View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by Publications at Bielefeld University

Concentration Inequalities for
Nonautonomous Stochastic Delay

Differential Equations

Dissertation

Fakultat fir Mathematik
Universitat Bielefeld
Juni 2017

Daniel Altemeier


https://core.ac.uk/display/211818884?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1




To my family

Maren, Hannah, Paul






Acknowledgment

First and foremost, I would like to express my greatest gratitude to my supervisor Prof. Dr.
Barbara Gentz for patience in times of confusion, for guidance in time of disorientation, and

for always having a timeframe in need.

Moreover, I thank a couple of extraordinary people that have always been, or have become
part of my life through the recent years. First of all, I feel deeply grateful for my parents
Hans and Christel for a lifetime of confidence and support.

Next to them, my younger brother Bastian, a truly wonderful and warmhearted person, who
has managed to constantly encourage me in a variety of situations including my study and
scientific work. My colleague Christian Wiesel, who is a magnificent person and a brilliant
mind, and I will miss our daily conversation. Moreover, Diana Kampfe, who regularly wit-
nessed my cluelessness and despair. I would particularly like to thank her for her continuous

patience.

Further, I feel deeply grateful to Dr. Katharina von der Liihe, who has been a close friend
since we both started our studies. I thank her for the large amount of typos and inaccu-
racies, that she sorted out during the proofreading. What remains of those is alone on my

responsibility.






Contents VII
Contents

(1. Introduction| 11

IL.1. Placement in the literature and Aiml|. . . . . . . . .. . ... ... ... 13

[1.2. Structure and Progress|. . . . . . .. ..o oo 15

2. The Fernique Inequality: A Concentration Inequality for Gaussian Processes| 19

[2.1. The Fernique Inequality| . . . . . . ... ... oo oo 19

|3. On Stochastic Functional Differential Equations| 29

3.1. Definitions and Conventions . . . . . . . . . . . .. ... oL, 29

13.2. General Existence and Uniqueness of Solutions| . . . . . .. ... ... ... 29

13.3.  Representations for Linear REDEs with Additive Noisel. . . . . . .. . ... 30

13.4. Concentration of Sample Paths in Autonomous Stable Environment| . . . . 39

|4. Stochastic Delay Differential Equations| 43

4.1. Convergence in Critical Regime| . . . . . . . . .. .. ... .. ... ... 45

4.2. Consequences of Convergence| . . . . . . . . . .. ... .. ... 54

4.3. Concentration Results for SDDEsl. . . . ... ... ... .. .0 .. 57

4.4, Small-Ball Probabilities] . . . . . ... ... ... ... 00 . 68

5. From Unitorm Stability to Instability| 79

[5.1. Setting and the Replacement System] . . . . . . . . . o v v v v v i it 79

b.1.1. Justification for the Approach|. . . . . ... ... ... 85

p.2. Uniform Stability| . . . . . . .. ..o o 87

(521, Consecutive Boxesl . . . . ... ... .. ... .. o 89

[6-2.2. Bernstein-based Approach|. . . . . ... ... ... ... ... ... 105

15.3. Transition - Stability Comes toan End|. . . . . ... .. .. ... ... ... 115

2.3.1. Shallow Curvaturel . . . . . .. ... . ... ... ... .. ... ... 115

p.3.2. The End of Stability| . . . . ... ... ... ... ... .. ..... 118

(33, During a Small Time at Instability] . . . . . . . . . . . vt v ... 126

5.3.4. Uniformly Symmetric Environment|. . . . . . .. .. ... ... ... 133

5-3.5.  On the Choice of Delay Influence| . . . . . . . . ... ... ... ...
p.4. Departure From Instability] . . . ... .. .. ... ... ... 000,

[A._Auxiliaries]

IB.1. Critical Regime| . . . . . . ... .o o oo
IB.2. Stable Regime]. . . . . . . o oo
IB.3. Instable Regime|. . . . . . . . . ..o oo

C. REFERENCES

136
137

149
149
150
153
153
153

154
154
159
166

174






Contents IX

List of Symbols

|-
a1

BY(A, B)
J

C(A,C)
ZP(A,C)

Dzﬂp

loc

(4,C)

R, R.
LP(A,C)
Ck, (L RY)

L%, (J,RY)

pP,q
Cb

inf 0
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1. Introduction

In rigorously establishing the notion of a stochastic integral K.It6 smoothed the way for
applicationers to represent effects, for instance due to imperfect information or imprecise
measurement, into their mathematical models by noise in a formally sound way. And in
places where those applicationers had previously pursued stability results for ordinary dif-
ferential systems, the spotlight fell on new concepts in order to compensate the unsatisfiable
desire to bound processes pathwise for instance by the concept that certain bounds hold
with high probability. And where observation times of ODEs had only played a minor
role unless the system had been significantly changing with time, the stochastic integral
established a sort of inner clock to the classical deterministic perturbation theory. Even
for time-stationary systems it is no longer exhausting to ask if corresponding solutions fea-
ture interesting behavior, but it turns out naturally to ask how long it takes such systems
to do something exciting. Exemplary, one might think of a particle movement driven by
differential law due to the symmetric one-dimensional double-well potential. It is kind of
hard to think of something interesting to ask, to observe or to say about that particle left
only to the potential. But by adding only the slightest amount of white noise, the particle
hops from one well to the other, regularly in terms of the Kramer’s times. It is evident that
classical stability concepts for deterministic systems are of fairly limited use in the study of
noisy systems. Further, the introduction of a time-delayed argument in the formulation of
a differential law reflects the idea that a system’s evolution is influenced from a prior state
of the system itself. Early motivation and has conveniently arisen in biology, chemistry, and
mechanical engineering. There, a time-delayed argument has natural applications in the
description of real-world systems which evolve depending on a prior state through memory,

duration of signal transaction, reaction duration, minimal response time, or gestation period.

To describe the behavior of a system subject to stochastic perturbation there are several well-
established techniques like the Fokker-Planck approach, which can provide insights about
the stationary distributions and the transition probabilities of a system, [KS91|, [SVO06].
Also the large-deviation theory has approved as a powerful tool in various situations. It
often provides sharp estimates of the probability of atypical or rare events of a solution
path in terms of exponential rates, [DZ92], |[Frel2]. Another main tool for the description
of such differential system subject to stochastic noise, say with the solution denoted as

X = (X(t))te[0,1), are concentration estimates of the form

IF’{ sup |X(t) — E[X(1)]| > h} < C(h,T), (1.0.1)
te[0,T)
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Figure 1: Suppose that y(t) = X(t) — E[X(t)], ¢ € [0,T], is the deviation of some stochastic
process from its deterministic counterpart and let us introduce the short notations
for the variance 0% := vary(T), and A := {sup,c(o, 7 [y(s)| > hor} for the event
that a deviation path leaves the interval [—hor, hor) before time horizon T > 0
for some h > 0. The figure shows several paths of the stochastically perturbed
deviation process y. The two black lines correspond to paths that satisfy A, while
the gray line does not.

that provide upper bounds on the probability of an escape from an environment of the
expectation process within a finite time horizon T' > 0. Here C'(h,T) is some expression
that depends on h and T. In the following we will refer to estimates of that, or closely
related form as concentration inequalities. Figure [1] serves as an illustration. Typically, h
is formulated as a multiple of the standard deviation of X. Concentration inequalities have
been well-known for a long time; for instance concerning partial-sum processes in form of the
Dworetzky—Kiefer—Wolfowitz inequality, when increments are given by independent, identi-
cally distributed and bounded random variables, [DKW56|. And in the continuous-time case
Doob’s celebrated mazimal inequality, [Kleld] has been available, when studied processes
are submartingales. Due to the robustness of the Gaussian property, stochastic integrals, in
case of an integrand that solely depends on time, are centered Gaussian processes, [Bau96|.
And for such a process, say (X (s))se[o,r] on some probability space (£2, F,P), the Borel-TIS
inequality, [AT07, Theorem 2.1.1], yields that

h2
P sup [X(s)| > E|X|pm+hy <exp| —smom— for h > 0,
{se[O,T] [ ! 2]E||X||[20)T]
where |- ||jo,7] denotes the supremum norm over [0, 7]. The Borel-TIS inequality is certainly

one of the most valuable inequalities in the context of Gaussian processes. Its preciousness
arises on the one hand from rather general validity, on the other hand from its simple,
elegant structure. Let us mention one more type of concentration inequality, established by
X. Fernique in 1964, which is applicable for a rather general class of Gaussian processes, and
which is not explicitly given here due to a bit of notational bulkiness that is involved, but

we present the original Fernique inequality in detail in Section [2.1
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1.1. Placement in the Literature and Aim

The predominant goal of this thesis is to establish a description of pathwise concentration
results for stochastic delay differential equations (SDDEs) including the nonautonous case,
and, at least in special cases, the more general stochastic functional differential equations
(SFDEs) with additive noise. The book |[BGO06| by N.Berglund and B. Gentz serves as a
paragon for our study. In particular, we aim for precisely-as-possible confined areas that
solution paths do not leave with high probability, formulated in terms of concentration
inequalities in the form with C'(h, T) = C™) exp(—C®h?). There are three points of
particular importance, that delimit this work from the established results, that the literature

provides so far:

e Paths stay in determined areas over finite time intervals with high probability, not

asymptotically.

e Pathwise properties hold for specified sizes of respective parameters rather than solely

in the small-noise limit.

e Special emphasis lies on estimates on the constants C) and C® regarding their
dependence on the underlying set of parameters to track the role that the delay term

as well as other involved quantities play.

Striving for pathwise properties of processes, distributional properties, such as we may obtain
from the Fokker-Planck approach or generally concerning stationary distributions, do not
suffice, because, even in case that the distribution density can be satisfactorily obtained, it
only provides the one-dimensional distributions, [Lonl0]. And in general, there is no way
to gain insight on the level of paths from that. Regarding large deviations, the first one
to study SFDEs in the white noise case was M. Scheutzow, [Sch84]. Further results have
been contributed e.g. by R.Langevin, W.M. Oliva and J. C.F. de Oliveira in [LODO91].
An extension to more general diffusion terms has been achieved by S.-E. A.Mohammed
and T.Zhang in 2006, see [MZ06]. Furthermore, Lévy noise was considered by K.Liu and
T.Zhang in [LZ14] for the retarded type, and by J.Bao and C. Yuan in [BY15|. One part in
the derivation of a large-deviation result is typically based on concentration inequalities. For
instance, we follow the presentation in [LODO91|, where X(®) solves X () (t) = b(X©)(t)) +
eW (t), and z solves @ = b(x(t)). Then, the authors show that

P{ sup X0 - a0l > 6 < Crep (-2 ).
s€[0,17] €

which serves to reason that

€20 | te[-1,17

lim ]P’{ sup | X () — (t)] > 5} =0.

But unfortunately, apart from the missing relation between § and &, the concentration
inequality bears the unknown constant C7 and prefactor Cy in the exponent, which is why
is does not suit our needs. Moreover, there are excellent results available on the asymptotic
maxima of Gaussian processes, in particular in the stationary case, e.g. [Pic67] [Mar72], see

also JAMW10]. For instance, in fairly general situations, we know that there is a process p
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such that

X(t)
P ¢ lim sup =1,=1,
{ t—oo  +/p(t) }
in which case p(-) is called the essential growth rate, or running mazimum, which is explicitly
known in many cases. Such essential-growth rate results do not provide any insight for finite
time horizons, but they will serve as orientation, even when only formulated with “<” inside
the braces. Concerning growth rates for SFDEs, recent studies have been performed in

[Sch05], [AGRO6], [Sch13|, [AGR11|, [AP15|, [AP17], see also [HP14]. In the context of

stochastic processes, a whole zoo of notions of stability is well-established in the literature.

Among them let us mention the concept of almost-sure exponential stability. For example,
the work [Mao07| of X.Mao provides an introduction and overview. A process (X ())¢>¢, is

said to be almost-surely exponentially stable, if
1
lim —log|X(¢)] <0 P-almost surely.
t—oo t

If it exists, the left-hand side is called the Lyapunov exponent. Results for SFDEs are due to
[MS90], [MS96], [MS97], [Els99], [Sch05], [Sch13|. In the same spirit as the essential-growth
rate results, the concept provides a picture of the long-term behavior of a process. This

picture is a rather crude one in the sense that constants and subexponential correction terms
are lost in the statement. Regarding the mentioned concentration inequalities, solutions of
SFDEs lack the martingale property, which in turn implies that the Bernstein-type inequality
for stochastic integrals, a former valuable tool, is not straightly applicable here, . The
Borel-TIS inequality requires knowledge of the first two moments of the running supremum
of the process, which are not easily available. Therefore, all but the Fernique inequality
of the mentioned representatives of concentration inequalities will only be of limited use,
and some of no use at all. In fact, we will build our analysis on a combination of the
Bernstein-type and the Fernique inequality.

More than that, the broad field of SFDEs generally has remained under constant intense
scientific study for several decades. This includes the classical rather abstract research areas
like the question for existence and uniqueness For example [vRS10| considers fairly general
conditions on the coefficient functions, treats a setting with infinite-delay, [BM16]
and provide results for the fractional-derivative formulation. The numerics of
stochastic functional differential equations have for example been studied in [BB00|, [Mao03],
[HMY04], [Buc04], [Buc06|, [Mao07], [BKMSO0§|, [FN09|, [AB10], [KS12|, |[Kim16|. Deter-
ministic systems have experienced a tremendous amount of scientific research with regard
to stability issues; provides an overview. Regarding the large field natural-scientific
research, time-delayed differential laws have found a variety of applications like for in-
stance optical devices (e.g. [HKGS82|), chemical dynamics (e.g. [Rou96]), traffic flow models
(e.g. [SN10], [Hel01]), mechanical engineering (e.g. [DK92|), neural networks [BMS01], or
finance (e.g. [KP07|, [AI05], [AIKO5|, [AHMPO7], [ARS13|, |Zhel5|, [TKBM15]|). For an

introduction and survey see [Ern09], [Lak11], for difference equations [IKS03|. A beautiful

introduction to the applications is provided by T. Erneuxz in [Ern09|.
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1.2. Structure and Progress

The actual content of this work starts with Chapter [2] with a review of a concentration
inequality for a rather general class of Gaussian processes. The main result is due to
X.Fernique and was originally established in 1964, [Fer64], |[Fer90|, which is why we re-
fer to it as the Fernique inequality. We will basically repeat the arguments except for
negligible modifications. Save for technical assumptions, the requirements of the Fernique
inequality consist of simply one integrability condition on the covariance structure. It is
not restricted to stationarity or autonomy. Many of the concentration inequalities in this
work including solutions of autonomous linear functional differential equations with addi-
tive noise, constant-coefficient SDDEs and linearizations of a special kind of nonautonomous
nonlinear functional differential equations subject to noise, will be based on the Fernique
inequality.

The subsequent Chapter [3] provides a short introduction to stochastic retarded functional
differential equations (SRFDEs), mainly consisting of existence and uniqueness results and
solution representations. The purpose is a review of fundamental-solution concept and the
variation-of-constants formula, which is the reason why most of the details are basically
taken from the literature. The very core, and the benefit of this Chapter, is the variation-
of-constants formula for nonautonomous linear stochastic retarded functional differential
equations. This one plays a crucial role, especially in Chapter [5] when we consider a re-
tarded differential equations in a scenario where stability is slowly vanishing. As a first
application of the Fernique inequality, a concentration inequality for autonomous retarded
functional differential equations will be established. Due to recent work [AMW10] of Ap-
pleby, Mao and Wu the essential growth rate is explicitly known here in the stable regime.
Their result and the concentration result, that we will achieve, suit each other. The gener-

ality comes with a price, there are constants involved on which we know almost nothing.

In Chapter [4 the generality is tremendously weakened in order to provide transparency
on the respective impact of the underlying parameters involved in the formulation of the
concentration inequality. We will consider stochastic delay differential equations (SDDE),

which means systems of the form

dz(t) = —ax(t)dt + bx(t — r)dt + cdW(t) fort >0,
z(t) = Y(t) for t € [—r,0],

where T € C([-r,0],R) and a € R, b,0 > 0, and W denotes a standard Brownian motion.
As a central result we will show that for every a = b > 0 and every T € C([-r,0],R) the
corresponding solution converges to a non-trivial limit in the deterministic case, i.e. ¢ = 0.
We will provide the exact limit as well as a lower bound for the rate of convergence. This
provides concrete knowledge adding to the presentation in |[ARS13], [DvGVLW95|, who
were able to acquire the asymptotic limit for a general class of time-delayed feedback and
in SDDE case at least for certain parameter combinations a and b. We will provide a self-
contained presentation of the convergence result as well as a lower bound for the rate of

convergence for the fundamental solutions. Knowledge on the convergence rate is crucial in
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the computation of concentration inequalities. In particular, we will show that

2
P {SESE(I)I,)T] |z(s) — Elx(s)]| > hl\—/kfar} < gTQ exp (—2];2(1 + (’)(T_é))) for big T,
under irrestrictive conditions on h > 0. This result is due to an application of the Fernique
inequality. We will show how the convergence result can be taken over to arbitrary parameter
combinations with b > 0, and provide concentration inequalities in a variety of regimes. A
careful study of small-ball probabilities further reveals that the first-exit-time distribution
of z(t) — E[z(t)], t > 0, is to some extend very similar to the one of the rescaled Brownian
W(t)

motion Trar t>0.

In Chapter[5] we will consider a particular nonautonmous system that features delay-feedback

and nonlinearity. We consider systems of the form
dx(t) = f(x(t), vt)dt + g(z(t — r),vt)dt + cdW (t), t>0. (1.2.1)

where f and g are potential gradients that slowly change with time due to the small pa-
rameter v. This formulation of an SRFDE, consisting of two possibly different potentials
acting on the current value and on the delayed term, has been inspired by the work [FI05] of
P.Imkeller and M. Fischer, who study the effective dynamics of a bistable system featuring
stochastic resonance. There, f(¢,-) = f(-) = V'(-) where V is a symmetric one-dimensional
double-well potential, and g(¢,-) = g(-) = U’'(-), where U is a quadratic potential. Due to an
analysis of residence times in a two-state model, and corresponding limiting distributions,

they establish an instance of stochastic resonance.

The analysis, that we present, includes concentration results in rather general situations
in a uniformly stable environment. Those are actually applicable for the model in [FI05];
there we can provide a lower bound on residence times that hold with high probability. The
actual transition, i.e. an upper bound on residence times, is not included.

The procedure, which means the way the system changes with time, is inspired by |[BG06,
Chapter 3] where no delayed feedback is involved. We will present several methods to achieve
concentration inequalities, one of them again inspired by the just mentioned work. Part of
the description crucially relies on the nonautonomous variation-of-constants formula that is
derived in Chapter [3] of this work. Without that particular variation-of-constants formula,
a pathwise description of the transition from stability to instability is hardly thinkable. A
significant role is taken by an appropriately chosen reference system that substitutes the
lack of a conveniently defined equilibrium-branch concept. Furthermore, the transition to
instability will either occur through a certain type of symmetric pitchfork bifurcation, or
the system will be assumed to be linear. Denoting the time-speed parameter by v > 0,
then under the assumption that ¢ < v/|logv|, the predominant achievements regarding
nonautonomous systems are the following.

e Uniformly stable branches attract solution paths into a neighborhood of order v, when

these have been initiated at a distance of order 1 within a time of order |logv|/\/V".

e A solution path, that is initiated close to a uniformly stable branch, remains in a
neighborhood of order v for an exponential amount of time.

o With regard to residence-time results with respect to neighborhoods around destabi-
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lizing branches from |[BG06, Chapter 3|, we manage to carry over established results
to the delayed-feedback case. Compare [BG06, Figure 3.12, Section 3.4] and Figure
and [12| which applies under stricter conditions.

e Ignoring nonlinear terms, we will show that solutions paths typically leave unstable

branches in a time that is comparable to the delay-free case.

The above statements hold with high probability, formulated in terms of concentration in-
equalities. To the best of our knowledge there is no attempt to the pathwise analysis of
SDDEs in terms of concentration inequalities anywhere in the literature, not even in the
simplest constant scalar case, and results are generally scarce for nonautonomous systems.
Concerning (stochastic) delay differential equations provides plenty of details regarding bi-
furcation diagramms, e.g. [YB11], [BC94], [CYBO05|, [GFF17] but the author has not seen
any evidence of an approach of the kind that will be presented in this work. We will con-
stantly work out explicit-as-possible conditions on the size of v, that are necessary for our
results to hold. And that is also the reason why we focus on basically simple settings and

tend to avoid building on asymptotic spectral-theoretic results.
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2. The Fernique Inequality: A Concentration Inequality

for Gaussian Processes

This section is devoted to a review of a famous result on concentration inequalities of con-
tinuous real-valued Gaussian process (X (s))ser over a multidimensional time-index set
T = [a,b]™ where a < b € R and n € N. The result has originally been established by
X. Fernique in 1964, see [Fer90| or [Fer64]. The proof is comparably straightforward using
rather basic estimates concerning normally distributed random variables. The profit, and to
some extend the real power of the Fernique inequality, is its robustness to apply in quite gen-
eral situations. We will formulate and prove the concentration inequality originally stated
as Théoréme 4.1.1 from the above-mentioned reference. In Corollary [2.4] we will present an
upper bound on the essential growth rate, that was established by M.B.Marcus |[Mar70|
based on a variante of the Fernique inequality. We will provide an own proof based on the

version that we present below.

2.1. The Fernique Inequality

Let X = (X(s))ser be some centered continuous RR-valued Gaussian process over some
time-index set 7 C IR™ on a probability space (€2, F,P) with covariance structure I'(s,t) =
E[X(t)X (s)] for s,t € T and start in X (0) = 0. Dealing with finite-dimensional objects, we

denote the maximum norm by || - ||max, €8

[tllmax == max [t;] forallt=(t1,...,t,) €T,
ie{l }

3oy

only if we want to emphasize the finite dimensionality. Otherwise, and if ambiguity can be

excluded, we simply write || - || for the sup-norm as well as for the max-norm. We define

o(h)= sup +/T(s,s) —20(s,t) +L(t,t)
s, teT
”t_s”maxgh

1

= sup \/E[(X(t) - X(s))ﬂ for all A > 0.
||tfs’|t\€.T<h

In particular, by the Cauchy—Schwarz inequality, we have that

sup  I'(s,t) <sup/I'(s,s) sup/I'(¢,t) =supIl'(s,s) <supsupI'(s,t), (2.1.1)
(s,t)eTXT se€T teT s€T seT teT

and so there must be equality in every step in (2.1.1)), i.e.

sup I'(s,t) =supT(s,s) =|T|. (2.1.2)
(s,)ETXT sET
As a matter of fact, in 1964 Fernique formulated the following concentration inequality to-
gether with a sufficient condition on Gaussian processes to be continuous. The continuity
part of the theorem aroused much more attention in the literature than the actual concen-
tration inequality, and while solutions of SRFDEs are required to be continuous anyway,
the converse is true in this work. The proof is almost the same save a tiny alteration for

clearity sake that comes up as an additional factor of 2 within the formulation of .
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Theorem 2.1 (The Fernique inequality, Théoréme 4.1.1 in |[Fer90|). Let T = [0,1]", n € N,
and let X = (X (s8))seT, a separable, real-valued, centered Gaussian process with covariance
structure I'(s,t) = E[X (s)X (t)] for s,t € T on some probability space (U, F,P). Further,
we assume fooo %) (exp (—uz)) du to be finite. Then:

a) The process has continuous paths almost surely.

b) For allp € N, p > 2 and real h > /1 + 4dnlogp’, we have

P{?gms)l > h( T+ (2 +v2) /100@ () du)} < gan /hoo exp (—“;) du.

Proof. a) This part is of no particular interest for us, it is stated for completeness sake.

b) Let m € N\{0} be arbitrarily given. By I, we denote the collection of multi-indices
I, :=A0,...,m —1}". Further, we let

m 1/ . . . .
tl(- )::EQI"”’Z") for all i = (i1,...,in) € Iy

denote what we may think of as lattice points of T due to fineness m~".

The collection
of those lattice points for fineness m~! is denoted by 7™ i.e., with a slight abuse of

notations,
(m) (m) . 1
T = {ti :ZEIm}:—Im.
m
And we denote by

Bf )= {tG[O,l)" :zjgmtj<zj+1foralljE{l,...,n}}: X [Z],w_>
Slmt om

for all ¢ € I,

those boxes in the time-index set 7 that are canonically associated with the lattice set 7™,
The partition B(™) := {Bi(m) 24 € I, } serves as container for all those boxes. Figure
serves as an illustration.

Remember that for two random variables &1, & that are normally distributed with respect

to P with mean 0 and standard deviations /var&; < y/var &, we have that
P{|&1] > h} <P{|&] > h} forall h > 0. (2.1.3)
Note that, by the simple fact that
for all m € N\{0} and i € I,,, there is unique { € 7™ such that ¢ € Bi(m),

which is of course given by ¢ = tgm), there is a one-to-one corresponence between boxes and
lattice points. In order to define an appropriate sequence of approximations (X (m)(~))me]N
of X, we observe the values X takes at the m” lattice points of 7™ and endow X (™) in
every point in a given tile B{™ with the value X (tl(-m)), where i € I,,,. For an illustration,

see Figure |3l Formally, for all m € N, we define X(™ for all t € T by

Xty = x(t™) ift € B™ forie I, (2.1.4)
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Figure 2: Tllustration of the partition of 7 = [0,1]? proposed in [Fer90] for m = 4. Line
crossings refer to the elements of T® and tiles correspond to elements of B®.

Well-definedness is then due to the one-to-one correspondence of lattice points and boxes.

Of course, when studying || X (™|, it suffices to restrict the attention to the lattice points
7™ Formally,

IX1] = sup XM (1)] = sup sup |X (1)
teT i€l tep(m™

sup | X (™) = sup [X (1) = sup |X(1)]  (2.1.5)
€1, 1€l teT (m)

is the maximum of m"™ absolute values of (possibly correlated) Gaussian random vari-
ables. In other words, the probability P { X > ha/]T } depends on an m™-dimensional
marginal distribution of X which is, of course, a Gaussian distribution, but still it is not too
handy. The following provides a way to deduce an estimate that actually only relies upon

the one-dimensional marginal distributions:

P{XWM2h¢mw}—P{sw X@MZhww} (2.1.6)

teT (m)

=r( U {Ix®zn/rm}

teT (m)
< > p{ix@l =/}
teT (m)
<m" sup ]P’{|X(t)| > hy/[T| } for all A >0.  (2.1.7)
teT (m)

As X is Gaussian, for arbitrary ¢ € 7 the random variable X (¢) is normally distributed with

mean 0 and its standard deviation is dominated by +/||T'||. Then XH(It‘)II has mean 0 and

its standard deviation is dominated by 1. Let & be a normally distributed random variable
(with respect to P) with mean 0 and standard deviation oy = 1. Then by (2.1.3), we may
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y

N

to

Figure 3: An illustration of the approximation X® taking the value X(tz(.4)) on every 354)
for i € Iy = {0,1,2,3}2. The original process X is not included in the figure. One
can imagine the process X as wavering plain that coincides with the floating tiles
in that very point of a tile that is closest to the origin.

deduce

’LL2

P{IX(0) > h/ITT} <P{IX| >} = é?/:’exp <_ .

) du forallteT,h>0.

(2.1.8)

Then (2.1.7) and (2.1.8) yield

2 [ 2
]P’{||X(m)|| > hy/|T] } <my /= /h exp (-“2> du  for all h > 0. (2.1.9)

The above inequality constitutes an upper-bound estimate for the probability that X (-)/||T'||
exceeds h, when only observed at the m” lattice points of 7™, where m € N is arbitrary.
In the next step, we work out how the probability on the left-hand side of evolves
when we put more and more points into observation. To this end, let the sequence (m;);cn
be successively divisible, i.e. m;11/m; € {2,3,4,...} for all i € N. Then for k < [, we have
that I,,, C I, and the partition B is a refinement for B("*). Furthermore, for all
k € N, the random variable X (m#+1) — X (™) is Gaussian again, because it is the image of

a linear mapping of Gaussian variables. It is centered and its supremum is determined over
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the lattice points 7(™#+1) in the sense that

IXC710) X0 = sup | X (1) — XOW(E)] = sup X0 (1) — X (r)
teT teT(Mk+1)

(2.1.10)

is the maximum of mp,, normally distributed random variables. Consider an arbitrary
fixed tg € T. By the correspondence between lattice points and tiles there must be unique
ig € Ipn, such that ¢ty € B(m’“), and so |tg —t(.;”’“)| < m};l holds true for all £ € N. Therefore,

i() K2

the variance of X (™#+1)(to) — X (™) (t4) is dominated by
2 2
B | (X0 ) =0 ) | = [ () < X))
2
=E |:<X(mk+1)(t0) _ X(tg;ﬂk))) :|

<  sup E [(X(s) - X(t)ﬂ .

s,tel|s—t][ <1/m

And therefore,

2 1
E [(X<mk+1>(to) - X(mk)(to)) } < 2 <mk> for all o € B™). (2.1.11)

Then, applying the same ideas as between (2.1.6) and (2.1.7)), together with (2.1.10]), we
may deduce that

IP{”X(mkH) _ X(mk)H > hy <1)}
mg

<P U sup ’X(m’““)(s) - X(m’“)(s)’ >h

i€ly, |seB™*

©
7 N
3|~
N———

<R s X)) - XE™)| > he ()

iEImk tET(mk+1)ﬂB§nlk)

<Y T r{Exo-xa™)zm (o)

1€lmy ye (Mt A gime)

2 [ 2
<myiqy/ = /h exp (—2) du for all h >0, (2.1.12)

n
where in the last step we have used (2.1.9) and the fact that 7("#+1) contains (mmk—:l)

times so many lattice points over Bi(m’“) as 7™ for all i € I,,,. Combining (2.1.9) and
(2.1.12)), and using the fact that the probability, that a sum overcomes a given threshold, is

dominated by the probability that, informally, at least one addend overcomes its share of
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the threshold, leads to the following estimate,

oo o0 1
P xm) X (me+1) _ x(me)|| > p r h S
{ll I+ = ho/|l ||+kZ:1 S

k=1

<P ({IIX("“)II > ho/TTT} U {||X<mk+l> C X > Ry ( ! )})
k

=1 mik
9 e’} [e%s} U2
S\/:Zm?’“/hk exp (—2> du  for all hy > 0 for all k € NU{0}.

We let T := Upen T ™) which is a countable dense subset of [0, 1)™. Therefore, || X|| has the
same law as sup, 4 |X(s)| by continuity. And as X(© = X(0) = 0, that one is dominated
by

sup [ X (s)| < [ X0 437 [ xmee) — X || = 37 | x (mae) — x e
seT k=1 k=0
We deduce, formally by applying monotone convergence on both sides, that

(oo} 1 2 o0 0o u2
> — < — n _
P{nxn_hwnr+§jhw(mk)}_\/ﬂ§jmk+l/h o ()
k=1 k=0 k (2.1.13)

for all hy > 0 for all k € N U {0}.

The remainder is due to a neat choice of the sequences (my)ren and (hx)renuqoy- For an
arbitrary integer p € N, p > 2 and A > 0 we let

k

2

mi=p2, w,=2% ho=h, hp=25h=xh forall keN. (2.1.14)

Then for all k£ > 1, as ¢ is increasing and

k k—1 k 1 2% Tk
T — Th— :2§ _2T :25 1— —— = =
L ( ﬁ) 51 vE 213
& = (o —op1)(2+ V2), (2.1.15)

for the series on the left-hand side in (2.1.13|), we apply the definition of hy to achieve

i (n}%) =h(2+ V2)(z) — 2h_1)p (p’ri) < h(2+V2) /xk @ (p’“z) du. (2.1.16)

Tk—1

Iterated applications of (2.1.16) directly lead to

o) v [ o)

which is finite due to the assumption fOOO %) (exp (—mg)) dxr < co. And for the series on the
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right-hand side of equation (2.1.13)), using the substitution u = 1)2%, we find that

o 2 \n [ 2
i [ e () ar= ()" e ()
k k
oo 2
:Pn2k+12§/ exp <7}22k) dv
h

oo k 2
= / exp (n2k+1 log(p) + 5 log(2) — 7)22’“) dv for all k € N.
h

(2.1.17)

To find an upper bound for the exponent that appears in (2.1.17), we apply in particular
that for all v > h > /1 + 4nlog(p) , we have that

k+1 k vk ok v? k
n2""" log(p) + 5 log(2) — ?2 = 2" [ 2nlog(p) — 5 + 3 log 2

1 k
= 52’“ (4n log(p) — 1)2) + 5 log 2
1 9 1, 9 k
=3 (4nlog(p) — v*) + 5(2 —1)(4nlog(p) — v*) + §log2
v? 1 k
S—5+2nlog(p)+§(k’log(2)—|—1—2 ) forall k€N,

where in the last step, we have applied that 4nlog(p) — v?> < —1 due to the assumption
above. And therefore, we find that

o0 e’} U2) ) oo N 2k: -1 o U2
mp exp | —— | du < p™" 22 exp (— ) / exp (—) du.
Yot [ oo (Fg ) s ypten () [ew (4

k k=0

To derive the claimed estimate, it suffices to plug in this estimates into ([2.1.13)) and calculate

2k ok — 1 5
22 — < = 2.1.1
3 p( . )2, (2.1.18)

which is done in [Del65] or [Fer75|, and this part of the proof is complete. O
Remark 2.2.

e It is not too hard to derive an even slightly better estimate in (2.1.18)) using sharp-as-
possible estimates of the first addends (those with significant contribution) and then

find an upper-bound estimate with the help of an appropriate geometric series.

e The original reference brings up an interesting fact concerning the integrability as-
sumption of ¢. According to that the only functions ¢ (increasing, positive) for which
there exists an appropriate nonnegative sequence (hi)ren and a sequence (my)xen of
(divisible) integers such that the two series converge, are those for which the integral
Iy elexp(—u?))du converges, see [Fer90]. For that reason, the particular choice of
(hi)rex and (my)renufoy within the proof does not raise any not strictly necessary

assumptions on @.

o In [Mar70] one finds a modification of the presented inequality. It leads to a prefactor
improvement that can be noteworthy in special cases. A discussion can be found in the

stated reference.
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Corollary 2.3 (Lemme subsequent to Théoréme 4.1.1 in [Fer90]). Consider 0 < a < b and

let X be a separable Gaussian process on T = [a,b]™, then with the notations from above,
define for [ > 0,

QW) = (2+v?2) /100 © (lp_“2> du. (2.1.19)
Then

P{§161¥|X(s)| >h (JWJrQ(bf a))} < gp% /hoo exp (U;> du. (2.1.20)

k

Proof. Simple; we only set my = g’ia instead of ka in the proof of Theorem one gets

the desired result. Notice that none of the assumed properties is affected. O

Let us restrict to the situation of a single time dimension, n = 1, where (X (t))c[0,00) is &
real-valued Gaussian process. If I'(-) is bounded by some finite I', the assumptions of the
Fernique inequality imply a lower bound on the essential growth rate due to [Mar70|. The

important properties in this situation are

E[(X(t)— X(s)?] <ep(t—s]), EX*t)<T and /1Oo <p(e_“2)du < 0.

Corollary 2.4 (Upper bound of the essential growth rate, [Mar70]). Suppose that E[X?(t)] <
T for all t € [0,00), and that [ o(e™*"Vdu < 0. Then

: [ X ()] =
P<1 —— < vI ;=1 2.1.21
{ lirisoljp V2logt — f ( )

Proof. Following the presentation in [Mar70|, this can be seen by denoting Y% (t) = X (k+1)
for all t € [0,1] and k € N. Observe that

oo R 1 o0 2
go(p_u)duzi/ Q@(e_“)du forallpe N, p>2.
/1 Viogp' J iogy

Through the integrability condition that shows that for given € > 0, there is p sufficiently
large such that

2+V2 [ 2 r
T/%F/ o () du< s, whichimplies /T +Q(1) < (14 5) VT
(2.1.22)

Given such p an application of the Fernique inequality yields

2
5p o~ TFEE (1+e)

2

IN

IP{ sup] [Ye(t)| > max{\/Qlogky, V1 —0—410ng} (1 +€)\/F}

te(0,1

_ e
: .

Then, the proof is completed by an application of the Borel-Cantelli Lemma, because for
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arbitrarily small € > 0

.- (X (k+1)] = . v X (k+1)] =
P{ sup ——= > 1+€\/F < P< sup ———= > 1+E\/F < 00.
];2 {tE[O,l] \/210gt ( ) kZ:2 te[0,1] \/210gk ( )

For the second series the Fernique inequality is not applicable for only finitely many initial
addends due to the insufficient size of /2logk. Every one of them is bounded by 1, so

together they only have finite contribution to the series. O

Remark 2.5. In the course of this work, boundedness of T'(-) will occur as a phenomenon

that comes with a proper notion of stability of the studied process X .

Let us denote p(t,s) = E[X ()X (s)] for all s,t € [0,00) and consider the special case where
T[] = v is a constant and additionally limr—,c sup,_sr p(t, s) < 0. In that case the work
of M. Nisio [Nis67] provides that the almost-sure upper bound in (2.1.21)) actually is the

limit, i.e.

X(t
P { lim sup XOL _ T ¢ =1.
t—ro0 2 10gt
An alternative condition can be found in [Mar72].

Remark 2.6. In the case of a stationary Gaussian process Z = (Z(l))ie[0,00) there are

much more results available concerning the asymptotic limit:

o FExact essential growth rates. Under reasonable assumptions, the result of Theorem

(2.4) can be shown to hold as a convergence result, i.e. with T =T(-),

P{hmsupmt)' = x/F} =1.

oo /2logt

Sufficient conditions for the growth-rate result are e.g. provided by Pickands as
a generalization of prior work of Simeon M. Berman in a discrete time setting

o FExtremal distributions. Given that the covariance function
r(t) :=T(s,s+t) =E[Z(s)Z(s+1)] forall s,t € R (stationary case)

vanishes fast enough, i.e. either lim,_, r(t)logt = 0 or [ r?(u)du < oo, the exact
asymptotic distribution of a properly rescaled version of Z can be received. See e.g.

[Wat54)], [Gum67], [Ber64)], [Pic67], [Pic69].

e Concentration inequalities. Due to the work of Marcus and L. A. Shepp . for
given finite time horizon T =1, ||T' = 1||, and every € > 0, there is 8 > 0 sufficiently

large such that

_/32>
P{t:}ég] IX(t)>B}<exp< 50+,

e Distributions of high-level excursions. An involved treatment can be found in ,
Ber71Y|], and for the case of stationary increments in [Ber72aj, [Ber72b|]. Ezact results

depend on intricate functions of the covariance.
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The essential growth rate in the formulation of Corollary provides an elegant picture
of the long-term behavior of such a process. It it worth emphasizing that Corollary is
deduced from neatly chosen concentration inequalities on finite time interval. But actually,
from the essential growth rate, there is nothing left to be learned about a concentration
in finite time. In this case the application of the Borel-Cantelli lemma has erased any

information on finite time intervals.
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3. On Stochastic Functional Differential Equations

The present part on general stochastic functional differential equations (SFDEs) is based
upon the books of J.Hale and S. M. Verduyn Lunel [HVL93|, and of X. Mao [Mao08|. We
will present a brief review on existence and uniqueness of strong solutions based on the two
references. In the second half we turn to the concept of fundamental matrix solutions and
solution representations which is again based on the book of Hale and Lunel for the deter-
ministic case. Further, we provide a generalization of the stochastic variation-of-constants
formula in a nonautonomous setting. For the autonomous case the formula can be found

in [Moh84] for instance.

3.1. Definitions and Conventions

We will always consider finite constant time delay r > 0 throughout this work. In order not
to be overwhelmed by notations, we follow the established literature that commonly employs
a handful of convenient short-hand notations. We will abbreviate J := [—r,0], and given
any n € N and any R"-valued process (x(t)):e[—r 1), We will refer to its segment process by
(7¢)tejo,r)- That means that for arbitrary to € [0,T] we write x4, := (w(u) : u € [to — 7, t0])
and reserve to write x(to) if we consider the process’s R™-valued evaluation at ty. For any
subsets A C R, B C R", we let C(A, B) denote the set of functions from A to B that are
continuous with respect to the sup-norm || - ||. Then for H : [tg,00) x C(J,R") - R", T €
C(J,IR™) and o : [0,00) x C(J,R™) — R™ ™ and a given m-dimensional Brownian motion
(W (t))1>0 on a filtered and completed probability space (2, {F:}i>e,, F, P) it makes at least
syntactically sense to consider the SFDE

dx(t) = H(t,z)dt + o(t,z)dW (t) for t > to, (3.1.1)
Tty = T. o

We will generally consider mild solutions, which means that the “dz(t) = ..."-notation
formally must be taken as an integral equation. This is inevitable in the case o(-) # 0, and
is also necessary, for instance, when considering deterministic differential equations with
involved inhomogeneity that is only integrable. Further, solutions of differential systems are
generally supposed to be continuous. In contrast to the formulation of neutral functional dif-
ferential equations, in the literature the formulation in is commonly called a retarded
functional differential equation which we will abbreviate as RFDE, or SRFDEs respectively
when considering RFDE subject to noise. We will frequently compare a stochastic system,
for example the system , with its deterministic version or deterministic counterpart

which simply means that we consider the system without noise, formally letting o = 0.

3.2. General Existence and Uniqueness of Solutions

We will say that a mapping x : [tg —r, 00) x Q@ — R"™ is a solution of (3.1.1), if the following
three conditions a), b), c) are satisfied:

a) The process x is continuous and {F; };c[t,,00)-adapted.

b) For every finite T > ¢ the coefficient processes are reasonably defined, which means

that (H(t, %))y, € Lo([to, T],R™) and (o(t, ¢))iepo, 1] € L3([to, T],R™*™), where
L (A, B) denotes the measurable functions f : A x Q — B with [, [f(u)[Pdu < co P-a.s.
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¢) The initial condition holds, and the differential law of (3.1.1), interpreted as integral
equation, holds P-almost surely for all ¢ € [tg, 00).

Due to [Mao08} Chapter 5] existence and uniqueness of solutions can be achieved by assuming
that:

e The coefficients H and o are locally Lipschitz in the second argument uniformly on
compacts with respect to the first argument, i.e. for every T’ € (¢o, c0) there is a family
of constants (K7 ,)nen such that for those ¢, ¢ € C(J,R") with max{||¢|, ||} <n

max {\H(t, o) — H(t,¥)], |o(t, o) — o(t, ¢)|} < Krnllp — vl for all ¢ € [to, ],
e H and o satisfy the following linear growth condition: For every T € (to,00) there is

a constant Kr < oo such that
max{\H(t7ap)|, |a(t,<p)|} < Kr(1+[lol) for all (t,¢) € [to,T] x C(J,R™).

Then (3.1.1) admits a unique global continuous solution; the solution belongs to £Z ([t —
r,00),IR?) and so uniqueness means up to indistinguishability. Implicitly the deterministic
case is covered by those assumptions. Roughly speaking, the conditions restricted to the
drift coefficient H imply the general Carathéodory conditions in [HVL93, Chapter 2.6] pro-
viding local existence; the local Lipschitz property yields uniqueness, and global existence is
due to the local linear growth condition. In both cases, the stochastic and the deterministic
case, proofs rely on techniques that are well-known from the classical theory of ODEs: In
the deterministic case solutions are located in C([tg — r, 00), R™); here an application of the
Schauder fixed-point theorem with lower-bounded continuation-step sizes on each compact
ensures global existence [HVL93, Theorem 2.1|, and a Gronwall-type argument [HVL93| The-
orem 2.3] provides uniqueness. Noisy solutions are located in L2 ([to—r,T],R"), and Mao’s
proof uses Picard iterates for existence and again a Gronwall-type argument for uniqueness,
see e.g. [Mao08, Chapter 5, Theorem 2.2].

