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Abstract

We study quantum aspects of the recently constructed doubly A-deformed o-models representing the
effective action of two WZW models interacting via current bilinears. We show that although the exact
beta-functions and current anomalous dimensions are identical to those of the A-deformed models, this is
not true for the anomalous dimensions of generic primary field operators in accordance with the fact that
the two models differ drastically. Our proofs involve CFT arguments, as well as effective o-model action
and gravity calculations.
© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction and conclusions

Recently, a new class of integrable o-model theories based on current algebra theories for
a general semisimple group G was constructed in [1]. This was achieved by utilizing a left—
right asymmetric gauging of two independent WZW models both at the same positive integer
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level k, combined with two independent principal chiral models (PCM). The resulting theories
are characterized by k and by two generic matrices A1 and ;. This class of theories was shown
to be integrable for certain mono- or multi-parameter choices for A1 and A, [1]. A slight modi-
fication of the construction provides integrability for deformations corresponding to coset G/ H
exact CFTs for cases in which G/H is a symmetric space. The above construction, although
different, is reminiscent of that for single A-deformations [2].

The aim of this work is to study the quantum properties of the aforementioned models. More
precisely, we will derive the all-loop, exact in A1 and Aj, but leading in the large k-expansion,
B-functions of the theory, as well as the exact anomalous dimensions of the currents and of
the bilinear operators that deform the CFT. This will be achieved by using different independent
methods which have their own advantages separately and in addition they complement each other
conceptually. In the first one we employ CFT techniques to show that the correlation functions
involving exclusively currents can be mapped to correlation functions of the single A-deformed
models calculated in [3,4]. We demonstrate that this can be done only for current correlators
and not for generic correlation functions that involve affine primary operators. In the second
method, we employ the all-loop effective action of these doubly-deformed CFTs obtained in [1]
(provided in (1.1) below) by considering the Lagrangian of the quantum fluctuations around a
classical constant background solution along the lines of [5] and for the case of isotropic cou-
pling matrices, i.e. proportional to the identity. This method will provide the S-functions for
the two cases of principal interest, the isotropic double deformations corresponding to a general
semisimple group G and the double deformations corresponding to the symmetric coset space
G/H exact CFTs. In fact, these are actually the two cases for which this method is applicable.
The results obtained are completely consistent with those of the first method. The gravitational
background corresponding to the doubly A-deformed is quite complicated. However, according
to the findings of the first two methods we may compute the known B-functions for the usual
A-deformed models by setting one of the matrices to zero identically. Indeed, we set A, =0 and
use the B-function of the resulting gravity background which in fact is quite simple. Then we de-
termine the running of the remaining coupling A; under the renormalization group (RG), in the
general case where A1 is an arbitrary matrix. For isotropic deformations the result is in complete
agreement with that obtained from the two previous methods.

We summarize the main results of the present paper: At the level of current operators the
correlation functions of our model factorize and can be obtained from two copies each of which
corresponds to a usual A-deformed model, one with coupling matrix A; and the other with cou-
pling X,. In particular, this implies the remarkable fact that the running of each of the couplings
A1 and Aj is the same as in the case of the single A-deformations computed in [6] and [7] (see
(2.5) and (4.20), respectively). This is despite the fact that the doubly A-deformed model is fun-
damentally different from the sum of two copies of single A-deformations. Furthermore, the
anomalous dimensions of the currents and composite operators of the doubly deformed model
(1.1) are given by (2.6) and (2.7), respectively, in the large k-limit as computed in [3]. Finally we
calculate correlation functions involving affine primary operators by using CFT methods similar
to the ones used in [8,9]. In this case the correlation functions will depend non-trivially on both
A1 and A, since they have non-vanishing transformations with the left, as well as with the right
currents.

Before proceeding, let us briefly review the models under consideration. The action defining
them depends on two group elements g; € G, i = 1, 2 and is given by the deformation of the sum
of two WZW models Si(g1) and Si(g2) [1]
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Skoan00 (81, 82) = Sk(g1) + Sk(g2)
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(1.1)
where the WZW action Si(g) for a group element g € G is given by
_k [ -1 ko 1423
Sk(g) = d®o Tr(d+g~ 0-g) + Tr(g™ dg) (1.2)
2 127

and

A= —xDIxy DD, Axi =T — 1 DIx,DIY. (1.3)
The matrices Dy, and the currents J{ are given by

JE=—iTr(t“01gg™"), T =—iTe(t"¢"'9-g),  Dap=Trltagtrg™"). (1.4

where t%’s are Hermitean matrices with [z, f,] = i fupctc, here the structure constants fp. are
taken to be real." When a current or the matrix D has an index 1 or 2 this means that one should
use the corresponding group element in its definition.

The above action has the following remarkable duality-type symmetry [1]>

ks —k, M Al e, g gl saegl. (1.5)

A similar non-perturbative duality is also present in the case of the A-deformed action of [2] as
discovered in [6,7] and predicted before using path integral arguments in [11].
For small values of the entries of the matrices A;’s the action (1.1) becomes

k
Sk r2 (81, 82) = Sk(gn) + Sk(g2) + — / Po (G0ap I T+ Cap S I ) -
(1.6)

thus representing a current-current deformation of the original WZW actions. Notice, however,
that unlike the A-deformed action [2] the currents building the bilinear interactions belong to
different WZW models. The action (1.1) is said to be the effective all-loop in A; and A, action
corresponding to (1.6) defined as a model on its own.

