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The average number of critical rank-one approximations to a tensor
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Motivated by the many potential applications of low-rank multi-way tensor
approximations, we set out to count the rank-one tensors that are critical points of
the distance function to a general tensor v. As this count depends on v, we average
over v drawn from a Gaussian distribution, and find a formula that relates this
average to problems in random matrix theory.
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AMS Subject Classifications: 15A69; 60B20; 65H10; 58K05; 14P99

1. Introduction

Low-rank approximation of matrices via singular value decomposition is among the most
important algebraic tools for solving approximation problems in data compression, signal
processing, computer vision, etc. Low-rank approximation for zensors has the same applica-
tion potential, but raises substantial mathematical and computational challenges. To begin
with, tensor rank and many related problems are NP-hard,[1,2] although in low degrees
(symmetric) tensor decomposition has been approached computationally in [3,4] by greatly
generalizing classical techniques due to Sylvester and contemporaries. Furthermore, tensors
of bounded rank do not form a closed subset, so that a best low-rank approximation of a
tensor on the boundary does not exist.[5] This latter problem does not occur for tensors of
rank at most one, which do form a closed set, and where the best rank-one approximation
does exist under a suitable genericity assumption.[6]

In spite of these mathematical difficulties, much application-oriented research revolves
around algorithms for computing low-rank approximations.[7—14] Typically, these algo-
rithms are of a local nature and would get into problems near non-minimal critical points
of the distance function to be minimized. This motivates our study into the question of
how many critical points one should expect in the easiest nontrivial setting, namely that
of approximation by rank-one tensors. This number should be thought of as a measure of
the complexity of finding the closest rank-one approximation. The corresponding complex
count, which is the topic of [6] and with which we will compare our results, measures the

*Corresponding author. Email: j.draisma@tue.nl

© 2016 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group

This is an Open Access article distributed under the terms of the Creative Commons Attribution-NonCommercial-
NoDerivatives License (http://creativecommons.org/licenses/by-nc-nd/4.0/), which permits non-commercial re-use, distribution,
and reproduction in any medium, provided the original work is properly cited, and is not altered, transformed, or built upon in any
way.


http://www.tandfonline.com
http://creativecommons.org/licenses/by-nc-nd/4.0/

Linear and Multilinear Algebra 2499
degree of an algebraic field extension needed to write down the critical points as algebraic

functions of the tensor to be minimized. We will treat both ordinary tensors and symmetric
tensors.

1.1. Ordinary tensors

To formulate our problem and results, let ny,...,n, be natural numbers and let
X CcV :=R"M"®---®R" be the variety of rank-one p-way tensors, i.e. those that
can be expressed as x| ® x2 ® - - - @ x, for vectors x; € R", i =1, ..., p. Given a general

tensorv € V ;= R" ® --- ® R"», one would like to compute x € X that minimizes the
squared Euclidean distance

2
dy(x) = Z Wiy...ip — Xiy, i)

l’],..A,i,,

from v. For the matrix case, where p = 2, this minimizer is axlsz where o is the largest
singular value of v and x1, x; are the corresponding left and right singular vectors. Indeed,
all critical points of d,, are of this form, with ¢ running through all singular values of v.
For p > 2, several algorithms have been proposed for rank-one approximation (see, e.g.
[15,16]). These algorithms have a local nature and experience difficulties near critical points
of d,. This is one of our motivations for counting these critical points — the main goal of
this paper.

In [6], a general formula is found for the number of complex critical points of d, on Xc.
In this case, the x; can have complex coefficients and the expression d,, is copied verbatim,
i.e. without inserting complex conjugates. This means that d,,(x) does not really measure a
(squared) distance —e.g. it can be zero even for x # v — but on the positive side, the number
of critical points of d, on X¢ is constant for v away from some hypersurface (which in
particular has measure zero) and this constant is the top Chern class of some very explicit
vector bundle.[6] For more information on this hypersurface, see [17, Section 7] and [18].
Explicit equations for these hypersurfaces are not known, even in our setting.

Over the real numbers, which we consider, the number of critical points of d, can jump
as v passes through (the real locus of) the same hypersurface. Typically, it jumps by 2, as
two real critical points come together and continue as a complex-conjugate pair of critical
points. To arrive at a single number, we therefore impose a probability distribution on our
data space V with density function w (soon specialized to a standard multivariate Gaussian),
and we ask: what is the expected number of critical points of d,, when v is drawn from the
given probability distribution? In other words, we want to compute

#{real critical points of d, on X}w (v)dv.
R"1 ®--~®R”l7

This formula is complicated for two different reasons. First, given a point v € V, the value
of the integrand at v is not easy to compute. Second, the integral is over a space of dimension
N = ]_[i n;i, which is rather large even for small values of the n;. The main result of this
paper is the following formula for the above integral, in the Gaussian case, in terms of an
integral over a space of much smaller dimension quadratic in the number n := ) ; n;.
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THEOREM 1.1  Suppose that v € V is drawn from the (standard) multivariate Gaussian
distribution with (mean zero and) density function

w(v) = e Xa ”g)/z,

(ZJT)N /2
where the multi-index a runs over {1,...,n1} x --- x {1,...,np}. Then, the expected
number of critical points of d, on X equals
Q2m)P/? 1
on/2 P r ( %,

i=1

) / |det C(w1)ldpw,.
41

Here, Wy is a space of dimension 1 + Zi<j(ni — 1)(n; — 1) with coordinates wy € R and
Cij e RO=Dx0 =D yith i < j, C(wy) is the symmetric (n — p) X (n — p)-matrix of block
shape

wolp -1 Cip -+ Cip
T

C1,2 wOInzfl C2,p
T T

Cl,p C2,p o Woln,—1

and puy, makes wo and the ij (n; —1)-(nj—1) matrix entries of the C; ; into independent,
standard normally distributed variables. Moreover, U is Euler’s gamma function.

