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ABSTRACT. For any holomorphic symplectic manifold (X, o), a closed
Jacobi diagram with 2k trivalent vertices gives rise to a Rozansky-
Witten class

RWy ,(T') € H?*(X,Ox).
If X is irreducible, this defines a number Or(X,o) by RWx ,(I') =
Br(X,o)[a]*.

Let (X[ o) be the Hilbert scheme of n points on a K3 surface
together with a symplectic form ¢! such that St (olgithn = p).
Further, let (A" oll") be the generalised Kummer variety of di-
mension 2n — 2 together with a symplectic form o™ such that
S (Mgl = nl J. Sawon conjectured in his doctoral thesis
that for every connected Jacobi diagram, the functions Or(X (] 0["])
and Br (A" gl are linear in n.

We prove that this conjecture is true for I' being a connected Jacobi
diagram homologous to a polynomial of closed polywheels. We further
show how this enables one to calculate all Rozansky-Witten invariants
of X" and All" for closed Jacobi diagrams that are homologous to
a polynomial of closed polywheels. It seems to be unknown whether
every Jacobi diagram is homologous to a polynomial of closed poly-
wheels. If indeed the closed polywheels generate the whole graph
homology space as an algebrea, our methods will thus enable us to
compute all Rozansky-Witten invariants for the Hilbert schemes and
the generalised Kummer varieties using these methods.

Also discussed in this article are the definitions of the various graph
homology spaces, certain operators acting on these spaces and their
relations, some general facts about holomorphic symplectic manifolds
and facts about the special geometry of the Hilbert schemes of points
on surfaces.

IThe author is supported by the Deutsche Forschungsgemeinschaft. This work has been
written under hospitality of the Department of Pure Mathematics and Mathematical Statis-
tics of the University of Cambridge.
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A compact hyperkdhler manifold (X, g) is a compact Riemannian manifold
whose holonomy is contained in Sp(n). An example of such a manifold is the
K3 surface together with a Ricci-flat Ké&hler metric (which exists by S. Yau’s

theorem [[1g)).

In }, L. Rozansky and E. Witten described how one can

associate to every vertex-oriented trivalent graph I' an invariant bp(X) to X,
henceforth called a Rozansky- Witten invariant of X associated to I'. In fact,
this invariant only depends on the homology class of the graph, so the invariants
are already defined on the level of the graph homology space B (see e.g. [ﬂ] and
this paper for more information about graph homology).
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CALCULATION OF ROZANSKY-WITTEN INVARIANTS 593

Every hyperkdhler manifold (X,g) can be given the structure of a Kéhler
manifold X (which is, however, not uniquely defined) whose Kéhler metric
is just given by g. X happens to carry a holomorphic symplectic two-form
o € HY(X,0%), whereas we shall call X a holomorphic symplectic manifold.
Now M. Kapranov showed in [§ that one can in fact calculate br(X) from
(X, o) by purely holomorphic methods.

The basic idea is the following: We can identify the holomorphic tangent bundle
Tx of X with its cotangent bundle 2x by means of o. Doing this, the Atiyah
class ax (see [{]) of X lies in HY(X,S37x). Now we place a copy of ax
at each trivalent vertex of the graph, take the U-product of all these copies
(which gives us an element in H2* (X, (S37x )®2*¥) if 2k is the number of trivalent
vertices), and finally contract (S37x)®2?¥) along the edges of the graph by
means of the holomorphic symplectic form o. Let us call the resulting element
RWx,(T) € H?*(X,Ox). In case 2k is the complex dimension of X, we can
integrate this element over X after we have multiplied it with [0]?*. This gives
us more or less bp(X). The orientation at the vertices of the graph is needed
in the process to get a number which is not only defined up to sign.

There are two main example series of holomorphic symplectic manifolds, the
Hilbert schemes X[ of points on a K3 surface X and the generalised Kum-
mer varieties A" (see H) Besides two further manifolds constructed by
K. O’Grady in [E] and [[L2], these are the only known examples of irreducible
holomorphic symplectic manifolds up to deformation.

Not much work was done on actual calculations of these invariants on the
example series. The first extensive calculations were carried out by J. Sawon
in his doctoral thesis [[Ld]. All Chern numbers are in fact Rozansky-Witten
invariants associated to certain Jacobi diagrams, called closed polywheels. Let
W be the subspace spanned by these polywheels in B. All Rozansky-Witten
invariants associated to graphs lying in W can thus be calculated from the
knowledge of the Chern numbers (which are computable in the case of X"
(/) or Al ([L1]). However, from complex dimension four on, there are graph
homology classes that do not lie in W. J. Sawon showed that for some of these
graphs the Rozansky-Witten invariants can still be calculated from knowledge
of the Chern numbers, which enables one to calculate all Rozansky-Witten
invariants up to dimension five. His calculations would work for all irreducible
holomorphic manifolds whose Chern numbers are known.

In this article, we will make use of the special geometry of X[ and A", Doing
this, we are able to give a method which enables us to calculate all Rozansky-
Witten invariants for graphs homology classes that lie in the algebra C generated
by closed polywheels in B. The closed polywheels form the subspace W of the
algebra B of graph homology. This is really a proper subspace. However, C, the
algebra generated by this subspace, is much larger, and, as far as the author
knows, it is unknown whether C = B, i.e. whether this work enables us to
calculate all Rozanky-Witten invariants for the main example series.

The idea to carry out this computations is the following: Let (Y, 7) be any
irreducible holomorphic symplectic manifold. Then H2*(Y, Oy) is spanned by
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594 MARC A. NIEPER-WISSKIRCHEN
[7]¥. Therefore, every graph I' with 2k trivalent vertices defines a number
Br(Y,7) by RWy,(T') = Br(Y,7)[7]*. J. Sawon has already discussed how
knowledge of these numbers for connected graphs is enough to deduce the
values of all Rozansky-Witten invariants.

For the example series, let us fix holomorphic symplectic forms o™, respective
ol with [y, (aah)™ = nl respective [, (cMlglnhr = nl. J. Sawon
conjectured the following:

The functions Br (XM, o) and gr(X" 5[]} are linear in
n for I' being a connected graph.

The main result of this work is the proof of this conjecture for the class of
connected graphs lying in C (see Theorem ). We further show how one can
calculate these linear functions from the knowledge of the Chern numbers and
thus how to calculate all Rozansky-Witten invariants for graphs in C.

We should note that we don’t make any use of the IHX relation in our deriva-
tions, and so we could equally have worked on the level of Jacobi diagrams.
Let us finally give a short description of each section. In section E we collect
some definitions and results which will be used later on. The next section is
concerned with defining the algebra of graph homology and certain operations
on this space. We define connected polywheels and show how they are related
with the usual closed polywheels in graph homology. We further exhibit a
natural sls-action on an extended graph homology space. In section E, we
first look at general holomorphic symplectic manifolds. Then we study the
two example series more deeply. Section E defines Rozansky-Witten invariants
while the last section is dedicated to the proof of our main theorem and explicit
calculations.

2. PRELIMINARIES

2.1. SOME MULTILINEAR ALGEBRA. Let 7 be a tensor category (commutative
and with unit). For any object V in 7, we denote by S¥V the coinvariants of
V@ with respect to the natural action of the symmetric group and by A*V
the coinvariants with respect to the alternating action. Further, let us denote
by SiV and A,V the invariants of both actions.

