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Abstract

This paper reflects on the concept of the “Expected Value of Perfect Information” (EV PI) and the procedure
used to determine it. It is widely accepted that this value is the difference between the expected value when
we have perfect information and the best expected value provided by alternatives. However, this difference
often results in values that no rational decision-maker would accept. Here, we overcome this difficulty by
defining the “Value of Perfect Information for the Problem” (V PIP) where we consider not only the price
of perfect information (EV PI) but also two additional parameters: the “Loss to be Avoided” and “The
Most Favourable Payoff in the Worst Scenario”. In this way, we are able to obtain a more accurate value of
the amount a decision-maker might be willing to pay for perfect information. We also seek to show that the
indiscriminate employment of probability theory, based by definition on the repetition of the experiment,

can be misleading in the case of decisions which, owing to the very nature of the problem, are unrepeatable.

Keywords: Expected Value of Perfect Information, Decision Theory, Probability Theory, Opportunity

Cost, Risk Aversion, Unrepeatable Decision

1. Introduction

The “Expected Value of Perfect Information” (EV PI) was defined by Szaniawski in 1967 as “the highest

price the decision-maker would be prepared to pay for perfect information”®.

The study of perfect infor-
mation and the amount a decision-maker might be willing to pay for it was subsequently developed on the

basis of this article. Szaniawski only discusses finite decision problems where both the set of alternatives and
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the set of states of nature are finite. Moreover, he points out that the value of perfect information depends
on the decision criterion used by the decision-maker. Szaniawski also gives exact formula for the Maximin
criteria, Laplace, Minimax loss, Hurwicz, S-criterion and maximizing expected utility.

When discussing maximizing expected utility, the expected value of perfect information is calculated,
following Szaniawski’s formula, as the difference between the expected value when we have perfect informa-
tion and the best expected value provided by alternatives?. Furthermore, he demonstrated that the EV PI
matches the minimum expected cost of opportunity. Hereinafter, all books and articles on decision theory
have used this formula to calculate the EV PI.

In the related literature, various decision problems have shown that the mechanical application of this
formula can lead to surprising outcomes. In the present paper, we overcome this difficulty by defining the
“Value of Perfect Information for the Problem” (V' PIP), in which we consider not only the price of perfect
information (EV PI) established by Szaniawski but two additional parameters: the “Loss to be Avoided”
and “The Most Favourable Payoff in the Worst Scenario”. This first parameter is a key concept to ensure
the correct evaluation of the value of perfect information in each specific problem.

The idea for this paper originates from the contrast between theoretical results and the results that can
be intuited from practical problems. For this reason, it draws on examples that can facilitate reasoning, yet
without sacrificing mathematical accuracy.

Additionally, we consider the relationship between probability theory and decision theory, taking into
account that the former is sustained by the repetition of experiments and that the latter needs to be right
when making unrepeatable decisions.

We focus on finite decision problems, that is, problems where both sets of possible actions and states of
nature are finite. We structure our contribution as follows:

Section 2 recognises the need to review the concept and the calculation of EV PI by addressing the
oil-drilling problem, a classic in decision theory. It is this which has given rise to the present paper and

which serves as its unifying thread. Section 3 reviews some of the many contributions on EV PI. We should

2Szaniawski (1967), p. 421



stress, nonetheless, that in the theoretical field continuous variables have always been used. As a result, the
formula given by Szaniawski in 1967 has retained full validity in practical finite decision problems. Section 4
examines the relationship between probability theory and decision theory. In section 5, we summarise what
is known about EV PI in finite problems. Sections 6 and 7 are the core of this paper. Section 6 introduces
the concept of the “Loss to be Avoided” (L), which is the primary motive driving the decision-maker to pay
for perfect information. In this section, we present a general formula for deducing this L value. We derive
this formula by applying an inductive reasoning to a further two examples. Section 7 defines a new upper
bound for the value of perfect information for each specific problem, which we name the “Value of Perfect
Information for the Problem” (V PIP). In this section, we present the three requirements that the V PIP
must fulfil. Then, we solve the three examples presented by taking these requirements into consideration.
This section also considers the impact that obtaining perfect information has on various decision problems.
Section 8 analyses an additional problem (Bierman et al., 1994) which gives a surprising result, unless the

V PIP is used. Finally, section 9 presents our conclusions.

2. The need to review the concept of EV PI and its calculation

The need to review the concept of EV PI and its calculation becomes evident when analysing the results
of various published problems. Specifically, the decision problem that has triggered this article is a classic
one in decision theory: the oil-drilling problem (Hammond, 1967). The EV PI proposed therein is surprising
and, at least on initial inspection, unacceptable. In this article, we reflect on the EV PI concept and examine
its characteristics as well as its application to different problems.

We use the updated version of the problem (Hillier and Lieberman, 2010):

The GOFERBROKE COMPANY owns a tract of land that may contain oil. A consulting geologist has
reported to management that he believes there is one-in-four chance of striking oil. Because of this prospect,
another oil company has offered to purchase the land for $90,000. However, Goferbroke is considering
holding the land in order to drill for oil itself. The cost of drilling is $100,000. If oil is found, the resulting

expected revenue will be $800,000, so the company’s expected profit (after deducting the cost of drilling) will



Table 1: The oil-drilling problem

Drilling($)  Selling($)

0il (0.25) 700,000 90,000

Dry (0.75) -100,000 90,000

be $700,000. A loss of $100,000 (the drilling cost) will be incurred if the land is dry (no oil).

