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Abstract

This paper establishes the existence of relaxed solutions to mean field games (MFGs for short)
with singular controls. As a by-product, we obtain an existence of relaxed solutions results for
McKean-Vlasov stochastic singular control problems. Finally, we prove approximations of solutions
results for a particular class of MFGs with singular controls by solutions, respectively control rules,
for MFGs with purely regular controls. Our existence and approximation results strongly hinge on
the use of the Skorokhod M; topology on the space of cadlag functions.

AMS Subject Classification: 93E20, 91B70, 60H30.

Keywords: mean field game, singular control, relaxed control, Skorokhod M; topology.

1 Introduction and overview

Starting with the seminal papers [25, 33], the analysis of mean field games (MFGs) has received con-
siderable attention in the stochastic control and financial mathematics literature. In a standard MFG,
each player ¢ € {1,..., N} chooses an action from a given set of admissible controls that maximizes a cost
functional of the form

T
Jiu) = E / S8 X BN )t + g(Xin 5 (11)
0

subject to the state dynamics

(1.2)

AX} = b(t, X{, g ul) dt + o (t, X, gl ul) dWy,
Xé =T '

Here W', ...,W" are independent Brownian motions defined on some underlying filtered probability
space, u = (u',--- ,uN), u’ = (uf)se0,7) is an adapted stochastic process, the action of player i, and
Y = % Z;vzl é X7 denotes the empirical distribution of the individual players’ states at time t € [0, T].
In particular, all players are identical ex ante and each player interacts with the other players only through

the empirical distribution of the state processes.
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The existence of approzimate Nash equilibria in the above game for large populations has been established
in [4, 25] using a representative agent approach. In view of the independence of the Brownian motions
the idea is to first approximate the dynamics of the empirical distribution by a deterministic measure-
valued process, and to consider instead the optimization problem of a representative player that takes the
distribution of the states as given, and then to solve the fixed-point problem of finding a measure-valued
process such that the distribution £(X) of the representative player’s state process X under her optimal

strategy coincides with that process.!

Following the representative agent approach, a MFG can then be formally described by a coupled control
and fixed point problem of the form:

infu E |:f0T .f(tv Xta Hts Ut) dt + g(XT7 /~‘LT) ’
subject to
dXy = b(t, Xy, e, ue) dt + o (t, Xo, e, ue) dWy (1.3)

There are essentially three approaches to solve mean field games. In their original paper [33], Lasry
and Lions followed an analytic approach. They analyzed a coupled forward-backward PDE system,
where the backward component is the Hamiltion-Jacobi-Bellman equation arising from the representative
agent’s optimization problem, and the forward component is a Kolmogorov-Fokker-Planck equation that
characterizes the dynamics of the state process.

A second, more probabilistic, approach was introduced by Carmona and Delarue in [4]. Using a maximum
principle of Pontryagin type, they showed that the fixed point problem reduces to solving a McKean-
Vlasov forward-backward SDEs (FBSDEs for short). Other results based on probabilistic approaches
include [1, 2, 3, 5, 10]. Among them, [2, 3, 5] consider linear-quadratic MFGs, while [1, 10] consider
MFGs with common noise and with major and minor players, respectively. A class of MFGs in which the
interaction takes place both through the state dynamics and the controls has recently been introduced in
[8]. In that paper the weak formulation, or martingale optimality principle, is used to prove the existence
of a solution.

A relaxed solution concept to MFGs was introduced by Lacker in [31]. Considering MFGs from a more
game-theoretic perspective, the idea is to search for equilibria in relaxed controls (“mixed strategies”) by
first establishing the upper hemi-continuity of the representative agent’s best response correspondence to
a given p using Berge’s maximum theorem, and then to apply the Kakutani-Fan-Glicksberg fixed point
theorem in order to establish the existence of some measure-valued process p* such that the law of the
agent’s state process under a best response to p* coincides with that process.

Relaxed controls date back to Young [38]. They were later applied to stochastic control in, e.g. [19, 20, 29],
to MFGs in [31], and to MFGs with common noise in [6]. In the common noise case, the fixed point
is random. This prevents an application of standard fixed-point results. To overcome the problem of
randomness, [6] introduced a notion of weak solution to MFGs, based on the approximation of MFGs
by MFGs with discretized common noise paths. The notion of weak solutions is further supported in
[32] where it is shown that the weak limit of e-Nash equilibria for N player games as N — oo is a weak
solution to MFGs. Moreover, each weak solution to MFGs yields an e-Nash equilibrium for the N player

game.

Applications of MFGs range from models of optimal exploitation of exhaustible resources [11, 12, 18]

IThe idea of decoupling local from global dynamic in large interactive stochastic systems goes back at least to Féllmer
[14], see also [15], and has been successfully applied to equilibrium models of social interaction in e.g. [22, 23].



to systemic risk and bank-run models [7, 9, 34], and from principal-agent problems [13] to problems of
optimal trading under market impact [8, 16, 26]. Motivated by possible applications to optimal portfolio
liquidation under strategic interaction that allow for both block trades and absolutely continuous trades
as in [17, 21, 30], this paper provides a probabilistic framework for analyzing MFGs with singular controls.
Extending [31], we consider MFGs with singular controls of the form

infy, 7 B [ fy £t Xo, e we) dt + g(Xp, pr) + i h(t) dZ]

subject to (1.4)
dXy = b(t, Xe, e, up) dt + o (t, Xy, pir, ug) dWy + ¢(t) dZs,

LX) =p

where u = (u¢)ico, 1) is the reqular control, and Z = (Z;)c(0,4 is the singular control. When singular
controls are admissible, the state process no longer takes values in the space of continuous functions,
but rather in the Skorokhod space D(0,T) of all cadlag functions. The key is then to identify a suitable
topology on the Skorokhod space with respect to which the compactness and continuity assumptions of
the maximum and the fixed-point theorems are satisfied.

There are essentially three possible topologies on the space of cadlag functions: the (standard) Skorokhod
J1 topology (J; topology for short), the Meyer-Zheng topology (or pseudo-path topology), and the
Skorokhod M topology (M topology for short). The M; topology seems to be the most appropriate
one for our purposes. First, the set of bounded singular controls is compact in the M7 topology but not
in the J; topology. Second, there is no explicit expression for the metric corresponding to Meyer-Zheng
topology. In particular, one cannot bound the value function at given points in time in the Meyer-
Zheng topology. Third, the M; topology has better continuity properties than the J; topology. For
instance, it allows for an approximation of discontinuous functions by continuous ones. This enables us
to approximate solutions to certain classes of MFGs with singular controls by solutions to MFGs with
only regular controls. Appendix B summarizes useful properties of the M; topology; for more details, we
refer to the textbook of Whit [37].

To the best of our knowledge, ours is the first paper to establish the existence of solutions results to
MFGs with singular controls. As a byproduct, we obtain a new proof for the existence of optimal
(relaxed) controls for the corresponding class of stochastic singular control problems. A similar control
problem, albeit with a trivial terminal cost function has been analyzed in [20]. While the methods and
techniques applied therein can be extended to non-trivial terminal cost functions after a modification
of the control problem, they cannot be used to prove existence of equilibria in MFGs. In fact, in [20],
it is assumed that the state space D(0,T) is endowed with Meyer-Zheng topology, and that the spaces
of admissible singular and regular controls are endowed with the topology of weak convergence and
the stable topology, respectively. With this choice of topologies the continuity of cost functional and
the upper-hemicontinuity of distribution of the representative agent’s state process under the optimal
control w.r.t. to a given process pu cannot be established. As a second byproduct we obtain a novel
existence of solutions result for a class of McKean-Vlasov stochastic singular control problems. MFGs
and control problems of McKean-Vlasov type are compared in [5]. The main difference between these
somewhat similar, yet very different problems lies in the order of carrying out the optimization and the
fixed point arguments. When optimizing first, the subsequent fixed point problem leads to MFGs, while
in McKean-Vlasov control problems one searches for fixed points before solving the optimization problem.

Our second main contributions are two approximation results that allows us to approximate solutions to
a certain class of MFGs with singular controls by the solutions to MFGs with only regular controls. The
approximation result, too, strongly hinges on the choice of the M; topology.

The rest of this paper is organized as follows: in Section 2, we recall the notion of relaxed control for



singular stochastic control problems, introduce MFGs with singular controls and state our main existence
of solutions result. The proof is given in Section 3. In Section 4, we state and prove two approximation
results for MFGs with singular controls by MFGs with regular controls. Appendix A recalls known results
and definitions that are used throughout this paper. Append B reviews key properties of the M7 topology.

2 Assumptions and the main results

In this section we introduce MFGs with singular controls and state our main existence of solutions result.
For a given interval I we denote by C(I) the space of all R%-valued continuous functions on I, by D(I) the
Skorokhod space of all R%-valued cadlag functions on I, and by A(I) C D(I) the subset of nondecreasing
functions. For reasons that will become clear later we identify processes on [0, 7] with processes on the
whole real line. For instance, we identify the space D(0,T") with the space

Do.r(R) = {z € D(R) x| €D(0,T),2, =0if t <0 and zy = xp if t > T}.

Likewise, we denote by .,ZO’T(R) the subspace of 250}T(R) with nondecreasing paths. We occasionally drop
the subscripts 0 and T if there is no risk of confusion. For a metric space (E,d) we denote by P,(E)
the class of all probability measures on F with finite moment of p-th order. For p = 0 we write P(E)
instead of Py(E). By W, (g,4) we denote the Wasserstein distance on P, (E); see Definition A.4. To save
notation the set P,(E) endowed with the Wasserstein distance is often denoted W), (g 4) or W), if there
is no risk of confusion about the underlying state space.

2.1 Singular stochastic control problems

Before introducing MFGs with singular controls, we briefly review stochastic singular control problems

of the form
. T T
inf,.z B |y F(tXo,u) dt +g(Xr) + [ h(t)dZ:],

subject to (2.1)
dXt = b(t, Xt, ut) dt + O'(t, Xt, ut) th + C(t) dZt,
Xo_ =0,

where the regular control u = (uy)icjo,7) takes values in a compact set U, and that the singular control

Z = (Zt)tejo,r) takes values in A(R). The existence of optimal relaxed controls to stochastic singular
control problems has been addressed in [20] using the so-called compactification method. We use a similar
approach to solve MFGs with singular controls, albeit in different topological setting.