PROPOSITION 1. Let I be a cyclicly ordered set of three elements. Let V be an
object in T. Then there exists a unique map A3V — V&I such that for every
bijection ¢ : {1,2,3} — I respecting the canonical cyclic ordering of {1,2,3}
and the given cyclic ordering of I the following diagram

AV ——— A3V

) I l

V®3 V®I
P

commutes, where the map ¢, is the canonical one induced by ¢.
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CALCULATION OF ROZANSKY-WITTEN INVARIANTS 595

Proof. Let ¢,¢" : {1,2,3} — I be two bijections respecting the cyclic ordering.
Then there exist an even permutation a € 23 such that the lower square of the
following diagram commutes:

A3V _— Agv

| |

e, ®s3
d)l ld)'
Vel —— vl

We have to show that the outer rectangle commutes. For this it suffices to
show that the upper square commutes. In fact, since « is an even permutation,
every element of A3V is by definition invariant under . O

2.2. PARTITIONS. A partition X\ of a non-negative integer n € Ny is a sequence
A1, Ao, ... of non-negative integers such that

(2) |Al == Zi)‘i =n.
i=1

Therefore almost all \; have to vanish. In the literature, A is often notated by
1M2%2 . The set of all partitions of n is denoted by P(n). The union of all
P(n) is denoted by P := [ J°—, P(n). For every partition A € P, we set

n=0
o0
(3) A=Y\
i=1
and
(o]
(4) A= H Al
i=1
Let a1, as9,... be any sequence of elements of a commutative unitary ring. We
set

(5) ay = ﬁ a
i=1

for any partition A € P.
With these definitions, we can formulate the following proposition in a nice
way:

PROPOSITION 2. In Q[[a1, az,...]] we have
00 ax
(6) exp (Z ai> = e
i=1 AEP
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596 MARC A. NIEPER-WISSKIRCHEN

Proof. We calculate

7) exp (i;a) - Z w <§:a>n -

=1 > al a
Z_l z; n!H/\l': )\_)l\

i=1 n=0 i=1""  XeP
O
If we set
0 o N
(8) % = };[1 8a—;\7 ai:07
we have due to Proposition E:
PROPOSITION 3. In Q[[s1, 2, .. .]][a1, a2, ...] we have

(9) % exp (Z a151> = Sx-

2.3. A LEMMA FROM UMBRAL CALCULUS.

LEMMA 1. Let R be any Q-algebra (commutative and with unit) and A(t) €
R][[t]] and B(t) € tR][t]] be two power series. Let the polynomial sequences

(pn(x)) and (sp(x)) be defined by

(10) Zpk - = exp(zB(t))
and
(11) ZSk = A(t) exp(zB(t)).

Let Wg(t) € tR[[t]] be deﬁned by Wp(texp(B(t))) =t. Then we have

> T Tr — k
(1) 3R B (Vs ()
k=0

and

sk — k) AWx(t))
) Y R s exp(aB OV (1)
Proof. Tt suffices to prove the result for the field R = Q(ag,a1,...,b1,ba,...)
and A(t) = Y 5o, axt® and B(t) = Y 32 bit".
So let us assume this special case for the rest of the proof. Let us denote by f(@®)
the compositional inverse of B(t), i.e. f(B(t)) =t. We set g(t) := A~L(f(2)).
For the following we will make use of the terminology and the statements in [@]
Using this terminology, ([[0) states that (p,(x)) is the associated sequence to
f(t) and (L)) states that (s,(z)) is the Sheffer sequence to the pair (g(t), f())
(see Theorem 2.3.4 in [[4)).
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Theorem 3.8.3 in [[[4] tells us that (s,(z — n)) is the Sheffer sequence to the

pair (g(t), f(t)) with
gty =g+ f()/f'(1)

and

F(t) = f(t)exp(t).
The compositional inverse of f(t) is given by B(t) := B(Wg(t)):

BWg(f(t)) = BWs(f(t) exp(t))) = BWn(f(t) exp(B(f(1))))) = B(f(t)) = t.

Further, we have

At) =g 1 (B(1))

=GB+ FBOVFBO)) 0 Walt) = 1 e o Wil
which proves () again due to Theorem 2.3.4 in [14].

It remains to prove ([12), i.e. that (zz%(nz)) is the associated sequence to

f(t). We already know that (pn(z — n)) is the Sheffer sequence to the pair
(1+ f(t)/f'(t), f(t)). By Theorem 2.3.6 of [14] it follows that the associated

sequence to f(t) is given by (1+ f(d/dz)/f'(d/dx))pn(x—n). By Theorem 2.3.7
and Corollary 3.6.6 in [[4], we have

f(d/dx) _ 1
<1+ F(d)dz) pn(x —n) =pu(x —n) + f’(d/dx)np"_l(x n)
=pu(z—n)+ npn(® — ) — Tpn (@ — n)’
x—n r—n
which proves the rest of the lemma. O

3. GRAPH HOMOLOGY

This section is concerned with the space of graph homology classes of unitriva-
lent graphs. A very detailed discussion of this space and other graph homology
spaces can be found in [m] Further aspects of graph homology can be found
in [B], and, with respect to Rozansky-Witten invariant, in [E]

3.1. THE GRAPH HOMOLOGY SPACE. In this article, graph means a collection
of vertices connected by edges, i.e. every edge connects two vertices. We want
to call a half-edge (i.e. an edge together with an adjacent vertex) of a graph
a flag. So, every edge consists of exactly two flags. Every flag belongs to
exactly one vertex of the graph. On the other hand, a vertex is given by the
set of its flags. It is called univalent if there is only one flag belonging to it,
and it is called trivalent if there are exactly three flags belonging to it. We
shall identify edges and vertices with the set of their flags. We shall also call
univalent vertices legs. A graph is called vertez-oriented if, for every vertex, a
cyclic ordering of its flags is fixed.
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598 MARC A. NIEPER-WISSKIRCHEN

e
U1 V2
U3 V4
Uy U2

Ficgure 1. This Jacobi diagram has four trivalent vertices
v1,...,V4, and two univalent vertices u; and us, and e is one
of its 7 edges.

DEFINITION 1. A Jacobi diagram is a vertex-oriented graph with only uni- and
trivalent vertices. A connected Jacobi diagram is a Jacobi diagram which is
connected as a graph. A trivalent Jacobi diagram is a Jacobi diagram with no
univalent vertices.

We define the degree of a Jacobi diagram to be the number of its vertices. It
is always an even number.

We identify two graphs if they are isomorphic as vertex-oriented graphs in the
obvious sense.

FEzample 1. The empty graph is a Jacobi diagram, denoted by 1. The unique
Jacobi diagram consisting of two univalent vertices (which are connected by an
edge) is denoted by Z.

U1

U2

FIGURE 2. The Jacobi diagram ¢ with its two univalent ver-
tices u1 and us.

Remark 1. There are different names in the literature for what we call a “Ja-
cobi diagram”, e.g. unitrivalent graphs, chord diagrams, Chinese characters,
Feynman diagrams. The name chosen here is also used by D. Thurston in [@]
The name comes from the fact that the IHX relation in graph homology defined
later is essentially the well-known Jacobi identity for Lie algebras.

With our definition of the degree of a Jacobi diagram, the algebra of graph
homology defined later will be commutative in the graded sense. Further, the
map RW that will associate to each Jacobi diagram a Rozansky-Witten class
will respect this grading. But note that often the degree is defined to be half
of the number of vertices, which still is an integer.

We can always draw a Jacobi diagram in a planar drawing so that it looks like
a planar graph with vertices of valence 1, 3 or 4. Each 4-valent vertex has to
be interpreted as a crossing of two non-connected edges of the drawn graph
and not as one of its vertices. Further, we want the counter-clockwise ordering
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CALCULATION OF ROZANSKY-WITTEN INVARIANTS 599

of the flags at each trivalent vertex in the drawing to be the same as the given

cyclic ordering.

FI1GURE 3. These two graphs depict the same one.

In drawn Jacobi diagrams, we also use a notation like - - - o fora part of a
graph which looks like a long line with n univalent vertices (“legs”) attached to
it, for example ... 1Ll ... for n = 3. The position of n indicates the placement
of the legs relative to the “long line”.

