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1 Introduction

In General Relativity the Lorentz group is realized as a local symmetry of the tangent
manifold. There exists no spinor representations of the diffeomorphisms and this dictates
the use of this local symmetry in curved space-time. Usually the dimension of the tan-
gent space is taken to be equal to the dimension of the curved manifold and the Lorentz
symmetry is then simply a manifestation of the equivalence principle for spaces without
torsion. Considering the group of local Lorentz transformations in tangent space, we can
reformulate General Relativity as a gauge theory where the gauge fields are the spin-
connections. If the dimensions of space time and tangent space are the same, the gauge
fields (spin-connections) simply encode the same amount of information about dynamics of
the gravitational field as the affine connections and nothing more. However, the dimension
of the tangent group must not necessarily be the same as the dimension of the manifold [1].
In [2] we have shown that the metricity condition have unambiguous solution also in the
case when the tangent space of 4d manifold is five dimensional and corresponds to the
de Sitter group (5d Lorentz group). In such case the theory is also completely equivalent
to General Relativity. In this paper we consider the tangent space with more than five
dimensions and show that this allows us to unify gauge theories with gravity in terms of
higher dimensional gauged Lorentz groups. The gauge transformations are then realized
as subgroup of the tangent Lorentz group and the spinors describing matter are “unified”
all being in the fundamental representation of this higher dimensional Lorentz group. The
realistic group which unifies all particles within one family is SO(1, 13) and naturally leads
to Einstein gravity with the SO (10) gauge group being, however, not entirely equivalent
to the SO (10) grand unified theory.

2 Tangent group

Let us consider a 4-dimensional manifold and assume that at every point of this manifold
there is real N-dimensional tangent space spanned by linearly independent vectors v,



where A = 1,2... N. Assuming that N > 4, the coordinate basis vectors e, = 9/0z¢,
where av = 1,...4, span 4-dimensional (sub)space in this space. Next we define the scalar
product in the tangent space and take vectors va to be orthonormal with respect to the
“Minkowski matrix” nap (—,+,...,+)

VA VB =1AB- (2.1)
The Lorentz transformations
Va=A, Bvp, Ay “nepAy P =nap (2.2)

preserve the orthogonality of the basis vectors v4 , V4 - Vg = nap. The scalar product of
coordinate basis vectors, which also reside in the tangent space, induces the metric in the
4-dimensional manifold

Co - €5 = Gop(a7). (2.3)

Expanding e, in v4-basis we have
eq = eiva, (2.4)

A

where the coeflicients of the expansion e}

are the vielbiens (or soldering forms). Substi-
tuting in (2.3) we obtain the following expression for the metric g

GaB = eéegnAB = efeAg. (2.5)

Hereafter, we always raise and lower tangent space indices with Minkowski metric nap.
Next we consider parallel transport on the manifold relating vectors in the “nearby” tangent
spaces. The affine and spin-connections determining the rules of parallel transport for
coordinate basis vectors and vielbiens are defined by

Vesea = Ve, =Tgge,, Vgva = —wgy Byg, (2.6)

where Vg is the derivative along a coordinate basis vector eg. For example when Vg is
applied to a scalar function f it gives Vgf = 0f/ dzP. Notice that n4p and Jap as defined
in (2.1) and (2.3) must be considered as the sets of scalar functions and, hence, Vgnap =0,
VoGap = 09ap/0xY = 0ygas’.

Given 1B, gop and eﬁ let us derive the consistency (metricity) conditions for the
connections. Taking derivative of equation (2.1) and using (2.6) we obtain

(Vava) v +va-(Vavp) = —wgap — wgpa = Vanap =0, (2.7)
i.e., the spin-connection should be antisymmetric in tangent indices, Weap = —Wapa-
Applying V3 to
eaa = (VA -€a), (2.8)
one gets
Ogean = (VgVA) ‘eq+va-(Vaen), (2.9)

We use the notations and methods of Misner, Thorne, Wheeler [4], in particular, Chapters 9 and 10.



or using definitions in (2.6)
Oseaa = —wsy epa + Thgean. (2.10)

