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ΦAbstract -- The paper investigates the effect of the bar 
number on the performances of a five-phase squirrel-cage 
induction machine with fractional-slot tooth concentrated 
winding. With a same stator, five different rotor bar numbers 
are chosen and the rotor magnetic circuits are designed using 
an analytical approach. Then, a finite-element analysis is done 
under two different supply conditions: fundamental currents 
and third harmonic currents. Finally regarding the used 
winding specificities the possibility of second harmonic current 
supply is evaluated. The results are presented in a comparative 
way in order to determine the impact of rotor bar number on 
torque quality for the different supply modes. 

Index Terms-- Bar number, Constant Power Speed Ratio, 
Constant Power Speed Range, Five-phase induction machine, 
Multiphase machine, Torque quality, Traction machine.  

I.   NOMENCLATURE 

- spp: Number of slots per pole and per phase. 
- s: Slip. 
- Ω: Mechanical speed. 
- Ωs: Synchronism speed. 
- fs: Stator currents frequency. 
- p: Number of pole-pair. 
- θe: Electrical angle 

II.   INTRODUCTION 

LECTRICAL machines in automotive applications have 
to satisfy several requirements, especially a wide 
constant power speed range (CPSR), high torque 

density, high efficiency and reasonable cost. The idealized 
torque-speed characteristic required for traction machine is 
presented in Fig.  1. The constant power region has to be as 
extended as possible (typically 4 to 5 times the base speed) 
for medium sized (C segment) electrical vehicle, in order to 
reach high speed without oversizing the power electronic 
inverter [1].  

Permanent magnet synchronous machines (PMSM) are 
considered as the best option regarding the aforementioned 
requirements, especially the CPSR which can reach 5 times 
the base speed for IPMSM (Interior Permanent Magnets 
Synchronous Machines) [2]. In addition IPMSM are 
characterized by their high torque and power density and 
high efficiency [3]. However, because of the use of 
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expensive rare earth materials they have a considerable cost 
comparing to other machines without permanent magnets[4]. 

Another type of electrical machines suitable for traction 
applications is the Switched Reluctance Machines (SRM). 
These machines have many advantages, especially their very 
wide CPSR which can reach 7 times the base speed [1] with 
low cost. However the control strategies for this type of 
machines are complex due to specific supply currents 
waveforms. In addition low power factor, harmful acoustic 
noise, mechanical vibration, torque ripple [5] are also usual. 

 
Fig.  1. Idealized Torque-Speed characteristics for traction machine. 

Induction machines are becoming more attractive for 
different vehicle manufacturers thanks to their relatively low 
cost, in addition to their high robustness and relatively easy 
manufacture. However these machines are limited regarding 
CPSR, which is about 2 to 3 times the base speed, and torque 
density [1], [6]. 

In order to improve torque density of induction machine 
the raise of the number of phases can be a good solution. The 
use of more than three phases allows the injection of 
adequate current harmonics to improve torque production in 
the presence of space harmonics, while keeping an 
acceptable level of torque ripple [7].  

 
Fig.  2 : Theoretical torque-speed characteristic with pole-pairs switching. 

In addition, a high number of phases offers the possibility 
to change the number of pole-pairs in order to extend the 
CPSR. In fact, the machine can be supplied with high order 
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current harmonics in the low speed region of the torque-
speed characteristic where torque production can reach its 
maximum. With decreasing the number of pole-pairs by 
reducing the supply currents harmonic order, mechanical 
speed can be increased while constant power operation can 
be achieved without extended flux weakening, as shown in              
Fig.  2 [8]. 

Keeping in mind the aforementioned potential torque 
improvement features inherent to the multiphase induction 
machines, the multiphase machine stator winding must be 
designed in order to generate different number of pole-pairs. 
It is not only one winding factor, associated to the 
fundamental harmonic, which must be of high value as it is 
classically the case with integral-slot winding. In the paper, 
the chosen  winding (Fig 3) presents significant winding 
factors for the four first harmonics (one to four) and is also 
easy to manufacture with short-end winding  since it is tooth 
concentrated [9]. With a slot number per pole and per phase 
(spp) equal to 0.5 as for numerous machines for automotive, 
this winding has been used in a synchronous machine which 
has the ability to develop the same torque either with the first 
or with the third harmonic current thanks also to a special 
design of the rotor [10]. 

For a squirrel cage rotor, an important parameter of design 
is the number of bars since it impacts average torque, torque 
harmonics and mechanical vibrations [11]. As consequence, 
this paper contains a study on the effect of the rotor bar 
number on the torque (average and quality) of five-phase 
induction machines under different supply modes: classically 
first and third current harmonics separately as it is done for 
Permanent Magnet Synchronous machines and for 
multiphase induction machines with integral-slot windings 
[7]. A comparison between five rotors with the same stator is 
done using transient finite element method under Maxwell 
(Ansys). Finally, a usual ability of these five-phase machines 
is also presented: the production of torque with the second 
harmonic.  