2. Exact B-functions, current & primary fields correlators

In this section, we will calculate the exact expressions for the running of the couplings A
and X;, as well as for the anomalous dimensions of the currents Jla " Jz" ', and current bilinears

Jiy sz_ and J2“+J1b_. We will also derive the exact scaling dimensions of the affine primary

operators of the model under consideration.

! The structure constants Jfabc are taken be real for gravity computations and imaginary for CFT ones, appearing in
Secs. 1, 3, 4 and 2, respectively.
2 The action is also invariant under the generalized parity transformation:

+ -1 —1 T T
oo™, 818 » 8 & . APAy, AabAp,

similar to the A-deformed action of [2] found in [10].
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2.1. Exact B-functions & current correlators

Consider all the correlation functions involving current operators or composite current opera-
tors and split them into two sets. We will work in the Euclidean regime and denote the Euclidean
versions of J{ and J , by J{ and J_l.“, respectively. In the first set we assemble J7, J_Z” and
all the composite operators built from these two and we do the same for J§, J; { and all of their
composite operator, that is

O=(J¢, J§, JEJy, -y, O={Jg, Ji, Jggb, -y, (2.1)

Our aim is to evaluate correlation functions involving an arbitrary number of O and O, namely

n m n m B B
JToien 10 = %d_[ 0izi) [ [ O epe™ [ & (G i TG I3 7))
i=1 j=1 i=1 j=1

(2.2)

where the interaction is the leading term in the small A expansion given in (1.6). The symbol
(...)o in the right hand side of (2.2) denotes the average performed over the currents with the CFT
action being Sx(g1) + Sk (g2). The crucial observation is that the particular form of the interaction
vertices in (1.6) leads to a factorization of the correlation function (2.2) since the operators O

. . . 1 g2 a jb
can be contracted only with the currents coming from the expansion of e~ = J &2 Gan {1y gnd
similarly the operators O can be contracted only with the currents coming from the expansion of

1 2 a 7b
the exponential e™ = [ &2 (Dav I3V 1 conclusion (2.2) can be written as follows

i=1

IO []0iem =0 (][]0, (2.3)
i=1 j=1 j=1
where

1 “ _1 2Z | a b
<H0i<zi>>=z<uoi<zi)e @ ona iRy
l_ N (2.4)

. 1 14 x L g2 a fb
10560 =z ([T Oizpe™= = (2w,
j=1 j=1

Thus we see that at the level of current operators the correlation functions of our model can
be obtained from two copies each of which corresponds to a usual A-deformed model, one with
coupling (A1)4p and the other with coupling (A2),s. The above factorization of correlators is only
true when restricted to correlation functions involving exclusively currents. When one or more
affine primary operators are involved in the correlation function then such a factorization will
no longer be true (except for primaries transforming trivially under the left or the right current
algebras). This will be shown in the next subsection. This is in accordance with the fact that the
o-model action (1.1) entangles the group elements g; and g, non-trivially in such a way that its
action can not be written as a sum of two A-deformed models, with coupling matrices A and A»,
respectively.

The aforementioned factorization of (2.3) implies that the B-functions for the couplings X
and A, are the same as in the single A-deformed theory since the correlation functions from
which they are derived involve only currents and as such they take the form of two copies of
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M-deformed models. The above assertion is valid for all values of the deformation matrices A
and A, and to all order in the level k. In particular, for the case of isotropic couplings these read
[7,12,13]

di; _ CG)»iz

o PR p=np?, i=1,2 |, 2.5
ar  2k(1+ 02 e (2.5)

Bi =

to leading order in the 1/ k-expansion and exactly in the deformation parameters. c¢ is the second
Casimir of the adjoint representation defined by the structure constants of the group through
Jfacd foed = —¢G Sab, here the structure constants are imaginary (see footnote 1). Similarly, the
pairs of currents (J{, Jz) and (J5, Jé 1) acquire anomalous dimensions that depend only on A;
and A, respectively. For the isotropic case their exact in A1 and X, large k expressions are given
by [3.4]

2 2
(o) _ cGM (he) _ (e cGA;

(1) — Y =y
k(1 =21+ x1)3 k(l—)»z)(l+)\2)3

14 =V

(2.6)

which are both positive. Furthermore, for the composite operators deforming the sum of the two
CFTs we have from [3] that

(e I8y _ %_le(l_kl(l_)\l)) ’ (]2”+jf7):_20_G)\2(1_)"2(1_)"2))
k (I=xp)(1 4213 ko (1=a2) (14 22)3

Y

2.7)

which are both negative.

The above considerations can be easily extended to the left-right asymmetric cases where the
levels of the four currents algebras involved are different. This can be done using the correspond-
ing results for the left-right asymmetric A-deformations in [8].

