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A / q Ã W ( q)

q A
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θ∈Ĝ/H

θ([l]H) =

{
[G : H] [l] ∈ H,

0 ,
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n r1 2r2
x ≤ y

0 < a < 1 x > 0 a

P (a, x) = Λ(a)

(
N(a)

x

)a (
x

N(a)

)
.

0 < a < 1 η

∑
N(a)<x

η(a)P (a, x) =
−1

2πi

∫ 2+i∞

2−i∞

xs

(s+ a)2
·
L′
η

Lη
(s)ds.

η = 1
η = χ x + O(

√
x)

x x

G/H
[a]m ∈ H

G/H Ĝ/H = (G/H, ×) θ ∈ Ĝ/H θ∗

θ∗(a) = θ([a]mH) (a,m0) = 1

θ ∈ Ĝ/H Lθ L θ∗ η

θ ∈ Ĝ/H ηθ ηθ∗



a K n0 m0 a
n = n0m∞ π : m(K) → n(K)∑

θ∈Ĝ/H

θ∗(a) =

{
[ n(K) : π(H)] [a]n ∈ π(H),

0 .

Θa = {θ ∈ Ĝ/H | θ∗(a) �= 0} = {θ ∈ Ĝ/H | (fθ∗ , a) = 1}
X n(K)/π(H)∑

θ∈Ĝ/H

θ∗(a) =
∑
θ∈Θa

θ∗(a) =
∑
ν∈X

ν([a]n) =

{
[ n(K) : π(H)] [a]n ∈ π(H),

0 .

�

0 < a < 1

Sm(x) + SH(x) =
−1

[G : H]

∑
θ∈Ĝ/H

I(x, θ),

SH(x) =
∑

N(a)<x
[a]m∈H

(1− χ(a))P (a, x),

Sm(x) =
1

[G : H]

∑
θ∈Ĝ/H

∑
N(a)<x
(a,m)�=1

(θ∗(a)− χθ(a))P (a, x),

I(x, θ) =
1

2πi

∫ 2+i∞

2−i∞

xs

(s+ a)2

(
L′
θ

Lθ
−

L′
χθ

Lχθ

)
(s)ds.

η∑
N(a)<x
[a]m∈H

η(a)P (a, x) =
∑

N(a)<x
(a,m)=1

∑
θ∈Ĝ/H

θ∗(a)

[G : H]
η(a)P (a, x)

=
1

[G : H]

∑
θ∈Ĝ/H

∑
N(a)<x
(a,m)=1

ηθ(a)P (a, x).

η = 1 η = χ

SH(x) =
1

[G : H]

∑
θ∈Ĝ/H

∑
N(a)<x

(θ∗(a)− χθ(a))P (a, x)− Sm(x),

�

0 < a < 1

x

(a+ 1)2
= [G : H](SH(x) + Sm(x)) +

∑
θ∈Ĝ/H

(
I1/2(x, θ) + I0(x, θ) + I−(x, θ)

)



I1/2(x, θ) =
∑
ρ∈Rθ

xρ

(ρ+ a)2
−

∑
ρ∈Rχθ

xρ

(ρ+ a)2
,

I0(x, θ) =
(x)

xa

(
L′
θ

Lθ
−

L′
χθ

Lχθ

)
(−a) +

1

xa

(
L′
θ

Lθ
−

L′
χθ

Lχθ

)′
(−a)

+ (βχθ
− βθ)

(
1

a2
− 1

x(a− 1)2

)
− δ(θ)

a2
,

I−(x, θ) = (βχθ
− βθ)

∞∑
k=2

(−1)k

(a− k)2xk
.

η Rη Lη

0 < Re(s) < 1

I(x, θ)

I(x, θ) = I1/2(x, θ) + I0(x, θ) + I−(x, θ)−
δ(θ)x

(a+ 1)2
.

�

I1/2
I0
Sm

SH

I−

R(a, χ) =
∑

θ∈Ĝ/H

⎛⎝∑
ρ∈Rθ

1

|ρ+ a|2 +
∑

ρ∈Rχθ

1

|ρ+ a|2

⎞⎠ .

Re(s) > 1 ∑
θ∈Ĝ/H

(
L′
θ

Lθ
+

L′
χθ

Lχθ

)
(s) ≤ 0.

∑
θ∈Ĝ/H

(
L′
θ

Lθ
+

L′
χθ

Lχθ

)
(s) = −

∑
θ∈Ĝ/H

∑
a

Λ(a)(θ∗(a) + χθ(a))

N(a)s

= −
∑
a

Λ(a)

N(a)s

∑
θ∈Ĝ/H

(θ∗(a) + χθ(a)).



a χθ(a) = 0 θ∑
θ∈Ĝ/H

(θ∗(a) + χθ(a)) ≥ 0.

η ∈ Ĝ/H χη(a) �= 0

θ ∈ Ĝ/H
χθ(a) = χη(a)

(
θη−1

)∗
(a)

(
θη−1

)∗
(a) �= 0

χθ χη ·
(
θη−1

)∗ (
θη−1

)∗
(a) = 0

χθ(a) = 0
(
θη−1

)∗
χθ/χη

∑
θ∈Ĝ/H

(θ∗(a) + χθ(a)) =
∑

θ∈Ĝ/H

θ∗(a) + χη(a)
∑

θ∈Ĝ/H

(
θ

η

)∗
(a)

= (1 + χη(a))
∑

θ∈Ĝ/H

θ∗(a),

�

0 < a < 1 R(a, χ)

2[G : H]

2a+ 1

(
(ΔN(m0)) + n(ψ(a+ 1)− (2π))

− |m∞|
2

(
ψ

(
a+ 1

2

)
− ψ

(
a+ 2

2

)))
+

2

2a+ 1

(
1

a+ 1
+

1

a

)
.

