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Introduction

Stochastic ordinary differential equations (SODEs) are used in many applications to
model the time-dependent processes, which are exposed to deterministic influences as
well as stochastic perturbations. For example, in financial mathematics it is a widely ac-
cepted principle to model stock price performance with SODEs, see [30]. Also in biology,
physics or chemistry many problems can be formulated in terms of stochastic differential
equations (see [2] and [62]). The majority of these SODEs cannot be solved explicitly and
numerical methods become increasingly important. Several monographs have been pub-
lished which set up and analyze numerical methods for stochastic differential equations,
see for instance [36], [42], [43], [45].

In this thesis we deal with stochastic differential equations driven by large or rather
stiff noise. By stiff noise we understand multiplicative noise terms with large coefficients
respectively matrices with large eigenvalues. Strong perturbations frequently appear in
stock price performance, in physics, chemical or biological processes. Large noise can
certainly contribute to a damping or stabilization of the solutions of SODEs. It will be
specified more precisely below.

Let us first consider a homogeneous linear stochastic differential equation in the form

AX () =AX(t) dt + i G, X(t)dW,(t), te[0,T]
r=1

(0.1)
X(0) =Xo,

where A, G, € R4 r =1,... . m and W, are independent real-valued standard Wiener
processes. Details of the analytical setting for SODEs and their solutions will be provided
in Chapter 1. If the matrices A and G,,r = 1,...,m commute, i.e. AG, = G,A and
G,G; = GG, for all r, [, then the explicit solution of (0.1) has the form (see [3], [42])

X(t) = exp (A — % S @)+ G (1) X, 0.2)
r=1 r=1

For d = m =1 the equation (0.2) is also known as the geometric Brownian motion.

In the literature there are many results on the longtime behavior of solutions to SODEs,
see for instance [3], [37], [34], [36], [42], [40]. Quite a few of them focus on the study
of the stability of stochastic systems, i.e. the insensitivity of the system state to minor
changes in the initial state or system parameters. In particular, they study the asymptotic
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stochastic stability in the mean-square sense and the asymptotic stability in the almost
sure sense. For definitions we refer to [3], [34], [42]. In the one dimensional case it is
shown that the equilibrium position of (0.1), i.e. X (¢) = 0 with Xy = 0 is asymptotically
mean-square stable if and only if 24 + G2 < 0. Moreover, the equilibrium position is
asymptotically stable in the almost sure sense if and only if A — %G% < 0. It follows
that for sufficiently large G; the equilibrium position of (0.1) is asymptotically stable in
the almost sure sense but asymptotically unstable in the mean-square sense (see [3], [34],
[1]). In the multidimensional case a criterion of the asymptotic mean-square stability of
the equilibrium position of (0.1) is derived in [3], [55], [34], [10], [1]. The criterion refers
to the stability matrix

S=id@A+A®id+ Y G, @G, (0.3)

r=1

where ® denots the Kronecker product (see [10]). The matrix S is derived from the
second moment of the solution of (0.1). Properties of the stability matrix are based on
the classical theory of deterministic differential equations. If the spectral abscissa of S
is negative, then the equilibrium position of (0.1) is asymptotic mean-square stable (see
[23] and also |10, Lemma 3.3|, [1, Lemma 1]).

The authors from [10] have derived stability matrices for numerical schemes such as the
f-Maruyama method and the #-Milstein method and explored their asymptotic mean-
square stability. We also refer to [25] for results of the exponential stability in the
mean-square sense for numerical solutions to stochastic differential equations. In this
thesis we are interested in developing methods that treat large noise terms in a more
quantitative way on finite time intervals. Nevertheless, for our examples in Section 1.7
we check asymptotic mean-square stability properties of the equilibrium position of (0.1)
given in [10, Lemma 3.3] or |1, Lemma 1].

Let us consider the general nonlinear case

AX(t) =f(t, X () dt + i gr(t, X (1) AW, (t), t e [0,T] 0
r=1 .

X(0) =Xo,

where f : [0,T] x R? — R? is the drift coefficient function, g, : [0,T] x R? — R4 r =
1,...,m are the diffusion coefficient functions and W, are independent real-valued stan-
dard Wiener processes. If we assume that f and g, = 1....,m are globally Lipschitz
continuous and also fulfill a linear growth condition then existence and uniqueness of the
solution to (0.4) are guaranteed (see [36], [16], [42]). In the numerical analysis there are
many results known for such problems. Since we are interested in the SODEs with stiff
noise terms we cite some authors who investigate this problem. For instance, in [44] a
balanced implicit method for solving of the SODEs with large noise terms is proposed.
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Later, based on in [44] C. Kahl and H. Schurz investigate higher order methods in which
the global mean square convergence is shown (see [32]). However, there are several prob-
lems with their approach: First, there seems to be no general recipe how to choose their
control functions. Second, their error analysis in [32]| uses some estimates which need to
be corrected (for details see Remark 4.4.8 and Remark 4.5.6).

In our approach we pursue the following idea: If we have m noise terms and the
largest of them can be solved exactly, then the remaining terms can be solved numerically
without causing large errors. This idea, described in Section 1.4, is based on an orthogonal
transform of the Wiener process and a subsequent two-step recursion of the numerical
method. Various transformations of stochastic differential equations have been used to
analyze their qualitative properties (see [57]). But only few of them seem to be utilized
for numerical purposes. For instance, in [1| the authors use the Girsanov transformation
of the Wiener process to see the asymptotic mean-square instability of the equilibrium
position numerically. In this thesis we use the orthogonal Wiener process transformation
to isolate the largest noise term.

Let us consider SODE (0.1) and let @ € R™*™ be orthogonal. Further, let us transform
the Wiener process as follows:

W) =Q W), telo,T]. (0.5)

1.2 T T
—*—given W(t)
—o—transformed W(t)

08

06

0.2

Figure 0.1.: Single trajectories of a two-dimensional Wiener process and their orthogonal
transformation
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Actually, the orthogonal transformation mixes trajectories but it does not change the
stochastic nature of the processes (see [18], [57]). Figure 0.1 shows a random walk in
R? and its transformed version obtained by a rotation. Then the stochastic differential
equation (0.1) takes the form

dX(t) =AX(t)dt + Zm: GLX (t) AWy (1),
k=1 (0.6)
X(0) =Xo,

. m -
where G, = > Q.xGr,k = 1,...,m. Taking the Frobenius norm for the matrices Gy,
r=1

follows

m
|Gl = Z QrQjrlrj, k=1,....,m

rj=1

with I';; = trace(G G;). By a singular value decomposition of the matrix I' we are
then able to arrange that G; has the largest Frobenius norm equal to the largest singular
value. The access to the largest noise term suggests to split equation (0.6) as follows

dY (t) =AY (t)dt + i GLY (t) AWy (t), te[0,T]
k=2 (0.7)
Y (0) =Yo,
and
dZ(t) =G1Z(t) dWA(t),

Z(0) =Zy. 08

The splitting idea is also known in the deterministic case (see [21], [9]): A vector field is
split into integrable parts and treated separately. The Lie-Trotter and Strang splittings
are well-known numerical methods for solving differential equations.

In this thesis we approximate the first SODE (0.7) with the standard Euler-Maruyama
or the Milstein schemes. In the second step we solve exactly the SODE (0.8), where the
initial value Zj is replaced by the result of the first step at a specific time. Our approach
is related to the work of Erdogan and Lord [14]. They treat SODEs and assume that the
noise terms commute. Then an exponential integrator is used for explicitly solving the
linear part of the SODEs with multiplicative noise terms. Similar problems with uniform
estimates for the proof of convergence as in [32] appear and need to be corrected.

Let us denote by h = (hy,...,hy) € (0,T]™ a vector of step sizes with % hi=T,N €

i=1
N. Every vector of step sizes induces a set of time grid points given by

Th = {tn ::Zhi: n=0,...,N}
=1
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Then our sample balanced shift noise Euler-type method is given by the two-step recur-
sion

Yh(ti) =Xn(ti—1) + AXp(ti—1)h + Z éth(tifl)jflgl’ti,
=2 (0.9)

k
1 - O
Xp(t;) =exp (- §G%h+ Giliy ") Xn(t), i=1,...,N,

Here we denote the Wiener increments by T f,gltl = Wi(t;) = Wi(ti_1) (see [36]). Since we
are interested in the convergence of (0.9) in the mean-square sense, we strive to ensure
that the second moment of X} stays bounded. It means that the matrix exponential
in (0.9) should not contain very large eigenvalues. To damp the exponential solver we

propose the following shift of the deterministic term in (0.8)

dZ(t) =CZ(t)dt + G1 Z(t) AW, (t), t € [0,T],

2(0) =7, (0.10)

where C' € R%*¢. Moreover, we assume that CG; = G1C. Then the SODE (0.10) has
an explicit solution in the form (see [3], [42] or [36])

Z(t) = exp ((C — %G%)t +GiWA () Zo, t€10,T). (0.11)

This shift gives us the possibility to choose the matrix C' such that the second moment
of (0.11) has small values. Therefore, we determine the shift matrix C' = —%é% Of
course, at this shift we get an additional term in (0.7), which can cause stiffness in the
drift term. Hence, we assume that the spectrum of the matrix A lies to the left of the
imaginary axis of the complex plane. Then our balanced shift noise explicit Euler-type
method takes the form

m
Xn(ti) =Xp(tic1) + AT Xp(tim)h+ ) Gth(tifl)ff,Sl’ti,
k=2 (0.12)
Xp(t:) =exp (= Gih+ Gl ") Xp(t:), i=1,...,N,
where AT = A+ %é%

In the following we describe the main contents of this thesis. In particular, we dis-
cuss several extensions of our basic splitting methods above and we give an overview of
the theoretical and numerical in the further chapters. Generally, we consider strongly
convergent numerical methods, whose one-step maps satisfy suitable Lipschitz-type con-
ditions, which allow the underlying SODE to have non-globally Lipschitz continuous
coefficient functions. For the error analysis of the numerical schemes we use the notion
of B-consistency and C-stability from [5], [6] and study the strong error of convergence
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under the one-sided Lipschitz condition

(w1 — 22, f(t,21) = f(t.x2)) + 1) lgr(t,21) = go(t,22)* < Lly — 22 (0.13)

r=1

for all z1,29 € R% t € [0,T]. This condition includes several examples of SODEs
with superlinearly growing drift and diffusion coefficient functions, for which the explicit
Euler-Maruyama scheme diverges (see [28]). However, in [29] the authors proposed a
tamed Euler scheme that has a modified drift term such that it is uniformly bounded.
They show that this method converges strongly to the exact solution of the SODE if
the drift term is one-sided Lipschitz continuous. An alternative approach is developed
in [5], the projected Euler-Maruyama method (PEM), which is based on the standard
Euler-Maruyama method and a projection onto a ball in R? whose radius is expanding
with a negative power of the step size. It is proved that the PEM scheme with the one-
sided Lipschitz continuous coefficients is strongly convergent of order % Also we refer to
[56], [25] for the strong error analysis of the backward Euler scheme and the split-step
backward Euler method.

In Chapter 1 we describe our problem setting and general assumptions. As an approach
to solving this problem, we present our balanced shift noise Euler-type schemes.

In Chapter 2 we put our focus on the linear case and prove that the balanced shift noise
as well as the explicit and the implicit Euler type methods are strongly convergent to
the exact solution of the stochastic differential equation. In order to show the advantage
of our balanced Euler-type scheme over the standard Euler-Maruyama method we derive
sharp error estimates and keep track of the constants that occur. Instead of standard
matrix norms we use the so-called logarithmic norm, which gives a more precise bound
to the matrix exponential (see [12], [58] or [60]).

In Chapter 3 we treat the nonlinear drift term in the SODE (0.6). We show how
to transfer from [5| the cut-off procedure for the explicit case and the splitting for the
implicit case. Here we apply known techniques for solving the nonlinear equations under
a one-sided Lipschitz condition and prove the strong convergence of the projected and
split-step balanced shift noise Euler type schemes.

In Chapter 4 we consider higher order schemes and suggest the projected balanced shift
noise Milstein type method. We do not carry out the numerical analysis of this scheme
and test it only in our numerical experiments. The numerical experiments suggest that
the projected balanced shift noise Milstein-type method converges strongly with order 1
if the diffusion matrices commute. Otherwise the order of the strong convergence of this
scheme seems to be only % Let us emphasize at this point that our goal is not to achieve
a high order of convergence, but rather to treat the problem of the stiff noise term.

Further, returning to the classical balanced Milstein method [32] we prove in Sec-
tions 4.4- 4.5 that the balanced Milstein method with one-sided Lipschitz continuous
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coefficient functions is strongly convergent of order 1. Our proof repairs some incorrect
estimates in [32], which were mentioned above.

In Chapter 5 we present some numerical experiments which support our theoretical
results for the discretization of the stochastic Hopf equation and the stochastic Lorenz
equation. It is easy to see that the coefficient functions of the Hopf equation satisfy one-
sided Lipschitz condition. On the contrary, the drift coefficient functions of the Lorenz
equation are not one-sided Lipschitz continuous but satisfy the one-sided linear growth
condition (1.7) (see [54], [27]). This point makes this equation interesting. It is shown
that the balanced shift noise Euler- and Milstein-type schemes yield good results for the
Hopf system but are not very suitable for solving the stochastic Lorenz system.

Our final remark concerns the numerical implementation of the splitting methods pro-
posed and analyzed in this thesis. There are two possibilities to simulate the solution of
the transformed equation (0.6). The first one is to simulate a Wiener process for the orig-
inal equation (0.1) and then transform it via (0.5). This will allow us to obtain numerical
solutions that converge strongly to the solutions of the original equation (0.1). However,
to simplify our numerical computations we allow to simulate the modified Wiener process
WT, r=1,...,m directly by a random number generator. In this way we obtain strongly
convergent solutions of the modified equation (0.6). When compared with the original
equation, these solutions have only the same distribution. Hence they are only suitable
for approximating smooth functionals of solutions as it is common in the theory of weak
convergence (see [51], [11]).
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1. Balanced integration methods

In this chapter we study known methods and set up a new type of numerical methods
for solving stochastic differential equations (SODEs) with the multiplicative noise terms
with large coeflicients. For deterministic systems with stiff drift terms there is a well-
developed theory how to solve such systems efficiently with implicit methods, see for
example [22|. However, there seems to be no simple analogue for stiff noisy systems,
since a naive implicit treatment of the noise term generally leads to divergence (see [44]).

Therefore, we propose in this chapter a different approach that deals with the problem
of the stiff noise terms and we focus on the linear case. The general case is considered in
further chapters.

1.1. Problem setting and general assumptions

In this section we introduce the general notations of the stochastic differential equations
and their assumptions. In addition, we assume that a one-sided Lipschitz condition is
satisfied.

Let d,m € N,T € (0,00), and (2, F,P) be a complete probability space with a filtra-
tion (Ft)iecpo,r) which fulfills the usual conditions (i.e., the filtration is right continuous
and each F; contains all sets A € F with P(A) = 0, see for instance [42],[50]). We
consider the solution X : [0,7] x Q@ — R? to the It6 stochastic differential equation of
the form

AX (1) =f(t, X(8) dt + D gr(t, X (8)) AW, (2), )
r=1 .

X(0) =X, tel0,T]

with the drift and diffusion coefficient functions f, g, : [0,7] x R? — R?% and real-valued
standard Wiener processes W, : [0, 7] xQ — R,r =1,...,m defined on (2, F,P). In the
following we impose the conditions on the drift and diffusion coefficient functions (see

151, [6])-

Assumption 1.1.1. The mappings f : [0,T] x R? — R? and g, : [0,T] x R* = R?, r =
1,...,m, are continuous. Furthermore, there exists a positive constant L € (0,00) and a
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parameter value 1 € (4,00) such that for all t € [0,T] and 1,2 € R? it holds

(1 — 22, f(t,01) = f(t,22)) + 0D |gn(t, 1) — gr(t,22) [ < Llzy — 22, (1.2)

r=1

In addition, there exists q € [1,00) such that for all t,t1,ts € [0,T], x, 21,72 € R? and
r=1,...,m it holds

[f (&) V gr (8, 2)| <L(1+ [2]%), (1.3)
1

[f(tr,x) = f(t2, )|V |gr(tr, 2) — gr(t2, )| SL(L+ |2])[t1 — t2]2, (1.4)
[t 1) = £t 22)| V |gr(t,21) — gr(t, 22)| SLOL A o] 770 + a7 )]ar — 2| (15)
Here we denote by | - | the Euclidean norm in R? and by (-,-) the Euclidean innner
product. The assumption (1.2) is also called global monotonicity condition. In the case
g = 1 conditions (1.4) and (1.5) lead to the well-known global Lipschitz condition. The
conditions above guarantee the existence and uniqueness of the solution to (1.1) (see
[38] or [42]). That means that there exists a unique, P-almost surely continuous, and

(Ft)iefo,r-adapted stochastic process X: [0,7] x © — R? which satisfies the integral
equation

t mo o
X(t) = X, +/ (s, X(s))ds + 2/ o5, X(s))dWi(s), te[0,T].  (16)
0 —Jo
Moreover, recall from [42, Chap.2.4] if there exist a constant oy > 0 and p > 2 such that

(o, £,2) + 25 S g1, 2)]? < a1+ Jof?) (17)

r=1

for all z € R? and ¢ € [0, 7], then

sup HX(t)HLp(Q;Rd) < 0. (1.8)
te[0,7

The condition (1.7) is also known as global coercivity condition.
The following lemma is a generalization of [42, Th.4.1]. We assume that the solution
X(t), t €1]0,T] to (1.1) is unique with the initial value X (0) = Xj.

Lemma 1.1.2. Let Xy € LP(;RY) for p € [2,00) and assume that there exist constants
€ >0 and o > 0 such that for all v € R and t € [0,T] it holds

(e, f(t,2)) + 1%1 S gt 2)? < (€ + Jaf?). (1.9)

r=1

Then

1X () o @ray < (€+ 1 Xoll Lo @ray ) e (1.10)
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Proof. For e = 1 we refer to the proof in [42, Th.4.1]. Now, let € > 0. Then by the Ito
formula, the Cauchy-Schwarz inequality, the fact that |z| < (€2 + |x!2)%, r € R and
(1.9) we obtain

p—

(€ +IX(OP)7 =( + | Xo*)? +p/0t(62 + X ()T (X(5), f(s5, X(s))) ds

- > [ @+ X X ) Tl X (5)) s
r=1

Pxm [ b2
#53 [@+ IKOR T X s as

3 / (€ + 1X(5)[2)52 (X (5), gr(s, X (5))) AW, (5)

p—2

<(€ + |Xo/*)" +p/0 (€ +1X(s)*) = (X(s), f(s, X(5))) ds

+ p(pg_ 2 Z/O (€ + X ()27 (€2 + | X (s)2)gr(t, X (5))]? ds
r=1

Py~ [ p=2
#53 [ @ X T ar s X6 s

+p2/0 (€ + X ()T (X(5), g (5, X(5))) AW, (5)
r=1

<(e* + | Xol)

—2

e [E X (K616 X)) + 25 D la(s. X () ) ds
r=1
£p2 [+ IXOP)E (X005, X () AW 9
r=1
<@+ DX+ [ (@ XD ds

03 [ 4 IR (X (6) 0 X)) W 5)
r=1

Here the last stochastic integral is a local martingale. Therefore, the stochastic Gronwall

Lemma A.2.2 applies and we obtain
E[(e* + X (t)*)2] < E[(€* + | Xo|) 2]e*". (1.11)

Taking the limit as € N\, 0 shows that (1.11) also holds for e = 0. It remains to take the
p-th root and by the Minkovski inequality with respect to the Lg(Q;]Rd)—norm we get
(1.10). O
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Remark 1.1.3. Let us add to the proof of Theorem 4.1 in [42] that the stochastic
integral, obtained by the It6 formula is a local martingale. Therefore, one can apply the
stochastic Gronwall Lemma A.2.2, proposed in [53]. In [42] stopping times are used for

such an estimate.

Remark 1.1.4. Using € in the proof above avoids studying cases p = 2 and p > 4 as in
[39], for instance.

In particular, in the linear case we use the so-called logarithmic norm, which is defined
below.

Definition 1.1.5. For the quadratic matriz B € RY? with the induced matriz norm | - |
the logarithmic norm ps(B) is given by

M), (1.12)

2

where Amax 1S the largest eigenvalue of the matrix BLQBT.

p2(B) = Amax(

We note that the logarithmic norm does not have all properties of the standard norm
and can also be negative. For details see Appendix, Section A.4.

Corollary 1.1.6. In the linear case with f(x) := Az and g.(x) := Gyz, r =1,...,m
for all x € R? and A, G, € R™4 it holds

(2, Az) +1)21;|er|2 :xT(A+1921;GIGr)x -
<pa(B)lz|,
where
B::A+p;1§m:G:GT. (1.14)
2 r=1

According to the property of the logarithmic norm (see Appendix, Lemma A.4.2 ) we
can say, that

p2(B) < |B|.

1.2. Transformed Wiener noise

In this section we use an orthogonal transformation of the vector-valued Wiener noise to
order the matrix coefficients in the linear noise term. Let us consider a linear homoge-
neous stochastic differential equation in the form

AX (1) = AX(t) dt + i G, X (1) AW, (),
r=1

X(0) = X,, te[o,T],

(1.15)
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where A, G, € R¥™9 and W, : [0,T] x Q — R,r = 1,..., m denote an independent family
of real-valued standard Wiener processes defined on the probability space (2, F, P) with
filtration (ft)te[O,T]'

Let @ € R™*™ be an orthogonal matrix and consider for all ¢ € [0, T the transformed

Wiener process

Wt)=Q"W(t). (1.16)
The random vector W (t) is again a vector of independent real-valued standard Wiener
processes, see for example [57, Sec.3.4.4|. Then for all r =1,...,m we have
m ~
AW, (t) = > Quk dWi(t) (1.17)
k=1

and we rewrite (1.15) in the following form

dX(t) =AX (t)dt + i G, X (t) Em: Qi AW (t)

r=1 k=1
=AX(t)dt+ ) > QuGrX(t) dWi(t) (1.18)
k=1r=1

=AX(t)dt + zmj GrX (t) dWy(t), te[0,T],
k=1

with the initial value X (0) = X and
Gr=)_ QuG:. (1.19)
r=1
The corresponding integral form is given by
¢ mooet ~
X(t) = Xo + / AX(r)dr + Z/ GrX (1) AWy, (7). (1.20)
0 1 70

We note that by our derivation the solutions of (1.18) and (1.15) agree pathwise if the
Wiener processes are related by (1.17). However, if we consider (1.18) as an SODE with
an arbitrarily given Wiener process W, then we get a new solution process X which has
the same distribution as X, see Chapter 5.

The idea is to determine a matrix () such that the Frobenius norms of the matrices

G}, are ordered:

G1lp > |Galp - > |Gl (1.21)
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Calculating the Frobenius norm for all K = 1,...,m yields

|Gr|% :trace((?;—ék)

:trace(( Z Qrszr)T Z ijGj)
j=1

r=1

3

=) QuQjrtrace(G] G;) (1.22)

rj=1

= Z QrkQjrl'rj

rj=1

=(Q'TQ)k,

where the m x m matrix I' = (I';;),",_, is defined by I'y; := trace(G, G;).

Hence the ordering above is achieved by the singular value decomposition (SVD) of

the matrix T, i.e.,
Q'TQ =D,

where D denotes the diagonal matrix whose entries are the singular values v; > --- > vy,
of I' (see for instance, [8]).

The fact that the singular values of I' are ordered according to size will be used later
to suggest numerical approximations to (1.18) with large noise term. It seems that the
choice of the Frobenius norm is very useful to get the relation (1.21). However, in our
later estimates we use the spectral norm which satisfies |G| < |Gilp, k = 1,...,m.
Therefore, it is desirable to have the ordering (1.21) with respect to the spectral norm,
but we don’t have a simple algorithm for this problem.

1.3. Holder continuity of the solution

In this section we derive a result on the Hoélder continuity of the solution of (1.18)
with respect to the norm L2(;R?), which is given by 1Z]| L2 ray == (EHZP])% for all
Z € L2 RY).

Let the following block matrices

G1 él
G — : c Rmxd,d é — : c Rde’d.

Gm Gm
be given. Then their spectral norm is given by (see |26], [19])

G| = |GTG|2 (1.23)
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and
G| = |GTGlz. (1.24)
The following lemma simplifies a few estimates.

Lemma 1.3.1. Let G,,r = 1,...,m be real-valued d x d-matrices and G,k =1,...,m
are given by (1.19). Then

G| = |G|. (1.25)

Proof. By (1.19) and (1.24) we obtain

=> G| G]ZQMQM

r,j=1 =

= i GIGj(;rj

rj=1
m
T
= E Gk‘ Gk,
k=1

where d,; denotes the Kronecker symbol. Taking the norm and the square-root proves
the assertion (1.25).

O
Further, similar to Corollary 1.1.6 with p = 2 it holds for all z € R?
L1 TN T A
(x, Az) + Z Grz|? =2 T +3 Z GLG)z
k=1
1 m
=z (A+ 3 > Gl Gz
k=1
<pa(B)lx[,
where i2(B) is the logarithmic norm of
- 1 -
B ::A+§ZGk Gp. (1.26)

In the following, let us denote by

a:=p(B) and a4 :=max(a,0). (1.27)
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Lemma 1.3.2. The solution X : [0,T] x Q — R? of (1.18) satisfies for 0 < s <t <T
1
1X(#) = X(8) | z2(ray < O = 5, 8)[| Xol L2 @ora) [t = 5], (1.28)

1
where C(8,61) = e“+(JA|07 +|G|) for0 <5 <5< T.