2.2. Exact dimensions of primary operators

In this subsection, we calculate the anomalous dimensions of affine primary operators along
the lines of [4,8]. We will verify the expectation that in this case the dimensions, as well as all
correlators will depend on both couplings A; and X, and will not just be what was found for
the single A-deformations in [4,8]. The reason is that generic primary fields are sensitive under
transformations from both the left and the right current algebras. Such results might help in
finding out the fate of these theories under the RG flow towards the IR, especially in the case of
unequal levels.

The CFT we are studying contains two kinds of affine primary fields belonging to the original
WZW models and transforming under the corresponding left and right current algebras. From
this point we focus on one of them, i.e. ®; ;/(z,z) which under the action of the currents Jla
and J_la transforms in the irreducible representations R and R’, with the corresponding matrices
being t, and #,. Hence, we have for the indices labeling them that i = 1,2, ...,dimR and i’ =
1,2,...,dim R’. In addition these primaries are inert under the action of the currents belonging
to the second WZW model J5 and J_f. The relevant OPE equations are
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1 ()i’ @y (w, w
ﬁ@®ﬂmm=m_ﬁl4i_g

N ’
. 1 () @ (w, W) (2.8)
TP, (w, ) = — : :
1 (@) ii (w, w) \/Z F_w
J3(2)®; i (w, w) =regular , J_2“ (2)®; i (w, w) =regular .

Our conventions for the transformation matrices are [t,, t] = fupcte and [fy, Ip] = fapele, i.€.
here f,p. are taken to be imaginary. At the conformal point, these affine primary fields are also
Virasoro primaries with holomorphic and antiholomorphic dimensions given by [14]

Ap=—K Ap=—F (2.9)
R 2k +eg R = 2kt g’ '
where cg, cg and cg are the quadratic Casimir operators in the representations R, R’ and in the
adjoint representation. For the latter (¢,)pc = — fapc. They are defined as
(ata)i! =crS,  Gala)i! =crdi’ . facd foca = —CGBab - (2.10)

Finally, the current OPEs are given in our conventions by

Sab + Sabe ch(w)
z—w? JVk z—w)’
and similarly for the others.

Next we proceed with the calculation of the exact dimensions of the primary fields. A typical
term in the perturbative expansion of the two-point function of primary fields will schematically
have the form A7 A% (<I>l(ll), (x1) (J{ J_Z“)" (sz J_]b)’" CI>52§, (x2)), where 1 denotes an affine primary
operator while ®® denotes its complex conjugate. The field ®V) transforms as in (2.8) whereas
®® transforms similarly but with 7, and 7, replaced by —1} and —7¥, respectively. We will first
argue that to order 1/k in the perturbative expansion that we are interested in, there will be no
terms with both n # 0 and m # 0, that is, mixed terms of the two couplings A; and A, never
appear.

Consider the case when n is an odd number. We firstly choose to apply the Ward identity for
one of the J_z" currents. This current can not be contracted with one of the external fields but
only with another J_Z“. Once such contraction gives another J_f current via the non-Abelian part

Ji(2)Jf(z) = .11

delivering another factor of 1/ k. The remaining J_f currents, even in number in total, should
then be contracted among themselves only through the Abelian term of their OPE since in the
opposite case the resulting expression will be of order higher or equal to 1/k%/2 in the large
k-expansion and such terms are subleading. The next current for which we choose to apply the
Ward identity is one of the Ji'. This can be contracted either with another current of the same
species through the non-Abelian term of the OPE or with one of the external fields. In both
cases, we have already saturated the 1/k factor of the two-point function and as a result the
currents associated with the second interaction term ( sz J; lh )™ should be contracted only among
themselves making the corresponding diagram disconnected.

Now we turn to the case when # is an even number and as before we apply first the Ward iden-
tity for one of the currents J_Z“ currents through the Abelian or the non-Abelian part of their OPE.
When this contraction is Abelian, at least one of the Jf currents should be contracted with one of
the external fields, otherwise all currents associated with the first interaction vertex (J{' J_Z“)" will
have been contracted among themselves giving a disconnected diagram. Thus, the contraction of
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the Ji' current with one of the external fields will leave us with an odd number of J{' currents
which means that another J 1“ current should be contracted with one of the external fields, hence
saturating the factor 1/k to which we perform computations. Hence, the currents associated with
the second interaction term (sz J lb )™ have to be contracted only among themselves resulting to a
disconnected diagram. In the second case, when two of the .]_2“ currents are contracted through the
non-Abelian part of their OPE, we are left with an odd number of J_z" currents which means that
another non-Abelian contraction among two of the remaining j2“ currents is necessary, hence sat-
urating the 1/k overall factor. Then as before, the currents associated with the second interaction
vertices (th J; 1” )" should only be contracted among themselves giving a disconnected diagram.