Hereafter we assume that the space-time is torsion-free, that is, Fgﬂ = Fga. In this case,
16N equations (2.10) can be solved to express 40 affine connections I'; 5 and 2N (N — 1)
spin-connections wg,p  in terms of the derivatives of the soldering forms dgesn. The
number of equations matches the number of connections to be determined only if the
dimension of the tangent space is equal either to N = 4 or N = 5 [2]. For N > 6
the number of equation in (2.10) is less than the number of unknown connections and
2N% — 18N + 40 = 2 (N —4) (N — 5) variables remain undetermined by soldering forms.
Let N = n + 4, then the number of unconstrained components of the spin-connections
wgA B is 2n (n — 1) which matches the number of SO(n) gauge fields. As we will see this
allows us to account for the gauge transformations which become unified with gravity for
higher dimensional gauged Lorentz group of the tangent space. Considering

Ovgap = Oy (eieas) = (0yel) eas + el (9yeap) (2.11)
and substituting in the right hand side the expression for &yeé from (2.10) we find

F(V)q/guﬁ + Fz»ygau = OyGap- (2.12)
In the absence of torsion, I‘Zﬁ = Fga, these equations are solved unambiguously, to give
the well known Christoffel connection

1
Los = 59" (dacs + 9opa = Gap.a) (2.13)

where ¢77 is inverse to g.g, that is, g*7g,3 = 52’3‘. We would like to stress that the affine con-
nections are determined unambiguously irrespective of the dimension of the tangent space.
For constructing gauge invariant Lagrangians we will also need e% defined as

€i = 9" eay, (2.14)
which can be easily seen to satisfy the metricity condition
Opey = —wga Beg — ['G,€4. (2.15)

The soldering form €9 is inverse to eg only if the number of dimensions of the tangent
space and manifold match each other. The contraction over the tangent space indices gives

ehel = g¥earel = 99,5 = 0, (2.16)

however, ejef #* 51@. To prove this, let us introduce N — 4 orthonormal vectors n; or-
thogonal to the subspace spanned by e, that is, nj-e, = 0 and nj; - n;=d;;, where
J,I =5,6,...,N. The vectors nj, e, form a complete basis in tangent space and there-
fore v4 can be expanded as )

va = vie, +nin;. (2.17)



Taking into account (2.8) we have
eay = (Va - €y) = Vigay, (2.18)

and hence, v§ = g*7eqy = €9, that is, the coefficients v% in (2.17) coincide with soldering
form e9. Taking this into account one gets

NAB = VA VB :vf{vgga@—knjni}g :ejeaB—l—n;gnjB, (2.19)

or after raising the tangent space index B we obtain

eGel = o8 — ni}nj = P4 (2.20)
where Pg is a projection operator: Pé‘PC = Pg. The components n£ satisfy the following
relations

A AT I
nsei =0, niny =d;. (2.21)

To verify these relations let us consider the expansion

n; =1%vp (2.22)
Substituting this expression into N4 = (nj . vA) we obtain Nj4 = l?nBA and hence
B _ B.
lj =n7; therefore A
n; = n?vB = n? (e%ea + nIan> , (2.23)

from which (2.21) follows immediately.

In vielbiens formalism the soldering form e is a fundamental quantity which is required
to be invariant under the group of local Lorentz transformations (2.2), where A, B =
A, B (z). Under Lorentz transformations the basis vectors v4 transform as

va—vVva=Ay BVB, (2.24)
and correspondingly
—_ A - ~A~
eq = eBvp=eB (A 1)B Vi =%, (2.25)
It then follows that
ed st =eB(A !, e o= Ay Pel (2.26)

The transformation law for the spin-connection follows from its definition:
@pa PVp = —VjsVa (2.27)
Substituting vz = Az “ve and taking into account (2.6) we deduce that
B ian B = (hwpr™ ), P4 (Agpa Yy, P (2.28)
Wpa T WpA wWBs )a A Ja o -

where A and A~! are the matrices corresponding to Lorentz transformation and its inverse.