Not only the dimension of the integral has dropped considerably, but also the integrand
can be evaluated easily. The following example illustrates the case where all n; are equal

to 2.

Example 1.2 Suppose that all n; are equal to 2. Then, the matrix C(w;) becomes

wo wi2 - Wip

Wiy wo - W2
C(wy) =

wlp wzp... wo

where the distinct entries are independent scalar variables ~ A (0, 1). The expected number
of critical points of d, on X equals

Qm)P? 1 T\ P/2
R Iy B e C ) = (3) Eqdercwn,
where the latter factor is the expected absolute value of the determinant of C (w). For p = 2
that expected value of Iw(z) - w%2| can be computed symbolically and equals 4/7. Thus,
the expression above then reduces to 2, which is just the number of singular values of a
2 x 2-matrix. For higher p, we do not know a closed-form expression for E(| det(C (w1))]),
but we will present some numerical approximations in Section 5.

In Section 3, we prove Theorem 1.1, and in Section 5, we list some numerically computed
values. These values lead to the following intriguing stabilization conjecture.



Linear and Multilinear Algebra 2501
CONIECTURE 1.3 Suppose that n, — 1 > Zf:ll n; — 1. Then, in the Gaussian setting
of Theorem 1.1, the expected number of critical points of d, on X does not decrease if we
replacen, by n, — 1.

For p = 2, this follows from the statement that the number of singular values of a
sufficiently general n] x ny-matrix with n; < nj equals n1, which in fact remains the same
when replacing n by ny — 1. For arbitrary p, the statement is true over C as shown in [6],
again with equality, but the proof is not bijective. Instead, it uses vector bundles and Chern
classes, techniques that do not carry over to our setting. It would be very interesting to find
a direct geometric argument that does explain our experimental findings over the reals, as
well.

Example 1.4 Alternatively, one could try and prove the conjecture directly from the in-
tegral formula in Theorem 1.1. The smallest open case is when p = 3 and (ny, n, n3) =
(2,2,4), and here the conjecture says that

| |
_Wo Wiz, W13 W14 Wis
\/E w2 ! “Wo 7: Wa3 W23 Was w3 +¥ w?;
ﬂ det w1z | W23 | Wo 0 0 (& 2 dwgdw”
R R7 wig 1 Woy 1 0 wo 0
w15 1 wWas 1 0 0 wo
| |
_Wo | Wiz Wiz W4
wiz " wy waz  way vl
< det |- -+ -=+-=-—=-Jle7" 2 dwodw;;.
wiz | wez p wo 0 '
R 5
E W14 1 W24 1 0 Wo

The determinant in the first integral is approximately wq times a determinant like in the
second integral, but we do not know how to turn this observation into a proof of this integral
inequality.

1.2. Symmetric tensors

In the second part of this paper, we discuss symmetric tensors. There, we consider the space
V = SPR" of homogeneous polynomials of degree p in the standard basis ey, ..., e, of
R”, and X is the subvariety of V consisting of all polynomials that are of the form +u?”
with u € R". We equip V with the Bombieri norm, in which the monomials in the ¢; form
an orthogonal basis with squared norms

arpl-a!
p!

Our result on the average number of critical points of d;, on X is as follows.

Dln||2_

o
||e11...en =

THEOREM 1.5 Whenv € SPR" is drawn from the standard Gaussian distribution relative
to the Bombieri norm, then the expected number of critical points of d, on the variety of
(plus or minus) pure p-th powers equals
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1 T
2D T/, / / (E'ﬁwo_‘/ﬁ“')
2

T e

[10 —ai) | e 0/ XX A dwodig - - di,.

i<j

Here, the dimension reduction is even more dramatic: from an integral over a space
of dimension (1’ +Z _l) to an integral over a polyhedral cone of dimension #. In this case,
the corresponding complex count is already known from [19]: it is the geometric series
I+(p—D+--+(@-DL

Example 1.6 For p = 2, the integral above evaluates to n (see Subsection 4.8 for a direct
computation). Indeed, for p = 2, the symmetric tensor v is a symmetric matrix, and the
critical points of d,, on the manifold of rank-one symmetric matrices are those of the form
auu’ | with u a norm-1 eigenvector of v with eigenvalue A.

For n = 2, it turns out that the above integral can also be evaluated in closed form, with
value /3p — 2; a different proof of this fact appeared in [17]. For n = 3, we provide a
closed formula in Section 5. In all of these cases, the average count is an algebraic number.
We do not know if this persists for larger values of n.

