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Abstract

Multistable Mechanisms are mechanical devices having more than one stable state. Since
these mechanisms can maintain different deformations with zero force, they are advantageous
for low power environments such as wristwatches and medical devices.

In this thesis, I introduce programmable multistable mechanisms (PMMs), a new family
of multistable mechanisms where the number, position, and stiffness of stable states can
be controlled by programming inputs modifying the boundary conditions. PMMs can be
synthesized by combining bistable mechanisms. This method was used to produce the 7~
mechanism, a PMM consisting of two double parallelogram mechanisms (DPMs) connected
orthogonally where each DPM consists of two parallel beams connected centrally by a rigid
block and axially loaded by programming input.

An analytical model based on Euler-Bernoulli beam theory was derived to describe qualita-
tively the stability behavior of the T-mechanism. The model approximates the mechanism’s
stiffness by a sixth order polynomial from which the reaction force and strain energy expres-
sions can be estimated. These explicit formulas provide analytical expressions for the number,
position, and stiffness of stable and unstable states as functions of the programming inputs.
The qualitative stability behavior was represented by the programming diagram, bifurcation
diagrams and stiffness maps relating the number, position and stiffness of stable states with the
programming inputs. In addition, I showed that PMMs have zero stiffness regions functioning
as constant-force multistable mechanisms. Numerical simulations validated these results.
Experimental measurements were conducted on the T-mechanism prototype manufactured
using electro-discharge machining. An experimental setup was built to measure the reaction
force of the mechanism for different programming inputs. I verified the possible configurations
of the T-mechanism including monostability bistability, tristability, quadrastability, constant
force monostability, constant force bistability, zero force monostability, zero force bistability,
and zero force tristability, validating my analytical and numerical models.

Compared to classical multistable mechanisms which are displaced between their stable states
by imposing a direct displacement, PMMs can be displaced by modifying mechanism strain
energy. This property increases the repeatability of the mechanism as the released energy is
independent of the driving parameters, which can be advantageous for mechanical watches
and medical devices.

Accurate timekeepers require oscillators having repeatable period independent of their energy
source. However, the balance wheel spiral spring oscillator used in all mechanical watches,



suffers from isochronism defect, i.e., its oscillation period depends on its amplitude. [ addressed
this problem by introducing novel detached constant force escapements for mechanical
wristwatches based on PMMs.

In the medical domain, I applied PMMs to construct a retinal vein cannulation needle for
the treatment of retinal vein occlusion (RVO), an eye condition in which retinal veins are
blocked reducing the amount of oxygen delivered to the retina thereby causing vision loss.
One treatment for RVO is drug injection into the retinal vein. However, this is difficult as the
vein is fragile with a diameter below 100. Moreover, the puncturing force is not perceptible
by surgeons. I used PMMs to construct needles producing sufficient repeatable puncturing
energy with a predefined stroke independent of the operator input. Numerical simulations
were used to model and dimension our proposed tool and satisfy the strict requirements
of ophthalmologic operations. In a joint work, the tool was manufactured using 3D femto-
laser printing of glass. An experimental setup was built to characterize the tool’s mechanical
behavior and to verify my computations. The tool was successfully applied to cannulate retinal
veins of pig eyes.

Keywords: Multistable Mechanisms — Compliant Mechanisms — Stability programming —
Nonlinear Stiffness — Horological Escapements — Retinal Vein Cannulation — Surgical Devices.

ii



Résumé

Les mécanismes multistable sont des mécanismes ayant plus d'un état stable. Puisque ces
mécanismes peuvent maintenir plusieurs déformations avec force zéro, ils sont avantageux
pour des environements de basse puissance comme ’horlogerie et les outils médicaux.
Dans cette these, j'introduis des mécanismes multistables programmables (PMMs), une
nouvelle famille de mécanismes multistables ol le nombre, la position et la rigidité des états
stables peuvent étre contrélés par des parametres de programmations qui modifient les
conditions aux limites. Les PMMs peuvent étre synthétisés en combinant des mécanismes
bistables. Cette méthode a été utilisée pour produire le mécanisme en T, un PMM consistant
de deux parallélogrammes doubles (DPM) liés de maniére orthogonale, ot chaque DPM est
composé de deux poutres paralleles connectées a leur centre par un bloc rigide et armées de
maniere axiale par un parametre de programmation.