DEFINITION 2. Let 7 be any tensor category (commutative and with unit).
Every Jacobi diagram I' with k trivalent and ! univalent vertices induces a
natural transformation W' between the functors

(14) T T,V SA3VeSV
and
(15) T — T,V S°S?V,
where e := M which is given by
(16) U : S AV © S,V S| ®A3V® ®V @ ®®V® ®V
teT feu teT fet feu
RQVERQRV Y,
feEF ecE fee

where T is the set of the trivalent vertices, U the set of the univalent vertices,
F the set of flags, and E the set of edges of I'. Further,

(1) is given by the natural inclusions of the invariants in the tensor prod-
ucts,

(2) is given by the canonical maps (see Proposition [l and recall that the
sets t are cyclicly ordered),

(3) is given by the associativity of the tensor product,

(4) is given again by the associativity of the tensor product, and finally

(5) is given by the canonical projections onto the coinvariants.

DEFINITION 3. We define B to be the Q-vector space spanned by all Jacobi
diagrams modulo the THX relation

(17) T=H-X
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600 MARC A. NIEPER-WISSKIRCHEN

and the anti-symmetry (AS) relation

which can be applied anywhere within a diagram. (For this definition see
also [[] and [[[7].) Two Jacobi diagrams are said to be homologous if they are
in the same class modulo the THX and AS relation.

Furthermore, let B’ be the subspace of B spanned by all Jacobi diagrams not
containing ¢ as a component, and let *B be the subspace of B’ spanned by
all trivalent Jacobi diagrams. All these are graded and double-graded. The
grading is induced by the degree of Jacobi diagrams, the double-grading by the
number of univalent and trivalent vertices.

The completion of B (resp. B, resp. *B) with respect to the grading will be
denoted by B (resp. B, resp. 'B).

We define By to be the subspace of B generated by graphs with & trivalent
and [ univalent vertices. B;C’l and *By, := "By o are defined similarly.

All these spaces are called graph homology spaces and their elements are called
graph homology classes or graphs for short.

Remark 2. The subspaces By of B spanned by the Jacobi diagrams of degree
k are always of finite dimension. The subspace By is one-dimensional and
spanned by the graph homology class 1 of the empty diagram 1.

Remark 3. We have B = Hk,lZO By;. In view of the following Definition @, B
and B are naturally Q-algebras. As Q-algebras, we have B = B/[[{]]. Due to the
AS relation, the spaces By, ; are zero for | > k. Therefore, B =112, ®r, By, ;-

Ezample 2. If v is a graph which has a part looking like - - N , it will become
(—1)™y if we substitute the part «--—--- by ---—--- due to the anti-symmetry

relation.

3.2. OPERATIONS WITH GRAPHS.

DEFINITION 4. Disjoint union of Jacobi diagrams induces a bilinear map

(19) BxB— B, (v,7) U7,

By mapping 1 € Q to 1 € B, the space B becomes a graded Q-algebra, which

has no components in odd degrees. Often, we omit the product sign “U”. B,
B', *B, and so on are subalgebras.

DEFINITION 5. Let £ € N. We call the graph homology class of the Jacobi
2%k
diagram () the 2k-wheel woy, i.e. wo = <, wy = X, and so on. It has 2k

univalent and 2k trivalent vertices. The expression wg will be given a meaning
later, see section B.3.

Remark 4. The wheels wy, with k& odd vanish in B due to the AS relation.
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CALCULATION OF ROZANSKY-WITTEN INVARIANTS 601

Let T' be a Jacobi diagram and u,u’ be two different univalent vertices of T
These two should not be the two vertices of a component ¢ of I". Let v (resp.
v') be the vertex u (resp. u’) is attached to. The process of gluing the vertices
u and v’ means to remove v and u’ together with the edges connecting them
to v resp. v’ and to add a new edge between v and v'. Thus, we arrive at a new
graph I'/(u,u’), whose number of trivalent vertices is the number of trivalent
vertices of I' and whose number of univalent vertices is the number of univalent
vertices of I' minus two. To make it a Jacobi diagram we define the cyclic
orientation of the flags at v (resp. v’) to be the cyclic orientation of the flags at
v (resp. v') in T with the flag belonging to the edge connecting v (resp. v’) with
u (resp. u') replaced by the flag belonging to the added edge. For example,

u ul

FIGURE 4. Gluing the two univalent vertices u and u’ of the
left graph produces the right one, denoted by ©s.

gluing the two univalent vertices of wy leads to the graph ©.

If 7= {{u,ui}, ..., {un,u}} is a set of two-element sets of legs that are
pairwise disjoint and such that each pair u,w), fulfills the assumptions of the
previous construction, we set

(20) /7 :=T/(uy,u})/ .../ (ug,u}).

Of course, the process of gluing two univalent vertices given above does not
work if u and u' are the two univalent vertices of ¢, thus our assumption on T'.

DEFINITION 6. Let I', IV be two Jacobi diagrams, at least one of them without
¢ as a component and U = {uy,...,u,} resp. U’ the sets of their univalent
vertices. We define

(21) D)= Y UL/ (ur, fw))/ - /(un, flun)),

f:U=U’
injective

viewed as an element in B. R R
This induces for every v € B a *B-linear map

(22) i B — By = A).

Example 3. Set 0 := %é It is is an endomorphism of B of degree —2. For
example, 0o = ©. By setting

(23) (v,7) = 0(yUy') = a(y) Uy —yUa()
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for ~,~ € B, we have the following formula for all v € B':

n

(24) o) = (7)ot + (5ot

This shows that 0 is a differential operator of order two acting on B'.

Acting by 0 on a Jacobi diagram means to glue two of its univalent vertices
in all possible ways, acting by 9(+,-) on two Jacobi diagrams means to connect
them by gluing a univalent vertex of the first with a univalent vertex of the
second in all possible ways.

DEFINITION 7. Let I', T’ be two Jacobi diagrams, at least one of them without
£ as a component, and U = {uy,...,u,} resp. U’ the sets of their univalent
vertices. We define

(25) (T = Y (CUT)/(ur, f(wr))/ - /(s flun)),

f:U—=U'
bijective

viewed as an element in B

This induces a *B-bilinear map

(26) (Y : B x B—"'B,
which is symmetric on B’ x B'.

Note that (I',T”) is zero unless I' and I" have equal numbers of univalent
vertices. In this case, the expression is the sum over all possibilities to glue the
univalent vertices of I" with univalent vertices of I".
Note that (I',T”) is zero unless T' and I" have equal numbers of univalent
vertices. In this case, the expression is the sum over all possibilities to glue the
univalent vertices of I" with univalent vertices of T".

PROPOSITION 4. The map (1,-) : B — 'B is the canonical projection map, i.e.
it removes all non-trivalent components from a graph. Furthermore, for v € B’
and v € B, we have

14
(27) <% §V'> =(07,7") -
For v,+' € B', we have the following (combinatorial) formula:

(28) (exp(9)(v7'), 1) = (exp(9), exp(9)Y') .

Proof. The formula (R1) should be clear from the definitions.
Let us investigate (R§) a bit more. We can assume that v and 4’ are Jacobi
diagrams with [ resp. I’ univalent vertices and [ + 1’ = 2n with n € Ny. So we

have to prove
on 0 om am'
a0 = 2 <m% i 7’> ,

m,m’=0
l—2m=Il"—2m'
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since (-,1) : B — '8 means to remove the components with at least one univa-
lent vertex. Recalling the meaning of (-,-), it should be clear that (§) follows
from the fact that applying ‘Z—T on a Jacobi diagram means to glue all subsets
of 2k of its univalent vertices to k pairs in all possible ways. ([l

3.3. AN 5[5-ACTION ON THE SPACE OF GRAPH HOMOLOGY. In this short sec-
tion we want to extend the space of graph homology slightly. This is mainly due
to two reasons: When we defined the expression I'(T") for two Jacobi diagrams
I' and TV, we restricted ourselves to the case that I" or T does not contain a
component with an £. Secondly, we have not given the zero-wheel wy a meaning
yet.