Proof. For all 0 < s <t <T we have

X(t) - X(s) = / @ar 3 [ Gx ) aii e,

k=1"9%

Then by the triangle inequality and the It6 isometry we obtain

1X () = X(3)l 2 me / [AX )l dr -+ ]| S [ Guxr) i)
k=1

s LQ(QQRd)
t m 5 %
= [ 1AXO sz 7+ (3 [ 16X Eaoney o)
5 k=1"%
By Lemma 1.1.2 we obtain for the first integral
t t
/S JAX (1) | 20y d7 <IANXo 20z / e dr o

<e™ | A[|| Xol| L2yt — s1.

For the second summand we use Lemma 1.3.1 and Lemma 1.1.2

1
(Z ||G]<;X HL2 Q: ]Rd dT / Z HG]CX(T)H%?(Q,Rd) dT) i

e S k=1
:(/S ;/Q<ékX(T)7ékX(T)>dP(w) d7->%
—( /: /Q X(T)Tééfék)((f) P) dT); .
<|Satef ([ 1X@amar)’
k=1 s

t 1
<IGl Xl 2 ey | 7 ar)’

S

1
<|Gle || Xol 2 (oura |t — s]2.
Altogether, this yields

1 1
1X () = X (3)ll L2 ey < 1 Xoll 2 umaye™ " (JAllt — 5|2 + |Gt — 5|2
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The Holder exponent can be increased if we insert the conditional expectation with
respect to the o-field Fy:

Corollary 1.3.3. The solution X : [0,T] x Q — R? of (1.18) satisfies for0 < s <t <T

IELX (1) = X (s)|Fslll 2(ray <Ceond (1) Xoll L2(@ralt — s,
with Ceona(t) = e+t Al.
Proof. By applying the conditional expectation and the properties of the stochastic in-

tegral (see for instance, [42, Th.5.9]) we get

t
E[X (t) — X (s)|Fs] =E] / AX(r dT+Z GkX ) AW (7)|Fs]
S k=1 S

= /tE[AX(T)]]:s] dr

Further, we use the fact that
|E[Z] ] L2(iray < 12| L2 (0sma)s (1.31)

for all Z € L?(£;R?) and (1.29) and obtain
t
IE[X(#) = X () Fs]ll n2(ma) S/ [BIAX (7)| Falll L2 (o;mey AT

t
< [ 14X () 2y dr

<™ A1 X0l 2o rayt — 5]

This completes the proof.
O

We observe that all estimates above involve only terms of the type exp(at),0 < t <
T where « is a one-sided Lipschitz bound, see (1.9). A dependence of similar type
will frequently occur in the following text with the constants getting more and more
complicated. Therefore, we use the convention below as a shorthand in the following
theorems. Simultaneously, we refer to the precise dependence of constants on the data
of the problem.

Convention 1.3.4. Constants are called of moderate exponential type with respect to the
data of the problem if they only contain exponential terms of the form exp(a4t),t € [0,T],
where oy = a and « is a one-sided Lipschitz bound.
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1.4. A simple balanced method

In this section we suggest a numerical method which achieves a balancing by a two-step
procedure. In the first step we approximate the stochastic differential equation excluding
the largest noise of the diffusion term. In the second step we treat the result of the first
step as an inhomogeneity and solve a simple stochastic differential equation with the
largest noise explicitly. In a sense we use the idea of exponential integrators for SODEs
with multiplicative noise, see [14].
Consider the same situation as in Section 1.2. Next, select the first diffusion term with

the largest noise and write (1.18) in the form

m

dX () = AX(t)dt + GL X (t) WA () + Y GrX () dWi(t),
2 (1.32)
X(0) =Xy, tel0,T].

For our procedure we do not assume that the matrices 4 and G, as well as Gy, é'j for

k#3j, k,j=1,..., m commute.
STEP 1: We exclude the largest noise term in (1.32)

dY (t) =AY (t)dt + > GpY (t)dWi(t), t € [0,T],
= (1.33)
Y (0) =Yp.
This stochastic differential equation can be approximated, for example, with the well-

known Euler-Maruyama scheme or with a higher order method of Milstein type.

STEP 2: We consider the It6 equation
dZ(t) =G1Z(t) dWi(t), tel0,T],
(1) =G\ Z() (1), ¢ € [0,7] i
Z(0) =Zp.

Later on, Zy will be the result of the first step at a specific time. It is known that the
fundamental matrix to (1.34) has the explicit form (see for instance, [3] or [42])

1~ -~
Dy (t,0) = exp(—iG%t + G1WA (1)), (1.35)
and the exact solution is given by
Z(t) = q)o(t, O)Z[), t e [O,T]. (1.36)

Before we formulate a simple balanced method let us introduce some notation: We define

N

a vector of step sizes h = (h1,...,hy) € (0, 7] with 3> h; = T, N € N (see Section 2.1).
i=1

The maximal step size in h is given by

|h| ;= max_h;.
‘ N

i=1,...,
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Moreover, every vector of step sizes h gives rise to a set of temporal grid points, which
given by

Tho={tn:=Y hi:n=0,...,N}. (1.37)
i=1

Further, let ¢,s € [0,7] with s < t. We use as in [36] the following notation for the
stochastic increments:

t
If,j) ;:/S AWi(r), k=1,...,m. (1.38)

Then the simple balanced Euler-type method is given by the following split-step approxi-
mation

Yh(ti) =Xn(ti—1) + AXp(ti—1)hi + Z éth(tifl)fflgl,ti’
2 (1.39)

Xh(ti) Z(I’o(ti,ti_l)yh(ti), i=1,..., N,
where Zy of (1.36) replaced by X, (t;) and
(I)()(ti, ti—l) = exp(—%é%hi + élig;hti), i=1,...,N.

This scheme is similar to a method suggested in [14]. The difference is that commutativity
of the noise terms is assumed in [14] and then each of them is solved by an exponential
integrator. By contrast through our pre-transformation of the Wiener process we have
access to the largest noise term, which can be solved exactly. The fact that the matrix
O (t;, ti—1) contains only one Wiener increment facilitates our estimates. On the other
hand we have an additional difficulty since we do not assume the noise terms to commute.

We expect the new scheme to give better numerical approximations than the Euler-
Maruyama method in systems with large noise. The diagram below illustrates this for a
sample path of a two-dimensional system.

Figure 1.1 shows the simulations of one path generated by a reference solution, the
scheme (1.39), and the explicit Euler Maruyama method with step size h = 27* and

parameters
A= —0.8 —1 , G = —3.8 0.05 , Gy = —0.3 =005 , T =1, and the initial
0.5 -1 0.075 0.1 0.5 —2
value Xg = 0.1 )
0.1

We note that the stability matrix S, defined in (0.3) is given by

0.68 —0.82 -0.82 -0.005
—-1.42 577 0.02 -1.10
—-1.42 0.02 577 —1.10
0.07 0.4 0.4 —-24
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with the eigenvalues {0.22, —2.27,6.12,5.74}. Then the spectral abscissa in this case is
equal to 6.12 (see for instance, [20]). Following, the equilibrium position of the linear
SODE (1.15) with the given matrices A, G; and Gg is not asymptotically mean-square
stable (see [23],[10, Lemma 3.3|,[1, Lemma 1]).

The matrices A, G1, Go € R?*? do not commute. Therefore, we compute our reference
solution by the numerical approximation (1.39) with a step size At = 2718, In this
example we follow the recipe from Section 1.2: We first simulate Wiener increments for
the origin SODE (1.15) and then transform them by (1.16). Therefore, we get a strong
approximation to (1.15). The transformed matrices are given by

~ .81 0. = . —0.
Gy = 3.8 0.05 and Gy = 0.06 —-0.05 '
—-0.12  0.09 049 -2

O-3 T T T T T

reference solution
0.25 ' —e—simple balanced .
—w— Euler-Maruyama

-0.05 | :
-0.1 ' ' ' ' ‘
0.1  -0.05 o 0.05 0.1 0.15 0.2
xl

Figure 1.1.: Sample trajectories of the simple balanced Euler-type method and Euler-
Maruyama scheme with step size h = 274 and reference solution obtained
by At = 2718, The initial value Xy = (0.1,0.1) .

Table 1.1 shows an overview of the Frobenius norm and the eigenvalues of G1, G, G,
and G3. One can see that the values in Table 1.1 do not vary significantly from each
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other. Therefore, the main effect of (1.39) comes from the exact integrator in the second
step.

Table 1.1.: Frobenius norm and eigenvalues

Gy Go Gy G
Frobenius norm 3.80 2.08 3.81 2.06
Eigenvalues —3.80 —0.31 3.81 0.05

0.10 —1.99 0.09 —1.99

However, the theoretical investigations of this method can not yield better error es-
timates than other well-known numerical schemes, see Section 1.5 below. It is obvious
that for large G the second moment of (1.39) increases exponentially.

1.5. Modified solution operator

In this section we modify the solution operator ®¢ by a shift matrix C'. This shift is
useful to get good estimates for the solution operator of STEP 2. Motivated by this we
keep track of the constants.

To be more precise let C € R?*? and let us consider (1.33) and (1.34) as a two-step

form

dY (1) =(A—O\YY () dt + ) GRY () dWy (),
(t) =( )Y (t) kZQk() k(1) (1.40)

Y(0) =Yo,

dZ(t) =CZ(t)dt + G1 Z(t) AW, (t), t € [0,T],

20) -2, (1.41)

On the continuous level we first solve (1.40) and then (1.41) with initial data Zy = Y (9),
where ¢ denotes a step size. In order for (1.41) to be explicitly solved the matrices C
and Gy should commute, i.e., CG1 = G1C. Then the fundamental matrix of (1.41) has
the explicit form (see [3], [42])

1 - .
®1(t,0) = exp ((C — 5G%)t + Gi Wi (1)), (1.42)
for all ¢ € [0,7] and the exact solution to (1.41) is giving by
Z(t) = ®1(¢,0)Zy. (1.43)

For the second step we have the following estimates
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Corollary 1.5.1. Let ®; be given as in (1.42) and let the matrices C, Gy € R¥™*? com-
mute. Moreover, let Zy € L?(S;R?). Then for every t € [0,T] it holds

1®1(2,0)Zoll 22 < |1 Z0]| L2 (osmay >, (1.44)

where ug(B) is the logarithmic norm of the matriz

. dla
B=C+ 171 (1.45)

In particular, the conditional expectation of (1.43) is given by
E[®(t,0)Zo|Fo] = e Zo. (1.46)

Proof. The assertion (1.44) follows from Lemma 1.1.2. The special case of the condi-
tion (1.9) with p = 2 and € = 0 yields

(z,Cx) + %‘G’lx‘? =z Crx + %xT@Iélx

.
—T (C n G12G1)$ (1.47)
<pa(B)|z|?

for all z € R%. Since ®; is Fj-measurable and CG1 = G1C we obtain

1 - .
E[exp ((C — 5GH+G1W(1)) 20| Fy)
(1.48)

1 - -
=exp ((C — §G%)t)IE[exp (G1W1(1))] Zo.
Let V(t) = exp (éﬂfVl (t)). Then by Ito‘s formula we have
1 - - -
dv(t) :§G%V(t) dt + GV (t) dWy(t),
V(0) =Vp.
The integral form of this equation is given by
t 1 - t
V(t) = Vo—i-/o iG%V(T) dT+/0 GV (1) dW;(T).
Taking expectation yields
1 - t
B[V (0] = E[%] + 56} [ EWV()]dr
Let denote E[V (t)] := ¢(t). Taking the t-derivative, we get

¥ (6) = 5 GRo(),



1.5. Modified solution operator 26

1~
o(t) = exp (3G3t) Vo, € [0.7).
With Vi = id we have
- 1~
Elexp (G171 (t))] = exp (§G1t>. (1.49)

Thus, by inserting of (1.49) into (1.48) we get (1.56).
O

In the one-dimensional case one can easily see that, depending on the choice of C, the
second moment of (1.43) can either grow exponentially or reduce the exponential growth
(see [42, Example 5.5]). Since our problem is multi-dimensional we discuss our choice of
the shift matrix C. First of all, this matrix should commute with G;. Second, we strive
to avoid large eigenvalues of the matrix B such that the estimate in (1.44) does not grow
exponentially. In view of this goal we choose

Of course, we should allow several types of the matrix G1. In the symmetric case we
obtain that B = 0 and the constant in (1.44) equal to one. If the matrix Gy is skew
symmetric, i.e. G] = —G; then the eigenvalues of G’% are negative and the shift in (1.41)
is not necessary, i.e. we should choose C' = 0.

In fact we shift the stiffness of the diffusion term to the drift term. Therefore, we
assume that the spectrum of A lies to the left of the imaginary axis of the complex plane.
Moreover, we suggest below an implicit scheme that is well suited for SODEs with the
stiff drift term.

We remark that the SODE (1.41) with C' = %G’% represents the Stratonovich integral
in the differential form (see [36]). With our choice C' = f%G% we derive that (1.41) is
equivalent to

AZ(t) = — G2Z(t)dt + G Z(t) o AW, (t), t€[0,T]
Z(0) =Zp.

Let us denote

1=~
o1 ;:MQ(—§G%) and ay 4 = maX(Oll,O)« (151)

as the logarithmic norm of the matrix —%CN?% In order to obtain small values in (1.51)
the argument arg(A;) should be from [—7; 5] U [%’r; %”] for all eigenvalues \;,i =1,... of
the matrix G1. By Lemma A.4.2 we have

o2 < (30Dt — et 4 e (0,7, (1.52)
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Further, by
i+ G
as = 2 (%Ch) and ag 4 = max(ag,0). (1.53)
we denote the logarithmic norm of the matrix B with C' = —%é%

Lemma 1.5.2. Let for every 0 < s <t <T and él € R%4 the fundamental matriz &4
be given in the form

Di(t,s) = exp(=G2(t — s) + G1(W1(t) — Wi(s))). (1.54)
Then for all Fs-measurable random variable Y € L*(Q;RY) the estimate holds
101 (1, )Y [l 2y < IV N2y e+, (1.55)

where ag denotes the logarithmic norm given in (1.53).
In addition, for all 0 < s <t < T it holds

IE[@1(¢, )Y [F]ll 2@y < 1Y [l 2 (umeaye® ), (1.56)
where aq 1s given by (1.51).

Proof. For the proof use Lemma 1.1.2 and Corollary 1.5.1.
O

Remark 1.5.3. We note that the conditional expectation can be estimated by the deter-
ministic part of the equation (1.41). Hence, the estimate (1.56) holds without applying
Lemma 1.1.2. Moreover, it holds the following relation of exponents

a1 <as <ag 4. (1.57)

Lemma 1.5.4. For every Fs-measurable random variable Y € L?(;R?) and 0 < s <
t < T the following estimate holds

) 1
16 — BEFD®1 (1, 9)Y |2ty <Keonalt — )V ekt — slf, (159)
where Keonq(d) = \él\(%\él\w% + 1)e°‘sv+5 for0<6<T.

Proof. From the definition of ®1 for all 0 < s <t < T we obtain

(id = E[|F]) @1 (L, 8)Y = — % /t (id — E[-|F)) @1 (7, 8)G3Y dr

t
+ / O (7,5)G1Y dWi (7).



1.5. Modified solution operator 28

Taking the L?-norm and using the It6 isometry yields

. o .
I~ BED@ 9 sy <5 [ 160~ EEE @1 )GV sz o
t
o / @1 (7, 5)C1Y AW (1) o o

| L ~
—5 [ 164~ BUE) 817 5)G3Y [ oyma dr

N

t
+ (/ ||q)1(7_78)G1YH%2(Q;Rd) dT) .

Since E[-|F,] is an orthogonal projector onto L2(f, Fs, P;R%), it holds for all Z €
L?(Q; RY)

121172 (.a) = IEIZIFl 720 ey + 1 (id = ELIFD) Z 720 may-
Therefore, we obtain
I(id — B[ 7)) Zl| 12 ra) < 1211 22(0yma)- (1.59)
Using (1.59) and Lemma 1.5.2 yields
[(Gd—=E[|F)@1(t, 8)Y || 22 (0;re)

1 - t
<HIGHIY 1imey [ oo ar
S

- t 1
1G22 e / Q205.+(79) 47 3

~ 1 = 1 _ 1
§|C7’1|(§|G1||1t—512 + )Y [| 2 (maye®s+ [t — s|2.

The following lemma compares solutions with different initial data.

Lemma 1.5.5. Let matriz ®1 be given as in (1.54) with Gi1 € R¥™. Then for all
Fs-measurable variable Y € L2(Q; Rd) and 0 < s < s1 <t <T it holds

1
1 @1t 1) — it )Y oy < K(E— 5,51 — )Y | oqmnlss — sl3, (1.60)
- -1
where K (6,61) = |G1](3|G1|67 + 1)e®s+ for0< 61 <5 < T.
Proof. For all 0 < s <s1 <t <T we get

(q)l(t, 51) — (I)l(t, S))Y = q)l(t, 81)(id — (1)1(81, S))Y
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Let us define
Y = (id — ®;(s1,5))Y.
The random variable Y is F,-measurable. Then by Lemma 1.5.2 we obtain

H(I)l(tasl)?HL%Q;Rd) < ||5~/||L2(Q;Rd)eas‘+(t_sl)-

Further, from the definition of ®; we get for s < s;
i(s1,5)Y =V — 5 /:1 ®y(7,5)GIY dr + /:1 ®1(1,8)G1Y AW, (7).
Then by the It6 isometry and Lemma 1.5.2 we get
I(id = @1(s1, )Y 2zt =I5 / B1(7, )GV dr

_/ ®1(7,5)G1 AW (7)]| 2

1 -
<5 [ 121 5)GY gz ey dr

S1 B 1
+ (/ ||q)1(7-> S)GIYH[Q(Q;Rd) dT)2
S
as 1 (s1-9) 13 (L1 A 1 1
<Y [l g2y NG (5 |Gallst = s]2 + Dls1 = |-

This completes the proof.
O

We note that the constants in Lemma 1.5.2, Lemma 1.5.4, and Lemma 1.5.5 are of
moderate exponential type in the sense of Convention 1.3.4.

1.6. Reformulation of the linear integral equation

In this section we rewrite the integral equation (1.20) in the form, which is convenient
for our later estimates. Let the linear SODE

AX(t) =AX(t)dt + Y  GpX(t) dWi(t), t€[0,T] (1.61)
k=1
with the initial data X (0) = X be given. Using the shift matrix (1.50) we can write the
equation (1.61) in the following form

dX(t) = (A+ %G%)X(t) dt — %@%X(t) dt + G X (t) AWy (t) + i GrX () Wi(t),
k=2
X(0) = Xo, telo,T],
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with 4, Gy € R4 L =1, ... m. Let denote by
+ e
AT = A+ GE (1.62)

Further, let X (t) be a solution of (1.61) and V() = ®,*(,0)X (t),t € [0, T]. Then by
applying It6’s formula to V' (¢) we obtain

AV (t) =@7 ' (t,0)(Gdt — G1 dWi(t) + léf dt) X (t)

+ @7, 0) (AX () dt + i t) AW (1))
k=1

87 (60)(C et - Gy W () + LGTANAX (DAt + D GuX (6) A (1)
k=1

=07 (1,0) (3G} + A)X (1) dt — X (0) A (1) + S Gx (1) i)
k=1

Tt 0)AT X (1) dt+2q> (t,0)Gp X (t) AWy (t).
(1.63)

For the calculation in the one-dimensional case we refer to [36]. Then the equation (1.63)
has the integral form

X(t) =®1(t,0)(Xo + /t o7 (1,0)ATX (1) dT
m o ’ (1.64)
+Z/ o7 (7,0)GLX (1) AW (T)).
k=20

1.7. Balanced shift noise Euler-type methods

In this section we propose three balanced shift noise Euler-type methods. These methods
are based on the reformulations from the previous section. We recall from Section 1.4

that b = (h1,...,hn) € (0,T]V, N € N is a vector of step sizes if Z h; = T. Every

vector of step sizes h induces a set of temporal grid points 7y, Wthh is given by (1.37)
and |h| := max;e(1,.. N} 1 denotes an upper step size bound. Further, let AT be given
by (1.62).

Now, we suggest several so called split-step methods, which we denote as balanced shift
noise explicit, balanced shift noise implicit, balanced shift noise fully implicit Euler-type
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schemes. The first method, in short BSNE, is given by

Xn(t) =Xn(ti1) + AT Xp(ti0)hi + Y GrXn(ti) ™"
i (1.65)

Xn(t;) =®1(tiytio1)Xp(ti), 1<i<N

with X3,(0) = Xo. It is known that for SODEs, which are stiff with respect to the drift
term, implicit methods are well-suited. Therefore, the second method uses an implicit
first step, i.e. starting with X} (0) = X

Xn(ts) =Xn(ti1) + A Xn(ta)hs + > GrXntia) "
k=2 (1.66)

Xn(t;) =®1(tistim1)Xn(ti), 1<i<N.

We call this method balanced shift noise implicit, abbreviated as BSNI. Let us note that
for numerical analysis of the implicit method BSNI we will need an extra condition: For
p2(AT)h; < 1 the estimate holds

I(id — ATh) 7Y < (1 — po(AT)R)™Y, i=1,...,N,

where p2(A™) is the logarithmic norm of matrix A™.
Finally, we suggest a fully implicit method Euler type scheme (BSNFI)

Xp(ti) =Xp(tic1) + AT Xp(ti)hi + Z é’th(ti—l)ff’Shti
2 (1.67)

Xn(t;) =®1(ti, ti1) X n(ti), 1<i<N,

with X3 (0) = Xo. Note that (1.67) may be written as

m
(id — @y (i, ti1) AT hi) Xp (i) = @1 (ti, tima) (Xn(ti1) + Z @th(tzfl)ﬁlghti).
k=2
The theoretical analysis of this method has not been carried out since it is not clear how
to guarantee the invertibility of the leading matrix id — @1 (¢;,¢;—1) AT h;, and bound its
inverse. This is in contrast to the BSNI method above. Nevertheless, this method gives
good numerical results and will be used for comparison in the experiments, see Figure 1.3.
In the following picture we compare the behavior of one path of the simple balanced
scheme (1.39) and BSNE Euler-type method to reference solution with step size h = 274
and parameters

8 -1 —38 0.05 —0.3 —0.05
A= _ _ T — 1 and imitial
(0.5 —1)’ G <o.o75 0.1)’ G (o.5 _9 > y anc s

0.1

value Xg = 01
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As in the example of Section 1.4 we calculate the stability matrix S (see (0.3))

—-13.72 —-0.82 —-0.82 —-0.05
—-1.42 —-143 0.02 -1.10
—-1.42 0.02 —-143 -1.10

0.07 0.4 0.4 —-24

S =

and its eigenvalues: {—13.90, —1.81+0.717, —1.81 + 0.714, —1.45}. The spectral abscissa
of S is equal to —1.45 (see for instance, [20]). Then the equilibrium position of the linear
SODE (1.15) with the given matrices A, G; and G2 is asymptotically mean-square stable.
For this we refer to |23],[3],[55],[10],[1].

0.25 ‘ ‘
reference solution
—#— simple balanced

0.2 —e— BSNE 1
0.15 - .
s<' 0.1 i
0.05 i
0 i

_0-05 | | | | |
-0.1 -0.05 0 0.05 0.1 0.15 0.2

Figure 1.2.: Sample trajectories of the simple balanced method and BSNE Euler-type
scheme with step size h = 274, initial value Xy = (0.1,0.1)", and T' = 1.

In this example we take the same parameters as in the example from Section 1.4 with
a small difference: We change an entry in the matrix A such that adding the shift matrix
(1.50) does not cause very large stiffness in the drift term. Also, we follow here the recipe
of the transformed Wiener noise, see Section 1.2. The calculation yields

b (078 —100) 5 (381 —0.05) s _ (006 —0.05
Vo026 —099) P \—012 009 )07 \o49 —2 |
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Table 1.2 shows that the spectrum of G; lies to the right of the imaginary axis of
the complex plane. Thus, due to the shift, we also shift the spectrum of the matrix
exponential ®; to the left.

Table 1.2.: Frobenius norm and eigenvalues

A At Gy Gy Gh G
Frobenius norm 8.14 1.67 3.80 2.08 3.81 2.06
Eigenvalues —7.93 —-0.86+0.52¢ —-3.80 —-0.31 3.81 0.05

—-1.07 —-0.86 -0.52: 0.10 —-1.99 0.09 —-1.99

Since matrices A, G1, G2 € R?*2 do not commute we replaced the exact solution of
(1.15) by a numerical approximation obtained with a very small step size At = 2718,
Figure 1.2 shows that there can be cases where the error occurs in the approximation
(1.39), while the BSNE approximation (1.65) gives a better result. However, the strong
error convergence in the mean square sense of the simple balanced method and the BSNE
Euler-type scheme shows no difference, see Figure 5.2 and Table 5.2 in Chapter 5.