Un modele analytique basé sur la théorie des poutres d’Euler-Bernoulli a été développée pour
décrire le comportement qualitatif du mécanisme en T. Ce modele donne une approximation
de larigidité du mécanisme en terme d’'un polynéme de degré six, dont la force de réaction et
I'énergie de déformation peuvent étre estimées. Ces formules explicites donnent des formules
analytiques pour le nombre, la position et la rigidité des états stables et instables en terme des
parametres de programmation. Le comportement qualitatif de la stabilité a été représenté
par le diagramme de programmation, les diagrammes de bifurcation et les cartes de rigidité
décrivant le nombre, la position et la rigidité des états stables en termes des parameétres de
programmation. Des simulations numériques ont validé ces résultats.

Des mesures expérimentales ont été faites sur un prototype du mécanisme en T construit en
utilisant I’électro-érosion. Un banc expérimental a été construit pour mesurer la force de réac-
tion pour différentes valeurs des parametres de programmation. J’ai vérifié les configurations
possible du mécanisme en T, y compris la monostabilité, bistabilité, tristabilité et quadrasta-
bilité, la monostabilité a force constante, la bistabilité a force constante, la monostabilité a
force zéro, la bistabilité a force zéro et la tristabilité a force zéro, ce qui a validé les modeles
analytiques et numériques.

Comparé aux mécanismes multistables classiques qui se déplacent entre leur états stables
en imposant un déplacement direct, les PMMs sont déplacés en modifiant leur énergie de
déformation. Cette propriété augmente la répétabilité puisque I'énergie libérée est indépen-
dante des parametres d’entrée, ce qui peut étre avantageux pour les montres mécaniques et
les outils médicaux.

iii



Les gardes-temps précis nécessitent des oscillateurs ayant une période répétable indépen-
dante de leur source d’énergie. En revanche, le balancier-spiral, |'oscillateur utilisé dans toutes
les montres mécaniques, a un défaut d’isochronisme, c’est-a-dire, sa période varie en fonction
de son amplitude. J’ai confronté ce probléme en inventant des nouveaux échappements
détachés a force constante pour montres-bracelet et basé sur des PMMs.

Dans le domaine médical, j’ai appliqué les PMMs pour construire une aiguille de canulation
pour veines rétiniennes, une technique pour traiter I’occlusion de veines rétiniennes (RVO),
une maladie ol les veines rétiniennes sont bloquées causant une perte de vue. Le traitement
consiste d'une injection de médicament directement dans la veine. Ceci est trés difficile
puisque la veine est fragile et sont diametre est inférieur a 100. De plus, la force de ponction
n’est pas perceptible par les chirurgiens. J’ai utilisé des PMMs pour construire des aiguilles
capables de produire suffisamment d’énergie de ponction, répétable et avec une course
prédéfinie indépendante de la force appliquée par le chirurgien. Des simulations numériques
ont été utilisées pour modéliser et dimensionner notre outil et de satisfaire les conditions
tres strictes de la chirurgie ophtalmologique. Loutil a été fabriqué par une équipe en utilisant
la technique d’'impression 3D par femto-laser. Un banc expérimental a été construit pour
caractériser le comportement mécanique et pour valider mes calculs. Loutil a été appliqué
avec succes a la canulation de veines rétiniennes de cochons.

Mots-clés : Mécanismes multistables — guidages flexibles — programmation de stabilité —

rigidité non-linéaire — échappements horlogers — canulation de veines rétiniennes — outils
médicaux.
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|§ Goals and Plan of the Thesis

1.1 Introduction and thesis motivation

The subject of this thesis is the stability analysis of compliant mechanisms, i.e., mechanical
structures having at least one elastic element. Compliant elements are characterized by their
stiffness relating force and deformation.

In the theory of stability, the stiffness of a mechanism at its equilibrium positions determines
its stability behavior. Therefore, it is possible to control the stability response of a mechanism
by tuning its stiffness. This motivated us to ask the following questions.

