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Abstract The evaluation of avalanche release conditions constitutes a great challenge for risk
assessment in mountainous areas. The spatial variability of snowpack properties has an important impact
on snow slope stability and thus on avalanche formation, since it strongly influences failure initiation
and crack propagation in weak snow layers. Hence, the determination of the link between these spatial
variations and slope stability is very important, in particular, for avalanche public forecasting. In this study,
a statistical-mechanical model of the slab-weak layer (WL) system relying on stochastic finite element
simulations is used to investigate snowpack stability and avalanche release probability for spontaneously
releasing avalanches. This model accounts, in particular, for the spatial variations of WL shear strength
and stress redistribution by elasticity of the slab. We show how avalanche release probability can be
computed from release depth distributions, which allows us to study the influence of WL spatial variations
and slab properties on slope stability. The importance of smoothing effects by slab elasticity is verified
and the crucial impact of spatial variation characteristics on the so-called knock-down effect on slope
stability is revisited using this model. Finally, critical length values are computed from the simulations as
a function of the various model parameters and are compared to field data obtained with propagation
saw tests.

1. Introduction

Evaluating avalanche release conditions is crucial for both public forecasting and avalanche hazard map-
ping. Most avalanche incidents are caused by dry snow slab avalanches which generally result from a
sequence of fracture processes including (1) failure initiation in a weak snow layer underlying a cohesive
slab, (2) crack propagation within the weak layer, and (3) slab tensile fracture which leads to its detach-
ment [McClung, 1979; Schweizer et al., 2003]. Due to the multiscale variability of the quantities involved
in avalanche release and the complex microstructure of snow, accurate prediction of location and tim-
ing of snow avalanches is so far not possible. For instance, snowfall and snow depth are highly variable
at the mountain range and regional scale [Durand et al., 2009; Blanchet and Lehning, 2010; Eckert et al.,
2010; Gaume et al., 2013b] and mechanical properties of snow are strongly heterogeneous at the basin
and slope scale [e.g., Jamieson and Johnston, 2001; Kronholm and Schweizer, 2003; Schweizer et al., 2008].
This spatial variability is due to several external drivers such as precipitation, wind or solar radiation, and
their interaction with terrain and also to internal processes such as snow metamorphism or water infiltra-
tion. Understanding and predicting avalanche release under such multiscale spatial variations is extremely
complex, and they hinder deterministic modeling of avalanche release.

Numerous field studies have documented spatial variations of snow cover properties to investigate the
reliability of snow slope stability measurements [e.g., Jamieson and Johnston, 1993; Birkeland et al., 1995;
Landry et al., 2004]. More recently, it was recognized that these spatial variations play an important role in
the fracture processes of failure initiation and crack propagation in the weak layer leading to dry snow slab
avalanche release [Schweizer et al., 2008]. However, the link between snowpack spatial variability and slope
stability has still not been fully established [Bellaire and Schweizer, 2011] and is currently still a topic of active
research [Reuter and Schweizer, 2013].

Hence, to investigate slope stability and avalanche release size, measured variations in snow properties
have been used as input for numerical models of slab-weak layer systems [Failletaz et al., 2004; Fyffe and
Zaiser, 2004, 2007; Chiaia and Frigo, 2009; Gaume et al., 2012, 2013a]. By coupling results of a mechanical
model accounting for variations in the mechanical properties of the weak layer with observed snowfall
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distributions, Gaume et al. [2012, 2013a] were able to reproduce avalanche release depth distributions
from field observations which proved to be very useful for long-term hazard mapping, for instance, using
statistical-dynamical simulations [Meunier and Ancey, 2004; Eckert et al., 2010]. These results thus con-
firmed the major influence played by the heterogeneity of weak layer mechanical properties on avalanche
release size.

Our aim is therefore to relate snowpack variability and slope stability for natural releases by using a
mechanically-based statistical model of avalanche release. The model, based on the stochastic finite ele-
ment method, was initially developed to compute avalanche release depth distributions required as input
of avalanche flow models for hazard mapping [Gaume et al., 2012, 2013a]. In this paper, we extended it to
focus on the avalanche release probability as a function of snowpack properties and their spatial variations,
in view of avalanche forecasting.

We will first present the method used to compute the avalanche probability from release depth distribu-
tions. Then, we will show how slope stability is influenced by variations of weak layer (WL) mechanical
properties in terms of average shear strength, its standard deviation, and correlation length. The influence
of slab properties on the results, in terms of slab thickness and elastic modulus will also be presented. Fur-
thermore, these results will be applied to a case study of a virtual snow slope to highlight the importance of
considering spatial variability for practical applications such as public avalanche forecasting. Finally, we will
show how to compute the critical length required for a self-propagating crack as a function of the model
parameters. The modeled critical lengths will then be compared to the ones obtained from propagation
saw tests.

2. Methods
2.1. Presentation of the Mechanically-Based Statistical Model
The mechanically-based statistical model developed by Gaume et al. [2012, 2013a] enables finite ele-
ment simulations of a slab-WL system. The model takes into account the spatial variations of snowpack
mechanical properties and stress redistribution effects by the elasticity of the slab.

The weak layer is modeled as quasi-brittle (strain softening) interface with a Mohr-Coulomb failure crite-
rion characterized by a cohesion c and a friction angle 𝜙 = 30◦ [van Herwijnen and Heierli, 2009]. The shear
strength of the weak layer is thus equal to 𝜏p = c+𝜇𝜎n, where 𝜎n = 𝜌gh cos 𝜃 (note that values can be locally
different due to stress redistributions induced by slab elasticity or to inertia) is the applied normal stress with
h the slab depth (measured normal to the slope), 𝜌 the slab density, 𝜃 the slope angle, and 𝜇 = tan𝜙 the
friction coefficient. The objective is not to develop a complete mechanical model of slab avalanche release
accounting for all the complex processes at play. Both the geometry and the mechanical behavior of the
system are greatly simplified while keeping the ingredients essential to describe the mechanics of snow slab
release in order to relate slope stability to weak layer heterogeneity. Note, however, that the results of this
study would still remain relevant if a different mode of WL failure, such as suggested in the anticrack model
[Heierli et al., 2008], would be assumed, as discussed in Appendix B and in section 4.