In general, due to the dependence on the last segment of the solution paths, solutions of
SRFDEs can not have the Markov property in the sense of an IR™-valued process. But, they
actually have that property on the segment level. This property is of particular importance
in Chapter |5/ and will be tacitly applied. A full grown result can e.g. be found in [Moh84,
Chapter 3] or be adapted from the argument in [Sch8&4].

3.3. Representations for Linear RFDEs with Additive Noise

As linear SRFDEs we refer to systems where the drift coefficient H (¢, 1)) is affine linear in ¢
for each ¢, which means H(¢,v) = L(t,v) + h(t) for some operator L : R x C(J,R") - R"
that is linear with respect to the second argument, and an inhomogeneity map h : [ty, 00) —
R™. As it is common practice we will use the notations L(t,v) = L(t)(¢) = L(t)y, and we
will occasionally refer to L as a family of operators, e.g. (L(t))te[t,,00)- For later referencing

we put this special case of (3.1.1) in display:

dz(t) ; L(t)zedt + h(t)dt + o ()dW (1) for ¢ > to, (3.3.1)
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Remember that, by the Riesz representation theorem, the linear operators (L(t)):e[t,,00)
may uniquely be extended from C(J,R") to B?(J,IR"), where B’ denotes the measurable
and bounded mappings. This unique extension will be tacitly applied when needed, and the
extended family of linear operators will also be denoted by the same symbols (L(t));e(t,,00)-
Regarding the deterministic version, the conditions for existence and uniqueness are carried
over from the account of Hale and Lunel, [HVL93| chapter 6], thereby fixing the related
notations to have them at hand later on.

Assumption 3.1 (Hale-Lunel conditions for global existence and uniqueness). There is an
m € .,?f_)c([to, o) X R, IR”X”), which means locally Lebesgue-integrable, n x n matriz-valued

function n(t,u), measurable in (t,u) € R x R, so that

0 for u >0,
n(t,u) = (3.3.2)
n(t,—r) foru< —r,

continuous from the left in all u € (—r,0) and has bounded variation in w on [—r,0] for each

t. And the variation with respect to u is bounded through
Var_,. o n(t,-) <m(t) for all t > to, (3.3.3)

and the linear mapping L(t) : C(J,R"™) — R" is given by
0
L)y = Y(u)dyn(t,u)  for allt € (—oo0,00), 1 € C(J,R"),

where d,, indicates that the Lebesgue—Stieltjes integration is carried out with respect to the

u-argument of the integrator, and t is fized. In particular, |L(t)y| < m(t)|]v].

Together with the .,?f)c—assumption on h Assumption ensures existence and uniqueness
of global solutions in the deterministic case. These Hale-Lunel conditions are satisfied if
we, for instance, assume the family L to be continuous with repect to the sup-norm on
[to, T] x C(J,R™), given by

() o myxeamey = max {[t], ][} for all £ > to, ) € C(J,R™). (3.3.4)

Fundamental Solutions. The concept of fundamental solutions, which is a generalization
from classical theory of ordinary differential equations, will be of vital importance for this
work due to its crucial role in the variation-of-constants formula. This extract from the
book [HVL9I3| outlines a formal definition of the fundamental matrix solution, and reviews
the solution representation through the variation-of-constants formula in the nonautonomous
deterministic case; we will not present every detail, but mainly follow the main ideas from
the introduction of an appropriate resolvent kernel in order to rigorously define fundamen-
tal solutions to solution representations. All details can be found in [HVL93, chapter 6].
Informally speaking the variation-of-constants formula originates from the linear differential
law and does not get in the way of the retarded feedback mechanism.

First, we rewrite the solution of the deterministic version of with an application of
the integration by parts formula, which is applicable due to absolute continuity of the solu-

tion x, and where we write the formal weak derivative of x as ©. As we mentioned before,
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related differential formulas have to be understood as integrated equations. We obtain that

(1) :/t x(u)dun(t,u—tw/r Yt — to + u)dun(t, u) + h(t)

-Tr
to—t

= —n(t,tg — t)x(to) — / n(t,u — t)&(u)du + / Y(t —to+ u)dyn(t,u) + h(t)

to —r
for all ¢ € [tg, 00).
(3.3.5)

We define k(t,s) := n(t,s —t), s,t € [ty,o0), a kernel of type L] . on [tg,o0), in order to
reformulate (3.3.5) with y(¢) = ©(t) as a Volterra equation of the second kind,

t
y(t) = / k(t,u)y(u)du+ g(t) for Lebesgue-a.e. t € [tg, 00), (3.3.6)
to

where g € AL ([to,00),R™) is given by the collection of terms from inhomogeneity and

initial-segment influence, namely
to—t
o() = —n(t, to — £)T(0) +/ Yt — to + u)dun(t, u) + h(t) for all £ > to.

-Tr

From the corresponding theory of Volterra equations, we conclude that there is a Volterra

resolvent R satisfying
¢
R(t,s) = —n(t,s —t) —|—/ R(t,u)n(u,s —u)du for all t > s, s € [tg, 00), (3.3.7)
s

and it is unique in the .#'-sense on every finite time horizon. By means of a Gronwall-type
argument, the variation condition (3.3.3)) implies

t
|R(t,s)| < m(t)exp </ m(u)du) for all t > s, s € [tg, 00). (3.3.8)
We define the fundamental matrix solution % as
t
Z(t,s) =1, —/ R(u,s)du for all s € [tg,0), t > s, (3.3.9)

where I, denotes the n-dimensional unit matrix. We may interpret the fundamental solution
(Z(t,u) : w € [tg,00),t > u — r) as the family of matrix solutions of the homogeneous

deterministic systems

dx(t) = L(t)zy dt  for t > u,
x(t) =gy (), fort e [u—rul,

(3.3.10)

where the differential law L(t) is taken as separately acting on the column vectors. As we
have pointed out before, the existence of solutions of the deterministic version of
follows from an application of the Schauder fixed-point theorem, and crucially relies on
the continuity of the initial segment Y, which means that is not covered through
that approach due to its discontinuous initial segment. The slight detour to the Volterra

resolvent provides a rigorous definition of the fundamental solution. In the first argument the
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fundamental solution is absolutely continuous, solves the integral equation and its differential

law applies almost everywhere with respect to the Lebesgue measure. Continuing from

(3.3.8), we can conclude that
¢
|Z(¢, s)| < exp (/ m(u)du> for all s € [tg,00),t > s, (3.3.11)

and for any finite time horizon T > 0, due to boundedness of the resolvent in (3.3.8]), there
is cg = cr(T) > 0 such that for all A € R with ¢t + |A]| <T and t — [A| > u

|Z(t + A, u) — Z(t,u)] < cr|A|  forall w e [0,T], t € [u,T). (3.3.12)

That means the fundamental solution is locally uniformly Lipschitz in the first argument
with respect to compacts of the second argument. The general existence and uniqueness
result for solutions of the deterministic version of also covers the corresponding
homogeneous system started at any intermediate time point s € [tg, 7] initiated with some
¥ € C(J,R"), formally given by

dx(t) = L(t)xzy dt  for t > s,
Ts = 1.

(3.3.13)

That means that there is a solution semi group (T{" : s € [tg,00),t > s) that shoves
segments from C(J, R™) along the solution path into C(J,R™) according to the deterministic
differential law. In other words, if we denote (z(t) : t > t3) the solution of for
s = tp, then z; = Tt‘}tc(fz/; for all ¢ > to. Due to [HVL93| Chapter 6.1, 6.2] the unique solution
of the inhomogeneous system is then given by

t
x(t) = Ttdf(fT(O) +/ Z(t,u)h(u)du for all t > tg. (3.3.14)

to

Example 3.2. a) This special case is taken from [HVL93]. For arbitary N € N and r >0
let A € R™*™ k € {1,...,N} be a family of constant matrices, and ri, € (0,7), k €
{1... N}, a collection of delay lengths. Assume further some A : RxR — R™ ™ (t,u) —
A(t,u), that is integrable in u for every t, and that there is some function a € £} (R, R)
such that

' ’ A(t,w)(u)du| < a(t)||||  for allt € R, ¢ € C(J,R").

If we moreover assume that h € 4},

and let tg € R, and Y € C(J,R"™) arbitrary, then

the system

de(t) = SN, At — r)dt+ [0 A(t,w)a(t +u) dudt + h(t)dt  for t > to, (3.5.15)
T 3.

satisfies Assumption [3.1] and therefore, there is a unique solution and it may be repre-
sented in the form (3.3.14). The reason for bringing up this particular ezample is that
J. Hale and S. Verduyn Lunel refer to it as the most common type of linear systems with

finite lag which is known to be useful in applications, see [HVL93, Chapter 6.1].
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b) This one is a modification of the above example. It is an instance of a continuous family
of continuous linear operators, which is to say that (L(t))icjt,, 1), as a mapping from
[to, T]xC(J,R"), is continuous with respect to |||ty Txc(sm), See (3.3.4). This example
keeps jump positions fixed, but allows time dependence for the height of jumps. For
arbitary N € N and r > 0 let A, : [tp,00) — R™™ ™, k € {1,...,N}, be a family
of continuously differentiable R™*"-valued functions, and v, € (0,r), k € {1...N}, a
collection of delay lengths. Assume further some A : [ty,00) xR — R™*™ (t,u) — A(t, u)
that is integrable in u for every t and that there is some function a € £} (R,R) such
that

0
'/ At w)p(uw)du| < a(t)||||  for all t € [tg,0), ¥ € C(J,R™).

We additionally assume that A(t,u) is continuously differentiable in t. Then, for h €

L., and Y € C, the system
N 0
dx(t) = 3 Ai(t)a(t — ri)dt + / At w)a(t +u) dudt + h(t)dt  for t > to,
i=1 - (3.3.16)
ZL'tO = T,

satisfies condition from above with

0 N
n(t,u) = —/ A(t,v)dv — ZAi(t)]l{ug—m} forte R, uelJ (3.3.17)
u i=1

1t is generally true that systems of this form admit fundamental solutions that are Lipschitz-
continuous in both arguments, see Lemma[A.3 in the appendiz. Further, this special case

contains systems of the form

da(t) = —a(t)x(t)dt + b(t)x(t — r)dt + h(t)dt  for t € [to, T}, (3.3.18)

It() = T,

if we assume the coefficients a,b € C'([to,T],R), i.e. to be continuously differentiable.

Those systems play a crucial role in the second part of this work.

In case of an autonomous drift coefficient L(-) = L, the local Lipschitz property simplifies
to ordinary continuity of L. In case of additive noise the stochastically perturbed system
can also be described with the help of the fundamental solution by means of a stochastic

variation-of-constants formula. Especially, for systems of the form

dz(t) = Laydt + o(t)dW (t)  for t > to,
2(t) = Laudt +o(dW(r) - for ¢ 2 %o (3.3.19)

iCtO = T,

we cite a representation result from the book of S.-E.A.Mohammed, [Moh84]. For the
deterministic version of (3.3.19), the solution semi group (T7" : u > to,t € [u,00)) from
C(J,R"™) to C(J,IR™) does only depend on ¢t — u which motivates us to write

Tt = Tgff for all u € [tp,00), t > u.
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And analogously for the fundamental solution Z(t — u) := Z(t, u) for u € [ty,00), t > u —7.

Proposition 3.3 ([Moh84], Chapter 4, Theorem (4.1), Remark (4.2)). Suppose that (T3)>0
denotes the solution semi group of the deterministic version of where L : C(J,R™) —
R"™ is continuous linear, o : [tg,00) — R™ ™ is locally square integrable, T € C(J,R™) and
(W (u))ue[to,00) 5 an m-dimensional Brownian motion. Then there is a unique strong solu-
tion x = (2(t))iejto,00) Of the SRFDE (3.3.19) and it admits the representation

o(t) = T8 Y(0) + / CE(t— wo(wdW(u)  forallt > to P-as. (3.3.20)
to
The proof that is presented in [Moh84] Lemmas 4.3, 4.4, Theorem 4.1] uses relatively strong
assumptions due to ensure a formula for the differential of a stochastic integral. We will
generalize the result by closely related ideas using absolute continuity of the fundamental
solution in the first argument and the stochastic Fubini theorem, which one can find in
[Jac79, Théoréme 5.44] for the finite-dimensional case in french language, or in a rather
general Hilbert-space setting in [DPZ14, Theorem 4.33]. Our first objective is to show that

our candidate solution has a (Holder)-continuous modification.

Lemma 3.4. If we denote the fundamental solution of (3.3.1) by (&(t,u) : u € [to,T],t €
[u—7,T)) and assume that o € B®([tg, T], R"*™), i.e. bounded and Borel-measurable, with
SUPye(ty, 1 |0 (1)| =t 04, in case of the Hale-Lunel conditions the process z, defined by

2(t) == /t Z(t,w)o(w)dW(u)  for allt € [to, T

has a Holder-continuous version of order v € (0,1/2).

Proof. This can be seen by an application of the Kolmogorov continuity criterion applied to

t t

/ o (w)dW () — / Htwo(dW () for t € [to, T].
to to

Due to the local Lipschitz continuity of & in the first argument, see (3.3.12), we find that

for A >0

t

E /t+A (B = (0 4+ A, ) o ()W () — /

to to

(In — it u))a(u)dW(u)

/t " (5 — 2t + 8,w)) o ()t (u)

—E /t <:E(t + A ) — it u))a(u)dW(u)

to

2
+E

t
S/
to

t+A
< 0% (t—to)chA% + 0'_2,_/ chA?du < const A?,
t

t+A
Bt + A, u) — #(t,u)| 02 du + / |1, — @t + A, u) 02 du
t

where in the second to the last inequality we have used Ito isometry and that I, = &(u,u)
and therefore, |5£(t +Au)— In‘ < cgA for all u € [t,t+ A] for appropriate cg, see (3.3.12).
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From the general theory, we know that |, tf) o(u)dW (u), t € [to,T), admits Holder-continuous
sample paths of order v € (0,1/2) almost surely, and therefore there is an almost surely
Holder-continuous version of f:o Z(t, u)o(u)dW(u), t € [to,T] of order v € (0,1/2). O

In the following, when considering the stochastic integral process, defined in Lemma [3.4]
we will refer to its continuous version. The next objective is to give a generalization of the

solution representation that is presented in [Moh84], stated above as Proposition

Theorem 3.5 (General Representation Theorem). Consider the situation of the Lemma
and let (T{S" - u > to,t > u) denote the solution semi group from C(J,IR™) to C(J,R™)
of the deterministic version of the homogeneous SRFDE

dx(t) ; L(t)zedt + o(t)dW (t)  for t € [to, T), (3.3.21)

Then, for arbitrary finite time horizon T > tg, the unique solution of (3.3.21)) is P-almost

surely given by
t
y(t) := Ifte(fT(O) +/ E(t,w)o(u)dW(u)  for allt € [to, T,
to

where the stochastic integral term is understood as the continuous version ensured by the

previous Lemma |3.4)

Proof. We go over the arguments deliberately in small steps. Due to its definition (Ttdte(fT(O) :
t > tg) solves the deterministic version of (3.3.21)) in ¢, which is to say that

t
T (0) = 1 (0) + / %Tg‘ng(O)ds and
to
0
%Tfm(o) = L(t)(T75: ) =/ T (0) don(t,0)  for all t € [to, T]. (3.3.22)

Further, we know that the fundamental solution solves the respective integral equation of

the deterministic system in the first argument, which means
t 0
Z(t,u) = &(u,u) —|—/ / (s +0,u)dgn(s,0)ds for all u € [to,T],t > u. (3.3.23)

And due to the fact that #(s+ 60,u) =0 for all s € [tg,u) and § € [—r,0], we may exchange
the u for ¢y in the lower boundary of the right-hand side integral above. We obtain that

t 0
Z(t,u) = I, —&—/t / F(s+0,u)dyn(s,0)ds for all t > u.
0 T

Using (3.3.22) and (3.3.23) to rewrite (y(t))icp,, 1) leads to

y(t) = 1(0) + /t %nggr(oms
¢ t 0
+/ j(u,u)o(u)Jr/ [ Z(s+0,u)o(u)den(s,8)dsdW(u) for all t € [tg, T].

As before, we may replace the u in the lower integral boundary on the right by g, because
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the integrand is zero for all s € [to, u).

// () d977$9d8+/// (54 0,t0)o(u)den(s,0) ds dW (u)

+/ Z(u,w)o(u)dW (u) for all ¢ € [to, T].

to

For the triple-integral term, if we understand ft Z(s+6,u)dW (u), u € [to,t] as a stochastic
integral parametrized by (s, ), we may apply the stochastic Fubini theorem (see [|Jac79,
Théoréme 5.44] (or [DPZ14, Theorem 4.33]) to interchange the order of integration. As
an intermediate step 7(s,-) ® ds must formally be split into a difference of two positive,
finite measures. We have to check that both appearing stochastic integrals are well-defined,
which means predictability, i.e. measurability with respect to the filtration that is generated
by the left-continuous and adapted processes, of the integrand as well as £2-integrability.
But concerning the first stochastic integral ft (s+0,u)o(u)dW (u) intricate measurability
issues do not arise, because the integrand #(s + 0, u)o(u) is deterministic and bounded, in
particular predictable. And therefore, the stochastic integral f:o Z(s + 0, u)o(u)dW (u) is
predictable in ¢, see e.g. [Jac79]. And also L£2-integrability is ensured by boundedness of the

integrand. Regarding the second stochastic integral

/tt /ut /0 (s + 0,u)a(u)dgn(s,0) ds AW (u),

the same reasoning holds true and is not affected by a decomposition of the dg(n(t, 8))dt-
measure in positive and negative part. We obtain that

///”””9“ o {u)dgn(s, 6) dsdW /// (540, ()W (w) don(s,0) s

P-almost surely for a dense subset in ¢ from [tg, T'.
(3.3.24)

Note further that, simply because & solves the integrated equation for the homogeneous

deterministic system,
t et 0
/ / / Z(s+0,u)o(u)den(s, ) dsdW (u) (3.3.25)
to Ju J—r

= /t; /t /OT (s +0,u)o(u)den(s, ) ds dW (u)

/ / E(s+6,u):0 € J)o(u)dsdW (u)
_ / (@t w) — & (u, w))or (w)dW (u)

to

t
- / (#(t, ) — L)o(u)dW (u)  for all t € [0, T]. (3.3.26)
to

That provides continuous paths in ¢ almost surely with respect to P due to Lemma [3.4] and
the choice of the continuous version. Continuing from (3.3.24) we may decline the right-hand
side inner integral to an upper boundary of s+ 6, which ensures continuity of the stochastic
integral term on the right due to construction. Further, with regard to (3.3.26)), we know
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that the term in line is P-almost surely continuous in ¢, again due to construction.
Therefore, we can understand the two sides of as two continuous processes in ¢
that match P-almost surely on a dense subset of [tg, T]. So, they must be the same up to
indistinguishability, i.e.

/tt /tt /_(]Tff(H@vu)a(U)den(s,e) ds dW (u)

/ / / (s +6,u)o(u)dW (u) dgn(s,0)ds for all t € [ty,T] P-almost surely.
to -Tr t[)

Applying that to the term y we find that P-almost surely

t

/to /,TTS(ZZT /S+9 (s + 0, u)o (w)dW (u) don(s, 0) ds+/ o (w)dW (u)

to

/ / (s +0)don(s,0)ds —I—/ o(u)dW(u) for all t € [tg, T].

Or, in other words and short-hand differential notation respectively, we find that

y(t) = 1(0) +/ L(s)ysds +/ o(u)dW(u), or  dy(t) = L(t)ysdt + o(t)dW (¢)

to to

for all t € [ty, T] P-a.s. (3.3.27)

By uniqueness of solutions, which is covered in Section [3.2] of this work, this settles the
proof. O

Of course, due to the hnearlty of the inhomogeneous nonautonomous system (3.3.1]), we find
that the solution of ( may now be given explicitly. To put a label to it, we stow that

fact in the following corollary.

Corollary 3.6. Under the assumptions of Lemma[3.4) the solution of (3.3.1)) is P-almost

surely given by
t t
z(t) = TS%T(O) + / Z(t, u)h(u)du —|—/ Z(t,u)o(w)dW(u)  for allt >to.  (3.3.28)
to tO
In particular, the solution is a continuous Gaussian process in R™.
Remark 3.7. We will refer to the solution formulas of the form (3.3.14)), (3.3.20) and
(13.3.28) as wvariation-of-constants formulas. Their kind has approved as a helpful tool in
the study of stochastic retarded functional differential equations. And they will do so in the

second part of this work.
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3.4. Concentration of Sample Paths in Autonomous Stable

Environment

The case of an autonomous homogeneous linear RFDE subject to additive noise will serve
us as a basic example of an application of the Fernique inequality where we generally assume
the setting and notations from Theorem [3.5] Because it is of some interest on its own, and
some special cases will reappear throughout the work, this example has been devoted a

section on its own. Let us suppose that (z(t))¢>¢,—» is the solution of

dx(t) = Laydt + o(t)dW(t)  for t > o,
Ty = Ta

(3.4.1)

where L, o and T satisfy the assumptions of Proposition or Theorem [3.5] respectively.
We start reviewing known relations between negative eigenvalue real parts and stability
neatly presented in [HVL93|, Chapter 7 and Lemma 5.3 in Chapter 6]. We assume that all

roots of the characteristic equation
det D(A\) =0, where D()\) = X — L(e)‘“ tu € [-r,0]), (3.4.2)

have negative real parts. For any A € R the set {\ € C: D(\) = 0 and R(\) > A} of roots
of the characteristic equation with real part %(-) at least of size \ is finite. So, the assump-
tion of negative real parts includes boundedness away from zero. And this assumption is
sufficient for the system to be asymptotically exponentially stable, which means that any
solution of , that corresponds to a feasible initial segment Y € C(J,R™), approaches
0 exponentially fast. This includes the fundamental solutions which we keep denoting as
& = (Z(t,u) 1 u € [ty,0),t > u —r). We have the following estimate concerning the funda-
mental matrix solution Z with @(¢,u) = Z(¢t — u) for all u € [0,00),t € [u — r,00), namely,
then there exist K > 0, v > 0 such that

Z(t —to)| < Ke™"t=%)  for all t € [ty, 00). (3.4.3)

Note that in the autonomous case m(-) from (3.3.3)) is a constant. Therefore, the additional
assumption f:“ m(u)du < my < oo in [HVLI3, Chapter 6, Lemma 5.2] is trivially satisfied
here. It is further worth mentioning that in this situation for constant noise amplifier
o(-) = o, J.A.D. Appleby, X.Mao and H. Wu [AMW10| derived the exact essential growth
rate,

z;(t)

limsup ———— =0; and liminf

————=-0; forallie{l,...,n} P-as,
t—oo /2logt t—oo 4/2logt

where
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For later reference we additionally note the one-dimensional case;

t k t K
h?isogp \/% =0 /to #2(u)du and litrgglf \/% =—0 /to Z2(u)du  P-as.

(3.4.4)

To keep things simple, we consider the case tg = 0, n = 1, the time horizon T > 0 is finite,
and the diffusion coefficient is bounded over [0,7] by some o4 > 0. Due to linearity, the
deviation process y = (y(t))¢jo,7], defined through y(t) := z(t) — E[z(t)], t € [0,T], solves
(3.4.1) with T = 0, and due to Proposition |3.3] it allows for an explicit formulation in terms

of the fundamental solution Z;
t

y(t) = / Z(t —u)o(u)dW(u) for all t € [0,T]. (3.4.5)
0

The stochastic-integral process (y())e[o,r] does not have the martingale property, while
the deterministic integrand ensures the process to be Gaussian. The next theorem consti-
tutes the main result of this section, and basically captures what can be learned about the
distributional concentration of system through the Fernique inequality. Sample-path
continuity of (y(t))¢cjo,7] is clear, and the applicability of the Fernique inequality will be
covered during the proof of the following Theorem. Apart from that, the proof consists of
the computation of the parameters that are involved in the Fernique inequality. The lack of
concrete knowledge of the constants in remains unsatisfactory.

For an ease of notation we use that 2 + /2 < 7/2.

Theorem 3.8. For the deviation process (y(t))ic[—r,) of system (3.4.1) in dimensionn = 1,
we assume that the roots of the characteristic equation (3.4.2)) have all negative real part with

the notations from (3.4.3). Let m(-) = my, denote the variation of L from (3.3.3), then

7 (orKe""mpT o KVT 5p? h?
P< sup |y(s)|>h vary(T) + = + < —exp|——
{se[O,T]| ()] ( @) 2\ vV2v2plogp  /p'logp 2 2

forallpe N;p>2and h > +/1+4logp.

Proof. By (3.4.3)), it is easy to see that

IV = sup E [y(#)?] < vary(T) < Zo (3.4.6)

t€[0,T] 27y

Regarding the Fernique inequality in Theorem 2.1 we introduce the notation

Q(p, T) = (2+ V2) /1oo 0 (Tp_“Q) du, (3.4.7)

where we understand p € IN as arbitrary, but fixed. We note that ¢ takes the form

1

e(Tp™ )= S)te[g%))Kt)E (/Ot Z(t —v)o(v)dW (v) — /OS Z(s — v)a(v)dW(v)) 21 .

2
[t—s|<Tp~"

(3.4.8)
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Due to independent increments of Brownian motion and It6 isometry it is easy to see that

< (p,T)+ Qa2(p, T), (3.4.9)

where

Q1(p,T) := /100 sup /OS o2(v) (:Ic(t —v) —&(s — v))zdv ‘du, (3.4.10)

s5,t€[0,T),s<t,
2
[t—s|<Tp~*

1

o) t
Qo(p,T) := / sup / o2 (v)E2(t — v)dv du. (3.4.11)
1 s,t€[0,T],s<t, Js

|t—s|<Tp™*

Making use of the (weak) differential of the fundamental solution, we may deduce that

/Os (gz(t —v) — (s — v))202(v)dv <o} /Os (/:L(a’;(u —v40):0c¢ J)du)Qdy

for all s,t € [0,7T], s < t.
Then, through the uniform stability, we obtain from (3.4.3)) that
LEt+0:0e€J)<mpl|le(t+0:0€J)| <mpKee " foralltel0,T].

Therefore, we can deduce that

s 2 s t
/ (a?(t —v) —d(s— v)) o?(v)dv < JiKQeQWm%/ / e~ 2= duy dy
0 0 s
s t
< U_2~_K262Wm%/ / e 2 W=9) gy =2 (5=) gy
0 s

S
< UiKQeQWm%(t — 8)2/ e 2 do
0

2=

<o? K2e27"m?2  for all s,t € [0,T], s < t.

Furthermore,
t
/ P (t —v)o?(v)dv < 0T K*(t —s) forall s,t € [0,T], s <t

Thus, with the help of an auxiliary computation that has been postponed to the appendix,
see Theorem first,

o0 r oo oo
9 orKe""my, a2 a2
p(exp (—z%)) dr L ————— e du+U+K/ e 7 du < oo,
| e te (=) = | 0
which justifies the application of the Fernique inequality. And, second
Kerr o Kerr KVT
Q < TR ML [ ety < THRE ML g @y < TERVE VT (3.4.12)

V2y 1 V27 2plogp VD'logp

And the Fernique inequality thus yields the claim. O
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3.4. Concentration of Sample Paths in Autonomous Stable Environment

Remark 3.9. (i) Theorem is only useful if h is at least of order \/logp, so that the

(i)

(iii)

condition h > /1 4+ 4logp turns out not to have any seriously restrictive meaning.

Given some h > 0, and choosing p =T, the theorem implies that in order to leave the
neighborhood [—h, h] with probability of order 1, the deviation process must be given at
least an exponentially large amout of time with respect to h. Or in other words, the
process remains in [—h, h] for an exponentially long time in x with high probability.

The other way around, we might say that in order to capture the deviation process for
a given time T > 0 with high probability, it is sufficient to choose a neighborhood of
order \/logT". The result resembles the behavior of solutions of classical linear SDEs
subject to additive noise that one may e.g. find in [BGO6, Theorem 3.1.6 (Stochastic
linear stable case)]. It is worth mentioning that the concentration result is comparable
to the according ones from large deviation theory, but, as Berglund and Gentz noted, an
estimate in the form of theorem[3.8 is more precise revealing knowledge on the leading

prefactors, and its validity is not restricted to asymptotic limits.

With regard to the previous item of this list, we will reqularly ignor integer-value re-
strictions in this work. If we choose p =T, for big T the result of Theorem[3.8 reads

1 5 h?
Pq sup ] >h< var y(T +(9< )> < ZT?%exp <)
{sem 1y(s) W0 +0 (o7 ; .

for all h > \/1+4logT .

This form does not reveal anything that was imperceptible before, but it appears to

be convenient to emphasize the substantial role that the variance process takes. And
although, by

vary(t) = /Ot #2(t —u)o?(u)du  for all t € [0,T],

we even have an explicit representation and by an upper boundary, how ex-
actly vary(t) depends on the parameters my, and r of the SRFDE (3.4.1), is pretty
much unknown. In that form, it is easier to compare the concentration result and the
essential-growth result in for constant diffusion coefficient. While the essential

growth provides that the process exceeds the level 1/2log(t) var y(t) only finitely many
times, the concentration results contributes quickly vanishing tail probabilities.

In the next chapter, it will be shown that, when restricting to special cases, potentially much

more information can be received about the connection between the variance process and

the underlying setting of parameters. And the key tool will be the fundamental solution by

means of the variation-of-constants formula.
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4. Stochastic Delay Differential Equations

This chapter reduces the generality of Chapter [3] to the simplest possible case in which the
most basic one-dimensional ODE is equipped with white noise and a linear feedback through
a time-lag term with fixed delay length. Formally, we will consider systems of the form

dx(t) = —az(t)dt + bx(t — r)dt + cdW (t) for t >0,
Tro = T,

(4.0.1)

where a,b and r > 0 are fixed real constants, T € C(J,R), and W is a one-dimensional
Brownian motion and ¢ > 0 is a constant. Systems of the form are commonly re-
ferred to as stochastic delay differential equations (SDDEs) and the literature so far provides
plenty of information on their corresponding deterministic counterparts, the DDEs, as well
as on SDDEs. Once again, we refer to the book of Hale, [HVL93|, for basic properties of
the deterministic system, which especially includes the characterization of parameter com-
binations a, b and r that lead to stable solutions. Moreover, the work [KM92] by U. Kiichler
and B. Mensch serves a couple interesting facts, that we will come back to several times.

Like in the general case, the fundamental solution (Z(f));c[—r.) can be manifested with
the help of a Volterra resolvent as in , and interpreted as the unique solution of the
system with initial segment Y (t) = 1;0y(¢), t € [-r,0]. But, other than in the gen-
eral case, existence and uniqueness of the fundamental solution can be achieved much easier
through a step-wise procedure, which means that, given the initial segment, basic techniques
of ODE theory yield the desired results first on [0, 7], then on [r,2r] and so on. The stepwise

approach easily provides the following useful facts on the fundamental solution:

e The fundamental solution & is continuous on (0,00), continuously differentiable on

(r,00), twice continuously differentiable on (2r,00), ...

e it is right-continuous on [0, 00) and continuously right-differentiable on [r, c0), twice

continuously right-differentiable on [2r, o), ...

It is worth mentioning that in the same way existence and uniqueness of strong solutions of
(4.0.1) can be settled stepwise using basic SODE techniques. The deterministic version is

the simplest case of what we have seen in Example [3.2]

We formulate the characteristic equation in this case by means of the characteristic mapping
h:C—C, A—=h\):=a—\—be ™", (4.0.2)

and let R denote the roots of the characteristic equation, or the characteristic mapping

respectively, i.e.
R(a,b,r):={ e C:a—A— be M = 0}. (4.0.3)

In this situation a simple characterization of stationary solutions is served by the work
of Kiichler and Mensch, see [KM92, Proposition 2.8, Proposition 2.11]. It provides the

equivalence of the following properties

a) All characteristic roots R, have negative real part.
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b) There is a stationary solution.

¢) The fundamental solution is square-integrable.

As we have mentioned in section a) is equivalent to the assumption that ¢o := max{R(}\) :

A € R} < 0. In that case, the stationary solution is unique and a version of it is given by

U(t) := /t Z(t —u)dW(u) forall t > —r.

—0o0

Further, it is generally true that

1
br>—e ' = §(t)>0forallt>0 and tli)m gloga'c(t) = qo,

(4.0.4)

1

1
br < —e 7% = Z(t) oscillates around 0 and  limsup Ef(t) = qo,

t—o0
see [KM92, Proposition 3.2]. Note that the roots R of the characteristic equation can be
understood as those A € C for which the mapping f® : R — R, t — e, satisfies the
differental law f(t) = —af®(t) + bf N (¢t — r) for all t. This means those t — e for

which there is an initial segment Y € C(.J,R) such that (") solves the deterministic version

of @0.1) with fM =.

In this simple case, it is actually possible to explicitly characterize the combinations of
parameters a,b,r that lead to roots of the respective characteristic equation all having
negative reals parts, and therefore, that correspond to asymptotically stable systems of
the form (£.0.1). We follow the literature in declaring this parameter-combination set as
the stability area S. One finds a neat presentation of the details for the differential law
dz(t) = —ax(t) + bx(t — r) embedded in the multidimensional case and with an outlook
to the nonautonomous case in the book of Hale and Lunel, especially in their appendix
on stability of characteristic equations, [HVL93| Chapter 5.2, Appendix]. Outlining, we
remember that whenever the combination of a, b and r is located in S, we know that for any
arbitrarily small C' > 0 there is K > 0 such that the corresponding fundamental solution

(%(t))te[—r,00) satisfies
|E(t)] < Kel®TOt  forall ¢t >0, (4.0.5)

where go = max{R()\) : A € R} < 0. For an illustration of the stability area S see Figure
M And undoubtedly this classical result provides the answers to most of the questions
concerning stability issues, but there are still some points left unregarded. If nothing else, the
concentration result of Theorem [3.8| adds two points of interest concerning the fundamental

solutions.

e First, what can be said about the behavior of fundamental solutions in case of param-

eter combinations that lie on the boundary?

e Second, in particular interesting from an applicationer’s perspective is the question
whether there can anything be said about the constant K that appears in (4.0.5) and
the relation to C' > 0.

In the subsequent section, we will actually confine to systems that correspond to combina-

tions where b > 0 and provide detailed answers to both those questions and some of the
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Figure 4: Sketch of the area of stability S. It is common to denote the assumptions in terms
of ar and br rather than in @ and b and r, see e.g. [HVL93|. Another convenient
way is to achieve r = 1 by means of time transformation which comes with the
advantage to get rid of the symbol r. We favor to always have the time-delay impact
explicitly. The lower boundary of S is parametrized by a = bcos({r), —bsin({r) = ¢
for ¢ € (0,7/r), and the upper boundary is the angle bisector in the second quadrant
and a bit of the bisector in the fourth quadrant. The two boundaries meet at
(r~',r7Y). It is worth mentioning that in [YB11] one finds beautiful analogue
presentations for different delay-feedback mechanisms.

implications.

4.1. Convergence in Critical Regime

In this section we consider delay differential equations with start in some arbitrary to € R,

given by

da(t) = —ax(t)dt + ba(t —r)dt  for t > to, (4.1.1)
l'tﬂ - Ta

where T € C(J,R) and b > 0. We will introduce a new approach to the solution properties of
systems of the form that leads to a significantly improved understanding of solutions.
In particular we make a noteworthy contribution to the behavior of systems in the critical
regime, i.e. systems whose parameter combination is nested on the boundary of the stability
region S in the second quadrant in Figure [4] which means a = b > 0. The outstanding
point is that systems in critical regime feature fundamental solutions that converge expo-
nentially fast to 1/(1+ ar), never exit from the interval [0, 1], and we will provide a minimal
convergence rate. Further we will show that this result may be carried over to a class of
non-critical systems in case b > 0 in a natural way to deduce more concrete estimates on
fundamental solutions that correspond to a stable or an unstable regime. The method can
in general not be easily generalized to the situation b < 0.
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To begin with, we remind of a solution representation that can be achieved by an application
of the general result if one understands the influence of the initial segment as an
inhomogeinity. The result can for instance be found in [KM92] or again [HVL93| Chapter
1, Theorem 6.1],
0

z(t) = Y(0)&(t — to) + b/ Tt —to—r—u)Y(u)du forall t > i, (4.1.2)
which relies on the fact that the fundamental solution in autonomous case only depends
on the difference of the arguments. And let us further remember the classical variation-of-
constants formula from ODE theory only for the first segment of length r after ¢y;. This one is
applicable if we interpret the time-delayed term in as inhomogeneity f : [to,to+7) —
R, f(to+s) = bx(to+s—r) for s € [0,7). The formula tells us that we may write down the
explicit solution of dz(t) = —ax(t)dt + f(t)dt, t € [to,to + r) with start in z(t9) = T(0) as

.’If(t() + S) = x(to)e—as + / f(to + u)e_a(s—u)du
0
S
=z(tg)e ** + b/ x(to —r+ u)e—a(s—u)du for all s € [0,r]. (4.1.3)
0

Of course, this classical variation-of-constants formula can be understood as a special case
of in the case where b = 0 and therefore, the fundamental solution takes the form
e~ for s € [0,7). The solution representations and have been established
for an arbitrary starting time ty. Honestly, we might have spared the effort; we could have
started in tg = 0 to argue in hindsight that it would have been nothing special about starting
in 0 compared to starting at any ty € R. But, this way we have evaded all those woulds,
mights and coulds. The point is that we have learned all we need about starting solutions of
systems in arbitrary times tqg. In particular, we have the formulas readily prepared
for later use. If not surprising, this knowledge is valuable in general and will further play
a central role in the proof of the upcoming lemma where we note that the fundamental
solution does never leave [0, 1]. The solution representations will also provide the following
seemingly artificial fact: Adding up the fundamental solution at any time ¢ and a-times its
integral over the previous segment-length interval [t — r, t] always serves 1, see . And
this artificial fact will turn out to be of solid use later on in this section. As the following
lemma focuses on properties of the fundamental solution rather than more general solutions,
it is convenient to reduce to the case of a start in time 0, because fundamental solutions

that start in any other point in time, say tg, may be regained through a time shift by t,.

Lemma 4.1. Let a = b > 0 and let (&(t))e[—r,oc) be the fundamental solution of .
Then

a) Z(t) € [0,1] for all t € [—r,00) and &(t) € (0,1) for all t € (0,00).

b) We can rewrite the fundamental solution as
t

2t)=1- a/ Z(u)du  for allt > 0. (4.1.4)
t

—r

Proof. a) Due to &(t) = e~ for all t € [0,r], the claim holds over [—7,7]. We define
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appropriate deterministic stopping times
To:=inf{t >r:2(t) =0} <oo and 7 :=inf{t>r:z() =1} < oo,

where inf ) = 400, and assume that they are finite. As Z(r) = e~%", we know that 7o > r
and 71 > r, because the fundamental solution is continuous over (0,00). Then, by the
classical solution representation (4.1.3), we have that

Z(r+s)=da(r)e * + a/ E(u)e "W dy > E(r)e™®  for all s € (0,00),s < 10 — T,
0
which is a contradiction to 7y < co. Further, due to the definition of 7, clearly
Ty (u) <1 for all u € [-r,0).

Then, with the same representation as above,

T1

i(m) = &(0)e " + a/ i(r —r+u)e My
0

T1
<e 9T+ a/ e~ =) gy,
0

— e—a‘r1 + 1 _ e—aT17

which contradicts 7 < oo.

b) Note that for arbitrary constant ¢ € R, the constant process z(°)(t) = cfor all t € [—r, 00)
solves ({.1.1) for T = Y(9)(-) = ¢, interpreted as the continuous constant function over .J.
Let ¢ = 1, then an application of the variation-of-constants formula (4.1.2) for o = 0 on the

known process (! reveals the desired knowledge on (Z(t))¢>_; it reads

0
1=a2M ) = 1M 0)z(t) +b / it —r —u)TW (u)du

T

0
:i(t)—i—b/ T(t—r—u)du for all t > 0;

and substituting v =t — r — u, we find that
t
1=2z(t)+ b/ Z(v)dv for all t >0,
t—r

which is the claim. O

Remark 4.2. o The lower bound in part a) is covered by (4.0.4), but we will need an
analogue of the result in nonautonomous case in the second part of this work. This is

why a direct proof is advantageous. Part a) will be generalized to the case a > b > 0

in Lemma [{.16

o An alternate proof of part b) of the above lemma can be obtained in a very simple way



48 4.1. Convergence in Critical Regime

through the integrated version of differential law:

t—r

jr(t):1—a/0t§:(u)du+b/0ti(u—r)du:l—a/ota?(u)du+b [ awa
—1 —a/ttri:(u)du,

because % is zero over [—r,0). Part b) crucially relies on the equality a = b, and does

not apply in more general settings.

1

The next lemma shows that a fundamental solution crosses the niveau (1 + ar)~! at least

once in every interval (¢,t 4 r) for all ¢ > 0.

Lemma 4.3. Let a = b > 0 and let (Z(t))tc|—r,o0) be the fundamental solution of (4.0.1).
Then,
1

> - g% _ -7 *) — ) 4.1.
for allt > 0 there is t* € (t —r,t) : E(t%) 1T ar (4.1.5)

Proof. First, we show that the claim holds for the interval (0, r). This is due to the two facts
that #(0) =1 > (1 + ar)~! and that #(r) = e~". The Taylor expansion of the exponential
yields

ar __
e —1—|—ar+2 A > 1+ar,
k=2

which is equivalent to say that e™" < 5 +1M. Then, by the mean-value theorem there is

t* € (0,7) with Z(t*) = (1+ar)~!. The rest of the assertion (4.1.5) is shown by contradiction.
We suppose that there is ¢ > r such that

z(v) <

for all t— . 4.1.
T fora ve(t—rt) (4.1.6)

Then rewriting (#(t))e[—r,0c) as in part (ii) of Lemma

7 T
1 ar 1

t(t) =1— t(v)dv > 1 — dv=1- = .

#(®) a/t__rx(v) v a/t__r 1+ar v l+ar 1+4ar

By continuity in ¢, this is a contradiction to (4.1.6). Then mainly repeating the above
arguments, we assume that there is £ > r such that

z(v) > for all v € (t —r,1), (4.1.7)

implying that

- f to 1
i‘(t)zl—a/ i(v)dv<1—a/ 1 dv=1- "=
7

. i +ar l+ar 1+ar’

t—r

which contradicts assumption (4.1.7). And so assertion (4.1.5)) is proved. O

The following lemma provides that the time points, where the fundamental solution crosses
(1 +ar)~!, do not have an accumulation point. Let us remark that there is a quick proof

based on the fact that difference (¢) — (1+ar)~! constitutes an entire function and therefore
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cannot have infinitely many zeros over any finite interval. But unwilligly to push open
the door to an odyssey upon introducing and veryfying the involved concepts, we bring
up a simpler argument that basically relies on the fact that the fundamental solution %
may be represented in one more particular way (see e.g. [KM92|), and two classical results
from analysis and algebra. The analytical result is Rolle’s Theorem from 1691 (see |[K04],
[Rol90]) which states that for any continuously differentiable function f: R — R satisfying
f(z1) = f(z3) for some real x1 < x3 there must be x5 € (z1, z3) such that f/(xz2) = 0. And
the algebraic result is the fundamental theorem of Algebrﬂ that implies that a real-valued
polynomial of degree k € IN must not have more than k roots over the reals. We will apply
one further representation of the fundamental solution with start in time 0. This one has
been seen by [KM92|; compared to the variation-of-constants representation it is bulky, but

serves our needs here perfectly.
a(t— kr
— —kr
Z e )"
K
oyl

k=0

t —kr)k forallt e [Kr (K +1)r), K€ NU{0}. (4.1.8)

Besides the notational burden a formal proof by induction is straightforward.