* To what extent can we modify the stability behavior of a compliant mechanism? Is it
possible to precisely change the number, position, stiffness and stability of equilibrium
states of mechanical structures?

* Isit possible to find a generic model which approximates the stiffness of programmable
multi-stable structures? If yes, is this model sufficient to understand the qualitative
stability behavior of the mechanism?

e What are the miniaturization limits of programmable multistable structures?

* How can programmable multistable structures be applied advantageously to horological
devices and ophthalmology surgical tools?

1.2 Thesis objectives

The main objectives of this thesis are

1. Introduction of programmable multistable mechanisms whose stability behavior is
modified by tuning stiffness. We call this process stability programming.
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2. Applying programmable multistable mechanisms to mechanical watches and surgical
tools.

These objectives will be achieved with the following steps.

1. Present different design of programmable multistable mechanisms and establish a theo-
retical understanding of the concept of stability programing. Analytical and numerical
models will be used to model the stability behavior of these mechanisms for different
boundary conditions. As case study, the T-mechanism is selected for further investiga-
tion.

2. Verify experimentally the operation of the T-mechanism as a demonstrator of stability pro-
gramming and validate our analytical computations. A prototype of the T-mechanism
is manufactured using electro-discharge machining and experimental setup is built to
measure the reaction force of the mechanism for different programming inputs.

3. Demonstrate the usefulness of the programmable multistable mechanisms to real life
applications. We developed a new surgical tool based on stability programming to be
utilized for the treatment of retinal vein occlusion. Our medical device is manufactured
out of glass using 3D femtolaser printing. The mechanical stability behavior is charac-
terized using both numerical and experimental tools. The developed tool is used for the
cannulation of pig eyes.

4. Apply stability programming to mechanical watches. A novel escapement is described,
based on a programmable multistable mechanism is introduced where both the oscilla-
tor unlocking energy and oscillator energy impulse are repeatable. A demonstrator is
built to verify the escapement operation.

1.3 Thesis structure

The thesis starts with a brief discussion of the notation of stability and the stability criteria of
mechanical systems in Chapter 2. Then, a review of the current multistable mechanisms is
given and the different techniques to tune the stability behavior are discussed.

In Chapter 3, the concept of stability programming is introduced. Different synthesis tech-
niques are given. A case study of programmable multistable mechanisms (PMMs) is selected,
the T-mechanism. A complete analytical model of the T-mechanism is derived from which the
strain energy is represented as a polynomial whose coefficients are functions of the program-
ming inputs. The effect of the programming inputs on the mechanism behavior is studied.
Numerical simulations are provided to verify our concept.

In Chapter 4, the design of our experimental setup is given. A prototype of the T-mechanism
was manufactured and characterized. The experimental results are provided and compared
with the analytical and numerical calculations.

2



1.3. Thesis structure

In Chapter 5, I integrated PMMs within the lever escapement to enable both repeatable
unlocking energy and energy impulse of the oscillator. A complete descriptive analysis of the
operation of the escapement is given which was verified by building a physical demonstrator.

In Chapter 6, I introduce the application of PMMs as medical devices to the treatment of
the retinal vein occlusion. The advantages of PMMs compared to conventional multistable
mechanisms are given on which the needle is designed. The proposed device was manufac-
tured using 3D femto-laser printing out of glass. The stability behavior of the mechanism was
characterized using both numerical analysis and experimental measurements. Clinical tests
on pig eyes are described.

In Chapter 7, the thesis contributions are summarized along with potential applications of
programmable multistable mechanisms.






4 State of the Art

In this chapter, we present a brief introduction to the theory of stability and its application
to mechanical structures in Section 2.1. After that, we give a review over the recent work on

multistable mechanisms and their applications in Section 2.2.

2.1 Stability

2.1.1 The theory of stability

Historically, physicists would like to find exact analytic solutions to differential equations
arising from dynamical problems. By the end of the 19th century, it became clear that this was
not always possible and they turned to the investigation of qualitative behavior such as the

stability of dynamical systems [1].

Figure 2.1 -

(a) (b)

(a) Pendulum, (b) inverted pendulum.