We propose the following questions:

1. What decision should the company’s manager take if he is risk neutral and the utility function is
U(z) =a?
2. The manager believes that the geological study is not sufficient and requests a seismological study. If

the study was fully reliable, how much would the manager be willing to pay for it?

Solution:

Table 1 provides a summary of the problem.

1. We calculate:
Expected value (drilling)
= 700,000 % 0.25 — 100, 000 * 0.75 = 100, 000
Expected value (selling) = 90, 000.
Therefore, the manager will drill based on the fact that drilling, as opposed to selling, provides a
higher expected value.

2. The manager will be willing to pay the EV PI, in other words, the difference between the expected
value that he would obtain if he had perfect information and the best expected value offered by the
various alternatives.

In our problem, if we knew we would strike oil, then we would drill; an outcome that will occur in 25%
of cases. In other contingencies, we would sell (75%). Based on the value we would expect to obtain
with these amounts, we would subtract the expected value of drilling, which is the option we would

choose if we did not have perfect information.



EVPI
= (700, 000 * 0.25 + 90,000 * 0.75) — 100, 000

= 142, 500

Answer: The manager would be willing to pay up to $142,500 for perfect information.

The aim of this paper is to highlight that in many instances the EV PI obtained is unacceptable for a
sensible decision-maker.

Here, the company is unlikely to be willing to pay $142,500 for a seismic study to obtain perfect in-
formation, since this value exceeds the cost of drilling, which gives the perfect information par excellence.
Indeed, the reason why the manager resorts to decision theory is the cost involved in drilling. If drilling was

cost free, no one would consider selling without drilling®.

3. Related Literature

The study of the amount of money a decision-maker is willing to pay to have perfect information when
making his decision has triggered a broad literature since Szaniawski first published his article, ” The value of
perfect information” (1967), in which he presents the formula that we continue to use to this day. Szaniawski,
however, only discusses finite decision problems. We would like to stress that practically everything that
has been written in the theoretical field about the value of perfect information uses continuous distribution
functions. Below, we present various examples of such studies undertaken in several areas.

The EV PI has been studied from many different points of view: using optimal control theory (Mehrez,
1985b), analysing the additivity of EV PIs when the perfect information comes from several sources (Samson

et al., 1989), or calculating EV PIs through influence diagrams (Zhang et al., 1993). It has also been shown

31t might be thought that this paradox is due to the decision-maker’s attitude to risk. As is known, decision theory
reflects the decision-maker’s aversion or predisposition to risk by choosing concave or convex utility functions, respectively.
However, using a concave function as a decision-maker’s utility function does not ensure that the EV PI will be acceptable.
For instance, in the oil-drilling problem, using U(z) = In(x 4 100, 001), we obtain EV PI = 82,147 (Lawrence, 1999); but using

U(z) = /= + 100,000, we obtain EV PI = 113,074, which is still higher than the cost of drilling.



that the value of information will sometimes be negative for an agent who violates the independence axiom
of expected utility theory (Wakker, 1988). However, the value of perfect information will always be non-
negative if the agent satisfies a weak dominance axiom (Schlee, 1991). Thon and Thorlund-Petersen(1993)
studied the sufficient conditions on the utility function and the nature of the change in riskiness for the
value of information to increase; additionally, they related the results obtained with the maximum value
of such information. In 1999, Hammitt and Shlyakhter studied the relation between the expected value of
information and the prior distribution used to represent current information. Other studies have identified
bounds on the maximum amount that the decision-maker would be willing to pay for the perfect information
(Huang et al., 1977; Mehrez, 1985a).

Many applications have been made in different branches of science and technology, including agriculture
(Meza et al., 2003); medicine (Felli and Hazen, 1998; Welton et al., 2011; Briggs et al., 2012) ; pharmacy
(McCullagh et al., 2016); and engineering (Chazarra et al., 2017; Le et al., 2014). This last article forms
part of an interesting monograph about the value of information that includes numerous other references

(Keisler, 2014).

4. Decision Theory and Probability Theory

Decision theory is an interdisciplinary field of study that analyses how somebody chooses a particular
course of action, from a set of different possibilities, which leads to the best result, while respecting that
person’s preferences (Gonzalez, 2004).

Various criteria can be used to solve a decision problem* and choosing the one that best reflects the
decision-maker’s intention is the first decision that has to be taken since, as we know, the outcomes are

likely to differ depending on the criteria used (Laporte and Ouellet, 1980).

4We mention some of the main ones: Maximax (which chooses the alternative that offers the best consequence), Maximin
(which chooses the alternative that offers the best of the worst consequences), Laplace (which considers all states of nature
as having the same probability and chooses the alternative that has the best expected value), Savage (which chooses the
alternative that guarantees the minimum opportunity cost), and Bayes (which calculates the probability of every state of

nature and chooses the alternative with the best expected value).
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Mathematics, via probability theory, sheds light on decision theory and is a basic tool for its develop-
ment®.

The examples presented in books on decision theory concern “important” decisions, either financially,
because of the amount of money involved, or socially, because of the consequences for the decision-maker’s
private or public life. A fairly common feature of these decisions is their “irreversibility”. Indeed, decisions
are often irreversible, as an about-face implies a serious financial problem or having to address difficulties
of another nature. They are, as such, "unique” decisions, that is, those taken rarely, when electing, for
example, to invest or not in a particular project, or to change or to stay in a job. We are not dealing with
decisions that are easily made or, at least, decision theory has not been developed for decisions of this kind.