1.3. Outline

The remainder of this paper is organized as follows. First, in Section 2, we explain a double
counting strategy for computing the quantity of interest. This strategy is then applied to
ordinary tensors in Section 3 and to symmetric tensors in Section 4. We conclude with some
(symbolically or numerically) computed values in Section 5.

2. Double counting

Suppose that we have equipped V = RY with an inner product (.|.) and that we have
a smooth manifold X C V. Assume that we have a probability density @ on V = RV
and that we want to count the average number of critical points x € X of the function
dy(x) := (v — x|v — x) when v is drawn according to that density. Let Crit denote the set

Crit:={(v,x) |[v—x LT X} SV xX

of pairs (v, x) € X x V for which x is a critical point of d,,. For fixed x € X the v € V with
(v, x) € Crit form an affine space, namely x + (7, X ). In particular, Crit is a manifold of
dimension N. On the other hand, for fixed v € V, the x € X for which (v, x) € Crit are
what we want to count. Let 7wy : Crit — V be the first projection. Then, (the absolute value
of) the pull-back |j;wdv] is a pseudovolume form on Crit, and we have

/#(rr;l(v))a)(v)dv:/ 1|73 wdul.
\%

Crit
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Now, suppose that we have a smooth 1 : 1 parameterization ¢ : RY — Crit (perhaps
defined outside some set of measure zero). Then, the latter integral is just

/RN | det Jy (v o @)|w (v (p(w)))dw,

where Jy, (my o) is the Jacobian of y og at the point w. We will see that if X is the manifold
of rank-one tensors or rank-one symmetric tensors, then Crit (or in fact, a slight variant of
it) has a particularly friendly parameterization, and we will use the latter expression to
compute the expected number of critical points of d,. In a more general setting, this double
counting approach is discussed in [17].

3. Ordinary tensors

3.1. Set-up
Let Vi, ..., V, be real vector spaces of dimensions n1 < ... < n, equipped with positive
definite inner products (.|.). Equip V := ®f=1 Vi, a vector space of dimension N :=

ni---np, with the induced inner product and associated norm, also denoted (.|.). Given a
tensor v € V, we want to count the number of critical points of the function

dy s x = |lv—x[]> = (v[v) = 2(v]x) + (x]x)

on the manifold X C V of non-zero rank-one tensors x = x1 ® - - - ® x,. The following
well-known lemma (see for instance [6]) characterizes which x are critical for a given
v € V. In its statement, we extend the notation (v|u) to the setting where u is a tensor in
®ie] V; for some subset I C {1, ..., p}, to stand for the tensor in ®i¢1 V; obtained by
contracting v with « using the inner products.

LEMMA 3.1 The non-zero rank-one tensor x = x1 ® - -- ® xp is a critical point of d, if
and only iffor alli =1, ..., p we have

W ® - ®f®--@xy) =[] ]elx) | x.
J#
In words: pairing v with the tensor product of the x; with j # i gives a well-defined
scalar multiple of x;, and this should hold for all 7.

Proof The tangent space at x to the manifold of rank-one tensors is Zle XN --QVi®
-+ ®x,. Fixing i and y € V;, the derivative of d, in the directionx; @ - - - @y ® - - - ® x,
is

_2(v_xl®...®xp|xl®...®y®...®xp).

Equating this to zero for all y yields that

W ® - ®F® - ®xp) = (1@ ®xpl1® - ®F ®@---®xp) = | [ [l | x.
J#i

as claimed. O
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The lemma can also be read as follows: a rank-one tensor x| ® - - - ® x,, is critical for
d, if and only if first, for each i the contraction (v|x] ®@ - - ® X; ® - - - ® x,) is some scalar
multiple of x;, and second, (v|x; ® --- ® xp) equals ]_[j (xj|x ;). From this Description, it
is clear that if x; ® - - - ® x, merely satisfies the first condition, then some scalar multiple
of it is critical for d,. Also, if a rank-one tensor u is critical for d,, then tu is critical for d;,
for all # € R. These considerations give rise to the following definition and proposition.

Definition 3.2 Define Crit to be the subset of V x (PV; x --- x PV,) consisting of
points (v, ([u1], ..., [up])) for which all 2 x 2-determinants of the dim V; x 2-matrix
(V1 @+ Quj ® --Qup) | wu;]vanish, foreachi =1,..., p.

PROPOSITION 3.3 The projection Crit — [[; PV; is a smooth subbundle of the trivial
bundle V x []; PV; over [, PV; of rank N — (ny + - -- + n,) + p, while the fibre of the
projection wy : Crit — V over a tensor v counts the number of critical points of d, in the
manifold of non-zero rank-one tensors.

Proof The second statement is clear from the above. For the first, observe that the fibre
above u = ([u1], ..., [up]) equals Wy x {([u1], ..., [up])} where

1
P
Wuz(@u1®~--®(ui%®-~-®u,,) cv.
i=1

This space varies smoothly with u and has codimension ), (n; — 1), whence the dimension
formula. O

We want to compute the average fibre size of the projection Crit — V. Here av-
erage depends on the choice of a measure on V, and we take the Gaussian measure
(2n; N7 eI/ 2dv, where dv stands for ordinary Lebesgue measure obtained from identi-
fying V with RY by a linear map that relates (.|.) to the standard inner product on R".