A common example illustrating the stability behavior of mechanical systems is the pendulum,
shown in Figure 2.1(a) [2]. It consists of a mass connected to a frictionless pivot by a massless

5
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rigid rod such that the mass swings freely under constant gravity.

The pendulum has an equilibrium state at a = 0, meaning that the pendulum maintains
this state unless perturbations are introduced. This is a stable state in the sense that placing
the pendulum at small initial @, the pendulum oscillates around a = 0, and this qualitative
behavior persists when the pendulum is slightly perturbed. Moreover, when damping exists,
oscillations decreases with a approaching zero.

The inverted pendulum occurs at the equilibrium state a = r, as illustrated in Figure 2.1(b).
This is an unstable state in the sense that for any initial value « close to 7, the pendulum will
diverge away from this state.

Figure 2.2 illustrates the qualitative behavior of the damped pendulum around its equilibrium

states, where the phase diagrams show the dynamics of @ and & = %, as time ¢ increases.

v
v

(a) ‘ © ;
a a
p ) a
(b) (@)

Figure 2.2 — Time response of the pendulum and phase diagram when its initial position is at
(a,b) =0, (c,d) a=m.
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2.1.2 Stability of compliant mechanisms

This thesis concerns stability of compliant mechanisms, i.e., mechanical devices consists of
elastic elements. Stiffnessis the ratio between imposed force and its resulting displacement.
The stability behavior of compliant mechanisms can be characterized by their stiffness, from
which the reaction force and strain energy can be deduced.

The stability of a compliant mechanism at an equilibrium state depends on the sign of the
stiffness. If the stiffness is positive, the mechanism is stable. If the stiffness is negative, the
mechanism is unstable. This defines the main criteria used for the qualitative analysis of
the stability behavior of the mechanisms studied in this thesis. Since we mainly focus on
compliant mechanisms with highly nonlinear stiffness, we use the tangential stiffness, defined
as the first derivative of the mechanism reaction force with respect to its displacement to study
the mechanism stability behavior [3].

2.2 Multistable mechanisms

Mechanisms can be designed to have highly nonlinear stiffness such that multiple stable states
can exist. These mechanisms are called multistable mechanisms [4]. Common examples of
miultistable mechanisms are hair clips and bottle lids given in Figure 2.3. Figure 2.4 gives the
strain energy, reaction force and stiffness of a bistable mechanism, where s;, s» correspond to
the stable positions occurring at energy minima positions and u corresponds to the position
of unstable state at the energy maximum.

L

Figure 2.3 — Hair clips and bottle lids as examples of bistable mechanisms

2.2.1 Examples of bistable mechanisms

Several multistable mechanisms were introduced in literature. Buckled beams are the most
common example of bistable mechanisms. Buckling is a mechanical phenomenon occurring
to slender beams when their axial load exceeds a critical value, known as buckling load [5].
Once this load is exceeded, the beam moves laterally and becomes bistable as illustrated in
Figure 2.5.
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Figure 2.4 — Strain energy, reaction force and tangential stiffness of a bistable mechanism
where s, s are stable positions, u is unstable position and {1, {» correspond to zero stiffness
positions.

Saif [6] studied the stability behavior of axially loaded beam bistable mechanisms, when the
axial load exceeds the critical load. Dehon [7] used a centrally pinned axially pre-stressed
beam as a rotary bistable mechanism for constant force escapements in mechanical watches.
Porter [8] studied the axial compressed S-shaped bistable beams for energy harvesting. One
limitation of the buckled bistable beams is the need for two actuation sources, one for axial
pre-stressing and the second one for lateral displacement.

Curved beams can function as bistable mechanisms requiring only one driving source. Qui
presented the cosine-shaped bistable beams in Refs. [9, 10], see Figure 2.6. Also, Park [11]
studied the behavior of cosine curved beams under electrostatic actuation. Wu [12] gave the
conditions of bistability for the V-shaped beams. Kyrlov [13, 14] proposed the arc-shaped
beams as bistable mechanisms under electrostatic actuation. Salinas [15] presented three
points Bezier shaped beam as a bistable mechanism based on FEM simulations. Zhao [16]
studied the effect of modifying the anchoring angle of curved beams on their stability behavior.
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-

b

(a) (c)
— - — m
ravawa avawa
(b) (d)

Figure 2.5 — Axially loaded bistable beam, (a) no axial load, (b) stable state of the beam, (c)
unstable state of the beam, (d) second stable state of the beam.

