T' < T there exists a constant ¢ = c¢(k,T") such that
|l o1, mynct (10 ) < €
The proof of Proposition 1] is based on the next two lemmas.

Lemma 4.2. Under the assumptions of Proposition [{.1], there exists a constant ¢ = c(k)
such that

w217, o)W 2(10,10) < -
Proof. By assumption, d;w = V(w), and by (V3'),
lw(s)m < ¢ (IV(w(s)lm +1) Vs € Ir.
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Hence, with Cauchy—Schwarz,
o < ¢ (IV@)lgzrmy + VOT)
= ¢ (10wl zaqrr.my + V2T
< ik +V2T).

With this and the assumption,

lwllwr2rr,m) = \/HwH%Q(IT,HO) T ||asw||%2(lT,H0)

< \/||w||2L2(IT7H1) + ||a$w||2L2(IT,Ho)

< )2+ VITR +r2

Combining these two inequalities we obtain

||wHL2(IT,H1)0W1’2(IT,H0) S \/(Cll)z(fﬁ‘i‘ V 2T)2 + /€2 =. C.

The lemma follows. 0

In the proof of Lemma [4.2] we did not use the fact that the moving frame for ) is trivial.
This becomes crucial in the following lemma, however.

Lemma 4.3. Suppose that w € C°(Ip, Hy) N CY(Ir, Hy) is a solution of () for an ele-
mentary unreqularized vector field V, such that there exists a constant k with the property
that

lwll 21,1 ewr2 (i, o) < K- (25)
Then for every 0 < T' < T there exists a constant ¢ = c¢(k,T") such that
||w’|ﬂzzowk'2(IT/,H2,k) S c.
Proof. Abbreviate ¢ := d,w = V(w) € L*(Ir, Hy). By ([25),
1€l 21, 110) < K- (26)

Since V is elementary, its moving frame can be chosen trivial and so assumption (V2) in
the definition of an unregularized vector field has the simple form

DY = F+P.
Differentiating dsw = V(w) we thus find, as in Claim B.2]
9s& = F(w)é +P(w)é € L*(Ip, H y) (27)

so that

&€ L*(Ip, Hy) N WY (I, H_y).
Choose  and ps as in the proof of Lemma B.I] and introduce the compactly supported
functions

& = g, 565 = ps x &7 € C™(Ir, Hy).
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From (27) we see that
£ = F o — F'P(w)é
so that

& = pox (FB0E— FPw)E?)
= (Oups) * (F€") = psx F((08)6 + P(w)¢?).
In particular,
& € C™(Ir, Hy).
Identity (@) now becomes
0.8 ~F& = pox (A +P)e’).

By Young’s inequality, (23]) and property (V3') we can estimate
s = (@816 + Pw)e?)
— |@8) + Py’

< w1058l + 1)
From (28)) and (29) we infer that

10565 — FEJ | r2(tpmio) < #([1058]loo + ).

L2(1T7H0)

L2(It,Hp)

(28)

(29)

In the same way as we deduced ([7]) and (8) from (IT]) in the proof of Lemma [31], we deduce

from this the two estimates

"{(Hasﬁnoo + C/1)>
1€ 217, 111) k(110580 + 1)

Since £ = ds;w we can combine ([B0) with (25) to

10s& | L2ty b10) <
<

2
lwllwaap i < 5y (194811 + ) +1
and ([31]) with ([25) to

lwllwray i) < wy (10581l + ) +1.
Finally, using (V3'), the equation d;w = V(w) and also ([B3]), we estimate
¢y (195wl paqrys my + w2y, i) + 1)
C’l (2Hw||W1,2(IT,,H1) + 1)

< ¢ <2m\/(||asﬁ||oo +) 1 1) .

The estimates ([B2), (B3), and (B4]) imply the lemma.

