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❆ ♣✉♥❝t✉r❡❞ ❘✐❡♠❛♥♥ s✉r❢❛❝❡ ✐s ❛ ❝♦♠♣❛❝t ❘✐❡♠❛♥♥ s✉r❢❛❝❡ ✇✐t❤ ✜♥✐t❡❧② ♠❛♥②
♣♦✐♥ts r❡♠♦✈❡❞✳ ❲❡ ✇✐❧❧ ❞✐s❝✉ss ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❜② ❬❙✐♠✾✵❪ ❜❡t✇❡❡♥ t❛♠❡ ❤❛r♠♦♥✐❝
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❬❙✐♠✾✵❪ ③✇✐s❝❤❡♥ ③❛❤♠❡♥ ❤❛r♠♦♥✐s❝❤❡♥ ❇ü♥❞❡❧♥✱ r❡❣✉❧är ❣❡✜❧t❡rt❡♥ ❍✐❣❣s ❇ü♥❞❡❧♥
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❆✳✶✳✸ ❉❡✜♥✐t✐♦♥s ✭❍♦❞❣❡ ❚❤❡♦r②✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✵

❆✳✷ ▼❡tr✐❝ ❇✉♥❞❧❡s ❛♥❞ ❈♦♥♥❡❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✹
❆✳✷✳✶ ❋✐❜❡r✲✇✐s❡ ♠❡tr✐❝s ❛♥❞ ❈♦♥♥❡❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✺
❆✳✷✳✷ ▼❡tr✐❝ ❛s ❛ ♠❛♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✾

❆✳✸ ▲♦❝❛❧ ❙②st❡♠s ❛♥❞ DX✲♠♦❞✉❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✶
❆✳✹ ❊♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽✹
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❚❤❡ r♦♦ts ♦❢ t❤❡ s♦ ❝❛❧❧❡❞ ❑♦❜❛②❛s❤✐✲❍✐t❝❤✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❣♦ ❜❛❝❦ t♦ t❤❡ ✶✾✻✵✬s✱
✇❤❡♥ ▼✳❙✳ ◆❛r❛s✐♠❤❛♥ ❛♥❞ ❈✳❙✳ ❙❡s❤❛r❞✐ ❬◆❙✻✺❪ ♣r♦✈❡❞ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡✲
t✇❡❡♥ ✐rr❡❞✉❝✐❜❧❡ ✢❛t ✉♥✐t❛r② ❜✉♥❞❧❡s ❛♥❞ st❛❜❧❡ ✈❡❝t♦r ❜✉♥❞❧❡s ✇✐t❤ ❞❡❣r❡❡ ✵✱
♦♥ ❛ ❝♦♠♣❛❝t ❘✐❡♠❛♥♥ s✉r❢❛❝❡s✳ ❖♥❝❡ t❤❡ r❡s✉❧t ✇❛s ✇❡❧❧✲✉♥❞❡rst♦♦❞✱ t❤❡ ♥❛t✲
✉r❛❧ q✉❡st✐♦♥ ❛r♦s❡ ❤♦✇ ✐t ♠✐❣❤t ❜❡ ❡①t❡♥❞❡❞ ❜❡②♦♥❞ ❝♦♠♣❧❡① ❞✐♠❡♥s✐♦♥ ✶ ❛♥❞
❜❡②♦♥❞ ✢❛t ✉♥✐t❛r② ❜✉♥❞❧❡s✳ ❖♥❡ ♦❢ t❤❡ ✜rst ❡①t❡♥s✐♦♥s ✇❛s ❞♦♥❡ ❜② ▼❡❤t❛ ❛♥❞
❘❛♠❛♥❛t❤❛♥ ❬▼❘✽✹❪✱ ✇❤♦ ♣r♦✈❡❞ t❤❛t ✢❛t ✉♥✐t❛r② ❜✉♥❞❧❡s ✐♥ ❣❡♥❡r❛❧ ❝♦rr❡s♣♦♥❞
t♦ st❛❜❧❡ ✈❡❝t♦r ❜✉♥❞❧❡s ✇✐t❤ tr✐✈✐❛❧ ❈❤❡r♥ ❝❧❛ss✳
❚❤❡♥ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ✶✾✽✵✬s ❑♦❜❛②❛s❤✐ ❬❑♦❜✽✵❪ ✭❛♥❞ ✐♥❞❡♣❡♥❞❡♥t❧② ▲ü❜❦❡
❬▲ü❜✽✷❪✮ ♣r♦✈❡❞ t❤❛t ❛ ❤♦❧♦♠♦r♣❤✐❝ ❜✉♥❞❧❡ ♦♥ ❛ ❑ä❤❧❡r ♠❛♥✐❢♦❧❞ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛
❍❡r♠✐t✐❛♥✲❊✐♥st❡✐♥ ♠❡tr✐❝ ✐s st❛❜❧❡✳ ❚❤✐s ❧❡❞ ❑♦❜❛②❛s❤✐ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❍✐t❝❤✐♥
✭❛❝❝♦r❞✐♥❣ t♦ ❉♦♥❛❧❞s♦♥ ❬❉♦♥✽✺❪✮ t♦ ❢♦r♠✉❧❛t❡ t❤❡ ✐♥✈❡rs❡ ♣r♦❜❧❡♠✱ ✐✳❡✳ ❞♦❡s ❡✈✲
❡r② st❛❜❧❡ ❜✉♥❞❧❡ ♣♦ss❡ss ❛ ❍❡r♠✐t✐❛♥✲❊✐♥st❡✐♥ ♠❡tr✐❝❄ ❉♦♥❛❧❞s♦♥ ❤✐♠s❡❧❢ ❢♦✉♥❞
❛ ♣r♦♦❢ ✐♥ t❤❡ ❝♦♠♣❛❝t ❘✐❡♠❛♥♥ s✉r❢❛❝❡s ❝❛s❡ ✐♥ ❬❉♦♥✽✼❪✱❬❉♦♥✽✺❪ ❛♥❞ ❡①t❡♥❞❡❞
✐t t♦ ❛❧❣❡❜r❛✐❝ s✉r❢❛❝❡s✳ ❚❤❡ ❣❡♥❡r❛❧ r❡s✉❧t ♦✈❡r ❡✈❡r② ❑ä❤❧❡r ♠❛♥✐❢♦❧❞ ✇❛s ✜♥❛❧❧②
♣r♦✈❡❞ ❜② ❯❤❧❡♥❜❡❝❦ ❛♥❞ ❨❛✉ ❬❯❨✽✻❪✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❍✐t❝❤✐♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❍✐t✽✼❪ ❍✐❣❣s ❜✉♥❞❧❡s✱ ❧❛❜❡❧❡❞ ❧✐❦❡ t❤✐s
❜❡❝❛✉s❡ t❤❡r❡ ❛r❡ s✐♠✐❧❛r✐t✐❡s t♦ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♣❤②s✐❝❛❧ ♣❛rt✐❝❧❡s
❧✐❦❡ t❤❡ ✧❍✐❣❣s ❜♦s♦♥✧ ✐♥ ♠❛t❤❡♠❛t✐❝❛❧ ❣❛✉❣❡ t❤❡♦r②✳ ❚❤❡ t❡r♠ ♦❢ ❛ ❍✐❣❣s ❜✉♥❞❧❡
s♦♦♥ ♣r♦✈❡❞ ✈❡r② ✉s❡❢✉❧✱ s✐♥❝❡ ❍✐t❝❤✐♥ ✇❛s ❛❜❧❡ t♦ ✜♥❞ ❛ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❍❡r♠✐t✐❛♥✲❊✐♥st❡✐♥ ♠❡tr✐❝ ♦♥ ❛ ❍✐❣❣s ❜✉♥❞❧❡ ♦✈❡r ❛ ❝♦♠♣❛❝t
❘✐❡♠❛♥♥ s✉r❢❛❝❡ ❛♥❞ st❛❜✐❧✐t② ♦❢ t❤❡ ❍✐❣❣s ❜✉♥❞❧❡✳
❲❤❡♥ ❈❛r❧♦s ❙✐♠♣s♦♥ st❛rt❡❞ ❤✐s P❤❉ t❤❡s✐s ❛t ❡♥❞ ♦❢ t❤❡ ✶✾✽✵✬s t❤❡ ♥♦♥✲❝♦♠♣❛❝t
❝❛s❡ ✇❛s st✐❧❧ ✉♥t♦✉❝❤❡❞ ♦r ❛t ❧❡❛st t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❝♦✉❧❞ ♥♦t ❜❡ ❡st❛❜❧✐s❤❡❞✳
❆❢t❡r ♣r♦✈✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❍❡r♠✐t✐❛♥✲❊✐♥st❡✐♥ ♠❡tr✐❝ ❢♦r ❡✈❡r② ❍✐❣❣s ❜✉♥❞❧❡
♦♥ ❛ ✭✐♥ ❣❡♥❡r❛❧ ♥♦t✲❝♦♠♣❛❝t✮ ❑ä❤❧❡r ♠❛♥✐❢♦❧❞ ✭s❛t✐s❢②✐♥❣ ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s✮ ✐♥
❤✐s ❬❙✐♠✽✽❪ ❛rt✐❝❧❡ ♦♥ ✧❈♦♥str✉❝t✐♥❣ ✈❛r✐❛t✐♦♥s ♦❢ ❍♦❞❣❡ str✉❝t✉r❡✧✱ ❤❡ t✉r♥❡❞ t♦
t❤❡ ❝♦♠♣❧❡① ❝✉r✈❡ ❝❛s❡✱ ✐✳❡✳ t♦ ❘✐❡♠❛♥♥ s✉r❢❛❝❡s✳ ❚❤❡r❡ ❤❡ ✇❛s ❛❜❧❡ t♦ ❡st❛❜✲
❧✐s❤ ❛ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s ❛♥❞ st❛❜❧❡ ✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s
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❜✉♥❞❧❡s✱ ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠s ❛s ✇❡❧❧ ❛s ✢❛t r❡❣✉❧❛r ❜✉♥❞❧❡s ✭❝❢✳ ❬❙✐♠✾✵❪✮✳✶
❚❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❡st❛❜❧✐s❤❡❞ ❜② ❙✐♠♣s♦♥ ✐♥ ❬❙✐♠✾✵❪ ❝♦♥♥❡❝ts ✈❛r✐♦✉s ✜❡❧❞s ♦❢
♠❛t❤❡♠❛t✐❝s✿

❆❧❣❡❜r❛✐❝ ●❡♦♠❡tr②

st❛❜❧❡ ✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s
❜✉♥❞❧❡s ✇✐t❤ ❞❡❣r❡❡ ✵

↔ ❉✐✛❡r❡♥t✐❛❧ ●❡♦♠❡tr②

t❛♠❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s
↔

❚♦♣♦❧♦❣②

st❛❜❧❡ ✜❧t❡r❡❞ ❧♦❝❛❧
s②st❡♠s ❡✐t ❞❡❣r❡❡ ✵

❋✉rt❤❡r♠♦r❡ t❤❡r❡ ❛r❡ ❝♦♥♥❡❝t✐♦♥s t♦ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s r❡s♣✳ ❛♥❛❧②s✐s
❛s ✇❡❧❧ ❛s ♣❤②s✐❝s✳✷

❚❤❡r❡❢♦r❡ ✐t s❡❡♠s ✇♦rt❤② t♦ t❛❦❡ ❛ ❝❧♦s❡r ❧♦♦❦ ❛t t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡✳
❆s ✐t t✉r♥s ♦✉t✱ t❤❡ ❛rt✐❝❧❡ ❬❙✐♠✾✵❪ ✢❛✇❧❡ss❧② ❞❡s❝r✐❜❡s ❛❧❧ ♠❛❥♦r st❡♣s ♦♥ t❤❡ ✇❛②
t♦ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s✱ ❜✉t ❧❡❛✈❡s ♦✉t t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❛♥❞ s♦♠❡ ✐♥t❡r♠❡✲
❞✐❛t❡ st❡♣s✳ ❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ r❡❛s♦♥s t❤❛t ♠❛❦❡ ✐t ❞✐✣❝✉❧t t♦ ❢♦❧❧♦✇ t❤❡ ❝❡♥tr❛❧
t❤❡♠❡ ♦❢ t❤❡ ❛rt✐❝❧❡✳ ❆♥♦t❤❡r ♦♥❡ ✐s t❤❛t t❤❡ ♥❡❝❡ss❛r② ❜❛❝❦❣r♦✉♥❞ ❦♥♦✇❧❡❞❣❡ ✐s
❡✐t❤❡r ❛ss✉♠❡❞ ♦r s❝❛tt❡r❡❞ ❛r♦✉♥❞ t❤❡ ✈❛r✐♦✉s ❛rt✐❝❧❡s ❬❙✐♠✽✽❪✱ ❬❙✐♠✾✷❪✳
❙♦ ✐♥ ♦✉r ❡①♣❧❛♥❛t✐♦♥ ✇❡ tr② t♦ ❝♦❧❧❡❝t t❤❡s❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡s✉❧ts s♦ t❤❛t t❤❡
✇♦r❦ ❜❡❝♦♠❡s s❡❧❢✲❝♦♥t❛✐♥❡❞ ❛s ❢❛r ❛s ♣♦ss✐❜❧❡✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ✇✐❧❧ ❛❞❞ t❤❡ ♠✐ss✲
✐♥❣ ❞❡t❛✐❧s ♦r r❡✇r✐t❡ s♦♠❡ ♦❢ t❤❡ ♣r♦♦❢s ✐❢ ✇❡ ✇❡r❡ ♥♦t ❛❜❧❡ t♦ ❢♦❧❧♦✇ t❤❡ ♦r✐❣✐♥❛❧
❛r❣✉♠❡♥t✳
■♥ ✈✐❡✇ ♦❢ t❤❡s❡ t✇♦ t❛s❦s ✇❡ st❛rt ✐♥ t❤❡ ✜rst ❝❤❛♣t❡r ✇✐t❤ s♦♠❡ ❜❛❝❦❣r♦✉♥❞
❦♥♦✇❧❡❞❣❡ ♦♥ ❆❧❣❡❜r❛✐❝ ❛♥❞ ❉✐✛❡r❡♥t✐❛❧ ●❡♦♠❡tr② ❛s ✇❡❧❧ ❛s ❛ s♠❛❧❧ ✐♥tr♦❞✉❝✲
t✐♦♥ t♦ ❍♦❞❣❡ t❤❡♦r②✳ ❖❢ ♣❛rt✐❝✉❧❛r ✐♠♣♦rt❛♥❝❡ ❛r❡ s♦♠❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❙❡rr❡✬s
●❆●❆ ❛♥❞ t❤❡ r❡s✉❧t ♦❢ ❉❡❧✐❣♥❡ ♦♥ r❡❣✉❧❛r s✐♥❣✉❧❛r✐t✐❡s ❡st❛❜❧✐s❤✐♥❣ ❛ r❡❧❛t✐♦♥
❜❡t✇❡❡♥ ❛❧❣❡❜r❛✐❝ ❛♥❞ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡s✳ ❚❤❡② ❡♥❛❜❧❡ ✉s t♦ ❝❤♦♦s❡ ♦♥❡
♦❢ t❤❡ ❝❛t❡❣♦r✐❡s ❛s ❧♦♥❣ ❛s ✇❡ ❛r❡ ♦♥ ❛ ❝♦♠♣❛❝t s✉r❢❛❝❡✳ ▼♦r❡♦✈❡r ❉❡❧✐❣♥❡✬s
❛rt✐❝❧❡ t❡❧❧s ✉s ❛❜♦✉t t❤❡ r❡q✉✐r❡♠❡♥ts ❛ ❤♦❧♦♠♦r♣❤✐❝ ❝♦♥♥❡❝t✐♦♥ ❤❛s t♦ ♦❜❡② ✐♥
♦r❞❡r t♦ ❜❡ ❛❧❣❡❜r❛✐❝ t♦♦ ✲ r❡❣✉❧❛r✐t②✳ ❈♦♥s❡q✉❡♥t❧② ✇❡ ✇✐❧❧ r❡♣❡❛t t❤❡ ❘✐❡♠❛♥♥✲
❍✐❧❜❡rt ❝♦rr❡s♣♦♥❞❡♥❝❡ ❝♦♥♥❡❝t✐♥❣ ✢❛t ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡s✱ ❧♦❝❛❧ s②st❡♠
❛♥❞ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣✳ ❚❤❡ t❤❡♦r❡♠ ❛❧❧♦✇s ✉s ❢♦r ❡①❛♠♣❧❡
t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❡q✉✐✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❤❛r♠♦♥✐❝ ♠❡tr✐❝ ♠❛♣ ♦r t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡
♦❢ t❤❡ ✢❛t ❜✉♥❞❧❡s ❛♥❞ ❧♦❝❛❧ s②st❡♠ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✜❧t❡r❡❞ ♦❜❥❡❝ts✳
■♥ t❤❡ ♠❛✐♥ t❡①t✱ ✇❡ ✇✐❧❧ ♦❢t❡♥ ❤❛✈❡ t♦ ❝❤❛♥❣❡ ❜❡t✇❡❡♥ ❛ ✈❡❝t♦r ❜✉♥❞❧❡ ❛♥❞ ✐ts
s❤❡❛❢ ♦❢ s❡❝t✐♦♥s✳ ❲❡ ✇✐❧❧ r❡❝❛❧❧ t❤❛t t❤✐s ❝♦♥str✉❝t✐♦♥ ❡ss❡♥t✐❛❧❧② ❝♦♠♠✉t❡s ✇✐t❤
t❡♥s♦r ♣r♦❞✉❝ts ✐♥ t❤❡ ❞✐✛❡r❡♥t✐❛❧✱ ❤♦❧♦♠♦r♣❤✐❝ r❡s♣✳ ❛❧❣❡❜r❛✐❝ s❡tt✐♥❣✳
❚❤❡ ❍♦❞❣❡ t❤❡♦r❡t✐❝❛❧ ♣❛rt ✇✐❧❧ ❡①♣❧❛✐♥ t❤❡ ∗−❛❞❥♦✐♥t ♦❢ ❛ ❝♦♥♥❡❝t✐♦♥ ❛♥❞ ✇❡
✇✐❧❧ ❤❛✈❡ s♦♠❡ ❜❛s✐❝ ❑ä❤❧❡r ✐❞❡♥t✐t✐❡s ✐♥ t❤❡ ❤❡r♠✐t✐❛♥ ❝❛s❡✱ ✐✳❡✳ ♥♦t ♥❡❝❡ss❛r✐❧②
❦ä❤❧❡r✐❛♥ ❝❛s❡✳ ❚❤❡s❡ ✐❞❡♥t✐t✐❡s ✇✐❧❧ ♣r♦✈❡ ✈❡r② ✉s❡❢✉❧ ❧❛t❡r ♦♥ ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r
❛ ♠❡tr✐❝ ❛s ❛ ♠❛♣ ✐♥t♦ t❤❡ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ♠❛tr✐❝❡s✳ ❆♥♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥ ✐s t❤❡
♣r♦♦❢ ♦❢ t❤❡ ❈❤❡r♥✲❲❡✐❧ ❢♦r♠✉❧❛✳

✶❋♦r t❤❡ ❧❛st ♦❢ t❤❡s❡ ❢♦✉r ❝❛t❡❣♦r✐❡s t❤✐s ✇❛s ❞♦♥❡ ❜② ❈♦r❧❡tt❡ ❬❈♦r✽✽❪✱ t♦♦✳
✷❲❡ ✇✐❧❧ s❡❡ t❤❛t t❤❡ ❜♦✉♥❞❛r✐❡s ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ✜❡❧❞s ❜❡❝♦♠❡ ❜❧✉rr❡❞ ❛♥❞ ✇❡ ♠❛②

❛ss✐❣♥ t❤❡ ♦❜❥❡❝ts t♦ ❞✐✛❡r❡♥t ✜❡❧❞s✳
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■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ st❛rt ✇✐t❤ t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ ❝♦♥♥❡❝t✐♦♥s ❛♥❞
♠❡tr✐❝s✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❡①♣❧❛✐♥ ❤♦✇ ❛ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ ♦♥ ❤✐❣❤❡r ❞✐✛❡r❡♥t✐❛❧
❢♦r♠s ❤❛s t♦ ❧♦♦❦ ❧✐❦❡ ✐♥ ♦✉r ♥♦t❛t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s s❡❝t✐♦♥ ✇✐❧❧ ❜❡
❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ ♠❛♣s ✐♥t♦ t❤❡ s♣❛❝❡ Pn ♦❢ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ♠❛tr✐❝❡s✳ ❚❤✐s
s♣❛❝❡ ✇✐❧❧ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ Gln(C)/❯(n)✳ ❆❢t❡r ✐❞❡♥t✐✜❝❛✲
t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ ♦❢ ❤❡r♠✐t✐❛♥ ♠❛tr✐❝❡s ✇✐t❤ ❛ r❡❛❧ ✈❡❝t♦r s♣❛❝❡ ✇❡ ❣❡t ❛ ❞✐✛❡r❡♥t✐❛❧
str✉❝t✉r❡ ♦♥ Hn ❛♥❞ ❧❛t❡r✱ ♦♥ Pn ✈✐❛ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s
s❡❝t✐♦♥ ✐s t❤❛t Pn ✐s ❛ ❝♦♠♣❧❡t❡ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞✱ ✇❤✐❝❤ ✐s ♥❡❣❛t✐✈❡❧② ❝✉r✈❡❞✳
❚❤✉s ✇❡ ❛r❡ ✐♥ t❤❡ ♣♦s✐t✐♦♥ t♦ ✉s❡ s♦♠❡ ❝♦♥✈❡①✐t② ♣r♦♣❡rt✐❡s ♦❢ ❣❡♦❞❡s✐❝s ✐♥ ♥❡❣✲
❛t✐✈❡❧② ❝✉r✈❡❞ ❝♦♠♣❧❡t❡ s♣❛❝❡s✳
■♥ t❤❡ ♣r♦♦❢ ♦❢ ❝♦♠♣❧❡t❡♥❡ss ✇❡ ✐♥tr♦❞✉❝❡ ❛ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦❢ ❛ ❜♦✉♥❞❡❞
❧✐♥❡❛r ♦♣❡r❛t♦r ♦♥ t❤❡ s♣❛❝❡ ♦❢ ❤❡r♠✐t✐❛♥ ♠❛tr✐❝❡s✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧ ❞✐✈✐❞❡❞ s✉♠s ❛s
❬❇❤❛✵✻❪ ✳ ❚❤✐s ❝♦♥❝❡♣t ✐s ✉s❡❞ ❜② ❙✐♠♣s♦♥ ✐♥ ❤✐s ❛rt✐❝❧❡ ❬❙✐♠✽✽❪ t♦ ♣r♦✈❡ t❤❡
❡①✐st❡♥❝❡ ♦❢ ❛ ❤❛r♠♦♥✐❝ ♠❡tr✐❝✳
❇❡❢♦r❡ ✇❡ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♦✉r ♠❡tr✐❝ ♠❛♣ X → Pn ✇❡ ♥❡❡❞ t♦
❞❡✜♥❡ t❤❡ ❜❛s✐s ❝♦♥❝❡♣ts ♦❢ ♦✉r t❤❡s✐s✱ ♥❛♠❡❧② ❍✐❣❣s ❜✉♥❞❧❡s✱ DX✲♠♦❞✉❧❡s ❛♥❞
❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s✳ ❆ ❍✐❣❣s ❜✉♥❞❧❡ ✐s ❛ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ E ✇✐t❤ t❤❡
❛❞❞✐t✐♦♥❛❧ str✉❝t✉r❡ ♦❢ ❛ ❍✐❣❣s ✜❡❧❞ θ✱ t❤❛t ❢✉❧✜❧❧s s♦♠❡ ❝♦♠♣❛t✐❜✐❧✐t② r❡❧❛t✐♦♥
✇✐t❤ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ ∂E✳ ❆ DX−♠♦❞✉❧❡ ✐s ✐♥ ❢❛❝t ❛ ✢❛t ❜✉♥❞❧❡ ✐♥
t❤❡ s❡♥s❡ ♦❢ ❛ ✈❡❝t♦r ❜✉♥❞❧❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ✢❛t ❝♦♥♥❡❝t✐♦♥✳ ❋r♦♠ t❤❡ str✉❝t✉r❡
♦❢ t❤❡ ✢❛t ❜✉♥❞❧❡ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ ❍✐❣❣s ✜❡❧❞ θ ❛♥❞ ❢r♦♠ ❛ ❍✐❣❣s ❜✉♥❞❧❡ ✇❡
❝❛♥ ❝♦♥str✉❝t ❛ ❝♦♥♥❡❝t✐♦♥ D✳ ❍❛r♠♦♥✐❝✐t② ✐s ♥♦✇ t❤❡ st❛t❡♠❡♥t t❤❛t t❤❡ ❍✐❣❣s
❜✉♥❞❧❡ ✐s ✢❛t✱ ✐✳❡✳ t❤❛t D ❤❛s ✈❛♥✐s❤✐♥❣ ❝✉r✈❛t✉r❡✳ ❍❡♥❝❡ ✇❡ ❣❡t ❛ ✢❛t ❜✉♥❞❧❡✳ ❖♥
❛ ✢❛t ❜✉♥❞❧❡ ❤❛r♠♦♥✐❝✐t② ♠❡❛♥s t❤❛t θ ❢✉❧✜❧❧s t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② r❡❧❛t✐♦♥ ✇✐t❤ t❤❡
❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ ∂E✱ ✐✳❡✳ ✐s ❛ ❍✐❣❣s ❜✉♥❞❧❡✳ ❆s ❛ r❡s✉❧t ✇❡ s❡❡ t❤❛t ❍✐❣❣s
❜✉♥❞❧❡s ❛♥❞ ✢❛t ❜✉♥❞❧❡s ❛r❡ t❤❡ s❛♠❡ ✐❢ t❤❡② ❛r❡ ❤❛r♠♦♥✐❝✳ ■♥ ♦r❞❡r t♦ ❥✉st✐❢②
t❤❡ t❡r♠ ✧❤❛r♠♦♥✐❝✧ ❜✉♥❞❧❡ ✇❡ ✇✐❧❧ s❤♦✇✱ ✉s✐♥❣ t❤❡ ❑ä❤❧❡r ✐❞❡♥t✐t✐❡s✱ t❤❛t ♦✉r
♠❡tr✐❝ ♠❛♣ ✐♥t♦ Pn ✐s ❤❛r♠♦♥✐❝ ✐✛ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜✉♥❞❧❡ ✐s✳
❆❢t❡r ❞❡✜♥✐♥❣ t❛♠❡♥❡ss ♦❢ ❛ ❍✐❣❣s ✜❡❧❞ ❛♥❞ t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ❧♦❝❛❧ s②st❡♠ ✇❡ ✇✐❧❧
t✉r♥ t♦ t❤❡ r❡❣✉❧❛r✐t② ♦❢ ❛ ❝♦♥♥❡❝t✐♦♥✳ ■♥ ♦r❞❡r t♦ ❞♦ s♦ ✇❡ ❞❡✜♥❡ t❤❡ ♣✉s❤❢♦r✇❛r❞
s❤❡❛❢ j∗(E) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✐♥❝❧✉s✐♦♥ j : X →֒ X✳ ❚❤❡♥ t❤❡ r❡❣✉❧❛r✐t② ♦❢ ∇
♠❛② ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ t❡r♠s ♦❢ ✐ts ❝♦♥♥❡❝t✐♦♥ ♠❛tr✐①✱ ✐✳❡✳ ✇❡ ❛❧❧♦✇ ♦♥❧② ♣♦❧❡s ♦❢
♦r❞❡r ♦♥❡ ✐♥ s♦♠❡ s✉✐t❛❜❧❡ ❢r❛♠❡✳✸

■♥ t❤❡ ❧❛st s❡❝t✐♦♥ ♦❢ t❤✐s ✜rst ❝❤❛♣t❡r ✇❡ st❛rt ✇✐t❤ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ✜❧t❡r❡❞ ✈❡❝t♦r
❜✉♥❞❧❡s✳ ❲❡ r❡❝❛❧❧ t❤❡ ♦r✐❣✐♥❛❧ ✐❞❡❛ ♦❢ ▼❡❤t❛ ❛♥❞ ❙❡s❤❛❞r✐ ✭❝❢✳ ❬▼❙✽✵❪✮✳ ❆ ✜❧t❡r❡❞
✈❡❝t♦r ❜✉♥❞❧❡ ✐s t❤❡♥ ❛ ❞❡❝r❡❛s✐♥❣ ✜❧tr❛t✐♦♥ ♦❢ j∗(E) ❜② ❝♦❤❡r❡♥t s✉❜s❤❡❛✈❡s✱ t❤❛t
❢✉❧✜❧❧ ❝❡rt❛✐♥ r❡❧❛t✐♦♥s✳ ❆ ✜❧t❡r❡❞ ❍✐❣❣s ❜✉♥❞❧❡ ✐s ❛ ✜❧t❡r❡❞ ✈❡❝t♦r ❜✉♥❞❧❡ ✇✐t❤ ❛
❍✐❣❣s ✜❡❧❞ θ t❤❛t r❡s♣❡❝ts t❤❡ ✜❧tr❛t✐♦♥✳ ❆♥❛❧♦❣♦✉s❧② ❢♦r ❛ ✜❧t❡r❡❞ DX−♠♦❞✉❧❡✱
∇ ❤❛s t♦ r❡s♣❡❝t t❤❡ ✜❧tr❛t✐♦♥✳ ❲❡ ❣❡t ❛ ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠ ✐❢ ✇❡ ❤❛✈❡ ❛ ✜❧tr❛t✐♦♥

✸∇ ✐s t❤❡ (1, 0)✲♣❛rt ♦❢ t❤❡ ✢❛t ❝♦♥♥❡❝t✐♦♥✳
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Lα ♦❢ t❤❡ ❧♦❝❛❧❧② ❝♦♥st❛♥t s❤❡❛❢ L✱ s✉❝❤ t❤❛t Lα ✐s ♣r❡s❡r✈❡❞ ❜② t❤❡ ♠♦♥♦❞r♦♠②
µ ♦❢ t❤❡ ❧♦❝❛❧ s②st❡♠✳
❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤❡ t❤❡s✐s ✇✐❧❧ ❜❡ ❛ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s✳ ❙♦ ✇❡ ♥❡❡❞
t♦ ❝❧❛r✐❢② ❤♦✇ t❤❡ ♠♦r♣❤✐s♠s ✐♥ t❤❡ ❞✐✛❡r❡♥t ❝❛t❡❣♦r✐❡s ❧♦♦❦ ❧✐❦❡✳ ❍♦✇❡✈❡r✱ t❤❡
❝❤♦✐❝❡ ✐s ♥❛t✉r❛❧✱ ✐✳❡✳ ❛ ♠❛♣ ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ♦❜❥❡❝ts ✐❢ ✐t ♣r❡s❡r✈❡s t❤❡
✜❧tr❛t✐♦♥ ❛s ✇❡❧❧ ❛s ❛❧❧ ❛❞❞✐t✐♦♥❛❧ str✉❝t✉r❡✱ s✉❝❤ ❛s t❤❡ ❍✐❣❣s ✜❡❧❞ θ✳ ❆ s❤♦rt
s✉❜s❡❝t✐♦♥ ❛❜♦✉t t❤❡ ❝♦♥❝❡♣t ♦❢ r❡s✐❞✉❡s ✐♥ ♦✉r ❝♦♥t❡①t ❝❧♦s❡s t❤❡ ❝❤❛♣t❡r✳

❚❤❡ s❡❝♦♥❞ ❝❤❛♣t❡r ❞❡s❝r✐❜❡s ❙✐♠♣s♦♥✬s ♠❛✐♥ ❡st✐♠❛t❡✳ ❚❤❡ ❛✐♠ ✐s t♦ r❡✢❡❝t
t❛♠❡♥❡ss✱ ✐✳❡✳ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s✱ ✐♥ t❡r♠s ♦❢ t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠ ♦❢ θ
✐ts❡❧❢ ❛♥❞ ♠♦r❡ ✐♠♣♦rt❛♥t t♦ ✜♥❞ ❛ ❜♦✉♥❞ ♦❢ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥✱
♦❢t❡♥ ❞❡♥♦t❡❞ Rh✳ ❇❡❢♦r❡ ✇❡ st❛rt ✇✐t❤ t❤❡ ❛❝t✉❛❧ ♣r♦♦❢ ✇❡ ✇✐❧❧ ✜rst ❞❡s❝r✐❜❡ ❤♦✇
✇❡ ❝❛♥ s✐♠♣❧✐❢② t❤❡ ♠❛tr✐① r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♦✉r ❍✐❣❣s ✜❡❧❞ θ ✐♥ ♦r❞❡r t♦ ♠❛❦❡ ✐t
♠❛♥❛❣❡❛❜❧❡✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ✉s✐♥❣ ❛♥ ❡✐❣❡♥s♣❛❝❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ E✳ ❍♦✇❡✈❡r
♦✉r ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ✉♥❢♦rt✉♥❛t❡❧② ♥♦t s✐♥❣❧❡✲✈❛❧✉❡❞✳ ❚❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ♦✈❡r❝♦♠❡
❜② tr❛♥s❢❡rr✐♥❣ t♦ ❛ ✜♥✐t❡ ❜r❛♥❝❤❡❞ ❝♦✈❡r ♦❢ X ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣✉❧❧❜❛❝❦ ♦❢
♦✉r ❜✉♥❞❧❡ E✳ ❖♥❡ ❛❞✈❛♥t❛❣❡ t❤❡r❡♦❢ ✐s t❤❛t ✇❡ ❤❛✈❡ ❛ ▲❛✉r❡♥t ❡①♣❛♥s✐♦♥ t❤❡r❡
✇✐t❤ ♦r❞❡r ❛t ♠♦st −n✱ ✇❤❡r❡ n ✐s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ ♦✉r ✈❡❝t♦r ❜✉♥❞❧❡✳ ❙♦ ✇❡ ❛❞❞
t♦ ♦✉r ❡✐❣❡♥✈❛❧✉❡ λ ❛ ❢✉♥❝t✐♦♥ α s✉❝❤ t❤❛t t❤❡ ♦r❞❡r ♦❢ λ − α ✐s −n + 1✳ ●♦✐♥❣
❜❛❝❦ t♦ ♦✉r ♦r✐❣✐♥❛❧ ❜✉♥❞❧❡ λ − α ✇✐❧❧ ❜❡ ❜♦✉♥❞❡❞ ✐♥ t❡r♠s ♦❢ |z|−1+ε, ε ≥ 1/n✳✹

❙❝❤✉r ❞❡❝♦♠♣♦s✐t✐♦♥ ✇✐❧❧ ❧❡❛❞ ✉s t♦ ❛♥ ✉♣♣❡r tr✐❛♥❣✉❧❛r ❢♦r♠ ♦❢ θ ❛s ✇❡❧❧ ❛s φ✱
✇❤❡r❡ φ ❝♦♠❡s ❢♦r♠ t❤❡ α ❝♦♥str✉❝t❡❞ ❜❡❢♦r❡✳ ■t t✉r♥s ♦✉t t❤❛t t❤✐s ✐s ❛ ❜❧♦❝❦
✉♣♣❡r tr✐❛♥❣✉❧❛r ♠❛tr✐①✱ t❤❛t ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❢✉rt❤❡r ✐♥t♦ ❛ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧
♣❛rt σ+ τ 0 ❛♥❞ ❛ str✐❝t❧② ❜❧♦❝❦ ✉♣♣❡r tr✐❛♥❣✉❧❛r ♣❛rt τ+✳✺ ❚❤❡ ♠❛✐♥ ❡st✐♠❛t❡ ✇✐❧❧
tr❡❛t t❤♦s❡ ♣❛rts s❡♣❛r❛t❡❧②✳

❆❢t❡r ✐♥tr♦❞✉❝✐♥❣ s♦♠❡ ♣r❡❧✐♠✐♥❛r② ♥♦r♠ ❡st✐♠❛t❡s ✐♥✈♦❧✈✐♥❣ θ ❛♥❞ ✐ts
h−❝♦♥❥✉❣❛t❡ θ†✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡ ✐♥ ❞❡t❛✐❧✳ ■♥ t❤❡ r❡st ♦❢
t❤❡ ♣❛♣❡r ✇❡ ✇✐❧❧ ♦❢t❡♥ ♣r♦✜t ❢r♦♠ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✐♥✐t✐❛❧ ❜✉♥❞❧❡ E
❛♥❞ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡ ❊♥❞(E)✳ ❙♦ ✇❡ t❤✐♥❦ ✐t ✐s ✇♦rt❤ t❛❦✐♥❣ ❛ ❝❧♦s❡r
❧♦♦❦✳ ❆❧❧ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ♦♥ E ✐♥❞✉❝❡ ♦♣❡r❛t♦rs ♦♥ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥✲
❞❧❡✳ ❚❤❡ ✐♥❞✉❝❡❞ ♦♣❡r❛t♦rs ✐♥❤❡r✐t ❛❧♠♦st ❛❧❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡s✳ ■♥
♣❛rt✐❝✉❧❛r ♦✉r ❍✐❣❣s ✜❡❧❞ ♣r♦♣❡rt② ∂Eθ + θ∂E = 0 ❜❡❝♦♠❡s (∂E)❊♥❞(θ) = 0 ❢♦r
t❤❡ ✐♥❞✉❝❡❞ ♦♣❡r❛t♦r (∂E)❊♥❞ ♦♥ ❊♥❞(E)✳ ❚❤❡ ♠❡tr✐❝ h ♦♥ E ✐♥❞✉❝❡s ❛ ♠❡tr✐❝
tr(HB∗HA) = 〈A,B〉 ❢♦r A,B ∈ ❊♥❞(E)✱ ✇❤✐❝❤ ❜❡❝♦♠❡s t❤❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t
✐♥♥❡r ♣r♦❞✉❝t ✐❢ ✇❡ ❝❤♦♦s❡ ❛♥ h−♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡✳ ❍❡r❡ H ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♠❛♣ ✐♥t♦ Pn✳
◆♦✇ ✇❡ ❛r❡ ✐♥ t❤❡ ♣♦s✐t✐♦♥ t♦ ✉s❡ ●r✐✣t❤✬s ❛♥❞ ❍❛rr✐s✬ ❬●❍✼✽❪ st❛t❡♠❡♥t✱ t❤❛t

✹z ✐s ❛ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡ ✈❛♥✐s❤✐♥❣ ❛t t❤❡ ♣✉♥❝t✉r❡✳
✺❇❧♦❝❦s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡s❀ σ ❞✐❛❣♦♥❛❧✳
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❝✉r✈❛t✉r❡ ❞❡❝r❡❛s❡s ✐♥ s✉❜❜✉♥❞❧❡s t♦ ❣❡t t♦ ♦✉r st❛rt✐♥❣ ♣♦✐♥t✿

−∆ log ‖θz‖F ≤ −‖[θz, θ†z]‖2F
‖θz‖2F

, ✭✶✮

✇❤❡r❡ t❤❡ ✐♥❞❡① z ✐♥❞✐❝❛t❡s t❤❡ ❝♦♥♥❡❝t✐♦♥ ♠❛tr✐① ♦❢ θ r❡s♣✳ θ†✳ ❇❡❢♦r❡ ✇❡ ♣r♦❝❡❡❞
✇✐t❤ t❤❡ ❡st✐♠❛t❡ ✐ts❡❧❢ ✇❡ ❛❞❞ t✇♦ ❡①❛♠♣❧❡s ✇❤✐❝❤ ✇✐❧❧ ❝♦♠❡ ♦❢ ✐♠♣♦rt❛♥❝❡ ✇❤❡♥
✇❡ tr② t♦ ❝♦♥str✉❝t ❛ st❛♥❞❛r❞ ♠❡tr✐❝ ❧❛t❡r ♦♥ ✐♥ t❤❡ ♣❛♣❡r✳
❙t❡♣ ✶ ♦❢ t❤❡ ♠❛✐♥ ❡st✐♠❛t❡ ✐s t♦ ✜♥❞ ❛ ❜♦✉♥❞ ♦❢ θ ✐ts❡❧❢✳ ❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡
❝❛❧❝✉❧❛t✐♦♥ ❞♦♥❡ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t♦ ✜rst ❞✐st✐♥❝t t✇♦ ❝❛s❡s ✭❝❢✳ ✶✳✺✳✶✮✱ ✇❤❡r❡
♦♥❡ ❝❛s❡ ✐s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t ‖θz‖ ≤ c3

|z| ✱ ❛♥❞ t❤❡♥ t♦ s❤♦✇ t❤❛t t❤❡ ♦t❤❡r ❝❛s❡
❝❛♥♥♦t ♦❝❝✉r✳ ❚❤❡ s❡❝♦♥❞ ❝❛s❡ ✐s ❞❡✜♥❡❞ ❜② s♦♠❡ ✐♥❡q✉❛❧✐t②✿ ‖θz‖F str✐❝t❧② ❜✐❣❣❡r
t❤❛♥ s♦♠❡ ❢✉♥❝t✐♦♥ m✳ ❚❤❡♥ ✇❡ s❤♦✇ t❤❛t ✐❢ t❤✐s ✐♥❡q✉❛❧✐t② ❤♦❧❞s ♦♥ s♦♠❡ ♥♦♥✲
❡♠♣t② s❡t S1 ✇❡ ❣❡t ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ■♥ ♦r❞❡r t♦ ❞♦ s♦ ♣r♦✈❡ t❤❛t θz − m ✐s
s✉❜❤❛r♠♦♥✐❝ ♦♥ S1 ✭✉s✐♥❣ ✭✶✮✮ ❛♥❞ ❤❛s ✐ts ♠❛①✐♠✉♠ θz = m ♦♥ t❤❡ ❜♦✉♥❞❛r②
∂S1✳ ■♥s✐❞❡ S1 ✇❡ ❣❡t θz −m ≤ 0 ⇔ θz ≤ m ❝♦♥tr❛❞✐❝t✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ S1✳
❆t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ st❡♣ ✷✱ ✇❡ ✇✐❧❧ ✜rst r❡❝❛❧❧ ❛♥ ❡❛s② ❡st✐♠❛t❡ ♦❢ t❤❡ r❡❛❧ ❧♦❣❛r✐t❤♠
❢✉♥❝t✐♦♥✱ ♥❛♠❡❧② t❤❛t ✇❡ ❛❧✇❛②s ✜♥❞ ❛ str❛✐❣❤t ❧✐♥❡ t❤r♦✉❣❤ 0 t❤❛t ✐s ❡✈❡r②✇❤❡r❡
❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t❤❡ ❧♦❣❛r✐t❤♠ ❢✉♥❝t✐♦♥✳ ❋♦r ❛ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ✇❡
✇✐❧❧ ✐♥ ❣❡♥❡r❛❧ ♥♦t ✜♥❞ s✉❝❤ ❛ str❛✐❣❤t ❧✐♥❡ str✐❝t❧② s♠❛❧❧❡r t❤❛♥ log✳ ❲❤✐❧❡ ❙✐♠♣s♦♥
✇r✐t❡s ♥♦ ❢✉rt❤❡r ❞❡t❛✐❧s ♦♥ t❤✐s ❧♦✇❡r ❜♦✉♥❞✱ ▼♦❝❤✐③✉❦✐ ❬▼♦❝✵✼❛❪ ❝❧❛✐♠s t❤❛t ✐t
❡①✐sts✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤♦s❡ t✇♦ ❞✐✛❡r❡♥t ❝♦♥❝❧✉s✐♦♥s ✐s t❤❛t ▼♦❝❤✐③✉❦✐
❬▼♦❝✵✼❛❪ ❡①♣❡❝ts ❛ ❝❡rt❛✐♥ ❝♦♥st❛♥t b t♦ ❜❡ ❛❧✇❛②s ♣♦s✐t✐✈❡✱ ✇❤✐❧❡ ✇❡ ❛r❡ ♥♦t
s♦ s✉r❡ ❛❜♦✉t t❤❛t✳ ❙♦ ✇❡ ❞❡s❝r✐❜❡ ❛ ✇❛② ❛r♦✉♥❞ t❤✐s ♣r♦❜❧❡♠ ✐♥ ❙t❡♣ ✸✳ ❚❤❡
r❡st ♦❢ ❙t❡♣ ✷ ✐s ❛♥♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✐❞❡❛ ♦❢ ❙t❡♣ ✶✱ ❛❧t❤♦✉❣❤ s❧✐❣❤t❧② ♠♦r❡
❝♦♠♣❧✐❝❛t❡❞✳ ❆s ❛ r❡s✉❧t ✇❡ ✜♥❞ ❛ ❜♦✉♥❞ ❢♦r τ 0✳
❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ♠❛✐♥ ❡st✐♠❛t❡ t❛❦❡s ❝❛r❡ ❛❜♦✉t t❤❡ str✐❝t❧② ✉♣♣❡r tr✐❛♥❣✉❧❛r
♣❛rt ♦❢ θ✳ ❚❤❡r❡❢♦r❡ ✇❡ ♥❡❡❞ ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ ✭✶✮✱ ✇❤✐❝❤ ✇❡ ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡
❝♦♥t❡①t ♦❢ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡ ❛❧r❡❛❞②✱ ❛s ✇❡❧❧ ❛s s♦♠❡ ❝❛❧❝✉❧❛t✐♦♥s ✐♥✈♦❧✈✐♥❣
t❤❡ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥✳✻ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ✇✐❧❧ s❤♦✇ t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ♦❢ ❛❞(φ)
♦♥ ❜❧♦❝❦ ✉♣♣❡r tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s✳ ❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❛❞ ❛♥❞ s♦♠❡ ❜♦✉♥❞s ♦❢ t❤❡
❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ✇✐❧❧ ✜rst s❤♦✇ t❤❛t t❤❡ ✉♣♣❡r tr✐❛♥❣✉❧❛r ♣❛rts ♦❢ θ ❛♥❞
φ ❛r❡ ♠✉t✉❛❧❧② ❜♦✉♥❞❡❞ ❛♥❞ ❤❡♥❝❡ ❣❡t ✐♥t♦ t❤❡ ♣♦s✐t✐♦♥ t♦ r❡♣❡❛t t❤❡ ❛r❣✉♠❡♥t ♦❢
❙t❡♣ ✷✳ ❚❤✐s ❧❡❛❞s ✉s t♦ ❛ ❜♦✉♥❞ ♦❢ τ+ ✐♥ t❡r♠s ♦❢ |z|−1+ε✳ ❯s✐♥❣ ❜♦t❤ ❡st✐♠❛t❡s ✲
♦❢ τ 0 ❛♥❞ τ+ ✲ ✇❡ ❝❛♥ ❜♦✉♥❞ t❤❡ ♥♦r♠ ♦❢ t❤❡ ❝✉r✈❛t✉r❡ Rh ♦❢ t❤❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥
❜② Rh ≤ cD

|z|2| log |z||2 ✳ P✉tt✐♥❣ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts t♦❣❡t❤❡r ✇✐❧❧ ❧❡❛❞ ✉s t♦ ❙✐♠♣s♦♥✬s
t❤❡♦r❡♠ ✶✳
❚❤❡r❡ ❛r❡ ❛ ❢❡✇ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❡ ♠❛✐♥ ❡st✐♠❛t❡ ❞❡s❝r✐❜❡❞ ❛❢t❡r✇❛r❞s✳ ❚❤❡ ✜rst
♦♥❡ ✐s t❤❛t t❤❡ ♥♦r♠s ♦❢ t❤❡ ✢❛t s❡❝t✐♦♥s ✐♥❝r❡❛s❡ ❛t ♠♦st ♣♦❧②♥♦♠✐❛❧❧②✳ ❖✉r ♣r♦♦❢
✉s❡s ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ t♦ s♦❧✈❡ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ ♠❡♥t✐♦♥❡❞ ❜② ❙✐♠♣s♦♥✳

✻❲❡ ❝❤❛♥❣❡ ❢r♦♠ t❤❡ ❝♦♠♠✉t❛t♦r t♦ t❤❡ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥ ❛❞ t♦ s✐♠♣❧✐❢② ♥♦t❛t✐♦♥✳



❱■ ⑤ ■✳ ■♥tr♦❞✉❝t✐♦♥

❯s✐♥❣ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❜♦✉♥❞ ♦❢ t❤❡ ✢❛t s❡❝t✐♦♥s ✇❡ ❛r❡ ❛❜❧❡ t♦ ❞❡s❝r✐❜❡ t❛♠❡♥❡ss
✐♥ t❡r♠s ♦❢ ❛ DX−♠♦❞✉❧❡✿ ■❢ t❤❡ ✢❛t s❡❝t✐♦♥s ❣r♦✇ ❛t ♠♦st ♣♦❧②♥♦♠✐❛❧❧② t❤❡♥ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❍✐❣❣s ✜❡❧❞ ✐s t❛♠❡✳ ❚❤❡ ♣r♦♦❢ ✐s s♦♠❡✇❤❛t ❧❡♥❣t❤②✳ ■❢ H ✐s ♦✉r
❤❛r♠♦♥✐❝ ♠❡tr✐❝ ✇❡ ❝♦♥str✉❝t ❛ s❡❝♦♥❞ ♠❡tr✐❝ K✳ ❚❤❡♥ ✇❡ ❡st✐♠❛t❡ K ✐♥ t❡r♠
♦❢ H ❢r♦♠ ❛❜♦✈❡ ✲ ❢r♦♠ ❜❡❧♦✇ ✇❡ ❛♥②✇❛② ❤❛✈❡ ❛ ❜♦✉♥❞ ❜② ❤❛r♠♦♥✐❝✐t②✳ K ✐s
❝♦♥str✉❝t❡❞ ❛s ❢♦❧❧♦✇s ♦♥ ❛♥ ❛♥♥✉❧✉s Aε,1✿ ❋♦r ❛ s♠❛❧❧ σ > 0 ❧❡t K ❜❡ ❝♦♥st❛♥t
♦♥ Aε+σ,1 ❛♥❞ ❛ ❣❡♦❞❡s✐❝ ❛❧♦♥❣ ❡❛❝❤ r❛② ♦✉t ♦❢ t❤❡ ♣✉♥❝t✉r❡ ♦♥ Aε,ε+σ✳ ◆♦✇ ✇❡
❝❛♥ ✉s❡ t❤❡ ❝♦♠♣❧❡t❡♥❡ss ♦❢ Pn ❛s ✇❡❧❧ ❛s t❤❡ ♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ t♦ ❡st✐♠❛t❡ t❤❡
❧❡♥❣t❤ ♦❢ t❤❡ ❣❡♦❞❡s✐❝✳ ❚❤❡r❡❛❢t❡r ❙✐♠♣s♦♥ ✉s❡s✱ ✇❡ ❣✉❡ss✱ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts
✲
∫

D(0,1)
rν‖θ‖2F = ν

∫ 1

0
εν−1 d ν

∫

D(ε,1)
‖θ‖2F ✳ ■♥st❡❛❞ ♦❢ t❤✐s ❢♦r♠✉❧❛ ✇❡ ✇✐❧❧ ✉s❡ ❛

✇❡❛❦❡r ❡st✐♠❛t❡ st✐❧❧ ❧❡❛❞✐♥❣ t♦ t❤❡ r✐❣❤t ❝♦♥❝❧✉s✐♦♥✱ ✐✳❡✳ ✇❡ s❤♦✇ t❤❛t ✐❢ θ ✐s ♥♦t
t❛♠❡ t❤❡ ❡st✐♠❛t❡s ✇❡ ❣♦t ❜② ❝♦♥str✉❝t✐♥❣ K ❛r❡ ❝♦♥tr❛❞✐❝t❡❞✳

❚❤❡ ❧❛st ❧❡♠♠❛ ✐♥ t❤✐s ❝❤❛♣t❡r ✐s ♦❢ ♣❛rt✐❝✉❧❛r ✐♠♣♦rt❛♥❝❡✳ ■t ❤❡❧♣s ✉s t♦ ❡①t❡♥❞
❛♥ ✐♥❡q✉❛❧✐t② −∆f ≤ −b ❢♦r f

log |z| → 0 ❛♥❞ b ♣♦s✐t✐✈❡✱ ✇❡❛❦❧② ♦✈❡r t❤❡ ♣✉♥❝t✉r❡✳
❚❤❡ ♣r♦♦❢ ✐s ♠♦r❡ ♦r ❧❡ss ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥
1
2π

log |z|✳
❚❤❡ t❤✐r❞ ❝❤❛♣t❡r ❞❡❛❧s ✇✐t❤ ✜❧t❡r❡❞ ♦❜❥❡❝ts✳ ■♥ t❤❡ ✜rst ♣❛rt ✇❡ ❝♦♥str✉❝t ♦✉r
♠❛✐♥ ❢✉♥❝t♦r Ξ ❢r♦♠ t❤❡ ❝❛t❡❣♦r② ♦❢ t❛♠❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s t♦ t❤❡ ❝❛t❡❣♦r② ♦❢
✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡s r❡s♣✳ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡s✳ ❚❤❡ ❢✉♥❝t♦r ✇✐❧❧
❜❡ ❛ ♣r✐♦r✐ ❞❡✜♥❡❞ ♦♥ ❛❝❝❡♣t❛❜❧❡ ❜✉♥❞❧❡s✳ ❚❤❡s❡ ❛r❡✱ r♦✉❣❤❧② s♣❡❛❦✐♥❣✱ ❜✉♥❞❧❡s
✇✐t❤ ❛ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ t❤❛t ✐s ❜♦✉♥❞❡❞ ✐♥ t❤❡ s❛♠❡ t❡r♠s ❛s t❤❡ ❝♦♥♥❡❝t✐♦♥ ✐♥
t❤❡ ♠❛✐♥ ❡st✐♠❛t❡✳ ❋♦r t❡❝❤♥✐❝❛❧ r❡❛s♦♥s ✇❡ ❛❞❞ ❛ ♣❡rt✉r❜❛t✐♦♥ ❜② ❛ Lp−❢✉♥❝t✐♦♥✳
Ξ ✐s ✐♥ ♣❛rt✐❝✉❧❛r❧② ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❛❦✐♥❣ ❞✉❛❧s✱ t❡♥s♦r ♣r♦❞✉❝ts ❛♥❞ ❞❡t❡r♠✐✲
♥❛♥ts✳ ❚❤❡ ♣r♦♦❢s ❛r❡ ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ ❙✐♠♣s♦♥✬s ✇♦r❦ ❬❙✐♠✾✵❪✱ ❜✉t ❝❛♥ ❜❡ ♣❛rt❧②
❢♦✉♥❞ ✐♥ ❬❙✐♠✽✽❪✳ ❆❢t❡r ❛❞❞✐♥❣ t❤❡s❡ ❝♦♠♣❛t✐❜✐❧✐t② ♣r♦♣❡rt✐❡s✱ ✇❡ s❤♦✇ t❤❛t ✇❤❡♥
r❡str✐❝t❡❞ t♦ t❤❡ s✉❜❝❛t❡❣♦r② ♦❢ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s✱ Ξ ✐♥❞❡❡❞ ♠❛♣s E t♦ ❛ ✜❧t❡r❡❞
r❡❣✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡ r❡s♣✳ DX−♠♦❞✉❧❡✿ ❙✐♥❝❡ Ξ ♠❛♣s ❛❧r❡❛❞② ✐♥t♦ ✜❧t❡r❡❞ ✈❡❝t♦r
❜✉♥❞❧❡s ✇❡ ♦♥❧② ♥❡❡❞ t♦ s❤♦✇ t❤❛t θ r❡s♣✳ ∇ r❡s♣❡❝ts t❤❡ ✜❧tr❛t✐♦♥s✳ ❋♦r θ t❤✐s
✐s ❝❧❡❛r✱ ❢♦r ∇ ✇❡ ❣❡t t❤❡ r❡s✉❧t ❜② ✉s✐♥❣ t❤❡ ✇❡❛❦ ❡①t❡♥s✐♦♥ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ❆t
t❤❡ ❡♥❞ ♦❢ t❤❡ s❡❝t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t Ξ ❣✐✈❡s r✐s❡ t♦ ❛ ♠❛♣ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♠♦r♣❤✐s♠s✱ ✐✳❡✳ ✐s ❛ ❢✉♥❝t♦r✳
❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❝❤❛♣t❡r ❞❡s❝r✐❜❡s ❛ ❢✉♥❝t♦r Φ ❢r♦♠ ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠s
t♦ DX−♠♦❞✉❧❡s✳ ❋✐rst ✇❡ ✇✐❧❧ r❡❝❛❧❧ t❤❡ ❣❡♥❡r❛❧ ❘✐❡♠❛♥♥✲❍✐❧❜❡rt ❝♦rr❡s♣♦♥❞❡♥❝❡
❛♥❞ ❝♦♥str✉❝t ❛ ♠❡r♦♠♦r♣❤✐❝ ❢r❛♠❡ ♦❢ t❤❡ DX−♠♦❞✉❧❡ V ✉s✐♥❣ t❤❡ ✢❛t s❡❝t✐♦♥s ✐♥
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧♦❝❛❧ s②st❡♠ L✳ ■♥ t❡r♠s ♦❢ t❤✐s ❢r❛♠❡ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❢✉♥❝t♦r
Φ✳ ❆s ❛ ✜rst st❡♣ ✇❡ s❤♦✇ t❤❛t Φ ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ❚❤❡ s❡❝♦♥❞ st❡♣ ✐s ❝r✉❝✐❛❧✱
❜❡❝❛✉s❡ ✐t s✐♠♣❧✐✜❡s t❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢✿ Φ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥
✐♥t♦ ❣❡♥❡r❛❧✐③❡❞ µ−❡✐❣❡♥s♣❛❝❡s✱ ❡✈❡♥ ♠♦r❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦
µ−✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡s ✭µ t❤❡ ♠♦♥♦❞r♦♠②✮✳ ❚❤❡r❡❛❢t❡r ✇❡ ♠❛② r❡str✐❝t t♦ ❧♦❝❛❧
s②st❡♠s ✇✐t❤ ♦♥❧② ♦♥❡ ❡✐❣❡♥✈❛❧✉❡ t♦ s❤♦✇ ❝♦♠♣❛t✐❜✐❧✐t② ✇✐t❤ t❡♥s♦r ♣r♦❞✉❝ts ❛♥❞
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❞✉❛❧s✳
❚❤❡ ❢✉♥❝t♦r Φ ✐s ❢✉rt❤❡r♠♦r❡ ❡ss❡♥t✐❛❧❧② s✉r❥❡❝t✐✈❡✿ ❲❡ ❝♦♥str✉❝t ❛♥ ✐♥✈❡rs❡ Φ−1

t❤❛t ♠❛♣s ❡❛❝❤ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡ ♦♥ ❛ ❧♦❝❛❧ s②st❡♠ ❛♥❞ ✐s t❤❡ ✐♥✈❡rs❡
❝♦♥str✉❝t✐♦♥ t♦ Φ✳ ❙✐♠♣s♦♥ ❝♦♥str✉❝ts Φ−1 ✐♥ ❛ ❞✐✛❡r❡♥t ✇❛② ❛♥❞ ❝♦♥❝❧✉❞❡s t❤❡♥✱
t❤❛t ❤✐s ✐♥✈❡rs❡ ✐s t❤❡ s❛♠❡ ❛s ♦✉rs✳
❋✐♥❛❧❧② ✇❡ s❤♦✇ t❤❛t t❤❡ ❢✉♥❝t♦r ✐s ❢✉❧❧② ❢❛✐t❤❢✉❧ ❛♥❞ t❤❡r❡✇✐t❤ Φ ❡st❛❜❧✐s❤❡s
❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ ❝❛t❡❣♦r✐❡s ♦❢ ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠s ❛♥❞ ✜❧t❡r❡❞ r❡❣✉❧❛r
DX−♠♦❞✉❧❡s✳
❚❤❡ ❛✐♠ ♦❢ ❝❤❛♣t❡r ❱ ✐s t♦ s❤♦✇ t❤❛t t✇♦ ♠❡tr✐❝s t❤❛t ✐♥❞✉❝❡ t❤❡ s❛♠❡ ✜❧tr❛t✐♦♥
✉♥❞❡r Ξ ❛r❡ ♠✉t✉❛❧❧② ❜♦✉♥❞❡❞ ❛♥❞ ❢✉rt❤❡r t❤❛t Ξ ✐s ❢✉❧❧② ❢❛✐t❤❢✉❧✳ ❚❤❡ ♠❛✐♥ ♣♦✐♥t
❛r❡ t✇♦ ❲❡✐t③❡♥❜ö❝❦ ❢♦r♠✉❧❛s ❣✐✈❡♥ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ s❡❝t✐♦♥✳ ❋♦r t❤❡ ✜rst
♣❛rt ✇❡ ♥❡❡❞ ❛ ❧❡♠♠❛ t❤❛t t❡❧❧s ✉s t❤❛t ✐❢ ❛ ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ e ✐s ❜♦✉♥❞❡❞ ❜②
|z|−ε ❢♦r ❛❧❧ ε > 0✱ t❤❡♥ ✐t ✐s ❛❧r❡❛❞② ❜♦✉♥❞❡❞✱ ✐❢ t❤❡ ❝✉r✈❛t✉r❡ ✐s Lp✳ ❚❤❡ ♣r♦♦❢
✉s❡s t❤❡ Lp−✐♥t❡❣r❛❜✐❧✐t② ♦❢ t❤❡ ❝✉r✈❛t✉r❡ t♦ ❜♦✉♥❞ log ‖e‖ ❜② ❛ Lp−❢✉♥❝t✐♦♥ f ✳✼

❚❤❡♥ s♦❧✈❡ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ∆ũ = f ❛♥❞ ❡①t❡♥❞ ✐t ✇❡❛❦❧② ♦✈❡r t❤❡ ♣✉♥❝t✉r❡✳
❙✉❜❤❛r♠♦♥✐❝✐t② ✇✐❧❧ ❧❡❛❞ t♦ ❛ ❜♦✉♥❞ ♦❢ e✳
❚❤❡ ❧❡♠♠❛ ❛♣♣❧✐❡❞ t♦ t❤❡ ✐❞❡♥t✐t② ❡❧❡♠❡♥t ♦❢ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡ ✐s ❡♥♦✉❣❤
t♦ s❤♦✇ t❤❛t t✇♦ ♠❡tr✐❝s t❤❛t ✐♥❞✉❝❡ t❤❡ s❛♠❡ ✜❧tr❛t✐♦♥ ❛r❡ ♠✉t✉❛❧❧② ❜♦✉♥❞❡❞✳
■♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t Ξ ✐s ❢✉❧❧② ❢❛✐t❤❢✉❧ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t ❛ ❍✐❣❣s ❜✉♥❞❧❡
♠♦r♣❤✐s♠ ♦♥ t❤❡ ❜② Ξ ✐♥❞✉❝❡❞ ✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡ ✐s ❛ ♠♦r♣❤✐s♠ ♦❢
❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s✱ ✐✳❡✳ ✐t ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡s✳ ❚❤✐s
✐s ❞♦♥❡ ❜② ♦✉r ❲❡✐t③❡♥❜ö❝❦ ❢♦r♠✉❧❛✳ ❚❤❡ s❛♠❡ ❤♦❧❞s ❢♦r Ξ ✐♥t♦ ✜❧t❡r❡❞ r❡❣✉❧❛r
DX−♠♦❞✉❧❡s✳
❚❤❡ ❝❤❛♣t❡r t✐t❧❡❞ ✧❘❡s✐❞✉❡s ❛♥❞ ❙t❛♥❞❛r❞ ▼❡tr✐❝s✧ ❝♦♥t✐♥✉❡s ♦✉r t✇♦ ❡①❛♠♣❧❡s
✶✳✹✳✶✼ ❛♥❞ ✶✳✹✳✶✽✳ ■t t✉r♥s ♦✉t t❤❛t t❤❡② ❛r❡ t❤❡ ❜❛s✐❝ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s t♦ ❝♦♥str✉❝t
❛ ✧st❛♥❞❛r❞✧ ♠❡tr✐❝ ♦♥ ❛ ❍✐❣❣s ❜✉♥❞❧❡✳ ❲❡ ✇✐❧❧ ❞❡s❝r✐❜❡ ❤♦✇ ❛ ✧❥✉♠♣✧✱ ✐✳❡✳ ❛ α ✐♥
t❤❡ ✜❧tr❛t✐♦♥ Ξ(E)α s✉❝❤ t❤❛t ●rα(E) 6= 0 tr❛♥s❢❡rs t♦ t❤❡ Ξ(E)−DX−♠♦❞✉❧❡ ❛♥❞
❢✉rt❤❡r t♦ t❤❡ ❧♦❝❛❧ s②st❡♠ ❝♦rr❡s♣♦♥❞✐♥❣ ✉♥❞❡r Φ✳ ❋r♦♠ t❤✐s ♦❜s❡r✈❛t✐♦♥ ✇❡ s❡❡
t❤❛t ❜② ❝♦♥s✐❞❡r✐♥❣ t❡♥s♦r ♣r♦❞✉❝ts ♦❢ t❤❡ ❜✉♥❞❧❡s ❞❡✜♥❡❞ ✐♥ t❤❡ t✇♦ ❡①❛♠♣❧❡s ✇✐❧❧
❧❡❛❞ ✉s t♦ ❛♥② r❡s✐❞✉❡ ❛♥❞ ❛♥② r❡s✐❞✉❡ ❤♦♠♦♠♦r♣❤✐s♠ ✉♣ t♦ ✐s♦♠♦r♣❤✐s♠✳ ◆♦✇ ✉s✲
✐♥❣ t❤❡ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ r❡s✐❞✉❡s ✇❡ ❝❛♥ st❛t❡ t❤❡ ♠❛✐♥ r❡s✉❧t ✹✳✸✳✶ ♦❢ t❤❡
❝❤❛♣t❡r✱ ♥❛♠❡❧② t❤❛t ❡✈❡r② r❡❣✉❧❛r ✜❧t❡r❡❞ ❍✐❣❣s ❜✉♥❞❧❡ r❡s♣✳ DX−♠♦❞✉❧❡ r❡s♣✳
✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠ ❝❛♥ ❜❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ❛❝❝❡♣t❛❜❧❡ ♠❡tr✐❝ h t❤❛t ✐♥❞✉❝❡s t❤❡
✜❧tr❛t✐♦♥s ✉♥❞❡r Ξ✳ ❚❤✐s ♠❡tr✐❝ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❤❛r♠♦♥✐❝✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ s❤♦✇
t❤❛t ✐t ❞♦❡s ♥♦t ♠❛tt❡r ✇❤❡t❤❡r ✇❡ ❝♦♥s✐❞❡r t❤❡ ✜❧tr❛t✐♦♥ ♦♥ ❛ ❧♦❝❛❧ s②st❡♠ ❞✐r❡❝t❧②
✐♥❞✉❝❡❞ ❜② h ✈✐❛ ♦r❞❡r ♦❢ ❣r♦✇t❤ ♦r t❤❡ ✜❧tr❛t✐♦♥ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ DX−♠♦❞✉❧❡
Ξ(E) ✈✐❛ Φ✳
❚❤❡ ✜♥❛❧ ❝❤❛♣t❡r ✇✐❧❧ ❧❡❛❞ t♦ ♦✉r ♠❛✐♥ r❡s✉❧t✳ ❲❡ ✜rst ❣✐✈❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡
❛❧❣❡❜r❛✐❝✴♣❛r❛❜♦❧✐❝ ❞❡❣r❡❡ ♦❢ ❛ ✜❧t❡r❡❞ ♦❜❥❡❝t ❛♥❞ t❤❡ ❛♥❛❧②t✐❝ ❞❡❣r❡❡ ✉s✐♥❣ ❈❤❡r♥

✼❚❤❡ ❲❡✐t③❡♥❜ö❝❦ ❢♦r♠✉❧❛ r❡❧❛t❡s e ❛♥❞ t❤❡ ❝✉r✈❛t✉r❡
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❝❧❛ss❡s✳ ❚❤❡♥ ✇❡ s❤♦✇ t❤❛t ❜♦t❤ ♥♦t✐♦♥s ❛r❡ ❛❝t✉❛❧❧② t❤❡ s❛♠❡ ❢♦r E,Ξ(E)✳ ❲❡ ✇✐❧❧
❣✐✈❡ ❛♥ ❡①t❡♥❞❡❞ ♣r♦♦❢ ❛ss✉♠✐♥❣ ❧❡ss t❤❛♥ ♥❡❝❡ss❛r② ✐♥ ♦r❞❡r t♦ tr❡❛t s✉❜❜✉♥❞❧❡s✱
✇❤✐❝❤ ✇✐❧❧ ❝♦♠❡ ✉♣ ❧❛t❡r✱ ❛s ✇❡❧❧✳ ❖♥❡ ♦❢ t❤❡ ♠❛✐♥ t♦♣✐❝s ♦❢ t❤❡ ❝❤❛♣t❡r ❛r❡ t❤❡
❈❤❡r♥✲❲❡✐❧ ❢♦r♠✉❧❛s✱ t❤❛t ❞❡s❝r✐❜❡ ❤♦✇ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ ❛ s✉❜❜✉♥❞❧❡ ❧♦♦❦s ❧✐❦❡
✐♥ t❡r♠s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❝✉r✈❛t✉r❡✳ ❆❢t❡r ❞❡✜♥✐♥❣ st❛❜✐❧✐t② ❢♦r ❡❛❝❤ ♦❢ ♦✉r ♦❜❥❡❝ts
✇❡ ✇✐❧❧ ❜❡ ✐♥ t❤❡ ♣♦s✐t✐♦♥ t♦ s❤♦✇ t❤❛t Ξ(E) ✭❢♦r ❛♥ ✐rr❡❞✉❝✐❜❧❡ t❛♠❡ ❤❛r♠♦♥✐❝
❜✉♥❞❧❡ E✮ ✐s st❛❜❧❡ ❛♥❞ ❤❛s ❞❡❣r❡❡ 0 ❛♥❞ t❤❛t ❡✈❡r② ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡ ❞❡❝♦♠♣♦s❡s
✐♥t♦ ✐rr❡❞✉❝✐❜❧❡ ♦♥❡s✳
❚❤❡ ♠❛✐♥ ❡①✐st❡♥❝❡ t❤❡♦r❡♠ ♦❢ ❬❙✐♠✽✽❪✱ ✇✐❧❧ ♣r♦✈✐❞❡ ✉s ✇✐t❤ ❛ ❤❛r♠♦♥✐❝ ♠❡tr✐❝✱
✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ♦✉r st❛♥❞❛r❞ ♠❡tr✐❝✱ ✐✳❡✳ ✐♥❞✉❝❡s t❤❡ s❛♠❡
✜❧tr❛t✐♦♥s ✉♥❞❡r Ξ✳ ❙❤♦✇✐♥❣ t❤❛t ❡✈❡r② ✜❧t❡r❡❞ ❜✉♥❞❧❡ ❛❧r❡❛❞② ❝♦♠❡s ❢r♦♠ ❛ t❛♠❡
❤❛r♠♦♥✐❝ ♦♥❡ ❛♥❞ s❤♦✇✐♥❣ t❤❛t Φ ♣r❡s❡r✈❡s ❞❡❣r❡❡ ❛♥❞ st❛❜✐❧✐t② ✇✐❧❧ ❧❡❛❞ ✉s t♦
♦✉r ♠❛✐♥ r❡s✉❧t✿

▼❛✐♥ t❤❡♦r❡♠✳ ❚❤❡ ❝❛t❡❣♦r② ♦❢ t❛♠❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s ✐s ♥❛t✉r❛❧❧② ❡q✉✐✈❛❧❡♥t
✈✐❛ t❤❡ ❢✉♥❝t♦rs Ξ✱ t♦ t❤❡ ❝❛t❡❣♦r✐❡s ♦❢ ❞✐r❡❝t s✉♠s ♦❢ st❛❜❧❡ ✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s
❜✉♥❞❧❡s ♦❢ ❞❡❣r❡❡ ③❡r♦✱ ♦❢ ❞✐r❡❝t s✉♠s ♦❢ st❛❜❧❡ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡s ♦❢
❞❡❣r❡❡ ③❡r♦✱ ❛♥❞ ♦❢ ❞✐r❡❝t s✉♠s ♦❢ st❛❜❧❡ ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠ ♦❢ ❞❡❣r❡❡ ③❡r♦✳

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

■ ❛♠ ✈❡r② ❣r❛t❡❢✉❧ t♦ ♠② s✉♣❡r✈✐s✐♥❣ t✉t♦r Pr♦❢✳ ❉r✳ ▼❛rt✐♥ ❙❝❤♦tt❡♥❧♦❤❡r ❢♦r
♠❛♥② ❤❡❧♣❢✉❧ ❞✐s❝✉ss✐♦♥s✳ ❋✉rt❤❡r♠♦r❡ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ Pr♦❢✳ ❉r✳ ❖tt♦
❋♦rst❡r ❢♦r t❤❡ ♦♣♣♦rt✉♥✐t② t♦ ✇♦r❦ ✇✐t❤ ❛♥❞ ❢♦r ❤✐♠ ♦✈❡r t❤❡ ❧❛st ✈✐❡✇ ②❡❛rs✳



1
▼❛✐♥ ❊st✐♠❛t❡
❢♦r ❚❛♠❡
❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

❚❤✐s ✜rst ❝❤❛♣t❡r st❛rts ✇✐t❤ s♦♠❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts✳ ❚❤❡ ♠❛✐♥
♣❛rt t❤❡♥ ❝♦♥t❛✐♥s t❤❡ ❛❝t✉❛❧ ❡st✐♠❛t❡ ♦❢ ♦✉r ❍✐❣❣s ✜❡❧❞ θ ❝❧♦s❡ t♦ t❤❡ ♣✉♥❝t✉r❡s✳
❋✐♥❛❧❧② ✇❡ ❛❞❞ s♦♠❡ ❝♦♥❝❧✉s✐♦♥s ❛s ✇❡❧❧ ❛s t❡❝❤♥✐❝❛❧ ❧❡♠♠❛s ♥❡❡❞❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
❝❤❛♣t❡rs✳

✶✳✶✳ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

✶✳✶✳✶✳ ❍✐❣❣s ❇✉♥❞❧❡s

■♥ t❤✐s ✜rst ♣❛r❛❣r❛♣❤ ✇❡ ✇✐❧❧ ✐♥ s❤♦rt ❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ❍✐❣❣s ✜❡❧❞ ❛♥❞ ✐ts
❜❛s✐❝ ♣r♦♣❡rt✐❡s✳ ▼♦st ♦❢ t❤❡ ✉♣❝♦♠✐♥❣ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥❛❧ ❝♦♥✈❡♥t✐♦♥s ❛r❡
❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳
❍✐t❝❤✐♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❍✐t✽✼❪ t❤❡ ♥♦t✐♦♥ ♦❢ ❛ ❍✐❣❣s ✜❡❧❞✿

❉❡✜♥✐t✐♦♥ ✶✳✶✳✶✳ (E, ∂E, θ) ✐s ❛ ❍✐❣❣s ❜✉♥❞❧❡ ✐❢ E ✐s ❛ ✭❤♦❧♦♠♦r♣❤✐❝ ♦r ❛❧❣❡❜r❛✐❝✮
✈❡❝t♦r ❜✉♥❞❧❡ ✇✐t❤ ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ ∂E ❛♥❞ θ ❛ ❜✉♥❞❧❡ ❤♦♠♦♠♦r♣❤✐s♠

θ : E → E ⊗C

∧1,0
X

✇❤✐❝❤ s❛t✐s✜❡s ∂E ◦ θ + θ ◦ ∂E = 0✳ ❚❤❡♥ θ ✐s ❝❛❧❧❡❞ ❍✐❣❣s ✜❡❧❞✳

■❢ ✇❡ r❡str✐❝t t♦ ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥s✱ θ|Γhol(X,E)✱ t❤❡♥

θ ◦ ∂E(s) = 0, ∀s ∈ Γhol(X,E),

✐✳❡✳ t❤❡ ❧❛st ♣r♦♣❡rt② ∂E ◦ θ + θ ◦ ∂E = 0 s✐♠♣❧✐✜❡s t♦ ∂E ◦ θ = 0✳
❯s✐♥❣ ❆✳✶✳✷✹ ❛♥❞ ❆✳✶✳✷✺ ✇❡ ❝❛♥ ✇r✐t❡ ❢♦r ❡✈❡r② ♦♣❡♥ U ⊂ X

θ|U ∈ (❍♦♠E(U)(Γ(U,E),Γ(U,E)⊗EX Ω1,0
U ))U

≃ Γ(U,❍♦♠C(E,E ⊗C

1,0
∧

U))



✷ ⑤ ✶✳ ▼❛✐♥ ❊st✐♠❛t❡ ❢♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

≃ Γ(U,E∗ ⊗C E ⊗C

1,0
∧

U)

≃ Γ(U,❊♥❞C(E)⊗C

1,0
∧

U)

≃ Γ(U,❊♥❞C(E))⊗E(U) Ω
1,0
U .

❚♦ ✜♥❞ t❤❡ ❡q✉✐✈❛❧❡♥t t♦ ∂E ◦ θ + θ ◦ ∂E = 0 ✇❡ ♥❡❡❞ t❤❡ ✐♥❞✉❝❡❞ ❤♦❧♦♠♦r♣❤✐❝
str✉❝t✉r❡ ♦♥ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡✱ ✇❤✐❝❤ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❆✳✹✿

∂❊♥❞ : Ω1,0
X (❊♥❞(E)) → Ω1,1

X (❊♥❞(E))

∂❊♥❞(ω) := ∂Eω + ω∂E,

❢♦r ❛♥② (1, 0)−❢♦r♠ ω✳ ❚❤❡r❡❢♦r❡ ∂E ◦ θ + θ ◦ ∂E = 0 ⇔ ∂❊♥❞(θ) = 0✳
❇✉t ✇❡ ❤❛✈❡

Γhol(U,❊♥❞C(E)⊗C

1,0
∧

U

) ≃ {s ∈ Γ(U,❊♥❞C(E))⊗E(U) Ω
1,0
U |∂❊♥❞(s) = 0}.✶

❚❤✉s θ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❛ ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ✐♥t♦ ❊♥❞C(E) ⊗C

∧1,0
X ✳ ❇②

s♦♠❡ ❛✉t❤♦rs t❤✐s ❞✐s❝r✐♣t✐♦♥ ✐s ✉s❡❞ ❛s ❛ ❞❡✜♥✐t✐♦♥ ❢♦r θ✳ ❍♦✇❡✈❡r✱ ✇❡ ✇✐❧❧ st❛②
✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ❝❤♦s❡♥ ❜② ❈❛r❧♦s ❙✐♠♣s♦♥✳
◆♦t❡ t❤❛t θ ♠❛♣s ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥s s t♦ ❤♦❧♦♠♦r♣❤✐❝ ♦♥❡✲❢♦r♠s✱ s✐♥❝❡

0 = (∂Eθ + θ∂E)(s) = ∂E(θs).

❚❤✉s ✐♥ ❛ s✉✐t❛❜❧❡ ❜❛s✐s θ(s) ❤❛s ❤♦❧♦♠♦r♣❤✐❝ ❝♦❡✣❝✐❡♥ts✳

❘❡♠❛r❦ ✶✳✶✳✷✳ ❋♦r ❛ ❘✐❡♠❛♥♥✐❛♥ s✉r❢❛❝❡ θ2 = 0✿

θ(s) = sθ ⊗ ωθ ⇒ θ2(s) = θ(sθ ⊗ ωθ)

:= θ(sθ) ∧ ωθ

= (sθ)θ ⊗ (ωsθ ∧ ωθ).

❇✉t ωθ = f d z, ωsθ = g d z ⇒ f d z ∧ g d z = fg d z ∧ d z = 0✳

■❢ ♦✉r ❍✐❣❣s ❜✉♥❞❧❡ ✇✐t❤ ❍✐❣❣s ✜❡❧❞ θ ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❤❡r♠✐t✐❛♥ str✉❝t✉r❡ h ✭s❡❡
❆✳✷✮✱ t❤❡♥ ❧❡t θ† : Γ(X,E) → Γ(X,E)⊗Ω0,1

X = Ω0,1
X (E)✷ EX−s❤❡❛❢ ❤♦♠♦♠♦r♣❤✐s♠

❜❡ t❤❡ h−❛❞❥♦✐♥t✱ ✐✳❡✳

h(ξ, θη) = h(θ†ξ, η), ξ, η ∈ Γ(X,E).

✶❋♦r ❛ ♣r♦♦❢ s❡❡ ❬❍✉②✵✺❪✱ ♣✳ ✶✶✵ ❛♥❞ ♣✳ ✼✸ ❢♦r H0(·) = Γhol(·)✳
✷■♥ ❬❙✐♠✾✵❪ θ† ✐s ❞❡♥♦t❡❞ ❜② θ✳



✶✳✷✳ ❍❛r♠♦♥✐❝✐t② ♦❢ ❱❡❝t♦r ❇✉♥❞❧❡s ⑤ ✸

▲♦❝❛❧❧②✸ ❢♦r ❛ ❘✐❡♠❛♥♥ s✉r❢❛❝❡ t❤✐s ❜❡❝♦♠❡s θη = ηθ ⊗ (1 d z), θ†ξ = ξθ† ⊗ (1 d z)
❛♥❞

h(ξ, ηθ) · (1 d z) = h(ξ, ηθ ⊗ (1 d z)) = h(ξθ† ⊗ (1 d z), η) = h(ξθ† , η) · (1 d z)
⇔ h(ξ, ηθ) = h(ξθ† , η).

❚❤✉s θ† ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② θ ❛♥❞ h✳ ■t ✐♥❤❡r✐ts t❤❡ ❤♦♠♦♠♦r♣❤✐s♠ ♣r♦♣❡rt②
❜②

h(θ†(ξ ⊗ f), η) = ✹ h(ξ ⊗ f, θ(η)) = h(ξ, θ(η) ∧ f)
= h(ξ, θ(η ⊗ f)) = h(θ†(ξ), η ⊗ f)

= h(θ†(ξ) ∧ f, η), ∀η, ξ ∈ Γ(U,E), f ∈ E(U).

❍❡♥❝❡ θ†(ξ ⊗ f) = θ†(ξ) ∧ f ✳ θ†(ξ) ✐s s♠♦♦t❤ s✐♥❝❡ h ❛♥❞ θ ❛r❡✳ ❋✉rt❤❡r ✇❡ ❤❛✈❡
(θ†)2 = 0 ✭s❡❡ ✶✳✶✳✷✮✳

✶✳✷✳ ❍❛r♠♦♥✐❝✐t② ♦❢ ❱❡❝t♦r ❇✉♥❞❧❡s

■♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ r❡t✉r♥ t♦ ❍✐❣❣s ❜✉♥❞❧❡s ❛♥❞ ❞❡✜♥❡ ❤❛r✲
♠♦♥✐❝✐t② ❢♦r ❍✐❣❣s ❜✉♥❞❧❡s✳ ❲❡ ✇✐❧❧ s❡❡ t❤❛t ❤❛r♠♦♥✐❝ ❍✐❣❣s ❜✉♥❞❧❡s ❛r❡ ❥✉st t❤❡
❤❛r♠♦♥✐❝ DX−♠♦❞✉❧❡s✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ✇✐❧❧ ❣❡t r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❞❡✜♥✐♥❣
♦♣❡r❛t♦rs✳ ❚❤✐s ✇✐❧❧ ❜❡ t❤❡ ❢♦✉♥❞❛t✐♦♥ ♦❢ ❛❧❧ ♦✉r ❝❛❧❝✉❧❛t✐♦♥s✳ P❧❡❛s❡ ♥♦t❡ t❤❛t ✐♥
❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❙✐♠♣s♦♥ ✇❡ ❝❤❛♥❣❡ d′ ↔ D′ ❛♥❞ d′′ ↔ D′′✳
❚❤❡ s❡❝♦♥❞ ♣❛rt ❝♦♥s✐❞❡rs ♦✉r ♠❡tr✐❝ ❛s ❛ ♠❛♣ ✐♥t♦ t❤❡ s♣❛❝❡ Pn ♦❢ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡
♠❛tr✐❝❡s✳ ❚❤❡r❡ ✇❡ ✇✐❧❧ ✉s❡ s♦♠❡ ♣❡rt✉r❜❛t✐♦♥s ✐♥ Pn t♦ s❤♦✇ t❤❛t t❤❡ ♠❡tr✐❝ ✐s
❤❛r♠♦♥✐❝ ✐♥ t❤❡ ❜✉♥❞❧❡ ❝❛s❡ ✐✛ ✐t ♠✐♥✐♠✐③❡s t❤❡ ❡♥❡r❣②✱ ✐✳❡✳ ✐s ❤❛r♠♦♥✐❝ ❛s ❛ ♠❛♣
✐♥t♦ Pn✳

✶✳✷✳✶✳ ❍✐❣❣s ❇✉♥❞❧❡s ❛♥❞ ❋❧❛t ❱❡❝t♦r ❇✉♥❞❧❡s

❲✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❧❛st s❡❝t✐♦♥ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ ❛ ♥❡✇ ❝♦♥♥❡❝t✐♦♥

D = ∂E + ∂E + θ + θ†

♦♥ ♦✉r ❤♦❧♦♠♦r♣❤✐❝ ❍✐❣❣s ❜✉♥❞❧❡ (E, ∂E, θ, h)✳ ❲❡ ❝❛♥ ❝❤❡❝❦ t❤✐s ✐s ✐♥❞❡❡❞ ❛♥♦t❤❡r
❝♦♥♥❡❝t✐♦♥ ❛❧t❤♦✉❣❤ ✐t ✐s ✐♥ ❣❡♥❡r❛❧ ♥♦ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥✳

D : Ω0
X(E) → Ω1

X(E)

✸θ, θ† ❛r❡ s❤❡❛❢ ❤♦♠♦♠♦r♣❤✐s♠s ❛♥❞ s♦ ✇❡❧❧✲❞❡✜♥❡❞ ♦♥ ❛♥② Γ(U,E), U ♦♣❡♥✳
✹❆t t❤✐s ♣♦✐♥t t❤❡ ⊗−♥♦t✐♦♥ ♠✐❣❤t ❜❡ ❝♦♥❢✉s✐♥❣✳ f ✐s ❥✉st ❛ C−✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❛❝ts

❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ✐✳❡✳ ❤❡r❡ ⊗ = ·✳ ❚❤❡ ❤❡r♠✐t✐❛♥ str✉❝t✉r❡ ♦❢ h ❡♥❛❜❧❡s ✉s t♦ ♣✉t f ♦♥ t❤❡ s✐❞❡✳



✹ ⑤ ✶✳ ▼❛✐♥ ❊st✐♠❛t❡ ❢♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

s✐♥❝❡ ❛❧❧ ❝♦♠♣♦♥❡♥t ♠❛♣s ❣♦ ✐♥t♦ Ω1
X(E)✳ ❚❤❡ ▲❡✐❜♥✐③ ❘✉❧❡ ✐s s❛t✐s✜❡❞ ❢♦r D =

∂E + ∂E s✐♥❝❡ D ✐s ❛ ❝♦♥♥❡❝t✐♦♥✳ ❙✐♥❝❡ θ, θ† ❛r❡ E(U)−♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠s
▲❡✐❜♥✐③ r✉❧❡ ❤♦❧❞s ❢♦r D✿ ∀s ∈ Γ(U,E), ξ ∈ E(U) = Ω0

U

D(s⊗ ξ) = (∂E + ∂E + θ + θ†)(s⊗ ξ)

= D(s) ∧ ξ + s⊗ d ξ + θ(s⊗ ξ) + θ†(s⊗ ξ)

= D(s) ∧ ξ + s⊗ d ξ + θ(s) ∧ ξ + θ†(s) ∧ ξ
= (D + θ + θ†)(s) ∧ ξ + s⊗ d ξ

= D(s) ∧ ξ + s⊗ d ξ.

❉❡✜♥✐t✐♦♥ ✶✳✷✳✶✳ ❆ ♠❡tr✐❝ ❤♦❧♦♠♦r♣❤✐❝ ❍✐❣❣s ❜✉♥❞❧❡ (E, ∂E, h, θ) ✐s ❝❛❧❧❡❞ ❤❛r✲
♠♦♥✐❝ ❜✉♥❞❧❡ ✐❢ D ✐s ✢❛t✱ ✐✳❡✳ ✐❢ D ◦ D = 0✳

❲❡ ✇✐❧❧ ♥♦t ❛ss✉♠❡ ❤❛r♠♦♥✐❝✐t② ❢♦r ♥♦✇✳

▲❡♠♠❛ ✶✳✷✳✷✳

D
2 = ∂E∂E + ∂E∂E + θθ† + θ†θ

❢♦r ❘✐❡♠❛♥♥ s✉r❢❛❝❡s✳

Pr♦♦❢✳ ❚❤✐s ✐s ❜❡❝❛✉s❡

∂2E, ∂
2

E, θ
2, (θ†)2, θ∂E, ∂Eθ, θ

†∂E, ∂Eθ
†,

✈❛♥✐s❤✳ ❋✉rt❤❡r ∂Eθ + θ∂E = 0 ⇒ ∂Eθ
† + θ†∂E = 0✳ ❲❡ ❝♦✉❧❞ ♣r♦✈❡ t❤❡ ❧❛st

❡q✉❛t✐♦♥ ❜② ✉s✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ✇✐t❤ t❤❡ ♠❡tr✐❝ ♦❢ ∂E +∂E t♦ r❡❝❡✐✈❡ ❢r♦♠ t❤❡
❍✐❣❣s ♣r♦♣❡rt② ❛♥ ❡q✉❛t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ t❡r♠ ∂Eθ

† + θ†∂E✳ ❍♦✇❡✈❡r✱ t❤❡ ❛✐♠ ♦❢
t❤✐s s❡❝t✐♦♥ ✐s t♦ s❤♦✇ t❤❛t ❛ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ✢❛t ❜✉♥❞❧❡ ✇✐t❤
❛ ❝❡rt❛✐♥ ♣r♦♣❡rt②✿ ✈❛♥✐s❤✐♥❣ Ps❡✉❞♦✲❝✉r✈❛t✉r❡✳ ❚❤❡ t♦♦❧s ✉s❡❞ ✐♥ t❤✐s s❡❝t✐♦♥
✇✐❧❧ t❤❡r❡❢♦r❡ ❛✉t♦♠❛t✐❝❛❧❧② ❧❡❛❞ t♦ ❛♥ ❡❛s② ❡①♣❧❛♥❛t✐♦♥ ✶✳✷✳✻ ♦❢ Fh := D

2 =
∂E∂E + ∂E∂E + θθ† + θ†θ✳

❘❡♠❛r❦ ✶✳✷✳✸✳ ✭✐✮ ◆♦t❡ t❤❛t ∂E + θ† ✐s ❛♥♦t❤❡r ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ ♦❢ E✳

✭✐✐✮ ❲✳r✳t✳ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ ∂E + θ† t❤❡ ♦♣❡r❛t♦r ∂E + θ ❜❡❝♦♠❡s ❛
❤♦❧♦♠♦r♣❤✐❝ ❝♦♥♥❡❝t✐♦♥ ✭❝❢✳ ❆✳✷✳✶✷✮ ♦♥ ❛ ❤❛r♠♦♥✐❝ ❍✐❣❣s ❜✉♥❞❧❡✱ s✐♥❝❡

(∂E + θ†)(∂E + θ) + (∂E + θ)(∂E + θ†)

= ∂E∂E + ∂E∂E + θθ† + θ†θ
︸ ︷︷ ︸

= 0 ❤❛r♠♦♥✐❝

+ ∂Eθ + θ∂E
︸ ︷︷ ︸

= 0 ❍✐❣❣s

+ ∂Eθ
† + θ†∂E

︸ ︷︷ ︸

= 0 ❍✐❣❣s

= 0,

(∂E + θ)(∂E + θ†)|Γhol(X,E) = 0, ✺



✶✳✷✳ ❍❛r♠♦♥✐❝✐t② ♦❢ ❱❡❝t♦r ❇✉♥❞❧❡s ⑤ ✺

⇒ (∂E + θ†)(∂E + θ) = 0,

✐✳❡✳ ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥s ❛r❡ ♠❛♣♣❡❞ t♦ ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥s✳

❲❡ ✇❛♥t t♦ st❛rt ✇✐t❤ ❛ s♠♦♦t❤ ✈❡❝t♦r ❜✉♥❞❧❡ V ✇✐t❤ ✢❛t ❝♦♥♥❡❝t✐♦♥ D✱ ❛♥❞ ❛
❤❡r♠✐t✐❛♥ ♠❡tr✐❝ hV ✳ ❚❤❡♥ ✇❡ ❝❛♥ s♣❧✐t ✉♣ t❤❡ ❝♦♥♥❡❝t✐♦♥ ✐♥t♦ (1, 0) ❛♥❞ (0, 1)
♣❛rt

D = D′ +D′′.

D ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ♠❡tr✐❝✱ s♦ ✇❡ ❛❞❞ ❛♥ ♦♣❡r❛t♦r δ′′ ♦❢ t②♣❡ (0, 1) t♦ D′ ❛♥❞ ❛♥
♦♣❡r❛t♦r δ′ ♦❢ t②♣❡ (1, 0) t♦ D′′ s✉❝❤ t❤❛t D′ + δ′′ ❛♥❞ δ′ +D′′ ❜❡❝♦♠❡ ❡❛❝❤ ♠❡tr✐❝
❝♦♥♥❡❝t✐♦♥s✳✻ ❉❡✜♥❡ ∂V := D′′+δ′′

2
✳ ❲❡ ✇❛♥t t♦ s❤♦✇ t❤❛t t❤❡ ♦♣❡r❛t♦r ❡①♣❧❛✐♥s

❛ ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡✿ ❖❜✈✐♦✉s❧② ∂
2

V = 0 ❛s (0, 2)−❢♦r♠ ♦♥ ❛ ❘✐❡♠❛♥♥ s✉r❢❛❝❡❀
t❤❡ ▲❡✐❜♥✐③ r✉❧❡ ❢♦❧❧♦✇s ❢r♦♠

∂V (s⊗ ω) =
D′′ + δ′′

2
(s⊗ ω)

= ✼
1

2
(D′′(s) ∧ ω + s⊗ ∂ω + δ′′(s) ∧ ω + s⊗ ∂ω)

=

(
D′′ + δ′′

2
s

)

∧ ω + s⊗ ∂ω

=
(
∂V s

)
∧ ω + s⊗ ∂ω, s ∈ Γ(U, V ), ω ∈ Ωp,q

X ,

❚❤✉s ∂V ❞❡t❡r♠✐♥❡s ❛ ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ ♦❢ V ✳
❙✐♠✐❧❛r❧② ✇❡ ❣❡t ❢♦r ∂V := D′+δ′

2
✱ t❤❛t ∂2V = 0 ❛s (2, 0)−❢♦r♠ ❛♥❞ t❤❡ ▲❡✐❜♥✐③ r✉❧❡

❤♦❧❞s✿

∂V (s⊗ ω) =
D′ + δ′

2
(s⊗ ω)

=
1

2
(D′(s) ∧ ω + s⊗ ∂ω + δ′(s) ∧ ω + s⊗ ∂ω)

=

(
D′ + δ′

2
s

)

∧ ω + s⊗ ∂ω

= (∂V s) ∧ ω + s⊗ ∂ω, s ∈ Γ(U, V ), ω ∈ Ωp,q
X ,

■♥ ♣❛rt✐❝✉❧❛r ∂V + ∂V ✐s ❛ ❝♦♥♥❡❝t✐♦♥✳ ❚❤✐s ❝♦♥♥❡❝t✐♦♥ r❡s♣❡❝ts t❤❡ ♠❡tr✐❝ s✐♥❝❡

hV (∂V ξ, η) + hV (ξ, ∂V η) =
1

2
(hV ((D

′′ + δ′′)ξ, η) + hV (ξ, (D
′ + δ′)η))

✺❲✳r✳t✳ ∂E + θ† ❛ s❡❝t✐♦♥ ✐s ❤♦❧♦♠♦r♣❤✐❝ ✐✛ ✐t ✐s ❦✐❧❧❡❞ ❜② ∂E + θ†✳
✻❝❢✳ ❆✳✷✳✶✵ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♠❛r❦✳
✼D′′, δ′′ ❛r❡ (0, 1) ♣❛rts ♦❢ ❛ ❝♦♥♥❡❝t✐♦♥ ❛♥❞ s❛t✐s❢② t❤❡r❡❢♦r❡ t❤❡ ▲❡✐❜♥✐③ r✉❧❡✳



✻ ⑤ ✶✳ ▼❛✐♥ ❊st✐♠❛t❡ ❢♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

= ✽
1

2

(
hV (δ

′′ξ, η) + ∂V hV (ξ, η)− hV (ξ, δ
′η)

+hV (ξ, δ
′η) + ∂V hV (ξ, η)− hV (δ

′′ξ, η)
)

= ∂V hV (ξ, η), ξ, η ∈ Γ(U, V ).

▼♦r❡♦✈❡r ✇❡ ❝❛♥ ❞❡✜♥❡ θ := D′−δ′

2
, θ† := D′′−δ′′

2
✳ ❆❣❛✐♥ θ2 = (θ†)2 = 0✳ ❋✉rt❤❡r

t❤❡ t✇♦ ♦♣❡r❛t♦rs ❛r❡ E(U)−♠♦❞✉❧❡ s❤❡❛❢ ❤♦♠♦♠♦r♣❤✐s♠s

θ(s⊗ ω) =
D′ − δ′

2
(s⊗ ω)

=
1

2
(D′(s) ∧ ω + s⊗ ∂ω − δ′(s) ∧ ω − s⊗ ∂ω)

=

(
D′ − δ′

2
s

)

∧ ω

= (θs) ∧ ω, s ∈ Γ(U, V ), ω ∈ Ωp,q
X ,

θ†(s⊗ ω) =
D′′ − δ′′

2
(s⊗ ω)

=
1

2
(D′′(s) ∧ ω + s⊗ ∂ω − δ′′(s) ∧ ω − s⊗ ∂ω)

=

(
D′′ − δ′′

2
s

)

∧ ω

=
(
θ†s
)
∧ ω, s ∈ Γ(U, V ), ω ∈ Ωp,q

X .

θ ❛♥❞ θ† ❛r❡ ❛❞❥♦✐♥t✿

hV (θ
†ξ, η) = hV

(
D′′ − δ′′

2
ξ, η

)

=
1

2

(
−hV (δ′′ξ, η) + ∂(ξ, η)− hV (ξ, δ

′η)
)

=
1

2
(hV (ξ,D

′η)− hV (ξ, δ
′η))

= hV

(

ξ,
D′ − δ′

2
η

)

= hV (ξ, θη), ξ, η ∈ Γ(U, V ).

❉❡✜♥✐t✐♦♥ ✶✳✷✳✹✳ ❚❤❡ ♣s❡✉❞♦✲❝✉r✈❛t✉r❡ ♦❢ t❤❡ ♠❡tr✐❝ hV ✐s

Gh = (d′′)2 = ∂V θ + θ∂V ,
✾

✇❤❡r❡ d′′ := ∂V + θ, d′ = ∂V + θ†✳
❆ ✢❛t ❜✉♥❞❧❡✱ D2 = 0✱ ✐s ❝❛❧❧❡❞ ❤❛r♠♦♥✐❝ ✐❢ t❤❡ ♣s❡✉❞♦✲❝✉r✈❛t✉r❡ ✈❛♥✐s❤❡s✳

✽D′ + δ′′, D′′ + δ′ ❤❡r♠✐t✐❛♥ ❝♦♥♥❡❝t✐♦♥s✳
✾∂

2

V = θ2 = 0 ❢♦r ❛ ❘✐❡♠❛♥♥ ❙✉r❢❛❝❡✳



✶✳✷✳ ❍❛r♠♦♥✐❝✐t② ♦❢ ❱❡❝t♦r ❇✉♥❞❧❡s ⑤ ✼

❚❤✉s ✐❢ t❤❡ ✢❛t ❜✉♥❞❧❡ ✐s ❤❛r♠♦♥✐❝ θ ✐s ❛ ❍✐❣❣s ✜❡❧❞ ❛♥❞ s♦ ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞
❛ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡ ❛s ❞❡✜♥❡❞ ❢♦r ❍✐❣❣s ❜✉♥❞❧❡s✱ s✐♥❝❡ t❤❡ ❝✉r✈❛t✉r❡ Fh ✈❛♥✐s❤❡s

Fh = (∂V + ∂V + θ + θ†)2 = (D′ +D′′)2 = D2 = 0.

❙♦ st❛rt✐♥❣ ✇✐t❤ ❛ ❤❛r♠♦♥✐❝ ✭❍✐❣❣s✮ ❜✉♥❞❧❡ ❢r♦♠ ✇❤✐❝❤ ✇❡ ❝♦♥str✉❝t❡❞ ❛ ✢❛t
❝♦♥♥❡❝t✐♦♥ D✱ ✇❡ ❝❛♥ ❣❡t ❜❛❝❦ t♦ t❤❡ s❛♠❡ ❍✐❣❣s ❜✉♥❞❧❡ ❜② t❤❡ s❝❤❡♠❡ ❛❜♦✈❡✱ ✐✳❡✳
t❤❡ t✇♦ ❞❡✜♥✐t✐♦♥s ♦❢ ❤❛r♠♦♥✐❝✐t② ❛r❡ ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡✳

❘❡♠❛r❦ ✶✳✷✳✺✳ ◆♦t❡ t❤❛t ∂V + ∂V + θ† − θ ✐s ❛♥♦t❤❡r ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥✱ s✐♥❝❡

h((∂V + ∂V + θ† − θ)ξ, η) + h(ξ, (∂V + ∂V + θ† − θ)η)

= dh(ξ, η) + h((θ† − θ)ξ, η) + h(ξ, (θ† − θ)η)

= dh(ξ, η) + h((θ† − θ)ξ, η)− h((θ† − θ)ξ, η)

= dh(ξ, η).

■♥ ♣❛rt✐❝✉❧❛r t❤✐s ❝♦♥♥❡❝t✐♦♥ r❡s♣❡❝ts t❤❡ ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ ∂V + θ† ❢r♦♠
r❡♠❛r❦ ✶✳✷✳✸✳

❲❡ ✇❛♥t t♦ ❛❞❞ t❤❡ ♠✐ss✐♥❣ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♦❢D2 = 0 ⇔ ∂E∂E+∂E∂E+θθ
†+θ†θ =

0✱ ✐✳❡✳ t♦ s❤♦✇ t❤❛t

▲❡♠♠❛ ✶✳✷✳✻✳ ∂Eθ + θ∂E = 0 ⇒ ∂Eθ
† + θ†E∂ = 0✳ ✶✵

Pr♦♦❢✳ ❙t❛rt ✇✐t❤ ❛ ❍✐❣❣s ❜✉♥❞❧❡ ✭♥♦t ♥❡❝❡ss❛r✐❧② ❤❛r♠♦♥✐❝✮✳ ◆♦t❡ t❤❛t ❢♦r δ′′ =
∂E − θ† ⇒ D′ + δ′′ = ∂E + θ + ∂E − θ† ✐s ♠❡tr✐❝ ❥✉st ❛s D′′ + δ′ ❢♦r δ′ = ∂E − θ✳
◆♦✇ ✇❡ ❛r❡ ✐♥ t❤❡ s❛♠❡ s✐t✉❛t✐♦♥ ❛s ✐♥ t❤❡ ✢❛t ❜✉♥❞❧❡ ❝❛s❡✳ ◆❡①t ♥♦t❡ t❤❛t
(D′)2 = (D′′)2 = (δ′)2 = (δ′′)2 = 0 ❜② ❞❡❣r❡❡ ❝♦♥s✐❞❡r❛t✐♦♥s✳ ❚❤❡♥

∂Eθ + θ∂E = (∂E + θ)2

=
1

4
(D′ + δ′ +D′′ − δ′′)

2

=
1

4
(D′D′′ +D′′D′ −D′δ′′ − δ′′D′

+D′′δ′ + δ′D′′ − δ′δ′′ − δ′′δ′)

= −1

4
(D′ − δ′ +D′′ + δ′′)

2

= −
(
θ† + ∂E

)2
,

✇❤❛t ♣r♦✈❡s t❤❡ ❝❧❛✐♠✳
✶✵❊✈❡♥ ⇔✳



✽ ⑤ ✶✳ ▼❛✐♥ ❊st✐♠❛t❡ ❢♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

❘❡♠❛r❦ ✶✳✷✳✼✳ ◆♦t❡ t❤❛t ✇❡ ❞✐❞♥✬t ✉s❡ ❤❛r♠♦♥✐❝✐t② ❤❡r❡✳ ❍♦✇❡✈❡r✱ ✐❢ D ✐s ✢❛t
t❤❡♥ D′D′′ +D′′D′ = 0✳ ❲❡ ❢✉rt❤❡r ❣❡t

h((δ′ + δ′′)2ξ, η)

= 2dh((δ′ + δ′′)ξ, η) + h((δ′ + δ′′)ξ, (D′ +D′′)η)

= 4d2h(ξ, η)− 2dh(ξ, (D′ +D′′)) + 2dh(ξ, (D′ +D′′)η)− h(ξ, (D′ +D′′)2η)

= 4d2h(ξ, η)− h(ξ, (D′ +D′′)2η)

= 0,

✐✳❡✳ δ′δ′′ + δ′′δ′ = (δ′ + δ′′)2 = 0 ❛♥❞ t❤❡ ❍✐❣❣s ✜❡❧❞ ♣r♦♣❡rt② ❜❡❝♦♠❡s ❡q✉✐✈❛❧❡♥t
t♦ D′′δ′ + δ′D′′ = D′δ′′ + δ′′D′✳

❚❤❡ ♠❛✐♥ t❤❡♦r❡♠ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s✱ s♦ ✇❡ ♠✉st ❝❧❛r✐❢② t❤❡ ♥♦t✐♦♥ ♦❢
❛ ♠♦r♣❤✐s♠✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳✽✳ ▲❡t (E, hE, DE, d
′′
E) ❜❡ ❛ ❤❛r♠♦♥✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ ✇✐t❤ ✢❛t

❝♦♥♥❡❝t✐♦♥ DE = ∂E+∂E+θE+θ
†
E✱ d

′′
E = ∂E+θ✳ ❆♥❛❧♦❣♦✉s ❞❡✜♥❡ (F, hF , DF , d

′′
F )✳

❆ ♠❛♣

ϕ : E → F

✐s ❛ ♠♦r♣❤✐s♠ ♦❢ ❤❛r♠♦♥✐❝ ✈❡❝t♦r ❜✉♥❞❧❡s✴❛ ❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥ ✐❢

✭✐✮ ϕ∗(DF ) = ϕDE✱

✭✐✐✮ ϕ∗(d′′F ) = ϕd′′E✱

✭✐✐✐✮ ‖ϕ‖E→F ≤ cϕ <∞ ✭❝❢✳ r❡♠❛r❦ ❆✳✹✳✷✮

❆♥❛❧♦❣♦✉s❧② ✐♥ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ s❤❡❛✈❡s✳

✶✳✷✳✷✳ ▼❡tr✐❝ ❛s ❛ ♠❛♣

❲❡ ♣r♦❝❡❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ♠❡tr✐❝s ❛s ♠❛♣s ✐♥t♦ t❤❡ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ♠❛tr✐❝❡s ✭s❡❡
❆✳✷✮✳
▲❡t D ❜❡ ❛s ❜❡❢♦r❡ ❛♥❞ D∂V +θ† = ∂V + ∂V + θ† − θ t❤❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ ♦❢ t❤❡
♣r❡✈✐♦✉s r❡♠❛r❦ ✶✳✷✳✺✳ ❚❤❡♥ D = D∂V +θ† + 2θ✳ ▲❡t (si) ❜❡ ❛ D−✢❛t ❢r❛♠❡✱ ✐✳❡✳
D(si) = 0✳✶✶ ▲❡t H ❜❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❡tr✐❝ h ✐♥ t❤✐s ❢r❛♠❡✳ ❚❤❡♥ ✇❡
❤❛✈❡ ❜② r❡♠❛r❦ ✶✳✷✳✺

dhij = dh(sj, si) = d(s∗iHsj)

= ((D− 2θ)si)
∗Hsj + s∗iH(D− 2θ)sj

✶✶❊①✐st❡♥❝❡ ❜② ❑♦❜❛②❛s❤✐ ❬❑♦❜✽✼❪✱ ♣✳ ✺✳



✶✳✷✳ ❍❛r♠♦♥✐❝✐t② ♦❢ ❱❡❝t♦r ❇✉♥❞❧❡s ⑤ ✾

= −2(θsi)
∗Hsj − 2s∗iHθsi

= −2

((
n∑

k=1

θkisk

)∗

Hsj + s∗iH

(
n∑

k=1

θkjsk

))

= −2
n∑

k=1

(
θkihkj + hikθkj

)

= −2(θ†H +Hθ)ij.

❛♥❞ t❤❡r❡❢♦r❡ dH = −2(θ†H +Hθ)✳ ❙✐♥❝❡ ❡✈❡r② ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ♠❛tr✐① ✐s ✐♥✈❡rt✲
✐❜❧❡✶✷ ❛♥❞ ❜② ❞❡❣r❡❡ ❝♦♥s✐❞❡r❛t✐♦♥s dH = 0 ⇔ θ = 0✳
◆♦✇ ✉s❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t 〈·, ·〉Hn,H ❢r♦♠ ❆✳✷✳✷✵✳ ❚❤❡♥ ✇❡ ❣❡t

‖dH‖2
Hn,H

= 〈dH, dH〉Hn,H = 4〈(θ†H +Hθ), (θ†H +Hθ)〉Hn,H

= 4tr(H−1(θ†zH)H−1θzH)(d z ∧ ∗d z) + 4tr(H−1(Hθz)H
−1θzH)(d z ∧ ∗d z)

+4tr(H−1(θ†zH)H−1Hθ†z)(d z ∧ ∗d z) + 4tr(H−1(Hθz)H
−1Hθ†z)(d z ∧ ∗d z)

= 4tr(H−1θ†zθzH)(−i d z ∧ d z) + 4tr(θzθ
†
z)i d z ∧ d z

= 4itr(2θzθ
†) d z ∧ d z

= 8i‖θ‖2F d z ∧ d z

= 16‖θ‖2F d x ∧ d y,

✇❤❡r❡ ✇❡ ✉s❡❞ d z ∧ d z = −2i d x ∧ d y✳
❚❤✉s ✇❡ ❤❛✈❡ t❤❡ ❡♥❡r❣② ♦❢ h ❛s

Eε̃(h) =

∫

Aε̃,1

‖dH‖2
Hn,H

2
= 4i

∫

Aε̃,1

〈θ, θ〉HS d z ∧ d z

= 4i

∫

Aε̃,1

‖θ‖2F d z ∧ d z✶✸

❲❡ ✇❛♥t t♦ s❤♦✇ t❤❛t h ✐s ❤❛r♠♦♥✐❝✱ ✐✳❡✳ ♠✐♥✐♠✐③❡s t❤❡ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧✳
❘❡❝❛❧❧ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✳ ❲❡ ❝♦♥str✉❝t❡❞ ✜rst ❛♥
♦♣❡r❛t♦r δ′ r❡s♣✳ δ′′ ✭❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ♠❡tr✐❝✮ ❛♥❞ ❞❡✜♥❡❞ θ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢
t❤❡s❡ ♦♣❡r❛t♦rs✳ ❲❡ ✇✐❧❧ r❡❞♦ t❤❡ ♣r♦❝❡ss ❢♦r ❛ ✈❛r✐❛t❡❞ ♠❡tr✐❝✳

◆♦✇ ❝♦♥s✐❞❡r ❛♥ ❛r❜✐tr❛r② ✈❛r✐❛t✐♦♥H+εHU, U ❛♥② ♠❛tr✐①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ ✇❤✐❝❤
✐s ❛t ❧❡❛st t✇✐❝❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥ B ❛♥❞ ✈❛♥✐s❤❡s ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ B∗✳ ◆♦t❡ t❤❛t

✶✷s✐♠✐❧❛r t♦ ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ ♣♦s✐t✐✈❡ ❞✐❛❣♦♥❛❧ ❡♥tr✐❡s✳
✶✸❚♦ ❡♥s✉r❡ ✐♥t❡❣r❛❜✐❧✐t② ✉s❡ Aε̃,1 = {z ∈ C|0 < ε1 ≤ |z| ≤ 1} ❝❧♦s❡❞ ❛♥❞ t❤❛t ✇❡ ❤❛✈❡ ♥♦

s✐♥❣✉❧❛r✐t✐❡s ♦✉ts✐❞❡ t❤❡ ♣✉♥❝t✉r❡s✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ✉s❡❞ t❤❛t t❤❡ ❜♦✉♥❞❛r② ∂B1 ⊂ X ✲ ♣♦ss✐❜❧❡
❛❢t❡r r❡s❝❛❧✐♥❣✳



✶✵ ⑤ ✶✳ ▼❛✐♥ ❊st✐♠❛t❡ ❢♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

s✐♥❝❡ det ✐s ♣♦❧②♥♦♠✐❛❧ ✭❛♥❞ t❤❡r❡✇✐t❤ t❤❡ ✐♥✈❡rt✐❜❧❡ ♠❛tr✐❝❡s ❛r❡ ❛♥ ♦♣❡♥ s✉❜s❡t
♦❢ Cn×n✮ H + εHU ✐s ✐♥✈❡rt✐❜❧❡ ❢♦r ε s♠❛❧❧ ❡♥♦✉❣❤✱ H ∈ ●❧n(C)✳ ▲❡t δ′′U ❞❡♥♦t❡
t❤❡ ♥❡✇ ❡①t❡♥s✐♦♥ ♦❢ D′ t♦ ❛ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ ❛♥❞ δ′′∆+O(ε2) = δ′′U − δ′′✳ ❲❡ ✇✐❧❧
s❤♦✇ t❤❛t δ′′∆ = εδ′′U ✳

∂(H + εHU) = (D′′)∗(H + εHU) + (H + εHU)δ′′U
⇒ ε∂(HU) = (H + εHU)(δ′′U − δ′′U)

= (H + εHU)(δ′′∆ +O(ε2)).

■♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ ∂HU ❝❤❛♥❣❡ t♦ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡✳ ■♥ ❆✳✹ ✇❡ s❡❡
t❤❛t ✇❡ ❣❡t ✐♥❞✉❝❡❞ ❝♦♥♥❡❝t✐♦♥s ♦♥ ❊♥❞(E) ❛♥❞ t❤❛t (Eij)kl = δikδjl ✐s D❊♥❞−✢❛t✳
❚❤❡ ♠❡tr✐❝ ✐s h❊♥❞(A,B) = tr(HAHB∗)✳ ❲❡ ❣❡t

∂h❊♥❞(U,Eij) = ∂tr(HUHEji)

= ∂

n∑

s,r,k,l=1

hsrUrkhklδljδsi

= ∂

n∑

r,k=1

hirUrkhkj

= ∂(HUH)ij.

❛♥❞ t❤❡r❡❢♦r❡

∂(HUH)ij = ∂h❊♥❞(U,Eij)

= h❊♥❞(δ
′′
❊♥❞U,Eij) + h❊♥❞(D

′′
❊♥❞U,Eij)

= h❊♥❞(δ
′′U − Uδ′′, Eij)

= tr(Hδ′′UHEji −HUδ′′HEji)

= ✶✹

n∑

s,r,k,l,m=1

hsrδ
′′
rkUklhlmδmjδsi − hsrUrkδ

′′
klhlmδmjδsi

=
n∑

r,k,l=1

hirδ
′′
rkUklhlj − hirUrkδ

′′
klhlj

= (Hδ′′UH)ij − (HUδ′′H)ij.

❙✐♥❝❡H ✐s ✐♥✈❡rt✐❜❧❡ ❛s ❛ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ❤❡r♠✐t✐❛♥ ♠❛tr✐① ❛♥❞ ∂ ❛♥❞ δ′′ ❝♦♥tr✐❜✉t❡
❡❛❝❤ ♦♥❡ ❞✐✛❡r❡♥t✐❛❧ ♦♥ ❡❛❝❤ s✐❞❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥✱ ✇❡ ❣❡t ∂(HU) = δ′′U − Uδ′′ =

✶✹δ′′ = ∂+C, δ′′rk = ∂+Crk✳ ❍❡r❡ ∂ ✐s t❤❡ ✉s✉❛❧ C−♦♣❡r❛t♦r✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✐♥❢♦r♠❛❧❧② ✇r✐tt❡♥
❛s ❞✐❛❣(∂, . . . , ∂)✳



✶✳✷✳ ❍❛r♠♦♥✐❝✐t② ♦❢ ❱❡❝t♦r ❇✉♥❞❧❡s ⑤ ✶✶

δ′′❊♥❞(U)✳
❚❤✉s ❢♦r δ′′∆ = εδ′′❊♥❞(U) +O(ε2)

ε∂(HU) = Hδ′′❊♥❞(U) = (H + εHU)(δ′′∆ +O(ε2))

⇒ 0 = HO(ε2) +Hε(δ′′∆ +O(ε2)),

❛♥❞ s✐♥❝❡ εHUδ′′∆ ✐s ♦❢ ♦r❞❡r 2 ✐♥ ε ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ t❡r♠ ✐♥ O(ε2) t♦ s❤♦rt❡♥
εHUδ′′∆ ♣r♦❞✉❝✐♥❣ ❛ ♣♦ss✐❜❧② ❤✐❣❤❡r ♦r❞❡r ❞❡✈✐❛t✐♦♥✱ ✐✳❡✳ ❛❧✇❛②s O(ε2)✳ ❚❤✉s
δ′′∆ +O(ε2) = δ′′U − δ′′✳
❆♥❛❧♦❣♦✉s δ′U − δ′ = δ′∆ +O(ε2) = εδ′❊♥❞(U) +O(ε2)✳

❘❡❝❛❧❧ θ = D′−δ′

2
, θ† = D′′−δ′′

2
⇒ θU =

D′−δ′U
2

=
D′−δ′−δ′∆−O(ε2)

2
= θ − ε

2
δ′U + O(ε2)

❛♥❞ θ†U = θ† − ε
2
δ′U +O(ε2)✳ ❚❤❡♥ ♣r♦❝❡❡❞ ❛s ✐♥ t❤❡ ✉♥♣❡rt✉r❜❡❞ ❝❛s❡ t♦ ❣❡t✶✺

Eε̃(H + εU)

= 4

(
∫

Aε̃,1

〈θ†, θ†〉+ 〈θ, θ〉 − 2〈θ†, εδ
′(U)

2
〉 − 2〈θ, εδ

′′(U)

2
〉+O(ε2)

)

= 4

(
∫

Aε̃,1

〈θ†, θ†〉+ 〈θ, θ〉 − ε〈θ†, δ′(U)〉 − ε〈θ, δ′′(U)〉+O(ε2)

)

.✶✻

❙✐♥❝❡ t❤❡ ✐♥t❡❣r❛♥❞ ✐s ε−❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✐s ✐♥t❡❣r❛❜❧❡ ♦♥ Aε̃,1 ✇❡
♠❛② ✐♥t❡r❝❤❛♥❣❡ t❤❡ ε−❞✐✛❡r❡♥t✐❛t✐♦♥ ❛♥❞ ✐♥t❡❣r❛t✐♦♥

∂

∂ε
Eε̃(H + εU) = −4

(
∫

Aε̃,1

〈θ†, δ′❊♥❞(U)〉 − 〈θ, δ′′❊♥❞(U)〉+O(ε)

)

⇒ ∂

∂ε
Eε̃(H + εU)

∣
∣
∣
∣
ε=0

= −4

(
∫

Aε̃,1

〈θ†, δ′❊♥❞(U)〉 − 〈θ, δ′′❊♥❞(U)〉
)

.

❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ✐✛ t❤❡ ✐♥t❡❣r❛❧ ❞♦❡s ✈❛♥✐s❤ ❢♦r ❛❧❧ U ✱ ✐✳❡✳ ✐❢ t❤❡
✐♥t❡❣r❛♥❞ ✈❛♥✐s❤❡s✳
◆♦✇ ✇❡ ✉s❡ ❍♦❞❣❡ t❤❡♦r② ✭❝❢✳ ❆✳✶✳✸✹✮ t♦ ❛♣♣❧② t❤❡ ∗−❛❞❥♦✐♥t✿✶✼

〈θ†, δ′′❊♥❞(U)〉+ 〈θ, δ′❊♥❞(U)〉 = 〈(δ′′)∗❊♥❞θ†, U〉+ 〈(δ′)∗❊♥❞(θ), U〉
= 〈(δ′′)∗❊♥❞θ† + (δ′)∗❊♥❞θ, U〉.