— e

(a) (b)

Figure 2.6 — Curved bistable beam mechanisms (a) cosine-shaped beam, (b) V-shaped beam.

Buckled bistable beams are easy to fabricate. However, their kinematic behavior and energy
storage are strongly coupled. Moreover, they have small stroke. This motivated Sonmez [17]
to introduce a long stroke bistable mechanism combining both buckled pinned pinned beams
and cantilevers.

As well, Jensen [18, 19] introduced a new family of bistable mechanisms based on the slider
crank and four bar mechanisms where the kinematics and the energy can be independently
controlled. He gave the conditions for multistability of slider crank (Figure 2.7), double slider
and four bar mechanisms.

On the microscale, Jensen introduced the Young’s mechanism using pin joints for anchoring
the mechanism to the wafer [20]. Using these pin joints, a linear translational motion mecha-
nism was introduced by Gomm [21]. To avoid the high friction of these joints, Parkison [22]
proposed flexible beams for the mechanism anchoring, however, this method is based on
buckling which is not convenient for long stroke microscale devices.

Tension based joints were presented by Masters [23, 24] to construct long stroke bistable
mechanisms. Using these joints, Wilcox [25, 26] extended the library of tension based bistable
mechanisms and provided different techniques to micro-fabricate them. Luharuka [27, 28]
used the tension based joints for constructing rotational bistable mechanisms.
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(b)

(c)

Figure 2.7 — A slider crank bistable mechanisms, (a) first stable state, (b) unstable state, (c)
second stable state.

All the aforementioned mechanisms are planar mechanisms, where the actuation input and
the mechanism output displacement exist in the same plane. This is not convenient for
certain applications such as mirror controllers. Then, out of plane multistable mechanism
were presented. An example of out of plane bistable mechanisms was introduced by Matoba
[29] based on buckled cantilevers and tension bands. Lusk [30] introduced a spherical out of
plane bistable mechanism using a planar Young’s bistable mechanism and an out of plane joint.
Hanna [31] presented an out of plane bistable mechanism based on topology optimization of
origami structures. Foulds [32, 33, 34] presented a subfamily of bistable mechanisms based
on rugs and ladder mechanisms. However, these mechanisms imply shocks and have high
friction. Using the mismatch of thermal expansion coefficients of different materials, out of
plane buckled U-shaped bistable cantilevers were proposed by Goessling [35].

For higher degree of multistability, i.e., number of stable states exceeds two, different combina-
tions of bistable mechanisms were proposed. Oh [36, 37] introduced the theory and gave the
conditions for building multistable mechanisms using serial connections of buckled bistable
beam mechanisms.
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Depending on the low stiffness of tension based bistable mechanism, Chen [38] introduced a
tristable mechanism by combining two tension based bistable mechanisms in parallel. Simi-
larly, a tristable mechanism was constructed by parallel combination of two Young’s bistable
mechanisms as given in [39]. Han built a 2-degree of freedom (DOF) quadrastable mechanism
consisting of two frames of curved beams orthogonally connected allowing bistablilty in two
orthogonal directions [40]. Orthogonal combinations of bistable mechanisms can result in
multistability. Two initially curved beams orthogonally connected can demonstrate tristabil-
ity and quadrastability [41, 42]. Gerson [43] introduced a long stroke multistable actuator
through serial connection of arc shaped bistable beams.

Using symmetrical four bar mechanism, Pendleton [44] demonstrated tristability behavior.
Chen studied the quadrastability conditions of the five bar mechanism [45]. Using Sarrus
mechanism, a tristable mechanism was also introduced in [46]. Halverson developed long
stroke rotational multistable mechanisms through the optimization of rolling contacts joints
with non-uniform cams [47, 48]. Ohsaki gave the conditions for trusses multistability [49].
Hafez presented a 6-DOF multistable stage through combining three bistable beams in parallel
[50].