Hw||L2(1T,,H2)

IA A
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Proof of Proposition 4.1l By Lemma and Lemma [£3] for every 0 < 7" < T there
exists a constant ¢ = ¢(k,T”) such that

lwllme_y wrag ) < €

Since by Lemma B3 the Hilbert space ();_, W*2(Iz, Ha ) compactly and hence contin-
uously embeds into the Banach space ﬂ,lf:(] C* (I, Hy_}), Proposition E] follows. O

Proof of Theorem Theorem follows from Theorem 2.4 with the help of Propo-
sition [4.1], or alternatively in the same way as Theorem 2.4 by combining Lemma and
Lemma with Lemma O

5. THE CASE OF FLOER’S EQUATION

In this section we explain how classical and less classical Hamiltonian and Lagrangian
Floer theory fits into the results of this paper in a special case: We consider the Floer
equation on R?" with the standard symplectic structure wy and a smooth wy-compatible
almost complex structure J. This means that for each p € R*", J(p): R* — R?" is a
complex structure (J(p)? = —id) such that w,(-, J(p)-) is an inner product on R?*". The
Floer equation then reads

Osw + J(w)oyw + VHy(w) =0 (35)

where w(s, t) is a map from the cylinder R x S to R?*", and where H: R*" x S' — R is a
smooth function and V is the gradient with respect to the Riemannian metric w(-, J-).

Remark 5.1. This situation is enough to obtain compactness for solutions to Floer’s equa-
tion in a general symplectic manifold (M, w) for “short loops”: If Jy; is an w-compatible
almost complex structure and ¢: (U,wy) — (M,w) is a symplectic chart, then Floer’s
equation near a loop x C ¢(U) in the chart U is the above equation with J = ¢*Jy,. O

5.1. Hamiltonian Floer homology on R?". For further use we consider the more general
equation

Osw + J(w)0yw + Xy (w) =0 (36)

where X': R? x S! — R?" is a smooth vector field. Choose a smooth map ¥: R** —
GL(R?") into the space of invertible 2n-matrices such that

i0¥(p) = ¥(p)oJ(p) VpeR™ (37)
We identify R?" with C" and look at the Sobolev spaces

Wk’2(51,(C") = {x(t) = 2627rjti &£ Z]2k ‘ZL’jP < OO} 5 k c 7.

JEZ JEZ.
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Here, i stands for the matrix of the usual complex structure i @ --- @4 on C* = R?", and
z; € R*™. For k € Ny we consider inner products on W*? defined by

(@, 2hwee = Y _(2m) + 5 |a )
jeL
The inner product on W%2 = L? is the usual one. These norms make the operator

Fl(zx) = —’i&tLU—F%ZZ'

an isometry W12 — W2  For convenience, we shall work with these inner products
below. The induced norm on W*? is equivalent to the usual norm given by ||z|%,.. =

Z?:o |0]x||%,, k € Ny. In the sequel we shall often use that W*2(S' R), k > 1, is a
Banach algebra, in the sense that || fg|| < ¢||f|||lg|| for a universal constant c.

The moving frame ®. We first set H, = W*+12(S1 C"). For instance, H; = W?%? and
Hy=W?"2. For x € H, and v € Hy define the linear map ®(x): Hy — Hy by

(2(z)v) (1) = W(x(t))v(t). (38)

Note that for € H; the coefficients of the 2n-matrix W(x) are in H; C Hy. Since
W2(SY R) is a Banach algebra, ®(z) thus indeed takes values in Hy. Similarly, for all
k> 1, (B8) defines a map z — ®(x) from Hy to the linear maps Hy_; — Hy_1.

Proposition 5.2. ® is a moving frame.

Proof. (®1): Fix x € Hy;. The map ®(z): Hy — Hy, v — Y(z(t))v(t) is linear. We
shall show that it is bounded. Its inverse v — W(z(t))~1v(t) is then also bounded (by the
bounded inverse theorem, or by the same argument).

For t € St set A(t) := ¥(z(t)) € GL(R*). Since x € H; C C'(S',R?") is bounded,
there exists a constant ¢ such that ||A(t)|| < ¢ and ||A(t)|| < ¢ for all t € S*. Hence

le(@)ollf, = /51 HA(t)v(t)szH/Sl IA®)u(t) + A(yot)| dt

< 3¢ [ (W@ + 1ol @
= 3|l (39)

A similar computation shows that the map = — ®(z) takes Hy to £ (Hy, Hy) for every
k > 0. Properties ($2)—(®5) will readily follow from

Lemma 5.3. ® € C*°(Hy, L (Hy, Hy)) for every k > 0.