III.   MACHINE SPECIFICATIONS 

The five induction machines have the same stator and 
different rotors. 

A.   Stator 

The chosen five-phase stator contains 20 slots, with 4 
pole-pairs and spp = 0.5 with the first harmonic. The stator 
geometry and winding scheme are illustrated in the Fig.  3. 

 
Fig.  3. Stator geometry and winding scheme. 

The fractional slot concentrated winding has a factor of 
59% for the first space harmonic and 95% for the third space 
harmonic. 

The Table I shows the rated parameters and general 
dimensions of the stator. 

TABLE I 
MACHINE PARAMETERS 

Parameter Unit Value 
Rated power kW 75 
Number of pole-pairs with 
the first harmonic 

 4 

Number of pole-pairs with 
the third harmonic 

 12 

Rated frequency Hz 200 
Rated speed RPM 3000 
DC-bus voltage V 285 
Active length mm 150 
Airgap thickness mm 0,5 
External diameter of stator mm 260 
Internal diameter of stator mm 180 

B.   Rotor 

In order to perform the expected comparison between 
different rotors with different bar numbers, the considered 
assumptions concerning the choice of rotor bar number that 
allows to avoid dangerous synchronous torques, slot 
harmonics and mechanical vibrations are described in [11]. 
Five rotor bar numbers were chosen, as shown in Table II, 
and for each of them the rotor dimensions were calculated 
basing on the analytical approach described in chapter 15 of 
[12].  

TABLE II 
CHOSEN ROTOR BARS NUMBERS. 

Bar number Parity Order Specificity 
13 Odd Low Prime 
18 Even Low / 
35 Odd Medium Multiple of phases number 
64 Even High / 
65 Odd High Multiple of phases number 

 
Fig.  4 illustrates the five machines with different rotors 

and the same stator. These machines were modeled using 
Maxwell (Ansys), and the Finite-Element analysis was done 
under different current supply conditions:  

- fundamental only, 
- third harmonic only, 
- second harmonic only (possible for this winding). 

 
Fig.  4. The five machines modeled under Maxwell (Ansys). 



 

IV.   COMPARISON UNDER 1ST HARMONIC SUPPLY 

The five machines shown in Fig.  4 were simulated under 
imposed current supply condition. For the first harmonic 
supply case the fundamental current was imposed (400 Amax, 
50 Hz) with a mechanical speed of “(1 – s).750 rpm”, “s” is 
the slip. 
In this supply mode, the number of pole-pair is equal to 4, 
the synchronous speed is 750 rpm. 
 Ω௦ = 	 ଺଴	.௙ೞ௣భ = 	 ଺଴	.ହ଴ସ =  (1)                 ݉݌ݎ	750	

A.   Torque-Slip curves 

For the five machines, simulations with sweep of slip 
value between 0 and 4% are done with a slip step increment 
of 0.25 %. The mean torque was taken for each slip value 
and the results are shown in the Fig.  5 where one can 
observe that both the maximum torque and its corresponding 
slip value increase with the number of bars. 
 

 
Fig.  5. Mean torque in function of slip – 1st harmonic supply. 

A high number of bars appears to be favorable for a higher 
maximum torque value. 

B.   Torque quality at maximum value 

From the results shown in the Fig.  5, the slip at maximum 
torque is determined for the five machines and used in Finite-
Element simulations under 1st harmonic supply with a little 
time step size so as to increase accuracy with regards to the 
torque pulsations. 

The variation of torque at steady-state under optimal slip is 
illustrated in the Fig.  6. It can be noted that the quality of 
torque is strongly impacted by the rotor bar number. 

In Table III, the mean value of torque and the 
corresponding slip for maximum values are given. Torque 
ripple is obtained after dividing the peak-to-peak value (P2P 
in Fig.  6) by the mean torque. If the maximum torque 
increases with the number of bars, it is not the case for the 
quality of torque. The lowest torque ripple is obtained for the 
rotors with 35 and 65 bars. With reference to these results, it 
can be observed that the induction machine with 65 rotor 
bars is the best regarding both average torque and torque 

ripple, under fundamental current supply. However, a high 
slip value induces higher rotor copper losses.  

 

 
Fig.  6. Torque curves under first harmonic supply for the maximum values. 

Consequently, considering steady states operations, the 
machine with 35 rotor bars could appear as the best 
compromise between torque quality and efficiency. For 
payload with transient operations 65 rotor bars could be the 
best. 