0-25 T T T T

reference solution

—o— BSNE
0.2 _ —+— BSNI :

0.15 +

-0.05 ' '
-0.05 0 0.05 0.1 0.15 0.2

X,y

Figure 1.3.: Sample trajectories of the BSNE, BSNI and BSNFI Euler-type schemes with
step size h = 274, initial value Xo = (0.1,0.1)T, and T = 1.
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The next Figure 1.3 compares a behavior of the three balanced shift noise Euler-
type schemes (1.65)-(1.67) to reference solution with step size h = 27% and the same
parameters as above. In addition, pg(A™) = —0.43 and p2(AT)h = —0.03.

The detailed study of orders of convergence and the interplay of large drift and noise

terms will be given in Section 2.2 and Section 2.3.



2. Numerical analysis of the balanced
shift noise methods

In this chapter we analyze the B-consistency and C-stability of the balanced shift noise
methods. These notions are introduced in [5] and [6] and applied to so-called projected
Euler-Maruyama and Milstein schemes with nonlinearities satisfying a one-sided Lipschitz
estimate. Below we will point out the difference to the schemes considered in this work.
We continue to consider the linear stochastic differential equation

dX (t) =AX(t)dt + i GrX (t) AWy (1),
k=1 (2.1)

X(0) =X, te[0,7)

2.1. Stochastic B-consistency and C-stability

In this section we recall general definitions and the abstract convergence Theorem 2.1.5,
which was proved in [5].

First we introduce some additional notations: Let h € (0,T] be an upper step size
bound and define the set T := T(h) C [0,T) x (0, h] as

T:={(t,6) €[0,T) x (0,h] : t +6 < T}.
We denote by G2(Tj) the space of all adapted and square integrable grid functions
G(Th) ={Y : Th x Q= RE:Y(t,) € LA(Q,F,,P;RY,n=0,1,...,N},

for a given vector of step sizes h € (0, h]". Here Tj, is a set of temporal grid points given
by (1.37).

Definition 2.1.1. Let h € (0,T] be an upper step size bound and ¥: R? x T x Q — R?
be a mapping satisfying the following measurability and integrability condition: For every
(t,6) € T and Y € L?(Q, F;, P;RY) it holds

U(Y,t,0) € L*(Q, Fiis, P;RY). (2.2)

Then, for every vector of step sizes h = (hy,...,hy) € (0,h]Y, N € N, we say that a
grid function Xy, € G*(Tp,) is generated by the stochastic one-step method (¥, h, &) with
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initial condition € € L?(2, Fo, P;RY) if
Xn(ti) = (Xn(ti-1),tim1,hi), 1 <i<N,
Xp(to) = €.

We call ¥ the one-step map of the method.

(2.3)

The definition of C-stability already appears in [13] and used in the context of numerical
approximation of stiff differential equations. More recent exposition one can find in [22]
and [59]. The authors from [5] extend this definition to numerical solutions of stochastic
differential equations.

Definition 2.1.2. A stochastic one-step method (¥, h, &) is called stochastically C-stable
(with respect to the norm in L?(S;R%)) if there exist a constant Csay, and a parameter
value n € (1,00) such that

IE[ (Y, t,8) — U(Z,t,0)|F| 72 qma)
T pld — ELF]) (Y, ,8) — U(Z0t,6))] 2 gm0 (2.4)
<1+ Cstand)[|Y — Z”%Q(Q;Rd))
for all Y, Z € L*(Q, F;,P;R?)) and (t,6) € T.
The next definition is concerned with the local truncation error.

Definition 2.1.3. A stochastic one-step method (U, h, €) is called stochastically B-consistent
of order v > 0 to (1.1) if there exist constants Ceons1 and Ceons2 such that for every
(t,6) € T it holds

|E[X(t+0) — W(X (1), 1, 6)|Fe] || 2(0ray < Ceons 107! (2.5)
16 — BHED(X(t +8) — WX (1), 1,0) | sy < Coomsad™ 5, (26)
where X : [0,T] x © — R%.

This formulation is given in [5], where the local truncation error is split into deter-
ministic and stochastic part. The conditions (2.5) and (2.6) are already known in the
literature and can be found in slightly different form in [43], [45]. Finally, we give the
definition of strong convergence.

Definition 2.1.4. A stochastic one-step method (U, h,€) converges strongly with order
~v > 0 to the exact solution of (1.1) if there exists a constant C' such that for every vector
of step sizes h € (0, h]N it holds

ey [ Xn(tn) = X(to)l| 2 g = CIRT
Here X denotes the exact solution of (1.1) and X, € G*(Ty,) is the grid function generated
by (U, h, &) with step sizes h € (0, h]V.
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The following theorem investigates the strong convergence of a stochastic one-step
method.

Theorem 2.1.5. Let the stochastic one-step method (¥, h,§) be stochastically C-stable
and stochastically B-consistent of order v > 0. If £ = X, then there exists a constant C

depending on Csiap, Ceons1,Ceons2, T, b, and 1 such that for every vector of step sizes
h € (0,h)N it holds

max , HX(tn) — Xn(tn

) g C‘hryv
ne{0,...,N

)HLQ(Q;RUZ

where X denotes the exact solution to (1.18) and X} the grid function generated by
(U, h, &) with step sizes h. In particular, (U, h,€) is strongly convergent of order .

For the proof we refer to [5]. We recall that the constant C' is given by (see |5, Th.3.7])

_ 1
C= (e(1+cswb<1+h>)T(02 (1+h) + cgonsgcn):r) 2, (2.7)

cons,1

where C, =1+ (np—1)"L.

2.2. Stochastic B-consistency and C-stability of the BSNE
Euler-type method

In this section we derive a strong convergence result for the balanced shift noise explicit
(BSNE) Euler-type scheme. Let us first show that this method is a stochastic one-step
method in the sense of Definition 2.1.1.

We assume that Assumption 1.1.1 hold. Then for an arbitrary upper size bound
h € (0,1] we define the one-step map WBINVE: R x T x Q — R of the balanced shift
noise explicit Euler-type method (1.65) by

WBSNE (3 1.8) :=® (t + 0,t)x + 6D (t + 0,t) AT

s S 2.8
+ D a(t+0,0)Gral", 25
k=2
for all x € R? and (¢,6) € T. The matrix ®; is defined by
1 (t+0,1) = exp(—G16 + G I[)™). (2.9)

Recall (1.38) for the definition of the stochastic increments. Now, let Y € L?(Q, 7, P; R9)
for arbitrary (¢,0) € T. Then form Lemma 1.5.2

O1(t+6,t)Y € LX(Q, Frps, PsRY)
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and we have that UBSNE(Y ¢, 6): Q — R%is an F;, s/B(R%)-measurable random variable,
which satisfies condition 2.2.

The following estimates will be used for analyzing the consistency error and for estab-
lishing stability bounds. We note that the obtained constants are of moderate exponential
type in the sense of Convention 1.3.4.

Lemma 2.2.1. Let X be the exact solution of (2.1) with the initial value Xy € L?(;R?).
Then for all 0 < t; <ty < T the estimates hold
12) 3
/ 11 (t2, T) AT (X (1) — X (01))|ll L2(rey AT <Ki(ta — t1,t2) || Xol L2(rayltz — t1]2,
t1
(2.10)

to 3
/ [(®1(t2, ) — Pr(ta, t1)) AT X (1) || L2y AT <Ka(ta — t1, t1) [ Xoll 2qmaylt2 — 112,
t1

(2.11)
where K1, Ko : {(t1,t2) : 0 < t; <ta < T} — R are given by
2
K1(5,61) :§1A+|(\A\5% +|G]) exp (as 16 + ayd1), (2.12)
~ 1 = 2
K2(8.02) =|A[|G1](51G1162 + 3) exp (0462 + a5,4.9) (2.13)

for 0 < 9o <0 <61 <T. The constants o and ag are the logarithmic norms defined by
(1.27) and (1.53), respectively.

Proof. By Lemma 1.3.2 and Lemma 1.5.2 we obtain
|1 (t2, ) AT (X (1) =X (1)) | 2 (0me)
<|AT|(1Alltz = ta]? + |G 265+ 27| X | 2 o |7 — 1] 2.

Thus, by inserting into the integral we obtain

/ @1 (2, VA (X (7) — X (1)) | 2 A7

t1

to
<|A*[(JAllt2 — t1]2 + |GD | Xoll L2 (quraye™ / st _ 4|3 dr
t1

2
<5 AT Xoll 2 o (Al — 1|2 + [Gl)es+ (27 e 2]y — 3.
For the proof of the second estimate we use Lemma 1.1.2 and Lemma 1.5.5. It holds

[(®1(ta, 7) — ®1(ta, 1)) AT X (t1)) | 22 (e

~ 1 = 1 _ 1
§|A+!|!X0||L2(Q;R2)eatl\Gl\(§!G1||t2 — ]2 + 1)ers+ (7| — ]2,
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By integrating we obtain
+ ati Ao (LA 1 ag, (ta—t1) b2 1
| AT [ Xoll 22 (sr2)e 1|G1|(7\G1\|t2 —t1]2 4+ 1)eS+ |7 —t1]zdr
t1
§|A+||é1|( IGullts — t1]2 + )HXOHL2 @r2) exp(ayts +ag 4 (ta —t1))[t2 — til2.

Thus, this proves the assertion (2.11).
O

Corollary 2.2.2. Let X be the exact solution of (2.1) with the initial value Xo €
LQ(Q;Rd), Then for all 0 <ty < t9 <T the estimate holds

to
/ [E[®1(t2, 7) AT (X (1) = X (00)|Fo )l 12 (smety AT < Ka(t2 — 1, t2) | Xoll L2(umeyt2 — 117,

51

where KCg : {(t1,t2) : 0 <t1 <te <T} — R is given by
1 +
Kg((s, 51) = 5‘14 HA| exp (041,4_(5 + Oz+(51) (2.14)

for0 <6 <91 <T. The constants o and « denote the logarithmic norm given by (1.51)
and (1.27), respectively.

Proof. By independence of the terms ®1(t2,7) and X (7) — X (¢1), Corollary 1.3.3, and
(1.56) we get

IE[@1 (t2, 7)AT(X (1) — X (82))| Fu]ll 22 ()
=[[E[®1 (t2, T)E[AT (X (7) = X (1)) Fea )l 2 me)

1@ (g1
<le 2G| ||E[AT(X (1) — X (t1))|F4,] | L2 me) (2.15)
<|AT[e™EDE[X (1) — X (t1)] 70 ]| 2 0.ma)
<|AM[|Ale™ 27T || X || p2qumay [T — 1]
Further, it holds
to
AT A Xollymey [ e e~ dr
t1
1
§§’A+HAH\XOHL2(Q;R¢) oxp (a4 (t2 — t1) + agta)|ts — ]
O

Let us denote by

G = : c Rmflxd,d
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Then the spectral norm of the matrix G~ is given by (see [26], [19])
Gl =1C) G (2.16)

Lemma 2.2.3. Let X be the exact solution to (2.1) with initial value Xo € L?(;R%).
Then for all 0 < t; < s <tg <T the estimates hold

by et G o)X @) i), o

<Ka(t2 — t1,t2)[| Xoll L2 (raylt2 — tl,

Hi/t2(¢>1(t2,S)—¢)1(t2,t1))ékx<t1)de(T)’
k=211

L2(;R1) (2.18)
<Ks(tz — t1,t1)|| Xoll 2 (qre [t2 — tal,
where Kq, Ks : {(t1,t2) : 0 <t3 <ty < T} — R are given by
Ka(6,61) =|G|(|A[52 +|G]) exp (a5, 8 + ai61), (2.19)
K5 (5, 65) :\é—uély(%yélya% 4 1) exp (a8 + as, 6) (2.20)
for0<dy <d<6 <T.

Remark 2.2.4. We recall that for all ¢1,t2 € [0,7T] the matrix-valued random variable
4 (ta,t1) contains only one Wiener increment 17%] (t2) — 7% (t1) and therefore is indepen-
dent of the further increments Wy(ta) — Wa(t1), ..., Win(t2) — Win(t1). Moreover, the
integrals from the left of (2.17) and (2.18) are continuous, square-integrable (F%, )4, c(0,7-
martingales.

Proof of Lemma 2.2.3. First, we use the It6 isometry and obtain

m t2

|3 [ @atteGux(r) = X(0) aii(o)
k=2"1

L2(;R4)

=

:<k222/t 11 (t2, T)GR(X (T) = X (t)) |72z dT)
and

| > / (@1 {t2,7) — 1 {t2, 1) G X (1) A (r)|
k=271

L2(Q;R4)
m

:<k22/t12 [(@1(t2, 7) = ®1(t2, 11)) GrX (11)l|72 ) d7-> :

D=



2.2. Stochastic B-consistency and C-stability of the BSNE Euler-type method 41

By Lemma 1.3.2 and Lemma 1.5.2 it holds for all 0 <t} < s <ty <T and k=2,...,m
E[|®1(t2, 7)Gr(X (1) — X (t1))[?]
<|Cho|2e?s+ 2T (| Aty — t1]2 + |G]) 22+ 2E[| Xo[2]|7 — ta].

Therefore, we obtain

1

Z/2||<1>1 b2, T)GR(X(7) = X(01)]32 ey 7 )

1

to
< (232 1GRP (APl — ta] + G B[ Xo e et —yjar)

k=2 t1
<IG7|(|Allt2 — t1]7 + |G|)e 2+ (27| X || 12 pay[t2 — 1.

For the second expression we use Lemma 1.1.2 and Lemma 1.5.5 and get
E[[(®1(t2,7) = (b2, t1))Gr X (t1) ]
<IGKPIGIPGIGallts — taf¥ + 1265 X Pl — 1]
Further, an integration provides

E[|(®1(t2,7) — ®1(t2,t1)) G X (1) []

m
~ - 1 -
(230 1GuPer |G P (§1Gu Ptz — ] + 1)ePesttat) /
k=2

t1

to

1
|7 —t1]d7'>2

PSR SENN RN 1 _
<IGTIIG1 (GG lt2 — 1 + 1)e+2e+ 27| X 1o pay [t — ]

This completes the proof.
O

The following theorem shows the stochastic B-consistency of the BSNE Euler-type
scheme.

Theorem 2.2.5. Let h € (0,1] be arbitrary. Then the balanced shift noise explicit Euler-
type method (¥BSNE b, Xo) for the linear SODE (2.1) is stochastically B-consistent of

order v = % The constants Ceons1 and Ceons,2 are of moderate exponential type, see

(2.22).
Proof. Let (t,0) € T be arbitrary. By inserting (1.64) and (2.8) into (2.5) we obtain

IELX (t48) — PSNE(X (1), £, 8)|F) | L2 omey

t+0 t+4 -
:HIE[/ Oy (t+0,7)ATX(T) dT—l—Z/ D1 (t 4 6,7)GrX (1) AW (1)
t
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— Q1 (t+ 0, ) ATX (1) — Z Dy (t + 0, t)ékX(t)[fif)M‘ft] HL?(Q;Rd)
k=2

t+8
S/ [E[@1(t + 6, 7) AT (X (1) = X ()| Fi)ll 2 ey AT
t
t+9
+ / IE[(®1(t +6,7) — ®1(t + 6,1)) AT X (t)|F] |22 (0;ra) AT
t
Then by Corollary 2.2.2 we get
t+9
/ E[@1(t + 0, 7) AT (X (1) = X)) Fll p2mey AT < K3(0, ¢+ 8) [ Xo|l L2 (:ra) 07,
t
with
1
a8, +6) =5 | AT || ] exp (01,45 + s (¢ + ).

Using the fact that [|E[Z|F][|p2(qray < | 2]l 2ura) for all Z € L?(Q;R?) and (2.11) we
obtain

t+0
/ IB[(@1 (¢ + 6,7) — B (t + 6, 1)) A* X (1) | Fil | s2gqrge) I
t

i N (2.21)
< [(@1(t +6,7) — 1t +6,8)) AT X ()| L2 (e AT
t

3
<K2(0,8) | X0l L2(ra)d 2,
where
A Lis o 2
Ka(4,t) =[A |’G1’(§’G1|52 + g)exp(aﬂ + as 46).
Further, for the second estimate (2.6) we get

I(id — E[|FD) (X (¢ +0) = WFNE(X (1), 1,0) | L2 (ome

t+5
< /t I(id — E[|F])®1(t + 0, 7) AT (X () = X () 2 (ma) AT

t+0
+ /t I(id = E[|F])(@1(t + 0, 7) — @1t + 6,)) ATX (1) 12 () AT

m t+0 B 5
+| kZQ/t @1+, 7)C(X (7) = X () W),
m t40 _ N
3 /t (@1(t+6,7) = a(t+ ENEXO AT,

k=2

+|

=1
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Together with ||(id — E[| - |F]) Z]|2(re) < 12l p2(urey for all Z € L?(;RY) and
Lemma 2.2.1 we obtain

Ty < /tm |®1(t + 6, 7)AT(X (1) — X ()]l L2ty AT
<K (8.t + 6| Xol| 2 om0
K1 is given by
K1 (6t + 5) :;Aﬂ(\A[d% 1 1G]) exp (as.4 8+ ay (4 5)).

The estimate of the second term T5 is similar to (2.21). Further, by using Lemma 2.2.3
and (2.17) we get

Ts < Ka(6,t + 0)[| Xoll L2 (rayd;
where
Ka(8,t+8) =|G7|(|A[5% +|G]) exp (as,+6 + i (t + 5)).
Finally, by Lemma 2.2.3, inequality (2.18) we have for the last term
Ty < K5(6, 1)1 Xoll L2 (ra) 6,
with
Ks(0,) =IG11G (51615 + 1) exp (a4 + 5 16).

This completes the proof.

O
Remark 2.2.6. The constants Ceons,1 and Ceons 2 in (2.5) and (2.6) are given by
A LAz 2 _ 1 —
Ceons,1 =|A |(|G1|(§|G1|h2 + g) exp (T + as +h) + 5 lAlexp (a1,4+h+ 04+T)),
2 -1 ~ 1~ -1 2
Ceons2 =(|AT 5 (|Alh +|G]) + AT ||C1|(5]Galh? + 3)
. _ 1. _
+|GI(1AR? +1G)) + |G IIGr(5]C1lR2 + 1)) exp (a4 T + as, . ).
(2.22)

The next step of our numerical analysis is to prove the stochastic C-stability of the
BSNE method.

Theorem 2.2.7. For the linear SODE (2.1) with every inital value £ € L?(Q, Fo, P; RY)
the BSNE Euler-type method is stochastically C-stable. The constant Csiap in (2.4) de-
pends on the data as_,n,|AT|,|G1],|G~|, and h, see (2.26).
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Proof. Let (t,0) € T be arbitrary and Y, Z € L*(Q, F;, P;R%). Since ®1(t + 4,t) is
Firs-measurable we obtain

E[WPSNE(y ¢, 6) — WBNE(Z ¢ 8)|F)]

=E[®1(t +6,t)(Y — Z + ATY S — AT Z5)|F], (2.23)
and
(d—E[|F))(EPNE(y ¢, 5) — WBNE (7 ¢ 6))
=(id — E[|F])®1(t + 6,t)(Y — Z + ATY S — AT Z6) (224

+ Y @it +6,0)(GrY — GR2)IET).
k=2

Using (1.56) we obtain

IELWESNE(Y, 1,6)-WPSNE(2,1,6) ] 2
=E[|E[®(t +5,t)(Y — Z + ATY s — AT Z6)|F])?]
<le” 2GT2E[|(id + A*O)(Y — Z)P?]
§62a15e2‘A+|5]E[|Y . Z|2]
ap | At
§e2( 1+A DéHY - Z”%%Q;Rd)'
Here we use the rule: If X is independent of 7; and Y is F;-measurable then E[XY|F;] =
E[X]Y. Thus, the term (2.23) fulfills the requirement of (2.4). It remains to show that
the remaining summand (2.24) allows for a sharper estimate. It holds
I(id — E[|F])(PPNEY, 2, 6) — WFNE(Z,4,68)) 1720 ma)
=E[|(id — E[|F])®1(t + 6,t)(Y — Z + ATY S — AT Z9)
+ 3 Bi(t+6,6)(GrY — Gr2) IG5
k=2
<OE[|(id — E[-|F])®1(t + 6,8)(Y — Z + ATY S — AT Z6))?

(2.25)

+ 2E[| Z Dy (t+0,8)(GrY — ékz)i(t’;t)+5)|2j|.
k=2

Then by Lemma 1.5.4 we obtain

E[|(id — E[|F:))®1(t + 6, t)(Y — Z + ATY s — AT Z6)|?]
<K% _(6)OE[|(id + AT6) (Y — 2)|

cond

+
S‘[((?011(1(5)562|A l6E[|Y - Z|2])
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with Keonq(9) = ]éll(%]éﬂd% + 1)e®s+9. Finally, the It6 isometry and Lemma 1.5.2
yield

E[| D@1t +6,)(GrY — Gr2) )]
k=2

=0 "E[|®1(t + 6,t)(GrY — G 2)P]
k=2
|G |26es HOR[|Y — Z|2].

IA

Altogether, this shows
IE[@ZSNE(Y, ¢, 6) = P5NE(Z, 8, 6)| Bl T2y
+nll(id = ELF) (WPVEY, ¢, 6) = WPINVE(Z,8,6)) 172 o

<Y — 2l

)

where

M\»—A

Chstab =21(|G1]? ( IG1|hz +1)% + |G~ %) + 2|AT| + 2054 ). (2.26)

O

Remark 2.2.8. Equation (2.26) shows that the constant Cyap, is not of moderate type,
i.e. in addition to the one-sided Lipschitz constant as . the norms |A*|, |Gy, and |G|
appear. Hence, the constant (2.7) in the convergence Theorem 2.1.5 is not of moderate
exponential type in the sense of Convention 1.3.4. This seems unavoidable in view of the
fact that our assumptions allow the solutions to grow exponentially in mean square, see
the discussion in Introduction.

Now, the strong convergence of the BSNE Euler-type scheme follows directly from
Theorem 2.2.5 and Theorem 2.2.7.

Theorem 2.2.9. Let h € (0,1]. Then the balanced shift noise explicit Euler-type method
(UBSNE 1 X)) for the linear SODE (2.1) is strongly convergent of order -y = %

2.3. Stochastic B-consistency and C-stability of the BSNI
Euler-type scheme

In this section we analyse the balanced shift noise impicit (BSNI) Euler-type scheme
(1.66). With the inverse of Mj; = id — hA™ we rewrite this scheme in the explicit form

Xp(ts) =My (Xn(tio1) + Y GeXnltio1) &) )
k=2

Xn(t;) =P (ti, tim1) X n(ts),
Xn(0) =Xo, 1<i<N,

(2.27)
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where (I)l(ti,tz‘—1> = exp(—é%h + G’ljgglvti) and j&glvti _ ftiil de(S)

The following lemma is a special case of Corollary 4.2 in [5] and Corollary 3.2.2 and
plays an important role in the further proofs. The similar result can be found in [58].
Lemma 2.3.1. Denote & := uz(A™) and assume that &6 < 1 for all § € (0,1]. Then

MY < (1—ad) (2.28)

Proof. Consider the matrix My := A*td—id. Using properties 2 and 3 from Lemma A 4.2
we obtain

p2(My ) = p2(AT6) — pa(id) = a6 — 1 < 0.

Then by Lemma A.4.2, property 7 it holds

which proves (2.28). O

Let (t,6) € T be arbitrary and let h € (0,4~!) is an upper size bound. Then we
define the one-step map UBSNT: R9 x T x Q — R? of the balanced shift noise implicit
Euler-type method (1.66) by

UBSNI (3 4. 8) = ®1(t + 6,¢) M (z + Z Gral™), (2.29)

for all z € R?, where M; = id— AT 4. By the continuity and boundedness of the mapping
RSz ®1(t + 6,t)M; 'x € RY we get for all (t,6) € T and YV € L2(2, 3, P;R?) that

Oy (t+ 6, ) MY € LA(Q, Frys, P;RY).

Thus, UBSN(Y¢.5): Q@ — R? is an Fy,s/B(R?)-measurable random variable, which
satisfies condition (2.2).

The following lemma is the linear version of a more general nonlinear result from [5,
Lemma 4.3].

Lemma 2.3.2. Let h € (0,|&|™!) be given and 6 € (0,h]. Then for all z € R? the
estimates hold

|(id — M5 Hz| < Cid|a,
(id — My '+ AT6)z| < Co6%|al,

where

Cy=(1—ah) HAY|, and Cy=(1—ah) AT (2.30)
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Proof. Let z € R? be arbitrary. Then by Lemma 2.3.1 we get

(id — My Yz| = |M; Y (My —id)z| =|M; *(id — AT6 — id)z|
<(1 - a6)~'|A*|o]x|
<(1 — ah) 71 AT|5]z).
For the second estimate we obtain
(id — Myt + AT8)x| =|(M; H(M; — id) + AT6) x|
=5|(id — M; 1) AT z|
<(1 — &h)"HAT|?6%|x).
O

The following theorem provides the stochastic B-consistency of the BSNI Euler-type
scheme.

Theorem 2.3.3. Let h € (0,|&|™1). Then the balanced shift noise implicit Euler-type
method (WBSNT b Xo) for the linear SODE (2.1) is stochastically B-consistent of order
v = % The constants Ceons,1 and Ceons2 are of moderate exponential type, see (2.35).