The following notion of relaxed controls follows [20].

Definition 2.1. The tuple r = (Q, F,{F:,t > 0}, P, X, q, Z) is called a relaxed control if

1. (Q, F,{F:,t > 0},P) is a filtered probability space;
2. P(X:=0,Z2:=0ift < 0,X; = Xp,Z: = Zp if t > T and gy = &y,) = 1, for some ug € U;

3. ¢ is a P(U) valued and {F;,t > 0} progressively measurable stochastic process, and Z is a A(R)-
valued and {F,t > 0} progressively measurable stochastic process;

4. X is a {F,t > 0} adapted stochastic process with path in D(R) such that for each ¢ € CZ(R%), the
space of all continuous and bounded functions with continuous and bounded first- and second-order



derivatives, M? is a P continuous martingale, where

M? = 6(X,) /0 /U Lo(s, Xa,u) go(du)ds — /0 (026(Xs_)) T e(5)dZs
- Z (¢(Xs) - ¢(Xsf) - (awqﬁ(Xsf))TAXs%

0<s<t

with Lo(t, z,u) := %Em a;;(t, z,u) —5

2
g d’(:_) + 3, bi(t, z,u)0,,0(x) and a(t,x,u) = o o(t, 2, u).
J
With some abuse of notation we sometimes write Z € .Z(R) to indicate that Z is a progressively measur-
able stochastic process taking values in A(R) and call the process ¢ the relaxed control; the control u will
be referred to as the strict control. The class of strict controls can be embedded into the class of relaxed
controls via the mapping u — §,,. The cost functional corresponding to a relaxed control r is defined by

J(r) = EF

/T/ £t X0, u) qt(du)dt—i—/Th(t) dzt+g(XT)]. (2.2)
0 U 0

Remark 2.2. For (t,z) € [0,T] x RY, let
K(t,x) = {(a(t,z,u),b(t,z,u),e) : e> f(t,z,u), uc€ U}

If K(t,z) is convex for each (t,x) € [0,T] x R%, then it can be shown that for each relaxed control r,
there exists a strict control v and a singular control Z with equal cost; see [19, Theoerem 3.6] for details.

In what follows, we restrict ourselves to relaxed controls and always assume that € is the canonical path
space, and that the o-algebra {F;,t > 0} is generated by the corresponding coordinate processes X, ¢
and Z. More precisely, from now on we restrict ourselves to relaxed controls with

Q =D(R) x U(0,T) x A(R)

where U(0,T) denotes the set of all finite measures on [0,7] x U whose first marginal is the Lebesgue
measure on [0,7] and whose the second marginal belongs to P(U), and assume that for each w :=
(z,q,2) € Q,

Xw)=2, ¢w)=¢ and Z(w)=-=z.

Definition 2.3. Let r = (Q, F,{F;,t > 0},P, X, ¢, Z) be a relaxed control where € is the canonical path
space and (X, ¢, Z) are the coordinate processes. Then, the probability measure P is called the control
rule. The associated cost functional is defined as

Let us denote by R the class of all the control rules for the stochastic control problem (2.1). Clearly,

~

inf J(P) > inf J(r).

PeR relaxed control r

—~ ~

Conversely, for any relaxed control r one can construct a control rule P € R such that J(P) = J(r).
The proof is standard; it can be found in, e.g. [20, Proposition 2.6]. In other words, the optimization
problems with relaxed controls and control rules are equivalent. It is hence enough to consider control
rules.

Remark 2.4. In [20], it is assumed that the space A(0,T) of singular controls is endowed with the topology
of weak convergence, that the state space D(0,7T) is endowed with Meyer-Zheng topology, and that the



space of relaxed controls U(0,T) is endowed with the stable topology. Note that in [20], D(0,T) and
A(0,T) are caglad path spaces rather than cadlag. For this choice of topologies and under suitable
assumptions on the cost coefficients it is then shown that an optimal control rule exists if g = 0. Their
method allows for terminal costs only after a modification of the cost function; see [20, Remark 2.2
and Section 4] for details. As a byproduct (see Proposition 3.9) of our analysis of MFGs, under the
same assumptions on the cost coefficients as in [20] we establish the existence of an optimal control rule
for terminal cost functions that satisfy linear growth condition. Moreover, we generalize the stochastic
singular control problem to problems of McKean-Vlasov-type (see Theorem 3.17).

2.2 Maean field games with singular controls

We are now going to consider MFGs with singular controls of the form (1.4). We again restrict ourselves
to relaxed controls. The first step of solving mean field games is to solve the representative agent’s
optimal control problem

inf’u,Z E |:f0T f(t7 Xta Ht s ut) dt + g(XT7 NT) + fOT h(t) dZt:|

subject to
dXy = b(t, Xy, pue, ug) dt + o (t, X, pe, ue) dWy + c(t) dZy,
Xy =0

for any fized mean field measure p. As in the stochastic control framework, the canonical path space for
MFGs with singular controls is
Q:=D(R) xU(0,T) x A(R).

We assume that the spaces ZS(R) and .Z(]R) are endowed with the M; topology, and that the space U(0,T)
is endowed with the topology induced by the Wasserstein distance

1

1 P
Wp,[O,T]xU(q17 ¢?) ;= —inf / |k1 — ka|P v(dk1, dk2) : the marginals of v are ¢! and ¢
T (10,71 xU)?2

It is well known [37, Chapter 3] that the spaces D(R) and A(R) are Polish spaces when endowed with
the M; topology, and that the o-algebras on D(R) and A(R) coincide with the Kolmogorov o-algebras
generated by the coordinate projections. Moreover, (U(0,T), W, 0,7]xv) is a separable metric space.

Definition 2.5. A probability measure P is called a control rule with respect to p if
1. (Q, F,{F:,t > 0},P) is the canonical probability space and (X, q, Z) are the coordinate mappings
on it;
2. P(X:=0,Z2:=0ift <0,Xy = Xp,Zy = Zp if t > T and gy = dy,) = 1 for some ug € U,

3. ¢is a P,(U) valued and {F;,t > 0} progressively measurable stochastic process. Z is a {F;,t > 0}
progressively measurable stochastic process valued in A(R);

4. X is a {F;,t > 0} adapted stochastic process with path in D(R) such that for each ¢ € CZ2(RY),
MH? is a P continuous martingale, where

o . _ ' s u u)ds — t ) Te(s
M = o(X,) /0 /U L£6(5, Xon 10 1) g (du)d /0 (Dab(Xo_)) T e(5)d2Z,s
- Z (¢(Xé) - ¢(Xs—) - (8x¢(Xs—))TAXs>7

0<s<t

(2.3)



with Ld)(ta €T, 1y u) = % Zi_j QA5 (tv €, [, U) ngba():) +Z; bi (t7 €T, [, u)axz d)(LE) and a(tv €, [, U) = UTU(t7 €, [, U)

J

For a fixed measure-valued process p, the corresponding set of control rules is denoted R(u), the cost
functional corresponding to a control rule P € R(u) is

T T
J(u,P) = EF /O /U F(6 X 10, w) qo(du)dt + /0 h(t)dZ, + g(Xropr)| |

and the (possibly empty) set of optimal control rules is denoted by
R*(p) = argminpeg () J (1, P).
If a probability measure P satisfies the fixed point property
PecR*(PoX),

then we call P or Po X! a relaxed solution to the MFG with singular controls (1.4). The following
theorem gives sufficient conditions for the existence of a relaxed solution to our MFG. The proof is given
in Section 3.

Theorem 2.6. For some p > p > 1, we assume that the following conditions are satisfied:

Ay. There exist a positive constant Cy such that |b| < Cy and |a| < Cy; moreover, b and o are measurable
in t and are Lipschitz continuous in x, uniformly in t, u and pu.

As.  The functions f and g are measurable in t and are continuous with respect to x, u and p, uniformly
m t.
As.  For each (t,z, p,u) € [0,T] x RY x P,(D(R)) x U, there exist strictly positive constants Cy, Cs and

a positive constant Cy such that

~Ca(1-1olr+ [ o utan)) < oo < Ca (1416l + [ o utan))
Rd Rd
and
] < Co (1 el o+l + [ ol utan) )
Rd
Ay.  The functions ¢ and h are continuous and c is strictly positive.
As.  The functions b, o and f are locally Lipschitz continuous with p in p-th Wasserstein metric, uni-
formly in (t,x,u), i.e., for o =0, o and f,
(2 ) = ot @ 12, W) < C(1+ LW, (", 00), Wy(ii, 0)) ) Wy i 1),
where LW, (1, 80), Wy (12, 80)) is locally bounded with W,(u*, 60) and W, (1?2, do).

Ag. U is a compact subspace of a Polish space.

Under assumptions Ay-Ag, there exist a relaxed solution to the MFGs with singular controls (1.4).

Remark 2.7. A typical example where assumption A3 holds is

gz, p) = [x]” + g(p),
where |g(11)| < [ga Y|P 1(dy). This assumption is not needed under a finite fuel constraint on the singular
controls. It is needed in order to approximate MFGs with singular controls by MFGs with a finite fuel
constraint. The assumption that ¢ > 0 is also only needed when passing from finite fuel constrained to
unconstrained problems, see Lemma 3.12. Assumption 45 is needed in order to prove the continuity of the
cost function and the correspondence R in p. A typical example for As is [ |z[Pu(dz) or [ |xPu(dx) N K
for some fixed constant K if boundedness is required.



3 Proof of the main result

The proof of Theorem 2.6 is split into two parts. In Section 3.1 we prove the existence of a solution to
our MFG under a finite fuel constraint on the singular controls. The general case is established in Section

3.2 using an approximation argument.

3.1 Existence under a finite fuel constraint

In this section, we prove the existence of a relaxed solution to our MFG under a finite fuel constraint.
That is, we restrict the set of admissible singular controls to the set

A™MR) = {z € AR) : zp < m},
for some m > 0. By Corollary B.5, the set A™(R) is (D(R), dyy,) compact.

We start with the following auxiliary result on the tightness of the distributions of the solutions to a
certain class of SDEs.

