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SPECTRA OF DEFINITE TYPE IN WAVEGUIDE MODELS

VLADIMIR LOTOREICHIK AND PETR SIEGL

ABSTRACT. We develop an abstract method to identify spectral points of def-
inite type in the spectrum of the operator 77 ® Iz + I; ® T». The method
is applicable in particular for non-self-adjoint waveguide type operators with
symmetries. Using the remarkable properties of the spectral points of definite
type, we obtain new results on realness of weakly coupled bound states and of
low lying essential spectrum in the P7T-symmetric waveguide. Moreover, we
show that the pseudospectrum has a normal tame behavior near the low lying
essential spectrum and exclude the accumulation of non-real eigenvalues to this
part of the essential spectrum. The advantage of our approach is particularly
visible when the resolvent of the unperturbed operator cannot be explicitly
expressed and most of the mentioned spectral conclusions are extremely hard
to prove using direct methods.

1. INTRODUCTION

Spectral points of a closed non-self-adjoint operator T € C(H) in a Hilbert space
‘H may have special properties if T possesses a symmetry like J-self-adjointness,
i.e. there is a bounded symmetric linear involution J such that

T =JT"J. (1.1)

An isolated eigenvalue A\ of a J-self-adjoint operator T is of definite type, namely,
A is of positive (resp., negative) type if for all 0 # f € ker (T'— \)

(Jf, f) >0, (resp., (Jf, f) <0). (1.2)

If there is a neutral eigenelement, i.e. (Jf, f) = 0 for some 0 # f € ker (T — \),
then X is sometimes called critical, see e.g. [10, 17, 18]. Eigenvalues of definite type
of a J-self-adjoint operator are remarkable since they are real and the type is stable
with respect to “sufficiently small” J-symmetric perturbations.

The notion of spectral points of definite type is not limited to eigenvalues, it
can be further generalized for A from the approzimate point spectrum oapp(T),
of. [4, 10, 17, 18, 22], requiring that a condition similar to (1.2) is satisfied for
all approximate eigensequences for A € oapp(T"). Moreover, the realness of such
spectral points, their stability with respect to perturbations and related resolvent
estimates were proved in a series of works [2, 4, 22], see also the review [25].

Here we identify spectral points of definite type in tensor product type operators

Ty @+ @1y, (1.3)
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when certain information on 77 and T3 is given. As demonstrated in an application,
the remarkable properties of these spectral points enable us to draw spectral con-
clusions on perturbations of multi-dimensional non-self-adjoint differential opera-
tors with non-empty essential spectrum and without the convenient tensor product
structure (since the latter is destroyed by usual perturbations e.g. in boundary
conditions or potential).

In the simplest setting of PT-symmetric waveguide (i.e. without potentials),
see [7, 6, 15, 21], we prove that the lowest part of the essential spectrum of the
unperturbed waveguide is of positive type; c¢f. Theorem 3.6 and Figure 3.2. Intu-
itively, the essential spectrum consists of layers [ux,00) of definite type, where py
are the eigenvalues of the transversal operator, however, the overlaps of layers spoil
the definiteness and only [uo, 141) remains of definite type. As a consequence, we
receive for “small” or “compact” P7T-symmetric perturbations that:

(i) eigenvalues emerging from the lowest threshold are real;
(ii) essential spectrum in a neighborhood of 1 may change, but it remains real;
(iii) accumulation of non-real eigenvalues to real essential spectrum in a neigh-
borhood of pg is excluded;
(iv) pseudospectra in a neighborhood of py have a normal tame behavior;

for precise claims see (3.9) and Theorems 3.8, 3.10. It appears that only (i) and
moreover only in the simplest setting has been known, ¢f. [7, 21]. As our approach
does not rely on an explicit knowledge of Green’s function for the unperturbed
operator, we obtain analogous conclusions without additional efforts also if rather
general regular potentials are included (in which case the picture of definite type
spectra may be much richer, see Figure 3.3). Consideration of more general differ-
ential expressions in this context is motivated by applications to curved waveguides;
cf. [8, 16] for self-adjoint case. Finally, notice also that the stability results do not
apply if the spectrum is not of definite type; see Remark 3.9.

1.1. Notations and basic concepts. We denote by H a Hilbert space with the
scalar product (-, -) (linear in the first entry) and the corresponding norm ||-||. Z(H)
and C(H) stand for bounded (everywhere defined) and densely defined closed linear
operators in #, respectively. We denote by o(T), app(T') and p(T") the spectrum,
approximate point spectrum and resolvent set of T € C(H), respectively. The
e-pseudospectrum o.(T) of T € C(H) reads

oe(T) :={X € p(T): (T =N > uo(D).

A bounded symmetric involution J can be used to define a new, typically indefinite,

inner product [-,-]; := (J+,-) in H and a Krein space (H,[-,]s); see e.g. [1, §1.3].

A J-self-adjoint operator T, i.e. T satisfying (1.1), is in fact a self-adjoint operator

in (H,[,]s), nevertheless, we deliberately avoid the Krein space terminology here.
Finally, we recall the concept of spectra of definite type.