◆♦t❡ t❤❛t δ′′❊♥❞(U) = δ′′U − Uδ′′ ♦♥ ❛ 0−❢♦r♠ U ❛♥❞ δ′′❊♥❞(θ) = δ′′θ − θδ′′ ♦♥ t❤❡
1−❢♦r♠s θ✳

✶✺❚❤❡ ✐♥♥❡r ♣r♦❞✉❝t✱ ✐✳❡✳ t❤❡ tr❛❝❡ ✐s ❞❡✜♥❡❞ s✐♥❝❡ ❛s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ❢♦r ε s♠❛❧❧ ❡♥♦✉❣❤
H + εHU ✐♥✈❡rt✐❜❧❡✳

✶✻❆❣❛✐♥ ✐♥t❡❣r❛❜✐❧✐t② ❜② ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ U, θ, δ ♦✉ts✐❞❡ t❤❡ ♣✉♥❝t✉r❡s✳
✶✼◆♦t❡ t❤❛t t❤❡ r❡q✉✐r❡♠❡♥t U |∂Aε̃,1

= 0 ✐s s❛t✐s✜❡❞✳



✶✷ ⑤ ✶✳ ▼❛✐♥ ❊st✐♠❛t❡ ❢♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

■♥ ♦r❞❡r t♦ s❤♦✇ (δ′′)∗θ† + (δ′)∗θ ✇❡ ❛♣♣❧② t❤❡ ❑ä❤❧❡r ✐❞❡♥t✐t✐❡s ❢r♦♠ ❆✳✶✳✸✻ ❛♥❞
r❡❝❡✐✈❡ −iΛ((D′θ†+θ†D′)+iΛ(D′′θ+θD′′)✳ ❘❡❝❛❧❧ t❤❛t D′ = ∂V +θ,D

′′ = ∂V +θ
†✳

❚❤❡r❡❢♦r❡

iΛD′
❊♥❞θ

† − iΛD′′
❊♥❞θ

= iΛ
(
∂V θ

† + θθ† + θ†θ + θ†∂V − ∂V θ − θ†θ − θθ† − θ∂V
)

= iΛ
(
(∂V )❊♥❞θ

† − (∂V )❊♥❞θ
)
.

❙✐♥❝❡ ✇❡ s❛✇ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥ t❤❛t (∂V )❊♥❞θ† = 0 ✐❢ (∂V )❊♥❞θ = 0✱ t❤❡
♠❛♣ h ✐s ❤❛r♠♦♥✐❝ ✐❢ (∂V )❊♥❞ = 0✱ ✐✳❡✳ ✐❢ t❤❡ ✢❛t ❜✉♥❞❧❡ ✐s ❤❛r♠♦♥✐❝ ♦♥ Aε̃,1 ❢♦r ❛❧❧
ε̃ > 0✳

✶✳✸✳ ❚❛♠❡♥❡ss

■♥ t❤✐s s❤♦rt s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❣✐✈❡♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❛♠❡♥❡ss ❛s ✇❡❧❧ ❛s s♦♠❡ ❜❛s✐❝
♣r♦♣❡rt✐❡s ♦❢ ♠✉❧t✐✈❛❧✉❡❞ ❡✐❣❡♥✈❛❧✉❡s✳

❉❡✜♥✐t✐♦♥ ✶✳✸✳✶✳ ▲❡t E
π→ X ❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡✳ s : U →

P(E), U ⊂ X✶✽ ✐s ❛ ♠✉❧t✐✈❛❧✉❡❞ s❡❝t✐♦♥ ✐✛ ∃s̃ : X̃ → E ❤♦❧♦♠♦r♣❤✐❝ s✳t✳ s(z) =
s̃ ◦ π̃−1({z}) ❛♥❞ πs̃π̃−1({z}) = {z} ❢♦r ❛❧❧ z ∈ U ✳✶✾

◆♦t❡ t❤❛t ♦♥ ❛ ✭s♠❛❧❧ ❡♥♦✉❣❤✮ ♦♣❡♥ s❡t U ⊂ X✱ π̃−1 ❞❡❝♦♠♣♦s❡s ✐♥t♦ ❛ ❞✐s❥♦✐♥t
✉♥✐♦♥ ♦❢ s❡ts Uj✱ ❡❛❝❤ ❞✐✛❡♦♠♦r♣❤✐❝ t♦ U ✳ ❙♦ ✇❡ ❝❛♥ ✐❞❡♥t✐❢② ✭✈✐❛ Uj ≃ U✮ s̃ ✇✐t❤
❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ s❡❝t✐♦♥s sj ♦♥ U ✳ ❉❡✜♥❡ θ(s̃) ❛s t❤❡ ✉♥✐q✉❡ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥
♦♥ X̃ ✇❤✐❝❤ ✐s ✐❞❡♥t✐✜❡❞ ✇✐t❤ θ(sj) ❢♦r ❛❧❧ j✳✷✵

❘❡♠❛r❦ ✶✳✸✳✷✳ ■♥ ❧✐t❡r❛t✉r❡ ✭❛♥❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✮ ♦♥❡ ✉s✉❛❧❧② ✇r✐t❡s s ❛s ❛ ♠❛♣
s : U → E✳

❉❡✜♥✐t✐♦♥ ✶✳✸✳✸✳ ❆♥ ❡✐❣❡♥✈❛❧✉❡ ♦❢ θ ✐s ❛ ♣♦ss✐❜❧② ♠✉❧t✐✈❛❧✉❡❞ ❤♦❧♦♠♦r♣❤✐❝ ♦♥❡✲
❢♦r♠ λ s✉❝❤ t❤❛t

θs = s⊗ λ,

❢♦r ❛ ♠✉❧t✐✈❛❧✉❡❞ s❡❝t✐♦♥ s✳
▲♦❝❛❧❧② ✇❡ ❝❛♥ ✇r✐t❡ λ d z ❛♥❞ t❤❡♥ λ ✐s ❛ ♠✉❧t✐✈❛❧✉❡❞ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥✳

❘❡♠❛r❦ ✶✳✸✳✹✳ ▲♦❝❛❧❧② ✭♦♥ ❛ s♠❛❧❧ ❡♥♦✉❣❤ ❝♦♥tr❛❝t✐❜❧❡ s❡t U✮ θ ❝❛♥ ❜❡ ✇r✐tt❡♥
❛s ❛ ♠❛tr✐① Θ d z ✇✳r✳t✳ t❤❡ ❧♦❝❛❧ ❢r❛♠❡ ✜❡❧❞ si ❛♥❞ ❛ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡ z✳ ❚❤❡♥ λ
✭✐♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡ λ d z✮ ✐s ❛ s♦❧✉t✐♦♥ ♦❢

det(Θ(x)− λ(x)E) = 0.

✶✽P(E) =
⋃

x∈X P(Ex), Ex = π−1({x}),P(Ex) ♣♦✇❡r s❡t ♦❢ Ex✳
✶✾X̃ t❤❡ ✉♥✐✈❡rs❛❧ ❝♦✈❡r ♦❢ X ❛♥❞ π̃ : X̃ → X t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦❥❡❝t✐♦♥✳
✷✵❆s θ ✐s ❛ s❤❡❛❢ ♠♦r♣❤✐s♠✱ t❤❡ θ(sj) ✭❛s ❢✉♥❝t✐♦♥s ♦♥ Uj✮ ❣❧✉❡ t♦❣❡t❤❡r✳



✶✳✹✳ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❍✐❣❣s ❋✐❡❧❞ ⑤ ✶✸

❙✐♥❝❡ C ✐s ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞ t❤❡r❡ ❛r❡ n ✭♥♦t ♥❡❝❡ss❛r✐❧② ❞✐s❥♦✐♥t✮ s♦❧✉t✐♦♥s ♦♥
❡✈❡r② ✜❜❡r✳ ❇✉t t❤❡ ❡♥tr✐❡s ♦❢ Θ ❛r❡ ❤♦❧♦♠♦r♣❤✐❝ ❛♥❞ s♦ ✐s det ❛s ❛ ♣♦❧②♥♦♠✐❛❧✱ ✐✳❡✳
❧♦❝❛❧❧② t❤❡ s♦❧✉t✐♦♥s λi ❛r❡ ♠❡r♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s ♦❢ ♦r❞❡r ❛t ❧❡❛st 1

n
❛t t❤❡ s✐♥✲

❣✉❧❛r✐t②✳✷✶ ◆♦✇ ✐❢ ♥❡❝❡ss❛r② ♠✐♥✐♠✐③❡ U s✉❝❤ t❤❛t t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ s✐♥❣✉❧❛r✐t②
si✳✷✷ ❚❤❡♥ t❤❡ λi ❛r❡ ❤♦❧♦♠♦r♣❤✐❝ ♦♥ U \{s} ✭r❡s♣✳ U ✐❢ t❤❡r❡ ✐s ♥♦ s✐♥❣✉❧❛r✐t②✮ ❛♥❞
t❤❡② ❛r❡ ❡✐❣❡♥✈❛❧✉❡s✳ ❚❤❡② ❝❛♥ ❜❡ ♠✉❧t✐✈❛❧✉❡❞ ❜✉t t❤❡r❡ ❛r❡ ❛t ♠♦st n ❜r❛♥❝❤❡s
s✐♥❝❡ det(Θ(x)− λ(x)E) = 0 ❤❛s ❛t ♠♦st n s♦❧✉t✐♦♥s ♦♥ ❡❛❝❤ ✜❜❡r✳
◆♦t❡ t❤❛t ❛r♦✉♥❞ ❛ ♣✉♥❝t✉r❡ si ∈ X \X t❤❡r❡ ❛r❡ st✐❧❧ ❡✐❣❡♥✈❛❧✉❡s✱ ❜✉t t❤❡✐r ♦r❞❡r
❛t t❤❡ ♣✉♥❝t✉r❡ ✭❝♦♥s✐❞❡r❡❞ ❛s ❛ ♠❡r♦♠♦r♣❤✐❝ ❡①t❡♥s✐♦♥✮ ✐s ♥♦ ❧♦♥❣❡r ❜♦✉♥❞❡❞ ❜②
1
n
s✐♥❝❡ θ r❡s♣✳ s❡❝t✐♦♥s ❝❛♥ ✐♥ ❣❡♥❡r❛❧ ♥♦t ❜❡ ❡①t❡♥❞❡❞ ❤♦❧♦♠♦r♣❤✐❝❛❧❧② ♦✈❡r t❤❡

♣✉♥❝t✉r❡✳
❆s ✉s✉❛❧ ✐❢ t✇♦ ❡✐❣❡♥✈❛❧✉❡s r❡s♣✳ s❡❝t✐♦♥s ♦♥ ❞✐✛❡r❡♥t ♦♣❡♥ s❡ts ❝♦✐♥❝✐❞❡ ♦♥ ❛ ❝♦♥✲
♥❡❝t❡❞ ♦♣❡♥ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ s❡ts✱ t❤❡♥ t❤❡② ❡①t❡♥❞ ❡❛❝❤ ♦t❤❡r ❤♦❧♦♠♦r♣❤✐❝❛❧❧②✳

❉❡✜♥✐t✐♦♥ ✶✳✸✳✺✳ ❆ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡ ✐s t❛♠❡ ✐❢ ❢♦r ❛❧❧ ❡✐❣❡♥✈❛❧✉❡s λi ♦❢ θ ❛♥❞
❛❧❧ ♣✉♥❝t✉r❡s sj✿

|λi| ≤ C/|zj|,

❢♦r ❛ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡ zj ♦❢ ❛ s♠❛❧❧ ❡♥♦✉❣❤ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ sj✱ ✇❤❡r❡ C ✐s ❛♥②
❝♦♥st❛♥t ❛♥❞ zj(sj) = 0✳
❚❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ✭✇✳r✳t✳ s♦♠❡ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡ z✮ ♦❢ ❛ ❧♦❝❛❧ ♦♥❡✲❢♦r♠ λi = µi d z
✐s ❞❡✜♥❡❞ ❛s |λi| := |µi|✳

✶✳✹✳ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❍✐❣❣s ❋✐❡❧❞

■♥ t❤❡ ✜rst s✉❜s❡❝t✐♦♥ ✇❡ ✇✐❧❧ s❡❡ ❤♦✇ ✇❡ ♠❛② ✉s❡ ✜♥✐t❡ ❜r❛♥❝❤❡❞ ❝♦✈❡rs t♦
❝♦♥str✉❝t ❛♥ ♦♣❡r❛t♦r ψ s✉❝❤ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ θ ❛♥❞ ψ ❤❛✈❡ t❤❡ s❛♠❡
r❡s✐❞✉❡✳ ❚❤❡♥ ✉s✐♥❣ ❙❝❤✉r ❞❡❝♦♠♣♦s✐t✐♦♥ ✇❡ ✇✐❧❧ ❣❡t t❤❡ ✉♣♣❡r tr✐❛♥❣✉❧❛r ♠❛✲
tr✐❝❡s θ = σ + τ ✱ ψ = α + q✱ ✇❤✐❝❤ ✇❡ ♠❛② ❢✉rt❤❡r ❞❡❝♦♠♣♦s❡ ✐♥t♦ ❜❧♦❝❦ ✉♣♣❡r
tr✐❛♥❣✉❧❛r ❛♥❞ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ ♣❛rts✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s s❡❝t✐♦♥ ✇✐❧❧ ♣r♦✈✐❞❡
✉s ✇✐t❤ s♦♠❡ ❜❛s✐❝ ❡st✐♠❛t❡s ♦❢ t❤❡s❡ ♦♣❡r❛t♦rs✳
❋♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♠❛✐♥ ❡st✐♠❛t❡ ✇❡ ✇✐❧❧ ❛♣♣❧② t❤❡ ❢❛❝t t❤❛t ❝✉r✈❛t✉r❡ ❞❡❝r❡❛s❡s
✐♥ s✉❜❜✉♥❞❧❡s t♦ ❛ s❡❝t✐♦♥ ♦❢ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡✱ ♥❛♠❡❧② θ✳ ■t ✇✐❧❧ ❧❡❛❞ ✉s
t♦ ❛ ✜rst ✐♥❡q✉❛❧✐t②✱ ✇✐❞❡❧② ✉s❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ s❡❝t✐♦♥s ♦♥ t❤❡ ❛❝t✉❛❧ ♠❛✐♥
❡st✐♠❛t❡✳
❋✉rt❤❡r ✇❡ ✇✐❧❧ ❛❞❞ t✇♦ ❡①❛♠♣❧❡s t❤❛t ♠✐❣❤t ❤❡❧♣ t♦ ✐❧❧✉str❛t❡ t❤❡ ❝♦♥❝❡♣t ♦❢ ❛
❍✐❣❣s ❜✉♥❞❧❡✳ ❚❤❡② ✇✐❧❧ ♣r♦✈❡ ✐♠♣♦rt❛♥t ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡rs✳

✷✶❝❢✳ t❤❡ ▼❛✐♥ ❊st✐♠❛t❡ ❜❡❧♦✇✳
✷✷P♦ss✐❜❧❡ s✐♥❝❡ t❤❡ s✉❜s❡t ♦❢ s✐♥❣✉❧❛r✐t✐❡s ❤❛s ♥♦ ❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t ❢♦r ❛ ♠❡r♦♠♦r♣❤✐❝ ❢✉♥❝✲

t✐♦♥✳



✶✹ ⑤ ✶✳ ▼❛✐♥ ❊st✐♠❛t❡ ❢♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

P❧❡❛s❡ ♥♦t❡ t❤❛t ❢r♦♠ ♥♦✇ ♦♥ ✇❡ ✇✐❧❧ ✉s✉❛❧❧② ✇♦r❦ ♦♥ ❛ ♣✉♥❝t✉r❡❞ ❞✐s❝✳ ❙✐♥❝❡ ❛❧❧
♦✉r ♣✉♥❝t✉r❡s ❛r❡ ✐s♦❧❛t❡❞ t❤✐s ✐s ❝❡rt❛✐♥❧② ❥✉st✐✜❡❞✳

✶✳✹✳✶✳ ❊✐❣❡♥✈❛❧✉❡s✱ ❊✐❣❡♥s♣❛❝❡s ❛♥❞ ❋✐♥✐t❡ ❜r❛♥❝❤❡❞ ❈♦✈❡rs

❆s ❛ ♠♦❞❡❧ t♦ ❞❡s❝r✐❜❡ t❤❡ ❜❡❤❛✈✐♦✉r ❛r♦✉♥❞ ❛ ♣✉♥❝t✉r❡ ✇❡ ❝❤♦♦s❡ t❤❡ ✉♥✐t ❞✐s❝
B∗ = B\{0}, B := {z ∈ C||z| ≤ 1} ✇✐t❤ t❤❡ ❡✉❝❧✐❞❡❛♥ ♠❡tr✐❝ |z d z|2 = zz d z∧d z❀
z t❤❡ st❛♥❞❛r❞ ❝♦♦r❞✐♥❛t❡✳ ❚❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ♣✉♥❝t✉r❡ ✐s s♦♠❡t✐♠❡s ❞❡♥♦t❡❞
r = |z|✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❛r❡ ♥♦ ❢✉rt❤❡r ♣✉♥❝t✉r❡s ♦♥ t❤❡ ❜♦✉♥❞❛r② r = 1❀ ✐❢
♥❡❝❡ss❛r② ✇❡ r❡s❝❛❧❡✳
❋✉rt❤❡r ❝❤♦♦s❡ ❛ ❢r❛♠❡ (si)1≤i≤n ❢♦r ♦✉r ❜✉♥❞❧❡ E ♦♥ B∗ ❛♥❞ ❞❡♥♦t❡ Θ t❤❡ ♠❛✲
tr✐① r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ θ ✇✳r✳t✳ t❤✐s ❢r❛♠❡✳ ■❢ ✇❡ ❛♣♣❧② Θ(x) t♦ ❛ ✈❡❝t♦r ex =
∑n

i=1 αisi(x) ✐♥ Ex t❤✐s ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ Θ(s), s =
∑n

i=1 αisi
❛t x✳
❋♦r ❛ t❛♠❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡ (E, θ, ∂E, h) t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ θ ❛r❡ ❜♦✉♥❞❡❞ ❜② ❞❡✜✲
♥✐t✐♦♥✿ |λi| ≤ C/r✳ ❚❤❡② ❛r❡ ❤♦❧♦♠♦r♣❤✐❝ ♦♥ B∗ r❡s♣✳ ♦♥ s♦♠❡ s♠❛❧❧❡r ♣✉♥❝t✉r❡❞
❞✐s❝ ❛r♦✉♥❞ t❤❡ ♣✉♥❝t✉r❡ 0✳ ■❢ ♥❡❝❡ss❛r② ✇❡ r❡s❝❛❧❡ t❤❡ ✇❤♦❧❡ ♣r♦❝❡ss t♦ ✉s❡ B∗✳

▲❡♠♠❛ ✶✳✹✳✶✳ ∃ε > 0 s✉❝❤ t❤❛t ∃C > 0 ❛♥❞ ∀λj ❡✐❣❡♥✈❛❧✉❡ ∃ai ∈ C

∣
∣
∣
∣
λij − ai

d z

z

∣
∣
∣
∣
≤ C

|z|1−ε
, ai ∈ C ♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t✳ ✭✶✳✹✳✶✳✶✮

❚❤✐s ❤♦❧❞s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❜r❛♥❝❤ ♦❢ λj✱ ✐✳❡✳ ❢♦r ❛❧❧ ✈❛❧✉❡s✳ ■♥ ♣❛rt✐❝✉❧❛r ε ❝❛♥
❜❡ ❝❤♦s❡♥ ❣r❡❛t❡r ♦r ❡q✉❛❧ 1/n✳

■♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❝❧❛✐♠ ✇❡ ♥❡❡❞ t♦ ✜♥❞ ❛ s✉✐t❛❜❧❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♠✉❧✲
t✐✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s✳ ❖♥❡ ✇❛② t♦ ❧♦♦❦ ❛t ♠✉❧t✐✈❛❧✉❡❞ ❡✐❣❡♥✈❛❧✉❡s ✐s t♦ ✉s❡ ❛
❜r❛♥❝❤❡❞ ❝♦✈❡r✳ ❚❤❡ ♦♣❡♥ ♣✉♥❝t✉r❡❞ ✉♥✐t ❞✐s❝ B∗ ✐s ❝♦✈❡r❡❞ ❜② ✐ts❡❧❢ ✈✐❛ t❤❡ ♠❛♣
πB∗ : B∗ → B∗, z 7→ zk ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k✳ ❚❤❡ ♠❛♣ ✐s ♦❜✈✐♦✉s❧② s✉r❥❡❝t✐✈❡
❛♥❞ ♣r♦♣❡r✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ ♦♥ B ❛ ✜♥✐t❡ ❜r❛♥❝❤❡❞ ❝♦✈❡r πB : B → B, z 7→ zN ✳ ❚♦
❝❧❛r✐❢② ♥♦t❛t✐♦♥ ✇r✐t❡ πD : B → B = D, z 7→ zN ✳ θ ❡①t❡♥❞s t♦ ❛♥ ❡♥❞♦♠♦r♣❤✐s♠
θD∗ ♦♥ D ❜② θD∗πD = θ✳ ❉❡♥♦t❡ ❜② u t❤❡ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡ ♦❢ D ✇✐t❤ z = uN ✳
❚❤❡ ❡✐❣❡♥✈❛❧✉❡ ❡q✉❛t✐♦♥ det(Θ−λE) = 0 ✇r✐tt❡♥ ❛s

∑n
i=0 pi(z)λ

i(z) = 0 ❜❡❝♦♠❡s
∑n

i=0 pi(u
N)λi(uN) =

∑n
i=0 pD∗,i(u)λ

i
D∗(u) ✇❤❡r❡ ✇❡ ✉s❡❞ t❤❛t t❤❡ pi ❛r❡ s✉♠s ♦❢

♣r♦❞✉❝ts ♦❢ ❡♥tr✐❡s ♦❢ Θ ❛♥❞ t❤❡r❡❢♦r❡ tr❛♥s❢♦r♠ ❛s θD∗πD = θ✳ ❍❛✈✐♥❣ ❛ s♦❧✉t✐♦♥
λ ♦♥ B∗

− = B∗ \ (B∗∩R−)
✷✸ t❤❡r❡ ✐s ❛ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥ λD∗ ♦♥ ❛ ❝♦♠♣♦♥❡♥t

B0 ⊂ πD(B
∗
−)✳

✷✹ ❲❡ ❝❛♥ ❡①t❡♥❞ λD∗ t♦ t❤❡ ♥❡①t ❝♦♠♣♦♥❡♥t ♦❢ B1 ⊂ πD(B
∗
−) ❛❧♦♥❣

s♦♠❡ ♣❛t❤ ✐♥ D✳ ❆❢t❡r ❛t ♠♦st n s✉❝❤ ❡①t❡♥s✐♦♥ ✇❡ ✜♥❞ ❛ ❝♦♠♣♦♥❡♥t Bl s✉❝❤ t❤❛t
λD∗πD|B0 = λD∗πD|Bl = λ✱ 0 ≤ l ≤ n✳ ❙♦ ✐❢ ✇❡ ❝❤♦♦s❡ N t♦ ❜❡ n! ✇❡ ❣❡t ❢♦r ❡❛❝❤

✷✸❘❡s♣❡❝t✐✈❡❧② ❛♥② ♦t❤❡r ❜r❛♥❝❤ ❝✉t✳
✷✹❈❤♦♦s✐♥❣ ❛ ❝♦♠♣♦♥❡♥t ❝♦rr❡s♣♦♥❞s t♦ ❝❤♦♦s✐♥❣ ❛ ❜r❛♥❝❤ ♦❢ t❤❡ Nt❤ r♦♦t✳



✶✳✹✳ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❍✐❣❣s ❋✐❡❧❞ ⑤ ✶✺

❋✐❣✉r❡ ✶✳✶✿ ❆ ♠✉❧t✐✈❛❧✉❡❞ s❡❝t✐♦♥ ✲ ♣♦ss✐❜❧② ❛♥ ❡✐❣❡♥s❡❝t✐♦♥ ♦❢ θ✳ ■t ❝❛♥ ❜❡ ❝❧♦s❡❞
❜② ❣❧✉✐♥❣ ❛❧♦♥❣ t❤❡ ❛rr♦✇s✳



✶✻ ⑤ ✶✳ ▼❛✐♥ ❊st✐♠❛t❡ ❢♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

s♦❧✉t✐♦♥ λ ♦♥ B∗ ❛ ♠❡r♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ λD∗ ♦♥ D s✉❝❤ t❤❛t λD∗πD = λ✳
❖✈❡r D∗ ✇❡ ❤❛✈❡ t❤❡ ♣✉❧❧❜❛❝❦ ❜✉♥❞❧❡ ED∗ = π∗

DE = {(x, e) ∈ D∗ × E|πD(x) =
π(e)} ⊂ D × E✳✷✺

♣r♦♦❢ ♦❢ ✶✳✹✳✶✳ ◆♦t❡ t❤❛t ❢♦r t❤❡ ▲❛✉r❡♥t s❡r✐❡s ❡①♣❛♥s✐♦♥ λD∗ =
∑∞

k=−m qku
k✱

❢♦r t❛♠❡ ❜✉♥❞❧❡s ✇✐t❤ m = N ✱ ✇❡ ❤❛✈❡ qk = 0✱ ❢♦r ❛❧❧ −N < k < N
n
✳ ❚❤✐s ✐s

❜❡❝❛✉s❡ λD∗πD s❤❛❧❧ ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ ❛ ❞❡❣r❡❡ n ❛❧❣❡❜r❛✐❝ ❡q✉❛t✐♦♥ ✇✐t❤ ❤♦❧♦♠♦r✲
♣❤✐❝ ❝♦❡✣❝✐❡♥ts✷✻✱ ✐✳❡✳ t❤❡ nt❤✲♣♦✇❡r ♦❢ λD∗πD ❤❛s t♦ ❜❡ ❛♥ ✐♥t❡❣❡r✱ ✐♥ ♣❛rt✐❝✉❧❛r
nk ≥ −N ⇒ k ≥ −N

n
✳ ❖❢ ❝♦✉rs❡ t❤✐s ❡①t❡♥❞s t♦ qk = 0 ∀ − 1 ≤ l∀k ✇✐t❤

lN < k < l+ N
n
✳ ❙t✐❧❧ t❤❡r❡ ❝♦✉❧❞ ❜❡ ❛ ❢✉♥❝t✐♦♥ ✇✐t❤ k ❜r❛♥❝❤❡s gcd(k, n) < k✱ ✐✳❡✳

❛ s♦❧✉t✐♦♥ ✇❤✐❝❤ ❤❛s ♥♦ s✐♥❣❧❡✲✈❛❧✉❡❞ ❤♦❧♦♠♦r♣❤✐❝ ❝♦✉♥t❡r♣❛rt ✐♥ D ❢♦r N = n✳
❚♦ s❡❡ t❤✐s ❝♦♥s✐❞❡r t❤❡ ❛❧❣❡❜r❛✐❝ ❡q✉❛t✐♦♥ xλ+ λ3 = 0 ✇✐t❤ s♦❧✉t✐♦♥s λ1 = 0 ❛♥❞
λ2/3 = ±√

x ✭❡❛❝❤ ✷ ❜r❛♥❝❤❡s✮ ❛♥❞ gcd(2, 3) = 1 < 2✳ ❍♦✇❡✈❡r✱ ❢♦r ♦✉r ♣✉r♣♦s❡
N = n! ✐s s✉✣❝✐❡♥t✳
❲❡ ❝❛♥ ✇r✐t❡ λD∗ =

∑∞
k=−m qku

k ❛s ▲❛✉r❡♥t s❡r✐❡s ❛♥❞ ❣❡t λ =
∑∞

k=−m qk exp(
k ln(z)+2πlk

N
)✱ ✇✐t❤ exp(k ln(z)+2πlk

N
) t❤❡ lt❤ ❜r❛♥❝❤ ♦❢ λ ❢♦r 1 ≤ l ≤ n

✭♦r ❧❡ss t❤❛♥ n ✐♥ t❤❡ ❝❛s❡ ♦❢ ❧❡ss ❜r❛♥❝❤❡s✮✳✷✼ ❚❤✐s s❤♦✇s ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t
z−1 = u−N = exp(−ln(z) + 2πl) = exp(−ln(z)) ✐♥❞❡♣❡♥❞❡♥t ♦❢ l✱ ❛♥❞ t❤❡r❡❢♦r❡ ai
✭❤❡r❡ q−N✮ ❝♦♥st❛♥t ♦♥ ❛❧❧ ❜r❛♥❝❤❡s ♦❢ ❛ ♠✉❧t✐✈❛❧✉❡❞ s♦❧✉t✐♦♥✳

❇② t❤❡ ❧❡♠♠❛ ✇❡ ♠❛② ✉♥✐q✉❡❧② ❞❡✜♥❡ ❛ ❢✉♥❝t✐♦♥ m : {1, . . . , n} → {1, . . . , k̃}, 0 ≤
k̃ ≤ n ❢♦r ✇❤✐❝❤

∣
∣
∣
∣
λj − am(j)

d z

z

∣
∣
∣
∣
≤ C

|z|1−ε
.

m ❜❡❝♦♠❡s ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣ ❛❢t❡r r❡♦r❞❡r✐♥❣ t❤❡ λj✳

❘❡♠❛r❦ ✶✳✹✳✷✳ ■❢ ✐♥ ❧❡♠♠❛ ✶✳✹✳✶ ❛❧r❡❛❞② |λj| ≤ C
|z|1−ε t❤❡♥ am(j) = 0✳

▲❡t

Eai := s♣❛♥{v|(Θ− λjE)
kv = 0 ❢♦r s♦♠❡ k ∈ N ❛♥❞ m(j) = ai}

t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥s♣❛❝❡s ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ ai✳ ❇② t❤❡ ♠❡r♦♠♦r✲
♣❤② ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ✇❡ ❦♥♦✇ t❤❛t ❞✐st✐♥❝t ❡✐❣❡♥✈❛❧✉❡s ❞♦♥✬t ❝♦✐♥❝✐❞❡ ♦♥ ❛ ❞❡♥s❡

✷✺❚❤✐s ✐s ❛ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ ♦♥ D ✇✐t❤ ♣r♦❥❡❝t✐♦♥ πED∗ [x, e] = x ❛♥❞ ❡q✉✐♣♣❡❞
✇✐t❤ t❤❡ s✉❜s♣❛❝❡ t♦♣♦❧♦❣②✳ ▲♦❝❛❧ tr✐✈✐❛❧✐③❛t✐♦♥s ❛♥❞ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥s (Ui, ϕUi

, gij) ❜❡❝♦♠❡
(π−1

D (Ui), ✐❞D∗×♣r2(ϕUi
◦♣r2), π∗

Dgij = gij◦π∗
D)✳ ❋✉rt❤❡r♠♦r❡ ❛♥② s❡❝t✐♦♥ s ∈ Γ(B∗, E) ✐♥❞✉❝❡s ❛

s❡❝t✐♦♥ π∗
Ds ∈ Γ(D∗, E) ❜② π∗

Ds(x) := (x, s◦πD(x)) ❛♥❞ ❛ ♠❡tr✐❝ h ❜❡❝♦♠❡s hD∗((x, e), (x, f)) :=
h(e, f)❀ dimED∗ = dimE✳ ❙❡❡ ❢♦r ❡①❛♠♣❧❡ ▼✉♥t❡❛♥✉ ❬▼✉♥✵✹❪✱ ♣✳ ✷✷✛✳

✷✻❤♦❧♦♠♦r♣❤✐❝ ♦♥ t❤❡ ♣✉♥❝t✉r❡❞ ❞✐s❝✱ ♠❡r♦♠♦r♣❤✐❝ ♦♥ t❤❡ ✇❤♦❧❡ ❞✐s❝✳
✷✼j + 1 ≤ l ≤ n ❢♦r j 6= 0 mod n ✇✐❧❧ ❧❡❛❞ t♦ ❛♥♦t❤❡r ❡✐❣❡♥✈❛❧✉❡✳ ❋♦r l > n ❜r❛♥❝❤❡s ✇✐❧❧

r❡♣❡❛t✳



✶✳✹✳ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❍✐❣❣s ❋✐❡❧❞ ⑤ ✶✼

s✉❜s❡t ♦❢ ❛♥ ♦♣❡♥ ❝♦♥♥❡❝t❡❞ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ 0 ❜② t❤❡ ✐❞❡♥t✐t② t❤❡♦r❡♠✳ ❍❡♥❝❡
✇❡ ♠❛② ❛ss✉♠❡✱ ❛❢t❡r ♣♦ss✐❜❧❡ r❡s❝❛❧✐♥❣✱ t❤❛t ❞✐st✐♥❝t ❡✐❣❡♥✈❛❧✉❡s ❞♦ ♥♦t ✐♥t❡r✲
s❡❝t ♦♥ ♦✉r ♣✉♥❝t✉r❡❞ ♥❡✐❣❤❜♦✉r❤♦♦❞✱ ✐✳❡✳ t❤❡✐r ❛❧❣❡❜r❛✐❝ ♠✉❧t✐♣❧✐❝✐t② ✐s ❝♦♥st❛♥t✳
❚❤❡r❡❢♦r❡ r❛♥❦(Θ − λjE)

k ✐s ❝♦♥st❛♥t ❢♦r k ❜✐❣ ❡♥♦✉❣❤ ❛♥❞ t❤✉s ✇❡ ❦♥♦✇ t❤❛t
t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥s♣❛❝❡s ♦❢ λj s♣❛♥ ❛ ❤♦❧♦♠♦r♣❤✐❝ s✉❜❜✉♥❞❧❡ ♦❢ E✳✷✽ ❈♦♥str✉❝t
❛ ❜❛s✐s ♦❢ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❡❝t♦rs ❛s ✉s✉❛❧✱ ✐✳❡✳ st❛rt ✇✐t❤ s♦♠❡ ✭♠✉❧t✐✈❛❧✉❡❞✮
❡✐❣❡♥✈❡❝t♦r v1 t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡ λ✱ ❛❞❞ ❛❧❧ ❧✐♥❡❛r ✐♥❞❡♣❡♥❞❡♥t ❡✐❣❡♥✈❡❝t♦rs t♦ t❤❡
s❛♠❡ ❡✐❣❡♥✈❛❧✉❡✱ s❛② v2, . . . , vr✱ t❤❛♥ s♦❧✈❡ (Θ−λE)vr+1 = v1 t♦ ✜♥❞ ❛ ❣❡♥❡r❛❧✐③❡❞
❡✐❣❡♥✈❡❝t♦r ❛♥❞ s♦ ♦♥ ✉♥t✐❧ ✇❡ ❤❛✈❡ ❛❧❧ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❡❝t♦rs t♦ λ✳ ❚❤❡♥ st❛rt
♦✈❡r ✇✐t❤ t❤❡ ♥❡①t ❡✐❣❡♥✈❛❧✉❡✳ ❚❤✐s ❝♦♥str✉❝t✐♦♥ ❡♥s✉r❡s t❤❛t

Θvr+1 = v1 + λvr+1 ⊂ s♣❛♥{vj|1 ≤ j ≤ r + 1},

✐✳❡✳ Θ(s♣❛♥{vj|1 ≤ l}) ⊂ s♣❛♥{vj|1 ≤ j ≤ l}✳ ❉❡♥♦t❡ Vl := s♣❛♥{vl} ❛♥❞

Fl :=
l⊕

j=1

Vj

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♠♣❧❡t❡ ✢❛❣ ✱ ✐✳❡✳ ❛ ✜❧tr❛t✐♦♥ ✇✐t❤ ●ri(F) = Fi \ Fi−1 ♦❢
❞✐♠❡♥s✐♦♥ ✶✳ ❚❤❡ ●ri(F) = s♣❛♥{vi} = Vi ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② s✉❜❜✉♥❞❧❡s s✐♥❝❡ t❤❡
vi ❛r❡ ✐♥ ❣❡♥❡r❛❧ ♠✉❧t✐✈❛❧✉❡❞✳ ❍♦✇❡✈❡r✱ Eai =

⊕

j,m(j)=i s♣❛♥{vj} =
⊕n

j=1 Vjδm(j)i

✐s ❛ s✉❜❜✉♥❞❧❡ ❛s ❛♥ ✉♥✐♦♥ ♦❢ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥❜✉♥❞❧❡s✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❝❧❛ss✐❝❛❧
❞✐r❡❝t s✉♠ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥s♣❛❝❡s ❡♥s✉r❡s Eai ∩ Eaj = ∅ ❢♦r
ai 6= aj✳

❉❡✜♥✐t✐♦♥ ✶✳✹✳✸✳ ❆♥ ❡♥❞♦♠♦r♣❤✐s♠ f : V → V ✐s ❝❛❧❧❡❞ s❡♠✐✲s✐♠♣❧❡ ✐✛ ∀W ⊂ V
f−✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡✱ ✐✳❡✳ f(W ) ⊂ W ✱ ∃W ′ ⊂ V f−✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡ s✉❝❤ t❤❛t
W ⊕W ′ = V ✳ ❆ s❤❡❛❢ ❤♦♠♦♠♦r♣❤✐s♠ Γ(U,E) → Γ(U,E)⊗Ω0,1

U (E) ✐s s❡♠✐✲s✐♠♣❧❡
✐❢ t❤❡ r❡str✐❝t✐♦♥ t♦ ❡❛❝❤ ✜❜❡r r❡s♣✳ st❛❧❦ ✐s✳

❘❡♠❛r❦ ✶✳✹✳✹✳ ❊✈❡r② ❞✐❛❣♦♥❛❧✐③❛❜❧❡ ❡♥❞♦♠♦r♣❤✐s♠ ♦❢ ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r
s♣❛❝❡ ✐s s❡♠✐✲s✐♠♣❧❡✳

❉❡✜♥❡ ❛ s❡♠✐✲s✐♠♣❧❡ ❡♥❞♦♠♦r♣❤✐s♠ φ : Γ(B∗, E) → Γ(B∗, E) ⊗ Ω0,1
B∗(E) ✐♥ t❤❡

❜❛s✐s (vi) ❜②

Φ̃ =








am(1) 0 · · · 0

0 am(2)
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
0 · · · 0 am(n)








d z

z
.

✷✽❍❡r❡ ✇❡ ❝♦♥s✐❞❡r θ ❛s ❛ ❜✉♥❞❧❡ ❤♦♠♦♠♦r♣❤✐s♠✳



✶✽ ⑤ ✶✳ ▼❛✐♥ ❊st✐♠❛t❡ ❢♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

▲✐❦❡ Θ✱ Φ̃ r❡s♣❡❝ts t❤❡ ✜❧tr❛t✐♦♥ s✐♥❝❡ ✐t ✐s ❞✐❛❣♦♥❛❧ ✭❤❡♥❝❡ s❡♠✐✲s✐♠♣❧❡✮ ❛♥❞ Φ ❤❛s
❡✐❣❡♥s♣❛❝❡s Vj ❛♥❞ ❡✐❣❡♥✈❛❧✉❡s am(j)✳ ❚r❛♥s❢♦r♠ Φ̃ t♦ Φ ✐♥ t❤❡ ✐♥✐t✐❛❧ ❢r❛♠❡ (si)✳
❖❢ ❝♦✉rs❡ t❤✐s ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❡✐❣❡♥s♣❛❝❡s ♦❢ Φ̃ r❡s♣✳ Φ✳ ▲❛t❡r ♦♥ ✇❡ ♠❛❦❡
s♦♠❡ ♥♦r♠ ❡st✐♠❛t❡s ❛♥❞ s♦ ✇❡ ♦♥❧② ✇❛♥t ✉♥✐t❛r② tr❛♥s❢♦r♠❛t✐♦♥s✳ ❙♦ ✇❡ st✐❝❦
✇✐t❤ (si) ❢♦r ♥♦✇✳

❘❡♠❛r❦ ✶✳✹✳✺✳ ■♥ ❣❡♥❡r❛❧ ❢♦r ♠❛tr✐❝❡sA✱ B ✇✐t❤ t❤❡ s❛♠❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥s♣❛❝❡s
Ei ❛♥❞ B ✇✐t❤ ❣❡♦♠❡tr✐❝ ❡q✉❛❧s ❛❧❣❡❜r❛✐❝ ♠✉❧t✐♣❧✐❝✐t②✱ ✐✳❡✳ B ❞✐❛❣♦♥❛❧✐③❛❜❧❡✱ ✇❡
❤❛✈❡ A ❛♥❞ B ❝♦♠♠✉t✐♥❣✳ ❙✐♥❝❡ t❤❡ ✈❡❝t♦r s♣❛❝❡ ❞❡❝♦♠♣♦s❡s ✐♥t♦ t❤❡ Ei ❛♥❞
❜♦t❤ A ❛♥❞ B r❡s♣❡❝t t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ✇❡ ❝❛♥ r❡str✐❝t t♦ ♦♥❡ ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞
❡✐❣❡♥s♣❛❝❡s✳ ❈❤♦♦s❡ vi ∈ Ei t❤❡♥ ABvi = AλBi vi = λBi Avi ❛♥❞ BAvi = λBi Avi✱
s✐♥❝❡ Avi ⊂ Ei ❡✐❣❡♥✈❛❧✉❡ t♦ B✳ ❚❤✉s AB = BA✳
❇② ❞❡✜♥✐t✐♦♥ θ ❛♥❞ Φ ❝♦♠♠✉t❡ ❛♥❞ ♥❛t✉r❛❧❧② ❛ ❜❛s❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞♦❡s ♥♦t
✐♥✢✉❡♥❝❡ t❤❛t✱ T−1ATT−1BT = T−1ABT = T−1BAT = T−1BTT−1AT ✳

❘❡❝❛❧❧ t❤❡ ●r❛♠✲❙❝❤♠✐❞t ♣r♦❝❡ss t♦ ♣r♦❞✉❝❡ ✈✐❛ e1 := v1
‖v1‖h , ẽk := vk −

∑k−1
j=1

h(vk,ẽj)

h(ẽj ,ẽj)
ẽj, ej :=

ẽj
‖ej‖h ❛♥ ♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡✳ ❚❤✐s ❢r❛♠❡ ✐s s♠♦♦t❤ ❜② ❝♦♥✲

str✉❝t✐♦♥ ❛♥❞ t❤❡ s♠♦♦t❤ ✐♥♥❡r ♣r♦❞✉❝t✳ ❲❡ ❦♥♦✇ t❤❛t Fi = s♣❛♥{ej|1 ≤ j ≤ i}✳
❚❤✐s ❢r❛♠❡ ✐s st✐❧❧ ♠✉❧t✐✈❛❧✉❡❞ ✐♥ ❣❡♥❡r❛❧✳ ■♥ ❢❛❝t ❛s ❧♦♥❣ ❛s ✇❡ r❡q✉✐r❡ ❛ ❝♦♥t✐♥✲
✉♦✉s ❢r❛♠❡ ❛♥② ♥♦♥✲s✉❜❜✉♥❞❧❡ Vi ✇✐❧❧ ❧❡❛❞ t♦ ❛ ♠✉❧t✐✈❛❧✉❡❞ ❜❛s✐s ❡❧❡♠❡♥t✳ ◆♦t❡
t❤❛t Ei := s♣❛♥{ei} 6= Vi ✐♥ ❣❡♥❡r❛❧✳✷✾✳ ▼♦r❡♦✈❡r ❡✈❡r② ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥❜✉♥❞❧❡ ✐s
s♣❛♥♥❡❞ ❜② s♦♠❡ ei✱ ✐♥ ♣❛rt✐❝✉❧❛r Eai = s♣❛♥{ej|m(j) = i}✳
◆♦✇ ❧❡t ✉s ❛♣♣❧② ❙❝❤✉r ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❙✐♥❝❡ Φ ❛♥❞ Θ ❝♦♠♠✉t❡ ✇❡ ❝❛♥ ❝♦♥str✉❝t
t❤❡ ♥♦r♠❛❧ ❢♦r♠ s✐♠✉❧t❛♥❡♦✉s❧② ❢♦r ❜♦t❤ ♠❛tr✐❝❡s✳ ❚❤❡ ei(z) ❛r❡ ❡✐❣❡♥✈❡❝t♦rs
✭r❡s♣✳ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥✈❡❝t♦rs✮ s♦ Θ ❛♥❞ Φ ❤❛✈❡ ✭❙❝❤✉r✮ ♥♦r♠❛❧ ❢♦r♠s ✐♥ t❤✐s
❢r❛♠❡✱ ✐✳❡✳ ❛r❡ ✉♣♣❡r tr✐❛♥❣✉❧❛r ✇✐t❤ ❡✐❣❡♥✈❛❧✉❡s ♦♥ t❤❡ ❞✐❛❣♦♥❛❧✳ ❲❡ ✇r✐t❡

θ = θz d z = σ d z + τ d z, φ = φz d z = α d z + q d z,

✇❤❡r❡ θz, σ, τ, φz, α, q ❛r❡ t❤❡ ♠❛tr✐① r❡♣r❡s❡♥t❛t✐♦♥s✿

σ d z = ❞✐❛❣(λ1, . . . , λn), α = ❞✐❛❣(a1, . . . , ak̃),

❛r❡ t❤❡ ❞✐❛❣♦♥❛❧ ♣❛rts✱ ✇❤✐❧❡ τ ❛♥❞ q ❛r❡ str✐❝t❧② ✉♣♣❡r tr✐❛♥❣✉❧❛r✳✸✵

❘❡♠❛r❦ ✶✳✹✳✻✳ ◆♦t❡ t❤❛t Φ̃ ❤❛s ❡✐❣❡♥s♣❛❝❡s Vi✳ ❙✐♥❝❡ Φ̃ ❛❝ts ❧✐❦❡ am(i)E ♦♥ t❤❡
❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥s♣❛❝❡ ♦❢ λi✱ Φ̃ ✐s s✐♥❣❧❡✲✈❛❧✉❡❞ ❛♥❞ s♦ φ ✐s✳ ❚❤❡ ❡✐❣❡♥s♣❛❝❡s ♦❢ α
❛r❡ ❥✉st t❤❡ Ei ❛♥❞ α ❛❝ts ❛❧s♦ ❧✐❦❡ am(i)E ♦♥ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥❜✉♥❞❧❡ ♦❢ λi✱
✐✳❡✳ α s✐♥❣❧❡✲✈❛❧✉❡❞✳✸✶ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ ♣r♦❥❡❝t✐♦♥s ♦❢ t✇♦ ❞✐st✐♥❝t vi r❡s♣✳ ei

✷✾■♥ ❙✐♠♣s♦♥ Ei ❛♥❞ Vi ❛r❡ ✐♥t❡r❝❤❛♥❣❡❞✳
✸✵❲❡ ✇✐❧❧ ♦❢t❡♥ ❞r♦♣ ✧str✐❝t❧②✧✱ ❜✉t ✇❡ ✇✐❧❧ ❛❧✇❛②s ♠❡❛♥ ✐t✳
✸✶❙✐♥❣❧❡✲✈❛❧✉❡❞ ❛s ❢✉♥❝t✐♦♥s ♦♥B∗✳ ❖♥ t❤❡ ❝♦✈❡r t❤✐s ❝♦rr❡s♣♦♥❞s t♦ ♣❡r✐♦❞✐❝✐t②✳ ▼♦r❡ ♣r❡❝✐s❡❧②

qk = δZN,kqk ❢♦r t❤❡ ▲❛✉r❡♥t ❝♦❡✣❝✐❡♥ts✳



✶✳✹✳ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❍✐❣❣s ❋✐❡❧❞ ⑤ ✶✾

♠❛② ❞✐✛❡r ❜✉t ✇✐❧❧ st✐❧❧ ❧✐❡ ✐♥ t❤❡ s❛♠❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥s♣❛❝❡ ❜② t❤❡ s✉❜❜✉♥❞❧❡
♣r♦♣❡rt②✳ ❍❡♥❝❡ φ, α ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ♣r♦❥❡❝t✐♦♥✱ ✐✳❡✳ s✐♥❣❧❡✲✈❛❧✉❡❞✳
❉❡✜♥❡ β := σ − α✱ t❤❛♥

θ − α = σ − α + τ = β + τ, ❛♥❞ φ− α = q,

❛r❡ s✐♥❣❧❡✲✈❛❧✉❡❞ ❛s ❞✐✛❡r❡♥❝❡s ♦❢ s✐♥❣❧❡✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s✳

❉❡✜♥✐t✐♦♥ ✶✳✹✳✼✳ ❉❡❝♦♠♣♦s❡ ❢✉rt❤❡r

M+ :=
⊕

0≤j<i≤n

❍♦♠(Eai , Eaj) ⊂ ❊♥❞(E)

M0 :=
⊕

0≤i≤n

❊♥❞(Eai) ⊂ ❊♥❞(E)

M− :=
⊕

0≤i<j≤n

❍♦♠(Eai , Eaj) ⊂ ❊♥❞(E)

⊕

0≤j<i≤n ❍♦♠(Eai , Eaj) ✐s t❤❡ s❡t ♦❢ ❡♥❞♦♠♦r♣❤✐s♠s E → E ✇❤✐❝❤ r❡str✐❝t t♦
❤♦♠♦♠♦r♣❤✐s♠s Eai t♦

⊕n
j<iEaj ✳ ❙✐♥❝❡ t❤❡ Eaj ❛r❡ s✉❜❜✉♥❞❧❡s✱ t❤❡ ❜✉♥❞❧❡ r❡s♣✳

s❤❡❛❢ ❤♦♠♦♠♦r♣❤✐s♠s ❛r❡ ❞❡✜♥❡❞ ❛s ✉s✉❛❧✱ ✐♥ ♣❛rt✐❝✉❧❛r s✐♥❣❧❡✲✈❛❧✉❡❞✳
M+ ❛r❡ t❤❡ ❜❧♦❝❦ ✉♣♣❡r tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s✱ M− t❤❡ ❜❧♦❝❦ ❧♦✇❡r tr✐❛♥❣✉❧❛r ♠❛✲
tr✐❝❡s✱ ❛♥❞ M0 t❤❡ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ ♠❛tr✐❝❡s✳

❘❡♠❛r❦ ✶✳✹✳✽✳ ❆s ❞❡s❝r✐❜❡❞ ✐♥ r❡♠❛r❦ ✶✳✹✳✻ α ❤❛s ❡✐❣❡♥s♣❛❝❡s Ei ❛♥❞ φ
❡✐❣❡♥s♣❛❝❡s Vi✳ ■♥ ♣❛rt✐❝✉❧❛r ❜♦t❤ ♣r❡s❡r✈❡ t❤❡ ✜❧tr❛t✐♦♥ Fi =

⊕l
j=1 Vj =

⊕l
j=1Ej✳

▲❡t w ∈ Fi \ Fj✱ m(i) = m(j) + 1✳ ❚❤❡♥ ∃wv, we ∈ Fj ❛♥❞ cvk , cek ❝♦♥st❛♥ts s✉❝❤
t❤❛t w = wv +

∑n
k=0 cvkvkδm(k)i = we +

∑n
k=0 cekekδm(k)i ✇✐t❤ Fj ∋ we − wv =

∑n
k=0 δm(k)i(cvkvk − cekek) ❛♥❞

q(w) = φ(w)− α(w) = φ(wv +
n∑

k=0

cvkvkδm(k)i)− α(we +
n∑

k=0

cekekδm(k)i)

= φ(wv)− α(we) +
n∑

k=0

am(i)cvkvkδm(k)i − am(i)cekekδm(k)i

φ(wv)− α(we)
︸ ︷︷ ︸

∈Fj

+am(i)

n∑

k=0

δm(k)i (cvkvk − cekek)
︸ ︷︷ ︸

∈Fj

∈ Fj,

✐✳❡✳ q(Fi) = Fj ♦r q(Eaj) ⊂
⋃

i,m(i)<j Eai ⇒ q ∈M+✳

❉❡✜♥✐t✐♦♥ ✶✳✹✳✾✳ ❉❡❝♦♠♣♦s❡ τ = τ 0+ τ+ ✇✐t❤ τ 0 ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ ❛♥❞ τ+ ∈M+✳



✷✵ ⑤ ✶✳ ▼❛✐♥ ❊st✐♠❛t❡ ❢♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

▲❡♠♠❛ ✶✳✹✳✶✵✳ τ+ ✐s s✐♥❣❧❡✲✈❛❧✉❡❞ ♦r ❡q✉✐✈❛❧❡♥t❧② t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ τ = τ 0+τ+

❡①✐sts❀ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ ❛♥❞ ❜❧♦❝❦ ✉♣♣❡r ❞✐❛❣♦♥❛❧ ♣❛rt ✐s
♦❜✈✐♦✉s✱ ❜✉t ✇❡ ❝❧❛✐♠ ❢✉rt❤❡r t❤❛t τ+ ∈M+✱ ✐✳❡✳ s✐♥❣❧❡✲✈❛❧✉❡❞✳

Pr♦♦❢✳ β+τ ✐s s✐♥❣❧❡✲✈❛❧✉❡❞ ❜② ✶✳✹✳✻✱ ✇❤❡r❡❛s β ❛♥❞ τ ❝♦✉❧❞ ❜❡ ♠✉❧t✐✈❛❧✉❡❞✳ ▼♦r❡
♣r❡❝✐s❡❧② β ✐s ♠✉❧t✐✈❛❧✉❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ✐s ❛ ♠✉❧t✐✈❛❧✉❡❞ ❡✐❣❡♥✈❛❧✉❡ λj✳ ■❢ t❤❡r❡
✇❛s ♥♦ ♠✉❧t✐✈❛❧✉❡❞ ❡✐❣❡♥✈❛❧✉❡✱ ❡✈❡r②t❤✐♥❣ ✇♦✉❧❞ ❜❡ s✐♥❣❧❡✲✈❛❧✉❡❞ ❛♥❞ t❤❡ ❧❡♠♠❛
✇♦✉❧❞ ❢♦❧❧♦✇ tr✐✈✐❛❧❧②✳ ❚❤❡r❡❢♦r❡ ❛ss✉♠❡ β ♠✉❧t✐✈❛❧✉❡❞✳ ❙✐♥❝❡ θ ❛♥❞ α ♣r❡s❡r✈❡ t❤❡
❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥❜✉♥❞❧❡s s♦ ❞♦❡s β✳ ❚❤❡♥ ❢♦r ❡✈❡r② w ∈ Fi \ Fj,m(i) = m(j) + 1
r❡s♣✳ ∃s ∈ Eai s✐♥❣❧❡✲✈❛❧✉❡❞✱ ❡✳❣✳ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ (si)✸✷✱ βs ∈ Eai ♠✉❧t✐✈❛❧✉❡❞✳
❇✉t τ 0s ∈ Eai ❛♥❞ τ

+s ∈ Fj ❧❡❛❞s t♦ (β + τ)s s✐♥❣❧❡✲✈❛❧✉❡❞ ⇒ (β + τ 0)s
︸ ︷︷ ︸

∈Fi\Fj

⊕ τ+s
︸︷︷︸

∈Fj

s✐♥❣❧❡✲✈❛❧✉❡❞✱ ✐✳❡✳ β + τ 0 s✐♥❣❧❡✲✈❛❧✉❡❞✱ τ+ s✐♥❣❧❡✲✈❛❧✉❡❞ ♦♥ ❡❛❝❤ Eai ❛♥❞ ❤❡♥❝❡ ♦♥
E✳

✶✳✹✳✷✳ ◆♦r♠ ❡st✐♠❛t❡s

❘❡♠❛r❦ ✶✳✹✳✶✶✳ ❆❧❧ ❡st✐♠❛t❡s ✐♥ t❤❡ r❡st ♦❢ t❤❡ ❝❤❛♣t❡r ❛r❡ ♠❡❛♥t ♣♦✐♥t✇✐s❡
❛♥❞ ❜r❛♥❝❤✇✐s❡✱ ✐✳❡✳ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✇♦r❦s ✐❢ ✇❡ ❝♦♠♣❛r❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜r❛♥❝❤❡s✱
❡✳❣✳ ♦❢ σ ❛♥❞ τ 0✳ ❊s♣❡❝✐❛❧❧② ❧❛t❡r ♦♥✱ ✇❤❡♥ ✇❡ ❞✐✛❡r❡♥t✐❛t❡ ✇✳r✳t✳ z ✐t ♠✐❣❤t s❡❡♠
♠♦r❡ ❝♦♠❢♦rt❛❜❧❡ t♦ ❤❛✈❡ ♥♦ ❞✐s❝♦♥t✐♥✉✐t② ❛t ❜r❛♥❝❤ ❝✉ts✱ ✐✳❡✳ ❝♦♥s✐❞❡r t❤❡ ✇❤♦❧❡
♣r♦❝❡ss ♦✈❡r D∗✳ ◆❛t✉r❛❧❧② ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦r♠ d u ∧ d u ♦♥ D∗ ❛s ✇❡❧❧✳ ❇② t❤❡
tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r♠✉❧❛ ✇❡ ❤❛✈❡ d z = π∗

D(d u) ♦r ✐♥❢♦r♠❛❧❧②

d z =
∂uN

∂u
d u = (N)uN−1 d u = N

z

u
d u

r❡s♣✳ d z ∧ d z = N2 |z|2
|u|2 d u ∧ d u✳ ❲❡ ✇✐❧❧ s❡❡ ✐♥ t❤❡ s✉❜s❡❝t✐♦♥ ❛❢t❡r t❤❡ ♥❡①t✱

✶✳✹✳✶✻✱ t❤❛t ❢♦r ❙✐♠♣s♦♥✬s ♠❛✐♥ ❡st✐♠❛t❡ ✇❡ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ♠❛tr✐① ♣❛rt ❛♥❞
t❤❡ ❢♦r♠ ♣❛rt s❤♦rt❡♥s ♦✉t✳ ❚❤❡r❡ ✐s ♦♥❡ ♠♦r❡ s❧✐❣❤t❧② ❞✐✛❡r❡♥t ❜❡❤❛✈✐♦✉r ✐♥
t❤❡ ❜r❛♥❝❤❡❞ ❝♦✈❡r ❝❛s❡✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ♠❡♥t✐♦♥ ❛t t❤❡ ♣♦✐♥t ✇❤❡r❡ ✐s ❜❡❝♦♠❡s
✐♠♣♦rt❛♥t✳ ❊✈❡r②✇❤❡r❡ ❡❧s❡ ✇❡ ♠❛② ❥✉st r❡♣❧❛❝❡ z ❜② u✱ B ❜② D ❛♥❞ E ❜② ED∗ ✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♦❢ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠ ‖ · ‖F ✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t
t♦ ❛❧❧ ♦t❤❡r ♥♦r♠s ♦♥ C

n×n✱ ✐♥ ♣❛rt✐❝✉❧❛r ‖ · ‖2 ≤ ‖ · ‖F ≤ √
n‖ · ‖✳ ❚❤✐s ❝❤♦✐❝❡

♠✐❣❤t ♥❡❡❞ s♦♠❡ ❡①♣❧❛♥❛t✐♦♥✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞ s✐❞❡ ❛❢t❡r t❤❡ tr❛♥s✐t✐♦♥ t♦ t❤❡
h−♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡ (ei)✱ h = E ✐♥ t❤✐s ❢r❛♠❡✱ t❤❡ ❛❞❥♦✐♥t ♦❢ ❛♥ ♦♣❡r❛t♦r ✐♥
♠❛tr✐① ❢♦r♠ ✐s ❥✉st t❤❡ ❛❞❥♦✐♥t ♠❛tr✐① ❛♥❞ t❤❡ ♥♦r♠ ✐s ❥✉st t❤❡ ❡✉❝❧✐❞❡❛♥ ♥♦r♠✳ ❙♦
✐t s❡❡♠s s♦♠❡❤♦✇ ♥❛t✉r❛❧ t♦ ❝❤♦♦s❡ t❤❡ ✐♥❞✉❝❡❞ ❡✉❝❧✐❞❡❛♥ ♥♦r♠✳ ❇✉t t❤✐s ❝❤♦✐❝❡
♠❛❦❡s ❧✐❢❡ r❛t❤❡r ❞✐✣❝✉❧t✳ ❚❤❡ r❡❛s♦♥ ❢♦r ♦✉r ❝❤♦✐❝❡ ♦❢ t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠ ✇✐❧❧

✸✷Eai
s✉❜❜✉♥❞❧❡ ❣✉❛r❛♥t❡❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s✐♥❣❧❡✲✈❛❧✉❡❞ ❢r❛♠❡✳



✶✳✹✳ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❍✐❣❣s ❋✐❡❧❞ ⑤ ✷✶

❜❡ ❣✐✈❡♥ ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠ ✐s t❤❛t ✐t
✐s ❡♥tr②✲✇✐s❡ ❛♥❞ s♦ ✇❡ ❛r❡ ❛❜❧❡ t♦ s♣❧✐t ✉♣ ♦✉r ♠❛tr✐① θ✿

‖θ‖2F = ‖σ + τ‖2F =
n∑

i,j=1

|θij|2 =
n∑

i,j=1

|σijδij + τijδi<j|2

=
n∑

i,j=1

|σij|2 +
n∑

i,j=1

|τij|2 = ‖σ‖2F + ‖τ‖2F .

▲❡♠♠❛ ✶✳✹✳✶✷✳ ✭✐✮ ‖[θ, θ†]‖F ≥ c1‖[τ, τ †]‖F ✳

✭✐✐✮ ‖[τ, τ †]‖F ≥ c2‖τ‖2F ✳

Pr♦♦❢✳ ❚❤❡ ♣✉r❡❧② ❞✐❛❣♦♥❛❧ ♣❛rt ♦❢ t❤❡ ❝♦♠♠✉t❛t♦r [θ, θ†] ✈❛♥✐s❤❡s ❛s ❞✐❛❣♦♥❛❧
♠❛tr✐❝❡s ❛r❡ ❝♦♠♠✉t❛t✐✈❡ ✲ [σ, σ] = 0✳ [σ, τ †] ✐s ❧♦✇❡r tr✐❛♥❣✉❧❛r ❛♥❞ [σ, τ ] ✉♣♣❡r
tr✐❛♥❣✉❧❛r ❛♥❞ t❤❡r❡✇✐t❤ ❜♦t❤ ❞♦ ♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❞✐❛❣♦♥❛❧ ❚❤❡♥

(θθ† − θ†θ)ii =
n∑

j=1

τijτ
†
ji −

n∑

j=1

τ †ijτji

=
n∑

j=1

τijτ ij −
n∑

j=1

τ jiτji =
n∑

j=1

|τij|2 − |τji|2

=
∑

i<j

|τij|2 −
∑

j<i

|τji|2

(ττ † − τ †τ)ik =
n∑

j=1

τijτ kj −
n∑

j=1

τ jiτjk.

❖❜✈✐♦✉s❧② ‖[θ, θ†]‖2F ≥∑n
i,j=1 |τij|2 − |τji|2 ≥

∑

i<j |τij|2 −
∑

j<i |τji|2, ∀1 ≤ i ≤ n✳
❋♦r i = 1 t❤✐s ✐s ❥✉st

∑

1<j |τ1j|2 −
∑

j<1 |τj1|2 =
∑n

j=1 |τ1j|2 s✐♥❝❡ τ11 = 0✳ ❇✉t
t❤❡♥ ✇❡ ❤❛✈❡ |τ1j|2 ≤ ‖[θ, θ†]‖2F ❢♦r ❛❧❧ 1 ≤ j ≤ n✳ ■♥❞✉❝t✐✈❡❧② ✇❡ ❣❡t ❢r♦♠ |τkj|2 ≤
(k!)‖[θ, θ†]‖2F , ∀1 ≤ j ≤ n, 1 ≤ k ≤ i ❥✉st |τ(i+1)j|2 ≤ (i + 1)!‖[θ, θ†]‖2F , ∀1 ≤ j ≤ n
❜②

‖[θ, θ†]‖2F ≥
∑

(i+1)<j

|τ(i+1)j |2 −
∑

j<(i+1)

|τj(i+1)|2

︸ ︷︷ ︸

≤i(i!)‖[θ,θ†]‖F
✸✸

⇒ ‖[θ, θ†]‖2F + i(i!)‖[θ, θ†]‖2F ≥
∑

(i+1)<j

|τ(i+1)j |2 −
∑

j<(i+1)

|τj(i+1)|2+ ≤ i(i!)‖[θ, θ†]‖F
︸ ︷︷ ︸

≥0

≥
∑

(i+1)<j

|τ(i+1)j |2



✷✷ ⑤ ✶✳ ▼❛✐♥ ❊st✐♠❛t❡ ❢♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

⇒ (i+ 1)!‖[θ, θ†]‖2F ≥
∑

(i+1)<j

|τ(i+1)j |2.

❚❤✉s |τij|2 ≤ n!‖[θ, θ†]‖F ⇒ ‖[θ, θ†]‖2F ≥ n2

n!
‖τ‖2F s❤♦✇s ✭✐✮ ❛❧t❤♦✉❣❤ t❤✐s ❡st✐♠❛t❡

✐s ❣❡♥❡r♦✉s✳
❋♦r ✭✐✐✮ t❤❡ ❛r❣✉♠❡♥t ✐s s✐♠✐❧❛r✳ ❈♦♥s✐❞❡r t❤❡ t✇♦ ❝❛s❡s ‖τ‖F ≤ 1 ❛♥❞ a = 1
❛s ✇❡❧❧ ❛s ‖τ‖F > 1 ❛♥❞ a = 2✳ ❆ss✉♠❡ t❤❛t |(ττ † − τ †τ)ii|a < 1

(n!)2a·n2a‖τ‖2F =
1

(n!)2a·n2a

∑n
ij |τij|2✳ ❚❤❡♥

|(ττ † − τ †τ)11| =
n∑

j=1

|τ1j|2 <
1

(n!)2 · n2
‖τ‖2/aF

⇒ |τ1j|2 <
1

(n!)2 · n2
‖τ‖2/aF , ∀1 ≤ j ≤ n.

❆❣❛✐♥ ❜② ✐♥❞✉❝t✐♦♥ ❢r♦♠ |τkj|2 < k!
n!·n2‖τ‖2/aF , ∀1 ≤ j ≤ n, 1 ≤ k ≤ i t♦ |τ(i+1)j|2 <

(i+1)!
n!·n2 ‖τ‖2/aF , ∀1 ≤ j ≤ n

1

n! · n2
‖τ‖2/aF > |(ττ † − τ †τ)(i+1)(i+1)|

=
∑

(i+1)<j

|τ(i+1)j|2 −
∑

j<(i+1)

|τj(i+1)|2

︸ ︷︷ ︸

<
i(i!)

n!·n2 ‖τ‖
2/a
F

✸✹

❛♥❞ ❢✉rt❤❡r ✇❡ ❤❛✈❡

⇒ 1

n! · n2
‖τ‖2/aF +

i(i!)

n! · n2
‖τ‖2/aF =

∑

(i+1)<j

|τ(i+1)j |2 −
∑

j<(i+1)

|τj(i+1)|2 +
i!

n! · n2
‖τ‖2/aF

︸ ︷︷ ︸

>0

>
∑

(i+1)<j

|τ(i+1)j |2

⇒ (i+ 1)!

n! · n2
‖τ‖2/aF > |τ(i+1)j |2, ∀1 ≤ j ≤ n.

❚❤✐s ❧❡❛❞s t♦ t❤❡ ❝♦♥tr❛❞✐❝t✐♦♥

a = 1 : ‖τ‖2F =
n∑

i,j=1

|τij|2 <
n∑

i,j=1

n!

n! · n2
‖τ‖2/aF ≤ n2

n2
‖τ‖2F = ‖τ‖2F

✸✸τ(i+1)(i+1) = 0✳
✸✹❲❡ ❝❛♥ ❞r♦♣ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡✱ ❜❡❝❛✉s❡ ✐❢ t❤❡ ✜rst t❡r♠ ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ s❡❝♦♥❞✱ ✇❡ ❛r❡

❞♦♥❡✳



✶✳✹✳ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❍✐❣❣s ❋✐❡❧❞ ⑤ ✷✸

a = 2 : ‖τ‖2F =
n∑

i,j=1

|τij|2 <
n∑

i,j=1

n!

n! · n2
‖τ‖2/aF ≤ n2

n2
‖τ‖1F < ‖τ‖2F .

❚❤✉s ∃1 ≤ i ≤ n : |(ττ † − τ †τ)ii| ≥ 1
(n!)·n2‖τ‖2/aF ⇒ ‖[τ, τ †]‖2F ≥ |(ττ † − τ †τ)ii|2 ≥

1
(n!)2/a·n4/a‖τ‖2aF ≥ 1

(n!)2·n4‖τ‖2F ✳ ❚❤✐s ❡st✐♠❛t❡ ✐s ❛♥♦t❤❡r q✉✐t❡ ❣❡♥❡r♦✉s ♦♥❡✱ ❜✉t
❢♦r ✉s s✉✣❝✐❡♥t✳

▲❡♠♠❛ ✶✳✹✳✶✸✳ ✭✐✮ ‖σ‖2F ≤ cσ
|z|2

✭✐✐✮ ❋♦r β = σ − α ✇❡ ❤❛✈❡ ‖β‖F ≤ cβ|z|−1+ε✳

✭✐✐✐✮ ‖α‖2F = cα
|z|2 ✳

Pr♦♦❢✳ ❇② ❝♦♥str✉❝t✐♦♥✳

✶✳✹✳✸✳ ❙❡❝t✐♦♥s ♦❢ t❤❡ ❊♥❞♦♠♦r♣❤✐s♠ ❇✉♥❞❧❡

■t ✐s ♥❛t✉r❛❧ t♦ ❝♦♥s✐❞❡r ❊♥❞(E) ✇✐t❤ t❤❡ ✐♥❞✉❝❡❞ ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ [∂E, ·]✳
D❊♥❞ ❞❡♥♦t❡s t❤❡ ✉♥✐q✉❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤✐s ❤♦❧♦♠♦r♣❤✐❝
str✉❝t✉r❡ ✭s❡❡ ❆✳✹✮✳
◆❡①t ✇❡ ✇❛♥t t♦ ✉s❡ t❤❛t t❤❡ ❝✉r✈❛t✉r❡ ❞❡❝r❡❛s❡s ✐♥ s✉❜❜✉♥❞❧❡s ❬❍✉②✵✺❪ ✹✳✸✳✶✽
♦r ❬●❍✼✽❪✿✸✺ ▲❡t ❊♥❞(E)ϕz ❞❡♥♦t❡ t❤❡ s✉❜❜✉♥❞❧❡ ♦❢ ❊♥❞(E) s♣❛♥♥❡❞ ❜② ϕz ✭❝❢✳
❉❡❢✳ ✶✳✸✳✶✮✳ ❍❡r❡ ϕ = ϕz d z✱ ✐✳❡✳ ϕz ✐s t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ♣❛rt ♦❢ ϕ✳✸✻ ϕz ✐s
❛ ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ✇✳r✳t✳ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ ♦♥ ❊♥❞(E) ❛♥❞ t❤❡r❡❢♦r❡
s♣❛♥s ✐♥❞❡❡❞ ❛ s✉❜❜✉♥❞❧❡✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ ✐♥❞✉❝❡❞ ❝♦♥♥❡❝t✐♦♥ ♦♥ ❊♥❞(E)ϕ
✐s ❛❣❛✐♥ ❤❡r♠✐t✐❛♥ ❛♥❞ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡✳ ❙✐♥❝❡ s✉❝❤ ❛
❝♦♥♥❡❝t✐♦♥ ✐s ✉♥✐q✉❡ ✭❝❢✳ t❤❡♦r❡♠ ❆✳✷✳✶✵✳✮✱ ✐t ✐s ❥✉st t❤❡ ❝❛♥♦♥✐❝❛❧ ❝♦♥♥❡❝t✐♦♥ ♦♥ ❛
❤❡r♠✐t✐❛♥ ❧✐♥❡ ❜✉♥❞❧❡ ✇✐t❤ ❝✉r✈❛t✉r❡ D2

❊♥❞,χ(χ) = ∂∂ log h❊♥❞(χ, χ), χ ∈ ❊♥❞(E)ϕ
♥♦♥✲✈❛♥✐s❤✐♥❣✳ ■♥ ♣❛rt✐❝✉❧❛r❧② ❢♦r t❤❡ ♥❛t✉r❛❧ ❢r❛♠❡ ✇❤✐❝❤ ❡①t❡♥❞s ϕz ✇❡ ❣❡t
D2

❊♥❞,ϕ(ϕz) = ∂∂ log h❊♥❞(ϕz, ϕz)✳✸✼ ❇✉t

h❊♥❞(ϕz, ϕz) =
n∑

i,j=1

|ϕij|2 = ‖ϕz‖2F .

❚❤❡♥ ✇❡ ❤❛✈❡ D2
❊♥❞,ϕ(ϕz) = ∂∂ log ‖ϕz‖2F ✳

✸✺❲❡ ✇✐❧❧ ♠♦r❡ ♦r ❧❡ss ♣r♦✈❡ t❤✐s t❤❡♦r❡♠ ✇❤❡♥ ✇❡ ♣r♦✈❡ t❤❡ ❈❤❡r♥✲❲❡✐❧ ❢♦r♠✉❧❛ ❧❛t❡r ♦♥✳
✸✻ϕz ∈ Γ(X,❊♥❞(E))✳
✸✼∂∂ log h❊♥❞(ϕ,ϕ) = ∂(h❊♥❞(ϕ,ϕ))

−1∂h❊♥❞(ϕ,ϕ)✱ ✐✳❡✳ t❤❡ ❝✉r✈❛t✉r❡ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ♠✉❧✲
t✐♣❧✐❝❛t✐♦♥ ❜② ❛ s❝❛❧❛r ✭❤❡r❡ ❛ s♠♦♦t❤ ♥♦♥✲✈❛♥✐s❤✐♥❣ ❢✉♥❝t✐♦♥✮ ❛♥❞ t❤❡r❡❢♦r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡
❝❤♦s❡♥ ❢r❛♠❡✳



✷✹ ⑤ ✶✳ ▼❛✐♥ ❊st✐♠❛t❡ ❢♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

❚❤❡ r❡s✉❧t ♦❢ ●r✐✣t❤ ✭❝❢✳ ❬●❍✼✽❪✱ ♣✳ ✼✾✳✮ ❛♣♣❧✐❡❞ t♦ ❧✐♥❡ s✉❜❜✉♥❞❧❡s r❡❛❞s ✭❝❢✳
❬❍✉②✵✺❪✱ r♠❦✳ ✹✳✸✳✶✻ ♦♥ ♣✳ ✶✽✾✮✿

h❊♥❞(D
2
❊♥❞,ϕ(ϕz)s, s)(v, v) ≤ h❊♥❞((D

2
❊♥❞|❊♥❞(E)ϕz

)s, s)(v, v), ∀s ∈ ❊♥❞(E)ϕz .
✸✽

■❢ ✇❡ ❛♣♣❧② t❤✐s ✐♥❡q✉❛❧✐t② t♦ ϕz ✐ts❡❧❢ ✇❡ ❣❡t

h❊♥❞((∂∂ log ‖ϕz‖2F )ϕz, ϕz)(v, v) ≤ h❊♥❞([D
2, ϕz], ϕz)(v, v)

❇✉t D
2 = ∂E∂E + ∂E∂E + θθ† + θ†θ = D2 + θθ† + θ†θ = 0 t❤❡ ❝✉r✈❛t✉r❡ ❢♦r ❛

❤❛r♠♦♥✐❝ ❜✉♥❞❧❡✱ ✐✳❡✳ D2 = −θθ† − θ†θ = (θzθ
†
z − θ†zθz) d z ∧ d z✳ ❍❡♥❝❡

(
∂

∂z

∂

∂z
log ‖ϕz‖2F

)

‖ϕz‖2F (d z ∧ d z)(v, v)

≤ −h❊♥❞([[θz, θ†z], ϕz], ϕz)(d z ∧ d z)(v, v)

◆♦✇ ❡✈❛❧✉❛t❡ ❢♦r v = ∂
∂z
, v = ∂

∂z
✳ ❚❤❡♥ ✇❡ ❤❛✈❡

⇒ − ∂

∂z

∂

∂z
log ‖ϕz‖2F ≤ −h❊♥❞([[ϕz, ϕ

†
z], ϕz], ϕz)

‖ϕz‖2F
.

❘❡♠❛r❦ ✶✳✹✳✶✹✳ ❙✐♠♣s♦♥ r❡✇r✐t❡s ❜♦t❤ s✐❞❡s ✐♥ t❡r♠s ♦❢ r❡❛❧ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s

✈✐❛ d z ∧ d z = −2i d x ∧ d y ❛♥❞ ∂
∂z

∂
∂z

= 1
4

(
∂2

∂x2 +
∂2

∂y2

)

= 1
4
∆✳ ❚❤❡♥ ♥♦t❡ t❤❛t

❢♦r t❤❡ ▲❡❢s❝❤❡t③ ♦♣❡r❛t♦r Λ ♦♥ t❤❡ ✈❡❝t♦r s♣❛❝❡ TxX ✇✐t❤ ✭❛❧♠♦st✮ ❤♦❧♦♠♦r♣❤✐❝

str✉❝t✉r❡ I✱ I
(

∂
∂x

)
= ∂

∂y
, I
(

∂
∂y

)

= − ∂
∂x
✱ ❛♥❞ ❛ ❞✐✛❡r❡♥t✐❛❧ 2−❢♦r♠ ω ✇❡ ❤❛✈❡ Λω =

ω
(

∂
∂x
, ∂
∂y

)

✳✸✾ ❚❤✐s ❛♣♣❧✐❡❞ t♦ ❛ ❤♦❧♦♠♦r♣❤✐❝ t❛♥❣❡♥t ✈❡❝t♦r v = ∂
∂z

= 1
2

(
∂
∂x

− i ∂
∂y

)

❧❡❛❞s t♦ d z ∧ d z(v, v) = −2i d x ∧ d y(v, v) = −2i1
2
i = 1 = d x ∧ d y

(
∂
∂x
, ∂
∂y

)

=

Λd x∧d y = i
2
Λd z∧d z✳ ◆♦✇ ♠✉❧t✐♣❧②✐♥❣ ❜② t❤❡ ❢❛❝t♦r 4 ❢r♦♠ 1

4
∆ = ∂

∂z
∂
∂z

✐♠♣❧✐❡s
2iΛd z ∧ d z✳ ❙t✐❧❧ t❤✐s ❤❛s ✈❛❧✉❡ 4 ❢♦r t❤❡ ❝❤♦s❡♥ v ❛♥❞ s♦ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡
t✇♦ s✐❞❡s ✇♦♥✬t ❝❤❛♥❣❡✳

❋✉rt❤❡r ❢♦r ϕz = θz ✇❡ ❣❡t

h❊♥❞([[θz, θ
†
z], θz], θz) = h❊♥❞([θzθ

†
z − θ†zθz, θz], θz)

= h❊♥❞(θzθ
†
zθz − θ†zθ

2
z − θ2zθ

†
z + θzθ

†
zθz, θz)

= h❊♥❞(θ
†
zθz, θ

†
zθz)− h❊♥❞(θ

2
z , θ

2
z)− h❊♥❞(θzθ

†
z, θ

†
zθ) + h❊♥❞(θ

†
zθz, θ

†
zθz)

= h❊♥❞(θ
†
zθz − θzθ

†
z, θ

†
zθz)− h❊♥❞(θ

†θ2z , θz) + h❊♥❞(θzθ
†
zθz, θz)

✸✽❆ r❡❛❧ (1, 1)−❢♦r♠ ω ✐s ✭s❡♠✐✲✮♣♦s✐t✐✈❡✱ ✐✛ ❢♦r ❛❧❧ ❤♦❧♦♠♦r♣❤✐❝ t❛♥❣❡♥t ✈❡❝t♦rs v ∈ T 1,0(X) :
−iω(v, v) ≥ 0✳ ❆♥ ✐♠❛❣✐♥❛r② (1, 1)−❢♦r♠ ω′ ✐s ♣♦s✐t✐✈❡ ✐❢ iω ✐s ♣♦s✐t✐✈❡ ❛s ❛ r❡❛❧ ❢♦r♠✳

✸✾❙❡❡ ❍✉②❜r❡❝❤ts ❬❍✉②✵✺❪✱ ♣✳ ✹✶✱ ❊①✳ ✶✳✷✳✶✵✳



✶✳✹✳ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ❍✐❣❣s ❋✐❡❧❞ ⑤ ✷✺

= h❊♥❞(θ
†
zθz − θzθ

†
z, θ

†
zθz)− h❊♥❞((θ

†
zθz − θzθ

†
z)θz, θz)

= ✹✵h❊♥❞(θ
†
zθz − θzθ

†
z, θ

†
zθz)− h❊♥❞((θ

†
zθz − θzθ

†
z), θzθ

†
z)

= h❊♥❞([θz, θ
†
z], [θz, θ

†
z]) = ‖[θz, θ†z]‖2F .

❆♥♦t❤❡r s♣❡❝✐❛❧ ❝❛s❡ ♦❝❝✉rs ✐❢ ϕz ❝♦♠♠✉t❡s ✇✐t❤ θz✿

h❊♥❞([[θz, θ
†
z], ϕz], ϕz)

= h❊♥❞([θzθ
†
z − θ†zθz, ϕz], ϕz)

= h❊♥❞(θzθ
†
zϕz − θ†zθzϕz − ϕzθzθ

†
z + ϕzθ

†
zθz, ϕz)

= h❊♥❞(θ
†
zϕz, θ

†
zϕz)− h❊♥❞(θzϕz, θzϕz)

−h❊♥❞(ϕzθ
†
z, θ

†
zϕz) + h❊♥❞(ϕzθ

†
z, ϕzθ

†
z)

= h❊♥❞(θ
†
zϕz − ϕzθ

†
z, θ

†
zϕz)− h❊♥❞(θ

†θzϕz, ϕz) + h❊♥❞(ϕzθ
†
zθz, ϕz)

= h❊♥❞(θ
†
zϕz − ϕzθ

†
z, θ

†
zϕz)− h❊♥❞(θ

†ϕzθz, ϕz) + h❊♥❞(ϕzθ
†
zθz, ϕz)

= h❊♥❞(θ
†
zϕz − ϕzθ

†
z, θ

†
zϕz)− h❊♥❞(θ

†ϕz − ϕzθ
†
z, ϕzθ

†
z)

= h❊♥❞([θ
†
z, ϕz], [θ

†
z, ϕz])

= ‖[θ†z, ϕz]‖2F

❘❡♠❛r❦ ✶✳✹✳✶✺✳ ❋♦r θ ✇✐t❤ ❝♦♥st❛♥t r❛♥❦ ❛♥❞ θ 6= 0 ✇❡ ❣❡t θz 6= 0 ⇒ ‖θz‖2F 6= 0✳
❇② ❤♦❧♦♠♦r♣❤② ♦❢ θ t❤✐s st✐❧❧ ❤♦❧❞s ♦♥ s♦♠❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ 0 ❡✈❡♥ ✐❢ ✇❡ ❤❛✈❡ ♥♦
❝♦♥st❛♥t r❛♥❦✳ ❙t✐❧❧ t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠ sq✉❛r❡❞ ✐s ❥✉st ❛ s✉♠ ♦❢ ❛❜s♦❧✉t❡ ✈❛❧✉❡s
|f |2✳ ■❢ f = 0 t❤✐s ♠✐❣❤t ❜❡ ♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡✳ ❇✉t t❤❡ ♣r❡✐♠❛❣❡ ♦❢ 0 ✉♥❞❡r t❤❡
s♠♦♦t❤ ❢✉♥❝t✐♦♥ f ✐s ❝❧♦s❡❞ ✐♥ B∗✳ ❙♦ ✐t ✐s t❤❡ ✉♥✐♦♥ ♦❢ ❝❧♦s❡❞ ❜❛❧❧s ❛♥❞ ♦❢ ❝♦✉♥t❛❜❧②
♠❛♥② ✐s♦❧❛t❡❞ ♣♦✐♥ts✳ ❖♥ t❤❡ ❝❧♦s❡❞ ❜❛❧❧s ✭❛♣❛rt ❢r♦♠ 0−dim✮ |f |2 ✐s ❞✐✛❡r❡♥t✐❛❜❧❡
❛♥❞ t❤❡ ❝♦✉♥t❛❜❧② ♠❛♥② ✐s♦❧❛t❡❞ ♣♦✐♥ts ❛❞❞ ♥♦t❤✐♥❣ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥❛❧ s❡♥s❡ ✭♥♦t

♠❡❛s✉r❛❜❧❡✮ ✲
∫
χ∆ log ‖θz‖2F ≤

∫
χ

‖[θz ,θ†z ]‖2F
‖θz‖2F

❢♦r ❛❧❧ s♠♦♦t❤✱ ♥♦♥✲♥❡❣❛t✐✈❡ χ✳

❲❡ ❤❛✈❡ s❤♦✇♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✶✳✹✳✶✻✳ ❋♦r t❤❡ ❍✐❣❣s ✜❡❧❞ θ

−∆ log ‖θz‖2F ≤ −‖[θz, θ†z]‖2F
‖θz‖2F

,

❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧

−∆ log ‖ϕz‖2F ≤ −h❊♥❞([[θz, θ
†
z], ϕz], ϕz)

‖ϕz‖2F
,

✹✵❈❢✳ ❆✳✹✳✶✳



✷✻ ⑤ ✶✳ ▼❛✐♥ ❊st✐♠❛t❡ ❢♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

❢♦r ❛ ♥♦♥✲✈❛♥✐s❤✐♥❣ E(U)−♠♦❞✉❧❡ ❤♦♠♦♠♦r♣❤✐s♠ Γ(U,E) → Γ(U,E) ⊗ Ω1,0
X ✳ ■❢

θz ❛♥❞ ϕz ❝♦♠♠✉t❡ ✇❡ ❣❡t

−∆ log ‖φz‖2F ≤ −‖[θ†z, ϕz]‖2F
‖ϕz‖2F

= −‖[ϕz, θ
†
z]‖2F

‖ϕz‖2F
.

❊①❛♠♣❧❡ ✶✳✹✳✶✼✳ ▲❡t X = B∗✱ X = B✱ E = X × C ✇✐t❤ π = ♣r1✳ ❉❡✜♥❡

H =
(
|z|2α

)
, α ∈ R ❛♥❞ ∂Ee = 0 ✇✳r✳t✳ t❤❡ ❢r❛♠❡ e(z) :=

(

z,

(
1
0

))

✳ ❋✉rt❤❡r

∂Ee := e⊗
(
α d z
z

)
, θ(e) = e⊗ ad z

z
✱ a ∈ Oan(X) ❛♥❞ θ† = e⊗ ad z

z
❜②

∂h(ξ, η) = ∂h(e⊗ ξ1, e⊗ η1) = ∂(|z|2αξ1η1)
= αzαzα−1

︸ ︷︷ ︸

α|z|2α

z

ξ1η1 d z + |z|2α(∂ξ1)η1 + |z|2αξ1 (∂η1)
︸ ︷︷ ︸

∂η1

= |z|2α(∂ξ)η1 + |z|2αξ1(∂η1) + |z|2αξ1η1
(
α d z

z

)

= h(e⊗ ∂ξ, η) + h(ξ, e⊗ η1

(
α d z

z

)

+ e⊗ ∂η1)

= h(∂Eξ, η) + h(ξ, ∂Eη);

h(θξ, η) = h(e⊗ ξ1a
d z

z
, η) = |z|2αξ1a

d z

z
η1

= h(ξ, a
d z

z
η1) = h(ξ, θ†η),

❢♦r ❛❧❧ ξ, η ∈ Γ(X,E)✳ ▼♦r❡♦✈❡r θ ✐s ❛ ❍✐❣❣s ✜❡❧❞✿

h((∂Eθ + θ∂E)ξ, η) = h((∂Eθ)ξ, η) + h((θ∂E)ξ, η)

= h(∂Ee⊗ ξ1a
d z

z
, η) + h(θe⊗ ∂ξ1, η)

= h(e⊗ ∂(ξ1a
d z

z
), η) + h(e⊗ ξ1a

d z

z
∧ ∂ξ1, η)

= h(e⊗ ((∂ξ1)a
d z

z
+ ξ1∂a

d z

z
), η) + h(e⊗ ξ1a

d z

z
∧ ∂ξ1, η)

= h(e⊗ ((∂ξ1) ∧ a
d z

z
+ ξ1∂a

d z

z
), η) + h(e⊗ ξ1a

d z

z
∧ ∂ξ1, η)

= h(e⊗ (∂ξ1) ∧ a
d z

z
, η) + h(e⊗ ξ1a

d z

z
∧ ∂ξ1, η)

= 0,

❜② ❤♦❧♦♠♦r♣❤② ♦❢ a ❛♥❞ t❤❡ ❛❧t❡r♥❛t✐♦♥ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s✳ ❚❤❡ ❜✉♥❞❧❡ ✐s ❤❛r✲
♠♦♥✐❝✿

∂E∂E(ξ1e) = ∂E(e⊗ ∂ξ1)
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= e⊗
(
α d z

z

)

∧ ∂ξ1 + (e⊗ ∂∂ξ1),

∂E∂E(ξ1e) = ∂E(e⊗
(
α d z

z

)

∧ ξ1 + e⊗ ∂ξ1)

= e⊗ ∂

(
α d z

z

)

︸ ︷︷ ︸

=0

∧ξ1 − e⊗
(
α d z

z

)

∧ ∂ξ1 + e⊗ ∂∂ξ1

= −e⊗
(
α d z

z

)

∧ ∂ξ1 + e⊗ ∂∂ξ1,

✇❤❡r❡ ✇❡ ✉s❡❞ ∂
((

α d z
z

)
∧ ξ1

)
=
(
∂
(
α d z
z

))
∧ ξ1 −

(
α d z
z

)
∧ ∂ξ1✳

❍❡♥❝❡ ∂E∂E + ∂E∂E = 0✳ ▼♦r❡♦✈❡r

(θθ† + θ†θ)(ξ) = ξ1e⊗ |a|2d z ∧ d z

|z|2 + ξ1e⊗ |a|2d z ∧ d z

|z|2 = 0.

θ ❤❛s ❛ s✐♥❣❧❡ ❡✐❣❡♥✈❛❧✉❡ λ = ad z
z
= λ0 d z✳ ■♥ t❤✐s tr✐✈✐❛❧ ❝❛s❡ σ = (λ) ❛♥❞ τ = 0✱

ad z
z
= a0 d z ❛s ✇❡❧❧ ❛s Ea0 = 〈e〉 = E✳ ❖❜✈✐♦✉s❧② |λ0−a0| ≤ 1

|z| ✳ ❚❤❡ ❝✉r✈❛t✉r❡ D
2

❢♦r D = ∂E +∂E ✐s ③❡r♦✱ ✐✳❡✳ t❤❡ ❜✉♥❞❧❡ ✐s ✢❛t✱ ❜② t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❛❜♦✈❡✳ ❚❤❡♥ t❤❡
❝✉r✈❛t✉r❡ ♦♥ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡ ✐s ✢❛t ❛♥❞ t❤❡ ❡q✉❛t✐♦♥ −∆ log |θ|2 ≤ 0
❤♦❧❞s tr✐✈✐❛❧❧② ❜② t❤❡ ❝♦♥❝❛✈✐t② ♦❢ t❤❡ ❧♦❣❛r✐t❤♠✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ❤❛s ♥♦♥ tr✐✈✐❛❧ ❝✉r✈❛t✉r❡✿

❊①❛♠♣❧❡ ✶✳✹✳✶✽✳ ▲❡t X = B∗✱ X = B✱ E = X × C
2 ✇✐t❤ π = ♣r1✳ ❉❡✜♥❡

H =

(
y 0
0 y−1

)

, y = − log |z|2 ≥ 0 ❛♥❞ ∂Ee1 = ∂Ee2 = 0d z ✇✳r✳t✳ t❤❡ ❢r❛♠❡

e1(z) :=

(

z,

(
1
0

))

, e2(z) :=

(

z,

(
0
1

))

✳ ❋✉rt❤❡r ∂Ee1 = −e1 ⊗ d z
zy
, ∂Ee2 = e2 ⊗

d z
zy

d z✱ θ =

(
0 0
1 0

)

d z
z
, θ† =

(
0 1
0 0

)

d z
zy2

✿

∂h(ξ, η) = ∂(ξ1η1y + ξ2η2y
−1)

= −dz
z
ξ1η1 + y∂(ξ1η1) +

dz

y2z
+ y−1∂(ξ2η2)

= −yξ1 ⊗
d z

zy
∧ η1 + y−1ξ2 ⊗

d z

zy
∧ η2

+(∂ξ1 ∧ η1 + ξ1 ∧ ∂η1)y + (∂ξ2 ∧ η2 + ξ2 ∧ ∂η2)y−1

= h(
2∑

i=1

ei ⊗ ∂ξi, η)
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+h(ξ,−e1 ⊗
d z

zy
∧ η1 + e2 ⊗

d z

zy
∧ η2 +

2∑

i=1

ei ⊗ ∂ηi)

= h(∂Eξ, η) + h(ξ, ∂Eη),

h(θξ, η) = h(e2 ⊗
d z

z
∧ ξ1, η) = y−1d z

z
∧ ξ1η2

=
y

y2
d z

z
∧ ξ1η2 = h(ξ, e1 ⊗

d z

zy2
η2)

= h(ξ, θ†η),

❢♦r ξ, η ∈ Γ(X,E)✳ ❍❡♥❝❡ D = ∂E + ∂E ✐s t❤❡ ✉♥✐q✉❡ ❤❡r♠✐t✐❛♥ ❝♦♥♥❡❝t✐♦♥✱ ✇❤✐❝❤
✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ ∂E✳ ▼♦r❡♦✈❡r θ ✐s ❛ ❍✐❣❣s ✜❡❧❞✿

(θ∂E + ∂Eθ)ξ = θ(
2∑

i=1

ei ⊗ ∂ξi) + ∂E(e2 ⊗
d z

z
∧ ξ1)

= e2 ⊗
d z

z
∧ ∂ξ1 + e2 ⊗ ∂

(
d z

z
∧ ξ1

)

= e2 ⊗
d z

z
∧ ∂ξ1 − e2 ⊗

d z

z
∧ ∂ξ1

= 0,

✇❤❡r❡ t❤❡ ♠✐♥✉s ✐♥ t❤❡ ❧❛st r♦✇ ❝♦♠❡s ❢r♦♠ t❤❡ ✉s✉❛❧ ▲❡✐❜♥✐③ r✉❧❡ ❢♦r p−❢♦r♠s
✭❤❡r❡ ❛ ✶✲❢♦r♠✮✳ ❚❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ✉♥✐q✉❡ ❤❡r♠✐t✐❛♥ ❝♦♥♥❡❝t✐♦♥ ❢♦r ❛ ♠❡tr✐❝ H
✐♥ ❛ ∂E−❤♦❧♦♠♦r♣❤✐❝ ❢r❛♠❡ ✐s ❥✉st ∂H

−1
∂H✱ ✐✳❡✳

D2 = ∂H−1∂

(
y 0
0 y−1

)

= ∂

(
y−1 0
0 y

)(−1
z

0
0 1

y2z

)

d z

= ∂

(− 1
yz

0

0 1
yz

)

d z =

(

− 1
y2|z|2 0

0 1
y2|z|2

)

d z ∧ d z

=

(
1 0
0 −1

)
d z ∧ d z

y2|z|2 .

❋✉rt❤❡r

θθ† + θ†θ =

(
0 0
1 0

)(
0 1
0 0

)
d z ∧ d z

|z|2y2 +

(
0 1
0 0

)(
0 0
1 0

)
d z ∧ d z

|z|2y2

=

((
0 0
0 1

)

−
(
1 0
0 0

))
d z ∧ d z

|z|2y2 =

(
−1 0
0 1

)
d z ∧ d z

|z|2y2 .

❚❤✉s (E, h, ∂E, θ) ✐s ❛ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡✳
❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ θ ❛r❡ λ1 = λ2 = 0✳ ❚❤❡ ❡✐❣❡♥s♣❛❝❡s ❛r❡ s♣❛♥♥❡❞ ❜② t❤❡
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♦rt❤♦❣♦♥❛❧ ✈❡❝t♦rs e1, e2✳ ❉❡✜♥❡ e′1 := e2
√
y, e′2 := e1

√

y−1✳ ❚❤❡♥ θ ✐s ✉♣♣❡r
tr✐❛♥❣✉❧❛r ✐♥ t❤✐s ♥❡✇ ❜❛s✐s✱

θ′ =

(
0 y−2

0 0

)
d z

z
.

❍❡♥❝❡

σ = 0, τ =

(
0 y
0 0

)
d z

z
,

❛♥❞ s♦ ♦♥✳
■♥ t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠ ✇❡ ❣❡t

‖[θ′, θ†′]‖2F =

∥
∥
∥
∥

(
0 y/z
0 0

)(
0
y/z 0

)

−
(

0
y/z 0

)(
0 y/z
0 0

)∥
∥
∥
∥

2

F

=

∥
∥
∥
∥

(
y−2/|z|2

0 −y−2/|z|2
)∥
∥
∥
∥

2

F

= 2y−4/|z|4.

▼♦r❡♦✈❡r ‖θ′‖2F = y−2/|z|2 ❛♥❞ s♦

‖[θ′, θ†′]‖2F
‖θ′‖2F

=
2y−4/|z|4
y−2/|z|2 =

2

y2|z|2 .

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞

∂∂ log ‖θ′‖2F = ∂∂ log(y−2/|z|2) = 2

(log(|z|2))2|z|2 d z ∧ d z =
2

y2|z|2 d z ∧ d z.

❍❡♥❝❡

− ∂

∂z

∂

∂z
log ‖θ′‖2F ≤ −‖[θ′, θ†′]‖2F

‖θ′‖2F
,

❛♥❞ s✐♥❝❡ ✇❡ ❤❛✈❡ ❡✈❡♥ ❡q✉❛❧✐t② t❤✐s ❜♦✉♥❞ ✐s s❤❛r♣✳

❚❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡ ❢✉❧✜❧❧s ❛s ❡①♣❡❝t❡❞ t❤❛t ✇❡ ❤❛✈❡

−∆ log ‖θ′‖2F ≤ −4
‖[θ′, θ†′]‖2F

‖θ′‖2F
≤ −‖[θ′, θ†′]‖2F

‖θ′‖2F
✭✶✳✹✳✶✽✳✶✮

✇✐t❤ ∆ = 4 ∂
∂z

∂
∂z
✳ ■❢ ✇❡ ♦♠✐t t❤❡ ♠✐❞❞❧❡ t❡r♠ ✇❡ ❣❡t t❤❡ ✐♥❡q✉❛❧✐t② ♦❢ ❙✐♠♣s♦♥

❬❙✐♠✾✵❪✱ ♣✳ ✼✷✽✳ ❇② ▲❡♠♠❛ ✶✳✹✳✶✷ ✇❡ ❝❛♥ ✇r✐t❡

−∆ log(‖σ‖2F + ‖τ‖2F ) ≤ − ‖[θ′, θ†′]‖2F
‖σ‖2F + ‖τ‖2F
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≤ − ‖c1[τ ′, τ †′]‖2F
‖σ‖2F + ‖τ‖2F

= − c21c
2
2‖τ‖4F

‖σ‖2F + ‖τ‖2F
. ✭✶✳✹✳✶✽✳✷✮

❘❡♠❛r❦ ✶✳✹✳✶✾✳ ❆s ♣r♦♠✐s❡❞ ✇❡ ✇❛♥t t♦ ♠❡♥t✐♦♥ t❤❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ❜r❛♥❝❤❡❞
❝♦✈❡r ❝❛s❡✳ ■♥ ❢❛❝t ❜② t❤❡ ❝❤❛✐♥ r✉❧❡

∂

∂u
f(πD(u)) =

∂πD(u)

∂u
· ∂

∂πD(u)
f(πD(u)) =

∂uN

∂u
· ∂
∂z
f(z)

= NuN−1 ∂

∂z
f(z);

❛♥❞ ❤❡♥❝❡ 4∆uf(πD(u)) = N2|u|2N−2 ∂2

∂z∂z
f(z) ❢♦r ❡✈❡r② ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥ f ✳

✶✳✺✳ ▼❛✐♥ ❊st✐♠❛t❡✱ P❛rt ■

❲❡ s✉❜❞✐✈✐❞❡ t❤❡ s❡❝t✐♦♥ ❛❣❛✐♥✱ s✐♠✐❧❛r t♦ ❙✐♠♣s♦♥ ✐♥ ❬❙✐♠✾✵❪✱ ♣✳ ✼✷✾✛✳ ◆♦t❡ ❛s
✇❡❧❧ t❤❡ r❡✇r✐tt❡♥ ✈❡rs✐♦♥ ❜② ❬▼♦❝✵✼❛❪✱ ❝❤❛♣t❡r ✼✳
❆s ❛❧r❡❛❞② ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ✇❡ ✇✐❧❧ ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✱ ❛♥❞ t❤❡♥
✉s❡ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ t♦ s❤♦✇ t❤❛t ♦♥❡ ♦❢ t❤❡ ❝❛s❡s ❝❛♥♥♦t ♦❝❝✉r✳ ❚❤❡ s❡❝♦♥❞
st❡♣ ❢♦❧❧♦✇s t❤❡ s❛♠❡ ♣r✐♥❝✐♣❧❡s✱ ❛❧t❤♦✉❣❤ ✇❡ ✇✐❧❧ ♥❡❡❞ ♠♦r❡ ✐♥t❡r♠❡❞✐❛t❡ st❡♣s
✉♥t✐❧ ✇❡ ♠❛② ✉s❡ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✳ ❆s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡ ✇❡ ✇✐❧❧ ❝♦♥str✉❝t
❛ ❝♦♥st❛♥t b t❤❛t ✐s ❝❡rt❛✐♥❧② ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇✱ ❜✉t ❝♦✉❧❞ ❜❡ st✐❧❧ ♥❡❣❛t✐✈❡✳ ■♥
♦r❞❡r t♦ ✜♥❞ ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r b ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ❢♦r β = σ − α ✇❡ ❛❞❞ ❛ t❤✐r❞
st❡♣✱ ♦r✐❣✐♥❛❧❧② ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ ❙✐♠♣s♦♥ ♦r ❬▼♦❝✵✼❛❪✳ ❚❤✉s ✇❡ ❣❡t ❛ ❜♦✉♥❞ ❢♦r τ 0✳

✶✳✺✳✶✳ ❙t❡♣ ✶

■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ ✇✐❧❧ ✉s❡ t❤❡ s♣❡❝✐❛❧ ❢♦r♠ t❤❡ ▲❛♣❧❛❝✐❛♥ t❛❦❡s ♦♥ r♦t❛t✐♦♥❛❧❧②
s②♠♠❡tr✐❝ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ ✐✳❡✳

∆ =
1

r

∂

∂r
r
∂

∂r
.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ s❤♦✉❧❞ ❜❡ ✉♥❞❡rst♦♦❞ ♣♦✐♥t✇✐s❡✳
▲❡t B ❜❡ t❤❡ ✉♥✐t ❞✐s❝ ❛s ❜❡❢♦r❡✳ ▲❡t BR ❜❡ t❤❡ ❞✐s❝ ♦❢ r❛❞✐✉s 0 < R ≤ 1 ❛♥❞ BR

✇✐t❤ t❤❡ s❛♠❡ ✲ ❡✉❝❧✐❞❡❛♥ ✲ ♠❡tr✐❝✳

▲❡♠♠❛ ✶✳✺✳✶✳ ❉❡✜♥❡

✭✐✮ ‖θz‖2F ≤ c3|z|−2✳
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✭✐✐✮ −∆ log ‖θz‖2F ≤ −c4‖θz‖2F ✳

❚❤❡r❡ ❛r❡ ❝♦♥st❛♥ts c3, c4 ≥ 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ z ∈ B∗
R ❡✐t❤❡r ✭✐✮ ♦r ✭✐✐✮ ❤♦❧❞s✿

Pr♦♦❢✳ ❈❤♦♦s❡ c3 = 2cσ✳ ❆ss✉♠❡ t❤❛t (i) ❞♦❡s ♥♦t ❤♦❧❞✱ ✐✳❡✳ ‖θz‖2F ≥ 2cσ|z|−2✳
❍❡♥❝❡

‖τ‖2F = ‖θz‖2F − ‖σ‖2F ≥ ‖θz‖2F − cσ
|z|−2

≥ 2cσ|z|−2 − cσ
|z|−2

=
cσ

|z|−2

❛♥❞ ❢✉rt❤❡r

‖τ‖2F = ‖θz‖2F − cσ
|z|−2

≥ ‖θz‖2F − ‖τ‖2F ⇒ ‖τ‖2F ≥ ‖θz‖2F
2

.

❇② ✶✳✹✳✶✽✳✷

−∆ log ‖θz‖2F ≤ − c21c
2
2‖τ‖4F

‖σ‖2F + ‖τ‖2F
≤ −c

2
1c

2
2‖θz‖4F

4‖θz‖2F
≤ −c

2
1c

2
2‖θz‖2F
4

.

❲✐t❤ c4 :=
c21c

2
2

4
t❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s✳

▲❡♠♠❛ ✶✳✺✳✷✳ ▲❡t

mε1,cm(z) :=
cm

(|z| − ε1)2(|z| −R)2
, B, ε1 > 0, z ∈ {z̃|ε1 < z̃ < R} =: Åε1,R.

✹✶

■❢

cm ≥ 4R2

c4
, ❛♥❞ cm ≥ c3R

2,

t❤❡♥

✭✐✮ −∆ logmε1,cm(z) ≥ −c4mε1,cm(z) ❛♥❞

✭✐✐✮ mε1,cm(z) ≥ c3|z|−2✳

Pr♦♦❢✳ ❇② ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ ❢♦r |z| = r✳

−∆ logmε1,cm(z) = −1

r

∂

∂r
r
∂

∂r

cm
(r − ε1)2(r −R)2

✹✶❙✐♥❝❡ R ❢♦r ✧r✐♥❣✧ ✐s ❛❧r❡❛❞② t❛❦❡♥ ✇❡ ❝❤♦♦s❡ A ❢♦r ❛♥♥✉❧✉s t♦ ❞❡♥♦t❡ r✐♥❣ ❛r❡❛s✳
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=
2

r

∂

∂r
r

2r − ε1 −R

(r − ε1)3(r −R)3
=

2

r

∂

∂r

2r2 − ε1r −Rr

(r − ε1)3(r −R)3

=
2

r

(−r2R− r2ε1 + 4rε1R− ε21R−R2ε1)

(r − ε1)4(r −R)4

=
2

r

−R(r2 − 2rε1 + ε21)− ε1(r
2 − 2rR +R2)

(r − ε1)4(r −R)4

=
−2ε1

r(r − ε1)2
+

−2R

r(r −R)2

=
−2

cm

(
ε1(|z| −R)2

|z| +
−R(|z| − ε1)

2

|z|

)

mε1,cm(z).

▼♦r❡♦✈❡r ε1
|z| < 1 ♦♥ Åε1,R✱ (|z| − R)2 = |z|2 − 2R|z| + R2 ≤ |z|2 − 2|z||z| + R2 ≤

R2 − |z|2 ≤ R2 ♦♥ Åε1,R ❛♥❞

(|z| − ε1)
2

|z| ≤ (|z| − ε1)
2

|z| − ε1
︸ ︷︷ ︸

>0

≤ |z| − ε1 ≤ |z| ≤ R.

❙♦

ε1
|z|
︸︷︷︸

<1

(|z| −R)2
︸ ︷︷ ︸

≤R2

+
(|z| − ε1)

2

|z|
︸ ︷︷ ︸

≤R

R ≤ 2R2

✐♠♣❧✐❡s

−∆ logmε1,cm(z) =
−2

cm

(
ε1(|z| −R)2

|z| +
−R(|z| − ε1)

2

|z|

)

︸ ︷︷ ︸

≤2R2

mε1,cm(z)
︸ ︷︷ ︸

≥0

≥ −2 · 2R2

cm
mε1,cm(z).

◆♦✇ t❤❡ ❝♦♥❞✐t✐♦♥ cm ≥ 4R2

c4
✐♠♣❧✐❡s ✭✐✮✳ ❚❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ✭✐✐✮ ✐s t❤❡ r❡s✉❧t ♦❢

mε1,cm(z) =
cm

(|z| − ε1)2(|z| −R)2
≥ c3R

2

(|z| − ε1)2 · (|z| −R)2
≥ c3

(|z| − ε1)2

≥ c3
|z|2 ,

✇❤❡r❡ ✇❡ ✉s❡❞ ✜rst B > c3R
2 ❜② ❛ss✉♠♣t✐♦♥✱ t❤❡♥ R2 ≥ (|z| − R)2 ♦♥ Åε1,R ❛♥❞

❛t ❧❛st (|z| − ε1)
2 ≤ |z|2 ♦♥ Åε1,R✳
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❇❡❢♦r❡ ✇❡ ❝♦♠❡ t♦ t❤❡ ♥❡①t ❧❡♠♠❛ r❡❝❛❧❧ t❤❡ ✭✇❡❛❦✮ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡

❚❤❡♦r❡♠ ✶✳✺✳✸✳ ▲❡t U ⊂ R
d ❜❡ ♦♣❡♥ ❛♥❞ ❜♦✉♥❞❡❞ ❛♥❞ u ∈ C2(U) ∩ C(U)

s✉❜❤❛r♠♦♥✐❝ ♦♥ U ✱ ✐✳❡✳ −∆u ≤ 0✳ ❚❤❡♥ maxx∈U u(x) = maxx∈∂U u(x)✳

Pr♦♦❢✳ ▼ü❧❧❡r✱ ❬P❉❊✵✾❪ ♣✳ ✶✻ ♦r ❛♥② ❜♦♦❦ ♦♥ t❤❡ t♦♣✐❝✳

❘❡♠❛r❦ ✶✳✺✳✹✳ ❚❤❡r❡ ✐s ❛ str♦♥❣❡r ✈❡rs✐♦♥ ♦❢ t❤❡ ▼❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✭❢♦r ❡①❛♠♣❧❡
✐♥ ❬▲✐▲♦✵✵❪ ♣✳ ✷✹✹✱ t❤❡♦r❡♠ ✾✳✹✱ ♦r ❬●❛r✾✶❪ r❡s♣✳ ❬❉❛❤✼✼❪✮ ✉s✐♥❣ ✉♣♣❡r s❡♠✐✲
❝♦♥t✐♥✉✐t② r❡q✉✐r✐♥❣ ♦♥❧② lim supx→∂U u(x) =: F < ∞✹✷ ✐♥st❡❛❞ ♦❢ t❤❡ ❝♦♥t✐♥✉✐t②
♦♥ t❤❡ ❜♦✉♥❞❛r②✳ ❚❤❡♥ s✉❜❤❛r♠♦♥✐❝✐t② ✐♠♣❧✐❡s u(x) ≤ F ✳
❲❡ ✇✐❧❧ ♠❛✐♥❧② ✉s❡ t❤❡ ❝❧❛ss✐❝❛❧ ✈❡rs✐♦♥✳

▲❡♠♠❛ ✶✳✺✳✺✳ ❚❤❡ s❡t S1 := {z ∈ B∗
R|‖θz‖2F > mε1,cm(z)} ✐s ❡♠♣t②✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t S1 ✐s ♥♦t ❡♠♣t②✳ ❚❤❡♥ ❛t ❧❡❛st ❢♦r ♦♥❡ z ∈ Åε1,R✿ ‖θz‖2F >
mε1,cm(z) ≥ c3

z2
❜② t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✳ ❍❡♥❝❡ ✭✐✐✮ ♦❢ ✶✳✺✳✶ ❤♦❧❞s✿ −∆ log ‖θz‖2F ≤

−c4‖θz(z)‖2F ✱

⇒ −∆ log
(
‖θz‖2F/mε1,cm(z)

)
= −∆ log ‖θz‖2F +∆ log

(
‖θz‖2F/mε1,cm(z)

)

≤ ✹✸ −c4‖θz(z)‖2F + c4mε1,cm(z)

≤ −c4
(
‖θz(z)‖2F −mε1,cm(z)

)

≤ 0

❚❤❡♥ log (‖θz‖2F/mε1,cm(z)) ✐s s✉❜❤❛r♠♦♥✐❝ ❛♥❞ ✇❡ ❝❛♥ ✉s❡ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✱
✐❢ t❤❡ ❢✉♥❝t✐♦♥ ✐s ❝♦♥t✐♥✉♦✉s ♦♥ ∂S1✳ ❚❤❡ ❢✉♥❝t✐♦♥ ✐s ❝♦♥t✐♥✉♦✉s ♦♥ Åε1,R ❛♥❞
∂Åε1,R ∩ ∂S1 = ∅ s✐♥❝❡ mε1,cm(z) ✐s ✐♥✜♥✐t② ♦♥ ∂Åε1,R = {z̃||z̃| = ε1}∪{z̃||z̃| = R}✱
✐✳❡✳ f 6> mε1,cm(z) t❤❡r❡✳ ❚❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ t❡❧❧s ✉s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ❤❛s ✐ts
♠❛①✐♠✉♠ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ S1✱ s♦ t❤❡ ♠❛①✐♠✉♠ ✐s ❥✉st ♦❜t❛✐♥❡❞ ❢♦r ‖θz‖2F =
mε1,cm(z)✳ ❖♥ S1

log
(
‖θz‖2F/mε1,cm(z)

)
≤ log (1) = 0 ⇒ ‖θz‖2F ≤ mε1,cm ♦♥ S1.

❇✉t t❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ S1 ✐❢ S1 6= ∅✳ ❍❡♥❝❡ S1 = ∅✳

❈♦♥❝❧✉s✐♦♥ ✶✳✺✳✻✳ ❋♦r ε1 → 0 ✇❡ ♦❜t❛✐♥

‖θz‖2F ≤ cm
|z|2(|z| −R)2

♦♥ B∗
R✳

✹✷❋♦r ❛❧♠♦st ❡✈❡r② x✳
✹✸✭✐✮ ♦❢ ✶✳✺✳✷✳
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❈♦♥❝❧✉s✐♦♥ ✶✳✺✳✼✳ ❋♦r ❛♥② R2 ✇✐t❤ 0 < R1 < R2 < R

‖θz‖2F ≤ c5
|z|2

♦♥ B∗
R2
✳ ❍❡r❡ c5 = cm

(R2−R)2
✳

❘❡♠❛r❦ ✶✳✺✳✽✳ ❘❡♠❡♠❜❡r ❆✳✶✳✶✽ ✐♥ t❤❡ ❜r❛♥❝❤❡❞ ❝♦✈❡r ❝❛s❡✳ ❲❡ ❣❡t ✐♥st❡❛❞ ♦❢
c4 ♥♦✇ c4

N |u|2N−2 ❛♥❞ s♦ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❧❡♠♠❛ ✶✳✺✳✺ ✇❡ st✐❧❧ ❤❛✈❡ s✉❜❤❛r♠♦♥✐❝✐t②
❛♥❞ s♦ ❝♦♥❝❧✉s✐♦♥ ✶✳✺✳✼ st✐❧❧ ❤♦❧❞s✳

✶✳✺✳✷✳ ❙t❡♣ ✷

❋♦r t❤✐s ♣❛r❛❣r❛♣❤ ❛ss✉♠❡ cα 6= 0✳✹✹

❘❡❝❛❧❧✱ β = σ − α✱ b := ‖σ‖2F − ‖α‖2F ✳ ◆♦t❡ t❤❛t s✐♥❝❡ σ ❛♥❞ α ❤❛✈❡ ♥♦♥✲tr✐✈✐❛❧
❡♥tr✐❡s ❛t t❤❡ s❛♠❡ ♣♦s✐t✐♦♥ t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠ ❞♦❡s ♥♦t ❞❡❝♦♠♣♦s❡❀ ‖β‖2F +
‖α‖2F ≥ ‖σ‖2F ✳ ❲❡ s❛✇ ❛❧r❡❛❞② ‖β‖ ≤ cβ|z|−1+ε ❛♥❞ ❢✉rt❤❡r b ≤ cβ|z|−2+ε✳✹✺

▲❡♠♠❛ ✶✳✺✳✾✳ ❉❡✜♥❡

k(z) = log

( |z|2(‖α‖2F + b+ ‖τ‖2F )
cα

)

.

❚❤❡♥ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t c6 s✉❝❤ t❤❛t

c6
cα

(
b|z|2 + ‖τ‖2F |z|2

)
≤ k(z), ✭❧❡❢t ✐♥❡q✉❛❧✐t②✮

❢♦r b|z|2 + ‖τ‖2F |z|2 ≥ 0

k(z) ≤ 1

cα

(
b|z|2 + ‖τ‖2F |z|2

)
, ✭r✐❣❤t ✐♥❡q✉❛❧✐t②✮✳

❡✈❡r②✇❤❡r❡✳

Pr♦♦❢✳ ❘❡✇r✐t❡ k

k(z) = log

( |z|2(‖α‖2F + b+ ‖τ‖2F )
cα

)

= log

(

1 +
|z|2(b+ ‖τ‖2F )

cα

)

.

◆♦t❡ t❤❛t b|z|2
cα

≤ cb
cα
z−2+ε+2 < ε2 < 1 ❢♦r z s♠❛❧❧ ❡♥♦✉❣❤✱ ✐✳❡✳ 1+ |z|2(b+‖τ‖2F )

cα
> ε2 >

0✳
✹✹cα ✇♦r❦s ❛♥❛❧♦❣♦✉s❧②✱ ❛❧t❤♦✉❣❤ t❤❡ ❝❛s❡ ✐s ❧❡ss ❝♦♠♣❧✐❝❛t❡❞✳
✹✺❋♦r λi ❡✐❣❡♥✈❛❧✉❡ ♦❢ θ✱ λi =

ai

z + βi ⇒ λ2
i =

a2
i

z2 +O(z−2+ε)✳
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◆♦✇ t❤❡ r✐❣❤t ✐♥❡q✉❛❧✐t② ✐s ♦❜✈✐♦✉s✱ ❢♦r ❡①❛♠♣❧❡ ❜② log(1 + t) ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥✲
❝r❡❛s✐♥❣✱ log(1 + t)|t=0 = 0 = t|t=0 ❛♥❞ ∂

∂t
log(t + 1) = 1

t+1
≤ 1 = ∂t

∂t
❢♦r t ≥ 1 ❛♥❞

t❤❡ ♦t❤❡r ✇❛② r♦✉♥❞ ❢♦r t ≤ 1✳ ✭f(t) = t ✐s ❛ ♠❛❥♦r❛♥t ❢✉♥❝t✐♦♥✮✳ ❋♦r t❤❡ ❧❡❢t
✐♥❡q✉❛❧✐t② ✉s❡ ❈♦♥❝❧✉s✐♦♥ ✶✳✺✳✼

‖τ‖2F ≤ ‖τ‖2F + ‖σ‖2F = ‖θz‖2F ≤ c5
|z|2 ⇒ |z|2‖τ‖2F

cα
≤ c5
cα

⇒ |z|2(b+ ‖τ‖2F )
cα

≤ cb + c5
cα

.✹✻

❈❤♦♦s❡ c6 := cα
cb+c5

· log
(

1 + cb+c5
cα

)

✱ ✐✳❡✳ ✉s❡ ❛ t❤❡ s❡❝❛♥t ❧✐♥❡ t❤r♦✉❣❤ t❤❡ s♠❛❧❧❡st

❛♥❞ t❤❡ ❜✐❣❣❡st ✈❛❧✉❡ r❡s♣✳ ✉♣♣❡r ❧✐♠✐t ♦❢ k(z) ❛♥❞ t❤❡ ❝♦♥❝❛✈✐t② ♦❢ t❤❡ ❧♦❣❛r✐t❤♠✳

−1 −0.5 0.5 1 1.5 2 2.5

−4

−3

−2

−1

1

2

3

4

5

t

c6t, t ≥ 0✱ ❤❡r❡ c6 = 1/2✳

log(1 + t)

cb+c5
cα

✉♣♣❡r ❜♦✉♥❞

❤❡r❡
cb+c5
cα

≈ 2, 513

t

❋✐❣✉r❡ ✶✳✷✿ ▲♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞ ❢♦r ❛ ♣❛rt ♦❢ t❤❡ ❧♦❣❛r✐t❤♠❀ t = |z|2(b+‖τ‖2F )

cα
✳

✹✻|z|2b ≤ cb|z|−2+2ε+2 ≤ cb|z|2ε ≤ cb ❢♦r |z| ≤ 1✳
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▲❡♠♠❛ ✶✳✺✳✶✵✳

cb
cα

|z|ε ≤ 1

2
c7 (− log |z|)−2

❢♦r ❛ s✉✐t❛❜❧❡ ❝♦♥st❛♥t c7✳

Pr♦♦❢✳ ❚♦ s✐♠♣❧✐❢② ❝❛❧❝✉❧❛t✐♦♥ ✇r✐t❡ |z| = az10
−k ≥ 10−(l+1) ❢♦r ❛ ✉♥✐q✉❡ a ∈ [1, 10[

❛♥❞ l ≥ 1✳ ❚❤❡♥ log(|z|) = log(az)− l log(10)✳ ❇② ❞❡✜♥✐t✐♦♥ log a ∈ [0, 25]✿

(− log |z|)−2 ≥ ((l + 1) log(10))−2 =
1

(l + 1)2 log(10)2
,

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞

|z|ε = aε10−εl ≤ 10−ε(l−1).