Lemma 4.4. Let a = b > 0 and let (Z(t))ic|—r,00) be the fundamental solution of (4.1.1)
with to = 0. Let furthermore Z be the set of zeros of #(t) — (1 +ar)™1, t € [0,00). Then Z

can be written as

Z={t71,t5,...} wheret] <t; <t3<... and th-H tr . (4.1.9)
i€EN

In other words: There is no accumulation point in Z.

Proof. Rewriting the fundamental solution in the form reveals (Z(t))¢ekr,(K+1)r) tO
be a poly-ezponential function of degree K over the each interval [Kr, (K + 1)r), which
means we recognize (&;)se[—r,o0) l0cally, i.e. for t € [Kr, (K +1)r) for K € N, as product of
a polynomial P(-) of degree K and the exponential function ¢ — exp(—at), i.e.

Iy = P(t)exp(—at) forallte [Kr,(K+1)r), where
5 (beor)*
P(t)=>_ (- kr)k  for all t € [Kr, (K +1)r). (4.1.10)
k=0 ’

Let y : [0,00) — R, y(t) := #(t) — (1 + ar)~!, denote the difference between fundamental
solution and proclaimed limit. The mapping y is continuously differentiable on (r,c0) and
has continuous right-hand derivative in r. Let I C [r,00) denote an arbitrary finite open

1The first references of the fundamental theorem of algebra go back to Peter Roth 1608 in Arithmetica
Philosophica, see [Man06|, or Albert Girard’s L’invention nouvelle en I’Algébre, |Gir29|, in 1629. The
first conceptually correct proof was — to the best of our knowledge — published 1746 by Jean d’Alembert
even if the proof beared weaknesses. Other noteworthy contributions have been established by Karl
Friedrich Gauss in 1815, |[Gauls|, or Karl Weierstrass in 1891, [Wei82|.
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(1)

N |

1+ar

Figure 5: Sketch of the behavior of a fundamental solution for a = b = r = 1 to visualize the
convergence of fundamental solution in critical regime.

interval and let

Z7(y) denote the set of zeros of y on the closure of I,

Z1(y) denote the set of zeros of y on I.

Then by Rolle’s theorem, between any two neighboring zeros of y there must be a zero of

y. Hence,
1Z7(y)] < 1+[Z21(9)], (4.1.11)

But then, (4.1.10) provides that

y(t) = exp(—at)P(t) for all t € (Kr, (K + 1)r), where
dP(t)

P(t) = (—aP(t) + dt) for all t € (Kr, (K + 1)r),

revealing P as polynomial of order K. So by the Fundamental Theorem of Algebra, g can
have at most K zeros. And with (4.1.11)) we see that (y(¢)):>0 can have at most K +1 zeros
over [Kr, (K + 1)r]. That finishes the proof. O

We are now ready to prove the main result of this section:

Theorem 4.5 (Convergence of Fundamental Solutions in Critical Regime). Let a =b > 0
and (£(t))ic[—r,00) the fundamental solution of (4.1.1). Then for

1 1_ —ar
- llog(1— e~

4.1.12
5 ( )

the following estimate holds true:

<e " forallt > 0. (4.1.13)

Proof. Let tf < t5 < ... denote the zeros of Z(-) — (1 + ar)~!. We fix an arbitrary k € N
with ¢} > 7 as in Lemma By continuity, there is some bound on the distance between

the fundamental solution and the proclaimed limit (1 + ar)~! over the segment prior to ¢
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given by some constant C € (0, c0); formally

Tty —r+s)— <C forall se€[0,r] (4.1.14)

1+ar

We use the classical-theory representation (4.1.3) with ¢y = ¢;. Therewith we may deduce

a helpful upper-bound estimate for the first interval of length r after time point ¢:

1

e % + be*‘”/ e™i(ty —r+u)du for all s € [0,7].
0

And therefore, using that &(t; —r+u) < (1 +br)~! + C yields

1 1
Ftr+8) < ——e 4 e_“sé (e“s - 1) ( + C)

1+ar a 1+ar
1 1—e™ 98 1

= T+ C(1—-e"%) = C(l—e 9 fi 11 s €]0,r].
1+are * 1+4ar + ( N ) 1+ar+ ( ¢ ) or all s € [0,]

So we arrive at the following upper-bound estimate for &(t; + s) for s € [0, 7]:

Tty + ) <

_ —ar
T ar +C(1—e ) forallsel0r] (4.1.15)

In the same way we may use that &(tf — 7 +u) > (1 +ar)~! — C to obtain

B(t] + s) > —C(l—eor . 1.

Z(ty +s) > Trar C(l—e @) forallsel0,r] (4.1.16)
Combining (4.1.15) and (4.1.16) yields

. 1 -

2ty +s) — 1+ar‘ <C(1—e ) forall sel0,r]. (4.1.17)

By lemma [4.3| there is t;_ | € (t7,t; +r) with 2(t;,,) = ﬁ, and with the above shown
behavior of & over [t},t} + r], we may conclude that

B(thy, —r+s)—

<C forall s€l0,r]
1+ ar

We apply the above argument leading to (4.1.17) once more on tj, , instead of ¢} to find
that

Bty +5) —

<C(l—e ) forallsel0r]

1+ar

which includingly serves an improvement of the estimate (4.1.17) regarding the interval on
which it is valid. We observe that

E(ty +5) — <C(1—e ) forallse[0,tr,, —ti+7). (4.1.18)

1+ar

Then the picking of those zeros ¢}, t;, |, 5 5, ... can be iterated and we can deduce

(g +s) — ‘ <C(l—e) forallse [0ty =ty +thio—thpr +---)

1+ar
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To extend the estimate’s validity over the half line starting in ¢7, it is sufficient that the
distance between neighboring zeros of #(t) — (1 + ar)~! is not summable which is granted
through Lemma And in particular, there is | € N such that ¢}, € (¢} +r,t} 4 2r) with
I(ty ) —(Q+ar)™' =0and

1
Tty —r+s)— 1—|—ar‘ <C(1—e ) forallsel0,r]

and with the same reasoning as before, we find that

1
B(thyy +58) — M’ <C(1- e_c”")2 for all s € [0, c0),

which in terms of ¢ implies that

1
Bty +2r+s) — H‘ <C(1- e_‘“")2 for all s € [0, 00).
ar

And an iteration of the whole argument yields for arbitrary n € N:

Z(ty +2nr +s) — T+ ar

‘ <C(1- e*‘”)nJr1 for all s € [0, 00).

This will play the role of an induction step to deduce the theorem’s assertion. Now, we will
work out the induction start which means the behavior of #(t) — (1 +ar)~!, ¢t € [0,7], on
the first interval of length r. To begin with, we note that

<l—e% foralltel0,r].

—at 1
= le _
1+ ar

This can be seen by observing Z(¢) — (1 4+ ar)~! at the end points of the interval [0,7]; the

rest follows through monotonicity. First,

1 1
<l—-e" & >e " & e >1+4ar

(0 —
#(0) 1+ar 1+ar

which is true as we have already seen in the proof of Lemma [£.3} and second,

1 1
—z(r)<l—e" &
1+ar x(r) € 1+ar

<1

Further, we know that there is a zero of # — (1 + ar)~! in (0,r) which, by the arguments
that we have seen in the first part of the induction step, ensures that the estimate |&(t) —
(14ar)~'| <1 —e79 for all t € [0, 7] can be extended to

1—e™ " forall ¢t €]0,00). (4.1.19)

Therefore, there is t%, € (r,2r) with |#(t5, +5) — (1 +ar)~} < (1 —e") for all s € [—r,0].

The usual procedure implies that

<(1—e )2 forall s € 0,00),

T(2r +s) —

1+ar
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and iteration due to (4.1.19)) yields that

F(2nr+s) — < (1—e ™)™t each for all s € [0,00) and n € N U {0}.

1+ar
(4.1.20)
By some simple computations, we see that
1 1 _ —anr
67K2T —-1— efar PN k= | Og( € )‘ )
2r
And therefore,
et > (1 —e ™" forallt € [2nr,2(n+1)r) for all n € NU{0}. (4.1.21)
Then, we may conclude from (4.1.20) and (4.1.21)) the assertion of the theorem. O

Remark 4.6. This convergence of fundamental solutions can in principle be achieved in
much more general situations, if we assume that the the very solution of the characteristic
equation, that features 0 real part, is unique and real. The asymptotic limit of convergence
has been achieved in [ARS13], [DvGVLWY5).

Due to the central role that fundamental solutions play, there are a couple of informative
consequences easily available. The first thing we mention is that the corresponding DDE
in critical regime is stable, but not asymptotically stable. This is specified in the next
corollary, which provides an exact formula for the limit of the solution initiated at some

arbitrary Y € C(J,R), together with its rate of convergence.

Corollary 4.7. Let a = b > 0 and assume arbitrary T € C(J,R). Let & denote the

fundamental solution of (4.1.1). Then the solution (x(t))ic(—r.o0) 0f (4.1.1) with initial
segment YT converges exponentially fast. If we let k be given by (4.1.12))

1
1+ar

x(t) =

-7

(T(O) +b / ") ds> FR(E)  forallt >0,

where the remainder term R(t) is bounded in absolute value by (| (0)] 4 r||Y|e " )e= " for
all t > r. Actually, we have that

<7 Y)e ) for all t > r.

‘/ii’(t—r—u)T(u)du— ! /0 T(w) du

1+ar /_,

Proof. Regarding the upper-bound estimate of the corollary, we easily see that

)
T —r

<5;(tru) ! >T(u)‘ du

d(t) = ‘/( Bt~ — )T () du— - jar /0 T (u)du
<f.
<[

Then, an application of the convergence result from Theorem [£.5] yields

1+ ar

Zt—r—v)—

sup |T(w)|du  for all ¢t > 0.
weJ

1+ ar

d(t) < r||T||e*”(t*T) for all t > r.
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Due to the variation-of-constants formula and another application of the Theorem [£.5] we

obtain
0
z(t) = T(0)&(t) + / Tt —r—u)Y(u) du
- ! (T(O) + /O T (u) du) + R(t) forallt>0,
1+ar _r -
where R(t) is of the form that we claimed. O

The two convergence results, Theorem [4.5] and its Corollary .7] introduce essentially new
insights to the pathwise behavior of solutions of DDEs in a critical regime. Of course, the two
results are more or less the two sides of the same coin, and when speaking of the convergence
in critical regime, we refer to either the formulation of the theorem or the corollary. But
so far, the convergence result only contributes insights when the examined system is in
critical regime meaning that its application field might appear too much restricted to be of
use. The following section will invalidate this objection by showing that through a simple
transformation the convergence result may be used to reveal better insight to pathwise
behavior for whenever b > 0.

4.2. Consequences of Convergence

Carrying over the previously presented convergence result will lead us to a unifying picture
for DDEs of the form

dxz(t) = —az(t)dt + bx(t —r)dt  for t >0,
Tro = T,

(4.2.1)

where T € C(J,IR) and b > 0. We have already seen that the fundamental solutions
can provide a key in deriving results on solutions initiated with an arbitrary segment from
C(J,R). We start by gathering information on fundamental solutions in case b > 0 including
a # b. After that we will focus on the consequences for general solutions with arbitrary
continuous initial segment. Always regarding the time lag r > 0 as arbitrary but fixed
constant, we continue to only speak about combinations of ¢ and b rather than taking r into
account. The next lemma captures the fact that an exponentially blown up (or shrinked
down) fundamental solution is still a fundamental solution, but with respect to a different

pair of underlying parameters.

Lemma 4.8. For fired r > 0 and arbitrary ap,bo, A € R let (Z(t))ie[—r,oc) denote the

fundamental solution of for a=ag, b="0y (andr), and let (y(t))tc|—r,oc) be defined
by y(t) :== eMi(t) for all t € [-r,00). Then (y(t))ie(—r,c0) is the fundamental solution of

@27) fora=ao— \=:a and b = bye™ =: b (and r).

Proof. To check that (y(t))se[—r,00) SOlves (.2.1)) with a = @ and b = b, we first observe that

the initial-segment condition trivially holds, because

y(t) = exp(At)Z(t) =0 for all t € [-r,0) and y(0) = exp(0)£(0) = 1.
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And the differential law is easily verified by the product rule,

d(eMi(t)) = AeMz(t)dt — ageE(t)dt + boe M E(t — r)dt
= —(ap — Ny(t)dt + boe " y(t — r)dt  for all t > 0.

Regarding the critical regime ap = by > 0, we have achieved detailed knowledge on the
fundamental solutions. That raises the question for which combinations @ and b there
actually is a real A\ such that — by only an exponential blow up or shrink down — we can go
back to the critical-regime world to make use of the improved knowledge about fundamental
solutions. In general the answer is the following: There exists such a real A if the parameter

combination (@, b) rests in
Po := {(a,b) € R? : by > —e~(I+ar)}, (4.2.2)
In particular, it is always possible, if b > 0. The verification is contained in the next lemma.

Lemma 4.9. Let r > 0 and (a,b) € Po, defined in (4.2.2), and let (Z(t))ic|—r,oc) e the
fundamental solution of ([#.2.1). Then there is a real \ such that a — \ = be".

Proof. A simple reformulation yields
a—A=be" & ar—Ar=0breM e & (ar — Mr)eV N = bre®.

Therefore, ar — Ar is nothing but the inverse of z — ze® evaluated at bre®”. This inverse
is know as the Lambert’s function YV, and it is a well-known fact?] that it takes real values
over and only over [—1/e, 00). Therefore,

W(rbe®")

A= +aeR & rbe™ > -t & br>—e (Ut (4.2.3)

O

The combination of Lemma and Lemma may be ellegantly reformulated in terms
of a correspondence between sets of fundamental solutions, which we state as the corollary

below. We abbreviate the word fundamental solution for a moment as f.s..

Corollary 4.10. Let Py be given as in (4.2.2) and define

Fo:={%:[-r,00) > R: & is the f.s. of for some (a,b) € Py}, (4.2.4)
F.:={%:[-r,00) > R: % is the f.s. of for some (a,b) € P}, (4.2.5)

where P, := {(a,b) € R? : a = b} N Py. (4.2.6)

2Due to [SMMO6| the Lambert’s function was first introduced by Johann Heinrich Lambert (1728-1777) and
its magnificent value in physics, in particular electrostatics, statistical mechanics (see |Cai03]), general
relativity and quantum chromo dynamics, see e.g. |[CGHJ93,[AKMO05}|Cra07], just to name a few, has
emerged only in the second half of the 20th century. To some extend its establishment as a standard
function has come in 1993 through the publication of Scott, see [SBDM93|; up to then it had been kind
of unknown to the literature.
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Figure 6: The stability area S has been sketched just for easier orientation and to see the
coherence. The area Py is represented by the yellow-colored and the pale-yellow-
colored area. The solid-yellow-colored area Pr consists of the first and the fourth
quadrant and represents the parameter combinations on which our new method is
applicable. It forms a subset of Py. The set P. is the angle bisector through the
second and fourth quadrant within Py, and it is represented through the bold red
line segment.

Then, we have that
Fo={y:[-r,o0) > R:3zecF,AeR: y(t)= eMi(t) for all t € [—r,00)}.  (4.2.7)

The convergence results in critial case are restricted to b > 0. And at this point the
nonnegativity assumption draws us back to only consider systems of the form with
nonnegative coefficients b, because the multiplication with an exponential function cannot
alter the sign when reducing to real exponents. Short-hand references are introduced by the
following definition.

Definition 4.11. We define the set of parameter combinations P;r C R? and the set of

corresponding fundamental solutions by
Pr:={(a,b) e R*: b >0}, (4.2.8)

Fr:={2:[-r,00) > R: & is the f.s. of for some (a,b) € Pr}, (4.2.9)
Fre:={%:[-r,00) > R: & isthefs. of for some (a,b) € PrnP.}. (4.2.10)

The letter I in the subindex is meant to refer to investigatability by means of the combination

of convergence in critical regime and exponential transformation.

Restricted to combinations with b > 0, the set F; features the same correspondence of

fundamental solutions that Corollary [f.10] gives for F in the unrestricted case.



57

Lemma 4.12. For arbitrary a € R and b > 0, there is always a real \ such that a—\ = be";
in other words P; C Py. Furthermore, the set IF; is invariant under the exponential blow

up or shrink down:
Fr={y:[-r,00) = R:y(t) = exp(At)E(t) Vt € [-r,00) for some A € R and & € Fy .}

Proof. In fact all the statements are trivial with regard to the characterization (4.2.3) in
the proof of Lemma [£.9] O

Remark 4.13. The further analysis of this section confines to the case a = b > 0.

How we actually can learn about the fundamental solution corresponding to a parameter
combination (a, b) € Pr is clear now - first work out the right exponent A for a transformation
y(t) = eM#(t), t € [-r,00) onto a fundamental solution ¢ corresponding to @ = a — A and
b= be in Py NP., second, apply the convergence result, and third, transform ¢ back onto &
by @(t) = e g(t), t € [-r,00). What we actually learn about such a fundamental solution
is stated in the next theorem. Furthermore, it is obvious for which combinations of a and
b the right exponent A is positive or negative; we also store that point in the theorem for

eagy later reference.

Theorem 4.14. Let (a,b) € P; and let X be the real solution of the characteristic equation

a=a—\=be* =b.
a) The fundamental solution & with respect to a and b satisfies

—At
< e AR forall t >0,

—)|

where K is given by (4.1.12), but with respect to a, i.e. Kk = |log1-e *7)]

€
2r
b) The solution of the characteristic equation a — \ = be" is negative if a < b, and positive

if a >b.

Proof. To prove part a), one simply multiplies the inquality by e* to end up with the
convergence result in Theorem for a=>b>0and Z(t)eM = g(t) and (9(t))te[r,00) Deing
the fundamental solution with respect to @ and b by Lemma Part b) is obvious. O

4.3. Concentration Results for SDDEs

The previous section has provided some surprisingly exact results concerning the behavior

of fundamental solutions for SDDEs of the form

dz(t) = —az(t)dt + bx(t — r)dt + oet*dW (t) for t > 0,
o = T,

(4.3.1)

where T € C(J,R). One may well ask why it is reasonable to examine the rather artifi-
cial diffusion coefficients, and the explanation is that by we have defined a class of
SRFDEs that is closed under the transformation of solution (z(t))¢ec|—r,o0) by multiplication
with e, ¢ € [—r, o) for some arbitrary ¢ € R. That means that if (2(t)).c[—r,oc) is a solution
of for a = ag, b = by, = pp and ¥ = Yy, then y(t) := ex(t), t € [~r,00) solves
for coefficients a = ag — ¢, b =boe®, u = po+cand YT(u) = e“Yo(u) for all u € J,
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and the new initial segment for (y(t))ic[—r,00) is also in C(J,R). Then, (y(t))ic[—r,00) 18
itself a solution to a system of this class. Regarding how we achieved additional information
about systems refering to parameter combinations in P; in the previous section, that choice
is merely natural. The solution representation that we have developed in may be
translated to this simple setting. Remember that &(¢,u) = &(t — u) due to autonomy of
the deterministic version (4.3.1), and so we may rewrite a solution (z(t))e[—r,o0) in
terms of the corresponding fundamental solution (Z(t))iec[—r,00) a8

t
() = TO)FE) + b [ 5t — v — u)T () du + a/ Bt —w)eh du for t>0.  (4.3.2)
—r 0
The road to concentration inequalities in the spirit that we explained in the introduction
passes through the Fernique inequality and best possible quantity estimates for the variance
process ||I'7|| and for the upper £2-bound on increments ¢(-), see Section for arbitrarily
given time horizon T' € (0,00). It is not really the behavior of (x())ie[—r o) that we are
interested in, but it is the deviation y(t) = z(t) — E[z(t)], t € [-r, 00), from its expectation
process which thankfully leads us to a zero-mean Gaussian process. In case of SDDEs this
is reflected by the fact that the initial segment of the deviation process is identically zero.
And it is a noteworthy point that the previous analysis also provides an accurate description
of the expectation process
0
Elz(®)]=7T0)z(t)+b | Z(t—r—u)Y(u)du forallt>0.
—r
This means that focussing on the deviation process is far from leaving parts of the analysis
behind that one might feel uncomfortable with. And this is why, from now on and regarding

concentration results, we will consider the deviation process or, in other words, the solution
of

dy(t) = —ay(t)dt + by(t — r)dt + oelt dW (t) for t >0, (4.33)

?JOZO,

where the final 0 is to be understood as the constant-zero mapping on J. That very solution

is given by
¢
y(t) = a/ T(t —u)e’dW(u) forall t >0, (4.3.4)
0

which can simply be read off from . If one is interested only in how to deduce
concentration inequalities making use of the convergence in critical regime, this subsection
has in principle come to an end, but as we are so ambitious to ask what can be learned, we
are far from that. For anyone who fears the worst, namely an endless case analysis, there
is not much comfort to spend, only that it is not endless. But one should also see the point
that a variety of different settings is described here, some of them are really interesting from
an applicationer’s point of view, some of them are more technical. Furthermore, we promise
to deduce concentration results in numerous cases that are relatively close to the optimum,
and in some cases even arbitrarily close to the optimum. To spend some more comfort, we
will not work out every case in detail, but merely present one of them detail and defer the

rest to the appendix.
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The sample case, that we study in detail, is the white-noise case for a critical parameter
combination (a,b) € Pr NP, and the reason for choosing this special case is that regarding
its first-exit behavior from a given interval, for a large time horizon T, the corresponding
solution behaves similar to a properly rescaled Brownian motion regarding first-exit-time
distributions. The first part which concerns the concentrational behavior will be covered by
the special-case study. The second part, that describes essentially how long the time horizon
must be chosen in order to guarantee an exit from a given interval with high probability,
will be worked out in the subsequent section. In order to derive an upper-bound estimate
for Q(p,T) = (2+/2) floo @(Tp*“2) du, p € N, we establish upper bounds for Q; (p,T') and
Qs(p,T), defined in (3.4.10), (3.4.11). We stick to > 0 as the minimal rate with which
the fundamental solution (#(t))se[—r,0) converges to (1 +ar)~! as in ({.1.12), [.1.13).

Remark 4.15. Note that one might also be thinking of o to be time dependent, but bounded
in absolute value by |o(t)] < o for all t € [0,T), and the following proof would read all the
same. As we have done before in similar situations, we will spare this effort to keep the

notations simple.

Regarding the account on autonomous stable SRFDEs in Section we benefitted from the
fact that fundamental solution matrices in that case vanish exponentially fast due to solely
negative real parts of roots of the characteristic equation , or equivalently the roots
of the characteristic mapping . But since we are dealing with a = b, it is a trivial fact
that A = 0 is a solution to the characteristic equation a — A = be*", and therefore, we do not
have that very result available here. But, as we are in a simple case, we can compensate this
gap rather easily by another result. The following lemma shows that whenever (a,b) € P;
and a > b, it holds true that the corresponding fundamental solution does never leave (0, 1].
This was shown for a = b > 0 in Lemma [£1]

Lemma 4.16. Let (a,b) € Py and a > b. Then the corresponding fundamental solution
(%(t))te[—r,00) of (4.3.1)) remains in [0,1] over [~r,00), and in (0,1) over (0, 00).

Proof. There are several ways to prove the claim. One way is to use the same arguments as
in Lemma [£.1] Again, we assume that

To:=inf{t >r:%(t) =0} <oo and 7 :=inf{t>r:z()=1}<oo.

We know that #(t) = e~ for all ¢t € [0,r] and an application of the classical solution

representation (4.1.3)) provides
F(r+s)=2(r)e %+ b/ E(u)e” " Wdy > E(r)e”®  for all s € (0,00),s < 79— 7,
0
and

(1 —r+ u)efa(n*“)du

ISK
—
S
I
8¢
e
m\
IS
2
+
S
rﬁ‘
ISK

In the second case the assumption b/a < 1 serves the contradiction and settles the claim. O
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Remark 4.17. Alternatively, we may recognize that the solution A of the characteristic equa-
tion a—\ = be" is positive for a > b, see Theorem and that j(t) = eMi(t), t € [-r,00),
is the fundamental solution corresponding to the parameter combination @ = a — X\ = b for
which the result is already known from Lemma [{.1 So we may carry over the result to
¥ = e My(t), t € [-r,00). The lower bound can also be taken as a part of due
to [KM93).

As indicated above, we will regard the time horizon T > 0 as some arbitrarily fixed number,

not too small.

Theorem 4.18 (Concentration inequality in critical regime with white noise). Let ' and
Q(T) = Qp,T), defined in (2.1.1), (2.1.2) and (3.4.7), denote the parameters of the Fer-
nique inequality with respect to the solution of (4.3.1) with a =b> 0, u=0. Let further s

be as in (4.1.12)). Then
VITT + Q) _ VT
o

“1l+ar

(1+R(a,r,T,k,p)), (4.3.5)

_ 1l+4ar (1+ar)? 7(14ar) a(l+e"") 7(14ar)VT
where R(a,r, T, k,p) = ;K + ST+ 3 Tog(p) + = A T apTog()

Proof. Concerning Qs = Qs(p,T), p € N, defined in (3.4.11)), with an application of the Ito
isometry and the convergence in critical regime in (4.1.13)), we find that

¢ t 2
1
/:E2(t—u)du§/ ( +e“(t“)> du for all s,t € [0,T], s <t.
s s \U-+ar

The remainder consists of basic computations which reveal that

t t t

t— 2

/ F2(t —u) du < S ef"””t/ e™du + 672'“/ e du
s (I+ar)2  1+4ar s s

l—s 2 —kKt _KS e Ku —2kt _2kKS e 2KU
:(1+ar)2+1+ar6 e /0 e™du+e e /0 e“"du
_ t—s N ) efn(tfs) en(tfs) -1 N 6721{(1&75) 62n(t75) -1

(I+ar)2  1+4ar K 2K

t—s 21— rltms) ] e2k(ts)

:(1+ar)2+1+ar K + 2K

t—s

<
- (1+ar)2+1+ar

(t—s)+(t—s)

1 2

= 1) (t— for all s,t € [0,T], s <'t,
<(1+ar)2+1+ar+ )( s) foralls 0,77, s

but sometimes simple arguments provide the better estimates. If we use the fact that the

fundamental solution does never leave [0, 1] from Lemma [4.16} we directly find that

t
/ Pt —u)du<t—s forallstcl0,T], s<t.

Why did we bother with the worthless computation in the first place? Because we will
soon realize that Qs is the term that serves the leading-order unpleasant term for the
concentration inequality. So, maybe we have spared the reader to wonder whether the

promising convergence result of the fundamental solutions might have done better than the
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rough estimate that comes from Lemma [£.16] And as a promise, we will not present that
sort of fruitlessness again. For the rest of this special case, the convergence result yields the
presented results concerning Q; and the optimal one for |I'|| and for the exponent in the

concentration inequality; which is to say that the concentration result worths while.

For the Q;-term we apply the delay differential law of the fundamental solution to find that

2

/Os(i"(t —u) — &(s —u))*du = /05 (/: —az(v—u) +ai(v—u — r)dv) du

for all s,t € [0,7], s <t.

Then an application of the convergence in the critical regime leads to

/Os(a?(t ) — (s — u))2du
:/Os (/:_a(gs(v—u)— 1—|—1ar) +a(¢(v—u—7«)— Hlar)dv)zdu
< /O T2 ( / et e—ﬁ<“—“—r>dv>2 du

2

s t
:/ a?(1+e)? (/ e"“’dv) e du
0 s

2Kk8 __ 1 t—s
a2(1 +6H’I‘)2e o e—2f€s <‘/O e—nvdv>

1— e—2f£s

< 2 1 KT\2

Sa(l+e™) 2K

CL2(1 +6HT>2
2K

2

(t—s)

IN

(t—s)* foralls,t€[0,T], s<t.

Regarding ||T'||, we again apply the Ito isometry and the fact that the upcoming integral is

monotonely increasing and obtain

</0tﬁc(t - u)dW(u)ﬂ = /Ot #(t — u)du

= sup]/(Jt£2(u)du:/oT922(u)du:vary(T).

tel0,T

r
H—QH = sup E
a t€[0,T

And then the convergence in the critical regime yields

r T 2 T 2 (7 T
u < / — 4 e ") du= + / e "“du + / e 2Ry,
o o \1l+ar (I4+ar)2  14ar Jy 0

T + 2 1—e T n 1 —e 20T
(I+ar)?2 14ar & 2K

T L+ar (1+ar)?
< 142 .
~ (14 ar)? < + Tk + 2Tk
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Alltogether, using the estimate worked out in Theorem [A2]in the appendix we find that

oo Y (oo} T
% < / sup ot —s)du < / VTp=* du < L
1 1

o s,t€]0,T7, Vp'logp’
lt—s|<Tp=’
2 KT)2 oo 2 2 KT)2
D a(1+e>/Tp,uduS a(lte)? T
o K 1 2K 2plog p
and the proof is finished, where we applied that /1 + 2 <1+ 5 for z > 0. O

Proposition 4.19. Consider the situation of Theorem [{.1§

a) We generally have that

vary(T') T 1 2(1+ar)
> - S — 3.
e 1 T log(1 + ar) T , (4.3.6)
vary(T) T 1+ar 1+ar
< 1 2 . 4.3.
o2 T (1+ar)? T T T (437)
In particular,
vary(T) = 10+Zr (1 + O(Tﬁl)> for big T. (4.3.8)

b) If we additionally assume that

5
T > max{%(l +ar)?,2log(1 + ar) + 4(1 + ar)},

we have that

oVT
1+ar

oVT
1+ ar

V21 < fvary(T) < V2.

Proof. We deal with the upper-bound estimates first, and afterwards, we turn on the lower-
bound ones. With an application of the convergence of fundamental solutions in critical

regime we obtain that

T T T ?
vary(1) _ / 2(u)du < / ( +) du
o 0 o \1l+ar
T 1+ar 1+ar
< 1 2 .
(1+a7“)2< + kT <+ 2 ))
Using that /1 + & §1+%forallfG(O,l),weﬁndthat
1
T 1+ ar 14 ar VT 11+ ar 1+ar
— (1 2 < 1+ - 2 .
\/(1+ar)2< T (+ 2 )>_1+ar< i (+ 2 >>

Under the assumption 7' > (1 + ar)?, we have that

1+ ar (2+1—|—2ar> <1

kT
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And as (14 ar)~! —e " >0 for all u > L log(1 + ar), we obtain

T r T 1 2
vary(T) _ / () du > / ( ) du
o 0 Llog(1+ar) 1+ar

K

T —KU
> 1 _ (T—log(Hm)) —2/ ¢ du
(1 + ar) K 1 log(1+ar) 1+ar

K

T _log(1+ar) 2(1+ar)
> ra (! )

kT kT

which by /1 —¢ >1— ¢ for £ € (0,1) serves the lower boundary for /vary(7T) in (4.3.6).

O

Remark 4.20. o We notice the fact that the variance of the one-dimensional distribu-

tion is decreasing in v for sufficiently big T which at first glance seems counterintuitive.

e As we have mentioned before, an essential-growth rate in this case is provided by the

result of [ARS15]. Due to the convergence of the fundamental solution, we obtain that

lim sup y®) = — lim inf y(®) g

t—oo /2tloglogt ~ t—oo (/2tloglogt T 1tar

P-a.s.

Regarding Brownian motion, the reflection principle serves an easy way to a concen-
tration inequality with the best-possible exponent. If we consider the rescaled Brownian

motion 17-W (t), t € [0,T], and define

we may observe that

h2
IP’{ sup 7 [W(s)| > h&T} <4exp (> for arbitrary h > 0.

s€[0,T) 1 + ar 2

For the solution (y(t))icjo,o) of the SDDE (4.3.1) in critical regime with white noise

a reformulation of Theorem with o = /vary(T) yields

2
Pq sup |y(s)| > hor p < §p2 exp —h— 14014171+ E
s€[0,T] 2 2 P

v1+41
for arbitrary h > w, (4.3.9)

or
when T and p are large compared to the other parameters and T is small compared to
p?, e.g. p = TY/?* for arbitrary o > 0. And as by Proposition or = or(1+
O(T~Y)), we might replace op by 61 in — the error terms merge and do not
show up. Therefore, the concentration inequality shows the same exponent as the
rescaled Brownian motion up to small correction terms, if T is big. To compensate
the undesirable prefactor p?, it may be drawn as 2logp into the exponent. Therefore,
concentration inequality is useful if we assume that h is at least of order /log T .

The classical result for rescaled Brownian motion is not restricted in such way.

o An amusing fact on the size of \/logT. It is formally undoubtedly true that \/logT
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converges to +oo rather slowly when T goes to oo, but what is slow?

> With regard to the largest number that can technically be displayed by an ordinary
calculator, a tiny bit less than 10'°°, the American mathematician Edward Kas-
ner is rumored to have invented the term googol (= 10'°°) in collaboration with
his nine-year old nephew. To get some sort of feeling for the size, let us mention
that the overall number of protons in the universe nowadays is estimated between
1089 and 10%° which is still far from a googol. But if you take the square root of
the logarithm of a googol, you end up with barely 15.2.

> To travel one Planck length in vacuum at the speed of light, one needs an amount
of time called the Planck time, and it is about 6 - 10~** seconds. And with about

3-107 seconds per year we have that the universe is about 2- 10 units of Planck

time old. And \/log(2-1061) ~ 11,9.

The remainder of this subsection presents the concentration inequalities for every possible
relation of the parameters a, b, i1, A, and k. We will distinguish between the different regimes

in terms of a and b as before:

e The critical regime refers to a = b > 0,
o the instable regime considers b > 0 and a < b,
e the stable regime refers to a > b > 0.
And with respect to the noise parameter u, we will use the term. ..
e increasing noise when p > 0,
o vanishing noise for p < 0,

e white noise for u = 0.

All the computational details can be found in the Appendix [B] Generally, those are quiet
similar to the computations we presented for the white-noise case in the critical regime. We
mostly confine to present the best upper-bound estimates for HULZ” and % from Section
that we have achieved, and spare the effort to additionally formulate the corresponding

concentration inequality.

Critical regime. The white-noise case has been presented in detail in Theorem 4.18] Propo-
sition and discussed in Remark In the increasing-noise case we achieve that

Tl +Q(T) _ e™ | 7TVTeT  7a(lte) TedT
o

_m+5\/ﬁlogp+§\/w2plogp
e <1+W VT T ey YT T )
2 /plogp 2 V2(k 4 ) 2plogp |
(4.3.10)
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In case of vanishing noise we find that

7 _NT 7 a(14e"") 1 kAlp| T r "
T T i _ T ek
Yo + 2 /p'logp + 2 \/2|N+H| kV]p| plogp or [ ¢ { Ky Q}a

2/plogp " 2 \Jone 2plogp for p =,

V ”FH JFQ(T) <<+ 7 T + 7a(l+e™) T
g

v2+§( VT el /1 shlal T ) for = —%,

\/p'logp \/2|H+H|' kVp| 2plogp
(4.3.11)
where
KA(2|u)
2 1 1 21— S0 1 KA |l
Vg '=max § —, 5+ - R
20)" 2lpl(L+ar)® ~ 1+ar [2u+rR)]  2lp+ 5| KV |l
(4.3.12)
KAu)
1 1 2 1-Wew | 1
— — - 4.3.13
VLS WA o (b e T Tk ar Gutw)] | 2ne [ (4.3.13)
1 1 2 1 KA |p]
2
V5 = max< —, + + 1-— . 4.3.14
2 X{I2u| T+ an? T (T arwe 2|u+n|( P (43.14)

Neither in case of increasing noise, nor in case of vanishing noise something truely surprising
has occured. If the noise intensifies exponentially with p > 0, one has to choose = at least
of order exp(uT') in order to give Fernique’s inequality a senseful meaning. In case of
vanishing noise, x must have at least a size of order /log7T due to compensate the p? of
the prefactor and assuming that p?/T > 1.

Stable Regime. We let & denote the fundamental solution with respect to the parameter
combination a > b > 0. With regard to Theorem we let A > 0 such that a =a— X =
ber = b implying that

i(t) <e ™ forallte[—r o0),

because (&(t)e™)ie[—r.00) is the fundamental solution in a critical regime. This estimate
improves inequality (4.0.5) from the general case. Further, from Theorem for & =
|log(1 — e~%")|/(2r) we have that

1

B(t) < R e for all :
x(t)_<1+ar+e )e or all ¢t € [0,00)

White noise.

|| +Q(T T +be M T
T+ VT atbe |
o /p'logp Vv2M  2plogp

where

v2 ;= min i ! i—|— 2 L + L
o 2N (1 +ar)22\  1+ark+2\  2k+N) [
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Vanishing noise.

VI + QM) _

VT atbe” T _
V2 + logp T vare 2plozp for pp = =,

o3

G -TiN VT, _axbe™ {7 L
Us [A+p VP logp + \/2|)\+N| 1 [u|VA 2plogp for = A

S (P2 SIS R \/<a+be*r>2 (1- wm)‘ T o= A

3 VP logp 2R [u[VA ) plog(p)

RS S, oS T g i
vt [A+pu] VP 'logp + \/2|)\+N|' 1 [n]VA 2plogp else7

where
12| AN _ (2|u|)/\(%+2>\)) MINGESS)
02 = 1- \Z\v/\ 2 (1 QClul)V(F+2X) 1= ‘Z‘V(R+A)
VTNl Far)? RN+ 2u[(T+ar) | 2R+ A+ pul’
2/ul |1
PR 1 L2 (1-28%)  (1-#%)
- X4y 5V = ~ = = 5
2 2xe’ (14 ar)?2xe  1+aric+22+2u  2(R+A+p)
_luiax ERINGEDY!
Pl 72 S 2 L1 v
BTN +pl(T4ar)? T Q+ar)(R+20e | 2R+ A+ p)’
by |l AN _ M)
o —max d Ll Ll (1 - Gty L
4 2% 2&(1 + ar)? &(1+ar) (R +2)\)e

Increasing noise

VI e %MW VT Tatber) T )
e > Us€ .

2vg \/p'logp 2vg 2plogp
where

1 2 1
2 _ :
T mrar)?  Utraeaaeen 2 at )

(4.3.15)

Instable Regime. To simplify notations, we suppose that —\ solves the characteristic equa-
tion such that @ := a— X = be™>" =: b and define % := |log(1 —e~%")|/(2r) as always. Then,

1 _
z(t) < (1 g + e”t> M d(t) <eM o forall t € [0,00).

White Noise.

AT ) A
HF“ +Q(T) _ e \/1{»0(67(%/\(2)‘)”) +€/\T ﬁ +6)\Ta+b€ r T
o V2X (1 +ar) /D logp V2X\' 2plogp

Al (RAEA)E vT a+berr T
<— (1 +0(e = +V2A (1 +ar + .
T V22X (1 +ar) ( ( ) ( ) Vp'logp V2X\ 2plogp

Vanishing noise.
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AT — min{&—v,2|u|}T
ITrom .ot _ <1 fo ey
o

T V21 +ar v
~ VT a + ber" T
+m(1+mn)<\/]710gp+mZplogp)>'

Increasing noise.

VI @) _

_proT VT atbe™>" AT T
i ) Vo * V2(u=X) € 2P10gp> for 0 <p <A,

@7T 1 +O (76
V2(A—p) (1+ar) v

VT AT 14ar 14-éar 14ar _ T B
TTar (1 T\ TR T er T Zplogs T (1+ar)(a+be )2plogp) for p = A,

AT VT a+be= A" T
[ Vs (1 + vo+/pP logp + Uo\/Q(}L*A) 2plogp) for > )\7

where

po = min{2(A — p), ik — v},
Vg = ! + 2 + !
O o= N0 +ar)?2 T Qu—2X"+R)(14+ar)  2u—A+R)
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4.4. Small-Ball Probabilities

We let y = (y(t))te[-r,c) be the deviation process of in the critical regime under
white noise, which means the solution of the SDDE with initial segment T = 0.
In the course of the previous section we have established a concentration inequality for y
with an exponent that resembles the best-possible exponent for an appropriately rescaled
Brownian motion up to a logarithmic order term in 7. If we assume h > 0 to be fixed and
regard the concentration probability P(T") = P{sup,¢(o 1 [y(s)| > h} as a mapping of T', the
concentration inequalities of the previous section have provided a reasonable description of
the region in terms of 7' where P(T) is close to zero. Concerning concentration inequalities
in general the theory of large deviations has approved as an invaluable tool providing exact
exponents in rather general situations. In this section we will turn the spotlight on regions
where P(T) is close to one. In other words, we bring up the question which size of the
time horizon suffices to guarantee a first exit of y from a given tube of radius h prior
to T with probability P(T) close to one. In that situation the large-deviation theory is
of little use — at least in the classical formulation due to e.g. [DZ92], [Frel2]. In case of
Brownian motion a naive start uses that exponential moments [E exp (A7) of first-exit times
T =1inf{t : |W(t)| > h} exist if A small enough. In that case the Markov inequality yields

2
P {tes[té%] W (s)| < h} < cos(lgv) exp <87ThQ’YQT> for all v € [0,1).
Details are deferred to the Appendix This estimate is not optimal, but it is fairly
easy to derive through martingale techniques and there is at least some resemblance to the
optimal version as we are going to see in a moment, when we have revisited the first-exit-
time problem in this case of a Brownian motion. In the literatur, estimates of the form
P{sup,eio,r [y(s)| < h} =1 = P{sup,cpo 11 ly(s)| > h} are well known by the term small-
ball probabilities, and sometimes for the corresponding theory one finds the term small
deviations emphasizing the contrast to the large-deviation theory.

The literature provides a remarkable development regarding small-ball probabilites, see
e.g. [Li99], |[Li03], [BDSO01], [LS02]. An introduction as well as brief survey on small-ball
probabilities can be found in [LS01] by Wenbo V. Li and Qi-Man Shao; a more recent survey
from Hoi H. Nguyen and Van H. Vu can be found in [NV13]. In the case of Brownian motion
(W(t))¢ejo,r), asymptotics of small-ball probabilities are well understood meaning that the
exact asymptotics of exponent and prefactor are known in this case. For given h > 0, see
[A2377] it is generally true that

2
P<S sup |[W(s)|<hyp < éexp (—7T2T> for h > 0. (4.4.1)
s€[0,T7] ™ 8h

The main purpose of this section is an estimate for an analogue of a small-ball probability

for SDDEs in critical regime.

The following theorem reveals an estimate that is applicable in a variety of situations, and

so it will not always be useful. We will study few special cases in the subsequent corollaries.
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Theorem 4.21. Let (y(t))ic[—r,00) be the deviation process of the SDDE in critical
regime with white noise, i.e. a = b > 0, u = 0, finite time horizonT > 0, and let k denote the
exponential rate of convergence of the fundamental solution, given in . Let further
01, 02,03 be arbitrary positive constants, and Ty, Ty > 0 with T = Ty + T1. Then, we denote
A= 8, + 6o + 05 and A = A(1+ ar) and we assume that do is big enough to satisfy

52657—'0
ho = - Nivs e T >+/1+4logp, (4.4.2)
V2k /P 'logp + V2k 2plogp

where p € N is some integer, p > 2. If we denote the fundamental solution of (4.3.1) by
(£(1))te[—ro0) and v(t) := vary(t) = fot #2(u)du, t >0, Then

4 2 5p2 02 52
>1_7 _fT - T I - - .
>1- o (=m) - Fow (-5) -ow (<)

Remark 4.22. The requirement (4.4.2) that originates from the Fernique inequality is a
fairly weak assumption. If 03(T) has some minimal size, it is only an assumption on the

size of 1.