σ = 1+ a 2a+1
|ρ+a|2 = 1

σ−ρ +
1

σ−ρ̄ Re(ρ) = 1/2

η

∑
ρ∈Rη

1

|ρ+ a|2 =
1

2a+ 1

∑
ρ∈Rη

(
1

σ − ρ
+

1

σ − ρ̄

)
.

∑
ρ∈Rη

(
1

σ − ρ
+

1

σ − ρ̄

)
= 2Re

L′
η

Lη
(σ) + (ΔN(fη)) + 2δ(η)

(
1

σ
+

1

σ − 1

)
+ 2ψη(σ).

R(a, η)

1

2a+ 1

∑
θ∈Ĝ/H

(
2Re

(
L′
θ

Lθ
+

L′
χθ

Lχθ

)
(σ) + (Δ2N(fθfχθ

))

+ 2δ(θ)

(
1

σ
+

1

σ − 1

)
+ 2(ψθ(σ) + ψχθ

(σ))

)
.



∑
θ∈Ĝ/H

(
L′
θ

Lθ
+

L′
χθ

Lχθ

)
(σ) ≤ 0

αχθ
= r1 − βχθ

2 (ψθ(σ) + ψχθ
(σ)) = (n+ αχθ

− βθ)ψ

(
a+ 1

2

)
+ (n− αχθ

+ βθ)ψ

(
a+ 2

2

)
− 2n π

= 2n(ψ(a+ 1)− (2π)) + (αχθ
− βθ)

(
ψ

(
a+ 1

2

)
− ψ

(
a+ 2

2

))
≤ 2n(ψ(a+ 1)− (2π))− |m∞|

(
ψ

(
a+ 1

2

)
− ψ

(
a+ 2

2

))
,

ψ(z/2) + ψ((z + 1)/2) = 2(ψ(z)− (2)) �

0 < a < 1 x ≥ 1
∑

θ∈Ĝ/H
|I1/2(x, θ)| ≤

√
x · R(a, χ)

η ρ ∈ Rη Lη

Re(ρ) ≤ 1/2 |xρ| = |x|Re(ρ) ≤ √
x �

s(
L′
θ

Lθ
−

L′
χθ

Lχθ

)
(s) =

∑
ρ∈Rθ

(
1

s− ρ
− 1

2− ρ

)
−

∑
ρ∈Rχθ

(
1

s− ρ
− 1

2− ρ

)

− βχθ
− βθ
2

(
ψ
(s
2

)
− ψ

(
s+ 3

2

)
− ψ(1) + ψ

(
3

2

))
− βχθ

− βθ
s+ 1

+ δ(θ)

(
3

2
− 1

s
− 1

s− 1

)
+

(
L′
θ

Lθ
−

L′
χθ

Lχθ

)
(2),

(
L′
θ

Lθ
−

L′
χθ

Lχθ

)′
(s) =

∑
ρ∈Rχθ

1

(s− ρ)2
−

∑
ρ∈Rθ

1

(s− ρ)2

− βχθ
− βθ
4

(
ψ′

(s
2

)
− ψ′

(
s+ 3

2

))
+

βχθ
− βθ

(s+ 1)2
+ δ(θ)

(
1

s2
+

1

(s− 1)2

)
.

ψ(z) = ψ(z + 1)− 1/z ψ′(z) = ψ′(z + 1) + 1/z2 �

0 < a < 1 x ≥ 1∑
θ∈Ĝ/H

I0(x, θ) ≤
(2 + a) (x) + 1

xa
· R(a, χ) +

[G : H]|m∞|
a2

− 1

a2

+
(x)

xa

(
3

2
+

1

a
+

1

a+ 1

)
+

1

xa

(
1

a2
+

1

(a+ 1)2

)
+

[G : H]|m∞|
x

(
1

(1− a)2
− (x)

(a− 1)xa−1
− 1

(a− 1)2xa−1

)
.



0 < a < 1

∑
θ∈Ĝ/H

(
L′
θ

Lθ
−

L′
χθ

Lχθ

)
(−a) ≤ (2 + a) · R(a, χ) +

3

2
+

1

a
+

1

a+ 1
−

∑
θ∈Ĝ/H

βχθ
− βθ

1− a
,

∑
θ∈Ĝ/H

(
L′
θ

Lθ
−

L′
χθ

Lχθ

)′
(−a) ≤ R(a, χ) +

1

a2
+

1

(a+ 1)2
+

∑
θ∈Ĝ/H

βχθ
− βθ

(1− a)2
.

ψ
(−a

2

)
−ψ

(
3−a
2

)
−ψ(1)+ψ

(
3
2

)
≥ 0, ψ′ (−a

2

)
−ψ′ (3−a

2

)
≥ 0,

ψ(z) = ψ(z+1)−1/z ψ′(z) =
ψ′(z + 1) + 1/z2 ψ ψ′

0 < a < 1
(

(x)
(a−1)xa−1 + 1

(a−1)2xa−1 − 1
(1−a)2

)
≤ 0,

∑
θ∈Ĝ/H

βχθ
− βθ
x

(
(x)

(a− 1)xa−1
+

1

(a− 1)2xa−1
− 1

(1− a)2

)

≤ [G : H]|m∞|
x

(
1

(1− a)2
− (x)

(a− 1)xa−1
− 1

(a− 1)2xa−1

)
.