Proof. Let z,# € Hy. Since U: R*™ — GL(R?") is smooth, for every ¢t € S' there exists
¥(t) € (0,1) such that

U (z(t) + 2(t) = V(x(t)) + DU (x(t) +9(t)2(t)) 2(t)
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by the mean value theorem. With Z4(t) = ¥(t)Z(t) we therefore have
O(x+1)— P(x) — DP(x)(2) = Y(r+z)— ¥(x)— DY(r)(7)
= (DY(z+ 2y) — DV(x))(2). (40)

Since the inclusion Hy, C C° := C°(S,R?*") is continuous, there exists a constant ¢ such
that [|y||co < ¢|ly||m, for all y € Hy. Hence ||z||co < c¢||z| g, and

1@ +29)(t) = 2] < [[Egll= < 2]z = 2llco < cll@flm, for allt € S
Since ¥: R?™ — GL(R?") is smooth, it follows from (@0) that
[P(x +2) = P(x) = D(2) (@)l g1, .11y = U] 1)

We have shown that ®: H, — Z(Hy, Hy,) is differentiable for every k£ € N. Since U is
smooth, we can iterate this argument and find that ® € C*(Hy, £ (Hy, Hy)) for every
ke N. O

The map in ($2) is the composition
Hy x Hy C Hyx Hy — g(Ho,Ho)XHO — H,

where the second map is (x,v) — (®(x),v) is well-defined by Lemma (5.3]) and the third
map is (A,v) — Av. The inclusion and the third map are continuous, and the second map
is continuous by Lemma In fact, by this lemma, ® € CY(Hy, £ (Hy, Hy)), which in
particular implies properties (®3) and (®4). Property (®5) also follows from Lemma [5.3]
Finally, (®6) holds because for z € H; with ||z||; < k we have ||z||co < ¢k and since the
coefficients of the matrices W(p), ¥(p)~! together with their derivatives up to order two
are uniformly bounded on the ball {p € C" : ||p|| < ¢x}. By means of example we spell
this out this for || ®(z)v||g, < col|v||n, for all x € Hy with ||z]|; < k and v € Hy: Using
O (z)v = ¥(x)v we have

le(@)ollly, = I19(@)vllz: + 1DV (2) (@, v) + ¥(2)o]72 +
| DU (z)(&, &,v) + DU(2) (i, 0) + 2DV (z)(&, 0) + ¥(2)i|72
< [ ¥(@)olze +2 (1D (2)(@, )72 + |9 (2)0]Z2) +
8 (I1D*W(x)(x, &,v)|72 + | DW(2) (&, 0)||7> + | DY (2) (@, 0)|72 + |9 (2)i]]72)
Integrating by parts we have [, (Z,0)dt = — [, (&, ¥) dt. Since also ||z]|cr < ¢|lz]jy < ¢k
for a universal constant ¢, we find a constant c¢q depending only on x and on ¥ and its deriva-

tives up to order two such that the above some is bounded by ¢ ([|v|2. + [|0[|2. + ||3]|22) =
21112
co vl - O

The unregularized vector field V. In view of (36]) we define the vector field V: H; — H,
by
V(z) = —J(x) 0 — Xi(x). (41)
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Since J: R*" — End(R?") and X': S x R*" — R?*" are smooth and since WH?(S!, R*") is a
Banach algebra, )V indeed takes values in Hy, and it readily follows that V € C°(Hy, Hy) N
CO(H,, Hy).

The differential DV(x): Hy — Hy at © € H; is given by

DV()(3) = —DJ(x) (&, 8x) — J(2)0,& — DX,(x)(2). (42)

From this, the continuity of the map H; x H; — Hy, (z,%) — DV(x)z asked in (V1) is
immediate. To verify (V2) we compute, using (42]),

(®(2)DV(2)@(2)"(2))(t) = —P(a(t) DJ(x(t))(P(x(t) " 2(t), B (t))
—W(x(t)) J ((t)
—U(2(t)) DX, (x

Since

and by the defining property (37) of ¥,

W(x(t) J(x(t) 0 (U(a(t) T 2(t)) = —iDW(x(t))(Der(t), W(a(t) " 2(t))
+i0,d(t).
Hence
(®(2)DV(2)@(2) ™ (2))(t) = —W(x(t) DJ(x(t)(P(a(t) "2 (t), D (t))
+i DU (z(t)) (O, (t), U (x(t) ' 2(1))
—i0,2(t)

—U(x(t)) DX, ((t)) W(x(t) 2 (t).