3.2. Parameterizing Crit

To apply the double counting strategy from Section 2, we introduce a convenient parame-
terization of Crit. Fix norm-1 vectors e; € V;, i = 1,..., p, write € = (e, ..., ep) and
le] := ([e1], ..., [ep]), and define

1
p
W::W[e]:<®e1®...®(ei)J—®..-®gp) .
i=1

We parameterize (an open subset of) PV; by the map ef- — PV, u; +— le; + u;]. Write
U := le(eil). Foru = (uy,...,up) € U let Ry denote a linear isomorphism W —
Wie+u], to be chosen later, but at least smoothly varying with u and perhaps defined outside
some subvariety of positive codimension.

Next define

o:WxU—YV, (w,u) = Ryw.
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Then, we have the following fundamental identity

1 _ _ o2 1 IR
2m)N/2 /V(#ﬂvl(v)) ce” 2 dv = @OV /W ” |det Jwwele” 2
X

where J(,,u)@ 18 the Jacobian of ¢ at (w, u), whose determinant is measured relative to the
volume form on V coming from the inner product and the volume form on W x U coming
from the inner products of the factors, which are interpreted perpendicular to each other.
The left-hand side is our desired quantity, and our goal is to show that the right-hand side
reduces to the formula in Theorem 1.1.

We choose Ry to be the tensor product R,; ® --- ® Ry - where Ry, is the element of
SO(V;) determined by the conditions that it maps e; to a positive scalar multiple of e; + u;
and that it restricts to the identity on (e;, u;)*; this map is unique for non-zero u; € el.L.
Indeed, we have

dw,

o wioul eitui — luil?e;  ul
Ry =|1—eie; — + zei + =
Neei ] Tlus]| SR - VT + [ 2 el

T T
Uju; e +u ui — ||ujl|“e; u
_ I_eiel‘T_l—lz + i i 6‘1-T+ i — lluill“e; i -
el V14 [|ui)? V1 (i Huill
where the first term is the orthogonal projection to (e;, u;)* and the second term is projec-

tion onto the plane (e;, u;) followed by a suitable rotation there. Two important remarks
concerning symmetries are in order. First, by construction of R,, we have

R,'=R_y,. (1)
Second, for any element g € SO(eiJ-) C SO(V;) we have
Reuy =80 Ry 08 " ()

We now compute the derivative at u; of the map e — SO(V;), u — R, in the direction
v; € e . First, when v; is perpendicular to both e; and u;, this derivative equals

OR., 1 , \/1+||u||2—1

= (v,-e-T —ejv; ) — ujv + viu ) (3)
i T P ’ ||u||2\/1+||u||2 ’
Second, when v; equals u;, the derivative equals
oR,. 1
- = (—uiu! +uje] —eiul —lluill*eie]). 4)

dui (14 |lug| |32

For now, fix (w,u) € W x U. On the subspace T;,, W = W of T(;, yyW x U the Jacobian
of ¢ is just the map W — V, w — Ryw. Hence relative to the orthogonal decompositions
V = WL @®Wand U x W, we have a block decomposition

- A 0
Rul.l(w,u)(p = |: (:,U) Iwi|

for a suitable matrix A, u). Note that this matrix has size (n — p) x (n — p), which is the
size of the determinant in Theorem 1.1. As Ry is orthogonal with determinant 1, we have
det Jey,uy¢ = det Ay uy and ||[Ryw]|| = [[w]|. This yields the following proposition.
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PROPOSITION 3.4 The expected number of critical rank-one approximations to a standard
Gaussian tensor in' 'V is

1 — w2
= W/ / |detA(w,u)|e 2 dudw.
w JU

For later use, consider the function F : U — R defined as

\sz

1 _I
F(l/l) = W /W |det A(w,u)|e 2 dw.

From (2) and the fact that the Gaussian density on W is orthogonally invariant, it follows
that F is invariant under the group ]_[l.p: SO(eiL). In particular, its value depends only on
the tuple (|[u1ll, ..., [lupll) =: (t1,...,tp). This will be used in the following subsection.

3.3. The shape of Aq,u)

Recall that U = p 1(eJ-) Correspondingly, the columns of the matrix A, )y come in
p blocks, one for each e . The i-th block records the W--components of the vectors

(R laR“ w, where v; = (0,...,v;,...,0) and v; runs through an orthonormal basis
el.(l), - el(”’ of e:-. We have
_19Ry _ 8Rui
Ry =~ =@ @R, —=® @l o)
1 1

Furthermore, if v; is also perpendicular to u;, then by 3 and 1

_,0R,, 1 o =1+ (2

R, = (vie] —eiv]) + i} —uiv}). (6
Coov T u? TR TP R
On the other hand, when v; is parallel to u;, then
OR,. 1
—1 uj T T
. = e; —ejv; ). 7
T e R A @

This is derived from (1) and (4), keeping in mind the fact that here v; need not be equal
to u;, but merely parallel to it. Note that both matrices are skew-symmetric. This is no
coincidence: the directional derivative 9 R, /dv; lies in the tangent space to SO(V;) at u;,
and left multiplying by Ru_,-l maps these elements into the Lie algebra of SO(V;), which
consists of skew symmetric matrices.