Proof. We use the explicit representation of y through the variation-of-constants formula

(4.3.4) and put o on the left-hand side for a little ease of notation in the subsequent compu-
1 1

14+ar 14+ar
position of the dW-integral yields

tation. Adding the clever zero in the integrand and a well-considered decom-

v _ /Ot E(t —w)dW(u) = JV (¢ — To) + Tt — To) + T (1) (4.4.3)

(2

with the representatives

TOE—Ty) = /tTO 1 AW () = W(t — To)’
0

1+ ar 1+ar

@ o 1
T - Ty) = /0 Bt — ) — s dW () and

TE(t) = /t Z(t —u) dW(u) each for all ¢ € [Ty, T7.
t—To
The capability of the decomposition lies in the improved tractability of the arising terms.
The term J) is a rescaled Brownian motion on the interval [Ty, T}], and the small-ball
probability provides an excellent lower bound for the first-exit-time distribution.
Further, 7 has an exponentially decaying integrand, and will therefore give a minor
contribution compared to 7 with high probability when T} is sufficiently big. And finally,
to have J(3) relatively small with high probability, it is necessary and sufficient that Ty is

small compared to T;. Accordingly, we define the stopping times

T(Al) = inf {t >Th: ’j(l)(t—To)| > A},

Téz) = inf {t 2 T() . |,_7(2)(t—T0)| > (52}

2
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Overlooking the decomposition , we conclude that for /o to leave the tube of radius
81 prior to T, it is sufficient that the rescaled Brownian motion J®) exits from the bigger
tube of radius A, 7 remains relatively tame over the whole time interval and 7 () behaves
nicely in the very moment in which 7 exits the A-tube. Formally,

[To,T) te[To,T]

P*ZIP’{ sup |TD(t —Tp)| >A}—]P’{ sup [T (t —Tp)| >62}
te (4.4.4)

~P{lTD (L AT > 6}

The claim follows through the analysis of the involved probabilities for which we define the
short-hand notations

P=P{r{ <7}, Pi=P{r) <T}, P=P{g®EAT)| >0}, (445)

In order to derive a lower bound for probability P;, we reformulate the event in terms of

Brownian motion by

t—To 1
d
/0 1+ ar W(u)

SA & |[W(t-T) > Al +ar) = A.

Then, an application of the small-ball estimate (4.4.1), or respectively, reveals that

~ 4 w2
P sup |[W(s)|>Ap>1——exp < ~ (TTO)>.
{sE[O,TTo] m 8A2
Regarding the probability P,, an upper-bound estimate follows from an application of the
Fernique inequality. Due to the fact that this is only an instance of a concentration inequal-
ity, the applied techniques are naturally similar to the ones of the preceeding chapter. We

work out the details to make sure that the result reflects the fact that there is an additional

1
14ar

t=To 1 2 t—To t—s
/ (i(t —u) — ) du < / e 2t gy = ¢ 21To o= 2k(t=s) / e 2 dy
S—To 1+ar s—To 0

for all s,t € [0,T1], s <'t.

(helpful) term e"*, because |#(t) — | < e "t and t > Tp, in this case.

Here we may apply that e " < 1 twice; for u =t — s and v = v in the above right most

term. Therefore,

t—Tp 1 2
P ) - du<e > T0(t —s) forall s,t€[To. 1], s<t. (446
/S_TO (x( u) 1+ar> u<e (t—s) forall s,tel[ly,T], s< ( )

And with an application of the delay differential law of the fundamental solution, an ad-

ditional clever zero, and the convergence of fundamental solutions in critical regime, we
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obtain

Sng 2
/ (8t —u) — (s —u)) du
0

= /OST0 (/: —az(v—u)+bi(v—u— r)dv) du
s—To t 2
a2/0 </5 ! 2 dv) du

1+ar
s—To t
< a2/ (/ e rlv—u) 4 e"’“”‘“‘”dv) du  for all s,t € [Tp,T], s <t.
0 s

1
1+ar

IN

(v —u) — +lz(v—u—r)—

Then, the rest of the estimate follows from sheer computations,

2

S*To 2 2 S*Tg t
/ (2(t —u) — 2(s —u)) "du < a®(1 +€"") / (/ e”(”“)dv) du
0 0 s
9 s—Tp t 2
= a2(1 + e"“') / e2" dy, </ e‘”“dv)
0 s

2 2 t
a (1 ;—HQRT) (62,{(5,’['0) _ 1) 672/{5 </ eK(US)du)

KT 2
< a2(1+e )
- 2K

2

IN

e 2ot — )2 for all s,t € [Ty, T], s < t.

Then, for the quantities Q1 = Q(p,T1) and Q2 = Qa2(p, T1), defined in (3.4.10) and (3.4.11)),
we find that

—wry V11 _wrpa(l+e™) Ty .
V/P'logp V2k' 2plogp

And for the corresponding ||I" 72 ||-term, where I ;) is defined as I" in Section (2.1) but
with repect to 72, another application of the convergence in critical regime serves

IT o B (720 m)’ Teew- )
@|| = sup ( t— )}: sup / (it—u— ) U
T te[To,T] 0 te[To,T) Jo 1+ ar

t—To
< sup 672HT0 / 672n(t7T07u)du.
te[To, T 0

Q;<e and Qs <e

Therefore, through a substitution v =t — Ty — u we obtain

t—To T—To e—26To
IT 7] < sup e~ 2xTo / e dy = e~ 2+ To / e doy < .
te[To,T) 0 0 2K

Therefore, for the Fernique coefficient @ 7c), defined as @ in Section @ but with respect
to J®, we find the following beautiful upper bound

_ 1 VT al+e™) T )
r + T-Ty) <e “TfJ( + + - (44T
ITyall +Qza( 0) < V2r /P logp V2k 2plogp (147)

Here we recognize the appearing term from the definition of hg in (4.4.2)). The corresponding
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minimality condition on o implies that

ho (\/|FJ<2>|| Qe (T—%)) > 6.

We find an upper-bound estimate for P, through an application of the Fernique inequality,

which provides

P{ngj) < T} < P{ sup |j(2)(t — To)’ > hyg (\/ ||FJ(2)|‘ + Qj(z) (T — To))}

(4.4.8)

In order to find an upper bound for P; = }P’{’J@ (T(Al) /\Tl)‘ > 53}, we start with an

ease of notations and denote 7 = Tg) A T for the rest of the proof. We remember that the
underlying probability space features the completed filtration F = (F3)¢>0, that is generated
by the Brownian motion, in particular W (¢) is measurable with respect to J; for each t.
Rewriting the term JM) (¢t — Ty) = (14 ar)"'W((t — Ty) A 0) emphasizes the first essential
observation in this part of the proof which is that {r < t} € F_qap, for all t > Ty,
because 7 is nothing but the rescaled Brownian motion time-shifted by Ty; Informally
speaking, at time t = Tj, the process J1) starts in (1 + ar)~'W(0) and then traces the
path of the rescaled Brownian motion with the time lag of Ty. Hence,

{r <t} € Fu—ryar, C Fiez, and therefore, {r=t}ec F_g, foralltc 0,77

The second essential observation is, informally speaking, that J (3)(t) evaluated at some
arbitrary ¢ > Tp can only see a time length of Ty into the past. That means all that 7 (t)
may observe from the path (W(u))uejo—7,] is the very end point, namely W (t — Tp).
And that one can not have any meaning to J®)(¢). To make this idea become a rigorous
argument, that works for the stopping time 7 instead of ¢, it is convenient to introduce the

notion of
WO () :=W(r+t)—W(r) foralltel0,o00),

the Brownian motion restartet at 7. Let us for a moment consider the integrand of 7®) as
a mapping of two arguments: h(t,u) := Z(t —u) for t,u € [0,00),t —u > —r. Fix ¢ and
consider u + h(t,u). By the integration-by-parts formula, we deduce that

t

h(t, YW (t) = h(t,t — To)W (t — Tp) + /t h(t, w)dW (u) + W (u)h(t, du)

t—To

4L / (dh (L, w)) (AW (u)),

2° Ji_n,

where the last term is zero. Therefore, an application of the integration-by-parts formula



73

(always understand (0) as the right-hand derivative in 0) and substituting s = ¢ — u yields

T = / 2t — w)dW () = HOW (1) — (T)W(E—To) = [ W) (5(t - w)du

—T, t—To du
=W(t) — 2(Ty)W(t — Tp) + o W (w)z(t — u)du
= Wi W -T) + Wt — )i (s)ds.

Introduction of a smart zero T — 7 is feasible even pathwise as 7 is pathwise bounded by T}
by definition. We observe that

T =W (r+ (t—7)) — &(To)W(r + (t — 7 —Tp)) + i OW(T+(t—T—s))gi«(s)ds

for all ¢t > Tj.
Restating this observation in terms of W(7) and remembering that #(0) = 1 reveals
TO) = (WDt — 1)+ W(r)) — 2(To) (WOt — Ty — 1) + W(r))

[ WO =)+ W) i)

=W(7) (57(0) —&(Ty) + /OTO i(s)ds) +W(T)(t —7)— :E(TO)W(T)(t —Ty—7)

=0

To .
+ / W (t — 7 — s)i(s)ds
0

To
WOt —7) = HT)W (- Ty — 7) + WO (t — 1 — s)i(s)ds
0

= / E(1r —u)dW D (u)  for all t > Tp.
T*T(]

The sheer stopping-time property of 7 suffices to settle the two essential points in the study

of 7®)(7), both of them contained in the new-start property of Brownian motion:
e The random variable 7 and the process W (™) are actually independent,
e W) is a Brownian motion starting in zero.

Making use of that Brownian-motion new-start property and estimating the Gaussian inte-

>

/t iTo Bt — ) dW ()

52

gral provides

8

/T ’ E(1 — u)dW ) (u)

—To

[TUvT]

—]P’{ /tt Z(t —u) dW(u)

—To

> 03| T = t} Pr—1(dt)
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The main result of this section, Theorem .21} does not suggest particular choices of the
involved parameters — and all that is evident so far is that there are parameter combinations
that are useful in the sense that the probability for an exit up to time 7" can be achieved
arbitrarily close to one. But the achieved results so far lack to prove that the special
decomposition does more than only leading to additional terms that require concentration
estimates each on their own. And that is the duty of the following corollaries, where we will
show by means of deliberate choices that the result is capable of providing close-to-optimal
estimates. But first, let us point out why it might be a fruitful attempt to compare the
typical SDDE solution’s first-exit-time behavior to Brownian motion. The first faint hint
was given in Proposition where we have seen that the variance process (var y(t)):e0,00)
behaves like

vary(t) = ﬁ (1 + O(T_l)) for big T.

From that point was rather keen to propose the question in how far there might be further
analogues to phenomena of a rescaled Brownian motion W (t) := W (t)/(1 + ar),t € [0, 00).
The apparently dissimilar stochastic differential law does not strengthened that suspicion.
What we take as a second brief hint are the concentration inequalities for (y(t))¢c|—r,o0)
from the previous section, and which are actually surprisingly similar - at least to some
extent - to the one we know from Brownian motion. And so the goal of this section is to
study in how far the typical first-exit time of solution paths is similar to the first-exit-time
behavior of Brownian motion in terms of small-ball probabilities. Regarding concentration
inequalities it is convenient to study first-exit time distribution from a tube with diameter
of a multiple of the standard deviation of the examined process. We carry this general idea
over to the small-ball probabilities and observe in the case of a rescaled Brownian motion
that

_ — 4 2
P< sup |[W(s)| > hy/varW(T) p >1— —exp (—) . 4.4.9
{sem' ()] > b var T >} —exp (o (449)

Of course, this is only a trivial reformulation which relates times horizon and boundary. To-
gether with the originally stated version of the small-ball probabilities for Brownian motion
in , it covers the cases with radii h7° and hTz. This motivates the slightly more
general setting, where the boundary scales with T for some « € [0,1/2].

In the case of rescaled Brownian motion (W (t)/(1+ar)).cjo, 1), result (4.4.1) implies for the

first-exit-time distribution from a symmetric interval [—hT<, hT]:

s€[0,T) 1 + ar 8h2

— 4 2
IP’{ sup |W(s)| > T“} >1— —exp <7rT12°‘> for every oo € R. (4.4.10)
T

We restrict to the case a € [0, %], because it covers the aspects that are mainly interesting
for our purpose. The only additional assumption in the following corollary is the relatively
weak requirement that the time horizon T is supposed to be big enough, and we will be
rather explicit concerning the necessary size of 7. With regard to the dependence between
time horizon and boundary width for some « € IR, we consider time dependent quantities
01(T'),02(T), 63(T) that describe the tube width, and we maintain to write Ay = 61(T) +

02(T)+095(T). The subsequent corollaries are based on particular choices for those quantities
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depending on «. Besides the fact that the boundary parameters §1,d2,d3 now depend
on time, it is convenient to regard hg = ho(T') from (4.4.2) as time dependent. Then a

reformulation of the main theorem reads

ly(s)| w)}
1+ar

4 2 5p? h 53(T)
>1— — P — - —— | — —
1 x P ( 8A%TI) g P ( 2 ) P ( 21)(10)> ’

P, :=P< sup
sefo,1] O

and for easier comparing, we put a label to each of the bounds:
— 4 w2 — 5p? h3 — 53(T)
Pyi=— ———T Py = — —— P3:= — .
For all three corollaries, we choose Ty = log T1, and for an ease of notations, we let p =T} €
N implicitly ignoring the integer-value restriction. The following constants will simplify the

study of the relation between the different probabilities for given §;(T), d2(T), 63(T);

2

Co = l
07 R(61(T) + 02(T) + 05(T))2°
N 1 /T 1 kT T 1 1
O o=yt YD yallten) T +O<>,
2K \/ﬁlogp 2k 2plogp 2k log T

2
Cy = 57‘;’ € O(T2).

Then, we may rewrite
5 <T>e2~T°>

_ 4 . _ 4.
P, = p exp ( — C’oTl) and Py = ;C’g exp < 26'12

Corollary 4.23. In case « € (1/4,1/2), for arbitrary h > 0 we let 61(T) = hTY, 52(T) =
heaT¢, and d5(T) = hesTy, where eo and £3 are arbitrarily small positive constants. Assume

T =Ty + T, with Ty = logT to be big enough such that the following properties hold;

2 logCy  h2edTjo—1lr2s (4.4.11)
8h2(1+e3+e3)® T2 202 a

T wa12)
3 h2edTiT o

>
logTy — 4h*(1 4 &2 + e3)%¢e3

Then the following concentration inequality holds true,
2

h 12
PJ sup ly(s)] > T >1— —exp (— 5 T 2T112a> .
sefo,1] O 1+ar ™ 8h2(1 4+ ¢e9 +€3)

Proof. Note that condition (4.4.11) can be equivalently written as
h2e3Tie s

2 log C,
8h2(1+ ey +e3)®  Ti72 — 2C%
- 7.‘_2T117204 - hQE%TEaAeQHlong _log 02
Sh2(1 + e2 + €3)2 207
R 62 T 2rTo . o o
= OoTlg %—logCg = Pi> Ps.

202
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And condition (4.4.12)) implies

ety m 2log 7
logTy = 4h*(1+e3 +e3)%e5  h2e3T0 2
h2€§T4a71 - 7.[.2 lOg %
2log Ty~ 8h2(1+e+¢e3)> TP %
h2e3 T 2 1

4 _ _
Ti722 _log= <« P3< Py,
20(Ty) — 8h2(1+ ey +e3)2 * & 3=

where in the last step we have used that v(Tp) < To = log 7. O

Corollary 4.24. Let a € (0,1/4) and 61(T) = he Ty, 02(T) = heTY, 63(T) = hIY for
arbitrarily small constants €1 > 0 and €2 > 0. We assume T = Ty + 11 with Ty = logTy big
enough to satisfy

5
log T} > max {2(1 +ar)?,2log(1 + ar) + 4(1 + ar)} ,
K
7r2T11—4O¢ log% S (1 + a,r)Q
8hi(e1 +e2+1)2 T2 = logTy ’
E%I:IQH _ T—2a log ﬁ Z (1 + a’r)Q )
204 2 log Ty

Then,

ly(s)| h W1
P —t > ——T*3>1-3 - .
{ses[%?;p] o 1+ ar - <P 2log Ty

Proof. From the first condition on T} Proposition is applicable and provides that

log Ty
Ty) > —————.
v(To) 2 2(1+ar)
A straightforward reformulation of the second and third condition lead to P; < P3 and
P, < Ps just as in the proof of the previous corollary. O
Corollary 4.25. In case « = 1/4 let §;(T') = hTy, 62(T) = heoT and 63(T) = hesT{ log Th
for arbitrary small e9,e3 > 0. Here we consider T = Ty + Ty with Ty = log Ty to satisfy

2 T2e2h?  log Cy
8h2(1 45 +e3logTh)? — 2072 v
P o Ty

8h2(1 + &9 + £3)? m 2

Then,

ly(s)| h 12 m 1-2
P s T >1 - — — T, == .
{S,ES[I(I)PT] o = 1+ar - T P 8h2(1 4+ ey +e3logTy)? !

Proof. As before, reformulating the conditions on T} yields P; > P, and Py > Ps. O

Remark 4.26. a) It is worth mentioning that in the three above corollaries the respective
conditions on Ty are satisfied if only T is big enough, where we preferred to make the

necessary size of T1 rather explicit.
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b)

Comparing the result of Comllary and the reformulated Brownian motion’s small-
ball probabilites in shows that the main theorem actually provides useful results
cherishing the decomposition method that we applied during the proof. In fact, the corre-
sponding exponent from the rescaled Brownian motion case can be achieved up to arbitrary
small correction in terms of the prefactor of T1 =2, which means that

log T
T11—2a = (T —log T})' 2 = 7120 (1 +0 ( oi 1)) when T is big.

To some extend Corollary shows the limit of the main theorem. When the boundary
is chosen relatively small compared to the time horizon, we can no longer achieve an

exponent that resembles the one of rescaled Brownian motion.

The implications of the main theorem have so far primarily aimed for best-possible exponents

in concentration results while few attention has been payed to the prefactors. So far, a factor

of 3 appears in the above corollaries which reflects the technique of only using the dominant

term P, or P3 as an upper bound for the other two occuring probabilities. But, this is

no real issue because an additional factor log 3 can easily be compensated in the exponent
in all of the settings in corollaries to Only for @ = 1/2 this is no longer true
since T172* = 1. And for that reason there is one more corollary to cover the special case
a=1/2.

Corollary 4.27. In case o = 1/2 we let v € (0,1/2) and 61(T) = h\/T1, 62(T) = heoT},
53(T) = h€3T1’Y. Then,

2

ly(s)] h I~ 4 ™ y—1

Proof. The proof is due to a couple of simple estimates:

Py,  5rT? h2e3 T2 w2
— = ex — =
Py 8 207 8h2(1 +52TT% +53T37%)2
h2€2T2'y+2n 5 2 w2
203 8h2(1 + eoT) ™2 +&3T) 7 ?)
Py h25§T12'y+1 <4>+ n?
= =exp | — o +log | = —1 Y
P, 2v(Ty) T)8h2(14 ey 7 4 a5y %)

71_2

h2e2T27 4
< exp —L—i—lo <

— + —1 _1
2log Ty 7T> 8h2(1+52T17 2+€3T17 2)2

_1 1 5 B
Let us for a moment denote & := EQTI’Y 2 4 €3T17 > and ¢ = % + %, then, by means of a
1 1

Taylor expansion, we reformulate the leading term

(14’%)2 =1-264+0(%) for small &, i.e. big T,

log(14¢) =¢+0O(¢?) for small ¢, i.e. big T.
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Combining the estimates we find that
- - - 7 2
Py + Py + Ps= 7 &P (8’12(1+€)2> (1+¢)
0 w2
= XD (—W (1-26+0(&%)) +log(1 + c)) )

And as clearly ¢ = O(T“”%), the claim follows. O

Remark 4.28. Keeping in mind that \/vary(Ty) ~ VT (see Proposition , and
VT =T (1 + 0O (k)%ﬂ—lTl)), the above corollary beautifully resembles the according small-
ball probability of Brownian motion in (4.4.9).
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5. From Uniform Stability to Instability

The variety of RFDEs is far too rich to reasonably wish for a uniform discription of typi-
cal stochastically perturbed path behavior in terms of concentration inequalities in general.
We will focus on a particular generalization of potential-driven SDEs which are not only
subject to an instantaneous potential-induced feedback, but also feel the time-delayed feed-
back coming from a second, possibly different potential. For one thing this constitutes a
straightforward generalization of the classical potential-driven SDEs and was considered
e.g. in [FI05|, and for another thing, it is also the obvious generalization of SDDEs from
Chapter [ to time dependence and non-linearity. There are two applications that serve as
paragons for our study. The first one is a variant of the linear SDDE (4.0.1)), which we
studied for constant coefficients in Section [l We will equip the differential law with time-
dependent coefficients that slowly travel out of the area of stability S which we sketched in

Figure [d] The second is the symmetric pitchfork bifurcation. Details are presented in the

Example

5.1. Setting and the Replacement System

We will generally keep the assumption of a fixed delay length, although it is not strictly
necessary. We will consider the topic in hindsight in Subsection to give some details
why and how the derived results can be directly extended to more general delay feedback.

In general, fixing the time delay r > 0, we end up with systems of the form

dx(t); fa(t),t,x(t —r),t —r)dt + odW(t) forte€[0,7), (5.1.1)
To = )

where we assume that T € C(J,R), 7 := inf{t > 0 : (z(t),t,z(t — r),t — r) ¢ D} for some
appropriate domain D C R x [0,00) X R x [0,00). As usual, random perturbation through
Brownian motion is scaled by the factor ¢ > 0. The systemic influence from the current

position and delay-related influence are supposed to add up, which means we assume that
the drift term in ((5.1.1) can be represented as

flz,t,y,t —r)= f(x,t) + g(y,t) for all (x,t,y,t —r) € D. (5.1.2)

For notational purpose, we reduce the time dependence of both coefficients to ¢. This might
seem to be a simplification, but as long as the delay r is deterministic, this is only a matter
of definition. We conveniently assume that the coefficients f and g share the same domain.
And that common domain D C R x [0,00) of f and g together with the two mappings
f and g are assumed to fulfill a catalog of conditions that we are going to present and
motivate below. Specific assumptions that rely on the state of the transition phase will be
added in the corresponding subsequent subsections. The reason why we do not phrase all
conditions at once, but only reinforce them stepwisely is this: We will consider more general
situations for instance in the uniformly stable phase, while our techniques for the transition
phase require stricter assumptions. Those crucially depend on the nature of the very point
where systemic properties change. Those properties are usually linked to different types of

bifurcation points.

e The coefficient functions f and g are supposed to be twice continuously differentiable in
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their spatial argument and also twice continuously differentiable in their time argument,
and their derivatives bounded in D. The set of those functions is denoted by C;**, and
we use the common short-hand notations
92

O0x0x

h(z,t), h(z,t) = gh(m t) for all z,¢,

2h(a:,t), haz(2,t) = o

he(z,t) = o

and in the same way the mixed derivatives are denoted h,; = hs, are at least continuous
and bounded.

e Bounded continuous differentiability of f(-,-), g(-, -) ensures the existence of ((z, t)-uniform)

constants

my = sup |fe(z,t)| < oo,
(z,vt)eD

mg = sup |gi(z,t)| < oo,
(z,vt)eD

dg:= sup |gz(z,1)| < o0,
(z,vt)eD

dy == sup |faz(z,t)| < oo.
(z,vt)eD

We denote M :=mj + my.

We assume that the system evolves slowly in time and we will control that speed with a small
parameter v > 0. This assumption is natural, since there is no hope for path-concentration
behavior if the system changes wildly. Thus, based on (5.1.2)), we will consider systems of

the form

d(t) = j(x@)uﬂ—%g@(t—7ﬁ¢¢ﬂdt+ad%%ﬂ for t € [0,T/v],
aioz’r.

(5.1.3)

It is worth mentioning that the random noise term is unaffected by this modification.

The one-dimensional setting generally allows for an interpretation of ( as potential-
driven differential law. To this end denote F(z,vt) := fo (u, vt) du and G(z,vt) =
Iy 9(u,vt)du for all (z,vt) € D. Then, the differential law can be written as

dz(t) = =V F(z(t),vt)dt — V,G(z(t —r),vt)dt for all t € [0,T/v].

Here V. F for instance denotes the derivative of F' with respect to the first argument. In
particular, slow evolution in ¢ visually means that the steepest slope of the potentials F'(z, vt)

and G(z,vt) with respect to time scales with v > 0, i.e.

< fa,vt)

sup dt

(z,vt)eD

+ sup
(z,vt)eD

jtg(m,l/t)‘ <wvM.

As a key tool for the description we introduce the replacement (ordinary) SDE

dz(t) = f(@(t), vt)dt + g(z(t), vt)dt + cdW (t) for t € [0,T/v),

7(0) =T(0) e R (514

Through a time change vt = s, we receive an equivalent fast-time formulation of the system
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(5.1.4):

vdz(s/v) = f(Z(s/v), s)ds + g(T(s/v), s)ds + %dW(s) for s € [0,T),

_ (5.1.5)
7(0) = T(0).

This is convenient, because accelerated Brownian motion (W (¢/v)):>0 has the same distri-
bution as the rescaled Brownian motion (v~ =W (t))y>o. The notation W emphasizes that
it is not the original Brownian motion that we consider in that place. Setting ¢ = 0, the
differential law of can be regarded as a slow-fast system via

V() = F@(1), y(1)) + g<x<t>,y(t>>,} for >0
y(t) =, 7
with initial conditions: Z(0) = Y(0), y(0) = 0.

(5.1.6)

The multiple reformulation of the system provides that we can acquire results from slow-fast
dynamical systems to learn about the intuitively arranged System It is the central
point of the subsequent sections to specify and verify that. We continue with the definition
and notations regarding equilibrium branches and adiabatic solutions. We refer to the
collection of (z,t)-tuples from D that satisfy f(z,t) + g(x,t) = 0 as the slow (replacement)
manifold

M :={(z,vt) e D: f(x,vt) + g(z,vt) = 0}.

We assume that there is a continuous equilibrium branch (2*(t),vt).e0,r/, that lies in
M and that the potential curvature A*(t) := f.(a*(t),vt) + g.(a*(¢),vt) along that path

satisfies:

<0 for allt<T2/l/,
A*(t) s =0 if and only if t = Th /v,
>0 for a11t>T2/V-

Here T is chosen independently of v. We will refer to A* (t), t € [0,T/v], as the stability ma-
triz and it may be interpreted as the curvature of the potential (F+G)(z, vt) along the equi-
librium branch z*. We identify the continuous equilibrium branch x* = (z*(t), vt)ic[0,7/1]
with the process 2* = (2*(t)).e[0,7/1 referring to both of them simply using the declaration

T*.

e The CZ 2_condition on f and g ensures that intersections of equilibrium branches can
only occur in T5/v due to the implicit-functions theorem. It provides that the equi-

librium branch z* is C! and

%m*(t) - (A*(t)f1 : (z/(ft + ) (@ (D), Vt)) for all t # Ty /v, (5.1.7)

where t # Ty /v ensures that the stability matrix satisfies A*(t) # 0. This equilibrium-
branch concept does neither depend on time-delayed influence nor on any initial seg-

ment, and is therefore a suitable choice as a reference.
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e To avoid technical issues, we assume that D generally has sufficiently nice properties,

i.e.

> For sufficiently small v > 0, the equilibrium branch z* remains inside D, bounded

away from the boundary 9D.

> There are constants R_, Ry > 0 such that [-R_, R_|x[0,T/v] C D C [-R4, R4+]%
[0,T/v].

> To have first-exit-times be stopping times, we further assume D to have a suffi-

ciently nice boundary.

We will identify the uniformly stable phase with the slow time interval [0,75/v]. In con-
trast to Th, T3 there is no canonical choice for Tj. To motivate the concept of a v-adiabatic
solution we proceed with a review of the ewistence of v-adiabatic solutions and the slaving

principle through the following remark:

Remark 5.1 (Review). In the above situation suppose that the stability (scalar) matriz is

negative and bounded away from zero over [0,Ty/v]. Then, if the deterministic counterpart

of the differential law of , i.€e.
{df(t) = f(Z(t),vt)dt + g(T(t),vt)dt fort e [0,Tp/v), (5.1.8)

evolves slow enough, i.e. v is small enough, there exists a solution (xad(t))te[O,TO/l,] of
that remains close, which means at a distance of order v, to the equilibrium branch.
Such a particular solution will be called a v-adiabatic solution. Furthermore there is an
open environment E, C D, that contains x*, and all solution paths that are initiated at
some (xz,vt) € E, run exponentially fast to the adiabatic solution. This phenomenon is
sometimes referred to as the slaving principle. Its establishment goes back to the work of
Tikhonov [Tih52] and Gradstein [Gra53]. The existence of an adiabatic manifold in a close
neighborhood of the slow manifold follows from Fenichel’s geometric approach to perturbation
theory [Fen79], see also [BGOG] or [Kuel)| for details and further references. As indicated,
the listed literature provides the result for the fast-time variant of the system.

As another convention we will assume that the equilibrium branch and the r-adiabatic

solution exist over the whole interval [—r, T/v].

Remark 5.2. In principle, we think of the system to exist from time —r on, while the
observation time starts in 0, and this way we compensate the interpretational dilemma that
arises from the need of an initial segment to have the retarded differential equation well-
defined.

Regarding the adiabatic solution and the instantaneous feedback, the following properties
are supposed to hold. The first one is a restriction especially on the bifurcation. The second
requires a positive curvature of the instantaneous potential F'. The third one is a minimal

assumption on the domain.

e 22 is a v-adiabatic solution throughout [—r,T/v]. Over [—r,0] this is the above
stated convention. Due to the Fenichel theory it is naturally given over [0,Tp/v], but,

apart from that, it is an assumption that partly characterizes the form of transitions
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t

Figure 7: An illustration of the slaving principle, where po symbolically stands for some ab-
stract parameter. The blue surface represents a slow stable manifold, the green one
the adiabatic manifold which lies in a close neighborhood of the slow manifold. If
the time is rescaled by a small factor v, then there is an adiabatic manifold within
an O(v)-neighborhood of the slow manifold. The dotted line represents a particular
solution that lies on the adiabatic manifold and which is therefore referred to as
adiabatic solution. The full line indicates how an arbitrary solution is attracted by
a corresponding adiabatic solution.

that we are going to study and describe. This assumption is satisfied for instance if
the potential F' + G features a symmetric pitchfork bifurcation, while it is not in the

asymmetric case.

e The potential F(z,vt), that refers to the instantaneous feedback, is stabilizing along
the equilibrium branch with a curvature that is bounded away from 0, which means
that

fa(z*(t),vt) < —a_ <0 forallt e [0,T/v] (5.1.9)

e We assume that v > 0 is sufficiently small that, next to the continuous equilibrium

ad

branch x*, also the v-adiabatic solution z*¥ remains in D, bounded away from its

boundary 9ID. We use the short-hand notations

a(t) :== —fm(:cad” (t),vt),

(5.1.10)
b(t) == go(z® (t —r),vt) for all t € [0,T/v].



84 5.1. Setting and the Replacement System

We further assume that a(-) > a— > 0 for all ¢ € [0,7/v] and some a_ > 0. This
assumption is generally satisfied for arbitrary a_ < a_ if v is small enough, because
of the preceding item of this list.

The initial maximal distance between the solution (x(t)):eo,r/,) of (5.1.3) and the adiabatic
solution over [—r, 0] is denoted by

sup |z(t) — 22 (1) =: |0 < oo, (5.1.11)
te[—r,0]

and || To|| is assumed at least not to be too big. Honestly, this is an assumption for the comfort
of notation. In general there is no convenient concept to describe the initial influence of the
delayed feedback when a system start is considered in ¢ = 0, and there are possibly different
interpretations for the delayed feedback on [0, ], when the system originates only in ¢ = 0.
We are going to specify the respective conditions later on. Regarding the nonlinearity, we
assume that there are constants Ny, Ny > 0 and remainders Ry, Ry : R x [0,7] — R such
that

f(asad” (t) +y,vt) = f(:Ead“ (t),vt) + fz(asad” (t),vt)y + Ry (y,vt) with

IR (y,vt)| < ny2 for all (xad” (t) +y,vt) € D,

9@ (t —r) +y,vt) = g(x* (t — ), vt) + go (2% (t — ), vt)y + Ry(y, vt) with
IRy (y,vt)| < Ngy2 for all ((Ead” (t—r)+y,vt) €D,

and for convenience, denote NV := Ny 4+ N,. We are going to continuously track the role of
the nonlinearity although it is neither supposed to be big nor to be small. In order to do so,
we will explicitly list the N-terms in the Landau symbols O(-). We will generally assume
that vN < 1.

The collection of properties, that we have just stated, concerning the existence of an equi-
librium branch and a v-adiabatic solution, the appropriate domain, slow time, and so forth
does really only depend on the concept of the replacement system . The whole setting
is arranged in a manner that makes established results applicable. That includes the exis-
tence of the v-adiabatic solution as well as the techniques of [BG06| providing concentration
inequalities concerning the replacement system. But, roughly speaking the approach bears
the flaw that the delay-influenced underlying deterministic version of the system
and the constructed v-adiabatic solution do not share the same differential, not even up to
nonlinearity. The reason why we did not choose some appropriate adiabatic solution with

respect to the delay-influenced law is the following:
e The equilibrium branch is no longer uniquely defined. Proceeding as before, i.e. choos-
ing
x*(t) such that f(z*(¢),t) + g(z(t —r)*,t —r) =0,
leads to an equilibrium-branch concept that depends on an initial segment and there
is no ultimately convenient choice for that. For example one might take the respective

initial segment Y € C([—r,0]), but such a path dependence is highly undesirable for

an attempt of a uniform description of sample paths.
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Status report. What we have arranged is a setting that features a well-defined equilibrium
branch concept. And based on that we have established the existence of a v-adiabatic solution
in uniform stable environment and, by assumption, over the whole time interval [0,T/v].
There are well-known systems of potential driven SDEs that satisfy these assumptions; or
at least that have a decomposition of f and g such that the assumptions are satisfied. Fur-
thermore, the concentration behavior of solutions can be comfortably compared to the related
results established in the literature. Altogether, the consideration of an adiabatic solution
of the delay-free replacement system provides numerous beautiful properties that make it an
ideal reference object. In that regard, the delay-influence term that originally acts on the
differential law is understood as a perturbation of the nonlinear replacement system
G.14).

Remark 5.3. The different phases of transition will be characterized through time points

%, %, %, ..., which are related to the potential curvature along a v-adiabatic solution. But,
as the v-adiabatic solution is not unique, this leads to a blur in the definition of time points.
This inaccuracy will be only of order 1 in slow time and of order v in the fast-time formu-

lation, for instance:

Ty = inf{t € [0, T/v] : f(z*(t),vt) + g(x*(t),vt) = 0},
Ty :=inf{t € [0,T/v] : f(z*¥(t),vt) + g(z® (t —r),vt) = 0}. (5.1.12)

Then, under the given assumptions T, — Ty = O(v). And therefore, we will neglect it and
proceed as if the v-adiabatic solution as well as the corresponding points in time were uniquely

defined.

5.1.1. Justification for the Approach

The previous subsection has presented a comfortable basic setting serving a v-adiabatic so-
lution that provides an excellent basis for comparisons with deterministic and stochastically
perturbed systems in the delay-free case. This subsection is solely devoted to the presenta-
tion of the results that will be achieved in the course of the subsequent sections. Thereby, it
also serves as a justification. Roughly, the subsequent study is divided into two parts: The
first part describes the uniformly stable phase in Subsection while the actual transition
phase is studied in the second part in Subsection [5.3] Due to the necessary reinforcements
of restrictions, the two parts have been separated. Figure |8] serves an illustration of the
different transition phases an typical pathwise behavior. In order to simplify comparisons
with the results of [BGOG6], all time lengths are stated in fast time, although the description

as well as the subsequent validation of results will use the slow-time formulation.

e Initial layer. In practice, concentration properties can sometimes only be established
after the system has cooled down, which means after initial conditions have been mostly
compensated and the system has approached some kind of invariant state. In that
situation the initial time interval that is needed for relaxation is regularly referred to
as an initial layer. Our study begins in Subsection [5.2] with the system in a uniformly
stable regime, especially because it is the only phase of the transition, where we can
deal with initial-layer phenomena in principle. We will show that during the uniformly

stable phase [0,7,/v], a solution path initiated at a distance up to order 1 from the
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v-adiabatic solution x®d~ typically approaches 2% up to a size of order v within a
fast time of order /v |log v| with high probability if only o < @. In the delay-free
case, this cool-down time typically is of order |vlogv|.

Uniformly stable phase. Once the process has entered an environment of order v

around z?d, we will show that

ly(s)| Ty h?
P {Se[?)%z/u] 0 > h} < —3 OXP <(1 - 7)@(1 + O(v| 10g1/|))) ,

where y(t) = x(t) — 224 (1), ((t) = m with a(-) and b(-) defined in (5.1.10)

and 1—7 := mingeo,1, /1) 1 — |Z((g| . It is worth emphasizing that ¢ is defined with regard

to the delay-free replacement system, which provides easier comparability. Further,
the A must be chosen at least of order v. The applied approach is closely related to the
method from [BGO6, Proposition 3.1.5] which we will call Bernstein-based approach,
see also [A.I] In contrast to the delay-free case, the exponent features an additional

factor 1_77, and this one can not be improved further than to 1 — « with the method

we apply.

Shallow curvature. The above introduced 7 can naturally be seen as a measure of
stability; details are given in Theorem below. We consider the fast-time point T}
as the point where 1 — % = /v logv|. We will show that a typical solution path

remains within a distance of order /v’ up to 77 in Subsection m

Loss of stability, increasing instability. As we mentioned before, the path behav-
ior through the bifurcation point T5/v, defined in (5.1.12), crucially depends on the
kind of bifurcation. Considering symmetry conditions similar to the symmetric pitch-
fork, where the equilibrium branch and the v-adiabatic solution coincide and form
a flat line through the bifurcation point, we will show that a typical solution path
remains in an environment of order /v at least for a fast time T3 — T of order /v
after the bifurcation point. In particular, quadratic nonlinearity is assumed to vanish
and to be of order at most \/v'|logv| in [T1,T»], and at most of order /v’ in [T%, T3]
This transition is divided into two parts considered in Subsection and Subsection

b33l

Early exit. Subsection deals with the question how long a solution path typically
needs to exit from a neighborhood of order 1 from the unstable equilibrium branch. Ne-
glecting nonlinear terms in the differential law, a transformation to a nonautonomous
analogue of the critical regime is established. Under further simplifications we will
show that typically a fast time 7' — T3 of order /v | log o] suffices for the path to leave

an environment of order 1 around the adiabatic solution.

In Subsection we consider a further reinforcement of assumptions and confine to the

special case of uniformly symmetric potentials F' and G rather than assuming that they are

only symmetric at the transition time 75. That implies the absence on quadratic nonlinear

influence and provides a significant improvement in the description of the phase between

uniformly stable phase and the shallow-curvature phase [Ty, T1].
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o Bquilibrium branch a*
ad,

— Adiabatic solution z

Figure 8: Sketch of the typical path behavior during different transition phases. All time
points and durations are labeled in fast-time.

5.2. Uniform Stability

In order to establish concentration phenomena for the system in the uniformly stable
phase [0, Ty /v] we start with the consecutive-boxes approach in Subsectionthat espe-
cially provides a treatment for the solutions that start at some distance from the equilibrium
branch, and the adiabatic solution respectively. The resulting typically contractional behav-
ior is represented in the Figure [§] through the light-blue double-sided environment of boxes
centered around x® and the clear blue tube of size . Once the initial conditions have been
mostly compensated through consecutive boxes, through the Bernstein-based approach we
present a technique similar to [BGO6| in the subsequent part

As usual uniform stability is characterized by the property that all eigenvalues of the sta-
bility matrix have negative real parts and these are bounded away from zero. In our
simple dimension-one case, the stability scalar (matriz) at (x*(s),vs), given by A*(s) =
fo(2*(5),vs) + g (2*(s),vs), has an easy form; the only eigenvalue of A*(s) is its very value.

Therefore, the uniform stability is characterized by the existence of some x > 0, such that
A*(s) < =k <0 for all s € [-r,Ty/v], (5.2.1)

and k must be independent of v for sufficiently small v. That prevents us for instance
from choosing Tp such that A*(s) = O(v). As we reviewed in some detail in Remark
through Theorem 2.1.8 (Existence of an adiabatic manifold)] or Theorem
3.1.4 (Fenichel’s theorem)] the uniform stability assumption provides the existence
of a v-adiabatic solution 22 (t) = 2*(¢) + O(v). In other words, for all v € (0, vp], there is
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a constant § = 0(vg) > 0, that only depends on vy, such that
|z?t (t) —a*(t)| < 6v  for all t € [0, Tp/v]. (5.2.2)

As a notational convention we will generally assume that a v-adiabatic solution satisfies
(5.2.2). Uniform stability of the equilibrium branch is the key to path concentration in the
delay-free replacement system given that time evolves sufficiently slow. In order to achieve

analogue results in the delay-influenced case, we need the additional assumption that
[b(t)| < a(t) forall te[0,Tp/v]. (5.2.3)

That kind of assumption is unnecessary when only considering the replacement solution.
In particular, a big negative b(-) is advantageous for the stability there, but regarding the
delay-influenced case, a negative b(-) is no longer necessarily tame and welcome, because if

it is sufficiently big, it will trigger oscillations with exponentially increasing amplitude.

Proposition 5.4 (Characterization of (5.2.1)&(5.2.3))). Consider the setting of Subsection
[5.1} For sufficiently small v > 0, the uniform stability condition (5.2.1) together with (5.2.3)

is equivalent to the existence of some 5 > 0, independent of v, such that

b(s)| _ -
1— ma > . 5.2.4
se[o,Tzc/u] a(s) v ( )

Proof. By slow evolution of the equilibrium branch through (5.1.7) we also have slow evolu-
tion of the adiabatic solution 22 i.e. |22d" () — 224 (¢t —7)| = O(v) for t € [r, Ty /v]. Then

uniform continuity of f, and g, provide that

o™ (2),vt) = fu(a™d (), vt)] = O(v),

for all ¢ € [0,To/v]. (5.2.5)
|92 (@™ (t), vt) = go (& (t — 1), v)| = O(V)} '

And hence, the uniform hyperbolicity assumption (5.2.1) and (5.2.3) imply that for suffi-

ciently small v there is & > 0 such that

fac(xadu (t)’ Vt) + |gm(madu (t - ’I“), Vt)| < =K
& |fol@® (1), v0)] = [ga (@ (t = 1), v8)| > &
o ) N

| fo (2 (), vt)] | fo (@2 (), vt)]

< 1 for all ¢ € [0,Tp/v].

The final term in the above equivalence relation is in (0, 1), because f, is bounded. Therefore,

for sufficiently small v, there is

K

- iof —— " (0,1
te(0.To/v] | fo (22 (1), 1)) (0,1)

such that

|Z((?) <y<1 forallte]|0,Ty/v]. (5.2.6)

For the converse it is easy to see that both (5.2.3) and (5.2.4)) follow directly from (5.2.6). O

In particular, if v is sufficiently small, then
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e a(-) > a_ > 0 uniformly on [0, Ty /v] for arbitrary a_ < a_ through (5.1.9) and (5.2.2)),

e % < 1 can be chosen independently of v.