In conclusion, we have shown that the perturbative expansion can never produce terms con-
taining mixed factors of A; and A;. This implies that the anomalous dimension of the affine
primary fields will take the generic form

_ J1GDer + oGa)er  hiGo)eg +ha(Ra)er
YRR = A= +4)° | k(I =) (1 +4)]

, 2.12)

where the pole structure of the dimensions in the above equation is dictated by the fact that each
of the B-functions of the model, B, and B,,, is given by the same expression as in the single
A-deformed o-model. Then one can use the Callan—Symanzik equation in a similar manner to
that in [3] in order to pin down the form of the anomalous dimensions. The unknown polynomials
f1, f2, h1 and h; appearing in (2.12) can be determined by exploiting the symmetry of the action
(1.5), as well as the results from low order perturbation theory presented in Appendix A. From
(A.18) we have that

YRR = %R (1 +22(1+ A%)) n %Ag(l +32)+ 005 k). (2.13)

The symmetry of the model (1.5) when combined with the obvious Z; symmetry exchanging
(g1, A1) with (g2, X2) gives the following constraint for the anomalous dimensions

VR’,R(k,MJ»z)=VR,R/(—k,KQ],?»f1). (2.14)

The exchange of the representations R and R’ is related to the fact that under the combined
symmetry mentioned above, the inversion of the group elements, i.e. g; — gl._l, i =1, 2, results
into the interchange of the representations R and R’, for details see [4]. Then (2.14) implies that
the functions f1, f> and k1, hy obey the following relations

AGD =m0, A0 =mOHAT . (2.15)

Hence, the unknown polynomials are of order A%, at most. We fix them by in addition requiring
agreement with the perturbative result (2.13). In fact, one needs the perturbative result only up to
order )»% and A%. In this way, we get f, =h; =0and fi(A) = (1 + M2 and ha(h) = A2(1 + )2
Therefore the exact anomalous dimension is

cg 1 CR )\%

T 2 2
k1-22 k 1-23

YRR = (2.16)
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This reproduces correctly the perturbative result (2.13) up to order )\‘1‘ and )\‘2‘ and serves as a
non-trivial check of the all-loop expression (2.16).® We see that, unlike the case with the current’s
anomalous dimensions, it depends on both deformation parameters A and A;. In addition, com-
paring with the anomalous dimensions of primary fields for the A-deformed models [4] a main
difference is the absence of a term proportional to the eigenvalues of the matrix #, ® ¢. Such a
matrix does not appear here. The reason lies on the fact that in the A-deformed models the defor-
mation is driven by current bilinears of the same WZW model, whereas here by current bilinears
of different WZW models.

3. Isotropic couplings: RG flows from the effective action

In this section, we will employ the all-loop effective action of (1.1) in order to determine the
B-functions for the double isotropic deformation of two WZW models for a group G as well as
for two coset CFTs for which G/H is a symmetric space.

3.1. Group space

We first consider the case of two isotropic couplings for a group G so that (X;)qp = Aj Sap,
i = 1,2. To compute the B-functions we need to specify a classical background solution and
compute the quantum fluctuations around it. Of course self-consistency requires that the result is
background independent. The discussion goes along the lines of [5]. The equations of motion for
our models can be cast in the form [1]

, 1 , .
8i111=¢§[11,1i]» i=1,2, (3.1)
with
Iiz—iAf i=1,2 (3.2)
+ 1+ A + s Lo .

Consider group elements of the form*
gi=e"% =12, (3.3)

where the ! ’s are arbitrary constant commuting elements of the Lie algebra g of G. The gauge
fields evaluated at the above classical configuration follow by inserting the classical solutions in
the expressions for the gauge fields obtained in egs. (2.9) and (2.10) of [1] (with Ay Ali and
By Ai to conform with the notation in the present paper)

Al = )‘7(®1+/\ 92) Al = ’\—<®2 x@)
+ = 2 _ = + A
1— XA I—Xh
(3.4)
Azzkiz(®2+xl®‘) Azz—L((a‘ +x1®2)
T l—aa VT ) B I —Xxid \ 7 -

Therefore the Ii, for i = 1, 2 become constant commuting matrices which we denote by 1) i 0.4 SO
that the equations of motion are indeed satisfied. The Lagrangian evaluated on the background
fields reads

3 The exponent Y g/ of the )2122 term in the 2-point function of primary fields is given by (2.16) but with cg and ";e
exchanged.
4 In what follows, we denote by 0%, & = =+ the world-sheet coordinates.
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k 14+ AA 21 el
ro_ _ ol @2 _ 3.5
27 (1 —sz)( v 1) 22 1+xh )\ 62 (3-5)

To compute the one-loop S-function we expand (3.1) around the classical solution (3.3) and
we derive the operator acting on the fluctuations. We let I = I, , + 81 and we linearize the
equations of motion (3.1). After some rearrangements we get that

(81
! + = [ =
D(SP_) 0, i=1,2, (3.6)
where the matrix differential operators acting on the fluctuations are given by
. —_ip Lr
Dt:<81~i2— 21457), i=1,2, 3.7
2 gl
with
(ijt)ab =ifurelyse, i=1,2. (3.8)

The one-loop effective Lagrangian in momentum space, after Wick rotating to Euclidean space
and integrating out the fluctuations appearing in a Gaussian path integral, reads’

. e » Bloo \ 2
e — _ -~
Ly =L +/ )2 lndet< 0 D2) , 3.9
where

po (g A !

