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Abstract We consider étale motivic or Lichtenbaum cohomology and its relation to algebraic cycles.
We give an geometric interpretation of Lichtenbaum cohomology and use it to show that the usual
integral cycle maps extend to maps on integral Lichtenbaum cohomology. We also show that Lichtenbaum
cohomology, in contrast to the usual motivic cohomology, compares well with integral cohomology
theories. For example, we formulate integral étale versions of the Hodge and the Tate conjecture, and
show that these are equivalent to the usual rational conjectures.
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1. Introduction

Let X be a smooth quasi-projective variety over a field k. We interpret the motivic
cohomology of X with coefficients in an abelian group A as the hypercohomology groups

Hy (X, A(n) = Hyz, (X, (2" (-, ©) ® A)[—2n]),

where z"(—, o) is the complex of Zariski sheaves given by Bloch’s cycle complex [6].
In particular, Hﬁg’(X, Z(n)) = CH"(X) is the Chow group of codimension n cycles. We
consider the étale motivic or Lichtenbaum cohomology of X, i.e., the hypercohomology
groups of 7' (—, e) viewed as a complex of étale sheaves,

HY' (X, A(n)) = H (X, (za(—, @)st ® A)[—2n]);
we also set Hﬁ" (X, Z(n)) = CH{ (X). It is known that the comparison map
Hy (X, A(n)) — H{' (X, A(n))

is an isomorphism with rational coefficients; however, with integral coefficients this map
is neither injective nor surjective in general.

We show that many of the integral properties that are known to fail for motivic
cohomology groups with Z-coefficients in fact hold for the corresponding Lichtenbaum
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groups. In particular, we formulate integral versions of the Hodge and Tate conjectures
for the Lichtenbaum Chow groups which are equivalent to the usual rational statements
for the classical Chow groups in many cases.

For example, if k = C and X is a smooth projective variety, we write HC"(X)q for the
usual rational Hodge conjecture [20] for X in codimension n, i.e., the assertion that the
image of the cycle map to singular cohomology

¢ty : CH'(X) ® Q - HE' (X, Q(n))

is the group of Hodge cycles Hdgz” (X,Q) = HZB” (X, Q(n)) NF" H%” (X, C). The analogous
integral statement is known to be false in codimensions n > 2: Atiyah and Hirzebruch
[2, Theorem 6.5] have given examples of torsion cohomology classes which are not in the
image of the integral cycle map, i.e., are not algebraic, and Kollar [27, pp. 134-135] has
given examples of non-torsion cohomology classes which are not algebraic but have the
property that some suitable multiple is algebraic. For related work, we refer to [50], [43],
[53], and [54], for instance.

Since the integral Lichtenbaum groups do not admit a geometric interpretation in
terms of cycles on the given variety, the usual methods of defining cycle maps via the
fundamental class of a cycle and cohomology with supports cannot be applied. However,
there are formal ways to prove the existence of such integral cycle maps. We show that
there is an integral cycle map

" T HY' (X, Z(n) — HE (X, Z(n)) W

which extends the usual cycle map, and has the property that its image If"(X) =
im(ci"’”) lies in the group of integral Hodge cycles Hdgz” (X, Z). This map allows us to
state an L-version of the integral Hodge conjecture: HCJ (X)z < Ii" (X) = Hng” (X, 7).
Our first result shows that the usual rational Hodge conjecture is equivalent to this
integral L-Hodge conjecture.

Theorem 1.1. Let X be a smooth projective complex variety. Then the following hold.
(a) HC"(X)q < HC] (X)z for n > 0.
(b) The map CH{ (X)tors — Hdg?" (X, Z)ors is surjective for n > 0.

We remark that the existence of an integral cycle map cﬁ”" as in (1) follows directly

from the fact that there is such a map with rational coefficients, as well as a cycle map
from Lichtenbaum cohomology to étale cohomology with £-adic coefficients. With this
cycle map, Theorem 1.1 in the special case of codimension 2 follows easily from basic
properties of Lichtenbaum cohomology. A key point in the proof of the general case is the
construction of an integral cycle map from Lichtenbaum cohomology to Deligne-Beilinson
cohomology

c{"”g :H'(X, Z(n)) - HJ (X, Z(n)) (2)

whose composition with the natural map H (X, Z(n)) — H} (X, Z(n)) is the map ¢{"". To
define c{" ’[';, we show that elements in Lichtenbaum cohomology come from higher Chow
cycles on étale coverings and use a variant of Bloch’s construction [7]; see Theorems 4.2
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Etale motivic cohomology and algebraic cycles 513

and 4.4. This construction applies more generally to the usual cycle maps for any
quasi-projective variety. Given the cycle map (2), it follows from a formal argument
that, for a smooth projective complex variety, the torsion in Lichtenbaum cohomology is
isomorphic to the torsion in Deligne—Beilinson cohomology, i.e., it matches the torsion in
the absolute cohomology theory, in all bidegrees (m, n) with 2n —m > 0. The analogous
statement for classical Chow groups is known to be false in general.

Theorem 1.2. Let X be a smooth projective complex variety, and let

C]in,g|t0rs : Hf (X, Z(n))tors — Hﬁ’ (X, Z(n))rors

be the restriction of the cycle map cf”g to torsion subgroups.

(a) If2n —m >0, then ¢f pliors s an isomorphism.

(b) If 2n —m = —1, the following statements are equivalent:

ciflgl’"|t0rs is injective < HCY (X)z < HC"(X)q.

In section 6, we consider integral Lichtenbaum Chow groups and the Tate conjecture
[48]. Let k be a field, finitely generated over the prime field, and let X be a smooth
projective geometrically integral k-variety. If k is a separable closure of k, we set X =
X xx k and Ty = Gal(k/k). If £ # char(k) is a prime, we denote by TC" (X)q, the rational
Tate conjecture for X in codimension n at the prime £, i.e., the statement that the cycle
map

ch, : CH'(X) ® Q¢ — HZ (X, Qe (3)

is surjective. We write TC"(X)q, for the variant asserting that the cycle map

¢, 1 CH'X) ® Q¢ — Ta™ (X, Q) = lim HZ (X, Q¢ ()" (4)

is surjective, where the limit is taken over all fields k € k' C k of finite degree over k.
Again, the integral analogues of these conjectures can be stated but are known to be
false; there are examples that exhibit this failure over Q for n > 1 [38, p. 493], and over
F, for n > 2 [13, Théoreme 2.1].

There is a cycle map from integral Lichtenbaum cohomology to £-adic continuous étale
cohomology, whose composition with the map Hggm(X , Zp(n)) — Hg? X, Z¢(n)™* from
the Hochschild—Serre spectral sequence induces a map

.z, : CHL(X) ® Z¢ — H2'(X, Ze(n))™,

which allows us to state integral L-analogues TCj (X)z, and TCﬁ(Y)ZZ of the above
conjectures; for details, see § 6.
For a subfield k € C, comparison with the complex case yields the following.

Theorem 1.3. Let k € C be a field which is finitely generated over Q, and let X be a
smooth projective geometrically integral k-variety. Then

TC"(X)g, & TC} (X)z, forn > 0;

moreover, Ta? (X, Z¢)wors is contained in the image of CHY (X)tors @ Zg .
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If k is a finite field, we can say more: Tate has shown that, if X is a surface, TC! (X)q,
holds if and only if the £-primary torsion subgroup of the cohomological Brauer group
Br(X){¢} is finite [46, Theorem 5.2]. Because of the quasi-isomorphism Z(1)g; =~ Gy[—1],
we have Hi(X, Z(1)) = Br(X), and one can view the Lichtenbaum group H%”‘H(X, Z(n))
as a higher nth Brauer group. We show that the usual rational Tate conjecture is
again equivalent to its integral L-version, and that the {-primary torsion subgroup
Hi"“(X, Z(n)){£} being finite is precisely the obstruction for it to hold.

Theorem 1.4. Let k be a finite field, and let X be a smooth projective geometrically integral
k-variety. If £ # char(k) is a prime number, then

TC"(X)g, © TCL(X)z, < H" (X, Z(n){€) < 00 forn > 0.

Furthermore, the torsion subgroup Hg:’ (X, Z¢ (n))::frs is L-algebraic.