Proposition 3.1. For each n € N, on a probability space (2", F",P"), let X™ satisfy the following SDE
on [0,77:
dX{ = by (t) dt + o, (t) AM] + dey (t), (3.1)

where the random coefficients b,, and o, are bounded uniformly in n, M" is a continuous martingale
with bounded quadratic variation, uniformly in n and ¢, is monotone, uniformly bounded and cadlag
in time a.s.. Moreover, assume that X;* = 0 if ¢ < 0 and X = X7 if ¢ > T. Then, the sequence
71 . . . .
{P™ o (X™)~"'},>1 is relatively compact as a sequence in Wp,(D(]R),dMl)'
Proof. By the uniform boundedness of b,,, o,, ¢, and the quadratic variation of M™, for each , there

exists a constant C that is independent of n, such that
EF" sup |XM|F < C < . (3.2)

0<t<T

By Proposition A.5(2) it is thus sufficient to check the tightness of {P™ o (X™)7'},>1. This can be

achieved by applying Corollary B.7. Indeed, the condition (B.12) holds, due to (3.2). Hence, one only
needs to check that for each ¢ > 0 and n > 0, there exists § > 0 such that

sup P (ws(X™,0) > n) <e.

To this end, we first notice that for each t and ¢y, ta, t3 satisfying 0V (t —0) < t1 <ta <t3 < (t+0)AT,
the monotonicity of ¢,, implies

| X7, — X5, Xgll

= dmb X = AXE - (1= )X

to to t3 ts

/ bn(s)ds + / on(s)dM? / bn(s)ds + / on(s)dM?
t1 ty ta t2

+ inf |Cn(t2) - /\Cn(tl) — (1 - )\)Cn(tg)|

0<A<1
to to t3 ts
/ bn(s)ds—l—/ on(s)dM? / bn(s)ds—i-/ on(s)dM?
tz ta

t1 ty

IA

+

+




Similarly, for ¢; and ¢, satisfying 0 < t1 <ty <4,

(X5 — [0, Xl <

to to
/ bn(s)ds + / on(s)dM?
t1 t1

Therefore,

ws(X,0) < 3supsup
t ty,t2

to
b
t1

ta
/ bn(s) ds+/ on(s)dM?
¢

1

where the first supremum extends over 0 < ¢ < T and the second one extends over 0V (t —§) < t; <5 <
T A (t + 0). By the Markov inequality and the boundedness of b,, and o,,, this yields

. k(o
P 0) 2 ) < 2, (33
for some constant C' that is independent of n and some function k(4) with lims_,q k() = 0. O

The next result shows that the class of all possible control rules is relatively compact. In a subsequent
step this will allow us to apply Berge’s maximum theorem.

Lemma 3.2. Under assumptions Ay, Ay and Ag, the set UuePp(ﬁ(JR)) R(w) is relatively compact in

W (B®) day)-

Proof. Let {u"}n>1 be any sequence in P,(D(R)) and P* € R(u™),n > 1. It is sufficient to show
that {]P’"|5(R)}n21, {P™[¢4¢0,7) }n>1 and {]P’"um(R)}nZl are relatively compact. Since U and A™(R) are
compact by assumption and Corollary B.5, respectively, {P"[y/0,7)}n>1 and {P"| 7. (R)}nzl are tight.
Since U and /Tm(R) are bounded, these sequences are relatively compact in the topology induced by
Wasserstein metric; see Proposition A.5(2).

It remains to prove the relative compactness of {P"|5 ) }n>1. Since P" is a control rule associated with
the measure p", for any n, it follows from Proposition A.6 that there exit extensions (Q, F, {F;}i>0, Q")
of the canonical path spaces and processes (X", ¢", Z™, M™) defined on it, such that

axp = [ o X0 ()t + [ o6, X7 o) M (dud) +e(t) a2
U U
and
P"=P"o(X,q,2) ' =Q"o (X", q", 2"},

where M™ is a martingale measure on (Q,F, {F; }1>0, Q") with intensity ¢". Relative compactness of
{P" o X~'},>1 now reduces to relative compactness of {Q" o (X™)~1},>1, which is a direct consequence
of the preceding Proposition 3.1. O

Remark 3.3. For the above proof, the assumption ¢ > 0 is not necessary. To see this, we decompose X

as
X:/ / b(t,X’t,u?,u)qt(du)dtJr/ / a(t,Xt,u?,u)M”(du,dt)Jr/ c*(t)dth/ e (1) dZ,
0 JU 0 JU

0 0

where ¢t and ¢~ are the positive and negative parts of ¢, respectively. By the above proof, we see that
the law of

K. :://b(t,Xt,u?,u)(jt(du)dt+//U(t,Xt,u?,u)M”(du,dt)—F/ ct(t)dZ,
o Ju o Ju 0



is tight. This implies, for each € > 0, the existence of a (D(R), day, )-compact set £y C D(R) such that

inf P" (/ / b(tXt,u;’,u)q_t(du)dt—i—/ / U(t,Xt,u?,u)M"(du,dt)+/ ct(t)dZ, 6]C1> >1—e
" o JU o JU 0

On the other hand, due to the boundedness of Z, for the given € > 0, there exists a positive constant Ko
such that inf,, P" (fOT c(s)dZ, < Kz) > 1 —e€. Thus,

infP{w e Q: X.(w) € K1+ Ko}

v

inf P™ {weQ:K.elCl,—/ c_(s)dZseng} (3.4)
n 0
>1— 2e.

By Corollary B.5, the set Ky := {z € D(R) : —z € A(R), zr > —K,} is a M;j-compact subset of D(R).
Proposition B.8 implies that K; + K5 is a M;-compact subset of D(R).

The next result states that the cost functional is continuous on the graph
GrR = {(1,P) € P,(D(R)) x P,(2) : P € R()}.
of the multi-function R. This, too, will be needed to apply Berge’s maximum theorem below.

Lemma 3.4. Suppose that Ay-Ag hold. Then J : GrR — R is continuous.
Proof. For each p € Pp(ﬁ(R)) and w = (x,q, z) € Q, set

T T
T = [ [ ftamw alawde + g + [ 1o da (3.5)

Thus
J(p,P) = /Qj(u,w)IP’(dw).

In a first step we prove that J (-, -) is continuous in the first variable; in a second step we prove continuity
and a polynomial growth condition in the second variable. The two results together will give us the
desired continuity of .J.

Step 1: continuity in p. Let p™ — pin VYp,(ﬁ(R),dMl) and recall that pui = p” o Xt_1 and py = po Xt_l,
where X is the coordinate process on D(R). We consider the first two terms on the r.h.s. in (3.5)
separately, starting with the first one. By assumption As,

T T
/0 Lf(taxt,ﬂ?,u) Qt(du)dti/o \/Uf(t’ xtnutau) Qt(du)dt

T
<c / (L4 L OV (4 60), Wy (10, 60))) Wy (4 a1) (3.6)
T

1
P

p 1=y T
<C (/0 (1 + LWy, 60), Wy(pie,00))) P T dt) (/0 Wy (il )P dt)

The convergence u"” — p in Wp (B®).dar.) implies u® — p weakly. By Skorokhod’s representation
i p, sy it
theorem, there exits X™ and X defined on some probability space (Q, 2, F), such that

pr=Qo (X", p=QoX!

10



and
d]ul(Xn,X) —0 Q—a.s.

Hence, (3.6) implies that

/OT/Uf(t,xt7M?7u)qt(du)dt—/()T/Uf(t,xt,ut,u) g (du)dt

T . 1—% T %
<C (/ (1+ L (Wp(Qo (X)), 60), Wp(Qo X1, 60))) " dt) <E@/ X3P — X dt)
0 0
For each t € [0,T],
| X7 (@) = Xe(@) [P < 27 (dar, (X™(@), 00 + dar, (X (@),0)7)
and so,
T — — — —
| IR @) - K@) de < 2T (das, (270, 00 + dary (X(@),0).
0
On the other hand,

E® (dMl (Xn’ 0)p +du, (X70)p) - /

da, (2, 0)P " (d) + / dar, (2,0)" p(dr)
D[0,T]

DI0,T]
— 2/ dar, (x,0)P p(dr) < oo.
D[0,T]
Therefore, dominated convergence yields

T
EQ/ | X7 — X4|P dt — 0. (3.7)
0

Since sup,, W,(Q o (X7*)~1,80) < oo it thus follows from the local boundedness of the function L that

T T
/ / f(t, xe, py, w) g (du)dt —/ / ft,xe, pt, u) e (du)dt| — 0.
o Ju o Ju

As for the second term on the r.h.s. in (3.5) recall first that 2™ — z in M; implies z}! — x; for each
t ¢ Dist(x) and x% — xr. In particular, the mapping = — ¢(zr) is continuous for any continuous real-
valued function ¢ on R?. Since any continuous positive function ¢ on R that satisfies p(z) < C(1+|z|?),
also satisfies

p(rr) < C(1+|or[?) < C(1 + du, (2,0))

we see that

n—roo

— 0.

[ eta)utin) = [ ota) uras)

| etariran - [ plor)uldo)

D(R) D(R)

More generally, we obtain g} — pp from p — g, which also implies that g(xr, u%) — g(zr, pr).
Step 2: continuity in w. If W™ = (2", ¢", 2") - w = (2,¢, z), then 2% — zp. In particular,

g(xp, pr) = g, pr).

Moreover, z" — z in M; implies 2’ — z; for for all continuity points of z and z} — z7. By the
Portmanteau theorem this implies that

/OT h(t) dzp — /OT h(t) dz.

11



Next we show the convergence of fOT Jo Ft 2}, pe, ) gf (du)dt to fOT Ju f(t, @, gy, u) qe(du)dt. We have
that,

T T
/ / Sty pe, ) qf (du)dt —/ / F(t, ze, e, w) g (du)dt
o U o Ju
r T
= /0 ‘/Uf(t, z, pue, w) g; (du)dt — /0 /Uf(t, Ty, g, w) qf (du)dt
r T
+/0 /Uf(t,xu/ﬁt,u) qi (du)dt —/0 /Uf(t,xt,ut,u) qe(du)dt.