I0(x, θ) �

0 < a < 1

Sm(x) ≤
2 (x)

ea
ω(m0) ≤

2 (x)

ea (2)
(N(m0)),

ω(m0) m0

Sm(x) =
1

[G : H]

∑
N(a)<x
(a,m) �=1

⎛⎜⎝ ∑
θ∈Ĝ/H

(θ∗(a)− χθ(a))

⎞⎟⎠P (a, x) ≤
∑

N(a)<x
(a,m)�=1

2P (a, x),

�

0 < a < 1
√
x/(a+ 1)2

[G : H]

(
s1(x) (ΔN(m0)) + s5(x)n+ s4(x)|m∞|+ s3(x)ω(m0) +

SH(x)√
x

)
+ s2(x),



s1(x) =
2

2a+ 1

(
1 +

(2 + a) (x) + 1

xa+1/2

)
,

s2(x) = s1(x)

(
1

a
+

1

a+ 1

)
+

(x)

xa+1/2

(
3

2
+

1

a
+

1

a+ 1

)
+

1

xa+1/2

(
1

a2
+

1

(a+ 1)2

)
,

s3(x) =
2 (x)

ea
√
x

,

s4(x) =
1

(a− 2)2x5/2
− s1(x)

2

(
ψ

(
a+ 1

2

)
− ψ

(
a+ 2

2

))
+

1

a2
√
x

+
1

x3/2

(
1

(1− a)2
− (x)

(a− 1)xa−1
− 1

(a− 1)2xa−1

)
,

s5(x) = s1(x)(ψ(a+ 1)− (2π)).

0 ≤ ∑∞
k=2

(−1)k

(a−k)2xk ≤ 1
(a−2)2x2

I−(x, θ) ≤ |βχθ
−βθ|

(a−2)2x2 ≤ |m∞|
(a−2)2x2

√
x

(a+ 1)2
≤ [G : H]|m∞|

(a− 2)2x5/2
+ R(a, χ) +

1√
x

∑
θ∈Ĝ/H

I0(x, θ) + [G : H]
SH(x) + Sm(x)√

x
.

�

χ(p) = 1 p N(p) < x [p]m ∈ H
(p) = 1 0 < a < 1

SH(x) ≤ 2n

ea

∑
m<

√
x

Λ(m).

t ≥ 1
t−a t 1/ea

SH(x) =
∑

N(a)<x
[a]m∈H

(1− χ(a))P (a, x) ≤ 2

ea

∑
N(a)<x
[a]m∈H
χ(a)�=1

Λ(a).

p p x
(p) > 1∑

N(pk)<x

[pk]m∈H
χ(pk) �=1

Λ(pk) ≤
∑

N(pk)<x

(p)Λ(pk) ≤ (p)
∑

pk<
√
x

Λ(pk).

(p) = 1 � [p�]m ∈ H
� = 1 χ(pk) = 1 k p

� ≥ 2 ∑
N(pk)<x

[pk]m∈H
χ(pk) �=1

Λ(pk) ≤
∑

N(pk�)<x

Λ(pk�) ≤ (p)
∑

pk<
√
x

Λ(pk).



p p p∑
p

∑
p|p

∑
N(pk)<x

[pk]m∈H
χ(pk)�=1

Λ(pk) ≤
∑
p

∑
p|p

(p)
∑

pk<
√
x

Λ(pk) ≤ n
∑

m<
√
x

Λ(m).

�

x > 0

a→1

(
1

(1− a)2
− (x)

(a− 1)xa−1
− 1

(a− 1)2xa−1

)
=

( x)2

2
.

a→1

(
1

(1− a)2
− (x)

(a− 1)xa−1
− 1

(a− 1)2xa−1

)
=

b→0

(
xb − b (x)− 1

b2xb

)
=

b→0

(
xb (x)− (x)

bxb(b (x) + 2)

)
=

b→0

(
( x)2

b2( x)2 + 4b (x) + 2

)
=

( x)2

2
.

�

x p
[p]m ∈ H (p) = 1 χ(p) �= 1 x ≤ 95

B =
(
[G : H] (2.71 (ΔN(m0)) + 1.29|m∞|+ 1.38ω(m0)) + 4.13

)2
.

x ≤ B

n = 1 G |m∞| = 1
N(m0) ≥ 3

B ≥
(
2.71 (3) + 1.29 + 1.38 + 4.13

)2
= 95.59 · · · ≥ x,

|m∞| = 0 N(m0) ≥ 5

B ≥
(
2.71 (5) + 1.38 + 4.13

)2
= 97.44 · · · ≥ x.

n = 2 ΔN(m0) ≥ 8

B ≥ (2.71 (8) + 4.13)2 = 95.36 · · · ≥ x.

ΔN(m0) ≤ 7

N(m0) ≥ 2
3 (

√
−3) 3

2 ΔN(m0) ≤ 7



n > 2

(ΔN(m0)) ≥ n( (2π)− ψ(2))− 3

2
≥ 2.74,

B ≥ (2.71 · 2.74 + 4.13)2 = 133.52 · · · ≥ x.

x > 95

SH(x) ≤ 2n

ea

∑
m<

√
x

Λ(m) ≤ 2nC
√
x

ea
,

C = 1.03883 a → 1
s4 x ≥ 95

(
s5(x) +

2C
ea

)
s1, s2, s3 s4

x ≤ 24
(
[G : H] (s1(95) (ΔN(m0)) + s4(95)|m∞|+ s3(95)ω(m0)) + s2(95)

)2
≤
(
[G : H] (2.71 (ΔN(m0)) + 1.29|m∞|+ 1.38ω(m0)) + 4.13

)2
,

�

K Δ
K m K m0 m∞

h K H m(K)
H

{p K | (p, hm0) = 1, [p]m ∈ H, (p) = 1 N(p) < B},
B = ([ m(K) : H] (2.71 (ΔN(hm0)) + 1.29|m∞|+ 1.38ω(hm0)) + 4.13)2

B

N = {p ∈ Im(K) | p , (p, h) = 1, [p]m ∈ H, (p) = 1 N(p) < B},
N H N N �= H

H N G
H G χ m

H p ∈ Ihm(K)
[p]m ∈ H χ(p) �= 1 (p) = 1 N(p) ≤ B.