Probability theory is based on the study of the results obtained after repeating the same experiment.
The more the experiment is repeated, the greater is our precision in establishing the probability that we
will obtain a certain result again. However, from both theoretical and practical points of view, considerable
controversy is attached to the notion of the “repetition of experiments” (Robert, 2001).

When decision-makers use probability theory to determine the expected value of their payoff (positive or
negative) and opt for a certain alternative, they should not forget that what they have is merely an indicator
or, if you will, a fictitious value that only serves as a point of comparison with other indicators, or expected
values, that result from opting for other alternatives. It can never be considered a real value.

In this article, we identify various aspects about which a decision-maker must exercise caution when
using the expected utility model to calculate the EV PIS.

If we return to the oil-drilling problem outlined in the Introduction, the claim that the expected value

is 100,000 when the decision-maker opts to drill serves merely to compare this course of action with the

SHowever, there are many articles that, for various reasons, question the standard decision theory -namely, the expected
utility model- and propose alternative models such as the “unexpected utility” or the “nonlinear expected utility” (MacCrimmon

and Larsson, 1979; Machina, 1987; Lawrence, 1999).

6Similarly, although in another context, Ekenberg et al. (1997) point out that ”while a certain evaluation of a strategy may
result in an acceptable expected utility, the consequences of adopting it might be so dire that it should nevertheless be avoided”

and suggest establishing certain security constraints.



expected value of the option of selling, valued at 90,000. However, if the decision-maker drills, under no set
of circumstances will his profit be $100,000: either he will make a profit of $700,000 or he will run up a loss
of $100,000. Only if the decision-maker has the opportunity to make this decision thousands of times, by
earning $700,000 a quarter of the times and losing $100,000 on all other occasions, would he end up with
a balance of $100,000, as the expected value predicts.” Clearly, the difficulty in taking the decision lies
precisely in the fact that it can only be taken once.

We believe that the decision-maker must be especially cautious when using probability theory to make
decisions. For example, if we compare the expected value of drilling (100,000) with that of selling (90, 000),
decision theory advises us to drill because the expected value of this action is higher. It is our contention
that a more accurate reading would set out the resolution in negative terms, intimating that decision theory,
in accordance with probability theory, “does not discourage him” from drilling. If, however, the expected
value of drilling had been lower than the expected market value, probability theory would indicate to us
that statistically he would be ill-advised to drill.

Given that the theory of probability does not discourage us from drilling, it is perfectly consistent on
the manager’s part to ask for a seismological study in order to increase his degree of certainty.

In problem solving, the decision-maker should not forget that real data are constantly being mixed with
probabilistic data and that a superficial reading of the decision tree could lead to unfortunate conclusions

being drawn.

5. The Expected Value of Perfect information (EV PI)

In decision theory, the EVPI is defined as the price an individual would be willing to pay to have access

to perfect information (Szaniawski, 1967; Hubbard, 2014).

"Note that in the case of selling, the expected value matches the actual value since, if you sell, the probability of obtaining

$90,000 is 100%.



5.1. The EV PI is an upper bound

We understand that the EV PI always provides an ”upper bound” for the potential value of any exper-
iment we can undertake to improve our information (Hillier and Lieberman, 2010; Lépez Cachero, 1989).
Mathematically, the upper bound of a set A is defined as follows:

Be ACR,aeR

a is an upper bound of the set A < a>x Ve e A

When an upper bound a belongs to A, then a is called a maximum. Clearly, a maximum gives us more
accurate information about the set A than an upper bound.

But the maximum of the set of amounts that a decision-maker would be willing to pay to have perfect
information cannot be objective, in the sense that it would probably not result from the application of a
formula but would depend on the decision-maker himself and on his aversion/predisposition to risk.

For this reason, it could be useful to specify an upper bound as established by the EV PI formula.
However, we should stress that this upper bound may lie far beyond the maximum that a sensible decision-
maker would be willing to pay in order to have perfect information.

While it is true that the price of perfect information cannot be anything other than the difference between
the expected value we obtain from having this information and the expected value without it, decision theory
is unable to inform the decision-maker that this value is the maximum he should pay for perfect information,
regardless of anything else. In the same way, the correct calculation of the price of a product does not justify

its purchase.

5.2. Ezpected Value of Perfect Information and Opportunity Cost of the Best Alternative

Table 2 lists the notations that we will use in our discussion.

First, in order to clarify the following explanation, we redefine the “Expected Value of Perfect Informa-
tion” (EV PI) as the price of perfect information. We calculate this in the usual manner: that is, as the
difference between the expected value that we obtain with perfect information and the best expected value

without perfect information.



Table 2: Notations

FPW
EVPI
VPIP

V PIPg

The alternatives (1 < j < n)

The scenarios (1 <i <m)

The probability of S;

The expected value of A;

The payoff with 4;in S; (1 <i<m,1<j<n)

The best value in S; (1 <i <m)

The alternative with the best expected value

The opportunity cost of A;in S; (1<i<m,1<j<n)
The worst scenario (where A; obtains its worst result)
The worst payoff of the best alternative A;

The Loss to be Avoided

The payment pertaining to the decision-maker in the current moment
The Most Favourable Payoff in the Worst Scenario

The Expected Value of Perfect Information

The Value of Perfect Information for the Problem

The R-Value of Perfect Information for the Problem
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That is, let a decision problem P with n alternatives A; (1 < j < n) and m scenarios S; (1 < ¢ < m)
each have a probability p; (1 <i < m).