We do this by adding an element () to the various spaces of graph homology.

DEFINITION 8. The extended space of graph homology is the space B[[O]].
Further, we set wg := (), which, at least pictorially, is in accordance with the
definition of wy, for k > 0.

Note that this element is not depicting a Jacobi diagram as we have defined
it. Nevertheless, we want to use the notion that () has no univalent and no
trivalent vertices, i.e. the homogeneous component of degree zero of B[] is
QO]

When defining I'/(u, ') for a Jacobi diagram I' with two univalent vertices u
and v/, i.e. gluing u to v/, we assumed that u and «’ are not the vertices of one
component ¢ of I'. Now we extend this definition by defining I'/(u,u’) to be
the extended graph homology class we get by replacing ¢ with (), whenever u
and v’ are the two univalent vertices of a component £ of T

Doing so, we can give the expression 4(y') € B[[Q]] a meaning with no restric-
tions on the two graph homology classes 7,7 € B, i.c. every v € B [[O]] defines
a *B[[O]]-linear map

(29) 5 : B[O]] — Bl[O])-
Ezample 4. We have
(30) ol =Q.

Remark 5. We can similarly extend (-,-) : B/ x B — *B to a *B[[Q]]-bilinear
form

(31) () : BIOI x BIION — *BIIO]-

Both ¢/2 and 0 are two operators acting on the extended space of graph homol-
ogy, the first one just multiplication with £/2. By calculating their commutator,
we show that they induce a natural structure of an sly-module on B[[O]].

PROPOSITION 5. Let H : B[[O]] — B[[Q)]] be the linear operator which acts on
7 € Bra[[Ol] by

(32) Hy = (; O +z) ”.
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We have the following commutator relations in End B[[O)]]:

(33) [¢/2,0] = —H,
(34) [H,0/2] =2-£/2,
and

(35) [H,0] = —20,

i.e. the triple (0/2,—0, H) defines a sly-operation on B[[Q)]].

Proof. Equations (@) and (@) follow from the fact that multiplying by O

commutes with £/2 and 9, and from the fact that £/2 is an operator of degree 2

with respect to the grading given by the number of univalent vertices, whereas

0 is an operator of degree —2 with respect to the same grading.

It remains to look at (B). For v € By.[[O]], we calculate

(36)

[€, 0]y = £0(7) — O(ty) = £D(y) — O(£)y — £0(y) — (L, 7) = = Oy — 2ly = —2H~.

O

Remark 6. Since B[[O)]] is infinite-dimensional, we have unfortunately difficul-
ties to apply the standard theory of sls-representations to this sls-module. For
example, there are no eigenvectors for the operator H.

3.4. CLOSED AND CONNECTED GRAPHS, THE CLOSURE OF A GRAPH. As the
number of connected components of a Jacobi diagram is preserved by the IHX-
and AS-relations each graph homology space inherits a grading by the number
of connected components. For any k € Ny we define B* to be the subspace
of B spanned by all Jacobi diagrams with exactly k£ connected components.
Similarly, we define *B*, B¥, t13%.

We have B = @,-, B* with B® = Q- 1. Analogous results hold for *B, B, tB.

DEFINITION 9. A graph homology class « is called closed if v € tB. The class
v is called connected if v € BY. The connected component of 7 is defined to be
pr!(v) where pr! : B = [[2°, B — B! is the canonical projection. The closure
(v) of 7y is defined by (v) := (,exp(¢/2)). The connected closure {{y)) of v is
defined to be the connected component of the closure (y) of ~.

For every finite set L, we define Po(L) to be the set of partitions of L into
subsets of two elements. With this definition, we can express the closure of a
Jacobi diagram I' as

(37) = Y T/m

TeP2(L)
Ezample 5. We have (ws) = ©, ((w2)) = O, (w3) =26, + 2, ((w})) = 20,.

Let Lq,..., L, be finite and pairwise disjoint sets. We set L := |_|?=1 L;. Let
7 € Po(L) be a partition of L in 2-element-subsets. We say that a pair [,I’ € L
is linked by m if there is an ¢ € {1,...n} such that [,!’ € L; or {l,I'} € 7. We
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say that m connects the sets L1, . .., L, if and only if for each pair [,!’ € L there
is a chain of elements [y, ...,l; such that [ is linked to [y, [; is linked to ;11
forie {1,...,k — 1} and I is linked to I’. The subset of P2(L) of partitions 7
connecting Ly, ..., L, is denoted by Po({L1,...,L,}). We have

(38) PyL)= || {le:ﬂ'IEPg({Li:iEI})}.
n}

Ll 3={1,..., 1€

Here, | |7 = {1,...,n} means that J is a partition of {1,...,n} in disjoint
subsets.

Let I'y,...,T',, be connected Jacobi diagrams. We denote by I' := []!"_; I'; the
product over all these Jacobi diagrams. Let L; be the set of legs of I'; and
denote by L :=|[!_, L; the set of all legs of I'.

For every partition m € Py(L) the graph I'/7 is connected if and only if 7 €

Po({L1,...,Ly}).
Uz‘.ing 1() we have

@ o= X e X I Y (M)

P, (L) L 3={1,....n} I€T n€Py({L;:i€l}) \i€l

-3 T(me)):

With this result we can prove the following Proposition:
PROPOSITION 6. For any connected graph homology class v we have
(40) exp ((exp7)) = (exp7) .

Note that both sides are well-defined in B since v and ((---)) as connected
graphs have no component in degree zero.

Proof. Let T’ be any connected Jacobi diagram. By (B) we have

RS | (VS n'HA, ) i)™

L 3={1,....n} I€J AEP(n) i=1

By linearity this result holds also if we substitute I' by the connected graph
homology class ~.
Using this,

o0 =3 ") =z$z H% () /™

3 () /i’ Hexp ) /i) = exp {{exp))
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3.5. POLYWHEELS.

DEFINITION 10. For each n € Ny we set wo, := —wa,. Let A be a partition of
n. We set

o0
(41) iy = [ [ @3-

i=1

The closure (i)} of way is called a polywheel. The subspace in B spanned
by all polywheels is denoted by W and called the polywheel subspace. The
subalgebra in 'B spanned by all polywheels is denoted by C and called the
algebra of polywheels.

The connected closure ((w2y)) of Wy is called a connected polywheel.

Remark 7. As discussed by J. Sawon in his thesis @]7 W is proper graded
subspace of *B. From degree eight on, ®By, is considerably larger than W;,. On
the other hand it is unknown (at least to the author) if the inclusion C C *B is
proper.

Remark 8. The subalgebra C’ in *BB spanned by all connected polywheels equals
C. This is since we can use (@) to express every polywheel as a polynomial of
connected polywheels and vice versa.

Ezample 6. Using Proposition E we calculated the following expansions of the
connected polywheels in terms of wheels:

((w2)) = (w2)

4. HOLOMORPHIC SYMPLECTIC MANIFOLDS
4.1. DEFINITION AND GENERAL PROPERTIES.

DEFINITION 11. A holomorphic symplectic manifold (X, o) is a compact com-
plex manifold X together with an everywhere non-degenerate holomorphic two-
form o € H°(X,Q%). Here, we call o everywhere non-degenerate if o induces
an isomorphism 7x — Qx.
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The holomorphic symplectic manifold (X, o) is called irreducible if it is simply-
connected and H°(X, Q%) is one-dimensional, i.e. spanned by o.