For related results showing the equivalence of the rational Tate conjecture over a finite
field to various finiteness conjectures in K-theory and motivic cohomology, see [16, 34, 49],
for example. Assuming the existence of certain étale motivic complexes as conjectured
by Lichtenbaum [30], and writing H{" (X, Z(n)) for the corresponding hypercohomology
groups, an equivalence of the form TC"(X)q, < Hi"“ (X, Z(n)){£} < oo has already been
shown by Milne [34, Remark 5.4(g)].

In particular, it follows from our results that the integral L-versions of the Hodge and
Tate conjectures we consider hold for all torsion classes.

The paper is organized as follows. In § 2, we summarize basic definitions and properties
of motivic and Lichtenbaum cohomology. In § 3, we give examples which show how
the integral Lichtenbaum cohomology groups differ from the usual motivic cohomology
groups, and explain why the following, more technical, considerations are needed. Then,
in § 4, we give a geometric interpretation of elements in Lichtenbaum cohomology and use
this description to construct cycle maps. In §§ 5 and 6, we consider the Hodge conjecture
and the Tate conjecture, respectively.

Notation. If A is an abelian group, £ is a prime, and r > 1 is an integer, we write
A[€"] for the £"-torsion and A{¢} = U, A[£"] for the £-primary-torsion subgroup of A. We
set Ayrs = UgA{l} and A/0" = AQZ/L".

2. Preliminaries

Let Smy be the category of smooth separated k-schemes over a field k. We write 7" (X, o)
for the cycle complex of abelian groups defined by Bloch [6] whose homology groups
define the higher Chow groups

CH"(X,m) = H (2" (X, 0)).

The cycle complex is contravariantly functorial for flat morphism between smooth
k-schemes; thus z"(—, e) : U — z""(U, e) defines a complex of sheaves on the flat site
over X, and therefore on the (small) étale, Nisnevich and Zariski site of X. If 7 is any of
these topologies and A is an abelian group, we set

Ax(n)r = (2" (=, 0)r ® A)[-2n].
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For simplicity, we often write Ax(n) = Ax(n)zar; for example, Zx(0) = Zx and Zx (1) ~
Ox[—1] [6, Corollary 6.4]. The hypercohomology of the complex Ax(n), (which is
unbounded on the left) is defined as the cohomology of the total product complex
Tot(I'(X, I)), where Ax(n); — I is a Cartan—FEilenberg resolution; see [45, p. 121], for
instance. We consider the cohomology groups

HY (X, A(n)) = H' (X, Ax(n)¢).

The complex of presheaves U +— z"(U, o) on X has the Mayer—Vietoris property [6, 3.4]
[9], and therefore satisfies Zariski descent [10], i.e., the evident maps H” (z" (U, e)[—2n]) —
H7 (U, Zy (n)) are isomorphisms. In particular,

CH"(X,2n —m) = H" (" (X, &)[=2n]) > HZ. (X, Z(n)).
The motivic and Lichtenbaum cohomology groups we consider are defined as

HIL (X, A(n)) =HZ, (X, A(n)),
HY' (X, A(n) = H (X, A(n)).

Note that, since Zx (1)s; ~ G,[—11], we have CH!(X) = CH]{(X).

For the complex defining Lichtenbaum cohomology, we have the following comparison
results: if £ is a prime and r>1 is an integer, Geisser and Levine have
constructed quasi-isomorphisms (Z/€"Z) x (n)¢t S u?ﬁ" if £ # char(k) [18, Theorem 1.5]
and (Z/€"Z)x (n)es — vy (n)[—n] if € = char(k) [17, Theorem 8.5], where v,(n) is the nth
logarithmic Hodge-Witt sheaf [4, 21]. In particular, if for n > 0 and £ an arbitrary prime
we set Q/Z(n) = ®¢Q¢/Z¢(n), where

Q¢/Ze(n) = limu ", € # char(k),

Q1/Ze() = timv, () —n], € = char(k),

r

it follows from the above comparisons results that there is a quasi-isomorphism

(Q/Z)x(n)ex — Q/Z(n)|x. (5)

With rational coefficients, the adjunction associated to the canonical map o : X¢ —
Xzar is an isomorphism; see [26, Théoreme 2.6], for instance. Hence

Qx() > RayQx () = Roya*Qy (). (6)

If X, is a smooth simplicial scheme, the hypercohomology of a bounded above complex
K of abelian -sheaves (t = ¢t, Nis, Zar) on Smy is defined as

H’-[n(Xh K) = HomD; (Z(X.)*, K[m]),

where D = D™ (AbShv.(Smy)), and Z(X,): is the following chain complex: if X;
is a component, let Z(X;) be the abelian rt-sheafification of the presheaf Y —
Z[Homsm, (Y, X;)], let Z(X,) be the simplicial object obtained by applying Z(—) to the
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components of X,, and let Z(X,)+ be the associated chain complex whose differentials are
the alternating sum of the maps coming from the simplicial structure [51, Appendix A].
We consider Z(X,): as a complex with Z(X;) in degree —i (i > 0). With the above
definition one can use the usual formalism to set up a spectral sequence whose E{-terms
are the cohomology groups of the components of X,; however, since Z(X,) is unbounded,
there are convergence issues. Also, if X = X(.) is the trivial simplicial scheme, the
hypercohomology of X? defined above coincides with the usual hypercohomology of X.
We write s>_;Z(X4)4 for the subcomplex of Z(X,): consisting of all terms in degrees
> —i, i.e., we set
Z(Xe)j for j = —i,
s>-il(Xe)j = {0 ! for j < —i.
Thus the hypercohomology of the truncated simplicial scheme X; is given by
H? (X<, K) = HomD; (5>—iZ(Xa)x, K[m]).

Since the cycle complex is not contravariantly functorial for arbitrary morphisms even
between smooth k-schemes, it does not define a presheaf on Smy. However, if X, is a
smooth simplicial scheme with étale (thus flat) transition maps, we can define the motivic
cohomology and the Lichtenbaum cohomology as the hypercohomology of the complexes
A(M)za = Z(n) @ A and A(n)g = Z(n)gs @ A, respectively:

HY) (Xo, A1) = H, (X, A()zar) = Homp, (Z(Xa)e, AMIm]),
HY! (Xo, A() = H (Xo, A(m)ar) =Homp, (Z(Xa)s, A@alm)).

We remark that, using more sophisticated methods, one can define the motivic and
Lichtenbaum cohomology of an arbitrary smooth simplicial scheme; see [28, Theorem
7.4.1], for example. In the following, we will apply simplicial methods only to étale
hypercoverings of smooth varieties; thus the above direct definition using the complex
A(n) suffices for our purposes.

3. Lichtenbaum cohomology

We consider elementary properties of Lichtenbaum cohomology groups and give
examples which show how Lichtenbaum cohomology differs from motivic cohomology.
These examples motivate what follows and explain why some of the more technical
considerations below are necessary.

Let X be a smooth quasi-projective k-variety. Because of (6), it is obvious that, with
rational coeflicients, motivic and Lichtenbaum cohomology coincide:

MX, Q) =H{"(X,Q(n)), meZ, n=0. (7)

To see how these groups differ integrally, we note that the quasi-isomorphism
(Z)8)x (n)st S M?ﬁ" allows us to determine, using standard arguments, the torsion and
cotorsion in Lichtenbaum cohomology.

Proposition 3.1. Let k be a separably closed field, and let X be a smooth projective
k-variety. Assume that £ is a prime number different from char(k). Then the following
hold.
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(a) H'(X. Z){€) = HE ™ (X, Qu/Ze(n) for m #2n+1; in particular, CHy (X){€) =
H2' ™1 (X, Qu/Ze(n) forn > 1.
(b) H"(X, Z(n)) ® Q¢/Z¢ = 0 for m # 2n.