D= T L2 ~ ), i=1,2, pr==(p1xipy). (3.10)

%1’_ D+ — %I-l‘r 2
Next we evaluate the determinant in (3.9)
~ R

1ndet<73 £2> =IndetD' + IndetD?, (3.11)

where

IndetD’ = IndetC + Trln (]12 + C_lEi) ,

Con (3.12)
c=(P- ) E=Li(I L) -2

To proceed we expand the field dependent term

- - 2

. Tr (Ijrp_ + Iip+) L .

Trln(]Iz—i-C E,~)=— — +o(%). i=12. (3.13)
p p

The logarithmically divergent term in (3.9) comes only from the explicitly depicted term above.
After performing the momentum integration we get that

5 The analytic continuation (7, o) — (ioq, 02) and so (pg, p1) — (@ip1, p2)-.
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U oo o
£ =—£® — =T (I + 212) np e
CG ’
L0 (Bovald—a+ Bl —a) e

where we have used (3.8) to obtain the second line above. The one-loop B-function is derived
by demanding that the effective action (3.14), after inserting (3.2), (3.4) and (3.5) is independent
of the cutoff scale . After some algebraic manipulations we obtain the same result as that from
the field theory calculation (2.5). This agreement is non-trivial evidence that (1.1) is indeed the
all-loop effective action of the linearized model described by (1.6).

3.2. Symmetric space

Consider now the case of a deformation of two coset CFTs corresponding to symmetric
spaces. For convenience we spit the group index into a part belonging to the subgroup H and the
rest corresponding to the coset. We denote by Latin letters the subgroup indices and by Greek
letters those of the coset. Using this notation the coupling matrices have non-vanishing elements
(1]

(Ai)ab = 8ab » ()\i)ozﬂ = 504/3 , =12 (3.15)
We also split the fields in the subgroup and coset components as
/h\t

=1y i=1,2. (3.16)

The equations of motion are of the form [1]

N [ —9_ ]h|l+[1h|l hli]_"_[lf_/h\i’[f/h\i]zo7

(3.17)
aili/h"z[lifh",lf’], i=12,
with
[ hli hli Ay
=AY, MM =—"F—, i=1,2 3.18

and we have used the fact that fug, = 0 for symmetric spaces. We fix the residual gauge by
enforcing the covariant gauge fixing condition

o 1" o " =0, i=1,2. (3.19)

We will comment on other gauge choices at the end of this section. As in the group case, to
derive the S-function we need to identify the proper background classical solution. We make the
same choice as in (3.3) but now @fx, i =1, 2 are arbitrary constant commuting elements of g/b.
The Lagrangian £ evaluated on the background fields has the same form (3.5). In addition the
gauge fields in the coset Agi/ "1 and A‘ft/ "2 take the form of (3.4) whereas those in the subgroup
h\l Ah|2 —o.
Varylng the equations of motion (3.17) and the gauge fixing condition (3.19) yields

alg/h‘l

_518/}"1
Di e -0, i=1,2, (3.20)

(Slh\l
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where
e/ hli
" R B
0 9 T8 0 .
Dr= | esmi _Tg/hn S0 a0 i=12, (32D
0 0 o oy
with
~g/hli . hli .
(Ii/ ")ab=zfa,,y g =2, (3.22)

The one-loop effective Lagrangian in momentum space, after Wick rotating to Euclidean space
takes the form (3.9) where now

" ’ i w
i 0 o ,
D=\ i b . i=1,2. (3.23)
1= —Iy I
0 0 p- P+

Working along the lines with the group case we get
1 - - - -
-y R (Iﬁ/hlllg/hll n ,ﬁ/hnlg/hn) Ing,
7€TG JhI1 g/ Rl Jh12 g/ 12 (3-24)
0
=0 (A R L LI LY

due to (3.22) and the fact that for symmetric spaces fug, = 0.
As before the one-loop B function can be derived by demanding that the effective action (3.24)
is independent of the cutoff scale p. The result is

cGhi

Bi = T

i=1,2 |, (3.25)

for arbitrary constant @fx’s. This result is identical to that obtained for the A-deformed
SU(2)/U(1) coset using gravity in [7] and generalized for A-deformations for arbitrary G/H
symmetric coset CFTs in [5]. We end this section by noting that a different gauge choice than
(3.19) (necessarily involving only AT) would have resulted in different (43) and (44) elements
in (3.21) and (3.23). It turns out that this does not affect the logarithmic behavior in (3.24). Hence
(3.25) is unchanged as it should be.

4. A simple action and the g-function from gravity

In this section, we consider the special case where A = 0. The other matrix XA, renamed
as A, will be kept general. We will use the expressions for the running of the o-model couplings
given in terms of the metric and antisymmetric tensor fields of [15—17] in order to determine
the running of the couplings X,,. The resulting expression is in complete agreement with the
CFT we have provided and will coincide with the general result for the A-deformed backgrounds
computed in [6]. However, in the case at hand the computation will be significantly easier since
the corresponding action extremely simplifies and reads
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k
k(81 82) = Sklgn) + () + / R @.1)

which we emphasize is not an approximation for small entries .5, but it is just obtained from
(1.1) as described above.

4.1. Computation of the B-function

To proceed with the computation we first read off the line element

ds® = RIRY + LALE + 22, RLY (4.2)
where
R =—iTr(t"dgig; "), L%=—iTr(t"g; dga) .
1 b 1 b X 4.3)
AL = 2 fapeL” ALS. dR*=—> fupcR” A RC.