Definition 1.1. For T € C(H) a point A € gapp(T) is a spectral point of positive
(negative) type (with respect to J) if every approzimate eigensequence {fn}n for T
corresponding to A satisfies

liminf(J fn, fn) > 0, (resp., limsup(J fn, fn) < 0).

n—oo

n—r oo

The set of all spectral points of T of positive (negative) type is denoted by o4 (T)
(resp., o—_(T)). The union of spectral points of positive and negative type are
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spectral points of definite type; the complement of the latter set in the approrimate
point spectrum (i.e. spectral points of not definite type) is denoted by

000(T) = Gupp(T) \ (04 (T) Uo__(T)).

2. SPECTRA OF DEFINITE TYPE AND TENSOR PRODUCTS

We show that, based on certain information on 77 and 75, some parts in the
spectrum of (1.3) are or are not of definite type. We denote by ® (resp., by ®)
tensor (resp., pre-tensor) products of Hilbert spaces and operators; see e.g. [5, §2.4,
4.5, 5.7 or [24, §II1.7.5] for details. Our basic assumption reads as follows.

Assumption 2.1. Let Ty, € C(Hg), k = 1,2, be m-sectorial in (Hy, (-,-)r) and let
S = T1 @Ig—i-ll @TQ, S:= ? (21)
Moreover, let J. be bounded symmetric involutions in Hy and let J .= J1 ® Jo.
Notice that S is indeed closable and the closure S is m-sectorial in H; ® Ho by
[23, §XTIIL.9, Cor. 2]. In the sequel, the spectral points of positive and negative type
are defined w.r.t. J for operators acting in Hg, £ = 1,2, and w.r.t. J := J; ® Jo
for operators acting in H; ® Ho.
The “negative” results, i.e. identification of spectral points of S that cannot be of

definite type, are derived directly from the definition and the tensor-like structure
of S. To express claims in a more compact form, we define subsets of C

M = (044(Th) + 044 (T2)) U (0-—(Th) + 0 (T3)),
M_ = (044 (Th) + 0-—(T2)) U (0-—(T1) + 041 (T3)), (22)
Mo = (Gapp(Th) + Tapp(T2)) \ (M4 UM_).
Proposition 2.2. Let Assumption 2.1 hold and M4y, Mg be as in (2.2). Then
MoUM4ENM_)Cog(S), Mino__(S)=2, M_Noi:(S) =2.

Proof. We prove only the first inclusion and only for A = Ay + Ao € MoU (M4 N
M_) with Ay € ogo(T1) and Ay € o4 (T2); the rest is analogous. Since A\ €
oo0(T1), there are two approximate eigensequences {fp}n, {gn}tn C domT for T}
corresponding to Ay such that lim, oo (J1 fn, fn)1 < 0 and limy, o0 (J1Gn, gn)1 > 0.
Similarly for Ay € 044 (T3), there is an approximate eigensequence {h,, }, C domT5
for Ty corresponding to Ag such that lim, o (Johy, hy)2 > 0. It is easy to verify
that {f, ® hp}n C domS and {g, ® h,, }, C domS are approximate eigensequences
for S corresponding to A = A1 + A2. Thus, we get A € ggo(S) since

lim (J<gn ® hn)agn & hn) = 7}1_>TI;O(J19n,gn)1(J2hn, hn)2 > 0. (]

n—oo

The second assumption is essential for passing to “positive” results.

Assumption 2.3. Let Assumption 2.1 hold and let there exist projections P,j[ m
Hi and constants %ki >0, k=1,2, such that:

(i) PP} =6, P! for pve{+, -}, k=1,2;
(i) ThP! > P'Ty, for p € {+,—}, k=1,2;
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(iti) for all fi € HF := PFHy, we have
(e S fie = 5 Ifellfs k=1,2. (2.3)

Several remarks on Assumption 2.3 are given below. In what follows we always
take k = 1,2 without repeating it everywhere. The concept of a uniformly definite
subspace (of a Krein space) implicitly employed in Assumption 2.3 (iii) is rather
standard; see e.g. [1, §1.5]. Note that ’H,f are reducing subspaces for the operators
Ty; cf.[11, §111.5.6]. Finding projections P];t is simple for isolated eigenvalues of
T}; the Riesz projections corresponding to a finite number of isolated eigenvalues
of finite multiplicity and of the same definite type satisfy the assumption; this is
used in our application, see Theorem 3.6 and its proof. In a more general case,
P can be obtained from [3, Thm. 2.7] or [22, Thm. 5.2], where the existence of
a local spectral function is proved. In detail, if T' € C(H) is J-self-adjoint and
[a,b] N Capp(T) C 0,u(T), p € {+,—}, then for all bounded subintervals A of
(a,b) with A C (a,b), there is a J-self-adjoint projection E(A) such that TE(A) D
E(A)T and £(Jf, f) > »%| f||? for all f € E(A)H with some »* > 0.

The idea of Assumption 2.3 is to extract “+4” and “——" parts of T}. Nev-
ertheless, we emphasize that we do not need to have spectral projections on the
entire 044 (Ty) or o__(T}) (which allows for avoiding to require e.g. a Riesz basis
property of eigenvectors for T}, with purely discrete spectrum).