3 Curvature

To introduce the curvature for the spin-connection, consider the spinors 1 which transform
in tangent space according to

Y — exp (1/\ABFAB> Y, (3.1)

where I'yp = % (TyT'p — 'gT'4) are generators of the Lie algebra in the spinor representa-
tion and I'y are N Dirac matrices satisfying

{rA T8} =298, T4 =T17410. (3.2)
The Dirac action
/ d*z\/giTC e Dosb, (3.3)
where 1
Dy =04+ waBFAB (3.4)

is invariant under transformations (2.26), (2.28) and (3.1). Notice that hermiticity of the
Dirac action in (3.3) is guaranteed by the metricity condition (2.10).

Next construct the spin-connection curvature by considering the commutator of Dirac
operators

1
[‘Da’ DIB] = ZRaﬂABFABu (35)

where
AB AB AB AC B AC B
R,5"7 (W) = Oawg — Ogw, tw, Twge” —wg W - (3.6)

Under Lorentz transformations this spin curvature transforms as

(Ruw), B = (ARAT) 7. (3.7)

To relate the spin-connection curvature to the affine connection curvature consider the
identity
08004y — 0a0geay = 0. (3.8)

Substituting here the expression for de from (2.10) and using this metricity condition one
more time to express de which appear after taking the derivative, we immediately arrive
at the following relation
AB A
R,5"7 (w)epy = Rpwb’ (D) ey, (3.9)

where
R’ 5 (T) = 8aTf, — 9570, + T4, T, — T4, s, (3.10)

is the Riemann curvature. Taking (2.16) into account, we can express the 4d Riemann
curvature from (3.9) in terms of RaBAB (w) as

R07a6 (F) = GZRaﬂAB (W) €By (311)



irrespective of the number of dimensions of the tangent space. Inversely we can express

RQBAB (w) in terms of R .5 (") by using (2.20) to obtain

Rog™P (0) = Rog™ (w)nln® + RY. 5 (T) ee. (3.12)

@ o

(87

Next we will show that the first term on the right hand side of this equation can be entirely
expressed in terms of the spin-connections defining the parallel transport of vectors n; in
the subspace of tangent space orthogonal to those part spanned by the four coordinate
basis vectors e,. These connections, which we denote by A 6 T for the reasons which will
become clear later, are defined as

Vanj=—A_; 'n;+ B . e (3.13)

where indices J and I run over values 5,6,...,N. These indices are also raised and lowered
with the Minkowski metric 7;; . We now show that Ba 7 # =0 and derive the metricity

conditions for Aa 3 I On one hand
VaVa = —Wou Bvp = —wou B <679e7 + nanj> : (3.14)
where we have used (2.17) in the last equality, while on the other hand
Vava = Va (ezle7 + nﬂnf) = (80[674 + eiFZB) ey
+ (unh = ndA,; )y + 0k P (3.15)
Using (3.14), (3.15) and (2.15) we deduce that
B."=0. (3.16)

Thus, the affine connection of the vector n; lies entirely in the subspace spanned by the
basis vectors n ;. Moreover, as it follows from (3.14) and (3.15) that

(%ni = niAaj r_ wy 4 Bnk. (3.17)
Next let us define A A A
Do (w) nly = 0anly + w, 4 Onk, (3.18)
and consider the commutator
[Da (), Dg (@) nh = Ropa © @)t (3.19)

On the other hand according to (3.17)
D, (w) ng = n;leaj I (3.20)
and therefore

[Da (), Dg @) nh = Do (@) (nhA,; 1) = (a0 B) =niF, .5 T(4),  (321)



where B B B - A - )
Fop'(A) = 0a A — 0p AL + APA T — AfFA 7. (3.22)
Thus comparing (3.21) and (3.19) we conclude that
Roga “(w)ynk = n:{‘Faﬁj T (A) (3.23)
and using this result in (3.12) we finally obtain

3 JI (A)nin? + R’

A
Rop Pw)=F g o (

Q.