It follows immediately that every holomorphic symplectic manifold X has triv-
ial canonical bundle whose sections are multiples of ¢™, and, therefore, vanish-
ing first Chern class. In fact, all odd Chern classes vanish:

PROPOSITION 7. Let X be a complexr manifold and E a complex vector bundle
on X. If E admits a symplectic two-form, i.e. there exists a section o €
HO(X,A2E*) such that the induced morphism E — E* is an isomorphism, all
odd Chern classes of E vanish.

Remark 9. That the odd Chern classes of E vanish up to two-torsion follows
immediately from the fact cor11(E) = —cop11(E*) for k € N.

The following proof using the splitting principle has been suggested to me by
Manfred Lehn.

Proof. We prove the proposition by induction over the rank of E. For rk E = 0,
the claim is obvious.

By the splitting principle (see e.g. [E]), we can assume that F has a subbundle
L of rank one. Let L be the o-orthogonal subbundle to L of E. Since o is
symplectic, L' is of rank n — 1 and L is a subbundle of L~. We have the
following short exact sequences of bundles on X:

0 L E E/L 0

and

0 —— LJ‘/L E/L E/LJ‘ — 0.

Since ¢ induces a symplectic form on L+ /L, by induction, all odd Chern classes
of this bundle of rank rk F — 2 vanish. Furthermore, note that ¢ induces an
isomorphism between L and (E/L*)*, so all odd Chern classes of L ® E/L*
vanish.

Now, the two exact sequences give us ¢(FE) = ¢(L&E/L*Y)-¢(L*/L). Therefore,
we can conclude that all odd Chern classes of F vanish. g

PROPOSITION 8. For any irreducible holomorphic symplectic manifold (X, o)

of dimension 2n and k € 0,...,n the space H%(X, Ox) is one-dimensional
and spanned by the cohomology class [7]*.
Proof. See [J. O

4.2. A PAIRING ON THE COHOMOLOGY OF A HOLOMORPHIC SYMPLECTIC
MANIFOLD. Let (X, o) be a holomorphic symplectic manifold. There is a nat-
ural pairing of coherent sheafs

(43) ANTx @ AN Qx — Ox.
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As the natural morphism from A,7x to A*7Tx is an isomorphism and A*7x
can be identified with A*Qx by means of the symplectic form, we therefore
have a natural map

(44) ANQRA Qx — Ox.
We write
(45) () HP(X, Q") @ HI(X,Q") — Hp+q(X, Ox),(a, 8) — {(a, B)

for the induced map for any p, q € Ng.
In ] we proved the following proposition:

PROPOSITION 9. For any o € H* (X, Q*) we have

(46) /ozexpcr:/ (o, exp o) expo.
X X

4.3. EXAMPLE SERIES. There are two main series of examples of irreducible
holomorphic symplectic manifolds. Both of them are based on the Hilbert
schemes of points on a surface:

Let X be any smooth projective surface over C and n € Ny. By X" we
denote the Hilbert scheme of zero-dimensional subschemes of length n of X.
By a result of Fogarty ([), X[ is a smooth projective variety of dimension
2n. The Hilbert scheme can be viewed as a resolution p : X[ — X of the
n-fold symmetric product X (™ := X" /&,,. The morphism p, sending closed
points, i.e. subspaces of X, to their support counting multiplicities, is called
the Hilbert-Chow morphism.

Let a € H*(X, C) be any class. The class >, prf o € H*(X",C) is invariant
under the action of &,,, where pr; : X” — X denotes the projection on the
i factor. Therefore, there exists a class o™ € H?(X (™ C) with m*a(™ =
Z?zl pr; a, where m : X" — X (") is the canonical projection. Using p this
induces a class ol™ in H2(X[" C).

If X is a K3 surface or an abelian surface, there exists a holomorphic symplectic
form o € H2°(X) C H?(X,C). It was shown by Beauville in [f] that o is
again symplectic, so (X[, #["l) is a holomorphic symplectic manifold.

Ezample 7. For any K3 surface X and holomorphic symplectic form o €
H%(X), the pair (X[, o[") is in fact an irreducible holomorphic symplec-
tic manifold.

This has also been proven by Beauville. In the case of an abelian surface A,
we have to work a little bit more as A" is not irreducible in this case:

Let A be an abelian surface and let us denote by s : A — A the composition
of the summation morphism A — A with the Hilbert-Chow morphism p :
Alrl 5 A

DEFINITION 12. For any n € N, the n'® generalised Kummer variety All™ is
the fibre of s over 0 € A. For any class a € H2(A,C), we set alll .= g | At -

Remark 10. For n = 2 the generalised Kummer variety coincides with the
Kummer model of a K3 surface (therefore the name).
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Example 8. For every abelian surface A and holomorphic symplectic form
o € H?9(A), the pair (A" ol"]) is an irreducible holomorphic symplectic
manifold of dimension 2n — 2.

The proof can also be found in [J.

4.4. ABouT ol AND oll". Let X be any smooth projective surface and n €
Np.

Let X[ +1] denote the incidence variety of all pairs (£,¢') € X" x X"+ with
€ C ¢ (see [[{]). We denote by ¢ : X+l — XInH1] and by ¢ : Xt
X[ the canonical maps. There is a third canonical map y : X[+ — X
mapping (£,&’) — z if ¢ is obtained by extending £ at the closed point = € X.

PROPOSITION 10. For any o € H*(X,C) we have
(47) w*a[n+1] _ ¢*a[n] + X*Oé-

Proof. Let p: X™ x X — X and ¢ : X" x X — X denote the canonical
projections. Let 7: X(™) x X — X(+1 the obvious symmetrising map. The
following diagram

X[n,n+l] X[n,n+1]
(%x)l lw
X[n] % X X[n+1]

p)(idxl er’
X« x —T , x(ntl)

wxids | [

Xn+1 Xn+1

is commutative. (Note that we have primed some maps to avoid name clashes.)
We claim that 7*a(™ 1) = p*a(") + ¢*a. In fact, since

n+1
(7 x idx)*r*a"t) = g/* o+ = Z pri a,
i=1

this follows from the definition of o™ . Finally, we can read off the diagram
that

wralmH = 7"l = (9, (p x idx) e
= (6,0 (p x idx)*(p*a'™ + ¢*a) = ¢"a" + x"a.
O
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ProprosITION 11. Let X = X; U Xy be the disjoint union of two projective
smooth surfaces X1 and Xo. We then have

(48) xth= || Xk xpl
ni1+n2=n

[n]

If « € H?(X, C) decomposes as a|x, = a1 and a|x, = g, then al™ decomposes

as

(49) al™

R (15 x _ [n2]
|X![”1] xxln2l T Priap A+ pryag

Proof. The splitting of X" follows from the universal property of the Hilbert
scheme and is a well-known fact. The statement on o!™ is easy to prove and
so we shall only give a sketch: Let us denote by ¢ : X{"l] X X2[”2] — X" the

natural inclusion. Furthermore let j : X{™) x X{"*) — X (™ denote the natural
symmetrising map. The following diagram is commutative:

xmls xlel 2 xinl

(50) p1 szl lp

x{m) o x ) —— X,

where the p; : Xi[ni] — XZ-(T”) are the Hilbert-Chow morphisms. Since j*a(™ =

pry aﬁ”l) + pr3 ozén"’), the commutativity of the diagram proves the statement

on al™. O

Let A be again an abelian surface and n € N. Since A acts on itself by
translation, there is also an induced operation of A on the Hilbert scheme
A"l Let us denote the restriction of this operation to the generalised Kummer
variety A" by v : Ax AllMl — Al Tt fits into the following cartesian square:

Ax Alnll ¥ Aln]

(51) Prll ls

A — A,

where s is the summation map as having been defined above and n : A —
A, a — na is the (multiplication-by-n)-morphism. Since n is a Galois cover of
degree n*, the same holds true for v.