Proof. Since Zyx(n)¢ is torsion free, the sequence of complexes of étale sheaves

Zr
0— Zx(me — Zx(n)sy — (Z/U L) x(n)ss — 0
is exact, and induces for every bidegree (m, n) the short exact sequence
0 — H"(X, Z(n))/¢" — H{"(X, Z/t"Z(n)) — H;'f“(X, Zn)[L'] — 0. (8)

Taking the inverse limit over the maps H{' (X, Z(n)) — H{"(X, Z/¢" (n)) = HZ (X, /L?ﬁ"),
we obtain an £-adic cycle map for Lichtenbaum cohomology

EK‘”%Z cH' (X, Z(n)) - HL (X, Z¢(n)), 9)
which fits into the following commutative diagram with exact rows:

0 — H'" (X, Z(n)/¢" —H"N(X,Z/¢ (n)) — H"(X,Zn)[€'] —0

l | l o

0 —HINX, Ze)) /¢ — HE (X, 1) —HL(X, Ze(n)[E'] =0

All claims follow easily from the fact that, in the diagram obtained from (10) by taking
the direct limit over all powers of £, the resulting left vertical map

H'"' (X, Z(n)) @ Q¢ /Z¢ — HEN (X, Ze(n)) @ Qe /Ze

is trivial if m — 1 # 2n. To see this, it suffices to show that for m — 1 # 2n the image of (9)
is contained in the finite torsion group H’é"t_l(X , Z¢(n))tors- This follows from comparison
with rational motivic cohomology, since, by a standard argument involving specialization
and weights, the cycle map Hﬁ71 (X,Q(n)) — HZ‘;I (X, Q¢(n)) is trivial if m — 1 # 2n; see
[5, Lemma 2.4], for example. O

Remarks 3.2. (a) If k = C, we may identify étale cohomology and singular cohomology
to obtain from (10) for every bidegree (m, n) a surjective map on torsion groups

Hf (X, Z(n))tors — Hg (X, Z(n))ors- (11)

Since for m > 2 there are examples of smooth projective complex varieties X with the
property that there are torsion classes in H]23’”(X , Z(m)) which are not algebraic in the
usual sense (2], the Lichtenbaum Chow groups CH{" (X) must be ‘larger’ than the classical
Chow groups CH” (X), and cannot admit a description in terms of integral cycles on the
given variety X.

(b) If X is a smooth projective k-variety over an algebraically closed field k of
characteristic 0, it follows from Proposition 3.1(a) that we have an isomorphism

CH? (X)tors = H3, (X, Q/Z(2)).

Downloaded from https://www.cambridge.org/core. UB der LMU Miinchen, on 04 Dec 2018 at 14:13:14, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/51474748014000401


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S1474748014000401
https://www.cambridge.org/core

518 A. Rosenschon and V. Srinivas

On the other hand, for the classical Chow group in codimension 2 we know that
CH?(X)iors = N H, (X, Q/Z(2)),

where N! stands for the first level of the coniveau filtration [12, p. 775]; hence the torsion
in CH%(X) is a priori larger. When k = C and H3(X, Ox) = 0, the generalized Hodge
conjecture [19], together with a conjecture by Nori [35], implies that N'H3, (X, Q/Z(2))
has finite index in Hgt(X, Q/Z(2)); see [14, § 4].

(c) Under the assumptions from (b), the groups HZ (X, u") are finite, and (10) implies
in particular that CHJ (X)/¢ and CH} (X)[£] are ﬁnlte for all n > 0. This fails for the
classical Chow groups: the examples constructed in [36, 39, 41], together with [40],
show that for d > 3 there are examples of smooth projective k-varieties X of dimension
d and primes ¢ such that #CH?(X)/¢ =o0 for 2< p<d—1 (k=Q or k=C), and
#CH? (X)[¢] = oo for 3 < p < d—1 (k with positive transcendence degree or k = C). We
note that the known elements in these infinite cotorsion and torsion groups come from
non-divisible elements of the Griffiths group Griff?(X), which is a countable group.

(d) If X is a smooth projective complex variety, its Deligne-Beilinson cohomology
groups coincide with the hypercohomology groups of the complex Zp(n) of
analytic sheaves 0 — Z(n) - Ox,, — Ql X Q" 1. Let Qp(n) =Zphn) @ Q.
Then 0 — Zp(n) — Qp(n) — Q/Z(n) — 0 is exact, and 1t induces a surjective map
Hy ™ "X, Q/Z(n)) — HS (X, Z(n))iors- The composition of the above map with the
isomorphism from Proposition 3.1(a)

HY' (X, Z(n))ors = HZ (X, Q/Z(n)) = Hy ' (X, Q/Z(n))
defines for m # 2n + 1 a surjective map on torsion subgroups
HT(Xa Z(n))tors = Hg(X, Z.(n))ors-

Note that, if " is a prime power, the quasi-isomorphism Zpn)Q Z/¢" = 7Z/¢" (n)
induces in every bidegree (m, n) a short exact sequence of the form

0 — HE Y(X, Z(n)) /¢ — HE~1(X, Z/€" (n)) — HA(X, Z(n))[£"] — 0. (12)

We remark that one can describe the Lichtenbaum Chow group CH%(X ) as follows:
assume for simplicity that char(k) = 0. Then one has an exact sequence

0 — CHX(X) — CH} (X) — H2.(X, Q/Z(2)) — 0, (13)

where H3,(Q/Z(2)) is the Zariski sheaf associated with U~ H3 (U, Q/Z(2)),
and H?lr(X, Q/7Z(2)) = HO(X, Hgt(Q/Z(Z))) denotes unramified cohomology; see [26,
Proposition 2.9], and also the comments below.

Remarks 3.3. (a) If o : Xy — Xz, is the evident map, one can show that for g > 0 the
sheaves Ria(Zx(2))s, coincide with the sheaves R7a,I"(2) associated with the complex
['(2) defined by Lichtenbaum in [30], and an exact sequence very similar to (13) already
appears in [31, Theorem 2.13] (see also [24, Theorem 1.1]); we omit the details. Kahn
has shown that one has an exact sequence of the form (13) for every smooth variety
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over any field [26, Proposition 2.9]; over finite fields, this sequence has been used by
Colliot-Thélene and Kahn to study the unramified cohomology group H3.(X, Q/Z(2))
[11]. We do not know a proof which shows that (13) coincides with Lichtenbaum’s exact
sequence; however, this seems likely to be true.

(b) By the Bloch—Ogus theory, the unramified cohomology group Hf’lr(X, Q/7.(2)) is
closely related to the Griffiths group Griff?(X) ® Q/Z [3, Corollary 7.4 and (8.2)]; the
examples constructed in [36, 39, 41] show that, for a smooth projective variety over
an algebraically closed field, the group Griff>(X) ® Q/Z can have infinite corank. Since
H3.(X, Q/Z(2)) maps onto Griff?(X) ® Q/Z, it has infinite corank as well, and CH?(X) —
CH%(X) is not surjective in general; however, the cokernel ng(X ,Q/7Z(2)) is again a
countable group.

4. Cycle maps

We give a geometric interpretation of Lichtenbaum cohomology, and use it to show that
the motivic cycle maps defined by Bloch in [7] extend to cycle maps on Lichtenbaum
cohomology, provided the given cohomology theory satisfies étale descent. We prove these
results only in characteristic 0, which suffices for our applications; we expect them to hold
more generally.

Our first lemma shows that Lichtenbaum cohomology satisfies étale descent.

Lemma 4.1. Let X be a smooth k-scheme over a field k, and let w:Xq— X
be an étale hypercovering. Then Z(Xa)sx — Z(X) is a quasi-isomorphism in D =
D™ (AbShvg (Smy)). Thus for any complex of sheaves K we have

H (X, K) = Homp,_ (Z(X), K[m]) 3 Homy,- (Z(X.)., K[m)) = H (Xe. K).

Proof. It suffices to show this with Z(X,)+ considered as a complex in the category
D~ (Ab Shv (Smy)), where Smy is the category of smooth schemes over X. Then Z(X) =
Zy is the constant sheaf Z on X, and it follows from [1, Proposition 8.5] that Z(X), —
7(X) = Zyx is a resolution. U

We will use the norm-residue isomorphism, i.e., the fact that, for every field F and
every prime £ # char(F), the norm-residue map defined by Tate [47]

h=nhp:KM(F)/0" — HE(F, u3™)

from Milnor K-theory to étale cohomology is an isomorphism for m > 0. This has
been shown for special cases by Merkujev and Suslin [32, 33], and Voevodsky [51].
The general case has been established by Rost and Voevodsky [52]; see also [56].
The norm-residue isomorphism (‘Bloch-Kato conjecture’) is known to be equivalent
to the Beilinson—Lichtenbaum conjecture [45, p. 117]. In particular, if X is a
smooth quasi-projective k-variety over a field of characteristic 0 and o : X¢ — Xzar
is the canonical map, it implies that the map (Z/€")x(n)zar — tgnRa*(,u?”b() is a
quasi-isomorphism for every £"; hence

Hy (X, Q/Z(n)) = HL (X, Q/Z(n)) for m < n. (14)
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We show next that elements in Lichtenbaum cohomology groups come from higher
Chow cycles on étale coverings of X. This result is an analogue of the Artin—Verdier
hypercovering theorem; the proof is similar to the one for a single étale sheaf given by
Artin and Mazur in [1].

