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ADAPTIVE BAYESIAN ESTIMATION OF MIXED
DISCRETE-CONTINUOUS DISTRIBUTIONS UNDER SMOOTHNESS AND
SPARSITY

By ANDRIY NORETS* AND JUSTINAS PELENIS?

Brown University and Vienna Institute for Advanced Studies

We consider nonparametric estimation of a mixed discrete-continuous
distribution under anisotropic smoothness conditions and possibly in-
creasing number of support points for the discrete part of the distri-
bution. For these settings, we derive lower bounds on the estimation
rates in the total variation distance. Next, we consider a nonparamet-
ric mixture of normals model that uses continuous latent variables
for the discrete part of the observations. We show that the poste-
rior in this model contracts at rates that are equal to the derived
lower bounds up to a log factor. Thus, Bayesian mixture of normals
models can be used for optimal adaptive estimation of mixed discrete-

continuous distributions.

Keywords: Bayesian nonparametrics, adaptive rates, minimax rates, posterior contraction, discrete-
continuous distribution, mixed scale, mixtures of normal distributions, latent variables.

JEL classification: C11, Cl14.

1. Introduction. Mixture models have proven to be very useful for Bayesian nonparametric mod-
eling of univariate and multivariate distributions of continuous variables. These models possess out-
standing asymptotic frequentist properties: in Bayesian nonparametric estimation of smooth densities
the posterior in these models contracts at optimal adaptive rates up to a log factor (Rousseau (2010),
Kruijer et al. (2010), Shen, Tokdar, and Ghosal (2013)). Tractable Markov chain Monte Carlo (MCMC)
algorithms for exploring posterior distributions of these models are available (Escobar and West (1995),
MacEachern and Muller (1998), Neal (2000), Miller and Harrison (2017), Norets (2017)) and they are
widely used in empirical work (see Dey, Muller, and Sinha (1998), Chamberlain and Hirano (1999), Burda,
Harding, and Hausman (2008), Chib and Greenberg (2010), and Jensen and Maheu (2014) among many
others).
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2 A. NORETS AND J. PELENIS

In most applications, data contain both continuous and discrete variables. From the computational
perspective, discrete variables can be easily accommodated through the use of continuous latent variables
in Bayesian MCMC estimation (Albert and Chib (1993), McCulloch and Rossi (1994)). In nonparamet-
ric modelling of discrete-continuous data by mixtures, latent variables were used by Canale and Dunson
(2011) and Norets and Pelenis (2012) among others. Some results on frequentist asymptotic properties of
the posterior distribution in such models have also been established. Norets and Pelenis (2012) obtained
approximation results in Kullback-Leibler distance and weak posterior consistency for mixture models
with a prior on the number of mixture components. DeYoreo and Kottas (2017) establish weak posterior
consistency for Dirichlet process mixtures. In similar settings, Canale and Dunson (2015) derived pos-
terior contraction rates that are not optimal. The question we address in the present paper is whether
a mixture of normal model that uses latent variables for modeling the discrete part of the distribu-
tion can deliver (near) optimal and adaptive posterior contraction rates for nonparametric estimation of
discrete-continuous distributions.

Our contribution has two main parts. First, we derive lower bounds on the estimation rate for mixed
multivariate discrete-continuous distributions under anisotropic smoothness conditions and potentially
growing support of the discrete part of the distribution. Second, we study the posterior contraction
rate for a mixture of normals model with a variable number of components that uses continuous latent
variables for the discrete part of the observations. We show that the posterior in this model contracts at
rates that are equal to the derived lower bounds up to a log factor. Thus, Bayesian mixture models can
be used for (up to a log factor) optimal adaptive estimation of mixed discrete-continuous distributions.
These results are obtained in a rich asymptotic framework where the multivariate discrete part of the
data generating distribution can have either a large or a small number of support points and it can be
either very smooth or not, and these characteristics can differ from one discrete coordinate to another.
In these settings, smoothing is beneficial only for a subset of discrete variables with a quickly growing
number of support points and/or high level of smoothness. In a sense, this subset is automatically and
correctly selected by the mixture model. The obtained optimal posterior contraction rates are adaptive
since the priors we consider do not depend on the number of support points and the smoothness of the
data generating process.

Our results on lower bounds have independent value outside of the literature on Bayesian mixture
models and their frequentist properties. Let us briefly review most relevant results on lower bounds
and place our results in that context. The minimax estimation rates for mixed discrete continuous
distributions appear to be studied first by Efromovich (2011). He considers discrete variables with a
fixed support and shows that the optimal rates for discrete continuous distributions are equal to the
optimal nonparametric rates for the continuous part of the distribution. Relaxing the assumption of
the fixed support for the discrete part of the distribution is very desirable in nonparametric settings.
It has been commonly observed at least since Aitchison and Aitken (1976) that smoothing discrete

data in nonparametric estimation improves results in practice. Hall and Titterington (1987) introduced
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an asymptotic framework that provided a precise theoretical justification for improvements resulting
from smoothing in the context of estimating a univariate discrete distribution with a support that
can grow with the sample size. In their setup, the support is an ordered set and the probability mass
function is B-smooth (in a sense that analogs of S-order Taylor expansions hold). They show that in
their setup the minimax rate is the smaller one of the following two: (i) the optimal estimation rate
for a continuous density with the smoothness level 3, n~?/(28+1) and (ii) the rate of convergence of
the standard frequency estimator, (N/n)'/2, where N is the cardinality of the support and n is the
sample size. Hall and Titterington (1987) refer to their setup as “Sparse Multinomial Data” since N
can be larger than n and this is the reason we refer to sparsity in the tile of the present paper. Burman
(1987) established similar results for § = 2. Subsequent literature in multivariate settings (e.g., Dong
and Simonoff (1995), Aerts et al. (1997)) did not consider lower bounds but demonstrated that when the
support of the discrete distribution grows sufficiently fast then estimators that employ smoothing can
achieve the standard nonparametric rates for S-smooth densities on R%, n=8/(26+d)

We generalize the results of Hall and Titterington (1987) on lower bounds for univariate discrete
distributions to multivariate mixed discrete-continuous case and anisotropic smoothness. Alternatively,
our results can be viewed as a generalization of results in Efromovich (2011) to settings with potentially
growing supports for discrete variables.

Some details of our settings and assumptions differ from those in Hall and Titterington (1987) and
Efromovich (2011) because our original motivation was in understanding the behavior of the posterior
in mixture models with latent variables. Specifically, we consider lower and upper estimation bounds
in the total variation distance since posterior concentration in nonparametric settings is much better
understood when the total variation distance is considered (Ghosal et al. (2000)). We also introduce a
new definition of anisotropic smoothness that, on the one hand, accommodates an extension of techniques
for deriving lower bounds from Ibragimov and Hasminskii (1984) and, on the other hand, lets us exploit
approximation results for mixtures of multivariate normal distributions developed by Shen et al. (2013).

The rest of the paper is organized as follows. In Section 2, we describe our framework and define
notation. Section 3 presents our results on lower bounds for estimation rates. The results on the posterior

contraction rates are given in Section 4. Appendix contains auxiliary results and some proofs.

2. Preliminaries and Notation. Let us denote the continuous part of observations by = €

X C R% and the discrete part by y = (y1,. . . ,Ya,) € Y, where

dy
Y=y, with y; = {

j=1

1-1/2 2—1/2  N; —1/2
]\]‘7 b ]\[j PR ) Nj )

is a grid on [0,1]% (a product symbol IT applied to sets hereafter denotes a Cartesian product). The
number of values that the discrete coordinates y; can take, N;, can potentially grow with the sample

size or stay constant.
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Fory = (y1,...,%a,) €V, let A, = H?il Ay, where

(—OO,y]+05/NJ] lfy] :05/1\7_7

Ay, =9 (y; — 0.5/N;, 0) if y; =1—0.5/N;

Yi

(y; —0.5/Nj,y; +0.5/N;] otherwise

and let us represent the data generating density-probability mass function as
po(wa) = [ fo(g.a)d (21)
Y

where fy belongs to D, the set of probability density functions on R%*% with respect to the Lebesgue
measure. The representation of a mixed discrete-continuous distribution in (2.1) is so far without a
loss of generality since for any given py one could always define fy using a mixture of densities with
non-overlapping supports included in 4,, y € V.

In this paper, we consider independently identically distributed observations from pg: (Y™, X™) =
(Y1,X1,...,Y,, X,). Let Py, Ey, Py, and EJ denote the probability measures and expectations corre-
sponding to pg and its product pg.

When N;’s grow with the sample size the generality of the representation in (2.1) can be lost when
assumptions such as smoothness are imposed on fjy. Nevertheless, in what follows we do impose a smooth-
ness assumption on fy. The interpretation of this assumption is that the values of discrete variables can
be ordered and that borrowing of information from nearby discrete points can be useful in estimation.

To get more refined results, we allow N;’s to grow at different rates for different j’s. For the same
reason, we work with anisotropic smoothness. Let Z, denote the set of non-negative integers. For smooth-
ness coefficients §; > 0,7 =1,...,d, d = d, + dy, and an envelope function L : R?? — R, an anisotropic

(B1, ..., Ba)-Holder class, CP1Bal is defined as follows.

DEFINITION 2.1. f € CPvBal if for any k = (k1,...,kq) € Z‘i, Z?:l ki/Bi < 1, mized partial
derivative of order k, D* f, is finite and

d
ID*f(2+ Az) — DFf(2)] < L(z,A2) Y | Az (=i ka/50), (2.2)

j=1

where Az = 0 when Y0 ki/B; +1/8; < 1.