Proof. First, we note that for arbitrary (¢,6) € T it holds

X(t+6) — UPNL(X(t),1,6) = /t+§ Di(t4 06, 7)ATX (1) — Oy (t + 0, t) AT X (t) dr

t+0
+;:/t+ (B1(t+0,7)GpX () — ®1(t + 6,) G X (t)) AWy (7)
=2

+ @1 (t+6,0)X () + P1(t+6,8)ATX(¢)0 — @1 (t + 6, ) M5 ' X (2)

3 (Balt + 5. 0GX (1) — Bt +6.0) M X (1) IG5,
k=2

Then by Definition (2.1.3) we get
IELX (¢ + 6) — TFNI(X (1), 1, 6)| Fi] | L2 (ma
t+9
g/ [E[®1(t + 6, 7) AT X (1) — ®1(t + 6,8) AT X ()| Fi] || p2(eopay A7
t

+ E[@1(t + 6,6) X () + D1t + 0,8) ATX ()6 — D1(t + 6, ) My X ()| F] | 20y
=T +T15.

For the first term we have

t+d
Ty g/ [E[®1(t + 6, 7) AT (X (1) — X ()| Filll 2 (era) AT
t
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t+9
+ / [E[(®1(t +6,7) — P1(t +6,8)) AT X (1) | Fi] | p2 (o) AT-
t
Then, by Corollary 2.2.2 we get for the first summand
t40
/ [E[®1(t +6,7)AT (X (1) — X (1)) | Filll 2 (ma) A7 < K3(6, + 6)[| Xoll p2(ra)5°
t
with
1
Ks(d,t+0) :§\A+HAI exp (o1,46 + ay(t +9)). (2.31)

For the second summand we use the fact that |E[Z| ]| 12 qrae)y < | Z]|12(re), for all
Z € L2(;R%), and (2.11). Tt follows

145
/ [E[(®1(t +6,7) — P1(t +0,1)) AT X (8)| Fi] || 2 (o) AT
t

< /;M (@t +6,7) — Ba(t +6,6) AT X (8)]| 2 A7
§K2(5,t)HXon(Q;Rd)(S%,
where
KCa(6,1) =|ATNIChI(51Ga 13 + 3) explast +as,1.0). (232
Further, using Lemma 1.1.2, Lemma 2.3.2 and (1.56) we get
Ty =[E[1(t+ 8,0(X(6) + AT X (16— M5 X (1)1 2000
=llexp (— 5G39) (d = Mz + A*8) X (1) 20z
<l exp(~ 5 GRO)Iid — My + AT6)X(0)] 2 e (233)

<™ Cod® || X (8) | 2 (qpa)
<C90%|| Xol r2(o,ra) €xp (16 + vy t),

where the constant Cy is given by (2.30). Next, consider
I(id — ELFD(X (¢ +6) = UFSNI(X(#),£,0))[| L2 (me)
t+0
< / 1(id — E[-|F)®@1(t + 6, 7) AT X (1) — ®1(t + 6,) AT X (1) || 12 ey AT
t

+ [[id — B[ F])(@1(t + 6,6 (X (8) + AT X (8)8 — My ' X ()| 2(0;me)
mo 4 ~ ~ R

+ ] Z/ (@1(t+ 0, 7)GrX (7) = ®1(t + 6, )G X (8) AW ()| 2 020
k=271
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+ || Z (®1(t + 0,t)GpX (t) — @1t + 6, t)MflékX(t))It t+5HL2 QRd
k=2

4
i=1

By using of the fact that |(id — E[|%])Z|p2(rae)y < [ Z]|l2(rey for all Z € L*(Q;RY)
and Lemma 2.2.1 we get for Sy

)

t+0
s, g/ 1@t + 6, 7)AH (X (1) — X(8) | p2(umey I
t

t+46
4 / (@1 (¢ +6,7) — Bt +6,)) AT X (8) | 2 e A
t
<(KC1(8,t + 6) + Ka(8,6)) | Xol| 2 ()
where
1

K1(5,t+6) :51A+y(\A15% +|G) exp(as 40 + ai(t +6)). (2.34)

and Ka(6,t) given in (2.32). For the term Sy we have
[GA=E[|F) (@1 (¢ + 6,8) (X () + AT X ()5 — My X (1)) || 2 (smery

<@t +6,8) (X (t) + ATX(8)6 — My X (1)) || 12 (e

<e™s+0|| X (t) + AT X ()6 — My ' X (1)l 2 (umay

<es+0Ch6%| X (1) | 22(ra)

§0252||X0||L2(Q;Rd) exp (OZS7+6 + a+t).

Here we used Lemma 1.1.2, Lemma 1.5.2, and Lemma 2.3.2. Further, by Lemma 2.2.3

we get
t+9 ~
& <HZ [ 0 nGX) ~ XO) AT
t+6 .
+HZ/ (P1(t+0,7) = Pu(t +6,8)) GrX (8)) AWi(7)]| 12y )
<(Ka(8,t+6) + K5(6,1)) [ Xoll 2 (2;ra,
with
Ka(8,t +8) =|G|(|AI6> + |G]) exp (as,+6 + ay (¢ +6)),
and

-1 -
K5 (6, 1) :|G*|\G1\(§\G1]6% + 1) exp (ait+ as.49).
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Finally, by the It6 isometry, Lemma 1.1.2, and Lemma 2.3.2 we obtain

N|=

Sa :(Z [®1(t+6,2)(id — Mgl)ékX(t)‘SH%MQ;Rd))
k=2

<C1|G™ | exp (s 46 + i t) | Xol| 2 (ra) 57

where C is given by (2.30). This completes the proof.

O
Remark 2.3.4. The constants Ceons,1 and Ceons 2 in (2.5) and (2.6) are given by
Ceons, 1 1=%|A+||A| exp (a1, +h+ ayT) + |ATI2(1 — ah) "t exp(arh + aiT)
FIAT|GHIGIGHIR + 3 exp (asT + a5, ),
(2.35)

-1 A A
Ceons = (51 ATI(1AIRE +1G1) +1GI(|AIRS +1G]) + GG (51GalR* +1)
+ A1 — ah) " Y|AT| 4+ |G7]) ) exp (ag+h+aT).
It remains to show that the BSNI scheme is stochastically C-stable.

Theorem 2.3.5. Let h € (0,]|&|7!). For the linear SODE (2.1) with every initial value
€ € L?(Q, Fo, P;RY) the BSNI Euler-type method is stochastically C-stable. The constant
Cstab i (2.4) depend on data as 1, &, 1, \éll, \C?*\, and h, see (2.39).

Proof. Let (t,6) € T be arbitrary and Y, Z € L?(Q, F;, P;RY). We note that
E[UBNI(y ¢,8) — WBSNI( 7 ,8)|F] = E[®@1(t + 6,¢) My (Y — Z)|F] (2.36)
and

(id — E[| F](WBN (v, ¢, 6) — BN (7 ¢ 5))

=(id — | Fr ! -
=(id — E[|F]) (@1 (t + 6,6)M; (Y - Z) (2.37)

+ YOt + 0, )My Gr(Y = 2) I
k=2

Then by (1.56) and Lemma 2.3.1 we obtain for (2.23)

E[[E[®1(t +0,)M; (Y — Z)|F][] <|exp(—%@%5)\2lM51I2E[IY ~ 7P
<e®19(1 — ad) 2E[Y — Z|3.

As already mentioned in [5], the function (1 — &d)~2 is convex and it follows that for all
§ € [0, h] the estimate holds

Ly (1—ad)% + 246 — 4242

(1~ad) (1 a0)?

< (14 C.o), (2.38)
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A ADT
where C, = (210‘70%)2

. Therefore, we get
E[|[E[®:(t + 6, t) M5 (Y — Z)|F]|°] < exp (21 + Co)d)E[]Y — Z].
Further, from (2.37) we obtain
E[|(id — E[| 7)) (®1(t + 6, )M (Y = 2)

+ Y Bt +6,) My G(Y — 2) 15T
k=2

<OE[|(id — E[-|F)) (@1 (t + 6, t) M5 (Y — Z)|?]

+ 2EH Z Dy (t + 0, t)Mglék(Y _ Z)f(t/}t)H‘Q]
k=2

=17 + T5.
By Lemma 1.5.4, Lemma 1.5.2, and Lemma 2.3.1 we get for the first term

Ty <2K,a(9)0(1 — ad)°E[lY — Z]
- a1 -
g2\G1\2(§|Gl\5% +1)%exp ((2as.4 + C.)8)SE[|Y — ZJ?].
For the last term we get
Ty =20 E|®y(t+6,)M; ' Gr(Y — 2)[?]
k=2
<26|G™ P exp ((2as+ + C)d)E[)Y — Z]].
Here we used the It6 isometry, Lemma 1.5.2, and (2.38). Altogether, this shows that
HE[\PBSNI(K t, 5)_\I/BSNI(Z7 t, 6) ‘Ft] H%Q(Q;Rd)
+ 77”(1d - E['|ft](quSNI(Y7 t 5) - ‘IIBSN](Za t, 5))||L2(Q;Rd)
SeCstab(SHY _ ZH%?(Q;Rd)'
where
~ 1 ~ -1 ~
Catab = 20(|G1 P (5|G1[R2 +1)? +1G7]) + 205 4 + Co). (2.39)
O

The constant Cgap is not of moderate type, compare Remark 2.2.8. We conclude
this section by stating the strong convergence of the BSNI scheme as obtained from
Theorem 2.3.3 and Theorem 2.3.5.

Theorem 2.3.6. Let h € (0,|&|™%). Then the balanced shift noise implicit Buler-type
method (UBSNT 1, Xo) for the linear SODE (2.1) is strongly convergent of order v = %



3. Nonlinearity in the drift term

The balanced shift noise approach from Section 1.7 heavily relies on the linearity of the
noise terms. In this chapter we keep this structure but generalize our results to SODEs
with a nonlinear drift term. In particular, we follow the approach in [5] and investigate
convergence of our new methods under one-sided Lipschitz conditions. It turns out that
the BSNE method has to be complemented by a projection or cutoff procedure while the
theory for the BSNI method works without such precautions.

3.1. Assumptions and main results

At first we consider a stochastic differential equation in the form

AX() =F(X ()t + 3 GuX (1) dTW(o),
k=1 (3.1)

X(0) =Xy, tel0,T),

where f: R? — R is the drift coefficient function, Gr e R™ k=1,....,mand Wy, k=
1,...,m are defined as in Section 1.2. Further, we assume that the function f satisfies
the conditions below.

Assumption 3.1.1. Let f : R? — R? be continuous and Gp € R™ Lk =1,...,m. There
exists a constant L > 0 and a parameter value n € (%, o0) such that for all x1, x5 € R? it
holds

m
(1 — @2, f(71) — f(22)) + 772 Grar — Grao|? < Llzy — zaf*. (3.2)
k=1
In addition, there exists a constant q € (1,00) such that for all x,x1,x9 € R? it holds

[f(@)] <Lo(1 + |z[?), (3.3)
[f(21) = flw2)] SLi(L+ |27 4 |22] 17 |21 — o (3.4)

We denote by (-,-) the Euclidean inner product and | - | the Euclidean norm in R
We recall that Assumption 3.1.1 is sufficient to ensure the existence of a unique solution
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0 (3.1), i.e., there exists an almost surely continuous and (F;);c[o,r7-adapted stochastic
process Z : [0,T] x Q — R% such that

X(t) :Xo+/0 f(X(T))dT-i—Z/O G X (1) AWy (1), (3.5)
k=1

for all ¢t € [0, 7] P-almost surely (see for example, [42]). Moreover, we assume that there
exist constants € > 0, ag > 0, and p € [2,00) such that for all z € R? the estimate holds

(o, (@) + 252 Gl < (e + [of?) (36)

k=1

Then the exact solution satisfies (see [42, Th.4.1] and Lemma 1.1.2)

IX ()l 2o osrey < (€ + 1 Xoll poray)e™™. (3.7)

We note that (3.6) follows from (3.2) with € = |f(0)], n = 25* and oy = [f(0)|(L +
VT ).

In the following we prove further regularity of the solutions to (3.1) by establishing
Holder regularity with respect to the LP-norm. The lemma below is analogous to Propo-
sition 5.4 in [5].

Lemma 3.1.2. Let f satisfies condition 3.3 with Ly > 0,q € (1,00) and let Gy €
R4 k= 1,...,m. Further, let p > 2 be given such that the exact solution X satisfies
supyeqo,r) | X ()| Lra(urey < 00. Then there exists a constant C' such that

1
IX(t) = X(5)l| zo(mey < C(1 i IX N paerpeay ) 1E = 512 (3:8)
€|0,

forall0<s<t<T.
In addition, if condition (3.6) holds with n = &2_1 for p € [2,00) and q € [1,00) then
(3.8) can be estimated by

1
X (1) = X (s)l| Lo (amay < R(E = s, 0)[t — 5[, (3.9)
where R : {(t,s): 0 <s <t <T} — R is of moderate size and given by

R(6,61) =(Lo + Lo(1 + [ Xol|% 0 )4 ) 53

(3.10)
+ Cp|G HXOHLP(Q;Rd)eaf(Sl

for 0 <6 <61 <T. Here C), denotes the Burkholder-Davis-Gundy constant.

Proof. For the proof of (3.8) we refer to [5]. Further, let ¢,s € [0,T] with s < t. Then
we get

1X(8) — X (3)]| oy / VX gy A
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Y [ Gxmame)|

k=179

LP(QRY)
By condition (3.3) and Lemma 1.1.2 we get
/ £ XD oy d7 <Lo/ 11+ 1X (7)) oy A7
<Ly / (L4 X () ) 7
t t
SLO/ dr + LO(l + HXUHqu Q]Rd))/ eI dr

(LO + Lo(1 + HXOHqu QRd))eqaft)‘t — sl

Finally, we use the Burkholder-Davis-Gundy inequality (see [42, Th.7.3|) and Lemma 1.1.2
and obtain

1
2
’ k=17

1
SCp|G’”Xo||Lz>(§z;11&ol)eaft|15 —slz2.

IS [ Gxnaime)

k=1"°%

This completes the proof.
O

In the following we assume that function f : R¢ — R¢ satisfies Assumption 3.1.1 with
L > 0andn € (3,00). In order to formulate the generalization of our balanced shift
noise Euler-type methods with nonlinear drift term let us introduce

1~
FH) = f(a) + 5Ghr, (3.11)
with G1 € R%? given in (1.19). This notation is similar to (1.62).
The following assumption is an extension of Assumption 3.1.1.

Assumption 3.1.3. Let f* be given as in (3.11). There exists a constant L™ > 0 and
a parameter value n € [%, 00) such that for all x1,zs € R? it holds

(w1 — o, [T (@) = [T (22)) + 10> |Grar — Grava|* < L |y — aaf*. (3.12)
k=2

Moreover, for all ¢ € (1,00) there exist constants L(J{,Ll+ > 0 such that for all
T,T1,T9 € R4

£ (@)] <Lg (1 + [2]7) (3.13)

[f () = [ (@2)]| SLT (L |21 77 4 [a|7 )y — o (3.14)
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It is clear that (3.12) implies with n = 1

(z1 — 22, G (21 — 72))

(w1 — @2, f(x1) — f(22)) +

l\')!—‘[\D\H

m ~
*Z p(r1 — 22), Gi(x1 — x2))
k=2
<Lt|z) — 29]%

In particular, if G; is symmetric, then Assumption 3.1.3 hold with LT = L. Moreover,
it holds

(r1 — 22, GY(21 — 22)) < p2(GY) |21 — 2| < |G [* |21 — w2

Here we used the first property of the logarithmic norm from Lemma A.4.2.

Now, we define two balanced shift noise methods for the drift nonlinear equations
(3.1). The first method is the projected balanced shift noise explicit Euler-type method
(PBSNE). As already suggested in [5] we use a projection onto a ball in R? whose radius
is expanding with a suitable negative power of the step size.

Let h € (0,1]" be an arbitrary vector of step sizes. The parameter § € (0,00) is
chosen to be a suitable negative power in dependence of the growth rate ¢. Then the
PBSNE Euler-type method is given by the three-step recursion

Xp(t:) ::minu,hzﬁrxhui_l)rwxh(v_ ),

Xalt) =Xp(t:) + FH(X5(t) +ZGth () TGy,
2 (3.15)

Xp(t)) =1 (ti, ti1) X n(ts), i=1,...,N,
X1n(0) =Xo,

where @1 is defined as in the previous chapter by

(I)l(ti,ti,ﬂ :exp( Glh %—Gll(i)ly )

Our aim is to prove the following convergence result:

Theorem 3.1.4. Let Assumption 3.1.3 hold with growth rate q € (1,00) and let h €
(0,1]. If sup.¢or 1 X(7)[|Loa-1(ray < 00, where X denotes the exact solution to (3.1),
then the projected balanced shift noise explicit Euler-type method (\IIPBSNE, h, Xo) with

8= Q(ql_l) is strongly convergent of order v = %
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The next method is implicit and given by the recursion

Xn(ti) =Xn(tic1) + fT(Xn(t:)hi,

r (3.16)
Xn(t;) =®1 (i, tim1) X n(ts),
Xu(0) =Xo, i=1,...,N.

We call this method split-step balanced shift noise implicit (SSBSNI) Euler-type method.
If the one omits the shift term and the stochastic integration step with ®; then one
obtains an implicit method studied in [5], [24]. We recall that the recursion in (3.16)
evaluates the diffusion term at time ¢; in the i-th step. In section 3.5 we will show that
the SSBSNI Euler-type method is stochastically C-stable and B-consistent. As a result
one obtains the following convergence theorem:

Theorem 3.1.5. Let Assumption 3.1.8 hold with growth rate q € (1,00) and let h €
0,75). If sup,cio,7] |1 X (7)|| paa—2(urey < o0, where X denotes the exact solution to
(3.1), then the split-step balanced shift noise implicit Euler-type method (W3SBSNT b X))
1

is strongly convergent of order v = 3.

3.2. Solution estimates for nonlinear equations under
one-sided Lipschitz conditions

In this section we cite from [5, Chap.4| some known results on the solvability of the
nonlinear equations under a one-sided Lipschitz condition.

The first theorem is the so-called Uniform Monotonicity Theorem of nonlinear analysis,
which can be found, for instance in [48, Chap. 6.4], [61, Th.C.2]|.

Theorem 3.2.1. Let g : R — R be a continuous mapping such that for all z,,zo € R?
there exists a constant ¢ > 0 with

(g(z1) — g(w2), w1 — @2) > clwr — wa|*.

Then g is a homeomorphism with Lipschitz continuous inverse and for all y,ys € R it
holds

~ - 1
97 () — g 1(y2)!§g!y1—yz!-

For the proof we refer to [5, Th.4.1]. The following corollary is a consequence of
Theorem 3.2.1, which was prooved in [5].
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Corollary 3.2.2. Let f* : R? — R? satisfies Assumption 3.1.3 with LY, L, LT > 0 and
€ (1,00). Let h € (0, 7¢) and define the mapping Fs : R* — R? by Fs(z) = x — f*(2)8
for all 5 € (0,h]. Then the mapping x — Fs(x), x € R? is a homeomorphism.
In addition, for all x, 1,z € R? the estimates hold

|Fy (1) — Fy ' (x2)
|Fy ! ()

| <(1 = LT6) Yy — xof, (3.17)
| <(1— LYo) "N (LSS + |=]). (3.18)
Moreover, for all x1,z2 € R it holds

|Fy (1) = Fy @) P00 Y | |GRFy (1) — G Fy *(xa)]
k=2 (3.19)

S(l + CH(5>‘.%'1 — 1'2’2,

where

LT (2—L"h)

Cu = a —L+B)2 . (3.20)

The poof can be found in [5, Corollary 4.2].
Further, we quote from [5] a useful lemma, which plays an important role in the analysis
of the local error of the SSBSNI method.

Lemma 3.2.3. Let Assumption 3.1.3 hold with L*,L(J)r, Lf >0 andn € (1,00). Let h €
(0, ) and for all § € (0,h] the mapping Fs : R — R is given by Fs(z) = x — fT(z)0.
Then for all x € R? the estimate holds

|F5 (2) — | <CLy6(1 + |z|9), (3.21)
|Fy Hz) — o — fT(2)d] <Cp, 6% (1 + |22, (3.22)
where
O, =Ld (1 4+ 27711 — Lth)™9), (3.23)
Cr, =L Cro(1+ (1 — LTA)Y9(1 4+ (LFh)Th). (3.24)

For the proof we refer to [5, Lemma 4.3].

3.3. Reformulation of the nonlinear integral equation

In this section we rewrite the integral equation (3.5) in the same way as in Section 1.6. Let
X be a solution to (3.1). Applying It6’s formula to the function V(t) = ®1(¢,0)~1X (¢)
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for all t € [0, T provides (compare (1.63))

AV (t) =@7 ' (t,0) (G dt — G1 AW (t) + -G dt) X (t)

+ 071, 0) (F(X (1) dt + Y GrX(t) AWi(t))
k=1

+ @7 1(t,0)(GFdt — Gy WA (t) + %éf dt) (fF(X (1)) dt + i G X (t) dWi(t))
k=1

=371(t,0) (f+(X(t)) dt + zm: GrX(t) de(t)) :
k=2

where f7 is defined by (3.11). Due to the independence of ®; and the terms: Wo, ..., Wi,
we can rewrite (3.25) in the following integral form

X(t) = q)l(t, O)XO + /Ot q)l(t,T)f+(X(T)) dr + Z /Ot (I)l(t,T)GkX(T) de(T), (326)
k=2

for all t € [0, 7.

3.4. Stochastic C-stability and B-consistency of the PBSNE
method

In Chapter 2 we have shown the stochasic B-consistency and C-stability of the BSNE
scheme for linear SODEs. In this section we study the convergence theory of this method
with nonlinear deterministic term satisfying Assumption 3.1.3.

Let h € (0,1] be an arbitrary upper size bound step-size. Then for all z € R? and
(t,8) € T we define the one-step map WFBINE: Re » T x QO — R? of the PBSNE Euler-
type method with the abbreviation z° := min(1, 5 %|z|~")z by

UPBINE (121, 6) =By (t + 6,)a° + 61 (t + 0,8) f T (a°)

m - - 3.27
+ 3Bt +6,)Gra I, (3:27)
k=2

with

B (t+0,1) = exp(—G10 + G I(})™),  (t,6) € T.

The following proposition shows that (3.27) is a one-step method in the sense of Defi-
nition 2.1.1. This result was already proved for the projected Euler-Maruyama (PEM)
and projected Milstein (PMil) schemes in [5] and [6].
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Proposition 3.4.1. Let f+ satisfies Assumption 3.1.3 with L™, L{, LT > 0,q € (1,00)
and let h € (0,1]. Then for every initial value ¢ € L2*(Q, Fo,P;RY) it holds that
(UPBSNE b &) with B € (0,00) is a stochastic one-step method.

Proof. Since, the mapping 2 — min(1,5 ?|z|z,z € R? is continuous and bounded,
then for all Y € L?(Q, F;, P;R?) and arbitrary (¢,0) € T we obtain

min(1, 0 °[Y|"1)Y € L>®(Q, F;, P;RY).
By continuity of the function fT it holds
Oy (t+6,t)fH(min(1,6 P|Y|7HY) € L=®(Q, Frys, P;RY).

Therefore, WPBSNE(Y t.6): Q — R? is an Fy,5/B(R%)-measurable random variable,
which satisfies condition (2.2).
O

In preparation for the proof of C-stability we quote the result from [5, Lemma 6.2, [6,
Lemma 4.2], which states the global Lipschitz continuity of the mapping R? 3 z — 2° €
R4

Lemma 3.4.2. For every 3 € (0,00) and § € (0,1] the mapping R? > z +— 2° € R,
defined by x° := min(1, 6~ P|x|~V)a is globaly Lipschitz continuous with Lipschitz constant
1. In particular, it holds for all x1,xs € RY

|27 — 25| < |z1 — 22| (3.28)

The next lemma plays an important role for the stability analysis of the PBSNE Euler-
type method. It is similar to Lemma 6.3 in [5].

Lemma 3.4.3. Let f* satisfies Assumption 3.1.3 with LY, L{, LT >0, q € (1,00) and
n e (%,oo) Consider the mapping x — z°, defined by x° := min(1,0P|z|~ ")z with

g = ﬁ' Then for all 1,22 € RY the estimate holds

|25 — a3+0(f 7 (25) = fH(@9))* + 208 > |Gr(af — 25)[?
2 (3.29)
<1+ Ko)|z1 — z2/?,
with Gy, € R™*? gnd

K =2L" +9(L})>. (3.30)
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Proof. Expanding the inner product and using condition (3.12) we get
2§ — 25 +6(fF (a) — f(23))I?
=|a§ — 25|* + 26(2} — a3, [ (2]) — [F(a3))
+ 82 fF (@) — fH(a3))?
m
<(1+2L%6)[af — a5* — 206 ) |Gr(af — 23)?

k=2
+ 82| fF(25) — fH (D).

Further, we use the fact that |23, |23 < 6=%, condition (3.14), and Lemma 3.4.2 and
obtain
[f(@9) = fH@3)] ST+ [T + |25 Y [a] — a3
<LH(1 + 267804 |2y — o).

1
2(g—1)

Next, we insert § = and conclude

2§ — 23+0(f T (25) = FH (@) P + 208 > |Gr(af — 25)[?
k=2
<(142L48) |y — mo)? + XL (1 +2672))2|ay — o)
(142076 + (L1)262 + 4(L1)%62 + 4(L)26) |1 — 0|
(1+ K6)|z; — zo]2

IN

This completes the proof.