Let x;; (1 <i<m,1<j<n) be the payoff that the decision-maker obtains if he chooses alternative
Aj and scenario S; occurs. Hereinafter, we assume that the decision is about maximizing benefits or profits;
however, in this paper, we will always refer to a “better” payoff rather than to a “greater” payoff, in order
to include the problems about minimizing costs. In this cases, it is sufficient to replace “max” with “min”.

Let #; (1 <i < m) be the best value or the highest profit associated with each scenario, that is:
53,‘ = mMax T;;
J

Let E(A;) be the expected value of A;.

Let Aj be the best alternative, that is, the alternative with the best expected value:
m m
E(Aj) = mjaxE(Aj) = mjaXinjpi = sz’jpi
i=1 i=1

Therefore,
EVPI =Y dipi— Y  x;pi (1)
=1 =1

Moreover, if, as per usual, we refer to the opportunity cost (Co;;) of the alternative A; in scenario S; as
the difference between the best payoff in scenario S; and the payoff that takes place with alternative A; in
scenario S;:

OOZ’]' = T; — Tij

then, we obtain that the EV PI can also be interpreted as the expected value of the opportunity cost of the
best alternative, that is, the expected value of the amount that we lost with the best alternative with regard

to the best option in each scenario (Szaniawski, 1967; Laporte and Ouellet, 1980):

EVPI = api— Y agpi= Y (& — 25)pi (2)
=1 =1 =1

Furthermore, since seeking the alternative that minimizes the expected value of the opportunity cost

coincides with seeking the alternative that maximizes the expected value, then the EV PI matches the
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minimum expected opportunity cost (Szaniawski, 1967; Laporte and Ouellet, 1980), that is:

m
mjin E(COM) = Injln Z(iz - xij)pi
=1
m m
= mjn [Z Tipi — Z xszz]
J i=1 i=1
m m
I TR ®
i=1 7=
m m
S S
i=1 i=1
= FEVPI

Finally, note that an upper bound of the EV PI is max;(%; — acij):

EVPI = (& —z;5)pi
i=1
< max(Z; — z;5) Zpi (4)
i=1

< max(%; — z;5)
which means that the EV PI is upper bounded by the highest opportunity cost that results in the best
alternative A; in certain scenarios.
In the next section, we introduce a new concept, which we believe should be taken into account when

measuring the value of perfect information.

6. The Loss to be Avoided (L)

We understand that a decision-maker is willing to pay for perfect information because he wants to avoid
running up a loss. For example, in the oil-drilling problem, the highest loss that he can make is $100,000.
Clearly, therefore, the main objective of any study that provides us with perfect information is to prevent
such a loss. Below, we discuss whether it is possible to define the concept of the “Loss to be Avoided” (L)
generally for all problems.

Obviously, the decision problem would no longer be difficult if the best alternative A; was the best in all
scenarios. However, it is possible that there is a scenario S; where the best alternative offers a worse result

than other alternatives. It is in this scenario where the decision problem lies.
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Definition 1. The scenario where the best alternative A; gives its worst result is defined as the “worst

scenario for the best alternative” or simply “the worst scenario” and we denote it as S;, that is:

I’Ilill’l .’EZE = (Elj

It does not seem difficult to determine what the worst scenario is, since it is the one of greatest concern
to the decision-maker. In the oil-drilling problem, the worst scenario would clearly be that in which they
fail to strike oil.

Therefore, we understand that choosing the best alternative can easily entail the risk of making an
important loss in one or more scenarios, and it is precisely this loss that we want to avoid when we resort
to decision theory and we analyse the EV PI.

The next issue is how to identify the “Loss to be Avoided”. We begin by seeking to determine whether
we can identify L with one of the concepts that we enumerate below. Then, by analysing two new problems,
we discard these concepts in order to obtain the final formulation. To present these concepts, once again,
we draw on the oil-drilling problem.

In the oil-drilling problem, the “Loss to be Avoided” is, at least at first sight, the drilling costs, which
is the minimum payment offered by the best alternative. It might be thought that this is always the case.
It might also be thought that we should take into account the $90,000 profit that we lose when we do not
take up the option of selling, which is the best alternative in the worst scenario. That is, we might also
consider L to coincide with the opportunity cost of the best alternative in the worst scenario or, maybe, that
L coincides with the highest opportunity cost that can be obtained with the best alternative but perhaps not
in the worst scenario.

Therefore, we need to ask ourselves:

A. Is L the highest opportunity cost that can be obtained with the best alternative Aj?
B. Is L the opportunity cost associated with the best alternative A; in the worst scenario S;7
C. Is L the minimum payment associated with the best alternative Aj, that is, the payment associated

with the best alternative in the worst scenario ()7
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Table 3: The horse-racing problem?

Al A2 A3

Lady (0.5) -30 20 15 20
Fury (0.2) 10 50 25 50
Black (0.3) 13 -50 0 13

E(A;) 91 5 125

%The last row presents the expected values of each game of
chance and the last column shows the highest payment that is

obtained by each winning horse in some of the games.