Oberhammer [51] introduced a tristable mechanism based on electrostatic actuation of
a three way switch. Through the interaction of inertial, elastic and magnetic forces, Zhao
introduced a multistable mechanism in [16].

2.3 Selected applications

Multistable mechanisms are applied to different fields. In this section, we selected few appli-
cations.

* Energy harvesting

Bistable mechanisms have a broad spectrum due to their high speed on switching
between their stable states. This allows their usage as broadband vibration energy
harvesters with higher efficiency compared to resonant structures which are efficient
only at a single frequency [52]. Four bar mechanisms [53] and pre-stressed S-shaped
beams [8] were studied for vibrational energy harvester. As well, the V-shaped beams
were optimized for energy harvesting as presented in [54].

* Radio frequency switches

Multistable mechanisms can maintain different deformations at zero force. This can
be advantageous to low power radio frequency (RF) devices. Therefore, Baker [55],
Nordquist [56], Michael [57] and Oberhammer [51] used multistable mechanisms as
RF switches. Charlot [58] built a random access memory based on nano-wire bistable
mechanismes.

e Medical devices
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Statically balanced mechanisms have near to zero stiffness. They can be constructed
using bistable mechanisms [59]. Statically balanced mechanisms can be employed as
grippers as demonstrated by Hoetmer [60, 61] and Lassooij [62]. They can be utilized
as artificial limbs [63, 64] as proposed by Wisse [65] and Chen [66].

Watchmaking

Bistable mechanisms are used as part of constant force escapements for mechanical
watches. Dehon used the double pinned bistable beam for Girard-Perregaux escape-
ment [7]. Also, another escapement based on bistable beams was presented by Nivarox
S.A. [67].

In chapter 5, a complete review of the application of bistable mechanisms to the watch-
making field is given.

Miscellaneous

Bistable mechanisms can be used for the automotive industry as accelerometers and
trunk lids [68]. Also, they can be utilized as shock absorbers illustrated in [69].

In the dynamic mode, bistable mechanisms can be used as mass sensors through the
detection of their transition frequency given by the Duffing effect [70]. Compared to
the resonant sensors, mass sensing through resonant bistable mechanisms is easily
detected in viscous medium.

In all the aforementioned mechanisms, the stability behavior is fixed depending on the dimen-

sions and the material of the mechanisms. However, in certain applications such as energy

harvesting and smart metamaterials, it is needed to modify the stability behavior as a function

of the surrounding environment, e.g., driving signal amplitude or frequency. This in turns

motivated us to present programmable multistable mechanisms, a new family of multistable

mechanisms where the stability behavior can be modified. This is the main topic discussed in
Chapters 3 - 7.
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3.1 Introduction

Compliant mechanisms perform a function by their elastic deformation via actuation inputs.
Their qualitative behavior can be characterized by their stable states where strain energy
is minimal and multistable mechanisms are those having more than one stable state, the
number of the stable states is called degree of stability (DOS). Conventional multistable mech-
anisms have a fixed DOS. In this thesis, we examine a family of multistable mechanisms,
programmable multistable mechanisms (PMM), where programming inputs can modify their
DOS.

Section 3.2 gives an overview of PMMs. In Section 3.3, we introduce a method for synthesiz-
ing PMMs which we use to build the main mechanism of this thesis, the T-mechanism, as
described in Section 3.4. Section 3.5 gives an analytical derivation of the reaction force of this
mechanism as a polynomial of the actuation input. This expression allows us to characterize
the stability behavior of the T-mechanism based on the zeros of the reaction force polynomial
and its discriminant.

Section 3.6 provides a complete description of the stability behavior of the T-mechanism in
terms of its programming inputs. This consists of the programming diagram illustrating DOS
as function of programming inputs and equilibrium and zero stiffness diagrams, where one
programming input is varied and the other is fixed.

Finally, Section 3.7 gives numerical validation of our analytical results using the finite element
method.