5.2.1. Consecutive Boxes

The following assumption actually serves the existence of some tube around the v-adiabatic

solution in which we will establish an attraction of paths:

There are R > 0,4 € (0,1) with R +

NR2 M R
v (Tﬁ + 26) dy=4R.  (5.2.7)

The appearing R can be understood as the radius of that tube. In an intermediate step we
will show that solutions, that do not deviate more that such an R (satisfying (5.2.7)) from
the adiabatic solution, are attracted by the adiabatic solution path. We define the set

S:={R € (0,00) : Thereis 4 € (0,1) such that the equality in (5.2.7) holds}. (5.2.8)

Condition (5.2.7) is a requirement on how small v, R, N and ¢ have to be and it reflects
what we can expect of a region that ensures a contractional behavior, namely:

e Condition (5.2.7) is violated, if R is too big. This is due to the quadratic influence and

the fact that this non-linearity can amplify the effect of large terms (of deviation).

e Condition is also violated, if R is too small, while it is worth mentioning that,
to this end, R has to be small in the sense of v. The effect is mainly due to the
fact, that the system changes with time and that the adiabatic solutions can track the
equilibrium branch only at a distance of order v. Non-linearity only plays a negligible

role at this point.

Deterministic Case.  Let 29" = (29°(t)),¢(0,1, /uamp) denote the unique solution of the
deterministic counterpart of (5.1.3), where 7p := inf{t > 0 : (z9°(¢), vt) ¢ D} as before. In
the course of this subsection we show that under reasonable assumptions an initial segment
xdt which is not situated close to the equilibrium branch, induces a solution path that
enters an environment around the equilibrium branch with diameter of order v before a
time of order |logv|//7’, and does not leave before Tp/v. We let y9°* = (y), (0.7, /unmp)

denote the deviation of z°* from the adiabatic solution, i.e.
ydet(t) = 29 (¢) — 22 (t)  for all t € [0, Ty /v A Tp]. (5.2.9)

We further quantify the initial condition (5.1.11) by assuming that for some Ry > 0, we
have that

lydt ()| < Ry for all t € [—r,0]. (5.2.10)
Then, denoting

TRy :=inf{t > 0: |y ()| > R} forall R >0,



90 5.2. Uniform Stability

and, as long as t < 7, (y4°") A mp A (Tp/v), we have that

dy*t(8) = [F@ 24 (8), 1) = F (2 (8), )| dt + (9@ (¢ = 1), v) — (2™ (1), vt) | at
= [l (), )yt (8) + Ry (4 (8) — 2 (1), wt) |t
+ gt = ), ) — g(a (¢ = 1), v) | dt (5.2.11)
+ gt = r),vt) — gla (), v) b
= Lol (), )yt (8) + Ry (4 (8) — 2 (1), wt) |t
- ga (@ (1 = ) w0t (= 1) + Ry (a9 (= 1) — 2 (t = 7),wt) | b

+ g (e = ), vt) — gl (1), ) dt. (5.2.12)
Let us focus on the process = = (Z(t) : t € [0,To/v]), which is defined by
E(t) := g™ (t —r),vt) — g(a®¥ (t),vt) for all t € [0, Tp/v]. (5.2.13)

The quantity = represents the mistake that is caused by using the adiabatic solution with
respect to the replacement system (r = 0) as the reference for a delay-influenced solution. As
stated in (5.2.2), the v-adiabatic solution (2% (£));[o,1,/,) Temains close to the equilibrium
branch (2*(t));e[0,00)- We use that to deduce an estimate for =. First, we note that

|mad” (t) — zdv (t—r) <|z*(t) —a*(t—r)|+26v forall t €[0,Tp/v].

Then, the implicit-function theorem provides differentiability for the replacement equilib-
rium branch and by (5.1.7) we know that

() —ax*(t—r) = /t_ dx*(u) = /t_ (A*(u))_1 . (V(ft +9t)($*(u),uu)>du
N |:U*(t)—x*(t—7“)|§/t %-uMduSV% for all ¢ € [0, Ty/v).

Furthermore, as the spatial derivative of g is bounded by d,, we attain the following upper-

bound estimate on =

Md,

2(t)| <wveyg foralltel0,Ty/v], where ¢y := max ! +20d,,1 ¢ . 5.2.14
g

The lower boundary 1 was taken for technical reasons; it will avoid that we might divide by

zero later. Continuing from (5.2.12)), and denoting a(t, s) = f; a(u)du and «a(t) = «(t,0),
we receive by the (classical) variation-of-constants formula

t
ydet(t) _ ydet(o)efa(t) +/ efa(t,u)b(u)ydet(u o r)du
0

t
+ / e—(tw) (Rf (xdet(u) — 2™ (u), Vu)
0

+ Ry (29 (w — 1) — 2 (u — 7), vu) + E(u))du for all ¢t € [0,Tp/v].
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By monotony of the integral and the triangle inequality we therefore have that

t

[y ()] < [y (0)]e o + / &0 () [y (u — )|
0

t
+/ et (Nf (ydet(u))2 + Ny (y* (u — r))2 + I/C()) du for all ¢t € [0,Tp/v].
0

(5.2.15)

Using (5.2.6]), we obtain that

t
[ esemib) ™ w - ldu
0

— tefoc(t,u)a " |b(u)| det u—1)du
/ (1) e = )l

<~vRo /Ot a(u)e W dy = yRy(1 — e M) forall t € [0, TR, (y9°t) A (To/v)),
and also that
/Ot e o(tu) (Nf (yd“(u))2 + N, (yd“(u — T))2 + I/Co) du
< i— (NR% + vep) (1 - e_a(t)) for all t € [0, 7g, (yt) A (To/v)] -

So we may deduce that

NR?
()] < Roe—o® + (WRO N ZHCO) (1 eme) (5.2.16)
NR2 + NR§ + -
_ <VRO+(;”C°) + (RO_WRO_ ZVCO) o—alt)

for all ¢t € [0, 7R, (y9°t) A (To/v)] .

Assuming that Ry € S, we observe that

NRZ + veg

< Ry =4 R()—’YRQ— > 0.

Therefore, we know that in (5.2.16]), we truly observe a monotone exponential decay in ¢
on the right-hand side. We store the straightforward implications inside the following two
corollaries:

Corollary 5.5. If we assume that |yt (t)| < Ry € S for all t € [-r,0], we have that
[yt ()| < Ry for all t € [0,7r, (y"") A (To/v)]

actually providing that T, (yi°*) > Ty /v. Moreover, fort > log(2)/a_ we have e~ < 1/2
and so,

o NR: +ve 1 NR?Z + ve
< (v MEEI) 3 (g, Nt

— a_

_ o
T2

a_ a_ Ry

N 1 log 2
(1404 500 200 poraitv e |52, 7y () n (3|
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Corollary [5.5 manifests the concept of a decay factor by which the initial distance between
r9 and 224 is multiplied after evolving for at least log(2)/a_ units of time. This relation
between the current distance y4°* and the decay factor is fixed in the following definition.
The below remark gathers its essential properties. The underlying mathematics is so basic
that is does not seem necessary to formulate a proposition-proof scheme. Furthermore, a bit
of a reminder is included to have all the related facts collected at a glance for the forthcoming

computations.
Definition 5.6. Define the decay-factor function ¢ : (0,00) — [0,00) by

1 1 176} 147 N veg 1
— (1 7(N 7) S 0 A B lla e (0,00).
q(z) 2( +y+ — (Ne+ — > 5t Tt5. > for all z € (0,00)

(5.2.17)

R
1
q0
q
Qmin
0 R.  Ruin R., v

Figure 9: Illustration of the decay-factor function ¢ and related quantities.

Remark 5.7 (Properties of the decay-factor function).

(i) The set S, defined in (5.2.8), allows the characterization

S={z€[0,00):q(z) € (0,1)}.

(ii) Intersections with 1. Note that ¢y = Widg +24dy, defined in (5.2.14). Then, q(z) =
| & xedS={R, R, } with

Ca_(1—-7) a(1=9)\> ve Ca(1=7v) a-(1-9) dvegN
R =58 _\/< 2N >_NO_ 2N 2N l_a%(li'y)Q

|4 &) 2
=——+0(v’N),
a—(1-7) ()
1
R a_(1—7) n a_(1—+7) 2 ey a_(1—7) N a_(1—7) - dveg N
+ 2N 2N N 2N 2N a?(1—~)2
a—(1-1)
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(iii) Derivatives

d*q(z)  wvep 1
i 20 2022 "™

T o 3 for all z € (0,00).

In particular, q is strictly convex and strictly decreasing on (0, Ryin), where Ruyin =
rVCo
=

The mapping q has a unique global (restricted to (0,00)) minumum at © =
Ruin, which comes along with the minimal value

1+~ N J/vcy veg VN 1+~ 1
min ‘= Rmin = — = — —/ Necy .
¢ a ) 2 + 2a_ /N 2a_ /vcy 2 + a vy

(iv) All points on the secant segment, that connects (Rys_,1) and (Rmin, qmin), lie above

the graph of q. The points’ values of the secant segment are given by the mapping
qo : [R«_, Rmin] = R, defined as

R - Rmin
qo (Rt + ;1:) =q(Ry_) — al };’) _q}(% )x for all x € [0, Ruin — Ri_]-

Convezity yields that go(x) > q(x) for all x € [Ri_, Rumin)|- With q(R._)
that leads to the following inequality:

QO(R*,)

R - Rmin
o)~ a(Re +2) 2 Ry ) (R, ) = W) U o)
for all z € (0, Rnin — Ry_)

(5.2.18)

Corollary 5.8. Let €, > 0 such that R,_(1+&4) < Rmin, Ro € [R*f(l + @),Rmin], and
define R; := q(R;—1)R;—1 fori={1,...,n}. If n € N is such that R; > R,_(1+¢,) for all
i€{l,...,n}, then q(R;) < q(R._(1 +¢€.)) for alli € {1,...,n}. Furthermore,

R; < Roq' (Re_(1+4¢4)) forallie{0,...,n}.

Lemma 5.9. Suppose Ry € (R*f(l + 5*),Rmin) for some e, > 0, then
Ve
q(Re_(1+e,)) <1-VUN 2705* + O(vNe,).
Proof. Setting x = e, R,_ in ([5.2.18]), we deduce that

d(Re (142) ao(Ra (1+2)) < () - W) =0 p
-1 1- q(Rmin)

R, &,.
Rmin - R*_ -©
We note that
1+~ 1 -
1 —q(Rmim) =1-— —5 - —+/VN¢yg = —— + O(VVN),

and that
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Bin = R = |7 = o=y +OWN)
So,

1= q(Ro) 52+ O(VIN) JEL L o) JE

= = = O(N
R /2 (var+0(VoN))  va o) v+ o) O
ENEEEE - _ N1y
\/j 5 <ﬁ+o(ﬁ)>+0(N)\/?2ﬁ+O(N).
Altogether, we have that
g(Re_(14¢,)) <1- (\/7;\;% + O(N)) R, &4
=1- (ﬁ;\/%JrO(N)) (a,(ljlco—’)/)+O(V2N)> Ex
—1- (Vo 1-7 Ve UN + A2N32) ) ¢
(\/W . a_(l_v)+0( N+ 32N ))*
- —mm@é‘*+0(1/]v€*).
0

Theorem 5.10. Let e, > 0 and |y%*(t)| < Ry for all t € [-r,0]. Denote 0; = i(r +
log(2)/a_) for i € N.

a) For Ry € (R*f (1+e4), Rmin) we have that
|ydet(t)| <R, (14¢€,) foraltelb, —rTo/v),

where ny is given by

. . 20,, R*7(1 + E*)
n* = TN log o (1 + O(\/VN)) .

b) For Ry € (Ruin, Ry (1 —€,)) we find that

|yd“(t)| < Rpmin  for dllt € [0, — 7, To/v),

where
log Lanin . v/
m, = 3 Ry S log Rmm 2 + 1) vIN
IOg(J(R*+(1 _5*)) Ry 5*(1 _7) Ex

o (log(Ro) t |logu|) |

Ex
Proof. Defining Ro= Ry and R; = Ri_lq(Rt(l +¢&,)) for all i € N, by Corollary and
Corollary we know that R, < R,V R, _ (1+¢,) for all n € N, where (R;);en is defined
as in Corollary In particular, we have the following;:
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R, <R, (1+¢&,) or R,<Roq"(R. (1+e.)) forallneN.

Then, we observe that

Roqn (R*, (1 + 5*)) <R, (1 + 5*)
R, (1+¢,)
Ry

1
|log g(R«_ (1 +&4))]

& n > |log =:ng.

As 1—12 < e * and therefore log(1 — ) < —z for all « € (0, 1), we have that
That reveals with Lemma [5.9] that

1 1
Tog(i=2)] = &-

R*_ (]- + 5*)
Ry

R, _ (1 + 5*)
Ry

1
VUN 5%, + O(vNe,)

coj%g* (1 + O(W)) :

which through Lemma shows the first part. The analogue assertion for |zd¢*(t) —

2% (1)] € (Rmins Ru, (1 — £,)) is straightforward. The same ideas as before yield a sim-

ng < ‘log

= ‘1og

ilar decay factor in that case; we find that

Q<R*+) - q(Rmin)

1—
G(Rey(1—e.)) <1 Rieo=1-—Te.+0(eVNV).  (5.2.19)

R*Jr - Rmin
And the rest of part b) relies on mere computations. O
Remark 5.11. e The above condition on n* is surely not optimal; in particular, we

det

have used a uniform (lower-bound) rate on which yi°t approaches x>, although the

rate is (much) better when the distance between yi°* and z* is not yet O(v).

e The applied upper bound for the decay factor in (5.2.19) used in part b) is unaffected
— despite correction terms — from the small parameter v. This is the reason why the

my @s small compared to n, when v gets small.

Summarizing we have shown that if a deviation process y¢t(t) = x4 (t) — 22w (t), t €
[0, T /v] for some ty € [0,Tp/v] satisfies ||lyf*|| < Ry, then the following assertions hold

true:

e For any ¢, > 0, if Ry < R,_(1 +¢,), then 29¢* remains within a distance of order v

around the equilibrium branch at least up to time Tp/v.

e Foranye, > 0,if Ry > R,_(1+¢,), then x9et enters a neighborhood of order v around
the equilibrium branch within a time of order |logv|/4/v" and does not leave before
T()/I/.

In other words: For every e, > 0 with R, (1 +¢,) < R, the set of paths

M., = {(@(t))te[-rm /) satisfying (.13), [lz(t) — & (O)ll[-r/m/0) < Re_ (1 +e4)},

constitutes an invariant manifold enveloping the v-adiabatic solution with diameter R, _(1+
€x) > 0. Further, we have shown that the invariant manifold M., is attracting with basin

of attraction

A:={TY eC([-r,0],R) : ||T| <|R.,| and the according solution remains in D} .
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Additive Noise. In this section we extend the consecutive-boxes approach to white noise.
The ideas remain mostly the same and so do the calculations. To begin with, we review
a concentration inequality of an Ornstein—Uhlenbeck process with additive noise in stable
regime, which will turn out to be helpful for our attempt later on. The result can be found
beautifully presented in [BG06, Chapter 3.1.1], where it is formulated in greater generality
than the adapted form that we present below. We consider the Ornstein—Uhlenbeck process

with white noise (2(t)).c[0,00) Which is the unique solution of

dz(t) = —a(t)z(t)dt + dW(t) for t >0,

(5.2.20)
z(0) =0,

where a(t) = a(vt) > a_ for all ¢ € [0,00) for some continuously differentiable a : [0, 00) —
[a—,0). The initial value 0 reflects that it is truely all about deviation. The related variance
process v(t) = var z(¢), t € [0,00), then satisfies the differential law

dv(t) = —2a(t)v(t)dt +1 for all t € [0, 00), (5.2.21)
and its equilibrium branch is given by ¢ — 1/2a(t),t € [0, 00). Then, we obtain the existence
of a v-adiabatic solution (((t)):e[0,00) that satisfies

¢(t) = 2a1(t) +O(v) forte[0,To) (5.2.22)

for any finite Ty > 0. Essentially by [BG06, Theorem 3.1.5], denoting a(t) = fot a(u)du for
all t € [0,Tp] we have that

|2(t)] 2¢ToB%(1+ O(v)) 32
P {se[i}lle/V] 0 > 6} < ) exp <2> for 5 > 0. (5.2.23)

For the above probability to become small, it suffices to choose 8 of order |logr|. A full
proof, that contains all the above claims, can be found in the appendix

In this part, the central role is again taken by the deviation y = (y(t)):c[0,00) Of the solution
(z(t))te]—r,00) Of RFDE from the v-adiabatic solution 2% of the replacement system.
Generally speaking, performing the same computational steps as before, we observe that the
differential law of (y(t)).e[—r 1, /v allows consecutive estimates in every to € [0, Tp/v], which

resembles the technique, that has lead to the results of the deterministic case. Let ¢y be
given as in (5.2.14). For arbitrary ty € [0,7p/v] the same basic ideas, that have lead to

Corollary in particular estimate (5.2.15)), yield
ly(to + 5)| < Jy(to)|e~oteto)
b [ ey 4wyt — v+ wld
0

+/ efa(t0+8,to+u) (nyZ(tO Jru) + Nng(to +u— 7") + I/CO) du
0

t(J-’rS
+o / e~ators gy ()| for all s € [0,Ty/v — to]. (5.2.24)

to
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We will continue to assume |y(t)| < Ry for all ¢ € [—r,0] and we will work out sufficient
conditions on Ry that have lead to a contractional behavior just like in the deterministic
part. As an analogue of assumption (5.2.7) from the deterministic case, if |y(¢)| < Ry for

all t € [-r,0], we assume that o and § are small enough such that

% (RO +v(Ro+08)+ M y oy 206> < Ry. (5.2.25)

a_ a_

And if condition (5.2.7) is satisfied, then ([5.2.25) is only an assumption on how small o must
be.

Definition 5.12. Let us for arbitrary t € [0,00) denote Tg) (y) = inf{u >t : |y(u)| > R}

for arbitrary R > 0. Further denote

0; :—i(bg(2)+r) forallie {0,1,2,...},

a_

t
D () ::/ e VAW (u)  for all t € [0;,0;41],7 € {0,1,2,...},
0;

t
£(t) ::/ e VAW () for all t € [0, Ty /v,
0
TE] (5) — inf {t 2 0:te [92_,8“_1] . gl) > ﬁ} f()?" all i € {0,1727 .. '}a

75(€) == min{r})(€) :i € {0,1,2,...}} for B> 0.

Compared to the determinstic estimate for the deviation process y9¢* in Corollary the
additive noise gives rise to additional terms. Consequently, the results of the stochastically
perturbed version are based on a slightly modified version of the formulation in Definition
and Remark

Definition 5.13. We define a decay-factor function ¢ : (0,00) — R by

2
q(z) :z%(m—k'}f(m—kaﬁ)—kW—kf—kQaﬁ).

The above defined decay-factor function ¢ allows the following representations which will be

helpful for computations; for all x € (0,00) we have that

_ 1 o Nz 2No No23%2  ve 20
q(w):(1+7<1+f>+a+ ; b NoB O+f)

2 a_x Ta_

N 1 2No 1 No?j32 ve 1
=—a+-|14+9+ p + = | yoB + b _|_70_~_205 —
2a_ 2 a_ 2 a_ a_ T

N a_(1+7) a_of 9.0  Veg\ 1
—2a_(x+N+205+<N(’7+2)+06 +N> x)

Just like in the deterministic case, the decay-factor function ¢ is analytically simple, but
a little bulky when it comes to computations. That is why we will state the interesting
properties as a lemma this time. Section deals with the situation when the stability,
manifested as 1 — v gets small. To this end, we will no longer drop terms like ﬁ in the

Landau symbols, because it will spare us lots of extra computational effort then.
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Lemma 5.14. The decay-factor function ¢ has the following properties.

a) Intersections with 1. Using the notation

=(y+2)op + 2ﬂ2 (5.2.26)

we have that §(z) = 1< = € {R, , R, }, where

ho-s (o (PR )
Re. = (%5 01—) ~ 200) <1+0 <(1"f2)2>>

b) Derivatives and (0, 00)-global minimum. For all z € (0,00),

d _ N c dz c
wi@) =55z od o5 =5

In particular, § is strictly convex on (0,00) and there is a unique minimum at
. _é - 1 Né N
Frnin = /55 with @(Ruin) = —5 L+ [ + 0B,

Proof. a) Let us introduce the notations

_a-98 22 | V<0 _ 01—y
Ao = N (v+2)+0°3 tN and )\1—N(1 v) — 208.
Then, we find that
(z) =1
N a_(1+7v) 2a_ ,06 252 | VG 1y
g a-of 252 Vo)1 _
& N(l 'y)+206+< i (7+2)+aﬂ+N>x0
A

It is obvious that 0 is no solution of the equation. Therefore, () =1 < x € {R, ,R.. },
where, using /1 + 2z =1+ % + O(z?) for z near zero, we have that

)\1 2 A )\1 Ao _ M 4N A2
) N 1‘W+O M
A
et

1

_ MoN 4Xg A Ao

o= (220 20)) =221 .

R =75 2< 2)\2+O<)\‘f =N e A2
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Note that with ﬁ:172+0(z2) for small z,
222 AT2
1 1 _ N (1_ 208N +O(UﬂN2)>
Aa (1—7) (1_ 205N ) a—(1-7) a—(1-17) (1=2)
N o8N N
iaero()-o(i).
a—(lv)( 1—vy 1—vy
1 N2 oBN Y\ N2 o8N
—=— (1 = (1 .
M a2(1—v)2( +O<1—7)> a2(1—v)2( +O(1—7)>
Then, for the leading term of R, ., we find that
Ao (’y+2 No?p? veg )( (aﬁN))
== + + 1+0
N Ut ATy Taaoy 1~
¢ o8N
-5 (+0(75)).
Ao Né oAN
= (1 .
A a(l—’v)Z( +O<1—7>>

and then, it is easy to see that O (Ag/A}) = O (%) Therefore,

o (0 () -5 (-0 (20) (0 (255)

Il

—

| | o
)

RS
—
+
a
N
=19
| |
o=
+
_

=
2| ™
e

N———
N———

b) For all z € (0,00) we have

d . N a_of3 9, Vo) 1 N c
- - (1— 2 e T S
qu(az) ( ( N (r+D+076"+ N ) a? 2a_  22?’

2a_
a2 c
EQ(@ = 23’

serving strict convexity of ¢ on (0,00), which implies that there is at most one minimum

over (0,00). The first-order criterion serves the existence of a minimum at = Ry;,, where

~ a_c
Rmin = A7 ¢
N
To compute the value (j(]:lmin), we rewrite § as
i N 1 INoB\ &
= — ! —  for all .
q(z) 2ax+2< +v+ - )+2x or all z € (0,00)

Then, it is easy to see that

= 1+ [N¢ N
q(Rmin) = 9 i + 70’6-
a_ a_
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Regarding (5.2.24), the following consecutive estimate on (y(t))ie[—r n,/»] is straighforward.
Lemma 5.15. With the notations from above, the following two assertions hold true.
a) Assume that for some i € N

G(Ri_1) <1, forall ke{l,... i}, where
k

Riy1:= Ry Hc’j(Rz) for all k €{0,1,2,...}.
=0

Let further (y(t))ic[—r,1, /v e the unique solution of (5.1.3) and assume that ||yo|| < Ro.
Then

ly(t)] < Ri_y + 08 for all t € [@ _r (ei ¥ 1%2) AT(€) A (To/y)] ,

Iy(t)| < Ri_1Q(Ri_1) = Rz for allt € [91 + 13%2,9“_1 A Tg(f) A (To/ll)} .
(5.2.27)

b) For arbitrary i € N, e, > 0 with R, (1+&4) < Ruin,

< R*_ (1 + 5*)

Y1) < R (142 +0B  forall t € [0, (6:+ 52) Ara(&) A (To/v)]

||y9i

()] < Re (1+¢,) for all t € [ei + 1982 (g4 0,) ATy() A (To/z/)] .

a

Proof. a) The assumption §(Ry) < 1 implies for all k € {0,1,...,n} that

N(R 2 - .
) o MRt oB) | ? < Ry — 208 < Ry. (5.2.28)

’Y(Rk + o

For givenl € {0,1,...,i}, we assume that the assertion (5.2.27) is true for all/ € {0,1,...,1—
1}. Then continuing from (5.2.24) for t; = 6; we observe that

ly(0) + 5)| < Ry_je~a0its00)

- N(R;— 2
+ (1= et <7 (Fis+08) + N +0B) | ”CO>
a_ a_
+0l€D(0; +5)| forall 6+ s € [6;,(To/v)], 1 € {0,1,...,n—1}.
Applying ([5.2.28)) to the second summand for £ =1 — 1 yields

ly(0y + 8)| < Ri_1 + of for all 6, + s € [0, (To/v) A 1(€)].

Note that the term

a_ a_

Ry_je—@its0) 4 (1 _ e—a(@ﬁ-sﬂl)) <’y (qu +Uﬁ) n (Ri—1+0p) n Vco>
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S 2
7N(R’;1+UB) + %% monotonically

starts in R;_; for s = 0 and converges to 7 (R1_1 + aﬂ) +
(decreasing) and exponentially fast. Moreover, since exp(—a(6; + s,6;)) < % for all s > 1%2

we have that

Ry 1 . N(Ri_1 +0p)? 5 oz
w0 +5) < =54+ 5 <7 (Bucs +0p) + XL IO, ZCO> +0f = Riag(Ria)

for all s € [01 —7,0:] N[0, 7(B) A (To/v)).

b) Let us for a moment denote R = R,_(1+¢,), and if we assume that ||yp, || < R, then, we
may deduce with the same arguments as above, restarting the segment process in 6;, that

ly(0; + s)| < Re—0its:0:) 4 (1 - e_o‘(elJrs’gl)) (’y (E + o’ﬁ)

a_ a_

N N(R+oB)? +Z/C()>

+0 600 + )

<R+oB forallsel0,(To/v)ATs(E)].

And in the same way,

+

2| 3

N N(R+opB)? L Ve

(7 (B +op)

for all s € [0 —7,0:] N[0, 753(&) A (To/v)],

N =

ly(0; +s)| <

)+aﬁ§R

where we have used that ¢(R) < 1. O

Remark 5.16. o The first part of Lemma[5.15] shows that it is in principle possible to
apply the decay argument sequentially, where subsequent results provide bounds for the
decay speed and the limiting size of R,,. The iteration principally works as long as

G(Ry) < 1, and it stucks if R,, is close to R, _

e The second part of the lemma shows that the deviation y remains within a tube of
radius R, (14 ¢,) +af3 at least up to the time 75(€) A To/v, which means, as long as

the stochastic perturbation behaves friendly.

Repeating the ideas from the deterministic case, the following lemma provides a uniform

upper bound of the decay factor in case Rn > R*f (1+ &) for some &, > 0.

Corollary 5.17. For arbitrary x € (]%*7 , Rmin), we have that

QR (1+¢e))<1— AR ) - Q(Rmi“)s*fzt —1- ;\/2775 (1 + O(x/ﬁ + Noﬂ)) .

where

G(R._) = G(Rumin) 4 1 [Ne  Ne  gfN¥*/E
2V a-  a(l-7) a?i/Q(l—v)

.<1+O<051N_3/;\§5+\/W+05N+ Ne ))

l—y 1-v (1-9)?



102 5.2. Uniform Stability

Proof. The first inequality is straightforwardly following the arguments of the previous case,

and the rest is mere cumbersome computation. First, we observe that

N - a_ Nec 1 oSN Ne¢
B =1 = N-Q‘va]f70+0@—v+uww»>

= 3/2. /7 3/223/2 =
a_c <1+(’)<05N VeE  N3/2¢ \/Nc>>_

=2 A= 1oy

o™

That leads to

1—G(Rmin) _ (1—7 ¢ N N
Rmin - R*,

+ +
—7)? (1=7)? 1-9v

' <1+0 (05N3/2\/g N3/253/2 W))
( b

(1-4 Né N N &
“\ 2 W a1y
BN3/2\/&  N3/283/2 Né < <05N Né >)
. O g 1+0
(H ((1—7)2 +(1—7)3+1—7>> P Taee
(1 |Né  Ne  oBN2V/E
S\2\ e a(1-9) a?i/z(l—'y)

. <1+0 <aﬁN3/2\/€ VNé L 9PN Ne ))

(1—7)? I—y 1—7 (1-79)?

which is the claim. O

The characterizing property of the uniformly stable phase is the property that [b(-)|/a(:) < 7,
where v < 1 is bounded away from 1, see (5.2.6)). Therefore, the implications of Corollary
can be further simplified to

il L Yo (v)).

Theorem 5.18. Assume that ||yo|| < Ry and that o < Togs] ond B = O(|logv|). Assume
further that v is small enough such that there is 6 > 0 of order 1 such that for ( from

(5.2.22) and appropriate a_,a4 > 0 we have

1 1—dv 146 1

2a: = e WS @ S 20

for all t € [0, Ty/v]. (5.2.29)

[\
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a) Let Ry € (R Rmm) Let further e, > 0 such that R, _(14¢€4) < Ruin- If

tog (R it m) 2 [ (14 0(viE)).

ly(t)| < Ru_(14¢e,) +0B€OW) forallt € [0,,,7(8) A (To/v)),

Ny =

then

and,

4ef?eTy(1+ O(v))

P{73(6) < To/v} < y
1V

exp (—ﬁQd_) for 3 >0, (5.2.30)

where integer-value restrictions have been ignored.

b) If ||yoll < Ro € (Rumin, Rs,), we obtain that

1 ~min
(t > 0p,, with m, = log R

= = t SRminv
g d(Ro) " Ro ) )

where again, integer-value restrictions have been ignored.

Proof. Due to the definition R; = R;_1G(R;_1), i in{0,1,...}, we remember that |y(t)| < R;
for t € [0; —r,0;] for all i € N satisfying R, >R, by Lemma And we also know that
G(R;) < §(R+ (1 +¢y)). Therefore,

Ro(q(Ri (1+¢€.))" < Re (1+¢,)
= |y@®)| < Ri (14¢e,)+0oB forallte (b, (&) A (To/v)).

The left-hand condition is equivalent to

R*, (]- + 5*)
Ry

1
[log G(R._(1+e.))]

> |log (5.2.31)

Moreover, with Corollary and m < % for all = € (0,1), we know that

[log g(R. (1 +e.)) >1-q(R. (1+¢,))

> mfe - ;\/T (1+0(V¥7)).

Therefore, condition (5.2.31)) is satisfied if

- llog R, (1+¢,) 1
" V)
_ logR* 1+5* 83 E m))
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Furthermore, with regard to (5.2.23)), note that there are 1o steps of size 01 and a(0;,0;11) >

01”

a_60;. Therefore,

€9 (1)] _
R W s
To 4a_ef 52(1 + O(v))
0,v a_0,
4ef%eTn(1+ O(v))

— A2
= " exp (—p%a—)  for g > 0.

exp (—62&_)

Part b) is much easier, because consecutive iterations R, = Rp_1G(Ri—_1), k € N U {0},
yield improving factors of decay G(Ro) > G(Ry) ... as long as Ry > Ruin- O

Remark 5.19. e The results presented in the previous theorem beautifully capture the
behavior of a delay-influenced solution of when it is not initiated close to the
equilibrium branch. The corollary allows an initial mazimal distance of order 1 between
the initial segment and the v-adiabatic solution. A (slow) time of order |log(v)|/\/V’
suffices for the solution to approach the v-adiabatic solution, and therefore also the
equilibrium branch x*, up to a distance of order v. Furthermore, it actually suffices to

choose 8 of order |logv|.
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5.2.2. Bernstein-based Approach

The goal of this subsection is to establish concentration of solution paths of initiated
in a close neighborhood to the v-adiabatic solution z*% = (z24(t))se(—r1, /1) Of the replace-
ment system. As an innovation of this section, we will study concentration inequalities in the
formulation that was consistently used in [BGO6| and focuses on excursions of the process
related to its standard deviation; an instance of which we have seen in . We continue
to study the deviation y = (y(t)):e[o,1, /] Of the delay-influenced solution x = (z(t))¢cjo,1, /1)
from a v-adiabatic solution z*d of the corresponding replacement system in a uniformly
stable regime that we introduced at the beginning of this section. That especially includes
that assumption holds true. A particularly modified linearization (y"™(£))ejo,1, /v]
of the replacement system is given as the unique solution of

dytin(t) = —a(t)y 2 (t) + |b(t)|y 2 (t) + odW (t)  for all t € [0,Ty/v],
y"™(0) = y(0).

In analogy to the discussion at the beginning of the previous Subsection [5.2.1] the according
rescaled variance process (v(t))ie(0,1, /], defined by v(t) = o=2vary'™(¢) for t € [0,Tp/v],
fulfills the differential law dv(t) = —2(a(t)—|b(t)|)v(t)dt+1 for all t € [0,Tp/v), and that one
admits the equilibrium branch ¢t — % (a(t) — [b(t)|)~" together with a v-adiabatic solution
(v () eefo, 1 v With v?4(t) = L(a(t) — [b(t))~F + O(v) for all t € [0,Ty/v] for small v.
Again, the results can be directly deduced from the appendix In other words there are

Vg, 0p > 0 such that

1-— (Soy 1+ (501/
2(a(t) — [b(1)]) 2(a(t) = [b(1)])

which is due to the fact that the a(-) —|b(-)] > a—(1 — ) € O(1). In case of the process
(¥ (t))¢>0 due to the Appendix the following concentration inequality holds:

<ov™(t) < for all v < vy, t € [0,Ty/V] (5.2.32)

vy (1)) 2eToh?(1+ O(v)) ( B2 )
P sup —————=>h, < exp | —=— for h > 0,
{te[o,To/u] V02 (¥) o?vy(To/v) 202
where v(T/v) = OTO/V a(u) — |b(u)|du. The goal of this section is to establish a concen-

tration inequality for (y(t))e(o,1,/»] that shows resemblance to the one above for y"™. The
subsequent extension of the techniques from [BGO6| to time-delayed perturbations comes

with a price: In order to study the probability for events of the form

(5.2.33)

[y(s)]
sup ————=>h,,
{86[07To/”] VE(s)
we are compelled to assume (((t))e[—r 1, /1] Dondecreasing. Therefore, for the course of this

subsection, we let

C(t) := sup v™(s) for all t € [0,Tp/v]. (5.2.34)
s€0,t]

With the notation a4 = sup;c(g 1, ,,] a(t) we derive useful upper and lower bounds in the

following lemma.
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Lemma 5.20. Assume that v is small enough such that the inequality in (5.2.32)) holds
true. For (C(t)):eo,1,/v], defined as in (5.2.34), we have that

1 1 1
_ < < - - .
50, (1—=46ov) <((s) < 5 T 7(1 +oov)  forall s €10,Tp/v]

Proof. The lower bound is easily derived, and for the upper bound we find that

1 +60V 1 +60V 1
ad
% (s) < = < 1+ dgv).
( ) 2(a(5) — |b(s)|) 2&(8)% 2. (1 B |Z((Z;|> ( 0 )

Together with the basic assumption ([5.2.6)) that shows the claim. O

For v > 0 small enough, some arbitrarily small ¢t > 0 and & > 0 we will see that

T h?
P sup M>h §Oexp<(1'y)2<1+O<”y0”vy+Nh+tA>)>,
s€[0,To/v] /C(8) vta 20 h
which is only useful, if
1
max {a, [[yo||, v} < h < N (5.2.35)

We make this restriction an assumption in order to omit error terms that are not of leading
order. From the preceding part, inequality ([5.2.24)) yields for starting point tg = 0

t
ly(t)] < llyolle +/ e |b(w) ||y (u — r)|du
0
S
+ / e—(tw) (ny2(u) + Nng(u —r)+ Vco) du
0

+o for all s € [0,To/v A mp(2)],

t
/ e B g (u)
0

where mp(x) := inf{t > 0 : (z(t),vt) ¢ D} denote the first time that x leaves D, and ¢
is still the same we defined in (5.2.14). In order to emphasize the martingale part of the

stochastic-integral term, let us introduce the notation
t
M(t) = / e WaW (u) for all t € [0,Tp/v].
0

We define the family of auxiliary events

—() M(s) 1 _
E; = Q: oe a(s) 5.2.36
t {w TV oy ele (5:230)
Jy e (ve + ()l /Cu) + NE2C(u)) du
+ R0 >h} for all ¢t € [0,To/v].

(5.2.37)

And for given t € [0,Ty/v], we denote the event that the deviation y has left the tube of
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radius h at least once over [0,t] by

A = {821[10% 3% > h} for all t € [0,7p/v] and 75, = inf {t >0: |yé2|) > h} ,
(5.2.38)

where both definitions are reasonably defined after the following technical assumption con-

cerning a suitable size of the domain:
Assumption 5.21. We let h be small enough that
{(z, vt) -t € [0,To/v] and |2 — 2% (£)] < h\/m} cD,
which informally ensures that we always see y leaving the hm-tube before x leaves D.

Lemma 5.22. Under the Assumption[5.21) we find the following properties of the involved
families of sets defined in (5.2.37) and (5.2.38).

a) We have that Ay C E; for all t > 0, or in other words w ¢ Ey = w ¢ A;.

b) For an arbitrary integer n € N, we let 0 =ty < t1 < ... < t, = To/v be a partition of
the time interval [0,Ty/v]. Then

n—1

IEJJ(ETo/V) = ZP(Eti+l N E;)
1=0

Proof. a) Pathwise interpretation of the stochastic-integral term is justified through the

integrand’s finite variation and serves with estimate (5.2.24])

h— | _Y(Th)
¢(tn)
<1 ( &=y
C(7n)
[ e (e -+ bl = )l + Ny ) + Ny =) )
+ ge(™) M(Th)| )
1
< —a(7r)
< <<m>< &= g

+ "m0t (g + o) /) + Ny R () + Ny () )
0

+ Ue—a(fh)|_/\/[(7—h)} > for all w € {m, < Tp/v}.

That directly yields the first claim.
b) As the family (Ey,)icf0,1,...n} is obviously increasing, the events E; , N Ef, i €
{0,1,...,n—1}, are pairwise disjoint and together constitute Er, ,,. That shows the second

part. O
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Then, for arbitrary ¢ € I := {0,..., N — 1}, we find that

P{E; N E,. }

b oe*“(b”|M(s)\+\|yo\|e*“<s>+f;e*““’”(uco+|b(u>|h\/<(u>+Nh2<(u))du ,
< sup > .
SE[ti,tit1] VEls)
(5.2.39)

We use the following short-hand notations

F(s):= VCO/ efo‘(s’u)dUwLe*a(s)HyO”» G(s) =
0

/ Q S, U |b / du

0

s) = N/ e W (u)du, V(s) :z/ e~22(Wqy  for all s € [0, Ty/v).
0 0

It is easy to see that

(i) The mapping F : [0,Tp/v] — R is the unique solution of the ODE
F(t) = —a(t)+vey forte[0,Ty/v),
F(0) = [lyoll-

(ii) The mapping G : [0,Tp/v] — R is the unique solution of

—a(t)G(t) + |b(t)[\/C(t) for t € [0,To/v),
) =0.

Q o
S =
I

(iii) The mapping H : [0,Ty/v] — R is the unique solution of

-

—
~

N
|

—a(t)H(t) + N¢(t) fort e [0,Ty/v),

(iv) The mapping V : [0,Ty/v] — R is the unique solution of

V(t)=—2a(t)+1 forte[0,To/v),
V(0) = 0.

Lemma 5.23. With the notations from above, we have that

a)

F(s) “follows” 222) and  F(s) <|yol V ;{% for all s € [0, Ty /v].

b) There is v1 > 0 such that there is a constant 61 > 0 independent of v that fulfills all three
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below estimates for all v < vy :

G(s) “follows” Eij ¢(s) and G(s) < |2E2| VC(s) + d1v for all s € [0,Tp/v],
(5.2.40)

H(s) “follows” NLCZEZ? and H(s) < Nigzg + 0 forall s €[0,To/v], (5.2.41)

V(s) “follows” %(s) and V(s) < 12—:;((11)” for all s € [0, Ty /v]. (5.2.42)

Proof. This is due to Fenichel’s theory, which ensures the existence of v-adiabatic solutions
that follow the respective slow manifolds in a distance of order O(v). The assertions of
the lemma follow from the fact that solution paths can not intersect in case of ordinary
differential equations. In we have additionally used that a(-) < a, over [0,Tp/v]. O

Without loss of generality, from now on, we assume that vy = v and dg = d;, where vy, d
are defined in (5.2.32)).

Lemma 5.24. Let tan = sup;c; [tiy1 — t;| denote the mazimum step width of the partition
0=ty <...<tn,="To/v. Let further

= ((df +dg)o + N62V) sup | fzz(z,u)|+ sup |fae(z,w)l,
(z,u)eD (z,u) €D

H2 = 1+ ((df + dg)5 + N52V) SUp [gza(2,u)| + sup |gue(2, u)l.

(z,u)€D (z,u)€D
Then
t;
inf e W) oy v (5.2.43)
’L‘E{O,...,’I’L*l} Se[ti,ti+1) CL(S) a_
inf in M >1— &tm (5.2.44)
i€{0,....,n—1} s€[ti,tir1) a(ti) — [b(t:)] a_(1—7)
‘ {ilnf }exp (—2a(ti,tiz1)) > 1 —2ata. (5.2.45)
1€1,...m
ad

Proof. The v-adiabatic solution x>~ is a solution of the replacement system and therefore,

for each t € (0,7, /v) we find that

D4 (1) = Ja (1), 1) + g™ (1), )

+ 22 (1) — 2% (1), vt) + g(a*(t) + 22 (t) — 2*(t), vt)
= ful@* (), vt) (@ (t) — 2* (1)) + g (2 (£), v1) (2 (£) — 2* (1))
+ Ry (xad” (t) —z*(t),vt) + Ry (zad” (t) — z*(t), vt).

Due to assumption (5.2.2)), we obtain that
d
‘dtxad"(t)’ < djov+dyov + N&*v?  for all t € (0,Ty/v). (5.2.46)

For the differential of a(-) we observe that for all v € (0,Ty/v),

dw®dv (u)

o + U fpr (@ (u), vu).  (5.2.47)

d d ad, _ ad,
() = - fula® (), ) = fra (@ (), )
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Altogether, we have that

a(tit1) 1 [l Vit .
——T 2 >1 - — — >1—-— for all it I.
a(s) = ) dua(u)du > . ta forall s € [t;,t;iy1],7 €

The second inequality can be seen as follows. First, observe that

a(t;) — b(t;)] = a(t;) (1 — %;') >a_(1—~) foralliel.