In this definition, a Holder condition is imposed on DFf for a coordinate j when D*f cannot be
differentiated with respect to z; anymore (32, k;/8; < 1 but Y0, ki/Bi + 1/8; > 1). This defini-
tion slightly differs from definitions available in the literature on anisotropic smoothness that we found.
Section 13.2 in Schumaker (2007) presents some general anisotropic smoothness definitions but restricts
attention to integer smoothness coefficients. Ibragimov and Hasminskii (1984), and most of the litera-

ture on minimax rates under anisotropic smoothness that followed including Barron et al. (1999) and
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Bhattacharya et al. (2014), do not restrict mixed derivatives. Shen et al. (2013) use |Az;|mn(%i—ks:1)
instead of |Az;|#i(1=22ki/Bi) in (2.2). Their requirement is stronger than ours for functions with bounded
support, and it appears too strong for our derivation of lower bounds on the estimation rate. However,
our definition is sufficiently strong to obtain a Taylor expansion with remainder terms that have the
same order as those in Shen et al. (2013) (while the definitions that do not restrict mixed derivatives do
not deliver such an expansion).

When §; = §, Vj and Z?Zl ki/B+1/8 > 1, B;(1 —> ki/B:) = 8 — |B], where |3] is the largest
integer that is strictly smaller than 3, and we get the standard definition of S-Holder smoothness for the
isotropic case.

The envelope L can be assumed to be a function of (z, Az) to accommodate densities with unbounded
support. We derive lower bounds on estimation rates for a constant envelope function. Upper bounds on
posterior contraction rates are derived under more general assumptions on L as in Shen et al. (2013).

Some extra notation: for a multi-index k = (k1,...,kq) € Zi, k! = H?Zl k!, and for z € R?,
2k = H?Zl zf The m-dimensional simplex is denoted by A™~!. I; stands for the d x d identity matrix.
Let ¢, () and ¢(-; 1,0) denote a multivariate normal density with mean yu € R? and covariance matrix
021, (or a diagonal matrix with squared elements of o on the diagonal when ¢ is a d-vector). For z € R¢
and J C {1,2,...,d}, z; denotes sub-vector {z;, i € J}. Operator “<” denotes less or equal up to a

multiplicative positive constant relation.

3. Lower Bounds on Estimation Rates. Let A denote a collection of all subsets of indices

for discrete coordinates {1,...,d,}. For J € A, define J¢ = {1,...,d}\ J,

—1
Ny=][N:.  Bre= [Z 511] :

icJ icJe
Ny =1, By = o0, and By/(26p + 1) = 1/2.
For a class of probability distributions P, ¢ is said to be a lower bound on the estimation error in
metric p if

inf sup P (p(p, p) > ¢) > const > 0.
P peP

We consider the following class of probability distributions: for a positive constant L, let

P = {p: p(y,z) = / f(g,x)dj, f e PPl D} . (3.1)
A!I
THEOREM 3.1.  For P defined in (3.1),
B e Brg
2B jc+1 2B jc+1
'), = mi {NJ] ! = [NJ*] 7 (3.2)
JeA | n n

multiplied by a positive constant is a lower bound on estimation error in the total variation distance.
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One could recognize expression [N/ n]% in (3.2) as the standard estimation rate for a card(J¢)-
dimensional density with anisotropic smoothness coefficients {f;, j € J°} and the sample size n/N;
(Ibragimov and Hasminskii (1984)). One way to interpret this is that the density of {z,y;, j € J}
conditional on y; is {8;, j € J°}-smooth and the number of observations available for its estimation
(observations with the same value of y;) should be of the order n/Ny; also, the estimation rate for
the marginal probability mass function for y; is [N;/n]'/?, which is at least as fast as [N/ n]ﬁﬂﬂ%1
In this interpretation, smoothing is not performed over the discrete coordinates with indices in set J,
and the lower bound is obtained when J minimizes [N /n]% Thus, an estimator that delivers the
rate in (3.2) should, in a sense, optimally choose the subset of discrete variables over which to perform
smoothing.

We set up the notation and an outline of the proof of Theorem 3.1 below and delegate detailed
calculations to lemmas in Appendix 5.1. The proof of the theorem is based on a general theorem from

the literature on lower bounds, which we present next in a slightly simplified form.

LEMMA 3.1.  (Theorem 2.5 in Tsybakov (2008), see also Ibragimov and Hasminskii (1977)) ¢ is a
lower bound on the estimation error in metric p for a class Q if there exist a positive integer M > 2 and

¢;,9 € Q,0<j <1< M such that p(q;,¢:) > 2¢, ¢; << gqo, j=1,...,M and

M
> KL(Q}. Q5)/M <log(M)/8, (3.3)
j=1

where KL is the Kullback-Leibler divergence and Q7 is the distribution of a random sample from q;.

The following standard result on bounding the number of unequal elements in binary sequences is

used in our construction of ¢;, j =1,..., M.

LEMMA 3.2. (Varshamov-Gilbert bound, Lemma 2.9 in Tsybakov (2008)) Consider the set of all
binary sequences of length m, Q = {w = (wy,...,wz) : w, € {0,1}} = {0,1}™. Suppose m > 8. Then

there exists a subset {wl,... wM} of Q such that w® = (0,...,0),
> Hwl #wi} >m/8, VO<j<i< M,
r=1

and

M > 2m/8,
To define g;’s for our problem, we need some additional notation. Let
Ko(u) = exp{~1/(1 —u*)} - 1{|u| < 1}.

This function has bounded derivatives of all orders and it smoothly decreases to zero at the boundary of

its support. This type of kernel functions is usually used for constructing hypotheses for lower bounds,
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see Section 2.5 in Tsybakov (2008). Since we need to construct a smooth density that integrates to 1, we
define (as illustrated in Figure 1)
9(u) = co[Ko(4(u +1/4)) — Ko(4(u — 1/4))],

where ¢y > 0 is a sufficiently small constant that will be specified below.

05

0.25

0.25 0.5

Fic 1. Function g for co = 1.

Function g will be used as a kernel in construction of gi’s. Let us define the bandwidth for these kernels
first.

For the continuous coordinates, we define the bandwidth as in Ibragimov and Hasminskii (1984),
hi =TY5% ie{d,+1,...,d}.

For the discrete ones, over which smoothing is beneficial, we define the bandwidth as
1/Bi 2 . ¢
hi =0 T}/7 = 57 - Ris i € JE0 L0 dy

where R; = LI‘%/& N;/2| + 1 is a positive integer and g; € (1,2] as shown in Lemma 5.5.

coefficients 3} =

For the rest of the discrete coordinates, our innovation is to first define artificial anisotropic smoothness

—log(T",,)/log N;, i € J., at which the rate in (3.2) would have the same value whether
we smooth over y; (i € J¢) or not (i € J,). Then, we define the bandwidth as
hi =2 -T% =2/N;, i€ J,.

To streamline the notation, we also define 8 = ; for ¢ € J¢.

Let m; be the integer part of hi_l, 1 =1,...,d. Let us consider m = H?:l m; adjacent rectangles in
[0,1]%, B.,r = 1,...,m, with the side lengths (h1,

., hq) and centers ¢ = (cf,...,c}), ¢f = hi(kir—1/2),
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kir € {1,...,m;}. For z € R and r = 1,...,m, define

d

9:(2) = Tn [T 9((zi = &) /ha),

i=1
which can be non-zero only on B,.. A set of hypotheses is defined by sequences of binary weights on g¢,.’s

as follows
QJ(y7x) :/A l 0,1]¢ y7 +Zwrg7" y7 d?j, (34)

where w) € {0,1}, 7 =0,..., M, and M are defined in Lemma 3.2.

The rest of the proof is delegated to lemmas in Appendix 5.1, which show that g in (3.4) satisfy
the sufficient conditions from Lemma 3.1. Specifically, Lemma 5.1 derives the lower bound on the total
variation distance. Lemma 5.2 verifies condition (3.3) when m > 8. Lemma 5.3, part (i) of Lemma 5.5,
and the fact that gx’s are defined on [0, 1]¢ imply ¢; € CPr-PaL j=0,... M.

This argument (Lemma 5.2 specifically) requires m > 8 as it relies on Lemma 3.2. Observe that as
n — oo, m > 8 if there are continuous variables or there are discrete variables over which smoothing is
beneficial (J¢ # (). Thus, m < 8 can happen only if there are no continuous variables and Nj, = Ny --- Ny
is bounded. This is just a problem of estimating a multinomial distribution with finite support and the

~1/2 rate.

standard results for parametric problems deliver the usual n

Finally, note that we prove the lower bound results for a class of densities that includes densities that
are in CAv-Pa:l on [0, 1]9. Tt is straightforward to modify the proof so that it works for a class of smooth
densities on R?. To accomplish this we can replace Ljo,1j4(-) in (3.4) with a smooth function on R? that

has a bounded support and is bounded away from zero on [0, 1]¢, for example,
d
H Lo,1)(2:) + IKo(z; + 1) * 1(z; < 0) + TKo(2 — 2;) * 1(z; > 1)]
i=1

multiplied by a normalization constant, where IKy(z;) f s Ko(u)du/ f Ko(u)du. Then, proofs of

Lemmas 5.1-5.3 go through with minor modifications.
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4. Posterior Contraction Rates for a Mixture of Normals Model.