❚❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s ✐❢ ✇❡ ❛r❡ ❛❜❧❡ t♦ s❤♦✇ c7cα
2cb(log(10))2

≥ (l + 1)210−ε(l−1)✿

(l + 1)210−ε(l−1)

l210−ε(l−2)
=

(l + 1)210−ε

l2
≤ 1

⇔ 1 +
1

l
≤ 10ε/2 ⇔ l ≥ 1

10ε/2 − 1
.✹✼

❙♦ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ❞❡❝r❡❛s❡s ❢♦r l ≥ 1
10ε/2−1

✳ ❍❡♥❝❡ ❢♦r

c7 =
2cb(log(10))

2

cα

(
1

10ε/2 − 1
+ 1

)

10
−ε

(

1

10ε/2−1
−1

)

✇❡ ❤❛✈❡ t❤❡ ❞❡s✐r❡❞ ❡st✐♠❛t❡✳

❈❤♦♦s❡ c8 ≥ 0 ✇✐t❤

c8 <
c21c

2
2c

2
α

4c5
, c8 <

6

c7
.

❙✐♠✐❧❛r t♦ st❡♣ ✶ ✇❡ ✇❛♥t t♦ ❣❡t

▲❡♠♠❛ ✶✳✺✳✶✶✳ ❊✐t❤❡r

✭✐✮ k(z) < c7 (log(|z|))−2 ♦r

✭✐✐✮ −∆k(z) < −c8k(z)2|z|−2✱

❤♦❧❞s✳
✹✼❚❤❡ ♦t❤❡r ❜r❛♥❝❤ ♦❢ t❤❡ sq✉❛r❡ r♦♦t ❧❡❛❞s t♦ ♥♦ s♦❧✉t✐♦♥ ✇✐t❤✐♥ t❤❡ k ≥ 1✳
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Pr♦♦❢✳ ❆ss✉♠❡ ✭✐✮ ❞♦❡s ♥♦t ❤♦❧❞✳ ❚❤❡♥ ✇❡ ❣❡t ❜② ✶✳✺✳✶✵

1

2
k(z) ≥ 1

2
c7 (− log |z|)−2 ≥ cb

cα
|z|ε ≥ b|z|2

cα
,

⇒ k(z)− b|z|2
cα

≥ k(z)− 1

2
k(z) =

1

2
k(z)

❚❤❡ r✐❣❤t ✐♥❡q✉❛❧✐t② ✐♥ ✶✳✺✳✾ ❧❡❛❞s t♦

1

2
k(z) ≤ k(z)− b|z|2

cα
≤ 1

cα

(
b|z|2 + ‖τ‖2F |z|2

)
− b|z|2

cα
=

‖τ‖2F |z|2
cα

.

◆❡❣❛t❡ ❛♥❞ sq✉❛r❡ t❤❡ ✐♥❡q✉❛❧✐t②✿

−‖τ‖4F ≤ −c2αk2(z)
4|z|4 .

❘❡❝❛❧❧ ❊q✉❛t✐♦♥ ✶✳✹✳✶✽✳✷

−∆k(z) = −∆ log(‖θz‖2F )−∆ log

( |z|2
cα

)

≤ −c
2
1c

2
2‖τ‖4F

‖θz‖2F
− 2

|z|2
(1.5.7)

≤ −c
2
1c

2
2‖τ‖4F |z|2
c5

− 2

|z|2 ≤ −c
2
1c

2
2c

2
αk

2(z)|z|2
4|z|4c5

− 2

|z|2

≤ −c8k
2(z)

|z|2 − 2

|z|2 ≤ −c8k
2(z)

|z|2 .

▲❡♠♠❛ ✶✳✺✳✶✷✳ ❉❡✜♥❡

pεp,cp(z) := cp (− log |z|)−2 + εp (− log |z|) ,

❢♦r cp = 6c−1
8 ✳ ❚❤❡♥

✭✐✮ −∆pεp,cp(z) ≥ −c8
p2εp,cp
|z|2 ❛♥❞

✭✐✐✮ pεp,cp(z) > c7 (− log |z|)−2✳

Pr♦♦❢✳

−∆pεp,cp(z) = −1

r

∂

∂r
r
∂

∂r
pεp,cp(z)

= −1

r

∂

∂r
r

(

− 2

(log(r))3r
− εp

r

)
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= −1

r

6cp
(log(r))4r

= − 6cp
(log(r))4r2

≥ − 6cp
(log(r))4r2

+
12εp

r2 log(r)
︸ ︷︷ ︸

≤0

− 6ε2p(log(r))
2

cpr2
︸ ︷︷ ︸

≥0

= −
6p2εp,cp(z)

cpr2
= −

c8p
2
εp,cp(z)

r2
.

❚❤✐s s❤♦✇s ✭✐✮✳ ❘❡❝❛❧❧ t❤❛t c8 < 6
c7

❜② ❞❡✜♥✐t✐♦♥ ⇒ cp = 6c−1
8 > c7✳ ❚❤✉s

pεp,cp(z) = cp (− log |z|)−2 + εp (− log |z|)
︸ ︷︷ ︸

≥0

≥ cp (− log |z|)−2 > c7 (− log |z|)−2 ;

t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t②✳

❲❡ ✇❛♥t t♦ ✉s❡ ❛❣❛✐♥ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ t♦ s❤♦✇ pεp,cp(z) ≥ k(z)✳ ❚❤❡r❡❢♦r❡
s❡t S2 := {z|k(z) > pεp,cp(z)}✳

▲❡♠♠❛ ✶✳✺✳✶✸✳ S2 = ∅✳

Pr♦♦❢✳ ❆ss✉♠❡ S2 6= ∅✱ t❤❡♥ k(z) > pεp,cp(z) > c7 (− log |z|)−2 ❢♦r ❛t ❧❡❛st ♦♥❡ z✳
✶✳✺✳✶✶ ❛♣♣❧✐❡❞ t♦ t❤❡ ❝✉rr❡♥t s✐t✉❛t✐♦♥ ✐♠♣❧✐❡s

−∆k(z) < −c8k2(z)|z|−2,

❛♥❞ ❢✉rt❤❡r

−∆(k − pεp,cp)(z) = −∆(k) + ∆pεp,cp(z)
1.5.12
< −c8k

2(z)

|z|2 +
c8p

2
εp,cp

|z|2

= −c8
k2(z)− p2εp,cp

|z|2
︸ ︷︷ ︸

>0

< 0.

❙♦ t❤❡ ❢✉♥❝t✐♦♥ k− pεp,cp ✐s s✉❜❤❛r♠♦♥✐❝ ❛♥❞ s✐♥❝❡ k− pεp,cp ✐s s♠♦♦t❤ ♦♥ B∗
R✱ ❛♥❞

✐t ✐s ❝♦♥t✐♥✉♦✉s ♦♥ ∂S2 ✭❛s ∂S2 ∩ ∂B∗
R = ∅✮ ✲ pεp,cp ✐s ✐♥✜♥✐t❡ ♦♥ ∂B∗

R = {z̃||z̃| =
0} ∩ {z̃||z̃| = R} ⇒ k 6> pεp,cp ♦♥ ∂B∗

R ✲ ✐✳❡✳ pεp,cp ❝♦♥t✐♥✉♦✉s ♦♥ ∂S2 ⊂ B∗
R✳ ❙♦ ✇❡

❛r❡ ✐♥ t❤❡ ♣♦s✐t✐♦♥ t♦ ✉s❡ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❛❣❛✐♥ ❛♥❞ ✇❡ ❣❡t (k−pεp,cp)(z) ≤
(k− k)(z) = 0 ⇒ k(z) ≤ pεp,cp(z), ∀z ∈ S2✱ ✐✳❡✳ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
S2✳ ❍❡♥❝❡ S2 = ∅✳
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❈♦♥❝❧✉s✐♦♥ ✶✳✺✳✶✹✳ ❚❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ❤♦❧❞s ❢♦r ❛❧❧ εp > 0 ❛♥❞ ②✐❡❧❞s ❢♦r
εp → 0

k(z) ≤ cp (− log |z|)−2 .

❘❡♠❛r❦ ✶✳✺✳✶✺✳ ❘❡♠❡♠❜❡r ❆✳✶✳✶✽ ✐♥ t❤❡ ❜r❛♥❝❤❡❞ ❝♦✈❡r ❝❛s❡✳ ❲❡ ❣❡t ✐♥st❡❛❞
♦❢ c8 ♥♦✇ c8

N |u|2N−2 ❛♥❞ s♦ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❧❡♠♠❛ ✶✳✺✳✶✸ ✇❡ st✐❧❧ ❤❛✈❡ s✉❜❤❛r♠♦♥✐❝✐t②
❛♥❞ s♦ ❝♦♥❝❧✉s✐♦♥ ✶✳✺✳✶✹ st✐❧❧ ❤♦❧❞s✳

✶✳✺✳✸✳ ❙t❡♣ ✸

b = ‖σ‖2F −‖α‖2F ✐s ✐♥ ❣❡♥❡r❛❧ ♥♦t ♣♦s✐t✐✈❡✳ ❲❡ ♥❡❡❞ t♦ ✜♥❞ ❛ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥
‖β‖2F ❛♥❞ b✳ ❋✐rst ♥♦t❡ t❤❛t ❜♦t❤ ❛r❡ ♥♦t ❡q✉❛❧✳ ❋♦r ❡①❛♠♣❧❡ ❢♦r λ(z) = 1

z
=

α(z), β(z) = −4 ❛t z = 1
2
✿ ‖α‖2F = 1

z2
= 4, ‖λ‖2F =

∣
∣ 1
z2

− 4
∣
∣
2
= 0 ⇒ ‖β‖2F = 16, b =

0✳

▲❡♠♠❛ ✶✳✺✳✶✻✳

−cb,β|z|−2+ε ≤ b− ‖β‖2F ≤ cb,β|z|−2+ε.

Pr♦♦❢✳ ❲❡ ❤❛✈❡

b− ‖β‖2F = ‖σ‖2F − ‖α‖2F − ‖β‖2F

=
n∑

i=1

∣
∣
∣
ai
z
+ βi

∣
∣
∣

2

−
∣
∣
∣
ai
z

∣
∣
∣

2

− |βi|2

=
n∑

i=1

∣
∣
∣
ai
z
+ βi

∣
∣
∣

2

−
∣
∣
∣
ai
z

∣
∣
∣

2

− |βi|2

≤
n∑

i=1

∣
∣
∣
ai
z

∣
∣
∣

2

+ 2
∣
∣
∣
ai
z

∣
∣
∣ |βi|+ |βi|2 −

∣
∣
∣
ai
z

∣
∣
∣

2

− |βi|2

≤
n∑

i=1

2
∣
∣
∣
ai
z

∣
∣
∣ |βi|

≤ 2ncαcβ|z|−2+ε

❛♥❞

b− ‖β‖2F = ‖σ|2F − ‖α|2F − ‖β‖2F

=
n∑

i=1

∣
∣
∣
ai
z
+ βi

∣
∣
∣

2

−
∣
∣
∣
ai
z

∣
∣
∣

2

− |βi|2

=
n∑

i=1

∣
∣
∣
ai
z
+ βi

∣
∣
∣

2

−
∣
∣
∣
ai
z

∣
∣
∣

2

− |βi|2
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≥
n∑

i=1

∣
∣
∣

∣
∣
∣
ai
z

∣
∣
∣− |βi|

∣
∣
∣

2

−
∣
∣
∣
ai
z

∣
∣
∣

2

− |βi|2

≥
n∑

i=1

∣
∣
∣
ai
z

∣
∣
∣

2

− 2
∣
∣
∣
ai
z

∣
∣
∣ |βi|+ |βi|2 −

∣
∣
∣
ai
z

∣
∣
∣

2

− |βi|2

≥ −
n∑

i=1

2
∣
∣
∣
ai
z

∣
∣
∣ |βi|

≥ −2ncαcβ|z|−2+ε.

❈♦♥❝❧✉s✐♦♥ ✶✳✺✳✶✼✳ ▲❡♠♠❛ ✶✳✺✳✶✵ t❡❧❧s ✉s t❤❛t ✇❡ ✜♥❞ ❛♥♦t❤❡r ❝♦♥st❛♥t✱ s❛② c9
s✉❝❤ t❤❛t

‖β‖2F |z|2 ≤ b|z|2 + cb,β|z|ε ≤ b|z|2 + c9 (− log |z|)−2 .

❲❡ ❤❛✈❡ s❡❡♥ ✐♥ ✶✳✺✳✾ t❤❛t k ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❢♦r b|z|2 + ‖τ‖2F ≥ 0✳ ❖✉r
❛✐♠ ✐s t♦ ✜♥❞ ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r ❛❧❧ z✳ ❚❤❡r❡❢♦r❡ ✇❡ ❝♦♥str✉❝t ❛ ❧♦✇❡r ❜♦✉♥❞
❢♦r b|z|2 + ‖τ‖2F < 0 ❛♥❞ s❤♦✇ t❤❛t t❤❡ s✉♠ ♦❢ t❤✐s ❜♦✉♥❞ ✇✐t❤ t❤❡ ♦♥❡ ❢♦r
b|z|2 + ‖τ‖2F ≥ 0 ❢r♦♠ ✶✳✺✳✾ ❜♦✉♥❞s k ❡✈❡r②✇❤❡r❡✳
❈❤♦♦s❡ ❛ r❛❞✐✉s R5 s✉❝❤ t❤❛t 1− cb

cα
|z|ε ≥ ε4 > 0 ❛s ✇❡❧❧ ❛s 1− cb

cα
c10 (− log |z|)−2 ≥

ε5 > 0 ❢♦r s♦♠❡ ❝♦♥st❛♥ts ε4, ε5✳ ❚❤✐s ✐s ♦❜✈✐♦✉s❧② ♣♦ss✐❜❧❡ ❛s ❜♦t❤ t❡r♠s ❝♦♥✈❡r❣❡
t♦ 1 ❢♦r z → 0✳ ❚❤❡♥

1 +
b|z|2 + ‖τ‖2F

cα
≥ 1 +

b|z|2
cα

≥ 1− cb
cα

|z|ε,

❛♥❞ s♦ 1 +
b|z|2+‖τ‖2F

cα
≥ 1 − cb

cα
|z|ε ≥ ε4 > 0 ♦♥ B∗

R5
✳ ◆♦✇ ✇❡ ✉s❡ ✶✳✺✳✶✵ ❛❣❛✐♥ t♦

✜♥❞ ♠♦r❡ ❝♦♥st❛♥ts c10, c11 s✉❝❤ t❤❛t ❢♦r b|z|2+‖τ‖2F
cα

< 0✱ 0 < |z| < R5

k(z) = log

(

1 +
b|z|2 + ‖τ‖2F

cα

)

≥ log

(

1 +
b|z|2
cα

)

≥ log

(

1− cb
cα

|z|ε
)

︸ ︷︷ ︸

≥ε4

≥ log






1− cb

cα
c10 (− log |z|)−2

︸ ︷︷ ︸

=:−t≤1−ε5







≥ −c11
cb
cα
c10 (− log |z|)−2 . ✭✶✳✺✳✶✼✳✶✮
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❚❤❡ ❧❛st st❡♣ ✐s ❛❣❛✐♥ ✉s✐♥❣ t❤❡ ❝♦♥❝❛✈✐t② ♦❢ t❤❡ ❧♦❣❛r✐t❤♠✳ ❙✐♥❝❡ z ✐s ❜♦✉♥❞❡❞
❢r♦♠ ❛❜♦✈❡ t❤❡ ❧♦❣❛r✐t❤♠ ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❛♥❞ s♦ t❤❡ ❣r❛♣❤ ♦❢ log(1 − t)
✐s ❜♦✉♥❞ ❢r♦♠ ❜❡❧♦✇ ❜② log(ε5)✱ ❛♥❞ ❛❜♦✈❡ ❜② 0✳ c11t ✐♥t❡rs❡❝ts log(1− t) ❛t ③❡r♦
❢♦r ❛r❜✐tr❛r② c11✳ ◆♦✇ ❝❤♦♦s❡ c11t t❤❡ ❧✐♥❡ t❤r♦✉❣❤ t❤❡ s♠❛❧❧❡st ✈❛❧✉❡ ♦❢ log(1− t)
❛♥❞ t❤❡ ❜✐❣❣❡st ✈❛❧✉❡ ♦❢ log(1− t)✱ ✐✳❡✳ 0✳
◆♦t❡ t❤❛t − (− log |z|)−2 ✐s ♥❡❣❛t✐✈❡ ❡✈❡r②✇❤❡r❡ ❛♥❞ ❛❞❞✐♥❣ ❛ ♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥

−1 −0.5 0.5 1 1.5 2 2.5

−4.5

−4

−3.5

−3

−2.5

−2

−1.5

−1

−0.5

0.5

1

1.5

c11t, t ≤ 0✱

❤❡r❡ c11 = 1/2✳

log(1 + t)ε5 ❧♦✇❡r ❜♦✉♥❞

❤❡r❡ ε5 ≈ 0, 980✳

t

❋✐❣✉r❡ ✶✳✸✿ ▲♦✇❡r ❜♦✉♥❞ ❢♦r ❛ ✭♥❡❣❛t✐✈❡✮ ♣❛rt ♦❢ t❤❡ ❧♦❣❛r✐t❤♠❀ t =
− cb

cα
c10 (− log |z|)−2✳

t♦ t❤❡ ❧❡❢t s✐❞❡ ♦❢ t❤❡ ❧❡❢t ✐♥❡q✉❛❧✐t② ✐♥ ✶✳✺✳✾ ✇♦♥✬t ❝❤❛♥❣❡ t❤❡ ✐♥❡q✉❛❧✐t②✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞ ❛❞❞✐♥❣ b|z|2 + ‖τ‖2F < 0 ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ❡q✉❛t✐♦♥ ✶✳✺✳✶✼✳✶
♣r❡s❡r✈❡s t❤❡ ✐♥❡q✉❛❧✐t② ❛s ✇❡❧❧✳ ■♥ ❢♦r♠✉❧❛

b|z|2 + ‖τ‖2F |z|2 ≥ 0 : c6
cα

(

b|z|2 + ‖τ‖2F |z|2
)

− c11
cb
cα

c10 (− log |z|)−2 ≤ c6
cα

(

b|z|2 + ‖τ‖2F |z|2
)

≤ k(z),

b|z|2 + ‖τ‖2F |z|2 < 0 : c6
cα

(

b|z|2 + ‖τ‖2F |z|2
)

− c11
cb
cα

c10 (− log |z|)−2 ≤ −c11
cb
cα

c10 (− log |z|)−2 ≤ k(z).



✹✷ ⑤ ✶✳ ▼❛✐♥ ❊st✐♠❛t❡ ❢♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ ❜② ❝♦♥❝❧✉s✐♦♥ ✶✳✺✳✶✼

c6
cα

(
‖β‖2F |z|2 + ‖τ‖2F |z|2

)
−
(

c11
cb
cα
c10 + c9

c6
cα

)

︸ ︷︷ ︸

=:c12

(− log |z|)−2

≤ k(z). ✭✶✳✺✳✶✼✳✷✮

❚❤✐s s❤♦✇s t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♠❛✐♥ ❡st✐♠❛t❡✿

❚❤❡♦r❡♠ ✶✳✺✳✶✽✳

‖τ 0‖2F ≤ ‖τ 0 + β‖2F ≤ ‖τ + β‖2F ≤ cτ0 (−|z| log |z|)−2 .

Pr♦♦❢✳ ❯s❡ ✜rst t❤❛t t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠ ✐s ❡♥tr②✲✇✐s❡✱ t❤❛♥ ❡q✉❛t✐♦♥ ✶✳✺✳✶✼✳✷ ❛♥❞
✜♥❛❧❧② ✶✳✺✳✶✹

‖τ 0‖2F ≤ ‖τ + β‖2F ≤ ‖β‖2F + ‖τ‖2F ≤ c−1
6 cα

k(z)

|z|2 + c−1
6 cαc12 (−|z| log |z|)−2

≤ c−1
6 cαcp (−|z| log |z|)−2 + c−1

6 cαc12 (− log |z|)−2 .

❈❤♦♦s❡ cτ0 = c−1
6 cα(cp + c12)✳

❘❡♠❛r❦ ✶✳✺✳✶✾✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t t❤❡ r❡s✉❧ts ♦❢ ❙t❡♣s ✶ ❛♥❞ ✷ ❤♦❧❞ ❢♦r t❤❡
❜r❛♥❝❤❡❞ ❝♦✈❡r ❝❛s❡ ❛s ✇❡❧❧✱ ❛♥❞ s✐♥❝❡ ✇❡ ❤❛✈❡ ♥♦ ♠♦r❡ ❞✐✛❡r❡♥t✐❛t✐♦♥ ✐♥ st❡♣ ✸
t❤❡♦r❡♠ ✶✳✺✳✶✽ ❤♦❧❞s ✐♥ t❤❡ ❜r❛♥❝❤❡❞ ❝♦✈❡r ❝❛s❡ ❛s ✇❡❧❧✳
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❲❡ ✇✐❧❧ st❛rt t❤✐s s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ♠❛✐♥ ❡st✐♠❛t❡ ❜② r❡❝❛❧❧✐♥❣ t❤❡ ❛❞❥♦✐♥t r❡♣r❡✲
s❡♥t❛t✐♦♥✳ ❚❤❡♥ ✇❡ ✇✐❧❧ ❛❞❞ ❛ ♣r♦♦❢ t❤❛t ❛❞(φ) ✐s ✐♥✈❡rt✐❜❧❡ ♦♥ t❤❡ ❜❧♦❝❦ ✉♣♣❡r✲
tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s✳ ❯s✐♥❣ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠ ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧
♥♦r♠ h ✭✐♥ ❛♥ h−♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡✮ ✇❡ ♠❛② ❡st✐♠❛t❡ ❛❞ ✐♥ t❡r♠s ♦❢ ✐ts ❡♥tr✐❡s✳
■♥ ♣❛rt✐❝✉❧❛r τ+ ✐s ❜♦✉♥❞❡❞ ✐♥ t❡r♠s ♦❢ q✳ ◆♦✇ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ ❢✉♥❝t✐♦♥ k ❛s
✐♥ t❤❡ s❡❝♦♥❞ st❡♣ ♦❢ ♣❛rt ■✳ ❋♦rt✉♥❛t❡❧② t❤❡ ♣r♦❜❧❡♠s t❤❛t ♠❛❞❡ ✉s ❛❞❞ st❡♣ ✸✱
✇✐❧❧ ♥♦t ♦❝❝✉r ✐♥ t❤✐s ❝❛s❡ ❛♥❞ t❤❡ r❡st ♦❢ t❤❡ ❛r❣✉♠❡♥t ✇♦r❦s ❛s ✐♥ st❡♣ ✷✳ ◆♦✇
✇❡ ❣❡t ❛ ❜♦✉♥❞ ❢♦r τ+ ❛❞❞✐t✐♦♥❛❧❧② t♦ ♦✉r ❜♦✉♥❞ ❢♦r τ 0 ❢r♦♠ ♣❛rt ■✳ ❚♦❣❡t❤❡r ✇❡
❣❡t t❤❡ ❞❡s✐r❡❞ ❜♦✉♥❞ ❢♦r t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥✳

✶✳✻✳✶✳ ❚❤❡ ❆❞❥♦✐♥t ❘❡♣r❡s❡♥t❛t✐♦♥

◆❡①t ✇❡ ✇✐❧❧ ❡st✐♠❛t❡ t❤❡ ❜❧♦❝❦ ✉♣♣❡r tr✐❛♥❣✉❧❛r ♣❛rt τ+✳ ❲❡ st❛rt ✇✐t❤ ❛ ❣❡♥❡r❛❧
❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ▲✐❡ ❜r❛❝❦❡t ♦❢ t✇♦ ❜❧♦❝❦ ♠❛tr✐❝❡s✳
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▲❡♠♠❛ ✶✳✻✳✶✳ ▲❡t 1 = l1 < l2 < . . . < lk̃ ≤ n✱ k̃ ≤ n ❛♥❞ m : {1, . . . , n} →
m(i) ∈ {1, . . . , k̃} ❛♥ ✐♥❝r❡❛s✐♥❣ ♠❛♣✳ ❉❡✜♥❡ lk̃+1 = n+ 1✳ ▲❡t A = (aij) ∈ ▼n(C)

✇✐t❤ aij = δj≥iaij, aii = am(i)δii, am(i) ∈ C ❛♥❞ m(i) = m(j) ⇔ ∃1 ≤ s ≤ k̃ : ls ≤
i, j < ls+1✳ ■♥ ✇♦r❞s t❤❡ ❞✐❛❣♦♥❛❧ ♦❢ t❤❡ ✉♣♣❡r tr✐❛♥❣✉❧❛r A ✐s am(i)E ♦♥ ❜❧♦❝❦s✳
❚❤❡♥ ❛❞(A) ✐s ❜✐❥❡❝t✐✈❡ ♦♥ t❤❡ s❡t ♦❢ ❜❧♦❝❦ ✉♣♣❡r tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s✳

Pr♦♦❢✳ ▲❡t C = (cij) ∈ ▼n(C) ❜❡ ❜❧♦❝❦ ✉♣♣❡r tr✐❛♥❣✉❧❛r ✇✳r✳t✳ t❤❡ li✱ ✐✳❡✳ cij = 0
❢♦r ❛❧❧ j ≤ lm(i)✳

(AC)ik =
n∑

j=1

aijcjk =
n∑

j=1

δj≥iaijcjkδk≥lm(j)+1
,

(CA)ik =
n∑

j=1

cijajk =
n∑

j=1

δk≥jcijajkδj≥lm(i)+1
,

(AC − CA)ik =
n∑

j=1

aijcjkδ{j≥i}∩{k≥lm(j)+1} − cijajkδ{k≥j}∩{j≥lm(i)+1}.

❆ss✉♠❡ AC −CA = D✱ D = (dij)1≤i,j≤n str✐❝t❧② ❜❧♦❝❦ ✉♣♣❡r tr✐❛♥❣✉❧❛r✳ ❈♦♥s✐❞❡r
(AC − CA)ik ❢♦r lk̃ ≤ i ≤ n✳ ❚❤❡♥ lk̃ = lm(i) ≤ lm(j) < lm(j)+1 ⇒ lm(j)+1 > n ❛♥❞
t❤✉s {j ≥ i}∩{k ≥ lm(j)+1} = ∅✳ ❙✐♠✐❧❛r {j ≥ i}∩{k ≥ lm(j)+1} = ∅✳ ❙♦ t❤✐s s✉✐ts
t♦ cij = 0, dij = 0, ∀lk̃ ≤ i ≤ n✳ ❚❤✐s ✐s ♦✉r ❜❛s❡ ❝❛s❡ ❢♦r t❤❡ ✐♥❞✉❝t✐♦♥ A✳ ◆♦✇ ✇❡
❛r❡ ❣♦✐♥❣ t♦ s❤♦✇ t❤❛t st❡♣✇✐s❡ ❢♦r ❛❧❧ ls, 1 ≤ s ≤ k̃✱ ∀ls ≤ i < ls+1, ∀1 ≤ j ≤ n : cij
✐s ❞❡t❡r♠✐♥❡❞ ❜② D✳ ❆ss✉♠❡ t❤✐s ❤♦❧❞s ❢♦r s❀ s→ s− 1✿
◆♦t❡ t❤❛t j ≥ ls − 1 ⇒ m(j) ≥ s− 1✳ ❍❡♥❝❡ {j ≥ ls − 1} ∩ {ls ≥ lm(j)+1} = {j =
ls − 1} ❛♥❞ {ls ≥ j} ∩ {j ≥ lm(ls−1)+1} = {j = ls}✳

Dls−1,ls = dls−1,ls = (AC − CA)ls−1,ls

=
n∑

j=1

als−1,jcj,lsδ{j≥ls−1}∩{ls≥lm(j)+1} − cls−1,jaj,lsδ{ls≥j}∩{j≥lm(ls−1)+1}

= als−1,ls−1cls−1,ls − cls−1,lsals,ls = cls−1,ls(als−1,ls−1 − als,ls)

= cls−1,ls(am(ls−1) − am(ls)
︸ ︷︷ ︸

6=0

).

⇒ cls−1,ls =
dls−1,ls

am(ls−1) − am(ls)

,

✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞✳ ❖❢ ❝♦✉rs❡ cls−1,ls = 0 ❢♦r D = 0✳ ❚❤✐s ✐s ❥✉st t❤❡ ❜❛s❡ ❝❛s❡
❢♦r ❛♥♦t❤❡r ✐♥❞✉❝t✐♦♥ B ✇✐t❤ ✐♥❞✉❝t✐♦♥ st❡♣ cls−1,r, ∀ls ≤ r ≤ k ≤ n ✉♥✐q✉❡❧②
❞❡t❡r♠✐♥❡❞ ⇒ cls−1,k+1✱ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞✳ ■t ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠

Dls−1,k+1 = dls−1,k+1 = (AC − CA)ls−1,k+1
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=
n∑

j=1

als−1,jcj,k+1δ{j≥ls−1}∩{k+1≥lm(j)+1} − cls−1,jaj,k+1δ{k+1≥j}∩{j≥lm(ls−1)+1}

= als−1,ls−1cls−1,k+1 +
n∑

j=1

als−1,jcj,k+1δ{j≥ls}∩{k+1≥lm(j)+1}
✹✽

−cls−1,jaj,k+1δ{k+1≥j≥ls}

= als−1,ls−1cls−1,k+1 − cls−1,k+1 ak+1,k+1
︸ ︷︷ ︸

am(ls)

+
n∑

j=1

als−1,jcj,k+1δ{j≥ls}∩{k+1≥lm(j)+1} − cls−1,jaj,k+1δ{k+1>j≥ls}

= cls−1,k+1(am(ls−1) − am(ls)
︸ ︷︷ ︸

6=0

)

+
n∑

j=1

als−1,jcj,k+1δ{j≥ls}∩{k+1≥lm(j)+1} − cls−1,jaj,k+1δ{k+1>j≥ls}

⇒ cls−1,k+1 =
dls−1,k+1

am(ls−1) − am(ls)

−
n∑

j=1

als−1,jcj,k+1δ {j≥ls}∩{k+1≥lm(j)+1}

am(ls−1)−am(ls)

+
cls−1,jaj,k+1δ{k+1>j≥ls}
am(ls−1) − am(ls)

,

✇❤❡r❡ t❤❡ s❡❝♦♥❞ t❡r♠ ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② D ❛♥❞ t❤✉s cls−1,k+1

✐s✿ cj,k+1δ{j≥ls}∩{k+1≥lm(j)+1} ❞❡t❡r♠✐♥❡❞ ❜② ■♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s A ❛♥❞
cls−1,jδ{k+1≥j≥ls} ❜② ❍②♣♦t❤❡s✐s B✳ ◆♦t❡ t❤❛t t❤❡ s❡❝♦♥❞ t❡r♠ ✈❛♥✐s❤❡s ❜② ❤②✲
♣♦t❤❡s✐s ❢♦r D = 0✳
❚❤✐s ♣r♦✈❡s t❤❡ ✐♥❞✉❝t✐♦♥ B ❝❧❛✐♠ ❛♥❞ t❤❡r❡❢♦r❡ cls−1j ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② D✱
∀1 ≤ j ≤ n✳✹✾

❚❤❡ ❝❧❛✐♠ ♦❢ ✐♥❞✉❝t✐♦♥ B ❝♦✉❧❞ ❜❡ s❡❡♥ ❛s ❛ st❛rt✐♥❣ ♣♦✐♥t ❢♦r ❛♥♦t❤❡r ✐♥❞✉❝t✐♦♥
C✳ ❇❡❢♦r❡ ✇❡ st❛rt ✇✐t❤ t❤✐s ❧❛st ✐♥❞✉❝t✐♦♥ ✇❡ ✇❛♥t t♦ r❡♣❡❛t ✇❤❛t ✇❡ ❛r❡ ❛❝t✉❛❧❧②
❞♦✐♥❣✿ ■♥❞✉❝t✐♦♥ A s❤♦✇s t❤❛t ♦♥❝❡ ✇❡ ❤❛✈❡ ♦♥❡ ❜❧♦❝❦ ♦❢ C ❛❧r❡❛❞② ❞❡t❡r♠✐♥❡❞ ❜②
D ❛❧❧ ♦t❤❡r ❜❧♦❝❦s ❛r❡ ❞❡t❡r♠✐♥❡❞✳ ■♥❞✉❝t✐♦♥ C ✐♥❞✉❝❡s t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ❢r♦♠
♦♥❡ r♦✇ ✉♣ t♦ ❛♥♦t❤❡r ❛♥❞ ✐♥❞✉❝t✐♦♥ B ✐♥❞✉❝❡s t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ❢r♦♠ ♦♥❡ ❡♥tr②
t♦ t❤❡ ♦♥❡ r✐❣❤t ♦❢ ✐t✳
❋♦r ✐♥❞✉❝t✐♦♥ C t❤❡ ❤②♣♦t❤❡s✐s ✐s crk, ∀1 ≤ k ≤ n, ∀ls − 1 ≥ r ≥ i ≥ ls−1 + 1

✹✽k ≥ ls ❜② ❛ss✉♠♣t✐♦♥ ✐♠♣❧✐❡s t❤❛t {j = ls − 1} ⊂ {j ≥ ls − 1} ∩ {k + 1 ≥ lm(j)+1} ❛♥❞ ♦❢
❝♦✉rs❡ ❢♦r j = ls − 1 t❤❡r❡ ✐s ♥♦ ❢✉rt❤❡r r❡str✐❝t✐♦♥ ♦♥ k s✐♥❝❡ k + 1 ≥ lm(ls−1)+1 = ls ✐s ❛♥②✇❛②
❢✉❧✜❧❧❡❞✳

✹✾❋♦r j < ls cls−1j = 0 ❜② t❤❡ ❜❧♦❝❦ ✉♣♣❡r tr✐❛♥❣✉❧❛r ❢♦r♠✳ ❋♦r D = 0 ❛❧❧ cls−1j ✈❛♥✐s❤✳
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❋✐❣✉r❡ ✶✳✹✿ ❚❤❡ ❛rr♦✇s s❤❛❧❧ ✐❧❧✉str❛t❡ ❤♦✇ t❤❡ ✐♥❞✉❝t✐♦♥s A,B ❛♥❞ C ♣r♦❝❡❡❞✳

❞❡t❡r♠✐♥❡❞ ❜② D ⇒ ci−1,k, ∀1 ≤ k ≤ n ❞❡t❡r♠✐♥❡❞✳ ❆❣❛✐♥

Di−1,ls = di−1,ls = (AC − CA)i−1,ls

=
n∑

j=1

ai−1,jcj,lsδ{j≥i−1}∩{ls≥lm(j)+1} − ci−1,jaj,lsδ{ls≥j}∩{j≥lm(i−1)+1}

=
n∑

j=1

ai−1,jcj,lsδ{ls>j≥i−1} − ci−1,lsals,ls

= ai−1,i−1ci−1,ls − ci−1,lsals,ls +
n∑

j=1

ai−1,jcj,lsδ{ls>j≥i}

= ci−1,ls(am(ls−1) − am(ls)
︸ ︷︷ ︸

6=0

) +
n∑

j=1

ai−1,jcj,lsδ{ls>j≥i}

⇒ ci−1,ls =
di−1,ls −

∑n
j=1 ai−1,jcj,lsδ{ls>j≥i}

am(ls−1) − am(ls)

,

✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② D✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❤②♣♦t❤❡s✐s C✳ ❚❤❡♥
✐♥❞✉❝t✐♦♥ B ✐♠♣❧✐❡s t❤❛t ci−1,k ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❢♦r ❛❧❧ k✳ ❚❤✐s s❤♦✇s t❤❡ ❝❧❛✐♠
♦❢ ✐♥❞✉❝t✐♦♥ C✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❝❧❛✐♠ ♦❢ ✐♥❞✉❝t✐♦♥ A ❛♥❞ ♦✉r ❧❡♠♠❛✳
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❈♦♥❝❧✉s✐♦♥ ✶✳✻✳✷✳ ❛❞(φ) ✐s ✐♥✈❡rt✐❜❧❡ ♦♥ t❤❡ ❜❧♦❝❦ ✉♣♣❡r tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s
M+ ❢♦r φ = α + q✳ ❆♥❛❧♦❣♦✉s❧② α ✐♥✈❡rt✐❜❧❡ ♦♥ M+✳

❯s❡ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✳ ❉❡✜♥❡ ♥❡✇ ♠❛tr✐❝❡s

A′ = ❞✐❛❣(αm(l1), . . . , αm(l1), αm(l2), . . . , αm(lk̃−1)
, αm(lk̃)

, . . . , αm(lk̃)
),

t❤❡ ❞✐❛❣♦♥❛❧ ♣❛rt ♦❢ A ❛♥❞ A′′ := A − A′✳ ❋✐♥❛❧❧② ❧❡t A′′′ := (ãij)1≤i,j≤n, ãij =
aijδj≥lm(i)+1

❜❡ t❤❡ ❜❧♦❝❦ ✉♣♣❡r tr✐❛♥❣✉❧❛r ♣❛rt ♦❢ A✳

▲❡♠♠❛ ✶✳✻✳✸✳ ❛❞(A′)(A′′) = ❛❞(A′)(A′′′)✱ ✐✳❡✳ t❤❡ ❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤
❛ ♠❛tr✐① ✇❤✐❝❤ ❛❝ts ❛s ❛ ❞✐❧❛t✐♦♥ ♦♥ t❤❡ ❜❧♦❝❦s ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❜❧♦❝❦ ✉♣♣❡r
tr✐❛♥❣✉❧❛r ♣❛rt✳

Pr♦♦❢✳ ❇② ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥

(A′A′′ − A′′A′)ik =
n∑

j=1

am(i)δijajkδk>j − aijδj>iam(k)δjk

= am(i)aikδk>i − aikδk>iam(k) = aik(am(i) − am(k))δk>i

= aik(am(i) − am(k))δk≥lm(i)+1

= am(i)aikδk≥lm(i)+
− aikδk≥lm(i)+1am(k)

=
n∑

j=1

am(i)δijajkδk≥lm(j)+
− aijδj≥lm(i)+1am(k)δjk

= (A′A′′′ − A′′′A′)ik.

✶✳✻✳✷✳ ❆♥ ❡st✐♠❛t❡ ❢♦r τ+

❘❡♠❡♠❜❡r t❤❛t [φ, θz] = 0 ❜② ❞❡✜♥✐t✐♦♥✳ ❚❤❡♥

0 = ❛❞(θz)(φ) = [σ + τ, α + q]

= [σ, α]
︸ ︷︷ ︸

=0 ❞✐❛❣♦♥❛❧

+[σ, q] + [τ, α] + [τ, q]

= [σ + τ, q] + [τ, α] = [β + α + τ, q] + [τ, α]

= [β + τ, q] + [α, q] + [τ, α]

⇒ ❛❞(α)(τ) = ❛❞(β + τ)(q) + ❛❞(α)(q)

▲❡♠♠❛ ✶✳✻✳✸ t❡❧❧s ✉s t❤❛t ❛❞(α)(τ) = ❛❞(α)(τ+), ❛❞(α)(q) ∈M+ ❛♥❞ t❤✉s ❛❞(β +
τ)(q) ∈M+✱ s✐♥❝❡ q ∈M+✳
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❘❡♠❛r❦ ✶✳✻✳✹✳ ✭✐✮ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ♦✉r ✐♥♥❡r ♣r♦❞✉❝t h ✐♥❞✉❝❡s t❤❡ ❍✐❧❜❡rt✲
❙❝❤♠✐❞t ✐♥♥❡r ♣r♦❞✉❝t h❊♥❞ ♦♥ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡✳ ❚♦ ❡st✐♠❛t❡ ♠❛♣s
❢r♦♠ M+ →M+ ✇❡ ✉s❡ t❤❡ ✐♥❞✉❝❡❞ ♥♦r♠

‖g‖M+ := sup
‖B‖F=1

‖g(B)‖F = sup
B 6=0

‖g(B)‖F
‖B‖F

, g ∈ ❊♥❞(M+).

■❢ g ✐s ❛ ❜♦✉♥❞❡❞ ❛♥❞ ✐♥✈❡rt✐❜❧❡ ♦♣❡r❛t♦r ♦♥ ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ♥♦r♠❡❞
✈❡❝t♦r s♣❛❝❡ ✭❤❡♥❝❡ ❛ ❇❛♥❛❝❤ s♣❛❝❡✮✱ s♦ ✐s g−1✳ ❚♦ ❡st✐♠❛t❡ t❤❡ ♥♦r♠ ♦❢ t❤❡
✐♥✈❡rs❡✱ r❡❝❛❧❧ t❤❡ ♣r♦♦❢ ♦❢ ❧❡♠♠❛ ✶✳✻✳✶✳ ❚❤❡♥ ❢♦r AC−CA = D ✇❡ s❛✇ t❤❛t
t❤❡ cij ❞❡♣❡♥❞ ♦♥ D ❛♥❞ A ♥❛t✉r❛❧❧②✳ ❖♥ t❤❡ ❞✐❛❣♦♥❛❧ ♣❛rt ♦❢ A✱ ✐✳❡✳ A′✱
❤♦✇❡✈❡r✱ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ✐s ❝❧❡❛r❡r✿ cij ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡
♣r♦❞✉❝t ♦❢ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ ❞✐st✐♥❝t ❡♥tr✐❡s ♦❢ A′✳ ❇✉t t❤❡s❡ ❞✐✛❡r❡♥❝❡s
❛r❡ ❥✉st mi

z
❢♦r s♦♠❡ ❝♦♥st❛♥ts mi✳ ❙♦ t❤❡ ✜♥✐t❡ ♣r♦❞✉❝t ❧♦♦❦s ❧✐❦❡ mk

zr
,mk

❝♦♥st❛♥t✱ r ∈ N \ {0}✳ ❚❤✉s t❤❡ ✐♥✈❡rs❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ |z|r ≤ |z|✳ ❍❡♥❝❡
cij ≤ mij|z| ⇒ ‖❛❞(A′)−1(D)‖F = ‖C‖F ≤ c❛❞(A′)−1 |z|, ∀‖D‖F = 1 ❛♥❞ s♦♠❡
❝♦♥st❛♥t c❛❞(A′)−1 ✳

■♥ ♦✉r ❝❛s❡ A′ = α✿ ‖❛❞(α)−1‖M+ ≤ c❛❞(α)−1 |z|✳

✭✐✐✮ ❋♦r t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠ ✇❡ ❤❛✈❡

‖AB‖2F =
n∑

i,k=1

∣
∣
∣
∣
∣

n∑

j=1

aijbjk

∣
∣
∣
∣
∣

2

≤
n∑

i,k=1

(
n∑

j=1

|aij|2
)(

n∑

j=1

|bjk|2
)

=

(
n∑

i,j=1

|aij|2
)(

n∑

j,k=1

|bjk|2
)

= ‖A‖2F‖B‖2F ,

❜② ❈❛✉❝❤②✲❙❝❤✇❛r③✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ s✉❜♠✉❧t✐♣❧✐❝✐t② ❢♦r t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠✳
❇② t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②

‖❛❞(A)‖M+ = sup
‖B‖F=1

‖AB − BA‖F ≤ sup
‖B‖F=1

‖AB‖F + ‖BA‖F

≤ sup
‖B‖F=1

2‖A‖F‖B‖F = 2‖A‖F .

❚❤❡ r❡♠❛r❦ ❧❡❛❞s t♦

❛❞(α)(τ+) = ❛❞(β + τ)(q) + ❛❞(α)(q)

⇒ τ+ = (❛❞(α))−1❛❞(α)(τ+) = (❛❞(α))−1❛❞(β + τ)
︸ ︷︷ ︸

=:f

(q) + q

= (f + E)(q).
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◆♦t❡ t❤❛t ❜② ✶✳✺✳✶✽

‖τ + β‖2F ≤ cτ0 (−|z| log |z|)−1

⇒ ‖f‖M+ ≤ ✺✵2|z| c❛❞(α)−1 · cτ0
︸ ︷︷ ︸

=:cf

(−|z| log |z|)−1 =
cf

| log |z|| .

❆❢t❡r r❡str✐❝t✐♥❣✱ ✐❢ ♥❡❝❡ss❛r②✱ t♦ ❛ s♠❛❧❧❡r ♥❡✐❣❤❜♦✉r❤♦♦❞ B∗
R3

✇❡ ❤❛✈❡ ‖f‖M+ ≤
cf

| log |z|| < Cf < 1✳ ❚❤❡♥ t❤❡ ✈♦♥ ◆❡✉♠❛♥♥ s❡r✐❡s
∑∞

k=0(−f)k ❝♦♥✈❡r❣❡s ❛♥❞ f + E

✐s ✐♥✈❡rt✐❜❧❡✳ ▼♦r❡♦✈❡r ∃c13 ✐♥❞❡♣❡♥❞❡♥t ♦❢ |z| s✉❝❤ t❤❛t ‖(f + E)−1‖ < c13 ❜②

‖(f + E)−1B‖F
‖B‖F

≤ ‖∑∞
k=0(−f)kB‖F
‖B‖F

≤ ✺✶1 +

∑∞
k=1 ‖(−f)k‖M+‖B‖F

‖B‖F
≤ 1

1− Cf

⇒ ‖(f + E)−1‖M+ ≤ 1

1− Cf

.

❘❡♠❛r❦ ✶✳✻✳✺✳ ❯s✐♥❣ ❛❣❛✐♥ ✶✳✺✳✶✽ ✇❡ ❣❡t

‖q‖F ≤ ‖τ+‖F‖(f + E)−1‖M+ ≤
(

1

1− Cf

)
cτ0

−|z| log |z| ≤
c14

||z| log |z|| .

■♥ ♣❛rt✐❝✉❧❛r ❛ ❜♦✉♥❞ ❢♦r q ❧❡❛❞s t♦ ❛ ❜♦✉♥❞ ❢♦r τ+ ✇❤✐❝❤ ❞✐✛❡rs ❛t ♠♦st ❜② ❛
s❝❛❧❛r ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ❛♥❞ ✈✐❝❡ ✈❡rs❛✳

◆♦✇

‖φ‖2F = ‖α‖2F + ‖q‖2F ≤ cα
|z|2 +

c214
|z|2 · (log |z|)−2

︸ ︷︷ ︸

<C2
f<1

≤ c15
|z|2 .

❘❡❝❛❧❧ ✶✳✹✳✶✻ ❢♦r ϕ = φ

−∆ log ‖φz‖2F ≤ −‖[θ†z, φz]‖2F
‖φz‖2F

= −‖[φz, θ
†
z]‖2F

‖φz‖2F
.

❆s ✇❡ ❤❛✈❡ s❡❡♥✱ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s ❜♦✉♥❞❡❞ ❜② c15
|z|2 ✳ ❋♦r [ϕz, θ

†
z] ✇❡ ❝❛❧❝✉❧❛t❡

[ϕz, θ
†
z] = [α + q, θ†z] = [α, θ†z] + [q, σ + τ †] = [α, θ†z] + [q, α + β + τ †]

✺✵❯s❡ ✭✐✐✮ ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦ ✶✳✻✳✹✳
✺✶❋♦r t❤❡ ♦♣❡r❛t♦r ♥♦r♠ ✇❡ ❦♥♦✇ t❤❛t ‖g(A)‖F ≤ ‖g‖M+‖A‖F ✭❜② ❞❡✜♥✐t✐♦♥✮✳
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= [α, θ†z] + [q, α] + [q, β + τ †]

❚❤❡ ✜rst t❡r♠ [α, θ†z] ✐s ♥♦t ✉♣♣❡r tr✐❛♥❣✉❧❛r✱ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞ t❡r♠ [q, α] ✐s✳ ❚❤❡
t❤✐r❞ t❡r♠ [q, β + τ †] ✐s ♠✐①❡❞✳ ❙✐♥❝❡

‖[ϕz, θ
†
z]‖2F = ‖[ϕz, θ

†
z]bup‖2F + ‖[ϕz, θ

†
z]bdiag,blow‖2F ,

✇✐t❤ [ϕz, θ
†
z]bup t❤❡ ❜❧♦❝❦ ✉♣♣❡r tr✐❛♥❣✉❧❛r ♣❛rt ♦❢ [ϕz, θ

†
z] ❛♥❞ [ϕz, θ

†
z]bdiag,blow✱ ✐✳❡✳

t❤❡ ❜❧♦❝❦ ❧♦✇❡r tr✐❛♥❣✉❧❛r ♣❛rt ✐♥❝❧✉❞✐♥❣ t❤❡ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ ♣❛rt✱ ✐t ✇✐❧❧ ❜❡ ❡♥♦✉❣❤
t♦ ❡st✐♠❛t❡ ♦♥❡ ♦❢ t❤❡ t❡r♠s t♦ ✜♥❞ ❛ ❧♦✇❡r ❜♦✉♥❞✳ ■♥ ❢❛❝t ❛❣❛✐♥ ❜② ❧❡♠♠❛
✶✳✻✳✶ ❛♥❞ r❡♠❛r❦ ✶✳✻✳✹✱ ✭✐✮ ✇❡ ❦♥♦✇ t❤❛t α ✐s ✐♥✈❡rt✐❜❧❡ ♦♥ M+ ❛♥❞ ❜♦✉♥❞❡❞ ❜②
‖❛❞(α)−1‖M+ ≤ c❛❞(α)−1 |z|✳ ❋✉rt❤❡r♠♦r❡ r❡♠❛r❦ ✶✳✻✳✹✱ ✭✐✐✮ ❛♥❞ ✶✳✺✳✶✽ ❧❡❛❞ t♦

sup
B 6=0

‖(❛❞(β + τ †)(B))bup‖F ≤ sup
B 6=0

‖(❛❞(β + τ †)(B))‖F ≤ 2‖β + τ †‖F

≤ cτ0

−|z| log |z| .

❍❡♥❝❡ ♦♥ B∗
R6

❢♦r s♦♠❡ s♠❛❧❧ ❡♥♦✉❣❤ r❛❞✐✉s R6✱ f̃ = (❛❞(α))−1(❛❞(β + τ †)(B))bup
s❛t✐s✜❡s ‖f̃‖M+ ≤ cf̃

| log |z|| < Cf̃ < 1 ❢♦r s✉✐t❛❜❧❡ ❝♦♥st❛♥ts ❛s ❜❡❢♦r❡✳ ❚❤✉s E + f̃

✐♥✈❡rt✐❜❧❡ ✇✐t❤ ✉♣♣❡r ❜♦✉♥❞ ‖(E + f)−1‖M+ ≤ c16✱

⇒ ‖q‖F ≤ c16‖q + (❛❞(α))−1(❛❞(β + τ †)(q))bup‖F
≤ c16‖(❛❞(α))−1‖F‖❛❞(α)(q) + (❛❞(β + τ †)(q))bup‖F
= c16‖(❛❞(α))−1‖F‖[ϕz, θ

†
z]bup‖F .

❙♦ ✇❡ ❤❛✈❡ s❤♦✇♥

▲❡♠♠❛ ✶✳✻✳✻✳ ❚❤❡r❡ ✐s ❛ ❝♦♥st❛♥t c17 s✉❝❤ t❤❛t

c17
‖q‖2F
|z|2 =

‖q‖2F
c16c2❛❞(α)−1 |z|2

≤ ‖[ϕz, θ
†
z]bup‖2F ≤ ‖[ϕz, θ

†
z]‖2F .

❛♥❞ ❤❡♥❝❡

−∆ log ‖φz‖2F ≤ −c17
‖q‖2F

|z|2‖φz‖2F
≤ −

=:c18
︷ ︸︸ ︷
c17c15 |z|2‖q‖2F

|z|2 ≤ −c18‖q‖2F .

◆♦✇ ✇❡ ❛r❡ ✐♥ t❤❡ ♣♦s✐t✐♦♥ t♦ ♣r♦❝❡❡❞ s✐♠✐❧❛r❧② t♦ ♣❛rt ■✳ ❋✐rst

−c18‖q‖2F ≥ −∆ log ‖φz‖2F = −∆ log

(
cα
|z|2

(

1 +
|z|2
cα

‖q‖2F
))
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= −∆ log

(
cα
|z|2
)

−∆ log

(

1 +
|z|2
cα

‖q‖2F
)

= −1

r

∂

∂r
r
−2cα
r3

· r
2

cα
︸ ︷︷ ︸

=−2

−∆ log

(

1 +
|z|2
cα

‖q‖2F
)

= −∆ log

(

1 +
|z|2
cα

‖q‖2F
)

︸ ︷︷ ︸

=:k(z)

= −∆k(z). ✭✶✳✻✳✻✳✶✮

▲❡♠♠❛ ✶✳✻✳✼✳ ❚❤❡r❡ ✐s ❛ ❝♦♥st❛♥t c19 s✉❝❤ t❤❛t

c19

( |z|2
cα

‖q‖2F
)

≤ k(z) ≤ |z|2
cα

‖q‖2F .

Pr♦♦❢✳ ◆♦t❡ t❤❛t t❤✐s ✐s t❤❡ ❛♥❛❧♦❣♦♥ t♦ ❧❡♠♠❛ ✶✳✺✳✾✳ ❋♦rt✉♥❛t❡❧② t❤✐s ❝❛s❡ ✐s
❡❛s✐❡r ❛s |z|2

cα
‖q‖2F ≥ 0✳ ❚❤❡ r✐❣❤t ✐♥❡q✉❛❧✐t② ❤♦❧❞s ✐♥ ❣❡♥❡r❛❧ ❢♦r t❤❡ ❧♦❣❛r✐t❤♠ ✭❝❢✳

♣r♦♦❢ ✶✳✺✳✾✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞

|z|2
cα

‖q‖2F ≤ |z|2
cαc214|z|2 | log |z||2

︸ ︷︷ ︸

≥1

≤ 1

cαc214
=: c20.

❙❡t c19 = c−1
20 · log(1 + c20)✳ ❚❤❡♥ ❝♦♥❝❛✈✐t② ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ❣✉❛r❛♥t❡❡s t❤❡

❝❧❛✐♠✳

▲❡♠♠❛ ✶✳✻✳✽✳ ∃c21 s✉❝❤ t❤❛t

−∆k(z) ≤ −c21
k(z)

|z|2 .

Pr♦♦❢✳ ❋r♦♠ ❡q✉❛t✐♦♥ ✶✳✻✳✻✳✶ ❛♥❞ t❤❡ r✐❣❤t ✐♥❡q✉❛❧✐t② ✐♥ ❧❡♠♠❛ ✶✳✻✳✼

−∆k(z) ≤ −c18‖q‖2F ≤ −

=:c21
︷ ︸︸ ︷
c18cα
|z|2 k(z) = −c21k(z)|z|2 .

❘❡♠❛r❦ ✶✳✻✳✾✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ ❜② ✶✳✻✳✺

k(z) ≤ |z|2
cα

‖q‖2F ≤ c214
cα (− log |z|)2
︸ ︷︷ ︸

≥1

≤ c22,

❢♦r ❛ ❝♦♥st❛♥t c22✳
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❙✐♠✐❧❛r t♦ ✶✳✺✳✶✷

▲❡♠♠❛ ✶✳✻✳✶✵✳ ❉❡✜♥❡

pεp,cp,up(z) := cp|z|up + εp (− log |z|) ,

❢♦r u2 < c21✱ cpR
up

6 > c22✳ ❚❤❡♥

✭✐✮ −∆pεp,cp,up(z) > − c21cp|z|up
|z|2 > −c21 pεp,cp,up (z)|z|2 .

✭✐✐✮ pεp,cp,up(R6) > c22 > k(R6)✳

Pr♦♦❢✳

−∆pεp,cp,up(z) = −1

r

∂

∂r
r
∂

∂r
pεp,cp,up(z) = −1

r

∂

∂r
r
(

upcpr
up−1 − εp

r

)

= −1

r

∂

∂r
(upcpr

up − εp) = −1

r

(
u2pcpr

up−1
)

= −u2pcprup−2 ≥ −c21cprup−2

≥ −c21
cpr

up

r2
− c21εp (− log r) r−2

︸ ︷︷ ︸

≥0

= −c21
pεp,cp,up(z)

|z|2 .

❚❤✐s s❤♦✇s ✭✐✮✳ ❋♦r ✭✐✐✮ ❝♦♥s✐❞❡r

pεp,cp,up(R6) = cpR
up

6 + εp (− log |R6|)
︸ ︷︷ ︸

≥0

≥ cpR
up

6 ≥ c22 > k(R6).

◆❡①t ✇❡ s❤♦✇ t❤❡ ❛♥❛❧♦❣♦♥ t♦ ✶✳✺✳✶✸✱ ✐✳❡✳ ✉s❡ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ t♦ s❤♦✇
pεp,cp,up(z) ≥ k(z)✳ ❚❤❡r❡❢♦r❡ s❡t S3 := {z|k(z) > pεp,cp,up(z)}✳

▲❡♠♠❛ ✶✳✻✳✶✶✳ S3 = ∅✳

Pr♦♦❢✳ ❆ss✉♠❡ S2 6= ∅✱ t❤❡♥ k(z) > pεp,cp(z) ❢♦r ❛t ❧❡❛st ♦♥❡ z✳ ❯s❡ ❧❡♠♠❛ ✶✳✻✳✽
❛♥❞ ❧❡♠♠❛ ✶✳✻✳✶✵ t♦ ♦❜t❛✐♥

−∆(k(z)− pεp,cp,up(z)) < −c21
k(z)

|z|2 − c21
pεp,cp,up(z)

|z|2

= − c21
|z|2 (k(z)− pεp,cp,up(z)) < 0.
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❚❤✉s k(z)− pεp,cp,up(z) ✐s s✉❜❤❛r♠♦♥✐❝ ❛♥❞ ✐s ❝♦♥t✐♥✉♦✉s ♦♥ ∂S3 s✐♥❝❡ ✐t ✐s ❝♦♥t✐♥✲
✉♦✉s ♦❢ B∗

R6
❛♥❞ ∂S3 ∩ ∂B∗

R6
= ∅ ❜② ✭✐✐✮ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ✶✳✻✳✶✵ ❛♥❞ s✐♥❝❡

log(z) ❜❧♦✇s ✉♣ ❢♦r z → 0✳ ❚❤❡ r❡q✉✐r❡♠❡♥ts ♦❢ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✶✳✺✳✸ ❛r❡
❢✉❧✜❧❧❡❞ ❛♥❞ ❤❡♥❝❡ k(z)− pεp,cp,up(z) = 0 ✐s t❤❡ ♠❛①✐♠❛❧ ✈❛❧✉❡ ♦❢ k(z)− pεp,cp,up(z)

♦♥ S3 ❛♥❞ s♦ k(z) ≤ pεp,cp,up(z) ♦♥ S3 ✲ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡r❡❢♦r❡ S3 = ∅✳

❈♦♥❝❧✉s✐♦♥ ✶✳✻✳✶✷✳ ❯s✐♥❣ t❤❡ ❧❡❢t ✐♥❡q✉❛❧✐t② ✐♥ ❧❡♠♠❛ ✶✳✻✳✼

‖q‖F ≤ c−1
19 cα
|z|2 k(z) ≤ c−1

19 cα
|z|2 (cp|z|up + εp (− log |z|))

✇❡ ❣❡t ❢♦r εp → 0

‖q‖2F ≤
=:cq

︷ ︸︸ ︷

c−1
19 cαcp |z|up−2 = c2q|z|up−2.

❋✐♥❛❧❧② s❡t ε = min{up/2, 1/n} ❛♥❞ ✉s❡ r❡♠❛r❦ ✶✳✻✳✺ t♦ r❡❝❡✐✈❡

❚❤❡♦r❡♠ ✶✳✻✳✶✸✳ ❚❤❡r❡ ✐s ❛ ❝♦♥st❛♥t cτ+ s✉❝❤ t❤❛t

‖q‖F ≤ cq
|z|1−ε

‖τ+‖2F ≤ cτ+

|z|1−ε
.

❘❡♠❛r❦ ✶✳✻✳✶✹✳ ❆❣❛✐♥ r❡❝❛❧❧ ❆✳✶✳✶✽ ✐♥ t❤❡ ❜r❛♥❝❤❡❞ ❝♦✈❡r ❝❛s❡✳ ❲❡ ❣❡t ✐♥st❡❛❞
♦❢ c21 ♥♦✇ c21

N |u|2N−2 ❛♥❞ s♦ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❧❡♠♠❛ ✶✳✻✳✶✶ ✇❡ st✐❧❧ ❤❛✈❡ s✉❜❤❛r♠♦♥✐❝✐t②
❛♥❞ s♦ ❝♦♥❝❧✉s✐♦♥ ✶✳✺✳✶✹ st✐❧❧ ❤♦❧❞s✳

■♥ ❙✐♠♣s♦♥ ❬❙✐♠✾✵❪✱ t❤❡♦r❡♠ ✶✳✻✳✶✸ ❛♥❞ t❤❡♦r❡♠ ✶✳✺✳✶✽ ✐s ❝❛❧❧❡❞ ✧❚❤❡♦r❡♠ ✶✧✳
▼♦r❡♦✈❡r ✧❚❤❡♦r❡♠ ✶✧ ❛❞❞✐t✐♦♥❛❧❧② st❛t❡s

▲❡♠♠❛ ✶✳✻✳✶✺✳ ❋♦r D = ∂E + ∂E ❛♥❞ t❤❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ D∂E+θ† := ∂E +

∂E + θ† − θ ✭❝❢✳ ✶✳✷✳✺✮ ✇❡ ❤❛✈❡

‖D2
z‖F ≤ cD

|z|2| log |z||2 , ‖D2
∂E+θ†,z

‖F ≤
cD

∂E+θ†

|z|2| log |z||2 .

❍❡r❡ t❤❡ ♥♦r♠ ♦❢ t❤❡ ❝✉r✈❛t✉r❡ D s❤❛❧❧ ❜❡ ✉♥❞❡rst♦♦❞ ❛s t❤❡ ♥♦r♠ ♦❢ t❤❡ ❝♦rr❡✲
s♣♦♥❞✐♥❣ ♠❛tr✐① r❡♣r❡s❡♥t❛t✐♦♥ Dz ✇✳r✳t✳ z✳ ■♥ ❢✉t✉r❡ ✇❡ ✇✐❧❧ ♦❢t❡♥ r❡❢❡r t♦ t❤❡
❝✉r✈❛t✉r❡ ♦❢ t❤❡ ✉♥✐q✉❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ ❜② Rh✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥✱ t❤❛t ❢♦r t❤❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡ D2 = ∂E∂E + ∂E∂E =
−θθ† − θ†θ✳ ❋✉rt❤❡r

D2
∂E+θ†

= (∂E + ∂E + θ† − θ)(∂E + ∂E + θ† − θ)
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= ∂E∂E + ∂E∂E
︸ ︷︷ ︸

=−θ†θ−θθ†

−θ†θ − θθ† + ∂Eθ
† + θ†∂E − ∂Eθ − θ∂E

= −2θ†θ − 2θθ†,

✇❤❡r❡ ❛❧❧ ♦t❤❡r t❡r♠s s❤♦rt❡♥ ♦✉t ❜② t❤❡ ❤♦❧♦♠♦r♣❤② ♦❢ t❤❡ ❍✐❣❣s ✜❡❧❞ ♦r ❞❡❣r❡❡
❝♦♥s✐❞❡r❛t✐♦♥s✳ ■♥ ♠❛tr✐❝❡s ✇❡ ❤❛✈❡ D2

z = −θzθ†z+θ†zθz, D2
∂E+θ†,z

= −2(θzθ
†
z−θ†zθz)✳

▼♦r❡♦✈❡r

‖[θ, θ†]‖F = ‖[σ + τ, σ + τ †]‖F = ‖[β + α + τ, β + α + τ †]‖F
= ‖[β + τ, β + τ †] + [α, β + (τ †)+]− [α, β + τ+]‖F
≤ 2‖β + τ‖F‖β + τ †‖F + 2‖α‖F‖β + (τ †)+‖F + 2‖α‖F‖β + τ+‖F
= 2‖β + τ‖2F + 4‖α‖F‖β + τ+‖F
≤ cD

|z|2| log |z||2 ,

✇❤❡r❡ ✇❡ ✉s❡❞ ✐♥ t❤❡ ❧❛st st❡♣ ❧❡♠♠❛ ✶✳✺✳✶✵ ❛♥❞ ✶✳✻✳✶✸ t♦ ❣❡t

‖α‖F‖β + (τ †)+‖F = ‖α‖F (‖β‖F + ‖τ+‖F ) ≤
cα
|z|

(
cβ

|z|−1+ε
+

cτ+

|z|−1+ε

)

≤ cα(cβ + cτ+)

|z|2−ε
≤ c23

|z|2| log |z||2 ,

❛♥❞ ✶✳✺✳✶✽ ❢♦r

‖β + τ‖2F ≤ c24
|z|2| log |z||2 ,

✇✐t❤ s✉✐t❛❜❧❡ ❝♦♥st❛♥ts c23, c24✳
❇❡❢♦r❡ ✇❡ ✉s❡❞ ✭t♦ r❡❝❡✐✈❡ t❤❡ s❡❝♦♥❞ ❧✐♥❡✮ t❤❛t α ❛♥❞ α ❝♦♠♠✉t❡ ❛s ❞✐❛❣♦♥❛❧
♠❛tr✐❝❡s ❛♥❞ t❤❛t α r❡s♣✳ α ❝♦♠♠✉t❡ ✇✐t❤ (τ †)0 r❡s♣✳ τ 0✿ ❙✐♥❝❡ α, α, τ 0, (τ †)0 ❛r❡
❜❧♦❝❦ ❞✐❛❣♦♥❛❧ ✐t ✐s ❡♥♦✉❣❤ t♦ ❝♦♥s✐❞❡r t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❜❧♦❝❦s✳ ❇✉t α ❛❝ts
♦♥ ❡❛❝❤ ❜❧♦❝❦ ❛s aiE ❛♥❞ E ❝♦♠♠✉t❡s ✇✐t❤ ❡✈❡r② ♠❛tr✐①✳ ❚❤❡r❡❢♦r❡ α ❝♦♠♠✉t❡s
✇✐t❤ τ 0, (τ †)0 ❛s ✇❡❧❧ ❛s α ❝♦♠♠✉t❡s ✇✐t❤ τ 0, (τ †)0✳
❋♦r cD

∂E+θ†
= 2cD t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ❤♦❧❞s✱ t♦♦✳

✶✳✼✳ ❈♦♥s❡q✉❡♥❝❡s

❆s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♠❛✐♥ ❡st✐♠❛t❡ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❛s ✇❡❧❧
❛s ✐ts ✐♥✈❡rs❡ ❜❡❧♦✇✳ ■t t❡❧❧s ✉s t❤❛t t❤❡ ✢❛t s❡❝t✐♦♥s ♦❢ ❛ t❛♠❡ ❤❛r♠♦♥✐❝ ❍✐❣❣s
❜✉♥❞❧❡ ❣r♦✇ ❛t ♠♦st ♣♦❧②♥♦♠✐❛❧❧②✳ ❚❤❡ ✐♥✈❡rs❡ t❡❧❧s t❤❛t ♣♦❧②♥♦♠✐❛❧❧② ❜♦✉♥❞❡❞
✢❛t s❡❝t✐♦♥s ❧❡❛❞ t♦ t❛♠❡♥❡ss✳ ❚❤✉s ✇❡ ❤❛✈❡ t✇♦ ❞✐✛❡r❡♥t ❞❡s❝r✐♣t✐♦♥s ♦❢ t❛♠❡♥❡ss✳
❆t t❤❡ ❡♥❞ ♦❢ t❤❡ s❡❝t✐♦♥ ✇❡ ❛❞❞ ❛ t❡❝❤♥✐❝❛❧ r❡s✉❧t t❤❛t ❛❧❧♦✇s ✉s t♦ ❡①t❡♥❞ s♦❧✉t✐♦♥s
♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥ ✇❡❛❦❧② ♦✈❡r ❛ ♣✉♥❝t✉r❡✳



✺✹ ⑤ ✶✳ ▼❛✐♥ ❊st✐♠❛t❡ ❢♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

▲❡♠♠❛ ✶✳✼✳✶✳ ✭✐✮ ▲❡t v ❜❡ ❛ ✢❛t s❡❝t✐♦♥✱ ✐✳❡✳ Dv = 0 t❤❡♥ ‖v‖2h ≤ c26r
−c25 ✳✺✷

✭✐✐✮ ▲❡t w ❜❡ ❛ ✢❛t s❡❝t✐♦♥ ♦❢ t❤❡ ❞✉❛❧ ♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥t ❜✉♥❞❧❡✱ ✐✳❡✳ (detE)∗

✭❝❢✳ ✺✳✶✳✻✮✱ t❤❡♥ ‖w‖2h ≥ c30r
c27 ✳ ❍❡♥❝❡ t❤❡s❡ s❡❝t✐♦♥s ❞❡❝r❡❛s❡ ❛t ♠♦st

♣♦❧②♥♦♠✐❛❧❧② ❛❧♦♥❣ ❛ r❛② ✐♥t♦ 0✳

Pr♦♦❢✳ ❆❞ ✭✐✮✿ D∂E+θ† + 2θ = ∂E + ∂E + θ† + θ = D ✐s ❛ ✢❛t ❝♦♥♥❡❝t✐♦♥ ❜②
❤❛r♠♦♥✐❝✐t② ♦❢ t❤❡ ❜✉♥❞❧❡ ❛♥❞ ‖θz‖2F ≤ c5

|z|2 ❜② ❝♦♥❝❧✉s✐♦♥ ✶✳✺✳✼✳
❍❡♥❝❡

dh(v, v) = h(D∂E+θ†v, v) + h(v,D∂E+θ†v)

= h((D− 2θ)v, v) + h(v, (D− 2θ)v)

= −2h(θv, v)− 2h(v, θv).

◆♦✇ r❡❞✉❝❡ t❤❡ ❡q✉❛❧✐t② t♦ t❤❡ ♠❛tr✐① ♣❛rt ❛s ✐♥ t❤❡ s❡❝t✐♦♥ ♦♥ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠
❜✉♥❞❧❡ ✲ ❆✳✹✳ ❲❡ ❣❡t

(
∂

∂z
+

∂

∂z

)

h(v, v) = −2h(θzv, v)− 2h(v, θzv).

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❡st✐♠❛t❡ r❡❝❛❧❧ t❤❛t ✇❡ ❤❛✈❡

r
∂

∂r
= x

∂

∂x
+ y

∂

∂y

=
z + z

2
·
(
∂

∂z
+

∂

∂z

)

+
z − z

2

(
∂

∂z
− ∂

∂z

)

= z
∂

∂z
+ z

∂

∂z

❛♥❞ t❤❡r❡❢♦r❡

r
∂

∂r
h(v, v) =

(

z
∂

∂z
+ z

∂

∂z

)

h(v, v)

= −2zh(θzv, v)− 2zh(v, θzv) ≤ 4|z|‖θz‖F‖v‖2h✺✸

⇒ −c25‖v‖
2
h

r
≤ ∂

∂r
‖v‖2h ≤ 4‖v‖2h

√
c5
r

=
c25‖v‖2h

r
⇒ ‖v‖2h ≤ c26r

−c25

❋♦r t❤❡ ❧❛st ❧✐♥❡ ✉s❡ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ✭❆✳✶✳✸✺✮✿ ❙✉❜st✐t✉t❡ t(r) = 1− r✱ ∂t
∂r

= −1✳
❘❡s❝❛❧❡ ✐❢ ♥❡❝❡ss❛r② t♦ ✇♦r❦ ♦♥ t❤❡ ✉♥✐t ❞✐s❝ ❛❣❛✐♥✳ ❊q✉❛❧❧② ✇❡ ❝♦✉❧❞ ❝❤♦♦s❡

✺✷❙✐♠♣s♦♥✬s ♠✐ss✐♥❣ ❛ s✐❣♥ ✐♥ t❤❡ ✜rst r❡♠❛r❦ t♦ t❤❡ ♠❛✐♥ ❡st✐♠❛t❡ ✐♥ ❬❙✐♠✾✵❪✳ ❈♦♠♣❛r❡
❉❡❧✐❣♥❡ ❬❉❡❧✼✵❪✱ ♣✳ ✺✺✱ t❤❡♦r❡♠ ✶✳✶✾✳

✺✸❋♦r v = (v1, . . . , vn) ✐♥ ♦✉r ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s✱ ❞❡✜♥❡ V := ❞✐❛❣(v1, . . . , vn)✳ ❚❤❡♥
‖v‖2h = ‖V ‖2F ❛♥❞ ❜② s✉❜♠✉❧t✐♣❧✐❝✐t② ♦❢ t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠ ❛♥❞ ❈❛✉❝❤②✲❙❝❤✇❛r③✬s ✐♥❡q✉❛❧✐t②
|h❊♥❞(θzV, V )| ≤ ‖θzV ‖F ‖V ‖F ≤= ‖θz‖F ‖V ‖2F = ‖θz‖F ‖v‖2h✳
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t(r) = R7 − r ♦♥ B∗
R7
✳ ❚❤❡♥

∂

∂r
‖v‖2h ≥ −c25‖v‖

2
h

r

⇒ − ∂

∂t
‖v(1− t)‖2h ≥ −c25‖v(1− t)‖2h

1− t

⇒ ∂

∂t
‖v(1− t)‖2h ≤ c25‖v(1− t)‖2h

1− t

⇒ ‖v(1− t)‖2h ≤ ‖v(1− 0)‖2h exp
(∫ t

0

c25
1− s

d s

)

= ‖v(1)‖2h exp (−c25 ln(1− t))

⇒ ‖v(r)‖2h ≤ ‖v(1)‖2hr−c25 .

❆s ✇❡ ❤❛✈❡ ♥♦ ♣✉♥❝t✉r❡s ❛♣❛rt ❢r♦♠ 0 t❤❡ s♠♦♦t❤ s❡❝t✐♦♥ v ✐s ❜♦✉♥❞❡❞✱ ✐✳❡✳
‖v(1)‖2h ≤ c26✳
❆❞ ✭✐✐✮✿ ❊✈❡r② s❡❝t✐♦♥ ✐♥t♦

∧n
j=1E ❧♦♦❦s ❧✐❦❡ f(x) = α(x)e1 ∧ . . . ∧ en✳ h ✐♥❞✉❝❡s

❛ ♠❡tr✐❝ ♦♥
∧n

j=1E ❜②

h∧(α(x)e1 ∧ . . . ∧ en, β(x)e1 ∧ . . . ∧ en) = α(x)β(x) det(H)✺✹,

H ✇✳r✳t✳ t❤❡ ❜❛s✐s (ei)✳ ❋♦r ❡①❛♠♣❧❡ ❢♦r ❛ D−✢❛t ❢r❛♠❡ (ei) ✇❡ ❣❡t ❢r♦♠ (i)✿ |hij| =
|h(ej, ei)| ≤

√

h(ei, ei)h(ej, ej) ≤ c26r
−c25 ❜② ❈❛✉❝❤②✲❙❝❤✇❛r③✳ ❚❤❡♥ | det(H)| ≤

c29r
−c27 ❢♦r s✉✐t❛❜❧❡ ❝♦♥st❛♥ts c29, c30✱ s✐♥❝❡ ✐t ✐s ❛ ❞❡❣r❡❡ n ♣♦❧②♥♦♠✐❛❧ ✐♥ t❤❡

❡♥tr✐❡s✳
■♥ ❛ D−✢❛t ❢r❛♠❡ (ei) α(x)e1 ∧ . . . ∧ en ✐s ✢❛t ✐❢ dα(x) = 0 ✲ ❧♦❝❛❧❧② ❝♦♥st❛♥t✳
d ✐s ♠❡tr✐❝ ❤❡♥❝❡ α(x)(e1 ∧ . . . ∧ en)

∗ ✐s ✢❛t ✐❢ dα(x) = 0✳ ❋♦r t❤❡ ♠❡tr✐❝ ♦♥
t❤❡ ❞✉❛❧ ❜✉♥❞❧❡ ✇❡ ❣♦t ❛ ❢♦r♠✉❧❛ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❆✳✹✳ ■❢ e1 ∧ . . . ∧ en ✐s ♦✉r
❜❛s✐s ♦❢

∧n
j=1E t❤❡♥ h∧(·, e1 ∧ . . . ∧ en) det(H)−1 ✐s t❤❡ ❞✉❛❧ ❜❛s✐s✳ ■♥ ❣❡♥❡r❛❧

α(e1 ∧ . . . ∧ en)∗ = h∧(·, αe1 ∧ . . . ∧ en) det(H)−1 ❛♥❞ ♥♦✇ s❡t

h∧,∗(f
∗ det(H)−1, g∗ det(H)−1) = h∧,∗(f

∗, g∗) det(H)−2

= h∧(f, g) det(H)−2

= α(x)β(x) det(H)−1

❢♦r f = α(x)e1 ∧ . . . ∧ en, g = β(x)e1 ∧ . . . ∧ en ❛♥❞ f ∗ = α(x)e1 ∧ . . . ∧ en, g∗ =
β(x)e1 ∧ . . . ∧ en✳ ❍❡♥❝❡ ❛ ✢❛t s❡❝t✐♦♥ ✐♥t♦ t❤❡ ❞✉❛❧ ♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥t ❜✉♥❞❧❡
✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❜② det(H)−1✱ ✐✳❡✳ ❜② c−1

29 r
c27 = c30r

c30 ✳ ❚❤❡ ❝❛s❡ c29 = 0
❝❛♥♥♦t ♦❝❝✉r s✐♥❝❡ H ✐s ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡✱ ❤❡♥❝❡ ✐♥✈❡rt✐❜❧❡✳

✺✹◆♦t❡ t❤❛t det(H) > 0 ❜② ✉♥✐t❛r② s✐♠✐❧❛r✐t② t♦ ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ ♣♦s✐t✐✈❡ ❡♥tr✐❡s✳
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Pr♦♣♦s✐t✐♦♥ ✶✳✼✳✷✳ ❙✉♣♣♦s❡ V ✐s ❛ DX−♠♦❞✉❧❡ ✇✐t❤ ❤❛r♠♦♥✐❝ ♠❡tr✐❝ ❛♥❞
s✉♣♣♦s❡ t❤❛t ✢❛t s❡❝t✐♦♥s ❣r♦✇ ❛t ♠♦st ♣♦❧②♥♦♠✐❛❧❧② ❛♥❞ t❤❛t t❤❡ ❞❡t❡r♠✐♥❛♥t
❞❡❝r❡❛s❡s ❛t ♠♦st ♣♦❧②♥♦♠✐❛❧❧②✱ ✐✳❡✳ t❤❡ ❜♦✉♥❞s ♦❢ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ✶✳✼✳✶ ❛♣♣❧②✳
❚❤❡♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ θ ❛r❡ ❜♦✉♥❞❡❞ ❜② C

r
✱ ✐✳❡✳ t❤❡ ❤❛r♠♦♥✐❝ ♠❡tr✐❝ ✐s t❛♠❡✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ t❤✐♥❦ ♦❢ t❤❡ ❤❛r♠♦♥✐❝ ♠❡tr✐❝ ❛s ❛ ❤❛r♠♦♥✐❝ ♠❛♣ H : X →
●❧n(C)/❯(n) ❛s ✐♥ t❤❡ ❝❤❛♣t❡r ❛❜♦✉t ❍❛r♠♦♥✐❝ ❜✉♥❞❧❡s✳ ▲❡t Sε ❞❡♥♦t❡ ❛ ❝✐r✲
❝❧❡ ♦❢ r❛❞✐✉s ε ❛r♦✉♥❞ 0 ❛♥❞ S1 = ∂B∗

1 ✳ ■♥ t❤❡ s✉❜s❡❝t✐♦♥ ♦♥ ❤❛r♠♦♥✐❝ ♠❛♣s ✇❡
❤❛✈❡ s❡❡♥ t❤❛t ♦✉r ♠❡tr✐❝ H ❤❛s ♠✐♥✐♠❛❧ ❡♥❡r❣② ♦♥ t❤❡ ❛♥♥✉❧✉s Aε,1 ✉♥❞❡r ❛❧❧
♠❡tr✐❝s ✇✐t❤ t❤❡ s❛♠❡ ❜♦✉♥❞❛r② ✈❛❧✉❡s✱ s✐♥❝❡ H ✐s ❤❛r♠♦♥✐❝✳ ❍❡♥❝❡ ❢♦r ❛♥② ♦t❤❡r
♠❡tr✐❝ K ✇✐t❤ t❤❡ s❛♠❡ ❜♦✉♥❞❛r② ✈❛❧✉❡s✱ K|∂Aε,1 = H|∂Aε,1 ✇❡ ❣❡t

∫

Aε,1

‖dH‖2
Hn

≤
∫

Aε,1

‖dK‖2
Hn
.

❲❡ ✇❛♥t t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❡♥❡r❣② ♦❢ K ✐♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤❡ ❡♥❡r❣② ♦❢ H✳
❈❤♦♦s❡ K ❛s ❢♦❧❧♦✇s✿ ▲❡t ρφ : [0, 1] → X, r 7→ reiφ, φ ∈ [0, 2π[ ❛♥❞ Kφ : [ε, 1] →
●❧n(C)/❯(n) s✉❝❤ t❤❛t Kφ = gρφ, g : X → ●❧n(C)/❯(n) ✇✐t❤

g|Aε+σ,1 ≡ H|S1 ⇒ Kφ|[ε+σ,1] = (H|S1∩ρφ).

g|ρφ∩Aε,ε+σ = ❣❡♦❞❡s✐❝ ❢r♦♠ H|Sε∩ρφ t♦ H|S1∩ρφ

❢♦r ε+ σ ≤ 1✳
P❛r❛♠❡tr✐③❡ Sε ❜② γε(φ) = εe2πφi, φ ∈ [0, 1] ❛♥❞ S1 ❜② γ1(φ) = e2πφi✳ ❉❡♥♦t❡
vε(φ) = ∂H(γε(φ))

∂φ
, v1(φ) = ∂H(γ1(φ))

∂φ
t❤❡ t❛♥❣❡♥t ✈❡❝t♦rs ♦❢ H ♦♥ t❤❡ ❜♦✉♥❞✲

❛r②✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡ s❡❝t♦r ✇✐t❤ ❝♦r♥❡rs H(γε(φ)) := Hε,φ, H(γ1(φ)) :=
H1,φ, Hε,φ+εvε(φ)∆(φ)+O(∆2(φ)), Hε,φ+v1(φ)∆(φ)+O(∆2(φ))✱ ✇❤❡r❡ ∆(φ) ≥ 0
✐s ❛ s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥ ✐♥ t❤❡ ❛♥❣❧❡ φ ✭❚❛②❧♦r s❡r✐❡s✮✳ ◆♦t❡ t❤❛t v1(φ) ✐s ❜♦✉♥❞❡❞
✲ ‖v1(φ)‖2Hn

≤ c31, ∀φ ∈ [0, 1] ✲ s✐♥❝❡ H ✐s s♠♦♦t❤ ♦♥ Aε,1 ❛s ✐s θ✱ ❛♥❞ dH ❝❛♥ ❜❡
✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ H ❛♥❞ θ✱ ❛s ✇❡ s❛✇ ✐♥ t❤❡ ❝❤❛♣t❡r ♦♥ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s✳
■♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤❡ ❡♥❡r❣② ♦❢ K ❧❡t ✉s st❛rt ✇✐t❤ t❤❡ r−✐♥t❡❣r❛t✐♦♥ ♦♥ t❤❡
✐♥t❡r✈❛❧ [ε+ σ, 1]✿

∫ 1

ε+σ

∣
∣
∣
∣

(
∂

r
+

∂

r∂ϕ

)

Kφ

∣
∣
∣
∣

2

r d r

=

∫ 1

ε+σ

∣
∣
∣
∣

(
∂

r∂ϕ

)

Kφ

∣
∣
∣
∣

2

r d r

=

∫ 1

ε+σ

∣
∣
∣
∣

v1∆(φ)

r∂ϕ
+O(∆(φ))

∣
∣
∣
∣

2

r d r

≤ c31(| log(1)− log(ε+ σ)|)∆(φ) + (| log(1)− log(ε+ σ)|)(O(∆2(φ)))
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❋✐❣✉r❡ ✶✳✺✿ ❆♥ ❡①❛♠♣❧❡✱ ❤♦✇ t❤❡ ♠❡tr✐❝ K ❝♦✉❧❞ ❧♦♦❦ ❧✐❦❡✳ ❚❤❡ ♠❡tr✐❝ K ✐s
♠❛r❦❡❞ ❜② t❤❡ ❣r❡❡♥ s✉r❢❛❝❡✱ H t❤❡ ♦✉t❡r tr❛♥s♣❛r❡♥t s✉r❢❛❝❡✳ K ✐s ✜rst ❝♦♥st❛♥t
❛♥❞ ✐♥❝r❡❛s❡s t❤❛♥ ❣❡♦❞❡s✐❝❛❧❧② t♦ t❤❡ ✐♥♥❡r ❝✐r❝❧❡ Bε✳
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= c31| log(ε+ σ)|dφ.
▲❛t❡r ♦♥ s✉♠♠✐♥❣ ✉♣ ♦✈❡r ❛❧❧ s❡❝t♦rs✱ ✐✳❡✳ ✐♥t❡❣r❛t✐♦♥ ♦✈❡r t❤❡ ❛♥❣❧❡ φ t❤❡ s❡❝♦♥❞
♦r❞❡r t❡r♠s ✇✐❧❧ ❞r♦♣ ♦✉t✱ s♦ ✇❡ ❝♦✉❧❞ ❛s ✇❡❧❧ s❛✈❡ s♦♠❡ s♣❛❝❡ ❛♥❞ ♦♠✐t t❤❡♠
❢r♦♠ ♥♦✇ ♦♥ ❛♥❞ s✐♠♣❧② ✇r✐t❡ dφ ❢♦r ∆(φ)✳ ❚❤❡ ♦t❤❡r ❡q✉❛❧✐t✐❡s ❢♦❧❧♦✇ ❜② t❤❡
r−❝♦♥st❛♥❝② ♦❢ f ♦♥ [ε+ σ, 1] ❛♥❞ s✐♥❝❡ K ❝♦✐♥❝✐❞❡s ✇✐t❤ H ♦♥ t❤❡ ❜♦✉♥❞❛r②✳
❖♥ t❤❡ ✐♥t❡r✈❛❧ [ε, ε + σ] t❤❡ ✐♥t❡❣r❛t✐♦♥ ✐s s❧✐❣❤t❧② ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳ ▲❡t L =
∫ ε+σ

ε

∥
∥ ∂
∂r
Kφ(r)

∥
∥
Hn,Kφ(r)

❜❡ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❣❡♦❞❡s✐❝✳ ❙✐♥❝❡ ❛ ❣❡♦❞❡s✐❝ ❤❛s ❜②

❞❡✜♥✐t✐♦♥ ❝♦♥st❛♥t s♣❡❡❞✱ t❤❡ s♣❡❡❞ ♦♥ t❤❡ ✐♥t❡r✈❛❧ ✐s ❝♦♥st❛♥t L
σ
✺✺✳ ❚❤❡♥ t❤❡

r❛❞✐❛❧ ❝♦♠♣♦♥❡♥t ✐s
∫ ε+σ

ε

∥
∥
∥
∥

∂

∂r
Kφ

∥
∥
∥
∥

2

Hn

r d r =

∫ ε+σ

ε

∣
∣
∣
∣

L

σ

∣
∣
∣
∣

2

r d r

≤
(
L

σ

)2 ∫ ε+σ

ε

(ε+ σ) d r

=
L2(ε+ σ)

σ2
(ε+ σ − ε)

≤ L2(ε+ σ)

σ
.

❋✐♥❛❧❧② t❤❡ ❛♥❣✉❧❛r ❝♦♠♣♦♥❡♥t✿ ❘❡❝❛❧❧ t❤❛t ✇❡ s❤♦✇❡❞ t❤❛t t❤❡ s♣❛❝❡ Pn ✐s

♥❡❣❛t✐✈❡❧② ❝✉r✈❡❞✳ ❚❤❡ ✜❡❧❞ J(r) = ∂gϕ(r)

∂ϕ

∣
∣
∣
ϕ=φ

❢♦r ❛ ♣❛r❛♠❡tr✐③❡❞ ❢❛♠✐❧② ♦❢

❣❡♦❞❡s✐❝s gϕ ✐s ❝❛❧❧❡❞ ❏❛❝♦❜✐ ✜❡❧❞✳ ■♥ ♥♦♥✲♣♦s✐t✐✈❡❧② ❝✉r✈❡❞ s♣❛❝❡s r❡❝❛❧❧ t❤❛t
|J(r))|2 ✐s ❝♦♥✈❡①✳✺✻ ❍❡♥❝❡ ✐t ✐s ♠❛①✐♠❛❧ ♦♥ t❤❡ ❜♦✉♥❞❛r②✱ ✐✳❡✳

∥
∥ ∂
∂r
Kφ

∥
∥
2

Hn
≤

max{‖vε‖2Hn
,
‖v1‖2Hn

(ε+σ)2
} ≤ ‖vε‖2Hn

+ c31
(ε+σ)2

✳ ❚❤❡r❡❢♦r❡ ✇❡ ❣❡t
∫ ε+σ

ε

∥
∥
∥
∥

∂

∂φ
Kφ

∥
∥
∥
∥

2

Hn

r d r ≤
∫ ε+σ

ε

(

‖vε‖2Hn
+

c31
(ε+ σ)2

)

dφr d r

≤
(

‖vε‖2Hn
+

c31
(ε+ σ)2

)∫ ε+σ

ε

ε+ σ dφ d r

=

(

‖vε‖2Hn
(ε+ σ) +

c31
(ε+ σ)

)

(ε+ σ − ε) dφ

= ‖vε‖2Hn
σ(ε+ σ) dφ+

c31σ

(ε+ σ)
dφ.

❆❞❞✐♥❣ ✉♣ t❤❡ s✐♥❣❧❡ t❡r♠s ❛♥❞ s✉♠♠✐♥❣ ✉♣ ♦✈❡r t❤❡ s❡❝t♦rs ❧❡❛❞s ✉s t♦
∫

Aε,1

‖dK‖2
Hn

≤
∫ 1

0

c31| log(ε+ σ)| dφ+

∫ 1

0

L2(ε+ σ)

σ
dφ

✺✺
∫

b

a
‖γ̇‖dt

b−a = ‖γ̇‖ ✐❢ γ̇ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t✳
✺✻●r❡❡♥❡ ❛♥❞ ❨❛✉ ❬●❨✾✸❪✱ ♣✳ ✶✽✷✳ ❯s❡ Pr♦♣♦s✐t✐♦♥ ❆✳✷✳✷✼ t♦ ❣✉❛r❛♥t❡❡ ❝♦♠♣❧❡t❡♥❡ss✳
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+

∫ 1

0

‖vε‖2Hn
σ(ε+ σ) +

c31σ

(ε+ σ)
dφ

≤ c31| log(ε+ σ)|+ L2(ε+ σ)

σ
+

c31σ

(ε+ σ)

+σ(ε+ σ)

∫ 1

0

‖vε|2Hn
dφ

= c31| log(ε+ σ)|+ L2(ε+ σ)

σ
+

c31σ

(ε+ σ)

+
σ(ε+ σ)

ε

∫ 1

0

∥
∥
∥
∥

∂H(γε(φ))

∂φ

∥
∥
∥
∥

2

Hn

dφ✺✼

= c31| log(ε+ σ)|+ L2(ε+ σ)

σ
+

c31σ

(ε+ σ)

+
σ(ε+ σ)

ε

∫

Sε

‖dH‖2
Hn

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❛t ♦♥❧② ‖vε‖2Hn
❛❝t✉❛❧❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❛♥❣❧❡ ❛♥❞ t❤❛t ✐t ✐s t❤❡

❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❤❛r♠♦♥✐❝ ♠❡tr✐❝ H ❛❧♦♥❣ Sε✳

❲❡ ✇❛♥t t♦ ❡st✐♠❛t❡ t❤❡ ❧❡♥❣t❤ L✳ ■♥ ❆✳✷✳✷✼ ✇❡ s❛✇ t❤❛t Pn ✐s ❛ ❝♦♠♣❧❡t❡ ♠❡tr✐❝
s♣❛❝❡ ❛♥❞ s♦ ❛ ❣❡♦❞❡s✐❝ ♠✐♥✐♠✐③❡s t❤❡ ❧❡♥❣t❤✳✺✽ ❋♦r ❛♥② ♣❛t❤ γ : [ε, ε+ σ] → Pn✿

L(γ) ≤
∫ ε+σ

ε

‖γ′(t)‖Hn,γ(t).

❉❡✜♥❡ ❛ ♣❛t❤ γ(t) = exp (log(H(ε))tε + log(H(1))(1− tε)) ✇✐t❤ tε = 1
σ
(t − ε)✳

❚❤❡♥

γ(ε) = H(1), γ(ε+ σ) = H(ε),

(γ(t))−1 = exp (− log(H(ε))tε − log(H(1))(1− tε))

γ′(t) =
log(H(ε))− log(H(1))

σ
exp (log(H(ε))tε + log(H(1))(1− tε))

(γ(t))−1γ′(t) =
log(H(ε))− log(H(1))

σ

❚❤❡♥ ‖(γ(t))−1γ′(t)‖
Hn,E

= 1
σ
‖log(H(ε)−1)‖

Hn,E
+ 1

σ
‖log(H(1)−1)‖

Hn,E
✳

❲❡ ♥♦✇ ✇❛♥t t♦ ✉s❡ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❜♦✉♥❞ ✭❝✳❢✳ ✶✳✼✳✶✮ ♦❢ H(ε) ❛♥❞ H(ε)−1✳
❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ✇❡ ❣❡t log(U∗DU) = U∗ log(D)U ❢r♦♠
t❤❡ ♣♦✇❡r s❡r✐❡s ❡①♣❛♥s✐♦♥ ❜②

(U∗DU)n = U∗DUU∗ . . . UU∗DU = U∗DU.

✺✼❲❡ ❤❛✈❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❢❛❝t♦r (ε−1)2ε = ε−1 ❢♦r ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s✳
✺✽●❡♦❞❡s✐❝❛❧❧② ❝♦♠♣❧❡t❡ ❢♦❧❧♦✇s ❢r♦♠ ❝♦♠♣❧❡t❡ ❛♥❞ ♣❛t❤✲❝♦♥♥❡❝t❡❞✳



✻✵ ⑤ ✶✳ ▼❛✐♥ ❊st✐♠❛t❡ ❢♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

❍❡♥❝❡

log(U∗
εH(ε)Uε) = U∗

ε logD(ε)Uε,

⇒ logD(ε) = ❞✐❛❣(log(d1(ε)), . . . , log(dn(ε))).

▼♦r❡♦✈❡r

tr(log(U∗
εD(ε)Uε) log(U

∗
εD(ε)Uε)

∗) = tr(U∗
ε log(D(ε))UεU

∗
ε log(D(ε))Uε)

= tr(log(D(ε))2).

❆♥❛❧♦❣♦✉s ❢♦r H(ε)−1 ⇒ ‖ log(H(ε)−1)‖2
Hn,E

= tr(log(D(ε))2) s✐♥❝❡ log(d−1
i ) =

− log(di)✳
❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ ‖D(ε)‖Hn,E = ‖U∗D(ε)U‖Hn,E = ‖H(ε)‖Hn,E ≤ c26ε

−c25 ❛♥❞
‖D(ε)−1‖Hn,E = ‖U∗D(ε)−1U‖Hn,E = ‖H(ε)−1‖Hn,E ≥ c−1

26 ε
c25 ✳

❘❡♠❛r❦ ✶✳✼✳✸✳ ❲❡ ♦♥❧② ❦♥♦✇ ✉♣ t♦ ♥♦✇ t❤❛t s❡❝t✐♦♥s ✐♥t♦ t❤❡ ❞✉❛❧ ♦❢ t❤❡
❞❡t❡r♠✐♥❛♥t ❜✉♥❞❧❡ s❛t✐s❢② s✉❝❤ ❛ ❜♦✉♥❞✳ ❍♦✇❡✈❡r ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r ✇❡ ✇✐❧❧
❝♦♥str✉❝t ❛ ❢✉♥❝t♦r Ξ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ ❣r♦✇t❤ ♦❢ s❡❝t✐♦♥s ❝❧♦s❡ t♦ t❤❡ ♣✉♥❝t✉r❡✳
❲❡ ✇✐❧❧ s❡❡ t❤❛t t❤✐s ❢✉♥❝t♦r ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❛❦✐♥❣ ❞✉❛❧s ❛♥❞ ❞❡t❡r♠✐♥❛♥ts✱ ✐✳❡✳
t❤❡ ❣r♦✇t❤ ♦❢ ❛ s❡❝t✐♦♥ ✐♥t♦ t❤❡ ❞✉❛❧ ♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥t ❜✉♥❞❧❡s ❞❡t❡r♠✐♥❡s t❤❡
❣r♦✇t❤ ♦❢ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ s❡❝t✐♦♥ ✐♥t♦ E ✉♥✐q✉❡❧②✳ ❋♦r ♥♦✇ ✐t ✐s ♦♥❧② ✐♠♣♦rt❛♥t
t❤❛t s✉❝❤ ❛ ❜♦✉♥❞ ❡①✐sts✳✺✾

❍❡♥❝❡ t❤❡ ❡♥tr✐❡s di(ε), d
−1
i (ε) ❛r❡ ❜♦✉♥❞❡❞ ❜② t❤❡ s❛♠❡ ❜♦✉♥❞s ❛♥❞ t❤❡r❡❢♦r❡ ❜②

♠♦♥♦t♦♥② ♦❢ t❤❡ r❡❛❧ ❧♦❣❛r✐t❤♠

c25 log(ε)− log(c26) = log(c−1
26 εc

25) ≤ log(d−1
i (ε)), log(di(ε))

≤ log(c26ε−c25) = −c25 log(ε) + log(c26).

❋♦r di ≤ 1 t❤❡ ❧♦❣❛r✐t❤♠ ✇✐❧❧ ❜❡ ♥❡❣❛t✐✈❡ ❛♥❞ ✇❡ ♠❛② ♠✉❧t✐♣❧② ❜②−1 ❛♥❞ t❤❡♥ t❛❦❡
t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡✿ −c25 log(ε)+log(c26) ≥ − log(d−1

i (ε)) ⇒ |c25 log(ε)−log(c26)| ≥
| log(d−1

i (ε))|✳ ❋♦r di ≥ 1✿

| log(di(ε))| ≤ |c25 log(ε)− log(c26)|.

❋♦r ε s♠❛❧❧ ❡♥♦✉❣❤ ✇❡ ♠❛② ❝♦❧❧❡❝t log(c26) ✐♥t♦ c42 log(ε) ❢♦r s♦♠❡ c42 > nc25✳ ❚❤❡♥
sq✉❛r❡ ❛♥❞ s✉♠ ✉♣ t♦ r❡❝❡✐✈❡ t❤❡ tr❛❝❡ ❛♥❞ t❛❦❡ t❤❡ r♦♦t ❛❣❛✐♥✿ ‖ log(H(ε))‖ ≤
c42| log(ε)|✳ log(H(1)) ✐s ❝♦♥st❛♥t ✐♥ ε✱ s♦ ✐♥❝r❡❛s❡ c42 t♦ c43 t♦ ❜♦✉♥❞ t❤❡ ✐♥t❡❣r❛♥❞
❜② c43

σ
| log(ε)|✳ ❋✐♥❛❧❧② ✐♥t❡❣r❛t✐♦♥ ❢r♦♠ ε t♦ ε+ σ ❧❡❛❞s t♦ ❛ ❜♦✉♥❞ c43| log(ε)|✳✻✵

⇒ L ≤ c43| log(ε)|.
✺✾❲❡ st✐❝❦ ✇✐t❤ c26✱ ❛❧t❤♦✉❣❤ Ξ ♠✐❣❤t ❝❤❛♥❣❡ t❤❡ ❝♦♥st❛♥t✳
✻✵❆❢t❡r ♠♦✈✐♥❣ t❤❡ s✉♣r❡♠✉♠ ♦✉t ♦❢ t❤❡ ✐♥t❡❣r❛❧✱ ✇❡ ✐♥t❡❣r❛t❡ ♦✈❡r 1 ❢r♦♠ ε t♦ ε + σ ⇒ t❤❡

✐♥t❡❣r❛❧ ❤❛s t❤❡ ✈❛❧✉❡ ε+ σ − ε = σ✳



✶✳✼✳ ❈♦♥s❡q✉❡♥❝❡s ⑤ ✻✶

❚❤❡r❡❢♦r❡ ✇❡ ❣❡t ✉s✐♥❣ | log(ε)| ≤ log(ε)2 ❢♦r ε s♠❛❧❧ ❡♥♦✉❣❤✱ ε ≤ σ + ε ≤ 1 ❛♥❞
c35 = 2max{c31, c43}

c35
(ε+ σ)

2σ
| log(ε)|2 + σ(ε+ σ)

ε

∫

Sε

‖dH‖2
Hn

❛s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ❡♥❡r❣② ♦❢ K✳ ❋✉rt❤❡r ❝❤♦♦s❡ σ = ε ❛♥❞ t❤❡ ❤❛r♠♦♥✐❝✐t②
♦❢ H ❧❡❛❞s t♦

∫

Aε,1

‖dH‖2
Hn

≤ c35| log(ε)|2 + 2ε

∫

Sε

‖dH‖2
Hn
. ✭✶✳✼✳✸✳✶✮

▲❡♠♠❛ ✶✳✼✳✹✳
∫

Aε,1
‖dH‖2

Hn
✐s ε−✐♥t❡❣r❛❜❧❡ ✭❢r♦♠ 0 t♦ 1✮✳

Pr♦♦❢✳ ❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ✐s ε−✐♥t❡❣r❛❜❧❡✿ ❋♦r | log(ε)|2 t❤✐s
✐s ❝❧❡❛r✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ✐s s❧✐❣❤t❧② ♠♦r❡ ✐♥✈♦❧✈❡❞✳ ❖✉r ♠❛♣ H ✐s ❤❛r♠♦♥✐❝✱ ❤❡♥❝❡
H : εS1 → Pn ❤❛r♠♦♥✐❝✻✶ t❡❧❧s ✉s t❤❛t H(γε) ✐s ❛ ❝❧♦s❡❞ ❣❡♦❞❡s✐❝✿✻✷

❚❤❡♦r❡♠ ✶✳✼✳✺✳ ▲❡t N ❜❡ ❛ ❝♦♠♣❧❡t❡ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡
s❡❝t✐♦♥❛❧ ❝✉r✈❛t✉r❡✱ p, q ∈ N ✳ ❚❤❡♥ ✐♥ ❛♥② ❤♦♠♦t♦♣② ❝❧❛ss ♦❢ ❝✉r✈❡s ❢r♦♠ p t♦ q✱
t❤❡r❡ ✐s ♣r❡❝✐s❡❧② ♦♥❡ ❣❡♦❞❡s✐❝ ❛r❝ ❢r♦♠ p t♦ q✱ ❛♥❞ t❤✐s ❛r❝ ♠✐♥✐♠✐③❡s ❧❡♥❣t❤ ✐♥ ✐ts
❝❧❛ss✳

Pr♦♦❢✳ ❏♦st ❬❏♦s✵✺❪✱ ♣✳ ✷✶✼✱ t❤❡♦r❡♠ ✹✳✽✳✶✳

■♥ t❤❡ s❡❝t✐♦♥ ♦♥ ♠❛♣s ✐♥t♦ Pn ✇❡ ❤❛✈❡ s❡❡♥✱ t❤❛t ♦✉r s✐t✉❛t✐♦♥ s❛t✐s✜❡s t❤❡ r❡q✉✐r❡✲
♠❡♥ts ♠❛❞❡ ❜② t❤❡ t❤❡♦r❡♠✳ ▼♦r❡♦✈❡r H ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ❢♦r ❛ ♣❛t❤ γ̃ : I → X
❤♦♠♦t♦♣✐❝ t♦ γε t❤❡ ✐♥❞✉❝❡❞ ♣❛t❤ H(γ̃) ✐s ❤♦♠♦t♦♣✐❝ t♦ H(γε)✳ ❈❤♦♦s❡ ❛♥ ❛r❜✐✲
tr❛r② ♣♦✐♥t xε ∈ Sε ❛s ❜❛s❡ ♣♦✐♥t✱ ❢♦r ❡①❛♠♣❧❡ γε(0) = xε✳ ▲❡t γ̃(t) ❜❡ t❤❡ ♣❛t❤
✇❤✐❝❤ ❢♦r 0 ≤ t ≤ 1

4
✐s t❤❡ ❣❡♦❞❡s✐❝ ❜❡t✇❡❡♥ xε ❛♥❞ y ∈ S2/3 ∩ ρxε ✉♥✐q✉❡✳ ❍❡r❡ ρε

✐s t❤❡ r❛② ♦✉t ♦❢ t❤❡ ♣✉♥❝t✉r❡ t❤r♦✉❣❤ xε ❛♥❞ S2/3 t❤❡ ❝✐r❝❧❡ ✇✐t❤ r❛❞✐✉s 2/3✳ ❋♦r
1
4
≤ t ≤ 3

4
γ̃(t) ✐s t❤❡ ❝✐r❝❧❡ S2/3✱ ❛♥❞ ❢♦r 3

4
≤ t ≤ 1 ✇❡ r❡q✉✐r❡ γ̃t = γ̃(1 − t)✱ ✐✳❡✳

✇❡ ❣♦ ❜❛❝❦ ❛❧♦♥❣ t❤❡ ❣❡♦❞❡s✐❝✳ ■♥ ♦r❞❡r t♦ ❤❛✈❡ ❛ s♠♦♦t❤ ♣❛t❤✱ ✇❡ ♠❛② s♠♦♦t❤
♦✉t t❤❡ ✧❡❞❣❡s✧ ❜② ♠✐♥♦r ♠♦❞✐✜❝❛t✐♦♥s ♦❢ γ̃ ✐♥ A1/2,3/4✳✻✸

❚❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❝✐r❝❧❡ ♣❛rt ✐s ❜♦✉♥❞❡❞ ❜② 2π supA1/2,1
‖dH‖ = cγ,1 ✜♥✐t❡ ❜② t❤❡

s♠♦♦t❤♥❡ss ♦❢ H✳ ❚❤❡ ❣❡♦❞❡s✐❝ ♣❛rt ✇❡ ❤❛✈❡ ❡st✐♠❛t❡❞ ❜❡❢♦r❡ ❜② c43| log(ε)|2✳
❆❞❞✐♥❣ ✉♣ ✇❡ ❣❡t

L(H(γε)) ≤ L(H(γ̃)) ≤ cγ̃| log(ε)|2,

❢♦r ❛ s✉✐t❛❜❧❡ ❝♦♥st❛♥t cγ̃✳ ❆♥♦t❤❡r ❧❡♠♠❛✿

✻✶Sε ✐s ❛ ❞❡❣❡♥❡r❛t❡ ❝❧♦s❡❞ ❛♥♥✉❧✉s ❛♥❞ H ✐s ❤❛r♠♦♥✐❝ ♦♥ ❛❧❧ ❛♥♥✉❧✐✳
✻✷❘❡♣❛r❛♠❡tr✐③❡ ✐❢ ♥❡❝❡ss❛r② t♦ ❤❛✈❡ ❝♦♥st❛♥t s♣❡❡❞✳
✻✸❆ ♣♦ss✐❜❧❡ ♥♦♥✲❞✐✛❡r❡♥t✐❛❜✐❧✐t② ❛t xε ✐s ♦❢ ♥♦ ✐♠♣♦rt❛♥❝❡✳ ❲❡ ♠❛② ❝❤♦♦s❡ ♣✐❡❝❡✇✐s❡ s♠♦♦t❤

❢✉♥❝t✐♦♥s ❛s ✇❡❧❧✳



✻✷ ⑤ ✶✳ ▼❛✐♥ ❊st✐♠❛t❡ ❢♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

▲❡♠♠❛ ✶✳✼✳✻✳ ❋♦r ❡❛❝❤ s♠♦♦t❤ ❝✉r✈❡ γ : [a, b] →M ✭❢♦r ❡①❛♠♣❧❡ M = Pn✮✿

L(γ)2 ≤ 2(b− a)E(γ)

❛♥❞ ❡q✉❛❧✐t② ✐❢ ❛♥❞ ♦♥❧② ✐❢ γ ❤❛s ❝♦♥st❛♥t s♣❡❡❞✳ ❍❡r❡ E(γ) ✐s t❤❡ ❡♥❡r❣②✳

Pr♦♦❢✳ ❏♦st✱ ❬❏♦s✵✺❪ ♣✳ ✷✼ ❧❡♠♠❛ ✶✳✹✳✷✳

❲❡ ❛ss✉♠❡❞ ❝♦♥st❛♥t s♣❡❡❞ s♦ ✇❡ ♠❛② ❡st✐♠❛t❡ t❤❡ ❡♥❡r❣②
∫

Sε
‖ dH‖2

Hn
≤

L(H(γ̃)) ≤ cγ̃| log(ε)|4✳ ❇✉t t❤❡♥
∫

Sε
‖ dH‖2

Hn
✐s ε−✐♥t❡❣r❛❜❧❡ ❛s ❝❧❛✐♠❡❞✳

❘❡♠❛r❦ ✶✳✼✳✼✳ ✭✐✮ ◆♦t❡ t❤❛t ❜② ✉s✐♥❣ t❤❡ ❡st✐♠❛t❡ ❢♦r t❤❡ ❧❡♥❣t❤ ♦❢ ❛ ❣❡♦❞❡s✐❝
❛❣❛✐♥✱ ✇❡ ✉s❡❞ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❣r♦✇t❤ ♦❢ t❤❡ ♠❡tr✐❝ ❛❣❛✐♥✳

✭✐✐✮ limε→0 ε
ν
∫

Aε,1
‖dH‖2

Hn
≤ εν | log(ε)|2 = 0 ❢♦r ❛♥② ν > 0✳

▲❡t ν > 0 s♠❛❧❧✳ ❆♣♣❧② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ✭P■✮ ♦♥ t❤❡ g(ε) = ∂
∂ε
εν , f(ε) =

∫

Aε,1
‖dH‖2

Hn
✿

∫ 1

0

εν
∂

∂ε
f(ε) d ε =

∫ 1

0

εν
∂

∂ε

∫

Aε,1

∥
∥
∥
∥

(
∂

∂r
+

∂

r∂φ

)

H

∥
∥
∥
∥

2

Hn

r dφ d r

= −
∫

A0,1

εν‖dH‖2
Hn

PI
= [ ενf(ε)

︸ ︷︷ ︸

g≡0 ❢♦r ε=0
✻✹

,f≡0 ❢♦r ε=1

]10 −
∫ 1

0

νεν−1f(ε) d ε

= −
∫ 1

0

νεν−1

∫

Aε,1

‖dH‖Hn d ε,

♦r
∫

A0,1
rν‖dH‖Hn =

∫ 1

0
νεν−1

∫

Aε,1
‖dH‖Hn d ε✳ Pr♦❝❡❡❞ ✇✐t❤ ✶✳✼✳✸✳✶

∫

Aε,1

rν‖dH‖2
Hn

=

∫ 1

0

νεν−1

∫

Aε,1

‖dH‖Hn d ε

≤
∫ 1

0

νεν−1c35| log(ε)| d ε+ 2ν

∫ 1

0

εν
∫

Sε

‖dH‖2
Hn

d ε

≤
∫ 1

0

νεν−1c35| log(ε)| d ε+ 2ν

∫

D0,1

rν‖dH‖2
Hn

✻✼❇② t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦✱ ✭✐✐✮✳



✶✳✼✳ ❈♦♥s❡q✉❡♥❝❡s ⑤ ✻✸

◆♦✇ s✉❜tr❛❝t t❤❡ ✜♥✐t❡ s❡❝♦♥❞ t❡r♠✿

(1− 2ν)

∫

Aε,1

rν‖dH‖2
Hn

≤
∫ 1

0

νεν−1c35| log(ε)| d ε

■♥ t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦ ✇❡ s❛✇ t❤❛t ❢♦r ε s♠❛❧❧ ❡♥♦✉❣❤ ✇❡ ❤❛✈❡ | log(ε)| ≤ cµε
−µ

❢♦r ❛♥② µ > 0✳ ❍❡♥❝❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s st✐❧❧ ✜♥✐t❡ ❢♦r µ < ν✳ ❈❤♦♦s❡ µ = ν
2

❛♥❞ ν < 1
2
✐♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♣♦s✐t✐✈❡✳
∫

Aε,1

rν‖dH‖2
Hn

≤ (1− 2ν)−1

∫ 1

0

νεν−1c35| log(ε)| d ε

≤ (1− 2ν)−1νc35

∫ 1

0

εν/2−1 d ε

≤ cν .

❲❡ ❛r❡ st✐❧❧ ♦♥ ♦✉r ✇❛② t♦ ♣r♦✈❡ t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ θ ❤❛✈❡ ♥♦ s✐♥❣✉❧❛r✐t✐❡s
♦❢ ♦r❞❡r ❣r❡❛t❡r t❤❛♥ 1✳ ■♥ ❢❛❝t ✇❡ ❛r❡ ❛❧♠♦st ❞♦♥❡✿ ‖dH‖2

Hn
= 8‖θ‖2F ✳ ❆ss✉♠❡

t❤❛t t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ θ ✇❡r❡ ♥♦t ❜♦✉♥❞❡❞ ❜② C
r
❢♦r s♦♠❡ ❝♦♥st❛♥t C✱ t❤❡♥ t❤❡r❡

✐s ❛ λi ❡✐❣❡♥✈❛❧✉❡ ✇✐t❤ ‖λi‖ ≥ r−1−µ✳ ❆❢t❡r tr❛♥s❢♦r♠✐♥❣ ✉♥✐t❛r✐❧② t♦ t❤❡ ❙❝❤✉r
♥♦r♠❛❧ ❢♦r♠ ✇❡ s❡❡✱ ✐❢ ✐t ✇❛s♥✬t ♦❜✈✐♦✉s✱ t❤❛t t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠ ♦❢ θ ✐s ❜♦✉♥❞❡❞
❢r♦♠ ❜❡❧♦✇ ❜② λi✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ♦✉r ❜♦✉♥❞ ♦❢ ‖ dH‖ ✐♠♣❧✐❡s t❤❛t zλi ✐s
L2−✐♥t❡❣r❛❜❧❡ ✭ν = 1✮✳ ✻✽

▲❡♠♠❛ ✶✳✼✳✽✳ ❊✈❡r② Lp(U)−✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ f ✱ U s♦♠❡ ❝♦♠♣❛❝t ♥❡✐❣❤❜♦✉r✲
❤♦♦❞ ♦❢ t❤❡ ♦r✐❣✐♥✱ p ≥ 1✱ ❤♦❧♦♠♦r♣❤✐❝ ♦♥ U \ {0} ❤❛s ♥♦ ❡ss❡♥t✐❛❧ s✐♥❣✉❧❛r✐t✐❡s✳

Pr♦♦❢✳ ❊✈❡r② f ∈ Lp(U)−✐♥t❡❣r❛❜❧❡ ❢✉♥❝t✐♦♥ ✐s ✐♥t❡❣r❛❜❧❡✱ ✐✳❡✳ ✐♥ L1(U)✱ ❢♦r ❡①✲
❛♠♣❧❡ ❜② |f | ≤ max{1, |f |p} ≤ 1 + |f |p ❛♥❞ 1 ✐♥ Lp(U)✳ ❇② t❤❡ ❤♦❧♦♠♦r♣❤② ♦❢
f ✇❡ ✜♥❞ ❛ ▲❛✉r❡♥t ❡①♣❛♥s✐♦♥ f =

∑∞
k=−∞ fkz

k✳ ❲✳❧✳♦✳❣✳ ❛ss✉♠❡ U = B1✳ ❇②

❈❛✉❝❤②✬s ✐♥t❡❣r❛❧ t❤❡♦r❡♠ fk =
1
2π

∮

Sr

f(z)
zk+1 d z, 0 < r ≤ 1

⇒ |fk| =

∣
∣
∣
∣

1

2π

∫ 1

0

2πirf(re2πit)r−k−1e−2πit(k+1) d t

∣
∣
∣
∣

≤
∫ 1

0

∣
∣f(re2πit)r−ke−2πit(k+1)

∣
∣ d t

= r−k

∫ 1

0

∣
∣f(re2πit)

∣
∣ d t.

❍❡♥❝❡

∞ >

∫

U

|f(z)| d z =

∫ 1

0

∫ 1

0

∣
∣f(re2πit)

∣
∣ d tr d r

✻✽❚❤❡ ❝❤♦✐❝❡ ν < 1
2 ✇❛s ❢♦r ❝♦♥✈❡♥✐❡♥❝❡ ♦❢ ❝❛❧❝✉❧❛t✐♦♥✳ ❇② t❤❡ tr✐✈✐❛❧ ❡st✐♠❛t❡ ❢♦r ν′ > ν :

rν
′−ν ≤ 1 ⇒

∫ ∫

Aε,1
rν

′‖dH‖2
Hn

≤
∫

Aε,1
rν‖dH‖2

Hn
✳



✻✹ ⑤ ✶✳ ▼❛✐♥ ❊st✐♠❛t❡ ❢♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

≥
∫ 1

0

|fk|rk+1 d r = |fk|
∫ 1

0

rk+1 d r.