PROPOSITION 12. For any « € H?(A, C), we have
(52) v*al™ = npri o+ prj ol
Proof. By the Kiinneth decomposition theorem, we know that v*a!™ splits:

val™ = pria; 4 pri as.
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Set 11 : A — Ax AllM a — (a,&) and 1o : Al — A x AP ¢ (0, ), where
&o is any subscheme of length n concentrated in 0. We have

(53) o =vral™ = (povon)a™ = (a— (a,...a) a™ = na
~——

and
(54) g = ol = i*al = o]

where i : A"l — Al"] ig the natural inclusion map, thus proving the proposi-
tion. ]

4.5. COMPLEX GENERA OF HILBERT SCHEMES OF POINTS ON SURFACES. The
following theorem is an adaption of Theorem 4.1 of [{] to our context.

THEOREM 1. Let P be a polynomial in the variables ci,ca,... and o over
Q. There exists a polynomial P € Q|z1, 22, 23, 24] such that for every smooth
projective surface X, a € H?(X,Q) and n € Ny we have:

/ P(e, (XM, M) = (/ o?/2, / (X / (X)2/27/XCQ(X)).

Proof. The proof goes along the very same lines as the proof of Proposition 0.5
in [E] (see there). The only new thing we need is Proposition E of this paper
to be used in the induction step of the adapted proof of Proposition 3.1 of [
to our situation. ]

Let R be any Q-algebra (commutative and with unit) and let ¢ € R[[c1, c2,...]]
be a non-vanishing power series in the universal Chern classes such that ¢ is
multiplicative with respect to the Whitney sum of vector bundles, i.e.

(56) HESF) = o(E)¢(F)

for all complex manifolds and complex vector bundles F and F on X. Any
¢ With this property induces a complex genus, also denoted by ¢, by setting

= [y + ¢(Zx) for X a compact complex manifold. Let us call such a ¢
multzplzcatwe

Remark 11. By Hirzebruch’s theory of multiplicative sequences and complex
genera ([f]), we know that

(1) each complex genus is induced by a unique multiplicative ¢, and
(2) the multiplicative elements in R[[c1,ca,...]] are exactly those of the
form exp(>_,o; arsk) with ai € R.

More or less formally the following theorem follows from Theorem .

THEOREM 2. For each multiplicative ¢ € R][c1,ca,...]], there exist unique
power series Ay (p), By(p), Cy(p), Dy(p) € pR][p]] with vanishing constant co-
efficient such that for all smooth projective surfaces X and o € H?(X,C) we
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have:

o ([, )
— exp (A¢(p) /X 0?/2 + By(p) /X 1 (X)a

+Colo) [ G2+ Du0) [ ().
The first terms of Ay(p), By(p), Cy(p), Dy(p) are given by

(58)
As(p) =p+0®?), Bylp)=dip+0®?), Cus(p)=dup+O0®),and
Dy(p) = ¢op + O(p?),

where ¢y is the coefficient of c1 in ¢, ¢11 the coefficient of ¢3/2 and ¢o the
coefficient of co.

Proof. This theorem is again an adaption of a theorem (Theorem 4.2) of [B] to
our context. Nevertheless, let us give the proof here:

Set K := {(X,a): X is a smooth projective surface and a € H?(X,C)} and
let v : K — Q* be the map (X, a) — (a?/2,c1(X)a, c1(X)?/2,ca(X)). Here,
we have supressed the integral signs [  and interpret the expressions a?, ete.
as intersection numbers on X. The image of K spans the whole Q* (for explicit
generators, we refer to [ﬂ])

Now let us assume that a (X,a) € K decomposes as (X,a) = (X1,01) U
(X2, @2). By the multiplicative behaviour of ¢ and exp we see that

/ d(ex (X)) exp (ol
X[n]
= Z </X[n1] ¢(C*(X[n1])) exp(ay [n 1])> </X£"2] ¢(c*(X[n2])) exp(ay [n 2])) ’

ni+n2=n 1
whereas Hy(p)(X, ) =307 ([ (X)) exp(all)) pm fulfills
(%) Hy(p)(X, @) = Hy(p)(X1,00)Hy(p) (X2, 2).

Since Hy(p) : K — Q* factors through v and a map h : Q* — R[[p]] by
Theorem I and as the image of v is Zariski dense in Q*, we conclude from (x)
that log h is a linear function which proves the first part of the theorem.

To get the first terms of the power series, we expand both sides of (@) The
left hand side expands as

(9) 1402+ ha(X)a+ LEAX) + s (X)p + 00,

while the right hand side expands as
(60) 1+ (A10?/2 + Bier(X)a + Cre1(X)? + Dicz(X))p + O(p?),
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where Ay, By, Cq, Dy are the linear coefficients of Ay, By, Cy, and Dy, which
can therefore be read off by comparing the expansions. O

COROLLARY 1. Let X be any smooth projective surface, o € H*(X,C), and
n € Ng. Then

1 n
(61) / eXp<a[n1+a[n]>=—|(/ w) |
X(nl n! \Jx

For X = A an abelian surface and n € N, we get

n—1
62 exp(all™ + gl = i </ a&) .
(62) /Annn p( ) (n—1)!'\x

Proof. By Theorem i, in C[[g]]:

o0

©) Y ([ ewtat@at)) = expin [ aat 00,

n=0

which proves the first part of the corollary by comparing coefficients of q.
For the Kummer case, we calculate

B fA[["H exp(a[[n]] + d[[n]]) fA exp(na + na)

B [ 4 exp(na + na)
— 2 e exp(al” + al")
B [y exp(a +a)

which proves the rest of the corollary. O

/ exp(allrll 4 Glinl)
Alln]]

9

Let ch be the universal Chern character. By s; = (2k)!chg, we denote its
components. They span the whole algebra of characteristic classes, i.e. we have

Q[Sl,SQ,...] = Q[Cl,c2,...].

Let us fix the power series

¢ = exp(z agrsart”™) € Qlag, ag, . . . |[t][[c1, c2, - - - ]]-

k=1

This multiplicative series gives rise to four power series

Ay (p), Bo(p), Cs(p), Do (p) € pR[[p]]
according to the previous Theorem E We shall set for the rest of this article
(64) A(t) == Ayp(1), and D(t) := Dy(1)
The constant terms of these power series in ¢ are given by

(65) A(t)=1+0(t), and D(t) = O(t).
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5. ROZANSKY-WITTEN CLASSES AND INVARIANTS

The idea to associate to every graph I' and every hyperkadhler manifold X a
cohomology class RWx(T') is due to L. Rozansky and E. Witten (c.f. [[[F]).
M. Kapranov showed in ] that the metric structure of a hyperkéhler man-
ifold is not nessessary to define these classes. It was his idea to build the
whole theory upon the Atiyah class and the symplectic structure of an irre-
ducible holomorphic symplectic manifold. We will make use of his definition
of Rozansky-Witten classes in this section. A very detailed text on defining
Rozansky-Witten invariants is the thesis by J. Sawon [[Lf].

5.1. DEFINITION. Let (X, o) be a holomorphic symplectic manifold. Let us
work in the category of complexes of coherent sheaves on X. In this category,
we have for every n € Z a functor V' — V[n] that shifts a complex V by n to
the left. Due to the Koszul sign rule (i.e. the natural map (V[m]) ® (W[n]) —
(W(n]) ® (V[m]) for sheaves V and W and integers n and m incorporates a
sign (—1)™"), we have S™*(V[1]) = (A"V)[n] and S, (V[1]) = (A, V)[n].

Every Jacobi diagram I" with & trivalent and [ univalent vertices defines in the
category of complexes of coherent sheaves on X a morphism

(66) O ;S A3(Tx[-1]) ® Si(Tx[—1]) — S°S*(Tx[-1]),

where Tx[—1] is the tangent sheaf of X shifted by one and 2e = 3k +1. By the
sign rule above, this is equivalent to being given a map:

(67) (ApSsTx @ Ay Tx)[—3k — 1] — (S°A%Tx)[—2€],
which is induced by a map
(68) AkSgTX X AlTX — SeA2TX

in the category of coherent sheaves on X. This gives rise to a map
(69) \I/F : Aks;;TX ® SGAQQX — AIQ)(.