4.1. Model and Prior. In this section, we consider a Bayesian model for the data generating process
n (2.1). We use a mixture of normal distributions with a variable number of components for modelling

the joint distribution of (g, z),

F(@,x10,m) =" a3, x5 15, 0)

j=1
p(y, z|0,m) = / f(g,z|0,m)dyg, (4.1)
Ay
where 0 = (uf, uf, aj,j = 1,2,...,m;0).
We assume the following conditions on the prior II for (6, m). For positive constants a1, as, . . ., ag, for
each i € {1,...,d} the prior for o; satisfies
(0,2 >5) < ajexp{—ags™} for all sufficiently large s > 0 (4.2)
M(o;? <s) < ays for all sufficiently small s > 0 (4.3)
M{s<o;2<s(1+t)} > ags™t% exp{—ags'/?}, s>0, te(0,1). (4.4)

An example of a prior that satisfies (4.2)-(4.4) is the inverse Gamma prior for o;.
Prior for (aq,...,am,) conditional on m is Dirichlet(a/m,...,a/m), a > 0. Prior for the number of

mixture components m is
II(m = 1) x exp(—aioi(logi)™),i =2,3,..., ayo>0,71 >0. (4.5)

More generally, a prior that can be bounded above and below by functions in the form of the right hand
side of (4.5), possibly with different constants, would also work.
A priori, the components of 11, pj4, 4 =1,...,d are independent from each other, other parameters,

and across j. Prior density for p;; is bounded below for some a2, > 0 by

ar1 exp(—ai2|p;i|™), (4.6)

and for some ai3,73 > 0 and all sufficiently large u > 0,
(ki & [—1, 1) < exp(—arzp™). (4.7)

4.2. Assumptions on the Data Generating Process. In what follows, we consider a fixed subset
of discrete indices J € A and show that under regularity conditions, the posterior contraction rate is
bounded above by [%] 2;%“ times a log factor. If the regularity conditions we describe below for a
fixed J hold for every subset of A, then the posterior contraction rate matches the lower bound in (3.2)
up to a log factor.

Without a loss of generality, let J = {1,...,d;}, I = {dy +1,...,d,}, J° = {1,...,d} \ J, and
dje = card(J¢). Similarly to Y and A, defined in Section 2, we define Yy = [[;.; Vj and Ay, = [[;c; Ay,
Also, let y; = {yi}ics, G = {Jitier, & = (j1,7) € X = R,
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To formulate the assumptions on the data generating process, we need additional notation,
Forln@) = [ fotin )
Ay,

WOJ(yJ):/)EfOJ(vai')dja

foalys) = 22802

poi (urs elys) = / Jors (G lys)dir.
AyI

Also, let Fp; and Ep; denote the conditional probability and expectation corresponding to fo;. If
7os(ys) = 0 for a particular y;, then we can define the conditional density fy ;(Z|ys) arbitrarily. We

make the following assumptions on the data generating process.

ASSUMPTION 4.1.  There are positive finite constants b, fo, 7 such that for any yy € Yy and & € X
forr(Ely.s) < foexp (—b||Z|7). (4.8)

It appears that all the papers on (near) optimal posterior contraction rates for mixtures of normal

densities impose similar tail conditions on data generating densities.

ASSUMPTION 4.2. There exists a positive and finite § such that for any (yr,ys) €Y and x € X

/ fors(r, x|ys)dyr > / fol7 (G, x|y )dys. (4.9)
Ay {3117} Ay {1g1l1>7}

This assumption always holds for A,, C [0,1]%7 9. When A,, is a rectangle with at least one infinite
side, an interpretation of this assumption is that the tail probabilities for §; conditional on (z,y;) decline

uniformly in (x,ys). Bounded support for §r is a sufficient condition for this assumption.

AsSSUMPTION 4.3.  We assume that
fog € CPassrmbal, (4.10)
where for some 79 > 0 and any (&, A%) € R?¥°
L(7,A%) = L(@) exp {mol|AZ]1?} (4.11)
L(z + Az) < L(7) exp {m0[|AZ||*} . (4.12)

The smoothness assumption (4.10) on the conditional density fy|; is implied by the smoothness of the

joint density fy at least under boundedness away from zero assumption, see Lemma 5.8.

ASSUMPTION 4.4. There are positive finite constants ¢ and F, such that for any y; € Y; and
k= {ki}icse € NI, dicye ki/Bi <1,

(24ep5dd5d)

[D* o (i) | T
Ll CASLCRL) fors(@lys)da < F, 413
/ [ ) o1 (Ely) (4.13)
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- 2+eB e de
] fors(Zlys)dz < F. (4.14)

/ L(%)
fO|J(3~3|yJ)

The envelope function and restrictions on its behaviour are mostly relevant for the case of unbounded

support. Condition (4.14) suggests that the envelope function L should be comparable to Joys-
ASSUMPTION 4.5. For some small v > 0,
Ny =o(n'™"). (4.15)

We impose this assumption to exclude from consideration the cases with very slow (non-polynomial)

rates as some parts of the proof require log(1/e,) to be of order logn.

4.3. Posterior Contraction Rates. Let

dye[1+1/(Byedye)+1/T]+max{ri,1,T2/T} ¢ je #0
Lo — 2+1/B,e (4.16)
max{r, 1}/2 if Je=0

where (7,71, 72) are defined in Sections 4.1-4.2.

THEOREM 4.1. Suppose the assumptions from Sections 4.1-4.2 hold for a given J € A. Let

Ny Bye/(2B5e+1)
€n = { ] (logn)'7, (4.17)

n

where t; > t 0 + max{0, (1 — 71)/2}. Suppose also ne2 — co. Then, there exists M > 0 such that

n

- P
H(p:dTV(p7p0) >M€n‘Yn7Xn) = 0.
As in Section 3, when J¢ =, 8;c can be defined to be infinity and Bjc/(285 +1) = 1/2 in (4.17).

COROLLARY 4.1. Suppose the assumptions from Sections 4.1-4.2 hold for every J € A. Let

Ny Bie/(2Bc+1)
{ } (logn)*”, (4.18)

€, = min | ——

JeA| n

where t; > t 0+ max{0, (1 — 71)/2}. Suppose also ne2 — oo. Then, there exists M > 0 such that

I (p s drv(p,po) > Men\Y",X”) Pﬁ 0.

Under the assumptions of the corollary, Theorem 4.1 delivers a valid upper bound on the posterior
contraction rate for every J € A including the one for which the minimum in (4.18) is attained. Hence, the
corollary is an immediate implication of Theorem 4.1 whose proof is presented in the following section.

The results on lower bounds in Section 3 hold for any class of data generating densities that includes
fo satisfying the following conditions: fo € C1+8a:L fo = 0 outside [0,1]%, and f > fo > f >0, where
L, f,and [ are finite positive constants. It is worth pointing out that these conditions imply Assumptions
4.1-4.4, which combined with Assumption 4.5 for N; and a prior specified in Section 4.1 would deliver

the sufficient conditions of Corollary 4.1.
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4.4. Proof of Posterior Contraction Results. To prove Theorem 4.1, we use the following sufficient
conditions for posterior contraction from Theorem 2.1 in Ghosal and van der Vaart (2001). Let €, and
én be positive sequences with €, < €,, ¢, — 0, and né2 — oo, and c¢1, ca, c3, and ¢4 be some positive
constants. Let p be Hellinger or total variation distance. Suppose F,, C F is a sieve with the following

bound on the metric entropy M. (€., Fn, p)

log M (en, Fn,p) < c1neZ, (4.19)

I(FE) < czexp{—(ca +4)né2}. (4.20)
Suppose also that the prior thickness condition holds
(K (po, €,)) > caexp{—cané2}, (4.21)

where the generalized Kullback-Leibler neighborhood K(py, €,) is defined by

K(po,€) = / Zpo y,z) log ];J((y’ ) dr < €2 / Zpo Y, T [log po(;y’,x))} dr < €2

X yey yey

Then, there exists M > 0 such that
_ P7L
II (p : p(p,po) > M6n|Y",X”) = 0.

The definition of the sieve and verification of conditions (4.19) and (4.20) closely follow analogous
results in the literature on contraction rates for mixture models in the context of density estimation. The
details are given in Lemma 5.18 in Appendix 5.2.2. Verification of the prior thickness condition is more

involved and we formulate it as a separate result in the following theorem.

THEOREM 4.2. Suppose the assumptions from Sections 4.1-4.2 hold for a given J € A. Let t; > t g,
where t o is defined in (4.16), and

NJ IBJC/(ZBJC‘FD
En = [] (logn)'7. (4.22)
n
For any C > 0 and all sufficiently large n,
L(K(po, &) = exp{—Cne,}. (4.23)

Approximation results are key for showing the prior thickness condition (4.23). Appropriate approx-
imation results for fos(ys,%) = fo)7(Z|ys)mos(ys) are obtained as follows. Based on approximation
results for continuous densities by normal mixtures from Shen et al. (2013), we obtain approximations

for fo;7(-lys) for every y; in the form

K
f5(@lyy) = ZCVJ*-\yﬁ(f;uﬂyJaU}c)a (4.24)
j=1
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where the parameters of the mixture will be defined precisely below. For the discrete variables over which
smoothing is not performed, y;, we show that mo;(y) can be appropriately approximated by
/ > wos W)yl o5)dis,
Ay 'y
where [ A, &(9.7,Y, 0%)dyy behaves like an indicator 1{y; = y/;} for sufficiently small ¢%. The following

subsection presents proof details.