Since K contains the constant Lf it is no longer of moderate size.
The following theorem verifies that the projected balanced shift noise Euler-type
method is stochastically C-stable.

Theorem 3.4.4. Let Assumption 3.1.3 hold with L™, L, L] € (0,00), q € (1,00) and
n € (%,oo) Then for every initial value ¢ € L*(Q, Fy,P;R?) the PBSNE Euler-type
method with 8 = ﬁ is stochastically C-stable. The constant Cgsap in (2.4) depend on
the data as v, |G1|, LT, L] and h, see (3.31).

Proof. The proof is analogous to the proof of the Theorem 2.2.7 but here we take care
of the nonlinear deterministic term. Let Y, Z € L%(Q, F;, P;R?) and (¢,0) be arbitrary.
We recall the notation Y° := min(1,5?|Y|™1)Y and Z° := min(1,6-%|Z|7')Z. Then,
using the fact that E[|E[Z|F]|?] < E[|Z|%] and It&’s isometry we get

E[[E[w"P5NE (Y ¢,6) — WIEINE(Z, 1, 6)|F )
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+ 77EH(id - EH‘FtD(\IIPBSNE(Y7 tv 5) - \IIPBSNE(Z7t7 5))’2]
=E[[E[®1(t +6,)(Y° — Z° + fH(Y°)d — fT(Z2°)8)|F]|*]
+nE[|(id — E[|F])(@1(t +6,8)(Y° = Z° + fH(Y°)d — f7(Z°)0)

+ i Byt + 8, 1)Gr(Y® — 2°) 1557

k=2
<E[|®y(t+6,8)(Y° — Z° + fH(Y°)s — fH(2°)8)%]

+ 206 iEH(I)l(t +5,6)G(Y° = 7))
k=2
+20E[| (id — E[|F]) (@1t +6,)(Y° = Z° + fH(Y°)d — fH(Z2°))].

By Lemma 1.5.2 we get

E[[@1(t+6,)(Y°=Z° + fH(Y°)d — f7(2°)5)%]
<SPS HEY® — Z° + 5(fH(Y°) - fH(Z2°)7).

The similar estimate applies to the second summand

zndiE[{cbl(Hé, HGR(Y° = 2°)|]
k=2

<2noe*s+0 N " E[|Gr(Y° — Z°) 7).
k=2

Then by Lemma 3.4.3 we obtain

eQaS’_,_(S (]EHYO _z° —l—(S(er(YO) _ f+(ZO))|2

rond Y 1Gx(ve — 2°)?))
k=2
<e¥s+9(1 4 KO)E[Y — Z|%]

Se(2a5’++K)6]E[|Y _ Z|2],

where K is given by (3.30). For the last summand we obtain by Lemma 1.5.4 and
Lemma 3.4.3

E[|(id — E[|F])(@1(t +6,8)(Y° — Z° + fF(Y°) — f7(2°)3)[%]
Keona(0)?0E[|Y® — Z° + fF(Y°)d — f¥(2°)0]]

Keond(0)*0(1 + KS)E[]Y — Z|?]

Keona(6)?0e"E[lY — ZJ7],

IAN N IA
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where
e L = L s 10
Kcond((s) = ’G1’(§’G1’(52 + 1)6 s+9,
Altogether, this shows that

IE[@PESNE(Y, ¢,8) — WPPINE(Z, 1, 6)| B T2 ey
+ )l (id - E[|F)) (2 PNE(Y, 1, 6) = UPPINE(Z,8, 6)) (72 0 pa

SeCStabJHY — Z”%Q(Q;Rd)7

)

where

-1

Chstab = 21|G1 2 (*|G1| hz +1)* + K + 2as 4. (3.31)
O

Thus, the constant Cgap is not of moderate type in the sense of Convention 1.3.4,
compare Remark 2.2.8. In the preparation of the proof of consistency we consider the
next lemma, which is an analog of Lemma 5.5 in [5].

Lemma 3.4.5. Let f satisfies Assumption 3.1.3 with L+,L6r, Lf >0 and q € (1,00).
Further, let the exact solution X to (3.1) satisfy supycpo ) |X (8)|| p1a-2(qray < 00. Then
there exists a constant C' such that

t 3
/|f+(X(T))—f (X ()2 (ray dT <C(1+tes[%£;]llX()IliiqleRd)\t sz (3.32)

forall0<s<t<T.
In addition, if condition (3.6) holds with n = % for p € [2,00) and q € [1,00) then
(3.32) can be estimated by

t
3
/ 175X (7)) = FHX ()l 2mey AT <CL(E = s,1)]t — 52, (3.33)
S
where Cp : {(t,s): 0 < s <t <T} — R is of moderate size and given by

2 —1l)o
01((5, (51) :gLi"_( + 2(1 —+ HXOHL4q ) QRd))e(q 1) fT) ((LO
+ Lo(1 + HXOHLqu 2 QRd))eqafél)(S% (3.34)
gl
Gl sz )

for 0 <6 <61 <T. Here C), denotes the Burkholder-Davis-Gundy constant.
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Proof. For the proof of (3.32) we refer to [5]. From condition (3.14) and Holder‘s in-

equality with exponents p = %, p = 2;’_—_11 we get

£ (X))~ (X () 2z
<ILF(L+ IX@)T + (X)X () = X ()2 oma
SLE(+2 50 XN 00 1X) = X6 lizains

)

We note that 2p'(¢ — 1) = 4¢ — 2. By (3.9) for p = 2p we obtain

o 1
1X(7) = X () 20 (om0 S((Lo + Lo(L + [[Xol|Fag-2 (qpay )™ ) |t — ]2

+ GGl Xoll 102 aft)|T sl%.
q

(4R4)
Following, by integration we find
¢
J 7X@ = O g2y dr
ST (14 200+ 1 Xoll o )T ( (Lo
1
+ L0<1 + HXOHLALq 2(Q Rd))eqaft) ’t - 3‘5

t
+ClGIIXal a2 ) [ —sfbar
R s

<SIf(1+201+ ”X0||L4q 2(upe)e 0T (Lo
1
+ LO(l + ||X0||L4q 2 QRd))eqaft) ’t - S‘ 2
ast 3
+ GolGIIXol sa e = |5,

This completes the proof.
O

Now, we quote Lemma 6.5 from [5], which formalizes a method of proof originating
from [24, Th.7.7].

Lemma 3.4.6. For arbitrary 3 € (0,00) and 6 € (0,1] consider the mapping R > x
z° € R, which given by x =: min(1,6 8|z| " x. Let LT € (0,00), x € [1,00) and let
¢: RY = RY be a measurable mapping with

lp(x)] < LT (1 +|zF), =eR<

For somep € (2,00) let Y € LP*(Q;RY). Then there exists a constant Cgir only depending
on L and p such that

o K p .1 —2)k
16Y) = (V) aqaumey < Cair(L+ 1Y [y 363702
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The following theorem investigates stochastic B-consistensy of PBSNE. We recall that
the constant Cy;r is given by

202LT)P +p — 2>§

Cait = ( ’

(3.35)

Theorem 3.4.7. Let fT satisfies Assumption 3.1.3 with L, Lg, Lf >0 andq € (1,00).
Let h € (0,1] be arbitrary. If the exact solution X satisfies supyepo,r | X (1) || L6a—1(0raey <

oo, then the PBSNE Euler-type method (\IJPBSNE,E,XO) is stochastically B-consistent

of order v = % The constants Ceons,1 and Ceons,2 are of moderate exponential type, see

(3.37).
Proof. For arbitrary (t,9) € T we get
X(t+6) — WPBSNE(X (1),1,6) =1 (t + 6,¢) (X (t) — X°(1))

t+6
[ Bl ) (X ) — X)) o

t+6
+/ (@1(t+0,7) — @1(t+6,4)) (X (1)) dr

Tt +8.05(FH(X () — FHX°()
m t+0

Sy 01t 4+ 0,7)(GX (7) — GRX (1) A7)
k=271

t+0 B B
+3 /t (Ou(t+8,7) — B (t 4 6.1)) G X (£) dWi(7)
=2

+ 3 ®i(t+6,6) (GRX (1) — GRX° (1)) I,
k=2
with X°(¢) = min(1,6%| X (¢)|71)X (). By (2.5) and (2.6) we obtain
IELX (t-+0) — WPESNE(X (1), ¢, 6)| Filll 12 ume)
<|E[@1(t + 6, ) (X () — X°(0)|Felll L2(0srey
t+6
+ /t E[®1(t +6,7) (ST (X (7)) = (X)) IFll 20y AT

t+4
+/t [E[(®1(t +6,7) — P1(t +6,8)) fT (X ()| Filll p2(pey AT

+OE[@1(t +6,8) (f T (X(1) — [T (X)) IFll 220

4
::ZSj,
j=1
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and
I(Gd—E[FD (X (¢ + 6) — WPPINE(X (1), ¢, 6)) || 2 (qra)
<||(id — E[{F])P1(t + 6, ) (X () — X° ()| L2 (re)
t+6
+ /t 1(d — E[|F)@1(t + 0, 7)(f (X (1) = (X (1) 2 () AT
44
+ / 1(d — E[|F) (@1(t +6,7) — @1(t +6,1)) f (X ()| L2y AT
t
+0|/(id — E[|F) 1 (t +6,6) (f (X (1) — fH(X°0)) |l 2 ume)
mot4s ~ ~ ~
+ é/t ®1(t+0,7)(GpX (1) — GkX(t)) de(T)‘ 2R
m t+6 B B
+ g /t (q)l(t + 5, T) — (I)l(t + 5, t))GkX(t) de(T)‘ L2(:R4)
% 5 A yora) Fhtte
+ g Di(t+8,0) (G X (1) — GrX (D) I -
7
= ZT]
j=1
By applying (1.56) and Lemma 3.4.6 with ¢ =id,xk = 1,p = 6¢ — 4, and 8 = we

obtain

where Cgir is given by (3.35).

ql)

1

Si <le” 2| X (t) — X°(8) | 12(ze)

3
<™ Clie (1 + | X (8) 752 )97

|E[Z|F] | 2(irey < 11 21| L2(0sray for all Z € L?(9; R?) we obtain for So

t+0
S, < / 1@1(t+ 6,7 (F(X(7) — (X)) | 2z A7
t+6
< / €S+ | (X (7)) — (X (8) | p2(ermery AT

2g—1 3
<e® 0L+ sup [ X (@)1 oo pa))02-
te[0,7]

From Lemma 1.5.2, Lemma 3.4.5, and the fact that
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Further, by Lemma 1.5.5 and condition (3.13) we obtain for the third term

t+d
Ss S/ (@1t +6,7) = @1t +6,8)) f (X (1))l p2(rey AT
t
N B 1 - 1 5 t+6 1
<Lg [+ X @ L2 |G1l(5]G1]02 + 1)es+ / [T —t[zdr (3.36)
t

-1 -
<Li(1+ sup 11 )[G1l(51G1]62 + 1)eo+053

I7
tel0,T L2a(R)

The terms f+(X(t)) and fT(X°(t)) are Fi-measurable and we apply estimate (1.56) and
Lemma 3.4.6 with ¢ = f*(:), Kk =¢q, p= 4%2_ This yields

S <ole™ 2GR0 £ (X (1 )) FHX ) 2 may
<8 FHX (1) = f X () L2 (mey
<Caire™*(1+ ||X<t>|ri‘i;i>6%
Further, using Lemma 1.5.4 and Lemma 3.4.6 we get
1 o
Ty SKcond<6)52 HX(t) - X (t)HLQ(Q;]Rd)
S
<IGI(51G10% + e+ Casr (L + [ X (1)1 7%, % 000"

[6a—4 Q ]Rd

By inequality [(id — E[-| 7)) Z]| L2(qray < |Z]|L2(ray for all Z € L%(Q;RY) we obtain
that

t+4
T2S/t @1t + 0, 7)(f (X (7)) = FHX ) L2 (pey dT

and

t+6
T3 < /t [(@1(t +6,7) = @1t +6,8)) fT(X ()| 2 (0re) AT-

The estimates of T5 and T3 are similar to the estimates of the terms S9 and S3. Further,
by Lemma 1.5.4 and Lemma 3.4.6 with ¢ = f7(:), k =¢q, p= 4%2 we get

1 o
Ty <0Keona(0)02 (| f (X (1) — FH(X° (D)2 re)
1 -
31011(5101\5% +1)e5 0 Ca (14 || X (8)[[75,2))6%.

The terms 75 and T were already estimated in Section 2.2, Lemma 2.2.3 and obey the
following estimates

T5 SIC4((5, t + 5)HX0HL2(Q;R‘1)67
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Ts <Ks5(6, )| Xoll 2(ora)d,
where
Ka(8,t + ) =|G|(JAI6% + |G]) exp (as 10 + i (t+5)),
Ko 0,1) =IG1Gal(5]Gnl0% + 1) exp (ot + as,49).

Finally, using the It6 isometry yields

[N

T7 = (52 121 (t +6,0)Gr (X (1) — X°(t)) Hi%();[&d)) :
k=2

As above we use Lemma 1.5.2 and Lemma 3.4.6 with ¢ =id, kK = 1, p = 6¢ — 4 and
obtain

Ty <|G 1o+ Cair (14 | X (1)1 7552 00 )9

This completes the proof.

Remark 3.4.8. The constants Ceons,1 and Ceons 2 in (2.5) and (2.6) are given by

C1cons,1 :eoth'dif(1 + sup ||X( )Hi%q 24 Q]Rd))
te[0,T)

+ e O(L+ sup [IX(O]75 5 g pa)
t€(0,7T]
+ s +h|G1|(*|Gl

;
2+ 1)LJ(1+ sup HX(t)”(iM(Q-Rd))’
te[0,T] 7

_ _ ~ ; =_
C1cons,2 :eaS'Jrth'f( + ts[l(l)l; ”X( )‘|i(]6qg4(Q;Rd))(’G1’( ’G1| 2 ) + |G |) (337)
€

1 =~
+ 5G| Xol 2o et (JAIRZ + 1G] + |G1|<§|G1|h% +1))

+eosih (1 4 sup. X013 s ) (Catl Gl Gl + 1) +€)
te|o,

+e“87+hL3<1+t:;7pT]HX<>||L2de)>\én< [Grlh2 +1).
3.5. Stochastic C-stability and B-consistency of the SSBSNI
method

Our next aim is to show that the split-step balanced shift noise implicit Euler-type scheme
is convergent with order v = % Let us first show that the SSBSNI Euler-type method is
a stochastic one-step method in the sense of the Definition 2.1.1.
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Consider an arbitrary vector h € (0,h)Y with h € (0, ). By Corollary 3.2.2 there
exists a homeomorphism Fj, (+) : R? — R such that

Xn(ti) = F ' (Xn(tio1))
is a solution of
Xn(t:) = Xn(tic1) + 7 (Xn(t))hi

for all « = 1,..., N. With this observation the split-step balanced shift noise implicit
Euler-type method becomes a one-step method in the sense of Definition 2.1.1 by defining
YISBSNT. Rd 5 T % 0 — R? as follows

m

\I,SSBSNI(x, t, 5) _ (I)l(t + 6, t)F(;il(l') + Z (I)l(t + 4, t)ékF{l(x)[Nfl’ct;r&’ (338)
k=2

where ®1(t + d,t) = exp ( — G%(S + C?Jf’lt;“a), (t,6) € T and = € R

Proposition 3.5.1. Let Assumption 5.1.3 hold with L™, L{, LT > 0 and ¢ € (1,00)
and let h € (0, L%,) For all initial value & € L%(Q, Fo, P;R?) the tuple (FS9BSNT b )
defines a stochastic one-step method.

Proof. Let (t,6) € T and Y € L%(Q, F;, P;R?). By Corollary 3.2.2 the mapping F5_1(-) :
R? — R? satisfies the linear growth condition (3.18). It follows

FyH(Y) € L*(Q, Fi, P;RY).
Further, by Lemma 1.5.2 we have
O1(t+6,0)F5 (V) € L*(Q, Fris, P;RY).

Therefore, USSBINI(Y ¢ §) : @ — R is a well-defined, F; s-measurable random variable
in L2(Q, Fiys, P; R?Y), which satisfies (2.2).
]

The following theorem investigates stochastic C-stability of the split-step balanced
shift noise implicit Euler-type method.

Theorem 3.5.2. Let Assumption 3.1.3 hold with LJF,L(J{,Ll+ > 0, ¢ € (1,00) and
n € (3,00) and let h € (0, 7). Then for all £ € L*(2, Fo, P;RY) the SSBSNI Euler-type
method (USSBSNT 1, €Y is stochastically C-stable. The constant Csap, in (2.4) depends
on data as 4, |G1||, LT, Cu,n and h, see (3.39).
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Proof. Let fix arbitrary (¢,8) € T and consider Y, Z € L?(Q, 7, P; R?). Then we get
E[USSBINI(y ¢ §) — WISBSNI(7 1 §)|F] = E[®1(t + 6,t)(F5 1Y) — F;4(2))| R
and

(id _ EHFt]) (‘I,SSBSNI(}/7 t, 5) _ \IJSSBSNI(Z’ t, (5))
=(id — E[|F])) 1 (t + 6, 8)(F5 (V) — F; ' (2))
+ fj Bt +6,0)Gr(F5 (V) - F5 (2D
k=2

Further, by (2.4), the It6 isometry, and since E[|E[Z|F]|?] < E[|Z|?] for all Z € L2(Q;RY)

we have

E[|E[®:(t +6,0)(F5 ' (V) — Fy 1(2)|F|]
+nE[|(id — E[|F])@1(t + 6,8) (F; (V) — F5 1(2))
+ 3@t +6,)Ck(Fy (V) = Fy H(2) IG5
k=2
<E[|®:1(t + 6,8)(F; (V) — F; 1(2)[]
+2nE[|(id — B[ F))®1 (¢ + 6,8) (B (V) — F;1(2)) ]
+208 Y E[|@1(t +6,0)C (Fy (V) - FY(2)) ).
k=2

By Lemma 1.5.2 and Corollary 3.2.2 we obtain
E[|®1(t +0,)(F5 (V) = F5 '(2))P]

+208 Y E[|®1(t +6,0)Gk(Fy '(Y) - Fy1(2)) ]
k=2
<e’SHOE[FH(Y) - FyH(2)))

+ 2mde”s+0 3 B[ Gr(Fy (V) = Fy H(2))]
k=2
<e?s:+9(1 4+ Cyd)E[|Y — Z|?]

Se(2a8,++CH)§EHY _ Z|2]’

where Cpy is given by (3.20). It remains to show that the last term has a sharper estimate.
By Lemma 1.5.4 and (3.17) we get

E[|(id—E[|F]) (®1(t +6,) (F; 1Y) — F; 1(2)) ]
<K2,4(0)3E[|F (V) — Fy N (2)2)

cond
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SIGAP(51Gal5 + 1225531 — L+6) 6E[)Y — 2P

Since (1 — L*6)~2 is convex, then for all § € (0, h] (see Section 2.3)
(1—-L*"6)? =<1+ Cqd < e
Hence, we obtain
E[| (d—ELIFD)(@1 (¢ +8,6) (F5 (V) = F57(2)) ]

<311 P(51Gal3 + 1) exp ((20s 1 + Cr))E[Y — 2P

Altogether, this shows that
E[USSBSNI(y, 1 §) — GSSBSNI (7 ¢ 5)|‘Ft]H%2(Q;Rd)

+nll(id — E[|F]) (PN (Y, 1, 8) — WHEN(Z 1, 6)) |72 )

SeCstab5||Y . Z”%Z(Q;Rd)a
where
- 1 ~ -
Catab = 20|G1* (5|G1[h + 1) + 205 1 + Cn (3.39)

with Cy given by (3.20).
O

The constant Cgap, is not of moderate type, see Remark 2.2.8. In the following theorem
we prove B-consistency of the SSBSNI Euler-type scheme.

Theorem 3.5.3. Let f1 satisfies Assumption 3.1.8 with LT, L+ LJr >0 andq € (1,00)
and let h € (0 ’L1+)' If the ezact solution X satisfies supycpoq | X (t)|| paa—2(0rey < 00,
then the SSBSNI Euler-type method (WSSBSNI b X is stochastically B-consistent of

order v = % The constants Ceons,1 and Ceons2 are of moderate exponential type, see

(3.40).

Proof. By inserting (3.26) and (3.38) for arbitrary (¢,9) € T we obtain
t+4
X(t+ 8)-USBNX ()00 = [ @it 8, )(F1 (X)) - FHX0) dr
t

t+90
+ / (@1t +8,7) — (¢t +6,0)) f (X (1)) dr
F B (t+0,8) (X () + FH(X(8)0 — Fy (X (1))

mo s ~ ~
+ kz / By (t+6,7)C (X (7) — X (1)) dWWi(7)
=2
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m t+6 B B
s / (@1t +6,7) — By (¢ + 6,)) GrX (t) dWi(7)
k=21t
+ 3 @it +6,0)GL(X(1) - Fy (X (0) I
k=2

For the proof of (2.5) we have to estimate three summands:
(X (¢ + 0)—wHESN (X (1), 8, 0)|F || 2 ome
t+6
< [ B+ ) (£ (X = £ ()l O

t+0
+/t IE[(@1(t+6,7) = Dot + 6,)) f T (X O Fill 2 (mey AT

+[IE[@1 (¢ + 0, 6) (X (1) + [H(X(1))d — F5 (X ()1 Fell 2 (me)
3
::ZS]
j=1

Since the estimate of S1 and S5 has been done in the section 3.4, Theorem 3.4.7 it remains
to show that the estimate of the summand S3 satisfies (2.5). By (1.56) and Lemma 3.2.3

we obtain
S <eCr, 2|1+ (X (0P pu-2(may

<e™Cr,8%(1+ s[lép]HX( e ume):
te

where C1, is given by (3.24). Further, the proof of (2.6) is obtained as follows
1(id — E[|F]) (X (¢ +6) — THFN(X(2), 8, 6) || 12 (e
t+0
< /t I(id — E[|FD @1 (t +0,7) (f (X (7)) — (X (1))l r2(0r0) dT

t+4
+ /t I(id = E[|F]) (®1(t +6,7) — 1(t +6,8)) f (X (1))l 12y AT

+1(id — ELFD @1t + 6,8) (X () + fH(X ()8 — Fy (X (1) [ 22(me)

moggs ~ B

4> | e b6 (X0 - x@) ane)|
m t+0 ~ ~

' ;/t (<I>1(t +0,7) = ®i(t+9, t))G’“X(t) de(T)‘ L2(Q;R9)
m ~ 1 Ft,t+0

e+ 806X - B XONTE g

k=2
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6
::ZTj.

j=1
The estimates of 11,715, Ty and T5 have already been shown in Theorem 3.4.7. Therefore
we consider only 73 and Tg. Using Lemma 1.5.4 and Lemma 3.2.3 yields

Ty <Koona(8)37 Cuy8 |1+ [ X (O | a2z
~ 1 = 1 o 5
<IC1(51G1[07 + 1)es+2C, (14 sup [IXO75 " o)) 02
t€[0,7)

Finally, by the It6 isometry, Lemma 1.5.2, and Lemma 3.2.3 we obtain

N

T =(5Z 191 (¢ +6,)Gr (X () — Fy 1(X(1)) ||iz(Q;Rd))
k=2
<|G™[e*5+0C |1 + | X (£)|]| 1206

<|G[e s+ 0, (1 + S[UP]IIX( )724)0,
tel0,T

where C1,, is given by (3.23). Since 2¢ < 4q — 2 for ¢ > 1, this completes the proof
]

Remark 3.5.4. The constants Ceons,1 and Ceons 2 in (2.5) and (2.6) are given by

Ceons,t =(Ce®5+" 4 Cpie™ M) (1 + sup | X(1)II34, 2 0.0))
t€[0,T7]
_ ~ —1
—i—eas’*hLa“(l—i- sup HX()HL% QRd)NGl‘( [GhlR2 +1),
te[0,77]
Cloons.2 =™ +7 (1 + s[uplux >uiaqzm><cméu< G1[h? +1) +C) (3.40)
tel0, T

= ~ -1 ~
rets il sw Xy ) (EG 1G5 G +1) + Ciol )
E k)

n 1 =1
+ et e Xo | Ly (| AlR §+|G1|(—|G1| h2 +1)),

where Cr,, and C1,, are given by (3.23) and (3.24), respectively.



4. Balanced higher order methods

So far, the focus of the thesis has been to isolate the largest noise term and to analyze
of the numerical methods, in which the largest noise is integrated by an extra step. Of
course, the question arises whether this approach can be used to implement the methods
of higher order, v > % At the beginning, we shall introduce a Milstein version of our
PBSNE method, in which the intermediate step is realized by a method of higher order.
However, this does not lead to a higher order method in the general case, since the split
into steps avoids evaluating double stochastic integrals. But these are essential for a
higher order method (see |46]).

For the reasons stated above, we analyze in this chapter the classical balanced method
proposed in [44] and [32]. For this method a higher order is achievable, if it is assumed
that double stochastic integrals can be evaluated accurately. However, there is no sys-
tematic rule how to determine weight functions within a damping matrix.

In Chapter 5 we will present some numerical experiments that show in the case of
commutative noise (see [36]) both approaches are suitable to approximate stiff stochastic

differential equations.