TABLE III 
MEAN TORQUE AND TORQUE RIPPLE, AT MAXIMUM VALUES UNDER 1ST 

HARMONIC SUPPLY. 
Bars 
number 

Slip at 
maximum 
torque (%) 

Torque 
(N.m) 

Torque 
Ripple 
(%) 

13 2.25 168 16.4 
18 2.5 212 14.5 
35 2.5 247 4.9 
64 2.75 256 27.6 
65 2.75 256 1.8 

V.   COMPARISON UNDER 3RD HARMONIC SUPPLY 

One of the advantages of multiphase machines with more 
than three phases is the possibility of injecting current 
harmonics to enhance torque production [13]. For the five 
induction machines of this study the third space harmonic is 
present in the winding function and its winding factor is 
95%. Hence the third harmonic of current can contribute to 
torque production. 

In this part of study, the five induction machines are 
supplied with currents whose frequency is 150 Hz and 
amplitude is 400 A (the same as for the 1st harmonic supply), 
and with a mechanical speed of “(1 – s).750 rpm”. 
In this supply mode, the number of pole pairs is equal to 12 
and the synchronous speed is 750 rpm. 
 	Ω௦ = 	 ଺଴	.௙ೞ௣య = 	 ଺଴	.ଵହ଴ଵଶ =  (2)                   ݉݌ݎ	750

The phase sequence under third harmonic supply is 
different from the fundamental one. As shown in the Fig.  7 

the shift between two successive phases is θe = 
ଶగହ  under the 

fundamental mode, and 3.θe under the third harmonic mode. 
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Fig.  7 : Phase sequence under 1st and 3rd harmonic supply. 

A.   Torque-Slip curves 

As for the first harmonic supply case, the curves of mean 
torque in function of slip are obtained by the same 
simulations as for the first harmonic supply, as shown in the 
Fig.  8. It can be observed that the curves for the machines 
with 64 and 65 rotor bar are almost identical (in blue and 
yellow). 

 
Fig.  8. Mean torque in function of slip – 3rd harmonic supply. 

As for the fundamental supply case, it appears that a high 
number of bars allows to produce higher torque but for 
higher slips. Besides, the developed torque under this supply 
mode is lower than with the first harmonic mode even 
though the third harmonic winding factor is higher than the 
first harmonic one. 

B.   Torque quality at maximum values 

From the results shown in the Fig.  8, the slip giving the 
maximum torque is determined for the five machines, and 
these values are imposed in Finite-Element simulations under 
3rd harmonic supply. 

The variation of torque at steady-state under this supply 
condition at optimal slip is shown in the Fig.  9. It can be 
observed that the torque quality is also strongly impacted by 
the number of bars under this supply mode. 

 
Fig.  9. Torque curves under third harmonic supply. 

In Table IV the values of slip, mean torque and torque 
ripple (calculated by the method described in section IV.  B.  
) are presented. These results lead to the same observation as 
for the first harmonic simulations, the level of produced 
torque increases with the number of bars, and the machine 
with 65 bars appears to be outperforming regarding torque 
ripple. 

TABLE IV 
MEAN TORQUE AND TORQUE RIPPLE, AT MAXIMUM VALUES UNDER THIRD 

HARMONIC SUPPLY. 
Bars 
number 

Slip at 
maximum 
torque (%) 

Torque 
(N.m) 

Torque 
Ripple 
(%) 

13 0.25 47 30.4 
18 1.5 84 84.0 
35 2.75 117 15.7 
64 3.25 144 85.9 
65 3.25 144 8.1 

VI.   POSSIBILITY OF USING THE SECOND HARMONIC SUPPLY 

For induction machine, tooth-concentrated windings are 
not the common solution, probably because they generate 
odd and even space harmonics. The calculation of the 
winding factors illustrates this property. According to [14], 
the Discrete Fourier Transform (DFT) of conductor 
distribution function inside the slots can be used to estimate 
the winding factors. For the chosen winding (20 stator slots, 
4 pole-pairs and spp = 0.5) this function is geometrically 

periodic with a mechanical angle period of 
ଶగ୮ .  

A sequence of the conductor density function for the 5 
phases of the chosen winding is presented in the following 
matrix (only for one pole-pair): 
 

௣ି௣௔௜௥	ଵܦ =
ܲℎ	1 ܲℎ	2	 ܲℎ	3	 ܲℎ4 ܲℎ50.5 0 0 0 −0.5 0.5−1	ݐ݋݈ܵ 0.5 0 0 0 20	ݐ݋݈ܵ −0.5 0.5 0 0 30	ݐ݋݈ܵ 0 −0.5 0.5 0 40	ݐ݋݈ܵ 0 0 −0.5 0.5 5	ݐ݋݈ܵ

          (3) 