The spatial variability is accounted for through a stochastic distribution of the cohesion c of the WL with a
spherical covariance function of correlation length 𝜖 (this covariance function is presented in more detail in
Gaume et al. [2013a]). The average cohesion is denoted by ⟨c⟩, its standard deviation by 𝜎c, and the coeffi-
cient of variation by CV = 𝜎c∕⟨c⟩. The shear stiffness (interfacial shear elastic modulus in Pa/m) of the WL is
denoted as ks (see Gaume et al. [2013a], for more details). The homogeneous slab is elastic with a density
𝜌, a constant Young’s modulus E (varying in a range of realistic values between 0.1 and 100 MPa, accord-
ing to Mellor [1975], Scapozza [2004], and Sigrist [2006]) and a constant Poisson’s ratio 𝜈 = 0.2. The system
is loaded by progressively increasing the slope angle 𝜃 until failure. Time-dependent aspects of the failure
process were not taken into account as we focus on the final stage of failure which is characterized by very
high strain rates. For each set of parameters (slab depth h, WL average cohesion ⟨c⟩, its standard deviation
𝜎c, and correlation length 𝜖), 100 finite element simulations were performed with different realizations of
the heterogeneity of the weak layer shear strength (𝜏pi

(x) = ci(x) + 𝜇𝜎n, i = 1, ..., 100), leading to 100 values
of the release angle so that a statistical analysis can be performed [see Gaume et al., 2013a, for more details].
In total, more than 8000 finite simulations were performed. The simulated system is represented in Figure 1
with an example of WL shear strength variation.
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Figure 1. Configuration of the slab weak layer system. The red curve represents a realization of the Gaussian hetero-
geneity of the weak layer strength (cohesion) for 𝜖 = 2 m. The system is loaded by increasing the slope angle until
failure. Slab mesh: 100 elements in the x direction, six elements in the z direction. WL interface mesh: 100 elements in
the x direction.

Two videos of finite element simulations with a heterogeneous WL and a single crack (also called deficit
zone or super weak zone in the literature) are available as a supporting information showing the temporal
evolution of the stresses inside the weak layer during loading.

2.2. Evaluation of Avalanche Release Probability
The model results were analyzed to compute for each simulation the critical release depth hc correspond-
ing to the mechanical stability criterion for a given slope angle. The release depth distribution p(hc|𝜃) was
adjusted by the following normal distribution [Gaume et al., 2013a]:

p(hc|𝜃) = 1

𝜎h

√
2𝜋

e
− 1

2

(
hc−⟨h⟩
𝜎h

)2

, (1)

with ⟨h⟩ = ⟨c⟩f1∕(𝜌gF) the average release depth, 𝜎h = 𝜎c

√
f2∕(𝜌gF) the release depth standard devi-

ation, and F = sin 𝜃 − 𝜇 cos 𝜃. The function f1 (always lower than 1) is called the “knock-down” function
since its effect is to decrease the apparent cohesion f1⟨c⟩ of the weak layer. As we will show, f1 depends on
the correlation length 𝜖, the slab depth h, the coefficient of variation of the heterogeneity CV = 𝜎c∕⟨c⟩, the
Young’s modulus E of the slab and the characteristic length of the system Λ =

√
E′h∕ks associated with

stress redistributions due to slab elasticity. Here E′ = E∕(1 − 𝜈2) and ks is the weak layer shear stiffness. The
function f2 (also always lower than 1) is called the smoothing function since it decreases the apparent vari-
ability. It depends on E, 𝜖, and Λ. The functions f1 and f2 will be presented in more detail in section 3. From
equation (1), one can define an avalanche probability Paval, the probability that the “real” slab depth hreal

exceeds the critical depth hc following from the mechanical stability criterion.

Paval = P(h = hreal ≥ hc) = ∫
h

0
p(hc|𝜃)dhc. (2)

In addition, since Λ and f1 vary only slightly with h in our results (see Gaume et al. [2013a], and section 3.1),
we assume Λ to be constant in the following. This approximation does not significantly influence the results
to be presented, but it allows us to obtain analytical solutions. The avalanche probability can then be
rewritten as

Paval =
1
2

[
1 + erf

(
𝜌ghF − f1⟨c⟩

𝜎c

√
2f2

)]
, (3)

erf being the well-known error function. Our avalanche probability is a quantitative slope stability indicator
depending on slab depth h, slope angle 𝜃 via F, and the variability parameters ⟨c⟩, 𝜎c, and 𝜖. The avalanche
probability also depends on E via f1 and f2. Since the erf function increases from −1 to +1, and the denom-
inator 𝜎c

√
2f2 is always positive, stability significantly depends on the sign of 𝜌ghF − f1⟨c⟩. Typically, one

can define two main stability cases: stable for Paval < 0.5 and unstable for Paval > 0.5 (Figure 2). In terms of
stress and strength, one can note that analyzing the sign of 𝜌ghF − f1⟨c⟩ is equivalent to analyzing the sign
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Figure 2. Schematic representation of the two main stability cases depending on the sign of the quantity 𝜌ghF − f1⟨c⟩.
The blue curve is an example of a realization of the cohesion heterogeneity for ⟨c⟩ = 1 kPa (dashed line) and 𝜎c = 300 Pa.
The zones where 𝜌ghF∕f1 > c are colored in magenta. (top) Stable case; (bottom) unstable case.

of 𝜏 − ⟨𝜏p⟩∗, the difference between the shear stress due to the slab 𝜏 = 𝜌gh sin 𝜃 and the apparent average
shear strength of the WL ⟨𝜏p⟩∗ = f1⟨c⟩ + 𝜇𝜎n.

3. Results

In the following, we first analyze the drivers of the knock-down and smoothing functions f1 and f2, respec-
tively. Then, we show the influence of WL variability in terms of ⟨c⟩, 𝜎c, and 𝜖, as well as slab elasticity on
avalanche probability (equation (3)). Finally, the results will be applied to a case study of a virtual snow slope.