With P} from Assumption 2.3, define the projections and subspaces by

Pi=Iy—Pr—P, and Hj,:=PH, k=12

One can verify that the two families of projections {Pf', P,~, P{} satisfy
PP =6,P, pvel:={+—r1}, k=12, (2.4)

and we get the direct sum decompositions of Hy; Hy = Hi +H, + Hi, of. [11,
§IIL.5.6]). By Assumption 2.3 (i)-(ii) the operators

T{'w:=Tyu domT} :=domT) NHE, nel, k=1,2, (2.5)
are closed and following [11, §II1.5.6] we end up with the direct sum decomposition
T, =T +T, +T;, k=12 (2.6)

To explain next steps we first prove a simple technical lemma.

Lemma 2.4. Let {Py}}_,, n € N, be a family of projections in H such that P;P; =
6;P; fori,j€{1,2,...,n} and >} _, P = Iy. Define the operator

k=1

Then © € B(H), it is uniformly positive and satisfies the commutation relation
OF; = PO, ji=1,2,...,n. (2.7)
Proof. Clearly, © € #(H). Since f = >, _, Prf, we get

©5,1)= Y IPI” = 1P, (28)
k=1

where we use Cauchy-Schwarz inequality in the second step, hence, © is uniformly
positive. Moreover, using P; P; = 0;;F; and PrPr = 0;; P}, we obtain (2.7). O
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Using Lemma 2.4, we construct uniformly positive bounded operators

Op = (PL)Pl, k=12
neL

Hence, the scalar products (-, )e, := (O, )x are well-defined on Hj, and topolog-
ically equivalent to (-,-),. Due to commutation relations (2.4), the subspaces H},
i € I, are mutually orthogonal w.r.t. (-, -)e,. Thus, the decompositions (2.6) are or-
thogonal in (-, -)e,, i.e. T =TT ®e, T~ ®e,T", and o(T}) = o(T} )Uo (T}, )Uo (T}).

Consider now H := H; ® Ha endowed with the natural scalar product (-, )y
induced from the scalar products (-, -)x. By Lemma 2.4 and [5, Thm. 5.7.4]

(I) = @1 X @2 (29)
is bounded and uniformly positive in . Thus, the scalar product
(7)o = (@) (2.10)

is well-defined on ‘H and topologically equivalent to the initial product (-, ).
Define the subspaces H* := H'®@HY, p, v € T and observe that H = @g’yEIHW.
We introduce operators (the closures are m-sectorial in respective Hilbert spaces)

Se=Tloly+ I 0Ty, SM =8, v €L, (2.11)
and also some specific orthogonal sums
S'i=5"3s S B S Do ST Be ST,
St:=S"T 35S 7, (2.12)
ST :=ST" @S T.
Next, using the tensor product rules (see e.g. [5, Prop. 4.5.6]) we obtain that S

in (2.1) can be decomposed as S = @g’l/GIS‘“’ and taking the closures we get
S=135=qhvtsmw, (2.13)
From Assumption 2.3 and with J = J; ® Ja, we verify that for p € {+,—}
(Jf. f) > s f?,  forall f e H, (2.14)
and that for p,v € {+, -}, u # v,
(Jf. f) < =55\ fIIP, forall f e HM. (2.15)

The following theorem is the key result of this section. We get a slightly sharper
result in item (iii) since also the mutual collocations of subspaces ”H;t are used.

Theorem 2.5. Let Assumption 2.3 hold and let the m-sectorial operators S,
v €, S* uw e T and S be as in (2.11), (2.12) and (2.13), respectively. Let
04++(S) and o__(S) be defined w.r.t. J =J, ® Jy. Then for p,v € {+,-}, p # v,
the following statements hold.
(i) oapp(5")\ (0(ST) Ua(S)Ua(S™)) C o4(S).
(ii) oapp(S*)\ (a(ST)UG(ST) U (S")) Co__(S).
(iii) If, in addition, there exist constants %,:'_ >0, for k=1,2, such that

(i Bkl < saf IRl e for all fi7 € M,

and, moreover, that (3~ 3 )% < 3¢ 3cf ) 55 . Then

Tapp(S*) \ (0(S”) U (S")) C ouu(S). (2.16)
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Proof. Let ® and (-,-)s be as in (2.9) and (2.10), respectively.
(i) We show the first inclusion (u = +, ¥ = —) only, the rest is fully analogous.
The decomposition (2.13) can be restructured as

S=ST"" @4 S°, (2.17)

where S° := S77 @6 ST @ S*. Let A € 0app(STT) \ 0(SY) C 0app(S). Pick an
arbitrary approximate eigensequence { f, }, for the operator S corresponding to A.
Each element f,, can be decomposed uniquely as f,, = f + f0 with ff+ e H++
and f2 1o HTT. By the equivalence of the norms || - || and || - ||o, where || f|% =
(f7 f)‘iba we get

1S =N fulle < M|[(S = A)full =0 (2.18)

with some M > 0. Furthermore, the orthogonal decomposition (2.17) gives
1S =N fullz = 1STF =N f 15 + 1(S° = M flE- (2.19)

Since X € p(SY), there exists ky > 0 such that [|(S® — X)f2|| > k|| f0||. Thus, using
equivalence of the norms (|| - || and || - ||a), (2.18), and (2.19), we conclude that
1% — 0 and hence ||f,/*| — 1. Finally, the former and (2.14) (with u = +)
imply that A € 014 (S) since

Hminf(J f, fn) = Uminf(J £, £70) > liminf s oo || 7112 = 25 > 0.
n—oo n—oo n—oo

(ii) The proof is analogous to the one of item (i). In the case p = + and v = — the
decomposition (2.13) is restructured as S = ST~ @S where S° := ST ®sST @S-
The case 4 = — and v = + is analogous.