p ∈ N ⊆ N χ(p) = 1 �

m

( /m )× m H G = ( /m )×

H
O(([G : H] m)2)

H
H O(([G : H] m)2)



m H
G = ( /m )× H p

p m ∈ H p ≤ 16 ([G : H] m)2

m = m0m∞ m0 = m m∞
m( ) G = ( /m )×

a a m H ( /m )×

H ′
m( ) H ′

B = ([G : H] (2.71 (m) + 1.29 + 1.38ω(m)) + 4.13)2 ,

H H
m ≤ 11000

m/|H| ≥ 2 m > 11000

ω(m)

m
≤ ( m) + 0.12

√
m

m
≤ ( 11000) + 0.12

√
11000

11000
≤ 0.67,

B ≤
(
[G : H] (m)

(
2.71 +

1.29 + 4.13/2

11000
+ 1.38 · 0.67

))2

,

�

A

q K
O K K+ K f

O B > 0 G (B)
A

B
O+ = O ∩K+ K+

G
(
26

(
h+O+ (ΔN(f))

)2)
Δ K h+O+

O+

G (B)

P(O) = ( (O) → +(O ∩K+))

B g ≥ 2
A n = 2g K

π : f(K) → (O)
H = π−1(P(O))

[ f(K) : H] ≤ [ (O) : P(O)] ≤ h+O+ .



G (B)

B =

(
2.71 + 1.38

ω(f)

(ΔN(f))
+

4.13

(ΔN(f))

)2 (
h+O+ (ΔN(f))

)2
,

26
(ΔN(f)) n = 4

(ΔN(f)) ≥ 4 (3.263) ≥ 4.73 n ≥ 6

(ΔN(f)) ≥ n( (2π)− ψ(2))− 3

2
≥ 6.99.

n ≥ 4 (ΔN(f)) ≥ 4.73 n = 2
(ΔN(f))

26 (Δ, N(f)) (ΔN(f)) < 4.73
(
√
−1)

N(f) ∈ {1, 2} (
√
−3) N(f) ∈ {1, 3}

(
√
5) N(f) = 1 f

N(f) N(f) ∈ {2, 3}
N(f) = 1 O

(
√
−1) (

√
−3) (

√
5)
n

(ΔN(f)) ≥ 4.73 ω(f) ≤ 5

ω(f)

(ΔN(f))
≤ 5

4.73
≤ 1.06.

ω(f) > 5 N(f) ≥ 2 · 3 · 5 · 7 · 11 · 13ω(f)−5

ω(f)

(ΔN(f))
≤ ω(f)

(2 · 3 · 5 · 7 · 11 · 13ω(f)−5)
≤ 5

(2 · 3 · 5 · 7 · 11) +
1

(13)
≤ 1.06.

(
2.71 +

1.38 · ω(f)
(ΔN(f))

+
4.13

(ΔN(f))

)2

≤ (2.71 + 1.38 · 1.06 + 4.13/4.73)2 ≤ 26,

�
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n n V
(n + 1)
{Vi}i∈ ≥0

V0

i > 0 Vi Vi−1

h h
V h

�

K OK K
+ fOK f �

K f �
i + �ifOK

+ fOK ⊃ + �fOK ⊃ + �2fOK ⊃ . . .

E k = q

K = (π)
π X2 − tX + q t



|E( q)| = q + 1− t

p K
O

f ∈
π [π] dπ = t2 − 4q fπ

f2
π dπ dπ/f

2
π ≡ 0 1 4

fπ k O [π]
f fπ � fπ

f � �
E E

� E
k E f �

fπ �
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�

2

�

� L �

� L OL � K
K� = K ⊗ �

K R(�) K� R(�)
K� �

n O K
O ⊗ � = R(�) � O O =

⋂
�(R(�) ∩K)

K+
�

� K K+

K+[x]/f(x) f
(K/K+) † K K+

K+

OK+

OK (K/K+)
OK+ OK

K+ K
OK+ + f+OK f+ OK+

K
OK+

f O K

f = {x ∈ K | xOK ⊆ O},
K OK O

f+ �→ OK+ + f+OK

OK+ K OK+

f+ OK+ OK+ + f+OK f+OK

O K f
O = OK+ + (f ∩ OK+)OK

O K † O∩K+ = (O+O†)∩K+



O∩K+ =
(O +O†) ∩K+ x ∈ O x+ x† ∈ (O +O†) ∩K+ = O ∩K+ ⊂ O

x† ∈ O �

f g OK g f π : OK →
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Λ e1on⊕e2on e1, e2 ∈ Λ
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εR = �εf1 ⊕ �εf2
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z ∈ on−1
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n

on−1 �on−1Λ on−1 · o(Λ) �
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κ

(on−1T�A )/T�A
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ξ A (ξ)
ξ A
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ϕ̃ �� (B)

A
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��

ϕ �� B.
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Λ

l l oK+
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⎧⎨⎩
L�oK+ (Λ) � K+,

Ll1 [Ll2(Λ)] = Ll2 [Ll1(Λ)] � l1l2 K+,
Ll[Ll(Λ)] � l2 K+.