3.1. Knock-Down Function f1

The knock-down function f1 corresponds to the ratio between the average release depth ⟨h⟩ for a hetero-
geneous WL and the release depth hth = ⟨c⟩∕(𝜌gF) that would be obtained with a homogeneous WL
characterized by a cohesion equal to ⟨c⟩. The function f1 decreases with 𝜖∕h for all values of the Young’s
modulus (Figure 3a). If the correlation length is much smaller than slab depth, the slab “sees” the weak layer
as homogeneous, which is why f1 tends to 1. On the contrary, if the correlation length becomes larger than
the slab depth, the system is sensitive to local shear strength minima which facilitate failure initiation. The
function f1 also linearly decreases with the coefficient of variation CV (Figure 3b). Indeed, variations with
large amplitude lead to long zones that are weaker than the average cohesion (Figure 2) so that the appar-
ent cohesion, product between ⟨c⟩ and f1, decreases. Overall, f1 increases with E, for all the values of 𝜖∕h or
CV. For a very rigid slab, f1 is almost independent of CV and very close to 1. The stiffer the slab is, the smaller
the knock-down effect becomes. A complete fitted expression of f1 with dimensionless parameters of the
system, namely, a combination between 𝜖∕Λ, h∕Λ, E∕(𝜌gΛ), and CV is detailed in Appendix A. The proposed
expression allowed to explain all the data sets from the FE simulations for the different model parameters by
matching all the data points on a single master curve.

In order to better understand these dependencies, the simple case of a single crack of shear strength equal
to the residual stress 𝜏r (zero cohesion) within a homogeneous WL is examined (see section 3.4 and the illus-
tration in the supporting information). The solution of this problem was given by Chiaia et al. [2008] and
generalized by Gaume et al. [2013a] for a Mohr-Coulomb WL failure criterion, showing that a stress concen-
tration occurs at the tip of the crack. Hence, once a crack is initiated in a very weak zone, stresses will be
redistributed toward stronger neighboring areas which in turn will reach the failure criterion more easily. For
a crack of half-length a, the maximum shear stress at the tip is given by

𝜏max = 𝜏g

[
1 − a

Λ

(
𝜏r

𝜏g
− 1

)]
, (4)

where 𝜏r = 𝜎n tan𝜙 is the residual stress inside the crack and 𝜏g = 𝜌gh sin 𝜃 the shear stress due to the
weight of the slab. The crack becomes self-propagating when this maximum shear stress reaches the failure
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Figure 3. (a) Knock-down function f1 versus 𝜖∕h for different Young’s moduli E of the slab and for CV = 30%. (b) Influence
of the coefficient of variation CV of WL cohesion (strength) and Young’s modulus on f1 for h = 1 m and 𝜖 = 0.5 m. (c)
Influence of 𝜖∕Λ and Young’s modulus on the smoothing function f2 for CV = 30%. The different colors correspond to
the different values of Young’s modulus (black: E = 0.1 MPa, red: E = 1 MPa, green: E = 10 MPa, and brown: E = 30 MPa).
The symbols are the results from the FE model, and the dashed lines are the fitted FE results (see Appendix A). The two
insets represent the dependence of f1 and f2 with Young’s modulus for two (𝜖,h) couples: (𝜖 = 5 m, h = 0.5 m) and
(𝜖 = 0.5 m, h = 1 m).

criterion. Hence, the critical shear stress 𝜏g,s required for expansion of a single crack of half-length a can
be computed:

𝜏g,s =
1

1 + a
Λ

[
c + 𝜎n tan𝜙

(
1 + a

Λ

)]
. (5)

Hence, one can deduce the ratio between the release depth h and the release depth that would be obtained
without the crack hth = c∕(𝜌gF) (case of a homogeneous weak layer):

f1 = h
hth

= 1
1 + a

Λ

. (6)

The origin of the dependence of f1 on 𝜖∕h, CV, and E (Figures 3a and 3b) can therefore be qualitatively
explained by equation (6) and the fact that potential crack lengths increase with increasing correlation
length 𝜖 and coefficient of variation CV (Figure 2) and that Λ increases with increasing slab depth h and
Young’s modulus E of the slab. If a∕Λ << 1, for instance, for small values of 𝜖 or CV or for high values of
h or E, then f1 tends to 1, limit which would correspond to the case of a homogeneous weak layer. On the
contrary, with increasing ratio of a∕Λ, the knock-down function f1 decreases.

3.2. Smoothing Function f2

The smoothing function f2 corresponds to the ratio between the release depth variance 𝜎2
h and the variance

that would be obtained for a completely rigid slab (E → ∞), in which case the stresses would exactly follow
the heterogeneity variations (no stress redistribution):

f2 =
𝜎2

h

𝜎2
∞
, (7)
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Figure 4. Avalanche probability as a function of heterogeneity parameters: (a) average WL cohesion ⟨c⟩ and its standard
deviation 𝜎c for 𝜖 = 2 m, (b) average WL cohesion ⟨c⟩ and correlation length 𝜖 for CV = 30%, and (c) coefficient of varia-
tion CV and correlation length for ⟨c⟩ = 300 Pa. All these graphics have been computed for h = 0.5 m, 𝜌 = 250 kg/m3,
E = 1 MPa, and 𝜃 = 38◦ . The black dashed line corresponds to Paval = 0.5. The marginal graphs with the white back-
ground represent 1-D plots of the avalanche probability for fixed values of one of the 2-D diagram variables (highlighted
with arrows).

with 𝜎2
∞ = 𝜎2

c ∕(𝜌gF)2. Overall, f2, similar to f1, is always lower than 1 and increases with increasing 𝜖∕Λ
(Figure 3c). When the correlation length is much smaller than the characteristic elastic length of the sys-
tem, the variability is smoothed by the elasticity of the slab and thus the apparent (or “smoothed”) standard
deviation 𝜎c

√
2f2 tends to 0. This smoothing is further amplified by the elasticity of the slab, explaining the

increase of f2 with increasing E. Similarly as for f1, the complete relation between f2 and the dimensionless
parameters 𝜖∕Λ and E∕(𝜌gΛ) fitted by a single function is detailed in Appendix A.

3.3. Influence of Weak Layer Spatial Variability on Slope Stability
Substituting the fitted knock-down and smoothing functions f1 and f2 (Appendix A) into equation (3)
allowed us to calculate the avalanche probability Paval as a function of the parameters that characterize the
variability of the WL (Figure 4) and as a function of Young’s modulus (Figure 5).
3.3.1. Influence of the Average Cohesion
As expected, the avalanche probability decreases with increasing ⟨c⟩ for all values of 𝜎c (Figure 4a) and 𝜖

(Figure 4b). For 𝜎c = 0 (case of a homogeneous WL, f1 = 1) Paval goes abruptly from 1 to 0 for ⟨c⟩ = 𝜌ghF. As
𝜎c increases, the decrease of Paval with ⟨c⟩ is smoother and a higher value of ⟨c⟩ is required to reach complete
stability (Paval = 0). The average cohesion value from which Paval starts to decrease is always the same, i.e.,⟨c⟩ = 𝜌ghF, independent of 𝜎c. The limit between stable (Paval < 0.5) and unstable regions (Paval > 0.5) is
defined by the criterion 𝜌ghF = f1⟨c⟩. Therefore, for a heterogeneous WL (f1 < 1), a value of ⟨c⟩ higher than
the homogeneous value 𝜌ghF is required to stabilize the system, i.e., cross the Paval = 0.5 line.
3.3.2. Influence of the Cohesion Standard Deviation
The avalanche probability generally increases with increasing standard deviation 𝜎c for all values of the aver-
age cohesion ⟨c⟩. This clearly illustrates the knock-down effect on slope stability caused by variations in WL
shear strength. This effect thus causes lower release depths than in the case of a homogeneous WL due to a
decrease in stability.