(iii) We follow the lines of the proofs of items (i) and (ii). In the case p = +
and v = — the decomposition in (2.13) is restructured as S = ST @g S where
SO =S~ @y S'. A straightforward adaptation of the above arguments shows that
any approximate eigensequence {f,}, for the operator S corresponding to a point
A € Tapp(ST) \ 0(SY) can be uniquely decomposed as f,, = f,/+ + f, = + f2 with
[ eHT™ frmeH " and [ Lo (HTT @®eH 7). Analogously, we get || f2| —
0 and || f,;f™ + f,, || = 1. Similarly to (2.14) and (2.15) one can derive

O I A [V S A VA e Vo
Thanks to the condition (s ~ 55 )2 < 3¢ 35 #; 3¢5 , for all sufficiently small § > 0,
we have »(8) := [(3 35 — 0)(3¢1 35 — 6)]1/2 — 3¢ "3~ > 0 and, for such § > 0,

we then obtain, using (2.14) and Cauchy-Schwarz inequality in addition, that for
t = fFT+ f,~ holds
n n n

TR D =TT+ ) i+ 1)
> s o | TP+ ey o I = 20T )]
> el i | F NP+ sep ooy T I1P — 25 s T ILETH LA
> () LA+ SUAFHIP + 115 017)
L 1) e )
> (£ I+ £ 17) = GIAET + £ 7112 = U1

Hence, using || f°|| — 0 and || f,;}|| — 1 we obtain

B )
Hminf(J f,,, fn) = liminf(J £, £7) > — liminf || f,7]|? = = > 0.
n—00 2 n—oo

n— o0 2

Thus A € 044 (S) and the first inclusion in (2.16) is proven; the rest is analogous. O
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3. APPLICATION: PT-SYMMETRIC WAVEGUIDES

We investigate the two-dimensional P7T-symmetric waveguide suggested in [7]
and studied further in [6, 15, 21]. We view the waveguide as a perturbation of a
certain “unperturbed” operator defined in Subsection 3.2, having the tensor prod-
uct structure (1.3). Based on our abstract machinery from Section 2 and known
properties of the transversal one-dimensional operator given in Subsection 3.3, we
fully characterize the spectra of definite type for this unperturbed operator in The-
orem 3.6. In the proof we deliberately avoid using the Riesz basis property of the
eigensystem of the transversal operator H]-lla07 which is typically not available in
other similar problems. Finally, in Subsection 3.5 we apply perturbation results to
reveal intervals of definite type spectra for the original (perturbed) operator, not
having the convenient tensor product structure, and employ properties of definite
type spectra to draw spectral conclusions on the original operator.

3.1. Definition of the waveguide. Let I := (—a,a), a € (0,00), Q := R x I and

¥4+ := R x {%a}; the latter are the opposite sides of the strip Q. We denote the

inner product in L?(X4) by (-, +)s, and in both L*(Q) and L?(Q;C?) by (-, -)q.
Let Jy := Ip2w) and Jp := P where

(PY)(y) == v(~y), ¥ e L*(D). (3.1)
Both J, k = 1,2, are bounded symmetric involutions; J; is uniformly positive and
Js is indefinite. The tensor product J = J; ® Js is easily seen to act as

(Ju)(z,y) = u(x, —y), ue L*Q). (3.2)

The complex conjugation operator on any of the used functional spaces is denoted

by T4 := 9. Further, we introduce the space of bounded PT-symmetric functions
LEA(Q) = {V € L®(;C): V(x,y) =V (x, fy)}
Definition 3.1. Let V € LE(Q) and o € L>*(R;C). The m-sectorial operator
Hg,v in L?(Q) associated to the densely defined, closed, sectorial form
HY(Q) = [Vulg + (Vu,u)a + (auls, uls, )s, + @uls_suls )s., (3.3)

¢f. [11, Thm. VI.2.1] and [7], represents the PT-symmetric waveguide with the
coupling function o and the potential V. If V =0, we write H} instead of Hg’o.

Remark 3.2. Tt can be verified by the first representation theorem, ¢f. [11, Thm. VI.2.1],
that Hg,v is PT-symmetric w.r.t parity (Pu)(z,y) = u(x, —y), i.e. PT(H&V) C
(H&V)PT or, using formally the commutator, [PT, H&V} = 0. Moreover, H&V is
also P-self-adjoint and T-self-adjoint, i.e. HE = T(HE )*T.

3.2. The unperturbed operator. Let V) € L>®(R;R) and « € C be fixed. In
what follows we denote the functions R 3 z — a and Q > (z,y) — Vo(z) again
by a and Vy. Define the self-adjoint operator HY, in L*(R) and the m-sectorial
operator HY, in L2(I) (cf. [7]) as:
HY, ¥ = —¢" + Voo, dom Hy, := H?*(R); (3.4)
HL = —”, domH., := {v € H*(I): ¢/(£a) = —atp(£a)}.(3.5)
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Henceforth, HY, and Hj, are called the longitudinal and the transversal operators,
respectively. Introduce the sectorial operator S, v, := H]%{}O ®© IL2(]I) + ILz(]R) ©) H](Il
acting in L?(Q) = L*(R) ® L?(I), which is closable and its closure

Hg,VO = SQ,VQ (3.6)

is m-sectorial in L2(€), see [23, §XIII 9, Cor. 2]. It can be shown by standard argu-

ments that this new definition of H! o,v, coincides with Definition 3.1 in the special

case of constant coupling function and potential dependent only on x-variable.
Except for Remark 3.9, we restrict our analysis to the case a = iag with ag € R.