We decompose the space W as

1
P
W:(®el®"'®(ei)l®"'®ep> =R e1®a® Q¢

i=1

o P a® @ ® - Ref® Qe |OW =Wy W,

I<i<j<p
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where W’ contains the summands that contain at least three e,.l—s as factors. From (5), it

follows that R ! %%W’ C W. So, for a general w we use the parameters
1

w=wpeR -®ep+ Z Z Z w;l”;)el(X)---®el.(a)®---®e(/.b)®---®ep+w/,

I<i<j<pl=<a=zn;—11<b=n;—1

where wq and wa’Jb are real numbers, and where w’ € W’ will not contribute to Ay, u). We
also write wi = (wo, (w i )) for the components of w that do contribute.

As a further srmphﬁcatron we take each u; equal to a scalar #; > 0 times the first basis
vector e ) of e . This is justified by the observation that the function F is invariant under

the group []; SO(eii). Thus, we want to determine A w.(t1eD 1elD) 1))) This matrix
s\

has a natural block structure (B;, j)1<;, j<p, Where B; ; is the part of the Jacobian containing
theey ® -+ ® e ® - - ® ep-coordinates of ( R, laR“ wwithv; =(0,...,vj,...,0).

Frxrngz < J, the matrix B; ; is of type (n; — 1) x (n j — 1), where the (a b)-th element
istheer ® -+ ® el- ® - ® ep-coordinate of

R_laRuj w
“ige®
J

First, if b # 1, then we have a directional derivative in a direction perpendicular to u ; =
(1) . Applying formula 6 for the directions e yrelds

1 o2ey nlpep

—u)?l’.b
Bi j(a,b) = —1]2
NERR
Second, if b = 1, then we consider directional derivatives parallel to u, so applying
formula 7 for direction e( ), we get
—u).a’.1
Bi j(a, 1) = —L.
w@ D=0
J
Putting all together, the matrix B; ; is as follows
1 nj -1

Bij=

2 9
L4175 /1+r2 /1+t2 Ci

ab are column vectors for all 1 < b < n; — 1. Denote the

where C? . = (—w. )
bJ b 1<a<ni—1

matrix consisting of these column vectors by C; ;. Doing the same calculations but now for

the matrix B;;, and writing C;; = C, jowe find that

1 1 1 2 I’ll—l

Bji=\772%i 7——=Cji"
L+ 1442 ,/1+t2 €
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The only remaining case is when i = j, and then similar calculations yield that B; ; =
wolp,;—1. We summarize the content of this subsection as follows.

J
(+tH 2

PROPOSITION 3.5 For (w,u) € W x U withu = (tle(l) .. tpep)) we have

Ci Cip---Cip
p cT. ¢, ---C
1 12 =2 2,p
det A(w’u) = 1_[ ﬁ det . . . s
=1 (I +1)72 T T :
Cl,p Cz‘p e Cp

where C; j = (—wﬁ’}’)a , and Cj = woly,—1 forall1 <i < j < p.

For further reference, we denote the above matrix (C; j)1<;i, j<p by C(wy).

3.4. The value of 1

We are now in a position to prove our formula for the expected number of critical rank-one
approximations to a Gaussian tensor v.

Proof of Theorem 1.1 ~Combine Propositions 3.4 and 3.5 into the expression

00 00 ni_

14
]—[Vol(s"k 2)// /H \det C(w)| e 5 dt1 - drydw.
0 0

(27T)2 k=1 i=1 (1 ‘HZ)Z

Here, the factors tl."i =2 and the Volumes of the sphere account for the fact that F is

orthogonally invariant and du, = t i~ dt ds, where dy is the surface element of the (n; —2)-
dimensional unit sphere in e Now recall that

o P
/ LN 2

Al = ’
(1+:%)7 2 I

and that the volume of the (n — 2)-sphere is

n;—1

27 2
INEE!

Vol(§%72) =

Plugging in the above two formulas, we obtain

ﬁn
Vo T

I =

r / |det C(w)] e_idw
7
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Now, the integral splits as an integral over W; and one over W':

lwy 12
/IdetC(w)Ie_id—/ 5L /|detC(w1)|e—+ dw,

W/
\/—dimW 1 HulH
=27 TWl |dCtC(IU1)|€ dw1
N2 W

=2 PR det C(wp)))

where wj is drawn from a standard Gaussian distribution on Wj. Inserting this in the
expression for / yields the expression for / in Theorem 1.1. O

3.5. The matrix case

In this section, we perform a sanity check, namely we show that our formula in
Theorem 1.1 gives the correct answer for the case p = 2 and n; = ny = n—which is
n, the number of singular values of any sufficiently general matrix. In this special case, we
compute

szu

wol,—1 B
/IdetC(w)Id,uW—/ / det( BT wOIn—l) 2 dupgdwg =
—0O M,
/ / detud - 1—BBT)‘

—OOM,, 1

where B € M,,_;(R) isareal (n—1) x (n— 1) matrix. The matrix A := BB isa symmetric
positive definite matrix and since the entries of B are independent and normally distributed,
A is drawn from the Wishart distribution with density W (A) on the cone of real symmetric
positive definite matrices [20, Section 2.1]. Denote this space by Sym,,_;. So, the integral
we want to calculate is

J= / / [dett,-1 — A) e

—00 Sym,,_;