Theorem 4.2. Let k be a field of characteristic 0, and let X be a smooth quasi-projective
k-variety. Then the change of topology map induces an isomorphism

lim Hy; (Xe, Z(n)) = H{ (X, Z(n)), me€Z, n=0,

Xe
where the limit is taken over all étale hypercoverings Xo — X.

Proof. Let 7 : Xe — X be an étale hypercovering. We use Lemma 4.1 to identify
the Lichtenbaum cohomology of X, and X with any coefficients. From the evident
distinguished triangles, we obtain the following commutative diagram with exact rows:

—Hy (X, Z(n)) —H(X,, Qn) —HE(Xe, Q/Z(n) —HYy (X, Z(n) —

l ! l |

— H"(X,Z(n)) — H"(X,Q(n)) — H"(X,Q/Z(n)) — HfH(X, Z(n)) —

Here, the isomorphism with rational coefficients results from the fact that the
adjunction Q(n) — Ro,o*Q(n) with respect to « : (Smy)er — (Smy)z,r is an isomorphism
in D7 (Ab Shvz,(Smy)). Taking the direct limit over all étale hypercoverings, it follows
from the 5-lemma that it suffices to show that we have an isomorphism

liin Hy; (X, Q/Z(n)) = H" (X, Q/Z(n)). (15)
Xe
For a fixed X,, the spectral sequence which attempts to abut to the group
H™(X,., Q/Z(n)) is, as it stands, a right half-plane spectral sequence whose E/*-entries are
the groups Hy;(X,, Q/Z(n)). Using (14), it follows from the vanishing of étale cohomology
in negative degrees that this spectral sequence is concentrated in the first quadrant, and
thus we have a convergent spectral sequence:

ME® = Hy (X, Q/Z(n)) = Hyf* (X., Q/Z(n)). (16)

On the L-side, we have an analogous spectral sequence, and we use (5) to argue
similarly that Hj (X,, Q/Z(n)) =0 for s <0. Since by Lemma 4.1 H{"(X, Q/Z(n)) =
H{"(X., Q/Z(n)), we obtain a convergent spectral sequence:

LEY = Hi (X, Q/Z(n)) = H[ (X, Q/Z(n)). (17)

Let ME}* and LE}® be the E;-terms of the spectral sequences obtained from (16) and (17)
by taking the limit over all étale hypercoverings X, — X. The change of topology map
induces a morphism between these spectral sequences, and to prove (15) it suffices to
show that the Ej-terms are isomorphic, i.e.,

ME}* ELE?S for all (r, s). (18)
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In the L-setting, we use again (5) to identify all terms occurring in E}* with the
corresponding étale cohomology groups, i.e., the cohomology groups of a single étale
sheaf. Thus we can refer to [1, Proof of Theorem 8.16] to conclude that

LE =0 ifs #£0.

Since the proof for the motivic case will be similar, we recall the argument. Assume that
X, is a split hypercovering of X and that o € Hi (X, Q/Z(n)) is a class. Write X, = [[ N;,
hence « is the product of classes o; € Hi, (N;, Q/Z(n)). Since cohomology vanishes locally,
there are coverings N/ of N; such that o = 0 in H{ (N/, Q/Z(n)). Moreover, one can find
a refinement X, of X, such that > 0 in H} (X}, Q/Z(n)). Hence LE}* =0 for s # 0. In
particular, the argument only uses that cohomology classes are locally trivial and that
étale hypercoverings admit suitable refinements. It follows from [44, Theorem 4.4] and
[42, Theorem 4.2] that for a strict Hensel local ring S we have H};(S, Q/Z(n)) = 0 for
s # 0; thus the motivic cohomology classes are locally trivial as well, and we can argue
similarly to get ME}" =0 for s # 0. The remaining non-trivial terms occur for s =0,
in which case M]ETO =L IETO by (14). This shows (15) and completes the proof of the
theorem. O

Remark 4.3. In the proof of Theorem 4.2, we wuse the assertion of the
Beilinson—Lichtenbaum conjecture (respectively, the Bloch-Kato conjecture) to conclude
that the groups Hy (X, Q/Z(n) vanish in negative degrees; thus the spectral sequence

B = HY(X,, Q/Z(n)) = Hy* (X., Q/Z(n))

converges. Ayoub has informed us that one can prove Theorem 4.2 without the use
of the Beilinson—Lichtenbaum conjecture, provided that one assumes that k& has finite
cohomological dimension.

Let X be a smooth quasi-projective variety over a field k. In [7], Bloch has shown that, if
H"(X, K(n)) = H (X, Kx(n)) is a cohomology theory given by a complex of sheaves K (n)
on Smy (in a suitable Grothendieck topology) which satisfies certain general properties
(for example, localization sequence, homotopy invariance, weak purity, cycle map), then
there are motivic cycle maps:

evx - Hu(X, Z(n)) — H" (X, K(n)).

We use Theorem 4.2 to show that, if such a cohomology theory also satisfies étale
descent, these motivic cycle maps extend to cycle maps on Lichtenbaum cohomology.
In particular, if k = C, we obtain in this way a cycle map from Lichtenbaum to
Deligne-Beilinson cohomology [15].

Theorem 4.4. Let X be a smooth quasi-projective variety over a field k of characteristic 0.
Assume that H™ (X, K(n)) is a cohomology theory as above, which also satisfies étale
decent.
(a) There is a cycle map c'{jﬁ :H'(X, Z(n)) — H" (X, K(n)), which is functorial and
extends the usual motivic cycle map cyy'y .
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b) If H*(X, K (n)) = HZ (X, u&"), the cycle map induces an isomorphism
ét 4

H (X, Z/€¢ (n)) > HL(X, u&"), meZ, n>0.

Proof. We use the notation and definitions from § 2 for the hypercohomology of a smooth
simplicial scheme X, with étale transition maps and its truncations X;. From the
inclusions s> _;Z(Xe)+ — Z(X4)x, We have maps

HJ (Xo, Z(n)) — HIY(X<i, Z(n)) and H"™(X,, K (n)) - H"(X<;, K (n)).

We assume that for each component X; of X, the groups H*(X;, K(n)) vanish in
negative degrees. Thus, by the usual spectral sequence argument, the second map is
an isomorphism for i sufficiently large. Since the given cohomology theory satisfies étale
descent, we have, for large i isomorphisms,

H™(X, K(n)) > H"(X,, K(n)) > H"(X<;, K (n)).
Thus it suffices to construct for each truncation X¢; an appropriate map:
Hy (X <i. Z(n)) - H" (X<, K(n)). (19)
Given such maps, we can choose a sufficiently large i such that we have
Hy;(X., Z(n)) — Hy(X<i, K(n)) - H" (X<, K(n)) = H" (X, K (n)), (20)

and use Theorem 4.2 to define cf’lg as the map obtained by taking the limit

H" (X, Z(n)) = lim Hyj (X, Z(n) — H" (X, K (n).

Note that, if X is a smooth quasi-projective k-variety and X, — X is an étale
hypercovering, there exists an étale refinement X, — X, with affine components. Since
we will eventually take the limit over all étale hypercoverings, it suffices to construct
maps as in (19) for the truncations of an étale hypercovering with affine components.
Assume that X, is such a smooth simplicial k-scheme with affine components X;, giving
an étale hypercovering of X. For notational simplicity, we will only do the case X1; the
construction for an arbitrary truncation X; will be similar. Recall that in this setting
we have

Hﬁ(xgl, Z(n)) = HomD*(Ab Sthar(Smk))(s>—IZ(X°)*’ Z(n)).