❇✉t t❤❡ ❧❛st ✐♥t❡❣r❛❧ ✐s ♦♥❧② ✜♥✐t❡ ✐❢ k > −2✱ ✐✳❡✳ f ✐s ♠❡r♦♠♦r♣❤✐❝ ✇✐t❤ ❛ ♣♦❧❡ ♦❢
♦r❞❡r ❛t ♠♦st 1 ❛t 0✳

❚❤✐s s❤♦✇s t❤❛t zλi ✐s ♠❡r♦♠♦r♣❤✐❝ ❛♥❞ ❤❡♥❝❡ t❤❛t λi ✐s ♠❡r♦♠♦r♣❤✐❝✳
❚❤❡♥ ‖dH‖2 ≥ r−2−2µ ❛♥❞ ♠♦r❡♦✈❡r rν‖dH‖2 ≥ r−2−2µ−ν > r−2 ❢♦r t❤❡ ❝❤♦✐❝❡
ν < 2µ✱ ❢♦r ❡①❛♠♣❧❡ µ = ν✳ ❇✉t r−2 ✐s ♥♦t ✐♥t❡❣r❛❜❧❡ ♦✈❡r ❛ t✇♦ ❞✐♠❡♥s✐♦♥❛❧
s♣❛❝❡ ✲ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t♦

∫

Aε,1
rν‖dH‖2

Hn
≤ cν ✳ ❍❡♥❝❡ ❛❧❧ ❡✐❣❡♥✈❛❧✉❡s ♦❢ θ ❤❛✈❡ ♥♦

s✐♥❣✉❧❛r✐t② ♦❢ ♦r❞❡r ❣r❡❛t❡r t❤❛♥ −1✳

❲❤✐❧❡ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ❛♥❞ ♣r♦♣♦s✐t✐♦♥ ♣r♦✈✐❞❡ ✉s ✇✐t❤ ❛ ✜♥❛❧ r❡s✉❧t✱ ♥❛♠❡❧②
t❤❛t ✇❡ ❤❛✈❡ t✇♦ ❡q✉✐✈❛❧❡♥t ✇❛②s ♦❢ ❞❡s❝r✐❜✐♥❣ t❛♠❡♥❡ss ✭♦♥❡ ✐s ❜② t❤❡ ♦r❞❡r ♦❢
❣r♦✇t❤ ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s✱ t❤❡ ♦t❤❡r ♦♥❡ ✐s ❜② ♦r❞❡r ♦❢ ❣r♦✇t❤ ♦❢ ✢❛t s❡❝t✐♦♥s✮✱ t❤❡
❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ❛ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛✳ ❲❡ ✇✐❧❧ ✉s❡ ✐t s❡✈❡r❛❧ t✐♠❡s t♦ ❡①♣❛♥❞ ❛♥
❡st✐♠❛t❡ ✇❡❛❦❧② ♦✈❡r ♦✉r ♣✉♥❝t✉r❡✳

▲❡♠♠❛ ✶✳✼✳✾✳ ❙✉♣♣♦s❡ f : X → R ✐s ❛ ❢✉♥❝t✐♦♥ s♠♦♦t❤ ❛✇❛② ❢r♦♠ t❤❡ ♦r✐❣✐♥

❛♥❞
∣
∣
∣
f(z)
log |z|

∣
∣
∣→ 0 ❢♦r z → 0✳ ❙✉♣♣♦s❡ ❢✉rt❤❡r t❤❛t −∆f ≤ −b ❛✇❛② ❢r♦♠ t❤❡ ♦r✐❣✐♥

❢♦r ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ b : X → R+✳ ❚❤❡♥
∫

X
b < ∞ ❛♥❞ t❤❡ ❡st✐♠❛t❡ ❤♦❧❞s

✇❡❛❦❧② ♦✈❡r t❤❡ ♦r✐❣✐♥✳
❋✉rt❤❡r♠♦r❡ ✐❢ b ✐s ♥♦t ♥♦♥✲♥❡❣❛t✐✈❡ ❜✉t ❛♥② L1−❢✉♥❝t✐♦♥ ✇✐t❤ −∆f ≤ −b t❤❡♥
∫

X
b <∞ ❛♥❞ t❤❡ ❡st✐♠❛t❡ ❤♦❧❞s ✇❡❛❦❧② ♦✈❡r t❤❡ ♦r✐❣✐♥✳

Pr♦♦❢✳ ❲❡ ♠❛② r❡str✐❝t t♦ s♦♠❡ s♠❛❧❧ ♥❡✐❣❤❜♦✉r❤♦♦❞ U ⊂ X ♦❢ t❤❡ ♦r✐❣✐♥✱ s✐♥❝❡
−∆f ≤ −b ❤♦❧❞s ♦✉ts✐❞❡ U ❛♥❞ b ✐♥t❡❣r❛❜❧❡ ♦♥ t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ U ✳ ▲❡t Ψ(z) =
− 1

2π
log |z| ❜❡ ●r❡❡♥✬s ❢✉♥❝t✐♦♥ ♦♥ U ✳✻✾ ■❢ U s♠❛❧❧ ❡♥♦✉❣❤✱ ✐✳❡✳ U ⊂ B1(0)✿ Ψ(z) ≥

0✳ ◆♦t❡ t❤❛t Ψ ✐s ❤❛r♠♦♥✐❝ ♦♥ X ✭✇✐t❤♦✉t ✵✮✳✼✵ ❋✉rt❤❡r ❧❡t ΨN = min{Ψ, N} ❢♦r
N ∈ N✳ ❍❡♥❝❡ ΨN = N ❝❧♦s❡ t♦ 0✳ ❚❤❡r❡❢♦r❡

∫

X

|∆ΨN(z)| d z < c37, ❛♥❞
∫

X

|∇ΨN(z)| d z < c37,

❢♦r ❛ s✉✐t❛❜❧❡ ❝♦♥st❛♥t c37✳ ❈♦♥s✐❞❡r ❛♥② ❝♦♠♣❛❝t❧② s✉♣♣♦rt❡❞ ♣♦s✐t✐✈❡ s♠♦♦t❤

❢✉♥❝t✐♦♥ η ♦♥ U, s✉♣♣
{

∂k

∂zk
η
}

∩ ∂U = ∅, ∀k ∈ N✳ ▲❡t bN := min{N, b} ⇒ −∆f ≤
−bN , bN ✐♥t❡❣r❛❜❧❡ ❛♥❞ r❡❝❡✐✈❡ ❜② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts

∫

U

bN(z)η(z) d z ≤
∫

U

(∆f(z))η(z) d z

✻✾▼ü❧❧❡r ❬P❉❊✵✾❪✱ ❙❤❡❡t ✸✱ ❊①✳✽ ♦r ▲✐❡❜ ❛♥❞ ▲♦ss ❬▲✐▲♦✵✵❪✳
✼✵▼ü❧❧❡r ❬P❉❊✵✾❪✱ ❙❤❡❡t ✸✱ ❊①✳✾✳ ♦r ❬▲✐▲♦✵✵❪✳
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= −
∫

U

(∇f(z))∇η(z) d z +
∫

∂U

(∇f(z)) η(z)
︸︷︷︸

=0 ♦♥ ∂U

d z

=

∫

U

f(z)∆η(z)
︸ ︷︷ ︸

≤c38

d z −
∫

∂U

f(z) ∇η(z)
︸ ︷︷ ︸

=0 ♦♥ ∂U

d z

≤ c38

∫

U

f(z) d z ≤ c38

∫

U

| log |z|| d z ≤ c39.

❙♦
∫

U
bN(z)η(z) d z < ∞ ❛♥❞ ✇❡ ♠❛② ✐♥t❡r❝❤❛♥❣❡ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ t❤❡ ❧✐♠✐t N →

∞✳ ❙♦
∫

U
b(z)η(z) d z ❢♦r ❛❧❧ η ❛♥❞ ❤❡♥❝❡ b ✐♥t❡❣r❛❜❧❡✳

❋r♦♠ ♥♦✇ ♦♥ ✉s❡ ♦♥❧② t❤❛t b ✐s L1−✐♥t❡❣r❛❜❧❡ ❛♥❞ −∆f ≤ −b✳
❲✐t❤ ∆η ≤ c38 ✇❡ ❝♦♥❝❧✉❞❡

∣
∣
∣
∣

∫

X

f

(

1− ΨN

N

)∣
∣
∣
∣
∆η ≤ c38

∫

X

| log |z||
(

1 +
| log |z||+N

N

)

d z

≤ 2c38

∫

X

| log |z|| d z
︸ ︷︷ ︸

<∞

+c38

∫

X

| log |z||2
︸ ︷︷ ︸

<∞

d z✼✶

≤ c39.

❚❤❡♥ ✇❡ ♠❛② ✐♥t❡r❝❤❛♥❣❡ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ t❤❡ ❧✐♠✐t ✐♥

lim
N→∞

∫

U

f

(

1− ΨN

N

)

(−∆)η =

∫

U

f

(

1− lim
N→∞

ΨN

N

)

(−∆)η

=

∫

U

f

(

1− lim
N→∞

log |z|
N

)

(−∆)η

=

∫

U

f(−∆)η
P❛rt✐❛❧ ■♥t❡❣r❛t✐♦♥

=

∫

U

(−∆)fη.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❧❡❛❞s t♦✼✷

lim
N→∞

∫

U

f(−∆)

(

1− 1

N
ΨN

)

η

= lim
N→∞

∫

U

(∇f)∇
(

1− 1

N
ΨN

)

η − lim
N→∞

∫

∂U

f ∇
(

1− 1

NΨN

)

η

︸ ︷︷ ︸

=0 ♦♥ ∂U
✼✸

= lim
N→∞

∫

U

(−∆f)

(

1− 1

N
ΨN

)

η + lim
N→∞

∫

∂U

(∇f)
(

1− 1

N
ΨN

)

η

︸ ︷︷ ︸

=0 ♦♥ ∂U

✼✶❋♦r ❛♥② ❜r❛♥❝❤ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠✳
✼✷❚❤❡ ▲❛♣❧❛❝✐❛♥ ❛❝ts ♦♥ η ❛s ✇❡❧❧✳



✻✻ ⑤ ✶✳ ▼❛✐♥ ❊st✐♠❛t❡ ❢♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s

= lim
N→∞

∫

U

(−∆f)

(

1− 1

N
ΨN

)

η

≤ lim
N→∞

∫

U

b

(

1− 1

N
ΨN

)

η

≤ lim
N→∞

∫

U\B
e−2πN

bη

(

1 +
log |z|
N

︸ ︷︷ ︸

≤1

)

+ lim
N→∞

∫

B
e−2πN

bη
︸︷︷︸

L1

≤ lim
N→∞

∫

U\B
e−2πN

2bη

︸ ︷︷ ︸

→
∫

U 2bη

+ lim
N→∞

∫

B
e−2πN

b

︸ ︷︷ ︸

→0

η

<∞,

s✐♥❝❡ b ✐s ✐♥t❡❣r❛❜❧❡ ✭BR ❜❛❧❧ ✇✐t❤ r❛❞✐✉sR✮✳ ▼♦✈✐♥❣ t❤❡ ❧✐♠✐t ✉♥❞❡r t❤❡ ✐♥t❡❣r❛t✐♦♥
❧❡❛❞s t♦

lim
N→∞

∫

U

f(−∆)

(

1− 1

N
ΨN

)

η ≤
∫

U

bη.

▼♦r❡♦✈❡r

(−∆)

(

1− 1

N
ΨN

)

η =

(

1− 1

N
ΨN

)

(−∆)η +

(
∆ΨN

N

)

η + 2

(
1

N
∇ΨN

)

∇η.

❚❤❡r❡❢♦r❡
∫

U

bη −
∫

U

(−∆)fη

=

∫

U

bη −
∫

U

f(−∆)η

≥ lim
N→∞

∫

U

f(−∆)

(

1− 1

N
ΨN

)

η −
∫

U

f

(

1− ΨN

N

)

(−∆)η

= lim
N→∞

∫

U

f

(
∆ΨN

N

)

η + 2

(
f

N
∇ΨN

)

∇η
→ 0.

❲❡ s❡❡ t❤❛t t❤❡ ❧❛st t❡r♠ ❞♦❡s ✐♥❞❡❡❞ ✈❛♥✐s❤ ❢♦r f ❜♦✉♥❞❡❞✳

■♥ ♦✉r ❝❛s❡✱ ✐✳❡✳
∣
∣
∣
f(z)
log |z|

∣
∣
∣→ 0✱ t❤❡ ❧❛st t❡r♠ ✈❛♥✐s❤❡s ❜②

lim
N→∞

∣
∣
∣
∣

∫

U

f

(
∆ΨN

N

)∣
∣
∣
∣
η = lim

N→∞

∣
∣
∣
∣

∫

s✉♣♣{∆ΨN}
f

(
∆ΨN

N

)∣
∣
∣
∣
η

✼✸ΨN ✱ ∇ΨN ✐s ❜♦✉♥❞❡❞ ♦♥ t❤❡ ❜♦✉♥❞❛r② ❛♥❞ η,∇η ✈❛♥✐s❤✳
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≤ c40 lim
N→∞

(

sup
s✉♣♣{∆ΨN}

∣
∣
∣
∣

f

N

∣
∣
∣
∣

) ∣
∣
∣
∣

∫

s✉♣♣{∆ΨN}
∆ΨN

∣
∣
∣
∣

≤ c40c37 lim
N→∞

(

sup
{x∈U |Ψ(x)≤2N}

∣
∣
∣
∣

f

N

∣
∣
∣
∣

)

≤ c40c37 lim
N→∞

lim
x→xN

Ψ(xN )=2N
✼✹

∣
∣
∣
∣

f

N

∣
∣
∣
∣

≤ 2c40c37 lim
N→∞

lim
x→xN

Ψ(xN )=2N

∣
∣
∣
∣

f

Ψ

∣
∣
∣
∣

≤ 2c40c37 lim
x→0

∣
∣
∣
∣

f

Ψ

∣
∣
∣
∣

= 0.

❉❡✜♥❡ c40 > 0 s✉❝❤ t❤❛t η,∇η ≤ c40 ♦♥ U ✳ ❚♦ ♠♦✈❡ t❤❡ s✉♣r❡♠✉♠ ♦✉t ♦❢ t❤❡
✐♥t❡❣r❛❧ ✐s ❥✉st✐✜❡❞ s✐♥❝❡ t❤❡ s✉♣r❡♠✉♠ ✐s ✜♥✐t❡ ❜② ♦✉r ❛ss✉♠♣t✐♦♥✳ ❆♥❛❧♦❣♦✉s ✇❡
❣❡t

lim
N→∞

∣
∣
∣
∣

∫

U

f

(∇ΨN

N

)

∇η
∣
∣
∣
∣

= lim
N→∞

∣
∣
∣
∣

∫

s✉♣♣{∇ΨN}
f

(∇ΨN

N

)

∇η
∣
∣
∣
∣

≤ c40 lim
N→∞

(

sup
s✉♣♣{∇ΨN}

∣
∣
∣
∣

f

N

∣
∣
∣
∣

) ∣
∣
∣
∣

∫

s✉♣♣{∇ΨN}
∇ΨN

∣
∣
∣
∣

≤ c40c37 lim
N→∞

(

sup
{x∈U |Ψ(x)≤2N}

∣
∣
∣
∣

f

N

∣
∣
∣
∣

)

≤ c40c37 lim
N→∞

lim
x→xN

Ψ(xN )=2N
✺✻

∣
∣
∣
∣

f

N

∣
∣
∣
∣

≤ 2c40c37 lim
N→∞

lim
x→xN

Ψ(xN )=2N

∣
∣
∣
∣

f

Ψ

∣
∣
∣
∣

≤ 2c40c37 lim
x→0

∣
∣
∣
∣

f

Ψ

∣
∣
∣
∣

= 0.

❍❡♥❝❡ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ❧❡♠♠❛✳

✼✹f ❤❛s ♥♦ s✐♥❣✉❧❛r✐t✐❡s ♦✉ts✐❞❡ 0✳ ❋♦r f ❜♦✉♥❞❡❞ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❝❧❛✐♠ ❤♦❧❞s✱ s♦ ❛ss✉♠❡ f
✉♥❜♦✉♥❞❡❞ ❛t 0✱ ✐✳❡✳ ❢♦r ❛ ❜✐❣ ❡♥♦✉❣❤ N f t❛❦❡s ✐ts ♠❛①✐♠✉♠ ♦♥ ∂{x ∈ U |Ψ(x) ≤ 2N}✳ ❈❛❧❧
xN t❤❡ ♣♦✐♥t ✇❤❡r❡ f ❜❡❝♦♠❡s ♠❛①✐♠❛❧✳ ■♥ ♣❛rt✐❝✉❧❛r xN → 0 ❢♦r N → ∞✳



2 ❋✐❧t❡r❡❞ ❖❜❥❡❝ts

✷✳✶✳ ❋✐❧t❡r❡❞ ❱❡❝t♦r ❇✉♥❞❧❡s

❚❤❡r❡ ❛r❡ t✇♦ ❞✐✛❡r❡♥t ❝♦♥❝❡♣ts ♦❢ ❛ ♣❛r❛❜♦❧✐❝ ✈❡❝t♦r ❜✉♥❞❧❡✳ ❲❡ ✇✐❧❧ ❞❡✜♥❡ ❜♦t❤
❛♥❞ s❤♦rt❧② ❡①♣❧❛✐♥ ✇❤② t❤❡② ❛r❡ ✐♥ ❢❛❝t t❤❡ s❛♠❡✳ ❲❡ ✇✐❧❧ ✉s✉❛❧❧② ✇♦r❦ ✇✐t❤ t❤❡
s❡❝♦♥❞ ❝♦♥❝❡♣t ✭❙✐♠♣s♦♥✮✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ❧❛♥❣✉❛❣❡ ♦❢ ▼❡❤t❛ ❛♥❞ ❙❡s❤❛❞r✐ ✭✜rst
❝♦♥❝❡♣t✮ r❡s✐❞✉❡s ❛r❡ ❡❛s✐❡r t♦ ❜❡ ❞❡s❝r✐❜❡❞✳ ❚❤❡s❡ r❡s✐❞✉❡s ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ❧❛st
♣❛rt ♦❢ t❤❡ s❡❝t✐♦♥✳ ❇❡❢♦r❡ ✇❡ ✇✐❧❧ ❞❡✜♥❡ ♠♦r♣❤✐s♠s ♦❢ ✜❧t❡r❡❞ ♦❜❥❡❝ts✳

❘❡♠❛r❦ ✷✳✶✳✶✳ ▼♦st ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s ♠❛❦❡ s❡♥s❡ ✐❢ ✇❡ r❡♣❧❛❝❡ ❧♦❝❛❧❧②
❢r❡❡ s❤❡❛✈❡s ✇✐t❤ ❝♦❤❡r❡♥t ♦r ❡✈❡♥ ✇✐t❤ q✉❛s✐✲❝♦❤❡r❡♥t s❤❡❛✈❡s✳

■♥ ✶✾✽✵ ▼❡❤t❛ ❛♥❞ ❙❡s❤❛❞r✐ ✭❬▼❙✽✵❪✮ ❡st❛❜❧✐s❤❡❞ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ♣❛r❛❜♦❧✐❝ str✉❝✲
t✉r❡ ♦♥ ❛ ❘✐❡♠❛♥♥ s✉r❢❛❝❡✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✷ ✭P❛r❛❜♦❧✐❝ ❙tr✉❝t✉r❡✮✳ ▲❡t X ❜❡ ❛ ❝♦♠♣❛❝t ❘✐❡♠❛♥♥✐❛♥ s✉r❢❛❝❡
❛♥❞ S ❛ ✜♥✐t❡ s❡t ♦❢ ♣♦✐♥ts ✐♥ X✱ X = X \ S✳ ▲❡t π : E → X ❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝
✈❡❝t♦r ❜✉♥❞❧❡ ❛♥❞ Es = π−1({s})✳ ❆ ♣❛r❛❜♦❧✐❝ str✉❝t✉r❡ ♦♥ X ✐s ❣✐✈❡♥ ❜② ❛
✜❧tr❛t✐♦♥

Es = Eα1,s ⊃ Eα2,s . . . ⊃ Eαr,s,

❛♥❞ ✇❡✐❣❤ts 0 ≤ α1 < α2 < . . . < αr < 1.
❊q✉✐✈❛❧❡♥t❧② ✇❡ ❝❛♥ ❝❤♦♦s❡ Eα,s ✇✐t❤ α ∈ [0, 1]✱ Eα,s ⊃ Eβ,s ❢♦r α ≤ β, ∀s ∈ S ❛♥❞

●rsα(E) := Eα,s/
⋃

β>α

Eβ,s

❤❛s ✜♥✐t❡ s✉♣♣♦rt✱ ✐✳❡✳ ♦♥❧② ❢♦r ✜♥✐t❡❧② ♠❛♥② α ✐t ✐s ♥♦♥✲③❡r♦✳

❘❡♠❛r❦ ✷✳✶✳✸✳ ◆♦t❡ t❤❛t s♦♠❡ ❛✉t❤♦rs ❧✐❦❡ ❚❛❦✉r♦ ▼♦❝❤✐③✉❦✐ ✇r✐t❡ t❤❡ ✜❧tr❛✲
t✐♦♥ ✐♥❝r❡❛s✐♥❣ ✇✐t❤ αi✳ ❲❡ ✇✐❧❧ st❛② ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ ✉s❡❞ ❜② ❙✐♠♣s♦♥ ❛♥❞
♦r✐❣✐♥❛❧❧② ✐♥ ❬▼❙✽✵❪✳



⑤ ✻✾

❙✐♥❝❡ ❛❧❧ ♣✉♥❝t✉r❡s ❛r❡ ✐s♦❧❛t❡❞ ✇❡ ✇✐❧❧ ✉s✉❛❧❧② ✇♦r❦ ♦♥ s♦♠❡ ♥❡✐❣❤❜♦✉r❤♦♦❞
❛r♦✉♥❞ ❛ ♣✉♥❝t✉r❡ s ✇❤✐❝❤ ❝♦♥t❛✐♥s ♥♦ ♦t❤❡r ♣✉♥❝t✉r❡s✳ ❍❡r❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
❛ ✜❧t❡r❡❞ r❡❣✉❧❛r ❜✉♥❞❧❡ ✐♥ t❤✐s ❝❛s❡✿

❉❡✜♥✐t✐♦♥ ✷✳✶✳✹ ✭❋✐❧t❡r❡❞ ❱❡❝t♦r ❜✉♥❞❧❡✮✳ ▲❡t X ❜❡ ❛ ♥♦♥✲❝♦♠♣❛❝t ❝✉r✈❡✱
X = X \ {s} ❛s ❛❜♦✈❡ ❛♥❞ E ❛♥ ❛❧❣❡❜r❛✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ ♦♥ X✳ (E, (Eα)α∈R) ✐s ❛
✜❧t❡r❡❞ ✈❡❝t♦r ❜✉♥❞❧❡✱ ✐❢

✭✐✮ ∃ ❛ ✜❧tr❛t✐♦♥ Eα ♦❢ ❝♦❤❡r❡♥t s❤❡❛✈❡s✱ ✐✳❡✳ Eα ⊃ Eβ ❢♦r α ≤ β✳

✭✐✐✮
⋃

α∈REα = j∗E✳

✭✐✐✐✮ Eα =
⋂

β<αEβ ✭❧❡❢t✲❝♦♥t✐♥✉✐t②✮✳

✭✐✈✮ ❢♦r α′ = α + ns, ns ∈ Z;α, α′ ∈ R ✇❡ ❤❛✈❡ Eα′ = Eα ⊗OX
O(−nss)✳

❋♦r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ♠♦r❡ t❤❛♥ ♦♥❡ ♣✉♥❝t✉r❡ ✇❡ ❛❞❞ ❛ ✜❧tr❛t✐♦♥ ❢♦r ❡❛❝❤ ♣✉♥❝✲
t✉r❡✳

❘❡♠❛r❦ ✷✳✶✳✺✳ ✭✶✮ ◆♦t❡ t❤❛t ✐♥ ✭✐✐✐✮ ✇❡ ✉s❡❞ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ❜✉♥✲
❞❧❡s ❛♥❞ ❧♦❝❛❧❧② ❢r❡❡ s❤❡❛✈❡s✳ ❲❡ ❝❛♥ ❞❡✜♥❡ ✜❧t❡r❡❞ ✈❡❝t♦r ❜✉♥❞❧❡s ♦r ♠♦r❡
❛❝❝✉r❛t❡❧② ✜❧t❡r❡❞ s❤❡❛✈❡s ❜② r❡q✉✐r✐♥❣ E t♦ ❜❡ ❛ ❧♦❝❛❧❧② ❢r❡❡ s❤❡❛✈❡s ♦❢
OX−♠♦❞✉❧❡s✱ ❛♥❞ t❤❡ Eα t♦ ❜❡ s✉❜♠♦❞✉❧❡s ✇✐t❤ t❤❡ ♣r♦♣❡rt✐❡s ♠❡♥t✐♦♥❡❞
❛❜♦✈❡✳

✭✷✮ ❆ ✜❧t❡r❡❞ ❜✉♥❞❧❡ ✐♥❞✉❝❡s ❛ ♣❛r❛❜♦❧✐❝ ❜✉♥❞❧❡ ✇✐t❤ t❤❡ ✜❧tr❛t✐♦♥s

Fα :=
⋃

β≥α

Eβ, 0 ≤ α < 1.

❚❤❡ ✇❡✐❣❤ts ❛r❡ ❥✉st t❤❡ ❡❧❡♠❡♥ts ♦❢ {α ∈ [0, 1[|●rsα(E) 6= 0}✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞ ❣✐✈❡♥ ❛ ♣❛r❛❜♦❧✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ ✇✐t❤ ✇❡✐❣❤ts 0 ≤ α1 < . . . αr < 1 s❡t
Eα,s = Eαi,s ❢♦r ❛❧❧ α ∈]αi, αi+1], 0 ≤ i ≤ r, α0 = 0✱ αr+1 = 1 ❛♥❞ ❡①t❡♥❞ ✐t
t♦ ❛ ✜❧t❡r❡❞ ✈❡❝t♦r ❜✉♥❞❧❡ ✉s✐♥❣ ✭✐✈✮✳
❋♦r ❡①❛♠♣❧❡ ❧❡t (ei) ❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢r❛♠❡ ♦❢ E✱ t❤❡♥ ✇❡ ♠❛② ❛ss✉♠❡ ✭❜②
✭✐✈✮✮ t❤❛t ❛❧❧ ei ❛r❡ ✐♥ E0 ❜✉t ♥♦t ✐♥ E1✳ ❇② t❤❡ ❧❡❢t✲❝♦♥t✐♥✉✐t② ✇❡ ❡✈❡♥
✜♥❞ ❛ γi ∈ [0, 1[ s✉❝❤ t❤❛t ei ∈ Eγ \ Eγ+ε, ∀ε > 0✳ ❚❤❡♥ t❤❡ γi ❛r❡ ♦✉r n
✇❡✐❣❤ts ❛♥❞ t❤❡ ei OX−s♣❛♥ E0✳ ❚❤❡ (Eγi)s ❤❛✈❡ ❛❧❧ ❞✐✛❡r❡♥t ❞✐♠❡♥s✐♦♥ ❛s
✈❡❝t♦r s✉❜s♣❛❝❡s ✲ ✇❡ ✇✐❧❧ ♦❢t❡♥ ❞❡s❝r✐❜❡ t❤❡♠ ❛s ✧❥✉♠♣✧ s✐♥❝❡ t❤❡② ❛❞❞ ❛
❞✐♠❡♥s✐♦♥✳

✭✸✮ ■❢ t❤❡ ♦r✐❣✐♥❛❧ ❜✉♥❞❧❡ E ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❤❡r♠✐t✐❛♥ str✉❝t✉r❡ h✱ Eα,s ❤❛s
❛ ❤❡r♠✐t✐❛♥ str✉❝t✉r❡ ♦✉ts✐❞❡ t❤❡ s✐♥❣✉❧❛r✐t✐❡s✱ ✐✳❡✳ ✇❡ ♠❛② ✐❞❡♥t✐❢② ❡❛❝❤
s ∈ Eα,s ✇✐t❤ ❛ s❡❝t✐♦♥ ♦❢ E ❛♥❞ t❤❡♥ ❡✈❛❧✉❛t❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t✳



✼✵ ⑤ ✷✳ ❋✐❧t❡r❡❞ ❖❜❥❡❝ts

❯s✐♥❣ ❆✳✶✳✶✶ ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ❞❡✜♥✐t✐♦♥ ✐♥ t❤❡ ❢♦r♠ ❝❤♦s❡♥ ❜② ❙✐♠♣s♦♥✳ ❚❤❡r❡✲
❢♦r❡ ✇❡ r❡♣❧❛❝❡ ✭✐✐✐✮ ❛♥❞ ✭✐✈✮ ❜②

✭✐✐✐✬✮ t❤❡ ✜❧tr❛t✐♦♥ ✐s ❧❡❢t✲❝♦♥t✐♥✉♦✉s ✐♥ α✿ ∃ε > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ α ∈ R✿ Eα,s =
Eα−ε,s❀

✭✐✈✬✮ ❢♦r ❛ ❝♦♦r❞✐♥❛t❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ Us ♦❢ s ❛♥❞ ❛ ❝♦♦r❞✐♥❛t❡ ✈❛♥✐s❤✐♥❣ t♦ ♦r❞❡r
♦♥❡ Ea+1,s = Ea,s ⊗OX

O(−s) =: zEa,s ❤♦❧❞s✳

❋✉rt❤❡r ♥♦t❡ t❤❛t ❜② ✭✐✈✮ r❡s♣✳ ✭✐✈✬✮ t❤❡ ✜❧tr❛t✐♦♥ ✐s ❛❧r❡❛❞② ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞
❜② t❤❡ ❞❛t❛ ❜❡t✇❡❡♥ ③❡r♦ ❛♥❞ ♦♥❡ r❡s♣✳ ♦♥ ❛♥② ❝♦♠♣❛❝t ✐♥t❡r✈❛❧ ♦❢ ❧❡♥❣t❤ ✶✳

✷✳✶✳✶✳ ❘❡❣✉❧❛r ❋✐❧t❡r❡❞ ❍✐❣❣s ❇✉♥❞❧❡s ❛♥❞ ❘❡❣✉❧❛r ❋✐❧t❡r❡❞
DX−♠♦❞✉❧❡s

❲❡ ✇✐❧❧ ✉s✉❛❧❧② tr❡❛t ♦♥❧② ♦♥❡ ♣✉♥❝t✉r❡ ❛t ❛ t✐♠❡✳ ❍❡♥❝❡ ✇❡ ✇✐❧❧ s♦♠❡t✐♠❡s ❞r♦♣
t❤❡ ❛❞❞✐t✐♦♥❛❧ ✐♥❞❡① s ✐♥ Eα,s✳ ❘❡❝❛❧❧ ❆✳✸✳✾✱ ✭✐✈✮✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✻✳ ❆ ✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡ (E,Eα, θ) ✐s ❛ ❍✐❣❣s ❜✉♥❞❧❡
(E, θ)✱ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ✜❧t❡r❡❞ ✈❡❝t♦r ❜✉♥❞❧❡ (Eα) ❛♥❞

θ∗|Eα =: θα : Γ(X,Eα) → Γ(X,Eα)⊗ Ω1,0

X
(log s).

❚❤❡♥ θα|Γ(X,E) = θ✳ ❍❡r❡ Ω1
X
(log s) ✐s t❤❡ s❡t ♦❢ ❧♦❣❛r✐t❤♠✐❝ ♦♥❡✲❢♦r♠s✱ ✐✳❡✳ ♦♥❡

❢♦r♠s ✇❤✐❝❤ ❝❛♥ ❜❡ ❧♦❝❛❧❧② ✇r✐tt❡♥ ❛s αd z
z
✱ α s♠♦♦t❤✳

❉❡✜♥✐t✐♦♥ ✷✳✶✳✼✳ ❆ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−❜✉♥❞❧❡ ✐s ❛ ✢❛t ✈❡❝t♦r ❜✉♥❞❧❡ (V,∇, D′′
V )

✶

❛ ❝♦rr❡s♣♦♥❞✐♥❣ ✜❧t❡r❡❞ ✈❡❝t♦r ❜✉♥❞❧❡ (Vα) ❛♥❞

∇∗|Vα =: θα : Γhol(X, Vα) → Γhol(X, Vα)⊗ Ω1,0

X
(log s).

❚❤❡♥ ∇α|Γhol(X,E) = ∇✳

■♥ ♦r❞❡r t♦ ✇♦r❦ ✇✐t❤ ❝❛t❡❣♦r✐❡s ❛♥❞ ❢✉♥❝t♦rs ❧❛t❡r✱ ❞❡✜♥❡ ♠♦r♣❤✐s♠s ♦❢ ✜❧t❡r❡❞
✈❡❝t♦r ❜✉♥❞❧❡s✿

❉❡✜♥✐t✐♦♥ ✷✳✶✳✽✳ ✭✐✮ ▲❡t ((E, ∂E), Eα), ((F, ∂F ), Fα) ❜❡ ✜❧t❡r❡❞ ✈❡❝t♦r ❜✉♥✲
❞❧❡s✳ ❆ ❢❛♠✐❧② (ϕα) : Eα → Fα ❛♥❞ ϕ : E → F ♦❢ s❤❡❛❢ ♠♦r♣❤✐s♠s ✐s ❝❛❧❧❡❞
♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ♦❜❥❡❝ts ✐❢

✭■✮ ϕ∗∂F = ϕ∂E✳

✭✐✐✮ ▲❡t ((E, ∂E, θE), Eα), ((F, ∂F , θF ), Fα) ❜❡ ✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡s✳ ❆
❢❛♠✐❧② (ϕα) : Eα → Fα ❛♥❞ ϕ : E → F ♦❢ s❤❡❛❢ ♠♦r♣❤✐s♠s ✐s ❝❛❧❧❡❞ ♠♦r♣❤✐s♠
♦❢ r❡❣✉❧❛r ✜❧t❡r❡❞ ❍✐❣❣s ❜✉♥❞❧❡s ✐❢ ϕ∗∂F = ϕ∂E ❛♥❞

✶D′
V ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡✱ D′′

V +∇ ✢❛t✳



⑤ ✼✶

✭■■❛✮ ϕ∗θF = ϕθE✳

✭✐✐✐✮ ▲❡t ((V,∇V , D
′′
V ), Vα), ((W,∇W , D

′′
W ),Wα) ❜❡ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−❜✉♥❞❧❡s✱

✐♥ ♣❛rt✐❝✉❧❛r∇V +D
′′
V ,∇W+D′′

W ✢❛t✳ ❆ ❢❛♠✐❧② (ϕα) : Vα → Wα ❛♥❞ ϕ : V →
W ♦❢ s❤❡❛❢ ♠♦r♣❤✐s♠s ✐s ❝❛❧❧❡❞ ♠♦r♣❤✐s♠ ♦❢ r❡❣✉❧❛r ✜❧t❡r❡❞ DX−♠♦❞✉❧❡s ✐❢
ϕ∗D′′

W = ϕD′′
V ❛♥❞

✭■■❜✮ ϕ∗∇W = ϕ∇V ✳

✷✳✶✳✷✳ ❋✐❧t❡r❡❞ ❧♦❝❛❧ ❙②st❡♠s

❉❡✜♥✐t✐♦♥ ✷✳✶✳✾✳ ▲❡t L ❜❡ ❛ ❧♦❝❛❧ s②st❡♠ ✭❛ ❧♦❝❛❧❧② ❝♦♥st❛♥t s❤❡❛❢✮ ♦✈❡r X✱
X = X \ {s}✳ ❆ ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠ (L,Lα)α∈R ✐s ❞❡✜♥❡❞ ❜②

✭✐✮ Lα ⊂ Lβ ✐❢ β ≤ α✳

✭✐✐✮ Lα ⊂ Ls ❛ ✜❧tr❛t✐♦♥ ✭❜② ✈❡❝t♦r s♣❛❝❡s✮ ♦❢ t❤❡ st❛❧❦ ❛t s✱ Ls =
⋃

α∈R Lα, ∀x ∈
X✳

✭✐✐✐✮
⋂

β<α Lβ = Lα✳

✭✐✈✮ Lα ✐♥✈❛r✐❛♥t ✉♥❞❡r ♠♦♥♦❞r♦♠②✳✷

❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✵✳ ❆ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r ❧♦❝❛❧ s②st❡♠s ✐s ❛ ❢❛♠✐❧② (ϕ, ϕα) ✇✐t❤
ϕ : L1 → L2 s❤❡❛❢ ❤♦♠♦♠♦r♣❤✐s♠ ❛♥❞ ϕα : (L1)α → (L2)α ✈❡❝t♦r s♣❛❝❡ ❤♦♠♦♠♦r✲
♣❤✐s♠✳

✷✳✶✳✸✳ ❘❡s✐❞✉❡

❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✶✳ ✭✐✮ ▲❡t (E,Eα, θ) ❜❡ ❛ ✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡✱
●rβ(E) = Eβ/Eβ+ε, ε > 0✳ ❚❤❡♥ t❤❡ r❡s✐❞✉❡ ✐s ❞❡✜♥❡❞ t♦ ❜❡ (r❡s(E), r❡s(θ))
✇✐t❤

r❡s(θ) : Γ(X,E)
θ→ Γ(X,E)⊗ Ω1

X
(log s) → Γ(X,E)⊗ Ω1

X
,

✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❛rr♦✇ ♠❛♣s e ⊗ ω ✇✐t❤ ω = ξ
z
d z + η d z, ξ, η ∈ OX t♦

e⊗ ξ d z✳ ❋✉rt❤❡r r❡s(E) =
⊕

0≤β<1 ●rβ(E)✳

✭✐✐✮ ▲❡t (V, Vα) ❜❡ ❛ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡✱ ●rβ(V ) = Vβ/Vβ+ε, ε > 0✳
❚❤❡♥ t❤❡ r❡s✐❞✉❡ ✐s ❞❡✜♥❡❞ t♦ ❜❡ (r❡s(V ), r❡s(∇)) ✇✐t❤

r❡s(∇) : Γ(X,E)
∇→ Γ(X,E)⊗ Ω1

X
(log s) → Γ(X,E)⊗ Ω1

X
,

✷❲❡ ✇✐❧❧ ❞❡✜♥❡ ♠♦♥♦❞r♦♠② ✇❤❡♥ ✇❡ ❝♦♥str✉❝t ❛ ❢✉♥❝t♦r Φ ❢r♦♠ ❧♦❝❛❧ s②st❡♠s t♦ DX−♠♦❞✉❧❡s
✐♥ t❤❡ ❝❤❛♣t❡r ♦♥ ✜❧t❡r❡❞ ♦❜❥❡❝ts✳



✼✷ ⑤ ✷✳ ❋✐❧t❡r❡❞ ❖❜❥❡❝ts

✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❛rr♦✇ ✐s t❤❡ s❛♠❡ ❛s ✐♥ ✭✐✮✳ ▼♦r❡♦✈❡r r❡s(V ) =
⊕

0≤β<1●rβ(V )✳

✭✐✐✐✮ ▲❡t (L,Lα) ❜❡ ❛ ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠✱ ●rβ(L) = Lβ/Lβ+ε, ε > 0✳ ❚❤❡♥ t❤❡
r❡s✐❞✉❡ ✐s ❞❡✜♥❡❞ t♦ ❜❡ (r❡s(L), µ) ✇✐t❤ µ t❤❡ ♠♦♥♦❞r♦♠② ❛r♦✉♥❞ s ❛♥❞
r❡s(L) =

⊕

β∈R●rβ(L)✳ ❲❤❡♥ ✇❡ t❛❧❦ ♦❢ t❤❡ r❡s✐❞✉❡ ♠❛♣ ♦❢ ❛ ❧♦❝❛❧ s②st❡♠
✇❡ ♠❡❛♥ µ✳

✷✳✷✳ ❚❤❡ ❋✉♥❝t♦r Ξ

❚❤❡ s❡❝♦♥❞ s❡❝t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r tr❡❛ts ❛ ❢✉♥❝t♦r Ξ ❢r♦♠ t❤❡ ❝❛t❡❣♦r② ♦❢ ❛❝❝❡♣t✲
❛❜❧❡ ❜✉♥❞❧❡s ✭❜❡❧♦✇✮ t♦ t❤❡ ❝❛t❡❣♦r② ♦❢ ✜❧t❡r❡❞ ✈❡❝t♦r ❜✉♥❞❧❡s✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t
t❤❡ ❢✉♥❝t♦r ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❞❡t❡r♠✐♥❛♥ts✱ ❞✉❛❧s ❛♥❞ t❡♥s♦r ♣r♦❞✉❝ts✳ ❚❤✐s ✇✐❧❧
❤❡❧♣ ✉s ✇❤❡♥ ✇❡ st❡♣✇✐s❡ r❡❞✉❝❡ t❤❡ ❝❛t❡❣♦r② ♦❢ ❛❝❝❡♣t❛❜❧❡ ❜✉♥❞❧❡s t♦ t❤❡ ❝❛t✲
❡❣♦r② ♦❢ t❛♠❡ ❤❛r♠♦♥✐❝ ✈❡❝t♦r ❜✉♥❞❧❡s ❛s ✇❡❧❧ ❛s r❡❞✉❝❡ t❤❡ ❝❛t❡❣♦r② ♦❢ ✜❧t❡r❡❞
✈❡❝t♦r ❜✉♥❞❧❡s t♦ t❤❡ ❝❛t❡❣♦r② ♦❢ st❛❜❧❡ ✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡s ✇✐t❤ ❞❡❣r❡❡
③❡r♦ r❡s♣✳ st❛❜❧❡ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡s ✇✐t❤ ❞❡❣r❡❡ ③❡r♦✳
■♥ t❤✐s s❡❝t✐♦♥ t❤❡ ✜rst ♣❛rt ✐s ❞♦♥❡✱ ✐✳❡✳ ✇❡ s❤♦✇ t❤❛t Ξ ♠❛♣s t❛♠❡ ❤❛r♠♦♥✐❝
❜✉♥❞❧❡s ✐♥t♦ r❡❣✉❧❛r ✜❧t❡r❡❞ ❍✐❣❣s ❜✉♥❞❧❡s r❡s♣✳ DX−♠♦❞✉❧❡s✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✶✳ ❆ ❜✉♥❞❧❡ (E, h) ✐s ❝❛❧❧❡❞ Lp−❛❝❝❡♣t❛❜❧❡ ✐❢ t❤❡ ✉♥✐q✉❡ ♠❡tr✐❝
❝♦♥♥❡❝t✐♦♥ D ✇❤✐❝❤ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ ♦♥ E ❤❛s ❝✉r✲
✈❛t✉r❡ ❜♦✉♥❞❡❞ ❜② f + cacc

|z|2| log |z||2 ❢♦r s♦♠❡ cacc > 0✱ f ∈ Lp ❢♦r s♦♠❡ p > 1✳ ❲❡
❝❛❧❧ ✐t ❛❝❝❡♣t❛❜❧❡ ✐❢ f = 0✳

❘❡♠❛r❦ ✷✳✷✳✷✳ ■♥ ♠♦st ♦❢ t❤❡ ❝❛s❡s f ♠❛② ❜❡ ❝❤♦s❡♥ 0✳ ■♥ t❤❡ ♠❛✐♥ ❡st✐♠❛t❡
✇❡ ❛❝t✉❛❧❧② s❛✇ t❤❛t ✐♥ ♠♦st ♦❢ ♦✉r ❝❛s❡s ✇❡ ❤❛✈❡ ❛❝❝❡♣t❛❜✐❧✐t②✳ ❚❤❡ ❡①❝❡♣t✐♦♥
✇✐❧❧ ❜❡ s✉❜❜✉♥❞❧❡s✳ ❚❤❡ ❛❧r❡❛❞② ✉s❡❞ ❢❛❝t t❤❛t ❝✉r✈❛t✉r❡ ✐♥❝r❡❛s❡s ✐♥ s✉❜❜✉♥❞❧❡s
✇✐❧❧ ❧❡❛❞ ✉s t♦ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ s✉❜❜✉♥❞❧❡✱ t❤❛t ❞✐✛❡rs ❢r♦♠ t❤❡
♦r✐❣✐♥❛❧ ❝✉r✈❛t✉r❡ ❜② ❛ Lp−t❡r♠✳

❉❡✜♥✐t✐♦♥ ✷✳✷✳✸✳ ▲❡t (E, h) ❜❡ ❛ ♠❡tr✐❝ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ ♦♥ X =
X \ {s}, S := X \ X✳ ❉❡♥♦t❡ E t❤❡ ❝❛t❡❣♦r② ♦❢ Lp−❛❝❝❡♣t❛❜❧❡ ✈❡❝t♦r ❜✉♥❞❧❡s
❛♥❞ F t❤❡ ❝❛t❡❣♦r② ♦❢ ✜❧t❡r❡❞ ✈❡❝t♦r ❜✉♥❞❧❡s✳ ❉❡✜♥❡ ❛ ❢✉♥❝t♦r Ξ : E → F ❜②
Ξ(E) = (E,Ξ(E)α) ✇✐t❤

Ξ(E)α = {e ∈ Γhol(X,E)|∀s ∈ S ∃C > 0 ∀ε > 0 : ‖e‖h ≤ Crα−ε
s },

✇✐t❤ rs t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡ ♣✉♥❝t✉r❡ s ✇✳r✳t✳ s♦♠❡ ❝♦♦r❞✐♥❛t❡ ✈❛♥✐s❤✐♥❣ ❛t s✳
❊q✉✐✈❛❧❡♥t❧② Ξ(E) ✐s E ♣❧✉s t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ✜❧tr❛t✐♦♥ ♦❢ t❤❡ st❛❧❦ ❛t s ❣✐✈❡♥
❛❜♦✈❡✳



✷✳✷✳ ❚❤❡ ❋✉♥❝t♦r Ξ ⑤ ✼✸

❘❡♠❛r❦ ✷✳✷✳✹✳ ❆s ❜❡❢♦r❡ ✇❡ ♠❛② ✇✳❧✳♦✳❣✳ r❡str✐❝t t♦ ❛ ♣✉♥❝t✉r❡❞ ♦♣❡♥ ❞✐s❝ ✇✐t❤
t❤❡ ❡✉❝❧✐❞❡❛♥ ♠❡tr✐❝✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ♠❛② tr❡❛t ♦♥❧② ♦♥❡ ♣✉♥❝t✉r❡ ❛t ❛ t✐♠❡✳
❚❤❛t Ξ tr✉❧② ✐s ❛ ❢✉♥❝t♦r ✐s ❥✉st✐✜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❛♥❞ ✷✳✷✳✶✶ ❜❡❧♦✇✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✺✳ ■❢ E ✐s Lp−❛❝❝❡♣t❛❜❧❡ ♦♥ X✱ t❤❡♥ (E,Ξ(E)α ✐s ❛ ✜❧t❡r❡❞
✈❡❝t♦r ❜✉♥❞❧❡✱ ✐✳❡✳ Ξ(E)α ✐s ❝♦❤❡r❡♥t✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ Ξ ♦♥ t❤❡ ❝❧❛ss ♦❢
Lp−❛❝❝❡♣t❛❜❧❡ ❜✉♥❞❧❡s ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♦♣❡r❛t✐♦♥s ♦❢ t❛❦✐♥❣ ❞❡t❡r♠✐♥❛♥ts✱
❞✉❛❧s✱ ❛♥❞ t❡♥s♦r ♣r♦❞✉❝ts✳

Pr♦♦❢✳ ❋♦r t❤❡ ❛❧❣❡❜r❛✐❝✐t② ✭❝♦❤❡r❡♥❝❡✮ ♦❢ t❤❡ s❤❡❛✈❡s Ξα ✇❡ ♠❛② ✉s❡ t❤❡ ♣r♦♦❢ ♦❢
❬❈●✼✺❪✱ ♣✳ ✷✸✱ t❤❡♦r❡♠ ■ ✐♥ ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ❢♦❧❧♦✇✐♥❣ t❤❡ r❡♠❛r❦ ❜② ❙✐♠♣s♦♥
❬❙✐♠✽✽❪✱ ♣✳ ✾✶✵✳ ❲❤✐❧❡ ❈♦r♥❛❧❜❛ ❛♥❞ ●r✐✣t❤ ♠♦❞✐❢② t❤❡✐r ♠❡tr✐❝ ❜② elog(− log |z|) ✐♥
♦r❞❡r t♦ ❣❡t ♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✱ ✇❡ ♥❡❡❞ t♦ ❛❞❞ eσ ❢♦r σ t❤❡ ❜♦✉♥❞❡❞ s♦❧✉t✐♦♥ ♦❢ t❤❡
▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥✸ −∆σ = f ✐♥ ♦r❞❡r t♦ ❝♦♠♣❡♥s❛t❡❞ t❤❡ ❛❞❞✐t✐♦♥❛❧ f ✳ elog(− log |z|)

✇✐❧❧ t❤❛♥ ❝♦♠♣❡♥s❛t❡ t❤❡ r❡♠❛✐♥✐♥❣ cacc
|z|2| log |z||2 ✭❝❢✳ ✸✳✸ ♦♥ ♣✳ ✶✵ ♦❢ ❬❈●✼✺❪✮✳✹ ❚❤❡♥

✇❡ ♠❛② ✉s❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡♦r❡♠ ■✱ ♣✳ ✷✸✳ ✺ ✐♥ t❤❡ s❛♠❡ ♠❛tt❡r ❛s ❞♦♥❡ t❤❡r❡✳
◆♦t❡ t❤❛t ❈♦r♥❛❧❜❛ ❛♥❞ ●r✐✣t❤ ❣✐✈❡ t❤❡ ❜♦✉♥❞ ♦❢ t❤❡ ❝✉r✈❛t✉r❡ ✐♥ t❡r♠s ♦❢ ❛
P♦✐♥❝❛ré ♠❡tr✐❝ ds = 4

|z|2| log |z|2|2 d z ∧ d z = 1
|z|2| log |z||2 d z ∧ d z✳

❚❤❡ ♦t❤❡r ♣r♦♣❡rt✐❡s ♦❢ ❛ ✜❧t❡r❡❞ ✈❡❝t♦r ❜✉♥❞❧❡ ❛r❡ ❢✉❧✜❧❧❡❞✿

✭✐✮ Ξ(E)α ⊂ Ξ(E)β ❢♦r α ≥ β ❢♦❧❧♦✇s ❝❧❡❛r❧② ❢r♦♠ |z|α ≤ |z|β ❢♦r z s♠❛❧❧ ❡♥♦✉❣❤✱
✐✳❡✳ ♦♥ t❤❡ ✉♥✐t ❞✐s❝✳

✭✐✐✮ j∗(E) =
⋃

α∈R Ξ(E)α s✐♥❝❡ ✐♥ t❤❡ ❧✐♠✐t t❤❡r❡ ❛r❡ ♥♦ ❣r♦✇t❤ r❡str✐❝t✐♦♥s ♦♥
t❤❡ s❡❝t✐♦♥✱ ✐✳❡✳ ✇❡ ❣❡t ❛♥② s❡❝t✐♦♥ ❤♦❧♦♠♦r♣❤✐❝ ♦✉ts✐❞❡ t❤❡ ♣✉♥❝t✉r❡✱ ✐✳❡✳
❡✈❡r② s❡❝t✐♦♥ ♦❢ E✳✻

✭✐✐✐✮
⋂

α<β Ξ(E)α = Ξ(E)β ❜❡❝❛✉s❡ ✐❢ ‖e‖ ≤ ce|z|α−ε, ∀α < β, ∀ε > 0 ⇒ ‖e‖ ≤
ce|z|β−(β−α)−ε = ce|z|β−ε′ , ∀ε′ > 0✱ ε′ = β − α + ε✳

✭✐✈✮ zΞ(E)α = Ξ(E)α+1 ❜② |z|z|α−ε| = |z|α+1−ε, ∀ε > 0✳

❚❤❡ ✉♥❞❡r❧②✐♥❣ s♣❛❝❡s ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r Ξ✱ ✐✳❡✳ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❞✉❛❧s✱ t❡♥s♦r
♣r♦❞✉❝ts ❛♥❞ ❞❡t❡r♠✐♥❛♥ts✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤✐s ❤♦❧❞s ❢♦r t❤❡
✜❧tr❛t✐♦♥s ❛s ✇❡❧❧✳

❇❡❤❛✉♣t✉♥❣✳ Ξ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❛❦✐♥❣ t❡♥s♦r ♣r♦❞✉❝ts✳
✸❬▲✐▲♦✵✵❪ ♦r ❬P❉❊✵✾❪✳
✹❲❡ ✇✐❧❧ ♥♦t ❣♦ ✐♥t♦ ❢✉rt❤❡r ❞❡t❛✐❧s ❤❡r❡✳ ❚❤❡ s❛♠❡ ♠♦❞✐✜❝❛t✐♦♥ ❤♦✇❡✈❡r✱ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥

♠♦r❡ ❞❡t❛✐❧ ✇❤❡♥ ✇❡ ♣r♦✈❡ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ✇✐t❤ t❛❦✐♥❣ ❞❡t❡r♠✐♥❛♥ts✳
✺♣r♦♦❢ ♦♥ ♣✳ ✸✺✛ ✐♥ ❬❈●✼✺❪❀ s❡❡ ❛s ✇❡❧❧ ♣❛r❛❣r❛♣❤ ✾ ❛♥❞ ♣✳ ✷✾✱ r❡♠❛r❦✱ ✭✐✐✮✳
✻❋r♦♠ ♥♦✇ ♦♥ j∗(E) ❞❡♥♦t❡s t❤❡ ♣✉s❤❢♦r✇❛r❞ s❤❡❛❢ ♦❢ t❤❡ s❤❡❛❢ ♦❢ ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥s ✐♥t♦

E✳
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Pr♦♦❢✳ ▲❡t (E, hE, ∂E), (F, hF , ∂F ) ❜❡ t✇♦ Lp−❛❝❝❡♣t❛❜❧❡ ❜✉♥❞❧❡s✳ ❲❡ ❤❛✈❡ s❡❡♥ ✐♥
t❤❡ s❡❝t✐♦♥ ♦♥ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡s t❤❛t t❤❡ ♠❡tr✐❝ ♦♥ E⊗F ✐s hE⊗F (e1⊗f1, e2⊗
f2) = hE(e1, e2)hF (f1, f2)✳ ❚❤❡r❡❢♦r❡ ‖e⊗ f‖E⊗F = ‖e‖E‖f‖F ≤ |z|α−ε ⇔ ‖e‖E ≤
|z|β, ‖f‖F ≤ |z|α−ε−β✱ β ∈ R✳ ❚❤❡r❡❢♦r❡ ❛♥❞ s✐♥❝❡ Γ(X,E ⊗ F ) = Γ(X,E) ⊗
Γ(X,F )✿

Ξ(E ⊗ F )α =
∑

β∈R
Ξ(E)β ⊗ Ξ(F )α−β.

❇❡❤❛✉♣t✉♥❣✳ Ξ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❛❦✐♥❣ ❞✉❛❧s✳

Pr♦♦❢✳ ❚❤❡ ♠❡tr✐❝ ♦♥ t❤❡ ❞✉❛❧ ❜✉♥❞❧❡ ✐s hE∗(e∗1‖e1‖2E, e∗2‖e2‖2E) = hE(e1, e2)✳ ❚❤❡♥
‖e∗‖E∗ = ‖e‖−2

E ‖e‖E ≥ |z|−α+ε ❢♦r e ∈ Ξ(E)α✳ ❋✉rt❤❡r ‖e‖E ≤ |z|α−ε ⇔ e ∈ Eα ⇔
e∗ ∈ E∗

α = (E∗)−α ⇔ ‖e∗‖E∗ ≤ |z|−α−ε✳ ❚♦❣❡t❤❡r ✇❡ ❣❡t ❢♦r e ∈ Eα \ Eα+ε, ∀ε > 0
t❤❛t ‖e∗‖E∗ ∼ |z|−α✳ ❚❤❡r❡❢♦r❡

(Ξ(E)∗)β \ (Ξ(E)∗)β+ε = (Ξ(E)∗−β) \ (Ξ(E)∗−β−ε)

= {e∗ : X → E∗|‖e‖E ∼ |z|−β}
= {e∗ : X → E∗|‖e∗‖E ∼ |z|β}
= Ξ(E∗)β \ Ξ(E∗)β+ε, ∀ε > 0.

❇✉t (Ξ(E)∗)α =
⋃

β≥α(Ξ(E)
∗)β\(Ξ(E)∗)β+ε ❛♥❞ Ξ(E∗)α =

⋃

β≥α Ξ(E
∗)β\Ξ(E∗)β+ε

❛♥❞ ❤❡♥❝❡ Ξ(E∗)α = (Ξ(E)∗)α✱ ✐✳❡✳ Ξ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❛❦✐♥❣ ❞✉❛❧s✳

❇❡❤❛✉♣t✉♥❣✳ Ξ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❞❡t❡r♠✐♥❛♥ts✳

Pr♦♦❢✳ E ✐♥❞✉❝❡s ♦♥ t❤❡ ❞❡t❡r♠✐♥❛♥t ❜✉♥❞❧❡ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t

h∧(e1 ∧ . . . ∧ en, f1 ∧ . . . ∧ fn) = det(hE(ei, fj)).

❇② t❤❡ ❛❧t❡r♥❛t✐♥❣ ❛♥❞ ♠✉❧t✐❧✐♥❡❛r ❝❤❛r❛❝t❡r ♦❢ det t❤✐s r❡❛❧❧② ❞❡✜♥❡s ❛ ♣♦s✐t✐✈❡✲
❞❡✜♥✐t❡ ✐♥♥❡r ♣r♦❞✉❝t✳ ❲❡ ❣❡t det(Ξ(E))α = (

∧n
i=1 Ξ(E))α ⊂ Ξ (

∧n
i=1E)α =

Ξ(det(E))α ❜②

‖e1 ∧ . . . ∧ en‖ = det(h(ei, ej)) =
∑

σ∈Sn

s✐❣♥(σ)
n∏

j=1

h(ej, eσ(j))

≤
∑

σ∈Sn

n∏

j=1

|h(ej, eσ(j))| ≤ ✼
∑

σ∈Sn

n∏

j=1

‖ej‖E‖eσ(j)‖E

≤
∑

σ∈Sn

n∏

j=1

cjcσ(j)|z|ij+iσ =
∑

σ∈Sn

|z|
∑n

j=1 ij+iσ

n∏

j=1

cjcσ(j)
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≤ c∧|z|2α−2ε, ∀ε > 0,

❢♦r e1∧ . . .∧en ∈ (
∧n

i=1 Ξ(E))α = det(Ξ(E))α✳ ❚❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥ ✐s s❧✐❣❤t❧② ♠♦r❡
❛❞✈❛♥❝❡❞✳ ❲❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❜② ❙✐♠♣s♦♥✿

▲❡♠♠❛ ✷✳✷✳✻✳ ▲❡t E ❜❡ ❛♥ Lp−❛❝❝❡♣t❛❜❧❡ ✈❡❝t♦r ❜✉♥❞❧❡ ♦♥ X ✲ ❝✉r✈❛t✉r❡
❜♦✉♥❞❡❞ ❜② f + cacc

|z|2| log(z)|2 ❢♦r s♦♠❡ cacc > 0 ✲ ✇✐t❤ det(H) = det(h(ei, ej)) ≤ ch|z|
❢♦r ❛ ❢r❛♠❡ (ei) ♦❢ E✳ ❋✉rt❤❡r ❝❤♦♦s❡ (ei) s✉❝❤ t❤❛t ‖H‖F ≤ 1✳ ❚❤❡♥ t❤❡r❡ ✐s
❛ s❡❝t✐♦♥ e =

∑n
i aiei ✇✐t❤ ai ❝♦♥st❛♥t s✉❝❤ t❤❛t ‖e‖E ≤ ce|z|1/2nNR ❢♦r s♦♠❡

❝♦♥st❛♥t NR > 0✳

Pr♦♦❢✳ ❉❡✜♥❡ ❛ ♥❡✇ ♠❡tr✐❝ h′ ♦♥ E ❜② h′(e, f) = exp(4σ + 8cacc log(− log |z|) +
ε log |z|)h(e, f)✱ ❢♦r σ t❤❡ ❜♦✉♥❞❡❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ −∆σ = f ✳ E
✇✐t❤ t❤❡ ♠❡tr✐❝ h′ ✐s st✐❧❧ Lp−❛❝❝❡♣t❛❜❧❡ s✐♥❝❡

Rh′ = ∂∂ log(H
′
) = ∂∂(log(4σ + e8cacc log(− log |z|)+ε log |z|E) + log(H))

= ∆σ + ∂∂8cacc log(− log |z|)E + ∂∂ε|z|E + ∂∂ log(H)

= −f + 8cacc∂∂ log(− log |z|)E + ∂∂ε|z|E +Rh

= −f 8cacc d z ∧ d z

4

1

r

∂

∂r
r
∂

∂r
log(− log r) +

ε d z ∧ d z

4

1

r

∂

∂r
r
∂

∂r
r +Rh

= −f2caccd z ∧ d z
1

r

∂

∂r

−1

− log r
+
ε d z ∧ d z

4r
+Rh

= −f − 2caccd z ∧ d z
1

r2(log r)2
+
ε d z ∧ d z

4r
+Rh

◆♦✇ ❧❡t e ❜❡ ❛♥② ❝♦♥st❛♥t s❡❝t✐♦♥ ✐♥ t❡r♠s ♦❢ ♦✉r ❜❛s✐s (ei) ❛♥❞ Ee t❤❡ s✉❜✲
❜✉♥❞❧❡ s♣❛♥♥❡❞ ❜② e✳ ❚❤❡ ✉♥✐q✉❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ✐♥✲
❞✉❝❡❞ ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ ♦♥ Ee ✐s ❝❛❧❝✉❧❛t❡❞ ❛s ✉s✉❛❧ ❜② ∂∂ log ‖s‖h′ ❢♦r ❡✈❡r②
s ∈ Ee ⇒ s = fe, f ∈ OX ✳ ❯s❡ t❤❛t t❤❡ ❝✉r✈❛t✉r❡ ❞❡❝r❡❛s❡s ✐♥ s✉❜❜✉♥❞❧❡s ✭❝❢✳
❬●❍✼✽❪ ♣✳ ✼✾✮ ♦♥ Ee t♦ ❣❡t ❢♦r s = e

Λ∂∂ log ‖e‖h′ = Λh′(Rh′e, e)

−∆ log ‖e‖h′ = −2iΛh′(Rh′e, e)

= −2iΛh′(Rhe, e) +
ε

|z|h
′(e, e)− f − 4 · 2cacc

1

|z|2(log |z|)2h
′(e, e)

≤ ✽

(

4cacc
1

|z|2(log |z|)2 + f − f − 4 · 2cacc
1

|z|2(log |z|)2 +
ε

|z|

)

‖e‖h′

=

(

−4cacc
1

r2(log r)2
+

ε

|z|

)

‖e‖h′

≤ 0,

✼❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✳
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s✐♥❝❡ 1
r2(log r)2

❣r♦✇s ❢❛st❡r t❤❛♥ r−1✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡ st✐❧❧ ❤❛✈❡ det(H ′) ≤ ch|z|
s✐♥❝❡ −(log |z|)|z|ε = exp(ε log |z| + log(− log |z|)) → 0 ❢♦r s♠❛❧❧ ε ❛♥❞ z✳ ❆♥❛❧♦✲
❣♦✉s❧② ✇❡ ❡♥s✉r❡ t❤❛t ✇❡ ❤❛✈❡ ‖H ′‖F ≤ 1✳
❲✳❧✳♦✳❣✳ ✇❡ r❡str✐❝t ❛❣❛✐♥ t♦ ❛ ❞✐s❝ ❛r♦✉♥❞ t❤❡ ♣✉♥❝t✉r❡✳
❈❤♦♦s❡ ❛ s❡q✉❡♥❝❡ rj ❝♦♥✈❡r❣✐♥❣ t♦ 0✳ ❲❡ ✇❛♥t t♦ ✜♥❞ ❛ s❡❝t✐♦♥ ej ❢♦r ❡❛❝❤ rj
s✉❝❤ t❤❛t ∃NR ∈ N : ‖ej(z)‖ ≤ r

1/2n
j , ∀|z| ≤ rNR

i ❛♥❞ ❢♦r ej =
∑n

j=1 aiei ✇❡ ❤❛✈❡
∑n

j=1 aj = 1✳✾

❲❡ ❦♥♦✇ ❢♦r ♦✉r ❢r❛♠❡ (ei) t❤❛t det(H) = det(h(ei, ej)) 6= 0✳ ❆ss✉♠✐♥❣ ‖ei(z)‖ >
|z|1/2n✱ t❤❡♥ t❤❡ ♥♦♥✲✈❛♥✐s❤✐♥❣ ♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥t t❡❧❧s ✉s t❤❛t det(h(ei, ej)) =
∑

σ∈Sn
s✐❣♥(σ)

∏n
i=1 h(ei, eσ(i)) > |z|2n/2n = |z|1 s✐♥❝❡ ❡✈❡r② s✉♠♠❛♥❞ ✐s ❜♦✉♥❞❡❞

❜② ❈❛✉❝❤②✲❙❝❤✇❛r③ ❜② |z|2n/2n ✲ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ ♦✉r ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❞❡t❡r✲
♠✐♥❛♥t ♦❢ K✳ ❍❡♥❝❡ ∀z ∈ X∃ i ∈ {1, . . . , n} s✉❝❤ t❤❛t ‖ei(z)‖h ≤ |z|1/2n✳ ▲❡t ej
❞❡♥♦t❡ t❤❡ ei t❤❛t ❢✉❧✜❧❧s t❤❡ ❜♦✉♥❞ ❛t z = 0✳ ❙✐♥❝❡ ej ✐s ❝♦♥t✐♥✉♦✉s ✇❡ ✜♥❞ ❛ ❞✐s❝
BR ❛r♦✉♥❞ 0 ✇❤❡r❡ ‖ej(z)‖h ≤ r

1/2n
j ❤♦❧❞s✳ ❋✉rt❤❡r rj < 1 ⇒ ∃NR : rNR

j ≤ R✳
◆♦t❡ t❤❛t NR ♦♥❧② ❞❡♣❡♥❞s ♦♥ r1✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❤❡♥ ✇❡ r❡♣❧❛❝❡ rj ❜② rNR

j ✇❡

❤❛✈❡ ‖ej(z)‖h ≤ r
1/2nNR

j ✳ ❙✐♥❝❡ t❤❡ s❡t ✇❤❡r❡ t❤❡ ✐♥❡q✉❛❧✐t② ❤♦❧❞s ✐s ❝❧♦s❡❞ t❤❡
❜♦✉♥❞ st✐❧❧ ❤♦❧❞s ♦♥ ∂BR✳ ❚❤❡ ❝♦♠♣❧❡♠❡♥t ✐♥ B1 ❤♦✇❡✈❡r ✐s ♦♣❡♥ ❛♥❞ s✐♥❝❡ ❜②
‖H ′‖F ≤ 1✱ ej ≤ 1 ✉♥✐❢♦r♠❧② ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ♦♥ ❛♥② ♦♣❡♥
❆♥♥✉❧✉s AR1,R2 , rj ≤ R1 < R2 ≤ 1 ❛r♦✉♥❞ 0✳ ❚❤❡ ♠❛①✐♠✉♠ ♦♥ t❤❡ ❜♦✉♥❞✲
❛r② ✐s ❜♦✉♥❞❡❞ ❜② (R2)

1/2nNR

j ✳ ❙✐♥❝❡ R1 ❛♥❞ R2 ✇❡r❡ ❝❤♦s❡♥ ❛r❜✐tr❛r② ✇❡ ❣❡t

‖ej(z)‖h ≤ |z|1/2nNR

j ❢♦r ❛❧❧ rj ≤ |z| ≤ 1✳ ◆♦✇ ❧❡t rj → 0 t♦ r❡❝❡✐✈❡ t❤❡ ❝❧❛✐♠✳

❘❡♠❛r❦ ✷✳✷✳✼✳ ❙✐♠♣s♦♥ ♣r♦✈❡s t❤❡ ❧❡♠♠❛ ❢♦r NR = 3✳ ❙t✐❧❧ ❢♦r ✇❤❛t ❢♦❧❧♦✇s ✇❡
♦♥❧② ♥❡❡❞ t❤❛t t❤❡r❡ ✐s ❛♥② NR > 0✳

❘❡♠❡♠❜❡r t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ ✜♥✐t❡ ❜r❛♥❝❤❡❞ ❝♦✈❡rs ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❝❤❛♣t❡r
♦♥ t❤❡ ▼❛✐♥ ❊st✐♠❛t❡✳ ▲❡t ✉s ❝♦♥s✐❞❡r s✉❝❤ ❛ ❝♦✈❡r uN = z✱ u ❧♦❝❛❧ ❝♦♦r❞✐✲
♥❛t❡ ♦♥ t❤❡ ❝♦✈❡r✐♥❣ s♣❛❝❡✳ ■❢ πu ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦❥❡❝t✐♦♥ t❤❡ ♣✉❧❧❜❛❝❦
❜✉♥❞❧❡ π∗(E) =

⊕N−1
i=0 uiE s♣❧✐ts✳ ❚❤❡ ✜❧tr❛t✐♦♥ ♦❢ t❤❡ ♣✉❧❧❜❛❝❦ ❜✉♥❞❧❡ ✐s ❞❡✲

✜♥❡❞ ❛s π∗(E)α =
∑

Nβ+i≥α u
iπ∗(Eβ)✳ ❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛ ✜❧tr❛t✐♦♥ ❢♦❧❧♦✇ ❞✐✲

r❡❝t❧② ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ✲ ♦♥❧② ♥♦t❡ t❤❛t uπ∗(E)α =
∑

Nβ+i≥α u
i+1π∗(Eβ) =

∑

Nβ+j−1≥α u
jπ∗(Eβ) =

∑

Nβ+j≥α+1 u
jπ∗(Eβ) = π∗(E)α+1✳

◆♦✇ ❧❡t eu =
∑N−1

i=1 uie
(i)
u ❜❡ ❛ s❡❝t✐♦♥ ✐♥ Ξ(π∗(E))α t❤❡♥ ‖eu‖π∗(E) =

∑N
i=1 |u|i‖e(i)‖h ≤ ce|u|α−ε, ∀ε > 0 ⇔ e

(i)
u ≤ ce|z|α/N−i/N ⇔ eu ∈

∑

Nβ+i≥α u
iπ∗(Eβ) s✐♥❝❡ ❢♦r β = α/N − i/N ⇒ Nβ + i = α− i+ i = α✳ ❚❤❡r❡❢♦r❡

✇❡ ❤❛✈❡ Ξ(π∗(E))α = π∗(Ξ(E)α)✳

✽❇② ❈❛✉❝❤②✲❙❝❤✇❛r③ ❛♥❞ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ♠❛tr✐① ♥♦r♠s ‖·‖2H = tr(AHA∗H)✿ ‖Av‖h ≤
‖A‖H

‖E‖H
‖v‖h ❢♦r t❤❡ ✉♥✐t ♠❛tr✐① E ❛♥❞ v ∈ E✳ ❍❡♥❝❡ t❤❡ s❝❛❧❛r ❢❛❝t♦r exp(8cacc log(− log |z|) +

ε log |z|) ❞r♦♣s ♦✉t✳
✾❚❤✐s ✇✐❧❧ ❣✉❛r❛♥t❡❡ t❤❛t ✇❤❡♥ j → ∞✱ ej ❝♦♥✈❡r❣❡s t♦ ❛ ♥♦♥✲tr✐✈✐❛❧ s❡❝t✐♦♥✳



✷✳✷✳ ❚❤❡ ❋✉♥❝t♦r Ξ ⑤ ✼✼

◆♦✇ ❛ss✉♠❡ t❤❛t Ξ(det(E))α 6⊂ det(Ξ(E)α) ❢♦r ❛t ❧❡❛st ♦♥❡ α✳ ❚❤❡ ✐❞❡❛ ♦❢ t❤❡
r❛♠✐✜❡❞ ❝♦✈❡r ✐s t♦ ❡♥❧❛r❣❡ t❤✐s ❣❛♣ s♦ ♠✉❝❤ t❤❛t ✇❡ ❝❛♥ ✉s❡ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡✳
❇② ❧❡❢t✲❝♦♥t✐♥✉✐t② ✇❡ ✜♥❞ ❛ ❜✐❣❣❡st ✐♥❞❡① γ < α ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ Ξ(det(E))α ⊃
det(Ξ(E)γ)✳ ❯s✐♥❣ t❤❡ r❛♠✐✜❡❞ ❝♦✈❡r ❢♦r s✉✣❝✐❡♥t❧② ❜✐❣ N ✇❡ ❣❡t

✭✐✮ Ξ(det(E))0 ⊃ det(Ξ(E)2)✿ ❆s ❧♦♥❣ ❛s N ✐s ❜✐❣ ❢♦r ❡①❛♠♣❧❡ N(α− γ) > 3 ✇❡
♠❛② s❤✐❢t t❤❡ ❣❛♣ ❜② ♣r♦♣❡rt② ✭✐✈✮ ♦❢ ❛ ✜❧t❡r❡❞ ❜✉♥❞❧❡ s✉❝❤ t❤❛t t❤❡ ❝❧❛✐♠
❤♦❧❞s✳

✭✐✐✮ ❋✉rt❤❡r ❝❤♦♦s❡ N s✉❝❤ t❤❛t ❛❧❧ ✇❡✐❣❤t ❛r❡ ♦♥❧② s❧✐❣❤t❧② ❜✐❣❣❡r t❤❛♥ ✈❛r✐♦✉s
✐♥t❡❣❡rs✱ ❢♦r ❡①❛♠♣❧❡ ❞✐✛❡r ♥♦t ♠♦r❡ t❤❛♥ 1

2nNR+1
❢r♦♠ t❤❡ ♥❡①t s♠❛❧❧❡r

✐♥t❡❣❡r✶✵✱ t❤❡♥ t❤❡r❡ ✐s ♥♦ ❥✉♠♣ ❜❡t✇❡❡♥ 1
2nNR

❛♥❞ 1✱ ✐✳❡✳ Ξ(π∗(E))1/2nNR
=

Ξ(π∗(E))1✳

◆♦✇ ✭✐✮ ❛♥❞ ✭✐✐✮ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❧❡♠♠❛ ❛r❡ s❛t✐s✜❡❞ ❢♦r π∗(E)0✱
✐✳❡✳ ✇❡ ❣❡t ❛ ♥♦♥✲tr✐✈✐❛❧ s❡❝t✐♦♥ ✐♥ Ξ(π∗(E))1/2nNR

✳ ❇✉t t❤❡r❡ ❛r❡ ♥♦ ✇❡✐❣❤ts
❜❡t✇❡❡♥ 1

2nNR+1
❛♥❞ 1✱ ✐♥ ♣❛rt✐❝✉❧❛r❧② t❤❡r❡ ✐s ♥♦ OX−❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ❛♣❛rt

❢r♦♠ t❤❡ tr✐✈✐❛❧ ♦♥❡✳ ❚❤✐s ❝♦♥tr❛❞✐❝t✐♦♥ ✐♠♣❧✐❡s Ξ(det(E))α ⊂ det(Ξ(E)α) ⇒
Ξ(det(E))α = det(Ξ(E)α)✳

❘❡♠❛r❦ ✷✳✷✳✽✳ ❘❡❝❛❧❧ t❤❛t ♦✉r ✧✐♥♥❡r ♣r♦❞✉❝t✧ ♦♥ t❤❡ ❡①t❡♥s✐♦♥ Ξ(E)α ✐s t❤❡
✐♥♥❡r ♣r♦❞✉❝t ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡❧❡♠❡♥ts ♦❢ Γ(X \{s}, E) = Γ(X,E)✳ ❙✐♥❝❡ ♥♦t
❛❧❧ s❡❝t✐♦♥s ❝♦♥tr✐❜✉t❡ t♦ t❤❡ st❛❧❦ ♦❢ Eα ❛t s t❤✐s ✐s ✐♥ ❣❡♥❡r❛❧ ♦♥❧② ❛ ♠♦♥♦♠♦r✲
♣❤✐s♠✳ ■t ✐s ✐♥ ❢❛❝t t❤❡ ♠♦♥♦♠♦r♣❤✐s♠ ω ❉❡❧✐❣♥❡ ✉s❡s ✐♥ ❬❉❡❧✼✵❪ ✷✳✶✺✳✷✱ ♣✳ ✻✻✱
✇❤❡r❡ Γ(X \{s}, E) ❛♥❞ OX ❛r❡ ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✭♠❛♣ ❛♥ h−♦rt❤♦♥♦r♠❛❧ ❜❛s✐s
♦♥ t❤❡ st❛♥❞❛r❞ ❜❛s✐s✳✮ ■❢ ♦✉r ♠❡tr✐❝ ❣r♦✇s ❛t ♠♦st ♣♦❧②♥♦♠✐❛❧❧②✱ ✐✳❡✳ t❤❡ ✢❛t s❡❝✲
t✐♦♥s ❞♦✱ t❤❛♥ t❤❡s❡ ✢❛t s❡❝t✐♦♥s ❛r❡ ♠❡r♦♠♦r♣❤✐❝✳ ❍❡♥❝❡ ∇e✶✶ ♦❢ ❛ ❤♦❧♦♠♦r♣❤✐❝✱
♠♦❞❡r❛t❡ s❡❝t✐♦♥ e ✐s ♠❡r♦♠♦r♣❤✐❝✱ s✐♥❝❡ ✇❡ ♠❛② ✇r✐t❡ e ✐♥ t❡r♠s ♦❢ ❛ ✢❛t ❜❛s✐s
❛♥❞ t❤❡♥ ∇ ❛❝ts ❥✉st ❛s t❤❡ ✉s✉❛❧ ❞✐✛❡r❡♥t✐❛❧ ♦♥ t❤❡ ❝♦❡✣❝✐❡♥t ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤
❛r❡ ♠❡r♦♠♦r♣❤✐❝ ❜② t❤❡ ♠❡r♦♠♦r♣❤② ♦❢ e ❛♥❞ t❤❡ ❢r❛♠❡ ✭❜♦t❤ ♠♦❞❡r❛t❡✮✳

❲❤❡♥ ✇❡ st❛rt ✇✐t❤ ❛ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡ (E, ∂E, θ, h) ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✇❡
❛ss♦❝✐❛t❡ ❛ ✢❛t ❜✉♥❞❧❡ (V,D) ✇✐t❤ ❤♦❧♦♠♦r♣❤✐❝ ❝♦♥♥❡❝t✐♦♥∇ := ∂E+θ ✲ ✶✳✷✳✸ ✲ ❛♥❞
❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ ∂E+θ†✳ ❋✉rt❤❡r ✇❡ ❣❡t ❛ ❧♦❝❛❧ s②st❡♠ ❜② t❤❡ ❧♦❝❛❧❧② ❝♦♥st❛♥t
s❤❡❛❢ ♦❢ ∂V ✲❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥s ❦✐❧❧❡❞ ❜② ∇ −V ∇ := {s ∈ Γ❤♦❧(X, V )|∇(s) = 0}

❘❡♠❛r❦ ✷✳✷✳✾✳ ❆ ∇−✢❛t ❛♥❞ ∂V + θ†−❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ✐s D−✢❛t ❛♥❞ ✈✐❝❡
✈❡rs❛✶✷✱ ❜✉t ♥♦t ∂V−❤♦❧♦♠♦r♣❤✐❝✳ ❲❤✐❧❡ ✇❡ ✜♥❞ ❛ D−✢❛t s✐♥❣❧❡✲✈❛❧✉❡❞ ❢r❛♠❡✱

✶✵P♦ss✐❜❧❡ s✐♥❝❡ t❤❡r❡ ❛r❡ ♦♥❧② ✜♥✐t❡❧② ♠❛♥② ✇❡✐❣❤ts ❜❡t✇❡❡♥ t✇♦ ✐♥t❡❣❡rs✳
✶✶∇ t❤❡ (1, 0) ♣❛rt ♦❢ t❤❡ ✢❛t ❝♦♥♥❡❝t✐♦♥✳ ❙❡❡ ❜❡❧♦✇✳
✶✷
D(s) = ∇(s) + ∂V (s) = 0 ⇔ ∇(s) = 0 ❛♥❞ ∂V (s) = 0 ✲ ❜② ❞❡❣r❡❡ ❝♦♥s✐❞❡r❛t✐♦♥s✳



✼✽ ⑤ ✷✳ ❋✐❧t❡r❡❞ ❖❜❥❡❝ts

❡❧❡♠❡♥ts ♦❢ V ∇ ❛r❡ ✐♥ ❣❡♥❡r❛❧ ♠✉❧t✐✈❛❧✉❡❞✳ ❋♦r θ = 0✱ ✐✳❡✳ ✐❢ ✇❡ ✜♥❞ ❛ ❢r❛♠❡
✇✐t❤✐♥ V ∇✱ ❡✈❡r②t❤✐♥❣ ❜❡❝♦♠❡s tr✐✈✐❛❧✳

❚❤❡♦r❡♠ ✷✳✷✳✶✵✳ ✭❛✮ ▲❡t (E, h) ❜❡ ❛ t❛♠❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡ ♦✈❡r X ✇✐t❤ t✇♦
❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡s ∂E ❛♥❞ ∂E + θ†✳ ❚❤❡♥ E ✐s ❛❝❝❡♣t❛❜❧❡ ✇✳r✳t✳ ❜♦t❤
❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡s✳

✭❜✮ ❚❤❡ ❡♥❞♦♠♦r♣❤✐s♠✲✈❛❧✉❡❞ ♦♥❡✲❢♦r♠ θ ❛♥❞ t❤❡ ❝♦♥♥❡❝t✐♦♥ D = ∂E+∂E+θ+θ
†

s❛t✐s❢② t❤❡ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥ ♠❛❦✐♥❣ (Ξ(E, ∂E), θ) ✐♥t♦ ❛ ✜❧t❡r❡❞ r❡❣✉❧❛r
❍✐❣❣s ❜✉♥❞❧❡✱ ❛♥❞ (Ξ(E, ∂E + θ†),∇),∇ = ∂E + θ ✐♥t♦ ❛ ✜❧t❡r❡❞ r❡❣✉❧❛r
DX−♠♦❞✉❧❡✳ ❚❤❡s❡ ❝♦♥str✉❝t✐♦♥s ❛r❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♦♣❡r❛t✐♦♥s ♦❢
t❛❦✐♥❣ ❞❡t❡r♠✐♥❛♥ts✱ ❞✉❛❧s✱ ❛♥❞ t❡♥s♦r ♣r♦❞✉❝ts✳

Pr♦♦❢✳ ✭❛✮ ❚❤❡ ♠❛✐♥ ❡st✐♠❛t❡✱ ♥❛♠❡❧② ❧❡♠♠❛ ✶✳✻✳✶✺ ❜♦✉♥❞s t❤❡ ❝✉r✈❛t✉r❡ ♦❢
❜♦t❤ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥s ❜② C

|z|2| log |z||2 ❢♦r s♦♠❡ C✱ ✐✳❡✳ t❤❡ ❜✉♥❞❧❡s ❛r❡ ❜♦t❤
❛❝❝❡♣t❛❜❧❡✳

✭❜✮ ❆❣❛✐♥ ❜② t❤❡ ♠❛✐♥ ❡st✐♠❛t❡ ✶✳✺✳✼ ‖θz‖2F ≤
√
c5

|z| ❛♥❞ s♦ t❤❡ ♣✐❝t✉r❡ ✉♥❞❡r θ
❤❛s ❛ ♣♦❧❡ ♦❢ ♦r❞❡r ❛t ♠♦st 1 ❛♥❞ ❤❡♥❝❡ t❤❡ ✐♥❞✉❝❡❞ ♠❛♣ ♦♥ Ξ(E)α ♠❛♣s
✐♥t♦ Ξ(E)α ⊗ Ω1

X
(log s)✳ ❖❜✈✐♦✉s❧② Ξ(E)α ⊂ Ξ(E)β, α ≥ β ❛♥❞ Ξ(E)α =

⋃

β<α Ξ(E)β✳ ❋✐♥❛❧❧② Ξ(E)α+1 = Ξ(E)α ⊗OX
O(−s) ❞✐r❡❝t❧② ❜② s♣❧✐tt✐♥❣ ✉♣

rα−ε = rα+1−ε · 1
r
✳ ❍❡♥❝❡ (Ξ(E, ∂E), θ) ✐s ❛ ✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡✳

❚♦ r❡❝❡✐✈❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡ ✇❡ ♥❡❡❞ t♦ s❤♦✇
r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ ❝♦♥♥❡❝t✐♦♥ ∇✳ ▲❡t e ❜❡ ❛ ∂ + θ†−❤♦❧♦♠♦r♣❤✐❝
s❡❝t✐♦♥✱ ✐✳❡✳ (∂ + θ†)e = 0 ❛♥❞ e ∈ Eα✿ ‖e‖h ≤ ce|z|α−ε✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇
t❤❛t ∇(e) ✐s ❜♦✉♥❞❡❞ ✐♥ t❡r♠s ♦❢ |z|α−ε′−1 ❢♦r ❛❧❧ ε′ > 0✱ ✐♥ ♦r❞❡r t♦ ❜❡ ✐♥
Ξ(E)α ⊗ Ω1

X
(log s) ✭t❤❡ |z|−1 ✐s t❛❦❡♥ ❝❛r❡ ♦❢ ❜② t❤❡ ❧♦❣❛r✐t❤♠✐❝ 1−❢♦r♠✮✳

❇② ▲❡✐❜♥✐③ r✉❧❡ ∇(zβe) = αzβ−1e + zβe✳ ❙♦ ✐t ✇✐❧❧ ❜❡ ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❡
❜♦✉♥❞ ♦❢ ∇(e) ❢♦r ‖e‖h ≤ |z|µ, µ > 0 s♠❛❧❧✳
▲❡t D∂+θ† = R∂+θ† d z ∧ d z ❞❡♥♦t❡ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥
∂E − θ + ∂E + θ† ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ∂ + θ†✳

⇒ ∂∂h(e, e) = ∂h((∂E − θ)e, e) + ∂h(e, (∂ + θ†)e)

= ∂h((∂E − θ)e, e)

= h((∂E + θ†)(∂E − θ)e, e)− h((∂E − θ)e, (∂E − θ)e)

⇒ ∂∂h(e, e) = ∂h((∂E + θ†)e, e) + ∂h(e, (∂E − θ)e)

= ∂h(e, (∂E − θ)e)

= −h(e, (∂ + θ†)(∂E − θ)e) + h((∂E − θ)e, (∂E − θ)e).

❋✉rt❤❡r ♥♦t❡ t❤❛t (∂ + θ†)(∂E − θ)e = (∂ + θ†)(∂E − θ)e + (∂E − θ)(∂ +
θ†)e = D2

∂E+θ†
e✳ ■♥ ♦r❞❡r t♦ ❣❡t r✐❞ ♦❢ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s✱ ❡✈❛❧✉❛t❡ ❛t ❛



✷✳✷✳ ❚❤❡ ❋✉♥❝t♦r Ξ ⑤ ✼✾

❤♦❧♦♠♦r♣❤✐❝ ♥♦♥✲③❡r♦ ✈❡❝t♦r ❛s ✐♥ ❆✳✹
(
∂

∂z

∂

∂z
− ∂

∂z

∂

∂z

)

‖e‖2h d z ∧ d z

= −h(e, R∂+θ†e) d z ∧ d z + h((∂E − θ)e, (∂E − θ)e)

−h(e, R∂+θ†e) d z ∧ d z + h((∂E − θ)e, (∂E − θ)e)

= 2‖(∂E − θ)e‖2h − 2ℜh(e, R∂+θ†e) d z ∧ d z,

❛♥❞ ❤❡♥❝❡

∆‖e‖2h = 4‖(∂E − θ)ze‖2h − 4ℜh(e, R∂+θ†e)

⇒ −∆‖e‖2h = −4‖(∂E − θ)ze‖2h + 4ℜh(e, R∂+θ†e).

❚❤❡♥ ❜② ❈❛✉❝❤②✲❙❝❤✇❛r③

ℜh(e, R∂+θ†e) ≤ ‖e‖‖R∂+θ†e‖ ≤ ‖e‖h‖R∂+θ†e‖h

≤ ‖e‖2h‖R∂+θ†‖F ≤ cD
∂+θ†

c2e
|z|2α−2ε4

|z|2(log |z|)2

◆♦t❡ t❤❛t

∆ log | log r| =
1

r

∂

∂r
r
∂

∂r
log | log r|

=
1

r

∂

∂r
r · 1

r log(r)

= −1

r
· 1

r(log(r))2

= − 1

r2(log(r))2
.

❛♥❞ t❤✉s

−∆(‖e‖2h − 4cD
∂+θ†

c2e log(log |z|)) ≤ −4‖(∂E − θ)ze‖2h.

❇② ❧❡♠♠❛ ✶✳✼✳✾ 4‖(∂E − θ)ze‖2h ✐s ✐♥t❡❣r❛❜❧❡ ❛♥❞ t❤❡ ✐♥❡q✉❛❧✐t② ❤♦❧❞s ✇❡❛❦❧②
♦✈❡r t❤❡ ♣✉♥❝t✉r❡✳ ❚❤❡ ❧❡♠♠❛ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ s✐♥❝❡ log(| log(|z|)|) ✐s ❞♦♠✲
✐♥❛t❡❞ ❜② log |z| ✭❝♦♥❝❛✈❡✮ ❛♥❞ ‖e‖h ≤ |z|µ ❤♦❧❞s ♦❜✈✐♦✉s❧②✱ t♦♦✳ ▼♦r❡♦✈❡r
∇ = ∂E + θ = ∂E − θ + 2θ ❛♥❞ ❜② t❤❡ ♠❛✐♥ ❡st✐♠❛t❡ ‖θ(e)‖h ≤ ‖θ‖F‖e‖h ≤√
c5|z|−1+µ ✐s L2−✐♥t❡❣r❛❜❧❡✳ ❍❡♥❝❡

4|z|2µ‖(∇)ze‖2h ≤ 4|z|2µ‖(∂E − θ + 2θ)ze‖2h
≤ 4|z|2µ‖(∂E − θ)ze‖2h + 16|z|2µ‖θze‖2h



✽✵ ⑤ ✷✳ ❋✐❧t❡r❡❞ ❖❜❥❡❝ts

✐s ✐♥t❡❣r❛❜❧❡✱ ✐✳❡✳ ∇(e) ✐♥ L2✳ ❇② ✷✳✷✳✽ ∇(e) ✐s ♠❡r♦♠♦r♣❤✐❝✱ ✐✳❡✳ ‖∇(e)‖h ≤
|z|α′−ε, ∀ε > 0 ❢♦r s♦♠❡ α′ ∈ R✳ ❇✉t ∇(e) ✐♥ L2 t❡❧❧s ✉s t❤❛t ‖∇(e)‖2h
♠✉st ❣r♦✇ ✇✐t❤ ♦r❞❡r ❧❡ss t❤❛♥ r❡❛❧ ❞✐♠❡♥s✐♦♥✿ 2✳ ❚❤❡♥ α′ = −1 ❛♥❞
‖∇(e)‖2h ≤ |z|−1−ε, ∀ε > 0✱ ✇❤✐❝❤ ✐s ♦✉r ❝❧❛✐♠✳

▲❡♠♠❛ ✷✳✷✳✶✶✳ Ξ ✐s ❛ ❢✉♥❝t♦r✱ ✇❤❡r❡ Ξ ♦❢ ❛ ❣❛✉❣❡ tr❛♥s❢♦r♠❛t✐♦♥ ϕ ✐s t❤❡ ♠♦r✲
♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ❜✉♥❞❧❡s✱ ✇❤✐❝❤ ✐s ✐♥❞✉❝❡❞ ❜② t❤❡ ✈❡❝t♦r ❜✉♥❞❧❡ ❤♦♠♦♠♦r♣❤✐s♠
ϕ✳

Pr♦♦❢✳ ❘❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥s ✶✳✷✳✽ ❛♥❞ ✷✳✶✳✽✳ ❋✐rst ♥♦t❡ t❤❛t ✭✐✐✐✮ ♦❢ ✶✳✷✳✽ ✐♠♣❧✐❡s
t❤❛t ❢♦r ❡✈❡r② e ∈ Eα✱ ✐✳❡✳ ‖e‖E ≤ ce|z|α−ε, ∀ε > 0

‖ϕ(e)‖F ≤ ‖ϕ‖E→F‖e‖E ≤ ce|z|α−ε, ∀ε > 0

⇒ ϕ(e) ∈ Fα.

❍❡♥❝❡ t❤❡ ✜❧tr❛t✐♦♥ ✐s ♣r❡s❡r✈❡❞ ❜② ϕ✳
❯s❡ ✭✐✮ ❛♥❞ ✭✐✐✮ ✐♥ ✶✳✷✳✽✳

∂E + θ†E = DE − d′′E
⇒ ϕ∗(∂E + θ†E) = ϕ∗(DE − d′′E) = ϕ(DE − d′′E) = ϕ(∂E + θ†E)

⇒ ϕ∗(∂E) = ϕ(∂E), ϕ∗(θ†E) = ϕ(θ†E)

s✐♥❝❡ ∂E ❛♥❞ θ† ❤❛✈❡ ❞✐✛❡r❡♥t ❞❡❣r❡❡✳ ❲❡ ❛❧r❡❛❞② ❦♥♦✇ t❤❛t ϕ∗DF = ϕDE ⇒
ϕ∗∇F = ϕ∇E, ϕ

∗(∂F + θ†F ) = ϕ(∂F + θ†F ) ❛s ✇❡❧❧ ❛s ϕ∗d′′F = ϕd′′E ⇒ ϕ∗(∂F ) =
ϕ(∂E), ϕ

∗(θF ) = ϕ(θE) ❜② ❞❡❣r❡❡ ❝♦♥s✐❞❡r❛t✐♦♥s✳ ▼♦r❡♦✈❡r ♥♦t❡ t❤❛t

∂E + θ†E = DE − d′′E
⇒ ϕ∗(∂F + θ†F ) = ϕ∗(DF − d′′F ) = ϕ(DE − d′′E) = ϕ(∂E + θ†E)

⇒ ϕ∗(∂F ) = ϕ(∂E), ϕ∗(θ†F ) = ϕ(θ†E).

❇✉t t❤❡♥ ❛❧❧ ♦♣❡r❛t♦rs ♦❢ ❛♥② ✐♠♣♦rt❛♥❝❡ t♦ ♦✉r ❍✐❣❣s r❡s♣✳ DX−❜✉♥❞❧❡ ❝♦♠♠✉t❡
✇✐t❤ ϕ ❛s ❞❡♠❛♥❞❡❞ ❜② ✷✳✶✳✽✳

✷✳✸✳ ▲♦❝❛❧ ❙②st❡♠s

❆❢t❡r ❝♦♥str✉❝t✐♥❣ ❛ ❢✉♥❝t♦r ❜❡t✇❡❡♥ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s✱ r❡❣✉❧❛r ✜❧t❡r❡❞ ❍✐❣❣s ❜✉♥✲
❞❧❡s ❛♥❞ DX−♠♦❞✉❧❡s ✐♥ t❤❡ ❧❛st s❡❝t✐♦♥✱ ✇❤✐❝❤ ✇✐❧❧ ❧❛t❡r ♦♥ ❧❡❛❞ t♦ ❛♥ ✐♥✈❡rt✐❜❧❡
❢✉♥❝t♦r✱ ✐✳❡✳ t♦ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s✱ ✇❡ ♥♦✇ ✇❛♥t t♦ ❜r✐♥❣ t❤❡ ✜❧t❡r❡❞ ❧♦❝❛❧
s②st❡♠s ✐♥t♦ ♣❧❛②✳



✷✳✸✳ ▲♦❝❛❧ ❙②st❡♠s ⑤ ✽✶

■♥ ❝♦♥tr❛st t♦ t❤❡ ❢✉♥❝t♦r Ξ✱ t❤❡ ❢✉♥❝t♦r Φ t❤❛t ♠❛♣s ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠ t♦
✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡s✱ ❢✉❧✜❧❧s ♥♦t ♦♥❧② ❝♦♠♣❛t✐❜✐❧✐t② ✇✐t❤ t❡♥s♦r ♣r♦❞✉❝ts✱
❞❡t❡r♠✐♥❛♥ts ❛♥❞ ❞✉❛❧s✱ ❜✉t ❛❞❞✐t✐♦♥❛❧❧② ✇✐t❤ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ♠♦♥♦❞r♦♠②
✐♥✈❛r✐❛♥t s✉❜s②st❡♠s✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ♠❛② ❞✐r❡❝t❧② ♣r♦✈❡ ❢✉❧❧② ❢❛✐t❤❢✉❧♥❡ss ❛♥❞
❡ss❡♥t✐❛❧ s✉r❥❡❝t✐✈✐t②✱ ✐✳❡✳ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❝❤❛♣t❡r ✇❡ ✇✐❧❧ ❦♥♦✇ t❤❛t ✜❧t❡r❡❞ ❧♦❝❛❧
s②st❡♠s ❛♥❞ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡s ❛r❡ ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡✳

Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✶✳ ❆ ❧♦❝❛❧ s②st❡♠ ❣✐✈❡s r✐s❡ t♦ ❛ DX−♠♦❞✉❧❡ ✇✐t❤ r❡❣✉❧❛r
s✐♥❣✉❧❛r✐t✐❡s✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ❆✳✸✳✷ ❡✈❡r② ❧♦❝❛❧ s②st❡♠ ✐♥❞✉❝❡s ❛ ✢❛t ✈❡❝t♦r ❜✉♥❞❧❡ ❛♥❞
t♦ ❛ ✢❛t ✈❡❝t♦r ❜✉♥❞❧❡ (V,∇, ∂V ) t❤❡ s❤❡❛❢ ♦❢ ♠✉❧t✐✈❛❧✉❡❞ ❤♦r✐③♦♥t❛❧ s❡❝t✐♦♥s ✐s ❛
❧♦❝❛❧ s②st❡♠ L = V ∇✳ ▼♦r❡♦✈❡r ♣r♦✈✐♥❣ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❡✈❡r② ✢❛t ✈❡❝t♦r ❜✉♥❞❧❡
(V,∇, ∂V ) ✐♥❞✉❝❡s ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣ ❛s ❢♦❧❧♦✇s✳ ❋♦r ❡❛❝❤
♣❛t❤ γ ✐♥t♦ X t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❤♦r✐③♦♥t❛❧ ∂V−❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ s s✉❝❤ t❤❛t
∇γ̇(t)s = 0✶✸ t❤r♦✉❣❤ ❡❛❝❤ ♣♦✐♥t v0 ✲ s(γ(0)) = v0 ✲ ✐♥ t❤❡ ✜❜❡r ♦✈❡r x✳ ❇②
✢❛t♥❡ss t❤✐s s❡❝t✐♦♥ ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ❤♦♠♦t♦♣②✳ s ✐s ✐♥ ❣❡♥❡r❛❧ ♥♦t s✐♥❣❧❡✲✈❛❧✉❡❞✳
❍❡♥❝❡ ♠♦✈✐♥❣ ❛r♦✉♥❞ ❛ ♣✉♥❝t✉r❡ ❜② ❛ ♣❛t❤ s❤✐❢ts ❛♥ ❡❧❡♠❡♥t v0 ♦❢ ❛ ✜❜❡r Vx t♦
❛♥ ❡❧❡♠❡♥t gv0✱ g ∈ Gln(C)✳ ■♥ t❤❡ ♣r♦♦❢ ♦❢ ❆✳✸✳✷ ✐t ✐s ❛❧s♦ s❤♦✇♥✱ t❤❛t ✉♣ t♦
Gln(C)−❝♦♥❥✉❣❛t✐♦♥ g ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦s❡♥ ❜❛s❡ ♣♦✐♥t v0✳ ❚❤✐s ❧❡❛❞s ✉s
t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ π1(X)−r❡♣r❡s❡♥t❛t✐♦♥✳
■❢ ✇❡ st❛rt❡❞ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧♦❝❛❧ s②st❡♠ L ❛♥❞ ❛ ❧♦❝❛❧❧② ❝♦♥st❛♥t ❝♦✈❡r
Ui ♦❢ L✱ ❛♥② s❡❝t✐♦♥ ♦❢ si ∈ L(Ui) ❝❛♥ ❜❡ ✉♥✐q✉❡❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ ❛ s❡❝t✐♦♥ sj ∈
Uj, Uij := Ui ∩ Uj 6= ∅✿ ❚❤❡ r❡str✐❝t✐♦♥s t♦ Uij ❛r❡ ✐s♦♠♦r♣❤✐s♠s ❢♦r ❛ ❧♦❝❛❧❧②
❝♦♥st❛♥t s❤❡❛❢✱ ✐✳❡✳ ❡❧❡♠❡♥ts ♦❢ Gln(C)✳ ❍❡♥❝❡ sj = g−1

j gisi✱ ✐❢ ✇❡ ✐❞❡♥t✐❢② L(Ui) ≃
C

n ✶✹ ❛♥❞ gi, gj ❛r❡ t❤❡ r❡str✐❝t✐♦♥s✳ ●♦✐♥❣ ♦♥❝❡ ❛r♦✉♥❞ t❤❡ ♣✉♥❝t✉r❡ ✇✐❧❧ ❧❡❛❞ ✉s
t♦ ❛♥ ❡❧❡♠❡♥t µ ∈ Gln(C) ✲ t❤❡ ♠♦♥♦❞r♦♠② ✲ ✇❤✐❝❤ ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❜② t❤❡ s❤❡❛❢
❛①✐♦♠s✳
❋✉rt❤❡r ✇❡ ♠❛② ✐❞❡♥t✐❢② ❡❛❝❤ st❛❧❦ ✇✐t❤ ✐ts s✉rr♦✉♥❞✐♥❣ ❝♦♥st❛♥t s❤❡❛❢ ❜② ❞❡✜♥✐t✐♦♥
♦❢ t❤❡ st❛❧❦✳ ❋♦r ❡①❛♠♣❧❡ ❧❡t ρ ❜❡ ❛ r❛② ❡♠✐tt✐♥❣ ❢r♦♠ t❤❡ ♣✉♥❝t✉r❡ ❛♥❞ Uρ ❛♥ ♦♣❡♥
s❡t ♦✈❡r ✇❤✐❝❤ t❤❡ ❧♦❝❛❧ s②st❡♠ ✐s ❝♦♥st❛♥t ❛♥❞ ❢♦r ✇❤✐❝❤ s ∈ Uρ ❛♥❞ ρ ∩ Uρ 6= ∅✱
✐✳❡✳ t❤❡✴❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ❝♦✈❡r✐♥❣ ♦❢ X ❝❧♦s❡st t♦ t❤❡ ♣✉♥❝t✉r❡ ✐♥t❡rs❡❝t✐♥❣ t❤❡
r❛②✳ ❇② t❤❡ ❧♦❝❛❧ ❝♦♥st❛♥❝② ✇❡ ♠❛② ✐❞❡♥t✐❢② Lx ✇✐t❤ Uρ ❢♦r ❛❧❧ x ∈ Uρ ∩ ρ✳ ❋♦r
L(ρ) :=

⋃

x∈ρ Lx✱ t❤❡ ♠♦♥♦❞r♦♠② ♠❛♣s µ : L(ρ) → L(ρ), l 7→ µl, µ ∈ ●❧n(C)✳
Pr♦♣♦s✐t✐♦♥ ❆✳✸✳✷ st❛t❡s t❤❛t ✇❡ ✜♥❞ ❛ s❤❡❛❢ ✐s♦♠♦r♣❤✐s♠ ❢r♦♠ L ✐♥t♦ t❤❡ s❤❡❛❢
♦❢ ♠✉❧t✐✈❛❧✉❡❞ ❤♦r✐③♦♥t❛❧ s❡❝t✐♦♥s ♦❢ s♦♠❡ DX−♠♦❞✉❧❡ (V,∇)✳
❲❡ ✇❛♥t t♦ ♣r♦❞✉❝❡ ❛ s✐♥❣❧❡✲✈❛❧✉❡❞ ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ♦❢ V ✳ ❈❤♦♦s❡ ❛ ♠❛tr✐①M
s✉❝❤ t❤❛t e−2πiM = µ✱✶✺ ✐✳❡✳ M = log(µ)

−2πi
✳ ❲❡ ❤❛✈❡ ✇♦r❦❡❞ ✇✐t❤ t❤❡ ♠❛tr✐① ❧♦❣❛r✐t❤♠

✶✸❚❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ∇s(γ(t)) ❛t γ̇(t)✳
✶✹❋✐① ❛ ❜❛s✐s ❛♥❞ ✐❞❡♥t✐❢② ✐t ✇✐t❤ t❤❡ st❛♥❞❛r❞ ❜❛s✐s ♦♥ C

n✳ ❚❤❡♥ t❤❡ gi ❛r❡ tr❛♥s❢♦r♠❛t✐♦♥
♠❛tr✐❝❡s ❢r♦♠ ♦♥❡ ❜❛s✐s t♦ ❛♥♦t❤❡r✳

✶✺❖✈❡r C t❤❡ ♠❛tr✐① ❡①♣♦♥❡♥t✐❛❧ ✐s s✉r❥❡❝t✐✈❡ ✐♥t♦ ●❧n(C)✳



✽✷ ⑤ ✷✳ ❋✐❧t❡r❡❞ ❖❜❥❡❝ts

❜❡❢♦r❡✱ ❜✉t ♦♥ ❤❡r♠✐t✐❛♥ ♠❛tr✐❝❡s✱ ✇❤❡r❡ ✐t ✐s s✐♥❣❧❡✲✈❛❧✉❡❞✳ µ ✐s ✐♥ ❣❡♥❡r❛❧ ♦♥❧②
✐♥✈❡rt✐❜❧❡✱ s♦ t❤❡ ❧♦❣❛r✐t❤♠ ✐s ♥♦t ✉♥✐q✉❡ ❛♥❞ M ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛
❜r❛♥❝❤ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ❢♦r ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡✳✶✻ ❉❡♥♦t❡ ❜② l t❤❡ ♠✉❧t✐✈❛❧✉❡❞ ✢❛t
s❡❝t✐♦♥ ✇❤✐❝❤ ❝♦✐♥❝✐❞❡s ✇✐t❤ s♦♠❡ l ✐♥ L(ρ) ♦♥ Uρ✳ ❚❤❡ s❡❝t✐♦♥

h(z) = eM log zl(z)✶✼

✐s s✐♥❣❧❡✲✈❛❧✉❡❞✱ s✐♥❝❡ ❝♦♥t✐♥✉✐♥❣ ❛r♦✉♥❞ t❤❡ ♣✉♥❝t✉r❡ ♦♥❝❡✱ l ❣♦❡s t♦ µl ✭❛♥♦t❤❡r
❜r❛♥❝❤ ♦❢ l✮ ❛♥❞ eM log z ❣♦❡s t♦ eM log ze2πiM ❜② t❤❡ 2πi ♠♦♥♦❞r♦♠② ♦❢ t❤❡ ❧♦❣❛✲
r✐t❤♠✳ ❚❤✉s

h(z) → eM log ze2πiMµl(z) = e−M log zµ−1µl(z) = h(z),

✐✳❡✳ h ❤❛s ♦♥❧② ♦♥❡ ❜r❛♥❝❤✱ ❤❡♥❝❡ ✐s s✐♥❣❧❡✲✈❛❧✉❡❞✳ ❙✐♠✐❧❛r❧② ❞❡✜♥❡ hi(z) =
eM log zli(z) ❢♦r ❛ ❜❛s✐s (li)1≤i≤n ♦❢ L(ρ)✳ ❙✐♥❝❡ eM log z ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡
✢❛t s❡❝t✐♦♥✱ t❤❡ hi ❜❡❝♦♠❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ❧✐❦❡ t❤❡ li✱ ❛♥❞ ❢♦r♠ t❤❡r❡❢♦r❡ ❛
❤♦❧♦♠♦r♣❤✐❝ ❢r❛♠❡ ♦❢ V ✳ ❚❤❡♥ ∇ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥♥❡❝t✐♦♥ ♠❛tr✐①

∇h = d
(
eM log z

)
l + eM log z ∇l

︸︷︷︸

=0

=M
d z

z
h.

❉❡✜♥❡ ❛♥ ❡①t❡♥s✐♦♥ V = s♣❛♥{OXhi}✳ ❚❤❡♥ ∇ ❤❛s ❛ ♣♦❧❡ ♦❢ ♦r❞❡r 1 ✐♥ t❤❡
✭♠❡r♦♠♦r♣❤✐❝✮ ❢r❛♠❡ (hi) ❛♥❞ ❤❡♥❝❡ ✐s r❡❣✉❧❛r✳ ❙♦ ✇❡ ❝♦♥str✉❝t❡❞ ❛ r❡❣✉❧❛r
DX−♠♦❞✉❧❡✳

❚❤❡♦r❡♠ ✷✳✸✳✷✳ ❉❡♥♦t❡ ❜② L t❤❡ ❝❛t❡❣♦r② ♦❢ ❧♦❝❛❧ s②st❡♠s ❛♥❞ ❜② D t❤❡ ❝❛t❡❣♦r②
♦❢ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡s✳ Φ : L → D ✇✐t❤

✭✐✮ Φ(L) ✐s t❤❡ r❡❣✉❧❛r DX−♠♦❞✉❧❡ s♣❛♥{OXhi} ❣✐✈❡♥ ❜② ✷✳✸✳✶✳ ∇ = ∂V +M d z
z

✐♥ t❤❡ ❢r❛♠❡ (hi)✳

✭✐✐✮

Φ(L)α = {OXhl,M : hl,M = eM log(z)l(z), l ∈ Lβ,

λ ❡✐❣❡♥✈❛❧✉❡s ♦❢ M ⇒ ℜ(λ) ≥ α− β}.

✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s ❛♥❞ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❞❡t❡r♠✐♥❛♥ts✱ ❞✉❛❧s✱ ❛♥❞
t❡♥s♦r ♣r♦❞✉❝ts✳ ✭❉❡♥♦t❡ ❜② λM t❤❡ ❡✐❣❡♥✈❛❧✉❡ ✇✐t❤ t❤❡ s♠❛❧❧❡st r❡❛❧ ♣❛rt✳✮

✶✻❲r✐t❡ µ ✐♥ ❏♦r❞❛♥ ♥♦r♠❛❧ ❢♦r♠✳ ❋♦r ❛ ❏♦r❞❛♥ ❜❧♦❝❦ J = λE +N = λ(E + λ−1N) ❜② ✐♥✈❡rt✲

✐❜✐❧✐t②✱ λ ❡✐❣❡♥✈❛❧✉❡✳ ❚❤❡♥ log(J) = log(λE)+log(E+λ−1N) = log(λ)E+
∑∞

k=0(−1)k (λ−1N)k+1

k+1
❛♥❞ t❤❡ s❡❝♦♥❞ t❡r♠ ✐s ✜♥✐t❡ ❜② N ♥✐❧♣♦t❡♥t✳

✶✼❈❤♦♦s❡ t❤❡ ♣r✐♥❝✐♣❛❧ ❜r❛♥❝❤ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ❞❡✜♥❡❞ ♦♥ t❤❡ ✇❤♦❧❡ r❛② ρ ∩ Uρ✳



✷✳✸✳ ▲♦❝❛❧ ❙②st❡♠s ⑤ ✽✸

◆♦t❡ t❤❛t t❤❡ ♠♦♥♦❞r♦♠② ♦❢ M ✐s ♣✉r❡❧② r❡❛❧ ❛♥❞ s♦ ✭✐✐✮ r❡❛❝ts s❡♥s✐t✐✈❡ ♦♥ ♠♦♥✲
♦❞r♦♠② ❝❤❛♥❣❡ ♦❢ M ✳

Pr♦♦❢✳ ❇② L =
⋃

α Lα ✇❡ ✇✐❧❧ ❛❧✇❛②s ✜♥❞ ❛ ❜❛s✐s (li) ♦❢ Lx, x ∈ X s✉❝❤ t❤❛t
{li} ⊂ Lβ ❢♦r β s♠❛❧❧ ❡♥♦✉❣❤✳✶✽ ❋✐① ❛ ♠❛tr✐① M0 ❛s ❛❜♦✈❡✳ ❚❤❡♥ ✇❡ ❤❛✈❡
❛ ❢r❛♠❡ hi = eM0 log zli ❛s ❛❜♦✈❡✳ ◆♦t❡ t❤❛t t❤❡ s♣❛❝❡ s♣❛♥♥❡❞ ❜② t❤❡ hi ✐s
✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦s❡♥ ❜❛s✐s li✿ ❈❤♦♦s❡ ❛♥♦t❤❡r ❜❛s✐s (l′i)✱l

′
i =

∑n
k=1 aili✱ t❤❡♥

h′i = eM0 log zl′i =
∑n

k=1 e
M0 log zaklk =

∑n
k=1 akhk ❢♦r ai ∈ OX ✳ ■t ❞❡♣❡♥❞s ♥♦t ♦♥

M ✿ ▲❡t Mk =
log(µ)+2πik

−2π
=M0 − k ❜❡ ❛ ❞✐✛❡r❡♥t ❧♦❣❛r✐t❤♠✱ t❤❡♥ h(k)i = z−khi ❛♥❞

z−k ∈ OX ✳ ❋♦r t❤❡ Φ(L)α(U) t❤❡ s❛♠❡ ❤♦❧❞s ❛s ❧♦♥❣ ❛s U ❝♦♥t❛✐♥s ♥♦ ♣✉♥❝t✉r❡✳

■♥ ♦r❞❡r t♦ ❣❡t ❛ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡ t❤❡ ✜❧tr❛t✐♦♥ ❤❛s t♦ s❛t✐s❢② t❤❡
❝♦♥❞✐t✐♦♥s ✭✐✮ t♦ ✭✐✈✮ st❛t❡❞ ✐♥ ❞❡✜♥✐t✐♦♥ ✷✳✶✳✹ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ✷✳✶✳✼✿

❛❞ ✭✐✈✮✿ ❲❡ st❛rt ✇✐t❤ t❤❡ ❧❛st ♣r♦♣❡rt② ❜❡❝❛✉s❡ ✐t ✇✐❧❧ s✐♠♣❧✐❢② s❤♦✇✐♥❣ t❤❡ r❡st ♦❢
t❤❡ ♣r♦♣❡rt✐❡s✳ ▲❡t v ∈ Φ(L)α(U) t❤❡♥ ∃Mv ∈ Gln(C)∃k ∈ N, ∀1 ≤ j ≤
k ∃βj ∈ R, ∃lβj

∈ Lβj
∃aj ∈ OX : ℜ(λM) ≥ α − βj, v =

∑k
j=1 aje

Mv log(z)lβj
✳

■t ❧♦♦❦s ✇♦rs❡ t❤❛♥ ✐t ✐s✦ ▲❡t M ′
v = Mv + 1✳ ❚❤❡♥ ℜ(λM ′

v
) − 1 = ℜ(λMv) ≥

α − βj ⇒ ℜ(λM ′
v
) ≥ α + 1 − βj ⇒ Φ(L)α+1(U) ∋ ∑k

j=1 aje
M ′

v log(z)lβj
=

zv ⇒ zΦ(L)α(U) ⊂ Φ(L)α+1(U)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❢♦r v ∈ Φ(L)α(U)
∃Mv ∈ Gln(C)∃k ∈ N, ∀1 ≤ j ≤ k ∃βj ∈ R, ∃lβj

∈ Lβj
∃aj ∈ OX

✶✾: ℜ(λMv) ≥
α+1−βj, v =

∑k
j=1 aje

Mv log(z)lβj
✳ ❉❡✜♥❡M ′

v =Mv−1✳ ❚❤❡♥ ℜ(λM ′
v
)+1 =

ℜ(λMv) ≥ α+1−βj ⇒ ℜ(λM ′
v
) ≥ α−βj ⇒ Φ(L)α(U) ∋

∑k
j=1 aje

M ′
v log(z)lβj

=

z−1v ⇒ zΦ(L)α(U) ⊃ Φ(L)α+1(U)✳ ❚❤✐s s❤♦✇s ✭✐✈✮ ♦❢ ✷✳✶✳✹✳

❛❞ ✭✐✐✮✿ ❋♦r ❛ ❜❛s✐s (li) ♦❢ L ✇❡ ❣❡t ♦✉r ❢r❛♠❡ (hi) = (eM0 log(z)li) ♦❢ ❤♦❧♦♠♦r♣❤✐❝
s❡❝t✐♦♥s✳ ❋♦r α s♠❛❧❧ ❡♥♦✉❣❤ ❛❧❧ li ✭r❡s♣✳ n ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ✈❡❝t♦rs✮
✇✐❧❧ ❜❡ ✐♥ Lβ✳ ❋♦r α → −∞ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ M0 ❛r❡ ✉♥r❡str✐❝t❡❞ ❛♥❞
❤❡♥❝❡ Mk = log(µ)+2πik

−2π
= M0 − k ❧❡❛❞s t♦ hiz−k ❢♦r ❡❛❝❤ k ∈ N✱ ✐✳❡✳ ✐♥ t❤❡

❧✐♠✐t ❡✈❡r② f ✇✐t❤ ❛ ▲❛✉r❡♥t s❡r✐❡s ❡①♣❛♥s✐♦♥ ❛r♦✉♥❞ 0 ✐s ✐♥
⋃

α∈R Φ(L)(U)α
⇒ j∗Φ(L) =

⋃

α∈R Φ(L)(U)α✳

❛❞ ✭✐✮❛✿ Φ(L)(U)α ⊃ Φ(L)(U)β ❢♦r α ≤ β✿ ❇② ❛❞ ✭✐✈✮ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛tM ✐s ✜①❡❞
✲ ❛ ❝❤❛♥❣❡ ♦❢ M r❡s✉❧ts ✐♥ t❤❡ ❞❡s✐r❡❞ ✐♥❝❧✉s✐♦♥✳ ❇✉t t❤❡♥ ❛❧❧ h = eM log zl
❞✐✛❡r ❢r♦♠ l ❜② t❤❡ s❛♠❡ ❢✉♥❝t✐♦♥ ❛♥❞ s♦ Lα ⊃ Lβ ❢♦r α ≤ β ✐♠♣❧✐❡s t❤❡
❝❧❛✐♠✳

❛❞ ✭✐✐✐✮✿
⋂

β<α Φ(L)(U)β = Φ(L)(U)α✳ ❆♥❛❧♦❣♦✉s t♦ t❤❡ ♣r❡✈✐♦✉s ✐t❡♠ ✇❡ ♠❛② ✜① M
❜② ❛❞ ✭✐✈✮ ❛♥❞ ✉s❡

⋂

β<α Lβ = Lα✳

✶✽❖r t❤❡ ✈❡❝t♦r s♣❛❝❡ s♣❛♥♥❡❞ ❜② Lα ❤❛s ❛❧✇❛②s ❞✐♠❡♥s✐♦♥ ❧❡ss L✱ ❛♥❞ s♦ t❤❡ ✉♥✐♦♥ ♦✈❡r ❛❧❧ α
❤❛s t♦♦ s♠❛❧❧ ❞✐♠❡♥s✐♦♥✳

✶✾❧♦❝❛❧❧② ❝♦♥st❛♥t✱ s❡❡ ❜❡❧♦✇✦
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❛❞ ✭✐✮❜ ❚❤❡ Φ(L)(U)β ❛r❡ ❝♦❤❡r❡♥t✿ ❆❧t❤♦✉❣❤ ✐t ✐s ❝❧❡❛r ✐❢ t❤❡ ❧♦❝❛❧❧② ❝♦♥st❛♥t s❤❡❛❢
t❛❦❡s ✈❛❧✉❡s ✐♥ ✈❡❝t♦r ❜✉♥❞❧❡s✱ r❡❝❛❧❧ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts ai ✐♥ l =

∑n
i=1 aili✱

l ∈ L ❛r❡ ❝♦♥st❛♥t ✲ ∇l = 0 ⇔ ∑n
i=1 li ⊗ ∂αi = 0 ⇔ ∂ai = 0, 1 ≤ i ≤ n ❜②

❧✐♥❡❛r ✐♥❞❡♣❡♥❞❡♥❝❡❀ ❛♥❛❧♦❣♦✉s ∂ai = 0 ❜② ❤♦❧♦♠♦r♣❤②✳ ❋♦r ❡✈❡r② α ∈ R ✇❡
✇✐❧❧ ❛❧✇❛②s ✜♥❞ ❛ β s♠❛❧❧ ❡♥♦✉❣❤ s✉❝❤ t❤❛t ❛❧❧ (li) ✭r❡s♣✳ n✲❧✐♥❡❛r ✐♥❞❡♣❡♥❞❡♥t
s❡❝t✐♦♥s✮ ❛r❡ ✐♥ Lβ ❛♥❞ ❛ k ∈ Z s✉❝❤ t❤❛t ℜλM0 − k ≥ α − β✳ ❈❤♦♦s❡ k
♠✐♥✐♠❛❧✳ ❚❤❡♥ h

(k)
i = e(M0−k log(z))li ✐s ❛ ❢r❛♠❡ ♦❢ Φ(L)(U)α ❜② t❤❡ ❧✐♥❡❛r

✐♥❞❡♣❡♥❞❡♥❝❡ ❛♥❞ t❤❡ ♠✐♥✐♠❛❧✐t② ♦❢ k✳ ❍❡♥❝❡ Φ(L)(U)α ✐s♦♠♦r♣❤✐❝ t♦ On
X
✳

❘❡❣✿ ❘❡❣✉❧❛r✐t② ♦❢ ∇✿ ❲❡ ❤❛✈❡ s❡❡♥ ❛❜♦✈❡ t❤❛t ❢♦r h ∈ Φ(L)α
✷✵

∇h = ∇eM log(z)l =
M d z

z
eM log(z)l

∈ ✷✶ z−1Φ(L)α d z = Φ(L)α ⊗ Ω1,0

X
(log(s)).