GAUME ET AL. ©2014. American Geophysical Union. All Rights Reserved. 1788
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Figure 5. (a) Critical body weight shear stress required for propagation of a preexisting crack versus Young’s modu-
lus E of the slab. The crack has a half-length a = 0.5 m, a slope angle of 𝜃 = 38◦ , a slab density of 𝜌 = 250 kg/m3,
and depth h = 0.5 m. The insets show the shear stress profiles around the crack for an elastic (E = 1 MPa) and a
rigid slab (E → ∞). (b) into versus Young’s modulus E for different average WL cohesion. Two cases are shown: #1
constant load and constant slab density 𝜌 = 250 kg/m3 (solid lines) and #2 same load but with a density obtained
from Young’s modulus via Scapozza [2004]’s adjustment (equation (10)) and a slab depth inversely proportional to
the density.

In detail, the initial value of 𝜎c at which Paval clearly starts to increase from zero depends on ⟨c⟩. This value,
denoted by 𝜎0

c , corresponds to the amount of variability required to reach locally the stress value 𝜌ghF. If the
entire cohesion distribution is above 𝜌ghF, then Paval = 0. The value of 𝜎0

c can be approximated by

𝜎0
c =

f1⟨c⟩ − 𝜌ghF

1.96
√

f2

, (8)

since 95% of the apparent cohesion values belong to [f1⟨c⟩ − 1.96𝜎c

√
f2; f1⟨c⟩ + 1.96𝜎c

√
f2] if c is simulated

through a Gaussian process. Two 𝜎0
c values are shown by the vertical dotted lines for ⟨c⟩ = 300 Pa and⟨c⟩ = 500 Pa in Figure 4a (top). On the contrary, to reach instability, if the overall cohesion distribution is

below 𝜌ghF, a certain value of the standard deviation 𝜎1
c is required and defined by

𝜎1
c =

f1⟨c⟩ + 𝜌ghF

1.96
√

f2

. (9)

For the case ⟨c⟩ = 300 Pa, the corresponding value of 𝜎1
c is shown in Figure 4a (top) by a dash-dotted line.

3.3.3. Influence of the Cohesion Correlation Length
The avalanche probability Paval generally increases with 𝜖 (Figure 4b). The rate of increase as well as the limit
value of Paval for a high value of the correlation length depend on the average cohesion. For instance, for⟨c⟩ ≥ 300 Pa (grey line in Figure 4b, top), the avalanche probability remains below 0.5. Consequently, the
correlation length also has a knock-down effect on slope stability, albeit less pronounced than the effect
of standard deviation. The combined effect of 𝜖 and CV on Paval is illustrated in Figure 4c. Again, the strong
influence of 𝜖 for values lower than ≈ 4 m is clear and for values of 𝜖 < 1 m, the CV has almost no influence
due to the important smoothing effect. Indeed, in this case, as 𝜖 is much smaller than Λ (= 1.1 m), the vari-
ability in weak layer strength is averaged out due to stress redistributions by the elasticity of the slab. For
large values of 𝜖, CV mainly determines the changes in avalanche probability.

3.4. Influence of Slab Elasticity
As previously shown, an increase in elasticity (decreasing Young’s modulus E) implies a decrease of both
the knock-down and smoothing functions f1 and f2 (Figure 3). However, for a slope that is stable on average
(𝜌ghF − f1⟨c⟩ < 0), the two functions affect slope stability in opposite ways. An increase in f1 with increasing
E means an increase of stability since the apparent cohesion f1⟨c⟩ increases. This can be well understood for
the case of a single crack inside the WL for which the elasticity of the slab causes the stress at the tip of the
crack to be redistributed (Figure 5a, inset). The failure criterion will then be reached more quickly than for
a completely rigid slab, for which there is no stress redistribution. This explains why the stress required to
trigger the instability increases with E (Figure 5a). The effect of the smoothing function f2, on the other hand,
is to enhance the stability for low values of E since the WL heterogeneity is smoothed out. To illustrate the
overall effects of f1 and f2 on Paval and thus to understand the global effect of slab elasticity on slope stability,
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Figure 6. (a–c) Evaluation of the stability of a virtual slope (repre-
sented in grey with a white snowpack) of maximum angle 𝜃 = 45◦ at
x = 500 m, constant vertical slab depth hz = 0.5 m (h = hz cos 𝜃),
slab density 𝜌 = 250 kg/m3 and a Young’s modulus E = 1 MPa using
the following: (i) the classical stability index SI, i.e., the ratio between
WL shear strength and shear stress due to the slab (blue curves) and
(ii) the presented model that takes into account WL variations in shear
strength (pink curves) for different scenarios of WL strength varia-
tions (different values of the coefficient of variation CV and correlation
length 𝜖).

the avalanche probability is presented
in Figure 5b as a function of the Young’s
modulus of the slab for three values of
the WL cohesion. Case #1, corresponds
to the parametric analysis of the effect
of E (constant density), whereas case #2
corresponds to a more realistic case in
which the slab density was related to
Young’s modulus by a power law fit of
the data collected by Scapozza [2004]:

E(𝜌) = 5.07 × 109 ×
(

𝜌

𝜌ice

)5.13

(10)

with 𝜌ice = 917 kg/m3. However, in
order to have comparable results, the
weight of the slab was kept constant,
i.e., the slab depth decreased as the den-
sity increased. For case #1, there is a
clear decrease in Paval with increasing
E, thus stability increases with increas-
ing stiffness. For case #2, on the other
hand, the avalanche probability also
decreases with increasing E but is lower
than for case #1 for low values of the
Young’s modulus (E < 3 MPa) and then
becomes very slightly higher. The effect
is more complicated in this more realistic
case since for very low values of E, and
thus low slab density, a very thick slab
is required to obtain the same load. This
implies weak knock-down (f1 ≈ 1) and
large smoothing (f2 → 0) effects and thus
an increase in stability compared to case
#1. Overall, this result shows that a soft
elastic slab facilitates failure initiation in
the WL. Using different parameteriza-
tions to describe the relation between
Young’s modulus and slab density would
not significantly change this finding for a
range of realistic slab density values.