T)enel. (3.24)

To get the Lagrangian for the theory we have to build curvature invariants out of R, ﬁAB (w)
and €);. Contracting the tangent space index in RaﬁAB with €9 always removes the F' term
in (3.24) thanks to (2.21). There exist only one scalar invariant in the linear order in
curvature

R,5"P (W) edel, = R(D), (3.25)

«

where R (I") is the usual scalar curvature of 4d manifold which gives us the Einstein action.
Second order invariants in curvature which are obtained by contracting R, ﬁAB R_s D with
four soldering forms esepecep in all possible combinations of indices a3y give us the
space-time curvature invariants

R*(T), Rap (T)R* ('), Raps (T) R (T), (3.26)

and only the contraction of tangent space indices with themselves generate kinetic terms
for Aé‘] :

ngﬁéRaﬁAB (w) R76AB (w) = gwgﬁé (Fa,B 7 (4) Fa,afj (A)) + Rapys () RoP0 ().
(3.27)
In this last expression the Yang-Mills kinetic term appears as part of the gravitational
curvature square term.
To summarize, the most general action, up to quadratic order in curvature is given by

1 (0%
I= /d4x\/g [MRaﬁAB (w) eAe’%

+ RaﬁABRW; b <ae%e%eg65D + beiegeyge% + 66%8%61653)

1 (6%
- R @) B ) (3.29)

- / dtz/—g [1671@1% (T) + aR?(T) — bR,s (I) R*? (T")
+ (C - l) Ragys (T) R () — 39”795 OFo ™ (A)F, 515 (A)}
(3.29)

where a, b, and ¢ are dimensionless constants. We note that it is possible to avoid the ghost

in the graviton propagator by choosing the Gauss-Bonnet combination of the curvature

square terms which corresponds to the choice a = g =c— i.



The easiest way to understand the above results which showed that the SO(1, N — 1)
invariants split into SO(1, 3) and SO(N — 4) invariants, is to work in a special gauge. We
first split the constraint (2.15) for A=a=1,...,4 and A = I=5...N:

0= Ouey +wy, bey + Wya fe? + I ek (3.30)
_ v a_ v J v v _p
0—3u6f+wuj €qtW,; e+ e’ (3.31)

The vielbeins ey transform under SO(1, N — 1) transformations according to
ey — & = AapetP. (3.32)

In particular,

6’; — él; = Afaelﬂl + Afje'uj. (333)

The action, by construction, is invariant under SO(1, N — 1) rotations. Thus, it is possible
to use the gauge invariance and the freedom in the choice of gauge parameters A;  to set
e’If to zero

e‘lf = 0. (3.34)

This leaves the gauge parameters Ay, and A;; arbitrary, corresponding to invari-
ance under the subgroup SO(1,3) x SO(N — 4). With this gauge choice we see that
equation (3.31) implies

w =0, (3.35)

assuming that e} is invertible. The remaining equation (3.30) can now be solved to give

b

4o D terms of el and its derivative. In this special gauge

the usual expression for w

J_ J
wuf _Auf and

R, =0, (3.36)

while nonvanishig components of the curvature RW“Z’ and Rw,f T are responsible for the
gravity and gauge fields respectively.

Thus, the gauge groups can be considered as subgroup of the Lorentz group of a higher
dimensional tangent space. The connections Agj transform under SO (N — 4) rotations in
a subspace orthogonal to the space spanned by coordinate tangent vectors. The gauge
fields come unified with gravity within SO (1, N — 1) Lorentz group. In case N = 5,
the connection A2 vanishes and there are no extra gauge fields in addition to gravity
in agreement with [2]. For N = 6 the connection A5 is a Maxwell field and the local
gauge group SO (2) is obviously isomorphic to the U (1) group of electrodynamics. Thus,
electromagnetism is unified with gravity in SO (1,5) tangent space group. The realistic
group which can allow us to unify all known interactions is SO (1,13). In this case in
addition to gravity, the theory describes 45 dynamical gauge fields Aij which transform
under SO (10) group.



4 Fermions

The matter content of the theory, described by fermions, must be in the fundamental
spinor representation of the corresponding Lorentz group SO (1, N — 1). At this point, it
is useful to make a scan of possible unification groups by considering various dimensions
of the tangent space in four dimensional manifold.