❍❡♥❝❡ ✇❡ ❣❡t ❛ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡ Φ(L)✳

▲❡t L =
⊕k

i=1 L
µi , k ≤ n ❜❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ L ✐♥t♦ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥s♣❛❝❡s

Lµi ♦❢ µ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡ µi✳ ❘❡♠❡♠❜❡r t❤❛t Lα ✇❛s µ−✐♥✈❛r✐❛♥t✱ µ : Lα → Lα

✐♥❞✉❝❡s ❛♥ ❡✐❣❡♥✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ Lα =
⊕k

i=1 L
µi
α ✳ ❙✐♥❝❡ l ∈ Lµi

α ⊂ L ⇒ ∃r ∈
N : (µ− µiE)

rl = 0 ⇒ Lµi
α ⊂ Lµi ✳

▲❡♠♠❛ ✷✳✸✳✸✳ Φ(
⊕k

i=1 L
µi) =

⊕k
i=1 Φ(L

µi)✳

Pr♦♦❢✳ ❉❡❝♦♠♣♦s❡ M =
⊕k

i=1M
µi ❛s ❢♦❧❧♦✇s✿ ▲❡t J = P−1MP ❜❡ t❤❡ ❏♦r❞❛♥

♥♦r♠❛❧ ❢♦r♠ ❛♥❞ Jµi t❤❡ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ❝♦♥s✐st✐♥❣ ♦❢ ❛❧❧ ❏♦r❞❛♥ ❜❧♦❝❦s t♦
t❤❡ ❡✐❣❡♥✈❛❧✉❡ µi✳ ❚❤❡♥

J =






Jµ1 0 0

0
✳ ✳ ✳ 0

0 0 Jµk




 Mµi := P−1






Jµ1δ1i 0 0

0
✳ ✳ ✳ 0

0 0 Jµkδki




P,

✐✳❡✳ t❤❡ ♠❛tr✐① ❝♦♥str✉❝t❡❞ ❢r♦♠ ♦♥❧② ♦♥❡ ❏♦r❞❛♥ ❜❧♦❝❦✳ ❚❤❡ Jµ1 ❛r❡ ❥✉st ln(µi)E+
∑∞

j=0(−1)j
(µj

iN)j+1

j+1
, N ♥✐❧♣♦t❡♥t✳ ❙✐♥❝❡Mµi ✐s ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ ✇❡ ❣❡t ✭❤❡r❡ ❢♦r i = 1✮

eM
µi log(z) = P−1 exp






Jµ1δ1i log(z) 0 0

0
✳ ✳ ✳ 0

0 0 Jµkδki log(z)




P

✷✵❚❤❡ OX ✲❝♦❡✣❝✐❡♥ts f ❤❛✈❡ ❤♦❧♦♠♦r♣❤✐❝ ❞✐✛❡r❡♥t✐❛❧s✱ ✐✳❡✳ ∂f ∈ OX , h⊗ ∂f ∈ Φ(L)α✳
✷✶logµ ✐s ❛ ✭✜♥✐t❡✮ s✉♠ ♦❢ ♣♦t❡♥t✐❛❧s ♦❢ µ✱ ✐✳❡✳ Ml ✐♥ Lβ ✐❢ l ∈ Lβ ✳ ❲❤❡♥ ✇❡ ❝♦♥str✉❝t Ξ−1 ✇❡

❤❛✈❡ t♦ ❜❡ ❝❛r❡❢✉❧ ✇✐t❤ ❛♥ ✐♥✈❡rs❡ st❛t❡♠❡♥t✳



✷✳✸✳ ▲♦❝❛❧ ❙②st❡♠s ⑤ ✽✺

= P−1








exp(Jµ1 log(z)) 0 . . . 0
0 E 0 0
✳✳✳

✳ ✳ ✳
✳✳✳

0 . . . 0 E







P.

❚❤❡♥ eM
µi log(z) ♣r❡s❡r✈❡ Lµi ❛♥❞ eM

µi log(z)l = 0 ❢♦r l ∈ Lµi , i 6= j ✲ eM
µj log(z)lµi =

eM
µj log(z)lµiδij ❢♦r lµi ∈ Lµi ✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Mµi ❛r❡ ❥✉st ln(µi)

−2πi
✳ ◆♦✇ ❛ ❝❤♦✐❝❡

♦❢ ❛ M ❛♠♦✉♥ts t♦ ♦♥❡ ✉♥✐q✉❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ✐♥ Mµi ❜② ❝♦♥str✉❝t✐♦♥✳ ❖❢
❝♦✉rs❡ ❛ ❞✐✛❡r❡♥t ❜r❛♥❝❤ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ✐♥ Mµi ✇✐❧❧ ❝❤❛♥❣❡ M ✳ ❋✐♥❛❧❧② ✉s✐♥❣
t❤❛t Mµi ❛♥❞ Mµj ❝♦♠♠✉t❡ ❢♦r i 6= j s✐♥❝❡ t❤❡② ❛r❡ ❜❧♦❝❦ ❞✐❛❣♦♥❛❧ ❛♥❞ ❤❛✈❡
❞✐✛❡r❡♥t ♥♦♥✲③❡r♦ ❜❧♦❝❦s ✇❡ ♠❛② ❞❡❝♦♠♣♦s❡ t❤❡ ♠❛tr✐① ❡①♣♦♥❡♥t✐❛❧✿ ❋♦r ❡✈❡r②
l =

∑k
i l

µi ∈⊕k
i=1 L

µi

eM log(z)

(
k∑

i

lµi

)

=
k∑

i

k∏

j=1

eM
µj log(z)lµi

=
k∑

i

k∏

j=1

eM
µj log(z)lµiδij

=
k∑

i

eM
µi log(z)lµi .

❚❤❡r❡❢♦r❡ Φ(
⊕k

i=1 L
µi) =

⊕k
i=1 Φ(L

µi) ❢♦r t❤❡ ✉♥❞❡r❧②✐♥❣ s♣❛❝❡ ♦❢ t❤❡ ✜❧t❡r❡❞
❜✉♥❞❧❡✳
❋♦r t❤❡ ✜❧tr❛t✐♦♥ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t Φ(L)α =

⊕k
i=1 Φ(L

µi)α✱ ✇❤❡r❡

Φ(Lµi)α(U) = {OX |Uh : h = eM
µi log(z)lµi(z), lµi ∈ Lµi

β ,

λ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Mµi ⇒ ℜ(λMµi ) ≥ α− β}.

❇✉t

Φ(L)α(U) = {OX |Uh : h = eM log(z)l(z), l ∈ Lβ,

λ ❡✐❣❡♥✈❛❧✉❡s ♦❢ M ⇒ ℜ(λM ) ≥ α− β}

= {OX |Uh : h =
k∑

i=1

eM
µi log(z)lµi(z), lµi ∈ Lµi

β ,

λ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Mµi ⇒ ℜ(λMµi ) ≥ α− β}

=
k⊕

i=1

{OX |Uh : h = eM
µi log(z)lµi(z), lµi ∈ Lµi

β ,

λ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Mµi ⇒ ℜ(λMµi ) ≥ α− β}
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✇❤❡r❡ t❤❡ ❧❛st st❡♣ ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ❛ ❝❤♦✐❝❡ ♦❢ M ❝♦rr❡s♣♦♥❞s t♦ ❛ ✉♥✐q✉❡
❝❤♦✐❝❡ ♦❢ ❛ t✉♣❧❡ (Mµ1 , . . . ,Mµk)✳

❈♦♥❝❧✉s✐♦♥ ✷✳✸✳✹✳ ◆♦t❡ t❤❛t ✇❡ ❡✈❡♥ ♣r♦✈❡❞ t❤❡ str♦♥❣❡r r❡s✉❧t t❤❛t Φ ✐s ❝♦♠✲
♣❛t✐❜❧❡ ✇✐t❤ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ µ−✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡s✿ ❚❤❡ ♣r♦♦❢ ❛❜♦✈❡ ♦❜✈✐✲
♦✉s❧② ✇♦r❦s ❢♦r t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ s♣❛❝❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❏♦r❞❛♥ ❜❧♦❝❦s✳ ▲❡t
L = W ⊕W ′ ✐♥t♦ ✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡s ❛♥❞ J t❤❡ s♣❛❝❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❏♦r❞❛♥
❜❧♦❝❦✱ t❤❛♥ W ∩J ❛♥❞ W ′∩J ❛r❡ ✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡✱ ✐✳❡✳ J = (W ∩J)⊕ (W ′∩J)✳
❇✉t J ❞♦❡s ♥♦t ❞❡❝♦♠♣♦s❡ ✐♥t♦ ♥♦♥✲tr✐✈✐❛❧ ✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡s ✭❝❛♥ ❜❡ r❡❛❞ ♦❢ t❤❡
❢♦r♠ ♦❢ ❛ ❏♦r❞❛♥ ❜❧♦❝❦✮✳ ❙♦ J ⊂ W ♦r J ⊂ W ′✱ ✐✳❡✳ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ❏♦r❞❛♥
❜❧♦❝❦s ✐s ✜♥❡r ❛♥❞ t❤❡r❡❢♦r❡ Φ ♣r❡s❡r✈❡s t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ L = W ⊕W ′✳

❚❤❡ ❧❡♠♠❛ ❛❧❧♦✇s ✉s t♦ ❝♦♥s✐❞❡r ♦♥❧② ❧♦❝❛❧ s②st❡♠s ✇✐t❤ ♦♥❡ ❡✐❣❡♥✈❛❧✉❡ ❢♦r t❤❡ r❡st
♦❢ t❤❡ ♣r♦♦❢✳ ▲❡t λ̃ ❜❡ t❤❡ ✉♥✐q✉❡ ❡✐❣❡♥✈❛❧✉❡ ♦❢ µ ❛♥❞ ❧❡t λ0 =

ln(λ̃)
−2π

❛♥ ❡✐❣❡♥✈❛❧✉❡
t♦ ❛ s♣❡❝✐✜❝ ❝❤♦✐❝❡ M0✳ ❉❡✜♥❡ ❛ ✈❡❝t♦r s✉❜s♣❛❝❡ ♦❢ Φ(L) ❜②

H = eM log(z)L

❛♥❞

Hγ = eM log(z)Lγ−ℜ(λ0).

❚❤❡♥

s♣❛♥OX |U{zkHα−k|k ∈ Z}
= s♣❛♥OX |U{zkeM0 log(z)Lα−k−ℜ(λ0)|k ∈ Z}
= s♣❛♥OX |U{e(M0+k) log(z)Lα−(k+ℜ(λ0))|k ∈ Z}
= s♣❛♥OX |U{eM log(z)l|l ∈ Lβ

=
⋂

γ<β

Lγ,M = log(µ)/(−2πi),ℜ(λM) = α− β}

= s♣❛♥OX |U{eM log(z)l|l ∈ Lγ,M = log(µ)/(−2πi),ℜ(λM) ≥ α− γ}
= Φ(L)α(U).

■♥st❡❛❞ ♦❢ ✇♦r❦✐♥❣ ✇✐t❤ ♦✉r ♦r✐❣✐♥❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✜❧tr❛t✐♦♥ Φ(L)α ✇❡ ♠❛② ✉s❡
t❤❡ ♠♦r❡ ❝♦♠♣❛❝t ♦♥❡ s♣❛♥OX |U{zkHα−k|k ∈ Z}✳

▲❡♠♠❛ ✷✳✸✳✺✳ Φ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❛❦✐♥❣ t❡♥s♦r ♣r♦❞✉❝ts✳
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Pr♦♦❢✳ ▲❡t L1 ❜❡ ❛ ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠ ✇✐t❤ ♠♦♥♦❞r♦♠② µL1 ✇✐t❤ t❤❡ ❡✐❣❡♥✈❛❧✉❡
λ̃L1 ❀ ❧❡t L2 ❜❡ ❛ ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠ ✇✐t❤ ♠♦♥♦❞r♦♠② µL2 ✇✐t❤ t❤❡ ❡✐❣❡♥✈❛❧✉❡ λ̃L2 ✳
▲❡t L = L1 ⊗ L2 ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠② ✐s µ = µ1 ⊗ µ2✳✷✷ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡ ♦❢ µ1 ⊗ µ2

✐s λ̃ = λ̃1λ̃2
✷✸ ❛♥❞ ✇❡ ❣❡t λ0 = log(λ̃) = log(λ1) + log(λ2)✳ ❘❡❝❛❧❧ t❤❡ ❑r♦♥❡❝❦❡r

s✉♠ A⊕ B = A⊗ E + E ⊗ B ❛♥❞ exp(A⊕ B) = exp(A)⊗ exp(B) ♦r

log(µ1 ⊗ µ2) = log(µ1)⊕ log(µ2) =M1 ⊗ E + E ⊗M2,

✇✐t❤ M1 = log(µ1),M2 = log(µ2) ❛s ❜❡❢♦r❡✳ ■♥ ♣❛rt✐❝✉❧❛r

exp(M log z) = exp(M1 log(z))⊗ exp(M2 log(z)).

❯s✐♥❣ H = exp(M log z)L,H1 = exp(M1 log z)L1, H2 = exp(M2 log z)L2 ✇❡ ❣❡t

H = H1 ⊗H2 ⇒ Φ(L) = Φ(L1)⊗ Φ(L2).

❢♦r t❤❡ ✉♥❞❡r❧②✐♥❣ s②st❡♠s✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡ ✜❧tr❛t✐♦♥s✿ ▲❡t Lα :=
∑

β∈R(L1)β ⊗
(L2)α−β =

⋃

β∈R(L1)β ⊗ (L2)α−β✳✷✹ ❚❤✐s ✐s ✐♥ ❢❛❝t ❛ ✜❧tr❛t✐♦♥ ♦❢ t❤❡ ✜❧t❡r❡❞ ❧♦❝❛❧
s②st❡♠ L✿

✭✐✮ Lα =
⋃

β∈R(L1)β ⊗ (L2)α−β ⊂ Lγ =
⋃

β∈R(L1)β ⊗ (L2)γ−β ❢♦r γ ≤ α s✐♥❝❡
(L2)α−β ⊂ (L2)γ−β ❢♦r ❛❧❧ β✳

✭✐✐✮ ❚❤❡ t❡♥s♦r ♣r♦❞✉❝t ♦❢ ✈❡❝t♦r s♣❛❝❡s ✐s ❛ ✈❡❝t♦r s♣❛❝❡ ❛♥❞ s✐♥❝❡
(L1)max{β,α−β} ⊗ (L2)max{β,α−β} ⊂ (L1)β ⊗ (L2)α−β ⊂ (L1)min{β,α−β} ⊗
(L2)min{β,α−β} ✇❡ ❣❡t L =

⋃

α∈R Lα =
⋃

α∈R
⋃

β∈R(L1)β ⊗ (L2)α−β✳

✭✐✐✐✮ ❋♦r t❤❡ ✐♥t❡rs❡❝t✐♦♥ ✇❡ ❤❛✈❡
⋂

α<γ Lγ =
⋂

α<γ

⋃

β∈R(L1)β ⊗ (L2)γ−β =
⋃

β∈R
⋂

α<γ(L1)β ⊗ (L2)γ−β =
⋃

β∈R(L1)β ⊗ (L2)α−β = Lα✳

✭✐✈✮ ❛❧❧ Lβ ⊗ Lα−β ❛r❡ µL1 ⊗ µL2−✐♥✈❛r✐❛♥t ❛♥❞ ❤❡♥❝❡ t❤❡ ✉♥✐♦♥ ✐s✳

❍❡♥❝❡

Hγ = eM log(z)Lγ−ℜ(λM ) = eM log(z)
∑

β∈R
(L1)β ⊗ Lγ−ℜ(λM )−β

= eM1 log(z) ⊗ eM2 log(z) ·
·

∑

β−ℜ(λM1
)∈R

(L1)β−ℜ(λM1
) ⊗ Lγ−ℜ(λM1

)−ℜ(λM2
)−(β−ℜ(λM1

))

=
∑

β∈R

(

eM1 log(z)Lβ−ℜ(λM1
)

)

⊗
(

eM2 log(z) ⊗ Lγ−ℜ(λM2
−β)

)

✷✷■❢ γ1 ❝✐r❝❧❡ ✐♥ L1✱ γ2 ✐♥ L2 t❤❡♥ γ1 ⊗ γ2 ✐s ❝✐r❝❧❡ ✐♥ L✳
✷✸❝❢✳ ❑r♦♥❡❝❦❡r Pr♦❞✉❝t ♦❢ ▼❛tr✐❝❡s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ❬❙t❡✾✶❪✳
✷✹❙✉♠ ✐s ❥✉st✐✜❡❞ ❜② t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r s♣❛❝❡✳
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=
∑

β∈R
(H1)β ⊗ (H2)γ−β.

❚❤✐s ✐♠♣❧✐❡s t❤❡ ❝❧❛✐♠ ❜②

Φ(L)α(U) = s♣❛♥OX |U{zkHα−k|k ∈ Z}
= s♣❛♥OX |U{zk

∑

β∈R
(H1)β ⊗ (H2)α−k−β|k ∈ Z}

= s♣❛♥OX |U{
∑

β−p∈R
(zpH1)β−p ⊗ (zk−pH2)α−k−(β−p)|k ∈ Z}

= s♣❛♥OX |U{
∑

β∈R
(zpH1)β−p ⊗ (zk−pH2)α−β−(k−p)|k ∈ Z}

=
∑

β∈R
Φ(L1)β(U)⊗ Φ(L1)α−β(U).

❈♦♥❝❧✉s✐♦♥ ✷✳✸✳✻✳ Φ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❡♥s♦r ♣r♦❞✉❝ts Φ(L)α =
⊕k

i=1 Φ(L
µi)α =

⊕k
i=1

∑

β∈R Φ(L
µi
1 )β ⊗ Φ(Lµi

2 )α−β =
∑

β∈R Φ(L1)β ⊗ Φ(L2)α−β✳

▲❡♠♠❛ ✷✳✸✳✼✳ Φ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❛❦✐♥❣ t❤❡ ❞❡t❡r♠✐♥❛♥t✳

Pr♦♦❢✳ ▲❡t (li) ❜❡ ❛ ❜❛s✐s ♦❢ L ❛♥❞ (li1 ⊗ . . . ⊗ lin), (i1, . . . , in) ∈ {1, . . . , n}n ❜❡
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜❛s✐s ♦❢ Ln✳ ▲❡t I(L) ❞❡♥♦t❡ t❤❡ ✐❞❡❛❧ ❣❡♥❡r❛t❡❞ ❜② t❤♦s❡ ❜❛s✐s
❡❧❡♠❡♥t ✇✐t❤ ∃j, k ∈ {1, . . . , n} : ij = ik✳ ❆♥❛❧♦❣♦✉s❧② ❧❡t hi = eM log(z)li ❜❡ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❜❛s✐s ♦❢ Φ(L)✱ (hi1 ⊗ . . .⊗hin), (i1, . . . , in) ∈ {1, . . . , n}n t❤❡ ❜❛s✐s ♦❢
Φ(L)n✱ ❛♥❞ I(Φ(L)) t❤❡ ✐❞❡❛❧ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❡❧❡♠❡♥ts ✇✐t❤ ∃j, k ∈ {1, . . . , n} :
ij = ik✳ ❲❡ ✇❛♥t t♦ s❤♦✇ t❤❛t Φ(I(L)) = I(Φ(L))✱ ❜✉t ❢♦r (i1, . . . , in) ∈ I ✐♥❞❡①
s❡t✱ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ♦❢ Φ ✇✐t❤ t❡♥s♦r ♣r♦❞✉❝ts ❧❡❛❞s ✉s t♦

Φ(s♣❛♥OX ,I{(li1 ⊗ . . .⊗ lin)}) = s♣❛♥OX ,I{elog(z)M⊕...⊕M li1 ⊗ . . .⊗ lin}
= s♣❛♥OX ,I{elog(z)M li1 ⊗ . . .⊗ elog(z)M lin}
= s♣❛♥OX ,I{hi1 ⊗ . . .⊗ hin}.

◆♦✇ ✐❢ I ✐s t❤❡ s❡t ♦❢ ❛❧❧ ❢❛♠✐❧✐❡s ✇✐t❤ ❛t ❧❡❛st ij = ik ❢♦r s♦♠❡ j 6= k t❤✐s r❡❛❞s
Φ(I(L)) = I(Φ(L)) ✭✉♥❞❡r❧②✐♥❣ ❜✉♥❞❧❡s✮✳ ❘❡♠❡♠❜❡r t❤❛t ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡
♣r♦♦❢ ♦❢ ❝♦♠♣❛t✐❜✐❧✐t② ✇✐t❤ t❡♥s♦r ♣r♦❞✉❝ts✱ ✇❡ s❛✇ t❤❛t Φ(L) ✐s ❣❡♥❡r❛t❡❞ ❜② t❤❡
hi ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦s❡♥ ❜❛s✐s ♦r ♠❛tr✐① M ✳
❋♦r t❤❡ ✜❧tr❛t✐♦♥s t❤✐s ✇♦r❦s ❛♥❛❧♦❣♦✉s❧②✿ ▲❡t I(L)α = Ln

α ∩ I(L) ✭✈❡❝t♦r
s♣❛❝❡✮✷✺ ❜❡ t❤❡ ✐♥❞✉❝❡❞ ✜❧tr❛t✐♦♥ ♦♥ I(L)✳ ❚❤❡♥ ❢♦r l = (l1, . . . , ln) ∈ (Ln)β =

✷✺♠♦♥♦❞r♦♠② ✐♥✈❛r✐❛♥t✿ µ⊗ . . .⊗ µ ♠❛♣s ❛ t❡♥s♦r ✇✐t❤ t✇♦ ❡q✉❛❧ ❡♥tr✐❡s t♦ ❛♥♦t❤❡r ♦♥❡ ✇✐t❤
t❤✐s ♣r♦♣❡rt②✳
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∑

r1+...+rn=α Lr1 ⊗ . . . . . .⊗ Lrn

Φ(I(L))α = s♣❛♥OX
{

n⊗

i=1

eMi log(z)li|l ∈ Ln
γ ∩ I(L),Mi = log(µ)/(−2πi),

ℜ(λMi
) ≥ α− γ}

= s♣❛♥OX
{

n⊗

i=1

eMi log(z)li|l ∈ Ln
γ ,Mi = log(µ)/(−2πi),

ℜ(λMi
) ≥ α− γ} ∩ s♣❛♥OX

{
n⊗

i=1

eMi log(z)li|l ∈ I(L),

Mi = log(µ)/(−2πi)}
= Φ(Ln)α ∩ j∗Φ(I(L)) = Φ(Ln)α ∩ j∗IΦ(L) =: I(Φ(L))α.

❚❤❡ ❡①t❡r✐♦r ♣r♦❞✉❝t ✐s
∧n

i=1 L = Ln/I(L),∧n
i=1 Φ(L) = (Φ(L))n/I(Φ(L)) =

Φ(Ln)/Φ(I(L)) = Φ(
∧n

i=1 L) ⇒ Φ(det(L)) = det(Φ(L))✱ ✇❤❡r❡ ✇❡ ✉s❡❞ t❤❛t
Φ(
∧n

i=1 L⊗I(L)) = Φ(
∧n

i=1 L)⊗Φ(I(L)) ✐s ❣✉❛r❛♥t❡❡❞ ❜② ✷✳✸✳✹ ❛♥❞ t❤❡ µ ✐♥✈❛r✐✲
❛♥❝❡ ♦❢ I(L)α ❛♥❞

∧n
i=1 L ✭µ ✐♥✈❡rt✐❜❧❡ ⇒ {µli1 = µli2 ⇔ li1 = li2}✮✳

▲❡♠♠❛ ✷✳✸✳✽✳ Φ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❛❦✐♥❣ ❞✉❛❧s✳

Pr♦♦❢✳ ❙✐♥❝❡ ❞✉❛❧s ❛♥❞ ❞✐r❡❝t s✉♠s ❝♦♠♠✉t❡✱ ✇❡ ♠❛② r❡str✐❝t ❛❣❛✐♥ t♦ ❧♦❝❛❧ s②s✲
t❡♠s ✇✐t❤ ♦♥❡ ❡✐❣❡♥✈❛❧✉❡ λ̃✳ ❚❤❡ ✜❧tr❛t✐♦♥ ♦❢ L∗ ✐s (L∗)β = (L−β)

∗✳ ❈❤❡❝❦ t❤❡
♣r♦♣❡rt✐❡s ♦❢ ❛ ✜❧tr❛t✐♦♥✿

✭✐✮ ▲❡t Lβ ⊂ Lα, β ≥ α✳ ❚❤❡♥ ❡✈❡r② ❧✐♥❡❛r ❢♦r♠ f : Lα → C r❡str✐❝ts t♦ ❛ ❧✐♥❡❛r
❢♦r♠ Lβ → C ⇒ (L∗)−α = L∗

α ⊂ L∗
β = (L∗)−β,−α ≥ −β✳

✭✐✐✮ L =
⋃

β∈R Lβ ⇒ L∗ =
(
⋃

β∈R Lβ

)∗
=
⋃

β∈R L
∗
β =

⋃

β∈R(L
∗)−β =

⋃

β∈R(L
∗)β✳

✭✐✐✐✮ (L∗)α = L∗
−α =

(
⋂

β<−α Lβ

)∗
=
⋂

β>−α (Lβ)
∗ =

⋂

−β>−α L
∗
−β =

⋂

β<α L
∗
−β =

⋂

β<α(L
∗)β✳

✭✐✈✮ ❚❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❞✉❛❧ ❜✉♥❞❧❡ ❛r❡ (ψ−1
ji )ij ♦❢ t❤♦s❡ ♦❢ t❤❡ ♦r✐❣✐✲

♥❛❧ ❜✉♥❞❧❡ ✲ ψij❀ ❤❡♥❝❡ (µT )−1 ✐s t❤❡ ♠♦♥♦❞r♦♠② ♦❢ t❤❡ ❞✉❛❧ ❜✉♥❞❧❡ ✐❢ µ ✇❛s
t❤❡ ♠♦♥♦❞r♦♠② ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❜✉♥❞❧❡✳
❚❤❡ ❞✉❛❧ ❜✉♥❞❧❡ (Φ(L)∗) ✐s t❤❡ ❜✉♥❞❧❡ ✇❤❡r❡ ❡❛❝❤ st❛❧❦ ✐s t❤❡ ❞✉❛❧ ♦❢ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ st❛❧❦ ♦❢ Φ(L)✳ ❍❡♥❝❡ ✇❡ ♠❛② ❛s ✇❡❧❧ ❞❡✜♥❡ (Φ(L)∗)β =
(Φ(L)−β)

∗✳ ❚❤❡ ♣r♦♣❡rt✐❡s ❢♦❧❧♦✇ ❛s ❛❜♦✈❡✷✻✱ ♦♥❧② ♥♦t❡ t❤❛t z(Φ(L)∗)β =

✷✻❚❤❛t t❤❡ ❞✉❛❧ ♦❢ ❛ ❝♦❤❡r❡♥t s❤❡❛❢ ✐s ❝♦❤❡r❡♥t ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❝♦❤❡r❡♥t
s❤❡❛❢✳
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(Φ(L)∗)β+1 s✐♥❝❡ ✐❢ f ∗(f) = 1 ⇒ f ∗(zf) = z ⇒ z−1f ∗(fz) = 1 ⇒ z−1f ∗ =
(zf)∗ ⇒ z(Φ(L)∗)β = (z−1Φ(L)−β)

∗ = (Φ(L)−β−1)∗ = (Φ(L)∗)β+1✳
❋✉rt❤❡r ♥♦t❡ t❤❛t (BT )−1(li)

∗ = (Bli)
∗ ✿ ▲❡t l′i = Bli =

∑n
j=1Bjilj

❜❡ t❤❡ ♥❡✇ ❜❛s✐s ❛♥❞ (BT )−1li =
∑n

j=1(B
−1)ijlj✳ ❍❡♥❝❡ B(li)

∗(lj) =
∑n

k=1Bkil
∗
k(lj) = Bji ❛♥❞ ((BT )−1li)

∗(lj) = ((BT )−1li)
∗((BT )(BT )−1lj) =

(b′i)
∗(BT b′j) = (b′i)

∗(
∑n

k=1Bjkb
′
k) =

∑n
k=1Bjk(b

′
i)
∗(b′k) = Bji✳

❚❤❡ ❧♦❣❛r✐t❤♠ ♦❢ (µT )−1 ✐s M = log((µT )−1)
−2πi

= − log(µ)T

−2πi
✳ ▲❡t (li) ❜❡ ❛ ❜❛s✐s ♦❢ L ❛♥❞

(l∗i ) ❜❡ t❤❡ ❞✉❛❧ ❜❛s✐s ♦❢ L
∗✳ ❚❤❡♥ h∗i = e−MT log(z)l∗i ✐s t❤❡ ❜❛s✐s ♦❢ Φ(L∗)✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞ (hi)
∗ = (eM log(z)li)

∗ = e−MT log(z)l∗i = h∗i ✳ ❚❤❡r❡❢♦r❡ Φ(L∗) = Φ(L)∗ ❢♦r
t❤❡ ❜❛s❡ s♣❛❝❡s✳
▲❡t l ∈ Lβ✱ t❤❡♥ h = eM log(z)l ∈ Φ(L)ℜ(λM )+β ❜② ❧❡❢t✲❝♦♥t✐♥✉✐t②✳ ❋♦r l∗ ✇❡ ❦♥♦✇
l∗ ∈ (L∗)−β ❛♥❞ h∗ = e−MT log(z)l ∈ Φ(L)−ℜ(λ

MT )−β = ((Φ(L))∗)ℜ(λ
MT )+β✳ ❚❤✉s

t❤❡ ❞✉❛❧ ✜❧tr❛t✐♦♥ ✐s ✐♥❞✉❝❡❞ ❜② t❤❡ ❞✉❛❧ s❡❝t✐♦♥s✱ ✐✳❡✳ Φ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❛❦✐♥❣
❞✉❛❧✳

▲❡♠♠❛ ✷✳✸✳✾✳ Φ ✐s ✐♥✈❡rt✐❜❧❡✴❡ss❡♥t✐❛❧❧② s✉r❥❡❝t✐✈❡✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ♣r♦❝❡❡❞ ✐♥ ❛ ❞✐✛❡r❡♥t ❢❛s❤✐♦♥ t❤❛♥ ❙✐♠♣s♦♥ ❞♦❡s✳ ❆❧t❤♦✉❣❤ ❤✐s
❝♦♥str✉❝t✐♦♥ ❧❡❛❞s t♦ t❤❡ s❛♠❡ r❡s✉❧t✱ t❤❡ ❜✉♥❞❧❡s ❝♦♥str✉❝t❡❞ t❤❡r❡ ❛r❡ ♥♦t s♦
❡❛s② t♦ ✇♦r❦ ✇✐t❤ ❛ ♣r✐♦r✐✱ ✐✳❡✳ ❜❡❢♦r❡ ✇❡ ✜♥❞ ❛ ❣♦♦❞✲❧♦♦❦✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥✳
▲❡tM ❞❡♥♦t❡ ❛ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ♠♦♥♦❞r♦♠② ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ∇ ❞✐✈✐❞❡❞ ❜② −2πi✳

Eγ = s♣❛♥OX
{f = e−M(log z+2πik)h|k ∈ Z, h ∈ Eα,−ℜλM ≥ γ − α}.

❲❡ ✇❛♥t t♦ s❤♦✇ t❤❛t (E,Eγ) ✐s ❛ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡✳ ❇✉t t❤✐s ✐s ❥✉st
t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ♦✉r t❤❡♦r❡♠ ✷✳✸✳✷✳ ❚❤❡r❡ ✇❡ ❞✐❞ t❤❡ ♣r♦♦❢ ❢♦r ❛
♣❛rt✐❝✉❧❛r ❜r❛♥❝❤ ♦❢ log(z)✷✼ ❛♥❞ ♥♦t ❢♦r ❛❧❧ ♦❢ t❤❡♠✳ ❍♦✇❡✈❡r✱ t❤❡ ✉♥✐♦♥ ♦✈❡r ❛❧❧
k ✇✐❧❧ ♥♦t ✐♥t❡r❢❡r❡ ✇✐t❤ t❤❡ ✉♥✐♦♥ ♦✈❡r ❛❧❧ ✐♥❞✐❝❡s✱ t❤❡ ✐♥❝❧✉s✐♦♥✱ t❤❡ ❝♦❤❡r❡♥❝❡
♦r zEγ = Eγ+1✳ ❙❛♠❡ ❤♦❧❞s ❢♦r t❤❡ ❧❡❢t✲❝♦♥t✐♥✉✐t②✱ ✐✳❡✳ t❤❡ ✐♥t❡rs❡❝t✐♦♥✱ s✐♥❝❡ k
❛♥❞ γ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❡❛❝❤ ♦t❤❡r✳ ❲❡ st✐❧❧ ♥❡❡❞ t♦ s❤♦✇ t❤❛t ∇ ♣r❡s❡r✈❡s
t❤❡ ✜❧tr❛t✐♦♥✳ ◆♦t❡ t❤❛t t❤❡ ♣r♦♦❢ ❛❜♦✈❡ ✉s❡s ∇l = 0 ❛♥❞ ✐s ♥♦t ❛♣♣❧✐❝❛❜❧❡ ❤❡r❡✳
❍♦✇❡✈❡r✱ ✇❡ ❦♥♦✇ t❤❛t ∇ ♣r❡s❡r✈❡s Eα✱ ✐✳❡✳ ❢♦r f = e−M log zh ∈ Eγ✿

∇f = (∇h)
︸ ︷︷ ︸

∈z−1Eα

⊗e−M(log z+2πik) + h⊗ −M d ze−M(log z+2πik)

z

= e−M(log z+2πik) z∇h
︸︷︷︸

∈Eα

⊗z−1 + e−M(log z+2πik)h⊗ −M d z

z

∈ Eγ ⊗ Ω1,0

X
(log(s)).

✷✼log z + 2πik t❤❡ k✲t❤ ❜r❛♥❝❤ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠✳
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❉❡✜♥❡ Φ−1(E,Eα) = (E∇,E ∇
α ) t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❤❡❛✈❡s ♦❢ ∇−✢❛t ❤♦❧♦♠♦r♣❤✐❝

s❡❝t✐♦♥s✳ ❲❡ ❦♥♦✇ ❛❧r❡❛❞② t❤❛t E∇ ✐s ❛ ❧♦❝❛❧ s②st❡♠✳ ❚❤❡ ♦t❤❡r ♣r♦♣❡rt✐❡s ♦❢ ❛
✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠ ❢♦❧❧♦✇ ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ✜❧tr❛t✐♦♥ ♦❢ Eγ✿

✭❛✮ E ∇
γ := E∇ ∩ Eγ ⊂ E∇ ∩ Eβ = E ∇

β ❢♦r β ≤ γ✳

✭❜✮

⋃

γ∈R
E

∇
γ =

⋃

γ∈R
E∇ ∩ Eγ

= E∇ ∩
⋃

γ∈R
Eγ = E∇ ∩ E

= E∇.

✭❝✮

⋂

β<γ

E
∇
β =

⋂

β<γ

E∇ ∩ Eβ

= E∇ ∩
⋂

βγ

Eβ = E∇ ∩ Eγ

= E∇
γ .

✭❞✮ ❚❤❡ ♠♦♥♦❞r♦♠② ✐♥✈❛r✐❛♥❝❡ ✐s t❤❡ ♦♥❧② s❛② ✐♥t❡r❡st✐♥❣ ♣♦✐♥t✱ ❜❡❝❛✉s❡ ✇❡ ❝❛♥
✉s❡ t❤❛t ✇❡ ❛❧❧♦✇❡❞ ❛♥② ❜r❛♥❝❤ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠✳ ❆ss✉♠❡ t❤❛t f ∈ E∇

γ ✳ ❚❤❡♥
µf = µe−M(log(z)+2πk)h = e−2πMe−M(log(z)+2πk)h = e−M(log(z)+2π(k+1))h = f ∈
E∇

γ ✳

❙♦ ✇❡ ❦♥♦✇ ♥♦✇ t❤❛t Φ−1(E) ✐s ❛ ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠✳ ❲❡ st✐❧❧ ♥❡❡❞ t♦ s❤♦✇ t❤❛t
t❤❡ t✇♦ ❝♦♥str✉❝t✐♦♥s ❛r❡ ✐♥✈❡rs❡ t♦ ❡❛❝❤ ♦t❤❡r✳
▲❡t E = Φ(L)✿ f = e−M log zh ∈ Eγ ⇒ ∃l ∈ Lβ,M ❛♥❞ M̃ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡
♠♦♥♦❞r♦♠② µ s✉❝❤ t❤❛t

f = e−M(log(z)+2πki)eM̃ log zl,ℜλM̃ ≥ α− β ≥ γ + ℜλM − β.

❇✉t t✇♦ ❜r❛♥❝❤❡s ♦❢ M ❞✐✛❡r ❜② ❛♥ ✐♥t❡❣❡r j✿ M̃ = jE +M ⇒ j + β ≥ γ✷✽ ❛♥❞
❤❡♥❝❡

∇f = ∇ejE log(z)e−2πikM l =
jE d z

z
f ∈ Eγ ⊗ Ω1,0

X
(log(z)),

✷✽■♥ ♣❛rt✐❝✉❧❛r M̃M = (jE +M)M = jM +M2 = M(j +M) = MM̃ ⇒ M, M̃ ❝♦♠♠✉t❡✳
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✇❤❡r❡ ✇❡ ✉s❡❞ t❤❛t e−2πikM l = µkl st✐❧❧ ✢❛t✳ ❙♦ f ✐s ✢❛t ✐❢ ❛♥❞ ♦♥❧② ✐❢ j = 0 ♦r
f = 0 ✭tr✐✈✐❛❧ ❝❛s❡✮✳ ❋♦r j = 0

Φ−1(Φ(L)) = s♣❛♥C{l|l ∈ Lβ : β ≥ γ} = Lγ,

❛s Lβ ⊂ Lγ ❢♦r β ≥ γ✳ ❲❡ ❣❡t Φ−1(Φ(L)) = L✳ ■♥ ♣❛rt✐❝✉❧❛r Φ−1 s✉r❥❡❝t✐✈❡✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❧❡t L = Φ−1(E)✳ ❚❤❡♥ ❢♦r h ∈ Φ(L)α ∃M, M̃ ❧♦❣❛r✐t❤♠ ♦❢
µ, k ∈ Z h̃ ∈ Eβ✿

h = eM log(z)e−M̃(log(z)+2πki)h̃,ℜλM ≥ α− γ ≥ α + ℜλM̃ − β.

❲❡ ❦♥♦✇ t❤❛t ∇e−M log(z)h = ∇e−M̃(log(z)+2πki)h̃ = 0 ⇒ e−M log(z)h ∈ Lβ−ℜλM̃
✳ ❚❤❡

❧❛st st❡♣ ❜❡❝♦♠❡s

eM log(z)
Eγ = s♣❛♥OX

{e−M̃ log(z)−2πikM̃ h̃|ℜλM̃ ≥ γ − β, h̃ ∈ Eβ}
= s♣❛♥OX

{ejE log(z)−2πilM̃ h̃|ℜλM̃ ≥ γ − β, h̃ ∈ Eβ}
= s♣❛♥OX

{e−2πilM̃zjEh̃| − ℜλM̃ ≥ γ − β, h̃ ∈ Eβ}
= e−2πilM̃s♣❛♥OX

{h̃ ∈ Eβ+j| − ℜλM̃ ≥ γ − β − j + j

= γ − β + ℜλM −ℜλM̃}
= e−2πilM̃s♣❛♥OX

{h̃| − ℜλM ≥ γ − β, h̃ ∈ Eβ}
= e−2πilM̃Eγ+ℜλM

.

◆♦t❡ l ✈❛r✐❛❜❧❡✱ ✐✳❡✳ t❤❡ ✉♥✐♦♥ ♦✈❡r ❛❧❧ l ❤❡r❡✳ ❚❤✉s

h ∈ e−2πilM̃Eβ−ℜλM̃+ℜλM
∩ e−2πikM̃e−M̃ log(z)eM log(z)Eβ

= e−2πilM̃Eβ−ℜλM̃+ℜλM
∩ e−2πikM̃zjEβ

= e−2πilM̃Eβ+j ∩ e−2πikM̃Eβ+j

⇒ h = µkEβ+j.

❲❡ ❣❡t Φ(Φ−1(E))α ✐s µ−✐♥✈❛r✐❛♥t✱ s✐♥❝❡ Φ−1(E)β ❛s ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠ ✐s✱ ✐✳❡✳
❢♦r ❡✈❡r② h ∈ Φ(Φ−1(E))α ∃ĥ ∈ Φ(Φ−1(E))α, ∃kh ∈ Z : ĥ = µ−khh ∈ Eβ+j

µlΦ(Φ−1(E)) = {ĥ ∈ Eβ−ℜλM̃+ℜλM
: ℜλM ≥ α + ℜλM̃ − β}

= {ĥ ∈ Eβ : β ≥ α} = Eα.

❍❡♥❝❡ Φ(Φ−1(E)) = E ❢♦r ❡✈❡r② ✜❧t❡r❡❞ DX−♠♦❞✉❧❡✳ ❚❤✐s ✜♥✐s❤❡s ♦✉r ♣r♦♦❢✳

❘❡♠❛r❦ ✷✳✸✳✶✵✳ ◆♦t❡ t❤❛t ❢♦r ❛ µ ✇✐t❤ ♦♥❧② ♦♥❡ ❡✐❣❡♥✈❛❧✉❡✱ t❤✐s ✐♠♣❧✐❡s t❤❛t
l ∈ Lβ ✐❢ ❛♥❞ ♦♥❧② ✐❢ eM log zl ∈ Φ(L)β+ℜ(λM ) ❢♦r s♦♠❡ M ✳



✷✳✸✳ ▲♦❝❛❧ ❙②st❡♠s ⑤ ✾✸

▲❡♠♠❛ ✷✳✸✳✶✶✳ Φ ✐s ❢✉❧❧② ❢❛✐t❤❢✉❧✳

Pr♦♦❢✳ ▲❡t ϕ : L1 → L2 ❜❡ ❛ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠s✳ ❚❤❡♥ Φ(ϕ) :
Φ(L1) → Φ(L2) t❤❡ OX−❧✐♥❡❛r ❡①t❡♥s✐♦♥ ♦❢ ϕ✳✷✾ Φ(ϕ) ♣r❡s❡r✈❡s t❤❡ ✜❧tr❛t✐♦♥✿
❙✐♥❝❡ ϕ(L1)β ⊂ (L2)β ⇒ ϕ(eM log(z)L1)β = eM log(z)ϕ(L1)β ⊂ eM log(z)(L2)β ⇒
Φ(L1)α ⊂ Φ(L2)✳ ❋✉rt❤❡r

(∇Φ(L1)ϕ)(l ⊗ α) = ∇Φ(L1)ϕ(l)⊗ α

= (∇Φ(L1)ϕ(l))
︸ ︷︷ ︸

=0

⊗α + ϕ(l)⊗ ∂α

= ϕ(l)⊗ ∂α

= ϕ(l ⊗ ∂α)

= ϕ(∇Φ(L2)l
︸ ︷︷ ︸

=0

⊗α + l ⊗ ∂α)

= (ϕ∇Φ(L2))(l ⊗ α)

⇒ ∇Φ(L1)ϕ = ϕ∇Φ(L2).

❛♥❞ ❜② D′′✲❤♦❧♦♠♦r♣❤② ♦❢ t❤❡ ✢❛t s❡❝t✐♦♥s

(D′′
Φ(L1)

ϕ)(l ⊗ α) = D′′
Φ(L1)

ϕ(l)⊗ α

= (D′′
Φ(L1)

ϕ(l))
︸ ︷︷ ︸

=0

⊗α + ϕ(l)⊗ ∂α

= ϕ(l)⊗ ∂α

= ϕ(l ⊗ ∂α)

= ϕ(D′′
Φ(L2)

l
︸ ︷︷ ︸

=0

⊗α + l ⊗ ∂α)

= (ϕD′′
Φ(L2)

)(l ⊗ α)

⇒ D′′
Φ(L1)

ϕ = ϕD′′
Φ(L2)

.

❍❡♥❝❡ ϕ ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡s✳ ❆♥❛❧♦❣♦✉s❧② ✐❢ ✇❡ st❛rt
✇✐t❤ ❛ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ r❡❣✉❧❛r DX✲❜✉♥❞❧❡s ψ : Φ(L1) → Φ(L2)✱ ψ r❡str✐❝ts
t♦ t❤❡ s✉❜s❡t ♦❢ ✢❛t s❡❝t✐♦♥s✳ ❚❤❡♥ ψ ✐s OX−❧✐♥❡❛r ❛s ❛ ♠♦r♣❤✐s♠ ♦❢ ❝♦❤❡r❡♥t
s❤❡❛✈❡s✳ ❚❤❡r❡❢♦r❡ ❢♦r l ∈ (L1)β ✇❡ ❣❡t ∇Φ(L2)ψ(l) = ψ∇Φ(L1)l = 0, D′′

Φ(L2)
ψ(l) =

ψD′′
Φ(L1)

l = 0✱ ✐✳❡✳ ψ(l) ✢❛t✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ♥♦✇ t❤❛t ❢r♦♠ t❤❡ ✐♥✈❡rt✐❜✐❧✐t②

ψ(l) = ψ(e−M log(z)eM log(z)l)

= e−M log(z)ψ( eM log(z)l
︸ ︷︷ ︸

Φ(L1)ℜλM+β

)

✷✾❚❤❡r❡ ✐s ❛ ✢❛t ❢r❛♠❡✱ s♦ ϕ ✐s ❢✉❧❧② ❞❡t❡r♠✐♥❡❞✳



✾✹ ⑤ ✷✳ ❋✐❧t❡r❡❞ ❖❜❥❡❝ts

∈ Φ−1(Φ(L))−ℜλM+ℜλM+β = Φ−1(Φ(L))β = Lβ.

❚❤✉s ψ ♣r❡s❡r✈❡s t❤❡ ✜❧tr❛t✐♦♥✳

Φ ✐s ❛ ❢✉❧❧②✲❢❛✐t❤❢✉❧ ❡ss❡♥t✐❛❧❧② s✉r❥❡❝t✐✈❡ ❢✉♥❝t♦r✱ ✐✳❡✳ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s✳
❍❡♥❝❡ t❤❡♦r❡♠ ✷✳✸✳✷ ✐s s❤♦✇♥✳



3 ❙❡❝t✐♦♥s
❛♥❞ ▼♦r♣❤✐s♠s

❚❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ s❤♦✇ t❤❛t Ξ ✐s ❢✉❧❧② ❢❛✐t❤❢✉❧✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤✐s
✇❡ st❛rt ✇✐t❤ ❛ ❢❡✇ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛s✱ r❡s✉❧t✐♥❣ ✐♥ t✇♦ ❲❡✐t③❡♥❜ö❝❦ ❢♦r♠✉❧❛s✱ ✐✳❡✳
❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♣s❡✉❞♦✲❝✉r✈❛t✉r❡ Gh ❛♥❞ t❤❡ ❝✉r✈❛t✉r❡s Fh r❡s♣✳ Rh✳ ❚❤❡
s❡❝♦♥❞ st❡♣ ✇✐❧❧ ♣r♦✈✐❞❡ t❤❡ ♠✉t✉❛❧ ❜♦✉♥❞❡❞♥❡ss ♦❢ ♠❡tr✐❝s t❤❛t ✐♥❞✉❝❡ t❤❡ s❛♠❡
✜❧tr❛t✐♦♥ ✉♥❞❡r Ξ✳ ❈♦♠❜✐♥✐♥❣ t❤❡ t✇♦ r❡s✉❧ts s❤♦✇s Ξ ❢✉❧❧② ❢❛✐t❤❢✉❧✳ ❙♦ ❢♦r t❤❡
❧❛st t✇♦ ❝❤❛♣t❡rs ✇❡ ❛r❡ ❧❡❢t ✇✐t❤ t❤❡ t❛s❦ t♦ s❤♦✇ ❡ss❡♥t✐❛❧ s✉r❥❡❝t✐✈✐t②✳

▲❡♠♠❛ ✸✳✵✳✶✳ ▲❡t (E, h, θ, ∂E) ❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝ ❜✉♥❞❧❡ ✭♥♦t ♥❡❝❡ss❛r✐❧② ❤❛r✲
♠♦♥✐❝ r❡s♣✳ t❤❡ ❍✐❣❣s ✜❡❧❞ ♥♦t ♥❡❝❡ss❛r✐❧② ❤♦❧♦♠♦r♣❤✐❝✮✳ ❲r✐t❡ D = ∂E + θ +
∂E + θ† = D′ +D′′ ❛ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥✱ d′′ := ∂E + θ✳

✭✐✮ ❋♦r ❛ D−✢❛t s❡❝t✐♦♥ e✱ D(e) = 0✿

−∆ log ‖e‖2h ≤ −h(e, 2iΛ(Fh − 2Gh)e)

‖e‖2h
≤ 2‖Λ(Fh − 2Gh)‖F ,

❢♦r Fh = D2 t❤❡ ❝✉r✈❛t✉r❡ ♦❢ D ❛♥❞ Gh = (d′′)2 = θ∂E + ∂Eθ t❤❡ ♣s❡✉❞♦✲
❝✉r✈❛t✉r❡✳

✭✐✐✮ ❋♦r d′′−✢❛t s❡❝t✐♦♥ e✱ d′′(e) = 0✿

−∆ log ‖e‖2h ≤ −h(e, 2iΛ(Fh −Gh −Gk)e)

‖e‖2h
≤ 2‖Λ(Fh −Gh −Gk)‖F

Pr♦♦❢✳ ❆❞ ✭✐✮✿ D(e) = 0 ⇒ D′(e) = 0, D′′(e) = 0✳

∂∂‖e‖2h = ∂∂h(e, e)

= ∂ (h(D′′e, e) + h(e, δ′(e)))

= h(δ′(e), δ′(e)) + h(e,D′′δ′(e))

= h(δ′(e), δ′(e)) + h(e, (D′′δ′ + δ′D′′)e)



✾✻ ⑤ ✸✳ ❙❡❝t✐♦♥s ❛♥❞ ▼♦r♣❤✐s♠s

❘❡♠❡♠❜❡r δ′ = D′ − 2θ ❛♥❞ ❤❡♥❝❡

D′′δ′ + δ′D′′ = (D′D′′ +D′′D′)− 2(θD′′ +D′′θ)

= D2 − 2(θ∂E + ∂Eθ)− 2(θ†θ + θθ†)

= Fh − 2Gh − 2(θ†θ + θθ†).

▼♦r❡♦✈❡r δ′(e) = D′(e)− 2θe = −2θe✿

⇒ ∂∂‖e‖2h = h(δ′(e), δ′(e)) + h(e, (D′′δ′ + δ′D′′)e)

= 4h(θ(e), θ(e)) + h(e, (Fh − 2Gh)e)− 2h(e, θθ†e)− 2h(e, θ†θe)

= 4h(θ(e), θ(e)) + h(e, (Fh − 2Gh)e)− 2h(θ†e, θ†e)− 2h(θe, θe)

= 2h(θz(e), θz(e)) d z ∧ d z + h(e, (Fh − 2Gh)e)

−2h(θ†ze, θ
†
ze) d z ∧ d z

= 2‖θz(e)‖2h d z ∧ d z + h(e, (Fh − 2Gh)e) + 2‖θ†ze‖2h d z ∧ d z.

❯s✐♥❣ ✶✳✹✳✶✹ ✇❡ ♠❛② ✇r✐t❡

−∆‖e‖2h = −2iΛh(e, (Fh − 2Gh)e)− 8‖θze‖2h − 8‖θ†ze‖2h
= −h(e, 2iΛ(Fh − 2Gh)e)− 8‖θze‖2h − 8‖θ†ze‖2h. ✭❲✶✮

❘❡♠❛r❦ ✸✳✵✳✷✳ ❚❤✐s ✐s ❛ ❲❡✐t③❡♥❜ö❝❦ ❢♦r♠✉❧❛✿ ■♥ ❣❡♥❡r❛❧ ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t✇♦
s❡❝♦♥❞ ♦r❞❡r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs✳ ❙❡❡ ❬●❍✼✽❪✳

◆♦✇ t❤❡ ❧♦❣❛r✐t❤♠ ❝♦♠❡s ✐♥t♦ ♣❧❛②✿

∆ log ‖e‖2h = 4∂z

(
∂z(‖e‖2h)
‖e‖2h

)

=

(‖e‖2h∆(‖e‖2h)− 4∂z‖e‖2h∂z‖e‖2h
‖e‖4h

)

=
∆(‖e‖2h)
‖e‖2h

− 4
∂z‖e‖2h∂z‖e‖2h

‖e‖4h
=

∆(‖e‖2h)
‖e‖2h

− 4
i

2
Λ
∂‖e‖2h ∧ ∂‖e‖2h

‖e‖4h
. ✭✸✳✵✳✷✳✶✮

❯s❡ ❛❣❛✐♥ t❤❛t ∂h(e, e) = h(δ′e, e)+h(e,D′′e) = h(δ′e, e) ❛♥❞ ∂h(e, e) = h(e, δ′e)+
h(D′′e, e) = h(e, δ′e) ❛♥❞ h(e, δ′e) = h(δ′e, e)✿

∂‖e‖2h ∧ ∂‖e‖2h
‖e‖4h

=
|h(δ′e, e)|2

‖e‖4h
=

4|h(θe, e)|2
‖e‖4h



✸✳ ❙❡❝t✐♦♥s ❛♥❞ ▼♦r♣❤✐s♠s ⑤ ✾✼

=
2|h(θe, e)|2 + 2|h(θ†e, e)|2

‖e‖4h
.

❜② |h(θe, e)|2 = |h(e, θ†)|2 = |h(θ†e, e)|2 = |h(θ†e, e)|2✳ ❇② ❈❛✉❝❤②✲❙❝❤✇❛r③
|h(θe, e)|2 ≤ |h(θe, θe)|2|h(e, e)|2 = ‖θe‖2h‖e‖2h ❛♥❞ ❢✉rt❤❡r

∆ log ‖e‖2h ≥ ∆(‖e‖2h)
‖e‖2h

− 4
i

2
Λ
2‖e‖2h(‖θe‖2h + ‖θ†e‖2h)

‖e‖4h
=

h(e, 2iΛ(Fh − 2Gh)e) + 8‖θze‖2h + 8‖θ†ze‖2h
‖e‖2h

−8(‖θze‖2h + 8‖θ†ze‖2h)
‖e‖2h

=
h(e, 2iΛ(Fh − 2Gh)e)

‖e‖2h
.

◆❡❣❛t✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t② ❛♥❞ ❛♣♣❧②✐♥❣ ❈❛✉❝❤②✲❙❝❤✇❛r③ ❛❣❛✐♥

−∆ log ‖e‖2h ≤ −h(e, 2iΛ(Fh − 2Gh)e)

‖e‖2h
≤
∣
∣
∣
∣

h(e,−2iΛ(Fh − 2Gh)e)

‖e‖2h

∣
∣
∣
∣

≤ ‖e‖h‖2Λ(Fh − 2Gh)e‖h
‖e‖2h

≤ ‖e‖h‖2Λ(Fh − 2Gh)‖F‖e‖h
‖e‖2h

= 2‖Λ(Fh − 2Gh)‖F .

❆❞ ✭✐✐✮✿ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ ✭✐✮✳ ❙t❛rt ✇✐t❤ d′′(e) = (∂E + θ)(e) =
0 ⇒ ∂E(e) = θ(e) = 0 ❜② ❞❡❣r❡❡ ❝♦♥s✐❞❡r❛t✐♦♥s✳ ❚❤❡♥

∂∂‖e‖2h = ∂∂h(e, e)

= ∂
(
h(∂Ee, e) + h(e, ∂E(e))

)

= h(e, ∂E∂E(e)) + h(∂E(e), ∂E(e))

= h(e, (∂E∂E + ∂E∂E)e) + h(∂E(e), ∂E(e)).

◆❡①t

∂E∂E + ∂E∂E = D2 − (θθ† + θ†θ + ∂Eθ + θ∂E + θ†∂E + ∂Eθ
†)

= Fh −Gh −Gh − θθ† − θ†θ.

✐♠♣❧✐❡s

h(e, (∂E∂E + ∂E∂E)e) = h(e, (Fh −Gh −Gh − θθ† + θ†θ)e)

= h(e, (Fh −Gh −Gh)e)− h(e, θθ†e)− h(e, θ† θe
︸︷︷︸

=0

)



✾✽ ⑤ ✸✳ ❙❡❝t✐♦♥s ❛♥❞ ▼♦r♣❤✐s♠s

= h(e, (Fh −Gh −Gh)e)− h(θ†e, θ†e).

❛♥❞ ❤❡♥❝❡

⇒ −∆‖e‖2h = −2iΛ
(
h(∂E(e), ∂E(e)) + h(e, (Fh −Gh −Gh)e)− h(θ†e, θ†e)

)

= −2iΛ
(
h((∂E + θ†)e, (∂E + θ†)e) + h(e, (Fh −Gh −Gh)e)

)

= −2iΛ‖(∂E + θ†)e‖2h + h(e,−2iΛ(Fh −Gh −Gh)e). ✭❲✷✮

✇❤❡r❡ ✇❡ ✉s❡❞ ∂Eθ† = 0 ♦❢ ❞❡❣r❡❡ (2, 0)✳ ❆❣❛✐♥ ✇❡ ❝❛♥ ✉s❡ ✸✳✵✳✷✳✶ ❛♥❞ ∂h(e, e) =
h(∂Ee, e) + h(e, ∂Ee) = h(∂Ee, e) r❡s♣✳ ∂h(e, e) = h(e, ∂Ee) = h(∂Ee, e)✿

2iΛ
∂‖e‖2h ∧ ∂‖e‖2h

‖e‖4h
= 2iΛ

|h(∂Ee, e)|2
‖e‖4h

≤ 2iΛ
‖∂Ee‖2h‖e‖2h

‖e‖4h
= 2iΛ

‖∂Ee‖2h
‖e‖2h

≤ 2iΛ
‖∂Ee‖2h + ‖θe‖2h

‖e‖2h
= 2iΛ

‖(∂E + θ)e‖2h
‖e‖2h

⇒ ∆ log ‖e‖2h =
∆(‖e‖2h)
‖e‖2h

− 4
i

2
Λ
∂‖e‖2h ∧ ∂‖e‖2h

‖e‖4h
≥ 2iΛ‖(∂E + θ†)e‖2h + h(e, 2iΛ(Fh −Gh −Gh)e)

‖e‖2h
−2iΛ

‖(∂E + θ)e‖2h
‖e‖2h

≥ h(e, 2iΛ(Fh −Gh −Gh)e)

‖e‖2h
⇒ −∆ log ‖e‖2h ≤ −h(e, 2iΛ(Fh −Gh −Gh)e)

‖e‖2h
≤

∣
∣
∣
∣

h(e, 2iΛ(Fh −Gh −Gh)e)

‖e‖2h

∣
∣
∣
∣

≤ 2‖e‖h‖Λ(Fh −Gh −Gh)e‖h
‖e‖2h

≤ 2‖e‖2h‖Λ(Fh −Gh −Gh)‖F
‖e‖2h

= 2‖e‖2h‖Λ(Fh −Gh −Gh)‖F .
❛❣❛✐♥ ❜② ❈❛✉❝❤②✲❙❝❤✇❛r③ ❛♥❞ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠ ✇✐t❤ h✳

Pr♦♣♦s✐t✐♦♥ ✸✳✵✳✸✳ ▲❡t (E, h, θ, ∂E) ❛ ❤♦❧♦♠♦r♣❤✐❝ ❜✉♥❞❧❡ ❛s ❜❡❢♦r❡✳ ❙✉♣♣♦s❡
‖Fh‖F , ‖Gh‖F ∈ Lp ❢♦r s♦♠❡ p > 1✳✶ ▲❡t e ❜❡ ❛ s❡❝t✐♦♥ ✇❤✐❝❤ ✐s D−✢❛t ♦r d′′−✢❛t✱

✶◆♦ s✐♥❣✉❧❛r✐t② ♦✉ts✐❞❡ t❤❡ ♦r✐❣✐♥ ❛♥❞ s♠♦♦t❤ ♦♥ ❛♥② ❛♥♥✉❧✉s Aε̃,ε̂, 1 ≥ ε̂ > ε̃ > 0✳



✸✳ ❙❡❝t✐♦♥s ❛♥❞ ▼♦r♣❤✐s♠s ⑤ ✾✾

❛♥❞ ❛❞❞✐t✐♦♥❛❧❧② ‖e‖h ≤ ce|z|−ε ❢♦r ❛❧❧ ε > 0 ❛♥s s♦♠❡ ce > 0✳ ❚❤❡♥ e ✐s ❜♦✉♥❞❡❞✳

❇❡❢♦r❡ ✇❡ st❛rt ✇✐t❤ t❤❡ ❛❝t✉❛❧ ♣r♦♦❢✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛

▲❡♠♠❛ ✸✳✵✳✹✳ ‖e‖h ≤ ce|z|−ε, ∀ε > 0 ✐♠♣❧✐❡s ‖e‖h
log |z| → 0✳

Pr♦♦❢✳ ❲❡ ❦♥♦✇ t❤❛t

‖e‖h
| log |z|| ≤

ce|z|−ε

| log |z|| , ∀ε > 0.

❉✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦♥❝❡ ✭❝❧♦s❡ t♦ r = 0✮ ❧❡❛❞s ✉s t♦

d

d r

cer
−ε

| log r| =
−ceεr−ε−1| log r|+ cer

−ε−1

| log r|2 = −cer−ε−1 (ε| log r| − 1)

| log r|2 .

❲❡ s❡❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ❤❛s ❛♥ ❡①tr❡♠❛ ❛t ε| log r| = 1 ⇒ r = exp(−1/ε) ❛♥❞ ✐t
✐s t❤❡ ✉♥✐q✉❡ ❡①tr❡♠❛ ❢♦r r < 1✳ ❚❤✐s ✐s ❛ ♠✐♥✐♠✉♠ ❜②

− d

d r
cer

−ε−1 (ε| log r| − 1)

| log r|2
∣
∣
∣
∣
r=exp(−1/ε)

= −ce
(−ε− 1)r−ε−2(ε| log r| − 1− ε

−1−ε)| log r|2
| log r|4

− ce
r−ε−1(ε| log r| − 1)(2| log r|r−1)

| log r|4
∣
∣
∣
∣
r=exp(−1/ε)

= −ce
(−ε− 1)r−ε−2(1− 1 + ε

1+ε)| log r|2 + r−ε−1(1− 1)(2| log r|r−1)

| log r|4

∣
∣
∣
∣
∣
r=e

−1
ε

= ce
(ε+ 1)r−ε−2(ε)| log r|2

| log r|4
∣
∣
∣
∣
r=exp(−1/ε)

> 0

❛s t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rts ❛r❡ ♣♦s✐t✐✈❡ ❢♦r ❛❧❧ r✳ ◆♦✇ ❢♦r ε → 0 ⇒ exp(−1/ε) → 0✱
✐✳❡✳ ✐♥ t❤❡ ❧✐♠✐t

ce|z|−ε

| log |z||

∣
∣
∣
∣
r=exp(−1/ε)

=
cee

ε
ε

ε−1
= ceεe→ 0.

♣r♦♦❢ ♦❢ ❧❡♠♠❛ ✸✳✵✳✸✳ ❇② t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ −∆ log ‖e‖2h ≤ 2‖Λ(Fh − 2Gh)‖F ≤
2‖ΛFh‖F + 4‖ΛGh‖F r❡s♣✳ −∆ log ‖e‖2h ≤ 2‖Λ(Fh − Gh − Gk)‖F ≤ 2‖ΛFh‖F +
4‖ΛGh‖F ✐s ✐♥ Lp✳ ■♥ ♣❛rt✐❝✉❧❛r ❧❡t f ❜❡ ❛ Lp−♠❛❥♦r❛♥t ✲ −∆ log ‖e‖2h ≤ f ⇒
−∆ log ‖e‖2h − f ≤ 0✳▲❡t ũ : B1 → R ❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ P♦✐ss♦♥ ❡q✉❛t✐♦♥
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−∆ũ = f ✿ ❋♦r t❤❡ ❡①✐st❡♥❝❡ s❡❡ ▲✐❡❜ ✫ ▲♦ss ❬▲✐▲♦✵✵❪✱ ♣✳ ✶✺✼✱ t❤❡♦r❡♠ ✻✳✷✶✳✷ ■♥
♣❛rt✐❝✉❧❛r ❬▲✐▲♦✵✵❪✱ t❤❡♦r❡♠ ✶✵✳✷ t❡❧❧s ✉s t❤❛t ❢♦r p > 1 u ✐s ❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s
✇✐t❤ ♣♦s✐t✐✈❡ ❡①♣♦♥❡♥t✱ ✐♥ ♣❛rt✐❝✉❧❛r ❜♦✉♥❞❡❞✳ ❚❤❡ ❜♦✉♥❞ ‖e‖h

log |z| → 0 ❢r♦♠ t❤❡
♣r❡✈✐♦✉s ❧❡♠♠❛ ❧❡❛❞s t♦ ❧❡♠♠❛ ✶✳✼✳✾✿ ⇒ −∆ log ‖e‖2h− f = −∆(log ‖e‖2h− ũ) ≤ 0
✇❡❛❦❧② ♦✈❡r t❤❡ ♦r✐❣✐♥✱ ✐✳❡✳ log ‖e‖2h − ũ s✉❜❤❛r♠♦♥✐❝✳
▲❡t u := ũ + ‖u‖∞ + ce t❤❡♥ u ✐s ❛ s♦❧✉t✐♦♥ ♦❢ −∆u = f ✱ ✐✳❡✳ ✇❡ st✐❧❧ ❤❛✈❡
s✉❜❤❛r♠♦♥✐❝✐t②✱ ❛♥❞ u ≥ ce ≥ ceε log(|z|) log ‖e‖2h ⇒ lim supz→∂B1

log ‖e(z)‖2h −
u(z) ≤ 0✳ ❇② t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✭+ r❡♠❛r❦ ✶✳✺✳✹✮ log ‖e‖2h − u ≤ 0 ⇒
log ‖e‖2h ≤ u <∞ ⇒ ‖e‖2h ≤ eu✳

❈♦r♦❧❧❛r② ✸✳✵✳✺✳ ▲❡t E ❜❡ ❛ ✈❡❝t♦r ❜✉♥❞❧❡ ✇✐t❤ ❡✐t❤❡r ❛ ✢❛t ❝♦♥♥❡❝t✐♦♥ D
♦r ❛ ✭❍✐❣❣s✮ ♦♣❡r❛t♦r d′′✱ ❛♥❞ t✇♦ ♠❡tr✐❝s h, k✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❝✉r✈❛t✉r❡s
Fh, Fk, Gh, Gk ❛r❡ ✐♥ Lp ❛♥❞ t❤❛t Ξ(E)α ✐s t❤❡ s❛♠❡ ❢♦r ❜♦t❤ ♠❡tr✐❝ ❜✉♥❞❧❡s✳
❚❤❡♥ h ❛♥❞ k ❛r❡ ♠✉t✉❛❧❧② ❜♦✉♥❞❡❞✳

Pr♦♦❢✳ ▲❡t ✐❞E ❜❡ t❤❡ ✐❞❡♥t✐t② ❛✉t♦♠♦r♣❤✐s♠ ♦❢ t❤❡ ❜✉♥❞❧❡ E❀ ✐❞h,k ✐❢ ✐t ✐s ❝♦♥✲
s✐❞❡r❡❞ ❛s ❛ ♠❛♣ ❢r♦♠ t❤❡ ♠❡tr✐❝ ❜✉♥❞❧❡ (E, h) → (E, k) ❛♥❞ ✐❞k,h ❛s t❤❡ ✐♥✈❡rs❡
♠❛♣✳ ❚❤❡♥ ✐❞E ∈ Γ(X,❊♥❞(E)) ✉♥❞❡r t❤❡ ✉s✉❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥✳ ■♥ t❤❡ s❡❝t✐♦♥ ♦♥
t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ✇❡ ❤❛✈❡ s❡❡♥✱ t❤❛t D, d′′ ✐♥❞✉❝❡s ♦♣❡r❛t♦rs D · − ·D, d′′ · − · d′′
♦♥ ❊♥❞(E)✳ ❇✉t t❤❡♥

D✐❞E(e)− ✐❞ED(e) = 0 = d′′✐❞E(e)− ✐❞Ed
′′(e).

❚❤❡r❡ ✇❡ s❛✇ ❛s ✇❡❧❧ ✭r❡♠❛r❦ ❆✳✹✳✷✮ t❤❛t t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ❢♦r ♠❛♣s ψ, ϕ :
(E, h) → (E, k) ✐s

h❊♥❞,h→k(ϕ, ψ) = tr(Kψ∗Hϕ)

⇒ ‖ϕ‖❊♥❞,h→k = tr(Kϕ∗Hϕ) = 〈Hϕ,ϕK〉HS,

✇✳r✳t✳ ❛ s✉✐t❛❜❧❡ ❜❛s✐s✳
❇② ❝♦♥str✉❝t✐♦♥ t❤✐s ♦♣❡r❛t♦r ♥♦r♠ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♥♦r♠s h ❛♥❞ k

‖e‖k = ‖✐❞h,ke‖k ≤ ‖✐❞h,k‖❊♥❞,h→k‖e‖h.

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ e ∈ Ξ(E)α ✇❡ r❡❛❞ ♦❢ t❤❛t ∃ce,k ≥ 0 : ‖e‖k ≤ ce,kr
α−ε, ∀ε >

0 ⇔ ∃ce,h ≥ 0 : ‖e‖h ≤ ce,kr
α−ε✳ ❚❤❡r❡❢♦r❡ ‖✐❞h,k‖❊♥❞,h→k ≤ ch,kr

−ε, ∀ε > 0 ❢♦r
❛ s✉✐t❛❜❧❡ ❝♦♥st❛♥t ch,k ♦r ❡❧s❡ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ♥♦r♠ ❣✐✈❡s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱
❜❡❝❛✉s❡ ❡✈❡r② s❡❝t✐♦♥ s ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ ❛♥ ❡❧❡♠❡♥t ♦❢ j∗(E) =

⋃

α∈R Ξ(E)α✱
✐✳❡✳ ✐❢ ‖✐❞h,k‖❊♥❞,h→k > ch,kr

−ε̃ ❢♦r ♦♥❡ ε̃ > 0 ✇❡ ✜♥❞ ❛ s❡❝t✐♦♥ s s✉❝❤ t❤❛t t❤❡
❝♦♥s✐st❡♥❝② ✐s ✈✐♦❧❛t❡❞✳
❋✉rt❤❡r r❡❝❛❧❧ ❢r♦♠ r❡♠❛r❦ ❆✳✹✳✷ t❤❛t t❤❡ ✭♣s❡✉❞♦✲✮❝✉r✈❛t✉r❡ ♦♣❡r❛t♦rs ❛r❡ Lp ♦♥

✷❖✉r Lp−❢✉♥❝t✐♦♥ ✐s L1✱ ✐♥ ♣❛rt✐❝✉❧❛r L1
loc ♦♥ ❛ ❜♦✉♥❞❡❞ ♥❡✐❣❤❜♦✉r❤♦♦❞ ❧✐❦❡ B1✳
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t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡✱ t♦♦✳ ❚❤❡♥ ✇❡ ♠❛② ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✸✳✵✳✸ ❛♥❞ ❣❡t
‖✐❞h,k‖❊♥❞,h→k = 〈H,K〉HS ❜♦✉♥❞❡❞✳ ❆♥❛❧♦❣♦✉s❧② ❢♦r ✐❞k,h✳ ❙♦ t❤❡ ♥♦r♠s ❛r❡
♠✉t✉❛❧❧② ❜♦✉♥❞❡❞✱ ✐✳❡✳ ‖e‖h <∞ ⇔ ‖e‖k <∞ ❢♦r ❡✈❡r② s❡❝t✐♦♥ e✳

❚❤❡♦r❡♠ ✸✳✵✳✻✳ ❚❤❡ ❢✉♥❝t♦r Ξ ❢r♦♠ t❤❡ ❝❛t❡❣♦r② ♦❢ t❛♠❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s t♦
t❤❡ ❝❛t❡❣♦r② ♦❢ ✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡s ❛♥❞ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡s ✐s
❢✉❧❧② ❢❛✐t❤❢✉❧✱ ✐✳❡✳ t❤❡ ✐♥❞✉❝❡❞ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ s❡t ♦❢ ❤♦♠♦♠♦r♣❤✐s♠s ✐s ❛ ❜✐❥❡❝t✐♦♥✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥✱ ❤♦✇ Ξ ♠❛♣s ❛ ♠♦r♣❤✐s♠ ♦❢ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s t♦
❛ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ♦❜❥❡❝ts✱ s✐♠♣❧② ❜② ❝♦♥s✐❞❡r✐♥❣ ✐t ❛s ❛ ♠❛♣ ♦♥ t❤❡ ❜✉♥❞❧❡
✉♥❞❡r❧②✐♥❣ t❤❡ ✜❧t❡r❡❞ ♦❜❥❡❝t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❡✈❡r② ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞
♦❜❥❡❝ts ϕ r❡str✐❝ts t♦ ❛ ❜✉♥❞❧❡ ♠♦r♣❤✐s♠ ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❜✉♥❞❧❡✱ t❤✐s ✇✐❧❧ ❜❡
Ξ−1ϕ✳ ❚❤❡ t✇♦ ❝♦♥str✉❝t✐♦♥s ❛r❡ ♦❜✈✐♦✉s❧② ✐♥✈❡rs❡✳ ❙♦ ✇❡ ♦♥❧② ♥❡❡❞ t♦ s❤♦✇ t❤❛t
Ξ ✐s s✉r❥❡❝t✐✈❡ ♦r ✐♥ ♦t❤❡r ✇♦r❞s✱ t❤❛t Ξ−1 ♠❛♣s ❡✈❡r② ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ❜✉♥❞❧❡s
♦♥t♦ ❛ ♠♦r♣❤✐s♠ ♦❢ t❛♠❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s✳
▼♦r❡ ❡①♣❧✐❝✐t❧②✿ ▲❡t ϕ : Ξ(E) → Ξ(F ) ❜❡ ❛ ♠♦r♣❤✐s♠ ♦❢ t❤❡ ✜❧t❡r❡❞ r❡❣✉❧❛r
❍✐❣❣s r❡s♣✳ DX−❜✉♥❞❧❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t✇♦ ❍✐❣❣s r❡s♣✳ DX−❜✉♥❞❧❡s E,F ✳
❲❡ ❤❛✈❡ s❡❡♥ ✐♥ ✷✳✷✳✺✱ t❤❛t Ξ ❝♦♠♠✉t❡s ✇✐t❤ t❡♥s♦rs ❛♥❞ ❞✉❛❧s✳ ❙♦ ✇❡ ♠❛②
❝♦♥s✐❞❡r ❛ ❤♦♠♦♠♦r♣❤✐s♠ ❛s ❛♥ ❡❧❡♠❡♥t ♦❢ ❍♦♠(Ξ(E),Ξ(F )) ≃ Ξ(E)∗ ⊗ Ξ(F ) =
Ξ(E∗) ⊗ Ξ(F ) = Ξ(E∗ ⊗ F ) = Ξ(❍♦♠(E,F )) ❛s ✈❡❝t♦r ❜✉♥❞❧❡ ❤♦♠♦♠♦r♣❤✐s♠✳
❍❡♥❝❡ ✐t ✇✐❧❧ ❜❡ ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t ϕ ✐s ❤❛r♠♦♥✐❝ ♦♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❜✉♥❞❧❡s✳

❍✭✐✐✮ ❋♦r t❤❡ ❍✐❣❣s ❜✉♥❞❧❡ ❝❛s❡ ✇❡ ❤❛✈❡ ϕ∗∂F = ϕ∂E, ϕ
∗θF = ϕθE✿

⇒ ϕ∗d′′F = ϕ∗(∂F + θF ) = ϕ∗(∂F ) + ϕ∗(θF ) = ϕ(∂E + θE)ϕd
′′
E.

❚❤❡r❡❢♦r❡ t❤❡ ✐♥❞✉❝❡❞ ❤♦♠♦♠♦r♣❤✐s♠ ♦♥ t❤❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡ ❢✉❧✜❧❧s ✭✐✐✮ ♦❢
✶✳✷✳✽ ✲ ✭✐✮✱ ✭✐✐✐✮ ❛r❡ ♠✐ss✐♥❣✳

❉✭✐✮ ❋♦r t❤❡ DX−♠♦❞✉❧❡ ❝❛s❡ ✇❡ ❦♥♦✇ ϕ∗D′′
F = ϕD′′

E, ϕ
∗∇F = ϕ∇E

⇒ ϕ∗DF = ϕ∗(D′′
F ) + ϕ∗(∇F ) = ϕD′′

E + ϕ∇E = ϕDE.

❚❤❡ ✐♥❞✉❝❡❞ ❤♦♠♦♠♦r♣❤✐s♠ ♦♥ t❤❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡ ❢✉❧✜❧❧s ✭✐✮ ♦❢ ✶✳✷✳✽ ✲ ✭✐✐✮✱
✭✐✐✐✮ ❛r❡ ♠✐ss✐♥❣✳

❋✐rst ✇❡ tr❡❛t ✭✐✐✐✮ s✐♠✉❧t❛♥❡♦✉s❧② ❢♦r ❜♦t❤ ❝❛s❡s✿ ❚❤❡♥ ϕ : E → F ♠❛② ❜❡
✐❞❡♥t✐✜❡❞ ✇✐t❤ ϕ ∈ E∗⊗F ✇✐t❤ Dϕ−ϕD = Dϕ−Dϕ = 0 ❛♥❞ D′′ϕ−ϕD′′ = 0 ❜②
t❤❡ ❞❡✜♥✐t✐♦♥ ✶✳✷✳✽✳ ■♥ t❤❡ ♣r♦♦❢ t♦ t❤❡ ♣r❡✈✐♦✉s ❝♦r♦❧❧❛r② ✇❡ s❛✇ ✭❛t t❤❡ ❡①❛♠♣❧❡
♦❢ ✐❞✮ t❤❛t ♣r❡s❡r✈✐♥❣ t❤❡ ✜❧tr❛t✐♦♥ ✐♠♣❧✐❡s ‖ϕ‖E→F ≤ cϕr

−ε✳ ❆♥❛❧♦❣♦✉s❧② t♦ t❤❡
♣r♦♦❢ ♦❢ t❤❡ ❝♦r♦❧❧❛r② ‖ϕ‖E→F ≤ c′ϕ <∞ ❜♦✉♥❞❡❞✳



✶✵✷ ⑤ ✸✳ ❙❡❝t✐♦♥s ❛♥❞ ▼♦r♣❤✐s♠s

❍✭✐✮ ■♥ t❤❡ ❍✐❣❣s ❜✉♥❞❧❡ ❝❛s❡ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✐✮ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t ϕ∗d′F =
ϕd′E, d

′
E = ∂E + θ†E ❛♥❞ d′F ❛♥❛❧♦❣♦✉s❧②✳ ❲❡ ❦♥♦✇ ❛❧r❡❛❞② t❤❛t t❤❡ ♣s❡✉❞♦

❝✉r✈❛t✉r❡ GE = (d′′E)
2 = ∂EθE−θE∂E = 0 ❜② t❤❡ ❍✐❣❣s ✜❡❧❞ ♣r♦♣❡rt②✳ ❙❛♠❡

✐♥ t❤❡ ❜✉♥❞❧❡ F ❛♥❞ ✐♥ t❤❡ ❤♦♠♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡ GE→F = GF ·+ ·GE = 0✳
❇✉t ✇❡ ❤❛✈❡ FE = 0 ❛s ✇❡❧❧✿ ϕ∗D̃F = ϕD̃E ❢♦r ❛♥② ♦♣❡r❛t♦r D̃ ❡①t❡♥❞s t♦
❤✐❣❤❡r (p, q)−❢♦r♠s ϕ̃ ❛s ϕ̃∗D̃F = (−1)p+q+1ϕ̃D̃E✱ ❜❡❝❛✉s❡ ❢♦r ϕ̃ = ϕ⊗ ω

⇒ D̃F (ϕ⊗ ω)− (ϕ⊗ ω)D̃E

= (D̃F
0 ϕ)⊗ ω + ϕ⊗ dω − (−1)p+q(ϕD̃E

0 ⊗ ω)✸

= (D̃F
0 ϕ− (−1)p+qϕD̃E

0 )⊗ ω + ϕ⊗ dω

= (D̃F
0 · −(−1)p+q(·)D̃E

0 )(ϕ⊗ ω)

⇒ D̃F
0 ϕ− ϕD̃E

0 = 0 ⇒ D̃F (ϕ⊗ ω)− (−1)p,q(ϕ⊗ ω)D̃E = 0.

❚❤❡♥

FFϕ+ ϕFE = ϕ(d′′E)
2 + (d′′F )

2ϕ+ ϕ(d′E)
2 + (d′F )

2ϕ

+ϕd′′Ed
′
E + d′′Fd

′
Fϕ+ ϕd′Ed

′′
E + d′Fd

′′
Fϕ

= ϕ(d′E)
2 + (d′F )

2ϕ+ d′′Fϕd
′
E − d′Fϕd

′′
F − d′′Fϕd

′
E + d′Fϕd

′′
E

= ϕ(∂Eθ
†
E + θ†E∂E

︸ ︷︷ ︸

=

) + (∂F θ
†
F + θ†F∂F

︸ ︷︷ ︸

=0

)ϕ

= 0,

❜② t❤❡ ❍✐❣❣s ✜❡❧❞ ♣r♦♣❡rt② ✭r❡s♣✳ ✶✳✷✳✻✮✳ ❖✉r ❲❡✐t③❡♥❜ö❝❦ ❢♦r♠✉❧❛ ❲✷
❜❡❝♦♠❡s

−∆‖ϕ‖2E→F = −2iΛ‖(∂E + θ†)❍♦♠ϕ‖2E→F

+hE→F (e,−2iΛ(Fh −Gh −Gh)❍♦♠ϕ)

= −2‖Λ(∂E + θ†)❍♦♠ϕ‖2E→F

❚❤❡ ❡q✉❛❧✐t② ❤♦❧❞s ♦♥ X ❛♥❞ ❤♦❧❞s ✇❡❛❦❧② ♦✈❡r ❛❧❧ ♦❢ X✿ ❆❣❛✐♥ ❜② ❧❡♠♠❛
✶✳✼✳✾✱ ‖ϕ‖2E→F ≤ −2‖Λ(∂E + θ†)❍♦♠ϕ‖2E→F ✱ ‖Λ(∂E + θ†)❍♦♠ϕ‖2E→F ♣♦s✐t✐✈❡

❛♥❞ s✐♥❝❡ f ❜♦✉♥❞❡❞ ⇒
∣
∣
∣
ϕ(z)
log |z|

∣
∣
∣ → 0✱ ✇❡ ❣❡t ‖Λ(∂E + θ†)❍♦♠ϕ‖2E→F ✐s ✐♥t❡✲

❣r❛❜❧❡✳ ❇✉t t❤❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ♦❢ ❛ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥ ♦♥ ❛♥② ❜❛❧❧
✐s ③❡r♦✳ ✹ ❙♦

0 =

∫

B1

∆‖ϕ(z)‖2E→F d z =

∫

B1

2‖Λ(∂E + θ†)❍♦♠ϕ(z)‖2E→F d z,

❛♥❞ ❜② t❤❡ ♣♦s✐t✐✈✐t② ♦❢ t❤❡ ✐♥t❡❣r❛♥❞ ‖Λ(∂E + θ†)❍♦♠ϕ(z)‖2E→F = 0 ⇒
d′(ϕ) − ϕd′ = (∂E + θ†)ϕ − ϕ(∂E + θ†) = 0✳ ❋✐♥❛❧❧② D(ϕ) − ϕD = d′(ϕ) −

✸DE
0 ✐s ❛ 1−❢♦r♠✱ s♦ DE

0 ∧ ω = (−1)p+qω ∧DE
0 ❢♦r ❞❡❣ (ω) = p+ q✳

✹❝❢✳ ▼ü❧❧❡r✱ ❬P❉❊✵✾❪✱ ♣✳ ✶✹✱ ❧❡♠♠❛ ✷✳✻✱ ✭r❛❞✐✉s r ✜①❡❞✮✳
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ϕd′ + d′′(ϕ)− ϕd′′ = 0 s❤♦✇s t❤❡ ♠✐ss✐♥❣ ♣❛rt ✭✐✮✳ ❙♦ Ξ ✐s ❢✉❧❧② ❢❛✐t❤❢✉❧ ✐♥t♦
t❤❡ ✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡s✳

❉✭✐✐✮ ❙✐♠✐❧❛r❧② ✐♥ t❤❡ DX−♠♦❞✉❧❡ ❝❛s❡ ✭✐✐✮ ✇✐❧❧ ❢♦❧❧♦✇ ❢r♦♠ ϕ∗d′ = ϕd′✳ ■t ✐s
❡♥♦✉❣❤ t♦ s❤♦✇ ϕ∗θF = ϕθE, ϕ

∗θ†F = ϕθ†E ♦r ❡q✉✐✈❛❧❡♥t❧② t❤❡ ✐♥❞✉❝❡❞ ♦♣✲
❡r❛t♦rs ♦♥ t❤❡ ❤♦♠♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡ ✈❛♥✐s❤✱ s✐♥❝❡ d′′ = D′′ − θ† + θ ❛♥❞
ϕ∗D′′

F = ϕ∗D′′
E ❜② ❞❡❣r❡❡ ❝♦♥s✐❞❡r❛t✐♦♥s ❢r♦♠ ϕ∗DF = ϕDE✳ ❲❡ ❦♥♦✇ t❤❛t

t❤❡ ❝✉r✈❛t✉r❡ FE = FF = FE→F = 0 ✈❛♥✐s❤❡s✳ ❋♦r t❤❡ ♣s❡✉❞♦✲❝✉r✈❛t✉r❡ ✇❡
❣❡t

GFϕ+ ϕGE

= (d′′F )
2ϕ+ ϕ(d′′E)

2 = (DF − d′F )
2ϕ+ ϕ(DE − d′e)

2

= ((DF )
2 −DFd

′
F − d′FDF + (d′F )

2)ϕ

+ϕ((DE)
2 −DEd

′
E − d′EDE + (d′E)

2)

= d′FϕDE − d′FϕDE + (d′F )
2ϕ+ ϕ(DE)

2 −DFϕd
′
E +DFϕd

′
E + ϕ(d′E)

2

= (∂F + θ†F )
2ϕ+ ϕ(∂E + θ†E)

2

= (∂F θ
†
F + θ†F∂F )ϕ+ ϕ(∂Eθ

†
E + θ†E∂E)

= GFϕ+ ϕGE = 0.

❜② t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ t❤❡ ♣s❡✉❞♦✲❝✉r✈❛t✉r❡ ✭r❡s♣✳ ✶✳✷✳✻✮✳ ❖✉r ❲❡✐t③❡♥❜ö❝❦
❢♦r♠✉❧❛ ❲✶ ❜❡❝♦♠❡s

−∆‖ϕ‖2E→F = −hE→F (ϕ, 2iΛ(Fh − 2Gh)❍♦♠ϕ)

−8‖Λ(θ)❊♥❞ϕ‖2E→F − 8‖Λ(θ†)❊♥❞ϕ‖2E→F

= −8‖Λ(θ)❊♥❞ϕ‖2E→F − 8‖Λ(θ†)❊♥❞ϕ‖2E→F .

▲✐❦❡ ✐♥ t❤❡ ❍✐❣❣s ❜✉♥❞❧❡ ❝❛s❡ ❧❡♠♠❛ ✶✳✼✳✾ ❣✉❛r❛♥t❡❡s t❤❡ ✐♥t❡❣r❛❜✐❧✐t② ♦✈❡r
t❤❡ ♦r✐❣✐♥✳ ❆❣❛✐♥ t❤❡ ✐♥t❡❣r❛❧ ♦✈❡r t❤❡ ▲❛♣❧❛❝✐❛♥ ❞♦❡s ✈❛♥✐s❤ ❛♥❞ s♦ t❤❡
s❛♠❡ ❤♦❧❞s ❢♦r t❤❡ ✐♥t❡❣r❛♥❞ 8‖Λ(θ)❊♥❞ϕ‖2E→F+8‖Λ(θ†)❊♥❞ϕ‖2E→F = 0✳ ❇♦t❤
s✉♠♠❛♥❞s ❛r❡ ♥♦♥✲♥❡❣❛t✐✈❡ ❛♥❞ t❤❡r❡❢♦r❡ ❜♦t❤ ❤❛✈❡ t♦ ✈❛♥✐s❤✱ ✐✳❡✳ θϕ−ϕθ =
θ†ϕ − ϕθ† = 0✳ ❚❤✐s ✇❛s t❤❡ ♠✐ss✐♥❣ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ✭✐✮✳ ❙♦ Ξ ✐s ❢✉❧❧②
❢❛✐t❤❢✉❧ ✐♥t♦ t❤❡ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡s✳
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❖♥ ♦✉r ✇❛② t♦ ❡ss❡♥t✐❛❧ s✉r❥❡❝t✐✈✐t②✱ ✇❡ ♥❡❡❞ t♦ ❝♦♥str✉❝t ❛ ♠❡tr✐❝ h ♦♥ ♦✉r ❜✉♥✲
❞❧❡ E t❤❛t ✐♥❞✉❝❡s ❛ ❣✐✈❡♥ ✜❧tr❛t✐♦♥ ✉♥❞❡r Ξ✳ ❚❤✐s st❛♥❞❛r❞ ♠❡tr✐❝ ✇✐❧❧ ♥♦t ❜❡
♦✉r ❤❛r♠♦♥✐❝ ♠❡tr✐❝✱ ❜✉t ✇❡ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ ❝♦♥str✉❝t ❛ ❤❛r♠♦♥✐❝ ♠❡tr✐❝ t❤❛t ✐s
♠✉t✉❛❧❧② ❜♦✉♥❞❡❞ ✇✐t❤ r❡s♣❡❝t t♦ h✳
❘❡❝❛❧❧ ♦✉r t✇♦ ❡①❛♠♣❧❡s ✶✳✹✳✶✼ ❛♥❞ ✶✳✹✳✶✽✳ ❚❤❡ ❜✉♥❞❧❡s ❝♦♥str✉❝t❡❞ ❛r❡ ♦✉r s♠❛❧❧✲
❡st ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿ ❇② t❡♥s♦r✐♥❣ t❤❡s❡ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦ ✇❡
♠❛② ❝♦♥str✉❝t t♦ ❡❛❝❤ r❡s✐❞✉❡ (Vα, N) ❛ ❜✉♥❞❧❡ Ẽ✱ t❤❛t ❤❛s t❤❡ r❡s✐❞✉❡ (Vα, N)✱
✉♣ t♦ ✐s♦♠♦r♣❤✐s♠✳ ❲❡ ✇✐❧❧ t❤❡♥ s❤♦✇ t❤❛t Ẽ ✐s ✐s♦♠♦r♣❤✐❝ ❛s ❛ ✜❧t❡r❡❞ ✈❡❝t♦r
❜✉♥❞❧❡ t♦ ♦✉r ✐♥✐t✐❛❧ ❜✉♥❞❧❡ E✳ ❚❤❡♥ ❞❡✜♥❡ ❛ ♥❡✇ ♠❡tr✐❝ h ♦♥ E ❛s t❤❡ ♣✉❧❧❜❛❝❦
♦❢ t❤❡ ❤❛r♠♦♥✐❝ ♠❡tr✐❝ h̃ ♦♥ Ẽ✳ ■t t✉r♥s ♦✉t t❤❛t h ♠❛❦❡s E ✐♥t♦ ❛♥ ❛❝❝❡♣t❛❜❧❡
❜✉♥❞❧❡✱ t❤❡ ♥❡✇ ❝✉r✈❛t✉r❡s ❛r❡ Lp, p > 1 ❛♥❞ h ✐♥❞✉❝❡s t❤❡ ✐♥✐t✐❛❧ ✜❧tr❛t✐♦♥s ♦♥ E
✉♥❞❡r Ξ✳
❲❡ ❣❡t ❛ ♥✐❝❡ ❝♦r♦❧❧❛r② ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❝❤❛♣t❡r✱ t❡❧❧✐♥❣ ✉s t❤❛t t❤❡ ✜❧tr❛t✐♦♥
✐♥❞✉❝❡❞ ♦♥ ❛ ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠ ❜② ♦r❞❡r ♦❢ ❣r♦✇t❤✱ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ✜❧tr❛t✐♦♥
♣r♦✈✐❞❡❞ ❜② ♦✉r ❢✉♥❝t♦r Φ✳

✹✳✶✳ ❏✉♠♣s ❛♥❞ ❘❡s✐❞✉❡s ♦❢ ▲✐♥❡ ❇✉♥❞❧❡s

▲❡t α ∈ R ❜❡ ❛r❜✐tr❛r② ❢♦r ♥♦✇ ❛♥❞ ❧❡t X ❜❡ t❤❡ ✉♥✐t ❞✐s❝ ❛❣❛✐♥✳ ▲❡t E ❜❡ ❛ ❧✐♥❡
❜✉♥❞❧❡ ♦✈❡r X ✇✐t❤ tr✐✈✐❛❧✐③❛t✐♦♥ ϕ : EX → X ×C✳ ❈❤♦♦s❡ e(z) = ϕ−1(z, 1)✳ ❉❡✲
✜♥❡ ❛♥ ✐♥♥❡r ♣r♦❞✉❝t h ♦♥ E ❜② r❡q✉✐r✐♥❣ h(e, e) = |z|2α ❛♥❞ ❡①t❡♥❞✐♥❣ s❡sq✉✐❧✐♥✲
❡❛r❧②✳ ■❢ ∂E ❞❡♥♦t❡s t❤❡ ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ t❤❡♥ t❤❡ ❤♦❧♦♠♦r♣❤② ♦❢ ϕ ✐♠✲
♣❧✐❡s t❤♦s❡ ♦❢ e✿ ∂Ee = 0✳ ▲❡t θe = e ⊗ a

z
d z✳ ■♥ ❡①❛♠♣❧❡ ✶✳✹✳✶✼ ✇❡ s❛✇ t❤❛t

∂Ee = e ⊗ α d z
z
, θe = e ⊗ a

z
d z✶✱ t❤❛t t❤❡ ❜✉♥❞❧❡ ✐s ❤❛r♠♦♥✐❝ ❛♥❞ t❤❛t t❤❡ ♠❡tr✐❝

❝♦♥♥❡❝t✐♦♥ D = ∂E + ∂E ✐s ✢❛t✳
❚❤❡ ❤❛r♠♦♥✐❝✐t② ♦❢ E ❧❡❛❞s t♦ ❛ ✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡s ✉♥❞❡r Ξ ✿ Ξ(E)α =

✶❲❡ ❝♦✉❧❞ ✇r✐t❡ ∂E = ∂ + a
z d z ❢♦r t❤❡ ✉s✉❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ ❞✐✛❡r❡♥t✐❛❧ ❛♥❞ ❝♦♥♥❡❝t✐♦♥

♠❛tr✐①✳



✹✳✶✳ ❏✉♠♣s ❛♥❞ ❘❡s✐❞✉❡s ♦❢ ▲✐♥❡ ❇✉♥❞❧❡s ⑤ ✶✵✺

{e : X → E|∃C > 0∀ε > 0 : ‖e‖ ≤ Crα−ε}✳ ❚❤❡♥ e ✐s ♦♥❧② ✐♥ ❧❡✈❡❧ α ❛♥❞ ❧♦✇❡r✳
❲❡ ❣❡t Ξ(E)α+ε 6= Ξ(E)α ❢♦r ❛❧❧ ε > 0✳ ❋✉rt❤❡r ♥♦t❡ t❤❛t t❤❡ ♠❛♣ e 7→ 1 ❢r♦♠
Eα → OX ✐s ❛♥ OX−✐s♦♠♦r♣❤✐s♠✱ ✇❤✐❝❤ ♣r❡s❡r✈❡s ❤♦❧♦♠♦r♣❤②✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❤❡♥ ✇❡ st❛rt ✇✐t❤ ❛ r❡❣✉❧❛r ✜❧t❡r❡❞ ❍✐❣❣s ❧✐♥❡ ❜✉♥❞❧❡
(E,Eβ)β∈R ✇✐t❤ Ξ(E)α+ε 6= Ξ(E)α ❢♦r ❛❧❧ ε > 0 ❛♥❞ ψ : Eα → OX ❤♦❧♦✲
♠♦r♣❤✐❝ ✐s♦♠♦r♣❤✐s♠✳ ❚❤❡♥ ✇❡ ✜♥❞ ❛♥ ❡❧❡♠❡♥t e ∈ Ξ(E)α \ Ξ(E)α+ε✳ e ✐s
❤♦❧♦♠♦r♣❤✐❝ ❛s ♣r❡✐♠❛❣❡ ♦❢ ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ✉♥❞❡r ψ ❛♥❞ t❤❡ r❡q✉✐r❡❞
❝♦♠♣❛t✐❜✐❧✐t② ♦❢ ψ ✇✐t❤ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ ∂E✳ ❚❤❡♥ ✇❡ ♠❛② ❞❡✜♥❡
h(e, e) = |z|2α, θe = e ⊗ a

z
d z ❛♥❞ ❝♦♥str✉❝t ∂E, θ

†
E ❛s ✐♥ ✶✳✹✳✶✼ r❡❝❡✐✈✐♥❣ ❤❛r✲

♠♦♥✐❝✐t② ❛♥❞ ✢❛t♥❡ss ♦❢ t❤❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r ♥♦t❡ t❤❛t e ✐s ❛ ❢r❛♠❡
♦❢ t❤❡ ❜❛s❡ s♣❛❝❡ E✱ ✐✳❡✳ E ✐s ❤♦❧♦♠♦r♣❤✐❝✳
❲❡ ✇❛♥t t♦ ✉♥❞❡rst❛♥❞ ❤♦✇ t❤❡ ✧❥✉♠♣✧ ✐♥ t❤❡ ✜❧tr❛t✐♦♥ ♦❢ E s❤✐❢ts ✇❤❡♥ ❝♦♥✲
s✐❞❡r✐♥❣ ❛ss♦❝✐❛t❡❞ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡s ❛♥❞ ❧❛t❡r ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠s✳
❚❤❡r❡❢♦r❡ ✇❡ ❝♦♥str✉❝t ❛ D′′ = ∂E + θ†−❤♦❧♦♠♦r♣❤✐❝ ❢r❛♠❡

v := e−2a log |z|e = e−a log(zz)e

⇒ (∂E + θ†)v = ∂Ee
︸︷︷︸

=0

⊗ exp(−a log(zz)) + e⊗ −az d z
zz

exp(−a log(zz))

+θ†e⊗ exp(−a log(zz))

=
−a d z
z

v +
a d z

z
= 0

▼♦r❡♦✈❡r

‖v‖2he
= exp(−2a log |z|) exp(−2a log |z|)h(e, e)
= exp(−2(a+ a) log |z|)|z|2α
= exp(−4ℜ(a) log |z|)|z|2α = |z|2α−2(a+a).

❍❡♥❝❡ v ∈ Ξ(E)α−(a+a)✳ ❙✐♥❝❡ ‖e‖2h > |z|2α+ε, ∀ε > 0 ❢♦r z s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ s❡❡
t❤❛t v /∈ Ξ(E)α−(a+a)+ε, ∀ε > 0✱ ✐✳❡✳ ✇❡ ❣❡t ❛ ✧❥✉♠♣✧ ❛t α−(a+a) = α−2ℜ(a) ✐♥
t❤❡ ✜❧tr❛t✐♦♥ ♦❢ t❤❡ Ξ−❝♦rr❡s♣♦♥❞✐♥❣ r❡❣✉❧❛r ✜❧t❡r❡❞ DX−♠♦❞✉❧❡✳ ❋✉rt❤❡r♠♦r❡

∇v = ∂Ev + θv

= ∂Ee⊗ exp(−2a log |z|) + e⊗ ∂ exp(−a log(zz)) +
a d z

z
e⊗ exp(−2a log |z|)

=
α d z

z
e⊗ exp(−2a log |z|) + e⊗ −a

z
exp(−a log) +

a d z

z
e⊗ exp(−2a log |z|)

=
α− a+ a

z
v d z.

❚❤❡♥ ♦✉r ♠❛tr✐① M ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✐s (α− a+ a) ❛♥❞ t❤❡ ♠♦♥♦❞r♦♠②
♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s②st❡♠ ✐s µ = e−2πi(α−a+a)✳ ❇② t❤❡ ❡q✉✐✈❛❧❡♥❝❡ Φ ❣✐✈❡♥ ✐♥ t❤❡



✶✵✻ ⑤ ✹✳ ❘❡s✐❞✉❡s ❛♥❞ ❙t❛♥❞❛r❞ ▼❡tr✐❝s

❝❤❛♣t❡r ♦♥ ❋✐❧t❡r❡❞ ❖❜❥❡❝ts✿

Vα−ℜ(a−a) = {v = eM log(z)l|l ∈ Lβ : ℜ(λM) = α > α− (a+ a)− β}
= {v = eM log(z)l|l ∈ Lβ : 2ℜ(a) > −β}.

❙♦ t❤❡ ✧❥✉♠♣✧ ✐♥ t❤❡ ✜❧tr❛t✐♦♥ ♦❢ t❤❡ ❧♦❝❛❧ s②st❡♠ ♦❝❝✉rs ❛t −2ℜ(a)✳

❘❡♠❛r❦ ✹✳✶✳✶✳ ❘❡❝❛❧❧ ✷✳✶✳✶✶✳ ❚❤❡♥ θ ❤❛s r❡s✐❞✉❡ ♠❛♣ r❡s(θ)(e) = e ⊗ a d z✱ ∇
❤❛s r❡s✐❞✉❡ ♠❛♣ r❡s(∇)(e) = e ⊗ (α − a + a) d z = e ⊗ (α + 2iℑ(a)) d z ❛♥❞ t❤❡
❧♦❝❛❧ s②st❡♠ ❤❛s r❡s✐❞✉❡ ♠❛♣ µ = e2πi(α−a+a) = e−2πiα+4πℑ(a)✳

❘❡♠❛r❦ ✹✳✶✳✷✳ ◆♦t❡ t❤❛t ✇❡ ❣❡t ❛ ✢❛t s❡❝t✐♦♥ e−(α−a+a) log(z)v✳ ❚❤✐s s❡❝t✐♦♥
‖e−(α−a+a) log(z)v‖h = |z|α−a−3a ✐s ♣♦❧②♥♦♠✐❛❧❧② ❜♦✉♥❞❡❞✳

✹✳✷✳ ❘❡s✐❞✉❡s ♦❢ ❱❡❝t♦r ❇✉♥❞❧❡s

▲❡t ✉s ♣r♦❝❡❡❞ ✇✐t❤ ❡①❛♠♣❧❡ ✶✳✹✳✶✽✳ ❚❤❡r❡ ✇❡ ❤❛❞ E = X × C
2 ♦r ❛♥❛❧♦❣♦✉s❧②

E ≃ X × C
2 ✇✐t❤ ❛ tr✐✈✐❛❧✐③❛t✐♦♥ ϕ ❛♥❞ ❛ ❢r❛♠❡ (ϕ−1e1, ϕ

−1e2)✳ ❚❤❡ r❡st ♦❢
t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ✐s t❤❡ s❛♠❡✱ s♦ ✇❡ ♠❛② st❛② ✇✐t❤ ei✳ ❋✉rt❤❡r E = E1 ⊗ E2 ✇✐t❤
Ei = s♣❛♥OX

{ei}, 1 ≤ i ≤ 2✳ ❖✉r ♠❡tr✐❝ ✇❛s ❞❡✜♥❡❞ ❜② ‖e1‖2h = − log |z|2 =: y
❛♥❞ ‖e2‖2h = (− log |z|2)−1 =: y−1✳ ❚❤❡ ♦t❤❡r ♦♣❡r❛t♦rs ❛r❡

∂Ee1 = ∂Ee2 = 0, ∂Ee1 = −e1 ⊗
d z

zy
, ∂Ee2 = e2 ⊗

d z

zy
,

θ =

(
0 0
1 0

)
d z

z
, θ† =

(
0 1
0 0

)
d z

zy2
.

❆❣❛✐♥ ✇❡ ✇❛♥t t♦ ❝♦♥s✐❞❡r t❤❡ ❛ss♦❝✐❛t❡❞ DX−♠♦❞✉❧❡✳ ❚❤❡r❡❢♦r❡ ❝♦♥str✉❝t ❛
∂E + θ†−❤♦❧♦♠♦r♣❤✐❝ ❢r❛♠❡✳ e1 ✐s ❛❧r❡❛❞② ∂E + θ†−❤♦❧♦♠♦r♣❤✐❝✿

(∂E + θ†)e1 = θ†e1 =

(
0 1
0 0

)
d z

zy2

(
1
0

)

= 0.

❋♦r e2 t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✿

(∂E + θ†)e2 = θ†e2 =

(
0 1
0 0

)
d z

zy2

(
0
1

)

=

(
1
0

)
d z

zy2
= e1 ⊗

d z

zy2
.

❚❤❡r❡❢♦r❡ v2 := e2 − e1 ⊗ y−1 ✐s ✢❛t✿

(∂E + θ†)v2 = −e1 ⊗ ∂y−1 + θ†e2



✹✳✷✳ ❘❡s✐❞✉❡s ♦❢ ❱❡❝t♦r ❇✉♥❞❧❡s ⑤ ✶✵✼

= −e1 ⊗ ∂(− log(zz))−1 + e1 ⊗
d z

zy2

= −e1 ⊗
z d z

zz
(− log(zz))−2

︸ ︷︷ ︸

=y−2

+e1 ⊗
d z

zy2

= 0.

❚❤❡ ♥♦r♠ ♦❢ t❤✐s ♥❡✇ ❜❛s✐s ❡❧❡♠❡♥t ✐s ‖v2‖2h = ‖e2‖2h+‖e1‖2hy2 = y−1+yy−2 = 2y−1✳

❘❡♠❛r❦ ✹✳✷✳✶✳ v2, e1 ✐s ♥♦t ❛♥ h−♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡✿ h(v2, e1) = h(e2, e1) −
h(e1, e1)y

−1 = −1✳

❆❣❛✐♥ ✇❡ ✇❛♥t t♦ ❝♦♥s✐❞❡r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧♦❝❛❧ s②st❡♠✱ t♦♦✳ ❲❡ ❝❛♥ ❢✉rt❤❡r
♠♦❞✐❢② t♦ ❣❡t ❛ D−✢❛t ❢r❛♠❡✳ v2 ✐s ❛❧r❡❛❞② ✢❛t

∇v2 = (∂E + θ)v2 = (∂E + θ)(e2 − e1 ⊗ y−1)

= e2 ⊗
d z

zy
+ 0−

(

−e1 ⊗
d z

zy2

)

− e1 ⊗ ∂y−1 −
(
0 0
1 0

)(
1
0

)

⊗ d z

zy

= e2 ⊗
d z

zy
+ e1 ⊗

d z

zy2
− e1 ⊗

z d z

zzy2
− e2 ⊗

d z

zy
= 0.

❚❤❡ ✜rst ❤❛❧❢ ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❧❡❛❞s t♦

∇e1 = (∂E + θ)(e1) = −e1 ⊗
d z

zy
+

(
0 0
1 0

)(
1
0

)

⊗ d z

z

= (e2 − e1y
−1)⊗ d z

z
= v2 ⊗

d z

z
.

❚❤❡♥ ❞❡✜♥❡ v1 = e1 − v2 log(z)✳ ◆♦t❡ t❤❛t t❤✐s s❡❝t✐♦♥ ✐s ✐♥ ❣❡♥❡r❛❧ ♠✉❧t✐✈❛❧✉❡❞✳

∇v2 = v2 ⊗
d z

z
− v2 ⊗ ∂ log(z) = v2 ⊗

(
z−1 − z−1

)
d z = 0.

▲❡t v(k)1 = e1 − v2(log(z) + 2πk) ❜❡ ❛♥ ❛r❜✐tr❛r② ❜r❛♥❝❤✳ ❚❤❡♥

‖v(k)1 ‖2h = ‖e1‖2h − 2ℜ(h(e1, v2)(log(z) + 2πik)) + ‖v2‖2| log(z) + 2πik|2
= y + 2ℜ((log(z) + 2πik)) + 2y−1| log(z) + 2πik|2
= y + 2ℜ(log(z)) + 2y−1| log(z)|2 = y|1 + y−1(log(z) + 2πik)|2
∼ y.

❚❤❡ ♠♦♥♦❞r♦♠② ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧♦❝❛❧ s②st❡♠ ❝❛♥ ❜❡ r❡❛❞ ♦❢

0 = ∇v2 =
M

z
d zv2 r❡s♣✳ v2 ⊗

d z

z
= ∇e1 =

M

z
d ze1



✶✵✽ ⑤ ✹✳ ❘❡s✐❞✉❡s ❛♥❞ ❙t❛♥❞❛r❞ ▼❡tr✐❝s

⇒M =

(
0 1
0 0

)

⇒ µ =

(
1 1
0 1

)

✷

✐♥ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ ❢r❛♠❡ ♦❢ t❤❡ DX−♠♦❞✉❧❡ (v2, e1) ✭✐♥ t❤✐s ♦r❞❡r✮✳ ❚❤❡ ❢r❛♠❡ ♦❢
L ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ✇❛② ♦❢ ❝❤❛♣t❡r ■❱ ✐s ❥✉st

e−M log(z) = E −
(
0 1
0 0

)

log(z) ⇒ e−M log(z)v2 = v2

⇒ e−M log(z)e1 = e1 − v2 log(z) = v1.

❘❡♠❛r❦ ✹✳✷✳✷✳ ❆❣❛✐♥ ✇❡ ✇❛♥t t♦ t❛❦❡ ❛ ❧♦♦❦ ❛t t❤❡ r❡s✐❞✉❡ ♠❛♣s✳ ❋♦r t❤❡ ❧♦❝❛❧

s②st❡♠ ✇❡ ❥✉st s❛✇ t❤❛t t❤❡ r❡s✐❞✉❡ ♠❛♣ ✐s µ =

(
1 1
0 1

)

✳ ❋♦r t❤❡ ❍✐❣❣s ❜✉♥❞❧❡

✇❡ ❤❛❞ r❡s(θ) =

(
0 0
1 0

)

d z ✇✳r✳t✳ (e1, e2) ❛♥❞ ❢♦r t❤❡ DX−♠♦❞✉❧❡ r❡s(∇) =
(
0 0
1 0

)

d z ✇✳r✳t✳ (e1, v2)✱ ✐✳❡✳ t❤❡ s❛♠❡ r❡♣r❡s❡♥t❛t✐♦♥ ❛s ❢♦r t❤❡ ❍✐❣❣s ❜✉♥❞❧❡✳

❘❡♠❛r❦ ✹✳✷✳✸✳ ❲❡ ❣❛✈❡ s♦♠❡ ❜♦✉♥❞s ♦♥ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ∇−✢❛t ❤♦❧♦♠♦r♣❤✐❝
s❡❝t✐♦♥s ❤❡r❡✳ v1 ❛♥❞ v2 ❛r❡ ❜♦t❤ ❜♦✉♥❞❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❧♦❣❛r✐t❤♠✱ ✐♥ ♣❛rt✐❝✉❧❛r
❤❛✈❡ ♣♦❧②♥♦♠✐❛❧ ❣r♦✇t❤✳

▲❡♠♠❛ ✹✳✷✳✹✳ ●✐✈❡♥ ❛ ✈❡❝t♦r s♣❛❝❡ V =
⊕

0≤α<1 Vα ✇✐t❤ ❛♥❞ ❡♥❞♦♠♦r♣❤✐s♠
N ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥✱ t❤❡r❡ ✐s ❛❧✇❛②s ❛ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡ E s✉❝❤
t❤❛t r❡s(Ξ(E), θ) ≃ (V,N) ♦r r❡s(Ξ(E),∇) ≃ (V,N)✳ ❍❡r❡ ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢
r❡s✐❞✉❡s ✐s ❛ ✈❡❝t♦r s♣❛❝❡ ❤♦♠♦♠♦r♣❤✐s♠ ϕ : Ξ(E) → V ✇❤✐❝❤ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤
r❡str✐❝t✐♦♥ t♦ t❤❡ s✉❜s♣❛❝❡s ♦❢ t❤❡ ❣r❛❞✐♥❣ ❛♥❞ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠✿
r❡s(θ) = ϕ−1Nϕ✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ t✇♦ ❝♦♥str✉❝t✐♦♥s ❢r♦♠ ✶✳✹✳✶✼ ❛♥❞ ✶✳✹✳✶✽ t♦ ❝♦♥str✉❝t ❛♥②
✈❡❝t♦r s♣❛❝❡ V r❡s♣✳ ❛ V ′ ✐♥ t❤❡ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss ♦❢ V ✱ ✇✐t❤ ❣r❛❞✐♥❣✱ ❛♥❞ ❛
❝♦♠♣❛t✐❜❧❡ ❤♦♠♦♠♦r♣❤✐s♠✳ ❇② t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ♦❢ Ξ ✇✐t❤ t❡♥s♦r ♣r♦❞✉❝ts✱ ❝♦♠✲
❜✐♥❛t✐♦♥s ♦❢ t❤♦s❡ t✇♦ ❝♦♥❝❡♣ts ✉s✐♥❣ t❡♥s♦r ♣r♦❞✉❝ts ✇✐❧❧ ❧❡❛❞ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✜❧tr❛t✐♦♥s✳
❖✉r s❡❝♦♥❞ ❡①❛♠♣❧❡ ✶✳✹✳✶✽ ❛♥❞ ✐ts ❝♦♥❝❧✉s✐♦♥s ❛❜♦✈❡ ❤❛✈❡ ❛ ♥❛t✉r❛❧ ❡①t❡♥s✐♦♥ t♦
❤✐❣❤❡r s②♠♠❡tr✐❝ ♣♦✇❡rs t❤❛♥ 2✳ ❋♦r ♣♦✇❡r n ♦✉r r❡s✉❧t✐♥❣ r❡s✐❞✉❡ ♦❢ t❤❡ ❍✐❣❣s

✷❈❤❡❝❦ ❜② ♣♦✇❡r s❡r✐❡s ♦❢ log✳



✹✳✷✳ ❘❡s✐❞✉❡s ♦❢ ❱❡❝t♦r ❇✉♥❞❧❡s ⑤ ✶✵✾

r❡s♣✳ DX ❜✉♥❞❧❡ ✇✐❧❧ ❜❡ t❤❡ ♠❛tr✐①

r❡s(θ) =












0 1 0 . . . . . . 0
0 0 1 0 0
✳✳✳

✳ ✳ ✳ ✳ ✳ ✳
✳✳✳

✳✳✳
✳ ✳ ✳ ✳ ✳ ✳

✳✳✳
0 . . . . . . . . . 0 1
0 . . . . . . . . . . . . 0












♦r (r❡s(θ))kl = δk+1,l✳
◆❡①t ✇❡ ✉s❡ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡ ❜✉♥❞❧❡s ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❲❡
❝♦♥str✉❝t❡❞ ❤❛r♠♦♥✐❝ ❧✐♥❡ ❜✉♥❞❧❡s ✇✐t❤ ❛r❜✐tr❛r② ✧❥✉♠♣✧ ❛t α ❛♥❞ ❛r❜✐tr❛r②
❡✐❣❡♥✈❛❧✉❡ a✳ ■♥ t❤❡ s❡❝t✐♦♥ ♦♥ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡ ✇❡ s❛✇ ❛s ✇❡❧❧ t❤❛t
❛ ❝♦♥♥❡❝t✐♦♥ ✐♥ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ♦❢ (E,∇E) ❛♥❞ (F,∇F ) ✐s ❝❤♦s❡♥ ❛s ∇E ⊗
✐❞F + ✐❞E ⊗∇F ✳ ❆♥❛❧♦❣♦✉s ❢♦r ❤♦♠♦♠♦r♣❤✐s♠✳ ❙♦ ✐❢ N ✇❛s ♦✉r ♥✐❧♣♦t❡♥t ♠❛tr✐①
❢r♦♠ t❤❡ s❡❝♦♥❞ ❡①❛♠♣❧❡ ❛♥❞ (a) ✇❛s ♦✉r ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❢r♦♠ t❤❡ ✜rst✱ t❤❡♥
N ⊗ 1 + E ⊗ a ✐s ❛ ❏♦r❞❛♥ ❜❧♦❝❦ t♦ t❤❡ ❡✐❣❡♥✈❛❧✉❡ a✳ ◆♦✇ t❛❦✐♥❣ t❤❡ ❞✐r❡❝t
♣r♦❞✉❝t ❧❡❛❞s ✉s t♦ ❛♥ ❛r❜✐tr❛r② ❏♦r❞❛♥ ♥♦r♠❛❧ ❢♦r♠✱ ✐✳❡✳ ✇❡ ♠❛② ❝♦♥str✉❝t ❛♥②
❤♦♠♦♠♦r♣❤✐s♠✳ ❚❤✐s ❤♦♠♦♠♦r♣❤✐s♠ ✇✐❧❧ r❡s♣❡❝t t❤❡ ✜❧tr❛t✐♦♥ ❜② ❝♦♥str✉❝t✐♦♥✳
❋✉rt❤❡r ♥♦t❡ t❤❛t ❢♦r t❤❡ ✜❧tr❛t✐♦♥ ♦❢ t❡♥s♦r ♣r♦❞✉❝ts (E⊗F )α =

∑

γ∈REγ⊗Fα−γ

t❤❡ ✧❥✉♠♣✧ ♦❢ t❤❡ s❡❝♦♥❞ ❜✉♥❞❧❡ ✐♥❞✉❝❡s ❛ ✧❥✉♠♣✧ ❤❡r❡✳ ❇✉t t❤❡ ●rβ ❛r❡ ♦♥❧②
♥♦♥✲③❡r♦ ❛t ❛ ✧❥✉♠♣✧✳ ❙✐♥❝❡ ♦✉r ✧❥✉♠♣✧ ✐♥ t❤❡ ❧✐♥❡ ❜✉♥❞❧❡ ✇❛s ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧✸✱
✇❡ ❝❛♥ ❣❡t ❛♥② ❞✐♠❡♥s✐♦♥❛❧ ✧❥✉♠♣✧ ❜② r❡♣❡❛t❡❞❧② t❡♥s♦r✐♥❣ ✇✐t❤ ❧✐♥❡ ❜✉♥❞❧❡s
✇✐t❤ t❤❡ ✧❥✉♠♣✧ ❛t α✳
❍❡♥❝❡ ✇❡ ❣❡t ❛♥② ❣r❛❞✐♥❣✱ ✐✳❡✳ ❛ ✈❡❝t♦r s♣❛❝❡ Ṽ ≃ V ❛♥❞ s✉❜s♣❛❝❡s V ′

α ≃ Vα ❜②
r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛❧ ✐s♦♠♦r♣❤✐s♠✳ ❚♦❣❡t❤❡r ✇✐t❤ ♦✉r ❤♦♠♦♠♦r♣❤✐s♠ ✇❡ ❝❛♥
❝♦♥str✉❝t ❛♥② V =

⊕

0≤α<1 Vα ✇✐t❤ ❛♥② ❡♥❞♦♠♦r♣❤✐s♠ N ❢r♦♠ ❛ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡
✭✉♣ t♦ ✐s♦♠♦r♣❤✐s♠✮✳✹ ❚❤✉s ❢♦r ❛♥② (V, Vα, N) ❡①✐sts ❛ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡ E s✉❝❤
t❤❛t r❡s(Ξ(E), θ) ≃ (V,N)✳
❚❤❡ ♣r♦♦❢ ❢♦r DX−♠♦❞✉❧❡s ✐s t❤❡ s❛♠❡ ♦♥❧② t❤❛t ✇❡ ✉s❡ ♥♦✇ α′ = α − 2ℜ(a)
✐♥st❡❛❞ ♦❢ α′ ❛♥❞ α + 2ℑ(a)i ✐♥st❡❛❞ ♦❢ a✳ ■t ❞♦❡s ♥♦t r❡str✐❝t ♦✉r ❝❤♦✐❝❡✿ ❈❤♦♦s❡
✜rst α ❛s t❤❡ r❡❛❧ ♣❛rt ♦❢ ♦✉r ❡✐❣❡♥✈❛❧✉❡ ❛♥❞ 2ℑ(a) ❛s t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt✱ t❤❡♥ ❛
ℜ(a) s✉✐t❛❜❧❡ t♦ ❣❡t ❛ ❞❡s✐r❡❞ ✈❛❧✉❡ α′ ∈ R✳

❘❡♠❛r❦ ✹✳✷✳✺✳ ❚❤❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡ ✐s ♥♦t ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❞❛t❛
(V, Vα, N)✳

▲❡♠♠❛ ✹✳✷✳✻✳ ▲❡t E ❜❡ ❛ ✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡s r❡s♣✳ ✜❧t❡r❡❞ r❡❣✉❧❛r
DX−♠♦❞✉❧❡✳ ❚❤❡r❡ ✐s ❛ t❛♠❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡ (Ẽ, ∂Ẽ, θẼ, h̃) s✉❝❤ t❤❛t r❡s(E, θ) ≃

✸❆s ❛ ✈❡❝t♦r s✉❜s♣❛❝❡ ♦❢ ❛❧❧ ▲❛✉r❡♥t s❡r✐❡s✳
✹◆♦t❡ t❤❛t t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s♣❛❝❡s Vα ♦♥❧② ❞❡♣❡♥❞❡❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ α ❛♥❞ e✱ ❛♥❞ ❞✐❞

♥♦t ✐♥t❡r❢❡r❡ ✇✐t❤ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ N ❞❡♣❡♥❞❡♥t ♦♥ a✳
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r❡s(Ẽ, θẼ) r❡s♣✳ r❡s(E,∇) ≃ r❡s(Ẽ, ∇̃) ❛♥❞ ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ✈❡❝t♦r
❜✉♥❞❧❡s ❜❡t✇❡❡♥ E ❛♥❞ Ẽ✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② ♣r♦✈❡❞ t❤❡ ❧❡♠♠❛ ❛❜♦✈❡ ✲ ♠♦r❡ ♦r ❧❡ss✳ ◆♦t❡ ✜rst t❤❛t ❛❧❧
❡✐❣❡♥✈❛❧✉❡s ❛❜♦✈❡ ✇❤❡r❡ t❛♠❡ ✐♥ ✶✳✹✳✶✼✱ 0 ✐♥ ✶✳✹✳✶✽✱ ❤❡♥❝❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ θẼ
❛r❡ t❛♠❡✳
❈♦♥s✐❞❡r t❤❡ st❛❧❦ ✲ ❛ ✈❡❝t♦r s♣❛❝❡ ✲ ❛t t❤❡ ♣✉♥❝t✉r❡ s✳ ❇② zEα = Eα+1 ❛❧❧ ❞❛t❛
♦❢ t❤❡ ✜❧tr❛t✐♦♥ ✐s ❡♥❝♦❞❡❞ ✐♥ r❡s(E) =

⊕

0≤β<1●rβ(E)✳ ❲❡ r❡q✉✐r❡❞ t❤❡ ✐s♦♠♦r✲

♣❤✐s♠ ♦❢ r❡s✐❞✉❡ ψ : r❡s(E, θ) → r❡s(Ẽ, θẼ) t♦ r❡str✐❝t t♦ r❡s(E) =
⊕

0≤β<γ ●rβ(E)✳

❍❡♥❝❡ ψ ✐♥❞✉❝❡s ❛ ♠❛♣ ψβ : Eβ → Ξ(Ẽ)β✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ψ ❡①t❡♥❞s t♦ ❛ ✈❡❝✲
t♦r s♣❛❝❡ ❤♦♠♦♠♦r♣❤✐s♠ ♦♥ j∗(E)s✳ ❙♦ ❝❧♦s❡ ❡♥♦✉❣❤ t♦ t❤❡ ♣✉♥❝t✉r❡ ψ ♠❛♣s ❛
❢r❛♠❡ (ei) ♦❢ E t♦ ❛ ❢r❛♠❡ (ẽi) ♦❢ Ẽ✳
❆s ✈❡❝t♦r ❜✉♥❞❧❡s ♦❢ t❤❡ s❛♠❡ r❛♥❦ ♦♥ ❛ ♣✉♥❝t✉r❡❞ ❞✐s❝ ✭⇒ tr✐✈✐❛❧✮ ✇❡ ♠❛② ❞❡✜♥❡
❛♥ ❡①t❡♥s✐♦♥ ♦❢ ψ✱ ❝❛❧❧❡❞ ψ ❛s ✇❡❧❧✱ t♦ ❜❡ t❤❡ OX−❧✐♥❡❛r ❡①t❡♥s✐♦♥ ♦❢ ψ(ei) = (ẽi)✳
❚❤❡r❡ ✐s ♦♥❡ ♠♦r❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠✱ ♥❛♠❡❧② ✇❡ ♠❛② r❡q✉✐r❡ ψ t♦ ❜❡ ❝♦♠♣❛t✐❜❧❡
✇✐t❤ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡s ϕ∂E = ϕ∗∂Ẽ✳ ❚❤❡ ❧❛st ♣r♦♣❡rt② ✐s ❛ ❝❤♦✐❝❡ ✇❤✐❝❤
❞♦❡s ♥♦t ✐♥✢✉❡♥❝❡ t❤❡ r❡s✐❞✉❡ ♦❢ t❤❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡✱ s✐♥❝❡ ✇❡ ♥❡✈❡r s♣❡❝✐✜❡❞ ❛
♣❛rt✐❝✉❧❛r ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ t✇♦ ❡①❛♠♣❧❡s✳ ❲❡ r❛t❤❡r
st❛rt❡❞ ❛❧r❡❛❞② ✇✐t❤ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥✳
❙♦ (ψ, ψβ) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ✈❡❝t♦r ❜✉♥❞❧❡s✳

❘❡♠❛r❦ ✹✳✷✳✼✳ ❚❤✐s ✐s ♥♦t ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ r❡❣✉❧❛r ✜❧t❡r❡❞ ❍✐❣❣s ♦r
DX−❜✉♥❞❧❡s✳ ■♥ ❢❛❝t ✇❡ ✇✐❧❧ ♥❡❡❞ ❢✉rt❤❡r r❡str✐❝t✐♦♥s✱ ♥❛♠❡❧② st❛❜✐❧✐t②✱ t♦ ❣❡t ❛♥
❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s✳

✹✳✸✳ ❊①✐st❡♥❝❡ ♦❢ ❛ ❙t❛♥❞❛r❞ ▼❡tr✐❝

◆♦✇ ✇❡ ❛r❡ ✐♥ t❤❡ ♣♦s✐t✐♦♥ t♦ st❛t❡ t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ♦❢ t❤❡ ❝❤❛♣t❡r✿

❚❤❡♦r❡♠ ✹✳✸✳✶✳ ●✐✈❡♥ ❛ ✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡✱ DX−♠♦❞✉❧❡ (E, hE, ∂E, θ)
♦r ❧♦❝❛❧ s②st❡♠ L✱ t❤❡r❡ ✐s ❛ ♠❡tr✐❝ h ♠❛❦✐♥❣ E ✐♥t♦ ❛♥ ❛❝❝❡♣t❛❜❧❡ ❜✉♥❞❧❡✱ s✉❝❤
t❤❛t t❤❡ ❝✉r✈❛t✉r❡s Fh r❡s♣✳ Gh ❛r❡ ✐♥ Lp ❢♦r s♦♠❡ p > 1 ❛♥❞ s✉❝❤ t❤❛t Ξ ✐♥❞✉❝❡s
t❤❡ ♦r✐❣✐♥❛❧ ✜❧tr❛t✐♦♥ ♦♥ E r❡s♣✳ L ❛♥❞ t❤❡ ❞✉❛❧ ✜❧tr❛t✐♦♥ ♦♥ E∗ r❡s♣✳ L∗✳

Pr♦♦❢✳ ▲❡t r❡s(E) = (E,Eα, r❡s(θ))✳ ❇② t❤❡ ❧❛st ❧❡♠♠❛ t❤❡r❡ ✐s ❛ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡
(Ẽ, h̃, ∂Ẽ, θ̃) ✇✐t❤ r❡s(E) ≃ r❡s(Ẽ)✳ ▲❡t ϕ : E → Ẽ ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐s♦♠♦r✲
♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ✈❡❝t♦r ❜✉♥❞❧❡s ♣r♦✈✐❞❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛s✳ ▲❡t θ̃ ❞❡♥♦t❡ t❤❡
❍✐❣❣s ✜❡❧❞ ♦❢ Ẽ ❛♥❞ r❡s(θ̃) t❤❡ r❡s✐❞✉❡✳ ❲❡ ❣❡t ϕr❡s(θ) = ϕ∗r❡s(θ̃)✳ ❆♥❛❧♦❣♦✉s❧②
ϕr❡s(∇) = ϕ∗r❡s(∇̃)✳
❉❡✜♥❡ ❛ ♥❡✇ ♠❡tr✐❝ h(e, f) := h̃(ϕ(e), ϕ(f)), e, f ∈ Γ(X,E)✳ ❚❤✐s ♥❡✇ ♠❡tr✐❝ ✐s
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❝❧❡❛r❧② ❤❛r♠♦♥✐❝ ✇✐t❤ r❡s♣❡❝t t♦ θ̃ := ϕ−1θẼϕ✿ ϕ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞
✈❡❝t♦r ❜✉♥❞❧❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ ϕ∗∂Ẽ = ϕ∂E✳

h̃(ϕ(∂Ee), ϕ(f)) = h(∂Ee, f) = ∂h(e, f)− h(e, ∂Ef)

= ∂h̃(ϕ(e), ϕ(f))− h̃(ϕ(e), ϕ(∂Ef))

= ∂h̃(ϕ(e), ϕ(f))− h̃(ϕ(e), ∂Ẽϕ(f))

= h̃(∂Ẽϕ(e), ϕ(f)).