3.5. Illustration of the
Knock-Down Effect
In order to illustrate the knock-down
effect and its importance for avalanche
formation and forecasting, we com-
pare the classical stability index, which
is widely used for avalanche forecasting

(in SAFRAN-Crocus-MEPRA in France [Brun et al., 1992; Giraud, 1992] and in SNOWPACK in Switzerland
[Lehning et al., 2004; Schweizer et al., 2006]), with our modeled avalanche probability for the simple case
of a virtual snow slope (Figure 6). The slope has a maximum angle of 45◦ at x = 500 m, a constant slab
depth of 50 cm, a slab density of 250 kg/m3, and a Young’s modulus E = 1 MPa. For an average cohesion
of 800 Pa, the classical stability index is always above 1, suggesting a stable slope (Figure 6a). On the steep
part of the slope the stability index is between 1 and 1.5, which is considered as “fairly stable.” The avalanche
probability Paval computed from equation (3), on the other hand, is larger than 0.5 for CV = 0.3. A decrease of
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Figure 7. (a) Critical length (dimensionless and nondimension-
less) as a function of 𝜖∕h and as a function of the CV in inset. The
different colors correspond to the different values of Young’s mod-
ulus (black: E = 0.1 MPa, red: E = 1 MPa, green: E = 10 MPa,
and brown: E = 30 MPa). The symbols are the results from the FE
model, and the dashed lines are the fitted FE results (same legend
as in Figure 3); (b) Critical length (dimensionless and nondimen-
sionless) as a function of slab’s density and with a dependence
of Young’s modulus with 𝜌 following the adjustment of Scapozza
[2004] (equation (10)) and for a constant load.

the CV and/or of the correlation length
leads to a decrease of the avalanche
probability—thus more stable conditions.
Decreasing the average cohesion to 500 Pa
leads to a stability index which is lower than
1 on the steep part of the slope (Figure 6b).
Hence, this would be forecasted as an
unstable slope. For this case, the avalanche
probability is equal to 1 regardless of the
value of the CV. Consequently, for the unsta-
ble case, both approaches lead to similar
results. Finally, increasing the average cohe-
sion to 1000 Pa (Figure 6c), the stability index
predicts a slope which can be considered
as completely stable (SI > 1.5). In this case,
the avalanche probability also predicts a
slope that is stable on average. However, for
CV = 0.3 and a correlation length 𝜖 = 2 m the
avalanche probability Paval is still almost 10%.
This simple example highlights the need to
account for spatial variability in WL shear
strength and its knock-down effect on slope
stability. Indeed, the WL heterogeneity cou-
pled with the elasticity of the slab induces
stress concentrations at the tip of the weaker
zones which can in turn reach the failure
criterion more easily. These effects can signif-
icantly change the stability prediction given
by the classical stability index.

4. Application to the Evaluation
of the Critical Length
4.1. From WL Heterogeneity
to the Critical Length
Once a failure has been initiated inside the
WL, it has to reach a critical length, denoted
by ac, to become self-propagating (an illus-
tration is given in the supporting information

and also in the inset of Figure 5a). It is not feasible to compute the critical length for each simulation with
spatial variations of WL shear strength. We therefore assume that ac follows the relationship given for a sin-
gle crack (equation (6)), taking into account the average release depth obtained through the finite element
simulations according to

ac

Λ
= 1⟨h⟩∕hth

− 1 = 1
f1

− 1 (11)

Hence, we can compute ac as a function of 𝜖∕h, CV, and E. As expected, the critical length increases with
increasing 𝜖 and CV, and decreases with increasing slab depth h due to smoothing effects (Figure 7a).
Furthermore, the ratio ac∕Λ decreases with increasing E, but the critical length increases with increasing
Young’s modulus (since Λ increases with

√
E). Considering the relation between Young’s modulus and

snow density [Scapozza, 2004] (cf. case #2, section 3.4), the dimensionless critical length ac∕Λ peaks for a
density of ≈60 kg/m3 after which it decreases with increasing density (Figure 7b), for all values of CV and
𝜖. The critical length ac increases with increasing slab density up to a density of ≈350 kg/m3, at which it
stabilizes. As we showed above in section 3.4, soft slabs (low Young’s modulus) are more prone to failure
initiation under given loading conditions, resulting in lower values of the critical length ac. The values of ac
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Figure 8. (a) Survivor functions of the critical length P(≥ ac) and dimensionless critical length P(≥ ac∕Λ) from 62 prop-
agation saw tests (PSTs) near Davos [Reuter and Schweizer, 2012]. The survivor function corresponds to the probability
of having a value higher or equal than a threshold, represented in abscissa. (b) Critical length and (c) dimensionless
critical length as a function of the average slab density for PST measurements. The dotted lines correspond to the
model prediction for CV = 25%, 𝜖 = 1.5 m, and ⟨c⟩ = 300 Pa corresponding to an average specific fracture energy
GII = 0.21 J/m2.

are typically between 5 and 50 cm for realistic values of the parameters which is consistent with field mea-
surements [Schweizer, 1999; Gauthier and Jamieson, 2008; McClung, 2011; Ross and Jamieson, 2012; Reuter
and Schweizer, 2013]. The dimensionless critical length ac∕Λ ranges between 0.05 and 0.35. This is a very
interesting result since, as shown in Appendix B, for values of ac∕Λ lower than approximately 0.4, the critical
length is almost independent of the approach which is considered (strength of material or fracture mechan-
ics) and the assumptions (presence or absence of collapse) to be used. For ac∕Λ > 0.5, thus for large crack
lengths and/or very low slab density (implying high elasticity, i.e., low Young’s modulus), the purely mechan-
ical and fracture mechanical approaches lead to substantially different results, difference which is further
amplified if WL collapse is considered.