And, as (—1)(Jb(¢;)] — |b(s)]) < |b(t;) — b(s)|, we have that

a(s) = |b(s)| _ | alt:) = [b(t:)| = als) + [b(s)|
a(t;) — |b(t:)| a(t;) — [b(t:)]
5o ot - aés)(;rlb(j;) VO o an s e titia], i€l (5.2.48)

Then, for all s € [t;,t;+1],7 € I we have that

b(t;) —b(s) = / i dl;(;) du
dz2v (u)

ti ti
:/ gm(xad”(u),uu)idu—i—/ Got (2 (), vu)vdu.
S du S

Then, an application of ([5.2.46) provides for all s € [t;,t;11],7 € T that

|b<ti>b<s>|sw< SUD_[gaa (2 )| ((dy +dg)6 + N6%) + sup |gm<z,u>|).
(z,u)eD (z,u)eD

(5.2.49)
And analogously with the help of (5.2.47), we find for all s € [t;,t;11],4 € I that
t.
“da(u
a(t;) —a(s) = /S %du

= " fm(mad" (u), vu)

d ad, tq ]
xdeu + for (22 (w), vu)vdu.
u S

And therefore, using ([5.2.46)) we find that

Ja(te) — a(s)| < tav ( S0 |faa(eyw)] ((dg + )5+ N&*) + sup |fm<z,u>|>
(z,u)€D (z,u)€D
for all s € [ti7ti+1],i el.
(5.2.50)

From estimates (5.2.49) and (5.2.50) we reveive for all s € [t;,t;11],4 € I that
a(ti) — CL(S) + |b(ti) - b(s)|

<tav ( sup | fua(z,u)| ((df +dg)6 + N6?v) + sup |f$t(z,u)|>
(z,u)€D (z,u)€D

mu( SUD._[gas (2, 0)| (dy +d,)3 + N&%) + sup |gm<z,u>|>,
(z,u)eD (z,u)€D
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which is the claim when plugged into ([5.2.48)).
For the third inequality, we use that e* > 1 — z for arbitrary z € R and that

tit1
altizr,t;) = / a(u)du < ayta  foralliel.
t

K

Theorem 5.25. Let ta be given as in Lemma[5.27] and assume that v is small enough such
that the estimate on v® in (5.2.32) and the inequalities of part b) of Lemma hold true.
Then, for h > 0, we have that

ly(s)] Ty (_ o )
P{Se[g}lg/y] O >h}< ix P =753 (1+<%’( [yoll, hsta) )

where B(v, |[yoll, hyta) = O (% 4+ Nh+ tA>.

Proof. Rearranging terms in (5.2.39) yields
P{E, N, }

<P M(s)| > [ h— s)+G(s)h+ H h2)
R e o D)
inf e“(“)m}.

W€ty tiy1)

So, we can apply the concentration result for stochastic integrals with deterministic inte-

grands from [BGO06, Lemma B.1.3 (Bernstein-type inequality)]. That leads to

P(E, N E;.,)

2
h— sup s) + G(s)h + H(s)h? inf e /C(u
(( Elti,tiv1) \/C( (#) (=) (=) )> w€[ti,tit1) o)
<exp| — "
202/ 2 gy,
0
2
h— )+ G(s)h + H(s)h? inf u
(( P ﬁ( (s)h+ H(s) )) [)m>
<exp| — T
20’2/ e 2e(tiv1u) gy, sup e2ex(tiv1u)
0 WE[t; tiy1]
2
1 2
h— sup 7(F(5) + G(s)h+ H(s)h ) C(t;)
s€ltitisn) V/C(8)
<exp| — i
20.2/ e—2a(t¢+1,u)du e2o¢(ti+1,ti)
0
1 )
= - h— s ~3(F G(s)h + H(s)h? :
exp 202V (tit1) < se[:EEH]C(S) 2( () + G(s)h + Hs) )> e2a(tit1,ti)
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We introduce the auxiliary notation

2
1 -1 ¢(t:)
;= h— F G(s)h + H(s)h?
o 202V (tit1) < se[il}tlzﬂ] oy ( () + Gls)h + H(s) )> e2a(tit;ti)
for all i € I.

And first, for all ¢ € I, we obtain for the terms that are not contained in the outer squared

parantheses
(1) . 1 C(ti) > 1 ( 2+1) 1-— (511/
= — 1—2a4t
% 202V (tig1) e2altiviti) = 202 a(t;) — [b(t;)] 1 + 511/( a+ta)
_ 1 ( 2+1)
= 57 8] — B (1 + O(u+tA)>7 (5.2.51)

where we use first that (¢;) > m(l — §1v) from (5.2.32), (5.2-34), second that

Vis) < 122‘(5;)” from (5.2.42), and third the estimate (5.2.45)). And for the terms that appear

inside the squared parantheses of ¢; applying the estimates of Lemma [5.23] we achieve for
all 7 € I that

O (h g F) G+ H ) ’ (525
€l

s€[ti,tit1] V C(S)
1

Cw [b(s)| veo <(s) p h+h2
> <h se[tiﬁm{ ) h+ O (IIyollv a_>+N als) h })
_|_

_ 2 bs)l 1 [ 1 veo ¢(s)
=h <1_se[§35+1){ o) +h< O <||yo||\/2 >+N o h? + vdy

: L (ol v ) + NGB v 2
— 1% inf (1— |b(s)|> A -
)

a(s)
sE[ti,tit1

h(1- L

Using that 1 —sup,ep, 4,.,) [b(s)|/a(s) > 1 — v on the one hand, and that

>})

) L als) = )

1—  sup = in
sE€[titit1) a(s) s€[tistit1) a(s)

on the other hand, yields

2
€l

SE[ts tir1) a(s) 8€[tistit1) a(s)

And also we apply 1 —sup,c, 4,.,) [6(s)|/a(s) = 1 —~ in the denominator in the parantheses
on the right-hand side to find that

llyollV 572 NGO hah2

+ N h? 4 oy E N 2
0@ = R0 —y) g AP GO o) Ve
v $€[titit1) a(s) h(1—7)

for all i € I.
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Recombining qgl)

(2)

and g;~’ allows for every i € I to write

P-7) o altis) als) - [b(s)
202 Se[ti,ti+1) a(s) a(tz) — |b(t1)|
llyollV za2 NGO B2
N h 5, R\ 2
O I NT)
h(1—7)

v

% (1 L OWw+ tA))

Then, the auxiliaries from Lemma[5.24] are applicable and both additional factors, that can
be derived from the infimum, each of them 1+ O(vta), get absorbed in the Laudau symbol.
The former infimum may then be taken to act on the minuend in the parantheses, on which

it becomes a supremum. We obtain that

llyollV 552 _‘_thz_i_y(glfﬂrih?

2
h?(1—7) NGED) a(®) V()
qi > 1+0w+ta)){1— sup
o (L FOw ) (1= =)

for all 1 € I.

Then, due to Lemma [5.2.6, ¢((-) and ¢~! are bounded above by something of order 1.
Therefore, we have that

h2(1* V) lyoll V v v ?
i 202 (1 O tA)) <1 O( h Nh h>)

201 _
:m 1+0 M+N}L+tA+V for all i € I.
202 h

Applying Lemma [5.24] yields

h? Vv
P(E;, NEf,, ) <exp <(1 ~ Vg2 <1 + 0 <”y0|]|ly + Nh+ tA)))

foralli e {1,...,n}.

And so, consequently, we have shown that

T p? loll v v
P(Er,/v) STeXp (—(1—7)%‘2 <1+O<h+Nh+tA .

ViA

O

So far, the result features several degrees of freedom. And of course, there is no ultimately
convenient way to deminish generality in order to enhance clearity. The below remark

suggest a relatively concrete instance of relations between parameters.

Remark 5.26. a) Remember that assumption demands max {o, [lyo|, v} < h < 1.
Further, the usefulness of the result of the theorem depends on small terms in the Landau
symbol. One way to achieve that is the following: For arbitrary o, 8 € (0,1), we let
v =ta = o implying that ||yo|| = O(c®). Further, we let h = ha®?, where h denotes

some neither small nor big constant. Then, the result of Theorem [5.25 reads

h? _ o
P(Er, /) < exp (—(1 — v)m (1 + O(Ja(l A+ No ﬂ)) + 2allog o| —|—10gT0> .
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b) Reaching for the smallest possible h for which Theorem provides useful results, we
observe the most unpleasant term w allows for a careful choice of h of order v such
that the term Z(v, ||yoll, h,ta) = (’)(W + Nh + ta) remains strictly smaller than
1/2 for instance. Then, o of order m is sufficient to have the overall early-escape

probability small.
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5.3. Transition - Stability Comes to an End

During the phase when the stability matrix A*(t) is not any longer negative and uniformly
bounded away from 0, the slaving principle in the form of Remark does no longer apply.
That means that all former v-adiabatic solution paths might possibly leave the environment
of order v along the equilibrium branch. This phenomenon occurs e.g. for the asymmet-
ric pitchfork bifurcation. We have deliberately excluded such behavior from our study by
assuming that there actually is a v-adiabatic solution path (%% (t)),e(o, 7] close to the equi-
librium branch z*.

This subsection will successively study the transition phase from a uniformly stable envi-
ronment to instability. In the first part of this section, under suitable conditions on
the relation between the adiabatic solution and the equilibrium branch, we will show that
the consecutive-boxes approach presented in Subsection provides useful results for the
case when stability gets small, but is not lost. Formally, we will consider the system up to
a time 77 /v, defined through

Ty /v ::inf{t>0:b(t)| = 1—\/7|10g1/|}.
a(t)

As we argued in Remark the definition of 7} /v depends on 2% which is not unique in
general, but we neglect the inaccuracy and continue to speak of the time points Ty, 71, . . .
as well as of the v-adiabatic solution as if they were unique. Subsection [5.3.2]shows that, as
long as the bifurcation point is reached in a reasonable time, the perturbed solution remains
relatively close to the adiabatic solution. The following Subsection provides that a
typical solution will remain close to the adiabatic solution even for a short period after
the point of instability is surpassed. In Subsection we study the effect of uniformly
symmetric potentials, which provides significant improvement concerning the description of
solutions between Ty/v and a fast time of order /v'|log v| later than the actual transition
point T5/v. Finally, Section treats the question how long a typical solution path needs
to depart from the adiabatic solution.

5.3.1. Shallow Curvature

This first step of the transition-phase description applies the techniques of Theorem [5.18b)

and provides the following insight: The deviation y = x — 224 typically remains within a

distance at most of order /v from the equilibrium branch as long as ‘b(s L <1— 7logu).
Accordingly, we redefine the stability indicator v as v := 1 — /v log 1/| for this subsection.
Here, we profit from our foresight when we formulated Lemma In particular, in (5.2.26))

we defined

N
=(y+2)0B+ a—azﬂQ + ?

and concluded that

R*_157(1+O(f€]\;+(11ji)2)>, (5.3.1)

R., = (%‘(1 ) - 2aﬂ) (1 +0 ((1]_\[2)2» . (5.3.2)
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We keep assuming that o < \107214 as before, and additionally that v is sufficiently small
to ensure R,_ < R, . This assumption ensures that the decay-factor function is actually
smaller than 1 at least somewhere including that R*f and R* . are well-defined, especially
real. Formally, it ensures that the corresponding radicant is positive, see proof of Lemma
Since this is no longer true in general for v > 1 — /v, we may understand the
choice vy =1 — /v logv| as an application of the consecutive-boxes approach at its limits.
Altogether, Lemma and Lemma are applicable for v =1 —/v'|logv|, and provide
that:

There is to € [0,T1/v] : |ys || € (Ru_, Ry.)

@) < llye |l + 08 forall t € [to, Ty /v AT5(S)],
[y < [y | for all t € [to + a”" log(2), 11 /v A 75(€)].

If we plugy=1—+v]|logy|, o < Tog7 i (5.3.1) we receive that

N
¢=(3—+v|logv|)oB + 0262+?

a _

N 2
<3 L pp U g2y,
[logv[™  a— [logv|? a—
And therefore,
E g YV g N VR e
1—v |log v|? a_|logv®  a_|logy|
Furthermore,
UﬁN N¢é Z/ﬂ 1 v N 1/2 ) co
< - -
-~ - (1—=7)2 = Vv]logv|? + v|log v|2 ( |10gy|6+ a_ |10gy|2f8 TV
= VB 3 B N _ v 2, Co
|10gl/|2 ‘logy|3 a_ ‘1OgV|4 a—llogl/|2.

With regard to the definition of R, in (5.3.1), the last estimate justifies the second item
in the below assumption. The third item is an assumption on a minimal transition speed is

natural.

Assumption 5.27. We add the following brief assumptions:
o Suppose that v is small enough such that R, < R*Jr.
o We assume that v is sufficiently small that R,_ < %

o We assume that for sufficiently small v the system needs a time at most of order
@ € O(1/v) to transform from uniform stability to the shallow-curvature phase

that we associate with v =1— \/v'|logv|.

In Theorem we have noted that, in order to have P{75(§) < T1/v} small, it suffices
to choose 3 of order |logv|. Therefore, R, € O(y/7) in the shallow-curvature phase. It
is further natural to assume that ||yp, /.|| = O(v), because Theorem provides that
the deviation process enters a neighborhood of order v of the equilibrium branch with

high probability. Furthermore, by either Theorem [5.18] Lemma [5.15(b) and (5.2.30)) or
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Theorem [5.25] and Remark [5.26] we have that solution paths remain with high probability
in a neighborhood of size at most of order v until time Ty /v if we assume that o < \loilévl'
Summarizing, due to the groundwork we prepared in Subsection [5.2.1] we conclude the

following main result of this section.

Theorem 5.28. Suppose that Assumptz'ons hold true. Assume further that o < Tog 7]

that ||yz, /|| € O(v), and that ‘Z%l <1—+/vllogv| for allt € [To/v,T1/v]. Assume further

that (5.2.29) holds true for allt € [To/v, Ty /v]. Then for sufficiently small v,

exp (—,32&_) for 8 >0,

2¢ 4efe(Ty — To)(1
Pl osup  ys)| > 0\ < el = T)(1+ OW))
s€[To/v,T1/V] 1—7v 010

which is useful if 8 is of order |logv| and therefore ¢ is of order \/v'.

Theorem [5.18|a) provides that the deviation process enters a neighborhood of order v of the
equilibrium branch with high probability, and solution paths remain with high probability
in a neighborhood of size at most of order v until time Ty /v. Therefore, the assumption
lyr, /0|l < O(v) is absolutely natural.

The result of Theorem [5.27] will be tremendously improved under the following two additional
assumptions in Subsection

e Equilibrium branch and adiabatic solution are identical zero,

e The potentials F' and G are uniformly symmetric over [Ty /v, T1/v].

e The noise amplifier fulfills o < v?/|logv/|.

Under those assumptions, Theorem will show that a solution typically remains even in

an environment of order v around 0 up to time T5/v.

Remark 5.29. The Bernstein-based approach from Subsection [5.2.9 can not so easily be
extended to this regime. The main issue is that we can no longer reasonably assume that
there is an adiabatic solution path in an environment of size v around the equilibrium branch
m, t € [To/v,T1/v]. That especially spoils the correctness of the estimates (5.2.32)
and the ones from Lemma[5.23 The proof of Theorem[5.25 relies crucially on those.
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5.3.2. The End of Stability

This subsection studies the concentration of solution paths x of along a r-adiabatic
solution in the transition phase where stability starts weak and continues ebbing away until
it is entirely gone. The description in a close environment of the transition point, i.e. where
stability is totally lost, here T5/v, requires a reinforcement of assumptions, or better, a
clarification or choice of which kind of transition we want to study. We make the following

assumptions.
Assumption 5.30.
a) x*(t) = 2*4(t) = 0 for all t € [Ty /v, T/v),

b) Symmetry. The functions f(-,s),g(-,s) are odd in the spatial argument at s = To; in
particular fo.(x*(Ta/v), T2) = gea(2* (T2 /v), To) = 0,

¢) The coefficients f and g are supposed to lie in C,‘?’3 and one of the following properties
holds :

¢;) Linearity. Both f(-,s) and g(-,s) are linear in the first argument. In particular
fly,vt) = a(t)y and g(y,vt) = b(t)y for all t € [T1/v,T5/v] and (y,vt) € D.

Furthermore, %% >0int="To/v.

cg) Strictly positive third derivatives fip.(x*(Ta/v),T2) + Guze(z*(T2/v), T2) > 0, and

positive mized derivatives fri(x*(To/v), To) + gut(z* (T2 /v), T2) > 0.
d) The remaining time % is assumed to be of order

Ay 9 = O(1) such that Ty — Ty = Ay 21/v]logv|.

losvl -y gssume that there is

Remark 5.31. There are assumptions that are crucial for the typical behavior of solutions

that we describe:

o The symmetry assumption on F + G is crucial to characterize the delayed symmetric
pitchfork bifurcation in case c¢;). One ends up with a saddle-node bifurcation for the
replacement system if that condition fails. Here, the assumption is strengthened by
supposing both F' and G to be symmetric at time To/v. In particular, it provides that
there are constants Nf, Ng, My, Mg > 0 such that

Ry(y,vt) < Vv|logv|Npy? + Mpy®,

N for allt € [Ty /v, Ty /v], (y,vt) € D. (5.3.3)
Ry(y,vt) < Vv logv|Nyy® + ng3}

And we denote N := Nf +Ng, M = My +M,. Note, that the assumption is naturally
fulfilled in case cz).

And there are rather technical assumptions involved to guarantee that the transition into the

time interval [Ty /v, T /v] proceeds nicely through the transition point Ts/v.

o Condition c;) is self-explaining, and allows a broad variety of how a parameter com-
bination leaves the stability area S. It excludes for instance a parameter-combination

journey along the boundary on the stability area.
e Condition cz) together with a), b) and d) characterizes a delayed pitchfork bifurcation.

o Assumption d) is again a minimal-transition-speed assumption.
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(F + G)(x, vt)

zeR r€R

—vt=0

vt € (0,1)

—_— vt >1

Figure 10: Illustration of Example m part a). For the replacement system, a symmetric
pitchfork bifurcation manifests at tv = 2. Here, ¢ > 0 is some positive constant to
illustrate the principle shape change of the potential F' + G.

The rest of the Assumption [5.30 is mostly a comfort of notation

e As we have seen in , using a v-adiabatic solution as reference provides a cor-
rection term at most of order v in the differential law, see , . An
additional term of that size can be dealt with similar to the treatment of 20h\/ta
within the proof of Theorem[5.35 This would lead to a modification of the family of

*)ier at most of order |logv|. Setting x*d = z* of v oblit-

successive upper bounds (8
erates this minor inaccuracy. In other words, the v-adiabatic solution, which is defined
with respect to the replacement system, from now on satisfies the delay differential law

when neglecting nonlinear terms.

e Moreover, the inaccuracy in the definition of time points, see e.g. Remark[5.3, comes

to an end.

Example 5.32. The following two examples serve as paragons for our study concerning the

transition phase.

a)

b)

An instance of a delayed symmetric pitchfork bifurcation that satisfies all requirements
of Assumption except for cz), and also uniformly vanishing quadratic nonlinearity,

that we will consider in Subsection[5.3.4], is given by

F(z,tv) := / fly, tv)dy = x* + 222
o forx e R,t €[0,T)].

G(z,tv) == / gy, tv)dy = —(1 + vt)z?
0

Here, x4 (-) = 0 is an adiabatic solution that follows the equilibrium branch z*(-) = 0
over the whole time interval. The equilibrium branch x* is uniformly stable up to any
time t € (0,1) and becomes unstable at vt = 1. See Figure[1(] for an illustration.

Another example is given by the linear monautonomous journey through the stability

boundary which we have seen in Figure[fl Consider

dx(t) = —a(t)z(t)dt + b(t)x(t — r)dt + odW (t)  for allt € [0,T/v],
o = T7

where (a(t),b(t)),r/ leaves the area S = {z,y e R: 2 < —|y|} att = To/v. See
Figure[11]
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br
2 +
S '
(a(t), b(1))
—anr
| | | I | |
T T T T T T
—4 -3 -2 -1 1 2
(T_17 77‘_1)
@ —1 4+
4

N, R

—3 4

—4 4

Figure 11: Illustration for Example b). The arrow-headed lines represent possible shapes
of the coefficient-combination paths ((a(t)r,b(t)r)¢co,r/.) through the boundary
of S. The pale yellow area and the labels have been taken over from Figure
for comparability. The parameter-combination journey, that corresponds to the
dotted double-arrow headed line, is covered by our results, while the actual analytic
area of stability S is not left in the case of the dotted line, when the combination
escapes from 5.

We introduce a time-dependent noise amplifier
F: [Ty /v,Ty/v] — [0,1] adapted and bounded by 1.

The reason for this slight extension is that it simplifies the work on the upcoming time
interval, when the system turns slowly increasingly unstable. The Gaussian nature of lin-
earizations stays untouched by this. Further, as a notational update, for this subsection we

will denote

ay = sup  a(t) > sup  b(t) =: by.
te[T1 /v, T2 /v] te[T1/v,T2/v)

Starting from 77 /v, we keep denoting the deviation process as y, given as the unique solution
of

dy(t) = (= a®)y(t) + b()y(t — r) + Ry (y(t),vt) + Ry(y(t — r),vt))dt + o F(t)dW (t)
fort > Ty /v,

Y1 /v =T,

for some appropriate T € C(J,IR). And we keep thinking of y as the deviation process of a
solution of from the v-adiabatic solution 2% = 0. Due to the previous subsection
we conveniently assume that ||| € O(y/v). For some n € N, let (0; : ¢ € {0,1,...,n—1})
with Th /v = 6y < 01 < ... < 0, = T>/v denote the equidistant partition of [T} /v, T2 /v] into
n pieces with step width to = %, where n is chosen big enough such that tp < r at

least. Informally speaking, in time T3 /v, there are Tz;\/ITTl time units left before the stability
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is lost and the system has completed the transition to a possibly critical or unstable regime,

ie., |Zii))| > 1. To be precise at that point, criticality or instability of the linearized system

frozen in Ty /v is only reached in case of positive delayed feedback a(Tz/v) = b(T2/v) > 0,
represented through the pale yellow overhang in Figure[I1] But the deduced estimates apply
just as well for the case b(T>/v) = —a(T>/v) < 0. For a nondecreasing family of constants
0<Bo <P <...< By, let

n—1
75(x) = inf {t € [Ty /v, Ta/v] : ly(t) > > 51-11[9“9“1](15)} : (5.3.4)
i=0
We continue to denote I := {0,...,n—1}. For an appropriate choice of (3;);c; we are going

to show that
ly(t)| < p; forallt €[6;,0;41] and i € I with high probability.

For all i € I we define the linear nonautonomous piecewise approximation (Y ) (1) te[0:—r.0:41]

as the unique solutions of

dY D (t) = —a(t)Y D () + b)Y O (t — r)dt + o F(t)dW (t) for t € [0;,0:11],

" (5.3.5)
Y, = yo.,

each of which admits a representation through the variation-of-constants formula, see The-
orem To that end, let (Y (t,u) : u € [T1/v —r,Ta/v], t € [u—r,Ty/v]) denote the
fundamental solution corresponding to the differential law of initiated at some wu,
and evaluated at ¢t. Within a regime with a(-) > |b(:)|, through a simple contradiction
argument as in Lemma[4.1] we may deduce that

[V(t,u)| <1 forallue [Ty /v—rTo/v], t € [u—r TVl (5.3.6)

Let further denote (T9°(¢,u) : u € [Ty /v, Ta/v],u — r < t) denote the solution semi group,
that maps from J to R, of the deterministic counterpart of system (5.3.5)), initiated at u
and evaluated in ¢t. Then, we may rewrite the approximation for each i € I as

t
YO () = T (¢, 0, )y, + 0€D(t)  with D (2) := / Y (¢, u)F(u)dW (u) 537
0; LO.
for all ¢ € [9“ 9i+1]~

The first summand is the solution of the deterministic version of (5.3.5) and as long as
a(-) > |b(+)|, analogue to (5.3.6)), it is easy to check that

T4, 0:)ye,| < llye, |l = sup [y(i +u)| < sup  |y(u)| for all ¢ € [6;,0,11].
u€[—r,0] u€[Ty /v—r,0;]

The second summand (ﬁ(")(t))te[ghgiﬂ] solves

deD(t) = (— a()ED () +b)ED(t —r))dt + o F(t)dW (t)  for t € [0;,0;11],
& =0,

and actually forms a Gaussian process for every ¢ € I. Then, an application of the Fernique
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inequality provides the following lemma.

Lemma 5.33. For

h>+/1+4+4logp where p e N with /plogp > 4(ayta +1), (5.3.8)

we have that

0i,0i41]

2 2
IP{ sup €D (8)] > h2Via } < 5%6_% for alliel.
te]

Proof. We fix i € I, write Y =Y, and focus on (Y (t,u) : u € [0;,0;41],t > u —r). The
Fernique parameters () = Q¢ and I' = I'z(;) are easily obtained. We find that

) 2 .
IT|| = sup E {(5(2)(914—5)) ] = sup / Y2(0; + 5,0; + u)F?(0; + u)du
1Jo

s€[0,ta] s€[0,ta

ta
g/ F2(0; +u)du < ta.
0

Further, rewriting s = s — 0;,t = t — 0; and formally substituting v = u — 6;, it is easy to

see that

5 T
g/ (Y(0i+f,9i+v)—Y(9i+§,9i+v))2dv+/ Y2(0; +t,0; +v)dv
0 s

for all s,t, € [91‘,91‘_’_1], ie., 5,tc [O,tA].

Then, with (5.3.6)) we find that

/ (Y(91+f, 91 +U) —Y(GZ +§, 91 +U))2dU
0

5 t—35
:/ (/ —a(0; +5+u)Y (0; +5 +u,0; +v)
0 0
B 2
+b(9¢+s+u)Y(t9¢+5+ur,0i+v)du> dv

< (ats +b)*ta(F—3)° < 4aita(t—3)* forall5,7€(0,ta], 3<T.

And it is easy to see that

t
/YZ(GiJrf,&iJrv)dvgf—E for all 5,7 € [0,ta], 3<%

Therefore, with a glimpse at the previously used notation in (3.4.10) and (3.4.11), and the
formulas from the Appendix we obtain that

o0 2 2a.t > u? Va3
Q1 < 2a1+ta / tap™ " du < A+l and Q5 < / Viap  2du < 7A
1 0gp 1 Vp'logp
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Finally, we may deduce from the condition on the minimal size of p, which we stated in

(5.3.8), that

Via aﬁi
ITT + Q(ta) < VEa"+ (2+ V2) <\/;710gp " plogp>

:\/tf(l+(2+\/2ﬂ)(\/ﬁiogp+;ﬂ);>) < 2V/tA

And the claim follows through an application of the Fernique inequality. O

Let us denote

7'2(2)\/@ = inf {t € [05,0:41] : 1€ (8)] > 2h/E } forallie I, h >0,
Tonyia(§) = min {72(2)\/@ Qe I} for all i > 0. (5.3.9)

Then obviously, for h and p satisfying (5.3.8), we have that

5p? h2
P {7opyix(6) < To/v} < n—5- exp <—2> , (5.3.10)

which makes the below Corollary is just as obvious. It states the result if we plug in the
previous corollary into representation (5.3.7).

Corollary 5.34. For h > 0 and p € N satisfying (5.3.8), we have that

MRIGIES sup ly(u)| + h2oV/ta
w€[Ty /v—r,0;]
fO’l‘ all t € [0i79i+1], t < TQh\/K(g)’ iel.
And P{1y), (&) < T/v} < 3np* exp(—h?/2).
Further, for all i € I we define
ZO@) :=y(t) =Y D(t) forall t € [6;,0i11]. (5.3.11)

which P-almost surely solves

(i) . .
Y — o) ZO (1) + b0 ZD(t — 1) + Ry (y(t), vt) + Ry(y(t — r),vt) for t € [6:,0,11),
zy =o.

By Theorem [3.5| the pieces (Z®) (1))

the variation-of-constants formula in terms of the previously defined fundamental solution

0:,0:41) also admit respective representations through

Z(t,u) = Y(t,u), u € [0;,T/v],t € [u—r,T/v], characterized through its differential law
(5-3:5). Namely, (Z@(t))icip, 0,.,] may be written as

ZWO(t) = /gv Z(t, u) (Rf(y(u),uu) +Rg(y(u — r),yu))du for all u € [0;,0;41), i € I.

Here, the fact that f and g are supposed to be odd functions at T5/v comes into play and
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serves through (5.3.3) that

t
200 < [ Vo () + Vi oy 1)+ Myy? ) + My = )
0;

2 3
<taVv]logy| ( sup Iy(U)I> +tAM< sup Iy(U)I>
uG[Tl/ufr,OHI] ue[Tl/ufrﬂHl]

for all ¢ € [01',91‘4_1], t < TQh\/K(g), 1el.

And therefore,

w€[Ty Jv—r,04] u€[T1/v—7,0i41]

3
+M sup ly(u)| | ta
we[T1 /v—7,0;41]

for all t € [91‘,91‘4_1], t < T2h\/1T(£)7 1€l
(5.3.12)

ly@) <  sup  |y(u)| + 2ho Vi + V| 10gv1\7( sup y(U)I) ta

Theorem 5.35. In the situation of Assumption let (0; : i € {0,...,n— 1}) denote
the equidistant partition of [Ty /v, Tz /v] with step width tan = A\l/;| logv| < r. Assume that

n

there is k > 0 such that ||yr, /|| < ky/v". Assume further for h = O <log (?/172 |log V\)) that

vand o < m are small enough such that there is K > k, independent of v, with

v V| log v 212 100y, 20h\/ta A
e OVtaK (N log VT ME) 7oz loav] (4 ZOAVIA 212 1100 < K. (5.3.13)
vV taV

Define the family of increasing constants (3} )ic{—1,0,1,...n—1} inductively through

* = kU,

= kv N (5.3.14)

Br =B (1+16vtaK(N|logv| + MK)) + 20hy/ta fori€ I,

and suppose that o and v are small enough such that
4(N|logv| + ME)WVtA(BE | +2hoIa) <1  foralliel, (5.3.15)
1

KV < — , 5.3.16
a 2(N|logv|+ MK)\/vta ( )
2hoita < kU (5.3.17)

Then, the following assertions hold true:

a) We have that 85_, < K /v

b) For all i € I we have that B > BY_, + 2ha\/Ta + Ny/v|logv|(B¥)% + M(57)3.

c¢) The family (B} )ic{-1,0,1,...n—1} constitutes an upper bound for y, i.e. |y(t)| < B; for all
t € [0:,0i11] and {—1,...,n — 1} as long as t < Ty, s and (5.3.10) holds true.



125

Proof. a) The simple recursion formula for (8}

*)icr can be explicitly solved and serves

- i+1
BF =B, (1 +16vta K (N|logv| + MK))

K3
+2hov/Ea Y (14 16vta K (N|logv| + MK)) for all i € I.
=0

Using that (1+z) < e®, we receive an upper boundary for 8% _, for n = tiiﬁﬂ log v| through

N, A1,2
* * % 16vtAK(N|logv|+MK) = [log v|
B < Bho1 < BLye favy

AN 16wt K(N|1 ME)-2L2 |
+ —=|logv|2hov/tae = * (Nllog v+ MK) 77575 log v|

tA\/?

And therefore,

*71<W@lGutAK(]\ﬂ10gl/|+MK)7til\’/2U_.|logl/| k—l-L Via A1,2 |10g1/| .
" VU A

Note that this was assumed to be less or equal to K+/v" in (5.3.13).
b) In a first step, we show that 8% > B | + 2hov/Ia + (N|logv| + MK)\/v'(8})?*ta. For

i € I rewriting the desired inequality with the notation R := (N|logv|+ MK) yields
BF > Br_y +2hoia + RVV(B})*ta

*\2 1 * 1 “
& (8))° - TN NN (811 +2hoVtA") < 0. (5.3.18)

Then through inequality (5.3.15) on the size of o, inequality (5.3.18)) is true for 87 €
[Bi(*l),ﬁi(*m], where

(1) _ 1 _ 1 B 1 % 9 ‘
ST NN \/432%3 R\/FtA( f1+2hoVia)

1
1 1 4R2pt2
- — 1— A (Bx 2ho/t

QR A 2R,/77:A\/ R\/T/tA( 1+ 2ho Vs,

and

1
(2) 1 1 T — 1
. = - . 2h t = O - —_. .
Pi 2R\ VtA + \/41%%752A RVt (1 + 2ho Vi) (\/utA

We use the fact that v1 -2 >1—- % — %2 for 2 € (0,1) and obtain that

(x1) 1 B 1 - L g i
g S RVita QR\/;tA< RVVEA(BE1 + 2hav/tA))

— 8R*wtA (Br_, + 2ho/ta )2>

= B}_1 +2hoVta + ARVUEA(B, + 2hov/EA)?.
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Then, through (5.3.17) we know that o is small enough such that
2hota <B*, <pf, foraliel.

Hence, the squared-parentheses term satisfies (3% ; + 20hv/ta)? < 4(B8F_ 1) < AKv'B; ;.
Then, we receive that

55*1) < BY 4+ 2hota + 16 KRvtaBr
= B4 (1 + 16K (N|logv| + MK)vta) + 2hoVia' = f;.

And by assumption (5.3.16]), we have that
1
2R\/VtA

Therefore, 8 satisfies the desired inequality ((5.3.18).
¢) Let 75+ (y) be defined as in (5.3.4). From (5.3.12) we know that

Br< B <KV < < B foralliel.

ly(D)| < Bi_y + 2hov/ia + N|log vV (87)ta + M (87)° ta
for all t < T8 (y),t S [91,92‘4_1],15 < T2hm<€)7i el,

while

5 4 2hoia + N|logv|vV/v' (B7)? + M(8)%ta < Bf
for t € [91',9“_1]725 < TQh\/K(g)’i S I,

which actually shows that 73+ (y) > 7oy, 7(§) providing that
‘y(t>| < ﬁ; for all t € [9i,9i+1],t < TQh\/K(g)vi el.

O

The three assumptions (5.3.15)), (5.3.16), (5.3.17) do not raise any further issue. The first
one is in principle justified through a) since v is considered to be small. Assumption (5.3.16])
is also naturally fulfilled for sufficiently small v, and so is Assumption , because we
assumed that o < v.

Remark 5.36. In particular, |y(t)| will not exceed a size of order /v’ before stability is
ultimately lost (with high probability) if o0 < —%—

[logv|?~

5.3.3. During a Small Time at Instability

In order to study the pathwise behavior at least for a short time after stability is gone in
Ty /v, we maintain the Assumptions from the previous subsection for the time-interval
[T>/v,T5/v]. In particular, the equilibrium branch z* as well as the v-adiabatic solution are
identically zero. And in the variant including the ¢ )-assumption, there can not be only one
equilibrium branch but others will originate from the zero line in the transition point T /v.
The assumption that f and g are odd implies that there are at least two of them and they



127

are spawned symmetric and stable. But we will not pay them any more attention in this
work.

We assume that 0 < a(t) < [b(¢)| for all t € (T/v,T3/v], which implies instability for the
linearized system frozen in Ty /v in case b(-) > 0. In order to spare the supply of stars, tildes,
bars and primes, we reuse the symbols from , and assume that there are constants
Ny, N,, My, M, such that

Ry (y,vt) < VU Nsy? + Mpy?,

. for all t € [Tz/v,T5/v] and (y,vt) € D,
Ry(y,vt) < \/;Ngy2 + ng3 }

and keep denoting M = My + M,. As we do not have any idea of T5/v by now, the notation
above is a bit odd in the sense that it includes a hidden assumption, namely that 75 — T3
is at most of order /v". This will be justified ex post. Starting from 75 /v, we consider the

solution of

dy(t) = (= a(®)y(t) + b)y(t — r) + Ry (y(t),vt) + Ry(y(t — r),vt))dt + o F(t)dW (t)
for t € [Ty /v, T3/V],

Y v = Ta
(5.3.19)

between [T5/v,T5/v], where T5/v is a point in time that is not too far away from Tb/v.
Again Y is some suitable element of C(J,R). Actually, the main result of this subsection
will show that paths typically remain in an environment of order /v as long as % is at
most of order 1; or in other words, only if T3 = T5 + O(y/v'). We conveniently assume that
IT]| = O(y/v). We will mostly reuse the ideas from the previous case, where the system has
approached the point of instability. We continue to write I = {0,...,n— 1} for n := %,
0; = Ty /v +ir, which means that we work with step width ¢o = r for notional comfort, and
we will construct an appropriate family of consecutive bounds (3;);c; inducing the stopping

time 75(y), defined as in (5.3.4). Let further

() :=sup{X € R: Thereis u € [Tb/v,t] with a(u) + X = b(u)e "}
for all t € [Tz /v, T5/v],
A = )\+(97;+1) for alli € I.

And finally, the conclusions, that we are going to derive, are formulated in the same manner
as in the previous subsection. Namely, we will show that |y(t)| < §; for all t € [6;,0;,1] for
all 7 € I with high probability for an appropriate choice of (Bi)ie{,l,wn,l}.

Fori € I'let (Y (t))te[6;—r.6,,,] be the unique solutions of the nonautonomous linear SDDEs

dY O (t) = —a(t)Y D (t)dt + b(t)Y D (t — r)dt + o F(t)dW (t) for t € [0;,0i11],

@) (5.3.20)
}/61' =Y,

Then, we have that (Y9 (t)),c(0,—r0,.,), defined by YO (t) := e~ =0y () for all t €
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[0; — 7, 0;+1], uniquely solves

AV = —a() YD (t)dt + b)YV (t — r)dt + cFO()dW (£)  for ¢ € [0:,0,41],
VO(1) = e=Xilt=0) g (¢) for t € [0; — r,0,],

where a(t) = a(t) + A\; > b(t)e™" = b(t) and FO(t) = e =) F(¢) for all ¢ € [0;,0;41]
for all i € I. The processes (V) (t))ielo:—r0.41]» @ € I, satisfy the requirements of the
previous subsection, so we may adopt most of the results. Again, we use the notation of a
fundamental solution (Y (t,u) : u € [0;,0;11],u —r < t) initiated at u, that corresponds to

the differential law
dYD () = —a®) YD (t)dt + b)Y D (t —r)dt  for all t € [0;,0;41],i € I. (5.3.21)
Then we may rewrite the process (y(i)(t))te[9i79i+l] as

YOt) = T V9 (0) + 069 (1),  where

t
D (1) ::/ VOt u)e N0 P(u)dW (u)  for all t € [0;,0;41], i € 1, (5.3.22)
0;

where (ﬁ?ﬁt(i) s u € [0;,0;41],t € [u—7,0;]) denotes the solution semi group, that maps
from C(J,R) to C(J,R), and corresponds to the differential law (5.3.21)) for ¢ € I. Just like
in the previous case, we can deduce that

sup [T VPO < 1V < sup ]\y“><u>|

tE[91379i+1] [9,‘,—7‘,95/

< elita sup ly(w)|  for all ¢ € [0;,0;41].
uE[TQ/V*T’,Gz‘]

The last of the above inequalities is due to the choice tA = r. Without this simplification the
above inequality would raise additional intricate issues concerning intersections of intervals

[0;,6;+1] inside the initial interval [0; — 7, 0;] of ys, for potentially several j < i.

In the previous section we already achieved a useful concentration inequality concerning &)

given by

. .2
IP’{ sup €D (s)] > 2h/TA } <3pPe~r foralliel, (5.3.23)
s€[0;,0i41]

where h, p are chosen due to (5.3.8). We denote 7y, 7-(§) analogue to 7y, zr-(€) in (5.3.9).
Then Retransforming Y (¢) = e*¢=0%) Y0 (1) for all t € [0; — r,0;41], i € I, we find that

w€[Tz /v—r,0;]

‘Y(l) (t)‘ < e/\itA (e)\itA sup |y(u)| + 2hota ) for all ¢t € [9i70i+1] t < Tth(g).

If we fix one interval [0;, 6;11], then the process

ZO@) :=yt) —YD(t) forallt e [0; —r,0;1] (5.3.24)
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is P-a.s. the unique solution of the ordinary, nonlinear DDE

290 — _a(1)Z(t) + b()Z(t — 1) + Ry(y(t), vt) + Ry(y(t — r),0t)  for ¢ € [6;,6:41),
zy) =o.
(5.3.25)

Therefore, the transformed process Z(®(t) := e=*(t=0) Z()(¢) for ¢ € [0; — r,0;11] solves
(i) ) ~ . ~ (i -
ZEt = —a0ZOW) + O ZOE ) + R (1) v8) + Ry(y(t = 1), v), 1€ [6:,011],
z =0,
where ﬁ;i)(z,ut) = e NI0IR (2, vt) for all tuples (z,vt) € D with ¢ € [0;,0,41], and
analogue for R,. The initial segments remain identical 0 which allows us to rewrite Z0) ag

t . .
Z0(@) = / Z(t,u) (Ry) (y(u),vu) + R (y(u —r), uu))du for all t € [0;,0;11],
0;

g

and therefore,

2 3
|Z(i)(t)| <tANVV ( sup |y(u)|> +taM ( sup y(u)|> for all ¢t € [0;,6;41],
ue|

w€[Ta /v—r,t] Ts/v—n,t]

where Z() = Y@ denotes the corresponding fundamental solution which coincides with one

of the previous ones. We may directly deduce

w€[Ty/v—r,0;] w€[Te /v—r,t]

3
+tAM< sup |y(u)|>>
wE [Ty /v—r,t]

for all t € [0;,0;11], t < Top, ax()-
(5.3.26)

2
ly(t)| < etita < sup ly(u)]|eNts + 2ho/IA + tANVY ( sup |y(u)>

The following theorem is an analogue of Theorem from the previous section, and the

proofs are conceptually identical.
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Theorem 5.37. Consider the situation of Assumption and let (8; : i € I) denote
the equidistant partition of [To/v,T3/v] with step width ta = r, i.e. 8; = To/v + ir for
i €{0,...,n} and n = =12 Assume that there is a constant K > 0 such that ||y, ;.| <
KV, and that h = O (log (Z==12)). Denote AT = SUDye(ry/u,15 /0] N (). Suppose that
o< and that there is K >0 forv suﬁciczently small such that

v
[log v[?7

n—1
Ty . o :
Kexp [ 2ta > A exp( 3 216tAK(N+KM)1/e3A(*T3)tA>
i taAV

+27h fixne NCNE t eXp QtAZ)‘ (5.3.27)

Ty — i
. exp < o T2 60 A R (N + KM)V@S’\(TS)tA) < K.

Define

B*l = K\/;a
B; = Bi_qe*Nita (1 + 16tAK (N + f(M)Ve?’A"'tA) + 20hy/ta eNtA  forallic 1.

Assume further that v is small enough such that

4P (N + KM)Vvta(eN' Bi1 +20hy/Ea) <1
B 1
Ry < 7 (5.3.28)
2(Nl|logv|+ MK)\/v'ta

20hy/ta < eN'AB_

Then,
ly(t)| < Bi < KVv' forallt € [0;,0i11], t < T zx(§), i €1, (5.3.29)
and
P{TQhM §) <T3/v} < ng exp (h;> ,

when h and p satisfy (5.3.8))

Remark 5.38. a) Let \ : [Tx/v,T3/v] — R be defined through a(u) + \(u) = b(u)e .
Obviously A(T>/v) = 0. Note, that this is only some mapping, and A\ (0;) picks its
value related to that one for i € 1. In particular, it does deliberately not provide a fancy

transformation for the autonomous system. By the implicit function theorem

dA(t) _V(Tz/v) —d(Tz/v)
dt t=Ty /1 o 1—b(Ty/v)r
_ _Vf;ct(oaTQ/V) + gwt(()?TQ/V) =:vmy

1—g.(0,Tx/v)r

where the prime denotes the time derivative, and my is independent of v. Then, if T3—Ts
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is small enough such that \(-) is monotone on the interval [Tx/v,T3/v], then

n—1 Ts/v T3;T2 Te _ T 2
A Z A\j = / Au)du =~ / vmyudu = % (3V2> ,
j=0 TQ/V 0

where the approximations are rather informal in general, but provide a good approxima-

tion as soon as T3 — Ty is sufficiently small.

b) For K/K > 1 of order O(1) the choice (5.3.27) is possible, if o < v/|logv| and if
2UTA Z;:(} Aj 1s not too big, which is true if LTz s ot most of order % for sufficiently

v

small v by a). Formulated in fast time, T3 — Ts may be of order \/v'.
Proof of Theorem[5.37. The f;, i € I, are explicitly given by

Bi = Boae®s Zimo i TT (14 166a K(N + RM)ve™12)
j=0
+ 20hv/ta Z tita g2ta Eizjpa M H (1 + 16tAX(N + K'M)I/ew‘i“) foralli e I.
§=0 l=j+1

We find that 5; < ,_1 for all i € I, where

n—1 n—1
Brno1 < B_1exp | 2ta Z Aj H (1 + 16tAK'(N + KM)V@SA”A>
§=0 §=0

+20hy/Ia Y elitaea s X 11 (1 + 16t K (N + I’(M)ye”m)
j=0 I=j+1

n—1
3 Ty —T o ,
< Brewp (28 N exp( 16K (N+KM)ue3AiT”ta)

=0
Ty, Ty —T !