Let & € HY(X,Q ® End7x) be the Atiyah class of X, i.e. & represents the
extension class of the sequence

(70) 0 — Qx®Tx —— J'Tx Tx 0

in Exty (7x,Qx ® Tx) = H(X,Qx ® End Ty). Here, J'Tx is the bundle of
one-jets of sections of Ty (for more on this, see [{]). The Atiyah class can also
be viewed as the obstruction for a global holomorphic connection to exist on
Tx. We set a:=i/(27)é.

We use o to identify the tangent bundle 7x of X with its cotangent bundle
Qx. Doing this, a can be viewed as an element of H! (X, ’]}?3). Now the point
is that « is not any such element. The following proposition was proven by
Kapranov in [§]:

PROPOSITION 13.
(71) o€ HY(X,837x) C HY(X, T:2%).
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Therefore, a“* U oY € H¥(X, AxS37x ® S;A2Qx). Applying the map ' on
the level of cohomology eventually leads to an element

(72) RWx (') := ¥l (aYF U o) € H¥(X, Q).

We call RWx ,(I") the Rozansky- Witten class of (X,0) associated to T

For a C-linear combination 7 of Jacobi diagrams, RW x () is defined by linear
extension.

In @, Kapranov also showed the following proposition, which is crucial for the
next definition. It follows from a Bianchi-identity for the Atiyah class.

ProrosITION 14. If v is a Q-linear combination of Jacobi diagrams that is
zero modulo the anti-symmetry and IHX relations, then RW x »(v) = 0.

DEFINITION 13. We define a double-graded linear map
(73) RWx . : B — H*(X,Q%),

which maps By, into H*(X, QL) by mapping a homology class of a Jacobi
diagram I to RWx ,(T).

DEFINITION 14. Let v € B be any graph. The integral
(74) by (X,0) = / RW x »(7) explo + o)
X

is called the Rozansky- Witten invariant of (X, o) associated to +y.

5.2. EXAMPLES AND PROPERTIES OF ROZANSKY-WITTEN CLASSES. We sum-
marise in this subsection the properties of the Rozansky-Witten classes that
will be of use for us. For proofs take a look at [IE], please.

Let (X, 0) again be a holomorphic symplectic manifold.

PROPOSITION 15. The map RWx , : B — H**(X) is a morphism of graded
algebras.

PROPOSITION 16. For allv € B and v € B we have
(75) RWx.0((7,7) = (RWx0(7), RWx,0 (7)) -

Ezample 9. The cohomology class [0] € H*9(X) is a Rozansky-Witten class;
more precisely, we have

(76) RWx ,(¢) = 2[o].

Ezample 10. The components of the Chern charakter are Rozansky-Witten
invariants:

(77) —RWx o (w2r) = RWx o (W2r) = sa-

The next two proposition actually aren’t stated in [E], so we shall give ideas
of their proofs here.

PROPOSITION 17. Let v : (X,v*0) — (Y,0) be a Galois cover of holomorphic
symplectic manifolds. For every graph homology class v € B,

(78) RWX,V*O’(’Y) = RWY,U(’Y)'
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Proof. As v is a Galois cover, we can identify 7x with v*7y and so ax with
v*ay where ax and @y are the Atiyah classes of X and Y. By definition of
the Rozansky-Witten classes, ([§) follows. O

LEMMA 2. Let (X,0) and (Y,7) be two holomorphic symplectic manifolds. If
the tangent bundle of Y is trivial,

(79) RW xxvprotqer(7) =P RWx 5 (7)

for all graphs v € B'. Herep: X xY —- X and q: X XY — Y denote the
canonical projections.

Proof. This lemma is a special case of the more general proposition in [E]
that relates the coproduct in graph homology with the product of holomorphic
symplectic manifolds. Since all Rozansky-Witten classes for graphs with at
least one trivalent vertex vanish on Y, our lemma follows easily from J. Sawon’s
statement. (|

5.3. ROZANSKY-WITTEN CLASSES OF CLOSED GRAPHS. Let v be a homoge-
neous closed graph of degree 2k. For every compact holomorphic symplectic
manifold (X, o), we have RWx ,(v) € H*?*(X). If X is irreducible, we there-
fore have RWx ,(v) = B, - [6]* for a certain 3, € C. We can express £3,
as

_ Jx RWx o (7)o" Fom _ (n—k)! Jx RWx o (7) exp(o +5)
Jx(oa) n! Jx exp(o + )
where 2n is the dimension of X.

This formula makes also sense for non-irreducible X, which leads us to the
following definition:

80) B,

DEFINITION 15. Let (X,0) be a compact holomorphic symplectic manifold
(X, 0) of dimension 2n. For any homogeneous closed graph homology class
of degree 2k with k < n we set

(n—k)! fx RWx () exp(o + &)
n! Jx exp(o + )

By linear extension, we can define 3,(X, o) also for non-homogeneous closed
graph homology classes ~.

(81) ﬁﬂy(Xv U) =

Remark 12. The map ‘B — C,~ — By(X,0) is linear. If X is irreducible, it is
also a homomorphism of rings.

For polywheels sy, we can express (4,,) in terms of characteristic classes:

PROPOSITION 18. Let (X, 0) be a compact holomorphic symplectic manifold of
dimension 2n and k € {1,...,n}. Let A € P(k) be any partition of k. Then

(82) /X RW x o ({2x)) exp(o +7) = / son(X) exp(o + ).

X
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Proof. We calculate
(83) /X RWx o ({(War)) exp(o + 7) = /X RWx o ({(wax, exp(€/2))) exp(o + &)

:/ (szA,epr>exp(U+6):/ saxexp(o + 7).
X X

O

6. CALCULATION FOR THE EXAMPLE SERIES

6.1. PROOF OF THE MAIN THEOREM. Let X be a smooth projective surface
that admits a holomorphic symplectic form (e.g. a K3 surface or an abelian
surface). Let us fix a holomorphic symplectic form o € H*°(X) that is nor-
malised such that [, 06 = 1. It is known (D) that X for all n € Ny is a
compact holomorphic symplectic manifold.

For every homogeneous closed graph homology class v of degree 2k and every
n € Ny, we set

(84) hX(n) = By (Xl gty

By linear extension, we define hff (n) for non-homogeneous closed graph ho-
mology classes 7.

PROPOSITION 19. For all closed graph homology classes 7y, we have

(85) %hf(n) - Z/ o TV i g0 (7) exp(q? (o + 51))
' 1=07X

n=0
in C[[q]].
Proof. Let us assume that « is homogeneous of degree 2k. Then
B (n) = B (X4, ) =

nl o [xern BW xiesn poeen (7) exp(alé] 4 glitnl)
(n + k)! fX[k+n] eXP(U[k+n} + 5{k+n])

=n! / RWX[k+n],o-[k+n] (’y) exp(a + (_T).
X [k+n]

In the last equation we have used Corollary EI Summing up and introducing

the counting parameter g yields the claim. |
PROPOSITION 20. Let as,ay, ... be formal parameters. We set

o0
(86) w(t) = Z agktkﬁ}gk e B! [ag, aq, .. ][t}

k=1
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and call w the universal wheel. Further, we set W(t) := exp(w(t)) and W :=
W(1). The Rozansky- Witten classes of the universal wheel are encoded by

(87) Z L Wy () = explaA(1)) explea(X)D(1)).