� K+ �OK+

K+ � K�

of f = �noK+ oK+ + �noK n ≥ 0



(�, �)

Λ �
K+ (�, �)

L +(Λ) = L�oK+ (Λ).

oK+/�oK+
∼= �2 Λ/�Λ o(Λ)/�o(Λ)

�2 oK+

Λ/�Λ �2 �2 L�oK+ (Λ)

(�, �) �
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�3 + � o1 = + �oK+

� K+ �OK+ = l1l2 K�

of = oK+ + foK f = lm1 ln2
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Λ
Λ/�Λ = (l1Λ/�Λ) ⊥ (l2Λ/�Λ).

o = o(Λ) l1 l2 l1l2 = �oK+ o/�o
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Γi �∈ Li(Λ) Γi Λ liΛ
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liΛ/Λ
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Γ = l2Γ1 + l1Γ2 Γ1 ∈ Ll1(Λ) Γ2 ∈ Ll2(Λ)
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l2Γ1 + l1Γ2 ∈ Ll1(Γ2) �

� K+ L +(Λ) �2 + 2�+ 1 �3 − �
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Vl(O)
� l2 K+ A l

Vl(O) (�, �)
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X Y
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ψ
X

X Y Y ′ d d ≤ 2
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ψ : Y → Y ′ ϕ = ϕ′ ◦ ψ
d d = 2 X Y Y ′
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X Y ϕ
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x Gm,n−m (x1, x2) = ( 1(x), 2(x))
x ∈ Gm,n−m

−1
1 ( 1(x)) ∩ −1
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y ∈ Y 1(x)

l2 z l1 y x′ 1(x)
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√
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δ δ
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Λ
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B
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t ∈ Λ⊗ v ∈ k

‖W · v − t‖ ≤ 1/2 ·
√
n ·

w∈W
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(‖b̃1‖, . . . , ‖b̃k‖, 0, . . . , 0) Q QQt = QtQ = I
x = QDy y [−1/2, 1/2) j

xj =
∑
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∑
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⎡⎣∏
p∈B

pep

⎤⎦ ·
[

k∏
i=1

qfii

]
.

C
c = r + |B| + k L ψ

{vi}ci=1
n p∈C{ (Np)} (dK) |C| = O(|B| + (Na)) i vi =

((wi,p)p∈B, (vi,1, . . . , vi,k)) [a] ∈ H B H

{∑c
j=1 xjvj,i = ai}ki=1 x ∈ c

0 = ψ

(
c∑

i=1

xivi

)
=

⎡⎣∏
p∈B

p
∑

j xjwj,p

⎤⎦ ·
[

k∏
i=1

q
∑

j xjvj,i
i

]
=

⎡⎣∏
p∈B

p
∑

j xjwj,p

⎤⎦ · [a].

B y =
(
−∑

j xjwj,p

)
p∈B

�

m > 2 m
ζm ∈ m K = (ζm)

m OK = [ζm] K ΔK

K K+ = (ζm + ζ−1
m )

K h N(h)
τ ∈ (K/ ) K

K OK h [h]
h h′ h ∼ h′ K+

K+ NK/K+ : K → K+

h h1+τ

−
K

G
K/ ( /m )× a �→ σa
σa ζm ζam τ = σ−1

σ ∈ G a ∈ K h OK

σ aσ hσ [G]
α =

∑
σ∈G ασσ ∈ [G]

hα =
∏
σ∈G

(hσ)ασ .

K
〈a, b〉 = (abτ ) ‖a‖

�2

K −→ ϕ(m) : a �−→ (aσ)σ∈G.

�1 �∞ ‖a‖1 ‖a‖∞
h (h) =

√
ΔKN(h) λ1(h)



h

1

(n)
N(h)1/n ≤ λ1(h) ≤ (n)N(h)1/n.

vOK v h
h (vOK) ≤ ‖v‖n

g a gO×
K

a
O×

K

(O×
K)

C ⊂ O×
K (C)

G
(K/ ) τ ∈ G

K

: K× −→ [G]/(1− τ)

a �−→
∑
σ∈G

(|aσ|) · σ−1.

[G] [G]/(1− τ)
B ⊂ G G/〈τ〉

B [G]/(1 − τ)
B [G]/(1 − τ)

ϕ(m)/2

O×
K

−1 ζm (O×
K)

[G]/(1− τ) s(G) =
∑

σ∈G σ

V

{±ζm} ∪ {1− ζjm | j = 1, . . . ,m− 1}.
K C = V ∩ O×

K

(C) (O×
K)

C+ = C ∩ K+

E+ = O×
K ∩ K+ W −1 ζm

WE+ 1 2 O×
K W

: O×
K → [G]/(1− τ)

[ (O×
K) : (C+)] = [ (O×

K) : (E+)][ (E+) : (C+)]

= [O×
K : WE+][E+ : C+],

[ (O×
K) : (C)] �



(C) m = pα1
1 . . . pαk

k

m i mi = mp−αi
i 0 < j < m

vj =

⎧⎪⎨⎪⎩
1− ζjm i mi � j,

1− ζjm
1− ζmi

m
i mi | j.

(C)
{ (vj) | 0 < j < m}

j m ‖ (1− ζjm)‖ = O(
√
m)

j = ab a m (b,m/a) = 1

‖ (1− ζjm)‖2 =
∑

i∈( /m )×/{±1}

(
2 |1− ζijm|

)2
= 4

∑
i∈( /m )×/{±1}

(
|1− ζim/a|

)2
.

( /m )× → ( /(m/a) )×

ϕ(m)/ϕ(m/a)

‖ (1− ζjm)‖2 = 4
ϕ(m)

ϕ(m/a)

∑
i∈( /(m/a) )×/{±1}

(
|1− ζim/a|

)2

= 4
ϕ(m)

ϕ(m/a)

∑
i∈( /(m/a) )×/{±1}

( |2 (πia/m)|)2

≤ 8a

�m/2a�∑
i=1

( (2 (πia/m)))2

= 8a

�m/2a�∑
i=1

f(ia/m),

f : [0, 1/2] → f(x) = ( (2 (πx)))2 f(x) ≤ 2
1/6 ≤ x ≤ 1/2 i > �m/6a�
O(m)

(πx) ≥ 2x 0 ≤ x ≤ 1/2

8a

�m/6a�∑
i=1

f(ia/m) ≤ 8a

�m/6a�∑
i=1

( (4ia/m))2 ≤ 8a
m

a

∫ 1/6

0
( (4x))2dx = O(m),∫ y

0 ( x)2dx = y(( y)2 − 2 (y) + 2) �

g ∈ OK h ∈ OK

gOK = hOK

‖h‖ =
(
O
(√

m m
))