*The content of this chapter has been published as Mohamed Zanaty, Ilan Vardi, and Simon Henein, "Pro-
grammable multistable mechanisms: Synthesis and modeling." Journal of Mechanical Design 140, no. 4 (2018):
042301.
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3.2 Programmable multistable mechanisms (PMMs)

3.2.1 Conventional multistable mechanisms

Conventional multistable mechanisms are those having fixed stability behavior. They have
application to energy harvesting [71, 72], radio frequency switches [51] and medical instru-
mentation [73].

Examples are orthogonal beam mechanisms [42, 41], serial multistable mechanisms [37],
tristable four bar mechanisms [37, 74], five bar tristable mechanisms [45], Sarrus multistable
mechanisms [46], double Young tristable mechanism [39] and rolling contact multistable
mechanisms based on non-uniform cams [48]. Multistable mechanisms ultilizing the nonlin-
ear interaction between electrostatic and electromagnetic forces were developed in [51, 16].

Synthesis of multistable mechanisms has been done by parallel and serial connection of
bistable mechanisms [37, 39]. A classification of multistable mechanisms based on their
kinematics and their strain energy was presented in [75].

3.2.2 Definitions

The stability behavior of multistable mechanisms can be characterized in terms of reaction
force which is related to the strain energy and stiffness. We give formal definitions to make
these concepts as precise as possible.

1. Our mechanisms have 1-DOEF an actuation input x, assumed to be a linear displacement.

2. E(x) is the strain energy, the energy stored in the mechanism due to its elastic deforma-
tion.

3. Reaction force is the component of mechanism restoring force along the direction of its
displacement x and is given by

S dx’ '
Note that according to our definition, reaction force is a scalar.
4. Secant stiffnessis defined by
F
ko= . (3.2)
X
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5. Tangential stiffnessis defined by

_dF

k= —.
T dx

(3.3)

Remark. Secant stiffness is used for the derivation of reaction force in Section 3.5 and
tangential stiffness is for the evaluation of zero stiffness positions in Section 3.6. The
difference between the two stiffness is explained in [76, p. 162].

6. Equilibrium positions are values of the actuation input at which the reaction force is
zero. In the generic case, an equilibrium position is stable when its tangential stiffness is
positive and unstable when it is negative. This thesis only deals with this generic case,
see [1] for details.

7. Degree of stability (DOS) is the number of distinct stable states of a multistable mecha-
nism (not considered with multiplicity).

8. We call a 1-DOS mechanism monostable, a 2-DOS mechanism bistable, a 3-DOS mecha-
nism tristable and a 4-DOS mechanism quadrastable.

3.2.3 Multistability programming

Programmable multistable mechanisms are (N + 1)-DOF mechanisms with one actuation
input and N programming inputs, where N is the degree of programming (DOP).

The stability behavior of these mechanisms with respect to their actuation input can be
modified on varying the programming inputs.

Figure 3.1 gives a block diagram representation of a 3-DOP multistable mechanism and
illustrates the effect of the programming inputs on its strain energy. The mechanism can be
programmed to be monostable or bistable. Programming inputs can be directly imposed or
controlled via an electric current, magnetic field or pressure.

The best previously known programmable bistable mechanism is the axially loaded beam
in which axial load switches monostability to bistability [6, 77], this thesis generalizes this
concept. Previous work has also considered electrically modified axial load [78], so the results
of this thesis are not limited to mechanical programming.

A special PMM exhibiting monostability up to quadrastability was applied to ocean wave
energy harvesting [72] and bistable Miura origami mechanisms were connected serially to
produce PMM’s [79]. These papers do not provide an analysis of the effect of the programming
inputs on DOS, position of equilibrium states, zero stiffness states and the stiffness of stable
states as is done in our work.

The main results of this work are:
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Figure 3.1 — Block diagram representation of a 3-DOP PMM programmed to be (a) monostable,
(b) bistable.

1. Generic methods for synthezing PMM’s.
2. Definition of parameters characterizing PMM’s.
3. An explicit analytical modeling of 2-DOP T-connected PMM’s.

4. Analytical estimate of PMM constant force regimes.

3.3 Synthesis

3.3.1 General method

PMMs can be synthesized by combining programmable bistable mechanisms (PBM) to obtain
a DOS = 2. This method consists of two steps as illustrated in Figure 3.2: the first step is
bistability program