It is tempting to take F(z) = —i ;. However, this Fredholm operator H; — Hj of index
zero has a 1-dimensional kernel. Since we need F to be invertible, we define

F(2) == —idd + 3.
Then
(@(2)DV(@)@ ()" = F)@)(1) = —W(w(t)) DI (x(t)) (¥(x(t)) i (t), Oa(t))
+i DU (2(t)) (Opx(t), U(x(t)) " 2(t))
—52(t)
—W(x(t) DX (x(t)) U (a(t) 2 (t). (43)

We can thus define P(x): Hy — Hy for x € Hy by ([A3)), and then (V2) holds true. (Use
again the Banach algebra structure of W2(S* R) to see that P(x) takes values in Hy and
that Hy x Hy — Hy, (x,%) — P(x) is continuous.)

To verify (V3) fix k > 0. The existence of a constant ¢; (k) such that

1P (@)l < er(x)
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for all x € Hy with ||z||g, <k and all 2 € Hy with ||Z]| g, < 1 follows from the smoothness
of ¥ and J and from the Banach algebra structure of W?(S1 R).

Further, since ||z||co < ¢||z||g, < ¢k and since J=t = —J and X, are smooth, there are
constants d; = di(k) and dy = dy(k) such that for all x € Hy with ||| g, < &:
V@)a, = 1J(x)0 + Xi(2)| m,
> | J(2) 0|, — (| X ()| 1,
> di||z|a, — da

and 50 ||z, < g [V(@) |1 + E-

The case of elementary unregularized vector fields V. We next look at the case of
elementary vector fields. That the moving frame defined by (B8)) is the identity means that
U =id, that is, J =4. Hence

V(z) = —idw — Xy(x)
with DV(z)2 = —i0,2 — DX, (z)(z). Then
P(x)z = DV(z)z — FT = —
Since all non-linear terms of ¥V, DV and P are now in the summand involving the vector
field X', that contains no derivatives of x or &, we can now take H; = W"?2(S1 C"), so that
Hy = L?, H = W2 H, = W22 Properties (V1) and (V2) are readily checked. (Note
that the multiplication of an L? function with a W'? function lies in L?%.)

To verify (V3'), we need the following assumption on &X: There exists v € R\ {0} and
a constant ¢ = ¢(X’) > 0 such that for all ¢ € S* and all p € C™,

& — DX,(2)(2).

1
2

lax@ <e %) -l < DY) < (x)
By the third point, ||P(z)|| ¢ mo,H,) < %+ c. By the second point in (X') we can estimate
V@)l = li0w + Xi(2)]] 2
> |li0px + |2 — (| X () — a2
> min{1, [} [lzlwre — c.

Finally, using all three assumptions in (&),

X (@) lwre < | Xe(2)]lz2 + 110, (X)) |2
< [l X ()l + [0 X) ()| 2 + [ DX () (Op) || 2
< ctllell +o+ cllgel
< 2c+ 9|zl 2 + cl|z]|wre-
Therefore,
1V (@)]lw2 [i 0 + yallwrz — [|X(z) — yallwr

min{L, [7[} |#[lw22 — 2¢ = (¢ + 2y)[[x]lw 2.
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Property (V3') therefore holds with
, max{1,2c, ¢+ 2|y|}
min{1, |}

We have verified that Theorems 2.4 and 25 hold true for vector fields V of the form (3@),
under the assumption on the bounds (2) and ([3). In the Hamiltonian case X, = VH,
assumption (X') becomes

VO Hy(p)l| < ¢, [[VH(p) —pll <¢, [ Hess Hy(p)[| < c. (H)

For instance, functions of the form Hy(p) = 2 ||p||* 4+ ap + ¢ + f(t,p) where f has compact
support satisfy (H). Recall from Remark that in the Hamiltonian case the bounds (2)
and (3]) are known.