4.4.1. Proof of Theorem 4.2 for J¢# (). Define 8 = dje [> ¢ ﬁk’l]_l, Bmin = minje s B, and
0 = [€,/1og(1/&,)]*/P. For ¢ defined in (4.13)-(4.14), b and 7 defined in (4.8), and a sufficiently small
§ >0, let ap = {(88 + 4 + 8 + 83/ Bmin)/ 00}/, ay, = ao{log(1/c,)}*/7, and by > max{1,1/243}
satisfying &% {log(1/€,)}%/* < &,. Then, the proofs of Theorems 4 and 6 in Shen et al. (2013) imply the
following two claims for each y; = k € J; under the assumptions of Section 4.2.

First, there exists a partition {Uj,j =1,..., K} of {Z € X :||Z|| < 244, }, such that for j =1,..., N,

Ujy is contained within an ellipsoid with center ,uj*.‘k and radii {aﬁ/ﬁi e je Jo}

dje
~ ~ B/Bay+i ~ 2
e {x Y[ e @) < 1} ;
i=1
for j = N+1,..., K, Uy is contained within an ellipsoid with radii {o,/”", i € J°}, and 1 < N < K <
Cro;, ¢ {log(1/&,) s +4s¢/7 where C; > 0 does not depend on n and y;.

Second, for each k € ); there exist a;‘k, j=1,..., K, with a;‘k =0 for j > N, and pj}; € Uy for
j=N+1,..., K such that for a positive constant Cy and o%. = {05/& for i € J},

i (foa C1R), 15 (1)) < Caol, (4.25)

where f‘f, is defined in (4.24). Constant Cy is the same for all £ € )/ since all the bounds on f|; assumed
in Section 4.2 are uniform over k.

Note also that our smoothness definition is different from the one used by Shen et al. (2013). In Lemmas
5.6 and 5.7 we show that our smoothness definition (fy; € CL’BdJ“’“"ﬁd) delivers an anisotropic Taylor
expansion with bounds on remainder terms such that the argument on p. 637 of Shen et al. (2013) goes
through.

Third, by Lemma 5.10, which is an extension of a part of Proposition 1 in Shen et al. (2013), there

exists a constant By > 0 such that for all y; € Vs
Fory (11Xl > a0, lys) < Boos™ a5, (4:26)
where

o, = min 05/'81'.
ieJe

For m = N;K we define 0* and Sy« as:

0" = {{:U’J1(77l’[’;7,}: {(khujuc)?]: 1a"'7Ka keyJ}7
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{O{T,...,Oé:n} = {Oé;k = 04;|k7TOJ(k)’ .7 = 17"'7K7 ke y]}7
o%? = {o* =1/[64N}Blog(1/0,)], i € J}

ok ={of =P ie JC},}

S@* = {{Mh,ﬂm} = {(,ujk,Ja,ujk,JC)a .7 = 17"'7K7 ke y]}u

1 1

Mik,gc € Ujik, fiki € [kl — m’ki + N

] e
o? ¢ (070:2) , 1€ J,
ol € (o2 (1+02) 1 01?), i€ J°,

%

(0617...,Oém):{O[jk,jzl,...,K7 keyj}eAm_l,

m ) 0_213+d‘]c
g lay —a] < QO'nB, min - o > "72
1 JSK,kEY, 2m

-

The rest of the proof of the Kullback-Leibler thickness condition follows the general argument de-
veloped for mixture models in Ghosal and van der Vaart (2007) and Shen et al. (2013) among others.
First, we will show that for m = N;K and 6 € Sp-, the Hellinger distance d% (po(-,-),p(-, |6, m))
can be bounded by a?f up to a multiplicative constant. Second, we construct bounds on the ratios
p(+, 10, m)/po(+,-) and combine them with the bound on the Hellinger distance using Lemma 5.9. Finally,
we will show that the prior puts sufficient probability on m = N ;K and Sg«.

For f/; defined in (4.24), let us define

P (yn, 2lys) = /A 1 oy dii.
yr

For m = NjK and 6 € Sp-, we can bound the Hellinger distance between the DGP and the model as

follows,

d%[(pO(W ')ap('a |97m)) = d%{<pO|J('|')7TO(')7p<'7 |97m))
< dt(poys ()05 (), 1l (1) 705 () + d (0] ()05 (), (5 10, m)).

It follows from (4.25) and Lemma 5.4 linking distances between probability mass functions and corre-
sponding latent variable densities that the first term on the right hand side of this inequality is bounded
by (C2)%02#. Combining this result with the bound on dQH(pl*J('|')7TOJ(')7p(’7 -|#,m)) from Lemma 5.11

we obtain

Next, for § € Sp- and m = N; K, let us consider lower bounds on the ratio p(ys, yr, |0, m)/po(y.s, yr, ).
In Lemma 5.14 in the Appendix we show that lower bounds on the ratio f;(y., Z|0,m)/ fo;s(Z|ys)mo(y.s)
imply the following bounds for all sufficiently large n: for any « € X with ||z| < a,,,

0 26
p(yJ»waﬂ 7m) Z Cg Jn = )\n, (428)
po(ys, Y1, ) 2m?
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for some constant C3 > 0; and for any z € X with ||z|| > as,,

p(yJ7yIaI|07m) >exp{ H‘IHZ

— Cylogn 4.29
pO(yJ7yIu‘r) 1708 } ( )

for some constant Cy > 0. Consider all sufficiently large n such that X\, < e~! and (4.28) and (4.29)
hold. Then, for any 6 € Sp-,

polys,yr.x) \*. [ p(ys,yr,xl6,m)
Z/( 0 » Iy )1{”’<>\n}p0(yJ;ylam)dI

yey yJayI7x|9 m) pO(yJ7y17$>
2
0
_ Z/ pO Yr,Yyr, T ) 1 p(yj,yz,xl 7m) < )\n 1{@[ c Ayl}fOJ(yJ7j)dv%
= y.]ay]a'r|9 m) po(iUJﬁUb@
pO Ys,Yyr,r ) 2 p(y.]ay]axleam) ~ ~\ I~
—2/ 1 N1l > gt € Agy b for (v, 7)d3
= Py, yr, |0, m) Po(y.s, yr, )

2
E PO(vayhx) - o
= / <log> 1{gr € Ay, } fos(ys, T)dE
yey @ lzl>a0,} p(Ys, Y1, 70, m) ur

128 - - -
<X R 2O o] o)t s € A} i)
yeY z:||x||>a0,

AN

128 ) i
Z / 12| |:0.4 ||1‘H4—|—2(C4 10gn)2:| folj(x|yJ)d$7T0J(yJ)
z:||Z||>a0, } L En

YyIE€EYV

128 - 1/2
Z Eojy, (HXH ) (FO\yJ (HXH > aan)) 07 (ys) + 2(Calogn)* Boo 0y

| /\

< c5agﬁ+5 (4.30)

for some constant C5 > 0 and all sufficiently large n, where the last inequality holds by the tail condition
n (4.8), (4.26), and (logn)?c28+ea8 — 0.

Furthermore, as A, < e™!

)

0
IOg pO(y.hyI»x) 1 {P(y.]»yl»ﬂ 7m) < )\n}
p(ys,y1,2/0,m) po(ys,yr, )

pO(yJ7y17$> 2 p(yJ7y17$|97m)
<|log————————— | 1 ——"————"—~ <\,
P, yr, |6, m) po(y.s, Y1, )
and, therefore,

%
Z/ polysvnr)_y {p(y‘]’y]’m| m) /\n}po(yJ,yI,w)dw < Cso2fte. (4.31)
= Py, yr, x|0,m) po(ys,yr, )

Inequalities (4.27), (4.30), and (4.31) combined with Lemma 5.9 imply

2
B <10g po(ys,yr, ©) > < A2, E, {log po(ys,yr. ) } < A2
p(yJayIax|97m) p(yJayI7x‘97m)
for any 6 € Sp«, m = Ny K, and some positive constant A (details are provided in Lemma 5.15 in the

Appendix).
By Lemma 5.16 in the Appendix for all sufficiently large n, s =1+ 1/8 + 1/7, and some Cg > 0,

(K (po, €n)) > I(m = NsK,0 € Sp-) > exp [—CGN,]gngC/B{log(n)}dlch’max{Tl’l’T?/T}} .
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The last expression of the above display is bounded below by exp{—Cné2} for any C > 0, &, =
[&]ﬁ/(zﬁerJc) (

n

logn)t/, any t; > (djes + max{m,1,72/7})/(2 + djc/3), and all sufficiently large n.
Since the inequality in the definition of ¢ is strict, the claim of the theorem follows.
When J = @) and N; = 1, the preceding argument delivers the claim of the theorem if we add an

artificial discrete coordinate with only one possible value to the vector of observables.

4.4.2. Proof of Theorem 4.2 for J¢ = (). In this case, the proof from the previous subsection can

be simplified as follows. For m = N; and for any 8 > 0 we define 8* and Sy« as
o = { it i) = (b k€ Vi),

{1, an ) ={ag, k€ Vit = {mo(F)}iey, -

0_*2 _ {0_*2 1

= o

1 1 .
So+ —{{ul,...,um}—{uk, kGyJ}, Uk € [ki_éﬂ\[i’ki—’_w} ,i=1,...,dy,

UZ{UiG(Oan)a iGJ},

{aj, j=1,....m} ={ax, k€ Y;} € A",

28
2
Z oy, — aj| < 2077, kﬂeléjn ak>2m2}
kEY

For m = Ny and 0 € Sy«, a simplification of the proof of Lemma 5.11 delivers

d%I(po(-),p(-w,m))szmax/ S5 10V + 3 ok — anl S 02,
k€Y, keYy

A simplification of derivations in Lemma 5.14 show that for all y; € YV,
p(yJ|97 m) > 1 U?Lﬁ
po(ys) — 22m?