4.2. Comparison With Field Data
In this section, we compare our modeled critical lengths to those obtained from 62 propagation saw tests
(PSTs) [Reuter and Schweizer, 2012]
4.2.1. PST Data
The propagation saw test was concurrently developed by Gauthier and Jamieson [2006] and Sigrist and
Schweizer [2007]. Gauthier and Jamieson [2008] showed that it is a good indicator for crack propaga-
tion propensity. We made measurements near Davos, Switzerland, during the winters of 2009/2010 and
2010/2011 for different aspects, slope angles (from 15 to 30◦), slab depths (from 20 to 60 cm), and slab den-
sities (from 120 to 270 kg/m3). The distribution of the critical length ac obtained from these measurements
is shown in Figure 8a as well as the dimensionless critical length ac∕Λ. To compute Λ, the WL cohesion
is required but was not directly measured (the shear stiffness ks of the WL is equal to the ratio between
WL shear strength and a characteristic peak tangential displacement, see Gaume et al. [2013a], for more
details). Hence, WL cohesion was derived from the specific fracture energy GII according to equation (B7) in
Appendix B. The specific fracture energy was determined using finite element modeling [Sigrist, 2006; Sigrist
and Schweizer, 2007]. Furthermore, since the PSTs were performed from the lower edge of the system, the
critical lengths obtained from the PSTs were compared to half the critical length obtained from the model
(which considers a crack in the middle of the weak layer). This assumption was corroborated by recent field
measurements [Bair et al., 2014]. Note, however, that Sigrist and Schweizer [2007] showed, on the basis of the
anticrack model [Heierli et al., 2008], that the ratio between the critical length obtained from a standard PST
(from the edge) and a centered one should be a little less than 1/2 (around 0.41).
4.2.2. Analysis and Model-Data Comparison
The largest measured values of the dimensionless critical length were typically lower than 0.35 (0.5 m
for the critical length; Figure 8a), confirming the usefulness of our approach to investigate slope stability
(Appendix B). The values of ac and ac∕Λ are shown as a function of slab density in Figures 8b and 8c. The
critical length ac obtained from the PSTs tends to increase with increasing density (Figure 8b), whereas the
dimensionless critical length ac∕Λ decreases with increasing density (Figure 8c). These relations are in
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accordance with the model predictions (dashed lines in Figures 8b and 8c). Of course, the measurements
were made for different snowpack conditions and thus different WL heterogeneities, which partly explain
the important scatter in the data. Nevertheless, our model is in reasonable agreement with the global trend
of the field data.

5. Discussion

The proposed approach based on a mechanical-statistical model of the slab-WL system allows to quan-
titatively link snowpack properties and their variations to avalanche release probability and thus slope
stability for spontaneous avalanches. However, when interpreting the outcome of the parametric analy-
sis, one should keep in mind that for snow the mechanical parameters are often linked, which may lead
to more complex interactions than presented here. For instance, we showed that the dependence of the
avalanche probability on the Young’s modulus of the slab is different if the Young’s modulus varies with
density rather than assuming the two variables to be independent (Figure 5b). Considering this interac-
tion, the critical length required for crack expansion in the weak layer computed from heterogeneity and
snowpack properties was in good agreement with field data (Figures 8b and 8c). This opens a new inter-
esting perspective for analyzing the outcome of experiments and, hence, better understanding avalanche
release processes.

The present study shares some similarities with that by Fyffe and Zaiser [2004] who used a cellular automa-
ton model to investigate the influence of variations in WL shear strength on slope stability. These authors
focused mainly on the influence of the coefficient of variation CV. While qualitatively their results showed
similar trends for the evolution of the knock-down function with CV, quantitatively the results were very
different. Chiaia and Frigo [2009] also used a related approach based on a scale-invariant fractal model to
evaluate the conditions of failure of a slab-WL system taking into account a random distribution of the shear
strength. They showed, in particular, how complex local interactions and failures at small scales may lead
to catastrophic failure at the macroscopic scale. However, in these two studies, the elasticity of the slab was
not completely taken into account and stress redistribution effects were oversimplified. Hence, their results
can only be applied to cases in which the correlation length is smaller than the slab depth. Besides, the
scale-invariance assumption postulated in these approaches is refuted when slab elasticity is accounted
for, as the characteristic length of the system Λ appears in the equilibrium equations, as already noted
by Chiaia et al. [2008]. Nevertheless, as shown by Gaume et al. [2013a], the existence of this characteristic
length Λ still permits to obtain scale-free (power law) distributions of avalanche release depths, as observed
in the field.

Finally, let us point out that size effects, which are of crucial importance for avalanche release [Bazant et
al., 2003], are indirectly addressed in our model. The size effect is defined as the effect of the system size
(in our case, the slab depth h) on the fracture toughness or on the strength of the material. However, snow
slabs of different depths also generally have very different properties at their base, due to densification
and sintering. Hence, one should distinguish between the structural size effect which induces a decrease of
the strength with the sample size and the material size effect [Bazant et al., 2003]. For snow, existing data
suggest a strong increase of the shear strength with the slab depth. Bazant et al. [2003] and McClung and
Schweizer [2006] reported the shear strength as a function of the slab depth h (normal to the slope) for
116 avalanches (data described in Perla [1977]) and evidenced a power law dependence: 𝜏p ∼ h1.30. Yet as
already emphasized by Bazant et al. [2003], “available field data are too limited to allow precise conclusions”
about the origin of the size effect and the structural and material contributions. In our approach, we argue
that the overall size effect is taken into account through the Mohr-Coulomb criterion of the WL. Indeed, the
shear strength 𝜏p of the WL is a function of the slab depth through the normal stress 𝜎n = 𝜌gh cos 𝜃 due to
the load of the slab: 𝜏p = c + 𝜎n tan𝜙. Besides, McClung [2009] found that the slab depth is also generally
correlated to slab density according to 𝜌 ∼ 225 × h0.24. If this relation is reported into Mohr-Coulomb’s crite-
rion, the shear strength would vary as 𝜏p ∼ c + 2.2 × 10−3h1.24 tan𝜙. This dependency with h is very close to
that reported by Bazant et al. [2003] (exponent 1.3 versus 1.24) and also very nicely fits the data presented
in their paper (for a friction angle 𝜙 = 30◦ and a cohesion c = 100 Pa). Hence, the results of our model
could even be slightly improved if the relationship between slab depth and slab density was accounted for.
As mentioned in Appendix B, strength of material and fracture mechanics approaches lead to very similar
results up to a certain limit. However, in classical linear elastic fracture mechanics, size effects are generally
taken into account empirically, whereas they are indirectly taken into account through the constitutive and
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failure behavior in strength of material approaches, which are in that sense, more powerful, provided that
the failure criterion is known.