When the tangent space have only one extra dimension compared to the dimension

of space-time the tangent group is the de Sitter group SO (1,4). In this case wff’ =0
because w/‘j‘B is skew-symmetric in tangent indices and there is no gauge group in addition
to the gravity. The spinors are defined in the SO(1,4) tangent space, where the Majorana
condition can be imposed. This case is completely identical to General Relativity with
SO(1, 3) tangent group.

For N = 6 the gauge group is SO(2) and it describes the Maxwell field. The spinors
are in the SO (1,5) tangent space, where a symplectic-Majorana or Weyl condition can be
imposed. The Clifford algebra is then CI(1,5) = H (4) and the spinor is of dimension 8.
It reduces to two independent spinors when the symplectic-Majorana or Weyl condition is
imposed, which are equivalent to a Dirac spinor, or a pair of Majorana spinors with respect
to SO(1, 3).

In a seven dimensional tangent space (N = 7) the gauge group is SO (3), which is locally
isomorphic to SU (2) . The Clifford algebra of the SO (1, 6) tangent group is C1(1,6) = C (8)
and the spinor is of dimension 8. No further conditions can be imposed in this case to reduce
the number of independent components. The spinor is of the form ,; with ¢ = 1,2 in the
spinor representation of SO (3) and it is a Dirac spinor with respect to the index «.

When N = 8, the gauge group is SO (4) and the tangent group is SO (1, 7) . The Clifford
algebra for this tangent group is Cl(1,7) = R (16) and the spinor is of dimension 16. It can
be subject to the Weyl condition, thus, reducing the number of independent components
to 8. Since SO (4) is locally isomorphic to SU (2) x SU (2) the spinor is of the form ,; and
Yair where i = 1,2 and i/ = 1,2 are in the spinor representations of the two SU (2) .

Continuing this consideration to higher N we find that the smallest rotation group
that has SU(3) x SU(2) x U(1) gauge group of the Standard Model as a subgroup is SO(10)

and a good candidate for the realistic model which unifies gravity with gauge interactions is
G =S0(1,13) (4.1)

local symmetry group of the tangent space in the four dimensional manifold. A spinor 5
in the fundamental representation of SO(1,13) has 27 = 128 components on which one can
impose a Weyl condition

(T15)2 v5 = Va (4.2)

where I'15 = I'gI'; - - - I'13 satisfies (F15)2 =1and 'y, T'y,...,T'13 are fourteen 27 x 27 gamma
matrices that satisfy the Clifford algebra C1 (1, 13). The Weyl condition reduces the number
of independent components of the spinor to %(128) = 64. This corresponds to a Dirac
SO (1, 3) spinor in the 164 + 16, representation of SO(10). The 64 independent component

spinor describes 32 two components Weyl fermions. Thus, the number of fermions in



the fundamental spinor representation of SO (1,13) is twice more than in the Standard
Model, where one family contains only 16 Weyl fermions. Majorana condition cannot be
imposed in this case and the only way to avoid direct contradiction with experiments is
to make half of the fermion very massive using Brout-Englert-Higgs mechanism. This can
be easily done by breaking the SO(1,13) symmetry of tangent group spontaneously to
SO(1,3) x SO (4) x SO(6) via “scalar” fields which are in the appropriate representations
of SO(1,13). These fields must be coupled to the spinors. One can write few possible such
couplings contracting antisymmetric tensors with elements of the Clifford algebra, as for
example ([3]),

ba <Ca3¢ _ (CTABcD)a/§ HABCD> Vg (4.3)

where 03 is the charge conjugation matrix for SO(1,13), ¢ is a scalar field and Hapcp is
totally antisymmetric. Let us add to the total action kinetic terms for ¢ and for Hapcp