Hence, the unhatted and hatted indices denote the Maurer—Cartan forms of g and g» respectively.
By introducing the vielbeins

ea = Ra s e& = L& —|— )"baRb s (44)
as well as the double index notation A = (a, a) the line element can be written as
ds? = gapete? + eled = Gpele? | 4.5)

where g, = (I — A1) b and for later use we also define gap = I — AT X)) ap. We will also need
the two-form which is given by

B=By+ AR ALP, (4.6)
where By is the two-form corresponding to the two WZW models with
1 . . .
Ho = dBo = = fupe (R“ ARP AR+ LAALP /\LC). 4.7)

Note that we have not included an overall factors of % in the definitions of ds and B. Also, the
sign of Hy is in accordance with that of the WZ term in (1.2).
The tangent metric G 4 p is constant and so the spin connection w4 g is antisymmetric. A prac-

tical way to compute it is by first defining the quantities C4 3¢ = —C“ ¢ from
1
de? = EcABc e® neC, Cupc=GapCPse. (4.8)

Then, simply

1
wap = wapjce’ = 3 (Capc —Ccap +Cpca)e® , 4.9

which also defines the useful, in explicit computations, quantity wap|c. Employing the above
and (4.4) we find that

1 - . 1 R
®ap = =7 (8ad fabe — &cd fdab + &bd faca) € + 5 (Ade faab — adrbe fede) €,
1
®ap =5 (fadeMbd ce — Mda fabe) €, (4.10)

c 1 ¢
Wep = — fabdrca € + 5 Sabc€ .
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Next we evaluate the field strength of the two-form

H=dB = ( — fabe — 5 hadrbercf faer + = fabd (MT) ~d> NN
4.11)
i b e ] I
+ 5 (fade)tbd)hce - }Ldafdbc)e ANE NE — 8 fabce NETANE .
It will be convenient to use spin connections which include the torsion, defined as
1
wjﬂB:wABiEHABCeC=ijICeC. (4.12)
The torsion-full spin connections are found to be
+ _ T T c
Wup = (_fabc — AadMpercf fdef + (M )ad Sdbe + (M )bd fudc) e,
w;b = (faderbarce — Mda fabc) € (4.13)
60;}; = — fabdhed €

and

Wy = (?»adkbe?»cffdef - (MT)Cd fabd) e + (ac faab — Faave faec) €,

w;, =0, (4.14)

w&;; = — fabdrcd e + Jabe e
Finally, we compute the torsion-full Ricci tensor by a useful rewriting

Rip = 0co™ a1p — wyc pef "1 = V5o (4.15)
where 34 = e4™ 3. The last term corresponds to a diffeomorphism associated with

a)icA\c = <8Me% — 81\/8%,,) eAMeg , (4.16)
which shows that it is a vector in target space. The one-loop RG flow equations read

d _

5 (Gmn + Bun) = Ry + Vyu (4.17)

where the second term corresponds to diffeomorphisms along £*. The above may be rewritten
in the tangent frame e? = ef,, dXx™ as

d _ _
E(GMN-FBMN) = (Ryp + Vgéa)enen . (4.18)
To proceed we evaluate the left hand side as

d dAap 5 dAap
5 (Gmn + Bun) = dj YL = dj et (eb, — Apel,) . (4.19)

where we have used (4.4). In addition we use the freedom to perform diffeomorphisms in order to
absorb in the expression for R, , the term involving w € Alc, by choosing &4 = w € Ajc- Then,
employing the latter, as well as (4.13)—(4.15) and (4.18) we find that

dAap
dr

= %N W ac® N O )pa€ (4.20)
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with
NRab® = (hackba fear — faberer) 87€ 4.21)

where we have reinstalled the overall integer k, which, it does not flow. The expression (4.20) is
identical to that found in [6]. For the isotropic coupling case it reduces to (2.5), identical to the
one of [7].

4.2. Some properties of the action

According to our general discussion when we consider the action (4.1) the currents J;, and
Ji* acquire no anomalous dimension. That implies that the action (4.1) should have on-shell
chiral and anti-chiral currents. The equations of motion corresponding to the variation of the two
group elements g; and g» can be readily derived. They are most easily obtained from eqgs. (3.6)
and (3.7) of [1] after using egs. (2.9) and (2.10) of the same work, setting A, = 0 and renaming

A1 by A. Following this approach we obtain
Ay S +0_J1+ =i[J14, A1,

N . * (4.22)

dpdoe + 2T T =i[AT Ty, D]

and
_Jy=0, T+ = Jay + DA Iy,
34J-=0,  J-=Ji—+D{rh_.
The first (second) of (4.22) is equivalent to the second (first) of (4.23). To prove that we used the
identities (DTd_D)% = £ ,.J¢ and (34 DDT)® = f4b.J¢. The above chiral and anti-chiral
conserved currents [J1 are deformations of J,4 and Ji_, to which they reduce for A = 0. This is

consistent with their vanishing anomalous dimensions. The equations (4.23) for the action (4.1)
were derived before in [18].