If Zx,(n) - Ix, is a Cartan-Eilenberg resolution, this group in degree m is the mth
cohomology of the total complex Tot(X <1)z) of the morphism of complexes

TotI'(Xo, Ix,) —TotI'(Xy, Ix,). (21)

Let Tot(X<i)z be the total complex obtained from the (shifted) cycle complexes
computing the higher Chow groups of the components Xy and Xy, i.e.,

" (Xo, 9)[—2n] — " (X1, ®)[—2n]. (22)
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Since the cycle complex has the Mayer—Vietoris property, the two complexes Tot(X 1)z
and Tot(X 1)z are quasi-isomorphic; we will use the isomorphism

H™ (Tot(X <1)z) = Hy(X<1, Z(n)), (23)

and work with the complex of abelian groups Tot(X<1)z.

Consider the double complex (22). We will show that a slight reformulation of Bloch’s
construction gives the desired map. We recall the construction: let W be a smooth
quasi-projective k-variety, and let Kw(n) be the restriction of K(n) to W. Replacing
Kw(n) by its Godement resolution, we may assume that the sheaves Ky (n)/ are acyclic,
so that (we write I'(Kw(n)®) = T'(W, Kw(n)*))

H"(W, K (n)) = H"(T'(Kw (n)*)).

If AP = A,’Z is the algebraic p-simplex, we obtain from the cosimplicial scheme W =

—
W x Al = W x A?... an unbounded second quadrant double complex

F(KWXA*p(n))qy P.q 20’
together with a spectral sequence whose Ei-terms are
EY =HY(W x A™P, K (n)).
Using the assumption of homotopy invariance, it follows that the E>-terms are

BPY _ {Hq<W, K@) p =0,
2 0 p #0.

Since the d;-differentials are either trivial or isomorphisms, we may truncate the
cosimplicial scheme at any sufficiently large level W x AN with N even without changing
anything. Taking such a truncation, we obtain a double complex I'> _y(Kwxa«(n)®)
which is bounded on the left. If Tot(W)g ) is the corresponding total complex, we have
a convergent spectral sequence:

Ef = HY(W x A™P, K (n)) = HPH(Tot(W) g (n)) = HPT9(W, K (n)).
Let Cs(Kwxae(n)®) be the similarly truncated double complex
Ts(Kwxa-»(m)?) =limD)z) (K xa-» ()7,

where the limit is taken over all cycles Z € z"(W, p) with support |Z|. Let Tots(W)gu)
be the total complex of the bicomplex I's(Kwxae(n)®). Thus, if

HY (W x AP, K(n)) = limH[, (W x A?, K(n)),
N Sz
we have again a convergent spectral sequence:

SEP? = HY(W x A™P, K (n)) = HP T (sTot(W) g (n)),
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where g Ef 1 = 0 for ¢ < 2n by the purity assumption on the cohomology theory. We use
this to modify ['s(Kwxae()®) as follows. Consider the segment

- > Ts(Ky a2 )P S T(Kyamt ) 5 Tg(Kw () —0

—2,2i —1,2 0,2
ol ] 4]

- = Ts(Kyyua2m)? = Ts(Kyua-1(m)? — Ts(Kw(n)** —0

—2,2n—1 —1,2n—1 0,2n—1
] ] ]

c o Ts(Ky a2 )P 5 Ts(Ky g amt )P~ = Tg(Kw (n)? ! =0

Let Totg(W)k ) be the total complex of the double complex I'¢(Kwxa+(n)®) obtained
from I's(Kwxaes(n)®) by truncating all rows below 2n, putting

NN cokerds_2’2”_1 — cokerdS_l’Z"_1 — cokergd?1 = 0

in row 2n, and keeping all other rows above. It follows from purity that the quotient map
Tots(W)k (n) — Tot’S(W) K () is a quasi-isomorphism. Thus we have a map in the derived
category D(Ab) which is determined by the diagram

~ 4
TOtfg(W)K(n) < Tots(W)k ) — Tot(W) k),

where ¢ is the map forgetting supports. By assumption, we have a cycle map Z" (W x
AP) — H%”(W x AP, K(n)). The restriction to z"(W, p) gives us a map with values in
the bottom row of I'y(Kwxae«(n)*), which is compatible with the differentials of the cycle
complex and the horizontal differentials in the double complex. Hence we have a diagram
of maps of complexes

(W, 0)[—2n] — Tots(W) g () < Tots(W)k () — Tot(W) k()

and the map Hyj (W, Z(n)) — H"™ (W, K (n)) obtained by taking cohomology is the motivic
cycle map defined by Bloch.

To define the cycle map for X<, we apply the above construction to the components
of X< to obtain the commutative diagram of maps of complexes:

(X1, ®)[—2n] — Toty(X1) k() < Tots(X1) k() % Tot(X 1)k (n)
7"(Xo, ©)[—2n] — Tot's(Xo) k (n) < Tots(X0) & (n) % Tot(X0) k (n)
Taking total complexes and cohomology in degree m defines the desired map:
Hy(X<1, Z(n)) — H" (X <1, K (n)).

It is evident from the construction that the resulting cycle map cg’ Ig extends Bloch’s
map c;"/[’ﬁ To prove functoriality, let f : X — Y be an arbitrary morphism, and write
fi : Xi = Y, for the induced morphism on the (affine) components of étale hypercoverings
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Xo — X and Y, — Y. It suffices to show that there are pullback maps f;* such that the
following diagram commutes:

vy o201 s (xy, o) [=2n]

1 1 2

(Yo, (=201 L 21 (Xo, &) [=2n]

If 7; is a finite set of closed subsets of Y;, including ¥; as an element, define a subcomplex
Z"(Y;, o) € 72"(Y;, ®), where z"(Y;, p)7 is the subgroup generated by subvarieties which
intersect T x F properly on Y; x AP for all T € T; and all faces F of AP. With respect
to the given morphism f; : X; — Y;, set

Ti(f) =1y € Y; | dimecy) f7' () 2 ),

T ={Ti(fi)1j=-1,0,1,...}.
Assume that 7(f;) € 7; and that W € z"(Y;, p)7;. Since Y; is smooth, the usual pullback
(fi xid)*(W) is defined and lies in z"(X;, p); thus there is a pullback map:

.f;f’]: : Zn(Yia .)7; i Zn(Xi7 .)'
Since Y; is also affine, it follows from a result by Bloch [8, Proposition 2.5.1] (see
also [29, Part I, Chapter II, 3.5]) that the inclusion j7; :z"(Y;, @)7; CZ"(Y;,e) is a
quasi-isomorphism. Thus we have in D(Ab) the commutative diagram

~ 1
Z'(Y1, ®)[—2n] < Z"(Y1, ®)7;[—2n] SN Z"(X1, ®)[—2n]

I [

2'(Yy, )[—2n] «— z"(Yo, o)7;[—2n] —E—Tg 7"(Xo, ®)[—2n]
which implies (24) and completes the proof of (a).

For the second claim (b), consider again a smooth affine component W = X; of X,. Let
now I'(Kw(n)®) be the complex of abelian groups obtained by taking global sections of
the Godement resolution of the étale sheaf u?i” on W, and let Tot(W)g ) be the total
complex associated with the double complex I'(Kwxae(1)®). From the above variant of
Bloch’s construction, we have a map

cy (@ (W, 0)[-2n1QZ/E" — Tot(W) kg (n).
On the other hand, there is a subcomplex z" (W, o)1 C 7" (We) (defined analogously to the

subcomplexes z"(Y;, )7, considered above) with the property that z*(W, e)7 C z"(W, e)
is a quasi-isomorphism, together with a cycle map

cly : " (W, e)r[-2n) ®Z/t" — TI'(Kw(n)*),
which is induced from the usual cycle map [18, (2.3) and 3.7]. Thus the diagram

(W, )21 R Z/¢" % T(Kyw(m)®)

Nl ) JN

"W, e)[-2n]RZ/" — Tot(W)gw)
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commutes, where the right quasi-isomorphism is induced from the augmentation. In
particular, we may view the map on the truncated simplicial scheme