⇒ ϕ∂E = ϕ∗∂Ẽ.

❍❡♥❝❡ ‖Rh‖ϕ∗Hϕ = ‖Rh̃‖H̃ ❛❝❝❡♣t❛❜❧❡✱ s✐♥❝❡ t❤❡ ‖Rh̃‖ ♠✉st s❛t✐s❢② t❤❡ ♥❡❝❡ss❛r②
❜♦✉♥❞ ❜② ❤❛r♠♦♥✐❝✐t② ♦❢ Ẽ ❛♥❞ t❤❡♥ ❜② t❤❡ ♠❛✐♥ ❡st✐♠❛t❡✳ ■♥ ❣❡♥❡r❛❧ ✇❡ ❤❛✈❡
ϕ∗Rh̃ = ϕRh✳
▼♦r❡♦✈❡r

∂E θ̃ + θ̃∂E = ϕ−1∂Ẽϕϕ
−1θẼϕ+ ϕ−1θẼϕϕ

−1∂Ẽϕ

= ϕ−1(∂ẼθẼ + θẼ∂Ẽ)ϕ

= 0.

✐s ❛ ❍✐❣❣s ✜❡❧❞✳ ❚❤❡ ❛❞❥♦✐♥t ♦❢ θ̃ ✐s θ̃† = ϕ−1θ†
Ẽ
ϕ s✐♥❝❡

h(θ̃e, f) = h̃(θẼϕ(e), ϕ(f)) = h̃(ϕ(e), θẼϕ(f))

= h̃(ϕ(e), ϕθ̃†(f)) = h(e, θ†(f)), ∀e, f ∈ Γ(X,E).

❋✐♥❛❧❧②

(∂E + ∂E + θ̃ + θ̃†)2 = ϕ−1(∂Ẽ + ∂Ẽ + θẼ + θ†
Ẽ
)ϕ

= 0,

❤❛r♠♦♥✐❝✳ ❙♦ ✇❡ ❝❛♥ ✇♦r❦ ♦♥ E ♥♦✇✳
❉❡✜♥❡ θ∆ = θ − θ̃✱ ✐✳❡✳ θ∆ ❤❛s ♥♦ ❧♦♥❣❡r ❛ d z

z
−♣❛rt ❜② ❡q✉❛❧✐t② ♦❢ t❤❡ r❡s✐❞✉❡s✿

∃ε, c∆ > 0 : ‖θ∆‖H ≤ c∆|z|−1+ε✳ ❚❤❡ ♥♦r♠ ✐s t❤❡ ♦♥❡ ✇❡ ♥♦✇ ❢r♦♠ t❤❡ ❡♥❞♦♠♦r✲
♣❤✐s♠ ❜✉♥❞❧❡✱ ✐✳❡✳ ‖A‖2H = tr(A∗HAH)✳
❆❣❛✐♥ ❜② t❤❡ ❤❛r♠♦♥✐❝✐t② ♦❢ Ẽ ✇❡ ❦♥♦✇ t❤❛t 0 = Fh,θ̃ = Rh + θẼθ

†
Ẽ
+ θ†

Ẽ
θẼ

⇒ Fh = Rh + θEθ
†
E + θ†EθE

= Rh + θ̃θ̃† + θ̃†θ̃ + θ∆θ
†
∆ + θ†∆θ∆ + θ̃†θ∆ + θ∆θ̃

† + θ̃θ∆ + θ∆θ̃

= Fh,θ̃ + θ∆θ
†
∆ + θ†∆θ∆ + θ̃†θ∆ + θ∆θ̃

† + θ̃θ∆ + θ∆θ̃

= θ∆θ
†
∆ + θ†∆θ∆ + θ̃†θ∆ + θ∆θ̃

† + θ̃θ∆ + θ∆θ̃.

❚❤✉s ‖Fh‖H ≤ 2‖θ∆‖2H +4‖θ∆‖H‖θ̃‖H ≤ 2c2∆|z|−2+2ε+4c∆
√
c5|z|−2+ε ≤ c44|z|−2+ε

❜② t❤❡ ♠❛✐♥ ❡st✐♠❛t❡ ✶✳✺✳✼✳ ❋♦r p = 1 + ε
2
⇒ p(−2 + ε) = −2 + ε − 2

2
ε + ε2

4
=
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−2 + ε2

4
> −2 ⇒ Fh ✐s Lp−✐♥t❡❣r❛❜❧❡✳

❚❤❡ ♣r♦♦❢ ❢♦r DX−♠♦❞✉❧❡s ✇♦r❦s s✐♠✐❧❛r❧②✿ ❚❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ♥♦✇ ❛♣♣❧✐❡❞ t♦ E
✇✐t❤ ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ D′′

E = ∂E+θE ❧❡❛❞s t♦ ❛ ❤❛r♠♦♥✐❝ DX−♠♦❞✉❧❡ Ẽ ❛♥❞
❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ ✈❡❝t♦r ❜✉♥❞❧❡s ϕ s✉❝❤ t❤❛t ϕD′′

E = D′′
Ẽ
ϕ✳ ❋✉rt❤❡r♠♦r❡

h̃(ϕ(δ′Ee), ϕ(f)) = h(δ′Ee, f) = ∂h(e, f)− h(e,D′′
E(f))

= ∂h̃(ϕ(e), ϕ(f))− h̃(ϕ(e), ϕD′′
E(f))

= ∂h̃(ϕ(e), ϕ(f))− h̃(ϕ(e), D′′
Ẽ
ϕ(f))

= h̃(δ′
Ẽ
ϕ(e), ϕ(f))

⇒ δ′
Ẽ
ϕ = ϕδ′E.

❈♦♥str✉❝t ∇̃ = ϕ−1∇Ẽϕ ❛♥❞ ∇∆ = ∇ − ∇̃ ⇒ ∃ε > 0 : ‖∇∆‖H ≤ c∆|z|−1+ε✳
❆s ❛❜♦✈❡ (E, ∇̃, ∂E + θ̃) ✐s ❤❛r♠♦♥✐❝✳ ❚❤❡ ❧❛st ❝❛❧❝✉❧❛t✐♦♥ ❣✉❛r❛♥t❡❡s t❤❛t
ϕ∗Rh,∂Ẽ+θ†

Ẽ

= ϕ∗(δ′
Ẽ
+ D′′

Ẽ
)2 = ϕ(δ′E + D′′

E)
2 = ϕRh,∂E+θ†E

r❡s♣✳ Rh,∂E+θ†E
=

Rh,∂E+(θ̃)† ✳ ❋✉rt❤❡r θE =
∇E−δ′E

2
=

∇̃+∇∆−ϕ−1δ′
Ẽ
ϕ

2
= ϕ−1∇Ẽ−δ′

Ẽ

2
ϕ + ∇∆

2
=

ϕ−1θẼϕ+ ∇∆

2
= θ̃ + ∇∆

2
✳

■♥ t❤❡ ❣❡♥❡r❛❧ DX−♠♦❞✉❧❡ ❝❛s❡ ✭♥♦t ♥❡❝❡ss❛r✐❧② ✈❛♥✐s❤✐♥❣ Ps❡✉❞♦✲❝✉r✈❛t✉r❡✮ ✇❡
❛❧r❡❛❞② ❦♥♦✇ t❤❛t

Rh,∂E+θ†E
+ 2(θEθ

†
E + θ†Eθ)

= (∂E − θ̃ + ∂E + θ̃†) + 2(θ†EθE + θ†EθE)

= Fh
︸︷︷︸

=0 ✢❛t

−2(θE∂E + ∂EθE) + θ†θ̃ + (−2 + 2)(θEθ
†
E + θ†EθE)

= −2(θE∂E + ∂EθE) = −2Gh.

❙✐♥❝❡ Gh,∇̃ = 0 ❜② ❤❛r♠♦♥✐❝✐t② ♦❢ Ẽ t❤✐s ②✐❡❧❞s

−2Gh = Rh,∂E+θ†E
+ 2(θEθ

†
E + θ†Eθ)

= Rh,∂E+(θ̃)† + 2

(

θ̃(θ̃)† + (θ̃)†θ̃ +
∇∆

2
(θ̃)†

+(θ̃)†
∇∆

2
+

(∇∆)
†

2
θ + θ

(∇∆)
†

2
+

(∇∆)
†∇∆∇∆(∇∆)

†

4

)

= Gh,∇̃
︸︷︷︸

=0

+∇∆(θ̃)
† + (θ̃)†∇∆ + (∇∆)

†θ + θ(∇∆)
†

+
(∇∆)

†∇∆∇∆(∇∆)
†

2

⇒ ‖Gh‖H ≤ ‖∇∆‖2 + 4‖∇∆‖‖θ̃‖ ≤ c2∆|z|−2+2ε + c∆
√
c5|z|−2+ε.



✹✳✸✳ ❊①✐st❡♥❝❡ ♦❢ ❛ ❙t❛♥❞❛r❞ ▼❡tr✐❝ ⑤ ✶✶✸

❋♦r p = 1 + ε
2
✇❡ ❣❡t✿ Gh ✐s Lp−✐♥t❡❣r❛❜❧❡✳

❚❤❡r❡❢♦r❡ ✇❡ ❛❧r❡❛❞② ❤❛✈❡ t❤❛t t❤❡ ❝✉r✈❛t✉r❡s Fh ❛♥❞ Gh ❛r❡ Lp ❛♥❞ t❤❛t t❤❡
❜✉♥❞❧❡ ✐s ❛❝❝❡♣t❛❜❧❡✳ ❚❤❛t Ẽ ✐♥❞✉❝❡s t❤❡ ❝♦rr❡❝t ✜❧tr❛t✐♦♥ ✇❛s ❛❧r❡❛❞② ♣r♦✈❡❞ ✐♥
t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛s✿ e ∈ Eβ ⇔ ϕ(e) ∈ Ξ(Ẽ)β ⇔ ‖e‖h = h(e, e) = h̃(ϕ(e), ϕ(e)) ≤
ce|z|α−ε, ∀ε > 0✳

❲❡ ❛r❡ ❧❡❢t ✇✐t❤ t❤❡ ❧♦❝❛❧ s②st❡♠ ❝❛s❡✿ ❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ♣r♦❝❡❞✉r❡ ✐♥ ❝❤❛♣t❡r
■❱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡✐❣❡♥s♣❛❝❡ Lµi ♦❢ t❤❡ ❧♦❝❛❧ s②st❡♠ L✱ t❤❡♥ ❝♦♥str✉❝t Φ(L)
❛♥❞ ❡q✉✐♣ ✐t ✇✐t❤ ❛ ❤❛r♠♦♥✐❝ ♠❡tr✐❝✳ ❲❤❡♥ s✉♠♠✐♥❣ ✉♣ ♦✈❡r ❛❧❧ ❡✐❣❡♥✈❛❧✉❡s
t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ♦❢ Φ ✇✐t❤ t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧❧♦✇s ✉s t♦ s✉♠ ✉♣
♦✈❡r t❤❡ DX−♠♦❞✉❧❡s ✇✐t❤ ❤❛r♠♦♥✐❝ ♠❡tr✐❝✱ ❛♥❞ ✇❡ ❣❡t ❛ ❤❛r♠♦♥✐❝ ♠❡tr✐❝ ♦♥
Φ(L)✳ ❚❤❡r❡❢♦r❡ ✐t ✇✐❧❧ ❜❡ ❡♥♦✉❣❤ t♦ ❝♦♥s✐❞❡r ❛ ❧♦❝❛❧ s②st❡♠ ✇✐t❤ ♦♥❡ ❡✐❣❡♥✈❛❧✉❡

λ̃ ♦❢ t❤❡ ♠♦♥♦❞r♦♠② µ ❛♥❞ λ = log(λ̃)
−2πi

t❤❡ ❡✐❣❡♥✈❛❧✉❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❝❤♦✐❝❡ ♦❢

M = log(µ)
−2πi

✳
❈♦♥s✐❞❡r t❤❡ ❤❛r♠♦♥✐❝ ♠❡tr✐❝ h ✐♥❞✉❝❡❞ ♦♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ DX−♠♦❞✉❧❡✳ ❚❤❡♥
✇❡ ✇❛♥t t♦ s❤♦✇ t❤❛t l ∈ Lβ✱ ✇❤❡r❡ Lβ ✐s ♥♦✇ t❤❡ ✜❧tr❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② Φ✱ ✐❢
❛♥❞ ♦♥❧② ✐❢ ‖l‖h ≤ clr

β−ε, ∀ε > 0✳ ▲❡t ✉s st❛rt ✇✐t❤ l ∈ Lβ \ Lβ+ε∀ε > 0 ⇒
k = eM log(z)l ∈ Φ(L)α \ Φ(L)α+ε, ∀ε > 0 ❢♦r ℜ(λM) > α + β ⇒ k ∈ Φ(L)β+ℜ(λ) \
Φ(L)β+ℜ(λ)+ε ❜② ❧❡❢t ❝♦♥t✐♥✉✐t②✳ ■♥ t❤❡ ♣r❡✈✐♦✉s ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ✇❡ ❝♦♥str✉❝t❡❞
❛ ❤❛r♠♦♥✐❝ ♠❡tr✐❝ s✉❝❤ t❤❛t ‖k‖h ∼ |z|β+ℜ(λ)✳ ❲❡ ❤❛✈❡ s❡❡♥ ❜❡❢♦r❡ t❤❛t t❤❡
❋r♦❜❡♥✐✉s ♥♦r♠ ♦❢ ♠❛tr✐❝❡s ✐♥ ❛♥ h−♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡
h−♥♦r♠ ✲ s♦ ✉s❡ t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠ ❤❡r❡✳ ❚❤❡r❡❢♦r❡

‖l‖h ≤ ‖ke−M log(z)‖h ≤ ‖e−M log(z)‖H‖k‖h ≤ c48|z|−ℜ(λ)|z|β+ℜ(λ)−ε

= c48|z|β−ε.

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❛t M log z = P−1JP ✱ J ❏♦r❞❛♥ ♥♦r♠❛❧ ❢♦r♠ ♦❢ M log(z)✱ ❢♦r
❡①❛♠♣❧❡

J❡①❛♠♣❧❡ =









λ log(z) 1 0 0 0
0 λ log(z) 0 0 0
0 0 λ log(z) 1 0
0 0 0 λ log(z) 1
0 0 0 0 λ log(z)









.

❚❤✉s exp(−M log(z)) = P−1 exp(−J)P ⇒ ‖ exp(−M log(z))‖H ≤
‖P−1‖H‖ exp(−J log(z))‖H‖P‖H ≤ c45‖ exp(−J log(z))‖H s✐♥❝❡ P ✐s ❝♦♥st❛♥t✳ ❋♦r
J = λ log(z)E +N ✱ N ♥✐❧♣♦t❡♥t✱ N j = 0✿✺

‖ exp(−J)‖H ≤ ‖ exp(−λ log zE)‖H‖ exp(−N)‖H
✺J ❛♥❞ N ❝♦♠♠✉t❡✳



✶✶✹ ⑤ ✹✳ ❘❡s✐❞✉❡s ❛♥❞ ❙t❛♥❞❛r❞ ▼❡tr✐❝s

≤ c46‖ exp(−λ log zE)‖H
= c46 |exp(−λ log z)| ‖E‖H ≤ c46 exp(−ℜ(λ log z))
≤ c47 exp(−λ log |z|) = c47|z|−λ.

❚❤❡ ❧❛st st❡♣ ❢♦❧❧♦✇s ❜② log(z) = log |z| + iϕz, λ = ℜ(λ) + iℑ(λ) ⇒ ℜ(λ log z) =
ℜ(λ) log |z| − ϕzℑ(λ) ❛♥❞ ϕz ∈ [0, 2π] ❜♦✉♥❞s ϕzℑ(λ) ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ z✳ ❚❤✐s
❛♠♦✉♥ts t♦ ❛ ♣♦ss✐❜❧② ❜✐❣❣❡r ❝♦♥st❛♥t c47✳
❘❡❝❛❧❧ t❤❛t Φ ✇❛s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❛❦✐♥❣ ❞✉❛❧s✳ ❍❡♥❝❡ ✇❡ ❝❛♥ r❡♣❡❛t t❤❡
♣r♦❝❡❞✉r❡ ❛❜♦✈❡ t♦ ❡st✐♠❛t❡ ‖l∗‖ ≤ c49|z|−β−ε ❢♦r l∗ ∈ (L∗)−β✳ ❇✉t l ∈ Lβ

⇒ l∗ ∈ (Lβ)
∗ = (L∗)−β

⇒ 1 = l∗(l) ≤ ‖l∗‖h∗‖l‖h ≤ c49|z|−β−ε‖l‖h, ∀ε > 0

⇒ |z|β+ε ≥ ‖l‖h, ∀ε > 0

❇♦t❤ ❡st✐♠❛t❡s t♦❣❡t❤❡r ❧❡❛❞ t♦ l ∼ |z|β✳ ❚❤✐s ✐s ♦✉r ❝❧❛✐♠✳✻

❲❡ ❤❛✈❡ s❡❡♥ ❛❜♦✈❡ t❤❛t ✇❡ ✜♥❞ ❛ ♠❡tr✐❝ ✇✐t❤ ❛❝❝❡♣t❛❜❧❡ ❝✉r✈❛t✉r❡✳ ◆♦t ♦♥❧② Ξ ✐s
✇❡❧❧ ❞❡✜♥❡❞✱ ✐t ✐s ❛s ✇❡❧❧ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❞✉❛❧s✱ ❞❡t❡r♠✐♥❛♥ts ❛♥❞ t❡♥s♦r ♣r♦❞✉❝ts✳
❙♦ ✇❡ ❣❡t t❤❡ ❞✉❛❧ ✜❧tr❛t✐♦♥ ♦♥ t❤❡ ❞✉❛❧ ❜✉♥❞❧❡s E∗✳ ❋✉rt❤❡r♠♦r❡ Φ ❢✉❧✜❧❧s t❤❡
s❛♠❡ ❝♦♠♣❛t✐❜✐❧✐t② ♣r♦♣❡rt✐❡s s♦ ✇❡ ❣❡t ❛s ✇❡❧❧ t❤❡ ❞✉❛❧ ✜❧tr❛t✐♦♥ ♦♥ t❤❡ ❞✉❛❧ ❧♦❝❛❧
s②st❡♠✳

❈♦♥❝❧✉s✐♦♥ ✹✳✸✳✷✳ ▲❡t E ❜❡ ❛ DX−♠♦❞✉❧❡ ✇✐t❤ ❛ t❛♠❡ ❤❛r♠♦♥✐❝ ♠❡tr✐❝ k✳
❚❤❡♥ t❤❡ ♠❡tr✐❝ ✐♥❞✉❝❡s ✜❧tr❛t✐♦♥s ♦♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧♦❝❛❧ s②st❡♠ L ❜② l ∈
L′
α ⇔ l ∈ L, ‖l‖k ≤ clr

α−ε, ∀ε > 0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ k ✐♥❞✉❝❡s ❛ ✜❧tr❛t✐♦♥ Eα ♦♥
E ❛♥❞ Φ ❣❡♥❡r❛t❡s ❛ ✜❧tr❛t✐♦♥ Lα ♦♥ L✳ ❚❤❡♥ Lα = L′

α✳

Pr♦♦❢✳ ▲❡t Eα ❜❡ t❤❡ ✜❧tr❛t✐♦♥ ♦♥ E ✐♥❞✉❝❡❞ ❜② k ❛♥❞ Lα t❤❡ ❜② Φ ✐♥❞✉❝❡❞ ✜❧t❡r❡❞
❧♦❝❛❧ s②st❡♠✳ ❚❤❡♥ ❜② t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ ✹✳✸✳✶ ✇❡ ✜♥❞ ❛ ♣♦ss✐❜❧② ❞✐✛❡r❡♥t ♠❡tr✐❝
h ♦♥ E t❤❛t ✐♥❞✉❝❡s Eα✱ t♦♦✳ ❙✐♥❝❡ ❛❧❧ r❡q✉✐r❡♠❡♥ts ♦❢ ✸✳✵✳✺ ❛r❡ ❢✉❧✜❧❧❡❞ ✇❡ ♠❛②
❝♦♥❝❧✉❞❡ t❤❛t h ❛♥❞ k ❛r❡ ♠✉t✉❛❧❧② ❜♦✉♥❞❡❞✳ ❇✉t h ✐♥❞✉❝❡s t❤❡ ✜❧tr❛t✐♦♥ L′

α ♦♥
L✱ s♦ ❞♦❡s k✳ ❍❡♥❝❡ Lα = L′

α✳

❘❡♠❛r❦ ✹✳✸✳✸✳ ❘❡♠❡♠❜❡r✐♥❣ ✹✳✶✳✷ ❛♥❞ ✹✳✷✳✸ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ✢❛t s❡❝t✐♦♥
♦❢ t❤❡ DX−♠♦❞✉❧❡ ❞❡✜♥❡❞ ❜② Ξ ✇✳r✳t✳ t❤❡ ♥❡✇ ♠❡tr✐❝ ❛r❡ ♣♦❧②♥♦♠✐❛❧❧② ❜♦✉♥❞❡❞✳

✻❲❡ ✉s❡❞ t❤❛t l /∈ Lβ+ε, ∀ε > 0 ✐♥ t❤✐s ❧❛st ❝♦♥❝❧✉s✐♦♥✱ ❡❧s❡ l ≤ |z|β+ε ❢♦r s♦♠❡ ε ✐s ♣♦ss✐❜❧❡✱
✐✳❡✳ ✇❡ ❝♦✉❧❞ ♥♦t s♣❡❝✐❢② ✐❢ l r❡❛❧❧② ❛♣♣❡❛rs ❛t ❧❡✈❡❧ β ✐♥ t❤❡ ✜❧tr❛t✐♦♥ ✇❤✐❝❤ ✐s ✐♥❞✉❝❡❞ ❜② t❤❡
♠❡tr✐❝✳



5 ▼❛✐♥ ❡q✉✐✈❛❧❡♥❝❡

✺✳✶✳ ❆♥❛❧②t✐❝ ❛♥❞ P❛r❛❜♦❧✐❝ ❉❡❣r❡❡

❚❤❡ ✜rst ♣❛rt ♦❢ t❤✐s ❝❤❛♣t❡r ✐♥tr♦❞✉❝❡s t❤❡ ♥♦t✐♦♥s ♦❢ ❞❡❣r❡❡ ❛♥❞ st❛❜✐❧✐t②✳ ❲❡ ✇✐❧❧
❣❡t t❤r❡❡ ❞✐✛❡r❡♥t ❢♦r♠s ♦❢ t❤❡ ❈❤❡r♥✲❲❡✐❧ ❢♦r♠✉❧❛✱ ❝♦♥♥❡❝t✐♥❣ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ ❛
s✉❜❜✉♥❞❧❡ ✇✐t❤ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❜✉♥❞❧❡✳ ❚❤❡ ❢♦r♠✉❧❛ ✇✐❧❧ ♣❛rt✐❝✉❧❛r❧②
❤❡❧♣ ✉s ♣r♦✈❡ t❤❛t t❤❡ ❛♥❛❧②t✐❝ ❞❡❣r❡❡ ❞❡✜♥❡❞ ❛s t❤❡ ✐♥t❡❣r❛❧ ♦✈❡r t❤❡ ❈❤❡r♥ ❢♦r♠
✐s t❤❡ s❛♠❡ ❛s t❤❡ ♣❛r❛❜♦❧✐❝ ❞❡❣r❡❡ ❝♦✉♥t✐♥❣ ✧❥✉♠♣s✧✳ ❙❛♠❡ ❤♦❧❞s ❢♦r st❛❜✐❧✐t②✳
❚❤❡♥ ✇❡ ♠❛② s❤♦✇ t❤❛t ✐rr❡❞✉❝✐❜❧❡ t❛♠❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s ❛r❡ ♠❛♣♣❡❞ ♦♥t♦ st❛❜❧❡
✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡ ♦❢ ❞❡❣r❡❡ 0 r❡s♣✳ st❛❜❧❡ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡s
♦❢ ❞❡❣r❡❡ 0✱ ❛♥❞ t❤❛t ❡✈❡r② t❛♠❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s ❞❡❝♦♠♣♦s❡s ✐♥t♦ ❛ ❞✐r❡❝t s✉♠
♦❢ ✐rr❡❞✉❝✐❜❧❡ t❛♠❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✶ ✭❈❤❡r♥ ❢♦r♠✮✳ ▲❡t Pn ❜❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧s ✐♥
det(E + A) = 1 + P1(A) + . . . Pn(A)✳ ❋♦r t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ ✇❡ ❦♥♦✇
t❤❛t

det(λE − A) = λn − tr(A)λn−1 + . . .+ (−1)n det(A).✶

■♥ ♣❛rt✐❝✉❧❛r c1 = tr(A)✳ ❉❡✜♥❡ t❤❡ k−t❤ ❈❤❡r♥ ❢♦r♠ ❛s

ck = Pk

(
i

2π
Rh

)

,

❢♦r t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ✉♥✐q✉❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ Rh ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❤♦❧♦♠♦r✲
♣❤✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ❤❡r♠✐t✐❛♥ ✈❡❝t♦r ❜✉♥❞❧❡ (E, h, ∂E)✳ ■♥ ♣❛rt✐❝✉❧❛r c1 = tr(Rh)✳

❲❡ ✇❛♥t t♦ ❛❞❞ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ❈❤❡r♥ ❢♦r♠s✳ ❆ ♣r♦♦❢ ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ❍✉②✲
❜r❡❝❤ts ✭❬❍✉②✵✺❪✮✱ ❈♦♠♣❧❡① ●❡♦♠❡tr②✱ ♣✳ ✶✾✼✳

✶▼♦st ❜♦♦❦s ♦♥ ❧✐♥❡❛r ❛❧❣❡❜r❛✳



✶✶✻ ⑤ ✺✳ ▼❛✐♥ ❡q✉✐✈❛❧❡♥❝❡

▲❡♠♠❛ ✺✳✶✳✷✳ ✭✐✮ ▲❡t E1 ❛♥❞ E2 ❜❡ t✇♦ ❤❡r♠✐t✐❛♥ ✈❡❝t♦r ❜✉♥❞❧❡s✳ ❚❤❡♥
E1 ⊕ E2 ❤❛s ❛♥ ✐♥❞✉❝❡❞ ♠❡tr✐❝ ❛♥❞ ❛♥ ✐♥❞✉❝❡❞ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥✳ ❲❡ ❤❛✈❡
c1(E1 ⊕ E2) = c1(E1) + c2(E2)✳ ❚❤✐s ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤❡ ❲❤✐t♥❡② s✉♠✳
■♥ ♣❛rt✐❝✉❧❛r ❤✐❣❤❡r ❈❤❡r♥ ❢♦r♠s ❞❡❝♦♠♣♦s❡ ♥♦t tr✐✈✐❛❧❧②✳

✭✐✐✮ ▲❡t E∗ ❜❡ t❤❡ ❞✉❛❧ ❜✉♥❞❧❡ t♦ E ✇✐t❤ t❤❡ ✐♥❞✉❝❡❞ ❞✉❛❧ ♠❡tr✐❝ ❛♥❞ ❝♦♥♥❡❝t✐♦♥✳
❚❤❡♥ ck(E∗) = (−1)kck(E)✳ ■♥ ♣❛rt✐❝✉❧❛r c1(E∗) = −c1(E)✳

✭✐✐✐✮ ❋♦r t❤❡ t❡♥s♦r ♣r♦❞✉❝t ♦❢ t✇♦ ✈❡❝t♦r ❜✉♥❞❧❡s E1, E2 ✲ ❛❣❛✐♥ ✇✐t❤ ✐♥❞✉❝❡❞
♠❡tr✐❝ ❛♥❞ ❝♦♥♥❡❝t✐♦♥ ✲

c1(E1 ⊗ E2) = dim(E1)c1(E2) + dim(E2)c1(E1).

❍✐❣❤❡r ❈❤❡r♥ ❝❧❛ss❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❜② t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ t♦t❛❧ ❈❤❡r♥ ❝❤❛r✲
❛❝t❡rs✳

✭✐✈✮ ❙✐♥❝❡ etrX = det eX ✇❡ ❣❡t ❢♦r X = log(H)✿

tr(logH) = log(etr(logH)) = log det elogH = log det(H)

⇒ ∂∂ log det(H) = ∂∂tr(logH) = tr(∂∂ logH) = tr(Rh)

❜② ❧✐♥❡❛r✐t② ♦❢ t❤❡ tr❛❝❡✱ ✇❤❡r❡ Rh ✐s t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥
♦♥ t❤❡ ♦r✐❣✐♥❛❧ ❜✉♥❞❧❡✳ ❍❡♥❝❡ t❤❡ ✜rst ❈❤❡r♥ ❢♦r♠ ♦❢ ❛ ❜✉♥❞❧❡ E ❝♦✐♥❝✐❞❡s
✇✐t❤ t❤❡ ✜rst ❈❤❡r♥ ❢♦r♠ ♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥t ❜✉♥❞❧❡ ♦❢ E✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✸✳ ❚❤❡ ❛♥❛❧②t✐❝ ❞❡❣r❡❡ ♦❢ ❛ ❤❡r♠✐t✐❛♥ ✈❡❝t♦r ❜✉♥❞❧❡ E ♦✈❡r X ✐s
❞❡✜♥❡❞ ❛s

❞❡❣(E) := πΛ

∫

X

c1(E) =

∫

X

(iΛtr(Rh)) d x ∧ d y,

✇✐t❤ Rh t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ✉♥✐q✉❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❤♦❧♦✲
♠♦r♣❤✐❝ str✉❝t✉r❡✳

❘❡♠❛r❦ ✺✳✶✳✹✳ ❇② t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ✺✳✶✳✷ ✭✐✈✮ ✇❡ s❡❡ t❤❛t t❤❡ ❞❡❣r❡❡ ✐s ✐♥✈❛r✐✲
❛♥t ✉♥❞❡r t❤❡ tr❛♥s✐t✐♦♥ t♦ t❤❡ ❞❡t❡r♠✐♥❛♥t ❜✉♥❞❧❡✳ ❇② ✭✐✮ ✇❡ ❣❡t ❞❡❣(E1⊕E2) =
❞❡❣(E1)+❞❡❣(E2) ❛♥❞ ❜② ✭✐✐✐✮ ❞❡❣(E1⊗E2) = ❞❡❣(E1) dim(E2)+❞❡❣(E2) dim(E1)✳
❋♦r t❤❡ ❞✉❛❧ ❜✉♥❞❧❡ ✇❡ ❣❡t ❞❡❣(E∗) = −❞❡❣(E)✳

❋♦r ✜❧t❡r❡❞ ✈❡❝t♦r ❜✉♥❞❧❡s t❤❡r❡ ✐s ❛s ✇❡❧❧ ❛ ♥♦t✐♦♥ ♦❢ ❞❡❣r❡❡✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧
♣❛r❛❜♦❧✐❝ ♦r ❛❧❣❡❜r❛✐❝ ❞❡❣r❡❡✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳✺✳ ▲❡t (E,Eα) ❜❡ ❛ ✜❧t❡r❡❞ ✈❡❝t♦r ❜✉♥❞❧❡✳ ❚❤❡ ❛❧❣❡❜r❛✐❝ ♦r
♣❛r❛❜♦❧✐❝ ❞❡❣r❡❡ ✐s ❞❡✜♥❡❞ ❛s

♣❛r✲❞❡❣(E,Eα) := π❞❡❣(E0) + π
∑

s∈X\X

∑

0≤α<1

α dim(●rα(Es)).



✺✳✶✳ ❆♥❛❧②t✐❝ ❛♥❞ P❛r❛❜♦❧✐❝ ❉❡❣r❡❡ ⑤ ✶✶✼

❍❡r❡ ❞❡❣(E0) ✐s t❤❡ ✉s✉❛❧ ❞❡❣r❡❡ ♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥t ❧✐♥❡ ❜✉♥❞❧❡✿

❉❡✜♥✐t✐♦♥ ✺✳✶✳✻✳ ❚❤❡ ❞❡❣r❡❡ ♦❢ ❛ ❧✐♥❡ ❜✉♥❞❧❡ ✐s t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❞✐✈✐s♦r✱ ✐✳❡✳ ❢♦r D =

∑

s∈S nss⇒ ❞❡❣D =
∑

s∈S ns✳
❋♦r ❛ ✈❡❝t♦r ❜✉♥❞❧❡ E t❤❡ ❞❡❣r❡❡ ✐s t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡t❡r♠✐♥❛♥t
❜✉♥❞❧❡ ✲ ❞❡❣(E) := ❞❡❣(det(E))✳

❲❡ ❛❞❞❡❞ ❤❡r❡ ❛ s❝❛❧❛r ❢❛❝t♦r π ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❙✐♠♣s♦♥✱ ❜❡❝❛✉s❡ ✇❡ ❤❛✈❡ t❤❡
s❛♠❡ ❢❛❝t♦r ❢♦r t❤❡ ❛♥❛❧②t✐❝ ❞❡❣r❡❡✳ ■♥ ❬❙✐♠✽✽❪ ✭❡①♣❧❛♥❛t✐♦♥ ❜❡❢♦r❡ ❧❡♠♠❛ ✶✵✳✺✮
❤❡ ❛❞❞s 2π ✲ t❤❡ ❢❛❝t♦r t✇♦ ❝♦rr❡s♣♦♥❞s t♦ iΛ ✐♥st❡❛❞ ♦❢ i

2
Λ✳

❘❡♠❛r❦ ✺✳✶✳✼✳ ❚❤❡ ❞❡❣(E0) ♣❛rt ❢✉❧✜❧❧s t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ❙♦
❞♦❡s t❤❡ s❡❝♦♥❞ ♣❛rt✿

✭✐✮ ❚❤❡ ❞❡t❡r♠✐♥❛♥t ♦❢ E ❤❛s t❤❡ ✜❜❡rs
∧n

k=1Ex ❛♥❞ det(Ex)α =
∑

r1+...+rn=α

∧n
k=1(Erk)x✳ ■♥ ♦r❞❡r t♦ ❣❡t ❛ ♥♦♥✲✈❛♥✐s❤✐♥❣ ●rα ✐♥ t❤✐s ✜❧✲

tr❛t✐♦♥ ✇❡ ♥❡❡❞ ❛ ❜❛s✐s (ek) ♦❢ E s✉❝❤ t❤❛t ek ∈ Erk ❛♥❞ rk ❛ ❥✉♠♣✱
✐✳❡✳ α = r1 + . . . + rn ❛♥❞ rk t❤❡ ❥✉♠♣s ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ✜❧tr❛t✐♦♥ ♦❢ E
⇒ ♣❛r✲❞❡❣(E) = ♣❛r✲❞❡❣(det(E))✳

✭✐✐✮ ❋♦r E1⊕E2 ✇❡ ❤❛✈❡ (E1⊕E2)α = (E1)α⊕(E2)α ❛♥❞ t❤❡r❡✇✐t❤ dim●rα(E1⊕
E2) = dim●rα(E1) + dim●rα(E2)✳

✭✐✐✐✮ ❋♦r E∗ ✇❡ ❤❛✈❡ (E∗)α = E∗
−α ❛♥❞ ❤❡♥❝❡ t❤❡ ♥♦♥✲✈❛♥✐s❤✐♥❣ q✉♦t✐❡♥ts ♦❝❝✉r

❛t −α ✐♥st❡❛❞ ♦❢ α✳ ❚❤❡ ❞✐♠❡♥s✐♦♥ ✐s t❤❡ s❛♠❡ ❜② E ≃ E∗✳ ❍❡♥❝❡ t❤❡ ❞❡❣r❡❡
❝❤❛♥❣❡s ❜② ❛ s✐❣♥✳

✭✐✈✮ ❋♦r t❤❡ t❡♥s♦r ♣r♦❞✉❝t (E1 ⊗ E2)α =
∑

r+r2=α(E1)r1 ⊗ (E2)r2 ✳ ❚❤✉s ✇❡
✇✐❧❧ ❣❡t ❛ ♥♦♥✲tr✐✈✐❛❧ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ❞❡❣r❡❡ ♦♥❧② ✐❢ r1 ❛♥❞ r2 ❛r❡ ❡❛❝❤
❥✉♠♣s✳ ◆♦t❡ t❤❛t t❤❡ ✇❡✐❣❤t ✐s r1 + r2✱ ✐✳❡✳ ✐t ✧❝♦✉♥ts ❢♦r ❜♦t❤ ❥✉♠♣s✧ ✭✇❡
❛r❡ ♥♦t ❝♦✉♥t✐♥❣ t✇✐❝❡✮✳ ◆♦✇ ✇❡ ♠❛② ❝♦♠❜✐♥❡ ❛ ❥✉♠♣ α1 ✇✐t❤ ❡❛❝❤ ❥✉♠♣
♦❢ E2✱ ✐✳❡✳ ❣❡t dim(E2)♣❛r✲❞❡❣(E1) ❛♥❞ ❛♥❛❧♦❣♦✉s dim(E1)♣❛r✲❞❡❣(E2) ⇒
♣❛r✲❞❡❣(E1 ⊗ E2) = ♣❛r✲❞❡❣(E1) dim(E2) + ♣❛r✲❞❡❣(E2) dim(E1)✳

▲❡♠♠❛ ✺✳✶✳✽✳ ■❢ (E, h) ✐s ❛ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ ✇✐t❤ ❛❝❝❡♣t❛❜❧❡ ♠❡tr✐❝✱
t❤❡♥ t❤❡ ❞❡❣r❡❡ ✐s ❝♦♥✈❡r❣❡♥t✳ ■❢ Eα ✐s t❤❡ ✜❧tr❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② Ξ t❤❡♥ ❞❡❣(E, h) =
♣❛r✲❞❡❣(E,Eα)✳

Pr♦♦❢✳ ■❢ (E, h) ✐s ❛❝❝❡♣t❛❜❧❡ t❤❡♥ t❤❡ ❝✉r✈❛t✉r❡ Rh ♦❢ t❤❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ ✐s
❜♦✉♥❞❡❞ ❜② cacc

|z|2| log |z||2 ✱ ❛♥❞ ✐s ✐♥ ♣❛rt✐❝✉❧❛r L1−✐♥t❡❣r❛❜❧❡✳ ❙♦ t❤❡ ❞❡❣r❡❡ ✐s ❛❜✲

s♦❧✉t❡❧② ✐♥t❡❣r❛❜❧❡✿ tr(Rh) = 〈Rh, E〉F ≤ ‖Rh‖F‖E‖F =
√
n‖Rh‖F ❜② ❈❛✉❝❤②✲

❙❝❤✇❛r③✳
❆s ✉s✉❛❧ r❡str✐❝t t♦ t❤❡ ♣✉♥❝t✉r❡❞ ✉♥✐t ❞✐s❝✳ ❋♦r ♠♦r❡ s✐♥❣✉❧❛r✐t✐❡s ✇❡ ♦♥❧② ♥❡❡❞
t♦ s✉♠ ✉♣ ❛s ❞♦♥❡ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣❛r❛❜♦❧✐❝ ❞❡❣r❡❡✳
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❋✉rt❤❡r ✇❡ ❦♥♦✇ t❤❛t Ξ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❛❦✐♥❣ t❤❡ ❞❡t❡r♠✐♥❛♥t ❛♥❞ t❤❛t ❜♦t❤
♥♦t✐♦♥s ♦❢ ❞❡❣r❡❡ ❛r❡ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ tr❛♥s✐t✐♦♥ t♦ t❤❡ ❞❡t❡r♠✐♥❛♥t ❜✉♥❞❧❡✳
❍❡♥❝❡ ✐t ✇✐❧❧ ❜❡ ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❡ ❧❡♠♠❛ ❢♦r ❡✈❡r② ❞❡t❡r♠✐♥❛♥t ❜✉♥❞❧❡✱ ✐✳❡✳ ❢♦r
❡✈❡r② ❧✐♥❡ ❜✉♥❞❧❡✳ ▲❡t L ❜❡ ♦✉r ❧✐♥❡ ❜✉♥❞❧❡ ✇✐t❤ ✜❧tr❛t✐♦♥ Lγ := Ξ(L)γ✱ ✐✳❡✳ t❤❡
s❡❝t✐♦♥s ✐♥ L0 ❛r❡ t❤❡ h−❜♦✉♥❞❡❞ s❡❝t✐♦♥s✳ ❍❡♥❝❡ ✇❡ ♠❛② ✐❞❡♥t✐❢② L0 ✇✐t❤ OX ✳
■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐✈✐s♦r ✐s 0✱ ✐✳❡✳ ❞❡❣(L0) = 0✳ ▼♦r❡♦✈❡r t❤❡ s✐♥❣❧❡
❥✉♠♣ α✱ 0 ≤ α < 1 ✐♥ t❤❡ ✜❧tr❛t✐♦♥ ♦❢ L ✐s ♦❢ ❞✐♠❡♥s✐♦♥ 1 ❢♦r ❛ ❧✐♥❡ ❜✉♥❞❧❡✳ ❍❡♥❝❡
❞❡❣(L,Lγ) = πα✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ❦♥♦✇ t❤❛t L = Lα ❛s OX−❜✉♥❞❧❡s✱ ✐✳❡✳ ✇❡ ✜♥❞
❛ OX✲❢r❛♠❡ e ♦❢ L ✐♥ Lα ✲ e ∼ |z|α ✐♥ t❤❡ s❡♥s❡

| log ‖e‖h − log rα| ≤ ε̃| log r|, ∀ε > 0.

■♥ ♦r❞❡r t♦ s❤♦✇ t❤✐s✱ ♥♦t❡ ✜rst t❤❛t e ∈ Lα = Ξ(L)α ⇒ ‖e‖h ≤ cer
α−ε̃, ∀ε̃ > 0✳

❲❡ ♠❛② ❛ss✉♠❡ ce = 1 ❜② r❡s❝❛❧✐♥❣ e✳ ❖❜✈✐♦✉s❧② t❤✐s ✐s st✐❧❧ ✐♥ Lα ⇒ log ‖e‖h ≤
log rα − ε̃ log r ⇒ log ‖e‖h − log rα ≤ ε̃| log r|✳
❋♦r t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥ ✉s❡ t❤❛t Ξ ✐♥❞✉❝❡s t❤❡ ❞✉❛❧ ❝♦♥♥❡❝t✐♦♥ ♦♥ t❤❡ ❞✉❛❧ ❜✉♥❞❧❡✳
❚❛❦❡ e∗ ∈ L∗

α = (L∗)−α t❤❡ ❞✉❛❧ s❡❝t✐♦♥ ✲ e∗(e) = 1✳ ❘❡♠❡♠❜❡r ❛s ✇❡❧❧ t❤❛t
‖e∗‖h∗ = ‖e‖−1

h

⇒ ‖e∗‖h∗ ≤ r−α−ε̃, ∀ε̃ > 0 ⇒ − log ‖e‖h ≤ − log rα − ε̃ log r, ∀ε̃ > 0

⇒ log ‖e‖h − log rα ≥ ε̃ log r = −ε̃| log r|, ∀ε̃ > 0

⇒ | log ‖e‖h − log rα| ≤ ε̃| log r|.
❘❡♠❛r❦ ✺✳✶✳✾✳ ◆♦t❡ t❤❛t ✇❡ ❞✐❞♥✬t ✉s❡ ❛♥② ♣r♦♣❡rt✐❡s ♦❢ ❛ ❧✐♥❡ ❜✉♥❞❧❡ ❤❡r❡✱
s♦ t❤❡ ❡st✐♠❛t❡ ❤♦❧❞s ✐♥ ❣❡♥❡r❛❧ ❢♦r ❡✈❡r② α ∈ Ξ(E)α \ Ξ(E)α+ε̃ ❢♦r ❛ ❣❡♥❡r❛❧
❛❝❝❡♣t❛❜❧❡ ❜✉♥❞❧❡ E✳

◆♦✇ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ✉♥✐q✉❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ Rh ♦❢ L ✐s ❣✐✈❡♥ ❜② Rh =
d z∧d z

4
∆X log ‖e‖h✳ ❖♥ t❤❡ ❝♦♠♣❧❡t✐♦♥ ❤♦✇❡✈❡r✱ ✇❡ ❣❡t⇒ d z∧d z

4
∆X log ‖e‖h = Rh−

2παδ0 d z ∧ d z✷✿ ❋✐rst ♥♦t❡ log rα = α log r✳ ❇✉t 1
2π

log r ✐s t❤❡ ●r❡❡♥✬s ❢✉♥❝t✐♦♥✱
✐✳❡✳ ❛ δ✲❞✐str✐❜✉t✐♦♥ ✇✐t❤ ✇❡✐❣❤t ❛t 0✳ ❚❤❡r❡❢♦r❡ ∆X log rα = ∆X log rα + 2παδ0✳
❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ‖e‖h ❞✐✛❡rs ❢r♦♠ log rα ❛t ♠♦st ε̃ log r✳ ❙♦ ✇❡ st✐❧❧ ♥❡❡❞ t♦ s❤♦✇
t❤❛t t❤❡ ▲❛♣❧❛❝✐❛♥ ♦❢ log ‖e‖h − log rα ❞♦❡s ✈❛♥✐s❤✳ ❇✉t

| log ‖e‖h − log rα|
log r

≤ ε̃| log r|
log r

= ε̃, ∀ε̃ > 0,

⇒ | log ‖e‖h − log rα|
log r

→ 0, ❢♦r r → 0.

▲❡t ∆|X ❞❡♥♦t❡ t❤❡ tr✐✈✐❛❧ ❡①t❡♥s✐♦♥ ♦❢ ∆X t♦ X✳ ❚❤❡♥ −∆X(log ‖e‖h − log rα) =
−∆|X(log ‖e‖h − log rα) =: −b✳ b ✐s ❛ L1−❢✉♥❝t✐♦♥ s✐♥❝❡ ∆X log ‖e‖ = 4Rh ❛♥❞
∆ log rα ❛r❡ L1−✐♥t❡❣r❛❜❧❡✳

✷δ0 ✐s t❤❡ δ−❞✐str✐❜✉t✐♦♥ ✇✐t❤ ✇❡✐❣❤t ❛t 0✳
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❘❡♠❛r❦ ✺✳✶✳✶✵✳ ◆♦t❡ t❤❛t Rh ✐s L1 s✐♥❝❡ ✐t ✐s ❛❝❝❡♣t❛❜❧❡✳ ▲❛t❡r ♦♥ ✇❡ ✇✐❧❧ tr❡❛t
s✉❜❜✉♥❞❧❡s✱ ✇❤❡r❡ ✇❡ ❤❛✈❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ♣❡rt✉r❜❛t✐♦♥ t❡r♠ ✇❤✐❝❤ ✐s L1✳ ❙♦ t❤❡
t❤❡♦r② ❛♣♣❧✐❡s t❤❡r❡ t♦♦✳

❇② ❧❡♠♠❛ ✶✳✼✳✾ ✇❡ ❣❡t ∆X(log ‖e‖h − log rα) = ∆|X(log ‖e‖h − log rα)✳✸ ◆♦✇
t❤❡ ✐♥t❡❣r❛❧ ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ♦✈❡r ❛ ❝♦♠♣❛❝t ❞♦♠❛✐♥ ❤❛s t♦ ✈❛♥✐s❤✹ ⇒ 0 =
∫

X
∆X(log ‖e‖h − log rα) =

∫

X
∆|X(log ‖e‖h − log rα) =

∫

X
∆X(log ‖e‖h − log rα)✳

❚❤✐s s❤♦✇s t❤❡ ❢♦r♠✉❧❛ ❛❤❡❛❞✳

✺✳✷✳ ❈❤❡r♥✲❲❡✐❧ ❢♦r♠✉❧❛

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✇❡ ♠❛② ❝❛❧❝✉❧❛t❡ t❤❡ ❛♥❛❧②t✐❝ ❞❡❣r❡❡ ♦❢ ❛ ❍✐❣❣s
r❡s♣✳ DX✲❜✉♥❞❧❡ ✉s✐♥❣ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ❝♦♥♥❡❝t✐♦♥ Fh ♦r t❤❡ ♣s❡✉❞♦✲❝✉r✈❛t✉r❡
Gh ✐♥st❡❛❞ ♦❢ t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ Rh✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✶ ✭❈❤❡r♥✲❲❡✐❧✮✳ ▲❡t E ❜❡ ❛ ♠❡tr✐❝ ❜✉♥❞❧❡ ❛♥❞ F ❜❡ ❛ ❤♦❧♦✲
♠♦r♣❤✐❝ s✉❜❜✉♥❞❧❡✱ t❤❡♥ h ✐♥❞✉❝❡s ❛ ♠❡tr✐❝ ♦♥ F ❛♥❞ ✇❡ ❣❡t

❞❡❣(F, hF ) = i

∫

X

tr(πΛRh)−
∫

X

‖(∂E)❊♥❞(π)‖2h,

✇✐t❤ Rh t❤❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ ♦♥ E ❛♥❞ π t❤❡ h−♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ♦♥ F ✳

✭✐✮ ■❢ ♠♦r❡♦✈❡r E ✐s ❛ ❍✐❣❣s ❜✉♥❞❧❡ ✇✐t❤ ❍✐❣❣s ✜❡❧❞ θ ❛♥❞ F ❛ ❍✐❣❣s s✉❜❜✉♥❞❧❡✱
✐✳❡✳ F ✐s ♣r❡s❡r✈❡❞ ❜② θ✱ t❤❡♥

❞❡❣(F, hF ) = i

∫

X

tr(πΛFh)−
∫

X

‖(d′′E)❊♥❞(π)‖2h,

✇❤❡r❡ Fh ✐s t❤❡ ❝✉r✈❛t✉r❡ ♦❢ ∂E + ∂E + θ + θ†✱ d′′V = ∂V + θ✳

✭✐✐✮ ■❢ V ✐s ❛ DX−♠♦❞✉❧❡✱ ✐✳❡✳ DV = D′
V + D′′

V ✢❛t✱ F ❛ DX−s✉❜❜✉♥❞❧❡✱ ✐✳❡✳
♣r❡s❡r✈❡❞ ❜② D′

V ❛♥❞ D′′
V ✱ t❤❡♥

❞❡❣(W,hW ) = i

∫

X

tr(−2πΛGh)−
1

2

∫

X

‖(DV )❊♥❞(π)‖2h,

✇❤❡r❡ Gh ✐s t❤❡ ♣s❡✉❞♦ ❝✉r✈❛t✉r❡✿ ∂V θ + θ∂V ✳

✸❊q✉❛❧✐t② s✐♥❝❡ −∆f = −b ♦♥ X ⇒ −∆f + b = 0,∆f − b = 0 ♦♥ X ⇒ −∆f ≤ −b,∆f ≤ b
♦♥ X ⇒ b ≤ ∆f ≤ b✳

✹❝❢✳ ▼ü❧❧❡r✱ ❬P❉❊✵✾❪✱ ♣✳ ✶✹✱ ❧❡♠♠❛ ✷✳✻✳
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Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ✐♥ ❬❙✐♠✾✵❪✱ ♣✳ ✼✺✷❢✳ ❚❤❡ ❣❡♥❡r❛❧ ✐❞❡❛ ❝❛♥
❜❡ ❢♦✉♥❞ ✐♥ ❬●❍✼✽❪✱ ♣✳ ✼✽✳
◆♦t❡ t❤❛t

✭✐✮ ❋♦r ❛ ❍✐❣❣s ❜✉♥❞❧❡ Fh = ∂E∂E+∂E∂E+θθ
†+θ†θ+∂Eθ+θ∂E+∂Eθ

†+θ†∂E =
∂E∂E + ∂E∂E + θθ† + θ†θ = Rh + θθ† + θ†θ ❜② t❤❡ ❤♦❧♦♠♦r♣❤② ♦❢ t❤❡ ❍✐❣❣s
✜❡❧❞✳ ❲❤❡♥ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❞❡❣r❡❡ ✇❡ ✉s❡ t❤❡ tr❛❝❡✱ ❜✉t tr(θθ† + θ†θ) =
tr(θθ† − θθ†) = 0✱ ✇❤❡r❡ t❤❡ ✧✲✧ ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ✇❡ ✇♦r❦ ✇✐t❤ ♦♥❡✲
❢♦r♠s✳ ❲❡ ❤❛✈❡

❞❡❣(E, h) = i

∫

X

Λtr(Rh) = i

∫

X

Λtr(Fh).

❆s ❡✈❡r② ❍✐❣❣s s✉❜❜✉♥❞❧❡ ✐s ❛ ❍✐❣❣s ❜✉♥❞❧❡ ✐ts❡❧❢✱ t❤✐s ♥♦t✐♦♥ ♦❢ ❞❡❣r❡❡ ✐s
❛✈❛✐❧❛❜❧❡ ✐♥ s✉❜❜✉♥❞❧❡s t♦♦✳

✭✐✐✮ ❋♦r ❛ DX−♠♦❞✉❧❡ V ✇❡ ❣❡t ❜② ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ ✉s✐♥❣ ❆✳✶✳✸✼

Rh = (∂V + θ†)(∂V − θ) + (∂V − θ)(∂V + θ†)

= ∂V ∂V + ∂V ∂V − (θθ† + θ†θ) + (∂V θ
† + θ†∂V )− (∂V θ + θ∂V )

= ∂V ∂V + ∂V ∂V + θθ† + θ†θ +Gh −Gh

−2(θθ† + θ†θ)−Gh −Gh

= D2 − 2(θθ† + θ†θ)− 2Gh

= −2(θθ† + θ†θ)− 2Gh.

❆❣❛✐♥ t❤❡ tr❛❝❡ ♦❢ −2(θθ† + θ†θ) ❞♦❡s ✈❛♥✐s❤✿

❞❡❣(V, h) = i

∫

X

Λtr(Rh) = i

∫

X

Λtr(−2Gh).

❖❢ ❝♦✉rs❡ t❤❡ s❛♠❡ ❤♦❧❞s ❢♦r ❛ s✉❜❜✉♥❞❧❡✳

▲❡t ✉s st❛rt ✇✐t❤ t❤❡ ❛❝t✉❛❧ ♣r♦♦❢✳ ▲❡t DE = ∂E + ∂E ❜❡ ♦✉r ♠❡tr✐❝ ❝♦♥♥❡❝✲
t✐♦♥✳ ❲❡ ✉s❡ t❤❡ ❍✐❣❣s ❜✉♥❞❧❡ ♥♦t❛t✐♦♥ ❤❡r❡ ❜✉t ∂E ❝❛♥ ❜❡ ❛♥② (1, 0) ♣❛rt
♦❢ ❛ ❝♦♥♥❡❝t✐♦♥✱ s✉❝❤ ❛s ∂V − θ ✐♥ t❤❡ DX−♠♦❞✉❧❡ ♥♦t❛t✐♦♥✳ ▲❡t F ⊂ E ❜❡
❛ ❤♦❧♦♠♦r♣❤✐❝ s✉❜❜✉♥❞❧❡✳ ❙✐♥❝❡ F ✐s ∂E−✐♥✈❛r✐❛♥t✱ t❤❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ ✐s
DF = π∂Eπ + π∂Eπ = ∂Eπ + π∂Eπ✳
❚❤❡♥ ❜② π2 = π ❢♦r t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥

RF
h = π∂Eπ∂π + π∂Eπ∂Eπ

= π∂E∂π + π∂E∂Eπ + π(∂Eπ − π∂E)∂Eπ

= πRE
h π + (∂Eπ − π∂E)(∂Eπ − π∂E)
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= πRE
h π + (∂E)❊♥❞(π)(∂E)❊♥❞(π),

✇❤❡r❡ ✇❡ ✉s❡❞ ✐♥ t❤❡ ❧✐♥❡ ❜❡❢♦r❡ t❤❡ ❧❛st (∂Eπ − π∂E)π = ∂Eπ − ∂Eπ = 0✳ ❲❡
♥♦✇ ❤❛✈❡

itr(ΛRF
h ) = iΛtr(πRE

h π) + iΛtr((∂E)❊♥❞(π)(∂E)❊♥❞(π))

= iΛtr(π2RE
h )− iΛtr((∂E)❊♥❞(π)(∂E)❊♥❞(π))

= iΛtr(πRE
h )− itr(Λ(∂E)❊♥❞(π)(∂E)❊♥❞(π)).

◆♦✇ ✉s✐♥❣ ♦✉r ❑ä❤❧❡r ✐❞❡♥t✐t✐❡s ✭❛♣♣❧✐❡❞ t♦ t❤❡ ❝♦♥♥❡❝t✐♦♥ ♦♥ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠
❜✉♥❞❧❡✮ ✇❡ ❢✉rt❤❡r ❝♦♥❝❧✉❞❡

−tr(iΛ(∂E)❊♥❞(π)(∂E)❊♥❞(π)) = −tr(−((−∂E)❊♥❞(π))∗(∂E)❊♥❞(π))
= +〈(∂E)❊♥❞(π),−(∂E)❊♥❞(π)〉HS

= −‖∂E)❊♥❞(π)‖2F ,

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❛t (∂Eπ−π∂E)∗ = π∗∂
∗
E−∂

∗
Eπ

∗ = −(∂E)❊♥❞(π) ❛s t❤❡ ♦rt❤♦❣♦♥❛❧
♣r♦❥❡❝t✐♦♥ π ✐s ❤❡r♠✐t✐❛♥✳ P✉tt✐♥❣ ❛❧❧ t♦❣❡t❤❡r ✇❡ ❣❡t ♦✉r ❈❤❡r♥✲❲❡✐❧ ❢♦r♠✉❧❛

∫

X

itr(ΛRF
h ) =

∫

X

iΛtr(πRE
h )−

∫

X

‖(∂E)❊♥❞(π)‖2F

⇒ ❞❡❣(F, h) =
∫

X

iΛtr(πRE
h )−

∫

X

‖(∂E)❊♥❞(π)‖2F . ✭❈❲✶✮

❋♦r t❤❡ ❝✉r✈❛t✉r❡ Fh ❛♥❞ Gh t❤❡ ♣r♦❝❡❞✉r❡ ✇♦r❦s ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡✿

✭✐✮ ▲❡t DE = ∂E + ∂E + θ + θ† = d′E + d′′E; d
′′ = ∂V + θ ❜❡ ♦✉r ❝♦♥♥❡❝t✐♦♥ ✇✐t❤

❝✉r✈❛t✉r❡ FE
h ❛♥❞ F ❛ s✉❜✲❍✐❣❣s ❜✉♥❞❧❡✳ ❙✐♥❝❡ F ✐s ∂E−✐♥✈❛r✐❛♥t ❛s ✇❡❧❧ ❛s

θ−✐♥✈❛r✐❛♥t ✇❡ ❤❛✈❡ DF = πd′Eπ + πd′′Eπ = πd′Eπ + d′′Eπ✳
◆♦t❡ t❤❛t ❢♦r ❛ ❍✐❣❣s ❜✉♥❞❧❡ 0 = ∂Eθ+θ∂E = (d′′E)

2 = −(d′)2 = −∂Eθ†−θ†∂E
⇒ FE

h = d′Ed
′′
E + d′′Ed

′
E✳ ❆❣❛✐♥ ✉s✐♥❣ π2 = π ❢♦r t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥

F F
h = πd′Eπ∂π + πd′′Eπd

′
Eπ

= πd′E∂π + πd′′Ed
′
Eπ + π(d′′Eπ − πd′′E)d

′
Eπ

= πFE
h π + (d′′Eπ − πd′′E)(d

′
Eπ − πd′E)

= πFE
h π + (d′′E)❊♥❞(π)(d

′
E)❊♥❞(π),

✇❤❡r❡ ✇❡ ✉s❡❞ (d′′Eπ − πd′′E)π = d′′Eπ − d′′Eπ = 0✳ ❲❡ ♥♦✇ ❤❛✈❡

itr(ΛF F
h ) = iΛtr(πFE

h π) + iΛtr((d′′E)❊♥❞(π)(d
′
E)❊♥❞(π))

= iΛtr(π2FE
h )− iΛtr((d′E)❊♥❞(π)(d

′′
E)❊♥❞(π))

= iΛtr(πFE
h )− itr(Λ(d′E)❊♥❞(π)(d

′′
E)❊♥❞(π)).
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❆♣♣❧②✐♥❣ ♦✉r ❑ä❤❧❡r ✐❞❡♥t✐t✐❡s ✭❛♣♣❧✐❡❞ t♦ t❤❡ ❝♦♥♥❡❝t✐♦♥ ♦♥ t❤❡ ❡♥❞♦♠♦r✲
♣❤✐s♠ ❜✉♥❞❧❡✮ ✇❡ ❣❡t

−tr(iΛ(d′E)❊♥❞(π)(d
′′
E)❊♥❞(π)) = −tr(−((−d′′E)❊♥❞(π))∗(d′′E)❊♥❞(π))

= 〈(d′′E)❊♥❞(π),−(d′′E)❊♥❞(π)〉HS

= −‖d′′E)❊♥❞(π)‖2F ,

✇❤❡r❡ ✇❡ ✉s❡❞ ❛❣❛✐♥ t❤❛t t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ π ✐s ❤❡r♠✐t✐❛♥ ✭❝❢✳ t❤❡
♠❡tr✐③❡❞ ❜✉♥❞❧❡ ❝❛s❡✮✳ P✉tt✐♥❣ ❛❧❧ t♦❣❡t❤❡r ✇❡ ❣❡t ♦✉r ❈❤❡r♥✲❲❡✐❧ ❢♦r♠✉❧❛

∫

X

itr(ΛF F
h ) =

∫

X

iΛtr(πFE
h )−

∫

X

‖(d′′E)❊♥❞(π)‖2F

⇒ ❞❡❣(F, h) =
∫

X

iΛtr(πFE
h )−

∫

X

‖(d′′E)❊♥❞(π)‖2F . ✭❈❲✷✮

✭✐✐✮ ❚❤❡ t❤✐r❞ ❝❛s❡ ♦❢ ✐♥t❡r❡st ✐s t❤❡ ❞❡❣r❡❡ ✐♥ t❡r♠s ♦❢ t❤❡ ♣s❡✉❞♦✲❝✉r✈❛t✉r❡ Gh✳
▲❡tW ⊂ V ❜❡ ❛ s✉❜−DX− ♠♦❞✉❧❡✿ ∇V = ∂V +θ ❛♥❞ D′′

V = ∂V +θ
† ♣r❡s❡r✈❡

W ⇒ DV = ∇V + D′′
V ♣r❡s❡r✈❡s W ✳ ❚❤❡♥ t❤❡ ❜② DV ✐♥❞✉❝❡❞ ❝♦♥♥❡❝t✐♦♥

DW s❛t✐s✜❡s

DW = πDV π = DV π.

◆♦✇ ✇❡ ♠❛② ✇r✐t❡ t❤❡ ♣s❡✉❞♦✲❝✉r✈❛t✉r❡ ❛s

4GV
h = DV (d

′′
V − d′V ) + (d′′V − d′V )DV

= ∂V ∂V − ∂V θ
† − ∂V ∂V + ∂V θ + θ∂V − θθ† + θ†θ − θ†∂V

+∂V ∂V + ∂V θ − ∂V θ
† − ∂V ∂V + θθ† + θ∂V − θ†∂V − θ†θ

= 2(∂V θ + θ∂V )− 2(∂V θ
† + θ†∂V )

= 4(∂V θ + θ∂V )

✉s✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❧❡♠♠❛ ✶✳✷✳✻✳ ▲❡t Dc
V := d′′V − d′V ✳ ❚❤✉s

4GW
h = DWD

c
W +Dc

WDW

= πDV πD
c
V π + πDc

V πDV π

= πDVD
c
V π + π(DV π − πDV )D

c
V π + πDc

VDV π

= 4πGV
h π + (DV π − πDV )(D

c
V π − πDc

V )

= 4πGV
h π + (DV )❊♥❞(π)(D

c
V )❊♥❞(π)

s✐♥❝❡ DV π
2 − πDV π = DV π −DV π = 0✳ ❋✉rt❤❡r ✉s❡ t❤❛t

δ′′V − δ′V =

(
D′′

V + δ′′V
2

)

+

(
D′

V − δ′V
2

)

−
(
D′

V + δ′V
2

)

−
(
D′′

V − δ′′V
2

)
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= d′′V − d′V .

❛♥❞ t❤❡r❡❢♦r❡ DVD
c
V = D′

V δ
′′
V −D′′

V δ
′
V ❜② ❞❡❣r❡❡ ❝♦♥s✐❞❡r❛t✐♦♥s✳

itr(Λ(4GW
h ))

= iΛtr(π(4GV
h )π) + iΛtr((D′

V )❊♥❞(π)(δ
′′
V )❊♥❞(π)− (D′′

V )❊♥❞(π)(δ
′
V )❊♥❞(π))

= iΛtr(π2(4GV
h ))− iΛtr((δ′′V )❊♥❞(π)(D

′
V )❊♥❞(π)− (δ′V )❊♥❞(π)(D

′′
V )❊♥❞(π))

= iΛtr(π(4GV
h ))− itr(Λ(δ′′V )❊♥❞(π)(D

′
V )❊♥❞(π)− Λ(δ′V )❊♥❞(π)(D

′′
V )❊♥❞(π))

❆♣♣❧②✐♥❣ ♦✉r ❑ä❤❧❡r ✐❞❡♥t✐t✐❡s ✇❡ ❣❡t t❤✐s t✐♠❡

−itr(Λ(δ′′V )❊♥❞(π)(D
′
V )❊♥❞(π)− Λ(δ′V )❊♥❞(π)(D

′′
V )❊♥❞(π))

= −itr(((−D′
V )❊♥❞(π))

∗(D′
V )❊♥❞(π) + ((−D′′

V )❊♥❞(π))
∗(D′′

V )❊♥❞(π))

= 〈(D′
V +D′′

V )❊♥❞(π), (D
′
V +D′′

V )❊♥❞(π)〉HS

= ‖(DV )❊♥❞(π)‖2F ,

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ❤❡r♠✐t✐❛♥ ♣r♦♣❡rt② ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ π ❛s
❜❡❢♦r❡✳ P✉tt✐♥❣ ❛❧❧ t♦❣❡t❤❡r ✇❡ ❣❡t ♦✉r ❈❤❡r♥✲❲❡✐❧ ❢♦r♠✉❧❛
∫

X

itr(Λ(−2GW
h )) =

∫

X

iΛtr(π(−2GV
h ))−

1

2

∫

X

‖(DV )❊♥❞(π)‖2F

⇒ ❞❡❣(W,h) =
∫

X

iΛtr(π(−2GV
h ))−

1

2

∫

X

‖(DV )❊♥❞(π)‖2F . ✭❈❲✸✮

▲❡♠♠❛ ✺✳✷✳✷✳ ▲❡t E ❜❡ ❛ ♠❡tr✐③❡❞ ✈❡❝t♦r ❜✉♥❞❧❡ ✇✐t❤ ❛❝❝❡♣t❛❜❧❡ ♠❡tr✐❝ h ❛♥❞
❧❡t F ⊂ E ❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝ s✉❜❜✉♥❞❧❡ ✇✐t❤ ✐♥❞✉❝❡❞ ♠❡tr✐❝ hF ✳ ❚❤❡♥ ❡✐t❤❡r

✭✶✮ ❞❡❣(F, h) = −∞ ♦r✱

✭✷✮ ❞❡❣(F, h) ✜♥✐t❡ ❛♥❞ F ❡①t❡♥❞s t♦ ❛ ✜❧t❡r❡❞ s✉❜❜✉♥❞❧❡ ✇✐t❤ ❞❡❣(F, Fα) =
❞❡❣(F )✳ ❍❡r❡ Fα ✐s ✐♥❞✉❝❡❞ ❜② Ξ✳

✭✸✮ ■❢ ❞❡❣(F, h) ✐s ✜♥✐t❡ ❛♥❞ E ✐s ❛ ♠❡r♦♠♦r♣❤✐❝ ❝♦♠♣❧❡t✐♦♥ ♦✈❡r X✱ ✐✳❡✳ h
❤❛s ♠❡r♦♠♦r♣❤✐❝ ❣r♦✇t❤ ✇✳r✳t✳ ❛ ❜❛s✐s ♦❢ E✱ t❤❡♥ F ❡①t❡♥❞s t♦ ❛ s✉❜s❤❡❛❢
F ⊂ E✳

Pr♦♦❢✳ ❙✐♥❝❡ Rh ✐s ❛❝❝❡♣t❛❜❧❡ ✇❡ ❦♥♦✇ t❤❛t tr(Rh) ✐s L1−✐♥t❡❣r❛❜❧❡✳ ❙♦ t❤❡ ✜rst
t❡r♠ ✐♥ t❤❡ ❈❤❡r♥✲❲❡✐❧ ❢♦r♠✉❧❛ ✭❈❲✶✮ ✐s ✜♥✐t❡✳ ❚❤❡ s❡❝♦♥❞ ✐s ♥❡❣❛t✐✈❡ ❛♥❞
t❤❡r❡❢♦r❡ ❞❡❣(F, h) = −∞ ♦r ✜♥✐t❡✳ ❙♦ ❧❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ❞❡❣r❡❡ ✐s ✜♥✐t❡✳ ❚❤❡♥
t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ s✉❜❜✉♥❞❧❡ ✐s Lp−❛❝❝❡♣t❛❜❧❡ ❛♥❞ ❤❡♥❝❡ Ξ(F ) ✐s ❛ ✜❧t❡r❡❞ ✈❡❝t♦r
❜✉♥❞❧❡✳ ❚❤❡ ♣r♦♦❢ t❤❛t t❤❡ ❞❡❣r❡❡s ❝♦✐♥❝✐❞❡ ❢♦r t❤❡ s✉❜❜✉♥❞❧❡ F ✐s t❤❡ s❛♠❡ ❛s



✶✷✹ ⑤ ✺✳ ▼❛✐♥ ❡q✉✐✈❛❧❡♥❝❡

❢♦r t❤❡ ❣❡♥❡r❛❧ ❜✉♥❞❧❡ E ✉s✐♥❣ r❡♠❛r❦ ✺✳✶✳✶✵✳ ❋♦r t❤❡ t❤✐r❞ ♣r♦♣❡rt② s❡❡ ❬❙✐♠✽✽❪✱
♣✳ ✾✶✺✱ ❧❡♠♠❛ ✶✵✳✻✳✺

❘❡♠❛r❦ ✺✳✷✳✸✳ ◆♦t❡ ❛s ✇❡❧❧ t❤❛t ❢♦r ❛♥ ❛♥❛❧②t✐❝ ❞❡❣r❡❡ ♦❢ −∞ t❤❡ ♣❛r❛❜♦❧✐❝
❞❡❣r❡❡ ✇✐❧❧ ❜❡ −∞ t♦♦✱ s✐♥❝❡ ❞❡❣(L0) = −∞✳

✺✳✷✳✶✳ ❙❧♦♣❡

❉❡✜♥✐t✐♦♥ ✺✳✷✳✹✳ ✭✐✮ ▲❡t (E, h) ❜❡ ❛ ♠❡tr✐③❡❞ ❜✉♥❞❧❡✳ E ✐s ❝❛❧❧❡❞ ❛♥❛❧②t✐❝❛❧❧②
st❛❜❧❡ ✐❢ ❢♦r ❛❧❧ ♣r♦♣❡r s✉❜❜✉♥❞❧❡s F

❞❡❣(F, h)
r❛♥❦(F )

<
❞❡❣(E, h)
r❛♥❦(E)

.

❞❡❣(E,h)
r❛♥❦(E)

✐s ❝❛❧❧❡❞ s❧♦♣❡ ♦❢ E✳

✭✐✐✮ ■❢ ♠♦r❡♦✈❡r E ✐s ❛ ❍✐❣❣s ❜✉♥❞❧❡✱ E ✐s ❛♥❛❧②t✐❝❛❧❧② st❛❜❧❡ ✐❢ ❢♦r ❛❧❧ ♣r♦♣❡r
❍✐❣❣s s✉❜❜✉♥❞❧❡s F ♣r❡s❡r✈❡❞ ❜② θ

❞❡❣(F, h)
r❛♥❦(F )

<
❞❡❣(E, h)
r❛♥❦(E)

.

✭✐✐✐✮ ■❢ V ✐s ❛ DX−♠♦❞✉❧❡ ✐t ✐s ❛♥❛❧②t✐❝❛❧❧② st❛❜❧❡ ✐❢ ❢♦r ❛❧❧ ♣r♦♣❡r s✉❜✲
DX−♠♦❞✉❧❡s W ♣r❡s❡r✈❡❞ ❜② ∇

❞❡❣(W,h)
r❛♥❦(W )

<
❞❡❣(V, h)
r❛♥❦(V )

.

❉❡✜♥✐t✐♦♥ ✺✳✷✳✺✳ ✭✐✮ ▲❡t (E, h) ❜❡ ❛ ♠❡tr✐③❡❞ ❜✉♥❞❧❡✳ E ✐s ❝❛❧❧❡❞ ❛❧❣❡✲
❜r❛✐❝❛❧❧② st❛❜❧❡ ✐❢ ❢♦r ❛❧❧ ♣r♦♣❡r s✉❜❜✉♥❞❧❡s F

❞❡❣(F, Fα)

r❛♥❦(F )
<

❞❡❣(E,Eα)

r❛♥❦(E)
.

✭✐✐✮ ■❢ ♠♦r❡♦✈❡r E ✐s ❛ ❍✐❣❣s ❜✉♥❞❧❡✱ E ✐s st❛❜❧❡ ✐❢ ❢♦r ❛❧❧ ♣r♦♣❡r ❍✐❣❣s s✉❜❜✉♥❞❧❡s
F ♣r❡s❡r✈❡❞ ❜② θ

❞❡❣(F, Fα)

r❛♥❦(F )
<

❞❡❣(E,Eα)

r❛♥❦(E)
.

✺❯s❡ t❤❡ P❧ü❝❦❡r ❡♠❜❡❞❞✐♥❣ t♦ r❡❞✉❝❡ t♦ t❤❡ ❧✐♥❡ ❜✉♥❞❧❡ ❝❛s❡✳ ❚❤❡♥ ♠♦❞✐❢② t❤❡ ♠❡tr✐❝ ❛s
❜❡❢♦r❡ t♦ ❛♣♣❧② ❛♥ ❡st✐♠❛t❡ ❜② ❆✉❜✐♥✱ ❣✐✈✐♥❣ ✉s ❛ L2−❜♦✉♥❞❡❞ s❡❝t✐♦♥✱ ❤♦❧♦♠♦r♣❤✐❝ ♦✉ts✐❞❡ t❤❡
♣✉♥❝t✉r❡✱ ✐✳❡✳ ❤♦❧♦♠♦r♣❤✐❝ ❡✈❡r②✇❤❡r❡✳ ❚❤✐s s❡❝t✐♦♥ ❡①t❡♥❞s t❤❡ ❧✐♥❡ ❜✉♥❞❧❡ t♦ ❛ ♠❡r♦♠♦r♣❤✐❝
s✉❜s❤❡❛❢✳



✺✳✷✳ ❈❤❡r♥✲❲❡✐❧ ❢♦r♠✉❧❛ ⑤ ✶✷✺

✭✐✐✐✮ ■❢ V ✐s ❛ DX−♠♦❞✉❧❡ ✐t ✐s st❛❜❧❡ ✐❢ ❢♦r ❛❧❧ ♣r♦♣❡r s✉❜✲DX−♠♦❞✉❧❡s W ♣r❡✲
s❡r✈❡❞ ❜② ∇

❞❡❣(W,Wα)

r❛♥❦(W )
<

❞❡❣(V, Vα)
r❛♥❦(V )

.

❘❡♠❛r❦ ✺✳✷✳✻✳ ✭✐✮ ❚❤❡ ❈❤❡r♥✲❲❡✐❧ ❢♦r♠✉❧❛s (CW1), (CW2), (CW3) ❣✉❛r❛♥✲
t❡❡ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ♠❛❦❡s s❡♥s❡ ✲ ❢♦r −∞ t❤❡ ❝♦♥❞✐t✐♦♥ ✐s tr✐✈✐❛❧❧② s❛t✐s✲
✜❡❞✳

✭✐✐✮ ❲❡ ❤❛✈❡ s❡♠✐✲st❛❜✐❧✐t② ✐❢ ✇❡ r❡♣❧❛❝❡ < ✇✐t❤ ≤ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥s✳

✭✐✐✐✮ ■❢ (E, θ) ✐s st❛❜❧❡ ❛s ❛ ❍✐❣❣s ❜✉♥❞❧❡✱ E ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❛ st❛❜❧❡ ✈❡❝t♦r
❜✉♥❞❧❡✱ s✐♥❝❡ t❤❡r❡ ♠✐❣❤t ❜❡ ❛ s✉❜❜✉♥❞❧❡✱ ♥♦t ♣r❡s❡r✈❡❞ ❜② θ t❤❛t ❝♦♥tr❛❞✐❝ts
st❛❜✐❧✐t② ✐♥ t❤❡ ✈❡❝t♦r ❜✉♥❞❧❡ ❝❛s❡✳

❈♦♥❝❧✉s✐♦♥ ✺✳✷✳✼✳ ■❢ E ✐s ❛♥ ❛❝❝❡♣t❛❜❧❡ ✈❡❝t♦r✴❍✐❣❣s✴DX−❜✉♥❞❧❡ ❛♥❞ Eα =
Ξ(E)α ✐s t❤❡ ✐♥❞✉❝❡❞ ✜❧t❡r❡❞ ♦❜❥❡❝t✳ ❚❤❡♥ (E, h) ✐s ❛♥❛❧②t✐❝❛❧❧② st❛❜❧❡✱ ✐❢ ❛♥❞ ♦♥❧②
✐❢ (E,Eα) ✐s ❛❧❣❡❜r❛✐❝❛❧❧② st❛❜❧❡✳

Pr♦♦❢✳ ❉✐r❡❝t❧② ❜② ✺✳✷✳✷✳

❉❡✜♥✐t✐♦♥ ✺✳✷✳✽✳ ❆ ✈❡❝t♦r✴❍✐❣❣s✴DX−❜✉♥❞❧❡ ✐s ❝❛❧❧❡❞ ✐rr❡❞✉❝✐❜❧❡✱ ✐❢ ✐t ❤❛s ♥♦
♥♦♥✲tr✐✈✐❛❧ ❤♦❧♦♠♦r♣❤✐❝✴❍✐❣❣s s✉❜❜✉♥❞❧❡s r❡s♣✳ s✉❜✲DX−♠♦❞✉❧❡s✳

❘❡♠❛r❦ ✺✳✷✳✾✳ ❊✈❡r② ✐rr❡❞✉❝✐❜❧❡ ❜✉♥❞❧❡ ✐s ❛ ♣r✐♦r✐ st❛❜❧❡✳

❚❤❡♦r❡♠ ✺✳✷✳✶✵✳ ❙✉♣♣♦s❡ (E, ∂E, h, θ) ✐s ❛♥ ✐rr❡❞✉❝✐❜❧❡ t❛♠❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡✳
❚❤❡♥ t❤❡ ✜❧t❡r❡❞ ❍✐❣❣s r❡s♣✳ DX−❜✉♥❞❧❡ ✐♥❞✉❝❡❞ ❜② Ξ ❤❛s ❞❡❣r❡❡ 0 ❛♥❞ ✐s st❛❜❧❡✳
❋✉rt❤❡r♠♦r❡ ❡✈❡r② t❛♠❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡ ✐s t❤❡ ❞✐r❡❝t s✉♠ ♦❢ ✐rr❡❞✉❝✐❜❧❡ ♦♥❡s✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ tr❡❛t t❤❡ ❍✐❣❣s ❜✉♥❞❧❡ ❝❛s❡ ✜rst✱ t❤❡♥ t❤❡ DX−♠♦❞✉❧❡ ❝❛s❡✳ ❚❤❡
♣r♦♦❢s ❛r❡ t❤❡ s❛♠❡ ✉♣ t♦ r❡♥❛♠✐♥❣✳

✭✐✮ ❇② ❤❛r♠♦♥✐❝✐t② ✇❡ ❤❛✈❡ FE
h = 0✱ ✐✳❡✳ t❤❡ ❛♥❛❧②t✐❝ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♣❛r❛❜♦❧✐❝

❞❡❣r❡❡ ✈❛♥✐s❤❡s✳ ◆♦✇ ❛ss✉♠❡ t❤❛t E ✇❛s ♥♦t st❛❜❧❡✱ ✐✳❡✳ t❤❛t ✇❡ ✜♥❞ ❛ ❍✐❣❣s
s✉❜❜✉♥❞❧❡ F ♦❢ E ✇✐t❤ ❞❡❣(F, h) ≥ 0✳ ❚❤❡♥ t❤❡ ❈❤❡r♥✲❲❡✐❧ ❢♦r♠✉❧❛ ✭❈❲✷✮
t❡❧❧s ✉s t❤❛t

−
∫

X

|d′′❊♥❞(π)|2F = ❞❡❣(F, h) ≤ 0 ⇒ (d′′E)❊♥❞(π) = 0.

◆♦✇ ❛♣♣❧② t❤❡ ♣r♦♦❢ ♦❢ t❤❡♦r❡♠ ✸✳✵✳✻✱ ♥❛♠❡❧② ❍✭✐✮✳ ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ π
❜♦✉♥❞❡❞✳✻ ❚❤❡r❡ ✇❡ ♣r♦✈❡❞ t❤❛t (d′′Eπ−πd′′E) ⇒ DEπ−πDE = 0✱ ✐✳❡✳ F ✐s ❛

✻■t ♦❜✈✐♦✉s❧② ♣r❡s❡r✈❡s t❤❡ ✜❧tr❛t✐♦♥✳



✶✷✻ ⑤ ✺✳ ▼❛✐♥ ❡q✉✐✈❛❧❡♥❝❡

❤❛r♠♦♥✐❝ s✉❜❜✉♥❞❧❡ ♦❢ E✳ ❚❤✉s E ✇❛s ❡✐t❤❡r ♥♦t ✐rr❡❞✉❝✐❜❧❡ ✲ t❤❡♥ ✇❡ ♠❛②
r❡♣❡❛t t❤❡ ♣r♦❝❡❞✉r❡ t♦ ❣❛✐♥ ❛♥ ✐rr❡❞✉❝✐❜❧❡ s✉❜❜✉♥❞❧❡ ✲ ♦r ✐❢ E ✇❛s ❛❧r❡❛❞②
✐rr❡❞✉❝✐❜❧❡ ✇❡ ❤❛✈❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❢♦r ♥♦♥✲tr✐✈✐❛❧ F ⇒ F = 0✳ ▼♦r❡♦✈❡r
d′′Eπ − πd′′E = 0 ⇒ ∂Eπ = π∂E ❛♥❞ s♦ E/F ✐s ❛ ❤♦❧♦♠♦r♣❤✐❝ s✉❜❜✉♥❞❧❡✱
t♦♦✳ ❚❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ E/F ✐s (1 − π)✳✼ ❚❤✐s ②✐❡❧❞s d′′Eπ = πd′′E ⇒
d′′E(1 − π) = (1 − π)d′′E ❛♥❞ ❛♥❛❧♦❣♦✉s DE(1 − π) = (1 − π)DE✱ ✐✳❡✳ E/F
❜❡❝♦♠❡s ❛ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡✱ t♦♦✳ ❚❤✉s ✇❡ ❢♦✉♥❞ ❛ ❞✐r❡❝t s✉♠ ❞❡❝♦♠♣♦s✐t✐♦♥
✐♥t♦ ❤❛r♠♦♥✐❝ s✉❜❜✉♥❞❧❡s ✲ r❡♣❡t✐t✐♦♥ ❧❡❛❞s t♦ ❛ ❞✐r❡❝t s✉♠ ❞❡❝♦♠♣♦s✐t✐♦♥
✐♥t♦ ✐rr❡❞✉❝✐❜❧❡ t❛♠❡ ❤❛r♠♦♥✐❝ s✉❜❜✉♥❞❧❡s✳✽

✭✐✐✮ ❇② ❤❛r♠♦♥✐❝✐t② ✇❡ ❤❛✈❡ GE
h = 0✱ ✐✳❡✳ t❤❡ ❛♥❛❧②t✐❝ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♣❛r❛❜♦❧✐❝

❞❡❣r❡❡ ✈❛♥✐s❤❡s✳ ◆♦✇ ❛ss✉♠❡ t❤❛t E ✇❛s ♥♦t st❛❜❧❡✱ ✐✳❡✳ t❤❛t ✇❡ ✜♥❞ ❛ s✉❜✲
DX−♠♦❞✉❧❡ W ♦❢ E ✇✐t❤ ❞❡❣(W,h) ≥ 0✳ ❚❤❡♥ t❤❡ ❈❤❡r♥✲❲❡✐❧ ❢♦r♠✉❧❛
✭❈❲✷✮ t❡❧❧s ✉s t❤❛t

−1

2

∫

X

|D❊♥❞(π)|2F = ❞❡❣(W,h) ≤ 0 ⇒ (DE)❊♥❞(π) = 0.

◆♦✇ ❛♣♣❧② t❤❡ ♣r♦♦❢ ♦❢ t❤❡♦r❡♠ ✸✳✵✳✻✱ ♥❛♠❡❧② ❉✭✐✐✮✳ ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ π
❜♦✉♥❞❡❞✳ ❚❤❡r❡ ✇❡ ♣r♦✈❡❞ t❤❛t (DEπ−πDE) ⇒ d′′Eπ−πd′′E = 0✱ ✐✳❡✳ W ✐s ❛
❤❛r♠♦♥✐❝ s✉❜✲❜✉♥❞❧❡ ♦❢ E✳ ❚❤✉s E ✇❛s ❡✐t❤❡r ♥♦t ✐rr❡❞✉❝✐❜❧❡ ✲ t❤❡♥ ✇❡ ♠❛②
r❡♣❡❛t t❤❡ ♣r♦❝❡❞✉r❡ t♦ ❣❛✐♥ ❛♥ ✐rr❡❞✉❝✐❜❧❡ s✉❜❜✉♥❞❧❡ ✲ ♦r ✐❢ E ✇❛s ❛❧r❡❛❞②
✐rr❡❞✉❝✐❜❧❡ ✇❡ ❤❛✈❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❢♦r ♥♦♥✲tr✐✈✐❛❧ W ⇒ W = 0✳ ❋r♦♠ ❤❡r❡
♦♥ ✇❡ ♠❛② ❛s ✇❡❧❧ ✐♠♣❧② t❤❛t ✇❡ ✜♥❞ ❛ ❞✐r❡❝t s✉♠ ❞❡❝♦♠♣♦s✐t✐♦♥✱ s✐♥❝❡ ✇❡
❛r❡ ♥♦✇ ✐♥ t❤❡ s❛♠❡ s✐t✉❛t✐♦♥ ❛s ✐♥ ✭✐✮✱ ♥❛♠❡❧② W ✐s ❛ ❍✐❣❣s s✉❜❜✉♥❞❧❡ t♦♦✳

✺✳✸✳ ▼❛✐♥ ❊①✐st❡♥❝❡ t❤❡♦r❡♠

❆s t❤❡ t✐t❧❡ ♠✐❣❤t s✉❣❣❡st✱ ✇❡ ✇✐❧❧ ✜♥❛❧❧② ❣❡t ❛ ❤❛r♠♦♥✐❝ ♠❡tr✐❝✳ ❚❤❡ ♣r♦♦❢ ✐s ♥♦t
❛ ♣❛rt ♦❢ ❙✐♠♣s♦♥✬s ❬❙✐♠✾✵❪✲❛rt✐❝❧❡ ❛♥❞ ✇❡ ♦r✐❣✐♥❛❧❧② ♣❧❛♥♥❡❞ t♦ s✐♠♣❧② ❝✐t❡ t❤❡
r❡s✉❧t ❢r♦♠ ❤✐s ♣r❡✈✐♦✉s ✇♦r❦✳ ❍♦✇❡✈❡r✱ ❢♦r t❤❡ ❝♦♥✈❡♥✐❡♥❝❡ ♦❢ t❤❡ r❡❛❞❡r ✇❡ ✇✐❧❧
❝✐t❡ t❤❡ ♠♦st ♦❢ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ st❡♣s ✇✐t❤ s♦♠❡ ❢✉rt❤❡r ❡①♣❧❛♥❛t✐♦♥s✳
■♥ ❬❙✐♠✽✽❪ ❙✐♠♣s♦♥ ♣r♦✈❡s ♠✉❝❤ ♠♦r❡ ❣❡♥❡r❛❧ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❍❡r♠✐t✐❛♥✲
❊✐♥st❡✐♥✲♠❡tr✐❝ ❢♦r ❡✈❡r② ♥♦♥✲❝♦♠♣❛❝t ❑ä❤❧❡r ♠❛♥✐❢♦❧❞✱ t❤❛t ❢✉❧✜❧❧s ❝❡rt❛✐♥ ❛s✲
s✉♠♣t✐♦♥s ❞❡s❝r✐❜❡❞ ❜❡❧♦✇✳ ❲❡ ❛r❡ ♥♦t s✉r❡ ✐❢ t❤❡r❡ ✐s ❛♥ ❡ss❡♥t✐❛❧❧② s❤♦rt❡r ♣r♦♦❢
✐❢ ♦♥❡ ♦♥❧② s❡❛r❝❤❡s ❢♦r ❤❛r♠♦♥✐❝ ♠❡tr✐❝s✳ ❍♦✇❡✈❡r✱ ❤❡r❡ ✐s t❤❡ t❤❡♦r❡♠✿

✼❍❡r❡ 1 ✐s t❤❡ ✐❞❡♥t✐t②✳
✽❚❤❡ s✉❜❜✉♥❞❧❡s ❛r❡ t❛♠❡ s✐♥❝❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ θ ❤❛s t❤❡ s❛♠❡ ❡✐❣❡♥✈❛❧✉❡s ✭♦r ❧❡ss✮ t❤❛♥ θ

♦♥ E✳



✺✳✸✳ ▼❛✐♥ ❊①✐st❡♥❝❡ t❤❡♦r❡♠ ⑤ ✶✷✼

❚❤❡♦r❡♠ ✺✳✸✳✶✳ ✭✶✮ ▲❡t E ❜❡ ❛ ❍✐❣❣s ❜✉♥❞❧❡ ♦♥ X ❛♥❞ h ❛ ♠❡tr✐❝ ♦♥ E✳ ■❢
Fh ✐s ✐♥ Lp, p > 1 ✇✐t❤ ❛♥❛❧②t✐❝ ❞❡❣r❡❡ 0 ❛♥❞ st❛❜❧❡✱ t❤❡♥ t❤❡r❡ ✐s ❛ ❤❛r♠♦♥✐❝
♠❡tr✐❝ k ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ✇✐t❤ r❡s♣❡❝t t♦ h✳

✭✷✮ ❙✉♣♣♦s❡ V ✐s ❛♥ ❛♥❛❧②t✐❝ DX−♠♦❞✉❧❡ ♦♥ X ✇✐t❤ ❛ ♠❡tr✐❝ h ♦♥ V ✳ ■❢ t❤❡
♣s❡✉❞♦✲❝✉r✈❛t✉r❡ Gh ✐s ✐♥ Lp ❢♦r s♦♠❡ p > 1✱ V ❤❛s ❞❡❣r❡❡ 0 ❛♥❞ ✐s st❛❜❧❡✱
t❤❡♥ t❤❡r❡ ✐s ❛ ❤❛r♠♦♥✐❝ ♠❡tr✐❝ k ♦♥ V ❜♦✉♥❞❡❞ ✐♥ t❡r♠s ♦❢ h✳

❲❡ ✇✐❧❧ st❛rt ✇✐t❤ s♦♠❡ ♣r❡❧✐♠✐♥❛r✐❡s✱ s✐♥❝❡ t❤❡② s✉✐t ♦✉r r❡s✉❧ts ♦♥ ❤❡r♠✐t✐❛♥
♠❛tr✐❝❡s ♦❢ ❝❤❛♣t❡r ♦♥❡✳ ❲❡ ✇✐❧❧ ♥❛♠❡❧② ❡①t❡♥❞ t❤❡ ❝♦♥❝❡♣t ♦❢ ❞✐✈✐❞❡❞ s✉♠s✳ ❚❤❡
✐❞❡❛ ✐s t♦ ❝♦✈❡r t❤❡ s♣❛❝❡ ♦❢ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ♠❛tr✐❝❡s ✭✇✐t❤ Lp−❝✉r✈❛t✉r❡✮ P ❜②
❛♥♦t❤❡r s♣❛❝❡ PD̃(Sk)✱ ✇✐t❤ ❛ ❧♦❝❛❧ ❞✐✛❡♦♠♦r♣❤✐s♠ KeS ❢♦r S ∈ PD̃(Sk) ❛♥❞ K
♦✉r ✐♥✐t✐❛❧ ♠❡tr✐❝ ✐♥ ♠❛tr✐① ❢♦r♠✳ ■❢ ♦✉r ❜✉♥❞❧❡ ✐s st❛❜❧❡✱ ✇❡ ❝❛♥ ✉s❡ ❛ r❡s✉❧t ♦❢
❯❤❧❡♥❜❡❝❦✲❨❛✉ ❬❯❨✽✻❪ ❛♥❞ ❉♦♥❛❧❞s♦♥✬s ❢✉♥❝t✐♦♥❛❧ t♦ ❜♦✉♥❞❡❞ S✳
❚❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ ❝♦♥s✐sts ♦❢ t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s✱ ❤♦✇ t♦ ❡①t❡♥❞ t❤❡ s♦❧✉t✐♦♥ Ht ♦❢
❛ ❤❡❛t ❡q✉❛t✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ tr❛❝❡❧❡ss ♣❛rt ♦❢ ♦✉r ❝✉r✈❛t✉r❡ Fh r❡s♣✳ Gh✳ ❆ ♣r♦♦❢
✐s ✐♥❝❧✉❞❡❞ ✐♥ ❬❙✐♠✽✽❪✱ ❜✉t t❤❡ ♣r♦♦❢s ♦❢ ❬❉♦♥✽✺❪ r❡s♣✳ t❤❡ ♠❡t❤♦❞s ♦❢ ❬❍❛♠✼✺❪
✇♦r❦ ✇✐t❤ s♦♠❡ ♠♦❞✐✜❝❛t✐♦♥s✳
❚❤❡ ❧❛st st❡♣ ✐s t♦ ✉s❡ Ht = KeS ❢♦r s♦♠❡ S ❛♥❞ ♦✉r ❜♦✉♥❞ ♦♥ S t♦ ❜♦✉♥❞ Ht✱
❛♥❞ ❤❡♥❝❡ ✜♥❞ ❛ ✇❡❛❦❧② ❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡✳ ❆❢t❡r r❡str✐❝t✐♦♥ t♦ ❛ ❢✉rt❤❡r
s✉❜s❡q✉❡♥❝❡ t→ ∞✱ Ht ❝♦♥✈❡r❣❡s t♦ H∞ ✇✐t❤ ✈❛♥✐s❤✐♥❣ tr❛❝❡✲❢r❡❡ ❝✉r✈❛t✉r❡✳ ❖✉r
❞❡❣r❡❡ ❛ss✉♠♣t✐♦♥ ✐♠♣❧✐❡s FH∞ = 0✱ ✐✳❡✳ ❤❛r♠♦♥✐❝✐t②✳
◆♦t❡ t❤❛t ✐♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✉s✉❛❧❧② ✇♦r❦ ♦♥ s♦♠❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡✳ ❍❡♥❝❡
✇❡ ♠❛② ♦♠✐t t❤❡ ❛❞❞✐t✐♦♥❛❧ ✐♥❞❡① ❊♥❞✱ ❛❞❞✐♥❣ ✐t ♦♥❧② ✐❢ ✇❡ ✇❛♥t t♦ ✉s❡ s♣❡❝✐❛❧
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝♦♥♥❡❝t✐♦♥ ♦♥ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡✱ ❧✐❦❡ D(E) = DE −
ED = 0 ❢♦r t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① E✳

✺✳✸✳✶✳ ❋✉rt❤❡r ♣r♦♣❡rt✐❡s ♦❢ ❞✐✈✐❞❡❞ s✉♠s

❚❤❡ ❝♦♥❝❡♣t ♦❢ ❞✐✈✐❞❡❞ s✉♠s ✐♥tr♦❞✉❝❡❞ ✇❤❡♥ ✇❡ ✜rst t❛❧❦❡❞ ❛❜♦✉t ❤❛r♠♦♥✐❝
♠❛♣s✱ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ♦t❤❡r ❢✉♥❝t✐♦♥s t❤❛♥ exp✳ ❚❤✐s ✇♦r❦s ✐♥ ❡①❛❝t❧② t❤❡
s❛♠❡ ✇❛② ❛s ❢♦r exp✳ ❊✈❡♥ ❢✉rt❤❡r ✇❡ ♠❛② ❡①t❡♥❞ t❤✐s ♥♦t✐♦♥ t♦ ❛♥② ❞✐✛❡r❡♥t✐❛❧
♦♣❡r❛t♦r D t❤❛t r❡s♣❡❝ts t❤❡ ▲❡✐❜♥✐③ r✉❧❡✱ s✐♥❝❡ t❤✐s ✐s t❤❡ ♦♥❧② ♣r♦♣❡rt② ❡①♣❧✐❝✐t❧②
✉s❡❞ ❛❜♦✈❡✳ ❖❢ ❝♦✉rs❡ ❛ ❞✐✛❡r❡♥t ❝♦♥♥❡❝t✐♦♥ ♠❛tr✐① t❤❛♥ E ✇✐❧❧ ❧❡❛❞ t♦

Df(H)(B) = f∆(H) • (DB).

◆♦t❡ t❤❛t ❛❜♦✈❡ ✇❡ ❝❤♦s❡ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡✳ ❍♦✇❡✈❡r ✐❢ ♦✉r ❢✉♥❝t✐♦♥ ❤❛s
❛ ♣♦✇❡r s❡r✐❡s ❡①♣❛♥s✐♦♥ ✇❡ ♠❛② ♠♦✈❡ ❛ ❜❛s✐s tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐① ✐♥s✐❞❡ ✲
P−1f(H)P = f(P−1HP )✳ ❍❡♥❝❡ t❤❡ ♣r♦♣❡rt② ❤♦❧❞s ❢♦r ♦t❤❡r ♦♣❡r❛t♦rs✱ t♦♦✳ ■❢
✇❡ ❢✉rt❤❡r ❡①t❡♥❞ t♦ s❡❝t✐♦♥s ✐♥t♦ Hn t❤✐s ✇✐❧❧ ❛❞❞ ❛ ❞✐✛❡r❡♥t✐❛❧ ∂ ♦r ∂ ♦♥ ❜♦t❤
s✐❞❡s✳ ❙t✐❧❧ t❤✐s ❧♦♦❦s ❧✐❦❡

Df(H)(B) = f∆(H) • (DB).



✶✷✽ ⑤ ✺✳ ▼❛✐♥ ❡q✉✐✈❛❧❡♥❝❡

❙✐♥❝❡ s❡❧❢✲❛❞❥♦✐♥t♥❡ss ❞❡♣❡♥❞s ♦♥ ❛ ❝❤♦s❡♥ ✐♥♥❡r ♣r♦❞✉❝t ✇❡ ♠✐❣❤t ❝♦♥s✐❞❡r Hn ❛s
t❤❡ s♣❛❝❡ Sk ♦❢ ❤❡r♠✐t✐❛♥ ♦♣❡r❛t♦rs ✇✳r✳t✳ s♦♠❡ ✐♥✐t✐❛❧ ♠❡tr✐❝ k ♦♥ E✳ k ✐♥❞✉❝❡s
❛s ♥♦r♠ ♦♥ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡ 〈A,B〉K = tr(KBKA)✳
◆♦✇ ✇❡ ♥❡❡❞ t♦ ❞❡s❝r✐❜❡ ❤♦✇ t❤✐s ❝♦♥str✉❝t✐♦♥ ❞♦❡s ✇♦r❦ ♦♥ ❙♦❜♦❧❡✈ s♣❛❝❡s Hp,q✳
▲❡t✬s ❞❡♥♦t❡ ❜② Hp,1(Sk) t❤❡ s♣❛❝❡ ♦❢ s❡❝t✐♦♥s H : X → Hn s✉❝❤ t❤❛t H ∈ Lp(Sk)
❛♥❞ d′′(H) ∈ Lp(Sk)✳ ❋♦r DX−♠♦❞✉❧❡ ❞❡♥♦t❡ ❜② Hp,1(Sk) t❤❡ s♣❛❝❡ ♦❢ s❡❝t✐♦♥s
H : X → Hn s✉❝❤ t❤❛t H ∈ Lp(Sk) ❛♥❞ DH ∈ Lp(Sk)✳ ❚❤❡ ❙♦❜♦❧❡✈ s♣❛❝❡ ❤❛s t❤❡

✉s✉❛❧ ❙♦❜♦❧❡✈ ♥♦r♠ ‖f‖Hp,q =
(∑q

i=0 ‖f (i)‖pLp

)1/p
✳ ❚❤❡♥ ❢♦r b > 0✿

✭✐✮ Hp,0,b
d′′ = {H ∈ Hp

d′′ |‖H‖K ≤ b} r❡s♣✳ Hp,0,b
D = {H ∈ Hp

D|‖H‖K ≤ b}✳

✭✐✐✮ Hp,1,b
d′′ = {H ∈ Hp

d′′ |‖H‖K , ‖d′′(H)‖K ≤ b} r❡s♣✳ Hp,1,b
D = {H ∈

Hp
D|‖H‖K , ‖D(H)‖K ≤ b}✳

❋✐♥❛❧❧② ❞❡✜♥❡ t❤❡ s✉❜s♣❛❝❡ ♦❢ s♠♦♦t❤ s❡❝t✐♦♥ ✇✐t❤ ✜♥✐t❡ ♥♦r♠ ❜② Pd′′(Sk) ❛♥❞
Pd′′(Sk)✳ ❍❡r❡ t❤❡ ♥♦r♠s ❛r❡ ‖H‖d′′ = supX ‖H‖F + ‖d′′(H)‖L2 + ‖iΛd′′d′(H)‖L1

❛♥❞ ‖H‖D = supX ‖H‖F + ‖D(H)‖L2 + ‖iΛ(D′′δ′ −D′δ′′)(H)‖L1 ✳ ❚❤❡ L2− r❡s♣✳
L1−♥♦r♠s s❤❛❧❧ ❜❡ ✉♥❞❡rst♦♦❞ ❛s

∫

X
‖ · ‖2K r❡s♣✳

∫

X
‖ · ‖K ✳

❘❡♠❛r❦ ✺✳✸✳✷✳ ❲❡ ✇✐❧❧ ♦❢t❡♥ ♦♠✐t t❤❡ ✐♥❞✐❝✐❡s ❢♦r t❤❡ ❝♦♥♥❡❝t✐♦♥ ✲ d′′ ♦r D✳ ■t
✇✐❧❧ ❡✐t❤❡r ❜❡ ❝❧❡❛r ✇❤✐❝❤ ♦♥❡ ✐s ♠❡❛♥t ♦r ✇❡ ♠❛② tr❡❛t ❜♦t❤ ❝❛s❡s ✐♥ ♦♥❡✳ ❯s✉❛❧❧②
✇❡ ✇✐❧❧ ✉s❡ D̃ ❛s ♦♣❡r❛t♦r ✐❢ ❜♦t❤ ❝❤♦✐❝❡s ✇♦r❦ t❤❡ s❛♠❡ ✇❛②✳

❘❡♠❛r❦ ✺✳✸✳✸✳ ▲❡t ϕ✾ ❜❡ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ R → R ❛♥❞ ϕ : Sk → Sk t❤❡
❜♦✉♥❞❡❞ ❧✐♥❡❛r ♦♣❡r❛t♦r ❣✐✈❡♥ ❜② t❤❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥❛❧ ❝❛❧❝✉❧✉s✳ ▲❡t ei ❜❡
❛♥ ♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡ ♦❢ (E, k) ❝♦♥s✐st✐♥❣ ♦❢ ❡✐❣❡♥✈❡❝t♦rs ♦❢ H ∈ Sk✳✶✵ ❚❤❡♥
ϕ(H)(ei) = f(λi)ei✳ ■♥ t❤❡ s❛♠❡ ♠❛tt❡r ❧❡t Ψ ❜❡ ❛ ❢✉♥❝t✐♦♥ R × R → R ❛♥❞ ❧❡t
S(❊♥❞, k) ❞❡♥♦t❡ t❤❡ s♣❛❝❡ ♦❢ ❤❡r♠✐t✐❛♥ ♦♣❡r❛t♦rs ❢r♦♠ ❊♥❞(E) → ❊♥❞(E)✳ ❍❡r❡
❤❡r♠✐t✐❛♥ ✐s ✇✳r✳t✳ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t tr(K ·K·)✳ ❈❤♦♦s❡ ❛❣❛✐♥ ❛♥ H−♦rt❤♦♥♦r♠❛❧
❢r❛♠❡ ✭❛♥❞ t❤❡ ✐♥❞✉❝❡❞ ❢r❛♠❡ e❊♥❞ij ♦♥ ❊♥❞✮✳ ❉❡✜♥❡ Ψ(H)(A) = Ψ(λi, λj)Aije

❊♥❞
ij ✳

❆t ❧❡❛st ❧✐♥❡❛r✐t② ✐♥ A ❛♥❞ ❝♦♥t✐♥✉✐t② ✐♥ H ❝❛♥ ❜❡ r❡❛❞ ♦❢ t❤✐s ❢♦r♠✉❧❛✳

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✹✳ ▲❡t ϕ✱ Ψ ❜❡ t❤❡ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ❝♦♥str✉❝t❡❞ ❛❤❡❛❞✳

✭✐✮ ❚❤❡ ♠❛♣ ϕ ❡①t❡♥❞s t♦ ❛ ❝♦♥t✐♥✉♦✉s ♠❛♣ ϕ : Hp,0,b(Sk) → Hp,0,b′(Sk) ❢♦r
s♦♠❡ b′✳

✭✐✐✮ ❚❤❡ ♠❛♣ Ψ ❡①t❡♥❞s t♦ ❛ ♠❛♣

Ψ : Hp,0,b(Sk) → ❍♦♠(Lp(❊♥❞(E)), Lq(❊♥❞E)),

❢♦r q ≤ p✳ ■❢ ✇❡ ❝❛♥ ❝❤♦♦s❡ q < p✱ Ψ ✐s ❝♦♥t✐♥✉♦✉s ✇✳r✳t✳ t❤❡ ♦♣❡r❛t♦r ♥♦r♠✳

✾❲❡ ❝❤❛♥❣❡❞ f t♦ ϕ t♦ st❛② ❝♦♠♣❛r❛❜❧❡ ✇✐t❤ ❬❙✐♠✽✽❪✳
✶✵H ❤❡r♠✐t✐❛♥✱ ❤❡♥❝❡ ❞✐❛❣♦♥❛❧✐③❛❜❧❡✱ ❤❡♥❝❡ s✉❝❤ ❛ ❜❛s✐s ❡①✐sts ✭✐♥ ♣❛rt✐❝✉❧❛r ❡✈❡r② ❡✐❣❡♥s♣❛❝❡

✐s ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧✱ ✐✳❡✳ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❛r❡ s✐♥❣❧❡✲✈❛❧✉❡❞✮✳
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✭✐✐✐✮ ❚❤❡ ♠❛♣ ϕ ❡①t❡♥❞s t♦ ❛ ♠❛♣

ϕ : Hp,1,b(Sk) → Hp,0,b′(Sk)

❢♦r q ≤ p✳ ❋♦r q < p ✇❡ ❣❡t ❛❣❛✐♥ ❝♦♥t✐♥✉✐t②✳ ❚❤❡ ❢♦r♠✉❧❛ d′′ϕ(H)(H) =
ϕ∆(H) • (d′′H) r❡s♣✳ Dϕ(H)(H) = ϕ∆(H) • (DH) ✐s st✐❧❧ ✇❡❧❧✲❞❡✜♥❡❞✳

✭✐✈✮ ■❢ ϕ ❛♥❞ Ψ ❤❛✈❡ ❛ ♣♦✇❡r s❡r✐❡s ❡①♣❛♥s✐♦♥ ✇✐t❤ ✐♥✜♥✐t② r❛❞✐✉s ♦❢ ❝♦♥✈❡r❣❡♥❝❡✱
t❤❡

ϕ : PD̃(Sk) → PD̃(Sk)

Ψ : PD̃(Sk) → PD̃(S(❊♥❞, k)),

❛r❡ ❛♥❛❧②t✐❝✱ t♦♦✳ ❍❡r❡ D̃ ❝❛♥ ❡✐t❤❡r ❜❡ d′′ ♦r D✳

Pr♦♦❢✳ ✭✐✮ ϕ ✐s ❝♦♥t✐♥✉♦✉s ❜② t❤❡ ❢✉♥❝t✐♦♥❛❧ ❝❛❧❝✉❧✉s✳ ❚❤❡♥ ‖ϕ(H1)−ϕ(H2)‖F ≤
c50‖s1 − s2‖F ≤ 2bc50 = b′ ❛♥❞ ‖Ψ(H1)(A) − Ψ(H2)(A)‖F ≤ ‖Ψ(H1) −
Ψ(H2)‖F‖A‖F ≤ c51‖s1−s2‖F‖A‖F ≤ 2b‖A‖F ✳ ■♥t❡❣r❛t✐♦♥ ♦✈❡r s♦♠❡ ♣♦✇❡r
p ✭♦❢ t❤❡ ✜rst ✐♥❡q✉❛❧✐t②✮ ❧❡❛❞s t♦ ✭✐✮ ✐♥ t❤❡ Lp−♥♦r♠✳

✭✐✐✮ ▲❡t H ∈ Hp,0,b(Sk), A ∈ Lp(❊♥❞E)✳ ❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t Ψ(H)(A) ∈
Lq(❊♥❞E)✿ ‖H1 − H2‖ ≤ 2b✱ ✐♥ ♣❛rt✐❝✉❧❛r ‖H1 − H2‖ ✐♥ ❡✈❡r② Lp−s♣❛❝❡✳
❚❤✉s ✇❡ ✇✐❧❧ ❛❧✇❛②s ✜♥❞ ❛ ❝♦♥st❛♥t c52 ❞❡♣❡♥❞✐♥❣ ♦♥ b ❛♥❞ t❤❡ ❛r❡❛ ♦❢
✐♥t❡❣r❛t✐♦♥ s✉❝❤ t❤❛t ‖H1 −H2‖Lr ≤ c52‖H1 −H2‖Lp ❢♦r ❡✈❡r② r, p ≥ 1✳ ▲❡t
q < p ❛♥❞ 1

r
+ 1

p
= 1

q
⇒ r = pq

p−q
✳ ❚❤❡♥ ❜② ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✶✶

‖Ψ(H1)(A)−Ψ(H2)(A)‖Lq ≤ ‖Ψ(H1)−Ψ(H2)‖Lr‖A‖Lp

≤ c53‖H1 −H2‖Lr‖A‖Lp

≤ c52c53‖H1 −H2‖Lp‖A‖Lp .