4.1. Projected balanced shift noise Milstein-type method

In this section we extend our previous methods from Section 3.1 by using a higher order
approximation for the intermediate step. Consider the same situation as in Chapter 3
with the stochastic differential equation

AX (t) =f(t, X (t)) dt + i GrX (t) AWy (1),
k=1 (4.1)
X(0) =Xy, tel0,7T],

where f : [0,7] x R* — R? and G}, € R™? k = 1,...,m are given by (1.19). In the
following we denote double It6 integrals as in [36]

t z
I(Srf,rz) :/S /s dWTl (T> dW"‘z (Z),

forall 0 <s<t<T.
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Furthermore, let h € (0, )" be an arbitrary vector with h € (0, 1] and let 8 € (0, 00).
Then the projected balanced shift noise Milstein-type scheme (PBSNM) is given by the
three-step recursion

X5 () :=min(1, by ®| X5 ()| ) Xn(tio1),
Xn(ts) =X5 () + fHXG DR + Y CRXRE) G+ Y GG XR(t) I ),
k=2 k1, ko=2
Xp(t;) =1 (ti, tio1) X n(t),
Xh(O) :X(]a
(4.2)
foralli=1,...,N.

The numerical analysis of this scheme has not yet been carried out in detail, but we
will use it for comparison in our numerical simulations, see Chapter 5.

4.2. The classical balanced Milstein method

Our interest is to verify that the classical balanced Milstein method (BMM), proposed in
[32], fits into our convergence concept from Section 2.1 provided the nonlinearity satisfies
a one-sided Lipschitz condition as in (1.2).

Let us consider the stochastic ordinary differential equation

AX(0) = X(0) At + 3 gt X (1)) AW, 1),

r=1 (43)
X(0) =Xy, te]0,T7],
where f,g,: [0,T] x R = R% r = 1,...,m are drift and diffusion coefficient functions
and W,.,r =1,...,m are independent standard real Wiener processes.

For an arbitrary vector h € (0, h]" with h € (0,1] the approximation to (4.3) is given
by

Xn(ti) =Xnp(tic1) + f(tic1, Xn(tiz1))hi

m m
+ZQr(ti—lyXh(ti—l))IZ;)717ti+ > 9T17T2(ti—17Xh(ti—l))l(ti;lr’;;

r=1 7”1,7”221

+ (A (tim1, Xn(tim0)hi + Y d (timn, Xn(ti) ") (X (tio) — Xn(t),
=1
(4.4)
for all i = 1,..., N. This is called the balanced MIlstein method (see [32]). In (4.4) we
use the same notation as in 6] for some coefficients of stochastic Taylor expansions:

dg™
g (b ) = S (b 0)g” (), (4:5)
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for all z € R? and ¢ € [0,7]. Furthermore, d',1 = 0,...,m denote d x d-matrix valued
weight functions. This scheme can be rewritten in one-step form as follows

Xn(ti) =Xn(tim) + M, . o (f(ti—la Xn(ti-1))hi

- r ti—1,t; “ 1,79 i1 ti (46)
309 i, Xntia DI Y g b X)),
r=1 r1,m2=1

with the damping matrix

m
M(Xp,tiq,t;) =id +d°(ti—1, Xp(tio1))hi + Z d'(ti—1, Xh(tifl))fffj)l’ti- (4.7)
I=1

This method was first studied by C. Kahl and H.Schurz in [32]. They have shown under
global Lipschitz condition the global mean square convergence of the balanced Milstein
method. We note, however that some of estimates there are not correct as written, see
Remark 4.4.8 and Remark 4.5.6 below.

In fact, strong convergence of order 1 is true under global Lipschitz condition and even
more can be shown: in [31] it is proved that under these conditions the BMM scheme
is bistable and consistent of order 1 which implies strong convergence. Here we are
interested in the cases where the global Lipschitz condition is not fulfilled. The one-sided
Lipschitz condition weakens our assumptions on the function f by using a projection
onto a ball in R? whose radius is expanding with a negative power of the step size (see in
Section 3.1). Moreover, we assume that the matrices d' € R9*? [ =0, ..., m are constant.
It is possible to treat matrices which depend on Xj(¢;) in a Lipschitz continuous way,
but this involves tricky calculations which we try to avoid here.

Now, we consider a modified form of the classical balanced Milstein method: Let
h € (0, h)N be an arbitrary vector of step sizes and h € (0, 1]. Then for a given parameter
B € (0,00) the projected balanced Milstein method (PBMM) is defined by

Xn(t:) =min(1, by 7| Xp(t)[7) X (tin),

X5 (t) =Xp(t;) + Mt:_lhti (f(ti_l,yh(ti))hi + Zgr(ti—layh(ti))ff;)—l,ti

r=1

(4.8)

m
" Z gr1,7"2 (tifla Yh(tl))lé;;:;;) ’

r1,r2=1

where
m
M(ti-1,t:) = id + dh; + Y d'T "
=1

The convergence of (4.8) and numerical results will be studied in the sections below.
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4.3. Preliminaries

In this section we describe our assumptions on the stochastic differential equation

dX(t) =f(t, X(t))dt + igr(t, X(t)) AW, (1),
= (4.9)

X(0) =X, te0,7],

where f : [0,7] x R? — R is the drift diffusion coefficient function, g, : [0,7] x R? —
RY, 7 =1,...,m are the diffusion coefficient functions. By W,.: [0,T] x Q — R we denote
an independent family of real-valued standard Wiener processes on the probability space
(Q, F, P). Since we consider methods of higher order we have to extend the assumptions
from Section 1.1 by assumptions on the derivatives of the coefficient functions.

In the following we denote by (-,-) and | - | the Euclidean inner product and the
Euclidean norm on R?, respectively. For sufficiently smooth function f : [0, 7] x R¢ — R?
we denote by g—ﬁ(t, r) € R%*? the Jacobian matrix of the mapping z — f(t,z) € RY for
all z € R% and ¢ € [0, T).

Assumption 4.3.1. The functions f : [0,T] x R* = R? and g, : [0,T] x R — R% r =
1,...,m are continuously differentiable. Furthermore, there exists a positive constant L
and a parameter value n € (%, o0) such that for all t € [0,T] and x1, 29 € R? it holds

<f(t,(131) - f(t,l‘z),:l)l - 332> + 772 ’gr(tv 1131) - gT(tvl’?)‘Q < L|l‘1 - $2|2' (41())

r=1

In addition, there exists q € [2,00) such that for all t € [0,T] and x,x1, 25 € R? it holds

g‘:(t,x) <L(1+ |z))", (4.11)
‘%gtr(t,a:) <L+, r=1,...,m, (4.12)
O (t00) — L (1, 2)] <L+ o]+ faal) T2l — (4.13)
%g;"(t,xl)—aag;(t,@) <L+ Ja1| +|za) T |21 — 2|, r=1,...,m.  (4.14)

Moreover, there exists a constant q¢ € [1,00) such that for all t,t;,t2 € [0,T] and
T,T1,To € R? it holds

|f(t, )| <L(1+ |z]), (4.15)
%(t,x)‘ <L(L+ |z, (4.16)

|[f(t1, @) = f(t2, )] SL(1+ [2])?[tr — ta, (4.17)
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| (t 1) = [t w2)| <L+ 21| + |22 oy — 2of. (4.18)
and for allr=1,...,m
g0 (t,2)| L(L+ |z)) "7, (4.19)
% 1,0)| <L+ )T (4.20)
q+1
g (t1, %) — gy (t2, )| L1+ |2]) 2 [ty — tal, (4.21)
190 (8, 21) — g (t,22)| SL(L + [a1] + Ja]) T |21 — 2], (4.22)

We recall that condition (4.10) is also called a global monotonicity condition. In
addition, we use the weights (1 4 |z|)? instead of 1 + |z|?, compare conditions (1.3)-(1.5)
from Section 1.1 with (4.15), (4.17), (4.18), (4.19), (4.21) and (4.22). For q > 0 this
makes no difference, but if 2 < ¢ < 3 then the Lipschitz constants in condition (4.14) are
required to decrease .

T1,

Now, we extend Assumption 4.3.1: The mappings g"1'"2 satisfy the polynomial growth

condition
(@) < L+ [2), rrre = L., (4.23)
for all z € R ¢ € [0, T], and the local Lipschitz condition
9772 (1) — g2 (0 w0) | < LU [ o) — ], rara =1, (4.2)

for all z1, 29 € R4t € [0,T).

The Assumption 4.3.1 is also sufficient to ensure the existence of a unique solution
to (4.9), see for instance [38], [42] or [50, Chap.3]. We recall that an almost surely
continuous and (Fy)e(o.77-adapted stochastic process X : [0, 7] x Q — R? is a solution of
(4.3) if it satisfies the integral equation

X(t):X0+/O f(s,X(s))ds—i—Z/o gr(s, X () dWy(s), t€[0,T).  (4.25)
r=1

In addition, the exact solution has finite p-th moments, that is

sup || X (¢)|| Lr(qra) < 00, (4.26)
t€[0,T]

if there exist a constants C' > 0 and p € [2,00) such that

m

() )+ PSS lontt o) < s+ [af?) (427

r=1

for all x € R ¢ € [0, T)]. For the proof see [42, Th.4.1] and Lemma 1.1.2.
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4.4. C-stability of the projected balanced Milstein method

In this section we prove stochastic C-stability of the projected balanced Milstein scheme.
Throughout we assume that Assumption 4.3.1 is satisfied with grow rate ¢ € [2,c0).
At first, define the matrix
m
_ 0 78,t L 75,t
My = id + d°Iig) + ;d Ijhy, 0<s<t<T, (4.28)

where d' € R™¥4, [ =0,...,m.

The following condition states the uniform boundedness of the inverse of M, ;.

Assumption 4.4.1. For the chosen matrices d' € R | = 0,...,m there exists an
muerse M;tl,O <s<t<T and a constant Ky; > 0, such that
M} < K. (4.29)

The next lemma is quoted from [32] and provides sufficient conditions on the matrices
d', 1 =0,...,m, which guarantee Assumption 4.4.1.

Lemma 4.4.2. The Assumption 4.4.1 with the constant Ky are satisfied by weight ma-

trices d', 1 =0,...,m if

1 m

d® — B Z d' s positive semi-definite (4.30)
=1

and d' is positive semi-definite for all 1=1,...,m. (4.31)

For details we refer to [32].

Proof. The proof of (4.29) follows from the fact that for all 0 < s < ¢ < T the double
integral of the matrix M can be written as

s,t 1 5,t\2
I(l7l):§((1(l)) _h), lzl’..‘,m’

where h =t — s. By inserting in (4.28) we get
My =id + (d° — 1 i dYh + L i di(I>hH?
o 2 =1 2 =1 w7

This representation of the matrix M, with (4.30) and (4.31) guarantees the existence
of the inverse matrix Mgtl and the estimate \M;tl\ < Ky < 1.

O]

The following lemma provides estimates of products of multiple integrals needed later
on.
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Lemma 4.4.3. Let Assumptions 4.4.1 hold and let Y € L%*(Q,Fs;RY). Then there
exist constants C(yy, Crry ry)s Cirnlys and Cyy o1y such that for all 0 < s <t < T and
r,r1,79,l = 1,...,m the estimates hold

[E[M, IStY\}_ z2@ray SCw 1Y [l L2oumray (E — 5)2., (4.32)

IE[M, lffri o Y120 <Cioya 1Y 20y (8 — 5)?, (4.33)

IE] stlf(sltl)IStY\}— 2 rey <Cuan Y[l L2(oray (t — 5)7, (4.34)
|E[M, lfft)f(sri r) Y|]:s]||L2(Q;Rd) <Clry o ) 1Y | £2(0me) (E — s)°. (4.35)

Proof. Forall 0 <s<t<T andr=1,...,m we have

E[M Y |F] = E[M MY = IGY|F] = E[(M, ) —id) I Y| F]. (4.36)

Using the inequality [|E[Z|F]||r2ra)y < [|Z]lL2(qray for all Z € LQ(Q R9Y), Assump-
tions 4.4.1, Lemma A.3.1 and the fact that E[|Isrt| |=t—s,r=1,....mfor0<s <
t <T we get

|E[M, 1IStY’f]HL2 QRY) = ”(Ms_t ide)I(ST’;YHL?(Q;Rd)

—|IM t(do ”+Zdl “))If;’;YHLQ(Q;Rd)

Njw

<Kld” \I!Y||L2(Q;Rd)(t—8)

—l—mKM max \dllz StI(St
=

D2IY [l 2ame)

§
CiollY |2 (ray(t — 5)2.

In the same way and the fact that IEHIS: Tz)]z] =3(t—s)%ri,ro=1,...,m we get the
second estimate
t st
[ ssf(il Y IE e < (M = idga) I3 Y2z

\[KMIdOI(t = 1Y |l 2oy

s s 1
+ mKM max \dl‘ Z I it I(ri,m)‘Q])Q ”YHLQ(Q;RCI)
<Clr1m) HYHLQ(Q;Rd)(t - 5)2.
A similar estimate holds also for the proof of (4.34).

IBIM, G I Y Il 2 amay < (Mt = idga) I I3 Y |l 22 ey
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—|ing (a1 + Z A VI T | 2 e

1
<Km|d|(t — )(E[\I”)IS)\])2|;YHL2(Q;Rd)

m

1 s, 1
+mBy max \dlyz I”)) )2 (B [|7; t| D21V |l 2 ure)
=1

<CuanllY 2 (may(t — 5)2.

w\ow

For the last estimate we get

LM, I Ik Y|}—]HLQQ~R‘1)

(L) (r1,r2)
<||Mgy (d01(80§ + Zdl )IsltZ)I(sri v Yl 22(0;Re)

1
SKM|dO|(t_S (EHI(sltl)Ifrirg)} ])2”Y||L2(97Rd)

1 1
+mKM nl,la‘X ’d |Z I(Sll; ) } })2( H (7‘1 r2) ‘ ])2HYHL2(Q§Rd)
=1

Y|l p2(ouray (t — 5)°.

<Cly a1

This completes the proof.
O

For the definition of the one-step map of the PBMM scheme we introduce, as in
Section 3.1, the following notation: Let h € (0,1]" be an arbitrary vector of step sizes.
The parameter 8 € (0,00) is chosen to be suitable negative power in dependence of the
growth rate q. Further, for all § € (0, ﬁ] let us denote the projection of z € R% onto the
ball of radius 6 —? by

2° :=min(1,0°|z|1)z. (4.37)

Then the one-step map UWFBMM: R » T x O — R? of the projected balanced Milstein
method is given by

m
6 6
\I/PBMM(ZC,t, §) :==x° _|_M s [f(t z° 5+Zgr (t,x° tt+ + Z g (t (trifm)]a
r—1 r1,ro=1
(4.38)

for all z € R? and (¢,6) € T.
The proposition below is an analog to the Proposition 4.1 in [6] und shows that the
PBMM is a stochastic one-step method in the sense of the Definition 2.1.1.
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Proposition 4.4.4. Let the functions f and g.,r = 1,...,m satisfy Assumption 4.3.1
with constants L € (0,00), ¢ € [2,00) and let Assumption 4.4.1 hold. Further, let
h € (0,1]. Then for every B € (0,00) and inital value & € L*(Q, Fo, P;RY) it holds that
(WPBMM ' ¢) s a stochasic one-step method.

In addition, there exists a constant Cy only depending on L and m such that

[ELE"PMM (0, ,8)|Fil 2 ey <Cod, (4.39)
| id — ELIFD) PP (0,4, 6)]| 2(p) <Co62 (4.40)

for all (t,0) € T

Proof. For the proof we fix arbitrary (t,0) € T and let Y € L?(Q, F;, P;RY). Since the
mapping x — min(1, 5 8|z|~1)z, for every x € R? is continuous and bounded it holds

Y° e L®(Q, F, P;RY).

Further, by the smoothness of f and g, = 1,...,m, conditions (4.15), (4.19), (4.23)
and Assumption 4.4.1 it follows that for all ;71,70 =1,...,m

My s F(8Y°), Myl sg,(8,Y0), My sg™ " (1, Y°) € L*(Q, Fips, P;RY).

Thus, wFBMM (Y,t,9) is an Fyqs-measurable random variable, which satisfies condi-
tion (2.2). To show (4.39) we use Assumption 4.4.1, conditions (4.15), (4.19), (4.23), and
Lemma 4.4.3 and obtain

[E[w7PMM (0, ¢, 6)Filll L2(oray < [IE[ tt+6f(t 0)6]Fe| L2 (;ma)

+| Z 59 (0,1) (trt)+6|]:t 2 (Qrd) T I Z rersd " (£,0) t""tlt(i)’ft HL?(Q;Rd)

ri,re=1

<LKyé + LC(r)5§ + LC(rl,r2)52-

Since § < h < 1 this verifies (4.39). It remains to show (4.40). Using the fact that
1(Gd = E[|F)) Z| 12(ire) < |2 L2(q;ray for all Z € L%(Q;RY) yields

1Gd—E[|F]) @0, ¢, 8)|| L2 (may < 1(d — E[|F])M, L 5 (2,0)8] 12 (0me

m

tt+5
Z (id — E[-|F]) tt+5gr(t 0)1 (r) HLQ()Q;Rd
r=1
1, t,t+6
Z id — E[-|F]) tt+59 VR, O)ITrTz HLQ(QRd
r1,r2=1

<|IM L 5 £ ()3 2y LIS i s9r (O IE | o gz
r=1
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- , t4+6
Z t+5gr1 " t O)I(rr,rg HLQ(Q;Rd)

r1,ro=1

<2LKwn0 + LK\o2.

Here we used Assumption 4.4.1, conditions (4.15), (4.19), and (4.23).

As a preparation for the proof of C-stability we consider the following estimates:

Lemma 4.4.5. Let f and g, = 1,...,m satisfy Assumption 4.3.1 with L > 0,n €
(%, o) and q € [2,00) and let Assumption 4.4.1 hold. Consider the mapping R? > x
2° € RY defined in (4.37) with parameter 3 = 2(q7171) and 6 € (0,1]. Then there exist
constants K1, Ky, and K3 such that for all x1,z9 € R? and (t,6) € T the following
estimates hold

) o o 3
[E[(M tt+6 —id)a(f(t, a3) — f(t,25)]| <K102|w1 —xof,  (4.41)
m
[B[Y (M5 = 1d)(gr(t,29) — 908,231 ] | <Kadtfor — 2l (4.42)
r=1
- . ri,r o 1,7 o RS 3
[E[ D (M5 —id)(g™ 72 (ta9) — g2 (4 aB) I ]| SKso|en — gl (4.43)
ri1,ro=1
Proof. Using Holder’s inequality, the fact that E[|1 tltl’)L6| ] = 342, and condition (4.18)

yields
[E[(M, )} 5—id)3(f(t,27) — f(t, xS)H
<mnmwM+ZfMJ f(t,a9) = £t 25)]
<Kwu|d°|8%|f(t,2}) — f(t,rrg)!
+5Z M SN2 ELIG P2 |d (F (1 29) — £t 25)]

1 (¢] [¢] — [¢] [e]
<Knd?(|d°] + e AL+ [25] + |25)? o] — ).
Since |25, |z3] < 677 with 6 € (0,1] and B(g — 1) = 5 we obtain that 5%(1 +207P)al <
39~ Then by Lemma 3.4.2 it holds

[E[(M; )} s—~id)a(f(ta7) — f(t,23)]|

1
<Ky\o2(|d°| + m max |d')L(1 +267P) 0 gy — 29
=1,...m

V2
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1
§3q_1KML(|dO| + Eml I{lax |dl’)5%|$1 — g,
=1,....,m

To show (4.42) we use the Holder inequality, the fact that E[]It t+§\ ] =0, and Lemma A.3.1:

[E[(M; ) 5=id) D (gt 25) — g (. 23) Iy |
r=1

<E[|M,} 5(d" + Zﬂ )Y (gt ) — o (t @) 15
r=1

l 51274 L ° o
<6 Y (EIIM; L5123 B P2 | (g0 (1, 259) — gr(2,25)]
r=1
m m 1 5 - . .
+lZZ M, P2 EITGG TS D) 21 (9 (8 25) — g0 (,23)]

<§2mKnL(|d°] + mK nax |d']) (1 + =] + ’332‘) ’951 — 3]
<3"% mEML(|d"] + m Koy max )62y — 2],
=1,....m

where K¢ is a constant, obtained by multiplying of the Wiener increments (see Lemma

A.3.1). Here We used Lemma 3.4. 2 and the fact that for # =L and 6 € (0,1)] it

follows that &1 (14255 )7 < 3% . It remains to show (4.43). By the Holder inequality,
condition (4.24), Lemma 3.4.2, and Lemma A.3.1 it holds

m

: o o RS
‘E[(Mttié id) Z (grl’T2(ta$1)*Qn’m(tafﬂz))—r(trﬁm)”
7"1,7"2—1
m
) o o 40
<E[|M; .} 5 d°6+21€f§ d) 7 (gt ag) = g (L as) I ]
r1,ro=1
1 t+8 21 1 , ° , o

<o Z ML P2 I P2 [d0 (g7 (¢ af) — g2 (t, 7))

r1,r2=1

Y M,

=1 ri,ra=1

N

0 0 1 r1,T o r1,T °
BT I P (g 1, a3) — g7 1, 23))]

1
<&*m’KyL(—=
From 5%(1 +2678)771 < 3971 we obtain

m

[B[(M, 5 —id) D (97" (taf) — g™ (6 as) I )|

1 ,r2 1

§3q*1m2KML(

o o 71 o o
|d°] + MK ,hax ’dl|) (1 + |z7] + |952\)q |z] — x3].

|d°| 4+ m K e max |d! \)52 |z — xol.

V2 I=1,...,
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This completes the proof.
O

Corollary 4.4.6. Consider the same situation as in Lemma 4.4.5. Then there exists
constants K4, K5, and Kg such that for all (t,0) € T the following estimates hold

— : o o\ |2
EH(Mt s — 1d)S(f(t,29) — ft,29)|7] <K46%|my — 22)?],  (4.44)
S 2
|Z tt+6 —id)(gr(t, 29) — gr(t, 91”2))IE5 t)H‘ ] <K552|331 — @)%, (4.45)
r=1
E[| Z tt+6 —id) (g™ (t, 27) _er’m(tvf'?2))ff;ﬁé)‘2] <Kgd®|lz1 — z2®.  (4.46)

(r1,r2)

Proof. The proof is similar to the proof of Lemma 4.4.5 if we square the estimates there.
O

In the next theorem we show that the PBMM scheme is stochastically C-stable.

Theorem 4.4.7. Let the functions f and g.,r = 1,...,m satisfy Assumption 4.3.1
with L > 0,q € [2,00) and n € (%,oo) and let Assumption 4.4.1 hold. Further, let
h € (0,1]. Then for every & € L?(Q, Fo, P;RY) the projected balanced Milstein method
(WPBMM ' &) with B = 2(q1_1) is stochastically C-stable.

Proof. First consider for arbitrary (¢,6) € T and Y, Z € L*(Q, F;, P;R?)

E[UPBMM(y ¢ §) — WPBMM (7 ¢ §)|F] = Y° — Z° + 6(f(t,Y°) — f(t, Z°))

FE[(M L5 — i) (507 Y°) = (1, 2°) + D0 (001 Y°) = g0t Z) 5T

= (4.47)
71, o r r o §
O (g YO) = g 2N )R
r1,r2=1
and
(d=E[| 7)) (PP (Y 1,6) = WPPMM (Z,4,6) = (g0t Y°) = g, (t, 2°) I
r=1
1,7 o 7“ T o 40
+ Z VL, Y) = gnrR (L 2O
r1,ro2=1
+ (id — B[R (M5 — i >( (F(Y°) = f(t, 2°)
+Z(gr(t,Y — gt ZONIT N (YO = g 2 ).

r1,r2=1

(4.48)
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Hence it follows

E[|E[WPPMM (v, ¢, 6) — wPBMM (7 ¢ 5)|F] ]
=E[|Y° — Z°> +26(Y° — Z°, f(t,Y°) — f(t, Z°))
+2(Y° = Z° E[(M )y s — 1Q)|FJ(S(f(£,Y°) = f(t,2°)))
+2(Y° = 2%, E[(M s —id) Y (9:(t,Y°) = g:(t, 2°)) IS )
r=1
+2<yo B Z07E[(Mt—t+6 ld) Z (grl,m(tjyo) T1,T2(t ZO))ItTtl-i-T(i |~Ft]>

r1,ro=1

LAY = #0200 + B L~ 076 Y7) = 6,27)

o 9
+Z 9r(8,Y°) = gr(8, Z° )T

D0 (R Y®) = g 2 )R

(r1,m2)
r1,r2=1

By condition (4.10) and Lemma 3.4.2 we get for the second term that
20E[(Y° — Z°, f(t,Y°) — f(t, Z2°))]
<WE[LIY® = Z°P =) g:(t,Y°) = g:(t, 2°)7]
r=1

<WE[L)Y = Z* = n Y _ 19,(t,Y°) = g:(t, Z2°)]"].
r=1

By an application of the Cauchy-Schwarz inequality we get for the three next terms
20Y° — Z° E[(M s —1d)(8(f (£, Y°) — f(t. Z°))|F])

—id) > (g (t,Y°) = gt ZO)I(5 | FL)
=1

+2(Y° - Z° E[(M,

<

F Y~ 20 B(My s —id) S0 (475 Y0) — g (1 2O | F)

(r1,m2)
r1,r2=1
<2|Y° — Z°|[E[(M, )5 —id)S(f(,Y°) — f(t, 2°)]]
m
+2‘Yo ZOHE tt+6 —id) (9-(t,Y°) — gr(2, Zo))I(tt)HH
m#
+2‘Yo ZOHE tt+6 —id Z "2, Y°) — ”’”(t,Zo))If;ii)H,

T1,7r2=
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Hence, using Lemma 3.4.2 and Lemma 4.4.5, one can derive that

2|V — 2°|[E[(M;} 5 — i)a(f(t,Y°) = [ (1, 2°)]]

+ ‘YO ZOHE[ tt+6 —id) Z:l(gr(t, Y®) = gr(t, Z°))I€;§+5] ‘
Y= Zo|[E[(M 5 —1d) Y (g7 (8,Y°) — g™, Z°))I€;ﬁi)”]
r1,r2=1

<2(K16% + Ky0i + K362)E[|Y — Z|?]
Further, we consider the next summand

E[|8(/(5,Y°) = f(t, 2°)) + E[(M )} 5 — i) (8(/(, ) = f(2,2%))

m
3 (0, (0. Y°) — gu(t, ZODIES + S (Y0 — g 7)) 165 )F )]
r=1

r1,r2=1

<UBB[|F(1. V) ~ £, 2°)) + AB[[EIOL, — i)((Y°) — £t 2°)|F )

+AE[|E[(M, L s —id) Y (gr(t, V) — go(t, Z°))If;§+5!]i]|2]
r=1

FAE[[BI(M, s —id) 37 (07 (5 Y0) = g 2 ]

t t+5 (r1,r2)

r1,ro=1

By condition (4.18), Lemma 3.4.2 and the fact that |Y°|,|Z°| < 6=# with g = ﬁ for
all 9 € (0, 1] we get for the first summand
Ty <AL’E[(1+ |Y°| + | 2°)* 7 D|y° — Z°P]
<462L%(1 + 2692 VE[|y° — Z°?]
<3UVAL25E[)Y — Z|3.