By Assumption Ajg the convergence of z™ to x yields f(t, z}, ue, u) = f(t, x4, pr, u) for each ¢t ¢ Disc(x).
From the compactness of U it follows that sup,, ¢ | f(£, 2}, e, w) — f(t, x4, i, w)| — 0 for each t ¢ Disc(x).
Since Disc(x) is at most countable this implies

T T
/ / P2 10, ) g (du)d — / / F(b, e ey 0) @ (du)dt
0 U 0 U

T
s/ Sup [£ (6, 2 ey 0) — £t 2 )| d — 0.
0 wuweU

The compactness of U, the growth condition on f and the convergence of ¢" to q, imply

lim =0.
n— 00

T T
/ / f(taxta,utau) Q?(du)dt - / / f(taxta,utau) Qt(du)dt
0 U 0 U

Step 3: continuity of J. Thus far, we have established the continuity of the mapping (p,w) — J(u,w).
We are now going to apply Proposition A.5(4) to prove the continuity of J. To this end, notice first that
for each fixed p € P,(D(R)), due to Assumption As,

/OT/Uf(t,a:t,,ut,u) qt(du)dt—l—/oTh(t)dzt

T
<C (1 +/ / (1 + [P + |ulP +/ |y|put(dy)> qi(du)dt + ZT)
0o JuU Rd

T
<c (1 4y (2.0 + Wyoratom @00 + dar (2,00 + [ [ |y|m<dy>dt>
0 R4

<C (1 + dar, (2,0)” + Wy ux0,11(4, 00)" + dar, (2,0)7 +/~ dr, (%O)pu(dy)) :
D(R)

Hence, using the previously established continuity in p and the local Lipschitz continuity of f in u, it
follows from Proposition A.5 that (u™,P") — (u,P) implies

B ( /0 ' /U Pty ) g (du)dt + /0 " he) dzt>
—E* </OT/Uf(t,;vt,,ut,u) qi(du)dt + /OT h(t) dzt> .

Since the terminal cost functions is not necessarily Lipschitz continuous we need to argue differently in

(3.8)

order to prove the continuous dependence of the expected terminal cost on (u,P). First, we notice that
for each p > P, by the boundedness of b, o and Z, we have that

sup E¥ " dyy, (X,0)P < C < o0, (3.9)
n

12



which implies
lim sup/ dar, (z,0)P P™(dx) = 0. (3.10)
K=00 n Jad, (2,0)>K}

By Assumption As,
lg(ar, pr)| < C (1 +leal?+ [ |y|puT<dy>> <c (1 +leal?+ [ ymuy)) |
Together with (3.10) this implies,

E”" g(Xr,ur) — E¥g(Xr, ur). (3.11)

By the tightness of {P"},>1, for each € > 0, there exists a compact set K, C 15(R) such that

/~ ooz, WP (dz) / ooy, pr)P(dz)
D(R) D(R)

< [ lgtor.n) - gorpn)B o) + [ lglar, i) - glor, ur)P"(dz)
K. D(R)/K-
2 3
< sup |g(zr, py) — g(zT, pr)| + (/N \g(zT, py) — 9($T7MT)|2Pn(d$)> (SUP]P"(D(R)/KE))
zeK. BR)/K. n
< sup |g(ar, uf) = g(ar, pr)| + Ce - (by (3.9)).
rxeEK,
Thus,
| stwrapnn) - [ gtz 0. (3.12)
D(R) D(R)
The convergence (3.8), (3.11) and (3.12) yield the continuity of J(-,-). O

We now recall from [20, Proposition 3.1] an equivalent characterization for the set of control rules R(u).
This equivalent characterization allows us to verify the martingale property of the state process by
verifying the martingale property of its continuous part.

Proposition 3.5. A probability measure IP is a control rule with respect to the given p if and only if there
exists a C(0,T)-valued {F;,t > 0} adapted process Y on the filtered canonical space (2, F, {F,t > 0})
such that

(1) P(X;=0,Z,=0ift <0, Xy = Xp,Zy = Zp if t > T and qp = dy,) = 1;

(2) Plwe: X (w)=Y(w)+Z(w)=1;

3) for each ¢ € C2(RY), ﬂwﬁ is a continuous (P, {F;,t > 0}) martingale, where
b
t
M = o) = [ £6(s, XY pes) au(du)ds, (3.13)
o Ju

_ 2
with £¢(37 z,Y, M, ’LL) = Zz bi(sv €, [, u)a?h ¢(y) + % Zij aij(87 X, [, U)nggy)

v; Yy

The previous characterization of control rules allows us to show that the correspondence R has a closed
graph.

Proposition 3.6. Suppose that A; and A4-Ag hold. For any sequence {u"}n,>1 C Pp(ﬁ(R)) and

p € Pp(D(R)) with p" = pin W 5 g, i {P"}nz1 € R(u") and P — P in W, then P € R(p).

sdary
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Proof. By the Proposition B.1(3) and the Portmanteau theorem the set
QO)T ={w:z; =0, =0if t <0, = 7,2t = 27 if t > T and go = Oy, }
is closed. Hence PP satisfies condition (1) in Proposition 3.5.

In order to verify conditions (2) and (3), notice first that, for each n, there exits a C(0, T')-valued stochastic

process Y such that
P" <X. —y" +/ c(s) dZS> =1
0

and such that the corresponding martingale problem is satisfied. In order to show that a similar decompo-
sition and the martingale problem hold under the measure P we apply Proposition A.6. For each n, there
exits a probability space (2", F",Q") that supports random variables (X", ¢", Z") and a martingale
measure M"™ with intensity ¢ such that

P" = Qn ° ()Z—n’qn7 Zn)fl

and

X7 = [ bt X7 ) s + [ ot X7 ow) MY ) + ()42
U U

Thus, foreach 0 < s <t < T,

(Xt - /0 t e(r) er> - (Xs - /O ) o(r) er>

4
EIP’” ‘Y;n 7 Y;n|4 _ E]P’"

t s 4
= |(xr - [eaz) - (x| dzn>
( e ) ( C ), s (3.14)
n t _ t B 4
- / / br X7 iy, w) @ (du)dr + / o(r, X,y u) M" (du, dr)
S U s U
< Ot — s]?.

Hence, Kolmogorov’s weak compactness criterion implies the tightness of Y. Therefore, taking a subse-
quence if necessary, the sequence (X, ¢, Z,Y"™) of random variables taking values in 2 x C(0,T") has weak
limit (X,q, Z,Y) defined on some probability space.

By Skorokhod’s representation theorem, there exists a probability space (Q F ,Q) that supports random
variables (X", ¢", Z™, Y") and (X,q, Z,Y) such that

LX"q 20V = £(X,0.2,Y7), L(X,G,2,Y)=L(X,3,2,7)
where £(-) stands for the law of a random variable, and such that
(X", q", 2" Y") = (X,q,2,Y) Qas.

In particular, Y is C (0, T)-valued as the uniform limit of a sequence of continuous processes, and

@()?.:1?+/0'c(s)d28> —1

Since P — P, we have Po (X,q,Z)" ' =Qo ()Z', q, Z)’l. Hence, there exits a C(0,T)-valued stochastic

process Y such that
P (X. =Y +/ c(s)dZS> =1
0
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and Po (X,q,Z,Y)"1 =Qo ()Nf,qN, Z, }7)_1. Finally, for each ¢t € [0, T], define

t -
M = (v - / / (s, Xo Y2 17 ) gs(du)ds,
0 U

M = (V) — /Ot /U L(s, XY, 1, u) @ (du)ds,
and t
M = (F) — / /U L(s, Xy, Vs, s, u) G (du)ds.
For each 0 < s <t < T and each F that is continuous, bounded and Fs-measurable, we have

0= B (M0 ~ M) P(X, 0, 2) = B2 (MP"0 = Mue" ) P(X", ", 27)
_ _ L P (3.15)

= B® (M = ME0) P(X,4.2) = B (M} = ML) F(X,4,2).
O

Corollary 3.7. Suppose that A; and A4-Ag hold. Then, for each p € Pp(ﬁ(R)) the set R(p) is compact.

Proof. Tt suffices to prove for each u € ’P,,(ZS(R)) and any sequence {P"},>1 C R(u), there exists a
convergence subsequence P and that the limit still belongs to R(p). By Lemma 3.2, [J,, R(n") is
relatively compact. Hence, the assertion follows from Proposition 3.6. O

Corollary 3.8. Suppose that A; and As-Ag hold. Then, R(-) : P,(D(R)) — 27+ is hemi-continuous.

Proof. The lower hemi-continuity of R can be dealt with as [31, Lemma 4.4]. The upper hemi-continuity
follows from the closed-graph theorem and Corollary 3.7. O

Corollary 3.9. Under assumptions 4;-Ag, the stochastic singular control problem (2.1) admits an
optimal control rule in the sense of Definition 2.3.

Proof. This is a direct corollary of Lemma 3.2, Corollary 3.8, Lemma 3.4 and Theorem A.1. O

Remark 3.10. Using our method, we could have obtained Corollary 3.9 under the same assumptions of
the coefficients as in [20]. We will generalize it to McKean-Vlasov case at the end of this section.

Theorem 3.11. Under assumptions Ai-Ag and the finite-fuel constraint Z € ﬁm(R), there exists a
relazed solution to (1.4).

Proof. By [27, Section 5.4], for each p € Pp(ﬁ(R)) the set R(u) is nonempty. Moreover, by Corollary
3.7, the correspondence R is compact valued. Therefore, by Corollary 3.8, Lemma 3.4 and Theorem A.1,
the argmax-correspondence R* is upper hemi-continuous.

From inequality (3.3) in the proof of Lemma 3.1, we see that for each pu € Pp(ﬁ(R)) and P € R(u),

there exists a nonnegative function k(-) that is independent of u, such that P(w,(X,0) > n) < @ and
lims_,0 k(0) = 0, where W, is the modified oscillation function defined in (B.11).
Let us now define a set-valued map 1 by
¥ P(DR)) = 27 P®,
p= {Plpg) P e R* (W)}, (3.16)
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and let

= _ k(o _
S = {]P’ € Pp(D(R)) : for each n >0, P(ws(X,d) >n) < k) and E¥ sup |X;|P < C’}
n 0<t<T
where C' < oo denotes the upper bound in (3.2). It can be checked that S is non-empty, relatively
compact, convex, and that ¢(u) C S C S, for each We D(R). Hence, ¢ : § — 25. Therefore, Theorem
A.2 is applicable by embedding P, (D D(R)) into M(D(R)), the space of all bounded signed measures on

YS(R) endowed with weak convergence topology. O

3.2 Existence in the general case

In this section we establish the existence of a solution to MFGs with singular controls for general singular
controls Z € A(R). For each m and p, define

Q™ =D(R) x U x A™(R)

and denote by R™(u) the control rules corresponding to Q™ and g, that is, R™(u) is the subset of
probability measures in R(u) that are supported on Q™. Denote by MFG™ the mean field games
corresponding to Q™. The preceding analysis showed that there exits a solution P™* to MFG™, for each
m. In what follows,

pmr =P o XL
The next lemma shows that the sequence {P™*},,>1 is relatively compact; the subsequent one shows
that any accumulation point is a control rule.