For a given slot, 0.5 value means that half the conductors 
inside the slot are forward whereas -0.5 values means they 
are backward. This matrix is repeated four times to obtain the 

M
ea

n 
to

rq
ue

 (
N

.m
)

T
or

qu
e 

(N
.m

)



 

complete conductor distribution matrix D, then the winding 
factors for the 4 first space harmonics are obtained by the 
DFT of D multiplied by the phase number N to stator slot 
number Qs ratio. ܭ௛ = ேொೞ 	 . ℎ					ሽ,ܦሼܶܨܦ = 1,2,3,4                 (4) 

Only the 4 first space harmonics are chosen because:  ܭ௛ା௞.ே = ,௛ܭ ℎ			ℎݐ݅ݓ = ହା௞.ேܭ (5)                	1,2,3,4 = ହܭ = 0							(ℎ = ܰ)                    (6) 

 where k is an integer. 
So the winding factors in function of space harmonic are 

presented in Table V. It can be observed that the even space 
harmonics exist in this winding, especially the second 
harmonic whose winding factor K2 is equal to 95% (the same 
as the third harmonic). 

TABLE V 
WINDING FACTOR IN FUNCTION OF SPACE HARMONICS. 

Space harmonic Winding factor Kh 

1 0.59 
2 0.95 
3 0.95 
4 0.59 

 
Classically only the first and third harmonic supplies are 

used for five phase induction machines with classical 
integral-slot distributed windings. The tooth-concentrated 
winding under consideration has the particularities of 
generating even order space harmonics, it should be possible 
to generate torque by second harmonic currents supply. 
Similarly to fundamental and third harmonic modes, finite-
element simulations are computed for the five induction 
machines under second harmonic currents supply, with the 
same amplitude of 400 A. The torque variation for the five 
machines is illustrated in Fig.  10 and the values of mean 
torque and torque ripple are presented in Table VI. 

 

 
Fig.  10. Torque curves under second harmonic supply. 

The same conclusion as for the fundamental and third 
harmonic modes can be drawn: the increase of bar number is 
favorable for the torque production, the worst bar number 
regarding torque ripple is 64, and the machines with 35 and 
65 rotor bars have a low torque ripple. 

 
TABLE VI 

MEAN TORQUE AND TORQUE RIPPLE, AT MAXIMUM VALUES UNDER SECOND 

HARMONIC SUPPLY. 

Bars 
number 

Slip at 
maximum 
torque (%) 

Torque 
(N.m) 

Torque 
Ripple 
(%) 

13 1.25 73 44 
18 2.5 122 51 
35 2.65 173 7.9 
64 3 205 107 
65 3 205 3.4 

 
Similarly to the third harmonic supply mode, the 

developed torque under the second harmonic is lower than 
the fundamental mode torque although the winding factor for 
this harmonic is 95%. 

The ratio of developed torque under 2nd and 3rd harmonic 
to the fundamental mode torque is calculated and presented 
in Table VII for the five machines. 

TABLE VII 
TORQUE REDUCTION ORDER UNDER 2ND AND 3RD HARMONIC MODES. 

Bars 
number 

Torque 2nd harmonic 
/ Torque 1st harmonic 

(%)

Torque 3rd harmonic 
/Torque 1st harmonic 

(%) 
13 43 % 28 % 
18 58 % 40 % 
35 70 % 47 % 
64 80 % 56 % 
65 80 % 56 % 

 
It can be observed that a high number of rotor bars appears 

to be favorable for the use of the second and third harmonic 
supplies since the resulting torques (relative to the 1st 
harmonic torque) are increased. 

VII.   CONCLUSION 

In comparison with PM machines, the filtering effect of an 
induction rotor under the excitation of different harmonics of 
stator currents is more complex. Using Finite-Element 
method, the paper has investigated the impact of the rotor bar 
number on the developed torque in five-phase induction 
machine under first and third harmonic supplies but also for 
a second harmonic. Five rotor bar numbers (13 to 65) have  
been chosen according to the design procedure described in 
[11]. It is appearing that the maxima capabilities in terms of 
maximum average torque are obtained with a high number of 
bars.  On contrary, the quality of torque is good with 65 bars 
which is a 13x5 but is poor with 64 bars.  

It has been shown also that the cage rotor reacts 
significantly to the rotating field generated by an even 
second harmonic of current. As the generated torque is quite 
significant, it is meaning that when even harmonics are 
existing in the winding function the control must also 
consider even harmonics of currents and not only as usual 
odd, first and third harmonics. 

Generally, if the rotor is simpler with induction machine in 
comparison with Permanent Magnet machines, the 
constraints on the winding appear as more important for 
induction machines. 

Further work is ongoing regarding harmonics interactions 
and energy conversion mechanisms in multiphase induction 
machines.  
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