❚❤✉s ✇❡ ❤❛✈❡ ❝♦♥t✐♥✉✐t② ❛♥❞ ✇❡❧❧✲❞❡✜♥✐t❡♥❡ss✳ ❋♦r p = q ❞✐r❡❝t❧② ❜②
‖Ψ(H1)(A)−Ψ(H2)(A)‖Lq ≤ ‖H1 −H2‖Lp‖A‖Lp ✳

✭✐✐✐✮ ❚❤❡ s❛♠❡ ❝❛❧❝✉❧❛t✐♦♥ ❛s ✐♥ ✭✐✐✮ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ϕ∆ ✐♥st❡❛❞ ♦❢ Ψ✳ ❚❤❡♥
‖ϕ∆(H1)−ϕ∆(H2)‖Lq ≤ c54‖H1−H2‖Lp ❛♥❞ ❢♦r D̃ϕ(H)(H) = ϕ∆(H)•(D̃H)
✇❡ ❣❡t

‖D̃ϕ(H1)− ϕ(H2)‖Lq

= ‖ϕ∆(H1) • (D̃(H1 −H2)) + (ϕ∆(H1)− ϕ∆(H2)) • (D̃(H2))‖Lq

≤ ‖ϕ∆(H1)‖Lp ‖D̃(H1 −H2)‖Lp

︸ ︷︷ ︸

∈Hp,1

+‖ϕ∆(H1)− ϕ∆(H2)‖Lp‖D̃(H2)‖Lp

✶✶Ψ(H) ❛❝ts ❜② ❡♥tr②✲✇✐s❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ t❤❡ ♠❛tr✐① ✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ A✳



✶✸✵ ⑤ ✺✳ ▼❛✐♥ ❡q✉✐✈❛❧❡♥❝❡

≤ b′‖H1 −H2‖Hp,1 + ‖ϕ∆(H1)− ϕ∆(H2)‖Lp‖H2‖Hp,1 .

❚❤✐s s❤♦✇s t❤❡ ❝❧❛✐♠ ❢♦r p < q✳ ❋♦r p = q ✇❡ ❣❡t t❤❡ s❛♠❡ r❡s✉❧t ❛s ✐♥ ✭✐✐✮✳
❚❤✐s ❤♦❧❞s ❢♦r D̃ = d′′ ❛s ✇❡❧❧ ❛s D̃ = D✳

✭✐✈✮ ▲❡t ϕ(H) =
∑∞

k=0 ϕkH
k ❛♥❞ Ψ(H)(A) =

∑∞
j,k=0 ΨjkH

jAHk✳ ■t ✇✐❧❧ ❜❡
❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t ‖Hm‖∞ ≤ cm‖H‖m∞✱ ✐✳❡✳ ✉s❡ ❛ k−♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡
❛♥❞ t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠✳ ❚❤❡♥ t❤❡ ♦♣❡r❛t♦rs ♦♥ P(Sk) ✇✐❧❧ ❤❛✈❡ ❛ ❝♦♥✈❡r❣❡♥t
♣♦✇❡r s❡r✐❡s ❡①t❡♥s✐♦♥✳ P♦✐♥t✇✐s❡ ❜② ❝❤❛✐♥ r✉❧❡✿

‖D̃Hm‖F ≤ m‖H‖F‖D̃H‖F , D̃ = d′′ ♦r D̃ = D

❛♥❞ ❢✉rt❤❡r

‖iΛd′′d′(Hm)‖F
= ‖iΛ(d′′(mHm−1d′(H)))‖F
= ‖iΛ(d′′(mHm−1)d′(H) +mHm−1d′′d′(H))‖
= ‖iΛtr(m(m− 1)Hm−2(d′′(H))d′(H) +mHm−1d′′d′(H))‖F
≤ m‖Hm−1‖F ‖iΛd′′d′(H)‖F +m(m− 1)‖Hm−2‖F ‖d′′(H)‖F ‖d′(H)‖F
≤ m‖H‖m−1

F ‖iΛd′′d′(H)‖F +m(m− 1)‖H‖m−2
F ‖d′′(H)‖2F .✶✷

❍❡r❡ ‖d′(H)‖F = ‖d′′(H)‖F ❢♦r H ❤❡r♠✐t✐❛♥✶✸✳ ❚❤❡♥ t❤❡ ✜rst t❡r♠ ✇✐❧❧ ❜❡
❝♦♠♣❡♥s❛t❡❞ ❜② cm‖iΛd′′d′(H)‖mL1 ✇✐t❤✐♥ cm‖H‖m∞ ❛♥❞ t❤❡ s❡❝♦♥❞ t❡r♠ ❜②
cm‖d′′(H)‖mL2 ✳
❚❤❡ s❛♠❡ ❝❛❧❝✉❧❛t✐♦♥ s❤❛❧❧ ❜❡ ❞♦♥❡ ❢♦r D✿

‖iΛ(δ′′D′ −D′δ′′)(Hm)‖F
= ‖iΛ(δ′′(mHm−1D′(H))− δ′(mHm−1D′′(H)))‖F
= ‖iΛtr(m(m− 1)Hm−2(δ′′(H))D′(H) +mHm−1δ′′D′(H)

−m(m− 1)Hm−2(δ′(H))D′′(H)−mHm−1δ′D′′(H))‖F
≤ m‖H‖m−1

F ‖iΛ(δ′′D′ − δ′D′′)(H)‖F +m(m− 1)‖H‖m−2
F ‖D(H)‖2F ,

✇❤❡r❡ ✇❡ ✉s❡❞ s✐♠✐❧❛r t♦ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❈❤❡r♥✲❲❡✐❧ ❢♦r♠✉❧❛
✭❈❲✸✮ t❤❛t ❢♦r H ❤❡r♠✐t✐❛♥ iΛδ′(H)D′′(H) = (D′′(H))∗D′′(H) ❛s ✇❡❧❧ ❛s
iΛδ′′(H)D′(H) = −(D′(H))∗D′(H)✳ ❚❤✐s s❤♦✇s t❤❡ ❝❧❛✐♠✳

✺✳✸✳✷✳ ❉♦♥❛❧❞s♦♥✬s ❢✉♥❝t✐♦♥❛❧

❇❡❢♦r❡ ✇❡ st❛rt ✇✐t❤ t❤❡ ♠❛✐♥ tr✐❝❦ ❧❡t ✉s ❝✐t❡ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♠♣♦s❡❞ ❜② ❙✐♠♣s♦♥

✶✷❙✉❜♠✉❧t✐♣❧✐❝✐t② ♦❢ t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠✳
✶✸❈♦♠♣❛r❡ ✇✐t❤ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❈❤❡r♥✲❲❡✐❧ ❢♦r♠✉❧❛✱ ✇❤❡r❡ π ✇❛s ❤❡r♠✐t✐❛♥✳
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❆ss✉♠♣t✐♦♥ ✶✳ X ❤❛s ❛ ❑ä❤❧❡r ♠❡tr✐❝ ω ❛♥❞ ✜♥✐t❡ ✈♦❧✉♠❡✳

❆ss✉♠♣t✐♦♥ ✷✳ ❚❤❡r❡ ❡①✐sts ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ φ : X → R≥0 ✇✐t❤ {x ∈ X|φ(x) ≤
a}, ∀a ∈ R ❛s ✇❡❧❧ ❛s 0 ≤ i∂∂φ ≤ Cω ❢♦r s♦♠❡ C > 0✳

❆ss✉♠♣t✐♦♥ ✸✳ ❚❤❡r❡ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ a : [0,∞[→ [0,∞[ ✇✐t❤ a(0) = 0
❛♥❞ a(x) = x ❢♦r x > 1✱ s✉❝❤ t❤❛t ✐❢ f ✐s ❛ ❜♦✉♥❞❡❞ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ ♦♥ X ✇✐t❤

∆(f) ≤ b ❢♦r s♦♠❡ b ∈ Lp, p > 1 t❤❡♥

sup
X

|f | ≤ cba

(∫

X

|f |
)

.

❋✉rt❤❡r♠♦r❡✱ ✐❢ ∆(f) ≤ 0 t❤❡♥ ∆(f) = 0✳

❍♦✇❡✈❡r ✐♥ ❢✉t✉r❡ ✇❡ ❞♦♥✬t ❤❛✈❡ t♦ ❝❛r❡ ❛❜♦✉t t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛♥② ♠♦r❡✿

❘❡♠❛r❦ ✺✳✸✳✺✳ ❊✈❡r② ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝ ♦♥ ❛ ❘✐❡♠❛♥♥ s✉r❢❛❝❡ ✐s ❛ ❑ä❤❧❡r
♠❡tr✐❝✳ ■♥ ❝♦♠♣❧❡① ❞✐♠❡♥s✐♦♥ ♦♥❡ ❡✈❡r② ♦♣❡♥ ❞♦♠❛✐♥ ✐s ♣s❡✉❞♦❝♦♥✈❡①✱ ✐✳❡✳ t❤❡r❡
✐s ❛ ❝♦♥t✐♥✉♦✉s ♣❧✉r✐❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ r❡s♣✳ ❛ ❜♦✉♥❞❡❞ ♣❧✉r✐❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥ φ
✭❙✐♠♣s♦♥ ❣✐✈❡s ❛ ♠♦r❡ ❣❡♥❡r❛❧ r❡s✉❧t ✐♥ ❬❙✐♠✽✽❪✱ ✷✳✷✳✮ ❚♦ ♣r♦✈❡ ❛ss✉♠♣t✐♦♥ ✸ ✉s❡
♦✉r ✇❡❛❦ ❡①t❡♥s✐♦♥ ❢r♦♠ ❧❡♠♠❛ ✶✳✼✳✾✳ ❚❤❡♥ ✇❡ ♠❛② ❝♦♥s✐❞❡r t❤❡ ❝♦♠♣❛❝t ❝❛s❡✱
♣r♦✈❡❞ ❜② ❉♦♥❛❧❞s♦♥ ❬❉♦♥✽✼❪ ♦r ❙✐♠♣s♦♥ ✷✳✶✳
❖♥ ❝❛♥ ❡①t❡♥❞ ❢✉rt❤❡r t♦ ❛r❜✐tr❛r② ♠❡tr✐❝s v(z) d z ∧ d z ♦♥ t❤❡ ✉♥✐t ❞✐s❝ ✐❢ v ✐s ✐♥
Lp ❢♦r s♦♠❡ p > 1✳✶✹ ❚❤❡♥ t❤❡ ▲❛♣❧❛❝✐❛♥ ∆0 = v∆ ✇✐t❤ ∆0 t❤❡ ▲❛♣❧❛❝✐❛♥ ✇✳r✳t✳
t❤❡ ❡✉❝❧✐❞❡❛♥ ♠❡tr✐❝✳ ❍❡♥❝❡ ❢♦r ∆f ≤ B ⇒ ∆0f ≤ Bv ♦♥ X ✐s st✐❧❧ L1 ❛♥❞ ✇❡
♠❛② ❡①t❡♥❞ ❛❣❛✐♥ ❜② ❧❡♠♠❛ ✶✳✼✳✾✳

❘❡♠❛r❦ ✺✳✸✳✻✳ ❙✐♠♣s♦♥ st❛t❡s t❤❡ ❛ss✉♠♣t✐♦♥ ✇✐t❤ b ❝♦♥st❛♥t✱ ❤♦✇❡✈❡r ♣r♦✈❡s
✐t ❢♦r b ∈ Lp, p > 1✳ ❋✉rt❤❡r ❤❡ ❛❧✇❛②s r❡q✉✐r❡s t❤❡ ❝✉r✈❛t✉r❡ t♦ ❜❡ ✉♥✐❢♦r♠❧②
❜♦✉♥❞❡❞ ✐♥ ♦r❞❡r t♦ ✉s❡ t❤❡ ✈❡rs✐♦♥ ♦❢ ❛ss✉♠♣t✐♦♥ ✸ st❛t❡❞ ✐♥ ❬❙✐♠✽✽❪✳ ❙✐♥❝❡ ♦✉r
❡①✐st❡♥❝❡ t❤❡♦r❡♠ ❡①♣❡❝ts ❛ ❝✉r✈❛t✉r❡ ✐♥ Lp, p > 1 ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧
✈❡rs✐♦♥✳

❘❡♠❡♠❜❡r t❤❛t t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣ ✇❛s ❛ ♠❛♣ ❢r♦♠ t❤❡ s♣❛❝❡ ♦❢ ❤❡r♠✐t✐❛♥ ♠❛✲
tr✐❝❡s t♦ t❤❡ s♣❛❝❡ ♦❢ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ♦♥❡s✳ ❲❡ ♠❛② ✉s ✐t ❛❣❛✐♥ t♦ ❞❡✜♥❡ ❛ ♠❛♣
PD̃(Sk) → Pk✱ t♦ t❤❡ s♣❛❝❡ ♦❢ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ♠❛tr✐❝❡s ✇✳r✳t✳ k t❤❛t s❛t✐s❢②
∫

X
‖ΛFk‖K < ∞✳ ❚❤❡ ♠❛♣ S 7→ KeS ✐s ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ ❛r♦✉♥❞ 0 ❛♥❞ K ✐♥t♦

t❤✐s s♣❛❝❡✱ ✇❤✐❝❤ ✐s ❡✈❡♥ ❛♥❛❧②t✐❝ ❜② t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✭✺✳✸✳✹✱ ♣❛rt ✭✐✈✮✮✳ ◆♦t❡
t❤❛t t❤❡ ❝✉r✈❛t✉r❡ FkeS = (d′′)2 + (d′k)

2 + (d′′d′k + d′kd
′′) ✐s ✐♥t❡❣r❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

‖S‖d′′ ✐s ✜♥✐t❡✳ ❙❛♠❡ ❤♦❧❞s ❢♦r F r❡♣❧❛❝❡❞ ❜② t❤❡ ♣s❡✉❞♦✲❝✉r✈❛t✉r❡ GkeS ✳
❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❬❙✐♠✽✽❪✱ ✸✳✶ ✭❝✮ ❜❡❧♦✇ ❛♥❞ tr(d′′(eS)d′(eS)) = ‖d′′(eS)‖F =
‖d′(eS)‖F ❛s ✇❡❧❧ ❛s t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t k ❤❛s ❛❧r❡❛❞② Lp✲❝✉r✈❛t✉r❡✳

✶✹❝❢✳ ❬❙✐♠✽✽❪✱ ♣✳ ✽✼✺✱ ♣r♦♣♦s✐t✐♦♥ ✷✳✹✳
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▲❡♠♠❛ ✺✳✸✳✼✳ ■❢ d′k ✐s t❤❡ ✉s✉❛❧ d′−♦♣❡r❛t♦r ❝♦♥str✉❝t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
✐♥✐t✐❛❧ ♠❡tr✐❝ k ✭❛♥❞ ❛♥❛❧♦❣♦✉s❧② θ†k ❛♥❞ s♦ ♦♥✮✱ t❤❡♥ ❢♦r ❛ ♠❡tr✐❝ h ✇✐t❤ H = KeS✿

d′h = d′k + S−1d′k(S)

d′′(d′k(e
S)) = eS(Fh − Fk) + d′′(eS)e−Sd′k(e

S);

❛♥❞ ❢♦r DX−♠♦❞✉❧❡s✿

(D′′δ′k −D′δ′′k)(e
S) = 4eS(Gh −Gk) +D′′(eS)e−Sδ′k(e

S)−D′(eS)e−Sδ′′k(e
S).

❘❡♠❛r❦ ✺✳✸✳✽✳ ❚❤❡ ❧❡♠♠❛ ❤♦❧❞s ❢♦r eS r❡♣❧❛❝❡❞ ❜② ❛♥② ❤❡r♠✐t✐❛♥ ♠❛tr✐① s❛②
A✱ t♦♦✳

♣r♦♦❢ ♦❢ ❧❡♠♠❛ ✺✳✸✳✼✳ ❋✐rst ✇❡ ❦♥♦✇ t❤❛t

h(θξ, η) = (η)∗Hθξ = (η)∗KeSθξ

= k(eSθξ, η) = k(ξ, θ†ke
Sη)

= (θ†ke
Sη)∗Kξ = (θ†ke

Sη)∗He−Sξ

= h(e−Sξ, θ†ke
Sη) = h(ξ, e−Sθ†ke

Sη),

✐✳❡✳ θ†h = e−Sθ†ke
S = θ†k + e−S(θ†ke

S − eSθ†k)✳ ❍❡♥❝❡ d′h = d′k + e−S(d′k(e
S))✱ ✐✳❡✳ t❤❡

✜rst ❡q✉❛❧✐t② ❤♦❧❞s✳ ❋✉rt❤❡r ❜② Fh = d′′d′h + d′hd
′′ ✇❡ s❡❡

d′′(d′k(e
S)) = d′′d′k(e

S) + d′k(e
S)d′′

= d′′eS(d′h − d′k) + eS(d′h − d′k)d
′′

= eS(Fh − Fk)− eS(Fh − Fk) + d′′eSd′h + eS(d′hd
′′)− d′′eSd′k − eS(d′kd

′′)

= eS(Fh − Fk) + d′′eSd′h − eS(Fh − d′hd
′′)− d′′eSd′k + eS(Fk − d′kd

′′)

= eS(Fh − Fk) + d′′eSd′h − eSd′′d′h − d′′eSd′k + eSd′′d′k

= eS(Fh − Fk) + d′′(eS)d′h − d′′(eS)d′k

= eS(Fh − Fk) + d′′d′ke
S − d′′eSd′k − eSd′′e−Sd′he

S + eSd′′d′k

= eS(Fh − Fk) + d′′d′ke
S − d′′eSd′k − eSd′′e−Sd′ke

S + eSd′′d′k

= eS(Fh − Fk) + d′′(eS)e−Sd′k(e
S).

❆♥❛❧♦❣♦✉s❧② ❢♦r t❤❡ ♣s❡✉❞♦✲❝✉r✈❛t✉r❡✿ ❘❡♣❧❛❝❡ d′′d′k ❜② (D′′δ′k −D′δ′′k)✳ ❲✐t❤ t❤❡
tr❛♥s❢♦r♠❛t✐♦♥ r✉❧❡ ❞❡r✐✈❡❞ ❢♦r θ ❛❜♦✈❡ ✇❡ ❣❡t t❤❡ s❛♠❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r δ′′ r❡s♣✳
δ′✳✶✺ ❲❡ ❤❛✈❡

D′′(δ′(eS))− (D′(δ′′(eS)))

= 4eS(Gh −Gk) +D′′(eS)e−Sδ′k(e
s)−D′(eS)e−Sδ′′k(e

S).

✶✺◆♦✇ t❤❡ ❞❛t❛ D r❡s♣✳ D′ ❛♥❞ D′′ ❛r❡ ✜①❡❞ ❛♥❞ δ′, δ′′✱ ❛s t❤❡ ♠✐ss✐♥❣ ♣❛rts t♦ t❤❡ ♠❡tr✐❝
❝♦♥♥❡❝t✐♦♥s✱ tr❛♥s❢♦r♠ ✉♥❞❡r t❤❡ tr❛♥s✐t✐♦♥ k ↔ h✳
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▲❡t P0
k ❜❡ t❤❡ ❝♦♠♣♦♥❡♥t ❝♦✈❡r❡❞ ❜❡ t❤❡ ❝❤❛rt S 7→ KeS ❛♥❞ H ∈ P0

k ✱ ✐✳❡✳ ✇❡
✜♥❞ ❛ S s✉❝❤ t❤❛t H = KeS✳
■♥ ♦r❞❡r t♦ ❞❡✜♥❡ ❉♦♥❛❧❞s♦♥✬s ❢✉♥❝t✐♦♥❛❧✱ ✇❡ st✐❝❦ ❝❧♦s❡r ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ❞❡✜✲
♥✐t✐♦♥ ❜② ❉♦♥❛❧❞s♦♥ ❬❉♦♥✽✺❪ ❛♥❞ ❢♦❧❧♦✇ t❤❡ ❞❡s❝r✐♣t✐♦♥ ❜② ▼♦❝❤✐③✉❦✐ ❬▼♦❝✵✷❛❪✳
▼♦❝❤✐③✉❦✐ ♣r♦✈❡s t❤❛t

▲❡♠♠❛ ✺✳✸✳✾✳ ❋♦r S ∈ TkPk ✲ t❛♥❣❡♥t s♣❛❝❡ ✲ Φk(S) :=
∫

X
tr(SiΛGk) ✐s ❛ ❝❧♦s❡❞

♦♥❡✲❢♦r♠ ♦❢ Pk✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❧❡♠♠❛ ❤❡ ✉s❡s t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❜② ❙✐♠♣s♦♥✿

❚❤❡♦r❡♠ ✺✳✸✳✶✵ ✭❙t♦❦❡✮✳ ❙✉♣♣♦s❡ X ❤❛s ❛♥ ❡①❤❛✉st✐♦♥ ❢✉♥❝t✐♦♥ φ ✇✐t❤
∫

X
|∆φ| < ∞ ❛♥❞ s✉♣♣♦s❡ η ✐s ❛ L2−✐♥t❡❣r❛❜❧❡ 1−❢♦r♠✳ ■❢ dη ✐s ✐♥t❡❣r❛❜❧❡✱

t❤❡♥
∫

X
dη = 0✳

Pr♦♦❢✳ ❆ st❛♥❞❛r❞ ❛r❣✉♠❡♥t s❤♦✇s t❤❡ ❝❧❛✐♠✳ ❙❡❡ ❙✐♠♣s♦♥ ❬❙✐♠✽✽❪✱ ♣✳ ✽✽✹✱ ❧❡♠♠❛
✺✳✷✳

❉❡✜♥✐t✐♦♥ ✺✳✸✳✶✶✳ ▲❡t γ ❜❡ ❛ ♣❛t❤ ❝♦♥♥❡❝t✐♥❣ t✇♦ ♠❡tr✐❝s K ❛♥❞ H ✐♥ Ph t❤❡♥
M(K,H) :=

∫

γ
Φ✳ ■♥ ♣❛rt✐❝✉❧❛r M(K,H) +M(H, J) =M(K, J) ❜② ❝♦♥str✉❝t✐♦♥✳

❋♦r H = KeS t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❞❡✜♥✐t✐♦♥

M ′(K,H) =

∫

X

tr(SiΛFh) +

∫

X

〈Ψ(S)(D̃S), D̃S〉K ,

✇✐t❤ Ψ t❤❡ ♦♣❡r❛t♦r ❝♦♠✐♥❣ ❢r♦♠ t❤❡ s♠♦♦t❤ ❢✉♥❝t✐♦♥

Ψ(v, w) =
ew−v − (w − v)− 1

(w − v)2
,

❣✐✈❡♥ ❜② ❙✐♠♣s♦♥✳ ❲❡ ✇✐❧❧ s❤♦rt❧② r❡♣❡❛t t❤❡ ✐❞❡❛✱ s✐♥❝❡ ✇❡ ♥❡❡❞ s♦♠❡ ♦❢ t❤❡
❢♦r♠✉❧❛s ❧❛t❡r ♦♥✿ ❲❡ ❤❛✈❡

∂

∂u
M ′(KetS, Ke(t+u)S)

∣
∣
∣
∣
u=0

=
∂

∂u

∫

X

tr(uSiΛFKetS) +

∫

X

〈Ψ(uS)(D̃uS), D̃uS〉KetS

∣
∣
∣
∣
u=0

=

∫

X

tr(SiΛFKetS) +
∂

∂u
u2
∫

X

〈Ψ(uS)(D̃S), D̃S〉KetS

∣
∣
∣
∣
u=0

=

∫

X

tr(SiΛFKetS).
✶✻
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❋✉rt❤❡r♠♦r❡

∂2

∂t∂u
M ′(KetS, Ke(t+u)S)

∣
∣
∣
∣
u=0

− ∂2

∂t∂u
M ′(K,Ke(t+u)S)

∣
∣
∣
∣
u=0

.

❚❤❡ ❢♦r♠✉❧❛ ✐s s❤♦✇♥ ❜② ❬❙✐♠✽✽❪✱ ❧❡♠♠❛ ✺✳✶✿ ❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❛ tr❛♥s❢♦r♠❛t✐♦♥
r✉❧❡ ❢♦r t❤❡ ❝✉r✈❛t✉r❡ ❞❡r✐✈❡❞ ✐♥ ✺✳✸✳✼ ✇❡ ♠❛② s❤♦✇ t❤❛t ❜♦t❤ s✐❞❡s ❞✐✛❡r ❜② ❛
❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❤❛s t♦ ✈❛♥✐s❤ ❜② t❤❡ ❙t♦❦❡s t❤❡♦r❡♠ ❛❜♦✈❡✳
❲❡ ❤❛✈❡ ❢✉rt❤❡r

∂

∂u
M ′(KetS, Ke(t+u)S)

∣
∣
∣
∣
u=t=0

=
∂

∂u
M ′(K,Ke(t+u)S)

∣
∣
∣
∣
u=t=0

.

❇✉t t❤❡♥ ✇❡ ❤❛✈❡ ❡q✉❛❧✐t② ❛t ♦♥❡ ♣♦✐♥t ❛♥❞ t❤❡ ❞✐✛❡r❡♥t✐❛❧ ✐s t❤❡ s❛♠❡✱ ✐✳❡✳ t❤❡
❢✉♥❝t✐♦♥s ❛r❡ ❡q✉❛❧✿

M ′(K,H) = M(K,KeS)−M(K,K)

=

∫ 1

0

∂

∂t
M ′(K,Ke(t+u)S)

∣
∣
∣
∣
u=0

d t

=

∫ 1

0

∂

∂u
M ′(KetS, Ke(t+u)S)

∣
∣
∣
∣
u=0

d t

=

∫ 1

0

∫

X

tr(SiΛFKetS) d t

= M(K,H).

❘❡♠❛r❦ ✺✳✸✳✶✷✳ ◆♦t❡ t❤❛t ❜② s♠♦♦t❤♥❡ss ♦❢ t❤❡ ♠❡tr✐❝ M(K,H) ✐s s♠♦♦t❤ ❛s
✇❡❧❧✳

❖♥❡ ♦❢ t❤❡ ♠❛❥♦r st❡♣s ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ r❡s✉❧t ♦❢ ❛ ❤❛r♠♦♥✐❝ ♠❡tr✐❝
✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❜② ❙✐♠♣s♦♥✿

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶✸✳ ❋✐① ❛ b ∈ Lp, p > 1✳ ▲❡t E ❜❡ ♦✉r st❛❜❧❡ ❍✐❣❣s r❡s♣✳
DX−❜✉♥❞❧❡ ✇✐t❤ ‖iΛFk‖K ≤ b r❡s♣✳ ‖iΛGk‖K ≤ b✳ ❚❤❡♥ t❤❡r❡ ❛r❡ ❝♦♥st❛♥ts
C̃1, C̃2 s✉❝❤ t❤❛t

sup
X

‖S‖K ≤ C̃1 + C̃2M(K,KeS).

❢♦r ❛♥② θ−r❡s♣✳ ∇−✐♥✈❛r✐❛♥t ❡❧❡♠❡♥t S ∈ ΓD̃(X,Hn) ✇✐t❤ tr(S) = 0✱
supX ‖S‖K <∞ ❛♥❞ ‖iΛFKeS‖K ≤ b✳

✶✻❋♦r DX−♠♦❞✉❧❡s r❡♣❧❛❝❡ F ❜② t❤❡ ♣s❡✉❞♦✲❝✉r✈❛t✉r❡ G✳



✺✳✸✳ ▼❛✐♥ ❊①✐st❡♥❝❡ t❤❡♦r❡♠ ⑤ ✶✸✺

Pr♦♦❢✳ ❋✐rst ♥♦t❡ t❤❛t ❜② t❤❡ ♣♦s✐t✐✈✐t② ♦❢ Ψ

M(K,KeS) ≥
∫

X

tr(siΛFk) ≥ ‖b‖L1‖S‖L∞
✶✼

r❡s♣✳

M(K,KeS) ≥
∫

X

tr(siΛGk) ≥ ‖b‖L1‖S‖L∞ .

❚❤✉s ✐t ✇✐❧❧ ❜❡ ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t

sup
X

‖S‖K ≤ C̃1 + C̃2 max{0,M(K,KeS)}.

❋✉rt❤❡r♠♦r❡ ✇❡ ❤❛✈❡ ❢♦r H = KeS✿

∆ log tr(eS) ≤ 2(‖iΛFh‖H + ‖iΛFk‖K) ≤ 2bC̃3

∆ log tr(eS) ≤ 8(‖iΛGh‖H + ‖iΛGk‖K) ≤ 2bC̃3

❢♦r ❛ ❜✐❣ ❡♥♦✉❣❤ C̃3✳ ❋♦r ❛ ♣r♦♦❢ s❡❡ ❬❙✐♠✽✽❪✱ ❧❡♠♠❛ ✸✳✶ ✭❞✮✳ ❚❤❡ ✈❡rs✐♦♥ ♦❢ t❤❡
♣r♦♦❢ t❤❡r❡ ❝♦♠❡s ❢r♦♠ ❨✳❚✳ ❙✉✐ ❛♥❞ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✺✳✸✳✼ r❡s♣✳ ❬❙✐♠✽✽❪✱ ✸✳✶
✭❝✮✳ ■♥ ♣❛rt✐❝✉❧❛r ♦♥❝❡ ✇❡ ❤❛✈❡ ✺✳✸✳✼ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ t♦ DX−♠♦❞✉❧❡s ✐s ❝❧❡❛r✳
❇② ❆ss✉♠♣t✐♦♥ ✸ ✇❡ ♠❛② ❢✉rt❤❡r ❝♦♥❝❧✉❞❡ t❤❛t

sup
X

‖S‖K ≤ C̃4 + C̃5‖S‖L1 .

◆♦✇ ❧❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ ❝❧❛✐♠ ❞♦❡s ♥♦t ❤♦❧❞✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
❝❛s❡s

❈❛s❡ ✶✿ ❚❤❡r❡ ✐s ❛ s❡q✉❡♥❝❡ Si ∈ P(Sh), tr(Si) = 0 ✇✐t❤ supX ‖Si‖K → ∞ ❛♥❞
M(K,KeSi) ≤ 0✳

❈❛s❡ ✷✿ ❚❤❡r❡ ✐s ❛ s❡q✉❡♥❝❡ Si ∈ PD̃(Sk), tr(Si) = 0 ✇✐t❤ supX ‖Si‖K → ∞ ❛♥❞
M(K,KeSi) > 0✳ ❚❤❡♥ ✇❡ ❢✉rt❤❡r ✜♥❞ ❛ s❡r✐❡s Ci ≥ 0 s✉❝❤ Ci → ∞ ❛♥❞
supX ‖Si‖K ≥ CiM(K,KeSi)✳

■♥ ❜♦t❤ ❝❛s❡s✱ ‖Si‖L1 → ∞✳ ❙❡t li := ‖Si‖L1 ❛♥❞ ui := l−1
i Si✱ s♦ t❤❛t ‖ui‖L1 = 1✳✶✽

❋✉rt❤❡r supX ‖ui‖K ≤ C̃6✳ ◆♦t❡ t❤❛t tr(ui) = 0 ❜② t❤❡ s❛♠❡ ♣r♦♣❡rt② ♦❢ t❤❡ Si✳

▲❡♠♠❛ ✺✳✸✳✶✹✳ ❆❢t❡r ❣♦✐♥❣ t♦ ❛ s✉❜s❡q✉❡♥❝❡ ui → u∞ ✇❡❛❦❧② ✐♥ H2,1(S) t❤❡
❧✐♠✐t ✐s ♥♦♥tr✐✈✐❛❧✳ ■❢ Φ : R × R → R ✐s ❛ ♣♦s✐t✐✈❡ s♠♦♦t❤ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t
Φ(v, w) < (v − w)−1 ✇❤❡♥❡✈❡r v > w✱ t❤❡♥

∫

X

tr(u∞iΛFk) +

∫

X

〈Φ(u∞)(d′′u∞), d′′u∞〉K ≤ 0.

✶✼❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✳
✶✽❲✳❧✳♦✳❣✳ Si 6= 0✳



✶✸✻ ⑤ ✺✳ ▼❛✐♥ ❡q✉✐✈❛❧❡♥❝❡

Pr♦♦❢✳ ■❢ ♥❡❝❡ss❛r② r❡♣❧❛❝❡ Φ ✇✐t❤ Φ − ε t♦ ❥✉st✐❢② t❤❡ ❛ss✉♠♣t✐♦♥ Φ(v, w) <
(v − w)−1 ❢♦r v > w✳ ❋r♦♠ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ t✇♦ ❞❡✜♥✐t✐♦♥s ♦❢
M(K,KeS) r❡s♣✳ ❧❡♠♠❛ ✺✳✷ ✐♥ ❬❙✐♠✽✽❪✱ ✇❡ ❦♥♦✇ t❤❡ ❢♦r♠✉❧❛

∂2

∂t∂u
M(HetS, He(t+u)S)

∣
∣
∣
∣
u=0

=
∂2

∂t∂u
M(H,He(t+u)S)

∣
∣
∣
∣
u=0

.

❍❡♥❝❡

li

∫

X

tr(uiiΛFk) + l2i

∫

X

〈Ψ(liui)(D̃ui), ui〉K ≤ C̃7C
−1
i li.

✶✾

❚❤❡ ui ❛r❡ ❜② ❝♦♥str✉❝t✐♦♥ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✱ t❤✉s ✇❡ ❝❛♥ ❝✉t♦✛ Ψ✱ ✐✳❡✳ ❛ss✉♠❡
t❤❛t Ψ ❤❛s ❝♦♠♣❛❝t s✉♣♣♦rt✳ ❋✉rt❤❡r♠♦r❡ ❢♦r v ≤ w

lΨ(lv, lw) = l
elw−lv − (lw − lv)− 1

(lw − lv)2
≤ el(w−v)

l(w − v)2

→ ∞.

❛♥❞ ❢♦r v > w✿ lΦ(lv, lw) → 1
v−w

❛♥❞ ♠♦♥♦t♦♥❡ ✐♥❝r❡❛s✐♥❣ ✐♥ l✳ ❍❡♥❝❡ ❢♦r ❛ ❜✐❣
❡♥♦✉❣❤ l ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t

Φ(v, w) < lΨ(lv, lw).

❚❤✐s ②✐❡❧❞s

li

∫

X

tr(uiiΛFk) + l2i

∫

X

〈Φ(ui)(D̃ui), D̃ui〉K ≤ C̃7

Ci

−1

li.

❚❤❡ ❝♦♥❞✐t✐♦♥ sup ‖ui‖K ≤ C̃6 ✐♠♣❧✐❡s t❤❛t D̃ui ✐s L2−✐♥t❡❣r❛❜❧❡✱ ✐✳❡✳ ui ∈ H2,1✳
❇✉t ❛♥② ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ❤❛s ❛ ✇❡❛❦❧② ❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡✷✵ ✐♥ H2,1✳ ■♥
❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥ ❝❛❧❧ t❤✐s s✉❜s❡q✉❡♥❝❡ ❛s ✇❡❧❧ ui ❛♥❞ t❤❡ ✇❡❛❦ ❧✐♠✐t u∞✳ ◆♦✇

t❛❦❡ Z ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ X✳ ❚❤❡♥ t❤❡ ui
L2

→ u∞ r❡s♣✳
∫

Z
‖ui‖K →

∫

Z
‖u∞‖K ✳✷✶

❇② ❛ss✉♠♣t✐♦♥ ✶ ✭✜♥✐t❡ ✈♦❧✉♠❡✮ ❛♥❞ supX ‖ui‖K ≤ C̃6

1 = ‖ui‖L1 ≤
∫

X−Z

‖ui‖K +

∫

Z

‖ui‖K ≤ C̃6

∫

X−Z

+

∫

Z

‖ui‖K

⇒
∫

Z

‖ui‖K ≥ 1− C̃6

∫

X−Z
︸ ︷︷ ︸

=:ε

= 1− ε.

✶✾❋♦r t❤❡ ✜rst ❝❛s❡ ❝❤♦♦s❡ ❛♥② s❡q✉❡♥❝❡ Ci → ∞✳
✷✵❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s ❈♦✉rs❡ ❬❋❆✵✽❪✳
✷✶H2,1 ⊂ L1(Z) ❝♦♠♣❛❝t ❜② ❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈✱ ▼ü❧❧❡r ❬P❉❊✵✾❪✱ ♣✳ ✶✷✺✳



✺✳✸✳ ▼❛✐♥ ❊①✐st❡♥❝❡ t❤❡♦r❡♠ ⑤ ✶✸✼

❚❤✉s ‖u∞‖L1 ≥ 1 − ε > 0 ❢♦r X − Z ✇✐t❤ s♠❛❧❧ ❡♥♦✉❣❤ ✈♦❧✉♠❡✳ ❙✐♥❝❡ t❤❡ tr❛❝❡
✐s ❝♦♥t✐♥✉♦✉s ✐♥ t❤❡ ui ✇❡ ❣❡t ❛❞❞✐t✐♦♥❛❧❧② t❤❛t

∫

X
tr(uiiΛFk) →

∫

X
tr(u∞iΛFk)

r❡s♣✳
∫

X
tr(uiiΛGk) →

∫

X
tr(u∞iΛGk)✳ ❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ ui

L2

→ u∞ ❛s ✇❡❧❧ ❛s

D̃ui
L2

→ D̃u∞✳ ❇② ❝♦♥t✐♥✉✐t② ♦❢ Ψ✿ Φ(ui)D̃ui
L2

→ Φ(u∞)D̃u∞✳ ◆♦✇ Lp−❝♦♥✈❡r❣❡♥❝❡
✐♠♣❧✐❡s ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ♠❡❛s✉r❡ ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ♠❡❛s✉r❡ ❛❧❧♦✇s ✉s t♦ ❛♣♣❧② t❤❡
❧❡♠♠❛ ♦❢ ❋❛t♦✉✿

∫

X

〈Φ(u∞)D̃u∞, u∞〉K ≤ lim inf
i→∞

∫

X

〈Φ(ui)D̃ui, ui〉K .

❘❡♠❛r❦ ✺✳✸✳✶✺✳ ❚❤❡ ✐❞❡❛ t♦ ✉s❡ ❋❛t♦✉✬s ❧❡♠♠❛ ✐s t❛❦❡♥ ❢r♦♠ ❬▼♦❝✵✷❛❪ ✶✸✱
♣✳ ✷✶✳ ◆♦t❡ t❤❛t Lp−❝♦♥✈❡r❣❡♥❝❡ ❞♦❡s ✐♥ ❣❡♥❡r❛❧ ♥♦t ✐♠♣❧② ❛❧♠♦st ❡✈❡r②✇❤❡r❡
❝♦♥✈❡r❣❡♥❝❡ ✭❛s ❝❧❛✐♠❡❞ ✐♥ ❬▼♦❝✵✷❛❪✱ ♣✳ ✷✶✮✱ ❜✉t ❛♥②✇❛② ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ♠❡❛s✉r❡
✐s ❡♥♦✉❣❤ ❢♦r ❋❛t♦✉✬s ❧❡♠♠❛✳

▲❡♠♠❛ ✺✳✸✳✶✻✳ ❚❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ u∞ ❛r❡ ❝♦♥st❛♥t✱ ✐♥ ♦t❤❡r ✇♦r❞s t❤❡r❡ ❛r❡
λ1, . . . , λn✱ ✇❤✐❝❤ ❛r❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ u∞(x) ❢♦r ❛❧♠♦st ❛❧❧ x ∈ X✳ ❚❤❡r❡ ❛r❡ ❛t
❧❡❛st t✇♦ ❞✐st✐♥❝t ❡✐❣❡♥✈❛❧✉❡s✳

Pr♦♦❢✳ ■❢ ✇❡ ❛r❡ ❛❜❧❡ t♦ s❤♦✇ t❤❛t ❢♦r ❛❧❧ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ϕ : R → R✱ tr(ϕ(u∞)) ✐s
❝♦♥st❛♥t✱ t❤❡♥ ❛❧❧ ❡✐❣❡♥✈❛❧✉❡s ❛r❡ ❝♦♥st❛♥t✳ ❈❤♦♦s❡ t❤❡ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ❣✐✈❡♥ ❜②
t❤❡ ❢✉♥❝t✐♦♥❛❧ ❝❛❧❝✉❧✉s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ ❛ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥s♣❛❝❡✳
❚❤❡ ♣r♦❥❡❝t✐♦♥ ✐s ❤❡r♠✐t✐❛♥✱ t❤✉s t❤✐s ✐s ❥✉st✐✜❡❞✳ ❙✐♥❝❡ t❤❡ tr❛❝❡ ✐s ♦♥❧② t❤❡ s✉♠
♦✈❡r t❤❡ ❡✐❣❡♥✈❛❧✉❡s✱ ✇❡ ❣❡t ❝♦♥st❛♥❝② ♦❢ ❡❛❝❤ ❡✐❣❡♥✈❛❧✉❡✳
❲❡ ❤❛✈❡

∂tr(ϕ(u∞)) = tr(Ed′′❊♥❞ϕ(u∞)) + tr((d′❊♥❞E
︸ ︷︷ ︸

d′−d′=0

)∗ϕ(u∞))

= tr(Ed′′❊♥❞ϕ(u∞)) = tr(ϕ∆(u∞)(d′′u∞))

❛s ✇❡❧❧ ❛s

(∂ + ∂)tr(ϕ(u∞)) = tr(ED❊♥❞ϕ(u∞)) + tr((D❊♥❞E
︸ ︷︷ ︸

D−D=0

)∗ϕ(u∞))

= tr(ED❊♥❞ϕ(u∞)) = tr(ϕ∆(u∞)(Du∞)).

❋✉rt❤❡r♠♦r❡ r❡♠❡♠❜❡r t❤❛t ϕ∆(v, v) ✐s t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦❢ ϕ ❛t v✳ ❈♦♥str✉❝t ❛
❢✉♥❝t✐♦♥ Φ s✉❝❤ t❤❛t Φ(v, v) = ϕ∆(v, v) ❛♥❞ t❤❛t ❢♦r N ❧❛r❣❡ ❡♥♦✉❣❤ NΦ2(v, w) <
(v − w)−1 ❢♦r v > w✳✷✷ ❍❡♥❝❡ tr(ϕ∆(u∞)(D̃u∞)) = tr(Φ(u∞)D̃u∞)✳ ❇② t❤❡

✷✷❋♦r v → w t❤❡ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s tr✐✈✐❛❧❧② ❢♦r ❛♥② N ✳ ❚❤✉s t❤❡ t✇♦ ❝♦♥❞✐t✐♦♥s ❞♦♥✬t ✐♥t❡r❛❝t✳
❋♦r ❡①❛♠♣❧❡ t❛❦❡ ❛ ❝✉t♦✛ ❢✉♥❝t✐♦♥✱ t❤❛t ❤❛s s✉♣♣♦rt ✐♥ s♦♠❡ t✉❜✉❧❛r ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ v = w
✐♥ R

2✳



✶✸✽ ⑤ ✺✳ ▼❛✐♥ ❡q✉✐✈❛❧❡♥❝❡

♣r❡✈✐♦✉s ❧❡♠♠❛ ✭Φ2 ✐s ♣♦s✐t✐✈❡✳✮

∫

X

‖Φ(u∞)(D̃u∞)‖2K =

∫

X

〈Φ(u∞)(D̃u∞),Φ(u∞)(D̃u∞)〉K

=

∫

X

〈Φ2(u∞)(D̃u∞), D̃u∞〉K

≤ 1

N

∫

X

tr(u∞iΛFk),

♦r r❡♣❧❛❝❡ Fk ❜② Gk ❢♦r t❤❡ DX−♠♦❞✉❧❡ ❝❛s❡✳ ❇② ♦✉r ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❝✉r✲
✈❛t✉r❡s Fk r❡s♣✳ Gk ❛♥❞ u∞ ✭❜② ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ui✮ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s
❜♦✉♥❞❡❞ ❜② C̃8

N
✳ ❚♦❣❡t❤❡r ✇❡ ❣❡t

‖(ov∂trϕ(u∞)‖L2 ≤ C

N
→ 0, N → ∞,

♦r

‖(∂ + ∂)trϕ(u∞)‖L2 ≤ C

N
→ 0, N → ∞.

❙✐♥❝❡ u∞ ✐s ❤❡r♠✐t✐❛♥ tr(ϕ(u∞)) ✐s r❡❛❧✲✈❛❧✉❡❞✱ ✐✳❡✳ ∂trϕ(u∞) = 0 ⇒ tr(ϕ(u∞))
❝♦♥st❛♥t✱ ∀ϕ s♠♦♦t❤✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐❢ u∞ ❤❛❞ ♦♥❧② ♦♥❡ ❡✐❣❡♥✈❛❧✉❡✱ t❤❡♥ tr(Eu∞) = tr(u∞) = 0
✇♦✉❧❞ ✐♠♣❧② t❤❛t u∞ ❤❛❞ ♦♥❧② ❡✐❣❡♥✈❛❧✉❡ 0✳ ❇✉t ❛ ❤❡r♠✐t✐❛♥ ♠❛tr✐① ✇✐t❤ ♦♥❧②
③❡r♦ ❡✐❣❡♥✈❛❧✉❡s ✐s 0✱ ❤❡♥❝❡ ✇❡ ❣❡t ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t♦ t❤❡ ♥♦♥✲tr✐✈✐❛❧✐t② ♦❢ u∞ ❢r♦♠
t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✳ ❚❤❡r❡❢♦r❡ t❤❡r❡ ❛r❡ ❛t ❧❡❛st t♦ ❞✐st✐♥❝t ❡✐❣❡♥✈❛❧✉❡s✳

■♥ ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥ ❧❡t λ1 < . . . < λk ❜❡ t❤❡ ❞✐st✐♥❝t ❡✐❣❡♥✈❛❧✉❡s ♦❢ u∞✳ ❇②
❞❡✜♥✐t✐♦♥ ♦❢ ϕ ❛♥❞ Φ t❤❡ ♦♣❡r❛t♦rs ϕ(u∞) ❛♥❞ Φ(u∞) ❞❡♣❡♥❞ ♦♥❧② ♦♥ ϕ(λi) r❡s♣✳
Φ(λi, λj), 1 ≤ i, j ≤ k✳

▲❡♠♠❛ ✺✳✸✳✶✼✳ ■❢ Φ : R × R → R ✐s ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥ ✇✐t❤ Φ(λi, λj) = 0 ❢♦r
λi > λj, 1 ≤ i, j ≤ k✳ ❚❤❡♥ Φ(u∞)(D̃u∞) = 0✳

Pr♦♦❢✳ ❙✐♥❝❡ Φ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ✇❡ ♠❛② r❡♣❧❛❝❡ ✐t ✭❛s ✐♥ t❤❡ ♣r❡✲
✈✐♦✉s ♣r♦♦❢✮ ✇✐t❤ Φ1 ❞❡✜♥❡❞ ❜②

Φ1(λi, λj) = 0 ❛♥❞ N(Φ1)
2(v, w) < (v − w)−1 ❢♦r v > w.

❆❣❛✐♥ ✇❡ ❣❡t ‖Φ1(u∞)(D̃u∞)‖2L2 ≤ C̃8

N
→ 0 ❢♦r N → ∞✳ ❚❤❡♥ Φ(u∞)(D̃u∞) =

Φ1(u∞)(D̃u∞) = 0✳
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▲❡t Ii :=]λi, λi+1[, 1 ≤ i ≤ k − 1✳ ∀0 ≤ i ≤ k✳✷✸ ▲❡t ρi : R → R ❜❡ ❛♥② ❞❡❝r❡❛s✐♥❣
❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t ρi(x) = 1 ❢♦r x ≤ λi ❛♥❞ ρi(x) = 0 ❢♦r x ≥ λi+1✳ ❉❡♥♦t❡ ❢✉rt❤❡r
πi := ρi(u∞)✳ ❇② ✺✳✸✳✹ t❤❡ πi ❛r❡ ✐♥ H2,1✳ ❆❣❛✐♥ s✐♥❝❡ ♦✉r ♦♣❡r❛t♦r ♦♥❧② ❞❡♣❡♥❞s
♦♥ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ρi(λj)2 = ρi(λj) ❢♦r ❛❧❧ 1 ≤ i, j ≤ k✳
▼♦r❡♦✈❡r

D̃πi = D̃ρi(u∞) = ρ∆i (u∞)(D̃u∞)

❛♥❞ ❞❡✜♥❡ Φi(v, w) = (1− ρi)(w) · ρ∆i (v, w)✳ ❲❡ ❝♦♥❝❧✉❞❡

(1− πi)D̃πi = (1− πi)ρ
∆
i (u∞)(D̃u∞)

= Φi(u∞)(D̃u∞).

❙✐♥❝❡ ✇❡ ❤❛✈❡ Φi(λi, λj) = (1− 1)(λj) · ρ∆i (v, w) = 0 ❢♦r i > j✳
❚❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ✺✳✸✳✶✼ t❡❧❧s ✉s Φ(u∞)(D̃u∞) = 0✱ ✐✳❡✳ (1 − πi)D̃πi =
Φi(u∞)(D̃u∞) = 0✳ ❚❤✉s ✇❡ ❤❛✈❡ ❛ H2,1−♣r♦❥❡❝t✐♦♥✳
❲❡ ❛r❡ ♥♦✇ ✐♥ t❤❡ ♣♦s✐t✐♦♥ t♦ st❛t❡ ❛ r❡s✉❧t ♦❢ ❯❤❧❡♥❜❡❝❦ ❛♥❞ ❨❛✉✱ t❤❛t ✇✐❧❧ ❤❡❧♣
✉s t♦ ❝♦♥tr❛❞✐❝t ♦✉r ❛ss✉♠♣t✐♦♥ ✲ supX ‖Si‖K → ∞ ❢♦r s♦♠❡ s❡q✉❡♥❝❡ Si✲ ♠❛❞❡
❢❛r ❜❛❝❦✿

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶✽✳ ■❢ E ✐s ❛ ❍✐❣❣s ❜✉♥❞❧❡ r❡s♣✳ DX−♠♦❞✉❧❡ ✇✐t❤ ♠❡tr✐❝ k
❛♥❞ ✐❢ π ✐s H2,1−s✉❜❜✉♥❞❧❡✱ t❤❡♥ t❤❡r❡ ✐s s❛t✉r❛t❡❞ s✉❜✲❍✐❣❣s✲s❤❡❛❢ r❡s♣✳ s✉❜✲
DX−♠♦❞✉❧❡ V ⊂ W s✉❝❤ t❤❛t π ✐s ❛ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ V ✱ ❞❡✜♥❡❞ ✇❤❡r❡ V ✐s ❛
s✉❜❜✉♥❞❧❡✳

Pr♦♦❢✳ ❙❡❡ ❯❤❧❡♥❜❡❝❦✲❨❛✉ ❬❯❨✽✻❪ ❢♦r t❤❡ ✈❡❝t♦r ❜✉♥❞❧❡ ❝❛s❡✳ ❚❤✉s ✇❡ ♦♥❧② ♥❡❡❞
t♦ ✉♥❞❡rst❛♥❞ ✇❤② t❤❡ s✉❜❜✉♥❞❧❡s ❛r❡ ♣r❡s❡r✈❡❞ ❜② θ r❡s♣✳ ∇✳ ❇② ❞❡❣r❡❡ ❝♦♥s✐❞❡r✲
❛t✐♦♥s (1−π)d′′π = 0 ❛♥❞ d′′π ∈ L2 ⇒ (1−π)∂Eπ = 0, (1−π)θπ = 0 ❛♥❞ ∂π ∈ L2✳
❚❤❡♥ V ✐s ❛ s❛t✉r❛t❡❞ s✉❜s❤❡❛❢ ❜② ❬❯❨✽✻❪ ❛♥❞ ✐t ✐s ♣r❡s❡r✈❡❞ ❜② θ✳ ❆♥❛❧♦❣♦✉s❧② ❢♦r
t❤❡ DX−♠♦❞✉❧❡✿ (1− π)Dπ = 0 ❛♥❞ Dπ ∈ L2 ⇒ (1− π)∇π = 0, (1− π)D′′π = 0
❛♥❞ (∂ + θ†)π ∈ L2✳

❚❤✉s ✐❢ Vi ✐s t❤❡ ✐♠❛❣❡ ♦❢ πi✱ ✐t ✐s ❛❧r❡❛❞② ❛ s✉❜❜✉♥❞❧❡ ♣r❡s❡r✈❡❞ ❜② ❡✐t❤❡r θ ♦r
∇✳ ❍❡♥❝❡ ✐❢ ♦♥❡ ♦❢ t❤❡ πi s❛t✐s✜❡s

❞❡❣(Vi)
dim(Vi)

≥ ❞❡❣(E,k)
dim(E)

✱ ✇❡ ❤❛✈❡ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t♦
st❛❜✐❧✐t②✳
❇✉t ✇❡ ❝❛♥ ✉s❡ ♦✉r ❈❤❡r♥✲❲❡✐❧ ❢♦r♠✉❧❛s ✭❈❲✷✮ r❡s♣✳ ✭❈❲✸✮ ♥♦✇✳ ❲r✐t❡

u∞ =
k∑

i=1

λi(πi − πi−1)

= λkπk − (λk − λk−1)πk−1 − . . .− (λ2 − λ1)π1 − λ1π0

✷✸◆♦t❡ ❛s ✇❡❧❧ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str✉❝t✐♦♥ ♠❛❦❡s s❡♥s❡ s✐♥❝❡ ✇❡ ❤❛✈❡ ❛t ❧❡❛st t✇♦ ❞✐st✐♥❝t
❡✐❣❡♥✈❛❧✉❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r ✇❡ ✜♥❞ i, j s✉❝❤ t❤❛t (λi − λj)

−1 ✐s ✇❡❧❧✲❞❡✜♥❡❞✳
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= λkE −
k−1∑

i=1

aiπi

❢♦r ai = λi+1 − λi✳✷✹ ❯s✐♥❣ D̃πi = ρ∆i (u∞)(D̃u∞) ❛❣❛✐♥✱

W := λk❞❡❣(E)−
k−1∑

i=1

ai❞❡❣(Vi)

=

∫

X

tr((λkE −
k−1∑

i=1

aiπi)iΛFk) +

∫

X

k−1∑

i=1

ai‖d′′(πi)‖2K

=

∫

X

tr(u∞iΛFk) +

∫

X

k−1∑

i=1

〈aiρ∆i (u∞)2(d′′u∞), d′′u∞〉K ,

❛♥❞

W := λk❞❡❣(E)−
k−1∑

i=1

ai❞❡❣(Vi)

=

∫

X

tr((λkE −
k−1∑

i=1

aiπi)iΛGk) +
1

2

∫

X

k−1∑

i=1

ai‖D(πi)‖2K

=

∫

X

tr(u∞iΛGk) +
1

2

∫

X

k−1∑

i=1

〈aiρ∆i (u∞)2(Du∞), Du∞〉K .

❋♦r λm > λj ✇❡ ❤❛✈❡ ρ∆i (λm, λj) =
ρi(λm)−ρi(λj)

λi−λj
=

δim−δij
λm−λj

≤ 1
λm−λj

s✐♥❝❡ λm 6= λj❀

⇒
k−1∑

i=1

ai
(
ρ∆i (λm, λj)

)2
=

λm − λj
(λm − λj)2

=
1

λm − λj
.

◆♦✇ ❜② ▲❡♠♠❛ ✺✳✸✳✶✹ W ≤ 0✳ ❲❡ ❣❡t λk❞❡❣(E) ≤ ∑k−1
i=1 ai❞❡❣(Vi)✳ ❋✉r✲

t❤❡r♠♦r❡ t❤❡ tr❛❝❡ ✐s t❤❡ s✉♠ ♦❢ t❤❡ λi t✐♠❡s t❤❡✐r ♠✉❧t✐♣❧✐❝✐t②✱ ✐✳❡✳ 0 =
tr(u∞) =

∑k
i=1 λi dim(Vi \ Vi−1) = λk dim(E) −∑k−1

i=1 ai dim(Vi) ⇒ λk dim(E) =
∑k−1

i=1 ai dim(Vi)✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts st❛❜✐❧✐t②✿ ❆ss✉♠✐♥❣ ♦t❤❡r✇✐s❡✱ ✐✳❡✳ ❞❡❣(E,k)
dim(E)

>
❞❡❣(Vi)
dim(Vi)

❧❡❛❞s t♦ t❤❡ ❝♦♥tr❛❞✐❝t✐♦♥

❞❡❣(E, k) dim(Vi)

dim(E)
> ❞❡❣(Vi) , ∀1 ≤ i ≤ k − 1.

✷✹πi − πi−1 ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥s♣❛❝❡ t♦ λi✳ ■♥ ♣❛rt✐❝✉❧❛r πk = E✳
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⇒
k−1∑

i=1

ai
❞❡❣(E, k) dim(Vi)

dim(E)
= λk❞❡❣(E, k)

∑k−1
i=1 ai dim(Vi)

∑k−1
i=1 ai dim(Vi)

= λk❞❡❣(E, k)

>
k−1∑

i=1

ai❞❡❣(Vi).

❍❡♥❝❡ ✇❡ ✜♥❞ ❛t ❧❡❛st ♦♥ Vi ❝♦♥tr❛❞✐❝t✐♥❣ st❛❜✐❧✐t②✳

✺✳✸✳✸✳ ❍❡❛t ❡q✉❛t✐♦♥ ❛♥❞ ❊①✐st❡♥❝❡ ❘❡s✉❧t

❲❡ ✇✐❧❧ s❤♦rt❧② r❡♣❡❛t t❤❡ ❝♦♥t❡♥ts ♦❢ ❝❤❛♣t❡r ✻ ✐♥ ❬❙✐♠✽✽❪✳ ❚❤❡r❡ ❙✐♠♣s♦♥ ♣r♦✈❡s
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❣❧♦❜❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥ st❛t❡❞ ❜❡❧♦✇✳ ❚❤❡ ♣r♦♦❢ ✐s ❛
♠♦❞✐✜❝❛t✐♦♥ ✭✉s✐♥❣ ✺✳✸✳✼ ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥s 1✱ 2✱ 3✮ ♦❢ t❤❡ ♦♥❡ ✐♥ ❬❉♦♥✽✺❪ ✉s✐♥❣
❢✉rt❤❡r r❡s✉❧ts ♦❢ ❬❍❛♠✼✺❪ ❛♥❞ ❛❞❞✐t✐♦♥❛❧❧② ✺✳✸✳✼✳

H−1
t

dHt

d t
= −iΛF⊥

Ht
♦r

H−1
t

dHt

d t
= −iΛG⊥

Ht

✇❤❡r❡ F⊥
H(t) =: F⊥

t r❡s♣✳ G⊥
H(t) =: G⊥

t ❞❡♥♦t❡s t❤❡ tr❛❝❡ ❢r❡❡ ♣❛rt ♦❢ FH(t) r❡s♣✳
GH(t)✳✷✺ ❇❡❢♦r❡ ✇❡ ✐♠♣♦s❡ s♦♠❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s r❡♠❡♠❜❡r t❤❛t ✇❡ ✇❛♥t❡❞ t♦
❜♦✉♥❞ ♦✉r ❤❛r♠♦♥✐❝ ♠❡tr✐❝ ✇✐t❤ r❡s♣❡❝t t♦ s♦♠❡ ✐♥✐t✐❛❧ ♠❡tr✐❝ s❛② H0, Ht = H0ft✳
❚❤❡♥ t❤❡ ❍❡❛t ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s

H−1
t

dHt

d t
= H−1

t H0d f tdt = f−1
t d f tdt

⇒ d ft
d t

= −iftΛF⊥
t

= −iftΛ(F⊥
0 )− iftΛ(F

⊥
t − F⊥

0 )

⇒
(

d

d t
+ (d′′d′0)❊♥❞

)

ft = −iftΛ(F⊥
0 ) + iΛ(d′′(ft)f

−1
t d′0(ft)).

✇❤❡r❡ ✇❡ ✉s❡❞ ✺✳✸✳✼✳ ❋♦r DX−♠♦❞✉❧❡s t❤✐s ❧♦♦❦s s✐♠✐❧❛r

⇒
(

d

d t
+ (D′′

0δ
′ −D′

0δ
′′)❊♥❞

)

ft

= −iftΛ(G⊥
0 ) + iΛ(D′′(ft)f

−1
t δ′0(ft)−D′(ft)f

−1
t δ′′0(ft)).

❘❡♠❡♠❜❡r t❤❡ ❡①❤❛✉st✐♦♥ φ ❢✉♥❝t✐♦♥ ❣✐✈❡♥ ❜② ❛ss✉♠♣t✐♦♥ ✷✳ ❚❤❡♥ Xϕ = {x ∈
X|φ(x) ≤ ϕ} ✐s ❝♦♠♣❛❝t✳ ❉❡♥♦t❡ Yϕ = ∂Xϕ✳ ■❢ ∂

∂ν
❞❡♥♦t❡s t❤❡ ❞✐✛❡r❡♥t✐❛t✐♦♥ ✐♥

✷✺F⊥ = F − tr(F )✐❞✳
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❞✐r❡❝t✐♦♥ ♣❡r♣❡♥❞✐❝✉❧❛r ✭✇✳r✳t✳ t❤❡ ✉♥✐q✉❡ k−♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤
∂E✮ t♦ t❤❡ ❜♦✉♥❞❛r②✳ ◆♦✇ ✇❡ ♠❛② st❛t❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

✭✶✮ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✿

∂

∂ν
H|Yϕ = 0.

✭✷✮ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

H|Yϕ = K|Yϕ .

❚❤❡♥

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶✾ ✭❬❙✐♠✽✽❪✱ ✻✳✻✱ ♣✳ ✽✾✷✮✳ ▲❡t b ∈ Lp, p > 1 ❛♥❞ ❧❡t X s❛t✐s❢②
t❤❡ ❛ss✉♠♣t✐♦♥s 1✱ 2✱ 3 ❛♥❞ ❧❡t E ❜❡ ❛ ❍✐❣❣s ❜✉♥❞❧❡ r❡s♣✳ DX−♠♦❞✉❧❡ ♦✈❡r X✳
❙✉♣♣♦s❡ k ✐s ❛ ♠❡tr✐❝ s❛t✐s❢②✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t s✉♣ ‖iΛFk‖K ≤ b✳

✭✐✮ ❚❤❡♥ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ H t♦ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥ ✇✐t❤ det(H) =
det(K)✱ ✇✐t❤ H0 = K✱ ❛♥❞ s✉❝❤ t❤❛t supX ‖H‖K <∞ ♦♥ ❡❛❝❤ ✜♥✐t❡ ✐♥t❡r✈❛❧
♦❢ t✐♠❡✳ ❋♦r t❤✐s s♦❧✉t✐♦♥✱ ‖iΛFh‖H ≤ b✳

✭✐✐✮ ▲❡tHt ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✐✮✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ S ∈ PD̃(Sk) s✉❝❤ t❤❛tK = Hte
S

❛♥❞ M(K,Ht) ✐s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ t ✇✐t❤

d

d t
M(K,Ht) = −

∫

X

‖iΛF⊥
t ‖2Ht

r❡s♣✳

d

d t
M(K,Ht) = −

∫

X

‖iΛG⊥
t ‖2Ht

.

✭✐✐✐✮ ■❢ Ht → H∞ ✐♥ C0 t❤❡♥ t❤❡ Ht ❛r❡ ❜♦✉♥❞❡❞ ✐♥ Hp,2
loc ✳

Pr♦♦❢✳ ❆❞ ✭✐✮✿ ❙✐♠♣s♦♥ ✉s❡s ♠❡t❤♦❞s ❛♥❞ r❡s✉❧ts ❞❡s❝r✐❜❡❞ ❜② ❉♦♥❛❧❞s♦♥ ❬❉♦♥✽✺❪
❛s ✇❡❧❧ ❛s ❍❛♠✐❧t♦♥ ❬❍❛♠✼✺❪ ❛s ✇❡❧❧ ❛s ❧❡♠♠❛ ✺✳✸✳✼✳
❆❞ ✭✐✐✮✿ ❚❤❡ ✜rst ♣❛rt ✐s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✺✳✸✳✼ ❛♥❞ t❤❡ r❡s✉❧ts ❞❡r✐✈❡❞ ✐♥ t❤❡ ♣r♦♦❢
♦❢ ✭✐✮✳ ❚❤❡ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ✉s❡s ❛❞❞✐t✐♦♥❛❧❧② M(K,H) +M(H, J) =M(K, J) ✭❜②
❞❡✜♥✐t✐♦♥ ♦❢ M✮ t♦ r❡❞✉❝❡ t❤❡ ♣r♦❜❧❡♠ t♦ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ❛t t = 0✳
❆❞ ✭✐✐✐✮ ✐s t❤❡ r❡♠❛r❦ t♦ ❧❡♠♠❛ ✻✳✹ ♦♥ ♣❛❣❡ ✽✾✶ ♦❢ ❬❙✐♠✽✽❪✳

❚❤❡ ♣r♦♣♦s✐t✐♦♥ ❛♥❞ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥ ✜♥❛❧❧② ❧❡❛❞ t♦ t❤❡ ♠❛✐♥ ❡①✐st❡♥❝❡
t❤❡♦r❡♠✿
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❚❤❡♦r❡♠ ✺✳✸✳✷✵✳ ▲❡t b ∈ Lp, p > 1 ❛♥❞ ❧❡t X s❛t✐s❢② ❛ss✉♠♣t✐♦♥s 1✱ 2✱ 3✳ ▲❡t E
❜❡ ❛ ❍✐❣❣s ❜✉♥❞❧❡ r❡s♣✳ DX−♠♦❞✉❧❡ ♦✈❡r X✳ ❙✉♣♣♦s❡ k ✐s ❛ ♠❡tr✐❝ s❛t✐s❢②✐♥❣ t❤❡
❛ss✉♠♣t✐♦♥ t❤❛t ‖iΛFk‖ ≤ b✳ ❙✉♣♣♦s❡ ❢✉rt❤❡r t❤❛t (E, k) ✐s st❛❜❧❡✳ ❚❤❡♥ t❤❡r❡ ✐s ❛
♠❡tr✐❝ h ✇✐t❤ det(H) = det(K)✱ H ❛♥❞ K ♠✉t✉❛❧❧② ❜♦✉♥❞❡❞ ❛♥❞ D̃(K−1H) ∈ L2✳
▼♦r❡♦✈❡r iΛF⊥

h = 0 r❡s♣✳ iΛG⊥
h = 0✳

❘❡♠❛r❦ ✺✳✸✳✷✶✳ ❆ ♠❡tr✐❝ ✇✐t❤ iΛF⊥
h = 0 ⇔ iΛF = tr(iΛF )✐❞ ✐s ❝❛❧❧❡❞

❍❡r♠✐t✐❛♥✲❨❛♥❣✲▼✐❧❧s ♠❡tr✐❝ ♦r ❍❡r♠✐t✐❛♥✲❊✐♥st❡✐♥ ♠❡tr✐❝✳

Pr♦♦❢✳ ❲❡ ♦♥❧② ✇❛♥t t♦ ❞❡s❝r✐❜❡ ❤♦✇ ♦✉r ❡st✐♠❛t❡ ♦♥ S ❣✐✈❡♥ ✐♥ ♣r♦♣♦s✐t✐♦♥ ✺✳✸✳✶✸
❝♦♠❡s ✐♥t♦ ♣❧❛②✳ ❋✐rst ♥♦t❡ t❤❛t ♠♦st ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ♣r♦♣♦s✐t✐♦♥ ✺✳✸✳✶✸ ❛r❡
❝❧❡❛r ❢♦r Ht = Kft t❤❡ s♦❧✉t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥✳ ■t r❡♠❛✐♥s t♦
s❤♦✇ t❤❛t log(ft) ✐s tr❛❝❡❧❡ss✳ ❇✉t det(Ht) = det(K) det(ft) ⇒ 1 = det(ft) =
det(elog(ft)) = etr(log(ft)) ⇒ 0 = log(1) = tr(log(ft))✳ ❆♣♣❧②✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✺✳✸✳✶✸
♥♦✇✱ ✇❡ ❣❡t ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t <∞

sup
X

‖ log ft‖K ≤ C̃1 + C̃2M(K,Kft) ⇒ sup
X

‖ft‖K ≤ C̃9,

s✐♥❝❡ ‖elog ft‖ ≤ e‖ log ft‖✱ t❤❡ ♠♦♥♦t♦♥❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ r❡❛❧ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥
❛♥❞ t❤❡ ❞❡❝r❡❛s✐♥❣ ❝❤❛r❛❝t❡r ♦❢ M(K,Kft) ✭♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥ ✭✐✐✮✮✳ ■♥ ♣❛r✲
t✐❝✉❧❛r s✐♥❝❡ H0 ✐s ❛❧r❡❛❞② ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ✐♥ t❤❡ K−♥♦r♠ ❜② ♣❛rt ✭✐✮✱ Ht ✐s
❜♦✉♥❞❡❞ ❢♦r ❛❧❧ t✱ t♦♦✳
❋✉rt❤❡r♠♦r❡ M(K,Ht) ✐s ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇✷✻ ❛♥❞ ♠♦♥♦t♦♥❡ ❞❡❝r❡❛s✐♥❣✱ ✐✳❡✳
✇❡ ✜♥❞ ❛ s✉❜s❡q✉❡♥❝❡ ti → ∞ s✉❝❤ t❤❛t M(K,Hti) ❝♦♥✈❡r❣❡s✱ ‖ΛF⊥

i ‖2L2 → 0✳
▼♦r❡♦✈❡r
∫

X

〈Ψ(log ft)D̃(log ft), D̃(log ft)〉K ≤ C̃10‖D̃(ft)f
−1/2
t ‖2L2 ≤ C̃9‖D̃(ft)‖2L2 .

❚❤✐s s❤♦✇s D̃(K−1H) ∈ L2✳
❋✉rt❤❡r♠♦r❡ ✇❡ ♠❛② ✜♥❞ ❜② ❜♦✉♥❞❡❞♥❡ss ❛❣❛✐♥ ❛ ✇❡❛❦❧② ❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡
H → H∞ ✲ ✇❡❛❦❧② ✐♥ H2,1✳ ■♥ ♣❛rt✐❝✉❧❛r Hi → H∞ ✭str♦♥❣✮ ✐♥ L2 ♦♥ ❡✈❡r②
❜♦✉♥❞❡❞ ♦♣❡♥ s❡t✳✷✼ ❆❞❞✐t✐♦♥❛❧❧② ✇❡ ❦♥♦✇ t❤❛t t❤❡ Hi ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✱ s♦
t❤❡② ❛r❡ ❛ L2−❈❛✉❝❤② s❡q✉❡♥❝❡✳
◆♦✇ ❛♣♣❧② ❧❡♠♠❛ ✸✳✶ ✭❞✮✱ ❬❙✐♠✽✽❪✱ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✺✳✸✳✶✸ t♦ ❣❡t ✜rst
∆ log tr(H−1

i Hj) ≤ 2b ❛♥❞ t❤❡♥ ❜② ❛ss✉♠♣t✐♦♥ 3 t❤❛t supX ‖ log tr(H−1
i Hj)‖K ≤

cb‖ log tr(H−1
i Hj)‖L1 → 0 ✭❈❛✉❝❤②✮✳ ❚❤✉s Hi → H∞ ✐♥ C0✳ P❛rt ✭✐✐✐✮ ♦❢ t❤❡

♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥ t❡❧❧s ✉s t❤❛t t❤❡ Hi ❛r❡ ❜♦✉♥❞❡❞ ✐♥ Hp,2
loc ✳ ❚❤❡r❡❢♦r❡ ✇❡ ✜♥❞

❛ ❢✉rt❤❡r s✉❜s❡q✉❡♥❝❡ Hi → H∞ ✇❡❛❦❧② ✐♥ Hp,2
loc ✱ ✐✳❡✳ t❤❡ ❧✐♠✐t FH∞ ❡①✐sts ❛♥❞

iΛF⊥
H∞

= 0✳

✷✻❚❤❡ ✜rst t❡r♠ ✐s ❜♦✉♥❞❡❞ ❜② ♦✉r ❛ss✉♠♣t✐♦♥ ♦♥ Fk r❡s♣✳ Gk✱ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ♣♦s✐t✐✈❡✳
✷✼❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈ ❛s ✐♥ ❬▲✐▲♦✵✵❪✱ ♣✳ ✷✶✹✱ ✽✳✾ ✭✐✐✮✳



✶✹✹ ⑤ ✺✳ ▼❛✐♥ ❡q✉✐✈❛❧❡♥❝❡

❋✐♥❛❧❧② ✉s❡ ❡❧❧✐♣t✐❝ r❡❣✉❧❛r✐t② ❛♥❞ t❤❡ st❛♥❞❛r❞ ❜♦♦t str❛♣♣✐♥❣ ❛r❣✉♠❡♥t ✉s✐♥❣
✺✳✸✳✼ t♦ ❝♦♥❝❧✉❞❡ H∞ s♠♦♦t❤✳✷✽ ❚❤✉s ✇❡ ❛r❡ ❞♦♥❡✳

❲❡ ❞✐❞♥✬t ✉s❡ ②❡t t❤❛t ✇❡ ❤❛✈❡ ❞❡❣r❡❡ 0✳ ❇✉t det(H) = det(K) ⇒ ❞❡❣(E, h) =
❞❡❣(E, k) = 0 ⇒ 0 =

∫

X
tr(iΛFh) ⇒ iΛFh = iΛF⊥

h = 0✱ ✐✳❡✳ h ✐s ❤❛r♠♦♥✐❝✳ ❚❤✉s
t❤❡ ♠❛✐♥ ❡①✐st❡♥❝❡ r❡s✉❧t ✐s ♣r♦✈❡❞✳

✺✳✹✳ ▼❛✐♥ r❡s✉❧t

❚❤❡r❡ ✐s ♥♦t ♠✉❝❤ ❧❡❢t t♦ ❞♦ ♥♦✇✳ ❆ ✜rst t❤❡♦r❡♠ ✇✐❧❧ s❤♦✇ t❤❛t ❡✈❡r② ✜❧t❡r❡❞
r❡❣✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡ r❡s♣✳ DX−♠♦❞✉❧❡✱ t❤❛t ❝♦♠❡s ❢r♦♠ ❛ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡ ❤❛s
✐♥ ❢❛❝t ❞❡❣r❡❡ 0 ❛♥❞ ✐s st❛❜❧❡✳ ❙✐♥❝❡ Φ ♣r❡s❡r✈❡s t❤❡ ♥♦t✐♦♥ ♦❢ ❞❡❣r❡❡ ❛♥❞ st❛❜✐❧✐t②
t♦♦✱ ✇❡ ❛r❡ ✜♥❛❧❧② ✐♥ t❤❡ ♣♦s✐t✐♦♥ t♦ ♣r♦✈❡ t❤❡ ♠❛✐♥ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✺✳✹✳✶✳ ❚❤❡ ❍✐❣❣s ❜✉♥❞❧❡s r❡s♣✳ DX−♠♦❞✉❧❡s E✱ ✇❤✐❝❤ ❝♦♠❡ ❢r♦♠
t❛♠❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s ❜② t❤❡ ❢✉♥❝t♦rs Ξ✱ ❛r❡ ❡①❛❝t❧② t❤♦s❡ ♦❜❥❡❝ts ✇❤✐❝❤ ❛r❡
❞✐r❡❝t s✉♠s ♦❢ st❛❜❧❡ ♦❜❥❡❝ts ♦❢ ❞❡❣r❡❡ 0✳

Pr♦♦❢✳ ✭✐✮ ❙t❛rt ✇✐t❤ ❛ st❛❜❧❡ ✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡ E ♦❢ ❞❡❣r❡❡ 0✳ ❇②
t❤❡♦r❡♠ ✹✳✸✳✶ ✇❡ ✜♥❞ ❛♥ ❛❝❝❡♣t❛❜❧❡ ♠❡tr✐❝ h s✉❝❤ t❤❛t Fh ✐s ✐♥ Lp✱ p > 1✱
✇❤✐❝❤ ✐♥❞✉❝❡s t❤❡ ♦r✐❣✐♥❛❧ ✜❧tr❛t✐♦♥ Eα✳ ❙✐♥❝❡ t❤❡ ❛❧❣❡❜r❛✐❝ ❛♥❞ t❤❡ ❛♥❛❧②t✐❝
❞❡❣r❡❡ ❝♦✐♥❝✐❞❡ ✭❝♦♥❝❧✉s✐♦♥ ✺✳✷✳✼✮ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ♠❛✐♥ ❡①✐st❡♥❝❡ t❤❡♦r❡♠
✺✳✸✳✶✳ ❚❤❡ ❤❛r♠♦♥✐❝ ♠❡tr✐❝ k ✭♣r♦✈✐❞❡❞ ❜② t❤❡ t❤❡♦r❡♠✮ ❛♥❞ t❤❡ ♦r✐❣✐♥❛❧
♠❡tr✐❝ h ❛r❡ ♠✉t✉❛❧❧② ❜♦✉♥❞❡❞⇒ k ✐♥❞✉❝❡s t❤❡ ✜❧tr❛t✐♦♥ Eα✱ ✐✳❡✳ t❤❡ ✜❧t❡r❡❞
❜✉♥❞❧❡ (E,Eα) ❝♦♠❡s ❢r♦♠ ❛ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡✳
❚❤❡ ❜✉♥❞❧❡ ✐s t❛♠❡✱ s✐♥❝❡ θ ✐s r❡❣✉❧❛r✱ ✐✳❡✳ ♣r❡s❡r✈❡s t❤❡ ✜❧tr❛t✐♦♥ ✲ ❛ss✉♠✐♥❣
θ ❤❛❞ ❛♥ ❡✐❣❡♥✈❛❧✉❡ ✇✐t❤ ♣♦❧❡ ♦❢ ♦r❞❡r ❣r❡❛t❡r t❤❛♥ 1 ❛♥❞ e ❛♥ ❡✐❣❡♥s❡❝t✐♦♥ ✐♥
s♦♠❡ Eα✱ t❤❡♥ θe /∈ Γ(X,E)⊗ Ω1,0

X
(log s)✳✷✾✳ ❚❤✐s s❤♦✇s t❤❡ ✜rst ❞✐r❡❝t✐♦♥✳

❚❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥ ✇❛s s❤♦✇♥ ❜② t❤❡♦r❡♠ ✺✳✷✳✶✵✳

✭✐✐✮ ❆❣❛✐♥ t❤❡ ❝❛s❡ ♦❢ ❛ DX−♠♦❞✉❧❡ ✐s ❥✉st t❤❡ s❛♠❡✱ s✐♥❝❡ ❛❧❧ ♣r❡✈✐♦✉s r❡s✉❧ts
✉s❡❞ ✐♥ (1) ✇❡r❡ ❢♦r♠✉❧❛t❡❞ ❢♦r DX−♠♦❞✉❧❡s t♦♦✳ ❙♦ ✇❡ ♦♥❧② ❤❛✈❡ t♦ ❝❛r❡
❛❜♦✉t t❛♠❡♥❡ss✿ ❯s❡ ✹✳✸✳✸✱ ✇❤❡r❡ ✇❡ ❞❡s❝r✐❜❡❞ t❤❡ ✢❛t s❡❝t✐♦♥s ❜❡❧♦♥❣✐♥❣ t♦
t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ✹✳✸✳✶✳ ❚❤❡② ✇❡r❡ ♣♦❧②♥♦♠✐❛❧❧② ❜♦✉♥❞❡❞ ✇✳r✳t✳ t❤❡ ♠❡tr✐❝
h✳ ❆❣❛✐♥ ❜② t❤❡ ♠✉t✉❛❧ ❜♦✉♥❞❡❞♥❡ss t❤❡② ❣r♦✇ ❛t ♠♦st ♣♦❧②♥♦♠✐❛❧❧② ✇✳r✳t
k✳ ◆♦✇ ✇❡ ❛r❡ ✐♥ t❤❡ s✐t✉❛t✐♦♥ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✶✳✼✳✷✱ ✇❤✐❝❤ t❡❧❧s ✉s t❤❛t
♣♦❧②♥♦♠✐❛❧ ❣r♦✇t❤ ♦❢ t❤❡ ✢❛t s❡❝t✐♦♥s ✐♠♣❧✐❡s t❛♠❡♥❡ss✳

✷✽✧❜♦♦t str❛♣♣✐♥❣✧ ✿ ❖♥❝❡ ✇❡ ❤❛✈❡ ✐t ❢♦r ♦♥❡ ❞✐✛❡r❡♥t✐❛❧✱ t❤❡♥ t❤❡ ❢♦r♠✉❧❛ ✺✳✸✳✼ ❧✐❢ts ✐t t♦ ❛
❤✐❣❤❡r ❞✐✛❡r❡♥t✐❛❧❀ t❤❡♥ ❛♣♣❧② t❤❡ ❢♦r♠✉❧❛ t♦ t❤✐s ❤✐❣❤❡r ❞✐✛❡r❡♥t✐❛❧✱ ❛♥❞ s♦ ♦♥✳

✷✾❲❡ ♠❛② ♠✉❧t✐♣❧② ❛♥② ❡✐❣❡♥s❡❝t✐♦♥ ✇✐t❤ ❛ s❝❛❧❛r ❢✉♥❝t✐♦♥ t♦ ❣✉❛r❛♥t❡❡ t❤❛t ✐t ✐s ✐♥ ❛ ❝❡rt❛✐♥
Eα ♦✈❡r s♦♠❡ ♦♣❡♥ U ❛♥❞ ❛t ❧❡❛st s ∈ ∂U ✳



✺✳✹✳ ▼❛✐♥ r❡s✉❧t ⑤ ✶✹✺

❉❡✜♥✐t✐♦♥ ✺✳✹✳✷✳ ❚❤❡ ❞❡❣r❡❡ ♦❢ ❛ ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠ ✐s ❞❡✜♥❡❞ ❛s

❞❡❣(L,Lα) =
∑

s∈X\X

∑

β∈R
dim●rβ(Ls).

❆ ❧♦❝❛❧ s②st❡♠ L ✐s ❝❛❧❧❡❞ st❛❜❧❡ ✐❢ ❢♦r ❛❧❧ µ−✐♥✈❛r✐❛♥t s✉❜s②st❡♠s U ⊂ L✱ Uα :=
Lα ∩ U

❞❡❣(U,Uα)

dim(U)
<

❞❡❣(L,Lα)

dim(L)
,

❤♦❧❞s✳ ■t ✐s ❝❛❧❧❡❞ s❡♠✐✲st❛❜❧❡ ✐❢ < ✐s r❡♣❧❛❝❡❞ ✇✐t❤ ≤✳

❘❡♠❛r❦ ✺✳✹✳✸✳ ❚❤❡ ❞❡❣r❡❡ ♦❢ ❛ ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠ ✉♥❞❡r❧✐❡s t❤❡ s❛♠❡ r✉❧❡s
❛s t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ t❤❡ ♣❛r❛❜♦❧✐❝ ❞❡❣r❡❡ ♦❢ ✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡s r❡s♣✳
DX−♠♦❞✉❧❡s✳ ■♥ ♣❛rt✐❝✉❧❛r ✐t ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❛❦✐♥❣ ❞✉❛❧s✱ ❞❡t❡r♠✐♥❛♥ts ❛♥❞
t❡♥s♦r ♣r♦❞✉❝ts ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳

▲❡♠♠❛ ✺✳✹✳✹✳ ❚❤❡ ❞❡❣r❡❡ ♦❢ ❛ ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠ ✐s t❤❡ s❛♠❡ ❛s t❤❡ ❞❡❣r❡❡ ♦❢
t❤❡ Φ−❝♦rr❡s♣♦♥❞✐♥❣ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡✳

Pr♦♦❢✳ ❇② t❤❡ ♣r❡✈✐♦✉s r❡♠❛r❦ ✇❡ ♠❛② ❛❣❛✐♥ ❛ss✉♠❡ t❤❛t L ❝♦♠❡s ❢r♦♠ ❛ ❧✐♥❡
❜✉♥❞❧❡✳ ❘❡♠❡♠❜❡r t❤❡ ♣r❡✈✐♦✉s ❝❤❛♣t❡r ❛♥❞ ♦✉r t✇♦ ❡①❛♠♣❧❡s ✶✳✹✳✶✼ ❛♥❞ ✶✳✹✳✶✽✳
▲❡t α ❜❡ ❛ ❥✉♠♣ ✐♥ t❤❡ ✜❧tr❛t✐♦♥ ♦❢ L✱ l ∈ Lα \ Lα+ε✳ ❚❤❡♥ ❜② t❤❡ ♠♦♥♦❞r♦♠② ♦❢
M ✱ h = eM log zl✱ ✇❡ ❣❡t ❛ ❥✉♠♣ ❛t Φ(L)α+ℜ(λM ) ❢♦r ❡✈❡r② ❝❤♦✐❝❡ ♦❢ ❧♦❣❛r✐t❤♠ M ✳
■♥ ♣❛rt✐❝✉❧❛r ❛❧❧ ❥✉♠♣s ✭✐♥ t❤❡ ❧✐♥❡ ❜✉♥❞❧❡ ❝❛s❡ ♦♥❧② ✶✮ ✐♥ t❤❡ ✜❧tr❛t✐♦♥ ♦❢ Lβ ❤❛✈❡
❡①❛❝t❧② ♦♥❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❥✉♠♣ ✐♥ Φ(L)γ, 0 ≤ γ < 1✳ ❙♦ ✐t ✇✐❧❧ ❜❡ ❡♥♦✉❣❤ t♦ s❤♦✇
t❤❛t Φ(L)0 ❤❛s ❡①❛❝t❧② ❞❡❣r❡❡ −ℜ(λM) ❢♦r ♦♥❡ ❝❤♦✐❝❡ ♦❢ M ✳ ❙♦ ✜① M ✳ ❍♦✇❡✈❡r
✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❝♦♥❝❧✉s✐♦♥ ✹✳✸✳✶ t❤❛t t❤❡ ✜❧tr❛t✐♦♥ ♦❢ t❤❡ Lβ ✐s ❥✉st t❤❡ ✜❧tr❛t✐♦♥
✐♥❞✉❝❡❞ ❜② t❤❡ st❛♥❞❛r❞ ♠❡tr✐❝ k ❝♦♥str✉❝t❡❞ t❤❡r❡✳✸✵ ■♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ t❤❡
❞❡❣r❡❡ ♦❢ L0 ✇❡ ❤❛✈❡ t♦ ✜♥❞ ❛ ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥ ✐♥ L0✳ ❇✉t h̃ = e−M log zh =
l ∈ Φ(L)0 ⇔ h̃ ∈ Φ(L)ℜ(λM ) ❛♥❞ t❤❡r❡❢♦r❡ ‖h̃‖k‖l‖h ≤ cl|z|ℜ(λM )−ε, ∀ε > 0✳ ❍❡♥❝❡
π❞❡❣(Φ(L)0) = −πℜ(λM) ❛s ❝❧❛✐♠❡❞✳

▲❡♠♠❛ ✺✳✹✳✺✳ Φ ♣r❡s❡r✈❡s t❤❡ ♥♦t✐♦♥s ♦❢ st❛❜✐❧✐t② ❛♥❞ s❡♠✐✲st❛❜✐❧✐t②✳

Pr♦♦❢✳ ▲❡t U ⊂ L ❜❡ ❛ s✉❜s②st❡♠✱ ✐✳❡✳ ❛ s✉❜s♣❛❝❡ ♦❢ L ♣r❡s❡r✈❡❞ ❜② t❤❡ ♠♦♥✲
♦❞r♦♠② µ ✇✐t❤ ✜❧tr❛t✐♦♥s Uα = U ∩ Lα✳ ❙✐♥❝❡ Φ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❞❡❝♦♠✲
♣♦s✐t✐♦♥ ✐♥t♦ µ−✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡s ❛♥❞ U ✐s s✉❝❤ ❛ s✉❜s♣❛❝❡✱ ✇❡ ♠❛② r❡str✐❝t t♦
❣❡♥❡r❛❧✐③❡❞ ❡✐❣❡♥s♣❛❝❡s✱ ✐✳❡✳ ❛ss✉♠❡ t❤❛t M ❤❛s ♦♥❧② ♦♥❡ ❡✐❣❡♥✈❛❧✉❡ λM ✳
❲❤❡♥ ✇❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❢✉♥❝t♦r Φ ✇❡ s❛✇ ❛s ✇❡❧❧ t❤❛t t❤❡ ✐♠❛❣❡ ♦❢ ❛ µ−✐♥✈❛r✐❛♥t

✸✵■❢ ✇❡ t❛❦❡ t❤❡ ♠❛✐♥ ❡①✐st❡♥❝❡ t❤❡♦r❡♠ ✐♥ ❝♦✉♥t✱ ✇❡ ❣❡t ❛ ❤❛r♠♦♥✐❝ ♠❡tr✐❝ ✇✐t❝❤ ✐s ❜♦✉♥❞❡❞
✇✳r✳t✳ k ❛♥❞ t❤❡♥ ✹✳✸✳✷ t❡❧❧s ✉s t❤❛t t❤❡ ✜❧tr❛t✐♦♥s ❛r❡ t❤❡ s❛♠❡✳



✶✹✻ ⑤ ✺✳ ▼❛✐♥ ❡q✉✐✈❛❧❡♥❝❡

s♣❛❝❡ ✐s ♣r❡s❡r✈❡❞ ❜② ∇ ❛♥❞ ✈✐❝❡ ✈❡rs❛ ✉♥❞❡r Φ−1✳ ❚❤✉s Φ(U) ✐s ❛ s✉❜✲
DX−♠♦❞✉❧❡ ♦❢ Φ(L)✳ ❇✉t ❢♦r ❛♥② ❧♦❝❛❧ s②st❡♠ ✇❡ ♥♦✇ t❤❛t l ∈ Lβ ✐❢ ❛♥❞ ♦♥❧②
✐❢ eM log zl ∈ Φ(L)ℜ(λM )+β✳ ❚❤❡♥ u ∈ Uβ ✐❢ ❛♥❞ ♦♥❧② ✐❢ eM log zl ∈ Φ(U)ℜ(λM )+β✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ u ∈ Uβ ✐♠♣❧✐❡s t❤❛t eM log zu ∈ Φ(L)ℜ(λM )+β ∩ j∗Φ(U) ❛♥❞
eM log zu ∈ Φ(L)ℜ(λM )+β ∩ j∗Φ(U) ✐♠♣❧✐❡s u ∈ Lβ ∩ U ✳ ❚❤✉s Φ(U)ℜ(λM )+β =
Φ(L)ℜ(λM )+β ∩ j∗Φ(U)✱ ✐✳❡✳ ❡✈❡r② µ ✐♥✈❛r✐❛♥t s✉❜s②st❡♠ ❝♦rr❡s♣♦♥❞s t♦ ❛ s✉❜✲
DX−♠♦❞✉❧❡ ♦❢ s❛♠❡ r❛♥❦✳ ❚❤❡ ❞❡❣r❡❡s ❛r❡ ❛♥②✇❛② t❤❡ s❛♠❡ ❜② ✺✳✹✳✹✳ ❚❤✉s t❤❡
s❧♦♣❡s ❛r❡ t❤❡ s❛♠❡✱ ✐✳❡✳ st❛❜✐❧✐t② ❛♥❞ s❡♠✐✲st❛❜✐❧✐t② ✐s ♣r❡s❡r✈❡❞✳

❘❡♠❛r❦ ✺✳✹✳✻✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ DX−♠♦❞✉❧❡ Φ(L)α ✐♥t♦
❛ ❞✐r❡❝t s✉♠ ♦❢ st❛❜❧❡ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡s ♦❢ ❞❡❣r❡❡ 0 ✐♥❞✉❝❡s ❛ ❞❡❝♦♠✲
♣♦s✐t✐♦♥ ♦❢ L ✐♥t♦ ❛ ❞✐r❡❝t s✉♠ ♦❢ st❛❜❧❡❞ ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠s ♦❢ ❞❡❣r❡❡ 0✳ ❙✐♥❝❡
❡✈❡r② s✉♠♠❛♥❞ ✐s ∇−✐♥✈❛r✐❛♥t✱ Φ r❡s♣❡❝ts ✐♥✈❛r✐❛♥t s✉❜s♣❛❝❡s✳

▼❛✐♥ t❤❡♦r❡♠✳ ❚❤❡ ❝❛t❡❣♦r② ♦❢ t❛♠❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s ✐s ♥❛t✉r❛❧❧② ❡q✉✐✈❛❧❡♥t
✈✐❛ t❤❡ ❢✉♥❝t♦rs Ξ✱ t♦ t❤❡ ❝❛t❡❣♦r✐❡s ♦❢ ❞✐r❡❝t s✉♠s ♦❢ st❛❜❧❡ ✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s
❜✉♥❞❧❡s ♦❢ ❞❡❣r❡❡ ③❡r♦✱ ♦❢ ❞✐r❡❝t s✉♠s ♦❢ st❛❜❧❡ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡s ♦❢
❞❡❣r❡❡ ③❡r♦✱ ❛♥❞ ♦❢ ❞✐r❡❝t s✉♠s ♦❢ st❛❜❧❡ ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠ ♦❢ ❞❡❣r❡❡ ③❡r♦✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡ s❡❡♥✱ t❤❛t Φ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ ❝❛t❡❣♦r✐❡s ♦❢ ✜❧t❡r❡❞ ❧♦❝❛❧
s②st❡♠ ❛♥❞ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡s✳ ❚❤❡ ♣r❡✈✐♦✉s t✇♦ ❧❡♠♠❛s ✺✳✹✳✹ ❛♥❞
✺✳✹✳✺ ❡♥s✉r❡ t❤❛t Φ r❡s♣❡❝ts ❞❡❣r❡❡s ❛♥❞ st❛❜✐❧✐t②✳ ❆❧r❡❛❞② ❜❡❢♦r❡ ✇❡ s❛✇ t❤❛t Φ
✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❞✐r❡❝t s✉♠s ♦❢ ♣r❡s❡r✈❡❞ s✉❜❜✉♥❞❧❡s✴s✉❜s②st❡♠s✳ ❆ ♠♦r♣❤✐s♠
♦❢ st❛❜❧❡ ✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡s ♦❢ ❞❡❣r❡❡ ③❡r♦ r❡s♣✳ ❞✐r❡❝t s✉♠s ♦❢ st❛❜❧❡
✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠ ♦❢ ❞❡❣r❡❡ ③❡r♦ ✐s ❥✉st ❛♥ ✉s✉❛❧ ♠♦r♣❤✐s♠ ♦❢ ✜❧t❡r❡❞ r❡❣✉❧❛r
DX−♠♦❞✉❧❡s r❡s♣✳ ✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠s✳ ❍❡♥❝❡ Φ ✐s st✐❧❧ ❢✉❧❧② ❢❛✐t❤❢✉❧ ♦♥ t❤❡
r❡str✐❝t❡❞ ❝❛t❡❣♦r✐❡s✳ ❚❤✉s Φ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s✳
❲❡ ❦♥♦✇ ❛❧r❡❛❞② t❤❛t Ξ ✐s ❢✉❧❧② ❢❛✐t❤❢✉❧ ♦♥ t❤❡ ♥❛♠❡❞ ❝❛t❡❣♦r✐❡s✳ ❆s ❢♦r Φ t❤✐s st✐❧❧
❤♦❧❞s ❢♦r t❤❡ r❡str✐❝t❡❞ ❝❛t❡❣♦r✐❡s✳ ❋✉rt❤❡r Ξ ♠❛♣s ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s t♦ ✜❧t❡r❡❞
r❡❣✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡s r❡s♣✳ DX−♠♦❞✉❧❡s✳ ❊ss❡♥t✐❛❧ s✉r❥❡❝t✐✈✐t② ✐s t❤❡ r❡s✉❧t ♦❢
t❤❡♦r❡♠ ✺✳✹✳✶✳ ❚❤✉s Ξ ❡st❛❜❧✐s❤❡s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s✳

t❛♠❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s oo
Ξ //

OO

Ξ

��

st❛❜❧❡ ✜❧t❡r❡❞ r❡❣✉❧❛r
❍✐❣❣s ❜✉♥❞❧❡s ♦❢ ❞❡❣r❡❡ ✵

OO

≃

��
st❛❜❧❡ ✜❧t❡r❡❞ r❡❣✉❧❛r

DX−♠♦❞✉❧❡ ♦❢ ❞❡❣r❡❡ ✵
oo

Ψ
// st❛❜❧❡ ✜❧t❡r❡❞
❧♦❝❛❧ s②st❡♠s ♦❢ ❞❡❣r❡❡ ✵



6 ❙♦♠❡ ❋✉rt❤❡r
❉❡✈❡❧♦♣♠❡♥ts

✻✳✶✳ ❆♥❛❧②t✐❝ ❛♥❞ P❛r❛❜♦❧✐❝ ❉❡❣r❡❡

■♥ t❤❡ ❧❛st t✇❡♥t② ②❡❛rs t❤❡r❡ ✇❡r❡ s❡✈❡r❛❧ ♥❡✇ ❞❡✈❡❧♦♣♠❡♥ts✱ t♦♦ ♠❛♥② t♦ ♠❡♥t✐♦♥
t❤❡♠ ❛❧❧✳ ❍❡r❡ ✇❡ ✇✐❧❧ s❤♦rt❧② r❡✈✐❡✇ t❤❡ ❞✐✛❡r❡♥t ✜❡❧❞s ✐♥✢✉❡♥❝❡❞ ❜② t❤❡ ♠❛✐♥
r❡s✉❧t r❡s♣✳ ✐ts ❣❡♥❡r❛❧✐③❛t✐♦♥s✳
❋✐rst ❧❡t ✉s st❛rt ✇✐t❤ r❡✈✐❡✇✐♥❣ t❤❡ ❧❛st t✇♦ ❝❤❛♣t❡rs ✐♥ ❬❙✐♠✾✵❪✳ ❲❤✐❧❡ t❤❡ ✜rst
♣❛rt ✭❝❤❛♣t❡r ✼✮ st❛②s ❛♥ ❛tt❡♠♣t t♦ s✐♠♣❧✐❢② ❙❝❤♠✐❞✬s ♥♦r♠ ❡st✐♠❛t❡s ♥♦t ✉s✐♥❣
❙❝❤♠✐❞✬s ❙▲2−♦r❜✐t t❤❡♦r❡♠ ✭❝❢✳ ❬❙❝❤✼✸❪✮✱ t❤❡ ❧❛st ❝❤❛♣t❡r ❧❡❛❞s ❜❛❝❦ t♦ ❙✐♠♣✲
s♦♥✬s ♦r✐❣✐♥❛❧ ❛r❡❛ ♦❢ ✐♥t❡r❡st✳ ❚❤❡r❡ ❤❡ r❡✇r✐t❡s t❤❡ ♠❛✐♥ t❤❡♦r❡♠ ✐♥ t❡r♠s ♦❢
✈❛r✐❛t✐♦♥s ♦❢ ❍♦❞❣❡ str✉❝t✉r❡✳
❚❤❡ ❍♦❞❣❡ t❤❡♦r❡t✐❝❛❧ ♣♦✐♥t ✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ❞❡✈❡❧♦♣♠❡♥ts ♣r♦❝❡❡❞✐♥❣ ❬❙✐♠✾✵❪✳
❙✐♠♣s♦♥ ❤✐♠s❡❧❢ ♣r♦✈❡s ❢♦r ❡①❛♠♣❧❡ t❤❛t ❛ r✐❣✐❞ ❞✐s❝r❡t❡ s✉❜❣r♦✉♣ ♦❢ ❛ r❡❛❧ ❛❧❣❡✲
❜r❛✐❝ ❣r♦✉♣✱ ✇❤✐❝❤ ✐s ♥♦t ♦❢ ❍♦❞❣❡ t②♣❡✱ ❝❛♥♥♦t s♣❧✐t q✉♦t✐❡♥t ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧
❣r♦✉♣ ♦❢ ❛ s♠♦♦t❤ ✐rr❡❞✉❝✐❜❧❡ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t② ✭❝❢✳ ❬❙✐♠✾✷❪✮✳ ❍❡ ❢✉rt❤❡r ❞❡s❝r✐❜❡s
t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ▼✐①❡❞ t✇✐st♦r str✉❝t✉r❡s ❛♥❞ ✈❛r✐❛t✐♦♥ ♦❢ ❍♦❞❣❡ str✉❝t✉r❡ ✐♥
❬❙✐♠✾✼❪✳ ❚❤❡ t♦♣✐❝ ✐s tr❡❛t❡❞ ✐♥ ❣r❡❛t ❣❡♥❡r❛❧✐t② ❜② ▼♦❝❤✐③✉❦✐✱ ❢♦r ❡①❛♠♣❧❡ ✐♥ t❤❡
❜♦♦❦s ❬▼♦❝✵✼❛❪ ❛♥❞ ❬▼♦❝✵✼❜❪✳ ❙❡❡ ❛s ✇❡❧❧ ❙❛❜❜❛❤ ❬❙❛❜✵✺❪✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ t❤❡r❡ ✇❛s ❛ ♥✉♠❜❡r ♦❢ ❛✉t❤♦rs ❞❡s❝r✐❜✐♥❣ t❤❡ ♠♦❞✉❧✐ s♣❛❝❡s ♦❢
♦✉r ♦❜❥❡❝ts✱ ✐♥ ♣❛rt✐❝✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡s✳ ❚♦ ♥❛♠❡ ♦♥❧② ❛ ❢❡✇✿ ▼✉♠❢♦r❞✱ ●✐❡s❡❦❡r✱
▼❛r✉②❛♠❛✱ ▼❡❤t❛✱ ❘❛♠❛♥❛t❤❛♥ ♦r ❨♦❦❛❣❛✇❛✳ ❆ ♥✐❝❡ ♦✈❡r✈✐❡✇ ✐s ❣✐✈❡♥ ✐♥ ❙✐♠♣✲
s♦♥ ❬❙✐♠✾✹❛❪ ❛♥❞ ❬❙✐♠✾✹❜❪✳ ❋✉rt❤❡r♠♦r❡ ✐♥t❡r♣r❡t✐♥❣ t❤❡ ♠♦❞✉❧✐ s❝❤❡♠❡s ❛s ♥♦♥✲
❛❜❡❧✐❛♥ ❝♦❤♦♠♦❧♦❣② ✇❡ ❣❡t ❛ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠♦❞✉❧✐ s❝❤❡♠❡ ❢♦r ♣r✐♥❝✐✲
♣❛❧ G−♠♦❞✉❧❡s ✇✐t❤ ✐♥t❡❣r❛❜❧❡ ❝♦♥♥❡❝t✐♦♥ ❛♥❞ t❤❡ ♠♦❞✉❧✐ s❝❤❡♠❡ ❢♦r s❡♠✐✲st❛❜❧❡
♣r✐♥❝✐♣❛❧ ❍✐❣❣s ❜✉♥❞❧❡s ✇✐t❤ ✈❛♥✐s❤✐♥❣ r❛t✐♦♥❛❧ ❈❤❡r♥ ❝❧❛ss✳ ❋♦r ❢✉rt❤❡r ❞❡t❛✐❧s
❛♥❞ ❛ ❣❡♥❡r❛❧ ♦✈❡r✈✐❡✇ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❙✐♠✾✼❪✳

▼❛②❜❡ t❤❡ ♠♦st ❡①♣❡❝t❛❜❧❡ ❞❡✈❡❧♦♣♠❡♥t ✐s t❤❡ ♦♥❡ ❣❡♥❡r❛❧✐③✐♥❣ ❙✐♠♣s♦♥✬s ♠❛✐♥
t❤❡♦r❡♠ ❛❜♦✈❡✳ ❚❤✐s ❤❛s ❜❡❡♥ ❞♦♥❡ st❡♣✇✐s❡ ❢♦r ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧ q✉❛s✐♣r♦❥❡❝✲
t✐✈❡ ♠❛♥✐❢♦❧❞s ❜② ❈♦r❧❡tt❡ ❬❈♦r✽✽❪✱ ❇✐q✉❛r❞ ✭❢♦r ❞✐✈✐s♦rs s♠♦♦t❤ ❛t ✐♥✜♥✐t②✮ ❬❇✐q✾✼❪



✶✹✽ ⑤ ✳ ❙♦♠❡ ❋✉rt❤❡r ❉❡✈❡❧♦♣♠❡♥ts

❛♥❞ ❏✉st✲❩✉♦ ❬❏❩✾✼❪ ♣r♦✈✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ t❛♠❡ ♣❧✉r✐✲❤❛r♠♦♥✐❝ ♠❡tr✐❝ ♦♥ ❛♥②
s❡♠✐✲s✐♠♣❧❡ ❧♦❝❛❧ s②st❡♠ ♦✈❡r ❛ q✉❛s✐✲♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t②✳ ❚❤❡✐r ♠❡tr✐❝ ✐s ♥♦✇❛❞❛②s
❦♥♦✇♥ ❛s ❈♦r❧❡tt❡✲❏✉st✲❩✉♦ ♦r ♦♥❧② ❏✉st✲❩✉♦ ♠❡tr✐❝✳ ❋✉rt❤❡r♠♦r❡ t❤❡r❡ ❤❛✈❡ ❜❡❡♥
s❡✈❡r❛❧ ❡①t❡♥s✐♦♥s t♦ p−❛❞✐❝ ❤❛r♠♦♥✐❝ ♠❡tr✐❝s✱ ✐✳❡✳ r❡♣❧❛❝✐♥❣ t❤❡ ✜❡❧❞ C ❜② t❤❡
p−❛❞✐❝ ✜❡❧❞ Kp✳ ❚♦ ♠❡♥t✐♦♥ ♦♥❧② ❛ ❢❡✇ ♣❡♦♣❧❡ ✐♥✈♦❧✈❡❞ ✐♥ t❤✐s ✜❡❧❞✿ ❉❡❧✐❣♥❡
❛♥❞ ❍✉s❡♠ö❧❧❡r ❬❉❍✽✼❪✱ ●♦❧❞♠❛♥ ❛♥❞ ■✇❛❤♦r✐ ❬●■✻✸❪✱ ❏♦st✲❩✉♦ ❬❏❩✽✼❪✱❬❏❩✾✼❪ ❛♥❞
●r♦♠♦✈✲❙❝❤♦❡♥ ❬●❙✾✷❪✳ ❆♥ ♦✈❡r✈✐❡✇ ❛❜♦✉t t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ✜♥✐t❡ ❡♥❡r❣② ❤❛r✲
♠♦♥✐❝ ♠❛♣s ✐♥ ❜♦t❤ ❝❛s❡s ❣✐✈❡s ❩✉♦ ❬❩✉♦✾✾❪✳
❋✐♥❛❧❧② ✇❡ ✇❛♥t t♦ ❛❞❞ ❛♥ ♦❜✈✐♦✉s ❡①t❡♥s✐♦♥✿ P✳ ❉❡❧✐❣♥❡ s✉❣❣❡st❡❞ ✐♥ ❛ ❧❡tt❡r t♦
❈❛r❧♦s ❙✐♠♣s♦♥ ✭❝❢✳ ❬❙✐♠✾✹❛❪✮ t❤❛t t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝♦♥str✉❝t❡❞ ❛❜♦✈❡ ✐s ❛ s♣❡❝✐❛❧
❝❛s❡ ♦❢ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦rr❡s♣♦♥❞❡♥❝❡✱ ♥❛♠❡❧② ❍✐❣❣s ❜✉♥❞❧❡s ❛♥❞ DX−♠♦❞✉❧❡s
❛r❡ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❜✉♥❞❧❡s ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ λ−❝♦♥♥❡❝t✐♦♥✳ ❆ λ−❝♦♥♥❡❝t✐♦♥ ❤❛s
t♦ ❢✉❧✜❧❧ t❤❡ t✇✐st❡❞ ▲❡✐❜♥✐③ r✉❧❡ Dλ(fs) = fDλ+λs⊗d(f)✳ ❚❤❡♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡
λ = 0 ✐s t❤❡ ❍✐❣❣s ❜✉♥❞❧❡ ❝❛s❡✱ ✇❤✐❧❡ ❢♦r λ = 1 ✇❡ ❤❛✈❡ t❤❡ DX−♠♦❞✉❧❡ ❝❛s❡✳ ❲❡
❣❡t ❛ ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ ∂E +λθ ❛♥❞ ❛❧❧ ♦t❤❡r ♦♣❡r❛t♦rs ❛r❡ ❝♦♥str✉❝t❡❞ ❛s ❢♦r
t❤❡ DX ❜✉♥❞❧❡ ❝❛s❡✳ ■♥ ♣❛rt✐❝✉❧❛r t❤✐s ✐s t❤❡ ❢♦✉♥❞❛t✐♦♥ ♦❢ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥s ❜②
❙✐♠♣s♦♥ ❬❙✐♠✾✼❪ ❛♥❞ ▼♦❝❤✐③✉❦✐✳



A ❆♣♣❡♥❞✐①

❆✳✶✳ ❇❛s✐❝s

❚❤✐s ✜rst s❡❝t✐♦♥ ❝♦♥t❛✐♥s ❜❛s✐❝ ❞❡✜♥✐t✐♦♥s ❛s ✇❡❧❧ ❛s s♦♠❡ ✇❡❧❧✲❦♥♦✇♥ r❡s✉❧ts✱
♠❛✐♥❧② ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❙❡rr❡✬s ❬●❆●❆❪ ❛♥❞ t❤❡ ❘✐❡♠❛♥♥✲❍✐❧❜❡rt ❝♦rr❡s♣♦♥❞❡♥❝❡✳
❚❤❡ r❡s✉❧ts ❢r♦♠ ❛❧❣❡❜r❛✐❝ ♦r ❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr② ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❣❡♥❡r❛❧ st❛rt✐♥❣
♣♦✐♥t ♦♥ t❤❡ ✇❛② ♦❢ ❝♦♥str✉❝t✐♥❣ ♦✉r ❡q✉✐✈❛❧❡♥❝❡✱ ✇❤✐❧❡ t❤❡ s✉❜s❡❝t✐♦♥ ♦♥ t❤❡ ❍♦❞❣❡
t❤❡♦r② ❝♦♥t❛✐♥s s♦♠❡ t❡❝❤♥✐❝❛❧ r❡s✉❧ts ✉s❡❞ ❧❛t❡r ♦♥✳

❆✳✶✳✶✳ ❉❡❢✐♥✐t✐♦♥s ✭❆❧❣❡❜r❛✐❝ ●❡♦♠❡tr②✮

❉❡✜♥✐t✐♦♥ ❆✳✶✳✶✳ ❆ ♥♦♥✲❝♦♠♣❛❝t ❝✉r✈❡ ✐s ❛ ❝♦♠♣❛❝t ❘✐❡♠❛♥♥ s✉r❢❛❝❡ ❞❡❧❡t✐♥❣
✜♥✐t❡❧② ♠❛♥② ♣♦✐♥ts✱ ✐✳❡✳ ♠♦r❡ ♣r❡❝✐s❡❧② X = M \ S ✇✐t❤ M ❝♦♠♣❛❝t ❘✐❡♠❛♥♥
s✉r❢❛❝❡ ❛♥❞ S = {a1, . . . , an}✳
❚❤❡ ❝♦♠♣❧❡t✐♦♥ X ✐♥ t❤❡ ❛♥❛❧②t✐❝ t♦♣♦❧♦❣② ✐s ❥✉st M ✳

❘❡♠❛r❦ ❆✳✶✳✷✳ ❚❤❡ ♥❛♠❡ ❝✉r✈❡ ❝♦♠❡s ❢r♦♠ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥
❝♦♠♣❛❝t ❘✐❡♠❛♥♥ s✉r❢❛❝❡s ❛♥❞ s♠♦♦t❤ ♣r♦❥❡❝t✐✈❡ ❝♦♠♣❧❡① ❛❧❣❡❜r❛✐❝ ❝✉r✈❡s✱ ❡✳❣✳
✐♥ ❬❙③❛✵✾❪✳

❉❡✜♥✐t✐♦♥ ❆✳✶✳✸ ✭❆❧❣❡❜r❛✐❝ ❱❛r✐❡t②✮✳ ▲❡t k ❜❡ ❛♥ ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞ ✜❡❧❞✱
V (I) = {v ∈ V

n|f(v) = 0 ∀f ∈ S}✱ V
n ∈ {An,Pn}✳ ■❢ V

n = A
n t❤❡♥ S ⊂

k[x1, . . . , xn]❀ ✐❢ Vn = P
n t❤❡♥ S ✐s ❛ s✉❜s❡t ♦❢ t❤❡ s❡t ♦❢ ❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧s✳

X ⊂ V
n ✐s ❛♥ ❛❧❣❡❜r❛✐❝ ✈❛r✐❡t② ✐❢ V (I) = X ❢♦r s♦♠❡ ♣r✐♠❡ I✳ ❋✉rt❤❡r X ✐s ❝❛❧❧❡❞

❛✣♥❡ ✐❢ V n = A
n := kn ❛♥❞ ♣r♦❥❡❝t✐✈❡ ✐❢ Vn = P

n = kn+1 \ {0}/ ∼ ✇✐t❤ t❤❡ ✉s✉❛❧
❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥✳✶

❉❡✜♥✐t✐♦♥ ❆✳✶✳✹✳ ❆ ♠❛♣ f : D(g) → k ✐s r❡❣✉❧❛r ✐❢ ✐t ✐s ✐♥ k[x1, . . . , xn][1/g]✱
✐✳❡✳ ❛ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥ ✇✐t❤ g ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r✳

✶▼♦r❡ ❣❡♥❡r❛❧ ♦♥❡ ❝❛♥ ❞❡✜♥❡ q✉❛s✐✲♣r♦❥❡❝t✐✈❡ ✭r❡s♣✳ q✉❛s✐✲❛✣♥❡✮ ✈❛r✐❡t✐❡s ❛s ❧♦❝❛❧❧② ❝❧♦s❡❞
s✉❜s❡ts ♦❢ ❛ ♣r♦❥❡❝t✐✈❡ ✭r❡s♣✳ ❛✣♥❡✮ ✈❛r✐❡t②✳
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❆ ♠❛♣ f : U → X,U ♦♣❡♥ ✐s r❡❣✉❧❛r ✐❢ f |D(g)∩V ✐s r❡❣✉❧❛r ❢♦r ❛❧❧ g ∈ I✳
❚❤❡ r✐♥❣ ♦❢ ❛❧❧ r❡❣✉❧❛r ♠❛♣s ♦♥ U ⊂ X ✐s ❞❡♥♦t❡❞ ❜② OX(U) r❡s♣✳ OX(X) = OX ✳

❉❡✜♥✐t✐♦♥ ❆✳✶✳✺✳ ▲❡t X ❜❡ ❛♥ ❛❧❣❡❜r❛✐❝ ✈❛r✐❡t②✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s ❛r❡
❡q✉✐✈❛❧❡♥t✿

✭✐✮ ❚❤❡ ❩❛r✐s❦✐ t♦♣♦❧♦❣② ✐s t❤❡ ✇❡❛❦❡st t♦♣♦❧♦❣② s✉❝❤ t❤❛t r❡❣✉❧❛r ♠❛♣s ❛r❡
❝♦♥t✐♥✉♦✉s ❛♥❞ ♣♦✐♥ts ❛r❡ ❝❧♦s❡❞✳

✭✐✐✮ ❚❤❡ ❩❛r✐s❦✐ t♦♣♦❧♦❣② ✐s t❤❡ t♦♣♦❧♦❣② ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❜❛s✐s D(g) = X −
V (g), g ∈ k[x1, . . . , xn]✳

❚♦ ❛✈♦✐❞ ❝♦♥❢✉s✐♦♥ ✇❡ ❞❡♥♦t❡ t❤❡ s❤❡❛❢ ♦❢ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s ❜② Oan
X ✳

❘❡♠❛r❦ ❆✳✶✳✻✳ OX ✭✇✐t❤ t❤❡ ✉s✉❛❧ r❡str✐❝t✐♦♥ ♦❢ ❢✉♥❝t✐♦♥s✮ ❢♦r♠s ❛ s❤❡❛❢ ✇✐t❤
✈❛❧✉❡s ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ r✐♥❣s✳ ❋✉rt❤❡r OX = k[x1, . . . , xn]/I ❢♦r X = V (I)✳

❉❡✜♥✐t✐♦♥ ❆✳✶✳✼✳ ▲❡t F ❜❡ ❛ s❤❡❛❢ ♦♥ ❛ ♠❛♥✐❢♦❧❞ M ✳ ❚❤❡ st❛❧❦ Fx, x ∈ X ♦❢ F
❛t M ✐s t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ t❤❡ F(U)✱ x ∈ U ⊂ M ♦♣❡♥✱ ♠♦❞✉❧♦ t❤❡ ❢♦❧❧♦✇✐♥❣
❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ❢♦r s ∈ F(U), t ∈ F(V )

s ∼ t :⇔ ∃W ⊂ U ∩ V, x ∈ W : s|W = t|W .

■♥ s②♠❜♦❧s

Fx =
⋃̇

x∈U ♦♣❡♥

F(U)/ ∼ .