Lemma 3.12. Suppose Aq, As, Ay and Ag hold. Then there exists a constant K < oo such that

sup EY"7| Zp|P < K < oc.
m

As a consequence, the sequence {P"*},,>1 is relatively compact.

Proof. We recall that ¢(-) is bounded away from 0. Hence, there exists a constant C' < oo such that, for
all m € N,
P \Zel? < C (1 R

XT|]§) (3.17)

and
P

X, <c (1 LB

ZT|p) . te[0,T]. (3.18)

Moreover,

T T
2 2y = B [ e X o) it + o) + [ bie)az
0 U 0

T T T
—c<1+/ / \x|pu?*(dx)dt+EP”*/ |Xt|”dt+EPm/ /\u|pqt(du)dt
0 Rd 0 0 U
/‘h )dZ,
TN * M * T
1+/ / (P ™ (da)dt + B / X, [P dt + B / /\u|”qt(du)dt
Rd 0 0 U

/O )z,

16

\%

EPm *

Xr|P + / |z [P i (da) + EF

> (by assumption A3)

%

_ E¥

b [l o)+ B
Rd

ZT|p> (by (3.17)).



Now choose any Py € R™(p™*) such that sup,, J(u"™*,Py) < oo. Then,

/O ! h(t) dZ,

< J(u™, By) + C (1 + EY | Zp| + EF |ZT|P) (by (3.18) and the optimality of P™)

ZT|P) .

E¥"N\Zp P < J(um P™) 4+ C (1 + B

T
+EP’"*/ | X, [P dt+EP’”*XT|p>
0

<C (1 + E¥" | Zp| + EF

(3.19)

Since the measure P™* is supported on Q™, we see that E¥" |Zp|P is finite, for each m. In order to see
that there exists a uniform upper bound on EF" |Z7|P, notice that, independently of m we can choose
M > 0 large enough such that

T * 1 1L *
EF"ZpPo < M+ —EF
|2 < M+ 4C

Zr|P (po=1,p)
Together with (3.19) this yields,
EF"\ZplP <201+ M) := K.

By Proposition A.5 and Lemma 3.2, the relative compactness of {P™*},,,>1 follows. O

The previous lemma shows that the sequence {P""*},,,>1 has an accumulation point P*. Let u* = P*oX 1.
Clearly, p™* — p* in W, along a subsequence. The following result is an immediate corollary to
Proposition 3.6.

Lemma 3.13. Suppose that Ay and Az-Ag hold, let P* be an accumulation point of the sequence
{P™*},u>1. Then, P* € R(p*).

The next theorem establish the existence of relaxed MFGs solution to (1.4) in the general case, i.e. it
proves Theorem 2.6.

Theorem 3.14. Suppose A1-Ag hold. Then P* € R*(u*), i.e., for each P € R(u*) it holds that

J(u* B < J(u*, ).

Proof. Tt is sufficient to prove that J(u*,P*) < J(u*,P) for each P € R(p*) with J(u*,P) < oo.

By Proposition A.6, there exists a filtered probability space (92, F,F;,P) on which random variables
(X,q,Z, M) are defined such that P =Po (X,q, Z)~! and

dX’t:/ b(t, X¢, iy, u) q‘t(du)dt—i—/ o(t, X, uf, w)M (du, dt) + c(t) dZ, (3.20)
U U

where M is a martingale measure with intensity §. Using the same argument as in the proof of Lemma
3.12 we see that,
EFZE = EFZ] < 0. (3.21)

Define P = Po (X™,q, Z™) € R™(u™*), such that X™ is the unique strong solution to

AXm = / bt X, 1 ) Gu(du)dt + / o(t, X7 WM (du, di) + (t) dZ7,  (3.22)
U U

where for each @ € Q,

Zi(@), ift<rt™(w)

m, if t > 7™(@),

Zr (@) = {



with 7™ (@) = inf{t : Z,(@) > m}. Similarly, we can define Z™. Furthermore, if Z is A™(R) valued, then

Z = Z™. Hence,
_ t _ t _
E® sup / c(s)dZs —/ c(s)dzyl
0<t<T |JO 0
t ¢
= E¥ sup / c(s) dZs —/ c(s)dzZ?
0<t<T |JO 0
¢ t
= sup / c(s)dZs(w) —/ c(s)dZM(w)| P(dw) (3.23)
Am(R) 0<t<T |Jo 0

/Ot c(s)dZs(w) — /075 c(s) dZ;”(w)‘ P(dw)

+ / sup
AR)\A™(R) 0<t<T

/Ot c(s)dZs(w) — /Ot c(s) dzgn(w)‘ P(dw).

= / sup
A(R)\A™(R) 0<t<T
By Holder’s inequality,

T RCLARIE
T
= /K(R)\;”L(R) /O c(t) dZy(w )+ /z . / c(t) dZ (w)P(dw)
< C(E°24)" PARNA™ (R))' 5 +C (EF )i (AERN\A"R)'
< C(E" )" BARNA"(R)' 5.
Since A™(R) 1 A(R) implies P(A(R)\A™(R)) — 0 we get,
EPO;IET /0 c(s)dZs—/O c(s)dZM™| — 0. (3.24)
Similarly,
T T
P 7 7m
E /0 h(t) dZ: /0 h(t)dZ| = 0. (3.25)

By (3.20) and (3.22), the Lipschitz continuity of b and ¢ in = and p and the Burkholder-Davis-Gundy
inequality,

E" sup |X —Xt‘
0<t<T

_ _ B T

< B / [ = ] e [ O L OV 80), Wy 60))) W™ i

0 0

_ T _ _
+0Eﬂ’</ | X" — Xy dt>
0

T

+C ( | asz (wpw*,6o>,wp<ur,ao>>>2wpw*,uz‘)?dt)
0

/ e(s)dZ, - / o) dZr

_ T B T ) i
< EP/ | X" — Xy| dt + C (/ (T 4+ L Wy (™™, 60), Wp(117,00))) 7+ dt) </ W (™, i Pdt)
0 0

+CT?E" sup |Xtm — Xt|
0<t<T

1
2

[N

+ EF sup
0<t<T
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-

1

T 2p 27 2p %
+C </ (1 +L (Wp(uzn*a 50)7)/\}?(M2<750)))pf1 dt) </ W 7.uf 2p dt)
0

_ ¢ - ¢ -
+ E¥ sup / c(s)dZs —/ c(s)dz|. (3.26)
o<t<T |Jo 0
Set Tp such that CTO% = 1/2. Then (3.26) and Gronwall’s inequality yield that
E” sup ‘)_(Z”—Xt|
0<t<T
1
~ T P p
<C (/ (L4 L Wp(pi"", 60), Wy, 60))) 7=* dt) </ Wo(ui™, i) pdt)
0
1 (3.27)

T 2 %_ﬁ 2
+C </ (1 +L (VVP(IU’;”*a60)7VV]£’(1U’2<750)))17?1 dt) (/ W 7p’t 2p dt)
0

t t
/ c(s)dZs — / c(s)dZ™|,
0 0

where C is a constant depending on C' and Tp. By (3.24) and the arguments leading to (3.7) in the proof
of Lemma 3.4,

+CE" sup

0<t<T

Iterating the same argument, we get

lim EY sup |X;" - X,|=0. (3.28)

m—00 0<t<T

By (3.25), (3.28), p™* — p* in W, (B®).dar,) and the same arguments as in the proof of Lemma 3.4, we
get

B T T _
E (/ (2P ST )‘jt(du)dt"i‘g(X?va?*)"'/ h(t)dZtm>
0 0

_ T B ) - )
N (/0 Ft Xe, py, ) Qt(du)dt+g(XT,u*T)+/0 h(t) dZt>.

This shows that
(™, B J(, ).

Finally, although g does not have growth of p-th order in z, for each K, by Proposition A.5 we have
m—o0

lim j( m*,w)/\K]P’m*(dw):/j(u*,w)/\KP*(dw),
Q

from which monotone convergence implies lim inf,, o J (™", P™*) > J(u*,P*), where J (4, w) is defined
as in Lemma 3.4. Finally, we obtain that

J(ut By = lim J(um™ P™) > lminf J (" B > (6, P).

m—r oo
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3.3 Related McKean-Vlasov stochastic singular control problem

The literatures on McKean-Vlasov singular control focuses on necessary conditions for optimality; the
existence of optimal control is typically assumed; see e.g. [24]. In this section, we establish the existence
of a relaxed control to the following McKean-Vlasov stochastic singular control problem:
min J(Z) =min E
Z z

/OT f(t, X, L(Xy), L(Zy)) dt + g( X, L(X7), L(Z7)) + /OT h(t)dZ, (3.29)

subject to
dXt = b(t, Xt, [,(Xt), £(Zt)) dt =+ O'(t, Xt, [,(Xt), E(Zt)) th + C(t) dZt, t € [0, T] (330)

The regular control is dropped to simplify notation; it can easily be reintroduced. Without the regular
control, the canonical path space is
Q2 =D(R) x AR)

Definition 3.15. We call (Q, F,{F, ¢t > 0},P, X,Z) a relaxed control to McKean-Vlasov stochastic
singular control problem (3.29)-(3.30) if it satisfies items 1, 2 and 3 in Definition 2.1 and

4 (MP9 {F,,t > 0},P) is a continuous martingale, where
t
MP? = ¢(X,) — / ¢ (Xs)b(s, X5, Po X,V Po Z 1) ds
0
1 t
5 [ ¢Xals X PoX Poz ) ds (3.31)
0

- [ Sl 4z~ 3D (@) ~6(Xe) 0 (XAKL).