T (k)g Po(yJ) )21{p(y19,m) < }p (5s) = 0

=\

Then, for any 6 € Sy«

= p(ys10,m) Po(yJ)
710, m
S (e )y <t =0
o plys1v, Polys
(4.32)
as % > A\, for all yy € V5. As A\, — 0, by Lemma 5.9 for A\, < A\, both Ey(log (pD(|%Jr)n)) and
Eo([log %P) are bounded by C7log(1/),)?02% < A& for some constant A. By the simplification

of Lemma 5.16 for this particular case for all sufficiently large n and some Cg > 0,
(K (po, €n)) > II(m = Ny, 0 € Sg.) > exp —CgNJ{log(n)}max{Thl}} .

The last expression of the above display is bounded below by exp{—Cné2} for any C > 0, &, =
[&]1/2 (logn)t’, any t; > max{ry,1}/2, and all sufficiently large n. Since the inequality in the def-

n

inition of ¢ is strict, the claim of the theorem follows.
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5. Future Work. It seems feasible to extend the results of this paper to conditional density
estimation by covariate dependent mixtures along the lines of Norets and Pati (2017). We leave this to

future work.
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Appendix.

5.1. Proofs and Auzxiliary Results for Lower Bounds.
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LEMMA 5.1. For q;, qi, © # | defined in (3.4), the total variation distance is bounded below by

const-T'y,.

PROOF. Let us establish several facts about g, in the definition of ¢;. For any (§,) € [0, 1], there

exists (g, x) such that
gr(g,x) =0, Vr # (g, x). (5.1)

For (§,z) € By, r(g,z) = r and for (§,z) ¢ U™, B,, r(¢,z) can have an arbitrary value. Thus,

drv (g, q) = dx

:zy:/

From h; = (2/N;) - R; for i{1,...,d,}, where R; is a positive integer, and the definitions of g, g¢,, and

[sz —w!)g, (i x>] dj
Ay |r=1

/A (@} (.0) — W (5.0))9r(5.) (§> )y | dox.

A,, it follows that for fixed y € ¥ and x € [0,1]%, (wZ(g,x) - wlr(g,z))gr@@)(g],x) does not change the
sign as ¢ changes within A, (r(g,x) is the same Vj € A, by the choice of ¢] and h;). Therefore,

dTV CIg»(Il //‘ (¥, z))gr(y m)(ya )‘ dﬂdl’
= Z/ ‘(wi(z) - wlr(z))gr(z)(z)’ dz
r=1 s
=Y fud -l [ o] (52)
r=1 B
Finally,
m ] d 1/2 d
drv (g, qr) Z {wl #wl} T, - Hhi . [/ / |g(u)|du} (change of variables in (5.2))
r=1 i=1 —1/2
d 1/2 d
>Ty- Hmihi : / lg(u)|du| /8 (by Lemma 3.2)
i=1 —-1/2
1/2 d
21, | [ awlduz| /s (since mihi > 1/2).
-1/2

O

LEMMA 5.2. ForT, — 0 and m > 8 and a sufficiently small ¢y in the definition of g, condition (3.3)

in Lemma (3.1) holds for all sufficiently large n.

PrOOF. By Lemma 3.2, it suffices to show that
dKL( ", g)zn-dKL(qj,qo) < (mlog2)/64 (53)

First, note that for a density f > ¢ > 0 on [0,1]%, dgr(f, Ljo,1)2) is bounded above by

(f=1)?
drr(f, Yoape) +drr(loe, f) = /[O 1](f ~log f < Jon =17



20 A. NORETS AND J. PELENIS

Next, note that for any z € [0,1]%, the density in the definition of ¢;

m d
1 Jgr(2) >1-T, >1/2 5.5
() + D wlne) 21T | s 21/ (5.5
for all sufficiently large n. Thus,
dKL(Qja q) < dkr (1[0,1]d + szgm 1[()@}4) (by (5.14))
r=1
m 2
<2 / lz wigr(z)] dz (by (5.4) and (5.5))
r=1
= Q/Zwi(gr(z))zdz (since g,-(2)gi(z) = 0,Vr #1)
r=1
1/2 d
< 2m/(91(2))2d2 =2, [ [(msha) [/ Q(U)zdu]
; —1/2
1/2 d
<or? / g(u)?du| <2r2%c2% (5.6)
—-1/2
Finally,
d d
m= H m; > 274 H hi_1 (by definitions of m and m;)
i=1 i=1
1 —1
2 Twi2)- ] (r;ﬁi /Qi) 1 (r;ﬁi ) (by definition of h;)
i€ T, ieJe,i<d, i€Je,i>d,
>27d H (N;/2) - H (F;B"’_ /2) . H (F;Bi— ) (by restrictions on ;)
i€, ieJe,i<d, ieJe,i>d,
-Bj¢
=274 . N, .T, * =272
> 27N dper(5,90)/(2657) (by (5.6)).

The last inequality implies (5.3) if

CO S [27(d+dy+7) log 2]1/(2d).
O

LEMMA 5.3. Forj € {0,...,M}, q; € CAUBal with L = 1 for any sufficiently small constant cg

in the definition of g.

PROOF. For j = 0, the result is trivial. For j # 0, consider k = (ky,...,kq) and 2z, Az € R? such that
for some i € {1,...,d}, Az; #0, for any | # 4, Az =0, Zle ki/Bf <1, and Zle ki/Bf +1/8F > 1s0
that

d
0< i1 ki/Bf) <1 (5.7)

=1
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For r(-) defined in (5.1),

d
D¥qj(2) = 1{k = (0,...,0)} + wy oy D [ [ 9% (21 = &) /) /oy
=1

* (1 _xd * (2
= 1{k=(0,...,0)} + Bi - wp(oy b = IO g0 (21 — €] f ), (5.8)
I=1
where B; € {1,1/2, gi_ﬁi*} C (0,1]. In what follows we consider k # (0,...,0) to simplify the notation;
when & = (0,...,0) the argument below goes through as the indicator function 1{k = (0,...,0)} is
canceled out in the differences of derivatives. From Tsybakov (2008), (2.33)-(2.34), for any sufficiently
small ¢g and s < max; 8 + 1,

max |9 (2)] < 1/8. (5.9)

This imply that
9% (20 + Dzi = ¢f) /hi) = g% ((zi = ) /ha)| < | Azl /(8ha). (5.10)

First, let us consider the case when r(z) = r(z + Az) and |Az;| < h;. From (5.8), (5.9), and (5.10),

* d *
|D¥g;(z + Az) — DFq;(z)] < B U=k /P0g=d| Az, /|
A, |- a/B7)
i

B7 (1521, ki /B (5.11)

b

— 8| Az | =S ki /B7)

<|Az

where the last inequality follows from Az; < h; and (5.7).
Second, consider the case when r(z) = r(z + Az) and |Az| > h;. Similarly to the previous case but

without using (5.10),
|Dkqj(2 +Az) — Dkqj(z)\ <2. S_dh?:(lizle ki/Bp) < |Azi|ﬂ;‘(1—Zf=1 ki/Bi)

Third, consider the case when r(z) # r(z + Az) and [Az| < hi/2. If wy) = Wra4az) = 0 or
2,2+ Az ¢ U™, B,

|Dkqj(z +Az) — Dkqj(z)| = Dkqj(z + Az) = Dkqj(z) =0.

If wy(2) # Wy(z4az) or if one of z and z + Az is not in U], B,., then without a loss of generality suppose
that w,,) = 1 or that z + Az ¢ U2 B,.. Let |Az}| € [0,]|Az%|] and Az* = (0,...,0,Az},0,...,0) be
such that z + Az* is a boundary point of B,.(.y. Then, DFqi(z + Az*) =0 and (5.11) imply

|D¥qj(z + Az) — D*q;(2)| = |D¥q;(2)| = [D"q;(z + Az") = D¥q;(2)]

< |Azr|FTA=Si k/B) < | Az B A=y ki/BD)

If wy(z) = Wy(z4az) = 1 and 2,24+ Az € U], B, then by construction of ¢; and g

ID¥q;(z + Az) — DFq;(2)| = |D*q;(z + Az + 0.5h;) — D¥q;(z + 0.5h;)| < |Az; |5 (1= Xima bi/6D)
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where the last inequality follows from (5.11).
Finally, when r(z) # r(z + Az) and Az; > h;/2,

|D¥q;(z + Az) — D*q;(2)] < [DPqj(z + Az)| + | D q;(2)]

< |Az|fO=Zyki/BD)
Now, let us consider a general Az such that for Az; # 0, 27:1 ki/Bf +1/8; > 1.
[D¥gj(z + Az) — D'q; (2)|

d
§Z \Dkqj(zl,...,zi_l,zi + Az 2q + Azg) — Dkqj(zl,...,zi,zHl + Azig1, .o, za + Azg)l
i=1

The preceding argument applies to every term in this sum and, thus, ¢; € CAL Pl

O

LEMMA 5.4. Let f; : YxX R, i€ {1,2}, be densities with respect to a product measure A X [ on
Y x X CR™ For a finite set Y, let {A,, y € V} be a partition of Y and let pi(y,x) = Ja fi(g, 2)dN(g).
Then,

drv (p1,p2) < drv(f1, f2) (5.12)
dH(p17p2) < dH(flan) (513)
drr(p1,p2) < drr(fi, f2)- (5.14)

Also, if for given (y,x), f2(g,z) >0 for any § € A, then

g n@) _ pay o) f1(g,2) (5.15)

94, F2(5,2) = pa0, @) — peny ol @)

Proor. Trivially,

dp(z)

drv (p1,p2) = Z/

[ (tg0) = et oag
< Z//A, |f1(7,x) — fo(g, 2)|dN(§)du(x) = dryv (f1, f2)-

Y

By Holder inequality,

At (propa) =2 (1 >/ ¢ [1a@nonG - [ 1Ay<g2>f2<@27x)dA@z)du(x))

§2<1_Z [ [ 1@ fluz,x)fzw,x)dw)du(x)) = du(f1. fo).