Now by [20, Part 2.2.1] the joint probability density of the eigenvalues A; of A on the
orthant A; > 0 is

]

2

[T =2l ®)

1<j<k<n—1

Z(n—l 1:[

where the normalizing constant is

e 2\ Np(n—iJ
Zn—1) =2 (ﬁ) -1F<1+E>F< 5 )
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Using this fact we obtain

1 nl ol ol llwgl2
J:—/fl_[ [T =20 [ wg—rjle
Zin—1) /% i

R 120 1<j<k<n—1

Now making the change of variables w(z) = A, so that
Z(n)
Zn—1)

Plugging in the remaining normalizing constants, we find that the expected number of
critical rank-one approximations to an n X n-matrix is

ﬂr<n>—22 Z(n)

I = 5 — 7
mn Z(n—1)

=n.

2

4. Symmetric tensors
4.1. Set-up

Now, we turn our attention from arbitrary tensors to symmetric tensors, or, equivalently,
homogeneous polynomials. For this, consider R” with the standard orthonormal basis
er,ez,...,ey and let V.= SPR” be the space of homogeneous polynomials of degree
p in n variables ey, e2, ..., e,. Recall that, up to a positive scalar, V has a unique inner
product that is preserved by the orthogonal group O, in its natural action on polynomials
inep,...,e,. This inner product sometimes called the Bombieri inner product, makes the
monomials ¢” = []; ¢ Y (with o € Z" %o and > i 0i = p, which we will abbreviate to
o I p)into an orthogonal basis with square norms

orl---0y! -1
(90|60)=#:: (p) )
p! o

The scaling ensures that that the squared norm of a pure power (¢f1e; + ...+ t,¢,)? equals
Q- ti2)p . The scaled monomials
o = <p> e’
o

form an orthonormal basis of V, and we equip V with the standard Gaussian distribution
relative to this orthonormal basis.
Now, our variety X can be defined by the parameterization

¥R — SPR”,

=S ()
okp

In fact, if p is odd, then this parameterization is one-to-one, and X = im ¢. If p is even,
then this parameterization is two-to-one, and X = im ¢ U (—im ¥).
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Definition 4.1 Define Crit to be the subset of V' x X consisting of all pairs of (v, x) such
thatv — x L T, X.

4.2. Parameterizing Crit

We derive a convenient parameterization of Crit, as follows. Taking the derivative of v at
t # 0, we find that 74,» X both equal #?~! . R". In particular, for ¢ any non-zero scalar
multiple of eq, this tangent space is spanned by all monomials that contain at least (n — 1)
factors eq. Let W denote the orthogonal complement of this space, which is spanned by all
monomials that contain at most (p — 2) factors ej. Foru € ef- \ {0}, recall from Subsection
3.2 the orthogonal map R, € SO, that is the identity on (e, #)* and a rotation sending e;
to a scalar multiple of e; + u on (eg, u). We write S” R, for the induced linear map on V,
which, in particular, sends ef to (e1 + u)?. We have the following parameterization of Crit:

ei x Ref x W — Crit,
(u, woef, w) — (woSpRL,ef, woSpRuef —+ SpRuw) )
Combining with the projection to V, we obtain the map
pret xRel x W — V, (u, woel, w) > S? Ry (woel + w).

Following the strategy in Section 2, the expected number of critical points of d,, on X for a
Gaussian v equals

1 e 9 2
= (27-[)d—mV/2/ l/ / | det Juup.wyple SO 2 dwdwodu,
ey J—oo JW

where we have used that S” R, preserves the norm, and that w L e{’ .
To determine the Jacobian determinant, we observe that J, v, w)@ restricted to
Twoe{)Ref @ T, W is just the linear map S” R,,. Hence, relative to a block decomposition

V =W +Re!) ®@Ref & W we find

Sp(Ru)_lJ(’ugwo,w)@ = l * 1110

for a suitable linear map Ay wy,w) : ¢ — (W @ Rel)*.

4.3. The shape of A, wy,w)

For the computations that follow, we will need only part of our orthonormal basis of V,
namely e} and the vectors

fi= «/ﬁef_lei
-2
fii = p(p— D J2eV "¢
-2
fij =vVp(p—Del “eje;

where 2 < i < n in the first two cases and 2 < i < j < n in the last case. The target space
of A(u,wg,w) has an orthonormal basis f, ..., f,, while the domain has an orthonormal
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basis e, ..., e,. Let ay; be the coefficient of f in Ay, w,,w)er. To compute ay;, we expand
w as
w= Z wijfij +w =1 w; +w
2<i<j

where w’ contains the terms with at most p — 3 factors e;. We have the identity

ISP Ry (e -+ -ei),)

p
oR
Id = E Ci v R_l_ue. e .
361 1 " u 361 fm '

For this expression to contain terms that are multiples of some f;, we need that at least
p — 2 of the i,, are equal to 1. Thus, ay; is independent of w’, which is why we need only
the basis vectors above.

As in the case of ordinary tensors, we make the further simplification that u = tes.
Then, we have to distinguish two cases: [ = 2 and ! > 2. For [ = 2 formula (7) applies,
and we compute modulo (f>, ..., f,)*

SP(R,)™!