0<s<t

For each relaxed control r = (Q, F, {F;,t > 0}, P, X, Z), we define the corresponding cost functional by

T T
J(r) = E* / f(t, X, PoX; "\ PoZ ") dt+g(Xr,PoX;  PoZ") +/ h(t) dZ, (3.32)
0 0

The notion of control rules can be defined as in Definition 2.3. Denote by R all the control rules. For
P € R, the corresponding cost functional is defined as in (3.32).

Using straightforward modifications of arguments given in the proof of [20, Proposition 2.6] we see that
our optimization problems with relaxed controls and with control rules are equivalent. The next two
theorems prove the existence of an optimal control under a finite-fuel constraint. The existence results
can then be extended to the the general unconstraint case. We do not give a formal proof as the arguments
are exactly the same as in the preceding subsection.

Theorem 3.16. Suppose Ay, Ay, As hold. Under a finite-fuel constraint on the singular controls, R # ().
Proof. For each (u!,p?) € Pp(ﬁ(R)) X Pp(JZlm(R)), there exists a weak solution to the SDE

dXy = b(t, Xy, py p17) dt + o (8, X, g, p17) AWy + (t) dZy, ¢ € [0,T). (3.33)
We define a set-valued map ® on P,(D(R)) x P,(A™(R)) with non-empty convex images by

@ (ut,p?) — {(IP’“I’“ZOX_I,P‘Ll’“zoZ_l) C(Q,FAF, > 0},IE”“1’“2,X7 Z) is a weak solution to (3.33)}.
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The relatively compactness of ®(u!, u?) can be obtained by analogy to Lemma 3.2; closedness follows
from Corollary 3.7. The hemi-continuity of ® can be obtained by analogy to Lemma 3.2 and Lemma
3.8. By analogy to the proof of Theorem 3.11 we can define a non-empty, compact, convex set S C
P,(D(R)) x P,(A™(R)) such that ® : § — 25. Hence, ® has a fixed point, due to Theorem A.2. This
gives us the desired optimal control rule. O

Theorem 3.17. Suppose Ay, As-As hold and that Ay holds with the continuity of f and g being replaced
by lower semi-continuity. Under a finite-fuel constraint, there exist an optimal control rule, that is, there
exists P* € R such that

J(P*) < J(P) forall PeR.

Proof. 1t is sufficient to prove R is compact and J is lower semi-continuous. It can be achieved by
Corollary 3.7 and by the same way as that in the proof of Lemma 3.4, respectively. O

4 MFGs with regular controls and MFGs with singular controls

In this section we establish two approximation results for a class of MFGs with singular controls under
finite-fuel constraints. In Section 4.1 we prove the convergence of (relaxed) solutions to certain MFGs
with regular controls to a (relaxed) solution of a related MFG with singular controls, while in Section 4.2
we show how to approximate any relaxed solution to a MFG with singular controls by admissible control
rules for MFGs with regular controls.

4.1 Solving MFGs with singular controls using MFGs with regular controls

In this section we establish an approximation of (relaxed) solutions for MFGs with singular controls and
finite-fuel constraints by (relaxed) solutions to MFGs with regular controls. More precisely, we consider
MFGs with singular controls of the form:

inf, 7 E [fOT F(t, Xo, e, ue)dt

subject to (4.1)
dX; = b(t, Xy, pir, ug) dt + o(t, Xy, e, ue)dWe + c(t) dZs, t € [0, T + €]

p=L(X),

for some fixed € > 0 under the finite-fuel constarint Z € .ngT(R). The reason we define the state process
on the time interval [0, T + €] is that we approximate the singular controls by absolutely continuous ones
that are most naturally regarded as elements of ﬁo,TJrE(R) rather than 150’T(R). Specifically, we associate
with each singular control Z € .ngT (R) the sequence of absolutely continuous controls

t
" = n/ Zyds (te[0,T],ne€N). (4.2)
(

1
t—1)

These controls take values in ./Tng +(R) for all sufficiently large n € N. Since each Z ["] i absolutely
continuous and Z is cadlag we cannot expect convergence of Z” to Z in the Skorokhod .J; topology in
general. But we do know that

Z" 5 7 as in (ﬁO,Tﬂ(R),dMl).

21



For each n, we consider the following finite-fuel constrained MFGs denoted by MFGI™:

inf, z E [fOT f(t,Xg"],,ut?ut)dt}

subject to

dX " = b(t, X", e un)dt + o (8, X[, e, u)dWy + c(t) dZ)", £ € (0,7 + ¢
xgl=0

Zt["] = nféi 1) Zs ds

n

= L(XM).

Definition 4.1. We call the vector 7" = (0, F, {F;,t > 0}, P, X, ¢, ZI"]) a relaxed control if (Q, F, { F;, t >
0},P, X, q, Z) satisfies 1.-3. in Definition 2.1 with item 4 being replaced by

4'. X is a {F,t > 0} adapted stochastic process with path in Dy 74(R) such that for each ¢ € C2(R%),
M9 is a P continuous martingale, where

nl.pé t) — t 8, X, s, ) gs(du)ds — t - $)) (s ["], .
M = 5(X,) /O/chx,x,u ) ge(du)d /0<8¢<X>> (s)dzZl",  (4.4)

with £ defined as in Definition 2.5.

The probability measure P is called a control rule if (2, F, {F;,t > 0},P, X, q, Z[") is a relaxed control
with (Q, F, {F,t > 0}) being the filtered canonical space with

Q== Do, r4e(R) x U0, T) x AT (R)
and (X, ¢, Z) being the coordinate processes on (Q, F,{F;,t > 0}).

Remark 4.2. If Z is discontinuous at 7', then Z!") may not converge to Z in 250,T(R) but only in 50)T+6(R).
Likewise, the associated sequence of the state processes may only converge in ZSO,TJFE (R). The possible
discontinuity at the terminal time 7' is also the reason why there is no terminal cost and no cost from
singular control in this section. If we assume that T is always a continuous point, then terminal costs
and costs from singular controls are permitted. In this case, one may as well allow unbounded singular
controls.

For each fixed n and p, denote R (u) the set of all the control rules for MFGI™, and define the cost
functional corresponding to the control rule P € R™(u) by

T
T, P) = B ( | re X qs<dU>dt>-

For each fixed n and u, denote by RI"* (1) all the optimal control rules. We can still check that

inf JW ™y = inf TP (),

relaxed control r™ PeRIn] (1)
which implies we can still restrict ourselves to control rules in analyzing MFG!™.

The proof of the following theorem is very similar to that of Theorem 3.11 and is hence omitted.
Theorem 4.3. Suppose Ay-Ag hold. For each n, there exists a relazed solution PM™ to MFGI™.
By Proposition 3.1, the sequence {P["] }n>1 is relatively compact. Denote its limit (up to a subsequence)
by P* and set pu* = P* o X1, Then, p* is the limit of [ := Pl o X~!. The following lemma shows

that P* is admissible.
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Lemma 4.4. Suppose Ai-As, Ay-Ag hold. Then P* € R(u*).

Proof. By Proposition 3.5 there exists, for each n, a (P, {F,,0 <t < T + €}) continuous process Y™,

such that ,
Pl (X. =Y"+ / c(s) dzg"1> =
0

Arguing as in the proof of Proposmon 3.6, there exits a probablhty space (Q ]-' Q) supporting random
varibales (X", Y",¢", Z") and (X,Y,q, Z) such that (X", Y™, ", Z") — (X,Y,{, Z) Q-a.s. and

Pl o (X, Y™, q,Z)"  =Qo (X", Y", ", 2")
which implies

Q ()NC" =Y+ / c(s) dZ£"]’”> =1, (4.5)
0

where Zt[n]" =n f(tt_l/n) Z:’ ds. For each fixed & € Q and for each ¢ which is a continuous point of Z(C)),
by (B.6) in Proposition B.1, we have

n/t;zn( &) ds — Z,(@)

< n/t_i |Z§L(§) — Zq(@ﬂ ds —&-n/t_/l |Zs(o~J) _ Zt(@)|d8
< swp |Z0@) - Z@)|+ suwp |Z(@) - Z(@)|

t—L<s<t t—L<s<t
n =SS nS8S

Then (4.5) and right-continuity of the path yields that

Q (5(. =Y + /O c(s) d23> =1 (4.6)

The desired result can be obtained by the same proof as Proposition 3.6.

Remark 4.5. In the above proof, the local uniform convergence near a continuous point is necessary. As
stated in Proposition B.1, this is a direct consequence of the convergence in the M; topology. Local
uniform convergence cannot be guaranteed in the Meyer-Zheng topology. For Meyer-Zheng topology, we
only know that convergence is equivalent to convergence in Lebesgue measure but we do not have uniform
convergence in general.

We are now ready to state and prove the main result of this section.

Theorem 4.6. Suppose A;-Ag hold. Then P* is a relazed solution to the MFG (4.1).

Proof. For each P € R(u*) such that J(u*,P) < o, on an extension (€, F, {F,t > 0},P) we have,

dxX, = / b(t, Ko, it ) Go(du)dt + / o(t, Ko, it u) M (du, dt) + c(t) dZ,
U U

and P =Po ()?, q, Z)_l. Let th[n] =n ftt_l/n Z, ds. By the Lipschitz continuity of the coefficient b and
o, there exists a unique strong solution X™ to the following SDE on (£, F, {ft,t > 0}, @)

dXr = / b(t, X2, 1™ w) G (du)dt + / o(t, X7, pl™ w) M(du, dt) + c(t) dZ™.
U U
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For each n, set P* =Po (Xm, Z)_l. It is easy to check that P € RI" (u["]). Standard estimates yield,
- T - ~ T ~
EP/ X7 — X, |2 dt < EP/ |z — Z, 2 at
0 0
e ) 200 () o
OB [ (1 LOV 500, Wi 60)) ) W ) .

By Proposition B.1, Z[™ — Z in M; a.s. By the same arguments leading to (3.7) in the proof of Lemma

3.4,
s (7 ) 20 ¢l

EF / (1 OV (5™, 80), Wy 1 60)) ) Wyl )2 dt = 0.