For fixed (y, x),

N f1(@,2)/piy, ) -
Ay(fl(y7x)/P1(y»$))10g md/\(y) >0
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since the Kullback-Leibler divergence is nonnegative. Thus,
- p1\y,x
/ (7. x)log 2 P, )d/\(y) = p1(y, z) log 1y, 2)

/Ay f1(g o)1 P2(y, ) P2y 7)

This inequality integrated with respect to du(x) and summed over y implies (5.14). The last claim follows

from
fa(

,IZ?)
7(E).

o) mf P22

Z
ZeA, fg(é,x) z

< fi(g,7) < f2(g,x) sup

zea, fal
O

LEMMA 5.5. For Ty, hi, 0;, and 8} defined in Section 3, (i) p; > B; fori = 1,...,d and (i)
€ (1,2] forie JEN{1,...,dy}.

PRrROOF. For i ¢ J., B = B; by definition. For i € J,, from the definition of T'y,,

—1
. 2+6 ¢ .

Ny, /N;|2v858+8T 24 +B; 2B 4B
Fn_|: / T =Ty, " N,

- n 7 bl

n

which implies N, S By the definition of 3}, IV, - =TI, and, thus, 8} > 5.
For i € J¢, from the definition of T',,,

1 1
|:NJ*NZ‘:| 2+5;§7ﬂ;1 N |:NJ*:| 2+B;$1
- b

n n

which implies

24p74 -8
-1
N; > [NJ*} oo _pf
n
B! 1
o>
Z N
-1
and, therefore, I‘g" N; > 1. Next, define
i
{Fnt Ni/2J +1
Ql = - -1 -
T N;/2
—1
Then ¢; € (1,2] as Iy N; > 1. O

5.2. Proofs and Auziliary Results for Posterior Contraction Rates.
5.2.1. Prior Thickness.
LEMMA 5.6. (Anisotropic Taylor Expansion) For f € CPvPal and r € {1,...,d}

k
flx1+y,. o, xa+ya) = Z %Dkf(xl,...,x,.,x,.ﬂ + Yrt1s-- -, Td + Ya) (5.16)
kel
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T k
+ k!(Dkf(xla"'7xl+Clk7xl+1+yl+17--‘7xd+yd) (517)
=1 kel

- Dkf($17...,$l,ml+1 +yl+17-~'al’d +yd))7 (518)

where Clk S [xl,xz + yl] U [SUZ + Y1, l‘l],

i—1

IZ = {k:(kl,...,kl,o,...,()) GZiZ k; < Lﬂl(l—ij/ﬁ])J,lzl,,l},

=1

-1
I' = {k el': k= |p(l- ij/ﬁj)J}v
Jj=1
4 pg
and the differences in derivatives in (5.17)-(5.18) are bounded by L ’gﬂﬂl(l_zml .

PROOF. The lemma is proved by induction. For r = 1, (5.16)-(5.18) is a standard univariate Taylor
expansion of f(z+y) in the first argument around (21, 22 + Y2, ..., T4+ y4). Suppose (5.16)-(5.18) holds
for some r € {1,...,d}. Then, let us show that (5.16)-(5.18) holds for r+ 1. For that, consider a univariate
Taylor expansion of D¥f in (5.16). The following notation will be useful. Let e; € R? i = 1,...,d, be
such that e;; = 1 for i = j and e;; = 0 for i # j and &y = [Bry1(1 — 227, k;j/B;)]. Then,

Dkf(x17"'7$7"7x7‘+1 +yr+17"'7xd+yd) =

k:+1 kr+1

Yrdl ktkegrer
> L DR R f (g B, B + Yrg2s - Td + Ya)
+1!
kry1=0

*
kr+1

r41 k+kX,  -en btk i-ergn
+]€* '<D T+1e+1f(x1,...71‘7~,$7«+1+<r+1 ,1:7«+2+yl+2,...,:1:d—|—yd)
r+1°

k+k*, e
— DFthrgqe +1f(x1,...,xr,:cr+1,:cr+2+yl+2,...,xd+yd)).

Inserting this expansion into (5.16) delivers the result for r + 1.

O

LEMMA 5.7. Let R(x,y) denote the remainder term in the anisotropic Taylor expansion ((5.17)-
(5.18) forr =d). Suppose f € CPvPal and L satisfies (4.11)-(4.12). Let o = {o; = o/ B =1, .. ., d}

and o, — 0. Then, for all sufficiently large n,
[ 1R l6:0,0)dy S Liw)as.

PRrOOF. Note that |R(x,y)| is bounded by a sum of the following terms over k € I' and [ € {1,...,d}

k
% Dkf(3317~-~,$z +Czk733l+1 + Yit1s - Td + Ya) _Dkf<xla---7xlaxl+1 + Y1415 Td + Ya)
k d
Y Bi(1=327_1 ki/Bi)
< k|L(1'—’_(07'~~a07yl+1:d)7glkel) |Clk| l '
= B(A=3"0_ ki/Bs)
< L(z) exp {7o|lyis1:all*} exp {rolIGFI1P} |¢F]™ !
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k
7Ny 1-¢  ki/B;
< L(w) 7y exp {mollyl[*} fya) ™72t BP0

where we used inequalities (2.2), (4.11), and (4.12) and that }Cl’“| < |yil-

For all sufficiently large n such that 7o < 0.5/ max; o2

79

k
T Y = ki B
[ [ exp {mlllP 00 0,01

-1
- 5 kB,
SL(I)H/Iyi ki¢(yi;0;0iﬁ)dy¢-/yfl | 1O B (.05 010/ 2) dy
i=1
- 5 kB,
SL(CC)O{CI ...O-lki—llo.lkl""ﬁl(l i=1ki/Bi)
3 /3,
_ E(.’L‘)O‘ﬁlﬁ/ﬁl o Uﬁlﬁ/ﬁl(jgﬁl(l*zgz1 ki/Bi) _ i/(I)KQO’ﬁ,
where we use [ |z|°¢(z,0,w)dz < w? and kj1q = --- = kg = 0 for k € I;. Thus, the claim of the lemma
follows.
O
LEMMA 5.8. Suppose density fo € CPvBa-L with a constant envelope L has support on [0,1]? and

fo(z) > f > 0. Then, fo; € ChagerBaL/f

Proor. For z,Az € X, y; € Vs, and some §5 € A,,, by the mean value theorem,

D* fo11(& + AZlys) — D* fo1(Zlys) =

1 o o
- [ 020 fo(ra o+ A7) - DO o5 ) dii
w0 (Y1) Ja,,
1/NJ 0 0,k ~% L~ =, 0 0,k ~x
_ DO-0s *,ZC-’—AI' — D0, *71,
707 (57 ( Jo(¥ ) Jo(¥ ))

and the claim of the lemma follows from the definition of C#1:+#4L and 7 (ys) > f/Nj. O

LEMMA 5.9. There is a Ao € (0,1) such that for any X € (0, ) and any two conditional densities

Dp,q € F, a probability measure P on Z that has a conditional density equal to p, and d;, defined with the
distribution on X implied by P,

Plog < d2(p, q) <1+2log1> +2P{<logp> 1 <q < )\)}
q A q p
2 1 2 2
P <logp> <di(p,q) [12+2 (log > + 8P <1og p) 1 <q < )\> ,
q A q p

PROOF. The proof is exactly the same as the proof of Lemma 4 of Shen et al. (2013), which in turn,

follows the proof of Lemma 7 in Ghosal and van der Vaart (2007). O

LEMMA 5.10. Under the assumptions and notation of Section 4, for for some By € (0,00) and any

yr € Vs,

Fois (||X|| > a0n|yJ) < Boopf o8,
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PRrOOF. Note that in the proof of Proposition 1 of Shen et al. (2013) it is shown that aST¢ > a,

On

where afT¢ = {(883 + 4e + 16)/(b0)}/™ and a57¢ = a§T%log(1/0,)Y/7. As ap > a3T¢ and a,, >

asT¢, therefore a,, > a. Define E} = {:7: eRYe ¢ fos(Elys) = 07(14B+2E+86/ﬂ“““)/5}. Note that by

On

construction of ss in proof of Proposition 1 of Shen et al. (2013) and as o, < s it follows that

(48 + 2¢ + 8) 1
bo log ()

On

_ (4B+2e+8)

> long = On ° Zfo

S| =

Forz € E; ,

fols (Elys) > o ABT2480/Brin) /3 _ (864485 /Brin+8)/3 5 (45+22+8)/8

n

_ ey 1

2 f00285+45+85/ﬁmin+8)/6 — fOJ’ﬂOb — fO exp {_bag log()}
7 1 1/7 ! 7 T

= foexp{ —b ao(log(;) ) = foexp {—ba] }.