To answer these questions, let us consider two additional decision problems.

e First problem: The horse-racing problem
A player is offered the opportunity to participate in one of the following games of chance (A1, A2 and
A3). The payments he receives will depend on which horse wins a certain race: Lady is the favourite

in 50% of the betting. Fury is favourite in 20% and Black in 30%.

The problem is presented in Table 3.

EVPI=(20%05450%0.2+ 13%0.3) — 12.5

=239—-125=114

The best expected value criteria indicate choosing game A3 because its expected value is 12.5, which is
clearly superior to the values of the other two games. It is also clear that the worst scenario in A3 is that
Black wins the race. This is the scenario that is likely to cast doubt in the mind of the decision-maker, since
if he had perfect information and knew that Black would win, he would choose game Al.

In all probability, the decision-maker would indeed choose A3, because the expected value is the highest
and because in this game he “cannot lose anything”.

What, therefore, would be the “Loss to be Avoided” value in this game?

In Table 4 we write the associated opportunity costs.

14



Table 4: The horse-racing problem. Opportunity costs

Opp. costs Al A2 A3

Lady (0.5) 50 0O 5
Fury (0.2) 40 0 25

Black (0.3) 0 63 13

A. Is the “Loss to be Avoided” the highest opportunity cost associated with A3, that is, 257
We believe that the decision-maker cannot perceive as a loss what he would “fail to win” if Fury were
to win the race, because this is precisely the decision-maker’s most desired scenario (who after all
chose A3), since in this game he obtains the highest profit.
Note, therefore, that the opportunity cost depends on the profits associated, perhaps with a very low
probability, with other alternatives and that these amounts could easily constitute “a false promise”.
B. Is the “Loss to be Avoided” the opportunity cost associated with A3 if Black wins, that is, 137
We believe that if Black wins, the decision-maker will consider himself unlucky as he has neither won
or lost anything. Moreover, he will be glad that he did not choose A2. However, we believe that he
cannot perceive 13 as a “loss” as it was a prize that he had not yet won.
C. Is the “Loss to be Avoided” the minimum payment associated with the best alternative A3, that is,
0?7
Indeed, we believe that the decision-maker will consider that in the worst scenario provided by game

A3, he has lost nothing.

Therefore, in this decision problem, the “Loss to be Avoided” value is 0.

Let us further our explanation by examining a second problem.

e Second problem: The airline problem
(French, 1986)
Consider the case of an airline that has the opportunity to buy a second-hand airplane. The overall

payoff for the airline depends on whether the aircraft turns out to be very reliable, moderately reliable or

15



Table 5: The airline problem

Reliability =~ Buying Not buying  z;

High (0.2) 100 17 100
Mod. (0.3) 34 17 34
No (0.5) 1 17 17
E(A;) 30.7 17

Table 6: The airline problem. Opportunity costs

Reliability/Opp. costs Buying Not buying

High (0.2) 0 83
Mod. (0.3) 0 17
No (0.5) 16 0

unreliable after economically evaluating customer satisfaction or dissatisfaction, the economic income,

the start-up and maintenance costs, etc. This payoff is reflected in Table 5.

The payoff is expressed in million $. If the aircraft is not purchased, we assume the payoff will be the
same as in the initial situation.

In this problem, the expected value criterion indicates that the best alternative is “To buy the airplane”.
Obviously, the worst scenario is the one in which the aircraft turns out to be “Unreliable” because then the
company fails to improve its real profit of $17 million, and the benefits are reduced to $1 million.

What, therefore, would be the “Loss to be Avoided” value in this problem?

In Table 6 we write the associated opportunity costs.

In this problem the “Loss to be Avoided” is the difference between the current profit, on which the
company can supposedly count if it does not take the decision to buy the airplane (that is, $17 million), and
the profit that it can obtain if it opts for the best alternative and finds itself in the worst scenario (that is,
$1 million). Clearly, what might hold the company back in its decision to buy the aircraft is the possibility
of finding itself in the worst scenario and “losing” $16 million.

16



Table 7: The airline problem. First variant

Reliability =~ Buying Not buying  z;

High (0.2) 100 17 100
Mod. (0.3) 34 17 34
No (0.5) -1 17 17
E(A;) 29.7 17

Thus, in this case, the “Loss to be Avoided” is the opportunity cost associated with the best alternative in
the worst scenario. Unlike the horse-racing problem, the “Loss to be Avoided” is not the minimum payment
associated with the best alternative but rather the opportunity cost associated with the best alternative in
the worst scenario. Note that were we to modify the problem slightly, so that the associated payment in the
worst scenario was negative, for instance, if the aircraft turned out to be unreliable, then would be a loss
of $1 million, and so the “Loss to be Avoided” would still be the opportunity cost associated with the best
alternative in the worst scenario, that is, $18 million. (see Table 7).

Why does this difference exist between the horse-racing problem, where the loss coincides with the
payment associated with the best alternative in the worst scenario, and the airline problem, where the loss
is the opportunity cost associated with the best alternative in the worst scenario? We believe that the key
lies in the time reference. In the first problem, we start from a present moment in which the current profit
is $0, whereas in the airline problem, in the present moment we have $17 million.