0

This yields,
_ T _
lim EP/ |X" — X;[*dt = 0. (4.8)
n—oo 0

Hence, up to a subsequence, dominated convergence implies
/ [ e, )@(du)dt}
=EP

~ /OT/Uf (8 X pif ’“)@s(dU)dt]

=J(p*,P).

lim J0(uM Py = lim EF

n—oo n—oo

Moreover, by Lemma 3.4,

n— oo

Altogether, this yields,

J(u*,P) = lim J(u Py > tim g (ul P = (0, ).
n— o0

n—oo

4.2 Approximating solutions to MFGs with singular controls by control rules
of MFGs with regular controls

In this subsection, we show how to approximate a given solution to a class of MFGs with only singular
controls by a sequence of admissible control rules of MFGs with regular controls. Specifically, we consider
the MFG with (only) singular control

inf, E [ It X, ut)dt]

subject to

dX, = b(t, Xy, pe) dt + o (t, jug)dWy + c(t) dZy, t € [0,T + €] (4.9)
Xo_ =0 and

w=L(X).

where Z € ./ngT (R) with the canonical path space

Q= Do rse(R) x A7 (R).
Let P* be any solution to the above MFG. Since (2, {F;,t > 0}, P*, X, Z) satisfies the associated martin-
gale problem, there exist a triplet ()?, 2, B) defined on some extension (SA), {]?t,t > 0}, Q) of the canonical

path space, such that
P*o(X,Z) ' =Qo(X,2)™!
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and

Q ()? - /O'b(s,)?s,uj;)dH/O'a(s,ﬂj;)st +/0.c(s) dZ) _1 (4.10)

Let X! be the unique strong solution of the SDE
ax!™ = o, X" "y dt + o (t, nIM) dB; + (t) dZM™, (4.11)
where Z" is defined by (4.2) and pl™) = Qo (X™)~1. One checks immediately that
P = Qo (XM, Z)~1 € RIM (™).

Our goal is to show that the sequence {P["]}nzl converges to P* in W, along some subsequence. The
proof is based on the following generalization of [35, Theorem 1.1] to McKean-Vlasov case with random
noise that extends the second moment convergence (4.7) and (4.8) in the proof of Theorem 4.6.

Proposition 4.7. On some probability space (2, F, {F,t > 0},P), let X™ and X be the unique strong
solution to SDE,
dX] =b(t, X], pu)dt + o(t, uy)dBy + dZ7, t € [0,T] (4.12)

respectively,
dXt = b(t, Xt, ,LLt) dt + U(t7 ,LLt) dBt + dZt, t e [O, T] (413)

where T is a fixed positive constant, b and o satisfy A; and As, and b is continuous in the time variable.

If Z» —» Z in (A™(0,T),dpr,) a.s. and p™ — p in Wp,(D(O,'f),dMl)’ then

lim E¥dp, (X", X)P = 0.

n— 00

Proof. By the a.s. convergence of Z" to Z in Mj, there exists @ C Q with full measure such that
dpyr, (Z™(w), Z(w)) — 0 for each w € Q. Furthermore, by [35, Theorem 1.2], for each w € Q, there exit
parameter representations (u(w),r(w)) € Iz, and (u,(w), 7, (w)) € zn () for each n, such that

[un (w) — u(w)]| = 0 and |rn(w) —r(w)[| =0,

where 7, (w) and r(w) satisfy the following properties:

1. rp(w,-) and 7(w,-) are absolutely continuous w.r.t. Lebesgue measure with densities r/ (w,-) and
r’(w, ), respectively;

n—r oo

1
lim / 7! (w,t) — ' (w,t)| dt = 0;
0
3. |7 (w, )| < 2T
Let (uxn(w),rxn(w)) and (ux (w),rx(w)) be the parameter representations of X" (w) and X (w), respec-
tively. Since X(w) (resp. X™(w)) jumps at the same time as Z(w) (resp. Z"(w)), the time change

parameter of X (w) (resp. X"(w)) is r(w) (resp. r,(w)). In the following, we will drop the dependence
on w € Q, if there is no confusion.

By [35, equation (3.1)],
t T (t)
uxn(t) = / b(rn(s), uxn(s), iy, (5))7n(s) ds +/ o (s, py) dBs + un(t),
0 0
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and
(t)

ux (t) = / b(r(s), ux (), o))" () ds + / o (s, p1a) By + ult).

Hence,

luxn(t) —ux(t)] <

/0 D), uxe (), 40 o )7 (5) s — / b(r(s), 1 (5), pir(o) )" (5) dis

rrn (t)
+ / (s, u3)dBs — / (s, ps) dBs
0

/0 b(ra(5), wxcn (), 47 o) (5) ds — / (o (5), 10 (5), f o) (5) dis

+ Jun(t) — u(t)]

<

+/b<rn(> () o))" <>dsf/b<r<> () o) (5) ds

+ / b(r ) bin(e))Ta(5) ds — / b(r (), 1 (5), tir (o) )7 (5) dis

+/0 <sus>st/0 o5 12) B,

+ Jun(t) — u(t)]

t
< QT/ luxn(s) —ux(s)|ds
0
t
€ (14 LOV 0, 1500 Wl 800)) Wl o) (5) s
t t
27 [ o). 51 ) = 00w (). )| s +-€ [ i) = /()] ds
0 0

T (t) Tn(t)
/ o(s,ul)dBs — / o (s, pus) dBs
0 0

(1) r(t)
/ o(s,ps)dBs — / o(s, ps) dBs
0 0

+

+ + Jun (t) — u(t)].

(4.14)

Since pu™ — pin W (D0, T)das, )’ Skorokhod’s representation theorem yields the existence of a probablhty

space (Q,F,P) carrying random variables X" and X, such that " = Po (X®)™!, p = Po X~ ! and
dur, (X nX ) =0 P a.s. This yields the following representation for the second term on the right hand
side of the above inequality:

t
/0 (1 LOV (B2, (1 80) W ttn(s) 80)) ) Wiy ir(ey )1 (5) dis

t 1 i 1 § 1
= 1+L< EFIXP o1P)" (EF| X IP )] EF|X) (o = Xog)?) " 7' (5) ds
[ e () (#1500 )] (30 - %)
=: K.
By the definition of M; topology,
EF|X )P < EFdar, (X,0)” < o0 (4.15)

and
EFIXD P < EPda, (X7,0)7 — E¥dyg, (X,0)7 < oo (4.16)

Hence, the local boundedness of the function L yields a constant C' depending on EPd M, (X ,0)P such
that ) )
L (BF1X7 (7 BF | X I!) < C. (4.17)
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By (4.17), an application of Holder’s inequality yields

I3 1=
|~

p

t _ . t _ .
K< { / [1+L(EP|X;L”(S)|”,EP|XT(S)|”>FT’(5)ds} { / EFIXD () — XoolPr'(s) ds
0 0

A (4.18)

t ™ ~ ~
sc{ /0 EP|XQL(S)—XT(5)pr’(s)ds} ,

where p is the Holder conjugate of p. Since r,, and r are defined on {2, they can be considered as constants
under the measure P. If r(s) is a jump time of Z (and thus a jump time of X), then r(s) is a constant,
thus 7/(s) = 0. Therefore,

t =, ~ ~
/ EP\X&(S) — XT(S)|pr'(s) ds
0
b § b §
B /0 E \an(s) - XT(S)|pT/(S)1{X7~(S):XT(3)*} ds +/0 E |X77"In(s) = Xo(s) |pr/(8)1{XT<s)¢Xr<s>—} ds
t =, ~ ~
_ /O EFIX™ ) = X IPr ()1 (x, 0 =x0 ) 5
_opr(t) .
- Eﬂ"/ X7 or1(s) — XslPlix,=x,_y ds
0
P ) v \
=F A |X’I‘.,LO’I‘_1(S) 7X3|p1{XS=XS,,XS=XS,}dS' (419)

By (4.15) and (4.16), dominated convergence and (B.6) yield that

B r(t) . .
E]P’E]P/0 X2 or—1s) = Xsl"Lx =x, x.=x, } ds
T P
< EPEIP/ ‘X;lnorfl(s) - XS 1{Xs:XS—7X5:XS_} ds = 0.
0

By (4.14), (4.18) and (4.19), we have

p

1 1
E¥luxn —ux|? < CEP/O luxn(s) — ux(s)|P ds + CE® /0 Ir1.(s) —r'(s)|ds

+ C’E]P’/0 |60 (8), ux (5): 11r(s)) = b(r(5), ux (), pngs)) | ds

t t p
+ CEF sup / o(s,ul) dBs —/ o (s, ps)dBs (4.20)
o<t<T 1J/0 0 ’
T (t) 7(t) P
+ CE swp | [ oo ab.— [ ot db.
o<t<1|Jo 0
T L
+ CEP”un —ullP + CEPEP/ ‘X:Lnor—l(s) — X, 1{Xs:Xs—7XS:XS—} ds.
0
Therefore, Gronwall’s inequality and dominated convergence imply
EIP”'LLXTL — UX”p — 0.
O

Corollary 4.8. Under the assumptions of Proposition 4.7, along a subsequence

Pl — P*in W,
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Proof. We have that
/ e(t) dZt[n] = / (1) d?in] —/ ¢ (t) dZ[n],

0 0 0

where a.s. in (ﬂg}T+€(R),dMl),
/ ) dzZM — / ct(t)dZ, and / () dZM — / c(t)dZ,.
0 0 0 0
Since [, ¢t (t) dZ, and Joc (1) dZ, never jump at the same time, Proposition B.8 implies that

/ c(t)dzi™ — / c(t)dZ,
0 0
a.s. in (JZS’}T+€(R), dpr, ). Hence, by Proposition 4.7,

E%y, (XM XY — 0.

So up to a subsequence, daz, (X, X)P — 0 Q a.s., which implies that (X", Z) — (X, Z) a.s. in the M;
product topology. For any nonnegative continuous function ¢ satisfying

Pz, 2) < C(1+dpr, (7,0)P + dar, (2,0)P),

the uniform integrability of dyz, (X[, 0)? and dyy, (Z,0)P yields E@¢(X ", Z) — E%¢p(X, Z). This implies
Qo (X", Z)=1 - Qo (X,Z)~! in W, by Proposition A.5, that is, PI"l — P* in W,. O

A Useful Notions and Propositions

In this appendix we summarize some results on correspondences and weak convergence of measures that
are frequently used throughout the paper.

A.1 Maximum and fixed-point theorem

Theorem A.l. [Berge’s Maximum Principle] Let ¢ : X — 2V be a continuous set-valued function
between topological spaces with nonempty- and compact-values, and f : Grip — R be a continuous function.
v(x) == argmaxycy(q) f(2,y). Then

1. v has nonempty and compact values
2. if Y is Hausdorff, then v is upper hemicontinuous.