Asa,, > aandas fo;(Z[ys) > foexp{—bal }, then the tail condition (4.8) is satisfied only if ||Z|| < a,,.
Therefore, EX C {& € R¥” : ||Z|| < aq, }. As in the proof of Proposition 1 of Shen et al. (2013), by

Markov’s inequality,

Fory (11X > o, lys) < Fors(Bslys) = Fops (foa (#lya) ™0 > o 04280/l )

< Boaiﬂ+25+8ﬁ/ﬁmin _ Boo.;llBJr?Egi

as desired since o/ Pmin = o,, and the tail condition on fos(-|ys), (4.8), implies the existence of a § > 0
small enough such that EO'J(f(ij) < By < oo for any y; € V. O

LEMMA 5.11.  Under the assumptions and notation of Section 4, for m = KNy and any 6 € Sy«
&3 (o5 ()0 (), (-, -[0,m)) S 03
PROOF. Let us define
Faturalp,m) = [ 1,30, m)dg.
Ay,
Then,

di; (p}; (1m0 (), p(:,-10,m)) < drv (pf;(-1)mo(), p(-, [0, m))

< dpy (ff5(1)mo(), fa(,-160,m))

zz/j

Y€V

K
SN @)Lk =y }(E i o)

keYy j=1

- ajlc/ &G, ik, g,05)dGg - QT g, ge, 0 g¢) |dT
Ay,

K
< > / SN an Ak =y 3o(E, 1y, 0he) — a5 1k =y Y&, ik, 0¢)| dE

yseVs ¥ |keyy j=1
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+ > Z%kl{k Y Yo(Z, ik, e, 0e _ajk/ (s ik, g, 0.0)AGO(Z, pijk,ge, 05¢)| A,

yrevs 7 X [y, j=1
where the first inequality follows from d%(-,-) < drv(-,-), the second inequality holds by Lemma 5.4,
and the last inequality is obtained by the triangle inequality.
Let’s explore the two parts of the right hand side in the last inequality independently. First,

K
> / SN a1k =y }e(@, uly, ohe) — o1k =y }O(E, ik, 0ge)| dE

yseVs X |key, j=1
Z Z Z%kl{k —yJ}/ ‘¢ T, 1y ) — O(Z, Pk, ge, 0 ¢ )| AT
Yy €Yy k€Y j=1
< o Ay (O(5 11> 050 ), (s hjhesge, 00¢)) S 00,
where the fact that o, = 0 for j > N by design is used to get j < N rather than j < K in the max

subscript. The last inequality is proved in Lemma 5.12.

Second,

> / > ZO‘ W L{k =y (T, ke, 0 _agk/ (G5 Wik, 75 0.0)AG s P(T, fjk, e, 0g¢) | AT

Yys€EYVs k€Y, j=1
K
:Z Z Z ajkl{k;—yJ}—oz]k/ (G5, ik, 1, 0.)dYs / DT, ik, ge, 0 ge)dT
J=1 \ys€Vs k€Y,
K
:Z Z Z Ozjkl{k—yj}—a]k/ &(Gg,s ik, 5 05)dGs
J=lys€¥s kEyJ

DI

y €Yy keYy j=1

i, >y

kl{k =ys}— %k/ o( UJs ik, 7,07)dj;

jk/ &G, ik, g,05)dGr — a]k/ (G, ik, g,07)dG s

JEV s kY j=1

SIS

ys €Yy keYy j=1

+ Z ZZ|%k aak|/ &G, ik, g,075)dTs
Yy

JEYVs keYy j=1

Hk=ys}— / &(Fgs ke, g, 0.5)dY

'MN

*
Yk Z

Hk=ys}— / &(Ggs k.7, 0.5)dY.s
Ay,

k€Y j=1 Y€V
K
Z Z o — ase| Y / (Ys tik,g505)dG
€Yy j=1 YIEYV
K
< Z / O(Fgs ke, 7,0 dyJJFZ/ &G, jk,g,05)dgs +ZZ|0% ik
keYy j=1 ys#£k keYy j=1
K
= Za;k‘Q/ (G5 kg 05)dYs + Z Z|a]k aji|
keYy j=1 Aj, keyy j=1
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<2 max /¢yJ,/tng,0deJ+ZZ|%k*0‘ﬂk|<”

<N.key
J 4 keyy j=1

The last inequality follows from Lemma 5.13 and the definition of Sy« .

LEMMA 5.12.  Under the assumptions and notation of Section 4,

2
o Ay (O(5 11> 05e)s (s hjhesge, 00e)) S ool

PROOF. Fix some j < N and k € Y;. It is known that

drv ((; 1)1 07 ), B, gk, e s 0ge)) < 2\/dKL(¢('; 1515 0 )s D5 gk, aes 0 )

and

o; (ki = Hina)?
AL (00 1510 750 ), Oy ge,030)) = 3 Ty =1 log Ty + A I

iege Zi o

From the definition of Sy«

* )2
) (K5, *QUalw) <t < 8,
ieJe i

Since 02 € (072(1 4 02%)~1,072) and the fact that |2 — 1 —log z| < |2 — 1|2 for 2 in a neighborhood of 1,

o2 \?
[ < gB,
N( 0i2> ~or

The three inequalities derived above imply the claim of the lemma.

we have for all sufficiently large n

2 2
0

IOg *2

z 0,

LEMMA 5.13.  Under the assumptions and notation of Section 4, for 6 € Sy«

max y ; o)dir < o2P.
JEN,kEY /A; (b(y‘]’u.?k,]a J) Yy S0y

Proor. Fix j < N, k € Y, and 0 € Sp+. Since pj,; € [ki — %Ni,k‘i + %NJ,

1 1
/ ¢yJa,ngJ7UJ dyJ<ZPT<yz [k’z myki‘f‘m])

ieJ

- 1 1
< ZPT (yz ¢ [Mjk,i N Haka 4N])

icJ
=2 [ "7 o0nan
<22€Xp{ 4NO’ } 22025<0

ieJ ieJ
where the last inequality follows from the restrictions on o; in Sp+ and the penultimate inequality follows

from a bound on the normal tail probability derived below.



ADAPTIVE BAYESIAN ESTIMATION OF MIXED DISTRIBUTIONS 29

If Y; has N(0,1) distribution, then the moment generating function is M(6) = exp{#2/2}. Note that
exp{&(ffi — (4N;0;)™H)} > 1 when Y; < (4N;0?)~! and 6 < 0, therefore:

/_ qb(yl,O,l)dylSéISl%Pexp{@(Yz (4N;07) )}_52%exp{ 0(4N;0:) "} M(0)

oo

= grgl% exp {—0(4N;0;) "} exp {6°/2} = exp {—(4N;0:)%/2} .
O

LEMMA 5.14.  Under the assumptions and notation of Section 4, for any (ys,yr) € Y, some constants

Cs,Cy > 0 and all sufficiently large n,

0 26
Py 2l0m) o oo _ (5.19)
po(ys,y1, ) m?

when ||z|| < ay, and

0 8[[?
w Z exp {— ||I2H — 04 IOg n} (52())
pO(yJ7yI7‘T) g

=n

when ||z| > aq,, -

PROOF. By assumption (4.8), fo;s(Z|ys) < fo, and mos(ys) < 1 for all (&,y,). Therefore,

fi(ys, 2|0, m)
Jorg(@|yr)mos(ys)

> fo ' (&, ys00,m) (5.21)

Let k* = y;. Then, by Lemma 5.13, for any j € {1,..., K},

N =

/ &3 Wjke g, 00)dGs >
yJ

for all n large enough as o, — 0.
For any # € X with ||Z|| < 2a,, , by the construction of sets Ujjkr, there exists j* € {1,..., K} such

that Z, g« p+ € Ujs - and for all sufficiently large n, >, o (Zi — pj= i+ 5)? /07 < 4. Then,

O(E, prje s 00e) = (2m) "2 1] Uz'lexp{ —0.5 % (@i — e ke /0?}

ieJe ieJe

Z (2ﬂ_)_d]0/20_;dJC 6_2.

Thus,

fr(ys,210) = Z Zajk/ (G i, s,05)dGs (T, pjk, 10,0 g¢)

keyy j=1

Zaj*k*¢(-i'7ﬂj*k*,Jc7UJ°)/ &(Ggs tjrix,7,0.5)dY.

and for Cs = fy ! (2m)~4re/2e72/8,

=1 )
fJ(EJJ,l" 7m> > 5 -1, min gk - (27T)—dJc/2o_;dJce—2 =
Jors(Zlyr)mos(y.r) J<K. k€Y
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028
> 203— 2. (5.22)

By assumption (4.9), for any = € X, any y; € YV, and all sufficiently large n,

/A Fors (Fly)mos (y)dir < 2 / Fors @Ely)mos(ur)di. (5.23)

Ay {gr: l9rli<as, }

For any « € X with ||z|| < a5, and g7 € Ay, N {771 : |7r]| < ao,, }, we have ||Z]| < 2a,,, and

p(ys,yr, [0, m) fAyI Ji(ys, x|0,m)dy;

po(ys,yr, ) fAyI Jolg(Zlys)mos (ys)dyr

fAyIm{gl; lirll<ao, } f](yJu CZ’|6> m)dyjr

2 p =
T2 fAy,m{gz: 7l <ao, } Jors@lys)mos (ys)dir

> A, (5.24)

where the first inequality follows from (5.23) and the second one from (5.22) combined with Lemma 5.4.
Next, let us bound f;(ys, |0, m)/ fo s (Z|ys)mo(ys) from below for z € X such that |z|| > a,, and
1911l < o, Forany j < K and k € Yy, [|2—pjk, e |I* < 2012 +lpjn.se11*) < 16]|2[1* as ||, o] < 200,

by construction of Uy, and 2[|z|| > ||Z]|. Then

Ty Wik e, Ogec) = (27 —dyes2 Uflexp —0.5 — [k, 0»2
IR, i J 7

i€Je z€J°

8 2
> (271_)7d‘]c/20_;d‘,c exp{ ||i|| }

I

Then, for n large enough

Frlys, &80,m) =Y Zajk/ &Gy bjk,g,05)dYs (T, pjk,ge, 0 5¢)

keYy j=1
> (2 —dje /g —de 8||x\|2
> (2m) 0,7 exp Z ]kz ¢yJ7#JkJ,UJ)dyJ
j=1 k€Y

ERE
Z (27r)—dJC/2o-;dJC eXp {_ ||0-'1:2H } §Krllj,liknajk.
Yn ’