Using the fact that E[|E[Z|F]?] < E[|Z|?] for all Z € L?(Q;R?) and Corollary 4.4.6 we
get that

Ty < AK,SPEY — Z2], Ty < AKs03E[]Y — 2|4, and Ty < 4K0PE[|Y — Z|2.
So, we showed that

E[|R[OPPMM (v, ¢, 6)—wPPMM (7 ¢ 6)|F]|?] < (1 + COHE[]Y — Z]?]

m 4.49
oS Ellgs (1. Y°) — g1, 2°)P), (4.49)
r=1
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where C depends on K, Ko, K3, K4, K5, K¢, L, q and h. Further, let us consider
E[|(id — E[|1F]) (€M (Y, 1,8) — wPPMY(2,1,9))|]

OE[| D (g (V) = g0 (6, ZODIST + D (7 YO) = g (20 ]

r=1 r1,ro=1

+ 2B[|(id — B[R, Y 5 - id) (576, Y°) = £(2.2°))

S o o t+6 ¢ 71, o r,T o RN 2
+ 300 (6 Y?) = et ZONIT DT (g (Y = g 2 )
r=1

r1,ro2=1

=:51 + 55.

Since the stochastic increments are pairwise uncorrelated, i.e. cov (I f;t)w, I fﬁré)) =0 and

independent of Y° and Z° we get for the first summand (see for example, |42, Chap.1],
[49])

51 =2 3 (0r (1Y) ~ it ZNIG 1]
T QEH Z 1(97’1,7'2(t7YO) . grl,rz(t, Zﬁ)[&i‘;ﬁ)) ‘2]
r1,ro=
=20 E[lgr(t,Y°) — gr(t, Z°) )
r=1

+28% 3 E[lg(t,Y0) — g7 (¢, 29))7).

r1,r2=1

Here we used the variance relation V(z +y) = V(x) + V(y) for uncorrelated variables
z,y € L*(Q;R?) and the It6 isometry. Thus, we arrive at

E[|[E[O7EMM (v, ¢, 6) — WPBMM (7 ¢ 6)|F]|]
+E[|(id — B[ F)) (WPPMM (v, ¢, 8) — WPBMM (7 ¢ )]

<(L+COE[Y — 2P| +208% Y Ellg™"(t,Y°) = g™ " (t, 2°)*] + 1Ss.
r1,r2=1
Using the fact that |Y°|,]Z°| < 67 with 26(¢ — 1) =1 and ¢ € (0,1] we get
200% Y  E[lg " (Y°) — g™ (8 2°))%) <32V 2gm LA SE(Y - Z7).
r1,ro=1
Here we applied condition (4.24) and Corollary 3.4.2. Further, by E[|(id — E[-|F])Z|?] <
E[|Z|?] for all Z € L?(£;R?) and Lemma 4.4.6 we obtain

Sy <2E[|(M} 5 — id) ((5(f(t, Y°) — f(t, 2°))
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m

+Zl(gr(t7yo) gr(t ZO))I€t+5+ Zl 7‘1,7”2 t YO) T1,T2(t ZO))IEZZ(Z)NZ]
<6E[| (M, 5 — id)5(f(t,Y°) = (£, 2°))|"]

+6E[|(M, 7} 5 —id) > (9,6, Y°) = g:(t, 22D 15T [
r=1

FOE[|(M, Ly —id) D (97" (0 Y0) =g (4 2]

r1,r2=1

<6(K48° + K307 + Ke6®)E[[Y — ZJ2).

This completes the proof.
O

Remark 4.4.8. The proof of stability of the classical BMM in [32, Th. 3.1] uses the
equality

E[JWY (Y, 8, 6) 1) = E[Y "] + E[2(Y, My L5 f(£,Y))]0 + T1 + T

+E[[M, . 5(f tY)5+Zgr(t,Y)]€;§+5+ Z grl’rz(tvy)lf}ﬁi))ﬁv

r=1 r1,r2=1

where

Ty =E[2(Y, M, t+§ZgT (t,Y) Iét)+5>]

m

gt Y)IIH ]

(r1,72)

and Ty =E[2(Y, Mtt+6

ry,r2=1
It is claimed in [32| that T} and T, vanish due to “ well-known martingale properties ”
We could not decide whether this is true in general. The problem is that the elements of
Mt o and [ Zf)%, I (tritf;) r,m1,72 = 1,...,m are correlated. In the previous paper [44] on
balanced Euler-type methods the authors give a symmetry argument why 77 wanishes in
the scalar case. In the proof of Theorem 4.4.7 we cure this problem by further estimating

the terms 77 and T5.

4.5. B-consistency of the projected balanced Milstein
method

In this section we show that the PBMM scheme is stochatically B-consistent of order
v = 1. We prove the following theorem:
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Theorem 4.5.1. Let the functions f and g-,v = 1,...,m satisfy Assumption 4.3.1 with
L > 0 and q € [2,00) and let Assumption 4.4.1 hold. Further, let h € (0,1]. If the
ezact solution satisfies sup.¢jo m) HX( )| 8a—6 < o0, then the projected balanced Milstein
method (WPBMM b X)) with 3 = q =T is stochastically B-consistent of order v = 1.

Before we prove this result we quote the following lemmas from [5] and [6].

Lemma 4.5.2. Let Assumption 4.5.1 be satisfied with L > 0 and q € [2,00) . Further,
let the exact solution X to the SODE (4.9)) satisfies supycpo ) HX HL4q 2(rd) < OO
Then, there exists a constant C' such that for allty,ta,s € [0,T] with0 <t1 <s<ty <T
it holds

to
[ 150X = 165, X0 g i

C(L+ sup [XO% s ope)[t — t2].
te[0,T]

The proof can be found in [5, Lemma 5.5]. If we insert the conditional expectation
with respect to the o-field F%, then the Holder exponent increases:

Lemma 4.5.3. Let Assumption 4.5.1 be satisfied with L > 0 and q € [2,00) . Further,
let the exact solution X to the SODE (4.9)) satisfies sup,cpo 1) | Xt HLGq sy < OO
Then, there exists a constant C' such that for all t1,te,s € [0,T] with0 <t; <s <ty <T
1t holds

to
[ 1B X0 ~ 16, X0 Fa) g 07

t1

C1+ sup || X(t

] e
t€[0,7]

LSa—4(Q;R%) |t1 _t2|2-

For the proof we refer to [6, Lemma 5.6].

Lemma 4.5.4. Let Assumption 4.3.1 be satisfiedwith L > 0 and q € [2,00). Further,
let the exact solution X to the SODE (4.9) satisfies supsejo 1] HX(t)HLW*‘l(Q;Rd) < 00.
Then, there exists a constant C such that for all v = 1,...,m and t1,ts,s € [0,T] with
0<t; <s<ty <T it holds

r 7‘1,7‘2 t1,t2
H/ gr‘ T, X gT(SvX(tl dW rlglg 8 X tl))l(mﬂ"z) L2(R4)
3q—2 %
<C(1+ sup [|X(1) HL64—4(Q~R‘1))}t1_t2‘ ‘
t€[0,T7] ’

The proof can be found in [6, Lemma 5.7]
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Lemma 4.5.5. Let f and g.,v = 1,...,m satisfy Assumption 4.3.1 with L > 0 and
q € [2,00) and let Assumption 4.4.1 hold. Further, let the exact solution X to the SODE
(4.9) satisfies supye(o 7] HX HLQQ (@) < OO Then, there exists a constant C such that
for all s,t € [0,T] with 0 < s <t <T the following estimate holds

|BlGa—az ) (7(s, X () I + Z gr(s, X ()17

i Z g2 (s, X (s ))I(nrg) 5]HL2(Q;Rd) (4.50)
r1,r2=1
<C(1+ sup [ X O]z It — 51
te[0,T

Remark 4.5.6. In the proof of the mean consistency of the classical BMM in [32, Th.2.4]
it is claimed that

Eld—M, ) (F(s, X ()L + 3 g5, X (5) I
r=1

+ ) g (s XL, I F

r1,ro=1

<[M[E[(Mqy —id) (f (s, X () Iy + D 90 X ()T
r=1

+ Z g (s, X (NI )]

r1,ro=1

The authors justify this by using the * discrete Holder inequality “. However, M, t is only
JFi-measurable and not Fs-measurable. Hence, can not be taken out from the conditional
expectation. On the other hand, if one wants to estimate the term, then the product
| M, LE[ - - -|] appears. The following proof contains a suitable correction, which uses

arguments similar to those in Remark 4.4.8.

Proof of Lemma 4.5.5. For arbitrary r = 1,..., m we obtain

[B[d = M (F (s, XDIG + D 90(s, X))
r=1
—'I_ Z g”'l T2 (S X( ))I(Tl 7"2 3] HL2(Q,Rd)
r1,ro=1

<M (1 + Zdl X (NI IF 2@

+ HE[ st (dO st + Zdl (l ) Z_;gr(s,X(S))I&S;ﬂfg]”l/z(g;[gd)
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B (' Ty + 3 d'TGy) 3 9™ (s XD ) Pl
=1

ri,re=1

By condition (4.15), Assumption 4.4.1, and and the fact that EHI(” 2] = 3(t — s)? for
0<s<t<Titholds

Ty <|| My} T £ (s, X(s))fasﬁude)

(0)
1ys,t ;i s,t
+ Z HM I d (8)>I(0) HLQ(Q;Rd)

1
<Kt = s (] + Z5m max dDLI+ X)) 2z

1
<KyLl|t — s|?(|d°] + — N (1 X (4|4 _
<Kt = s (1] + 5 max [dD(1+ sup IX (O faoipa)

For the second term we use (4.32), (4.34), and condition (4.19) and get

T2<ZHE M AT g0 (5, X () | o e

+ZZHE M1 I d g (5, X (D) F| o ey
=1 r=1

5 a+1
<|dImClt — sBLI (L + [X () F 2z
5 g+l
#m? max |d'Ceuylt = s LI+ X ) F lozom

gt+1

<Lmlt - s\ <|d°|cr)+mc<m> max [d)(1+ sup Xl )

te[0,T

Since ¢ + 1 < 2q for ¢ > 1, it follows that T5 satisfies the estimate (4.50). Finally, by
Assumption (4.4.1), estimations (4.33), (4.35), and condition (4.23) we get for the last
term

Ts < Z [EIM I AT ™7 (s, X (s))

(r1,m2) (0

E -

+Z Z [EIL 5 15 g™ s, X(D)IF s

=1 r1,ro=1
<m?Clyy |t = sl LI (1 + X ())) 12 (g
+mPCley it = s Jnax LN (L + X ()]) ] 2oy
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SLmQH - 3‘3(‘d0‘C(r1,r2) + ml_r?ax |dl‘C(r1,r2,l,l))(1 + ts[uOI;’] HX(t)H%M(Q.Rd))'
=1,....m €[, ;

This proves the assertion (4.50).

Proof of Theorem 4.5.1. By using of (4.25) and (4.38) we obtain

X(t+46) — wPBMM (X (1) ¢,6) = X(t) — X°(t) + " f(r, X(7)) — f(t, X(t))dr

t+6 m
Yy /t 0, (1. X (1) = o (6, X(O) AW, (1) = S g2 (e, X ()15

r=1 ri,ro=1

M0 (F(6 X (1) = F(5 X)) + Mgl 3 (gt X (0) = gt X)) IG5

— r1,T r1,T o t+6
+Mtt+§ Z b2 t X )) _g L 2(t7X (t)))‘[frtl—;a)

ri1,72=1

+ (1 = Mgl ) (076 X(0) +ZgrtX DIGY + Z g X))

r1,r2=1

Further, it holds

IELX (¢ + 6) — TP (X (1), ¢, 6)|Fll 2 me)

t+6
<[|X(t) - (ﬂl!p(nmd +/t [ELf(r, X (7)) = f(t. X ()| F || L2 (ray dT
+[IE[M; L 50 (f (¢, £t X)) Rl L2 ey
+ ||E[ Mt,t_;.az gr(t, X(1)) — gr(taXo(t)))jé;t)+6‘]:t}HL2(Q;Rd)
r=1
+|E[M 5 (9772 (8 X (8) = g™ (1 X)) I 1 Filll 2 may
r1,ro=1

+[[B[(id - Mtt+6) <(5f (t, X (t +Zg'f (t, X (t Itt+6

+ Y XM )|

r1,r2=1

6
-y,
j=1
For the first term it holds by Lemma 3.4.6 with ¢ =id,x =1,p =8¢ —6 and § = Tl)

$1 <Cair(1+ X (1) 1% s )0
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since %,B(p — 2)k = 2. For the second term we have by Lemma 4.5.3

Sy < C(l sup HX )52.

HL2<1 (Q;R9)
te[0,T

An application of Lemma 3.4.6 with ¢ = f(¢,),k = g and p = % and since %ﬂ(p —
2)k = 1 we obtain

Sy <IIM, L 56 (f(t X (1)) — f(t, X°(1))) |2 (ume)

<Kwm6| f(t X (1) — £t X)) r2(0r4) (4.51)
<KnmCaif (14 || X (¢ )”i%q 2 QRd))52'

Further, using estimate (4.32) we obtain for Sy

S4 _Z HE tt{HSIt t+6(g7”<t7X(t)) _g’l‘(t7Xo( ) )‘ft HL2 QRd)

3 (e}
Cwo? Z lgr (8, X (£)) — g (£, X)) 122z

q+1

By applying Lemma 3.4.6 with ¢ = g,(t,-),x = &~ and p = 10g—6

q+1

we get

5q—3
81 <Cymé? Cas (1 + [ X ()| sas) 2 0
59=3 5
<C(1+ sup [ X35 0pa))02
( tE[O,T]H Ol a(0z0)

(4.52)

and we note that 5g — 3 < 8¢ — 6 for ¢ > 1. Similarly, by estimate (4.33) we obtain

% 5 T1,T T1,T [¢]
S5 = 3 EIMAIEE (977 (8 X (1) = g7 (8 X2 (0) 1 F| 2 gmery
r1,ro=1
<Cleray® D7 Mlg™ " (8 X (6) = g7 (1, X°(0) |2 ma)-
ri1,ro=1

Then, by Lemma 3.4.6 with ¢ = ¢g""2(t,-),k = q and p = % it holds

Ss SC(rhm)mQéQCdif(l + HX(t)HL‘lq*?(Q Rd))zq_ldé

2q—1 5
SC(rhrg)CdifmZ(l + t:[%%] HX( )”Lzlq 2(Q;R4) )52

By applying Lemma 4.5.5 we get for the last summand

Se <C(1+ sup | X ()]

2
20 1O 08
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This proves (2.5). It remains to show (2.6). It holds

I(id — E[|F]) (X (¢ +8) — PP (X (2),1,0)| 2 (i
t+0
<[|(id — E[-|F]) t f(r, X(7)) A7l 120
t+4

3 [ e X =t X0 zwwx L]
+H(1d E[F))M, 4 56 (f(t, (t))_f(th()))HL?(Q;Rd)

+Z IGd = ELIFDM, 5 (9- (8 X (0)) = 908, XOON I | r2(umey

r=1

1,7 1,7 o Jt+0
bOSD = BERDM L 56720 X(0) — g0 X5 2 g

r1,ro=1

(id — E[|F]) i = Myl ) (376X (0) + 30 on 8 X OIS
r=1

m . 4 5
+ > 9 2(t,X(t))IfrTT2))’

2 Rd
e L2(;R4)
6
=) Q;
=1
For the first summand we have
t+6

Q1 = [|(id — E[-|7]) ) f(r, X(7)) = f(t, X (1) d7 | 12(0ra),

since E[f(¢, X (?))|F] = f(t, X(?)). Using the fact that |[(id — E[|F])Z[12(qre) <
12| L2(qray for all Z € L?(Q;RY) and Lemma 4.5.2 we obtain
t+6
@< [ IR X () = 16 XO) |2y dr
t

2q—1 3
SC(l + t:{%%} [ X(t )”L4q 2( Rd))52'

For the second term we apply Lemma 4.5.3 and get

Q< C(1+ sup [ X032, 0 5a) 0%
te[0,7)

In the same way and with (4.51) we have for the next term

Qs < KniCair (141X (0)1175,%: )
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10g—6

Further, by Lemma 3.4.6 with ¢ = g,.(¢,-),k = % and p = 47> we get
m
§j Myt (90 (8 X (1) = gr(t, X)) Il L2(may
= 5¢—3

<KnCqit(1+ sup [|X(t) )537

[
t€[0,T] Lra=3(R7)

since E[|If’t)+5|2] =6 and 3B(p — 2)k = 1. A similar estimate holds also for Q5 with

p=g""2(t, ), k=g and p = 12

o 1)
Q5 < Z 1ML s (g™ (8, X (8) — g™ "2 (¢, X (?5)))It:1+r2 |2 (R4

rl,rg 1
3
—=KnCair (1 + sup || X(8)[[3%,2 52,
\[ i t€[0,T] L2 (4R )
. 5 : . .
In this case 3 8(p—2)x = % and E[|Itri+r2)|2] = 16%. Finally, using |Gd=E[|F]) Z]| L2 (ray <

12| 12(ra) for all Z € L*(€;RY) and Lemma 4.5.5 yield

Qs <

(id — Mtt+5)(5ftX +ZthX tt+5

m
N Z g’l‘l,’/‘Q(t’X(t))Ig;,ti;i))‘

r1,ro=1

<C(1+ sup [ X090z
t€[0,T] ’

L2(;R4)
)2

This completes the proof.
O

Remark 4.5.7. If the weight coefficients d* € R?*? [ =0, ..., m are non-constant then
the proof of stochastic C-stability and B-consistency needs more delicate estimates. And
it can happen that one needs even higher moments of the solutions than before.



5. Numerical results

In this chapter we present several numerical examples. On one hand they show strengths
and weaknesses of the proposed method, and on the other hand they are designed to
illustrate the strong convergence results from previous sections.

We note that we have two ways to compute the transformed schemes. The first way is
to follow exactly the Wiener transformation described in Section 1.2. In this case we get
strong approximations of the (1.15). The second way is to determine the Wiener processes
for the transformed equation (1.18) directly by a random number generator and avoid
the transformation. In this case we obtain only weak approximation of (1.15). Anyway,
in both cases we have the same distribution. In order to simplify the computations we
use for our numerical tests the second method.

First, we turn to the example in the linear case, in which we compared the simple
balanced method (1.39) and the Euler-Maruyama scheme, see Section 1.4. Table 5.1 and
Figure 5.1 show the estimated strong error of convergence for seven different equidistant
step sizes h = 2F=11 k. =1,...,7. For simplicity we only estimate the error at the end
time T =1, that is

1

error = (E[| X, (T) — X(T)\Q]) 2 (5.1)

where X}, (T") denotes the numerical approximation of the reference solution X (7°). The
expected value is estimated by a Monte Carlo simulation based on 10® sample paths.

Table 5.1.: Estimated errors and EOCs for the approximations of the linear SODE (1.18).

Simp.bal.meth. Euler-Maruyama

h error EOC error EOC
24 1.43300 9.98300

2-5 0.93560 0.62 7.50900 0.41
26 0.53790 0.80 3.52700 1.09
2-7 0.32920 0.70 3.25500 0.12
28 0.37660 -0.19 2.89000 0.17
279 0.16490 1.19 2.19200 0.40

2-10 0.10130 0.70 0.93910 1.22
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10 -
10° a
S
<)
=
)
10" a
- — =order line 1/2
=—p— Euler-Maruyama
—e&—simp.bal.meth.
10-2“\ . . L A A M M
1073 102 10"

Figure 5.1.: Strong convergence errors for the approximation of the linear SODE (1.18).

As before the parameter values are

A -08 -1 Gy = -3.8 0.05 Gy —-0.3 —0.05 T =1, and the initial
0.5 -1 0.075 0.1 0.5 -2

0.1
value Xg = 01 Table 5.1 contains the estimates of the errors and the corresponding

experimental order of convergence:
EOC — log(error(h;)) — log(error(hi_l)),
log(h;) —log(hi—1)

This example shows that the Euler-Maruyama scheme gives very large errors comparing

i=2,... k.

with the simple balanced method. This indicates that the latter method is more suitable
to capture the solution behavior of SODEs with large noise.

In our next numerical example we compare the simple balanced method (1.39) and
the balanced shift noise Euler-type scheme (1.65), see section 1.7. Here we use the same
parameters as above except the matrix A, which is given by

A= -8 .
0.5 —1
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Table 5.2.: Estimated errors and EOCs for the approximations of the linear SODE (1.18).

Simp.bal.meth. BSNE

h error EOC error EOC
24 0.16499 0.16451

2-5 0.11045 0.58 0.12256 0.42
26 0.08467 0.38 0.09576 0.36
2-7 0.06143 0.46 0.06643 0.53
28 0.04379 0.49 0.04343 0.61
2-9 0.03396 0.37 0.03130 0.47
210 0.02092 0.70 0.02442 0.36

100, T T T T
[ —#— simple balanced
—0— BSNE
= = = order line 1/2
21071 | ]
)
10 '2 I I I I PR | I I I I PR | n n n n PR Y
104 10 3 10 2 10"

h
Figure 5.2.: Strong convergence errors for the approximation of the linear SODE (1.18).
In contrast to the path-wise convergence (see Figure 1.2), one can see that the conver-

gence in the mean square sense (5.1) delivers almost no difference in the error estimate
for both numerical approximations. In Figure 5.2 and Table 5.2 one clearly observes
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strong order v = % for both methods.

5.1. Stochastic Hopf equation

Consider the following two-dimensional system of stochastic differential equations

2 2
1 —T9 p—xy — x3) 1 o

en <x1> AW (t) + Ga <x1> dWa(t),

Z2 T2

dz(t) =

(5.2)

where x = (1,22) € R%, 1,0 € R and G1,G2 € R?*2. As in [6, Section 8] we call this
the stochastic Hopf system since variation of the parameter p drives the system through
a stochastic Hopf bifurcation (see [3, Ch.9.4.2]). In |6, Section 8] the matrices G; and Ga
were assumed to commute while here we consider the general noncommuting case. Since
f is cubic with uniform upper Lipschitz bound and the diffusion coefficients are globally
Lipschitz continuous, the Assumption 1.1.1 as well as Assumption 4.3.1 are fulfilled with
the growth rate ¢ = 3.

In our tests the SODE (5.2) is discretized by the PBSNE Euler-type scheme, the
SSBSNI Euler-type method, the projected Euler-Maruyama (PEM) scheme, proposed in
[5], the PBSNM method, and the PBMM scheme.

5.1.1. PBSNE and SSBSNI Euler-type schemes

In this section we test the projected balanced shift noise Euler-type method (3.15) and
the split-step balanced shift noise Euler-type scheme (3.16). In addition, we compare
with the projected Euler-Maruyama method (see [5])

Xn(ts) =min(1, by ?| Xn(tio1)| ) Xn(tin),

Xn(ti) =Xn(t:) + hif (X (t:)) + Z Gryh(ti)léi)—hti?
r=1

foralli=1,...,N,h e (0,1]V,8 = ﬁ and X,(0) := X,.
Figure 5.3 shows the simulation of a single path of the reference solution and the PB-

SNE Euler-type method with step-size h = 274 and parameters

—05 1 2 05 .
— — = = = —U. = 1 T — 24 h
Gl (05 1)7 G2 <_45 9 )7 B 10 0579 ) ) and the

1.35

initial value Xg = .
1.35
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Xh(tlg)//’ reference solution
4r ~+— PBSNE
s ey B
- = projection
37 Xp(ts) 1
2 i Xh(tl} I
v A X, (to)
1r 7
0+ i
Xn(tia)
-1t i

Figure 5.3.: Sample trajectory of the PBSNE Euler-type method with step size h = 274,
initial value Xo = (1.35,1.35)T, and T = 2,

Since there is no explicit expression for the solution of (5.2) we replace the exact
solution by a reference approximation (3.15) with very small step-size At = 2718, The
transformed matrices are given by

=~ [ 2.01 047 =~ [—0.44 1.01

"o\ cas1 o 197) TP 037 1.06)
Table 5.3 provides an overview of the Frobenius norm and eigenvalues of the diffusion

matrices G1, Ga, Gy, and Go.