·N(g)1/ϕ(m),



(g) gOK

g ∈ OK (γi, ki)
�
i=1

gOK

W = (w1, . . . , wm−1) wi = (vi) s(G) =
∑

σ∈G σ ∈ [G]/(1− τ)

t′ ← ∑�
i=1 ki (γi)

t′′ ← 1/ϕ(m) · (N(g)) · s(G)
t ← t′ − t′′ ∈ (O×

K)⊗

x ← ∞(W, t)

‖W · x− t‖∞ ≤
√

2 · (4ϕ(m)) · w∈W ‖w‖
(γi, ki)

�
i=1 (vi,−xi)

m−1
i=1

g (γi, ki)
�
i=1 g =

∏�
i=1 γ

ki
i

t t′ (O×
K) ⊗

W = (w1, . . . , wm−1) wi = (vi) W
(C) w∈W ‖w‖ = O(

√
m)

∞(W, t) x

‖W · x− t‖∞ ≤
√

2 · (4ϕ(m)) ·
w∈W

‖w‖.

h
(γi, ki)

�
i=1

�
(vi,−xi)

m−1
i=1

�

‖h‖∞ ≤ (‖ (g)−W · x‖∞)

≤ (‖t+ t′′ −W · x‖∞)

≤ (‖t′′‖∞) · (‖t−W · x‖∞)

≤ (‖1/ϕ(m) · (N(g)) · s(G)‖∞) ·
(√

2 · (4ϕ(m)) ·
w∈W

‖w‖
)

≤ N(g)1/ϕ(m) ·
(
O
(√

m m
))

.

‖h‖ ≤
√

ϕ(m)‖h‖∞ �

(γi) (vi)
h p = 2(

k
i=1 ki�‖γi‖∞�) p

n = ϕ(m)/2
n− 1 w1, . . . , wn−1



n G/〈τ〉
[G]/(1− τ)

L = ( (γi))
�
i=1,

W = (wi)
n−1
i=1 = ( (vi))

n−1
i=1 .

ε = 2−(p+m2) L ε
‖L − L‖∞ ≤ ε W W ε

‖W −W‖∞ ≤ ε wi (O×
K)⊗

W̃ ‖W − W̃‖∞ ≤ ε/2

wi = w̃i −
1

ϕ(m)

n∑
j=1

w̃i,js(G) ∈ (O×
K)⊗ ,

‖W − W̃‖∞ ≤ ε/2

t
′
= L · k t

′
s(G)

t
′
= t+ t

′′
t ∈ (O×

K)⊗ t
′ ∈ s(G) ·

x ← ∞(W, t) x

‖W · x− t‖∞ ≤
√

2 · (8n) ·
w∈W

‖w‖.

(γi, ki)
�
i=1

�
(vi,−xi)

n−1
i=1 h

h

‖h‖∞ ≤ (‖L · k −W · x‖∞)

≤ (‖t′ −W · x‖∞) · (‖(L− L) · k‖∞ + ‖(W −W ) · x‖∞)

w∈W ‖w‖ ≤ O(
√
m) +

√
nε ≤ O(

√
m)

(‖t′ −W · x‖∞) ≤ (‖t′′‖∞) · (O(
√

m m)).

t′′, t′′ t′ = Lk t
′′
= Lk

‖t′′ − t
′′‖∞ ≤ n‖t′ − t

′‖∞ ‖h‖∞
N(g)1/ϕ(m) · (O(

√
m m)) · ((n+ 1)‖(L− L) · k‖∞ + ‖(W −W ) · x‖∞).

‖(L− L) · k‖∞ ≤ n · ‖k‖∞ · ε ≤ 2−m2+o(m)

‖h‖∞ ≤ N(g)1/ϕ(n) · (O(
√
m m)) · (2−m2+o(m) + ‖(W −W ) · x‖∞).

‖x‖ A A+

‖x‖ ≤ ‖W+‖‖W · x‖ ≤ ‖W+‖
(
‖W · x− t‖+ ‖t‖

)
.

‖W+‖ ≤ 5 · ‖W‖ϕ(m)−3.

w1, . . . , wn−1 (O×
K)

(W tW ) ≥ ( (O×
K)) = RK

√
n,



RK K λ1 ≤ · · · ≤ λn−1

W tW

‖(W tW )−1‖ =
1

λ1
=

∏n−1
i=2 λi

(W tW )
≤ ‖W‖2(n−2)

RK
√
n

.

RK > (2,m)/10 m = 10
RK > 0.96 W W+ = (W tW )−1W t

‖W+‖ ≤ ‖W‖‖(W tW )−1‖ ≤ 5‖W‖2n−3

√
n

≤ 5 · ‖W‖2n−3.

�
‖W+‖ ≤ 4‖W+‖.

E = W −W W
+
= (I+EW+)+W+ A = I+EW+

‖I −AtA‖ < 1/2

A+ =
∞∑
i=0

(I −AtA)iAt.