A(SP Ry, (woel + w))

~1
(SpRtez) 862
SPR. )] J (SpRtez <w0€f + D0 Wi fii + Y naio wijfij))

- ( t€2) 882

1 —1 I
= oz | Pwoel 2 = 2um/p(p = D/2e] N ea = 3 T /p(p = Def e

2<j

1

=15 (ﬁwo—\/Z(P—1)w22)f2—2\/1?—1w2jfj

2<j

For /[ > 2 formula (6) applies, but in fact the second term never contributes when we
compute modulo (f>, ..., f,,)L:

0 (Sl”Rte2 (woef + wl))

SPR -1
( te2) ae[
(PR 0 (SpRtez (w()eli7 + > o< wii fii + 22§i<j wijfij))

- tey ael

1 N —
= m (Pwoef 161 — 2wy p(p _ 1)/26‘{7 ]6‘1

P(P—l Z wzleli el+2w2] el 6'

2<i<l I<j

1

Vit <ﬁw0 —v2(p— 1)wll) fi=> Np—Twifi ]

il
here we use the convention that w;; = wy; if i > [. We have thus proved the following
proposition.
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PROPOSITION 4.2 The determinant of A (e, wy,w) equals

V2w w23 ot W2y

1 was 2wz - w3

T e Vuel —Vp=T | T
w2n w3, - \/zwnn

We denote the (n — 1) x (n — 1)-matrix by C(wy).

4.4. The value of 1

We can now formulate our theorem for symmetric tensors.

PROPOSITION 4.3  For a standard Gaussian random symmetric tensor v € SPR" (relative
to the Bombieri norm), the expected number of critical points of d, on the manifold of
non-zero symmetric tensors of rank one equals

VT o (| det (ﬁwol - \/;flC(wl)) |) ,

2(n—1)/2r(%)
where wq and the entries of wy are independent and ~ N (0, 1).

Proof Combining the results from the previous subsections, we find

— -2

2 2 _
w+lwl] =2

-/OO/OO/ |det<\/ﬁwol—\/p—1C(w1)) oo T — _dwdwodr.
0 —o00 JW

(L +2y72

Here, like in the ordinary tensor case, we have used that the function F () in the definition
of Iis O(ef-)—invariant. Now plug in

e ¢]

/ tn—2 ﬁr(ﬂ 1)

)

S and Vol(§"2) =
(1 +12)3 2 T

) resh

N1

0

to find that I equals

2 2
wOJerH

1 > _
20mV/27 @m V-m/2[ (%) '/_oo /w | det (ﬁwol A2 1C(w1)) e > dwduwyo.

Finally, we can factor out the part of the integral concerning w’, which lives in a space of
dimensiondimV —1—(n—1)—n(n—1)/2 =dim V —n(n+1)/2. As a consequence, we
need only integrate over the space Wi where wy lives, and have to multiply by a suitable
power of 27:
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1
= 1)/4 “1)/4
on(n+1)/4gn(n—1)/ r(%)

/Z /w | det (ﬁwol - \/ﬁc(wl)) le”
Nl - E(|det (ﬁwol—\/ﬁc(wl)) |)

= 2(n—1)/21"(§)

u0+||wl 12

dwldwo

as desired. O

4.5. Further dimension reduction

Since the matrix C from Proposition 4.3 is just +/2 times a random matrix from the standard
Gaussian orthogonal ensemble, and, in particular, has an orthogonally invariant probability
density, we can further reduce the dimension of the integral, as follows.

Proof of Theorem 1.5 First, we denote the diagonal entries of C
II),',' = \/Ew,',', i=2,...,l’l
Then, the joint density function of the random matrix C equals

1
2=D/2 " (2 )n(n=D)/4

~2 ~2 2
B _ VIR S )
Sn—1 (Wi, wij) = (@34 Di) A=Y acicjn Wiy /2

This function is invariant under conjugating C with an orthogonal matrix, and as a con-
sequence, the joint density of the ordered tuple (Ao < ... < A,) of eigenvalues of C
equals

Zn =1 fur (WD) [Jrj — 2

i<j

(see [21, Theorem 3.2.17] — The theorem there concerns the positive-definite case, but is
true for orthogonally invariant density functions on general symmetric matrices). Here, A

is the diagonal matrix with A7, ..., A, on the diagonal, and
7Tn(n—l)/4
Hizl ['@i/2)

Consequently, we have

= 20— 1>/2r() / /(H'J—wo—ﬁk I) [0 -

A= Zhp i<j

1
CZ = 1) fart(A) [ ———e™0/2 ) dwodia - - - A
N2

1
2(n2+3n 2)/41—[ F(z/2) / / ( |/ Pwo — \/;fl)ﬂ)

A <<, —00
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. l_[()\j — ) e W0/2- 20 }“"2/4dw0d)nz coodhy,

i<j

as required. O

4.6. The cone over the rational normal curve

In the case where n = 2, the integral from Theorem 1.5 is over a 2-dimensional space and
can be computed in closed form.

THEOREM 4.4 For n = 2, the number of critical points in Theorem 1.5 equals /3p — 2.

A slightly different computation yielding this result can be found in [17].