Theorem A.2. [Kakutani-Fan-Glicksberg fized point theorem] Given a locally convex topology vector
space Y, S, a subset of Y, is convex, nonempty and compact. Let 1 : S — 2% be a set-valued function,

which is upper hemi-continuous. If ¥ is nonempty-, convex- and compact-valued, then 1 has a fized point,
i.e., 3y € S such that y € Y(y).

Definition A.3. [hemi-continuity in metric space] Let .4 and B be two metric spaces. The set-valued
function ¢ : A — 28 is closed valued. Then we say 1) is upper hemi-continuous if whenever a,, — a in A
and b, € ¥(ay), there exist a subsequence b, of b, such that the limit of b, belongs to ¢(a). 1 is called
lower hemi-continuous if whenever a,, — a and b € ¢(a), there exists b,, € ¥(ay,) such that b,, — b. If
1) is both upper and lower hemi-continuous, we say v is hemi-continuous.
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A.2 Wasserstein distance and representation of martingales

Definition A.4. Let (E,d) be a metric space. Denote by P,(E) the class of all probability measures on
E with finite moment of p-th order. The p-th Wasserstein metric on P,(E) is defined by:

1
P
W, (£,a)(P1,P2) = inf { </ d(fc,y)p’y(dx,dy)> :y(de, E) = Py(dx),(E, dy) = Pz(dy)}~ (A.1)
ExXE
The set P,(E) endowed with the Wasserstein distance is denoted by W, (g.4) or W, g or W, if there is
no risk of confusion about the underlying state space or distance.

Proposition A.5. ([36, Definition 6.8]) Let (E,d) be a Polish space and p > 1. Let {yp}n>1 be a
sequence of probability measures in P,(E) and p € P,(E). Then the following statements are equivalent:

(1). pin — pin Wy, (g4

(2). pn — p in weak sense and moreover, for some ( and thus for any) yo € F,

lim sup d(y, yo)? un(dy) = 0; (A.2)

K—oo p /{yeE:d(y,yo)>K}

(3). pn — p in weak sense and moreover, for some (and thus for any) yo € E,

i [ d(y, yo)? jn(dy) = / Ay, yo)? u(dy); (A3)
E

n—00 E

(4). for each continuous ¢ satisfies p(y) < C(1 + d(y, yo)?) for some (and thus for any) yo € E, it holds

/E o) in(dy) = [E () uldy). (A4)

It is well known [28, Theorem III-10] that for every continuous square integrable martingale m with
quadratic variation process fo fU a(s,z, u,u) qs(du)ds, on some extension of the original probability space,
there exists a martingale measure M with intensity g,(du)ds such that m. = [ [, o(t, z, p, u) M(du, dt).
This directly leads to the following proposition, which is frequently used in the main text.

Proposition A.6. The existence of solution P to the martingale problem (2.3) is equivalent to the
existence of the weak solution to the following SDE

X, — / b(t, Ko, e, ) G (du)ds + / o (t, Ko g, ) M (du, dt) + o(t) dZ,, (A5)
U U

where X, M and Z are defined on some extension (Q, F,P) and M is a martingale measure with intensity

@. Moreover, the two solutions are related by P =Po (X, g, Z)~L.

B Strong M; Topology in Skorokhod Space

In this section, we summarise some definitions and properties about strong Skorokhod M; topology. For
more details, please refer to Chapter 3, 11 and 12 in [37]. Note that in [37] two M; topologies are
introduced, the strong one and the weak one. In this paper, we only apply the strong one. So without
abuse of terminologies, we just take M; topology for short.
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For z € D(0,T'), denote by Disc(x) the set of discontinuous points of z. Note that on [0,T], Disc(z) is
at most countable. Define the thin graph of = as

Ge ={(2,t) € R X [0,T] : 2 € [w4, 24]}, (B.1)

where x;_ is the left limit of  at ¢ and [a, b] means the line segment between a and b, i.e., [a,b] = {aa +
(I1—a)b:0 <« <1}. On the thin graph, we define an order relation. For each pair (z;,t;) € Gg, i = 1,2,
(Zl,tl) < (Zz,tg) if either of the fOHOWng holds: (1) t1 < to; (2) t1 =t and |Zl — It1_| < |2’2 — It2_|.

Now we define the parameter representation, on which the M; topology depends. The mapping pair
(u,r) is called a parameter representation if (u,r) : [0,1] — G, which is continuous and nondecreasing
w.r.t. the order relation defined above. Denote by II,. all the parameter representations of x. Let

dag, (1, 22) = (uimeilrll‘fwi:m [lur = ual| V [[r1 = 72| (B.2)

It can be shown that dyy, is a metric on D(0,T") such that D(0,T) is a Polish space. The topology induced
by das, is called M; topology.

For each t € [0,7] and § > 0, the oscillation function around ¢ is defined as

@(I,t,(;) = sup |It1 - It2|a (B3)
OV (t—8) <ty <ts(t+3)AT

and the so called strong M; oscillation function is defined as

ws(l',t75) = sup |xt2 - [$t17$t3]‘7 (B4)
0V (t—0)<t1<ta<ts<(t+6)AT

where |2y, — [T, %1,]] is the distance from x;, to the line segment [z, x,]. Moreover,

ws(x,d) = OiltlBTws(x,t,é). (B.5)

Now we present the characterizations of M; convergence, continuity of convergence, relative compactness
and tightness.

Proposition B.1. The following statements about the characterization of M convergence are equivalent,

1. 2™ — x in M; topology;

2. there exist (u,r) € Il and (u™,r™) € II;» for each n such that

lim ||u” —ul|| V ||r" =] =0;
n— o0

3. xn(t) = x(t) for each ¢ € [0,T] \ Disc(z) including 0 and 7', and

lim lim,, ,sows (2™, 8) = 0.
6—0

Moreover, each one of the above three items implies the local uniform convergence of z™ to x at each
continuous point of x, that is, for each ¢ ¢ Disc(x), there holds

limlimsup  sup  |z,(s) —z(s)| = 0. (B.6)
020 nooo t—5<s<t+d
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Proposition B.2. A subset A of (D(0,7T),dyy, ) is relatively compact w.r.t. My topology if and only if

sup ||z|| < oo (B.7)
z€A
and
lim sup w’,(z,d) = 0, B.8
im s (. 9) (B.5)
where
wl(z,0) = ws(x,8) Vo(z,0,0) Vo(x, T, d). (B.9)
In [37], it is assumed that zg_ = z, which implies there is no jump at the initial time. For singular

control problems it is natural to admit jumps a the initial time. It is also implied by Proposition B.2 that
the terminal time T is a continuous point of x € D(0,T'). This, too, is not appropriate for singular control
problems. In order to adapt the relative compactness criteria stated in Proposition B.2 to functions with
jumps at 0 and T, we work on the extended state spaces D(R) and A(R). Convergence in D(R) can be
defined as convergence in D(R), where a sequence {z™,n > 1} converges to = in D(R) if and only if the
sequences {2"|[4,5],7 > 1} converge to z|[, 5 for all @ < b at which z is continuous; see [37, Chapter 3].

Relative compactness of a sequence {",n > 1} C 75(R) is equivalent to that of the sequence {z" g 4,7 >
1} C Dla, b] for any a < 0 and b > T'. Specifically, we have the following result.

Proposition B.3. The sequence {z,n > 1} C ZS(R) is relatively compact if and only if

n d 1l W 35 =Y,
Sgp\lw | <oo an 58222“’“ )=0 (B.10)

where the modified oscillation function w, is defined as

Ws(x,0) = ws(x,8) + sup |zs — [0, z4]]. (B.11)
0<s<t<s

We notice that the modified oscillation function w; is defined in terms of the original oscillation function
w, and the line segment (if it exists) between 0— and 02. As such the space D(R) is isomorphic to the
space

Do,r = {(y,z|jo7)) € R? x D(0,T) : © € D(R), zo— = y}.

On Dy, we can construct the modified thin graph by taking the segment (if it exists) between 0— and
0 into consideration. In the same spirit of M; metric on the thin graph, we can define the modified M;
metric (we call it M, 1) on the modified thin graph. Therefore, we have the following characterization of
convergence in (Do r, Ml)

Lemma B.4. (y",2"(0,17) = (¥, |j0,77) in M, on Do, if and only if £} — x4 for eacht € [0, T]\ Disc(x)
including T, y™ — vy, and

lim lim,, oo ws (2™, 8) = 0.
6—0

For each set A C Dy 1, define
A= {z € ZS(R) : for some (y, z[jo,1)) € A, Z|jo,r) = @|jo,r), T¢ =y ift <0 and 7y = xp if t > T},

It is easy to show that the (Do r, M) relative compactness of A is equivalent to the (D(R), M;) relative
compactness of A. In this way, we could consider Dy 1 as the canonical space as well.

?Due to the right-continuity of the elements in 5(R) it is not necessary to consider the line segment between T'— and T
separately.
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Corollary B.5. Let A = {z € A(R) : zp < K} for some positive constant K, then A is (D(R), M)
compact.

Proof. This follows from Proposition B.3 as ws(z,t,6) =0 for each z € A, t € R and § > 0. O

We now state conditions for the tightness of probability measures on D(0,7") and 5(R), respectively.
Proposition B.6. A sequence of probability measures {P,,},>1 on (D(0,T), dps, ) is tight if and only if
(1) for each € > 0, there exits ¢ large enough such that

supP,,(||z]| > ¢) < ¢ (B.12)

(2) for each € > 0 and 7 > 0, there exists 6 > 0 small enough such that

sup P, (wh(z,0) > n) <e. (B.13)

By Proposition B.6 and Proposition B.3, we have the following tightness criteria for probability measures
on D(R).

Corollary B.7. A sequence of probability measures {P, },>1 on 5(1&) is tight if and only if (B.12) holds,
and for each € > 0 and 1 > 0, there exists § > 0 small enough such that

sup P, (ws(z,8) > n) < e. (B.14)

The following proposition shows that if two M; limits do not jump at the same time, then the M;
convergence preserves by the addition operation.

Proposition B.8. If 2" — z and y™ — y in (D(0,T),dyr, ), and Disc(z) N Disc(y) = @, then

2" +y" =z +yin M. (B.15)
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