‖W+‖ ≤ ‖A+‖‖W+‖ ≤ 2‖A‖‖W+‖ ≤ 4‖W+‖.
�

‖W+‖ ≤ 2O(m)

‖W · x− t‖ ≤ 2o(m) ‖t‖ ≤ 2p+o(m) ‖x‖ ≤ 2p+O(m)

‖(W −W ) · x‖∞ ≤ 2−m2+O(m)

‖h‖∞ ≤ N(g)1/ϕ(m) · (O(
√

m m)) · (2−m2+O(m))

≤ N(g)1/ϕ(m) · (O(
√

m m)).

a
m

(O
(√

m m
)
) ·N(a)1/ϕ(m),

m N(a)
a (O

(√
m m

)
)

(a) a

a OK

a
g ← (a)
h ← (g)

h



a a
g ∈ OK a = gOK

(N(a)) m
h a

‖h‖ =
(
O
(√

m m
))

·N(a)1/ϕ(m),

h a
(O

(√
m m

)
) �





a b ab N(b)

N(b) ≤ (Õ(m1+c)) c > 0
g

ab

‖g‖ ≤ N(ab)1/ϕ(m)
(
Õ
(√

m
))

≤ N(a)1/ϕ(m)
(
Õ
(
m (1/2,c)

))
.

g ∈ ab ⊂ a a
(Õ(m (1/2,c)))

c = 1/2
c < 1

S [G]
h OK s ∈ S hs

[G] ϕ(m) ϕ(m)

‖ · ‖ ‖ · ‖1 �2 �1
ϕ(m)



�1 h α ∈ [G]

N(hα) = N(h)‖α‖1

a pα α ∈ [G]
γ S α �1

‖γ − α‖1 N(pγ−α) b = pγ−α

ab b
a

α ∈ [G] S
S [G]

[G]
−
K aaτ

α ∈ [G] p

a = pα N(b) ≤ N(p)Õ(m1+1/2)

a
c

K [G]

c = 1/2 m

[G]
−
K

a, b OK α ∈ [G] a ∼ b aα ∼ bα

[G] [G] K

Λ [G]
h λ ∈ Λ hλ Λ

G
( /m )× a �→ σa σa ζm ζam

x ∈ {x}
[0, 1) {x} = x {x} = x− �x�

a ∈

θ(a) =
∑

b∈( /m )×

{
−ab

m

}
σ−1
b ∈ [G].

S′ {θ(a) | a ∈ } [G]
S = [G] ∩ S′ [G]
S



[G] ∩ θ(1) [G]
m

K h OK s ∈ S hs

a
va = aθ(1)− θ(a) ∈ [G]

{va | a = 2, . . . ,m}

L {va | a = 2, . . . ,m} [G]
va ∈ [G] a L ⊆ S γ

S θ(0) = 0 θ(a) = θ(b) a b a ≡ b m

γ =
∑m−1

a=1 xaθ(a) xa

γ =

m−1∑
a=1

xaθ(a) =

m−1∑
a=1

xa

⎛⎝ ∑
b∈( /m )×

{
−ab

m

}⎞⎠σ−1
b

=
∑

b∈( /m )×

(
m−1∑
a=1

xa

{
−ab

m

})
σ−1
b .

σ−1
b γ

∑m−1
a=1 xa

{
−ab

m

}
γ

[G]
∑m−1

a=1 xaa m q∑m−1
a=1 xaa = qm

γ =
m−1∑
a=1

xaθ(a) =

m−1∑
a=1

xaaθ(1) +

m−1∑
a=1

xa(θ(a)− aθ(1)) = qvm −
m−1∑
a=2

xava ∈ L,

�

S wa = va− va−1

a ∈ {2, . . . ,m}
W = {w2, . . . , wm}.

W S

W S
a ∈ {2, . . . ,m} wa =

∑
b∈( /m )× εa,b · σ−1

b εa,b ∈ {0, 1}
w ∈ W ‖w‖ ≤

√
ϕ(m)

W



va = aθ(1)− θ(a) =
∑

b∈( /m )×

(
a

{
− b

m

}
−
{
−ab

m

})
σ−1
b

=
∑

b∈( /m )×

⌊
a

{
− b

m

}⌋
σ−1
b ,

x{y}− {xy} = �x{y}� x y
{xy} [0, 1)

wa =
∑

b∈( /m )× εa,bσ
−1
b

εa,b =

⌊
a

{
− b

m

}⌋
−
⌊
(a− 1)

{
− b

m

}⌋
≤
{
− b

m

}
+ 1 < 2.

εa,b ∈ {0, 1} a b �

S ⊂ [G]
[G] ϕ(m)/2 + 1 m ≥ 2

−
K

K+ = (ζm + ζ−1
m ) K

K+
−
K NK/K+ :

K → K+ 1+ τ ∈ [G] −
K

[G] −
K

R = [G]/(1 + τ).

R π : [G] → R
B ⊂ G G/〈τ〉 π(B)

R R ∼= ϕ(m)/2 �1
�2 R B

π(S) ϕ(m)/2 R

(1 − τ)S (1 − τ) [G]
(1− τ) [G] R �

π(W ) R

‖π(w)‖ ≤ 2
√

ϕ(m) w ∈ W

w ∈ W ‖π(w)‖ ≤
√

ϕ(m)

a ∈
{2, . . . ,m} b ∈ ( /m )× εa,b − εa,−b ∈ {−1, 1} a = m
εa,b = εa,−b = 1 π(wm) = 0 a �= m ab/m �∈⌊

a

{
− b

m

}⌋
=

⌊
a

(
1−

{
b

m

})⌋
= a+

⌊
−a

{
b

m

}⌋
= a−

⌊
a

{
b

m

}⌋
,

εa,b − εa,−b = 1− 2εa,−b ∈ {−1, 1} �



[G] −
K

W
α ∈ [G] β ∈ [G]

Cβ = Cα C ∈ −
K

α ∈ [G]

β ∈ [G] ‖β‖1 ≤ 0.5·ϕ(m)3/2 Cα = Cβ C ∈ −
K

m (‖α‖)

(α) α

α ∈ [G]

β ∈ [G] ‖β‖1 ≤ 0.5 · ϕ(m)3/2 Cα = Cβ

C ∈ −
K

W S
v ← (π(α), π(W ))
γ ← π(W ) · v

π(α)− γ =
∑

σ∈B aσπ(σ) π(B) R
β ← ∑

σ∈B aσσ
β

π : [G] → R W
S B ⊂ G G/〈τ〉

π(W ) R
γ ∈ π(S)

‖π(α)− γ‖1 ≤
ϕ(m)

2
·
w∈W

‖π(w)‖ ≤ 0.5 · ϕ(m)3/2.