HY (X<i, Z/€" (n)) — HA(X<i, 5

constructed above as induced from cly,, and write H" (cly, <l.) for this map. There is a
sheaf version, i.e., a morphism of complexes of étale sheaves clf, : (Z/€")x(n)ey — /JLZG;"
which is the quasi-isomorphism from [18, Theorem 1.5]. Since we work with an étale
hypercovering, the morphism ¢/, induces a map

H" (cl, ) - HI'(X<i, Z/€ (n)) — HE (X<, ng™),

which fits into the following commutative diagram:

m(.jn
H lwgi

(c )
HY (Xe, 2/ (n)) —  H{(X<i, Z/€ (1) ———— HEX<i, 1g")

l l l-

H" (elgy ) ®
I n
— HI (X< my)

HY' (X, Z/t" (n)) — H{ (X<i, Z/t" (n)) "

Choose i large enough, so that HZ (X, u?ﬁ") = HJ (X, u?ﬁ"). By étale descent
H{"(X, Z(n)) = H{"(X,, Z(n)), and the composition of the lower horizontal maps is the
isomorphism induced by the quasi-isomorphism ¢}, of Geisser and Levine. It follows from
Theorem 4.2 that, after taking the limit of the above diagram over all étale hypercoverings
of X, the resulting left vertical map is an isomorphism. Thus the composition of the upper
horizontal maps is an isomorphism, which is our cycle map. O

Remark 4.5. The referee has pointed out the following alternate approach to the
construction of the cycle maps: the complexes with support and their canonical
truncations are complexes with cohomology supported in one degree 2n. One has the
usual ¢-structure on D(Ab) with heart Ab, and the full subcategory of complexes with
cohomology supported in degree 2n is equivalent to Ab; via this equivalence, the cycle map
to cohomology with supports is immediately seen to be a functorial map of complexes,
giving the wanted cycle map.

5. Hodge conjecture

Let X be a smooth projective complex variety. We use the cycle map from Lichtenbaum
to Deligne-Beilinson cohomology from Theorem 4.4 to prove Theorem 1.1. Since the
codimension 2 case can be done by bare hands, we begin with this special case.

Note first that, because of the £-adic cycle map (9) and the rational comparison
isomorphism between motivic and Lichtenbaum groups, there is a unique integral cycle
m,n : . m 2m,m - . . .
map ¢ as in (1); the map ¢f' =¢f is a special case. More precisely, using the

isomorphism (7), we have with rational coefficients a map

o' - H (X, Q(n) — HE (X, Q(n)).
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From the evident Cartesian square
7 — l_[l Zg

L
Q — (H(ZZ)(@Q

we obtain the exact sequence
0—7Z— QEBHZZ — (HZZ> ®Q — 0,
[ [

which is universally exact, since Z; ® Q is torsion free. If ¢ : Z — Q is the inclusion, and
t¢ denotes the composition Z; — Z; ® Q — Q¢, the sequence

0 — HJ (X, Z(n)) — HE (X, Q) ® [ [ HA (X, Ze(m) =" [ HEX, Q)
4 4

is exact; here, we have used that Hfj (X, Z(n)) is a finitely generated abelian group. For
z € H"(X, Z(n)), the images of its classes cf’&(z) and Ef’gg (z) under the maps ¢ and t,
coincide in [, H (X, Q¢(n)) by the comparison theorems; hence there is a unique integral
cycle class map ¢f"", as claimed.
Let I*"(X) be the image of the map ¢ : CH*(X) — HZB" (X, Z(n)). Thus
Z2"(X) = coker{I”"(X) — Hdg’" (X, Z)} (25)

is the obstruction to the integral Hodge conjecture in codimension n, i.e., the integral
Hodge conjecture HC" (X)z is equivalent to Z*"(X) = 0, and the rational Hodge conjecture
HC"(X)q to Z?"(X) being a finite group. Similarly, let If” (X) be the image of the map
¢ : CHJ (X) — H'(X, Z(n)), and write
Z¥(X) = coker{I¥"(X) — Hdg*"(X, Z)} (26)
for the obstruction to the integral L-Hodge conjecture HC{ (X)z. Because of the inclusions
*"(X) C I%” (X) C Hng’1 (X, Z), there is an exact sequence
0 — B"(X)/1P"(X) = Z*"(X) — Z3"(X) = 0 (27)

whose first term is finite, since I*(X) and If" (X) have the same Z-rank.
Assume now that n = 2. From the compatibility of ¢ and c%, together with the exact
sequence (13), we obtain the following commutative diagram with exact rows:

0 — CH*(X) — CH}(X) —H).(X,Q/Z(2)) — 0
ool R
0 - I*(X) —Hdg*X) - Z*X) - 0

The induced map Ei : ng(X ,Q/Z(2)) = Z*(X)iors can be identified with the surjective
map H3.(X, Q/Z(2)) — H' (X, H3(Z(2)))ors; this uses that the sheaves H3(Z(2)) and
’H‘l‘; (Z(2)) are torsion free and the isomorphism

ZH(X)tors = [HE(X, Z(2))/ T (X)) ltors = H' (X, H3(Z(2)))1ors- (28)
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In particular, it follows that the obstruction to the integral L-Hodge conjecture
7} (X) = coker(c})
is torsion free, and the exact sequence (27) implies the claimed equivalence:
HC?(X)g © Z*(X)®Q =0 & Z} (X) = 0 & HC}(X)z.
In [14, Théoréme 3.7], Colliot-Théléne and Voisin showed that the sequence
0 — Hy (X, Z(2) ® Q/Z — Hy (X, Q/Z(2)) — Z*(X)tors = 0

is exact, and used it to study the integral Hodge conjecture. We remark that, using our
approach, this exact sequence follows easily from the above diagram (by using (28) to
identify the kernel of ¢; with H.(X, Z(2)) ® Q/Z).

For the general case, we need to use both cycle maps (1) and (2). We will
write HJ"(X, Z(n))pom = ker(c]"") and I[""(X) =im(c]""); we also set CH{ (X)hom =

H2" (X, Z(n))hom and im(c}) = B"(X) = """ (X) = im(c{"™").

Proposition 5.1. Let X be a smooth projective complex variety.

a) If 2n—m >0, the restriction of ¢ to torsion is an isomorphism. Thus
L.D
H" (X, Z(n))ors = HY (X, Z(1))tors = H']';_l (X, Q/Z(n)). Furthermore, the cokernel
of c]r_"’g is torsion free.

(b) If n > 0, then CH{ (X)hom ® Q/Z = 0.
(c) Let @ : CH"(X)hom — J"(X) be the Abel-Jacobi map. Then
ker(®% )ors = ker{CH" (X) — CH{ (X)} forn > 0.
Proof. Using (8), (12) and Theorem 4.4(b), we have a commutative diagram
0 —H" (X, Zm)/¢" —H" (X, Z/¢ (n)) —H"X,Zn)[L'] =0
C'L",B""/”l él lC'L",’Shm (29)
0 —HE (X, Zn)/¢ —Hp (X, Z/¢" (n)) —HE(X, Z(n)[€'] =0

which shows that the restriction ¢'})|(er) is surjective for all (m, n).
Since X is projective, a standard Hodge theoretic argument implies that

HE (X, Z(n) @ Z/¢" = HE ™ (X, Z(n))iors ® Z/L if 2n—m+1 > 0.

Hence Hg_l(X, Z(n)®Q/Z =0, and it follows from (29) that c{"”ghors is injective,
and therefore an isomorphism, provided that 2n—m > 0. Let A = Hj"(X, Z(n)) and
B = HJ (X, Z(n)), where again 2n —m > 0. In the diagram

0 5 Aps A >AQRQ -ARQ/Z —0

oLl e

0 >Biors B >B®Q - BRQ/Z —0
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the map Ayors = Biors is an isomorphism, and the map A ® Q/Z — B ® Q/Z is injective by
(29). Hence coker(cﬁ’g) is torsion free; this proves (a). For (b), we use that CH} (X)iors —
H]23” (X, Z(n))ors is surjective by (11). Hence the map CHJ (X)iors — Ii” (X)1ors is surjective,
and the map CH{ (X)nhom ® Q/Z — CH{ (X) ® Q/Z is injective. It follows from this and
(29) that the composition

CHY (X)hom ® Q/Z — CH{ (X) ® Q/Z — HEF'(X, Z(n)) ® Q/Z
is injective. But this composition coincides with
CH (X)hom ® Q/Z — J"(X) ® Q/Z — HE'(X, Z(n)) ® Q/Z,

which is zero, since J"(X)® Q/Z = 0. This shows CHJ (X)hom ® Q/Z =0. The last
statement (c) is an easy consequence of (a). More precisely, if ¥ : CH"(X) — CHJ (X)
is the comparison map, the restriction of the cycle map from Chow groups to
Deligne-Beilinson cohomology to CH"(X)hom coincides with the Abel-Jacobi map @',
and J"(X) is a direct factor of HZD” (X, Z(n)). Thus 0 — ker(k") — ker(®’y) — ker(cﬁyD) is
exact, where ker(«") is a torsion group and ker(c]'LD) is torsion free by (a). O

Both Theorems 1.1 and 1.2 follow now from a formal argument using the existence
of the cycle map cf ’g, together with the computations from Proposition 5.1; we use
notations (25) and (26) from above.