(4.23)
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Appendix A. Perturbative 2-point functions for primary fields

In this appendix we will compute the (Q(I)CD(Z;,) correlator up to four-loop O(A*) and to

leading order in the large k expansion. We concentrate to the case where these fields transform
non-trivially under the J{' and J; J¢ as in (2.8).

One-loop O(A): It is easily seen that the corresponding contribution is zero, i.e.
1 - 2 - W
(@)1, ¥) @, (42, %))V =0 (A1)

Two-loop O(1?): To this order we find that

(@01, ED @), (a2, %) 212 (13 A2+ 23 Ba), (A2)

" 202
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where
Ay = (@} 001, 2 I @) T3 G ) T3 G @D, (2, %)), a3
By = (0] (e1, ¥)J5" @) T @D I3 () T2 (22) @' (2, §2))

We note that the mixed terms proportional to A1A2 do not contribute, as explainezd in the main
text. After further contractions with Jl‘”, followed by contractions of JZ“ ' with J; 2 we end up
with

A, — CR (Ig @ Tr)ivv, jjr ( 1 1

2= A =) )

k xlzzARilzzAR T =X —x1) 221 — x1)(z2 — x2) A
1 1
) T3 :
@1 —x2)(z2 —x1)  Z1h(z1 —x2)(z2 — x2)
The expression for B, is found by performing a parity transformation in A; to be

cr g @Ir)ii, jjr ( 1 1

2= 7 A 2 = — — — R — — —
k XIZZARXIZZAR @1 —xD@ —X1) 23,(@1 = X1) (22 — X2) As)

1 1
B LI s .
(@1 = X2)(Z2 —X1)  z27,(Z1 — X2)(Z2 — X2)
Then we perform the double integration in (A.2), choosing the order of integration from left to

right. Using the symmetry under x; <> x, we compute the final result for the two-point function
of primary fields up to order O(A?/k)

2
D =@ NG NN W o Ar ®Ir)iivjjr, €
oY (xy, i D, (x2, = —(crA N LT . A6
(@ 1 (e, X1) @7 (2, X2))5 k(CR [ +crds) 28k 28k e (A.6)
12 12

All necessary integrals have been encountered before in similar computations in various works,
for example in [4].

Three-loop O(X3): To this order, we have that

1 2

1
- - 3
(@101, 5O, (02, 8)))) = o | d2i3({ A3 +A3By), (A7)

3173

where
Ay = (@)1, FDIY @D IS EDIL (22052 (E2) I (23) 03 (E3) 8, (2, %)

(1) =\ 741 7al = N a2 7ay = N 703 7az = (2) = (A.8)
By = (@, (x1,x1)J, (z)Jy 1), " (22) 117 (22) 1,7 (23) 4,7 (23) @ (x2, X2)) -

As explained in the main text, terms with mixed factors of A; and A, do not occur. Furthermore,
under a parity transformation, mapping J; <> J; and z; <> Z;, cr <> cgr, the contributions of A3
and B3 must be related. We immediately see that

1

_ Jarazas (D =\ 7a1 az az 2 =
A= V& 212213223 (@ (1, X)) I (2T (22) )7 (23) @ (X2, %2)) -
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Subsequently, we apply the Ward identity for the current J{'. When contracted with another
internal current via the Abelian term the result is zero due to the overall factor f;,4,q;. When the
contraction is via the non-Abelian part then there is no contribution to order 1/k. When J9! is
contracted with an external ® one saturates the order 1/k. Further contraction gives rise either
to pieces corresponding to disconnected diagrams or to subleading terms. Similar considerations
for Bj also apply. Hence, all contributions of O(A3) are zero and we get that

(@, 80P (0, )1V =0 (A.9)

Four-loop O(1*): To this order the result has several terms. However, after excluding, according
to our general discussion, mixed in A and A terms, we have that

1
(@ (vr, T @, (2. 1)) = 4/d221234 (ATA4+A§‘B4), (A.10)
where
Ag= (@I (@) I3 @I @) T2 @) I} (3) Ty G) I (2a) 5 G @) (AL

and B4 follows by the parity transformation in A4. To compute A4 term, we use the Ward identity
for J;"! obtaining that

1 (t ) i -, a5, —aa -
Av=——r zfl_ O G0 ) S @) 1 ) I @ e 5 09
1 (¢ -
-7 ; - );2 (@I GO ) T @) I () 5 (B3) T () 5 G @)
e}
‘Salaz ON raz 7a3 = N yd4 yas = 2
+— 2 (@; 05" @Iy ()T (23) 57 (23) 1 (24) Z)®; %)
12
1 falazc (1) yai Fas as yas ay yas ()
O AT T G @) I )T ) T G0
‘Salaz D) 7a az 7a ;= \ 743 5\ 704 yas - (2)
+ 2 (@ 0y @I (22) 057 (22) 0, (Z3) 7 (24) " (24) @)
13
1 —n - —ga “au
LV e J LI T DI @) @) ()T @) @) T G @)
) - - - -
+ A T G () T3 G2 ) (23) T (23) T3 Ga) @)
ST
1 — . _
7 Jaane @I GO )T G @) @) @) T E @)