3.3. The transversal operator. First, we collect known results.

Proposition 3.3 ([12]). Let Hi, , ag € R, be as in (3.5) and P as in (3.1). Then
(i) we have

(Hlﬂao)* = HH*IOL()’ 1a0 = P(Hlﬂao) 7) PT(H]I ) (HH )PT

1o 1o

(ii) (H]fao) = Uneng{ M} C R, where A\g = a3 and A\, = (%) ,neN;
(iii) of :i:zfao ¢ N, then all the eigenvalues are simple; otherwise Ao has the

geometric multiplicity one and the algebraic multiplicity two and all the
other eigenvalues are simple.

Next, we classify the definiteness of eigenvalues of HL | see also Figure 3.1.

1a7

Proposition 3.4. Let Hi, and {\,}nen, be as in (3.5) and in Proposition 3.3 (ii),

respectively. Let {in }nen, be eigenvalues {\, }nen, ordered in non-decreasing order
(with algebraic multiplicities). Define the set

L %} Zf a(2J ¢ {)‘n}neNa
5((10) = . 2
{n« —Lin.} if of =M\, for somen, € N.
Then, with respect to Jo =P in (3.1),
014 (Hige) = {t2n: n € No,2n ¢ E(ao)},
o__(Hia,) = {fizns1: n € No,2n+ 1 ¢ E(a)},
000(Hiny) = {in: n € E(ap)}.

FIGURE 3.1. Lowest eigenvalues of Hlo‘O as a function of ap € Ry fora =
7/2. The red (full) curves correspond to o4 (Hi,,), the blue (dashed)

curves to U,,(HLD) The spectral points of not definite type (black
balls) appear for exceptional values ap = 1,2,3,... only.
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Proof. The eigenfunctions corresponding to a3 and {\,, }nen read, cf. [14, Prop.2.4],

Yo(z) = e"190@+D) (1) = cos(v/An(z + @) — —2L sin(y/An(z +a)), neN.

VAn
The claims follow from the direct computations
sin(2agpa D)™\, — A\
(Po, o)1 = %, (Pn,n)1 = a()(/\—o), n € N. O

3.4. Spectra of definite type of the unperturbed waveguide. Slightly ex-
tending [7, Prop. 4.2, Rem. 4.2], one can straightforwardly check the following.

Lemma 3.5. Let ap € R, Vy € L*®(R;R) and H]&)’ Hi

0o and Hi%o,Vo be as
in (3.4), (3.5) and (3.6), respectively. Then Hi%o,VU = J(H%O7VO)*J with J as
in (3.2). Moreover, we have

o(Hid, v,) = o (Hia,) + o (HY,).

In particular, for Vo =0, o(H$, ) = [uo, 00), where jg = mina(HL, ).

1o 1o

Notice that for the operators H]ilao and H]%‘}O the sets defined in (2.2) read as

M, =ouu(Hiy,) +o(HY,), pe{+ -0}, M=MUM_UM, (3.7)

Q
iag,Vo

The definiteness of spectral points of H can be then characterized completely.

Theorem 3.6. Let oy € R, Vj € L>®(R;R), H%O’VO be as in (3.6), M,, n €

{+,—,0} be as in (3.7) and {pn}nen, be as in Proposition 3.4. Then,
oyt (Hisgvy) = My \(M_UMy), o (H{, ) = M-\ (M4 UMy),
UOO(H%O,VO) = Mo U (M+ N M_),
with respect to J as in (3.2). Thus, for H% (i.e. Vo =0) in particular, we have

icg
J++(Hi%g) = [/1'0’1“'1)7 U**(Hi%o) =, UOO(H&O) = [Mlvoo)‘
Proof. In what follows, let H; = L?*(R), Ho = L3(I), Ty = H%O, Ty = HI

icg?
S = T1 @IQ + Il @TQ, J1 = Il and JQ := P with H]&ﬂ H]ilao’ P as in (34), (35)
and (3.1), respectively. First, observe that M = 0(S) = 0,pp(S). Moreover, by
Proposition 2.2, Mo U (M4 NM_) C 0go(S) and 044(S) C My \ (Mz U My).
The opposite inclusions for the latter are shown below.

Define the projections P;” := I; and P; := 0 in H; notice that P} = 0 as well.
Obviously, H1,T1, J1, PlﬂE and ’Hf = Pli’;‘-ll satisfy Assumption 2.3 with s = 1.

Now we decompose Tb. We order the eigenvalues of T of positive and nega-
tive type, see Proposition 3.4, in the increasing order o4+ (T3) = {puf}nen, and
denote by {QF},en, the corresponding Riesz (spectral) projections. Let N € Ny
be arbitrary and define Pyf(N) := S-°_ QF, P5(N) := I, — P (N) — Py (N).