6. Conclusions

As spatial variations of weak layer mechanical properties strongly influence avalanche formation and thus
slope stability [Schweizer et al., 2008], we presented a method based on stochastic finite element simulations
to link slope stability to weak layer (WL) spatial variability for natural releases. The model considers spatial
variations of WL shear strength and stress redistribution by the elasticity of the overlying slab.

Our results showed two main effects of weak layer spatial variability. First, a knock-down effect which tends
to reduce the apparent cohesion of the WL and thus slope stability. This effect is due to stress concentrations
at the tip of the weakest zones, which can thus more easily reach the failure criterion. This effect depends
on three factors: (i) the ratio between the correlation length 𝜖 and the slab depth h, (ii) the coefficient of
variation of the heterogeneity CV, and (iii) the Young’s modulus E of the slab.

Second, a smoothing effect tends to reduce the apparent variability. This effect depends on the Young’s
modulus of the slab E and on the ratio between the correlation length 𝜖, and the characteristic elastic length
of the system Λ. By combining the two effects, the avalanche probability can be derived as a function of
the characteristics of the WL spatial variation and the relevant slab properties. It was especially shown that
strong WL heterogeneities (high values of the correlation 𝜖 and of the coefficient of variation CV) as well as
low slab densities and depths were facilitating failure initiation.

Besides, the critical length for crack expansion has been determined by comparing our results to the case
of a simple crack. We showed that the critical length ac is an increasing function of the coefficient of vari-
ation and correlation length of the WL variation and also decreases with increasing slab density. However,
the critical length decreases with increasing slab depth in agreement with previous experimental studies.
Moreover, we have shown that our model could reasonably reproduce the critical length obtained from 62
propagation saw tests.

Furthermore, we also highlighted the crucial importance of the characteristic elastic length of the system
Λ which depends on both the slab and the WL properties to characterize the complex processes at play in
slab avalanche release. In particular, this length, coupled with the other important parameters of the sys-
tem, namely, the correlation length 𝜖, the slab depth h, and the Young’s modulus E of the slab, allowed us to
explain and reproduce all our FE simulations and to compute the avalanche probability for different snow-
pack conditions. In practice, elastic properties of snow may be derived from density [Scapozza, 2004] which
enables to compute Λ. Then, as shown in section 4.1, the correlation length 𝜖 and coefficient of variation CV
can be computed from the critical length obtained from PST experiments allowing ultimately to compute
the knock-down and smoothing functions f1 and f2 and thus refining classical stability predictions.

Finally, for practical application in avalanche forecasting and a straightforward implementation to a numer-
ical snow cover model, for example, SNOWPACK, the link between spatial variations of snowpack properties
and the underlying meteorological conditions is required as spatial variability is the result of the complex
interaction between mountain weather, such as wind and solar radiation, and terrain.

Appendix A: Fits of the Knock-Down and Smoothing Functions f1 and f2

In the following we explain how the fits of the knock-down function f1 and smoothing function f2 (Figure 3)
were obtained and provide their expressions. The procedure was to find a relevant combination of dimen-
sionless numbers of the system which explains all the values of f1 and f2 obtained using the finite element
method for all the simulated parameters, namely, the correlation length 𝜖, the slab depth h, the coef-
ficient of variation CV, and the Young’s modulus of the slab E. After several tests (using the linear least
square method), the following three dimensionless parameters, all scaled using the characteristic elas-
tic length Λ, were selected in addition to the coefficient of variation CV: 𝜖∕Λ, h∕Λ, and E∕(𝜌gΛ). A power
law combination of all these parameters allowed us to explain the results from all the FE simulations
(Figure A1). Figure A1a shows that all f1 values collapse on the same master curve when it is represented
against the quantity V1 = (𝜖∕Λ) (h∕Λ)−2 (E∕ (𝜌gΛ))−3. Similarly, all f2 values are explained by the quantity
V2 = (𝜖∕Λ) (E∕ (𝜌gΛ))1.2 (Figure A1b).
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Figure A1. (a) Knock-down function f1 as a function of the
dimensionless parameter V1=(𝜖∕Λ) (h∕Λ)−2 (E∕ (𝜌gΛ))−3 for all
the simulated parameters. The dashed line is a fit of the form
f1=1∕(1 + 𝛼1V𝛽1

1 ) adjusted using the linear least square method
(R2=0.973). (b) Smoothing function f2 as a function of the dimen-
sionless parameter V2=(𝜖∕Λ) (E∕ (𝜌gΛ))1.2 for all the simulated
parameters. The dashed line is a power law fit of the form f2=𝛼2V𝛽2

2
adjusted using the linear least square method (R2=0.93).

Finally, the complete expression of the
knock-down function f1 is given by

f1(V1) = 1 −

[
1 − 1

1 + 𝛼1V𝛽1
1

]
.

CV
0.3

, (A1)

with 𝛼1=84.5, 𝛽1=0.339, and
𝜌 = 250 kg/m3. The smoothing function f2 is
given by

f2(V2) = 𝛼2V𝛽2
2 , (A2)

with 𝛼2 = 5.76 × 10−4 and 𝛽2 = 0.64. This
result highlights, in particular, and as already
pointed out previously [Chiaia et al., 2008;
Gaume et al., 2013a], the crucial importance
of the characteristic elastic length of system
Λ which depends on both the slab and WL
properties to assess the conditions for slab
avalanche release.

However, in the text, it was easier to explain
the results by showing the knock-down
and smoothing functions f1 and f2 as a
function of the variables 𝜖∕h, 𝜖∕Λ,
CV, and E.

Appendix B: Comparison Between
Fracture Mechanics and Strength
of Material Methods to Evaluate
the Critical Length

Different approaches have been proposed
to compute the critical length required for a
self-propagating crack. These approaches,
relying on different assumptions and
physical ingredients, have recently been
applied to dry snow slab avalanche release
to characterize the propagation
propensity of a slab-WL system:

1. The classical fracture mechanics approach [Griffith, 1920] focuses on the growth of a crack inside a homo-
geneous material. The crack propagates when the elastic strain energy stored in the material balances the
fracture energy required to destroy the cohesion along the crack;

2. The anticrack model proposed by Heierli et al. [2008] considers a slab-WL system and assumes that the
collapse of the WL is due to the change in strain and gravitational potential energy (bending) of the slab.
Besides, the WL is assumed to be completely rigid;

3. Strength of material approaches solve the equilibrium equations of a slab-WL system in the presence of a
single crack within the WL [Chiaia et al., 2008; Gaume et al., 2013a]. Stress concentrations occur at the tip
of the crack which propagates when the failure criterion is reached. These approaches have highlighted a
characteristic length of the system Λ, which depends on the properties of both the slab and the WL and
which controls the decrease of the shear stress around the crack.