Table 5.3.: Frobenius norm and eigenvalues

Gy Go Gy G
Frobenius norm 1.58 5.33 5.34 1.57
Eigenvalues —0.78 24+ 1.5¢ 1.9941.45¢ —0.66

1.28 2—1.5¢ 1.99—-1.45¢ 1.27

As already mentioned in [5], [6] we are interested in trajectories of the PBSNE method
which do not coincide with trajectories generated by the balanced shift noise explicit
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Euler-type scheme. This event occurs when the scheme leaves the sphere of radius A%,
ie.

#-Proj. = {i=1,...,N: | XFBNE@)| > hP}. (5.3)

In the Figure 5.3 one can see that the trajectory of the PBSNE scheme crosses the circle
of radius h=# = 2 twice: in the first and in the twelfth steps. The intermediate values
X} (t2) and X (t13) are connected by dashed lines.

Figure 5.4 and Table 5.4 show the results of the strong error convergence for the PBSNE
method, the SSBSNI scheme, and PEM method. All three methods converge with the
strong order v = % The parameters and initial value are as in Figure 5.3. Nonlinear
equations in the SSBSNI scheme are solved by the Newton method with three iteration
steps. The number of samples for which the trajectories of the PBSNE method, SSBSNI
scheme, and PEM method leave the sphere of radius A~? is given in the fourth and ninth

column of Table 5.4.

107 T T
[ |= = =order line 1/2
—eo— PBSNE
—é— SSBSNI
—e— PEM
10° ¢ 3
S
]
1071 ¢ E
10'2 n n n PR S S S | n n n PR S S S | n n n PR S R Y
10 10 3 10 2 10 !

Figure 5.4.: Strong convergence errors for the approximation of (5.2).

The error estimates, given by (5.1) at the final time 7' = 1 with seven different equidis-
tant step sizes h = 2F=11 Lk = 1,...,7 are based on Monte Carlo simulations with 10°
samples. In Figure 5.4 it can be seen that the PEM scheme gives larger errors than the
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PBSNE method and the SSBSNI scheme. Actually, the explicit solution of the SODE
with the largest noise term plays an important role in the damping of large amplitudes
and leads to better results in the approximations. In the PEM method all noise terms
are approximated with the Euler-Maruyama scheme.

Table 5.4.: Estimated errors and EOCs for the approximations of (5.2)

PBSNE SSBSNI PEM
h error EOC #- error EOC error EOC #-
proj. proj.
274 0.76556 73766  0.68454 1.31484 268618
275 0.53193 0.53 28017  0.43965 0.64 0.88604 0.57 61672
26 0.38325 0.47 10085  0.29964 0.55 0.60729 0.54 14702
27 0.27743 0.47 3005 0.21107 0.51 0.41853 0.54 3529
28 0.20258 0.45 797 0.15026 0.49 0.29125 0.52 859
279 0.14526 0.48 200 0.10721 0.49 0.20543 0.50 189
2710 0.10627 0.45 49 0.07600 0.50  0.14724 048 48

5.1.2. PBSNM and PBMM schemes

In the next step we compare the projected balanced shift noise Milstein-type scheme
(4.2) and the projected balanced Milstein method (4.8).

Since m = 2 both steps of the split-step method involve at most one double stochastic
integral and no mixed integrals. As in [36] we evaluate the double integral by

é((i{;f“ﬁ —hi), i=1,...,N.

As we already noted in Chapter 4 the splitting into steps avoids in this example evaluating
the iterated Ito integrals T 87_21)’“ and T (t;Tll)’ti. In [46] it was proved that without evaluating
iterated stochastic integrals the higher order of convergence is not possible. Table 5.5
and Figure 5.5 show that the strong order of convergence for the balanced shift noise
Milstein-type is only one half.

Here we use the same parameters as in Section 5.1.1 for 7' = 1 and the initial value

1.35
Xo = (1 a5 | The estimates of the errors are based on the Monte Carlo simulation with

the same number 10° of samples.
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Table 5.5.: Estimated errors and EOCs for the approximations of (4.1)

PBSNM
h error EOC #-proj.
94 0.51966 35791
25 0.37318 0.48 17383
2-6 0.27702 0.43 7609
2-7 0.20089 0.46 2722
2-8 0.14588 0.46 718
279 0.10400 0.49 183
2-10 0.07490 0.47 41

100 F ‘ | i T
[ |[= = -order line 1
[ |=-=--order line 1/2
- |=—e—PBSNM
107 F 3
210 2L E
Q
103 F 5
10-4 . L | | N
104 1073 1072 10"

Figure 5.5.: Strong convergence errors for the approximation of (4.1)

However, if the noise terms commute, then the strong order of convergence is one. This
can be seen in Table 5.6 and Figure 5.6. Here we present the comparison of the PBSNM
method and the PBMM scheme. For this experiment we use the following parameter
values:

—0. 2
Gy = ( 85 ?>’G2: (O g>,5:}p#:_0'5»9:1’T:17 and the initial value
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104

Xo = 1.35
1.35
~ 191 O =
G = and G =
0 212

—0.78
0

0

0.70

has smaller errors than the PBMM scheme.

Table 5.6.: Estimated errors and EOCs for the approximations of (4.1)

error

) . The transformed matrices are given by

). It is obvious that the PBSNM method

PBSNM PBMM
h error EOC  #-proj. error EOC  #-proj.
24 0.03104 1072 0.09771 830
2-5 0.01741 0.83 415 0.04192 1.22 420
26 0.00983 0.82 123 0.02076  1.01 161
27 0.00579 0.76 51 0.01045 0.99 49
28 0.00243 1.25 8 0.00512 1.03 13
29 0.00117 1.06 2 0.00246 1.06 0
2-10 0.00047 1.32 0 0.00172 0.51 1

107

= = =order line 1
[ |=—e—PBSNM
| |=—6—PBMM

104
104

Figure 5.6.: Strong convergence errors for the approximation of (4.1)

1073

10"

10
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For the implementation of the PBMM method we use the following weight matrices

1 . .
doz 0 ,dlz 050 ,anddgz 0-5 0 .
0 1 0 1 0 0.5

As in the case of the Euler-type methods we can see that the PBSNM method has
smaller errors than the PBMM scheme.
Our next task is to implement the projected balanced Milstein method (4.8) if the

noise terms do not commute. Except the integrals Iﬁ’ll)’ti and I;;’Ql)’ti we should also

ti—1,t
(1,2)

and [ t;_ll i There are several publications for evaluating
iterated stochastic integrals, see for example [35], [63], [52], [17]. In our numerical tests

generate the integrals I

we don’t focus on excellent calculations of double 1t6 integrals, but we only check whether
the theoretical statements of the PBMM scheme also apply in practice. Therefore, we
generate the iterated integrals as well as the reference solution of (5.2) by the Euler-
Maruyama method with a very small step size At = 278, For computing of I?fo) we
have to implement the following system for ¢ € [0, T

dXy(¢) =dWi(t), X1(0) =0,
AXo () =X1(t) dWa(t), Xa(0) = 0.

Using the relation (see [36])
Inz) T ey = Inle

we determine the second iterated Ito integral I(5 ). It is certainly a very expensive
procedure, but we accept that to get the expected order of convergence 1 of the PBMM

scheme.

Table 5.7.: Estimated errors and EOCs for the approximations of (4.1)
PBMM

h error EOC #-
proj.
0.11289 830

4

> 0.04777 1.24 319
-6 0.02500 0.93 120

7

8

9

0.01348 0.89 42
0.00749 0.85 8
0.00429 0.80 2
—10 0.00316 0.44
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Table 5.7 and Figure 5.7 show the results of the strong convergence for the projected
balanced Milstein method with the parameter values

0 1 2 05
Gy = <0'5 1), Gy = (O 5 ), B=1%p=-050=17T=1, and the initial value

(135

Xn =
0= 1135

. The matrices dy,d; and ds are given as above.

100: " T " T

[ |- = -order line 1
| |—e—PBMM

1071F

error
Y
o

10-4L : N | : N | : v 0y
104 1073 10 2 101

Figure 5.7.: Strong convergence errors for the approximation of (4.1)

Our estimate of the errors are based on a Monte Carlo simulation with 10% sample
paths. The numerical results confirm the theoretical order of convergence, though with
some loss towards smaller step sizes for the PBMM scheme.

5.2. Some experiments for the stochastic Lorenz system

The next example is a three-dimensional system, goes back to Lorenz [41]|, which is
showing chaotic features already in the deterministic case. The stochastic version of the
Lorenz system was already studied in [54]. Let us consider for a triple (A1, A2, A3) € R3
and G1, Gg, G3 € R3*3 the following system
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—>\1 )\1 0 I T
dx(t) =| X -1 —x o | At +Gq | 2o | AW (t)
) 0 —A3 €3 x3
(5.4)
T Tl
4+ Go | 29 | dWs (t) +Gs | 29 | dW3 (t)
3 T3

for every @ = (w1, 22, 73) € R3. It is known that apart from the global Lipschitz contin-

uous diffusion coefficient in (5.4), the drift coefficient is not globally one-sided Lipschitz

continuous. But it satisfies the global coercivity condition (1.7), see [54], [27]. Therefore,

it is an interesting example where only part of our assumptions are satisfied.

There is no explicit solution available, hence we replace the exact solution in (5.4) by

the numerical approximation (3.15) with a very fine step size At = 27'¥. The implicit

scheme is again implemented by solving the nonlinear equation by the Newton method

with three iteration steps. Figure 5.10 shows the simulation of the single paths of the

reference solution, the PBSNE and SSBSNI Euler-type schemes with parameters

Gy =

273 275 0 0 27° 274 0 0 0

2710 977 0|, Gy=|0 277 2710 G3=|0 27* 277,
0 0 0 0 0 0 0 274 276

2—7

2=7 |, and T = 26. The transformed matrices are given by

277

—0.124 —-0.034 —-0.006 0.009 —-0.002 —0.008

—0.001 -0.012 0 , Ga = 0 —0.062 —0.008 |,
0 —0.004 -0.001 0 —0.061 —0.016

0.010 —0.028 -0.061
0 0.001 0
0 0.009  0.002

An overview of the Frobenius norm and eigenvalues is shown in Table 5.8.

Table 5.8.: Frobenius norm and eigenvalues

G1 Go Gs Gy Go Gs
Frobenius norm 0.13 0.07 0.09 0.13 0.09 0.07
Eigenvalues 0.13 0 0.01 —0.13 0.01 0.01

0.01 0.01 0.07 —0.01 —0.07 0

0 0 0 0 —0.01 0.01
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The stochastic Lorenz system is analyzed theoretically in [54], [29]. Practically, un-
bounded trajectories arise when the noise terms are not very small. In the Figure 5.10
(b) one can see that the SSBSNI scheme produces for h = 27 large errors in contrast to
the PBSNE method.

reference solution
PBSNE

40 - reference solution

-15000
-10000

Figure 5.8.: Sample trajectories of reference solution, PBSNE and SSBSNI Euler-type
methods with step size h = 276, initial value Xy = (277,277,277")7, and
T = 26.

60
50
- reference solution
reference solution SSBSNI
40 ——SSBSNI 40
30
20 20
><M ><M
10
0 0
10 |
40 20
20 20
0 0
-20 o 10 20 20 . 10 20
X, -40 20 -10 X )(2 20 -10
1 Xl
(a) h=2"8 (b) h =277

Figure 5.9.: Sample trajectories of reference solution and SSBSNI Euler-type method
with several step sizes, initial value Xo = (277,277,277")7, and T = 26.

Figure 5.9 shows that the split-step scheme creates only for a step size as small as

"~ -20000
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h = 279, This show that the SSBSNI method is inefficient for the stochastic Lorenz

system.

The simulation of a single path of the PBSNE method with a step size h = 276
for T = 1 shows that already on a small time interval the PBSNE scheme deviates
significantly from the reference solution. It is known from the deterministic case that the
Lorenz system is sensitive to the initial conditions. In the stochastic case this sensitivity

increases even more.

Figure 5.10.: Sample trajectory of PBSNE Euler-type method with step size h = 276,

reference solution
—e—PBSNE

initial value Xo = (277,277,27") T and T = 1.

30

Table 5.9.: Estimated errors and EOCs for the approximations of (5.4)

PBSNE SSBSNI
h error EOC #-proj. error EOC
2-10 9.89413 0 10.17977
2-11 6.13433 0.69 0 5.97699 0.77
2-12 3.24605 0.92 0 3.04421 0.97
2-13 1.62101 1.00 0 1.75943 0.79
o-14 0.78605 1.04 0 1.37597 0.35
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Table 5.9 and Figure 5.11 show the strong convergence errors of the PBSNE scheme
and the SSBSNI method with five different steps h = 28~ k = 1,...,5. The strong
error is measured at the endpoint 7" =1 by (5.1) with a Monte Carlo simulation using
10% samples.

H= = = order line 1

[mm——— order line 1/2 ]

10 ' i—6—PBSNE
|—e— SSBSNI :

error
!
!
!
!
H
!

1072 ¢ ——

10 : :
105 10 4 10 3

Figure 5.11.: Strong convergence errors for the approximation of (5.2).

Perhaps the perturbation in stochastic terms is neglected here and we can see only
the strong convergence of the deterministic system, and for this system both methods
produce a large error for every step size. According to our experiments it seems that the
balanced shift noise methods (3.15) and (3.16) are not well suited to the approximation
of the stochastic Lorenz system given by (5.4).



Conclusions

In this thesis, we have dealt with numerical solutions for stochastic differential equations
with large noise. We have analyzed our proposal for the solution of these problems
analytically as well as numerically.

As shown in Section 1.2 an orthogonal transformation of the Wiener process gives
us the opportunity to isolate the largest noise term. Our approach is then to split the
numerical integration into two steps:

1. Solving the SODE without the largest noise term by the Euler-Maruyama scheme
or the Milstein method,

2. Solving explicitly the SODE with the largest noise term.

The theoretical and numerical results lead to several open questions:

- How do the suggested methods work if the diffusion coefficient functions are not
autonomous or even nonlinear?

- Is there an optimal choice for the shift matrix C' (see (1.40) and (1.41))7

As in [5] the convergence theory of numerical methods was based on the study of
stochastic C-stability and stochastic B-consistency under the one-sided Lipschitz condi-
tion. By keeping track of the constants we have tried to derive sharper estimates. It is
shown that the constants Ceong1 and Ceons2 in (2.5) and (2.6) are of moderate type in
the sense of Convention 1.3.4. On the other hand, the C-stability constant Cgiap, is not
of moderate type, because our assumptions allow the solutions to grow exponentially in
mean square. This leads to the further questions:

- Is it possible to improve this result under stronger assumptions?

- Can the exponents of the exponential terms be replaced by the logarithmic norm of
the stability matrix S (see (0.3))?

The experiments in Chapter 5 have shown that in general our method of Milstein-type
converges strongly with order % and therefore does not belong to the methods of higher
order. On the contrary, the projected balanced Milstein method is strongly convergent
of order 1. Therefore, there is interest in the investigating the weak convergence of these
methods.



A. Appendix

A.1l. 1t6 formula

In this section we recall some known results from stochastic analysis.

Definition A.1.1. Let (W (t))i>0 be an m-dimensional Brownian motion defined on the
complete probability space (0, F,P) adapted to the filtration (Fi)t>0. A d-dimensional
Ito process is an R%-valued continuous adapted process X(t) ont >0 of the form

X(t) :XoJr/O f(T)dT+/O g(T)dW (1),

where f = (f1,..., fa)7 € LY R RY) and g = (gij)axm € L2(Ry; R>*™). The integral
is formally written with stochastic differentials as follows

AX(t) = f(t)dt + g(t) AW (2). (A.1)

Theorem A.1.2 (The multi-dimensional Ito formula). Let X (t) be a d-dimensional Ito
process on t > 0 with the stochastic differential (A.1). Let V € C>'(R? x Ry ;R). Then
V(X(t),t) is again an [to process with the stochastic differential given by

AV (X (0).0) =[Vi(X (1), 0) + Vo (X (0,0 (1) -
+ gtrace(gT(OVau (X(0), 09()] 0t + Vo (X0, 090 AW (D).

The proof of the Theorem A.1.2 can be found, for example, in [15], [36] or [42].
Remark A.1.3 (Version for Wiener processes). Let (W (t)):>0 be a standard Wiener

process and h : R — R is a twice continuously differentiable function. Then it holds

h(W(t)) = h(Wp) +/0 R (W (7)) dW + ;/o h"(W (7)) dr.

Also, for the process Y (t) = h(W (t)),t > 0 this formula can be written in the differential
notation

dY (t) = K (W (t)) dW (¢) + %h”(W(t)) dt.
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A.2. Stochastic Gronwall lemma

In this section we prove an stochastic version of the Gronwall lemma in continuous time,
proposed in [53]. The proof of this lemma is taken from the book [7] that is currently in
preparation.

Definition A.2.1. Let (2, F,P) be a probability space. A right continuous adapted
process M = {M(t)}icpo,r) is called a local martingale if there exists a non-decreasing
sequence {Tp}nen of stopping times with P(1, — oo as n — 00) = 1 such that every
{Mz nt — Mo}icpo,r) is a martingale.

This definition can be found in [42]. In the following, let (Q2, F,P) be a filtered prob-
ability space and T € (0, 00).

Lemma A.2.2. Let Z,H : [0,T] x Q — R be nonnegative, adapted processes with con-
tinuous paths and assume that 1 : [0,T] — [0,00) is integrable and nonnegative. Let
M :[0,T] x Q@ — R be a continuous local martingale with M(0) = 0. Suppose that for
every t € [0,T] it holds

Z(t) < H(t) + /0 ¥(s)Z(s)ds + M(t). (A.3)
Then
E[Z(t)] < exp (/ ¥(s)ds)E[ sup H(s)]. (A.4)
0 s€[0,t]

Proof. Let for t € [0,T] define

d(t) ::/0 P(s)ds.

We note that ® is a deterministic process. Further, let us assume that the process
H is non-decreasing and, hence, of bounded variation. Otherwise we replace H(t) by
supsejo.g H (s). Next, let define two auxiliary processes Z,¢:[0,T] x Q — [0,00) by

Z(t) :==H(t) +/O P(s)Z(s)ds + M(t),

() :=HZ@>¢o<t>w<t>§Eg,

for all t € [0,7]. By (A.3) we have that 0 < Z(t) < Z(t) P-almost surely. Following, ¢
is well-defined and 9 (t) < 1(t). Consequently, we define by

P(t) ::/0 P(s)ds
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for every t € [0,7]. We have that ®(t) < ®(¢) almost surely. By setting Z and ¢ in
(A.4) we obtain

Z(t)=H(t)+ /Ot P(s)Z(s)ds + M(t), P-almost surely.

It is obvious that Z is an almost surely continuous semimartingale. By the It6 formula
we get for the semimartingales that (see [33, Th.17.18])

exp(—®(t))Z(t) = H(0) —i—/o exp(—®(s))dH(s) —i—/o exp(—®(s)) dM (s).

Obeserve that ®(t) > 0, then it follows that exp(—®(¢)) < 1. Further, let (7,)nen be a
non-decreasing sequence of stopping times with P(7,, — oo as n — o0) = 1, such that
the stopped process (M (t A Ty))sefo,r) is @ martingale for all n € N. Then for all ¢ € [0, T]
and n € N we obtain

Elexp(—@t AT AT))ZEATAT)] <EH{tATAT)] <E[H(t)],
since exp(®(¢)) <1 and H is non-decreasing. Further, by Fatou’s lemma we get
Elexp(—@(t AT))Z(t A T)] :E[nli_{rgo infexp(—@tATAT))Z(EAT AT

< nh_)n(f)lo Elexp(—@t AT AT))Z(EAT ATY)]

<E[H (t)].

Since ®(t) < ®(¢) almost surely and Z is non-negative it holds with 7 = ¢

E[Z(#)] =E[exp(&(t)) exp(—2(t)) Z(t)]
<exp(®(t))(Elexp(—2(t)) Z(1)]
< exp(®(4))E[H (1)))-

Then, by Z(t) < Z(t) follows (A.4).

A.3. Higher order estimates for 1t6 multi-integrals

The following lemma is a general result for the products of multiple It6 integrals. Here
we use the same notation for the multi-indices as in [36]. For example, the hierarchical
set of the classical Milstein method is given by

A ={ae A: 1 <l(a)+n(a) <2} ={(0),(1),...,(m)}U{(i,5)]i,7 =1,...,m},

where A is the set of multi-indices, [ = I(«) is the length of a and n(«) is the number of
components in « with a; =0, =1,...,1[.
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Lemma A.3.1. Assume that 0 <t —s < 1. Then there exists a real constant K =
Kt (o, &, p) for all @ = (oq,...,oq) € A, o = (of,...,0)) € Aand p =1,2,..., such
that

E[(Iz’tfs}t)%] < Kot (t _ S)p(f(a)+n(a)+€(a’)+n(a’)). (A.5)

Proof. It is convenient, to introduce the rescaled and shifted Brownian motion for r €
[0,1]

we

() = (¢ = §) (002 (Wi (s 1 (t — 5)) — Wi(s)), t > s, i =0,...,m, (A.6)

where 04,0 is the Kronecker symbol. In the case o; = 0 the increment is dVV[?9 1 (r) =

4
dWO(r) = dr. Let n(a) = 3" 0a,0. By shifting and the time change formula for Ito-
i=1
integrals (see Th.8.5.7 in [47]) we have
S a)+n(a s,t
I3t = (t — )@+l ))/2[[04’ (A.7)

where

1 1 1
s,t (1+5a s )/2 (1+5a s )/2 « @
[[a] = /0 EN 1,0 /0 S5 2:0)/= ./0 dW[s,ls-;-sZ,l(t—s)](Sé) .. dW[s,Zt](Sl)’ (A.8)
Then for all a, o’ € A it holds
E [(Igé,t[;,/t)Qp] _ (t _ s)p(é(a)-‘rn(a)-‘rﬁ(o/)—i—n(a’))E [(Is,tIs,t )217] ) (A9)

[a] " [o']
For the estimate of the expectation of the product of iterated stochastic integrals we
apply the Cauchy-Schwarz inequality
s,t rs,t \2p s,t\4p7y & st V4D =
E[(15 100 ™) < (BLED ") E[(15) ")
Now, by Burkholder-Davis-Gundy inequality (see for example in [4]) we obtain for all
ac A p=12,..,

E IS,t 4p <K E ! (1+6(¥1a0)/2 . ! . dWQ’E—l 2d 2p
[( [a]) ] > ABDG [( 0 (51 ) [s’s+sl(t73)}(32)) 31) ]

1 1 1
S KBDG/ sfp(l—l—éal,o)E[(/ Sg1+5a2,0)/2 . / o dW[(zzsisl(tis)](SQ))ZLP] dSl
0 0 0 :

IN

< gt (4p — !
= PP o) TN (1 + by 0)

where Kpgpq is the Burkholder-Davis-Gundy constant. Therefore also for all o/ € A we

obtain
(4p — D!
20 T2+ 0, o)

which proves the assertion (A.5). O

£\ -1
E[(I[sa,]) }gKBDG Cp=1,2,...
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A.4. Logarithmic norm and its properties

The logarithmic norm appears in various applications: in differential equations, numerical
analysis, or in matrix theory. The classical definition was independently introduced in
1958 by Dahlquist and Lozinskii, see more, for example, in [58].

Definition A.4.1. For the quadratic matriz M with an induced matriz norm | - | the
associated logarithmic norm (M) is defined by

L(M) = Tim lid + Mh| — 1

A.10
h—0+ h ’ ( )

where id is identity matriz, and h > 0.

It is known that the limit in (A.10) exists and convergence to the limit is monotonic,
see in [12]. As an alternative, the logarithmic norm can be defined as follows

for all z € C?. The following lemma summarizes well-known results of properties of the
logarithmic norm. These may be found, for example in [58], [60].

Lemma A.4.2. Let M and P be quadratic matrices and a(M) is the mazimal real part
of the eigenvalues of M. Denote by \ a real number and by z a complex number. Then
the following properties hold

Lo p(M) < |M],
2. (M) = [\|u(sgn(\) M),
3. (M + P) < p(M) + pu(P),
4. (M) < p(M),
5. Mt < (Mt
6. wu(M + zid) = u(M) 4 Rez,
1

-1

7. Ifu(M) <0, then |M 7|< L0

For the most common norms | - |,,p = 1,2, 0o the logarithmic norm may be expressed
as follows:

® fioo(M) = sup;(Re(mii) + 35 [mijl),
JJF

o j11(M) = sup;(Re(m;;) + Z;A Imijl),
RS

o a(M) :)\maX<M+2MH>.
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