For every N € Ny, the family Hy, Tb, Jo, Pi(N) and HE (N) := Py (N)H; satis-
fies Assumption 2.3 if we verify (2.3). To this end, observe that, for {Qoi, ceey Qﬁ, Ir—
P (N)}, Lemma 2.4 yields operators ©F(N) such that we have the orthogonal de-
compositions

Ho = PQi(N)’Hg Do+ (N) (I — P;E(N))H%
Hy (N) = Q5 Ha Do=(n) QT Ha Dox(n) - Do (n) @ Ha,
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w.r.t. products (©%(N)-,-); inducing norms equivalent to || - ||;. Using the latter
and the mutual Jo-orthogonality of Q (since the corresponding eigenfunctions of
Ty are Jy-orthogonal), we obtain for arbitrary f* € Hi(N) that

(L f*, ) iz BQrf5,QEfF ) > Zn*ﬂ@ifﬂl%

n=0
N min Kli
+ 4+ 4 =0,..., N +
pin i 3 1@ = SRR

here ki = £(Ja1h,¥)1, where ¢ € domHl, = satisfies H], ¢ = p and [[¢[ = 1,
and the inequality in (2.8) is used in the last step.
Next, as in (2.5), (2.11) and (2.12), we introduce the operators T}, T4'(N) with
p € T = {+,—,r}, defined on the respective subspaces HY{ = P{"H;, H5(N) :=
PY'(N)Hz, and the corresponding tensor products S**(N) and S*(N), p,v € .
It is straightforward to see that o(T5") = o(T1), o(T]) = o(T}) = @, o (T5E(N)) =
(Y and o(T5(N)) = o(Ty) \ (o(T5 (V) U (T (N))). Hence, we obtain
a(ST(N)) = o(STH(N)) = Upo (i + o (T1)),
o(ST(N)) = (5+ (N)) = Up_o (1, +0(T1)),

a(S'(N)) = a(S)\ ((UpZo (ks + o (T1)) U (UnZo(py +0(T1)))) -
From Theorem 2.5 (1) and (ii), w

(UnZo (um +0(T1) \ (Mg U Mo U (Un2y 41 (1 +0(T1)))) € 02£(5),
thus the proof is complete since My \ (Mz U Mg) C 014+(S). O

we receive that, for every N € Ny,

The definiteness of the low-lying spectral points in U(H%O) for Vy = 0 is visualized
in Figure 3.2. For a non-trivial Vg # 0, o(HY, ) can be more complicated than [0, c0),

which yields much richer structure for J(H?a0 v); see Figure 3.3 for an illustration.

M_ D [9,00) £ M_D[9,00) =
My D 4, 00) — RSN M4 D [4, o) — R Y
M_ D [3,00) 2 >

Mo D [1,00) — NN V(- O (1, o) —RSERTETRTTTTTTTRRTRY
o(H2) }0—1_4 o(HS, )}O—IW

000 (H) U++(H3§i) UOD(H(\}E)

FI1GURE 3.2. The bottom of o(HlaO) and parts of sets M4, Mg for a =
7/2, ap = 1 and ag = v/3 (left to right).

3.5. Perturbations of P7-symmetric waveguides. We perturb the waveguide
Hiao.v, both in boundary conditions and potential. As long as || — 8]l and
|V — W]l are small, the gap distance S(HS,V, Hg,w), cf. [11, Sec. IV §2], between
HS - and H , is small. Moreover, the resolvent difference of H , and HY y is
compact if « — € LE(R) and V — W € LE(Q), where for X € {R, 2}, we define

LE(X) :={u e L¥(X;C): {z € X: |u(z)| < £} is bounded Ve > 0}.
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o(HZ ) ——e—iE—aGle——OW -

i, Vo

FIGURE 3.3. A possible structure and definiteness of the bottom of
U(H&O,VD) for Vo # 0. The color codding (red for ++, blue for ——
and black for 00) is the same as in Figure 3.2.

We indicate how this slight extension of [7, Prop. 5.1] and [21, Prop. 4.7], where
less general perturbations in boundary conditions were considered, can be proved.

Proposition 3.7. Leta >0, a € L*°(R;C) and V € Ly (Q;C). Then

(i) for any e > 0 there exists § = 0(g,a,a, V) > 0 such that for p € L>®(R;C)
and W € L, () satisfying || — oo + [|[W = V]| < 6 the operators Hg,v
and WGy, in Definition 3.1 fulfill § (HE 1, HS ) < e;
(i) if a—B € LX(R) and V —W € LE(Q), then (HL, —X)~' — (Hg,w —A)"tis
compact for all A € p(Hg,V) N p(HSﬁZ’W).
Proof. (i) The claim follows in a straightforward way from [11, Thm. VI.3.6] and
Ehrling-type lemma, see e.g. [7, Lem. 3.1] for details in this special situation.

(i) Set U := W —V and w := 8 — a. Denote R, (A) := (HE — X)~! for
A€ p(Hgv) and define the operators Tiv()‘): L?(Q) — L*(R), Tiv()\)f =
((Rg,v()\)fﬂzi and similarly for o and V' replaced by 8 and W. Since Hg,v and
Hg,w are m-sectorial, there exists a < 0 such that a € p(H27V)ﬂp(Hg)W)ﬂp(Hg7V)ﬂ
p(H%,W)' The resolvent difference is denoted by D := R |, (a) — RS y (a).