(A.12)

The first two lines of (A.12) correspond to a contraction of J]a ! with the external fields and the
rest with its contraction, Abelian and non-Abelian, with J92, J%3 and J%.
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The first line of (A.12) after further contraction with J; and subsequently with J;* and J;"*
gives up to order 1/k the expression

(1) jay,= \ 742 /= \ 703 ;= ~ 743 /= (@)
k\ (z1 —x)(z2 — xD)23, (@012 @7 (22) )7 (23) 157 (24) @)
Wi

(z1 — x1)(22 — x2)3,
(tal)il(ta4)lm

(z1 —x1)(za —xl)Z%_o,

(ta)i' (1) ;" Far o 742 05 792 0. 744 (3

e —(;:1)1(Z4a4—]x2)253 <¢l(,li)’J;] (11)12112(12)12112(13)12{14(24)‘1353,)1'/)

)i faraias

(z1 — x1)22323,
(tay)i" (tas)1"™

(z1 — x1)(z3 — x1)23,
Wi

(z1 — x1)(z3 — x2)23,

l
Tay )i T4 =\ TA2 = N FA3 = N TA4 =
——(Z( “‘)’x’;“;‘““; <c1>l<},.>,15”(m)Jé‘z(zz)J?(Z3)J§4(Z4)<1>f},>> :
1 = A1)224Z34

1 ( (ta)i! ()™

(@) T3 G5 (E2) Ty G T3 )@y )

(@

m,i’

@0 T32 @) 3R @) Ty G @)

(A.13)
(@03 G @) T3 @) T3 G )

(@0, TS @D TS @) TS G2 I3 G ')

D =ar = car a0
S RGOV AL

where we have only kept terms corresponding to connected diagrams. From the second line of
(A.12), a similar expression occurs. The contribution from the third line of (A.12), which results
from an Abelian contraction among currents, is

1 ta)i (ta)i™ g mae o
—( Uay)i Uy (@1 T3 @0 TS Ga) Ty (23) 05 Ga) @)

k\ (23 —x1)(za — x1)z3,
(l )‘l(l*)‘m o
o o i G @ e T Eoe)
3 — X1 4 — X2)Z7p .
(13 (ta)i"™ S
S T e Oy G G T T3 G0
i3 — 4 — Z s
3 (t*z) l(j*)": ’ (A.14)
@ f;(z p (@D TS G TS G I G T3 G o 2,)
3 —x2)(z4 — x2)275
fa3a4c(lac)il (D(l)]_al 2 T (50 B (50 4 (5 q)(2)
_m< Ly @I (22) 057 (23) 1, ) @)
12
faraie (13" I
e o) G I @) G G0l )
12

The rest of the terms arising from Abelian contractions among currents in (A.12) give similar
results.
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Finally, the fourth line of (A.12), resulting from non-Abelian contraction among currents gives

1 ((tan)l farare Sazay

() yar Fa2 (= \ 743 =\ 744 (= 2
(D) 1y @)y (22) 157 (23) " @)@ 7)
(z2 —xDz12 z§4 : 2 2 7

(ta )} falazc 5a3a4
2

(@2 54
(ta4)i fa|a2a3
(z4 — x1)21223
(154)jlfa1a2a3
(z4 — x2)21223;
(ta3)ilfa1a2a4

(z3 — x1)212234

(@IS ED 32 G2 T3 Ga) Ty (Ga) @)

(@I G5 (22 T3 (G3) Iy (za)@'2)
(A.15)
(@0 T3 1) I3 @) I3 Ga) T3 Ga) @)

(@) T @) 52 G Iy @) T En @)

I
(t:3)j fa1a2a4

— BB (o) T 2 T3 (2 I3 @) T3 G o) |
(z3 — x2)21225,4

where we have once again kept only terms corresponding to connected diagrams. The rest of the
terms resulting from non-Abelian contraction among currents in (A.12) give similar results.

In the above expressions a 6-point function appears with two external fields and four currents.
Since we have already saturated the factor 1/k, in order to evaluate it we can simply contract the
currents among themselves via the Abelian part of their OPE. The result, to O(1) in which we
are interested, is

N Sarand Sara:d 81y
()5 (E)J32 G2 T3 @) Ty G ) =< R s "_‘;“‘_‘;2“3)
Z12134 213224 214223
(HR ®HR’)U JJi’
2AR 27
Xjp X "

(A.16)

Using the above in (A.10), by taking into account the symmetry under the exchange of external
points x1 <> xp and contracting the group indices we get that

(Ir @ Ig)iir jjr n &2
rg2he lx12]?
12 12

Adding together the perturbative results of (A.1), (A.6), (A.9) and (A.17), we find the two-point
function for primaries up to order O(1*/ k) to be

(A.17)

1
1 4
(@)1, ¥, (42, %))} = L (craY +epnd)

- - 1
(@ (xr, F@, (2. 7)) = 1 (AT (1 +4D) + 23 (1 +13)

(]IR ® g JJ’ g’ 5 (A.18)
Ak
2AR)E2AR, |x12]2 +0G 7k,

12 12

from which we extract the perturbative expression (2.13) in the main text.
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