Let us suppose that in the airline problem a third alternative exists, namely acting as intermediaries, in
other words, buying the aircraft and then immediately reselling it. Additionally, let us also suppose that the
payments are not strictly the profit but rather the result of a utility function. In this case, if the airplane
proved to be very reliable, the outcome would be understood to be a $10 million loss because we would have
sold a good plane that could have yielded greater profits for the company. On the other hand, if it proved
to be unreliable, our utility would be $20 million. The new problem is presented in Table 8.

Now, buying the aircraft is still the best alternative and the Loss to be Avoided is still $18 million, which
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Table 8: The airline problem. Second variant

Reliability Buying Not buying Inter. z;

High (0.2) 100 17 10 100
Mod. (0.3) 34 17 15 34
No (0.5) -1 17 20 20
E(A)) 29.7 17 12.5

Table 9: The oil-drilling problem. Opportunity costs

Opp. costs Drilling  Selling

0il (0.25) 0 610,000

Dry (0.75) 190,000 0

is neither the minimum payment associated with the best alternative nor the opportunity cost of the best
alternative in the worst scenario, which in this instance would be $21 million.

Therefore, we are now in a position to define the “Loss to be Avoided”.

Definition 2. The “Loss to be Avoided” (L) is the difference between the payment pertaining to the decision-
maker in the present moment (P.) and the worst payment associated with the best alternative (xﬁ), provided

that this difference is positive; otherwise, the “Loss to be Avoided” will be zero.
L:max{Pcfmiin:ci;, O} :max{Pcfxﬁ, 0} (5)

In other words, if the payment associated with the best alternative in the worst scenario is higher than
the payment in the present moment, the “Loss to be Avoided” will be null.

Returning now to the oil-drilling problem that initially triggered the discussion addressed herein, Table
9 describes the opportunity costs array associated with the problem. Note that, according to Definition 2,
the challenge of determining L is actually that of determining P.. If the decision-maker understands that
at the present moment his payment is $0, then the “Loss to be Avoided” will be the drilling costs. Only

if the decision-maker understands that the sale of the tract of land will raise $90,000 will the “Loss to be
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Avoided” be the $190,000 indicated by the opportunity cost and, consequently, the decision-maker could be
willing to pay $142,500 for perfect information.

In this case, we could probably interpret these implications in the opposite sense: that is, if the decision-
maker is unwilling to pay up to $142,500 for perfect information, then it is because he does not actually
perceive that his “Loss to be Avoided” is $190,000.

Here, we should stress once more that we are hardly entitled to refer to the money that we have not yet
gained as a “loss” and that the $100,000, which inexorably will have to be drawn from the pocket of the
decision-maker if he drills, cannot be considered as being on the same level as the $90,000 that will probably
be pocketed if the sale is finally formalized.

We believe that placing ourselves in the “present” is what allows us to determine whether L is strictly
“what is lost” or whether L also extends to what one “fails to win”. Of course, there will be many cases
in which the “Loss to be Avoided” will be highly debatable and, therefore, the exclusive competence of the
decision-maker.

As we have seen in (2), the EV PI contains in its calculation procedure an approximation of our “Loss
to be Avoided” concept, in the sense that its value coincides with the expected value of the opportunity
cost associated with the best alternative. However, once again, it is an “upper bound” and the “Loss to be
Avoided” can be substantially lower.

In the next section, we present a new concept that provides us with the value of perfect information for

each particular problem.

7. The Value of Perfect Information for the Problem (V PIP)

7.1. Deduction and formulation of the VPIP

We redefined the “Expected Value of Perfect Information” (E'V PI) then as the price of perfect infor-
mation. We distinguish this value from the “Value of Perfect Information for the Problem” (V PIP) and
define this as an upper bound of the set of all amounts that a decision-maker is willing to pay in order to

obtain the perfect information related to the specific conditions of a problem. Thus, we calculate our own
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value of perfect information by relying not only on the EV PI but also on the data provided by the specific
problem we address. A similar approach was developed by Wang et al. (2008).

We calculate the EV PI, as per usual, according to (1), as the difference between the expected value we
obtain with perfect information and the best expected value without perfect information.

To calculate the V PIP, the new bound we are seeking must fulfil the following three requirements.

e First requirement: Expected Value of Perfect Information (EV PI)

The first condition is that the upper bound of the V PIP must be lower than that of the EV PI, since
it makes little sense to spend more money on the study than the amount identified as the price of

perfect information by probability theory.

e Second requirement: Loss to be Avoided (L)

The second condition is that the V. PIP must be lower than the loss we want to avoid (L). As explained
in section 6, if we are willing to pay for perfect information, it is precisely because we wish to avoid a
greater loss, in the same way that no one would pay an insurance premium higher than the price of

the object they want to insure®.

e Third requirement: The Most Favourable Payoff in the Worst Scenario (FPW)

The V PIP should be lower than the most Favourable Payoff obtained in the Worst scenario (FPW).

In this way, we ensure that the cost of the study is covered in all scenarios.

For instance, in the oil-drilling problem, it could be deduced that the maximum amount we would be
willing to pay was $100,000, since this represents the cost of drilling. Thus, any amount that gives us
perfect information for less than $100,000 will be a saving. Nevertheless, if, for example, the study
costs $95,000 and we find the well to be dry, we will have saved $5,000 with regard to the drilling costs
and we will opt to sell. However, we would be unable to offset the cost of the study by selling the

tract of land.