Proof. Using Proposition E and Proposition IE yields:

Zi' Ww o Z o BVt 000 (W (2))) exp(q g (o +51))
n=0 : l
:2/ exp E a2k52k(Xm)tk eXp( %( H+0'[l]))
1=0 /X1 k=1

= exp(qA(t)) exp(c2(X) D(t))-
O
COROLLARY 2. For every n € Ny we have
(88) hiw (1)) (n) = exp(e2(X)D(t)) exp(nlog A(t))
Proof. Comparision of coefficients in (B7) gives
hiw ey () = A()" exp(ca(X)D(t)).

Lastly, note that A is a power series in ¢ that has constant coefficient one. [

Remark 13. By equation (B8) we shall extend the definition of h<W(t))( n) to
all n € Z.

PrOPOSITION 21. Let A be an abelian surface. Let us fix a holomorphic sym-
plectic form o € H*(A) that is normalised such that [, 06 = 1.
Let v be a homogeneous connected closed graph of degree 2k. Then we have

(89) B (Allnl] Gl — "5 (Al gln))
n

for any n > k.

Proof. The proof is a straight-forward calculation:

5 Aoy _ (1= 1= B! Ly B st gt () exp(ol) + o)
! ’ (n—1)! [yt exp(a Pl 4 GlIIT)
(=1 = E)! [ 40 BW a1 gt () exp (ol + 6l70) [ exp(no + no)
(n — 1)! S attn L exp(ollll + glnl] fA exp(no + na)
_ (= 1= k) [y BW g g () exp(a +51) 3,(Al") gl
(n—1)! S atm exp( (] + &nl) n—k"" ’ ’
where we have used Proposition @, Proposition @ and Lemma E (]
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THEOREM 3. For any homogenous connected closed graph of degree 2k lying in
the algebra C of polywheels there exist two rational numbers a~, cy such that for
each K3 surface X together with a symplectic form o € H*9(X) with fX oco=1
and n > k we have

(90) By(XM o) = ayn + ¢,

and that for each abelian surface A together with a symplectic form o € H9(X)
with [ 0o =1 and n > k we have

(91) ﬁv(A[[””, ol = ayn.

Proof. Let (X, 0) be a K3 surface or an abelian surface together with a sym-
plectic form with f 00 = 1. Let Wy, be the homogeneous component of
degree 2k of W(1). Then W (t) = 35 Wayt*. Thus we have by (B):

(92) I ey ( Zh Way (M = Uy ) (1) exp(nV/ (1))

with Us,(x)(t) := exp(c2(X)D(t)) and V(t) := log A(t).
Let us consider the case of a K3 surface X first. Note that co(X) = 24. By
definition of A2 (n) we have

(93) Biway (XM, o) = Wiy, (n = k)

for all n > k. For n < k we take this equation as a definition for its
left hand side. Let the power series T'(t) € Q[az,ay,...][[t]] be defined by
T(texp(V (1)) = t, and set V(t) := V(T(t)) and U = esTh. By

Lemma EI, we have
Bow )y (X Z Wiy (n = k)tF = U(t) exp(nV (t)).

Note that W () is of the form exp(y) where v is a connected graph. By Propo-
sitionﬂ and Remark E we therefore have

Buw @y (XM, 0™ = Biog iw oy (X 0™y = log By 1)y = nV (t) + log U(2).

Finally, let A be any partition. Setting
ai—0>

Doy 1=
2\ E 6@5‘1
By = 0B (ayy = n0aaV (1) + dax log U (1),

so the theorem is proven for K3 surfaces and all connected graph homology
classes of the form ((w9y)) and thus for all connected graph homology classes

in C.

t=0
It is
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Let us now turn to the case of a generalised Kummer variety, i.e. let X = A
be an abelian surface and n > 1. Note that cz(A) = 0. Here, we have due to
Proposition @:

n

Biawyey (Al o1ty — - khfwm (n— k)

for n > k. For n < k we take this equation as a definition for its left hand side.
As Up(t) = 1, Lemma [l] yields in this case that

n n - n g
By (A, oy =5 (= B)* = expnV(2).
k=0

We can then proceed as in the case of the Hilbert scheme of a K3 surface to
finally get

Bi(aany) = 1O (V (1))
O

6.2. SOME EXPLICIT CALCULATIONS. Now, we’d like to calculate the constants
a, and cy for any homogeneous connected closed graph homology class v of
degree 2k lying in C. By the previous theorem, we can do this by calculating
By on (X, o) for (X,0) being the 2k-dimensional Hilbert scheme of points on
a K3 surface and the 2k-dimensional generalised Kummer variety.

We can do this by recursion over k: Let the calculation having been done for
homogeneous connected closed graph homology classes ~ of degree less than 2k
in C and both example series.

Let A be any partition of k. We can express ({ws))) as

(94) ((W2x)) = (W2x) + P,

where P is a polynomial in homogeneous connected closed graph homology
classes v of degree less than 2k in C (for this see Proposition E) Therefore,

ﬁ((@m))(Xa U) is given by
(95) Biiian)) (X, 0) = Biayy (X, 0) + P/,

where P’ is a polynomial in terms like 3,/(X, o) with 4/ € C and deg~’ <
2k. However, these terms have been calculated in previous recursion steps.
Therefore, the only thing new we have to calculate in this recursion step is
By (X, 0). We have:

le RW x o (2)) exp(o + &) Jx s2x(X)

k! Jx exp(o+a) Jxexp(o+0a)

As all the Chern numbers of X can be computed with the help of Bott’s residue
formula (see [[ for the case of the Hilbert scheme and [[[1] for the case of the
generalised Kummer variety), we therefore are able to calculate Bg,,)(X,0).
This ends the recursion step as we have given an algorithm to compute a-, and
¢ for any homogeneous connected closed graph homology class 7 of degree 2k

in C.

(96) Bl (X, 0) =
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We worked through the recursion for k = 1,2, 3. Firstly, we have

Not let X be a K3 surface and A an abelian surface. Let us denote by o
either a holomorphic symplectic two-form on X with [ 00 =1or on A with
/ 400 = 1. We use the following table of Chern numbers for the Hilbert scheme
of points on a K3 surface:

Bl s | s[XW] | s[Alk+1]

1] s -48 -48
2| s2 3312 3024
54 360 1080
3| s3 [-294400 | -241664
5984 | -29440 -66560
56 -4480 -22400

Going through the recursion, we arrive at the following table:

k | ¥

| (A [ (XM | a | ¢

L] () -24 -48 12] -36
2| (@) -288 288 | -96 | -96
((w4)) 360 360 | 120 | 120

3| {((@3)) -5120 -4096 | -1280 [ -256
(1)) 6400 5120 | 1600 | 320
({ag)) -5600 -4480 | -1400 | -280

Now, we would like to turn to Rozansky-Witten invariants: Let v be any
homogeneous closed graph homology class of degree 2k. For any holomorphic
symplectic manifold (X, o) of dimension 2n, the associated Rozansky-Witten
invariant is given by

98 b,(X.0) = [ BWx,(0)explo+0) = mimf, (Xoo) [ (0"

n! _
= —(n—k)!ﬁv(X’a)/ exp(o + 7).

X
To know the Rozansky-Witten invariant associated to closed graph homology
classes, we therefore have just to calculate the value of 3,. On an irreducible
holomorphic symplectic manifold, v — 3, is multiplicative with respect to
the disjoint union of graphs, so it is enough to calculate (3, for connected
closed graph homology classes. However, we have just done this for the Hilbert

DOCUMENTA MATHEMATICA 8 (2003) 591-623



622 MARC A. NIEPER-WISSKIRCHEN

schemes of points on a K3 surface and the generalised Kummer varieties — as
long as ~ is spanned by the connected polywheels.

By the procedure outlined above, Theorem E therefore enables us to compute
all Rozansky-Witten invariants of the two example series associated to closed
graph homology classes lying in C.
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