+ 20h/ta et Vta 3 T 72 exp | 2ta Z Aj
tAI/ =0

Ty —T o
- exp ( StAV 216tA K (N + KM)V@S’\(*TS)tA> .

The crucial point is that _1 > |lyr, | and that

Biz Mo (Biaets + 20hy/ia + (N + KM)Vitaf?)

> hita (Bi_lema +20hia + Nutaf? + tAMBf’) forallicI.  (5.3.30)

If we for a moment denote R := N + KM, this can be seen through

Bi > €' (Bi1eN' 4 20h/Ia + RV A}

Bz’ Bi_le)‘itA 4+ 20h+\/ta
elita R\/;tA R\/ITZLA

= 7~ <0 foralliel,
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which is true if 3; € [Bi(l),ﬂ_(z)] with

(3

- 1
B(l) _ 1 1 2 _ Bi_1erita + 20ha/Ta
t 2eMita R\/vta 2erita R/t R\/V'ta
_ 1 3 1 1 4e2Nita R2pt? (eMita B 1 + 20hy/TA) ‘
2eAita R\/;tA 2eArita R\/ITtA R\/;tA
- 1 3 1 3 2e2Nita R2pt2 (eMita B + 20hy/tA)
SN R ta | 20MA R En Ryita

— 8eMMtA R A (eMita B + 20hM)2>
= e2NlaB | 4 2N Gh I + 43N A RV EA (M2 By + 20h0/ta )2 foralli € I
Then, with the assumption 20h/fa < e*23_;, we obtain that
B;l) < ePtag 4 eMtA20htA + 1663)‘7‘tAR\/17tA(e’\"tABi,1)2 foralli e I.
Now, we use that 8;_; < K/v and end up with

Bz(l) < e”"itﬁﬁi,l + e’\itﬁ 20’h\/tX‘ + 1665)\itARKVtABi,1
= e2ita g (14166322 REKtav) + 2e*20hy/ta  forallic .

Moreover, it is obvious that e?*¢*a 3, (1 + 16e***2 K Rv) + 2e)itaohy/Ia" < Bl-(z), because
of assumption (5.3.28). With 75(y) as defined in (5.3.4), we have that

2
ly(t)] < 6*”( sup  [y(u)|eM’™ + 2ho/ta +tANx/7< sup Iy(U)I>

w€[Tz /v—r,0;] w€ [Ty /v—r,t]

3
+tAM< sup |y(u)|> )
uE[T2/l/—T,97‘,+1]
< Mita (Bi,le*itﬂ + 2hov/ia + taNVY B2+ tAMB§>

< ehita (Bi—leAitA +2hoVIa + ANV BE+ tAK\/;MBiQ) < Bi

for all ¢t € [97;79,'+1],t < TB(y) /\Tth(f),

which is true by iteration starting with the interval [0y, ¢1] and the assumption that ||yz, /.|| <

B-1. Through (5.3.30) that actually provides that 75(y) > 7o, zx(€) and the statement
follows. O
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5.3.4. Uniformly Symmetric Environment

As an addendum to the subsections [5.3.2] and [5.3.3] we consider a special case of rein-
forcements on the Assumptions [5.30] namely that the potentials F' and G are symmetric
throughout the transition phase rather than only at the point of transition T5/v. It is worth
mentioning that both Example [5.32/a) and b) satisfy these conditions.

Assumption 5.39. In addition to Assumptions[5.30 we assume that:

o Symmetry of the potentials F' and G is fulfilled throughout [Ty /v, T2 /v], i.e. that non-

linearity is of cubic order.

e Stricter assumption on the noise amplifier. We assume that o < v?/|logv|.

In that special case, we can apply a variant of the above argument of Theorem to
show that the deviation y remains in a neighborhood of size v. Due to the similarity with
the proofs of the previous two subsections, we will confine to repeat the main arguments
only in the first case. Actually, it suffices to reconstruct the time interval, the step sizes
and the definition of (8});cr. Then, the above proof of Theorem can be used as a
template. For notational comfort and by the flexibility for the choice of Ty, we decide to
consider (1> —Tp) = 1. Note that by the general symmetry assumption, the estimate (5.3.12))
simplifies to

u€[Ty/v—r,0;] w€[To/v—r,0i11]

3
)< sup  |y(u)|+2hovia + M sup y(u)| | ta
(5.3.31)
for t € [ei,0i+1],t < Tth(f),Z’ el,
where 75, 7(§) is defined analogue to (5.3.9) for £ analogue to (5.3.7).

tAV

Corollary 5.40. In the situation of Assumptwn dlet ta := T2 T° < r, wheren = — is
the number of steps from a uniformly stable regime to the point where stability is lost. Assume
that there is k > 0 such that ||lyz, ;.|| < kv. Assume further that h = O <10g (llogy|)> and

that v is small enough such that

2t llogv|

|log v|
kel OM BV ta 2 /ia JOMEI A SN K (5.3.32)
We define
B :=kv and Bf:= B 11+ MK?*V*tp) 4+ 2hov/ta  for alli€{0,...,n — 1},

and assume that

AMEKvtA (B, +2hovEia) <1 forallie 1, (5.3.33)
1

K _— 3.34

V<2MKV15A7 (533)

2hovta < k. (5.3.35)

Then the following holds true:

a) We have that 8_; < Kv.

b) For all i € I we have that BF > 87, + 2ho\/Ta + M(3F)3.
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c) The family (B} )ic{-1,0,1,...n—1} constitutes an upper bound for y, i.e. |y(t)| < Bf for
all t € [0;,0i11], t < Top 75 (§) and {=1,...,n — 1}. The corresponding probability is
provided through Lemma|5.35, and given by

5p2 h?
]P{T%\/K(f) < T2/V} < no-expl =5

when h and p satisfy (5.3.8).
Remark 5.41. In order to satisfy (5.3.32)), it is necessary to have o < Hgigzu"

Proof. a) Due to the same differential law of the deviation y, we can take over the property
(5.3.12)), that provides a step-wise upper bound. Here, by absence of nonlinear terms of

quadratic order, we obtain

3
@) < sup y(u)| +2hovia +M< sup Iy(U)I> ta
uw€[Ty/v—r,0;] w€[To/v—r,0;41]

for ¢ € [0i70i+1]at S TQh\ﬂT(f)?i el

Then, through the recursive definition, we have that

L6ME202 A |1 1 L6M K202t =1
Br < Br_ < Brie vitagyllosyl | ——|logv|2ho/ia'e vitagayllosy]
AV

16M K202 s |1 1
<ve vitagazlloevl (4 3
tAl/

| log u|2h0\/tA> < Kwv.

b) First, we fix i € I and show that 8 > B* | +20h/tan + MKv(3;)?ta. Reformulating
the inequality yields

5> 85+ 20hIA + MKv(BF)*ta

(8 - pi+

B +2ho/ta') <0.

MKUvta MKuvta (

This is true through assumption (5.3.33)) if 57 € [Bi(*l), 65*2)] with

1
(x1) 1 1 1 oh
. = —_ - ,— t
b= oKvia \/4M2K21/2t2A MRty i1+ 2hovia)
1
1 1 4M?K?v2t3
- — 1— A (Bi_1 + 2ho A ) .
2MEKvia 2MKytA\/ Mivia (Pt 2hovia)

Note that ﬁi(*Z) € O(5—). We use the fact that vIT—2 > 1— % — ””—22 for € (0,1) and

vta
obtain that

1 1
IMKuvty 2MKuvta

ﬂ(*l) <

(2

<1 —2MKvta(Br_y + 2hov/ta)
—8M2K*Vt4 (B, + 2ho\/zT)2)

= Br_, + 2hota + AMKvita (85 + 2hov/ta )2
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With assumption ([5.3.35)) we obtain that

B < B | 4 2hoEa + 16MK*2tAB)
=B (1 4+ 16MK?V%tA) + 2hov/TA .

Furthermore, through assumption (5.3.34) we obtain that
Br (14 16M K202t A) + 2ho/Ta < B2,
and hence, as desired,
Bi = By +20h/Ea + MEv(B])*ta > Bi_y + 20h/ta"+ M(])’ta.
¢) Completely analogue to Part c) of Theorem [5.35] O

Remark 5.42. o Assumptions (5.3.33), (5.3.34) and (5.3.35) are naturally fulfilled if v
s small enough through the fact that 5)_; < Kv.

e Regarding the necessary smallness of o, one realizes that an additional correction term
of order v in formula (5.3.31) cannot be compensated through the procedure in the same
way Remark[5.31) indicated for Theorem[5.35. It is therefore necessary to assume that
* = 2*v = 0 throughout [Ty /v, Ty /v].

e The assumption of absence of quadratic nonlinear terms is crucial, because starting at
To/v in the uniformly stable phase invalidates plausible attempts providing quadratic
nonlinearity to be small in terms of v as we did in (5.3.3) when starting from Ty /v.

y(t)

444444444444444 Equilibrium branch z*

— Adiabatic solution z2d~

Figure 12: Sketch of the typical path behavior during different transition phases for the special
case of a pitchfork bifurcation with uniformly symmetric ', G. The lighter blue
area is a reference from the previous more general case. Time points and durations
are formulated in fast time.
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Instead of formulating an analogue theorem for the phase between T /v and T5/v for the

uniformly symmetric special case, we provide the respective results in the following remark.

Remark 5.43 (Uniformly symmetric pitchfork continued from T5/v). As we have seen,
Corollary can be easily deduced from Theorem And in the same way, Theorem
5.37 can be modified to the case of uniformly symmetric potentials. We will not formulate
such a corollary, but only have a look at the implications. To that end, we continue from
Corollary where y remains in a distance at most of order v around r* = x* = 0,
if o < @. In that case the results from Remark b) can be improved a bit, because
Condition is a bit easier to fulfill, which is to say, that the mazimal time T3/v for
which the process remains at most of order /v increases a bit. Regarding the Key condition
(5.3.27), in order to have y remaining in a distance of at most of order \/v', the distance

T3 — Ty must allow for a small parameter v to fulfill

AUV

n—1
T — T _ ;
K+/v'exp 2tAZ)\j exp( gt 216tAK2MV63’\(*Td)tA)
§=0

n—1

(rs), T3 —T: T —T: _ (T3) _

+ 2T hia e e 22 (264 3N | exp < 3 216t A K2 MyeN tA) < K.
V'V tAV = taV

In reducing the size of v this is satisfiable as long as 2ta Z;ZOI A; is not yet big. With the

above considerations in Remark[5.38, we may conclude that one finds v small enough such

T3—T> [log v|
174

that the above inequality holds as long as is at most of size NG meaning that we

gain an additional logarithmic factor of time in which the deviation process does not leave
a distance of order \/v'. We obtain a modified version of Figure@ through Figure .

5.3.5. On the Choice of Delay Influence

All the presented approaches to concentration inequalities or contraction-like behavior in-
cluding the Subsections to actually have a Halanay-type inequality as their core
arguments. That means that —in one way or the other — an estimate for the future evolution
of a solution path is constructed using the supremum of the solution path over the preceding
delay-length interval. Of course, that technique covers several formulations of time-delayed
influence at once and we initially decided for a very simple one due to notational comfort.
Other possible formulations in place of that would still satisfy all of the presented

results in the subsections mentioned above are for instance:

. da(t) = [ Fa(t), vt) + g(z(t — 7(t/v)), yt)]dt + odW(t) for t € [0,T/v],

where 7 : [0,T] — [0, 7] is a mapping with values in [0, r].

o dz(t) = [f(a:(t)7 vt) + Z bi(t/v)x(t — rl)} dt + odW(t) for t € [0,T/v],
i=1
where r1,...,7r, € [0,r] and continuous b; : [0,7] — R for all i € {1,...,n} such that
>i [bi()] < a(t).
. da(t) = [ Fla(t),vt) + L(tm} dt + odW (t) for t € [0, T/v],

where L : [0,T/v] x C(J,R) — R continuous and linear with ||L(t)|| < b.
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5.4. Departure From Instability

This work has predominantly focused on concentration inequalities to limit the probability
of an escape from an area that usually was formulated in terms of standard deviations or
closely related quantities. An exception is Section [£.4]that has provided insight to the small-
ball probabilities of SDDEs in the critical regime, where an analogy to a properly rescaled
Brownian motion was established. Key ingredients have been the well-known small-ball
probabilities of Brownian motion and the convergence of fundamental solutions that we
established in the earlier Section In this final part of the transition of a solution to
an SRFDE into an unstable regime, we address ourselves to the question how much time
is sufficient for the solution to escape from a neighborhood of order 1 along the equilib-
rium branch. We will further simplify the considered system through the following set of

assumptions:
Assumption 5.44.

o We keep the assumption that 0 < b_ < b(t) < by and 0 < a_ < a(t) < aq for all
t € [T5/v,T/v], where a_,ay,b_ by are independent of v.

o With regard to the results of Section |5.5.5 as well as Section [5.3.4, we assume that
Ts3/v — Ty /v = O(\/V'), and that there is c3,¢3 > 0 such that

eV < b(Ts/v) — a(Ts/v) < eV

o The systems keeps turning more and more unstable immediately after passing through

T3/v. We assume that there are positive constants my and m, such that:

db(tt) da(t) <0 forallt>T3/v,

0< —=<myr and —myr <
=4 s b alt > dt

which includes that b(t) > a(t) for all t > T5/v.

o All nonlinear terms will be neglected, in particular we will study the solution of

dx(t) = —a(t)z(t)dt + b(t)x(t — r)dt + cdW (t)  for t > Ts/v, (5.4.1)
=T

Note that due to the absence of nonlinear terms, we implicitly keep the assumption

that * = x®v = 0 for the remaining time interval [T3/v, T /v].
o In foresight we assume that T — Tj is at most of order \/v'|logo|.

The results so far have revealed that typically | T|| € O(y/v), for sufficiently small v and
0 < oav7- We keep denoting the fundamental solution by & = (Z(t,u),u > T3 /v, t > u—r),
and let the corresponding deterministic solution semi group (Tgﬁt cu > Ts/vt > u—r)
map from C(J,R) to C(J,R). Then, by Theorem [3.5, we may represent the solution as

¢

x(t) = S%Z/VT(O) + O'/ Z(t,u)dW(u) for all ¢t € [T3/v,T/v].

T3 /v

For the generalized fundamental solution # we have so far only developed upper-bound

estimates while in this section we will need a lower-bound estimate. This will be achieved



138 5.4. Departure From Instability

by transforming the fundamental solution so that it solves a nonautonomous DDE with
coefficients that coincide in every point in time. Then, we will make use of slow system
evolution and our knowledge on the constant-coefficient case. The transformation is not as
obvious as its kind have been in the constant-coefficient case. As a key result of this section,

the following lemma provides the existence of a nice process ¢ : [T5/v,T/v] — R such that

t

a(t) == a(t) + c(t) = b(t) exp (_ /t

-

c(s)ds) = b(t) forallte[Ty/v,T/v]. (5.4.2)

The importance lies in the fact that for (¢, s) = fst ¢(u)du the transformed fundamental

solution

X(t,u):=exp(—y(t,u)) @(t,u) forallu>Ts3/v,t>u—r (5.4.3)
again constitutes a fundamental solution and solves

dX (t,u) = —a(t) X (t,u)dt + b(t) X (t — r,u)dt  for t > Ts/v,u < t,

(5.4.4)
X(t,u) = Ty () for t € [u—r,ul.

It is worth emphasizing that the simplified notation, for instance a(t) = f.(z*(t), vt), tends
to hide the fact that the process ¢ depends on v.

Lemma 5.45. Let a,b : [to,t1] — R be nonnegative and continuous for arbitrary finite
0 < to < t1, denote by = [|bl|jz.1,] and ay = ||al|ys,)- Define H : C([to — r, 1], R) —
C([to — . t1],R), h— H(h), pointwisely through

b(t) exp (— f:_T h(u)du) —a(t) forallt € [to,t1],
h(t) for t € [to — r, o]

H(h)(t) == (5.4.5)

Assume that h € C(J,[—a,bye+"]) satisfies

0

1(0) + alto) = b(to) exp (_ /

-

h(u)du> , (5.4.6)

and one example of such h is given by the constant mapping heonsy € C’(J, {hconst(O)}), where
heonst (0) solves heonst (0) + a(ty) = b(to)e*hw"st(o)’".

a) Then, there is a unique continuation h € C([to —r,t1],[—ay,bye®"]) of h, i.e. satisfying
h(u) = h(to +u) for all u € J, such that H(h) = h.

b) The continuation h from a) is continuously differentiable over (to,t1) and right continu-

ous in tg.

Proof. Tt is actually easy to see that —ay < heonst < bie®r. Therefore, heonst is a valid

initial segment in the sense that it is an element of C(J, [—ay,bie®7]).

a) For hg € C(J,R) we denote C("0) for the set of continuous functions with initial segment
ho, i.e. f S C(ho) ([to,tl],R), if f € C([to -, tl},IR) and

flto+u) =ho(u) forall u e J



139

Then, it is easy to check that

H (C(ho) ([to, t1], [—a+, b+6a+rD) c ¢(ho) ([to, t1], [—as, bye®T]),

if ho(u) € [—a4,bye®"] for all u € J.

The space C' = C")([to, t1],[~ay,bre?*"]), equipped with the || - |-norm, or topology of
uniform convergence, is complete, i.e. it is a Banach space. Further, it is easy to see that
it is bounded and convex. To justify the application of the Schauder fixed-point theorem,
see [HVLI3, Lemma 2.4, Section 2|, it remains to show that H is completely continuous,
which means that it takes weakly convergent sequences in C to (norm) convergent sequences
in C. To this end we assume that h, hy € C, k € N, and that hy weakly converges to h,
i.e. for any continuous linear functional f : C' — R, we have that limy_,~ f(hr) = f(h). So,
for f®)(g) == [, g(u)du, g € C, we know that

t t
lim hi(u)du = / h(u)du  for all ¢ € [to, 1],
t

k—oo Jy_ 0

which shows that for every ¢ € [to, 1], we have lim,,_, oo H(hy)(t) = H(h)(t) (pointwise).
To show that #H(h,) converges even uniformly to H(h), we let € > 0 be arbitrary and let
(ti)ieq1,...,ny denote a partition of [to,?;] defined such that

)

ti:toﬁ-*(tl—to) forallz'e{(),l,...,n}.
n

Then, for arbitrary ¢ > 0 and every n € N there is an N = N(J,n) such that

<6 forallie{0,1....,n}, k> N. (5.4.7)

/tti hi(u) — h(u)du

i—T

And for some arbitrary ¢ € (¢;,¢;4+1) for some i € {0,1,...n} we obtain that
t t
M (i) () — H(B) ()] = b(t) exp (-/ h(u)du) ‘1 ~ exp (/ h(u) — hk(u)du)‘
t—r t—r
t—r

— b(t) exp (— /t i h(u)du) ‘1 ~exp (- /t k)~ )
4 /t () — ()

i

+ /t ’ h(u)—hk(u)du>

=T

(5.4.8)

for all K > N. For an illustration of the integral decomposition see Figure

Denoting M, := max{ay,b;e**"} boundedness of h,h, € C representatively allows the

t—r
/ h(u)du
t7',—7"

Analogue estimates can be applied to three more terms in (5.4.8)). By continuing from (5.4.8))

following upper-bound estimate:

M
< =t
n




140 5.4. Departure From Instability

N

|
\
ti—’l"*t—’l“ ti tti—l—l R

Figure 13: Illustration of the integral decomposition in (5.4.8).

and using (5.4.7) we find that

je{-1,1}

[H(hi)(t) — H(R)(t)] < bye™+™  max {‘1 —exp (j <2AZ+ + 5)) ‘} for all k> N.

That settles uniform convergence. Hence, we may apply the Schauder fixed-point theorem

to obtain the existence of a continuation of hq in C, i.e.

ho € C(J, [—ay,bre®"])

_ _ __ (549)
= There is h € C")([to, t1], [~ay,bye™"]) with hy, = ho, H(R) = h.

b) The fact, that h = H(h), also yields that h is differentiable over (to,t;) with

Ch() = (b'(t) + o) (At —7) — E(t)))e‘ FonRde g1y for all £ € (o, t1). (5.4.10)

Here, V'(t) = %(tt) and a'(t) = d‘zl(tt). And the differential quotient’s limit from the right
also exists in ¢y due to continuity of h. It remains to show that the continuation h €
C([to — r,t1],IR) is unique. To this end we assume that h() and h(?) are two continuations
of ho that we assume to coincide up to some time £ € [t,t;] and to differ on the interval

(f, i+ ¢) for some ¢ > 0, and without loss of generality € < r, namely we assume that

AV () = @ (t) for all t € [tg —r,t] and AP (t) < B(¢t) for all t € (i,1 + €],
(5.4.11)

which is possible due to differentiability of A(!) and A?). But then
i+e i+e
/ h® (u)du >/ A (u)du,
t—r+te t—r+te
and therefore, because b(t) > 0 for all ¢ > T3 /v, we find that

f+5
RV +e) < K (i +e) =b(f +¢)exp <— /
t

h(2)(u)du> —a(t+e) <hWV(i+e).
—r+e

This contradiction settles uniqueness and the proof is complete. O
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Actually, the continuation is not restricted to finite time interval as long as a(-) and b(-)
remain nonnegative and continuously differentiable over [0, 00), but the quantities a4 and
by are possibly no longer well-defined.

Corollary 5.46. Given that a,b : [ty,00) — (0,00) are continuously differentiable,
ho € C([to — 7, to], [=l|all o 77, 16l (zo,m €10 T1™])  for some T > to, (5.4.12)

and H is defined analogously to (5.4.5) for allt € [tg,00), then there is a unique continuation
h e Cho)([tg, 00),R) with h = H(h) : [0,00) = R.

Proof. For ay := ||alljt,, 7], b+ := ||bll{to,7] the previous Lemma yields a continuation h over
[to — r,T]. We know that |[h||jz,_r7] € [~a4,bre®"] and define h(u) := (T + u) for
all uw € J. Then for given T > T, ||h||; € [—llalljp 7 ||b||[07T»}e”“”[0,T"JT] and therefore, h is a
feasible initial segment and the previous lemma implies a unique continuation to the interval

[0,7]. Repeating this argument yields the claim. O

Remark 5.47. Note that the previous Lemma and Corollary apply in relatively
general situations. But, in order to gather an upper and a lower bound as well as a uniformly

upper bound for differential, the below lemma will require the entire scope of Assumption

9. 4.4}
Lemma 5.48. Let the Assumptions hold. For given v let h denote the continuation of
the constant mapping h\"3/1) € C(J,R), suggested in Lemma with K2Y) (t) := ¢4 for

const const

all t € J, where c, is uniquely defined as the solution of
a(T5/v) + ¢, = b(T3/v)e” ",

Then,

a) The continuation h never falls below the level c,, i.e.

h(t) > cx  forallt e [Ts/v,T/v].

b) The continuation h never overcomes b(t) — a(t), i.e.

h(t) <b(t) —a(t) forallte [T3/v,T/v].

¢) There is a constant my > 0 such that

dh(t)’<x/7m+,

sup dt

te[Ts /v, T/v]

and m4 1is independent of v and at most of order |logo]|.

Proof. a) Let 7., := inf{t > T3/v : h(t) < c.} denote the deterministic first exit time of
the continuation h from the nonnegative half line [c,,o0). Suppose that 7., < T//v. Then
due to the fact that &' (T3 /v) > 0 because of (5.4.10), there is & > 0 with h(7., +s) < ¢, for
all s € (0,¢]. Without loss of generality we let ¢ < /2. But then, on the one hand

a(te, +€) —a(r.,) + h(1e, +¢) — h(1.,) <0,
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because a(-) is nonincreasing and h(7., + ) — h(7.,) < 0 by construction. On the other

hand,
Te,te Tew
b(Te, +€)exp (/ h(u)du) —b(7e, ) exp (/ h(u)du) > 0,
Tey FE—T Tey, —T

because b(+) is nondecreasing and

Te, T€ . Tew
/ h(u)du</ h(u)du.

ey tE—T cx T

But that is a contradiction to the fixed-point property that guarantees that

t
a(t) + h(t) = b(t) exp (—/ h(u)du) especially for t € {r.,,7., +¢}.
t

-r

b) After we know from part a) that & is actually nonnegative, this can easily be seen from
the fixed-point property.
¢) Aswe assumed that T/v —T5/v = O(y/v'|log o|), we know that there is a constant my, 4

at most of order |logo| and independent of v, such that

T-T:
sup  b(t) —a(t) < cavv' + (mp +mg)v 2
te[Ts /v, T/v] v

< mp,q \/17‘

Then

‘h(t)‘ - ‘(b’(t) bt (Rt — 1) — h(t))) ‘ ™ Hor BWdu ()] < T

for all ¢t € [T3/v,T/v]

for some appropriate constant m > 0 at most of order |logo| and independent of v. This

is because |h(t —r) — h(t)| < |b(t) — a(t) — c.| for all t € [T3/v, T/v]. O
Returning to the solution of (5.4.1), we let (Z(¢t,u) : uw > T3/v, t > u — r) denote the
corresponding fundamental solution, and let (T{s" : v > Ts/v, t > u — ) denote the

solution semi group of the corresponding deterministic system. The solution process of
(5.4.1) admits the representation

x(t) = f}%tg/yT(O) +&(t) where £(t) = a/t Z(t,u)dW(u) forallt>Ts/v. (5.4.13)

Ts/v

As usual, the deterministic term is ignored and we focus on the stochastic term &.

End-Point Estimate. It is a technically simple while natural attempt to use the normal
one-dimensional distribution and easily derived variance of the process to deduce an estimate
on the first-exit tail distribution only through observation of the end-point distribution. The
variance at the end point is given through

T/v

V&I‘:C(T/V):(TQ/T/ #2(T /v, u)du
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which, after we assure that fundamental solutions of slowly evolving systems with pointwisely
identical coefficients behave virtually brave, directly shows the impact of Lemma [5.45 By
that one we have the existence of a continuous mapping ¢ : [T3/v — r,T/v] — R satisfying

the initial condition
c(u) = c(Ts/v) = b(T5/v) exp (—c(T5/v)r) —a(Ts/v) for all u € [T5/v —r,T5/v],

and the fixed-point property holds true. Of course, the fixed-point property of ¢(+)
has been invented to justify the transformation in to take the analysis into a regime of
pointwisely identical coefficients, see ([5.4.4). The below schedule contains a brief reminder
of the convergence of fundamental solutions in the autonomous case, and gives an outlook

what implications can be carried over due to the system’s small evolution speed.

e From Theorem [£.5] we know that, given some ag > 0, the fundamental solution

(2(t))te[—r,00) corresponding to a linear autonomous delay differential law dz(t) =

1
14+aor

—apz(t)dt + agz(t — r)dt converges to exponentially fast. In particular,
1

_ |log(1 — e~ ")
1+ agr N ’

2r

<e ™™ forallt>0, k

‘Z(t)

(5.4.14)

e On finite time intervals, slowly varying coefficients lead to fundamental solutions that
also change their behavior only slightly:
Let X (o) = (X(to)(t))te[to_r,qﬂ/y] denote the nonautonomous fundamental solution,
defined through , with start in ¢g. It has pointwisely identical coefficients
a(t) = b(t) for all t € [T3/v,T/v], which are defined in (5.4.2). Let further denote
X o) = (XM (t)),e40—r7/) the autonomous fundamental solution initiated in ¢

with coefficients frozen in ¢3. Then

da(u)

X (1) = X)) < 2(t —t0)* sup |

u€lto,t]

‘ for all ¢t € [to, T/v],

see Lemma [5.49

e Due to the first two points, for every to, there is ¢(*0) reasonably small such that the

nonautonomous X (*o) gets close to the point of convergence %ﬂ)r of its autonomous

> TTa(
fellow X (*0); in particular

3§ 1
Xty > —— o) foralltelt t 4.1
()_1+d(to)r £ or all t € [to + s0,t0 + so + 7], (5.4.15)

and the quantities sy and £(*¢) may be chosen to be uniformly bounded,
50 <5=0(logyv|) and &) <e, =O/v|logv|),

see Lemma [5.50

e Once, a segment of a solution with pointwisely identical coefficients, not necessar-
ily autonomous, remains above a certain level, pointwisely identical and nonnegative

coefficients will not change that. The details are given in Lemma [5.51}

Summarizing we will show that X (*0) never falls below ﬁ —e4 after an initial cool-down

to)?"
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phase of duration at most § = O(|logv|). Remember that

da(t) _ da(t) , det)

pn o o for all ¢t € [T3/v,T/v],

and with regard to Lemma c), we conclude that there is 7 such that

sup

te[Ts /v, T/v] dt 2 ’

da(t g/
a( )‘ < THvP (5.4.16)
and the constant m, is at most of order |logo| independent of v.

Lemma 5.49. Under the Assumptions let (X(t,u),u € [T3/v,T/v],t € [u—r,T/v])
denote the fundamental solution of (5.4.1). For arbitrary ty € [T3/v,T/v] denote X t0)(t) :=
X(t,to) for all t € [to —r,T/v], and let (XP)(t) : t € [to, T/v]) be the autonomous funda-

mental solution initiated at to, defined as

AFO(E) = ~a(t0) B ()t + alt0) R0t — )t for t € [to, T/,
X (t) = L3 (2) fort € [to — 1, to].

And consider the deviation Y (*0)(t) := X (o) (t) — X*0)(t), t € [ty — r, T/v], that satisfies
dY ) (t) = —a(t)Y o) (t)dt + a(t)Y o) (t — r)dt

— Aa(t, 1o)X ) (1)dt 4+ Az (t, 1) X ) (t —r)dt  for t € [to, T /v,
Yy (o) (t) =0 fort € [to — 1, to],

where Az (to,t) := a(tg) — a(t) for all t € [to, T/v]. Then [Y @) ()| < /v (t — t)%.

Proof. The deviation process Y (*0)(.) may be represented as

v = [ %, W) (= A, 10) X1 () + Aa(u, to) X (u — 1) ) du

to
for all t € [to —r,T/v].

And for the usual arguments, |X*)(¢)] < 1, and also |X)(t)] < 1 for all t € [to, T/v].
Then, together with the estimate (5.4.16]), the claim is obvious. O

Lemma 5.50. Under Assumptions let my be the constant characterized in (5.4.16))
and let

_ [log(1 — e7?))]

Rig +

, k= min K
2r tOE[Tg/u,T/u]{ to}

For arbitary ty € [T3/v,T/v], let sy be the unique positive solution of

e*HtO(SUJ’»T) — (50 + T)Q\/;ﬁl+. (5417)
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Let further v be sufficiently small such that

4y r? < exp (—2k4,T) ( = 50 > 7‘), (5.4.18)
dy/vmr? <e (5.4.19)
@ < [log(4v/vmir?)|. (5.4.20)

to

we find that the solution so of (5.4.17) is bounded above through the following expression
which includes the definition of s(()+):

1
sg+r< sé+) +ri= — |log(4\/1/ ﬁ%+7"2)| ) (5.4.21)
to

)

and a lower bound sEf is determined by

) 1
So+1r > 5, +r:’€—
to

log (*/Z:L*’ log(4ﬁm+r2)‘> ‘ . (5.4.22)

Furthermore, ) is uniformly bounded above in ty by

E+ =2

7

<\/77’7L+ > | log(4v/v 4 72)|
I

which satisfies e, = (9(| log a|\/17). And séﬂ is uniformly bounded above in ty by

1
St+ri= o log(4v/v'imr?)]

which satisfies § = O(|logv|).

Proof. By (5.4.14)), or Theorem respectively, we have that

/'E'(to)(t) _ ﬁ < e molt=t0)  for all t > t,.
allo)r

Therefore, with regard to Lemma[5.49] we know that
. 1
XUy > ———— — 7Rl _ /m, (t—t)?  forall t € [tg,T/v].  (5.4.23)

If we understand each side of the equation in as mappings in sg, then, the left-hand
side is strictly decreasing in sg with start in 1 while the right-hand side is strictly increasing
with start in 0. Therefore, the intersection point sq exists and is unique over the positive
half line [0,00). Observe that through the assumption in the following estimates
hold true:

eflﬁ:to (t*t()) < 67Nt0 So

for all ¢ € [tg + so,to + S0 + 7], (5.4.24)
Vg (t —to)? < e"toSO}

because e "0 (=) i decreasing in t and (t — ty)? is increasing in t. See Figure [14] for an

illustration of the idea.
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T
So+ 1

Figure 14: Tllustration of the estimates (5.4.24]) due to the choice in (5.4.17).

Continuing from ([5.4.23)) we observe that

. 1
X))y > ——  _9eru(t=to)  forall t e[t t )
()f1+&(t0)7¢ e o or a [to + so,to + so + 7]

And we conveniently define

2e 050 =: (W) for all ¢, > T3 /v such that tg+ s < T/v. (5.4.25)

Assumption (5.4.18)) provides that the intersection point sy must be greater or equal to 7.
But then, it must be smaller than the intersection point of the left-hand side of (5.4.17))
with the constant niveau 24/v7.r, where we plugged in r for sg on the right-hand side of

the equation. That reveals that
1
so+r< sé+) +r=— |log(4v/v m+r2)| .
Klto

But then, sy must be greater or equal than the right-hand side with séﬂ plugged into it;

- _ 1

Iito

log(v/ir (s +7)2)|

log (Vztm*‘ 1og(4ﬁm+r2)}> ‘

’th

Therefore, we find an upper bound for £(*) by plugging s into the definition in (5.4.25)).
That provides that

~ | log(4yimg )|
log (M’ 10g(4\/7ﬁz+r2)’) D =2 (M)
Ktg

1
glto) < 2exp </{t0
K Kto

to

The claimed form and order of € follows from the assumption (5.4.19) acting as a minimal
condition on the exponent in the above estimate. The claim concerning the uniformly upper

bound $ is obvious.

O
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Lemma 5.51. Let a : [ty,00) — (0,00) and consider the solution (z(t))¢>¢, of

dx(t) = —a(t)x(t)dt + a(t)z(t —r)dt  for all t € [tg, 00),

(5.4.26)
T, = T e C(J7 [ll,lg]).

Then, the bound holds for all times subsequent to tg, i.e.
x(to +u) € [l1,l2]  for allu > —r.

Remark 5.52. The multiply used contradiction argument, that before has shown the bound-
edness of critical-regime fundamental solutions by 1, works just as well in the opposite di-
rection. Since the argument is rather standard by now, we slightly modify it and cover both

contradictions almost at once:
Proof of Lemma Consider the deterministic first-exit time from the interval [l,ls]

after tg, defined as

Ty, le] = inf{t >to: l'(t) € [11712]}

For the purpose of a contradiction, we assume 77, ;,) to be finite. By absolute continuity
of the solution path, 7, ;,;) > 0 we know that there is an ¢ > 0 and an interval N, =
(T[ZI’ZQ]’ T[ll,lz] =+ 5) such that

x(t) € [l1,ls] forall t € N..

Choose an arbitrary t; € N, then

ty
z(ty) = x(T[lhlz])efa(tl’mlvlzl) +e—(t) / ea(“)a(u)x(u —r)du,

Tiy,12]

; a(u)du and «o(t) = a(t,0) for all s,t € [0,00). As fst a(u)e® ™ du =
e(t) — () together with the initial condition ([5.4.26), we obtain on the one hand,

where again a(t,s) = [*

(31
z(ty) < loe (1T 051) 4 e—a(h)/ ea(u)a(u)l2du

Tliy,i2]

= lye= (T 1)) 4 ], e—e(tn) (ea(n) _ eamzl,lzp) — 1.

And on the other hand,

t1
a(ty) > lye Tl €_a(t1)/ eWa(u)lydu
Tli,io]

— lle—a(th‘r[zl,zg] + lle—a(tl) (ea(t1) _ ea("'[l1,l2])) — ll~

Which settles the contradiction to 7, ;,) < 0o, and the proof is done. O

The following theorem constitutes the main result of this section and its content summarizes
the result we have achieved through Lemmas [5.49] [5.50] and [5.51]

Theorem 5.53. Consider the situation of Lemma[5.50, and let & denote the fundamental
solution of (5.4.1) and X (t,u) be defined as in (5.4.3), where we denote c : [Ts/v — r,T/v]
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the unique continuation of the constant initial segment c, with ¢, is as in Lemma [5.48

Then, if v and v|logo| are sufficiently small,

- 1
X (t,t0) i —e4  fort >ty + 3§ and ty such that to+ 8 < Ts/v.

>
- 1+a(t0

Therefore,

/TT//: exp (2’)’(T/V7 u))XQ(T/y, w)du > /TT//:_é exp (27(T/u, u)) (1 n ElL(u)r — £+> i du.

And a lower boundary is given through

varz(T/v) 1

One more representation of this estimate:

var o(T/v) > <0>2 exp <2c*T ;TB) (1—e)?(1—ep),

l4+a_r—+cer

where e1 = (1 + (a(T/v) + co)r)er = OV logal), ea = exp (—2@@).
Proof. All of which has been shown in advance. O

As a centered normal distribution with standard deviation ¥ > 0 aggregates most of its

mass outside [—(, 3], i.e.

28 &

NO,E2 {[_575]6} >1- ﬁ )

if ¥ > f3, the previous theorem implies that

]P’{ sup x(s)<ﬁ}=0<ﬁ> )
s€[Ts /v, T/v] \/VarJ:T/V

which is helpful, if

Vvarz(T/v) > 8 < T;T?’ > ilog (ﬁz(l—i-(a(T/u)—i—c*)r)).

Cy o

Remark 5.54. e In order to observe an escape from an environment of diameter 3 of
order 1 over [T3/v,T/v] it suffices to have T — Ty of order \/v'|logo|. In particular
that justifies the fourth item in the Assumptions[5.74)

o Small-Ball-Probability Approach. To make use of the small-ball probabilities of Brow-
nian motion as we have in Subsection[[.]], we an improved understanding of the fized
point ¢ seems necessary. Having achieved that, a procedure may be accomplished that

generalizes the one, we have seen in the autonomous case.
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A. Auxiliaries

A.1. A Concentration Result for linear SDEs

The following presentation follows [BG06| Section 3.1]. Let v > 0 be some small parameter.
Consider continuous differentiable @ : [0,7] — [a—,a] where 0 < a_ < ay. Denote a(t) =
a(vt) for all t € [0,T/v]. Then, the solution of the SDE dy(t) = —a(vt)y(t)dt + odW (t) for
t € [0,T/v] and y(0) = 0 is P-almost surely given by

t
y(t) = O’/ e VW (u)  for t € [0,T/v],
0

where «a(t, s) = a(t) — a(s) with a(t) := f(f a(u)du for s,t € [0,T/v], s < t. The differential

law may be formulated in fast time t = s/v as

dij(s) = —%d(s)g}(s)ds + %dﬁ/(s) for s € [0, T,

where W is again a Brownian motion. The according rescaled variance process o(-) :=

3 var jj(-) solves %S(s) = —2a(s)v(s) + 1. That differential law features the equilibrium
branch 7*(s) = ﬁ(s) and by the uniform stability property a(-) > a_, there is an adiabatic

solution path 7% that solves the differential and satisfies |72 —3*| € O(v). Retranslation
into the slow-time setting provides the existence of an adiabatic solution (, given by ((t) =
24y (vt) for t € [0,T/v] with [|¢ — v*| € O(v), where v*(t) = ﬁ(t) = ﬁ = 0*(vt) for
t € [0,7/v]. In this situation, we have the following concentration inequality formulated in

slow time, i.e. when v is small:

ly(®)| 275 (1 + O(v)) B
P v >0} < oo () oo

where integer-value restrictions are ignored.

Proof. Consider a partition 0 = tg < t; < ... < t, = T/v with step sizes defined by
a(t;, ti—1) =~ forall i € {1,...,n} and some arbitrary v > 0. Then, the number of steps is

given by n = WT/V)D if we ignore integer-value restrictions. Then,

ly(®)] - ly(®)]
P S E P S for all 0. Al
{te[bol,ljp/ll] ¢(?) g IB} = i=1 {te[tbz‘uIl)vtz‘] ¢(t) g B} oralti= (AL

Through appropriate estimates, one can isolate the martingale parts on the right-hand side in
order to apply the Bernstein-type inequality, [BG06, Appendix B.1]. For every i € {1,...,n}
we obtain that

ly(®)] ! (w) : ¢
P sup ——=>p, <P sup oce"YdW(u)| > B inf Ctea()
{t€[ti17ti] V C(t) teft;—1,t:] 1J0 ( ) t€[ti—1,ts] ( )
2
< 2exp —t_'B— inf  ((t) inf e2*®
202 fo'” e2a(u)dy teti—1,ti) tE[ti—1,ti]

2
= 2exp (— p inf  ((¢t) inf ]e_Qo‘(t"’t)> .
t ti

202 [ e=20(tu) dy teltionti] T teltio,
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Then, we observe that

ti 1

/ e~ 2t gy = — vary(t;) forallie{1,...,n}.
0 g

Just like we have seen above, the rescaled variance process v(-) = 5 vary(-) solves the

differential equation dv(t) = —2a(t)v(t)dt+1 for all t € [0,T/v]. The process ¢(-) solves the

same differential equation and ¢(0) > v(0) = 0 for sufficiently small v. As solution paths

must not intersect, it is generally true that v(¢) < {(¢) for all ¢ € [0,T/v]. In other words,

t;
/ e 20ty < ¢(t;)  forallie {1,...,n}.
0

Hence,
ly(®)| ( B2 . ) o (tist; )) :
P su —_ > <2exp|—== inf ZLe b)) forallie {1,...,n}.
{te[t,.?ti] VAU R AT ra Y o)

And as ¢ varies slowly, is bounded above by ﬁ

5> and below by m, we obtain
that

ly(®)| B sattit; .
P sup > B% < 2exp | ——e2Wti=1) (1 4 O(vta forall i € {1,...,n}.
{tE[til,ti] V() 20* ( (v1)) t I
Using that e=* > 1 — x for all z € R, and continuing from (A.1.1) shows that

ly(®) T (Lo v
P{tei‘fﬁ/ﬂmﬁ }<2wa(T/v) P (<0 0wt

2

< ZW exp <2€2(27)(1 + O(utA))> exp (25:2) .

Optimization over v leads to the choice v = (32(%?9(1/)) and thus,

P{ ly(®)l 5} LTEALOW) (ﬂ?),

sup @ — >
tej0,7/v] \/C(1) o2va(T/v) 202
O
A.2. Estimates for Q-integrals
Theorem A.1. For arbitrary a,v > 0 and p € N,p > 2, we have that
oo B 2 p7a2'y
Ty < ——. A21
/a P “ = 207logp ( )
. s . _ v
Proof. With a substitution v = /2vlogpu < u = NI and so,

[e’e] ee] 2
/ piW“Qdu z/ exp <—u22'ylogp) du

v2> 1
= exp | —— | ———=dv
/a\/w < 2 ) V2vlogp
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Then, with an application of a tail estimate, we find that

e () Tt = i 0 (5 -
exp | ——= < exp | — = .
avITogp 2 2vlogp 2aylog p 2 2aylog p

Example A.2. o fora=1v= %, the result reads

[t o
pTdu < ———.
1 v/D'logp

o fora=1,v=1,

/°° g < 1
p U = .
1 2plogp

Lemma A.3. In the situation of Ezample[3.4b) the fundamental (matriz) solution (&(t,s) :
s € [to, T),t € [s,T)) is (locally) Lipschitz continuous in both arguments.