β

‖β‖1 = ‖π(α)− γ‖1 ≤ 0.5 · ϕ(m)3/2.

C ∈ −
K Cγ = [OK ]

Cα = Cβ �

[G] −
K p

[p] ∈ −
K

−

α ∈ [G] b pαb

N(b) = N(p)O(ϕ(m)3/2),

m (N(p)) (‖α‖)

a = pα ∈ p [G] α
α

α



−(p, α) pα

p [p] ∈ −
K α ∈ [G]

b pαb N(b) = N(p)O(ϕ(m)3/2)

β ← (α)
β =

∑
σ∈G bσσ

σ ∈ G

(b+σ , b
−
σ ) ←

{
(bσ, 0) bσ ≥ 0,

(0,−bσ) ;

γ ← ∑
σ∈G(τb

+
σ + b−σ )σ

b = pγ

β γ b

‖β‖1 ≤ 0.5 · ϕ(m)3/2 pα ∼ pβ [p] ∈ −
K p−1 ∼ pτ

pγ ∼ p
∑

σ∈G(τb+σ +b−σ )σ ∼ p
∑

σ∈G(−b+σ +b−σ )σ ∼ p−α,

pαb γ b

N(b) = N(p)‖γ‖1 = N(p)O(ϕ(m)3/2) �

a OK m

a m
a (

Õ
(√

m
))

·N(a)1/ϕ(m),

m h+(m) (N(a))

a (Õ (
√
m))

{p1, . . . , pd}
(m) −

K [G]

b ab
−
K

α1, . . . , αd ∈ [G] ab ∼ pα1
1 . . . pαd

d

bi ∼ p−α1
1 N(bi) = (Õ(m3/2))

c = abb1 . . . bd
g ∈ c ⊂ a (Õ(d

√
m))

−
K d = (m)

(Õ (
√
m))



d ≤ (m) B ≤ (m)
d p1, . . . , pd

p N(p) ≤ B [p] ∈ −
K

B = {pσi | σ ∈ G, i = 1, . . . , d} −
K 1/2

h+(m) m

K+

K K+ K+

a
−
K ⊂ K

a ∈ K b
ab ∈ −

K ab hK = | K |
K h−K = | −

K |
−
K K

h+K = | K+ | K+ NK/K+ : K → K+

K+
∼= K/ −

K

x > 0 Sx OK

x Sx K Gx

( K , Sx)
ε > 0 C

B = O
(
(ϕ(m) (ΔK))2+ε

)
= O

(
(ϕ(m)2 (ϕ(m)))2+ε

)
GB C (hK)/ (ΔK)

−
K 1/(2h+K)

� = �C (hK)/ (ΔK)� = Õ(m)
p1, ..., p� SB

b =
∏

pi

N(b) =

�∏
i=1

N(pi) ≤ B� = ( (m) · Õ( hK)) = (Õ(m)).

[a] [ab] −
K

1/(2h+K) b [ab] ∈ −
K

h+K
[ab] ∈ −

K

NK/K+(ab) O+
K

−

O(h+K) · (m, N(a))



−(a) −
K

a OK

b [ab] ∈ −
K N(b) ≤ (Õ(m))

� B � = Õ(m) B = (m)

i = 1 �
pi B

b ← ∏�
i=1 pi

NK/K+(ab)
b

h+K K+

m h+(m)
m

m h+(m) ≤ (m)

h+K

(�, e) � e h+(�e+1) = h+(�e)

� = 2

e h+(2e) = 1

� e
h+(�e) O(1)

�
� h+(�)

h+(�) � < 10, 000

� ≤ 241 75.3 � < 10, 000 h+(�) = 1
71.3

h+(�) ≤ � 99.75

−
K

OK

a m b ab

N(b) =
(
Õ
(
m3/2

))
,

m h+(m) (N(a))



(a) a

a OK

b ab N(b) =
(
Õ
(
m3/2

))
d = (m) B = (m)

M ← {p | N(p) ≤ B, [p] ∈ −
K}

p1, . . . , pd M
B ← {pσi | σ ∈ G, i = 1, . . . , d}
b′ ← −(a)
(yq)q∈B ← B(ab

′)
i = 1 d

αi ←
∑

σ∈G ypσi σ ∈ [G]

bi ← −(pi, αi)

b ← b′
∏d

i=1 bi
b

B
−
K −

b′ [ab′] ∈ −
K N(b) ≤ (Õ(m)) B −

K

B α1, . . . , αd ∈ [G] ab′ ∼ ∏d
i=1 p

αi
i

pαi
i b1, . . . , bd

pαi
i bi N(bi) =

(
Õ
(
m3/2

))
i = 1, . . . , d

b = b′
∏d

i=1 bi �

�

(a) a

a OK

v ∈ a ‖v‖ ≤
(
Õ (

√
m)

)
·N(a)1/ϕ(m)

b ← (a)
v ← (b)

v

−
K

r r · (m) −
K

K m G
−
K r [G] −

K
α ≥ 1 s

s ≥ r( 2 2(h
−
K) + α)



2 2(h
−
K) ∼ 2(ϕ(m)) x1, . . . , xs s

−
K {x1, . . . , xs} −

K [G](
− 3

2α

)
= 1−O(2−α)

Θ(r (ϕ(m))) −
K

[G]

r (m)
m = 2e h−(2e)

e = 9 −
K

[G] r = 1
−
K [G] m ≤ 509

r = 1
r (m)

r ≤ (m)
g1, . . . , gs

gi = [pi] N(pi) ≤ (m)

(m) −
K

−
K (2.71h+K (ΔK) + 4.13)2
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