Proof of Theorem 1.1. Consider the commutative diagram with exact rows

0 ->CH} X)hom — CH/(X) — I"X) —0

Cﬁ,olhoml b l linto
0 - J(X) —HYX, Z»n) —Hdg”(X,Z) -0
and the resulting short exact sequence
0 — coker(c{’ plhom) — coker(c{ ) — Z{"(X) — 0.
Because coker(cy plhom) is divisible as a quotient of J"(X) and coker(cf p) is torsion free
by Proposition 5.1(a), Z¥(X) is torsion free. Using (27), we have
HC"(X)g © Z"(X)®Q =0 & Z¥(X) = 0 & HC (X)z,
which proves the first claim (a). The second claim (b) follows from (11). O

Proof of Theorem 1.2. The first claim is proved in Proposition 5.1(a). For the second
claim, we use that by Theorem 1.1 the integral L-Hodge conjecture is equivalent to the
usual rational Hodge conjecture. Thus it suffices to show that
"3 ors 1s injective < HCP (X)z.
Consider the commutative diagram with exact rows

0 - CH.(X)®Q/Z —HM(X,Q/Z(n) —H" (X, Z(1n))ors =0

n : ~ 2n+1,n
CL,D®1dl =l J'CL,D "tors

0 —HE'(X, Z(n) ® Q/Z —HE' (X, Q/Z(n)) —HF (X, Z(n)iors —0
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Here, we have CH{ (X) ® Q/Z = If" (X) ® Q/Z by Proposition 5.1(b), and HZD" (X, Z(n)®
Q/7Z = Hdg* (X, Z) @ Q/Z, since J*(X) is divisible. Therefore the cokernel of the left
vertical map is isomorphic to Zi” (X)®Q/Z, and

ker(c{"5 " iors) = Z3"(X) ® Q/Z.

Since Zi” (X) is a finitely generated free abelian group, the group on the right is trivial
if and only if Zﬁ” (X) =0, i.e., if and only if the integral L-Hodge conjecture HCJ (X)z
holds. O

Remarks 5.2. (a) We state an integral L-version of the generalized Hodge conjecture
[19]: recall that the level I of a Hodge structure 0 # Hc = @ p4q—n H?? of weight n is
defined as I = max{|p —¢| | H”? # 0}. For example, if [ = 0, then n = 2p must be even,
and H is pure of type (p, p). If X is a smooth projective complex variety, we write
GHC"(X, c¢)q for the generalized Hodge conjecture in weight n and level n —2¢. This is
the statement that, for every Q-Hodge substructure H C H"(X, Q) of level n — 2¢, there
exists a subvariety Z C X of pure codimension ¢ such that H is supported on Z, i.e.,
H = im{H!(Zy, Q(—¢)) — H*(X, Q)}, where Zy — Z is a resolution of singularities. In
weight 2n and level n, the generalized Hodge conjecture says that the group of Hodge
cycles Hdgz” (X, Q) is algebraic; thus GHC?' (X, n)q is equivalent to the usual rational
Hodge conjecture HC" (X)gq. In weight 2n + 1 and level n, it is known that GHC" (X, n)Q
is equivalent to HC"(C x X)q for all products of X with a smooth projective curve C [19,
§ 2].

Since for Lichtenbaum Chow groups we cannot argue with cycles directly, we use the
following formulation of GHC"(X, ¢)g in terms of correspondences; see, for example,
[37, Lemma 0.1]: if H € H*(X, Q) is a Q-Hodge substructure of level I = n —2c, then
GHC" (X, c¢)g holds for H if and only if there exists an integer r, and a smooth projective
complex variety Y of dimension r — [(n — ) /2], together with an element z € CH" (Y x X)
such that H is contained in z, H' (Y, Q). Here, z4 is given by the usual formula for the
action of correspondences:

z tH(Y,Q) —» H'(X,Q), 1> pry,(pry(n) UcP(2).

We write GHC] (X, ¢)z for the statement that, for every Z-Hodge substructure H C
H"(Z, Z) of level | = n — 2c¢, there exists an integer r, a smooth projective complex variety
Y, and an element z € CH{ (Y x X), such that H is contained in z, H, where z, H (Y, Z) —
H" (X, Z) is defined by the above formula, replacing the usual cycle map c? by its L-version
cfj. We can show that

GHC™ ' (X,n—1)g = GHC}" ' (X.n— 1)z forn > 1,

which can be deduced from Theorem 1.1.

(b) Let X be a smooth projective complex variety. Our results have the following
consequence for the unramified cohomology group Hﬁr(X, Q/Z3)). Let o: Xg —
X7ar, and assume that dimX <5, so that in the Leray spectral sequence Eg’s =
H" (X, Ry (Zx(3))¢t) = 0 for r > 6. The spectral sequence yields the exact sequence (see
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also [26, Remarques 2.10])

0 — H, (X, Z(3) — H} (X, Z(3)) % HY.(X, Q/2(3)) & CH (X) S CH? (X).
Here W is the edge map Hi(X, Z(3)) - HY(X, R3%a.Zx(2)¢), and the map © is the
dsz-differential dé) ’5, which can be shown to coincide with the composition
0,4
Hy (X, Q/Z(3)) dj H (X, M3 (Q/Z(3) < HA(X. 13, (Q/Z(3)))
= Hy(X,Q/Z(3)) — CH (X)ors,
where the first isomorphism is induced from the isomorphism of Zariski sheaves

’H?VI (Q/Z(3)) = ’H% (Q/7Z(3)), the second isomorphism comes from the coniveau spectral
sequence for motivic cohomology (this uses that ’H?VI((@/ZG)) =0 for g > 3), and the
last map is the map in the universal coefficient sequence for motivic cohomology. By
Proposition 5.1(c) ker(k3) = ker(¢§()tors, there is thus a surjective map:

W HE(X, Q/Z(3)) — ker(®)iors-

The examples from 3.2(c) of 4-folds with # CH?(X)iors = 00 are constructed using product
cycles which have trivial image under the Abel-Jacobi map @i. In particular, in these
examples ker(@i)mrs contains a subgroup of infinite corank, and thus Hﬁr(X ,Q/Z(3)) can

be very ‘large’. We note that, if 6; is the map induced by the Abel-Jacobi map on
the quotient H(X, 7—[33 (Z(3))) of CH3(X) (i.e., the group of codimension 3 cycles modulo
cycles algebraically equivalent to zero), the composition of W with the surjective map

ker(@i)tors — ker(@i)tms is the map considered by Voisin in [55].