Remark 5.4. In Floer homology one often makes the compatible almost complex struc-
ture J depend on ¢, in order to achieve transversality. The previous arguments go through
for such families J; (use families W, (p) conjugating J;(p) to 7). However, to achieve transver-
sality in our setting it will be more convenient and more natural to perturb the whole vector
field V.

5.2. Lagrangian boundary conditions. Our framework is general enough to embrace
many classical Floer theories. We discuss one more example. The local model for La-
grangian Floer homology is the pair (R**, R™) where R" is the real part of C" = R" @ iR".
The Floer equation is again (B%)), where now w(s, t) is a map from the strip R x [0, 1] to R*"
mapping the boundary lines to R”. We thus take for & € Z the Hilbert spaces

Wk2([0,1], R*" R") := {x(t) = el [t e 0,1, z; € R, DY i1 |yl < oo}
ez jez

of paths with endpoints on R". Define ® and V again by (B8)) and ({1l), with X; = VH,,
and take again H, = W**12 in the general case and H, = W"? in the case that ® is
trivial. Arguing literally as before we then see that ® is a moving frame and that V) is an
unregularized vector field, that in the case where ® is trivial is elementary if H satisfies
the growth condition (H). The compactness theorems 2.4 and thus also hold true for
the Lagrangian Floer equation.

The following lemma describes the elements of W*2([0, 1], R?", R") for & > 1 in a more
geometric way. For k > 1 define W;%([0, 1], R?") as the space of paths = € W*2([0, 1], R?")
for which

o'x(0), ofx(l) € R™ iffiseven, 0<(<k—1, (44)
Ofw(0), 0fz(1) € iR™ iffisodd, 0<(<k—1. (45)

These spaces where introduced by Tatjana Simcevic [21] in her Hardy space approach to
Lagrangian Floer gluing.

Lemma 5.5. For k> 1, W*2([0,1],R*", R") = W/*([0, 1], R?").

C
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Proof. For x =", , e™a; € Wh2([0,1],R*",R") and ¢ € {0,...,k — 1} we have
ojx(t) = i (mj)e™ ;.
jez

Since €™ = (—1)7id, [#]) and (@) hold true.
Now assume that x € W*2([0, 1], R?") satisfies (@) and ). Let S1(2) = R/2Z be the
circle of length 2, and let ~,: S*(2) — R?" be the loop obtained by reflecting z at R™:

v:(t) = x(t) if te€[0,1], (46)
1(t) = xz(2—-t) if tell,?2]. (47)

Then
Ye(2—1) = 7.(t) forall t€[0,2]. (48)

We claim that v, € Wk2(S1(2),R?"). Indeed, 7, has k weak derivatives in L?(S1(2), R?")
since x has k weak derivatives in L*([0, 1], R*"). Further, ~, has k—1 continuous derivatives
on S1(2)\ {0, 1} since = has k — 1 continuous derivatives on (0,1). Geometrically, it is clear
from (@8) and (44]), (@3] that v, also has k — 1 continuous derivatives at 0 and 1. To see
this formally, we use that x has k£ — 1 continuous derivatives at 0 and 1 and for ¢ < k — 1
compute that at t =1,

@ | @@ @
lim 0; 7.(t) = lmofa(t) 7= (=) Hm of a(t) = limof (2 — 1) = limof 15t

and similarly 0f ~,(t) is continuous at ¢ = 0.
Since v, € W"2(S1(2), R?") we can write

= Ze“jtizj, te S'(2), x; € C™.

jez
With 37,z 171%*]224]|* < oo. Property @) then becomes Y., €™y =37, ) e ™ 75,
Since e™? = id we find that z; € R" for all j. O

5.3. Delay equations. A delay equation is a differential equation in which the velocity
does not only depend on the present state but also on states in the past. The simplest case
on R?" is the differential equation

Xm:X z(t —75))
7j=1

where X7: St x R?® — R?" are vector fields and 0 < 73 < 75 < --- < T,,,. Since the curves
z(t — 7;) have the same norms in W*2(S1 R*") and C*(S*,R*") as x(t), the arguments
in §5.1] show that

V(z)(t) == — t))Opx(t) i X/ (x(t —75))

J=1
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is an (elementary) unregularized vector field. For Hamiltonian delay vector fields on R?",
for which also assumptions ([2) and (B]) are verified, we refer to [5].

[1]
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