Combining this inequality with (5.21), we get

fJ(yJ7‘%|97m) 1(27}_) dJC/2f 1 7dJcKo-?%B+dJC ex _8||‘CI’-||2
7 2 2 2 P 2
Jors(Zlyr)mos(ys) — m a?
8 2
> exp {_|:2|| -Cy logn} (5.25)
=N

for sufficiently large Cy because |log [Ko2® /m?] | < logn.
Thus, for ||z|| > a,,, (5.25) and the first inequality in (5.24), which holds for any x € X, deliver

9 2
p(ys.yr, 2l m) exp{ Sz _ ¢, 1ogn} (5.26)
po(ys,yr, ) o

—n

O
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LEMMA 5.15.  Under the assumptions and notation of Section 4, for A, < Ao, where \g is defined in

Lemma 5.9,
polys,yr,x) 17
By [log ] < A2
p(yJayIa'r|07m)
E, ({log WD < A2
p(ysyr,x|0,m)
PRrOOF.
( z) 1
B, {log po(ys,yr, }
p(y‘]7y17m|67m)

imsnno (oo )) oo 5525 )

< 07216(12 +2log(1/A,)%) + Uiﬁ+€ < log(l/)\n)zom

n o

where first inequality is derived using Lemma 5.9 and penultimate inequality is derived using inequalities

(4.27) and (4.31). Similarly,

£, <log po(ys, Y1, ) )
p(yJayIaxw»m)

o s (113 e B o ) 0

< 02814 2log(1/An)) + 028+ < log(1/Ap)o2”.

Furthermore,

IN; K2\ >
logu/An)o?fs1og<1/xn>%3f=10g< 2 )éi(log@nl))?
On

(10g[2N3(C10;d"° {log@:l>}dJC+dJC/T>QJ;2B]>2g2
log(éﬁl) "

<

where the term multiplying €2 on the right hand side is bounded by Assumption 4.5 (N; = o(n'~"))

and definitions of €, and o,,. O

LEMMA 5.16. Under the assumptions and notation of Section 4, for all sufficiently large n, s =

1+1/8+1/7, and some Cs > 0
H(m = N,K,0 € SO*) > exp [_CGNJgngc/B{log(n)}dJcs+max{7’1,1,7’2/7’}] )
PROOF. First, consider the prior probability of m = N;K. By (4.5) for some Cg; > 0,

II(m = NjK) x exp[—a1ogN;K (log NyK)™] > eXp[—C’GlNJé;d"Cm{log(l/'én)}‘gd” (logm)™]

> exp[—Ce1 N &, 4¢P {log(n)}sdre+m] (5.27)

as Ny = o(n'™") by (4.15) and &, < n.
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Second, consider the prior on {a;i}. There exist (jo,ko) such that ke = % and suppose that

|ajk (]?k) 7é (jOa kO) Thena
2ﬂ 528
’ajoko ajﬂk0| = Z a;k —Qjr| < ( - 1) > ﬁ
(Jk)#(joko)
28 ] _ 528 28+d se
ke Z oy — m 2 m  — 2m?
Furthermore,

K 23 28
. * On On 258
Eﬁ gy lojk — aZy| < (m— 1)—m2 + o < 20"
It then follows that
28+d e
o
E E Qi —a | <2028 min oag >
j=1key o ol < 2o <K key, 8T T om?2
- J

025 28 . )
> 11 (Joge ) < g 2 72 for () € (Leeos K) % 22\ (o o)} )

> exp {_CGQNJKIOg(NJK/O's)} ,

where the last inequality is derived in the proof of Lemma 10 in Ghosal and van der Vaart (2007) for
some Cga > 0 (see, also, Lemma 6.1 in Ghosal et al. (2000)). Note that

Klog(N,K /o) < &%/ log(&,")%** log(N,&, %7/~ log(&, ") ¥+

S &, % /P log(n)esth, (5.28)

Assumption (4.4) on the prior for o; implies that for i € J

dy djy
1—[1'[(0;2 > 32N?Blogo,t) > H (a6(64Ni26 log o, 1) exp {—a9(64Ni2510gU;1)1/2}>
i=1 i=1
> exp{ C63NJ IOg } > exp{ C64NJ IOg( )} (529)
and for i € J¢,

dye

HH ( -2 < 072 <oy, 1 + 02/3 H ag(o a702“8ﬁ exp {—(lgO';é})

i=1 i=1

dje dje

Z Hexp {—0650',;71} = Hexp {_CGSU;ﬁ/IBi} 2 exp {—Cﬁ5dJcU;d‘lc}
> exp {—C66€;d"“/ﬂ log(n)d"c/ﬁ} . (5.30)

Assumption (4.6) on the prior for y;j implies

1 1 N;K
H H HH( Mik,i € { 4Ni’ki+4Ni]> > (a112” d]N exp{—ai2})

j=1key; ied
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> exp {—Ce7 N K log(Ny)}

> exp {_CﬁgNng_LdJC/B log(n)d”s"’l} (5.31)

and

K N;K
H H 11 (ﬂjk,JC S Uﬂk) Z <a11 exp {—alga;i } Hllkn VOl(UJ|k)>
j=1keY; 7

= (a11 exp {—a1pa72 } gle 2rdse) VK

On

> exp {7069NJ€:LdJc/ﬁ 1og(n)d"cs+ma"{1’”/7}} . (5.32)
It follows from (5.27) - (5.32), that for all sufficiently large n and some Cs > 0,

(K (po,€n)) > (m = N;jK,0 € Sy«) > exp[—C’6NJ€;dJC/ﬁ{log(n)}d””ma"{”’1”'2/7}].

O
5.2.2. Sieve Construction and Entropy Bounds.
LEMMA 5.17. For He N, 0< g <7, and i > 0, let us define a sieve
F=A{p(y,z|0,m): m < H, p; € [-m,a@%j=1,...,m,0; € [g,5),i = 1,...,d}. (5.33)

ForO<e<lando <1,

For all sufficiently large H, large @ and small g,

O(F°) <H?*d exp{—a130"} + exp{—a1oH (log H)™}

+ day exp{—azc2*} + day exp{—2as5log7}.

PROOF. The proof is similar to proofs of related results in Norets and Pati (2017), Shen et al. (2013),
and Ghosal and van der Vaart (2001) among others.

Let us begin with the first claim. For a fixed value of m, define set S} to contain centers of [S]'| =
[127id/(c€)] equal length intervals partitioning [z, 71]. Let S™ be an €/3-net of A™~1 in total variation
distance (Vo € A™ ! Ja € 8™, dry(a, &) < €/3). From Lemma A.4 in Ghosal and van der Vaart

(2001), the cardinality of S, is bounded as follows
S5 < [15/€]™.

Define S, = {o',i=1,...,[log(7/a)/(log(1 +¢/(12d)], 0! = a, (c'T1 — o!) /ol = ¢/(12d)}.
Let us show that

Sr={ply,z|0,m): m < H, a € S}, 0; € Sy, pji €5, j <m,i<d}



34 A. NORETS AND J. PELENIS

is an e-net for F in dpy. For a given p(-|0,m) € F with o < o; < ohtl, i =1,...,d, find & € S,

fiji € Syje, and &; = 01, € S, such that for all j=1,...,mandi=1,...,d

. e B € |o;— a4 €
lpji — figil < 124’ zj:|aj —ay] < 3 & < 24
By Lemma 5.4, dTv(p(~|9,m),p(-|§, m)) < dry(f(-|6,m), f(|§, m)). Similarly to the proof of Propo-
sition 3.1 in Norets and Pelenis (2014) or Theorem 4.1 in Norets and Pati (2017),

dry (F(-10,m), f(10,m)) < la; —a] + 2 max |lop,.0 = o6l
j

d ~ ~
se/3+42{“”_“”| + ”“”"} <e
=1

o; \0; o; N\ 0

This concludes the proof for the covering number.

The proof of the upper bound on II(F€) is the same as the corresponding proof of Theorem 4.1
in Norets and Pati (2017), except here the coordinate specific scale parameters and slightly different
notation for the prior tail condition (4.7) lead to dimension d appearing in front of some of the terms in
the bound.

O

LEMMA 5.18.  Consider ¢, = (N;/n)P7e/2B1e+) (logn)t7 and &, = (Ny/n)P7°/ 282+ (log n)ts with
ty >ty +max{0, (1 —71)/2} and t; > tjo, where tjo is defined in (4.16). Define F,, as in (5.33) with

€ =¢en, H=ne2/(logn), a = e g =n=1/(20) "

.7 =¢€", and i = n'/™. Then, for some constants

[
c1,c3 > 0 and every ca > 0, F,, satisfies (4.19) and (4.20) for all large n.
ProOF. From Lemma 5.17,
log M. (€, Fn,p) < c1Hlogn = cine?.
Also,

(7)) < H? exp{—aisn} + exp{—aioH (log H)™}

+ ay exp{—aan} + a4 exp{—2aszn}.

Hence, II(F¢) < e~ (2HDn& for any ¢y if €2 (logn)™ 1 /e2 — oo, which holds for t; > #; + max{0, (1 —

7'1)/2}.
O
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