From the trace theorem ([20, Chap. 3]), the operators Tiv(a) are everywhere
defined in L?(Q) and bounded, moreover, we have ran Tiv(a) C HY?(R). Let
f,9 € L*(Q) and set u := RE ,(a)f, v := R%W(a)g. Then, we have

(Df7 g)Q = (RS,V(a)fv g)Q - (Rg,W(a’)f7 g)Q = (ua g)Q - (f7 U)Q
= (u,(HS 5 — a)v), — (S v — @, ), (3.8)
= (u, H%yW’l})Q - (Hgyu,v)g.
Observe that u,v € H'(£2), which is the form domain of both the operators HE \,
and H%W' Hence, we can use [11, Thm. VI.2.1, VI.2.5] to rewrite (3.8) as
(Df,9)a = (Uu,v)q + (wuls,,v|s, )z, + (@uls_,v|s_)s_,
where we made use of (3.3). In fact, we have shown the resolvent identity
D = RSy (a)UR y (@) + (T (@) Ty (@) + (T (@) DTy )

The compactness of D follows from U € L(Q), w € LE(R) and inclusions
ranTiV(a) C HY?(R), ran R y(a) = domHZ,, € H'(Q). In detail, for X €
{Q, R} the product of any A € LL(X) and B € B(H, L*(X)) with ran B C H*(X),
s > 0, is a compact operator from H into L?(X) . The latter can be shown using
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compactness of Sobolev embeddings and the definition of LE(X); cf. [19, Lem.
3.3 (i)] and its proof. O

3.6. Spectral conclusions for the perturbed waveguide. We draw a spectral
conclusion on PT-symmetric waveguides based on Theorem 3.6 and stability of
definite type spectra. Notice that in the case V; = 0, the sets in the claims of
Theorems 3.8 and 3.10 are explicit, namely (c¢f. Theorem 3.6)

My \ (MU Mo) = [po, p1), M-\ (MyUM,) = 2. (3.9)

Theorem 3.8. Leta >0, ag € R, V € L*°(R;R) and My, My, M be as in (3.7).
Then for any compact set F C C satisfying either F "M C My \ (M- UM,) or
FOM C M_\(M1UMy), there exists a constant 6 = §(F, a, ag, Vo) > 0 such that
for any o € L>(R;C) and any V € Ly (Q; C) with ||a —igllec + |V — Volloo <0
the operator Hg,v in Definition 3.1 satisfies:

(i) O’(Hg,v) NF CR;

(ii) oc(HEy)NFCc{Ae F: [ImA| <eM}, e >0, with M = M(F,a,a,V) > 0.

Proof. We prove the claim only for F N M C My \ (M_ U My); the other case

is analogous. By Lemma 3.5 and Theorem 3.6 we have o(Hiq,,v,) = M and
o+ (H, v,) = My \(M_UMy). By Theorem A.5 there exists v = (F, a, a0, Vo),

v € (0,1), such that for any operator H € C(L?(f2)) satisfying g(H&o,Vw H) <~ we
have F C o441 (H) Ur(H). By Proposition 3.7 there exists 6 = (v, a, oo, Vo) >
0 such that for [a — iaglle + |V — Vol < & we have §(HL, v H2 ) < .
Moreover, since Hg,v is T-self-adjoint, see Remark 3.2, the residual spectrum
of HE, is empty, ¢f. [7, Cor. 2.1], thus r(HZ ) = p(HZ ). Hence, we obtain
F Copq(HE ) Up(HE ). Now J-self-adjointness of H ,, w.r.t. J in (3.2), and
Theorem A.2 (i), (ii) imply the claims. O

Remark 3.9. In particular, for V = 0, Theorem 3.8 shows that the lowest part of
the essential spectrum which is of +4 type, remains real for all sufficiently small
perturbations respecting the symmetry. If the bottom of the essential spectrum is
not of definite type, such conclusions are not valid as shown below.

If a = /2 and oy = 1, then the whole 0. (H}) is not of definite type, see
Theorem 3.6 and Figure 3.2. We consider Hiﬂ+ﬁo with By € R, i.e. a perturbation
of HiQ in boundary conditions. The eigenvalues of the new transversal operator
H]il+ﬁo obey the algebraic equation (with A\ = k?)

(k* — 1 — B2) sin(rk) — 280k cos(rk) = 0, (3.10)
see [13, Prop. 4.3]. While k = 1 is clearly the solution of (3.10) for Sy = 0, it
is not difficult to verify that, for any negative Sy with sufficiently small |Sy|, the
only two solutions k1, kg, of (3.10) in the neighborhood of & = 1 are non-real.
Note also that k; — 1 as Sy — 0. Hence, for Sy < 0 with sufficiently small |G|,
the essential spectrum of Hﬁ_ 5, contains two non-real branches K2+ Ry, k2 +R,
with k3 = k? ¢ R. It can also be shown that all the other solutions of (3.10) for
sufficiently small |5g| are real. Hence, the operator HiQ+ 5, has also one more real
branch of the essential spectrum % + R ; see Figure 3.4. On the qualitative level,
arbitrary small perturbation of HiQ in the gap metric drastically changes spectral
properties of the Hamiltonian.
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FIGURE 3.4. J(H&BO) = oess(HfiBO) for fo < 0 with sufficiently small
|Bo| consists of two non-real branches k2 +Ry and k2 + R, and one real
branch x3 + R..