6. Tate conjecture

Let k be a field, finitely generated over the prime field, and let X be a smooth projective
geometrically irreducible k-variety. If k is a separable closure of k, let X = X x k, and
let Ty = Gal(k/k). If £ # char(k), we have a cycle map from Lichtenbaum to continuous
étale cohomology (see [25, § 1.4] and [26, § 3.1])

HY' (X, Z(n)) ® Z¢ — Hegn (X, Ze(n)) (30)

cont
whose composite with the map #"™":HJ (X, Z¢(n)) — H’;(Y, Z¢(m) from the

Hochschild—Serre spectral sequence [22, (0.3)] defines a cycle map

cﬁ’é’e HM X, Z(n) @Z¢ — HQ(Y, Ze(n)'*, (31)
which tensored with Qg coincides with the map considered by Tate. We remark that (30)
arises from a morphism in the derived category D™ (Ab Shvg (X¢t))

L .
Zx ()¢, ® Zg — Zy(n)|x. (32)

Assume now that k € C. Recall that we write TC" (Y)Qe for the assertion that, if k
is finitely generated over Q, the cycle map (4) is surjective. We can state an integral
L-version TC{ (X)z, of this as follows. We have an isomorphism

CH/ (X) = lim CHY (Xy),
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where the limit is taken over all extensions k € k' C k of finite degree over k. Thus taking
the direct limit over the cf , = ci"’ZrZ from (31), we obtain a map

e} 7, : CH (X) ® Zy — Ta™ (X, Zy) = limHg (X, Zy(n))'¥, (33)

and the integral L-Tate conjecture TCE(Y)Ze is the claim that this map ¢} 7, is surjective.
We now prove Theorem 1.3:

Proof of Theorem 1.3. Let Ii" (X)z, be the image of the map (33), and let
2" Xz, = T (X, Ze) | 1} (X)z,

be the obstruction to the integral L-Tate conjecture. We need to show that
Zi”(Y)ZZ is torsion free. Consider first Xc = X xx C. As before, let Ii"(Xc) be
the image of the cycle map CHJ (Xc) — H%”(XC,Z(n)). The proof of Theorem 1.1
shows that the quotient Zf”(X(c) :Hng”(X(C,Z)/ Ii”(X(C) is torsion free. Since, by
definition, we have Hng"(X(c,Z)tors = le_,,”(X(c,Z(n))mrs7 it follows that the quotient
H3'(Xc, Z(n))/ Hdg?" (X¢, Z) is torsion free as well. Hence

(HE' (Xc, Z(n))/ " (XC)iors = 0. (34)

Furthermore, the cycles maps to £-adic and singular cohomology are clearly compatible
with the comparison isomorphism in cohomology, and thus the square

— C —
CH (X)®Z —5 WX, Z(n)

CH! (Xo) @7 2% p2
L C)®Zy —> B (Xc, Z(n)) @ Zy

commutes, and we have an inclusion I%” (Y)Zl — I%” (Xc) ®7Zy. We claim that this
inclusion is an isomorphism; given this, we obtain for the cokernels

HZ'(X, Ze(n)/ B"(X)z, = (HY (Xc, Z(n)/ (X)) @ Z,

where, by (34), the group on the right has no torsion. Hence the group on the left is
torsion free, and the same holds for the subgroup Zi" (Y)Zga as claimed.

To show that Ii” (Y)ZZ — Ii"(X(c) ® Zy is surjective, it suffices to show that, if k C
K C Cis an extension of algebraically closed fields, then under the canonical isomorphism

H2(X, Zy(n)) > H2' (X Ze(n))

the images of CHQ(Y) ® Z¢ and CH{ (Xx) ® Z¢ coincide. For this, we write K as a direct
limit of finitely generated smooth k-algebras A, which yields

CH] (Xk) = li_r)nCHﬁ(Y xr A).

Hence it suffices to note that CHf(Y)(X)Zg and CHK(Y Xz A)®Zy have the same

image in HZ’(X K, Z¢(n)), which follows from an easy specialization argument to a

closed point of Spec(A). The remaining claim that Ta2" (X, Z¢)iors is contained in the
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image of CH{(Y)MS@Z@ follows easily from the above, together with the proof of
Proposition 3.1. U

If k is a finite field, we consider the integral L-Tate conjecture in the form
TC}(X)z, & im(c. ;) = HY (X, Ze(n)™.

We now prove Theorem 1.4. We remark that the second part of the proof is similar to
an argument by Jannsen [23, p. 328], who used the comparison map between Quillen and
étale K-theory with finite coefficients to motivate the surjectivity of his £-adic regulator
map.

Proof of Theorem 1.4. We show first that TC"(X)g, ¢ TC{ (X)z,. Consider
Z;";,(X) = coker{c{ 7, : CH{ (X) ® Z¢ — HZ (X, Ze(n)™),

i.e., the obstruction to the integral Tate conjecture TC (X)z,; thus the usual Tate
conjecture TC" (X)q, holds if and only if Zif‘ze (X) is a finite group. Let Kx(p)e¢: be a cone
of the morphism (32). Since tensored with Z/£"Z the morphism (32) is an isomorphism,
the hypercohomology groups of Kx(p)st are uniquely €-divisible [26, Proposition 3.4]. It
follows that the cokernel

Q}"z,(X) = coker{CH{ (X) ® Z¢ — Han (X, Zy(n))}

V)

satisfies Q%"‘Zz (X){¢} = 0. In the commutative diagram with exact rows

CH{ (X)®Z¢ — Hg (X, Ze()) —Qf"y, (X) — 0

| | [ -

cf _
CH} (X)®Z¢ ——5 HZ(X.,Zem)" —2Z2, (X) — 0

the map 72" is surjective, since cdy (k) = 1 for a finite field. Hence the finitely generated

Zg-module lef,lze (X) is a quotient of fo’zg (X). Furthermore,

ker(z*") = H' (U, H ™' (X, Ze(m))),
which is a finite Z;-module, and is trivial for almost every prime ¢; see, for example,
[12, Proof of Théoreme 2]. Since lef,lZg (X){€} = 0, the induced map ker(w?*") — Qi’fzz

is trivial, and QIZ""ZZ X)) = lej,lz{ (X); in particular, Z%’?Ze (X) is a finitely generated free
Zg-module. From this, we immediately obtain that

TC"(X)q, ¢ Z{";,(X)®Q =04 Z{"; (X) =0 & TC} (X)z,.

For the remaining equivalence, we use the basic fact that, for an abelian group A,
a finitely generated Zg-module B, and a homomorphism f : A — B, the induced map
A®y Z¢ — B is surjective if and only if the induced map on the £-completion A® — B
is surjective. We applied this to A =CH}(X), B = Hé{’(Y, Z¢m))", and the map c:
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CH (X) — H (X Z¢(n))"* given by the composite of CH! L(X) - CHY (X) with the £-adic
cycle map (9 ) for X. Since ¢ induces on CH} (X) ® Zy the cycle map CL,ZU we obtain

TC} (X)z, & ¢" : CH{ (X)" — HZ"(X Ze(n)™ is surjective.
We use again that over a finite field the map 72" is surjective. The diagram

0 —>11m HI N X, 1l — H2 (X, Ze(n)  — limHZ"(X u& =0

n2n.nl ﬁZn,nJV

B2 (X, Zo () S lim 2! (X, )"

n,n \n

is surjective implies that 72" is surjective.
On the other hand, from the exact sequence of finite abelian groups

commutes, and the fact that 72

0 — CH!(X)®Z/¢" — HE(X, u2") — HX"H (X, Z(n))[€'] — 0, (36)
we obtain, taking the inverse limit, the exact sequence
0 — CH! (X)" — hmHgf(x udm — T HP'HN(X, Z(n)) — 0, (37)
which fits into the following commutative diagram with exact rows:

CH!(X)" — hmH2 X, 1§ — TeHPMN(X, Z(n)) — 0

:Jv ﬁZm.mlonto l

CH! (X)" 5 HZ(X,Zn)™* —  coker(c") -0
Here, ker(7>"") is a quotient of the finite group Hl(Fk,HZ’_l(Y, Z¢(n))). Since the
Tate module Ty H2"+1(X Z(n)) is torsion free, the map 72" induces an isomorphism
T H" (X, Z(n)) = coker(c"), which shows that

TC}(X)z, & T HI (X, Z(n)) = 0.

The £"-torsion subgroup Hi"H(X, Z(n))[£"] is a quotient of the finite group H2” (X, /1, .
Hence H"T'(X, Zm) (€} = (Q¢/Z)* XD @ F, where F is a finite group and p(X, €)
is a non-negative integer. It follows that the Tate module T, Hi"H(X, Z(n)) is a free
Zg¢-module of rank p(X, £); in particular,

TC}(X)z, & HI(X, Z(n){€} < occ.

The remaining claim that the torsion in Hg{’ (X, Z¢(n))™ is L-algebraic follows from the
fact that T, Hi"'“(X, Z(n)) = coker(c”) is torsion free. O
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