4.7. Veronese embeddings of the projective plane

In the case where n = 3, the integral from Theorem 1.5 gives the number of critical points to
the cone over the p-th Veronese embedding of the projective plane. In this case, the integral
can be computed in closed form, using symbolic integration in Mathematica we have
the following result.

THEOREM 4.5 For n = 3, the number of critical points in Theorem 1.5 equals

b
1+4-
T3

1
VG@p=2-(p—D.
2
We do not know whether a similar closed formula exists for higher values of 7.

4.8. Symmetric matrices
In Example 1.6, we saw that the case where p = 2 concerns rank-one approximations to

symmetric matrices, and that the average number of critical points is 7. We now show that
the integral above also yields n. Here, we have

i ¥
RN / /(E'ﬁwo_k”) [T =)

A <...<h, —00 i<j

1
CZ0 = 1) o1 (A) [ ———e 02 ) dwodis - - - .
21

Now, set A := ﬁwo. Then, the inner integral over A1 splits into n integrals, according to
the relative position of A; among Ay < --- < A,. Moreover, these integrals are all equal.
Hence, we find

JT
t=ngtrg || TT i-w

A=Ay l=i<j=n
1

: — A AD) A gy
21/2 . (27)(n(n=D)+2)/4 e ! diy---da

-Zin—1)

n
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JT
:nm f l_[ ()\j—)\.i)

A= Zhy I=i<js=n

S Z(n— 1) - fu(diag(ri, ..., Ap) - Qo) D2d - day,.

Now, again by [21, Theorem 3.2.17], the integral of ]_[151- <j<n (Aj—Ai)- fuequals 1/Z(n).
Inserting this into the formula yields I = n. '

5. Values

In this section, we record some values of the expressions in Theorems 1.1 and 1.5.

5.1. Ordinary tensors

Below is a table of expected numbers of critical rank-one approximations to a Gaussian ten-
sor, computed from Theorem 1.1. We also include the count over C from [6]. Unfortunately,
the dimensions of the integrals from Theorem 1.1 seem to prevent accurate computation
numerically, at least with all-purpose software such as Mathematica. Instead, we have
estimated these integrals as follows: for some initial value I (we took I = 15), take 2/
samples of C from the multivariate standard normal distribution, and compute the average
absolute determinant. Repeat with a new sample of size 2/, and compare the absolute
difference of the two averages divided by the first estimate. If this relative difference is
< 1074, then stop. If not, then group the current 2/*! samples together, sample another
2/+1 "and perform the same test. Repeat this process, doubling the sample size in each step,
until the relative difference is below 10~*. Finally, multiply the last average by the constant
in front of the integral in Theorem 1.1. We have not computed a confidence interval for
the estimate thus computed, but repetitions of this procedure suggest that the first three
computed digits are correct; we give one more digit below.

Tensor format average count over R count over C
nxm min(n, m) min(n, m)
23 =2x2x2 4.287 6

24 11.06 24

25 31.56 120
20 98.82 720

27 333.9 5040
28 1.206 - 103 40320
29 4.611-103 362880
210 1.843.10% 3628800
2x2x%x3 5.604 8
2x2x4 5.556 8
2x2x%x5 5.536 8
2x3x%x3 8.817 15

2 x3 x4 10.39 18
2x3x%x5 10.28 18
3x3x%x3 16.03 37
3x3 x4 21.28 55

3x3x5 23.13 61
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Except in some small cases, we do not expect that there exists a closed form expression
for E(| det(C)|). However, asymptotic results on expected absolute determinants such as
those in [22] should give asymptotic results for the counts in Theorems 1.1 and 1.5, and it
would be interesting to compare these with the count over C.

From [6], we know that the count for ordinary tensors stabilizes forn, —1 > Zf’ =_11 (n;—
1), i.e. beyond the boundary format [23, Chapter 14], where the variety dual to the variety of
rank-one tensors ceases to be a hypersurface. We observe a similar behaviour experimentally
for the average count according to Theorem 1.1, although the count seems to decrease
slightly rather than to stabilize. It would be nice to prove this behaviour from our formula,
but even better to give a geometric explanation both over R and over C.

5.2. Symmetric tensors

The following table contains the average number of rank-one tensor approximations to SPR"
according to Theorem 1.5. The integrals here are over a much lower dimensional domain
than in the previous section, and they can be evaluated accurately with Mathematica.
On the right, we list the corresponding count over C. By [6, Theorem 12], these values are
simply 1 +(p— D) +---+ (p— D" L.

simply 1 + (p— 1) +---+ (p—1)" 1.

p\n|l 2 3 4 pnll 2 3 4
Ly o1 1 1 I [1 1 1 1
2|2 3 4 2 [1 2 3 4
3|1 VT 1+44-2.Y7-2 93951 311 3 7 15
4 |1 V10 144-3-410-3 16.254 4 |1 4 13 40
5 |1 V13 1+44-35-v13-4 24300 5 1 5 21 85
6 |1 V16 1+4-3-4/16-5 33.374 6 |1 6 31 156
711 V19 14454196 43.370 7|1 7 43 259
8 |1 422 1+44-5-422-7 54211 8 |1 8 57 400
9 |1 25 1+44-5-v/25-8 65.832 9 |1 9 73 585
10 |1 V28 1+4-35-4/28-9 78185 10 |1 10 91 820
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