Theorem 3.10. Let a > 0, ag € R, Vj € L®(R;R), M, My, My be as in (3.7),
a € L>®(R;C) be such that o —iag € LE(R) and let V. € LF, () be such that
V(z,y)—Vo(z) € LZ(Q). Assume that the interval [a, b] satisfies either [a, )N M C
Mi\ (M- UMg) or [a, )N M C M_\ (M4 UM,). Then there is an open
neighborhood U C C of [a,b] such that Hgy from Definition 3.1 satisfies:

(i) o(Hy) NU C R;

(ii) JE(HS’V)OZ/{ C {)\ eU: ImA| < Mel/m}, e>0, withm=mU,a,a,V) €N
and M = MU, a,a,V) > 0;

(iil) there exists at most finite number of eigenvalues {vi}_,, N € Ny, of Hg,v in
[a,b] such that for any [c,d] C [a,b] \UN_ {vk} one finds an open neighborhood
V C C for which UE(HS’V) NV C {X € V:|Im) < Ke} for any e > 0 with
K=KV,a,a,V) > 0.

Proof. We give the proof only for the case [a,b] " M C M, \ (M_ U My); the
second case is analogous. By Lemma 3.5 and Theorem 3.6 we have U(H%O,Vo) =
M and o, (HE ) = M, \ (M_ U M,;). By Proposition 3.7 the resolvent

iOt(),V(J
difference Rg,v@‘) —R$ . (\) is compact for all A € p(Hfiv) N p(Hi%O,VO). Hence,

lao,VQ

by Theorem A.4 we have [a,b] C o, (HE ) U p(HL ). Moreover, the essential
spectrum of HE |, (all five definitions in [9, Sec. IX] coincide for H! 1) is the same as

for H, vy» ¢f- [9, Thm. IX.2.4]. This implies in particular that [a,b] C p(HZ ;) and
therefore the J-self-adjointness of Hgv, w.r.t. J in (3.2), and Theorem A.3 (i), (ii)
imply respective items of this theorem. Theorem A.3 (i), (iii) and Theorem A.2 (ii)

yield item (iii). 0
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APPENDIX A. PROPERTIES OF SPECTRA OF DEFINITE TYPE AND OF TYPE 7

In what follows # is a Hilbert space and J is a bounded symmetric involution in
‘H. Spectra of definite type or type 7 are always defined w.r.t. this J. For T' € C(H),
the set of points of regular type is denoted by r(T') := C\ oapp(T).

Definition A.1 ([4, 22]). A spectral point X € oapp(T) is of type my (or m_)
w.r.t. J if there exists a closed subspace Hy C H with codimH) < oo such that
every approzimate eigensequence {fn}n C HxNdomT corresponding to A satisfies

lilginf(an,fn) >0, (resp., limsup(J fr, fn) < 0).
n o0 n—oo
The set of all spectral points of type m+ of T is denoted by o, (T').

Theorem A.2. [4, Prop. 3] Let T € C(H) be such that T = JT*J. Then
() 044 (T)Uo__(T) CR.
(ii) If F C R is closed and either FNo(T) C o44.(T) or FNo(T) Co__(T), then

there exists an open neighborhoodd C C of F and a constant M = M (F,T) >
0 such that U \R C p(T) and o.(T)NU C {A € U: [Im\| < Me} fore > 0.

Theorem A.3. [4, Thm. 17, Thm. 18, Thm. 20] Let T € C(H) be such that
T = JT*J. Then the following statements hold.

(1) If Ao € 0n, (T)\o44(T) (Mo € 0x_(T)\o—-_(T)), then Xg € o,(T') and there is
a corresponding eigenvector Vg satisfying (Jio, o) < 0 (resp., (Jibg, o) > 0).

(ii) Let a closed finite interval [a,b] be such that
[a,0]No(T) C o (T) and [a,b] C p(T),

where p(T) stands for the topological closure of p(T') in C. Then there exists

an open neighborhood U C C of [a,b] such that:

(a) o(T)NU C R;

(b) there exist constants m = m(U,T) € N and M = M(U,T) > 0 for which
oe(T)NU C {NeU: [ImA| < Me'/™}, for e > 0;

(c) there is at most finite number N € Ny of exceptional eigenvalues {vj }i_, C
UNR of T such that (UNo(T)NR)\ {vi}hy Cors(T).

Theorem A.4. [4, Thm. 19] Let T}, € C(H) be such that Ty, = JT;J, k = 1,2.
Assume that p(Ty) N p(Tz) # @ and that (Ty — )=t — (Ty — pu)~! is compact for
some p € p(T1) N p(Ts). Then

(0 (T2) U p(T2)) NR = (0. (T1) U p(T1)) N R.

Theorem A.5. [2, Thm. 4.5] Let Ty € C(H). Let a compact set F C C satisfy
F Copy(T)Ur(Th), (resp. F Co__(Th)Ur(T1)). Then there exists a constant

~

v =~(F,T1) € (0,1) such that, for all Ty € C(H) satisfying 6(T1,Ts) < 7,
F Coi(To)Ur(Tz), (resp., F Co_—(T2) Ur(Tz)).
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