Hence, the objective of this appendix is to compare the strain energy required for propagation of a single
crack of half-length a using these different approaches in order to evaluate the relevance of our proposed
model for reproducing field observations. It can easily be shown that the strain energy required for crack
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Figure B1. Strain energy required for crack expansion as a function of
the ratio between the crack size a and the characteristic elastic length
Λ for the three different approaches presented: strength of material
with shear quasi-brittle WL (Vs , in black), classical fracture mechanics
(Vf , in blue), anticrack model (Va , in magenta). The red dashed line
corresponds to the equivalent cohesion given by equation (B7) which is
valid for short cracks. The black dashed line corresponds to a∕Λ = 0.4.
The following parameters were used: h = 0.35 m, 𝜃 = 35◦ , E = 1 MPa,
𝜈 = 0.2, c = 1 kPa, and GII = 0.71 J/m2.

expansion in a quasi-brittle WL under-
lying a cohesive elastic slab can be
expressed as follows [Chiaia et al., 2008]:

Vs(a) =
(
𝜏r − 𝜏

)2

3E′h

[
(a + Λ)3 − Λ3

]
=

(
𝜏r − 𝜏p

)2

3E′h

[
(a + Λ)3 − Λ3

]
(

1 + a
Λ

)2
(B1)

Then, according to fracture mechan-
ics [Griffith, 1920], the fracture energy
required for crack propagation is the
product between the specific fracture
energy GII and the size of the crack:

Vf (a) = 2GIIa (B2)

Finally, if the WL normal collapse is con-
sidered using the anticrack model of
Heierli et al. [2008], the total strain energy
can be expressed as follows:

Va(a) = 2GIIa −
𝛾𝜋 (𝜌gha)2

2E′ −
(𝜌gh)2 a3

3E′h

(
𝛽1 sin2 𝜃 + 𝛽2 cos2 𝜃

)
, (B3)

where

𝛽1 = 1 + 9
𝜂2

3𝜂2 + 4 (a∕h)2
, (B4)

and

𝛽2 = 3𝜂2 + 4
5

(a∕h)2
(

9
4
𝜂 + a

h

)
𝜂 + a

h

(B5)

and 𝛾 =2.331, 𝜂 = E′∕(3kG), k =5/6, G = E∕ (2(1 + 𝜈)).

Note that equation (B3) is only valid for a < l0, l0 being the length for which the bended slab is in contact
with the collapsed WL. This length l0 can be computed from Timoshenko and Goodier [1970]. Above this
length, the strain energy has the same form as for a shear quasi-brittle WL.

Besides, the classical stress criterion can be related to the fracture mechanics approach by computing the
specific fracture energy GII by differentiating equation (B3):

GII =
𝜕Vs(a)
𝜕(2a)

(B6)

Hence, for short cracks, one can compute directly the shear strength of the WL as a function of the specific
fracture energy as follows:

c =
√

2hGIIE′

a + Λ
(B7)

For these different approaches, the strain energy required crack expansion has been represented as a
function of the ratio between the crack size a and the characteristic length of the system Λ (Figure B1).
The relation between WL cohesion c and the specific fracture energy GII is shown in the inset. The strain
energy from the strength of material approach has been computed considering a cohesion value c = 1kPa
that matches the value of GII = 0.71 J/m2 used for the fracture and anticrack approaches according to
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equation (B7). Hence, for short crack length, typically for a∕Λ lower than ≈0.4, all these different approaches
(relying on different assumptions) lead to the same strain energy values. Above this line, the values starts
to be significantly different since the strain energy required to expand a crack in a quasi-brittle WL starts
to increase more strongly with the crack size, whereas the strain energy based on the anticrack model
decreases drastically with increasing crack size until the slab reaches the collapsed WL (a = l0). With the
parameterization used, the length l0 is approximately equal to 0.69 m (l0∕Λ ≈ 0.9). The equivalent cohesion
computed from equation (B7) was also represented in Figure B1 as a function of a∕Λ. It shows that below
a∕Λ ≈ 0.4, the equivalent cohesion is almost constant equal to 1 kPa and then starts to decrease with a∕Λ.

The comparison described above suggests that for low values of the critical length, the proposed approach
which solves the equilibrium equations of the slab-WL system in the presence of a crack within the WL and
taking into account a simple shear stress criterion leads to similar results as those obtained with fracture
mechanics and anticrack modeling approaches. More than that, this strength of material approach can even
be seen more complete than that of classical fracture mechanics which assumes a homogeneous material.
Indeed, taking into account the layering of the system has the consequence that the specific fracture energy
GII is not constant but depends on a∕Λ beyond a certain value of this parameter (a∕Λ > 0.4).

Notation

a crack length (m)
ac critical crack length (m)

c WL cohesion (Pa)⟨c⟩ WL average cohesion (Pa)
CV coefficient of variation of WL heterogeneity

E slab Young’s modulus (Pa)
𝜖 correlation length of WL heterogeneity (m)

f1 knock-down function
f2 smoothing function

GII specific fracture energy (J/m2)
h slab depth measured normal to the slope (m)⟨h⟩ average release depth (m)

hth theoretical release depth (m)
ks WL interfacial shear stiffness (Pa/m)
L length of the system (m)
Λ characteristic elastic length (m)
𝜇 WL friction coefficient
𝜈 slab Poisson’s ratio

Paval avalanche release probability
𝜙 WL friction angle
𝜃 slope angle
𝜌 slab density (kg/m3)

𝜌ice ice density (kg/m3)
𝜎c WL cohesion standard deviation (Pa)
𝜎h release depth standard deviation (m)
𝜎n normal stress due to the slab (Pa)
𝜎∞ release depth standard deviation for E → ∞ (m)

SI stability index
𝜏g shear stress due to the slab (Pa)

𝜏max maximum shear stress at the crack tip (Pa)
𝜏p WL shear strength (Pa)
𝜏r residual shear stress (Pa)⟨𝜏p⟩∗ average apparent shear strength (Pa)

Va strain energy for the anticrack model (J/m)
Vs strain energy for the strength of material approach (J/m)
Vs strain energy for the fracture mechanics approach (J/m)
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