Proof. Lipschitz continuity in the first argument is clear as we already mentioned before, so
it remains to show only that the fundamental solution is Lipschitz continuous in the second
argument. We assume that for ¢ > 0 we have that

max sup

i€{1,....N} te[ty,T) dt
d
sup sup *A(au) < g<oo
t€fto,T) ue[—r,0] dt

It is a crucial point to note that

<gr(t—t)+ Nq(t—+t') foralue|-r0]tt €[0,T]

‘/_OT n(t,u) — n(t',u)du

Let us fix some arbitrary s € [0,T],¢ € [s,T] to simplify quantifications. In order to deduce
an estimate on the resolvent for fixed first argument, an application of the resolvent equation
(3.3.7) shows that for an appropriately small A > 0 (such that s — A > t;) we find that

R(t’s) 7R(ta57A) - (77(7573*@ 777(t757t*A))
+ / R(t,u)(n(u, s —u) —n(u, s —u— A))du

S

— /S R(t,u)(n(u,s — A —w))du for all s € [0,T],¢ € [s,T).
s—A

Because of the boundedness of R(t,u) in (3.3.8) and of ), there is a constant C; > 0 such
that

/iA R(t,u)(n(u, s — A —u))du| < C1A.
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We define the two mappings d, D : {(t, s) € [to,T]*: s <t} — R through
¢
d(t,s):=|n(t,s—t) —n(t,s—t—A)| and D(t,s)= / d(u, s)du.

Then due to the representation of 7 in (3.3.17)),

D(t,s) < -/St /:u A(u,v)dv — /:u_A A(u,v)dv

N
+ ZAz(u)(]l{sfugm} - ]1{87U7AS7"1‘}) du
i=1
If we let
Ay = sup sup |A(¢v)], (A.2.2)
te(to, T ve[—r,0]
we find that

du < AL A(t— s).

ti 0 0
/ / A(u,v)dv — / A(u, v)dv
s s—u s—u—A

For the second part of D(t, s) we introduce the following notation for an upper boundary of

the jump height,

B, := max sup | A;i(t)].
+ i€{1,waN}t€[t0,T]| 0

It is then helpful to realize that

0 for s —u < —ry,
[Ai(w)(Ls—uzry = Ys—u-a<r)| S4By fors—u—A< —r; <s—u,

0 fors—u—A> —r;.

Therefore, we find that

[

And summarizing what we have achieved,

N
ZAZ(U)(]]‘{é—UST"z} — ]]‘{S—U—Aﬁ'fi}) du S NB+A

i=1

By carefully going through the argument, we realize that the same arguments work with few

modifications also in case A < 0. And finally, regarding the definition of the fundamental

solution in (3.3.9)), we find that

Z(t,s) — Z(t,s — A) = / R(u,s) — R(u,s — A)du — /SA R(u,s — A)du (A.2.4)

for all s,t € [to, T], s <t, (A.2.5)
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which implies that for every time horizon T' > t, there is a constant C' = C(T") such that

t
(L, s) — @t s — A)| < D(t,5) +/ crD(u,s) + C1|Alds + crA < CJA|,  (A.2.6)
where cp, satisfies |R(t, s)| < cg over [tg, T] which is due to (3.3.8]). O

A.3. Brownian First-Exit Distribution - Lower Tail Estimates
A.3.1. First Approach to Small-Ball Probabilities

In the book of Revuz and Yor [RYO05|, for 7 :=inf{t > 0: W(¢t) & (—I,r)} we find that

o (£r) - 222 =1)

1
Lr)=—32 for all v € [0,”). A3.1
2" cos (3y(r +1) oreny I+ ( )

In case | = r with 7, := inf{t > 0: |W(¢t)| > r} that simplifies to

2

; 1 [ W)

E 7| = for all 0,—).
exp ( 9 T) cos (77) or all v & o

Therefore, we may deduce by means of the Markov inequality that

P W(s)| < Bp=P{rs >T} ]P’{ e ”QT} Lot for all {0 W)
sup s)| < = T3 > = €2 >e?2 < orall ye |0, — ).
s€[0,T] 7 cos (73) 283

This estimate is only useful when T is at least of order 2.

A.3.2. Small-Ball Estimates

Based on the result from [CT62]| N. Berglund and B. Gentz provide through [BG06, Corollary
C.2.2] in case d = 1 the following small-ball estimate for a Brownian Motion (W (s))s>0.

Corollary A.4. For any r > 0,

P sup (W(s) <rb < ( ”2)
sup s ry<—exp|—].
s€[0,1] T

8(tar) yields the very result we desire when comparing SDDEs first-exit time

VT
behavior with the one from properly rescaled Brownian motion in Section [4.4]

Rescaling r =

W (s)] 4 i
P §p < — - T f 17T >00>0. A32
{s:[l(l)PT] T+ ar < < —exp 20 1 ar)? or a >0,0 > ( )
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B. SDDEs - Case Studies

This section provides the formal verification of the the concentration inequalities that were
discussed in section Let us briefly remember the form of the Fernique inequality in the

regarding section:

5 2
IP’{ sup |y(s)| > h(\/l\Fll + Q(p, T))} < 51?2"6‘% for h > /1 +4logp,

s€[0,T]
where
T t ’ :
— = sup E (/ Z(t — u)e‘“‘dW(u)) = sup / P2 (t — u)e* ™ du
o te[0,T) 0 te[0,7] Jo

where Q(T) = Q(p,T) < Q1 + Qs with Q1 = Qi1(p,T) and Qs = Qs(p,T), defined as in
(3.4.10),(3.4.11):

o0 S 2 !
Q1(p,T) := / sup / a?(v) (50(75 —v) —E(s — v)) dv du,
1 5,t€[0,T],s<t, JO

|t—s|<Tp~*

e} t ‘
Qs(p,T) := / sup / a2 (v)E2(t — v)dv du.
1 s,t€[0,T],s<t, /s

jt=s|<Tp™

B.1. Critical Regime

In addition to the special-case analysis of Theorem (4.18)), a couple of scenarios of values of
1 and k have been discussed for the critical regime. We keep the notations of section (4.3)),
and in particular let x be given as in (4.1.12)). For the most part, the derived estimates are

based upon the convergence of fundamental solutions.

Critical regime, non-neutralizing case (a =b >0, u ¢ {0, —r,—%}). In the situation where
p ¢ {0, —r, =5}, we consider the SDDE (4.3.3) for a = b > 0 and p € R\{0}. Then for all
s,t€[0,T], s <t,

i 2 t 62;,1,3
E (/ T(t— u)e““dW(u)) ] < / e du < T (62“(t_8) - 1) . (B.1.1)
S S /”L
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2
e2Ht dy

/os(f(t —u) — #(s — u))?e*du = /OS </st<_“)5”(“ —u)+ad(v —u— r)dv)

s t
Sa2/ </ en(vu)+6n(uur)dv> eZ,uudu
0 s

2

K] t
<a*(1+ e”)2/ (/ e‘““dv) e2Hut2ru gy,
0 s

2

1— —k(t—s) s
_ a2(1 + em’)2€72ns ( € > / e2(l~e+/_t)udu
k 0
)2 eQ(Kr‘r/_L)S -1
2(k + )
2(k+p)s _ 1
— 42 1 KT\2 —25367 t— 2. B.1.2
(14 e et ) (B.12)

=a?(1+e")2e 2" (t — s

Iy t i - ?
— = sup E (/ E(t — u)e““qu) < sup / ( + e_”(t_“)> e“Mduy
o te[0,7] 0 tejo,r)Jo \1+ar
1 et —1 2 elrtmt g €T 1
= sup 5 _’_eflit —2kt
tefo,r) (1 +ar)®  2p (I+ar) (2p+ k) 2(p+ k)

5}

Vanishing noise (a =b>0, u <0, pn ¢ {0, —k, —
t62(u+n)t -1

Tl 1 oet—1 ., 2 elrtrt_q
—- < sup +e _
o " e (L+ar)>  2p (I+ar) (2p+ k) 2(p + k)
1 62;115 -1 2 eQ,ut _ 671125 62[Lt _ e*?l{t
= sup 3 +
tefo,r) (1 +ar) 24 (I4+ar) (2u+ k) 2(p+ k)
KA2|p])
< 1 L2 1 — 56D 1 ( _fi/\|u|>
T2l +ar)?  1tar [2u+r) 0 2p+ s £V |pul}
T
M < / e2H dy < L
o> = Jo ~ [2u]
So, we introduce the notation
EA(2]p])
02 = max { 1 L2 1D 1 KA
o 20" (1 +ar)?2lpl  L+ar |2u+r)  2lp+ sl KV |l
(4.3.12)
With (B-1.])
(B.1.3)

E (/t Bt — u)e‘“‘dW(u))T <eMs(t—s)<t—s,
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and starting from (B.1.2)), we find out that

(1 _ e—m(t—s))2 eQ(fc—t—,u)s -1

/ (&(t —u) — (s —u))?e*du < a®(1 + e"")2e 2
0

K2 2(k+ )
< 2(1+ KZ’!‘)Q eoHs — e (t )2
a e —_— — S
- 2(k + )
< <1 KA Iul) 1
KVl ) 2k plf
2 1 KT\2 A
< ed+e?) <1— r '“')(t_s)? (B.1.4)
2|k + pl KV |l

Collecting the results,

VT

VP logp’
RT

Q2<a(1+e ) 1_,%/\\/J| T

o 2k p KV |u| plogp’

And therefore, with vy from (4.3.12),

I +e@ o7 VT LTa4er) [ mAlp T
VIET+ed) o Tt 7 B '
o 2/plogp  2.,/2|k + y &V |u| plogp

(oo}
— < / Tp—* du <
1

Increasing noise (a =b >0, u >0, p ¢ {0, =K, —5}).

2T 1

2p

Il _

t
5 sup / B2 (t —u)e*du <
g tc[0,T]J0

t t
/ P2 (t — u)e*du < / e2idy < et — s).
S S

With (B.1.2), we obtain

/S(js(t ) (s — )P < (14 e e 2
0 B 2(k + )
1— e—2(n+u)s
2 N2 2us 2
=a°(l14+e")er————(t—s
1+ enpenl 0y
a*(14e)? 20T (f _ )2

2(k + )
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Collecting the results,

o / uT
=< / ATy gy < YL
o 1 V/P'logp

1
oo 2 KT)2 KT uT
9 < / MeQNTTQp—mﬂ du < a(l+e™) Te
1 2(k + )

2(k + p) 2plogp’

And therefore,

I +Q((T ehT TVTerT 7 a(l+e") TerT
<

< + - + =
o V2p o 2\/plogp 2, /2(k + p) 2plogp
wT V2 T V2 T
= 1+7 woVT —i—za(l—i—e”") K .
V2p 2 plogp 2 V2(k + ) 2plogp

Critical regime, vanishing noise, parameter-neutralization issues (a = b > 0, u < 0, u €

{0,—k,=%}). Case #1: p+ r =0 We begin with the case y+ x = 0 and 2u + x < 0. For

IT|| we find that
t 2 t 1 2
(/ z(t — u)e““qu) < sup / < + e“(t“)) e duy,
0 tefo,r)Jo \1+ar

I Tt Sy
= sup + K M + €—2nt/ eQ(I{«f»,u,)udu.
tejo,r) 2lul(L+ar)? ~ 14+ar |(2u+ k)| o

r
u = sup E
a te[0,T)]

where the first two terms have been carried over from the non-neutralizing vanishing-noise
case, and for third term, we find that

t
e—2f€t/ 62(K+/t)udu — e—2mtt < 1 ,
0 2ke
Leading to the estimate ||| < v?, where
e
v? 1= max L ! + 21 ki) L
! 12u]” 2p|(1+ar)?  14ar |2u+r)|  2ke
Also here (B.1.3) yields

E

(/:i(t - u)euuqu> 2] <M g)<i—s,
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For the integral term concerning Qs, we find an improvement in the estimate

/Os(aﬁ(t —u) — &(s — u))?e*du = /03 (/st —ai(v—u) —ad(v—u-— r)dv) 2 e du

s t
=a2(1+em)2/ (/ en(vu)dv) 218 gy,
0 s

2

s t
<d*(1+ e”r)2/ (/ e””dv) 2Rl gy,
0 s
s t—s 2
a2(1+€m~)2/ 6—255 (/ e—m)dv> du
0 0

S a2(1 + 6nr)2 8672ns(t _ 8)2

1
= 2ke

- a2(1+emr)2

t—s)%

- 2ke (t=3)

Collecting the results,
Qo VI g Lt T
o ~ Jplogp o V2ke'  2plogp

And therefore,

<w = = .
=t 2 /plogp 2 +/2ke 2plogp

VI +Q) 7 VT 7aen) T

Case #2: 2p+rk = 0. We continue with the case, where y = — 5, implying that 2u +x < 0.
For ||T'||, we find out that

r 1 2 K 1 A
u < - 4 e—nt / enu-{-?uudu 4 1— K |:u’|
2 S Aurar) Trar o Mt rl ' wVidl

where the first and the third term were carried over from the non-neutralizing vanishing-

noise case. For the middle term, we find that

t —K
2 e*'“/ g, S22
0 “14ar ~ (1+ar)ke

That leads to the estimate
IT|| < v3,

where

5 . { 1 1 N 2 n 1 ( KA u|) }
v3 1= maxq —, - .
? 20]" 2|p|(1+ar)? * (1+ar)se  2)u+ k| KV ul
Estimate (B.1.3) still holds, i.e.

E </St:b(t — u)e““dW(u))T <eMs(t—s)<t—s,
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And also can we take over from (B.1.4))

/O (6(t = ) = o — )2 < T

Collecting the results,

O VT @ _aten) [ anl

a®(1 4 e~r)? <1_ m|u|) —

KV |l

T

— N — an — X .
o = /plogp o T 2k +u KV |u| 2plogp

So that

<’U2+§

Vvplogp — \/2]k + pl KV |yl 2plogp

VITT +Q(1) 7( VI a(t+en) [ kAl T )

B.2. Stable Regime

As stable regime we consider the SDDE in case where a > b > 0.

e IA>0:da=a—A\=0be’ =b which implies &(t) <e M

1 ~
o IA>0,F>0:8(t) < ( — +e_”t> e A
1+ar

for all t € [—r, 00),

Stable regime, non-neutralizing case (@ > b > 0, —\ # p). Here, we start with some

preparations for the cases where —\ # p.
r
[

t 2
3 (/ T(t — u)e““qu) ]
g te[0,T] 0

t
< sup /672’\“*“)62““du
0

t€[0,7)
2 +p)t _ 1 2ut _ ,—2Xt
< sup P < sup S (B.2.1)
te[0,7] 2(A +p) tefo.r) 2\ + )
t
[ < sup / ( ! + e’?"(t“)) e Atmu) g2uu
o? " teo,1) Jo 1+ar
—2Xt t —Rt—2\t pt
= sup € _ / 62)\ue2uudu + 2e _ / efﬁu+2)\u+2uudu
teo.r) (L+ar)? Jo L+ar Jo
+ ef2fit72/\t /t €2Eu+2)\u+2,u,udu
0
e—2Xt eQ(A—Q—,u)t -1 2e—Ft—2At €(E+2>\+2,u)t -1
= sup — + = =
refo,r) (1+ar)2 2(\+ p) 1+ar R+22+2p
2 2(RHX+u)t _
2(R+ A+ p)
1 e21t _ o—2Xt . 9 e2mt _ o—Rt=2Xt  2ut _ ,—2(R+A)t (B22)
= su — — — — 2.
te[o%] (14+ar)?2 2\ 4+ ) 1+ar A4+2X2+2u 2R+ A+p)



160 B.2. Stable Regime

£ t 2(A+p)(t—s) _
/ 2 (t — u)e*du < / e A tmw) g2uu < 220 T T Ot — 1
s s 2(A + p)
2u(t—s) _ ,—2X(t—s)
= 205 S < . (B.2.3)
2(A + )

A?ﬂt—m—fw—u»%wwug[f(Liﬂmv_m+wﬂy_r_mm)iﬁm@

2

s t
S/ (/ aeA(vu)+beA(vru)dU) 62/_Ludu
0 s
s t 2
:(a_'_be/\r)Q/ </ e—k(v—u)dv) e2h gy,
0 s

2

s t—s
_ (G,-i-b@)\r)Q/ (e—ks/ e—A(U—u)dv> 21
0 0

S

< (a+ be")? / e s (t — 5)2 2t gy,
0

_ (G,-i-be)\T)Q/ 6—2/\362(>\+u)udu(t _ 5)2
0

_ (a + be)\r)Qe—Q)\s /s 62(>\+u)udu(t . 8)2

0

2(A4p)s _ 1
= (a + be™" 2672>‘867 t —s)2. B.2.4
(0 b (= ) (B.2.4)

Which can also be written as
/s(.fj(t _ u) _ i(s _ u))2e2uudu < (a + be}m)Qe—Q}\sw(t _ 5)2
0 N 2(A + p)

2us 672>\s
= be " 20 —°¢ t— ). B.2.5
(0t b (=) (B.2.5)

Stable regime, white noise. (a > b > 0, u = 0). From (B.2.1), we deduce that

[N/ 'S
o2 T 2X\°
From (B.2.2), we find that
H]_"” 1 1— 6—2)\75 ) 1— e—%t—2)\t 1— 6—2(/%-&-)\)75
I
o2 = b Uran?  2a T+ar me2y T 24N
1 1 2 1 1

< — .
SUrarZay " Trarkion 2R N

Hence,

H<02 where v := min L L L-F 2 ! + !
o2 =0 0" 2N (1 +ar)22)  1+ark+2)  2E+N [
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With (B.2.3), we find that

t 1— 672)\(2575)
% (t — <——<t-s
/S FH(t —u)du < o <t-—s

Then, starting from (B.2.5)

1—e 22 (a + be=?7)?

SV_ (s — uN2du < Ar\2 _ )2 <« —5)2.
/O(m(t u) = (s — ) du < (a+ b T (1) < )
9 VT Qs a+be ™ T
— < ——— and — < .

o = plogp o V2X  2plogp

Collecting the results,

VT T T be=* T
| ”+Q()§v0+ VT +a+€ .
o \/D'logp Vv2X  2plogp

Stable regime, vanishing noise, no parameter-cancellation issues (a > b > 0, up < 0, u ¢

{=X\,—A—£,-X—£}). From (B:2.1) we get

[ AN
T et — et 1= s
— < sup < . B.2.6
=5 0w S Ml (020
We know from (B.2.2)) that
HF” 1 e2ut _ e—2>\t ) e2ut _ e—kt—2/\t e2ut _ e—2(k+/\)t
— < su — + — — + =
o2 7te[0PT} (I+ar)2 204w 1+ar R+22+2u 2R+ X+ p)
1 _ lulax 9 (1 _ (2|u|)A({<+2A)) 1 _ A+
< |l VX (2luD)V(F+2X) WVERD .o (B.2.7)
SO+ pul(T4ar)? R34 21 +ar) | 20R4+A+pl Y -
From (B.2.3)), we have that
t 2u(t—s) _ ,—2X(t—s)
/ B2 (t — u)e*du < g2 & ¢ (B.2.8)
s 201+ 1)
ous_—2(|ulAN)(t—s) 1 — e—2(pVA=|p[AN)(t=s)
= e
~ 2|A + p
(el v A) = (pl AN
< gl (t—s). (B.2.9)
From (B.2.5)), we get that
s 2(A+p)s _ 1
/0 (&(t —u) — (s —u))*e*du < (a + be’\T)2e_2)‘562()\7+m(t —s)2
2us __ €—2As
_ perr2 & t— )2
(o b P =)

(a+be)? ( 2 M) 2
<=t (1 t—s)2 B.2.10
2[A+ pl Ul VA (t=2) ( )
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Collecting the results, we find that

1
9 _ (v = (ul AN VT Qy  a+beM AN T
— =< and — < —uvu-——/1— .
g A+ ul Vp'logp o V2IA+ |l vV A 2plogp

And so,

VIET+Q@) [l vX) = (AN VT
o = A+ p VP logp

a+ ber" AN T

+ - .
V2N + p] lu[ VA 2plogp

Stable regime, increasing noise (a > b > 0, u > 0). From (B.2.1), we obtain

[IT]] e21t _ o—2X o2uT
—— < sup < )
o2 " e 20+ p) 20+ )
And (B.2.2) yields

Tl 1 e21t _ p—2)t 9 2t _ g—Rt=2Xt  2ut _ ,—2(R+A)t

2 S s s e O

o tefo,r) (L+ar)? 2(A+p) 14+ar kE+2\+2u 2R+ X+ p)

82’U‘T 262,uT 62,U'T

20+ p) (1 + ar)? + (I4+ar)(R+2X+2p) * 2R+ X+ p)

Then,

[l <v2e®*T,  where 02 := L + 2 + L .
=0 O oA+ (A +ar)? T A +ar)(R4+20+2u) 2R+ A+ p)

From (B.2.3)), we have that

e2n(t—s) _ o—2X(t—s) 1 — e 2(A+u)(t—s)

¢
%2 t— 2p,ud < 2us _ 2ut < 2uT t—3).
/Sac( u)e u<e ST ) e ST ) <ett(t—s)
(B.2.11)
With the help of (B.2.5), we obtain
s 2us _ ,—2Xs
/O (#( — u) — (s — )2 du < (a+ be’\’”)Qﬁ(t _ sy
Ar)2
2nr\ 2T ) (a + be ) (t — s)2.
- 2(A + p)

Collecting the results,

Ar
% < eﬂ"ﬂ and % < a+be et T .
o V/p'logp o 2(u+ ) 2plogp
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And therefore,

VITT +(T) _ MT<1+7,/2(/\+#) VT LTlatbe) T )
pu < Vg€ .

2vg V/D'logp 2vg 2plogp

Stable regime, neutralizing-parameter issues (a > b >0, p € {—=\, =\ — g, —A—R&). Case
#1: p+ X = 0. We start with the vanishing-noise case —\ = p. For ||T'||, we may carry over
part of the computation for the second and third arising term from . In particular,
we know that 2|u| < 2\ + &.

H B 6—2)\t 2e—kt—2)\t

t
2(>\+p)ud
= sup = e U+
o2 e (1+ar)? /0

t
+e—2nt—2)\t/ eQmu+2)\u+2;Ludu
0

t
_ enu+2)\u+2,uudu
1+ar J

6—2)\t Qe—kt—Q)\t e(%+2)\+2u)t -1 - 62(R+)\+u)t -1
= sup ——t+ - _ L 2RENEZ___ ~
tefo,r) (1 +ar)? 1+ar RF+22+2u 2R+ A+ p)
1 9 e2nt _ e—kt—Q)\t e2nt _ e—2(k+)\)t
= su — + = = + =
te[o,%"] (I1+ar)22xe  14ar k+2\+2u 2R+ X+ p)
@luDAE+22) |l AGE+A)
- L2 (- Gossy) | (- EkEs)
tefo,r) (L+ar)?2x e~ 1+ar  RE+20+2p 2R+ A+ p)
2
1 o (1-285)  (1-45)

Ttrare 1raratorton 2 frtp)

T t t
LN = sup / #2(t —u)e*du < sup / e 2A =W o2 gy,
1J0 0

2
g tefo,T t€[0,7

t
1
< sup / e Mdu = sup te M < —
0

" tefo, 1) te[0,7) ~ 2Xe’

1_ 2l 1 ul
L 1 n 2 R+2X R4
2Xe’ (1+ar)22xe  1+ari&+22+2u 2R+ X+ p)

“— <wvg where v3 :=max
72

¢ ¢ ¢
/ B2 (t — u)e*du < / e 2A (w2 gy, — / e My = e (t —5) < (t — s)



164 B.2. Stable Regime

2

/Os(sé(t —u) — (s — u))?e* du < /Ot (/; —a@(v—u) + b(v —u— r)dv) o2 gy,

2

t t
S/ (/ ae)‘(”u)—kbe)‘(”“”di)) 2P dy,
0 S
5 [t t 2
= (a—i—be/\r) / e 2V dy (/ e_/\"dv>
0 s

Ar) 2
_ (a+ beAr)26—2)\st(t —s)2< %(t — )2

Collecting the results

9 VT’

Ar
Q and % a+ be T
o V/D'logp o

< —_—
T V2Xe 2plogp

And, therefore,

VTl +Q(T) VT a+ber T
— < vy + + .
o Vp'logp — \/2Xe' 2plogp

Case #2: K+ 2u+ 2\ = 0. In this case u = -\ — % so that this parameter-neutralization
occurs as a special case in the vanishing-noise case. That implies that we take over most
of the estimates from the prior case and work out new estimates when it is necessary. In
particular A < |u| and |p+ Al = £. To begin with, we may keep estimate

_ [ AN A
u< sup et — e 17|M|Vk :lim
0% e 200+ T 2A+ 4 R

From (B.2.2) we may take over the first and the third term, and achieve that

r t 1 i
LQH < sup / (1 . e—ﬁ(t—u)) e—A(t—u)e2/Ludu
o tej0,1]Jo +ar

—2Xt t 2 —Rt—2At t ~
= sup € _ / e2>\u62pudu + € _ / enu+2>\u+2pudu
tefo,r) (L +ar)? Jg I+ar Jo
+ 672Rt72)\t /t 62ku+2)\u+2,uudu
0
R S

< R

T2+ p|(1 4 ar)? 1+ar 2084+ A+ p| T 20X+ p|(1 4 ar)?

1 — lulAG+N)

2 n NGRS
(1+ar)(k+2 e 2(R+ X+ p)

+

And so,

_ lelax _ uIAEEN)
(Tl 1 VX 2 1 [V (RN

0 <2 h 2.= .
g2 SV Where = o i ar? | (L an) (Rt 2ne | 27+ A+ )
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From (B.2.9)
! VA) = (lul AN
ij t—u e2/w,du S (|M| t—s).
| #e-w Sea )
From (B.2.10)

( —u) — (s — u))2eH¢duy (a+ beX)” _|,u|/\)\ _5)2
/O(x(t ) — (s —u)) e du < e (1 IulvA>(t 2.

g

1
o (el v D) = (ulAN) VT Q _ a+beV AN T
=< and —= < 1- .
A+ ul Vp'logp o = 2N+ lul v A 2plogp

And so,

1 S
VTN +Q(T) <ot (el v ) = (el AN VT n a+ be LA T
o B A+ u VP'logp — \/2]X + lu[ vV A 2plogp

Case #3: K+ p+ A =0. In this case, K + 24+ 2X <0, u+ A <0 and .... So we may again

take over several of the results from the vanishing-noise regime.

Estimate (B.2.6]) is preserved, besides |A + p| = % Hence,

[ AN A
T € ava _ L

> % = = =
@ = o 20t R) C 2hal | 2R

2ut 6—2)\15 1—

From (B.2.2), we may carry over the estimates for the first two terms from (B.2.7)

r ! 1 _
u < sup / (1 B e—ﬁ(t—u)) e—)\(t—u)e2,uu
o tejo,1]Jo +ar

6—2)\t t Qe—kt—ZAt t
= sup _ / 62)\u€2uudu + _ / enu+2)\u+2,uudu
tefo,r) (L+ar)? Jo L+ar Jo
t
+ 672/%1572)\1& / eru+2)\u+2uudu
0
1— || AN 2 (1 _ (2‘#‘)/\(%"‘2)‘))
[u[VA luh)V(F+20) sup o~ (R+20)ty

m
T2+ pl(M4ar)? o JRF20+2u[(T+ar)  yejom

A B (2\#\)A<E+2A>)
1- 5 2 (1 Glalv (2 1

“on+ul(l+ar)? | [R2at2u(l+ar)  (7+2M\)e

That motivates the notation

by |u[AX _ M)
Il 02 with 02 ‘= max S T 2 (1 ClpDV(E+23) 1
0.2 —= "0 0 - oK 72,%(1 —|—Zl7’)2 /%(1 +(~IT) (/~Q+2/\)6
From (B.2.9)

[ @ apeman < LN

K
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From (B.2.10)
8 berr)? lpe] A A
(4 s _ 2 2uu < (CL + _ t— 2.
/o (Z(t —u) — Z(s —u))?e M du < o7 1 PR (t—s)

That leads to

A ¢<|u|w>—<uw>‘ VT
R VP logp’

Q (a+bekr)2(1_|u|m>‘ T
o 28 lulVA) plog(p)

g

And so,

VI +Q(T) <UO+\/(|MV>\)(|MIA/\)‘ VT
o - R /D' logp

. (a+bew)2(1_|ﬂ|m>‘ T
2f lulvVA) plog(p)

B.3. Instable Regime

Instable regime, non-neutralizing case (0 < a <b, u # \). Aslong as pu # A,

t t
/ 562(15 —u)eQ““du §/ 2= 2pu gy,

S

t
262)\25/ 62(“7>‘)“du
s

2(u—N)(t—s
_ M 2(uN)s © (=N (t—s) _ 1

TS (B.3.1)

/Os(i‘(t —u) — i(s —u))?e*du = /0 (/t —az(u—v) +bi(v —u— r)dv> : 21 gy,

s t
S/ (/ aex\(vu)_’_bek(vur)dv) 62uudu
0 s

2

s t
:/ (a+be—Ar)2 (/ ez\vdv> 62(“_’\)“du
0 s

Instable regime, vanishing noise (0 < a < b, p < 0).

t t 1
/ B2 (t —u)e*tdu < / ( — + e“(t“)> A=W 20y — Ty 4 Ty + T,
0 o \1+ar
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where
7, := 1 et L (1 — 62(“7)‘”) (B.3.3)
T o(I+ar)2 2u— A -
t
Ty = 2 e(_”+2’\)t/ e(F=22+2mu gy, (B.3.4)
1+ar 0
¢
I3 := 6(72H+2)‘)t/ 2=t gy, (B.3.5)
0

Case #1: k — A+ p < 0. For the term Z from (B.3.4), we find

T, = 2 p(—rt2N) 1 (1 _ 6(5—2)\+2/L)t) < 2 oKt 2Mt 1 )
1+ ar |k — 2\ + 2] ~14ar |k — 2\ + 2p|
<1
(B.3.6)
For term Z3 from (B.3.5)
(—2k+20)t 1 2(k—Atp)t SV
I3 =e 7" 7(1*6 R “)<e _ B.3.7
3 2|k — A+ pf - 2|k — A+ pf ( )
<1

Case #2: Kk —2X+2u < 0,k — A+ p > 0. Estimate (B.3.6) holds for term Z; from (B.3.4),
and for term 73 from (B.3.5) we find

1
T — (26420t (62(n—)\+p,)t _ 1)
8 2k — A+ 1)
1 1
_ 20t —oXt 72([{7#)15) 2ut o~ 2Xt 2ut B.3.8
e e e e e“Me . .3.
2(%—)\+/L)( - 2k — A+ p) ( )
<1
Case #3: k —2X+2u > 0. For term 7, from (B.3.4)), we get
27t
Ty = 2e _ et 1 (6(572)\+2p‘)t 7 1)
1+ ar K—2\+2u
— 262)\t 1 (6—2)\t _ e(—fs—Qu)t) e2ut
14+ark—2\+2u
[-1<1
9 2t 2ut
¢ ¢ (B.3.9)

T l4ark—22+2u

And for the term Z5 from (B.3.5) we may take over the estimate (B.3.8]).

Case #4: k =2\ —2u. Meaning that kK —2A 4+ 2p =0 and kK — A+ p > 0. Then we find for

7, from (B.3.4)

t
T, = 2~ e(—m+2>\)t/ e(m—2)\+2u)u du = 2~ e2>\te—ntt — 2~ 62>\t62pt e(—n—2u)tt
14 ar 0 14ar 14ar —
-1 < 1
= (—r+2p)e
2 1 62/\t62ut.

T 1+tar (—k +2p)e
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For term Z5 from (B.3.5), we can use estimate (B.3.7), i.e.

—2kKt

t
Ty = e(—2)<,+2/\)t/ e2(R=A+m)u g, < o2t € .
0 2[k — A+ pf

Case #5: k = A—p. Here, k—A+p =0 and k —2\+ p < 0. Then for term Z, from(B.3.4)),
we use estimate (B.3.6), i.e.

1tar |k —2X\ +2p|

1'2 < 2 —K,te2)\t 1
And for term Z5 from (B.3.5), we have that for arbitrary v € (0, x) that

t
Iy = 6(72H+2A)t\/ 62(/{7)\+,u)u du = 62At672(/{71/)t672utt < 62)\t672(n71/)t 1
0

2uve’
-1

Alltogether, we find that for aritrarily fixed v € (0, k),

HF” 7 . . 22T o e~ min{k—v,2|p|}t
I < (1 c
o2 = 1+1o + 3_(1+dr)2< + ( » ))

From (B3.1),

2(p—=A)(t—s
e2(n=X)(t~s) < PN (f _ ) = 2AE=9) 205 (4 _ )

t
2204 2pu 2Xt  2(p—N)s
E°(t — u)e M du < e*e

[ #- e < RSV

< ePT(t - s).

And with (B.3.2)
s —Ar\2
(4 e 2 2uu < (CL + be ) 2(p—A)s __ 1 2Xs(4 _ \2
/0 (Z(t —u) — Z(s —u)) e du < 50— (e ) e“M(t —s)
(CL + beiAT)Q e?AT(t _ 8)2,
2(p—A)
%< \T \/T %< AT a—l—be"\’“ T

<e™ ——— and <e . .
o VP logp o V2(u—2X) 2plogp
Collecting the results,

T —min{xk—v,2|p|}T
VITT+Q(T) _ e >G+O<e )
g

T V2A (1 +ar v

. VT a+ ber" T
+ V2N (1 + ar) (\/ﬁlogp * 2plogp> )

Instable regime, increasing noise (0 < a < b, u > 0).

t t 1 2
/ B2(t —u)etdu = / ( — + e”(t“)> AW 2uugy < T 4 T 4+ T,
0 o \1l-+ar
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where
T, — e2=Nug B.3.10
! 1+ar /0 " ( :
) 2(A—k)t
T, = e / e( 22— n+2,u)udu (B.3.11)
1+ar 0
¢
Ty 1= e(A-20)1 /e —2X+26420) g, (B.3.12)
0

Instable regime, weakly increasing noise (0 < a < b, p > 0, A\ > u). Case #1: X\ > u,
k=22 +2u#0, k— A+ pu#0.

1 eZAt _ eQut 62)\t
I, = — < —.
(I+ar)? 2(p—A) 20— p)(1+ar)?
26(2)\7/@)1& e(n72>\+2,u)t -1 2e2At 672()\7,u)t — e—Ht 22At o— min{2(A—p),x}

0 =

= <
14+ar kK—2XA+2u l+ar k—=2X4+2u ~ 14ar |2\—2u— k|

2(k—A+p)t —2(A—p)t —2kKt —2min{\—pu,x
e2( “)_172,\& A—pt _ ¢ " {A—u,k}

1:2(/\7m)t—7 < - .
3¢ 2k = A+ p) 2k = A+ p) =¢ 2|N — p — K|

Case 7#2: A\ > i, k —2XA+ 21 =04 p = A — 5, and implying that k — A + u > 0. We may

keep terms Z; and Z3, i.e.

2Xt —2min{A—pu,x}
(&
and Iy <eM—_—
2IN — o — K|

And for the remaining 7o, we find that for arbitrary v € (0, k)

— M ' (*2)\+H72y)ud _ 2672” —2(k—v)t 1
2 = = (& u = —e .
I+ar Jo T 1+ar 2ve
Therefore,
1T 22t 1 1 e—2min{A—p,k}t 9 e—2(k—v)t
S € = —+ + _ )
o? (1+ar)? 2(A = p) 2(k — A+ p) 1+ar 2ve

Case #8 : k— A+ p=0< pu=X— k. Also implying K — 2X 4+ 2u < 0.

We may keep the terms

e2At 9e2 Mt o~ min{2(A—p),x}H
Il S = and IQ S
20 =) (1 +ar)? 1+ar K—2\+2u
And for the remaining 73 we find for every v € (0, x) that
—2(k—v)t

t
_ _ _ _ _ €
Iy = 6(2/\ 2:<,)t/ e2( AE+p)u du = eQAte 2(k l/)te 2wty < 62)\1& 5
0 ve

=1

And hence for arbitrary v € (0, ),
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r 2Xt 2\ — —min{2(A—p),x}t
H—QH_ (1420 +ar) (A= e
o 2N — p)(1 + ar)? [2X — 2p — K|
+ 2()‘ — M)(]' + a’71)26—2(/%—11)75
2ve

e2At e~ min{2(A—p),k—v}t
= - 14+0 .
200 — w)(1 + ar)? v

This case, p < A, we still may take over (B.3.2) to receive

. . 2 2uu (a+be)? 2=V 2hs (g )2
/O(x(t—u)—x(s—u))e du < (1 ( M) Xs(t — s)

2(A = p)
(@b
2 —n ¢
(aJFbef)‘T)QezAT _ g2
Y (t —s)2. (B.3.13)

And with the estimate (B.3.1), we get that

2n=N)(t=5) _ |

t
/ LEQ(t _ u)e2uudu < 62/\t6(u—)\)s < 62)\(t—s)62/w(t _ S)
s

2(p—=A)
<Pt —s). (B.3.14)
Therefore,
—Ar
Q _pr VT Qo atbe™ o T
o log(p)\/p° o V20— N) 2plogp

Collecting the results, we receive that

At in{2(A—p),k—v}t
VLI +Q(T) < e 40 <lem<<2)>>
a V2(A = p) (14 ar) v

n VT n a+be A" AT T
log(p)yP  /2(u—N)  2plogp

Instable regime, strong increasing noise (0 < a < b, u > X > 0). Case #4: A\ < p.

I 1 62)\25 _ eQut - e?,ut 1
Taxar)? 2w—A) ~ (I+ar)22(u—N)’
26(2)\71{)15 6(2/,1472)\4*}%)15 -1 2e2mt ot et efite=2M _ o—2ut

I, = _
2T Ty ar r-—22+2u1  1+tare T 2u—2n+tnw

228t 1 — 62(;L7)\)t711t
T 1l4ar 2u—-2\+=k
2e2mt 1
< _ .
T 1l+ar2u—22+k
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7 20— r)t eQ(W*/\‘FM)t -1 2pt1 _ 672(;1,7)\+/$) e2ut
3 = e =

] Wy R T ey (T wyn

So, we receive

r
u < Tyl where
g
1 2 1
R =

TN +arE  Cp—ortmtar) 2 Atn)

In this case, we may take over the estimates (B.3.13]) and (B.3.14)),

¢
/ B2t —u)edu < M (t — s).
S

S:Et—u — (s —u))%eidu < t—s)?
|t = (s — e < T
Therefore,
—Ar
%ge)‘TL and %g @+ be A T .
o Vp'logp o = 2u—-2N  2plogp

Collecting the results yields

,/r||+Q(T)<€ATUO<1+ VT atbe T >
g

+
vo/Plogp  wy\/2(n— A) 2plogp

Instable regime, critical noise (0 < a <b, p=N). Case #5: X\ = p.

2t t 2t

€ 2(p—N)u du = €

U — 4
Ot Sy —=—""" )

2(A—k)t t 2(A—k)t t
Iy = 2 ) / e(T2AFR 2 gy, — ‘26 ( : / e du
0 0

1+ar 1+ar
262()\7#@)2& ] 22Xt
=— (" -1) < ———.
1+ar) © ) < 1+ ar)w
t 2 A—r)t 2t
I3 = 6(2)‘72“)1‘// e2(CAtptR)u g € o (e2nt o 1) < 627
0

Hence,

o 1+ ar)? + (1+ar)s "ok (14 ar)? Tk 2kt

r T 1 1 e 1+4+ar 1+ ar)?
e )- e (5 ).
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From (B.3.1), we compute that

s s t
/ (.f,‘(t - u) _ i‘(S _ u))QeQdeu < / (CL+ be—Ar) (/ eMdv) 62(lt—>\)udu
0 0 s
_ s(a+ befAr)262)\T(t o 8)2

=TT (0 + be™)2(t — 5)2.

And, from (B.3.2), we get
¢ ¢ ¢
/ B2 (t — u)e*du < / e\t 2uu gy — / ePMdu < T (t —s).

Therefore,

% < e/\Ti\/z—j‘ &
o~ /P logp o - 2plogp

Collecting the results,

VLI + Q(T)

o
T 1+a 1+a 1+a
SFeN 1 —|—ar+ —|—ar+ +ar

1+ ar Tk V26T /D logp

T
1+a Ay ).
+ (1+ar)(a+ be )2plogp>

Instable regime, white noise (0 < a < b, p=0). Case #1: k ¢ {\, 2A}.

t t 1 2
/ F2(t — u)du < / < 4 en(tu)) p2A (=)
0 0 14 ar

t 22X (t—u t —k(t—u t
:/ e()2du+2/ e()e2/\(tu)du+/ Q20— R)(t—u) gy,
0 0 0

(1+ar) 1+ar
20t t 2(A—kr)t
_ et 2 / @t gy 4 O 1
NI +ar)? " 1+ar ), 20\ — 1)
2xt _ 1 9 2A—r)t _ 1 2\ —r)t _ 1
= 2 ) ¢ (B.3.15)

2X(1+4ar)?  (1+4ar)(2X— k) 2(A — k)

Case #2: k € (0,\). Starting from (B.3.15)

t ) e2At 26(2)\7&)t 62(Afn)t
£ (t —u)du <
/0“” Wi s i raye Farane—r T 20w

e2>‘t~ - AN(1 + ar) . A1+ ar)? ot
2A(1 + ar)? 2\ — K A—K

Case #3: k € (X, 2)). Beginning from (B.3.15))

t 22t (2A—r)t —2kt _ =2\t
9 e 2e oxt € e
t—u)du <
/Ox( Wi s i e T ara@ ) ¢ 30w
- e2Xt N 26(2)\—/{)t N eQAt Cont 1— e—Q(H—A)t
T2 (1+4+ar)?  (1+4+ar)(2A—k) 2(k — A)
22t - < \2
< (20 dan) g 2AA+an)T oy
2M(1 + ar)? 2X— k& 2(k = A)
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Case #/: k € (2\,00). As before, from (B.3.15)) we obtain

t ) 62)\15 D) (1 _ e(H*ZA)t) 1— 672(nf>\)t
P2(¢ — u)du <
/05”( Wi S i aE T Aran_on T 2N
< e”i AN(1 + ar) 2 A1+ ar)?
2A(1 + ar)? (K —2X) K—A

In all four of the cases, we found out that

= g (11O )

From (B.3.2)), we deduce

. § (@+0e ) 5ux

t— — — 2d P S S (1 )571 2)\tt
/0 (&(t —u) — &(s — u))°du STy, (e )e (

(a+0e*)? oar 2

< — .

< o e“M(t—s)
Starting with (B.3.1), we get
2(=A)(t—s) _ 1

t
Y < 2Mt2(=N)s €
/S Tt —u)du < e*Me 2N

And therefore,

6—2)\t) .

_ 5)2

< eZA(tfs)(t _ S) < 62)\T(t _ 8).

T A T
Q _ 0 VT Q patbetr T
o VD logp o V2X" 2plogp

Collecting the results, we find that

VLI + Q(T)

g
AT | Ar
— 67\/(1 + O (e==A@O)) 4 AT VT 4 ratbe T
V2X(1 + ar) V/P'logp V2\ 2plogp

< )<1+O(e—("“§””)+\/§(1+ar)< VT +a+be” T ))

V2X (1 +ar

V/D'logp Vv2X 2plogp
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