9" 0,00,$, FapcppF*PPP, (4.4)

where Fapcpr = Dja Hpopp), and a potential term which has a minimum at

(¢) =v (4.5)
<Habcd> = %eabcda (46)
(Hipmin) = %fiﬁﬁma (4.7)

and (Hpcp) is zero otherwise; here the indices a, b, ¢, d take the values 0, 1,2, 3 of SO(1, 3)
group and 7, p,m,n are SO (4) indices. As a result the symmetry SO(1,13) is broken to
SO(1,3) x SO (4) x SO (10). Note that SO (4) is isomorphic to SU(2)i x SU (2);,. This
insures that the projection (1 — ~5) ¥3 becomes massive, with a Majorana mass which one
can take to be of order of the unification scale, for instance, near the Planck scale. The
other combination (1 + 75) 15 which is a 16, spinor of SO (10) remains massless. After
that, we can use a Higgs representation of the form I'*® H 45 with the vacuum expectation
value (vev)

(Hpg) =" (0305 + 67050 +6505) — 1 < J (4.8)

to break the Pati-Salam group SU (4) to SU(3). x U (1), . A further breaking occurs via
the field TABCPEH 4 pop E, which acquires vev

(Hijrin) = (5[2[ 54616965 +i(2—3) +i(5—6) —i(9— 8)) (4.9)

and breaks SU (2)g x U (1), to U (1)y . The surviving symmetry is that of the Standard
Model SU (3), x SU(2);, x U (1)y . The symmetry breaking at the last stage to obtain
SU (3), x U (1), is done by using the fields

I Hy, TAPYHupe, TABCPEH, popp, (4.10)

which as a result produces the low energy physics.

~10 -



5 Conclusions

We have shown that one can unify gauge interactions with gravity by considering higher
dimensional tangent spaces in a four dimensional space-time. The gauged tangent space
Lorentz group describes simultaneously the symmetry groups of gravity and gauge inter-
actions, provided a metricity condition is satisfied. The spin-connections of the higher
dimensional tangent space fully incorporate information on the affine connection of space-
time as well as the gauge fields. Those connections which are responsible for gravity are
“composite” because they satisfy extra constraints which allow to express them in terms
of the derivatives of the vielbeins. On the other hand the spin-connections responsible for
gauge interactions do not obey any constraints and hence are independent. The complete
geometric unification of gravity and gauge interactions is realized by writing the action of
the theory just in terms of curvature invariants of the tangent group which contains the
Yang-Mills action for gauge fields.

The realistic group which unifies the gravity with gauge interactions and contains the
Standard Model is SO (1,13) in a fourteen dimensional tangent space. It corresponds to
SO (10) grand unified theory concerning the gauge fields content, however, it has double
the number of fermions, half of which can be made very massive via Brout-Englert-Higgs
mechanism. The SO (1,13) is then broken first to SO (1,3) x U (1) x SU(2) x SU(3) and
then to SO (1,3) x U (1), x SU(3) by using Brout-Englert-Higgs mechanism. Since the
Dirac operator plays a fundamental role in this setting, it is natural to look for connections
between this construction and that of noncommutative geometry. In addition, the need
to add Higgs scalar fields suggests that a total unification of gravity, gauge and Higgs
fields within one geometrical setting, should be possible by replacing the continuous four-
dimensional manifold by a noncommutative space which has both discrete and continuous
structures [5]. This possibility and others will be the subject of future investigations.

Notes added:

e After this paper was submitted we were informed by R. Percacci of his work in
references [6-8]. In reference [6] a GL(4, R) model is considered with torsion and a
connection with non-metricity. In reference [7] this is generalized to GL (N, R) broken
spontaneously to O (1, N — 1) . In reference [8] the issue of chiral fermions in a gauged
SO (3, 11) model broken to SO (3,1) x SO (10) where the Majorana-Weyl condition is
imposed to avoid mirror fermions. This model does suffer from the presence of ghosts
for scalar Higgs fields and whenever the Minkowski metric is used an odd number of
times. Although the methods in these works are similar to the ones presented here,
there is little overlap.

e Michel Dubois-Violette, communicated to us the following. In 1970, R. Greene has
proved that a 4-dimensional Lorentzian manifold admits locally an isometric smooth
free embedding in Minkowski space M (1,13) [9]. There is a similar result proved
the same year for the Euclidean signature in M.L. Gromov and V.A. Rokhlin [10].
This means that one can include an arbitrary deformation of the four-manifold in the
same flat space and eventually expect to quantize space-time in the fixed Minkowski
space M(1,13).
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