8Risk analysis is a valuable approach to adopt in studies of this kind (Marques and Berg, 2011).
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Thus, we come to our final formulation of the “Value of Perfect Information for the Problem”:

Definition 3. Given a finite decision problem, the “Value of Perfect Information for the Problem”(V PIP)
is a higher bound of the value that a decision-maker is willing to pay in order to have perfect information.
It is calculated as the minimum between the “Expected Value of Perfect Information” (EV PI), the value of

the “Loss to be Avoided” (L) and “The Most Favourable Payoff in the Worst Scenario” (FPW ).

VPIP =min{EVPI, L, FPW} (6)

A decision-maker with a greater predisposition to risk might disregard the latter requirement and consider

a V PIPR bound acceptable, even though the study costs would signify a net loss in the worst scenario.

VPIPy = min{EVPI, L} (7)

We refer to V PIPg as the “R-Value of Perfect Information for the Problem”.

It is common practice in decision theory to refer to “risk-neutral” decision-makers, indicating that they
are “trusting” of the expected values associated with the various options and that they ignore the negative
consequences that may result; but, in reality, very few decision-makers adopt such an attitude (Hammond,
1967). As a matter of fact, it may not even be acceptable among these decision-makers to proceed without
their adhering to the requirement of neither exceeding the value of the “Loss to be Avoided” nor the value
of “The Most Favourable Payoff in the Worst Scenario”. The procedures developed by decision theory can
never lead the decision-maker to risk without warning.

Let us stress once again the importance of keeping in mind that the decision we are to take is unrepeatable
and unique, and that the difference in expected values can only help us in a negative sense. That is, it can
only serve to warn the decision- maker of the fact that even if he has perfect information, probability theory
indicates an increase in the expected value, in this case, of $142,500 and no higher. Thus, decision theory
advises against spending more than $142,500 on the study; but, under no circumstances should decision
theory convey the idea to the decision-maker that he would be right to invest any amount below $142,500

in order to obtain perfect information without further details.
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Table 10: The oil-drilling problem. VPIP and V PIPgr values depending on L

L =100, 000 L =190, 000

VPIP  min{142,500, 100,000, 90,000} = 90,000 min{142,500, 190,000, 90,000} = 90,000

VPIPr min{142,500, 100,000} = 100,000 min{142,500, 190,000} = 142,500

7.2. Oil-drilling problem solution

To conclude the oil-drilling problem, let’s imagine the case of a decision-maker who estimates L=$100,000
or L=%$190,000 and one that is willing or not to pay for Perfect Information, the price of which may not be
covered by the profit he will obtain in the worst scenario (as shown in Table 10).

The thesis of the present article is that a very high percentage of decision-makers will prefer the V PIP
and L=$100,000; thus, they will be unwilling to pay more than $90,000 for the perfect information for the
drilling problem.

In this case,

VPIP # EVPI # VPIPy

That is, the price that the decision-maker is willing to pay (VPIP or V PIPg) is lower than the “Expected
Value of Perfect Information” (EV PI).

However, recall that we have defined the V PIP as an upper bound and not as a maximum, given that the
decision-maker could still identify other restrictions related to his problem that might reduce even further

the amount he is willing to pay for perfect information.

7.3. Knowledge of perfect information and the decision-making process

The primary goal of what is assumed to be perfect information is, clearly, to guide the individual towards
taking the right decision. Yet, this is another unusual characteristic of the drilling problem, because having
perfect information does not allow the company to make a decision. Indeed, whether the company obtains
perfect information by paying for a report or it obtains it by drilling, if it strikes oil, it will suffer no
inconvenience. However, if the tract of land is dry, it will have asymmetric information and will no longer be

able to sell at the initial $90,000price, which was established for the land with possibilities of oil exploitation.
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If the company overlooks this difficulty and sells for $90,000 because the buyer, the second agent, does
not have the perfect information that it has, then it will be violating a principle of ethical economy.

Thus, we can identify two types of problem:

1. Problems in which the alternatives remain the same after obtaining perfect information (Airline prob-
lem).
2. Problems in which the alternatives change or disappear after obtaining perfect information (Oil-drilling

problem).

The change in alternatives after obtaining perfect information constitutes a difficulty that can easily
arise in problems when there is a second agent that has to make his decision after the initial decision-maker
has taken his and to whom the decision-maker is morally obliged to transmit perfect information. This is
the case of the oil companies. In contrast, this inconvenience does not exist in the airline problem, since the

aircraft supply company has made its decision before our decision-maker has made his.

7.4. Resolution of the other two problems applying the V PIP

Let us now solve the two additional problems posed:

e The horse-racing problem
As discussed, the alternative chosen will be A3, because it has the highest expected value: 12.5. That
is, probability theory indicates that this is the alternative with which we will obtain the greatest profits
and, therefore, we would choose it. We calculate the EV PI according to (1):
EVPI
=(20%0.54+50%0.2+13%0.3) — 12.5

=239—-125=114
Next, we need to ask ourselves how much we would be willing to pay for the perfect information for

this specific problem. The answer is derived from (6):

VPIP =min{11.4, 0, 13} =0
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and it transpires that, as the “Loss to be Avoided” value is zero, we would not be willing to pay

anything.

In that case, according to (1), (6) and (7):

VPIP =VPIPr # EVPI

The airline problem
Expected value (buying)
=100%0.2+34%0.3+1x0.5=230.7

Expected value (not buying) = 17
As such, the company would prefer to buy; or, in negative terms, it would not reject the buying option.
But how much would the company be willing to pay for perfect information? First, let us calculate
the “Expected Value of Perfect Information”:

EVPI

= (100% 0.2+ 34 % 0.3+ 17x0.5) — 30.7

=38
We can now compare this value with the “Loss to be Avoided” and the “The Most Favourable Payoff

in the Worst Scenario”.

As explained, in this problem the “Loss to be Avoided” is $16 million. Therefore:

VPIP = min{8, 16, 17} = 8

And in this case,

VPIP =VPIPr=FEVPI

In this example, probability theory tells us that having perfect information can provide an incremental
benefit of $8 million. Moreover, the VPIP and V PIPg bounds certify that this amount is perfectly
consistent with the problem, because the loss we want to avoid is much higher and, even in the worst

scenario, it would be covered.
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Table 11: Introduction of a new product

Demand Introducing Not introducing
High (0.3) 4 0
Low (0.7) -2 0
E(A;) -0.2 0

Note also that the definition of V. PIP and V PIPg allows the decision-maker to set limits and goals.
In other words, the amount of the “Loss to be Avoided” could be relaxed or otherwise, depending on

who the decision-maker is and on his predisposition/ aversion to risk.

8. An additional conflict resolution problem: introduction of a new product

The following example, taken from the economic literature (Bierman et al., 1994), also shows that
considering only the EV PI can lead to wrong conclusions being drawn.

“It concerns a new product whose potential will be either big or small (that is, the product will be either
a success or a failure). The $4 million value corresponds to the net profit if its selling potential is big. The
loss incurred if the product does not sell well is $2 million. Table 11 shows the values that condition the
decision”.

Based on the expected value of each alternative E(A;), probability theory advises against introducing
the new product, and the negative expected value obtained with this option should be sufficient to cause us
to abandon the project.

However, if we ask ourselves how much we would be willing to pay for perfect information, we obtain:
EVPI=(4%0340%0.7)—0=12-0=1.2
VPIP =min{l.2, 0, 0} =0
VPIPr =min{1.2, 0} =0

Note that even with perfect information the profits in the worst scenario would be 0. Then, we cannot

advise the decision-maker to spend up to $1.2 million to obtain perfect information, because in 70% of the
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cases this money will constitute a net loss. Furthermore, we note that the “Loss to be Avoided” in the

chosen alternative is null 2.

9. Conclusions

Important decisions do not accept tests or experiments. As such, the aim of decision theory is to provide
the decision-maker with some security when faced with a dilemma that does not accept mistakes, because
the price of such mistakes can be very high.

Here, we have stressed that the probability theory is based on the repetition of the experiment, while
decision theory focuses essentially on problems that do not allow for any repetition. We propose that the
only safe reading of the expected utility of an alternative is in its negative sense. In other words, if we
hesitate between two options and the expected utility value of A is lower than that of B, decision theory,
supported by probability theory, will rule out option A and will go on to examine option B using the absolute
values that option B entails.

One of the main contributions of this article has been the development of the concept of the “Loss to
be avoided” as a key idea for calculating the upper bound of an amount that a decision-maker would be

willing to pay in order to have perfect information. The concept of the “Loss to be Avoided” underlies

9Moreover, underlying the problem there is the idea that the decision-maker hopes to obtain the $4 million profit with a 0.3
probability. For this reason, a decision-maker might fail to heed the warning raised by probability theory using the maximum
expected utility criterion and, hence, decide to launch the product, with the subsequent risk of losing $2 million with a 0.7
probability. In this case, we understand that the “Loss to be Avoided” is the $2 million. The calculation can be made as
follows:

EVPI=(4%03+0%0.7) —(—0.2)=124+02=14

VPIP =min{1.4, 2, 0} =0

Only in this case, and warning the decision-maker about the risk, we have:
VPIPp =min{l14, 2} =14

However, we cannot stress enough that these are upper bounds, because a sensible decision-maker is unlikely to spend $1.4

million with a probability of 1 to avoid a loss of $2 million with a probability of 0.7.
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the decision-maker’s predisposition to pay for perfect information. We have both defined this concept and
deduced how it should be calculated in the case of a finite decision problem.

In addition, we have defined a new upper bound for the value that a decision-maker might be willing to
pay in order to have perfect information in a particular problem. This new bound, which we call the “Value
of Perfect Information for the Problem” (V PIP), takes into account the “Loss to be Avoided” value and
another new factor, the “Most Favourable Payoff in the Worst Scenario”. These two parameters differ in
every problem and allow the V PIP to provide values that are more closely adjusted to reality than those
provided by the simple calculation of the EV PI.

We have also formulated a variant of the V PIP, the V PI Pgr, which could be acceptable to risk-seeking
decision-makers. When these two bounds do not coincide, this indicates to the decision-maker that, in the
worst scenario, the V PIPgr will not be covered by the payoff he obtains. By introducing these two new
bounds, that is, the VPIP and the V PIPg, the value of perfect information defined and formulated by
Szaniawski can be adapted to each specific decision problem. Moreover, when we analyse the problems that
present, surprising results in terms of the “Loss to be Avoided” concept and the “Most Favourable Payoff in
the Worst Scenario” concept, we obtain more accurate values.

A sensitivity analysis of the results reveals a series of aspects that we would like to address in future

research.?
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