❘❡♠❛r❦ ❆✳✶✳✽✳ ✭✐✮ ❊q✉✐✈❛❧❡♥t❧② Fx ✐s t❤❡ ❞✐r❡❝t ❧✐♠✐t ♦❢ F(U) ❢♦r x ∈ U ✳

✭❛✮ ■❢ F ✐s ❛ r✐♥❣ s♦ ✐s Fx✳

❉❡✜♥✐t✐♦♥ ❆✳✶✳✾✳ ❆ ♣♦✐♥t x ∈ X ✐s ❝❛❧❧❡❞ ♥♦♥✲s✐♥❣✉❧❛r ✐❢ t❤❡ st❛❧❦ OX,x ✐s ❛
r❡❣✉❧❛r ❧♦❝❛❧ r✐♥❣✱ ✐✳❡✳ ✐❢ dimk TxX

✷ ❡q✉❛❧s t❤❡ ❑r✉❧❧ ❞✐♠❡♥s✐♦♥ ♦❢ OX,x✳ ❋♦r k = C

t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ∃U ⊂ C
n ♦♣❡♥✱ ∃B ⊂ C

n ❜❛❧❧✱ ∃ϕ : U → B ❜✐❤♦❧♦♠♦r♣❤✐❝
s✉❝❤ t❤❛t ϕ(U ∩X) = B ∩ V ❢♦r s♦♠❡ s✉❜s♣❛❝❡ V ⊂ C

n✳✸

❆ ✈❛r✐❡t② ✐s ❝❛❧❧❡❞ ♥♦♥✲s✐♥❣✉❧❛r ♦r s♠♦♦t❤ ✐❢ ❛❧❧ ♣♦✐♥ts ❛r❡ ♥♦♥✲s✐♥❣✉❧❛r✳

❘❡♠❛r❦ ❆✳✶✳✶✵✳ ❋♦r k = C ❛ ♥♦♥✲s✐♥❣✉❧❛r ✈❛r✐❡t② ✐s ❛ ❝♦♠♣❧❡① s✉❜♠❛♥✐❢♦❧❞ ♦❢
A

n ♦r Pn✳

✷TxX t❛♥❣❡♥t s♣❛❝❡ ❛t x ∈ X✳
✸❆ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❆r❛✶✷❪✳
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❉❡✜♥✐t✐♦♥ ❆✳✶✳✶✶✳ ❙✉♣♣♦s❡D =
∑

s∈S nss ✐s ❛ ❞✐✈✐s♦r✱ S ⊂ X ✜♥✐t❡✱ X ❘✐❡♠❛♥♥
s✉r❢❛❝❡s✳ ▲❡t M(U) ❞❡♥♦t❡ t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ ♠❡r♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s ✭r❡s♣✳
r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥s✮ ♦♥ U ♦♣❡♥✳ ❉❡✜♥❡ O(D)|U ❛s t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ ❛❧❧ f ∈ M(U)
✇❤✐❝❤ ❤❛✈❡ ❛t s ∈ U ♦r❞❡r ❛t ❧❡❛st −ns✳ ■♥ ♣❛rt✐❝✉❧❛r ❢♦r D = s t❤❡s❡ ❛r❡ ❥✉st
t❤❡ ❢✉♥❝t✐♦♥s ✇✐t❤ ❛ ♣♦❧❡ ♦❢ ♦r❞❡r ❛t ♠♦st ✶✳ O(D) ✐s ❛ s❤❡❛❢ ♦❢ Oan

X −♠♦❞✉❧❡s
✭r❡s♣✳ OX−♠♦❞✉❧❡s✮✱ s✐♥❝❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✇✐t❤ ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ ♣r❡s❡r✈❡s
t❤✐s ♣r♦♣❡rt②✳
◆♦✇ ❝♦♥s✐❞❡r ❛ ❝♦♦r❞✐♥❛t❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ s ∈ S ✇✐t❤ t❤❡ ❝♦♦r❞✐♥❛t❡ z✱ t❤❡♥
❡✈❡r② ❢✉♥❝t✐♦♥ ✐♥ O(D)|U ❤❛s ❛ ▲❛✉r❡♥t ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❢♦r♠ z−nsg ✇✐t❤ s♦♠❡
❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥ g✳

❘❡♠❛r❦ ❆✳✶✳✶✷✳ ✭✐✮ ❚❤❡ ❧❛st ♣r♦♣❡rt② s❤♦✇s t❤❛t O(D) ✐s ❧♦❝❛❧❧② ✐s♦♠♦r♣❤✐❝
t♦ OX ✱ ✐✳❡✳ ✐s ❛♥ ✐♥✈❡rt✐❜❧❡ s❤❡❛❢✳

✭✐✐✮ ❋✉rt❤❡r O(D)⊗OX
O(D′) ≃ O(D +D′)✳

❆✳✶✳✷✳ ❉❡❢✐♥✐t✐♦♥s ✭❉✐❢❢❡r❡♥t✐❛❧ ●❡♦♠❡tr②✮

❉❡✜♥✐t✐♦♥ ❆✳✶✳✶✸ ✭❱❡❝t♦r ❜✉♥❞❧❡✮✳ ▲❡tM ❜❡ ❛ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞ ✭r❡s♣✳ t♦♣♦❧♦❣✲
✐❝❛❧ s♣❛❝❡ r❡s♣✳ ❛❧❣❡❜r❛✐❝ ✈❛r✐❡t②✮✱ E t❤❡ t♦t❛❧ s♣❛❝❡ ✭❛♥♦t❤❡r ♠❛♥✐❢♦❧❞✴t♦♣♦❧♦❣✐❝❛❧
s♣❛❝❡✴❛❧❣❡❜r❛✐❝ ✈❛r✐❡t②✮ ❛♥❞ π : E → M ❛ ❤♦❧♦♠♦r♣❤✐❝ ✭r❡s♣✳ ❝♦♥t✐♥✉♦✉s r❡s♣✳
r❡❣✉❧❛r✮ ♠❛♣✳ (E,M, π) ✐s ❝❛❧❧❡❞ ❛ ❤♦❧♦♠♦r♣❤✐❝ ✭r❡s♣✳ t♦♣♦❧♦❣✐❝❛❧ r❡s♣✳ ❛❧❣❡❜r❛✐❝✮
✈❡❝t♦r ❜✉♥❞❧❡ ✐❢

✭✶✮ π−1(x) ✐s ❛ ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ C−✈❡❝t♦r s♣❛❝❡✳

✭✷✮ ∃k ∈ N✱ ∃(Uj) ♦♣❡♥ ❝♦✈❡r✐♥❣ ✭✐♥ t❤❡ ❛♥❛❧②t✐❝ r❡s♣✳ ❩❛r✐s❦✐ t♦♣♦❧♦❣②✮ ✇✐t❤
❧♦❝❛❧ tr✐✈✐❛❧✐③❛t✐♦♥s

ϕj : EUj
:= π−1(Uj) → Uj ×K

k ❜✐❤♦❧♦♠♦r♣❤✐❝

✭r❡s♣✳ ❤♦♠❡♦♠♦r♣❤ r❡s♣✳ ❜✐r❡❣✉❧❛r✮✱

s✉❝❤ t❤❛t π|EUj
= ♣r1◦ϕj ❛♥❞ ϕa = ϕj|Ea : Ea → {a}×K

k ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

❉❡✜♥✐t✐♦♥ ❆✳✶✳✶✹✳ ✭✐✮ ❆ ❜✉♥❞❧❡ ♠♦r♣❤✐s♠ σ : E → F ❜❡t✇❡❡♥ t✇♦ s♠♦♦t❤
✭r❡s♣✳ ❤♦❧♦♠♦r♣❤✐❝✱ r❡s♣✳ ❛❧❣❡❜r❛✐❝✮ ✈❡❝t♦r ❜✉♥❞❧❡s πE : E → X, πF : F →
X ✐s ❛ s♠♦♦t❤ ✭r❡s♣✳ ❤♦❧♦♠♦r♣❤✐❝✱ r❡s♣✳ ❛❧❣❡❜r❛✐❝✮ ♠❛♣ s✉❝❤ t❤❛t πE = πFσ
❛♥❞ σ ✐s C−❧✐♥❡❛r ♦♥ t❤❡ ✜❜r❡s✳

✭✐✐✮ ❋♦r ❛ ❜✉♥❞❧❡ ♠♦r♣❤✐s♠ σ : E → F t❤❡ ❦❡r♥❡❧ ker σ =
⋃

x∈X ker σ|Ex ❛♥❞
t❤❡ r❛♥❣❡ ✐♠ σ =

⋃

x∈X ✐♠ σ|Ex ❛r❡ s✉❜❜✉♥❞❧❡s ✐❢ ❛♥❞ ♦♥❧② ✐❢ r❦(σ|Ex) ✐s
✐♥❞❡♣❡♥❞❡♥t ♦❢ x✱ ✐✳❡✳ ❝♦♥st❛♥t ✐♥ x✳✹

✹❙❡❡ ●r✐✣t❤ ❛♥❞ ❍❛rr✐s ❬●❍✼✽❪ ♣✳ ✻✽
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❊①❛♠♣❧❡ ❆✳✶✳✶✺✳ ✭✐✮ ❞♦❡s ♥♦t ✐♠♣❧② ✭✐✐✮✿ ❚❛❦❡ t❤❡ tr✐✈✐❛❧ ❜✉♥❞❧❡ E ✇✐t❤ π =
♣r1 : C × C → C ❛♥❞ t❤❡ ❜✉♥❞❧❡ ♠♦r♣❤✐s♠✱ E → E✱ σ(x, y) = (x, xy)✱ t❤❡♥
σ ✐s ♦❜✈✐♦✉s❧② s♠♦♦t❤ ✭r❡s♣✳ ❤♦❧♦♠♦r♣❤✐❝ r❡s♣✳ r❡❣✉❧❛r✮ ❛♥❞ r❦(σ(1, ·)) = 1 6=
r❦(σ(0, ·)) = 0✳

❘❡♠❛r❦ ❆✳✶✳✶✻✳ ✭✶✮ ❋♦r s♠♦♦t❤ ♠❛♥✐❢♦❧❞s r❡♣❧❛❝❡ ❤♦❧♦♠♦r♣❤✐❝ ❜② s♠♦♦t❤
❛♥❞ ❜✐❤♦❧♦♠♦r♣❤✐❝ ❜② ❞✐✛❡♦♠♦r♣❤✐❝ ✐♥ ❞❡✜♥✐t✐♦♥ ❆✳✶✳✶✸✳

✭✷✮ (ϕ−1
j (x, ei))1≤i≤k ❢♦r t❤❡ st❛♥❞❛r❞ ❜❛s✐s (ei)1≤i≤k ∈ K

k ✐s s♦♠❡t✐♠❡s ❝❛❧❧❡❞
❧♦❝❛❧ ❢r❛♠❡ ✜❡❧❞ ✭♦✈❡r Uj✮✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ✇✐❧❧ ❛❧✇❛②s ✜♥❞ s✉❝❤ ❛ ❧♦❝❛❧
❢r❛♠❡✱ ✇❤✐❝❤ ✐s ❤♦❧♦♠♦r♣❤✐❝✱ s♠♦♦t❤ ♦r r❡❣✉❧❛r ❞❡♣❡♥❞❡♥✐♥❣ ♦♥ t❤❡ ❦✐♥❞ ♦❢
❜✉♥❞❧❡ ✇❡ ❛r❡ ✇♦r❦✐♥❣ ✇✐t❤✳

❚❤❡♦r❡♠ ❆✳✶✳✶✼✳ ▲❡t X ❜❡ ❛ s♠♦♦t❤ ♠❛♥✐❢♦❧❞ ✭r❡s♣✳ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞ r❡s♣✳
❛❧❣❡❜r❛✐❝ ✈❛r✐❡t②✮ t❤❡♥ t❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝❛t❡✲
❣♦r✐❡s ♦❢ s♠♦♦t❤ ✭r❡s♣✳ ❤♦❧♦♠♦r♣❤✐❝ r❡s♣✳ ❛❧❣❡❜r❛✐❝✮ ✈❡❝t♦r ❜✉♥❞❧❡s ♦❢ r❛♥❦ r
❛♥❞ t❤❡ ❝❛t❡❣♦r② ♦❢ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢ ❧♦❝❛❧❧② ❢r❡❡ s❤❡❛✈❡s ♦❢ EX− ✭r❡s♣✳
Oan

X − r❡s♣✳ OX)✮✲♠♦❞✉❧❡s ♦❢ r❛♥❦ r ❜② ❛ss✐❣♥✐♥❣ t♦ ❡✈❡r② ❜✉♥❞❧❡ ✐ts s❤❡❛❢
♦❢ s♠♦♦t❤✴❤♦❧♦♠♦r♣❤✐❝✴r❡❣✉❧❛r s❡❝t✐♦♥s✳✺ P❛rt✐❝✉❧❛r❧② t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡s♣❡❝ts
s✉♠s✱ t❡♥s♦r ♣r♦❞✉❝ts✱ ❞✉❛❧✐③✐♥❣✱ ❡t❝✳

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❙❡rr❡✬s ❬●❆●❆❪✳

❘❡♠❛r❦ ❆✳✶✳✶✽✳ ✭✐✮ ❚❤❡ t❤❡♦r❡♠ s❛②s ♥♦t❤✐♥❣ ❛❜♦✉t ♠♦r♣❤✐s♠s✳ ◆♦t❡ t❤❛t
✈❡❝t♦r ❜✉♥❞❧❡s ❤♦♠♦♠♦r♣❤✐s♠s ❛r❡ ♦❢t❡♥ ❞❡✜♥❡❞ t♦ ❤❛✈❡ ❝♦♥st❛♥t r❛♥❦✻✱
✇❤✐❧❡ ❢♦r Oan

X ✭r❡s♣✳ OX✮✲♠♦❞✉❧❡s t❤✐s ✐s ✉s✉❛❧❧② ♥♦t t❤❡ ❝❛s❡✳✼

✭✐✐✮ ■❢ ✇❡ ❞r♦♣ t❤❡ r❡str✐❝t✐♦♥ ♦♥ ❝♦♥st❛♥t r❛♥❦ ❤♦♠♦♠♦r♣❤✐s♠s t❤❡r❡ ✐s ❛♥ ❡q✉✐✈✲
❛❧❡♥❝❡✳ ❚♦ s❡❡ t❤✐s ❝♦♥s✐❞❡r

Ψ : ❱❡❝t(E,F ) → (❍♦♠E(U)(Γ(U,E),Γ(U, F )))U

σ → {s 7→ {x 7→ σ(x, s(x))}}

✇❤❡r❡ (❍♦♠E(U)(Γ(U,E),Γ(U, F )))U ✐s t❤❡ s❡t ♦❢ E(U)−s❤❡❛❢ ❤♦♠♦♠♦r✲
♣❤✐s♠s ❛♥❞ ❱❡❝t(E,F ) t❤❡ s❡t ♦❢ s♠♦♦t❤ ✈❡❝t♦r ❜✉♥❞❧❡ ❤♦♠♦♠♦r♣❤✐s♠s
✇✐t❤ ♥♦t ♥❡❝❡ss❛r✐❧② ❝♦♥st❛♥t r❛♥❦✳ ❆♥ ✐♥✈❡rs❡ ♠❛♣ ✐s ❣✐✈❡♥ ❜②

Φ : (❍♦♠E(U)(Γ(U,E),Γ(U, F )))U → ❱❡❝t(E,F )

ϕ→ Φ(x, s(x)) := (ϕ(s))(x), x ∈ V ♦♣❡♥, ∀s ∈ Γ(V,E).✽

✺s❡❡ ❆✳✶✳✷✵✳
✻❆✳✶✳✶✹✱ ✭✐✐✮✳
✼❙❡❡ ❍✉②❜r❡❝❤ts ❬❍✉②✵✺❪✱ ♣✳ ✼✷✳
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Φ ✐s ✇❡❧❧✲❞❡✜♥❡❞ s✐♥❝❡ s❤❡❛❢ ❤♦♠♦♠♦r♣❤✐s♠s r❡s♣❡❝t r❡str✐❝t✐♦♥s✱ ✐✳❡✳ ✇❡ ♥❡❡❞
t♦ ❝♦♥s✐❞❡r ♦♥❧② ❛ s♠❛❧❧ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ x ❛♥❞ ❤❡♥❝❡ t❤❡r❡ ✐s ❛❧✇❛②s ❛ ❧♦❝❛❧
s❡❝t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❧♦❝❛❧ tr✐✈✐❛❧✐③❛t✐♦♥ ❢♦r s♦♠❡ ✜①❡❞ s❡❝♦♥❞
❝♦♠♣♦♥❡♥t ✭∀e ∈ Ey ⊂ EV ∃ẽ ∈ C

n : ϕ−1
V (y, ẽ) = e✮✳ ❋✉rt❤❡r t❛❦❡ ❛ ❧♦❝❛❧

s♠♦♦t❤ ❢r❛♠❡ ✜❡❧❞ ei ❛♥❞ t✇♦ s❡❝t✐♦♥s s, t ∈ Γ(V,E) ✇✐t❤ s(y) = t(y) =
e✳ ❚❤❡♥ t❤❡r❡ ❛r❡ si, ti ∈ E(V ) s✉❝❤ t❤❛t s(x) =

∑n
i=1 si(x)ei(x)✱ t(x) =

∑n
i=1 ti(x)ei(x) ❛♥❞ ∃αi, βi ∈ E(V ) s✉❝❤ α(x)s(x) :=

∑n
i=1 αi(x)si(x)ei(x) =∑n

i=1 βi(x)ti(x)ei(x) = βi(x), ∀x ∈ V ❛♥❞ αi(y) = βi(y) ∀ ≤ i ≤ n✳ ❚❤✉s

n∑

i=1

αiΦ (siei) = Φ

(
n∑

i=1

αisiei

)

= Φ

(
n∑

i=1

βitiei

)

=
n∑

i=1

βiΦ (tiei)

x=y
=⇒ (ϕ(s))(y) =

(

Φ

(
n∑

i=1

siei

))

(y) =

(

Φ

(
n∑

i=1

tiei

))

(y)

= (ϕ(t))(y).

❍❡♥❝❡ Ψ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦s❡♥ s❡❝t✐♦♥✳ ■t ✐s ❛ ❤♦♠♦♠♦r♣❤✐s♠ ♦♥ t❤❡
✜❜❡rs s✐♥❝❡

Φ(x, a(s(x) + t(x))) = (ϕ(a(s+ t)))(x) = aϕ(s)(x) + aϕ(t)(x)

= aΦ(x, s(x)) + aΦ(x, t(x)),

✇❤❡r❡ ✇❡ ❛ss♦❝✐❛t❡❞ a ✇✐t❤ t❤❡ ❝♦♥st❛♥t ✭s♠♦♦t❤✮ ♠❛♣ x 7→ a✳
❚❤❡ ✐♠❛❣❡s ♦❢ Ψ ❛♥❞ Φ ❛r❡ s♠♦♦t❤ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ❛ s♠♦♦t❤ ❜✉♥❞❧❡ r❡s♣✳ ❛
s♠♦♦t❤ s❡❝t✐♦♥✳
❋✐♥❛❧❧②

Ψ ◦ Φ(ϕ) = Ψ((ϕ(s))(·)) = s 7→ {x 7→ ϕ(s(x))} = ϕ ❛♥❞

Φ ◦Ψ(σ)(x, s(x)) = Φ ({s 7→ {x 7→ σ(x, s(x))}}) = σ(x, s(x))

❢♦r ❛❧❧ s ∈ Γ(U,E), x ∈ U ✱ ✐✳❡✳ Φ ❛♥❞ Ψ ❛r❡ ✐♥✈❡rs❡ t♦ ❡❛❝❤ ♦t❤❡r✳ ❆s ✇❡
❤❛✈❡ ❛❞❞✐t✐♦♥❛❧❧②

Ψ(σ + τ) = Ψ(σ) + Ψ(τ) ❛♥❞ Φ(ϕ+ φ) = Φ(ϕ) + Φ(φ),

Ψ(✐❞❱❡❝t(E,F )) = ✐❞(❍♦♠E(U)(Γ(U,E),Γ(U,F )))U ❛♥❞

Φ(✐❞(❍♦♠E(U)(Γ(U,E),Γ(U,F )))U ) = ✐❞❱❡❝t(E,F ).

❚❤❡s❡ ❛r❡ ✐♥✈❡rs❡ ❢✉♥❝t♦rs ♠❛❦✐♥❣ t❤❡ t✇♦ ❝❛t❡❣♦r✐❡s ❡q✉✐✈❛❧❡♥t✳ ❆s ✉s✉❛❧
✇❡ ❝❛♥ r❡♣❧❛❝❡ s♠♦♦t❤ ❜② ❤♦❧♦♠♦r♣❤✐❝ r❡s♣✳ r❡❣✉❧❛r ❛♥❞ s♦ ♦♥✳

✽❖❢ ❝♦✉rs❡ ✇❡ ✇r♦t❡ ❛ ✈❛❧✉❡ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ✇❤✐❝❤ ✐s ❢♦r♠❛❧❧② ♥♦t ❝♦rr❡❝t✳ ❍♦✇❡✈❡r ✐t
s❤♦✉❧❞ ❜❡ ❝❧❡❛r✱ ✇❤✐❝❤ ♠❛♣ ✇❡ ♠❡❛♥✳
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❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐❢ ✇❡ ❞❡♥♦t❡ ♥♦✇ ❜② (❍♦♠E(U)(Γ(U,E),Γ(U, F )))U t❤❡
s❡t ♦❢ E(U)−s❤❡❛❢ ❤♦♠♦♠♦r♣❤✐s♠s ♦❢ ❝♦♥st❛♥t r❛♥❦✾ ❛♥❞ ❱❡❝t(E,F ) t❤❡
s❡t ♦❢ s♠♦♦t❤ ✈❡❝t♦r ❜✉♥❞❧❡ ❤♦♠♦♠♦r♣❤✐s♠s ✭♦❢ ❝♦♥st❛♥t r❛♥❦✮✱ t❤❡♥ t❤❡
❢✉♥❝t♦rs Φ ❛♥❞ Ψ ❡st❛❜❧✐s❤ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❛s ✇❡❧❧✳ ❋♦r ❛ r❛♥❦ k ✈❡❝t♦r ❜✉♥❞❧❡
❤♦♠♦♠♦r♣❤✐s♠ σ ❛♥❞ ❛ ❧♦❝❛❧ ❤♦❧♦♠♦r♣❤✐❝ ❢r❛♠❡ (si)1≤i≤n✱ Ψ(σ)(si) = {x 7→
σ(x, si(x)) =

∑k
i=1 αij(x)sj(x)}, ∀1 ≤ i ≤ n ❢♦r s♦♠❡ ❤♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s

sj✳✶✵ ❍❡♥❝❡ Ψ(σ) ❤❛s r❛♥❦ k ❛s ❛ ♠❛♣ ❢r♦♠ Γ(U,E)x → Γ(U, F )x✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞ ❢♦r r❦ϕ = k, ϕ ∈ (❍♦♠E(U)(Γ(U,E),Γ(U, F )))U ✱ ❛♥❞ ❢♦r ❛
❜❛s✐s si(x) ∈ Ex ✇❡ ❣❡t Φ(ϕ)(si(x)) = ϕ(si)(x) =

∑k
j=1 αij(x)sj(x)✱ ✐✳❡✳

r❦Φ(ϕ) = k✳

✭✐✐✐✮ ■♥ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr② ✐t ✐s ♠♦r❡ r❡❛s♦♥❛❜❧❡ t♦ ❡♥❧❛r❣❡ t❤❡ ❝❛t❡❣♦r② ♦❢ ❧♦❝❛❧❧②
❢r❡❡ OX−♠♦❞✉❧❡s r❛t❤❡r t❤❛♥ t♦ r❡str✐❝t ✐t✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ♦♥❡ ♥❡❡❞s
t❤❡ ❝♦❦❡r♥❡❧ ♦❢ t❤♦s❡ ♠♦r♣❤✐s♠s t♦ ❜❡ ✐♥ t❤❡ ❝❛t❡❣♦r② ❛❣❛✐♥✳ ❋♦r ❧♦❝❛❧❧②
❢r❡❡ OX−♠♦❞✉❧❡s t❤❡ ❝♦❦❡r♥❡❧ ♦❢ ❛ ❤♦♠♦♠♦r♣❤✐s♠ ✇✐t❤ ♥♦♥✲❝♦♥st❛♥t r❛♥❦
♥♦ ❧♦♥❣❡r ✐s ❛ ❧♦❝❛❧❧② ❢r❡❡ OX−♠♦❞✉❧❡✱ ❜✉t ❛ ❝♦❤❡r❡♥t s❤❡❛❢✳ ■♥ ❢❛❝t t❤❡
❝❛t❡❣♦r② ♦❢ ❝♦❤❡r❡♥t s❤❡❛✈❡s ✐s t❤❡ s♠❛❧❧❡st ❝❛t❡❣♦r② ❡♥❧❛r❣✐♥❣ t❤❡ ❝❛t❡❣♦r②
♦❢ ❧♦❝❛❧❧② ❢r❡❡ OX−♠♦❞✉❧❡s ✭✇✐t❤ ♥♦t ♥❡❝❡ss❛r✐❧② ❝♦♥st❛♥t r❛♥❦ ❤♦♠♦♠♦r✲
♣❤✐s♠s✮ ✇❤❡r❡ t❤❡ ❝♦❦❡r♥❡❧ ♦❢ ❡❛❝❤ ✭❧♦❝❛❧✮ ♠♦r♣❤✐s♠ ✐s ❛❣❛✐♥ ❛ ❝♦❤❡r❡♥t
s❤❡❛❢✳ ▼♦r❡ ♣r❡❝✐s❡❧② ❛♥② s❤❡❛❢ F ♦❢ OX−♠♦❞✉❧❡s ✇✐t❤ ❛ ❧♦❝❛❧ ♣r❡s❡♥t❛t✐♦♥
On

X → Om
X → F → 0,m, n ∈ N ✭❡①❛❝t✱ ✐✳❡✳ F ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❝♦❦❡r♥❡❧✮ ✐s

❝♦❤❡r❡♥t ✭❛♥❞ ✈✐❝❡✲✈❡rs❛✮❀ q✉❛s✐✲❝♦❤❡r❡♥t ✐❢ n✱ m ❛r❡ ❛❧❧♦✇❡❞ t♦ ❜❡ ♥♦t ✜♥✐t❡✳

❚❤❡♦r❡♠ ❆✳✶✳✶✾✳ ✭✶✮ ❖✈❡r ❛ ❝♦♠♣❛❝t ❘✐❡♠❛♥♥ s✉r❢❛❝❡ t❤❡ ❛❧❣❡❜r❛✐❝ ❛♥❞
❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡s ❛r❡ t❤❡ s❛♠❡✳

✭✷✮ ■♥ t❤❡ ♥♦♥✲❝♦♠♣❛❝t ❝❛s❡ ✭✐✮ ♥♦ ❧♦♥❣❡r ❤♦❧❞s✳

✭✸✮ ❍♦✇❡✈❡r✱ ❡✈❡r② ❛❧❣❡❜r❛✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ ✐s ❤♦❧♦♠♦r♣❤✐❝ ✇✳r✳t✳ t❤❡ ❩❛r✐s❦✐
t♦♣♦❧♦❣②✳

✭✹✮ ■♥ ❢❛❝t ❡✈❡r② ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ ♦♥ ❛ ♥♦♥✲❝♦♠♣❛❝t ❘✐❡♠❛♥♥ s✉r❢❛❝❡s
✐s tr✐✈✐❛❧✳

✭✺✮ ❚❤❡r❡ ✐s ❛s ✇❡❧❧ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❛❧❣❡❜r❛✐❝ ✈❡❝t♦r
❜✉♥❞❧❡s ✇✐t❤ ✢❛t r❡❣✉❧❛r ❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡s ✇✐t❤
✢❛t ❝♦♥♥❡❝t✐♦♥✳

✭✻✮ ❚❤❡r❡ ✐s ❛ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ ●❛✉❣❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ♦❢ ✢❛t ✈❡❝t♦r ❜✉♥✲
❞❧❡s ❛♥❞ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ♦❢ ✈❡❝t♦r ❜✉♥❞❧❡s ❞❡✜♥❡❞ ❜② ❝♦♥st❛♥t tr❛♥s✐t✐♦♥

✾❘❡str✐❝t❡❞ t♦ t❤❡ st❛❧❦s t❤❡ ♠❛♣ ❤❛s ❝♦♥st❛♥t r❛♥❦✳
✶✵❲✳❧✳♦✳❣✳ ✇❡ ❝❤♦♦s❡ t❤❡ ✐♠❛❣❡ t♦ ❜❡ s♣❛♥♥❡❞ ❜② t❤❡ ✜rst k ❜❛s✐s ❡❧❡♠❡♥ts si✳
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❢✉♥❝t✐♦♥s gij ❢♦r ϕiϕ
−1
j (x, g) = (x, gijg) ❛♥❞ ϕi : π

−1(Ui) → X × C
n ❧♦❝❛❧

tr✐✈✐❛❧✐③❛t✐♦♥s✳ ❚✇♦ ❝♦❝②❝❧❡s ❛r❡ ❡q✉✐✈❛❧❡♥t ✐❢ t❤❡② ❞✐✛❡r ❜② ❛ ❝♦❜♦✉♥❞❛r②✱
✐✳❡✳ gij ≡ hij ⇔ ∀(i, j) ∈ I × I ∃ai, aj ∈ Gln(C) s✉❝❤ t❤❛t gij = a−1

i hijaj✳

Pr♦♦❢✳ ✭✶✮ ❆❣❛✐♥ ❜② ❙❡rr❡✬s ❢❛♠♦✉s ♣❛♣❡r ❬●❆●❆❪✳ ❋♦r ✭✷✮ ❛♥❞ ✭✸✮ s❡❡ ❛s ✇❡❧❧ ✶✻
✐♥ ❬❈●✼✺❪✳ ✭✹✮ ❜② ✸✵✳✹ ✐♥ ✧▲❡❝t✉r❡s ♦♥ ❘✐❡♠❛♥♥ s✉r❢❛❝❡s✧ ❬❋♦r✽✶❪ ❜② ❖tt♦ ❋♦rst❡r✳
✭✺✮ ❉❡❧✐❣♥❡ ❬❉❡❧✼✵❪✱ ♣✳ ✾✼✱ ✺✳✾✳ ✭✻✮ ❙③❛♠✉❡❧② ❬❙③❛✵✾❪ ❢♦r t❤❡ ✈❡❝t♦r ❜✉♥❞❧❡ ❝❛s❡ ♦r
❘❡✐s❡rt✱ ❬❘❡✐✶✵❪ ❢♦r t❤❡ ♣r✐♥❝✐♣❛❧ G−❜✉♥❞❧❡ ❝❛s❡✳

❉❡✜♥✐t✐♦♥ ❆✳✶✳✷✵✳ ▲❡t π : E → X ❜❡ ❛ s♠♦♦t❤ ♣r♦❥❡❝t✐♦♥✱ E,X s♠♦♦t❤
♠❛♥✐❢♦❧❞s✱ t❤❡♥ Γ(X,E) := {s : X → E|s s♠♦♦t❤, π◦s = ✐❞X} ✐s t❤❡ s❡t ♦❢ s♠♦♦t❤
s❡❝t✐♦♥s ✐♥t♦ E✳ ■♥ t❤❡ s❛♠❡ ✇❛② Γhol(X,E) := {s : X → E|s ❤♦❧♦♠♦r♣❤✐❝, π ◦s =
✐❞X} ♦r Γreg(X,E) := {s : X → E|s r❡❣✉❧❛r, π ◦ s = ✐❞X} ❛r❡ ❞❡✜♥❡❞✳ ❋✉rt❤❡r
❞❡♥♦t❡ EX = {f : X → C|s s♠♦♦t❤}✳ ❚❤❡♥ EX ❛❝ts ♦♥ Γ(X,E) ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥✱
✐✳❡✳ f · s : x 7→ f(x)s(x), f ∈ EX , s ∈ Γ(X,E)✳
❉❡✜♥❡

∧p
a := {α : TaM

p → C|α C − ♠✉❧t✐❧✐♥❡❛r ❛♥❞ ❛❧t❡r♥❛t✐♥❣}, a ∈ X ❛♥❞
∧p

X =
⋃

a∈X
∧p

a✳ ❚❤❡♥

Ωp
X := Γ(X,

∧p
X)

✐s t❤❡ s❡t ♦❢ ❞✐✛❡r❡♥t✐❛❧ p−❢♦r♠s✳ ■❢ X ✐s ❛ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞ ❛♥❞ zi, zi, 1 ≤ i ≤ r
❛r❡ ❧♦❝❛❧ ❤♦❧♦♠♦r♣❤✐❝ ❝♦♦r❞✐♥❛t❡s t❤❡♥ Ωp,q

X ✐s t❤❡ s✉❜s♣❛❝❡ ♦❢ Ωk
X ❧♦❝❛❧❧② s♣❛♥♥❡❞

❜② ❢♦r♠s

ω(z) = η(z) d zi1 ∧ . . . d zip ∧ d zj1 ∧ . . . ∧ d ziq , η s♠♦♦t❤ ✐♥t♦ C

✭✇✐t❤ ♣❛✐r✇✐s❡ ❞✐✛❡r❡♥t ✐♥❞✐❝❡s✮✳ ❚❤❡♥

Ωk
X =

⊕

p+q=k

Ωp,q
X .

❊q✉✐✈❛❧❡♥t❧② Ωp,q
X = Γ(X,

∧p,q
X ) ✇✐t❤

∧p,q
X =

⋃

a∈X
∧p,q

a ,
∧p,q

a = {α : TaX
p,q →

C|α C−♠✉❧t✐❧✐♥❡❛r ❛♥❞ ❛❧t❡r♥❛t✐♥❣} ❛♥❞ TaXp,q = T ′
aX

p ⊕ T ′′
aX

p✱ ✇❤❡r❡ T ′
aX =

C〈 ∂
∂zi

|1 ≤ i ≤ n〉, n = dimX ✐s t❤❡ ❤♦❧♦♠♦r♣❤✐❝ ❛♥❞ T ′′
aX = C〈 ∂

∂zi
|1 ≤ i ≤ n〉 t❤❡

❛♥t✐❤♦❧♦♠♦r♣❤✐❝ t❛♥❣❡♥t s♣❛❝❡✳✶✶

❖♥ Ωp
X ❛♥ ❡①t❡r✐♦r ❞❡r✐✈❛t✐✈❡ d : Ωp

X → Ωp+1
X ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜② t❤❡ C−❧✐♥❡❛r

❡①t❡♥s✐♦♥ ♦❢

dω(x) = dη(x) d xi1 ∧ . . . d xip :=
∑

j∈{i1,...,ip}

∂η(x)

∂xj
d xj ∧ d xi1 ∧ . . . d xip .

✶✶❚❤❡s❡ ❛r❡ s✉❜s♣❛❝❡s ♦❢ t❤❡ ❝♦♠♣❧❡①✐✜❡❞ t❛♥❣❡♥t s♣❛❝❡ TaX = C〈 ∂
∂zi

, ∂
∂zi

|1 ≤ i ≤ n〉✳
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❋♦r ❛ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞ t❤❡r❡ ✐s ❛ s♣❧✐tt✐♥❣ d = ∂ + ∂ s✉❝❤ t❤❛t

∂η(z) d zi1 ∧ . . . ∧ d zip ∧ d zj1 ∧ . . . ∧ d zjq

=
∑

k∈{i1,...,ip}

∂η

∂zk
d zk ∧ d zi1 ∧ . . . d zip ∧ d zj1 ∧ . . . ∧ d zjq

∂η(z) d zi1 ∧ . . . ∧ d zip ∧ d zj1 ∧ . . . ∧ d zjq

=
∑

k∈{j1,...,jq}

∂η

∂zk
d zk ∧ d zi1 ∧ . . . d zip ∧ d zj1 ∧ . . . ∧ d zjq .

❘❡♠❛r❦ ❆✳✶✳✷✶✳ ✭✶✮
∧1

X = T ∗X t❤❡ ❝♦t❛♥❣❡♥t ❜✉♥❞❧❡✳

✭✷✮ d2 = ∂2 = ∂
2
= 0 ❛♥❞ ∂∂ = −∂∂✳

✭✸✮ ∂, ∂ s❛t✐s❢② t❤❡ ▲❡✐❜♥✐③ r✉❧❡✱ ✐✳❡✳

∂(α ∧ β) = ∂α ∧ β + (−1)p+qα ∧ ∂β
∂(α ∧ β) = ∂α ∧ β + (−1)p+qα ∧ ∂β,

❢♦r α ∈ Ωp,q
X , β ∈ Ωs,r

X ✳✶✷

✭✹✮ ❚❤❡ ❤♦❧♦♠♦r♣❤✐❝ t❛♥❣❡♥t ❜✉♥❞❧❡ ✐s ♥❛t✉r❛❧❧② ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❤♦❧♦♠♦r♣❤✐❝
✈❡❝t♦r ❜✉♥❞❧❡ TX ❣✐✈❡♥ ❜② t❤❡ tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥s ψij(z) = J(ϕij(ϕj(z)))

❢♦r t❤❡ ❏❛❝♦❜✐❛♥ J(ϕij)(ϕj(z)) :=
(

∂ϕk
ij

∂zl
(ϕj(z))

)

k,l
♦❢ t❤❡ ❧♦❝❛❧ tr✐✈✐❛❧✐③❛t✐♦♥s

ϕi ♦❢ t❤❡ ❜✉♥❞❧❡ π : E → X✳✶✸

❚❤❡r❡ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ∂ t♦ t❤❡ ❝❛s❡ ♦❢ E−✈❛❧✉❡❞ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s✿

❚❤❡♦r❡♠ ❆✳✶✳✷✷✳ ✭✐✮ ■❢ E ✐s ❛ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ t❤❡♥ t❤❡r❡ ❡①✐sts ❛
♥❛t✉r❛❧ s❤❡❛❢ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ C−✈❡❝t♦r s♣❛❝❡s✳

∂E : Ωp,q
X (E) → Ωp,q+1

X (E) := Γ(X,E)⊗EX Γ(X,
∧p,q+1

X )

= Γ(X,E)⊗EX Ωp,q+1
X

✶✹

✇❤✐❝❤ ♦❜❡②s ∂
2

E = 0 ❛♥❞ t❤❡ ▲❡✐❜♥✐③ r✉❧❡ ∂E(η ⊗ ω) = η ⊗ ∂(ω) + ∂E(η) ∧ ω
❢♦r η ∈ Ω0

X(E), ω ∈ Ωp,q
X ✳ ❍❡r❡ t❤❡ ∧−♣r♦❞✉❝t ✐s ❞❡✜♥❡❞ ❛s✿ ▲❡t η ∈

Ω0,0
X (E), ω1, ω2 ∈ Ωp,q

X t❤❡♥ (η ⊗ ω1) ∧ ω2 := η ⊗ (ω1 ∧ ω2)✳

✶✷❙❡❡ ❬❍✉②✵✺❪ ❧❡♠♠❛ ✶✳✸✳✻✱ ♣✳ ✹✹✳
✶✸❆❣❛✐♥ ✐♥ ❍✉②❜r❡❝❤ts ❬❍✉②✵✺❪✱ ♣✳ ✼✶✳
✶✹EX ❛❝ts ❛s f · s : x 7→ f(x)s(x) ❢♦r f ∈ EX ❛♥❞ s ∈ Ωp,q

X ✳



❆✳✶✳ ❇❛s✐❝s ⑤ ✶✺✼

✭✐✐✮ ▲❡t (si)1≤i≤r ❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝ ❧♦❝❛❧ ❢r❛♠❡ ✜❡❧❞ ♦❢ E✱ ❢♦r ❡①❛♠♣❧❡ si(x) =
ϕ−1
U (x, ei), ei st❛♥❞❛r❞ ❜❛s✐s ❡❧❡♠❡♥t ♦❢ Cr✱ ϕU ❧♦❝❛❧ tr✐✈✐❛❧✐③❛t✐♦♥✱ t❤❡♥ ✇❡

❝❛♥ ✇r✐t❡ ❢♦r ❛❧❧ s′ ∈ Ωp,q
U (E) : s′ = s⊗ ω ✇✐t❤ s =

∑r
i=1 αisi, αi ∈ E(U)✳ ∂E

❛❝ts ♦♥ s′ ❛s

∂E(s) =
r∑

i=1

si ⊗ ∂(αiω).

❚❤✐s ❞❡s❝r✐♣t✐♦♥ ♦❢ ∂E ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❝❤♦s❡♥ ❤♦❧♦♠♦r♣❤✐❝ ❢r❛♠❡ ✜❡❧❞
s✐♥❝❡ ❛♥② tr❛♥s✐t✐♦♥ ♠❛tr✐① t♦ ❛♥♦t❤❡r ❤♦❧♦♠♦r♣❤✐❝ ❢r❛♠❡ ✜❡❧❞ ✐s ❤♦❧♦♠♦r♣❤✐❝
✐♥ ❡❛❝❤ ❝♦♠♣♦♥❡♥t ❛♥❞ ♠❛❦❡s t❤❡r❡✇✐t❤ ❜② ▲❡✐❜♥✐③ r✉❧❡ ♥♦ ❝♦♥tr✐❜✉t✐♦♥ t♦
t❤❡ r❡s✉❧t✳✶✺

✭✐✐✐✮ ❚❤❡ ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ ♦❢ ❛ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ ✐s ✉♥✐q✉❡❧② ❞❡✲
t❡r♠✐♥❡❞ ❜② ❛♥ ♦♣❡r❛t♦r ∂E : Ω0

X(E) → Ω0,1
X (E) ✇✐t❤ t❤❡ ♣r♦♣❡rt✐❡s ♥❛♠❡❞

✐♥ ✭✐✮✳

Pr♦♦❢✳ ❍✉②❜r❡❝❤ts ❬❍✉②✵✺❪✱ ♣✳ ✶✵✾❢✳

❘❡♠❛r❦ ❆✳✶✳✷✸✳ ✭✐✮ ■♥ ❢✉t✉r❡ ✐t ♠❛② ❜❡ ♦❢t❡♥ ❡♥♦✉❣❤ t♦ ❝♦♥s✐❞❡r ♦♥❧② ❧♦❝❛❧
s❡❝t✐♦♥s s✐♥❝❡ ❛ ❣❧♦❜❛❧ s❡❝t✐♦♥ r❡str✐❝ts t♦ s❡❝t✐♦♥s ♦♥ ♦♣❡♥ s✉❜s❡ts ❛♥❞ ❧♦❝❛❧
s❡❝t✐♦♥ ❝❛♥ ❜❡ ❣❧✉❡❞ t♦❣❡t❤❡r t♦ ❛ ❣❧♦❜❛❧ s❡❝t✐♦♥ ✐❢ t❤❡② ❝♦✐♥❝✐❞❡ ♦♥ s♦♠❡
♦♣❡♥ s❡t✶✻❀ ❛ s❤❡❛❢ ❤♦♠♦♠♦r♣❤✐s♠ ϕ ❝♦♠♠✉t❡s ✇✐t❤ t❤❡ r❡str✐❝t✐♦♥s ❛♥❞
✐s t❤✉s ❞❡✜♥❡❞ ❜② ❧♦❝❛❧ s❡❝t✐♦♥s✱ s✐♥❝❡ ❢♦r ❛♥ ♦♣❡♥ ❝♦✈❡r✐♥❣ (Ui)i∈I ✱ ❡✳❣✳
t❤♦s❡ ✇✐t❤ ❧♦❝❛❧ tr✐✈✐❛❧✐③❛t✐♦♥s✱ si|Uij

= sj|Uij
⇒ ϕ(si)|Ui∩Uj

= ϕ(si|Ui∩Uj
) =

ϕ(sj|Ui∩Uj
) = ϕ(sj)|Ui∩Uj

✳

❋♦r ❡①❛♠♣❧❡ ∂
2

E = 0 ❢♦❧❧♦✇s ❜② ✭✐✐✮ ❧♦❝❛❧❧② ♦✉t ♦❢ ∂
2
= 0 ❛♥❞ t❤✐s ❢♦❧❧♦✇s

❢r♦♠ d2 = 0 ❜② ❞❡❣r❡❡ ❝♦♥s✐❞❡r❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ ❢♦r ❛ ❘✐❡♠❛♥♥ s✉r❢❛❝❡ t❤✐s
✐s ♦❜✈✐♦✉s s✐♥❝❡ t❤❡r❡ ❛r❡ ♥♦ ♥♦♥✲tr✐✈✐❛❧ (p, q)−❢♦r♠s ❢♦r p > 1 ♦r q > 1✳

✭✐✐✮ ❋♦r s♠♦♦t❤ ✈❡❝t♦r ❜✉♥❞❧❡s ❛♥ ♦♣❡r❛t♦r ∂E ❞♦❡s ✐♥ ❣❡♥❡r❛❧ ♥♦t ❡①✐st✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❛ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ ❜② (E, ∂E)✳

❘❡♠❛r❦ ❆✳✶✳✷✹✳ ❘❡❝❛❧❧ t❤❛t t❤❡ t♦♣♦❧♦❣② ♦♥ E ⊗C F := ˙⋃
x∈XEx ⊗C Fx r❡s♣✳

EU ⊗C FU := ˙⋃
x∈UEx ⊗C Fx, U ♦♣❡♥✱ ✐s t❤❡ ✉♥✐q✉❡ t♦♣♦❧♦❣② s✉❝❤ t❤❛t

ϕ⊗,U : EU ⊗ FU → U × (Ce ⊗C C
f ), e = r❦(E), f = r❦(F )

xE ⊗ xF 7→ (x, ϕEU
(xE)⊗ ϕFU

(xF )), xE ⊗ xF ∈ Ex ⊗ Fx

✶✺❍✉②❜r❡❝❤ts ❬❍✉②✵✺❪✱ ♣✳ ✶✵✾❢✳
✶✻❉✐✛❡r❡♥❝❡s t♦ ❛ ♣r❡s❤❡❛❢✳



✶✺✽ ⑤ ❆✳ ❆♣♣❡♥❞✐①

✐s ❤♦♠❡♦♠♦r♣❤✐❝✱ ✇❤❡r❡ ϕEU
r❡s♣✳ ϕFU

❛r❡ t❤❡ ❧♦❝❛❧ tr✐✈✐❛❧✐③❛t✐♦♥s ♦✈❡r U ✳✶✼ ◆♦t❡
t❤❛t Ce ⊗C C

f ≃ C
ef ✱ ✐✳❡✳ t❤❡ ϕ⊗,U ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ ❧♦❝❛❧ tr✐✈✐❛❧✐③❛t✐♦♥s ♦❢

t❤❡ ef−❞✐♠❡♥s✐♦♥❛❧ t❡♥s♦r ♣r♦❞✉❝t ❜✉♥❞❧❡✳
❋♦r s♠♦♦t❤ r❡s♣✳ r❡❣✉❧❛r r❡s♣✳ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡s ✇❡ ✇❛♥t t❤❡ ♠❛♣s t♦
❜❡ ❞✐✛❡♦♠♦r♣❤✐❝ r❡s♣✳ ❜✐r❡❣✉❧❛r r❡s♣✳ ❜✐❤♦❧♦♠♦r♣❤✐❝✳ ✶✽

▲❡t (ei)1≤i≤e ❜❡ t❤❡ st❛♥❞❛r❞ ❜❛s✐s ♦❢ Ce ❛♥❞ (fi)1≤j≤f t❤❡ st❛♥❞❛r❞ ❜❛s✐s ♦❢ Cf t❤❡♥

ei⊗fj(x) := ϕ−1
⊗,U

(

x, (ei ⊗ fj)1≤i≤e
1≤j≤f

)

✐s ❛ ❧♦❝❛❧ ❢r❛♠❡ ✜❡❧❞ s✐♥❝❡ ❧♦❝❛❧ tr✐✈✐❛❧✐③❛t✐♦♥s

❛r❡ C−✐s♦♠♦r♣❤✐s♠s ❢♦r x ✜①❡❞✳ ▲❡t ei(x) := ϕ−1
EU

(x, (ei)1≤i≤e) ❛♥❞ fj(x) :=

ϕ−1
FU

(x, (fj)1≤j≤f ) ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❢r❛♠❡ ✜❡❧❞s ♦♥ E r❡s♣✳ F ✳ ❚❤❡♥ ❞❡✜♥❡ ❛
♠❛♣ ϕ : Γ(U,E ⊗C F ) → Γ(U,E)⊗E(U) Γ(U, F ) ❜② ❧✐♥❡❛r ❡①t❡♥s✐♦♥ ♦❢

ϕ(x 7→ ei ⊗ fj(x)) = {x 7→ ei(x)} ⊗ {x 7→ fj(x)}.

✐✳❡✳

ϕ




x 7→

∑

1≤i≤e
1≤j≤f

αij(x)ei ⊗ fj(x)




 :=

∑

1≤i≤e
1≤j≤f

αijϕ(x 7→ ei ⊗ fj(x))

❢♦r s♦♠❡ ♠❛♣s αij : X → C✳ ❖❢ ❝♦✉rs❡ t❤❡ αij ❝❛♥♥♦t ❜❡ ❝❤♦s❡♥ ❛r❜✐tr❛r② ✉♥❞❡r
❛❧❧ ❢✉♥❝t✐♦♥s ✐❢ ϕ ✐s ❞❡✜♥❡❞ ♦♥ Γ(U,E ⊗C F )✳ ▼♦r❡ ♣r❡❝✐s❡❧②

sα :=







x 7→
∑

1≤i≤e
1≤j≤f

αij(x)ei ⊗ fj(x)







✐s s♠♦♦t❤ ✐✛

ϕ⊗,U ◦ sα(x) =







x 7→




x,

∑

1≤i≤e
1≤j≤f

αij(x)ei ⊗ fj












✐s s♠♦♦t❤✳ ❇✉t t❤✐s ✐s ♦♥❧② t❤❡ ❝❛s❡ ✐✛ ❛❧❧ ❝♦♠♣♦♥❡♥t ❢✉♥❝t✐♦♥s ❛r❡ s♠♦♦t❤✱ ✐✳❡✳ ✐✛
αij ✐s s♠♦♦t❤ ❢♦r ❛❧❧ 1 ≤ i ≤ e, 1 ≤ j ≤ f ✳ ■♥ ♣❛rt✐❝✉❧❛r ϕ ✇❡❧❧✲❞❡✜♥❡❞✳
❙✐♥❝❡ E(U) ❛❝ts ♦♥ Γ(U,E ⊗C F ) ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✇❡ ❤❛✈❡ ϕ(αs) = αϕ(s) ❢♦r

✶✼❯s❡ ❛ ❝♦♠♠♦♥ r❡✜♥❡♠❡♥t t♦ ✜♥❞ ❛ ❝♦✈❡r✐♥❣ ✇❤✐❝❤ s✉✐ts ❜♦t❤ ✈❡❝t♦r ❜✉♥❞❧❡s✳ ❚❤❡ ♠❛♣ ✐s
✇❡❧❧✲❞❡✜♥❡❞ ✐♥ t❤❡ ✜rst ❝♦♠♣♦♥❡♥t s✐♥❝❡ ❢♦r ❧♦❝❛❧ tr✐✈✐❛❧✐③❛t✐♦♥s ♣r1ϕEU

(xE) = π|EU
(xE) = x =

π|FU
(xF ) = ♣r1ϕFU

❢♦r ❛❧❧ xE ⊗ xF ∈ Ex ⊗ Fx✳
✶✽❙❡❡ ❡✳❣✳ ❍❛t❝❤❡r ❬❍❛t✵✸❪✱ ♣✳ ✾✳
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α ∈ E(U)✱ s ∈ Γ(U,E ⊗C F )✱ ✐✳❡✳ ϕ ✐s ❛ E(U)−❤♦♠♦♠♦r♣❤✐s♠✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞

ϕ−1






∑

1≤i≤e
1≤j≤f

αij{x 7→ ei(x)} ⊗ {x 7→ fj(x)}






:=







x 7→
∑

1≤i≤e
1≤j≤f

αij(x)ei ⊗ fj(x)







✐♥✈❡rts ϕ✳ ❚❤✉s ϕ ✐s ❛ E(U)−✐s♦♠♦r♣❤✐s♠✳ ❙✐♥❝❡ t❤❡ r❡str✐❝t✐♦♥ ♠❛♣s ✐♥ t❤❡
s❤❡❛✈❡s Γ(U,E ⊗C F ) ❛♥❞ Γ(U,E)⊗E(U) Γ(U, F ) ❛r❡ ❥✉st t❤❡ ✉s✉❛❧ r❡str✐❝t✐♦♥s ❢♦r
♠❛♣s✱ ✐✳❡✳ s|U : x 7→ s(x), ∀x ∈ U ✱ ϕ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ s❤❡❛✈❡s ✇✐t❤ ✈❛❧✉❡s ✐♥
E(U)−♠♦❞✉❧❡s✳
❚❤❡ s❛♠❡ ❝♦♥str✉❝t✐♦♥ ✇♦r❦s ✐❢ ✇❡ r❡♣❧❛❝❡ s♠♦♦t❤ ✇✐t❤ ❤♦❧♦♠♦r♣❤✐❝ r❡s♣✳ r❡❣✉❧❛r✱
❞✐✛❡♦♠♦r♣❤✐❝ ✇✐t❤ ❜✐❤♦❧♦♠♦r♣❤✐❝ r❡s♣✳ ❜✐r❡❣✉❧❛r✱ E(U) ✇✐t❤ Oan

X (U) r❡s♣✳ OX(U)
❛♥❞ Γ ✇✐t❤ Γhol r❡s♣✳ Γreg✳ ❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛♥♦♥✐❝❛❧ s❤❡❛❢✲
✐s♦♠♦r♣❤✐s♠s

Γ(U,E ⊗C F ) ≃ Γ(U,E)⊗E(U) Γ(U, F ) r❡s♣✳

Γhol(U,E ⊗C F ) ≃ Γ(U,E)hol ⊗Oan
X (U) Γ(U, F )hol r❡s♣✳

Γreg(U,E ⊗C F ) ≃ Γ(U,E)reg ⊗O(U)X Γ(U, F )reg.

❘❡♠❛r❦ ❆✳✶✳✷✺✳ ❋♦r ✈❡❝t♦r s♣❛❝❡s Ex, Fx ✇❡ ❤❛✈❡ ❍♦♠C(Ex, Fx) ≃ E∗
x⊗CFx✳ ❙♦

✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❤♦♠♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡ ❍♦♠C(E,F ) =
⋃

x∈X ❍♦♠C(Ex, Fx) ≃
⋃

x∈X E
∗
x ⊗C F = E∗ ⊗C F ✳✶✾ ❲❡ ❤❛✈❡

Γ(U,❍♦♠C(E,F )) ≃ (❍♦♠E(U)(Γ(U,E),Γ(X,F )))U r❡s♣✳

Γhol(U,❍♦♠C(E,F )) ≃ (❍♦♠Oan
X (U)(Γhol(U,E),Γhol(U, F )))U r❡s♣✳

Γreg(U,❍♦♠C(E,F )) ≃ (❍♦♠OX(U)(Γreg(U,E),Γreg(U, F )))U .

✇❤❡r❡ (❍♦♠E(U)(Γ(U,E),Γ(U, F )))U ✐s t❤❡ s❡t ♦❢ E(U)−s❤❡❛✈❡s ❤♦♠♦♠♦r♣❤✐s♠s
♦r ❛♥❛❧♦❣♦✉s❧② ✐♥ t❤❡ ♦t❤❡r ❝❛s❡s✳ ❋♦r t❤❡ ❧❛st st❡♣ ✇❡ ✉s❡ t❤❛t

σ(x, e) := {e 7→ (s(x))(e)}, e ∈ Ex

✐s ❛ ✈❡❝t♦r ❜✉♥❞❧❡ ❤♦♠♦♠♦r♣❤✐s♠ ✇✐t❤ ♥♦t ♥❡❝❡ss❛r✐❧② ❝♦♥st❛♥t r❛♥❦ ❢♦r ❛❧❧
s ∈ Γ(U,❍♦♠C(E,F ))✿ σ ✐s s♠♦♦t❤ ✐✛ σ(x, f(x)) = {x 7→ (s(x))(f(x)) ∈
Γ(U,E), ∀f ∈ Γ(U,E) ✐✛ s ✐s s♠♦♦t❤✳ σ ✐s ❛ C−❤♦♠♦♠♦r♣❤✐s♠ s✐♥❝❡ s(x) ✐s✳

✶✾❉✐✛❡r❡♥t✐❛❧ ❋♦r♠s ❛♥❞ ❈♦♥♥❡❝t✐♦♥s✱ ❉❛r❧✐♥❣ ❬❉❛r✾✹❪✱ ♣✳ ✶✷✷✱ ♦r ❬❘❡✐✵✾❪✱ ♣✳ ✷✼✳
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❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✐❢ ✇❡ ❤❛✈❡ ❛ ✈❡❝t♦r ❜✉♥❞❧❡ ❤♦♠♦♠♦r♣❤✐s♠ σ ✇❡ ❣❡t ❛ s♠♦♦t❤
s❡❝t✐♦♥ ♦❢ t❤❡ ❤♦♠♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡ ✭✇✐t❤♦✉t r❛♥❦ r❡str✐❝t✐♦♥s✮ ❜②

s(x) := σ(x, ·).

❚❤❡ t✇♦ ❝♦♥str✉❝t✐♦♥s ❛r❡ ♦❜✈✐♦✉s❧② ✐♥✈❡rs❡✳ ❚❤✉s Γ(U,❍♦♠C(E,F )) ✐s ✐s♦♠♦r♣❤✐❝
t♦ t❤❡ ✈❡❝t♦r ❜✉♥❞❧❡ ❤♦♠♦♠♦r♣❤✐s♠s ✇✐t❤ ♥♦t ♥❡❝❡ss❛r✐❧② ❝♦♥st❛♥t r❛♥❦✳ ❋✉rt❤❡r
❆✳✶✳✶✽✱ ✭✐✐✮ s❤♦✇s t❤❡ ❝♦♥♥❡❝t✐♦♥ t♦ s❤❡❛❢ ✐s♦♠♦r♣❤✐s♠s✳

❆t t❤❡ ❡♥❞ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ✇❛♥t t♦ ❛❞❞ t✇♦ ✇❡❧❧✲❦♥♦✇♥ t❤❡♦r❡♠s✿

❚❤❡♦r❡♠ ❆✳✶✳✷✻✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛t❡❣♦r✐❡s ❛r❡ ❡q✉✐✈❛❧❡♥t

✭✐✮ ❙♠♦♦t❤ ♣r♦❥❡❝t✐✈❡ ❛❧❣❡❜r❛✐❝ ❝✉r✈❡s ✭✐✳❡✳ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ♣r♦❥❡❝t✐✈❡ ❛❧❣❡❜r❛✐❝
✈❛r✐❡t✐❡s✮ ✇✐t❤ r❡❣✉❧❛r ♠❛♣s✳

✭✐✐✮ ❈♦♠♣❛❝t ❘✐❡♠❛♥♥ s✉r❢❛❝❡s ✇✐t❤ ❤♦❧♦♠♦r♣❤✐❝ ♠❛♣s✳

❘❡♠❛r❦ ❆✳✶✳✷✼✳ ❚❤❡ ❛♥❛❧♦❣✉❡ t♦ ♣✉♥❝t✉r❡❞ s✉r❢❛❝❡s ❛r❡ q✉❛s✐✲♣r♦❥❡❝t✐✈❡ ❝✉r✈❡s✳
❲❡ ✇✐❧❧ ♠❛✐♥❧② ✇♦r❦ ✐♥ t❤❡ ❤♦❧♦♠♦r♣❤✐❝ ❝❛t❡❣♦r②✳

❚❤❡♦r❡♠ ❆✳✶✳✷✼✳ ❚❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✐s♦♠♦r♣❤✐s♠
❝❧❛ss❡s ♦❢ ✐♥✈❡rt✐❜❧❡ s❤❡❛✈❡s✱ ❞✐✈✐s♦rs ❛♥❞ ❧✐♥❡ ❜✉♥❞❧❡s✷✵ ♦♥ ❛ ❘✐❡♠❛♥♥ s✉r❢❛❝❡ X✳
❚♦ ❛ ❧✐♥❡ ❜✉♥❞❧❡ L t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥✈❡rt✐❜❧❡ s❤❡❛❢ ✐s Γ(U,L), U ⊂ X ♦♣❡♥ ❛♥❞
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐✈✐s♦r ✐s ❞❡✜♥❡❞ ❛s

∑
♦r❞s(f)s ❢♦r ❛♥② ♥♦♥✲③❡r♦ ♠❡r♦♠♦r♣❤✐❝

s❡❝t✐♦♥ f : X → L✳✷✶

Pr♦♦❢✳ ❆ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ▼✐r❛♥❞❛ ❬▼✐r✾✺❪✱ ❝❤❛♣t❡r ❳■✳

❆✳✶✳✸✳ ❉❡❢✐♥✐t✐♦♥s ✭❍♦❞❣❡ ❚❤❡♦r②✮

▲❡t V ❜❡ ❛ r❡❛❧ ✈❡❝t♦r s♣❛❝❡ t❤❡♥ I : V → V, I2 = −✐❞ ✐s ❝❛❧❧❡❞ ❛❧♠♦st ❝♦♠♣❧❡①
str✉❝t✉r❡✳ ❊①t❡♥❞ I : VC → VC t❤❡ ❝♦♠♣❧❡①✐✜❝❛t✐♦♥ ♦❢ V ✱ VC = V ⊗R C✳ ❚❤❡♥
I ❤❛s ❡✐❣❡♥✈❛❧✉❡s ±i ❛♥❞ ❡✐❣❡♥s♣❛❝❡s V 1,0 = {v ∈ VC|I(v) = iv}, V 0,1 = {v ∈
VC|I(v) = −iv}, VC = V 1,0 ⊕ V 0,1✳ ❈♦♠♣❧❡① ❝♦♥❥✉❣❛t✐♦♥ ✐♥❞✉❝❡s V 1,0 ≃ V 0,1 r❡❛❧
✐s♦♠♦r♣❤✐s♠✳ ❖♥ V ∗ ✇❡ ❤❛✈❡ ❛♥ ✐♥❞✉❝❡❞ ❛❧♠♦st ❝♦♠♣❧❡① str✉❝t✉r❡ I(f)(v) :=
f(I(v)) ❛♥❞ ❛♥ ✐♥❞✉❝❡❞ ❞❡❝♦♠♣♦s✐t✐♦♥ (V 1,0)∗ = (V ∗)1,0, (V 0,1)∗ = (V ∗)0,1✳ ❚❤❡
❡①t❡r✐♦r ❛❧❣❡❜r❛ ✐s

∧∗ V =
⊕n

k=0

∧k V, n = dimR V = dimC VC r❡s♣✳
∧∗ VC =

⊕n
k=0

∧k VC,
∧k VC =

⊕

p+q=k

∧p,q V ❢♦r
∧p,q V :=

∧p V 1,0 ⊗C

∧q V 0,1✳ ❋♦r (zi, zi)
t❤❡ ❝♦♠♣❧❡① ❝♦♦r❞✐♥❛t❡s✱ (x1, y1, . . .) r❡❛❧ ❝♦♦r❞✐♥❛t❡s✱ ✇❡ ❤❛✈❡ t❤❡ ✈♦❧✉♠❡ ❢♦r♠
(2i)m

∧m
k=1(zi ∧ zi) =

∧m
k=1(xi ∧ yi)✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❢♦r♠ t♦ I ♦♥ ❛♥

✷✵❙❡❡ ❆✳✶✳✶✶ ❢♦r ❛ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❧✐♥❡ ❜✉♥❞❧❡✱ ✐✳❡✳ ❛ r❛♥❦ ♦♥❡ ✈❡❝t♦r ❜✉♥❞❧❡✳
✷✶❚❤✐s ✐s ✇❡❧❧✲❞❡✜♥❡❞ ✉♣ t♦ s♦♠❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥✳ ❙❡❡ ❬▼✐r✾✺❪✳
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❡✉❝❧✐❞❡❛♥ ✈❡❝t♦r s♣❛❝❡ (V, 〈·, ·〉) ❛s ω := 〈I(·), (·)〉 = −〈(·), I(·)〉 ❢♦r I ❝♦♠♣❛t✐❜❧❡
✇✐t❤ 〈·, ·〉✱ ✐✳❡✳ 〈I(·), I(·)〉 = 〈(·), (·)〉✳✷✷ ▼♦r❡♦✈❡r (·, ·) := 〈·, ·〉 − iω ❞❡✜♥❡s ❛
♣♦s✐t✐✈❡ ❤❡r♠✐t✐❛♥ ❢♦r♠ ❛♥❞ VC = V 1,0 ⊗ V 0,1 ✐s ❛♥ ♦rt❤♦❣♦♥❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥
✇✳r✳t✳ t♦ 〈v ⊗ λ,w ⊗ µ〉 := (λµ)〈v, w〉 ♦♥ V ⊗R C ❢♦r v, w ∈ V, λ, µ ∈ C✳

❘❡♠❛r❦ ❆✳✶✳✷✽✳ ❆♥ ❡①❛♠♣❧❡ ✐s V = TxX ❛ t❛♥❣❡♥t s♣❛❝❡✳ ❚❤❡♥ Λp,qV ∗ = Ωp,q
X ✳

❉❡✜♥✐t✐♦♥ ❆✳✶✳✷✾✳ ▲❡t V ❜❡ ❛♥ ❡✉❝❧✐❞❡❛♥ ✈❡❝t♦r s♣❛❝❡ ✇✐t❤ ❛ ❝♦♠♣❛t✐❜❧❡ ❝♦♠♣❧❡①
str✉❝t✉r❡ ❛♥❞ ei ❛ ❜❛s✐s ♦❢ V ✇✐t❤ ✈♦❧✉♠❡ ❢♦r♠ e1 ∧ . . . ∧ en✳

✭✐✮ L :
∧∗ V ∗

C
→ ∧∗ V ∗

C
, α 7→ ω ∧ α ✐s ❝❛❧❧❡❞ ▲❡❢s❝❤❡t③ ♦♣❡r❛t♦r✳ ❲❡ ❤❛✈❡

L (
∧p,q V ∗) ⊂ ∧p+1,q+1 V ∗ ♦❢ ❜✐❞❡❣r❡❡ (1, 1)✳

✭✐✐✮ ❚❤❡ ❍♦❞❣❡ ∗−♦♣❡r❛t♦r
∧k V → ∧n−k V ✐s ❞❡✜♥❡❞ ❛s α∧∗β = 〈α0, β0〉✈♦❧ ❢♦r

❛❧❧ α, β ∈ ∧∗ V, α := α0

∧

i∈I ei, β := β0
∧

i∈I ei, I ⊂ {1, . . . , n}, |I| = k ❛♥❞
❡①t❡♥❞ C✲❧✐♥❡❛r❧② ♦♥ ❝♦♠♣❧❡① ❢♦r♠s✳ ■♥ ♣❛rt✐❝✉❧❛r ∗✈♦❧ = 1, ∗(ei1∧. . .∧eik) =
s✐❣♥(i1, . . . , ik, j1, . . . , jn−k)ej1 ∧ . . . ∧ ejn−k

✳
❲❡ ❣❡t ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡❞ ♣❛✐r✐♥❣

∧k V ×∧n−k V → ∧n V, (α, β) 7→ α ∧ ∗β
t❤❛t ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❛s ✇❡❧❧ ✇✐t❤ 〈·, ·〉✳✷✸ ❚❤❡♥ 〈α, ∗β〉 = (−1)k(n−k)〈∗α, β〉✱
✐✳❡✳ ∗ s❡❧❢✲❛❞❥♦✐♥t ✉♣ t♦ s✐❣♥✳
∗ ♠❛♣s

∧p,q V ∗ ⊂ ∧m−p,n−q V ∗✳ ◆♦t❡ t❤❛t (−1)k(n−k)∗ ✐s t❤❡ ✐♥✈❡rs❡ t♦ ∗ ♦♥
∧k V ✳ ■♥ t❤❡ ♠❛♥✐❢♦❧❞ s❡tt✐♥❣ ✇❤✐❝❤ ✇❡ ✇✐❧❧ tr❡❛t ♥❡①t✱ ❛ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞
✇✐❧❧ ❤❛✈❡ ❡✈❡♥ R−❞✐♠❡♥s✐♦♥✱ ✐✳❡✳ (−1)k(n−k) = (−1)k

2
= (−1)k✳

✭✐✐✐✮ ❚❤❡ ❞✉❛❧ ▲❡❢s❝❤❡t③ ♦♣❡r❛t♦r ✐s ❞❡✜♥❡❞ ❛s Λ = ∗−1 ◦ L ◦ ∗✳ ■t ✐s t❤❡ ✉♥✐q✉❡
♦♣❡r❛t♦r Λ :

∧∗ V ∗ → ∧∗ V ∗ ✇✐t❤ t❤✐s ♣r♦♣❡rt②✳ ❲❡ ❤❛✈❡ Λ (
∧p,q V ∗) ⊂

∧p−1,q−1 V ∗ ♦❢ ❜✐❞❡❣r❡❡ (−1,−1)✳

❋♦r ❞❡t❛✐❧s s❡❡ ❍✉②❜r❡❝❤ts ❬❍✉②✵✺❪ ♣✳ ✸✸✛✳
◆❡①t ❝♦♥s✐❞❡r t❤❡ ❤❡r♠✐t✐❛♥ ♠❛♥✐❢♦❧❞s (X, g)✱ ✐✳❡✳ gx ♦♥ Tx ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡
❛❧♠♦st ❝♦♠♣❧❡① str✉❝t✉r❡ Ix✳ ■♥ t❤✐s ❝♦♥t❡①t ✇❡ ❝❛❧❧ ω := g(I(·), (·)) ❢✉♥❞❛♠❡♥t❛❧
❢♦r♠✳ ▲♦❝❛❧❧② ω = i

2

∑n
i,j=1 hij d z ∧ d z✱ H = hij ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ❤❡r♠✐t✐❛♥✳ ❲❡

✇✐❧❧ ♠❛✐♥❧② ✉s❡ hij = E t❤❡ ❡✉❝❧✐❞❡❛♥ ♠❡tr✐❝✳ ◆♦t❡ t❤❡ g ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ❜② ω
❛♥❞ I ✈✐❛ g(·, ·) = g(I(·), I(·)) = ω(·, I(·))✳ ❚❤❡r❡❢♦r❡ ✇❡ ♠✐❣❤t s♦♠❡t✐♠❡s ✉s❡ ω
✐♥st❡❛❞ ♦❢ g✳

❘❡♠❛r❦ ❆✳✶✳✸✵✳ ✭✐✮ ❋r♦♠ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝ g ❛♥❞ t❤❡ ❛❧♠♦st ❝♦♠✲
♣❧❡① str✉❝t✉r❡ I ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ ❤❡r♠✐t✐❛♥ ♠❡tr✐❝ g′(·, ·) = 1

2
(g(·, ·) +

g(I(·), I(·))) ♦r ❛s ✐♥ t❤❡ ✈❡❝t♦r s♣❛❝❡ ❝❛s❡ ❛❜♦✈❡ (·, ·) = 〈·, ·〉 − iω ✐s ❛ ❤❡r✲
♠✐t✐❛♥ ❢♦r♠ ❢♦r ❛♥② ❢✉♥❞❛♠❡♥t❛❧ ❢♦r♠✳

✷✷I ✐s ♦rt❤♦❣♦♥❛❧✳
✷✸❋♦r n = 0 ✇❡ ❣❡t ♦✉r ✐♥♥❡r ♣r♦❞✉❝t ❜❛❝❦✳
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✭✐✐✮ ■♥ t❤❡ ❑ä❤❧❡r ❝❛s❡ ω ❤❛s t♦ ❜❡ ❝❧♦s❡❞✳ ❋♦r t❤❡ ❡✉❝❧✐❞❡❛♥ ♠❡tr✐❝ ♦♥ t❤❡ ✉♥✐t
❞✐s❝ t❤❡ ✈♦❧✉♠❡ ❢♦r♠ ✐s ❥✉st i

2
d z ∧ d z✳ ❲❡ ✇✐❧❧ ♠❛✐♥❧② ✉s❡ t❤✐s ♠❡tr✐❝ ✐♥

♦✉r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳

❘❡❝❛❧❧ t❤❛t ❢♦r ❛♥ ♦♣❡♥ s✉❜s❡t ✐♥ U ⊂ C ✇❡ ❣❡t ❛ ❜❛s✐s ♦❢ TxU ✿ ∂
∂x
, ∂
∂y

❛♥❞ ❛ ❝♦♠♣❧❡①

str✉❝t✉r❡ I( ∂
∂x
) = ∂

∂y
, I( ∂

∂y
) = − ∂

∂x
❛♥❞ ❛♥❛❧♦❣♦✉s ♦♥ (TxU)

∗ t❤❡ ❞✉❛❧ ❜❛s✐s d x, d y
❛♥❞ t❤❡ ❝♦♠♣❧❡① str✉❝t✉r❡ I(d x) = d y, I(d y) = − d x✳ ❯s✉❛❧❧② ✇❡ ✉s❡ t❤❡ ❝♦♠♣❧❡①
❝♦♦r❞✐♥❛t❡s ♦♥ t❤❡ ❝♦♠♣❧❡①✐✜❡❞ t❛♥❣❡♥t s♣❛❝❡✿ ∂

∂z
= 1

2
( ∂
∂x

− i ∂
∂y
), ∂

∂z
= 1

2
( ∂
∂x

+ i ∂
∂y
)

❛♥❞ t❤❡ ❞✉❛❧ ❜❛s✐s d z = d x + i d y, d z = d x − i d y✳ ❖♥ T ∗
xU ✇❡ ♠❛② ✉s❡ t❤❡

❡✉❝❧✐❞❡❛♥ ♠❡tr✐❝ i
2
d z ∧ d z✳

❉❡✜♥✐t✐♦♥ ❆✳✶✳✸✶✳ ✭✐✮ L :
∧k T ∗X → ∧k+2 T ∗X,α 7→ α ∧ ω✳

✭✐✐✮ ∗ :
∧k T ∗X → ∧2n−k T ∗X ❛s ❜❡❢♦r❡ ✉s✐♥❣ t❤❡ ♠❡tr✐❝ g ❛s ✐♥♥❡r ♣r♦❞✉❝t ❛♥❞

t❤❡ ♥❛t✉r❛❧ ♦r✐❡♥t❛t✐♦♥ d x∧ d y r❡s♣✳ i
2
d z ∧ d z ♦❢ t❤❡ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞ X✳

❍❡r❡ n = dimC(X)✳✷✹

✭✐✐✐✮ Λ :
∧k T ∗X → ∧k−2 T ∗X,Λ = ∗−1 ◦ L ◦ ∗✳

✭✐✈✮ ❋♦r ❛♥② d, ∂, ∂ ❞❡✜♥❡ d∗, ∂∗, ∂
∗
❛s t❤❡ ∗✲❛❞❥♦✐♥t✳ ❋♦r ❡①❛♠♣❧❡ d∗ = −∗◦d ◦ ∗✳

❙♦♠❡t✐♠❡s d∗ ✐s ❞❡♥♦t❡❞ ❛s ❝♦❞✐✛❡r❡♥t✐❛❧ δ✳

❊①t❡♥❞ t❤❡ ❢♦r♠❛❧✐s♠ t♦ E−✈❛❧✉❡❞ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠ ❢♦r (E, h) ❛ ❤❡r♠✐t✐❛♥ ✈❡❝t♦r
❜✉♥❞❧❡✳ ❲❡ ♠❛② ✐♥t❡r♣r❡t h ❛s ❛ ♠❛♣ ϕ : E → E∗, e 7→ h(·, e)✳ ❚❤✐s ❜✐❥❡❝t✐♦♥ ✐s
C−❛♥t✐❧✐♥❡❛r✳

❉❡✜♥✐t✐♦♥ ❆✳✶✳✸✷✳ ❚❤❡ ❍♦❞❣❡ ∗−♦♣❡r❛t♦r ♦♥ E ✐s ❞❡✜♥❡❞ ❛s

∗E : E ⊗
p,q
∧

X → E∗ ⊗
1−p,1−q
∧

X

✇✐t❤ ∗E(s⊗ ω) := h(·, s)⊗ ∗(ω) = h(·, s)⊗ ∗(ω) ❜② C−❧✐♥❡❛r✐t② ♦❢ ∗✳
❆❣❛✐♥ ✇❡ ❣❡t ❛ ♣❛✐r✐♥❣

∧p,qX ×∧p,qX →
n,n
∧

X, n = dimX

(α, β) 7→ α ∧ ∗E(β) =: (α, β)

✇❤❡r❡ ✧∧✧ ✐s t❤❡ ❡✈❛❧✉❛t✐♦♥ ✐♥ t❤❡ ❜✉♥❞❧❡ ♣❛rt ❛♥❞ t❤❡ ❡①t❡r✐♦r ♣r♦❞✉❝t ✐♥ t❤❡
❢♦r♠ ♣❛rt✳ ❘❡♣❧❛❝✐♥❣ E ❜② E∗ ✇❡ ❣❡t ∗E∗ ❛♥❞ ∗E∗ ◦ ∗E = (−1)p+q✱ s✐♥❝❡ ✇❡ ❤❛✈❡
✐♥ t❤❡ ❜✉♥❞❧❡ ♣❛rt t❤❡ ✐❞❡♥t✐t② ❛♥❞ ✐♥ t❤❡ ❢♦r♠ ♣❛rt t❤❡ ❝♦♥❥✉❣❛t✐♦♥ ❞r♦♣s ♦✉t
❛♥❞ ✐t r❡♠❛✐♥s t❤❡ ❝❧❛ss✐❝❛❧ ∗−♦♣❡r❛t♦r ✇❤✐❝❤ ❧❡❛❞s ❢♦r ❡✈❡♥ r❡❛❧ ❞✐♠❡♥s✐♦♥ ✭✐♥
t❤❡ ❝♦♠♣❧❡① ♠❛♥✐❢♦❧❞ ❝❛s❡✮ ❥✉st ∗ ◦ ∗ = (−1)k = (−1)p+q✳
❆s ❜❡❢♦r❡ ✇❡ ❞❡✜♥❡

✷✹❋♦r t❤❡ ❡✉❝❧✐❞❡❛♥ ♠❡tr✐❝ ❛♥❞ ❢♦r ❛❧❧ ♦t❤❡r ♠❡tr✐❝s ❜② ♠✉❧t✐♣❧②✐♥❣ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ h11✳
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❉❡✜♥✐t✐♦♥ ❆✳✶✳✸✸✳ ✭✐✮ ❋♦r ❛♥② ❝♦♥♥❡❝t✐♦♥D = D′+D′′ ❞❡✜♥❡ (D′)∗ = −∗E∗◦
D′

E∗ ◦ ∗E ❛♥❞ (D′′)∗ = −∗E∗ ◦D′′
E∗ ◦ ∗E✳ ▲❡t D∗ = (D′)∗ + (D′′)∗✳

✭✐✐✮ ❆♥❛❧♦❣♦✉s ❢♦r LE∗(h(·, s)⊗ ω) = h(·, s)⊗ L(ω) ❞❡✜♥❡ Λ = −∗E∗ ◦ LE∗∗E✳

❘❡♠❛r❦ ❆✳✶✳✸✹✳ ■♥ ❣❡♥❡r❛❧ ❛ ❝♦♥♥❡❝t✐♦♥ D ♦♥ ❛ ✈❡❝t♦r ❜✉♥❞❧❡ E ✐♥❞✉❝❡s ❛
❝♦♥♥❡❝t✐♦♥ ♦♥ t❤❡ ❞✉❛❧ ❜✉♥❞❧❡ E∗ ❜②DE∗(f)(r) = df(r)−f(D(r)), f ∈ E∗, ∀r ∈ E✳
❚❤✐s ❜❡❝♦♠❡s D′

E∗h(r, s) = ∂h(r, s) − h(D′r, s) = (−1)❞❡❣rh(r,D′′s) ❢♦r ❛ ♠❡tr✐❝
❝♦♥♥❡❝t✐♦♥ ✲ f = h(·, s) ✲ ♦r ♠♦r❡ ❣❡♥❡r❛❧ ❢♦r ❛♥② t✇♦ ♦♣❡r❛t♦rs D′, D′′ s✉❝❤ t❤❛t
D′ + D′′ = D ❛ ❝♦♥♥❡❝t✐♦♥ ❛♥❞ h(D′r, s) + h(r,D′′s) = ∂h(r, s)✳✷✺ ❆♥❛❧♦❣♦✉s❧②
D′′

E∗h(r, s) = (−1)❞❡❣rh(r,D′s)✳

▲❡♠♠❛ ❆✳✶✳✸✺✳

∫

X

(α,Dβ) =

∫

X

(D∗α, β), β ∈ E ⊗
p,q
∧

X,α ∈ E ⊗
p−1,q
∧

X ⊗
p,q−1
∧

X

✐❢ ❜♦t❤ s✐❞❡s ❛r❡ ✇❡❧❧✲❞❡✜♥❡❞✱ ✐✳❡✳ ✜♥✐t❡✱ ❛♥❞ ✐❢ β ✈❛♥✐s❤❡s ♦♥ t❤❡ ❜♦✉♥❞❛r②✳

Pr♦♦❢✳ ❙❡❡ ❍✉②❜r❡❝❤ts✱ ❬❍✉②✵✺❪ ❧❡♠♠❛ ✹✳✶✳✶✷✱ ♣✳ ✶✻✾❢✳ ❍✉②❜r❡❝❤ts ❛ss✉♠❡s X
❝♦♠♣❛❝t✱ ✇❤✐❝❤ ✐s ♦♥❧② ✉s❡❞ t♦ ❡♥s✉r❡ ✜♥✐t❡♥❡ss ♦❢ t❤❡ ✐♥t❡❣r❛❧ ❛♥❞ ✐♥ ♦r❞❡r t♦
✉s❡ ❙t♦❦❡✬s t❤❡♦r❡♠ ✐♥ t❤❡ ♣r♦♦❢ ✇❡ ♥❡❡❞ β t♦ ✈❛♥✐s❤ ♦♥ t❤❡ ❜♦✉♥❞❛r②✳ ❋✉rt❤❡r
❤❡ t❛❦❡s ∂E ✐♥st❡❛❞ ♦❢ ❛♥ ❛r❜✐tr❛r② ✭♣❛rt ♦❢ ❛✮ ❝♦♥♥❡❝t✐♦♥✱ ❜✉t t❤❡ ♦♥❧② ♣r♦♣❡rt②
✉s❡❞ ✐s t❤❡ ▲❡✐❜♥✐③ r✉❧❡✱ ✇❤✐❝❤ ❜② t❤❡ ✇❛② ❝❤❛♥❣❡s s❧✐❣❤t❧② ✐♥ ♥♦t❛t✐♦♥✱ s✐♥❝❡ ✇❡
r❡❞❡✜♥❡❞ ∧ ❛s ✇❡❧❧✳

❘❡♠❛r❦ ❆✳✶✳✸✻✳ ❋♦r ❡①❛♠♣❧❡ ∆E := ∂
∗
E∂E + ∂E∂

∗
E ✐s t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ❛♥❞

❛ s❡❝t✐♦♥ ♦❢ E ✐s ❝❛❧❧❡❞ ❤❛r♠♦♥✐❝ ✐❢ ✐t ✐s ❦✐❧❧❡❞ ❜② ∆E✳

▲❡♠♠❛ ❆✳✶✳✸✼✳ ✭❑ä❤❧❡r ■❞❡♥t✐t②✮ ▲❡t D′ +D′′ ❜❡ ❛ ❝♦♥♥❡❝t✐♦♥ ❛♥❞ ∂h(·, ·) =
h(D′·, ·) + h(·, D′′·)✷✻✱ t❤❡♥ ∀s = s0 ⊗ d z ∈ E ⊗ Ω1,0

X , s̃ = s̃0 ⊗ d z ∈ E ⊗ Ω0,1
X

i[Λ, D′′]s = iΛD′′s = (D′)∗s ❛♥❞ i[Λ, D′]s̃ = iΛD′s̃ = −(D′′)∗s̃.

Pr♦♦❢✳ ❲❡ s❤♦✇ t❤❡ ❝❛s❡ ♦❢ ❛ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥✳ ■❢ t❤❡ ❞❡❣r❡❡ ♦❢ D′ ✐s ♥♦t ✜①❡❞
✇❡ ♥❡❡❞ t♦ ❛♣♣❧② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛❧❝✉❧❛t✐♦♥ t♦ s̃ t♦♦✳ ❇② ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥

(D′)∗s = −∗E∗ ◦D′
E∗ ◦ ∗Es

= −∗E∗ ◦D′
E∗ ◦ h(·, s0)⊗ ∗(d z)

= −∗E∗ ◦ h(·, (−1)❞❡❣(i d z) D′′s0
︸ ︷︷ ︸

=:sz d z

)⊗ (i)(d z)

✷✺❚❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ❧✐❡s ✐♥ t❤❡ ❢❛❝t t❤❛t ✇❡ ❞♦♥✬t r❡q✉✐r❡ D′ t♦ ❜❡ ♦❢ ❞❡❣r❡❡ (1, 0) r❡s♣✳ D′′

♦❢ ❞❡❣r❡❡ (0, 1)✳ ❋✉rt❤❡r♠♦r❡ ❞❡❣r ❜❡❝♦♠❡s ♦❢ ✐♠♣♦rt❛♥❝❡ ✐❢ ✇❡ ❡①t❡♥❞ t♦ ❤✐❣❤❡r ♦r❞❡r ❢♦r♠s r✳
✷✻❡✳❣✳ ❛ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥✳
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= −∗E∗ ◦ h(·, sz)(−i) d z ∧ d z

= −∗E∗ ◦ h(·, sz) · (−2)L(1) = −∗E∗ ◦ LE∗ ◦ h(·, sz) · (−2)

= −∗E∗ ◦ LE∗ ◦ h(·, sz) ·
−2

2i
∗(d z ∧ d z) = −i ∗E∗ ◦ LE∗∗E

︸ ︷︷ ︸

−Λ

sz d z ∧ d z
︸ ︷︷ ︸

D′′s

= iΛD′′s.

❛♥❞ s✐♥❝❡ Λ ♠❛♣s 0✲❢♦r♠s t♦ 0 ✇❡ ❤❛✈❡ ❛s ✇❡❧❧ i[Λ, D′′]s = iΛD′′s✳ ❚❤❡ s❡❝♦♥❞
❡q✉❛❧✐t② ❢♦❧❧♦✇s ❛♥❛❧♦❣♦✉s❧②✿

(D′′)∗s̃ = −∗E∗ ◦D′′
E∗ ◦ ∗E s̃

= −∗E∗ ◦D′′
E∗ ◦ h(·, s̃0)⊗ ∗(d z)

= −∗E∗ ◦ h(·, (−1)❞❡❣(−i d z) D′s̃0
︸︷︷︸

=:s̃z d z

)⊗ (−i)(d z)

= −∗E∗ ◦ h(·, s̃z)(−i) d z ∧ d z

= −∗E∗ ◦ h(·, s̃z) · (−2)L(1) = −∗E∗ ◦ LE∗ ◦ h(·, s̃z) · (−2)

= −∗E∗ ◦ LE∗ ◦ h(·, s̃z) ·
2

2i
∗(d z ∧ d z)

= −(−i) ∗E∗ ◦ LE∗∗E
︸ ︷︷ ︸

−Λ

(s̃z d z ∧ d z
︸ ︷︷ ︸

D′s̃

= −iΛD′s̃.

❘❡♠❛r❦ ❆✳✶✳✸✽✳ ❚❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ t❤❡ ❑ä❤❧❡r ✐❞❡♥t✐t✐❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥
❬❍✉②✵✺❪✱ ♣✳ ✶✷✵✱ ✸✳✶✳✷ ♦r ❬●❍✼✽❪✱ ♣✳ ✽✵✛✳

❆✳✷✳ ▼❡tr✐❝ ❇✉♥❞❧❡s ❛♥❞ ❈♦♥♥❡❝t✐♦♥s

❚❤✐s s❡❝t✐♦♥ ✐s ❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ ♣❛rts✳ ❚❤❡ ✜rst ♦♥❡ ✐s st✐❧❧ ❛ ❣❡♥❡r❛❧ ❞✐s❝✉ss✐♦♥
♦❢ ♠❡tr✐❝ ❜✉♥❞❧❡s ❛♥❞ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥s✳ ■t ❛❧s♦ ✐♥❝❧✉❞❡s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❛ ♠❡t✲
r✐❝ t♦ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ✇✐❧❧ tr❡❛t ❛ ❤❡r♠✐t✐❛♥ ✐♥♥❡r ♣r♦❞✉❝t
❛s ❛ ♠❛♣ ✐♥t♦ t❤❡ s♣❛❝❡ ♦❢ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ♠❛tr✐❝❡s Pn✳ ❲❡ ✇✐❧❧ ❡♥❞♦✇ ✐t ✇✐t❤
❛ r❡❛❧ ♠❛♥✐❢♦❧❞ str✉❝t✉r❡ ✉s✐♥❣ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡✲
t✇❡❡♥ ❤❡r♠✐t✐❛♥ ♠❛tr✐❝❡s ❛♥❞ t❤❡ ❡✉❝❧✐❞❡❛♥ s♣❛❝❡ R

n✳ ■♥ ♣❛rt✐❝✉❧❛r Hn ♠❛② ❜❡
❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ✐♥♥❡r ♣r♦❞✉❝t✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t Pn ✐s ❛ ❝♦♠✲
♣❧❡t❡✱ ♥♦♥✲♥❡❣❛t✐✈❡❧② ❝✉r✈❡❞ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞✳ ■♥ ♦r❞❡r t♦ ❞♦ s♦ ✇❡ ✇✐❧❧ ✉s❡
t❤❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥❛❧ ❝❛❧❝✉❧✉s ❛♥❞ ✧❞✐✈✐❞❡❞ s✉♠s✧ t♦ ✜♥❞ ❛ ❢♦r♠✉❧❛ ❢♦r t❤❡
❞✐✛❡r❡♥t✐❛❧ ♦❢ ❛ ♠❛tr✐①✳ ❚❤❡ ✧❞✐✈✐❞❡❞ s✉♠✧ ✇✐❧❧ ❜❡ ✉s❡❞ ❧❛t❡r ✇❤❡♥ ❝♦♥str✉❝t✐♥❣
❛ ❤❛r♠♦♥✐❝ ♠❡tr✐❝✱ t❤❡ ❝♦♠♣❧❡t❡♥❡ss ❛♥❞ ♥♦♥✲♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡ ✇✐❧❧ ❜❡ ✉s❡❞ t♦
✇♦r❦ ✇✐t❤ ❣❡♦❞❡s✐❝s✳
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❆✳✷✳✶✳ ❋✐❜❡r✲✇✐s❡ ♠❡tr✐❝s ❛♥❞ ❈♦♥♥❡❝t✐♦♥s

❉❡✜♥✐t✐♦♥ ❆✳✷✳✶✳ ❆ ❤♦❧♦♠♦r♣❤✐❝ ❜✉♥❞❧❡ ✐s ❝❛❧❧❡❞ ❛ ♠❡tr✐❝ ❜✉♥❞❧❡ ✐❢ ❢♦r ❡❛❝❤
x ∈ X t❤❡r❡ ✐s ❛ ❤❡r♠✐t✐❛♥ ✐♥♥❡r ♣r♦❞✉❝t hx ♦♥ Ex = π−1({x}) s✉❝❤ t❤❛t ❢♦r
s, s̃ : U → E s♠♦♦t❤ s❡❝t✐♦♥s✱ U ♦♣❡♥ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ x✿ hx(s(x), s̃(x)) ✐s
s♠♦♦t❤✳

❘❡♠❛r❦ ❆✳✷✳✷✳ ❊❛❝❤ s♠♦♦t❤ ✈❡❝t♦r ❜✉♥❞❧❡ ❝❛♥ ❜❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❤❡r♠✐t✐❛♥
♠❡tr✐❝✳

❘❡♠❛r❦ ❆✳✷✳✸✳ ❋♦r ❛♥ ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥ f : X → C ❛♥❞ s♠♦♦t❤ s❡❝t✐♦♥s ξ ❛♥❞
η✿ h(fξ, η) = fh(ξ, η) = h(ξ, fη)✳

❉❡✜♥✐t✐♦♥ ❆✳✷✳✹ ✭❈♦♥♥❡❝t✐♦♥ ❢♦r♠✮✳ ❆ ❝♦♥♥❡❝t✐♦♥ ❢♦r♠ ♦♥ ❛ ✈❡❝t♦r ❜✉♥❞❧❡
π : E →M ✐s ❛ s❤❡❛❢ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ C−✈❡❝t♦r s♣❛❝❡s✷✼

D0 : Γ(U,E) = Ω0
U(E) → Ω1

U(E) = Γ(U, T ∗U ⊗ E)

s 7→ D(s),

✇❤✐❝❤ ♦❜❡②s

✭■✮ D0(s⊗ ξ) = D0(s) ∧ ξ + s⊗ dξ ∀ξ ∈ E(U)✱ s ∈ Γ(U,E) ✭▲❡✐❜♥✐③ ❘✉❧❡✮✱

✇❤❡r❡ d ❞❡♥♦t❡s t❤❡ ❡①t❡r✐♦r ❞❡r✐✈❛t✐✈❡✳
❲❡ ❝❛♥ ❡①t❡♥❞ D0 t♦

Dp : Ωp
U(E) → Ωp+1

U (E)

s⊗ ω 7→ Dp(s⊗ ω) = D0(s) ∧ ω + s⊗ dω, s ∈ Ω0
U(E), ω ∈ Ωp

U .

❚❤❡ ❝✉r✈❛t✉r❡ R ✐s t❤❡♥

R = D1 ◦D0 : Ω
0
U(E) → Ω2

U(E).

❆ ❝♦♥♥❡❝t✐♦♥ ✐s ❝❛❧❧❡❞ ✢❛t ✐❢ R = 0✳

❉❡✜♥✐t✐♦♥ ❆✳✷✳✺ ✭❈♦♥♥❡❝t✐♦♥ ✭❧♦❝❛❧✮✮✳ ▲❡t s = (si)1≤i≤r, si ∈ Ω0
U(E) ❛ ❜❛s✐s ♦❢Ex

❢♦r ❡❛❝❤ x ∈ U ✱ ✐✳❡✳ s ❛ ❢r❛♠❡ ✜❡❧❞✳ ❚❤❡♥ ✇❡ ❝❛♥ ✇r✐t❡ Dsi =
∑r

j=1 sj ⊗ ωji = sω✱
✇❤❡r❡ ωji ∈ Ω1

U ✳ ❚❤❡ ♠❛tr✐① ω := (ωji)1≤i,j≤r ✐s ❝❛❧❧❡❞ ❝♦♥♥❡❝t✐♦♥ ❢♦r♠ ♦❢ D✳
❋✉rt❤❡r ❢♦r ❛ s❡❝t✐♦♥ ξ =

∑r
i si ⊗ ξi, ξi ∈ Ω0

U

Dξ = D

(
r∑

i=1

si ⊗ ξi

)

=
r∑

i=1

D(si ⊗ ξi) =
r∑

i=1

(D(si) ∧ ξi + si ⊗ dξi)

✷✼
C ❛❝ts ♦♥ Ωp

U (E) ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ✇✐t❤ t❤❡ ✈❛❧✉❡✳ ◆♦t❡ t❤❛t t❤✐s ✐s ✇❡❛❦❡r t❤❛♥ t❤❡
EX−❧✐♥❡❛r✐t②❀ ♠♦r❡ ♣r❡❝✐s❡❧②✿ ✐t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❧✐♥❡❛r✐t② ✇✳r✳t✳ ❝♦♥st❛♥t C−✈❛❧✉❡❞ ❢✉♥❝✲
t✐♦♥s✳
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=
r∑

i=1

(
r∑

j=1

(sj ⊗ ωji) ∧ ξi + si ⊗ dξi

)

=
r∑

i=1

(
r∑

j=1

sj ⊗ (ωji ∧ ξi) + si ⊗ dξi

)

=
r∑

i=1

(
r∑

j=1

si ⊗ (ωij ∧ ξj) + si ⊗ dξi

)

=
r∑

i=1

si ⊗
(

dξi +
r∑

j=1

ωij ∧ ξj
)

.

❲r✐t✐♥❣ ξ = ((ξi)1≤i≤r)
t ❛s ❛ ❝♦❧✉♠♥ ✈❡❝t♦r t❤✐s ❜❡❝♦♠❡s

Dξ = dξ + ωξ.

❚❤❡ ❝✉r✈❛t✉r❡ ❢♦r♠ Ω ✐s

Ω = dω + ω ∧ ω.

❘❡♠❛r❦ ❆✳✷✳✻✳ ❙✐♥❝❡ d : Ωp
X → Ωp+1

X ❛♥❞ Ωk
X =

⊕

p+q=k Ω
p,q
X ✭r❡s♣✳

Ωk
X(E) =

⊕

p+q=k Ω
p,q
X (E)✮ ✇❡ ✇r✐t❡ ∂ :

⊕

p+q=k Ω
p,q
X → ⊕

p+q=k Ω
p+1,q
X ❛♥❞

∂ :
⊕

p+q=k Ω
p,q
X →⊕

p+q=k Ω
p,q+1
X s✉❝❤ t❤❛t d = ∂ + ∂✳ ❚❤❡ s❛♠❡ ❝❛♥ ❜❡ ❞♦♥❡ ❢♦r

❛ ❝♦♥♥❡❝t✐♦♥ D✱ ✐✳❡✳ Dk = D′
k +D′′

k , k = p+ q ✇✐t❤

D′
k :

⊕

p+q=k

Ωp,q
X (E) →

⊕

p+q=k

Ωp+1,q
X (E), D′′

k :
⊕

p+q=k

Ωp,q
X (E) →

⊕

p+q=k

Ωp,q+1
X (E).

❋✉rt❤❡r

D′
k(s⊗ ω) = D′

k(s) ∧ ω + s⊗ ∂ω, D′′
k(s⊗ ω) = D′′

k(s) ∧ ω + s⊗ ∂ω,

❢♦r s ∈ Ω0
U(E), ω ∈ Ωp,q

U ✳✷✽

❉❡✜♥✐t✐♦♥ ❆✳✷✳✼✳ ▲❡t sU = (si)1≤i≤r ❜❡ ❛ ❢r❛♠❡ ✜❡❧❞ ♦✈❡r U ❛♥❞ h ❛ ♠❡tr✐❝ ♦♥
♦✉r ✈❡❝t♦r ❜✉♥❞❧❡ E t❤❡♥ ❞❡✜♥❡ hij := h(si, sj) ❛♥❞ HU = (hij)1≤i,j≤r✳

✭✐✮ sU ✐s ❝❛❧❧❡❞ ✉♥✐t❛r② ❛t ❛ ♣♦✐♥t x0 ✐❢ HU = E ✐s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ❛t x0✳

✭✐✐✮ sU ✐s ❝❛❧❧❡❞ ♥♦r♠❛❧ ❛t x0 ✐❢ HU = E ❛♥❞ wij =
∑r

k=1 hik ∧ ∂hjk = 0 ❛t x0✳

✷✽❲✐t❤ t❤❡ ♥❛t✉r❛❧ ✐♥❝❧✉s✐♦♥ ✐♥t♦
⊕

p+q=k Ω
p,q
U ✳
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✭✐✐✐✮ ❆ ❝♦♥♥❡❝t✐♦♥ D ♦♥ (E, h) ✐s ❝❛❧❧❡❞ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ ✐❢

d(h(ξ, η)) = h(Dξ, η) + (−1)❞❡❣(ξ)h(ξ,Dη) ξ, η ∈ Ω0
U(E).

✷✾ ✭❆✳✷✳✼✳✶✮

❚❤✐s ♠❡❛♥s t❤❛t ❢♦r ❡❛❝❤ Y ∈ W(X) = Γ(X, TX)

Y h(ξ, η) = h(DY ξ, η) + h(ξ,DY η).
✸✵

Xh = LXh = dh(X) ✐s t❤❡ ▲✐❡ ❞❡r✐✈❛t✐✈❡✿ ▲❡t γ(t) : I =]− ε, ε[→ X ❜❡ ❛♥②
s♠♦♦t❤ ♣❛t❤ ✐♥ X✱ t❤❡♥ h(ξ(γ(t)), η(γ(t))) ❢♦r s❡❝t✐♦♥s ξ, η ∈ Γ(X,E) ✐s ❛
♣❛t❤ ✐♥ C✱ ✐✳❡✳ LY h(ξ(a), η(a)) =

d
d t
h(ξ(γ(t)), η(γ(t)))

∣
∣
t=0

✱ ✇❤❡r❡ a = γ(0)
❛♥❞ Y (a) = [γ]a ∈ TaX ✭Y (a) t❛♥❣❡♥t ✈❡❝t♦r t♦ t❤❡ ❝✉r✈❡ γ✮✳
❆♥♦t❤❡r ✇❛② t♦ r❡❛❞ ❆✳✷✳✼✳✶ ✐s✿ h ◦ (ξ, η) : X → C ❛♥❞ t❤✉s h ◦ (ξ, η) ∈ Ω0

X ✱
Dξ(x) ∈ Ex ⊗ T ∗

xX

h(Dξ, η) = h(sξ ⊗ ωξ, η) := h(sξ, η)ωξ

h(ξ,Dη) = h(ξ, sη ⊗ ωη) := h(ξ, sη)ωη
✸✶

⇒ d(h(ξ, η)) = h(sξ, η)ωξ + h(ξ, sη)ωη.

❘❡♠❛r❦ ❆✳✷✳✽✳ ❚❤❡ ❧❛st r❡❢♦r♠✉❧❛t✐♦♥ ♦❢ h ♦♥ ❤✐❣❤❡r ❢♦r♠s ❝♦rr❡s♣♦♥❞s t♦
t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❡✉❝❧✐❞❡❛♥ ♠❡tr✐❝ ♦♥ X✳ ❯s✉❛❧❧② t❤❡ ✐♥❞✉❝❡❞ ♠❡tr✐❝ ♦♥ ❛ t❡♥s♦r
♣r♦❞✉❝t E ⊗F ✱ ✇❤❡r❡ E ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ hE✱ F ✇✐t❤ hF ✱ ✐s ❞❡✜♥❡❞ ❛s hE⊗F (e1 ⊗
f1, e2 ⊗ f2) := hE(e1, e2)hF (f1, f2)✳ ❙✐♥❝❡ ✇❡ ❛r❡ ♦♥ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡①
♠❛♥✐❢♦❧❞ ✇❡ ♦♥❧② ♥❡❡❞ t❤❡ ❤❡r♠✐t✐❛♥ ❡①t❡♥s✐♦♥ ♦❢ hΛ1

X
(d z, d z) = hΛ1

X
(d z, d z) =

2, hΛ2
X
(d z ∧ z, d z ∧ d z) = 4 ❢♦r t❤❡ ❤❡r♠✐t✐❛♥ ♠❡tr✐❝✳ ❆♣♣❧②✐♥❣ t❤❡s❡ t♦ ❆✳✷✳✼✳✶

r❡s♣✳ ❞❡❝♦♠♣♦s✐♥❣ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ hE(·, ·)hΛ1 ♦r 2
X

(·, ·) ♣r❡s❡r✈❡s t❤❡ ❡q✉❛❧✐t②✳

❘❡♠❛r❦ ❆✳✷✳✾✳ ✭✐✮ ❋♦r ❛ ❤♦❧♦♠♦r♣❤✐❝ ❤❡r♠✐t✐❛♥ ✈❡❝t♦r ❜✉♥❞❧❡ ♦✈❡r X ❛♥❞
x0 ∈ X t❤❡r❡ ✐s ❛ ❧♦❝❛❧ ♥♦r♠❛❧ ❢r❛♠❡ ✜❡❧❞ sU ❛t x0✳✸✷

✭✐✐✮ ❋♦r ❛ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ ω ❛♥❞ Ω ❛r❡ s❦❡✇✲❤❡r♠✐t✐❛♥✱ ✐✳❡✳ ω, Ω ∈ o(r) t❤❡
▲✐❡ ❛❧❣❡❜r❛ t♦ t❤❡ ▲✐❡ ❣r♦✉♣ ♦❢ ♦rt❤♦❣♦♥❛❧ r × r ♠❛tr✐❝❡s✳

✷✾❆❧t❤♦✉❣❤ ✇❡ ❝♦♥s✐❞❡r ❢♦r ♥♦✇ ♦♥❧② ❞❡❣r❡❡ 0 ❢♦r♠s✱ ✐✳❡✳ (−1)❞❡❣(ξ) = 1✱ (−1)❞❡❣(ξ) ✐♥❞✐❝❛t❡s
❤♦✇ t❤❡ ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞✳ ❚❤✐s ✇✐❧❧ ❜❡ ✐♠♣♦rt❛♥t ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r ❍✐❣❣s ✜❡❧❞s✳

✸✵Dξ = s ⊗ ω, ω(x) : T ∗X → C✳ ❉❡✜♥❡ ωY : x 7→ (ω(x))(Y (x))✱ t❤❡♥ D̃Y ξ := s ⊗ ωY =
ωY · s⊗ 1, DY ξ := ωY · s✳

✸✶❲❡❧❧✲❞❡✜♥❡❞✱ ✐✳❡✳ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥s ❞❡✜♥✐♥❣ t❤❡ t❡♥s♦r ♣r♦❞✉❝t✱ s✐♥❝❡
t❤❡ ❤❡r♠✐t✐❛♥ ♠❡tr✐❝ ✐s C−❧✐♥❡❛r ✐♥ t❤❡ ✜rst ❝♦♠♣♦♥❡♥t✳ ❙❛♠❡ ❤♦❧❞s ✇✐t❤ ❝♦♥❥✉❣❛t❡❞ C−❧✐♥❡❛r✐t②
❛♥❞ t❤❡ t❡♥s♦r ♣r♦❞✉❝t ✐♥ t❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t✳ ❋✉rt❤❡r ♥♦t❡ t❤❛t f d z + g d z := f d z + g d z
❢♦r ❛ 1−❢♦r♠✳

✸✷❑♦❜❛②❛s❤✐ ❬❑♦❜✽✼❪✱ ♣✳ ✶✸✳
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❚❤❡♦r❡♠ ❆✳✷✳✶✵✳ ●✐✈❡♥ ❛ ❤❡r♠✐t✐❛♥ str✉❝t✉r❡ h ♦♥ ❛ ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡
(E, ∂E)✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ D s✉❝❤ t❤❛t D′′ = ∂E✳

Pr♦♦❢✳ ❆ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❑♦❜✽✼❪✱ ♣✳ ✶✶✳ ♦r ❬❍✉②✵✺❪✱ ♣✳ ✶✼✼✱ ✹✳✷✳✶✹✳

❘❡♠❛r❦ ❆✳✷✳✶✶✳ ✭✐✮ ❚❤❡ ❝✉r✈❛t✉r❡ ♦❢ ❛ ❤❡r♠✐t✐❛♥ ❝♦♥♥❡❝t✐♦♥ ✐s ♦❢ ❞❡❣r❡❡
(1, 1) ❛♥❞ ω ♦❢ t②♣❡ (1, 0)✳

✭✐✐✮ ❋♦r ❛ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ ♣❛r❛❧❧❡❧ tr❛♥s♣♦rt ✐s ❛♥ ✐s♦♠❡tr②✳

✭✐✐✐✮ ❚❤❡r❡ ✐s ❛ ✭s❧✐❣❤t❧② ♠♦r❡✮ ❣❡♥❡r❛❧ ✈❡rs✐♦♥ ♦❢ ❆✳✷✳✶✵ ✇❤✐❝❤ st❛t❡s t❤❛t ❢♦r ❛♥②
❣✐✈❡♥ (1, 0) r❡s♣✳ (0, 1) ♣❛rt d̃ ✇❡ ✜♥❞ ❛ ✉♥✐q✉❡ (0, 1) r❡s♣✳ (1, 0) ♦♣❡r❛t♦r d̂
s✉❝❤ t❤❛t d̃+ d̂ ✐s ❛ ❤❡r♠✐t✐❛♥ ❝♦♥♥❡❝t✐♦♥✳✸✸

❉❡✜♥✐t✐♦♥ ❆✳✷✳✶✷ ✭❍♦❧♦♠♦r♣❤✐❝ ❈♦♥♥❡❝t✐♦♥✮✳ ❆ ❤♦❧♦♠♦r♣❤✐❝ ❝♦♥♥❡❝t✐♦♥ ✐s ❛
♠❛♣

D0 : Γhol(X,E) → Γhol(X,E)⊗ Ω1,0
X .

s✉❝❤ t❤❛t

✭■✮ D(s⊗ ξ) = D0(s) ∧ ξ + s⊗ ∂ξ ∀ξ ∈ Γ(U,C)✱ s ∈ Γ(U,E) ✭▲❡✐❜♥✐③ ❘✉❧❡✮✱

■♥ ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥ t❤✐s ❜❡❝♦♠❡s

E → E ⊗ Ω1,0
X ,

✇❤❡r❡ E ✐s ♥♦✇ t❤❡ ❛ss♦❝✐❛t❡❞ ❧♦❝❛❧❧② ❢r❡❡ Oan−♠♦❞✉❧❡ ✭✐✳❡✳ Γhol(X,E)✮✳
❆♥ ❡①t❡♥s✐♦♥ t♦ ❤✐❣❤❡r ❢♦r♠s ✐s ❞♦♥❡ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♥ ♦r❞✐♥❛r② ❝♦♥♥❡❝t✐♦♥✳

❘❡♠❛r❦ ❆✳✷✳✶✸✳ ✭✐✮ ❚❤❡r❡ ✐s ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ D = ∂ + ω ❛s ❢♦r ❣❡♥❡r❛❧
❝♦♥♥❡❝t✐♦♥s✳

✭✐✐✮ D = D + ∂ ✐s ❛♥ ♦r❞✐♥❛r② ❝♦♥♥❡❝t✐♦♥ ♦♥ E✳

✭✐✐✐✮ ◆♦t ❡✈❡r② (1, 0)−♣❛rt ♦❢ ❛♥ ❛r❜✐tr❛r② ❝♦♥♥❡❝t✐♦♥ ✐s ❤♦❧♦♠♦r♣❤✐❝✱ s✐♥❝❡ D
❝♦✉❧❞ s❡♥❞ ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥s t♦ ♥♦♥✲❤♦❧♦♠♦r♣❤✐❝ ❡❧❡♠❡♥ts ♦❢ Ω1,0

X (E)✱
✐✳❡✳ f d z, f ♥♦t ❤♦❧♦♠♦r♣❤✐❝✳

❘❡♠❛r❦ ❆✳✷✳✶✹✳ ❖♥ ❛ ✢❛t ❤♦❧♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ ❡①✐sts ❛ ❤♦❧♦♠♦r♣❤✐❝
❝♦♥♥❡❝t✐♦♥✳

✸✸❙❡❡ ❡✳❣✳ ❇❡❞❢♦r❞ ❬❇❡❞✾✶❪ ♣✳ ✾✻✳ ❚❤❡ ♣r♦♦❢ ✐s ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❛s t❤❡ ♦♥❡ ♦❢ t❤❡ t❤❡♦r❡♠✳



❆✳✷✳ ▼❡tr✐❝ ❇✉♥❞❧❡s ❛♥❞ ❈♦♥♥❡❝t✐♦♥s ⑤ ✶✻✾

❈♦♥s✐❞❡r t❤❡ ✉♥✐q✉❡ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ D = ∂E + ∂E ❣✐✈❡♥ ❜② t❤❡♦r❡♠ ❆✳✷✳✶✵✳
❚❤❡♥

d(h(ξ, η)) = ∂h(ξ, η)
︸ ︷︷ ︸

∈Ω1,0
X

+ ∂h(ξ, η)
︸ ︷︷ ︸

∈Ω0,1
X

= h((∂E + ∂E)ξ, η) + h(ξ, (∂E + ∂E)η)

= h(∂Eξ, η) + h(∂Eξ, η) + h(ξ, ∂Eη) + h(ξ, ∂Eη)

= h(s1,0ξ ⊗ ω1,0
ξ , η) + h(s0,1ξ ⊗ ω0,1

ξ , η)

+h(ξ, s1,0η ⊗ ω1,0
η ) + h(ξ, s0,1η ⊗ ω0,1

η )

= h(s1,0ξ , η)ω1,0
ξ

︸ ︷︷ ︸

∈Ω1,0
X

+h(s0,1ξ , η)ω0,1
ξ

︸ ︷︷ ︸

∈Ω0,1
X

+h(ξ, s1,0η )ω1,0
η

︸ ︷︷ ︸

∈Ω0,1
X

+h(ξ, s0,1η )ω0,1
η

︸ ︷︷ ︸

∈Ω1,0
X

.

❛♥❞ t❤❡r❡❢♦r❡

∂(h(ξ, η)) = h(∂Eξ, η) + h(ξ, ∂Eη)

∂(h(ξ, η)) = h(∂Eξ, η) + h(ξ, ∂Eη).

❖❢ ❝♦✉rs❡ ∂2E = 0 ❢♦r ❛ ❘✐❡♠❛♥♥ s✉r❢❛❝❡ s✐♥❝❡ t❤❡r❡ ❛r❡ ♥♦ ♥♦♥✲tr✐✈✐❛❧ (p, q)−❢♦r♠s
❢♦r p > 1 ♦r q > 1 ✭d z ∧ d z = d z ∧ d z = 0✮✳

❆✳✷✳✷✳ ▼❡tr✐❝ ❛s ❛ ♠❛♣

❚❤❡r❡ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ●❧n(C)−r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣
✭✉♣ t♦ ●❧n(C)−❝♦♥❥✉❣❛t✐♦♥✮ ❛♥❞ ✢❛t s♠♦♦t❤ ✈❡❝t♦r ❜✉♥❞❧❡s✳ ■♥ ❢❛❝t ❡✈❡r② ✢❛t
r❡❣✉❧❛r s♠♦♦t❤ ✈❡❝t♦r ❜✉♥❞❧❡ ✐s ❡q✉✐✈❛❧❡♥t t♦ X̃ ×C

n/ ∼ ✇✐t❤ (p, g) ∼ (pδ, f(δ)g)
❢♦r δ ∈ π1(X)✳ ❍❡r❡ X̃ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❛ ♣r✐♥❝✐♣❛❧ π1(X)−❜✉♥❞❧❡✳ f ✐s
t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ●❧n(C)−r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ π1(X)✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s s❡❡ ❘❡✐s❡rt
❬❘❡✐✶✵❪✳
❙♦ ✐❢ ✇❡ ❝♦♥s✐❞❡r E = X̃ × C

n/ ∼ ❛ ♠❡tr✐❝ ✐s ❛ ♠❛♣

h : (X̃ × C
n/ ∼)× (X̃ × C

n/ ∼) → C,

✇❤✐❝❤ r✐s❡s t♦ ❛ ♠❛♣ h̃ = h♣r

h̃ : (X̃ × C
n)× (X̃ × C

n) → C.

❇② t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ❛ ❢r❛♠❡ (si) ❝❛♥ ❜❡ ✇r✐tt❡♥ si(x) = x̃ × sgi ✇✐t❤ x̃
✐♥ ❛ ✜①❡❞ ✭❜❛s✐s✮ ❧❡❛❢ ♦❢ X̃✱ ✐✳❡✳ ❛s ❛ ♠❛♣ ♦❢ s❡ts X → X × C

n✳ ❚❤❡♥ ❛ ♠❡tr✐❝
✭✇❤✐❝❤ ✐s ❛❧✇❛②s ✜❜❡r✲✇✐s❡✮ ❛❝ts ♦♥❧② ♦♥ t❤❡ ✈❡❝t♦r s♣❛❝❡ ♣❛rt C

n✳ ❋✉rt❤❡r ❛
♠❛tr✐① ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ♦♥ t❤❡ ❜❛s✐s✱ ✐✳❡✳ ❜② h(si, sj)✳ ❆s ❜❡❢♦r❡ ✇r✐t❡ H =
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(hij)1≤i,j≤n = h(sj, si))1≤i,j≤n ❛s ❛ ♠❛tr✐① ❛♥❞ t❤✉s h(v, w) = w∗Hv✳✸✹ H ❤❛s t♦
❜❡ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ❛♥❞ ❤❡r♠✐t✐❛♥ ❛s r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛♥ ✐♥♥❡r ♣r♦❞✉❝t✳

❘❡♠❛r❦ ❆✳✷✳✶✺✳ ◆♦t❡ t❤❛t t❤❡ ✉♥✐q✉❡ ❤❡r♠✐t✐❛♥ ❝♦♥♥❡❝t✐♦♥ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤
t❤❡ ❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡ ∂ ✐s

Dun := d+H
−1
∂H,

✇❤❡r❡ d, ∂ ❛❝t ❛s t❤❡ ✉s✉❛❧ ❡①t❡r✐♦r ❞❡r✐✈❛t✐✈❡ ♦♥ ❡❛❝❤ ❝♦♠♣♦♥❡♥t✳ ❍❡♥❝❡ t❤❡
❝✉r✈❛t✉r❡ ✐s D2

un = ∂(H
−1
∂H)✳ ■♥ t❤❡ ❧✐♥❡ ❜✉♥❞❧❡ ❝❛s❡ t❤❡ ❝✉r✈❛t✉r❡ ❜❡❝♦♠❡s

∂∂ log(H)✳✸✺

▲❡t Pn ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ❤❡r♠✐t✐❛♥ ♠❛tr✐❝❡s✳✸✻ ❚❤❡♥ ●❧n(C)
❛❝ts ♦♥ Pn ❜②

ρ●❧,Pn : ●❧n(C)× Pn → Pn

(G,H) 7→ GHG∗.✸✼

◆♦t❡ t❤❛t t❤❡ ✐s♦tr♦♣② ❣r♦✉♣ ♦❢ t❤✐s ❛❝t✐♦♥ ❛t E ✐s ❥✉st ❯(n)✳
❚❤✐s ❛❝t✐♦♥ ✐s tr❛♥s✐t✐✈❡ s✐♥❝❡ ❜② ❈❤♦❧❡s❦② ❞❡❝♦♠♣♦s✐t✐♦♥ H = LHL

∗
H , H

′ =
LH′L∗

H′ ❢♦r ✉♥✐q✉❡ ✐♥✈❡rt✐❜❧❡ ❧♦✇❡r tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s LH ❛♥❞ LH′ ✳ ❍❡♥❝❡

H ′ = LH′L∗
H′ = LH′L−1

H
︸ ︷︷ ︸

=GH,H′

H(L∗
H)

−1L∗
H′ = GH,H′HG∗

H,H′ , GH,H′ ∈ ●❧n(C).

❘❡♠❛r❦ ❆✳✷✳✶✻✳ ❙✐♥❝❡ ❯(n) ✐s ❛ ❝❧♦s❡❞ s✉❜❣r♦✉♣ ♦❢ ●❧n(C)✸✽ t❤❡ ❛❝t✐♦♥ ✭r✐❣❤t✲
tr❛♥s❧❛t✐♦♥✮ ♦❢ ❯(n) ♦♥ ●❧n(C) ✐s s♠♦♦t❤✱ ♣r♦♣❡r ❛♥❞ ❢r❡❡ ❛♥❞ ●❧n(C)/❯(n) ✐s ❛
s♠♦♦t❤ ♠❛♥✐❢♦❧❞ ✇✐t❤ s♠♦♦t❤ s✉❜♠❡rs✐♦♥ π●❧n,❯(n) : ●❧n(C) → ●❧n(C)/❯(n)✳✸✾

❚❤✉s ✇❡ ♠❛② ✐❞❡♥t✐❢② Tπ●❧n,❯(n)(G)(●❧n(C)) ≃ TG(●❧n(C))/TG(G❯(n)) ❜② t❤❡ ❢✉♥✲
❞❛♠❡♥t❛❧ t❤❡♦r❡♠ ♦♥ ❤♦♠♦♠♦r♣❤✐s♠s ❛♥❞ ker(dπ●❧n,❯(n))G = TG(G❯(n))✳

❆♥♦t❤❡r Pr♦♣♦s✐t✐♦♥ ♦❢ ▲❡❡ ❬▲❡❡✵✵❪ ♣✳ ✶✼✺✱ ✼✳✷✶✱ t❡❧❧s ✉s t❤❛t ❢♦r ❛ s❡t ♦♥ ✇❤✐❝❤
❛ ▲✐❡ ●r♦✉♣ G ❛❝ts s✉❝❤ t❤❛t t❤❡ ✐s♦tr♦♣② ❣r♦✉♣ ❛t ♦♥❡ ♣♦✐♥t ✐s ❛ ✭❝❧♦s❡❞✮ ▲✐❡
s✉❜❣r♦✉♣ ♦❢ G✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♠❛♥✐❢♦❧❞ t♦♣♦❧♦❣② ❛♥❞ ❛ ✉♥✐q✉❡ s♠♦♦t❤ str✉❝t✉r❡
s✉❝❤ t❤❛t t❤❡ ❣✐✈❡♥ G−❛❝t✐♦♥ ✐s s♠♦♦t❤✳

✸✹v, w ✇r✐tt❡♥ ✐♥ t❤❡ ❜❛s✐s si✳
✸✺❆ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ♣✳ ✶✽✺❢ ❬❍✉②✵✺❪✳
✸✻❚❤✐s ✐s ♥♦t ❛ s✉❜❣r♦✉♣ ♦❢ ●❧n(C)✱ s✐♥❝❡ ❢♦r ❤❡r♠✐t✐❛♥ ♠❛tr✐❝❡s H,H ′, (HH ′)∗ = (H ′)∗H∗ =

H ′H 6= HH ′ ✐♥ ❣❡♥❡r❛❧✳
✸✼ρ●❧,Pn

(E,H) = H, ρ●❧,Pn
(F, ρ●❧,Pn

(G,H)) = ρ●❧,Pn
(F,GHG∗) = FGHG∗F∗ =

(FG)H(FG)∗ = ρ●❧,Pn
(FG,H)✳

✸✽▲❡❡ ❬▲❡❡✵✵❪ ♣✳ ✶✼✹✱ ♣r♦♦❢ ♦❢ t❤❡♦r❡♠ ✼✳✶✾✳ ❊✈❡♥ ❝♦♠♣❛❝t ❜② ❍❡✐♥❡✲❇♦r❡❧✳
✸✾❆❣❛✐♥ ❬▲❡❡✵✵❪ ♣✳ ✶✼✷✱ ♣r♦♦❢ ♦❢ t❤❡♦r❡♠ ✼✳✶✺✳



❆✳✷✳ ▼❡tr✐❝ ❇✉♥❞❧❡s ❛♥❞ ❈♦♥♥❡❝t✐♦♥s ⑤ ✶✼✶

❚❤❡♥ ♦✉r ❛❝t✐♦♥ ✐s s♠♦♦t❤ ❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ✜♥❞ ❛♥ ●❧n(C)−❡q✉✐✈❛r✐❛♥t ❞✐✛❡♦♠♦r✲
♣❤✐s♠ ϕ(G❯(n)) = ρ●❧,Pn(G,E)

✹✵ ❢r♦♠ ●❧n(C)/❯(n) → Pn✳✹✶ ■♥ ♣❛rt✐❝✉❧❛r t❤❡
s♠♦♦t❤ str✉❝t✉r❡ ♦♥ Pn ✐s ❥✉st t❤❡ ✉♥✐q✉❡ s♠♦♦t❤ str✉❝t✉r❡ s✉❝❤ t❤❛t ϕ ✐s ❛ ❞✐✛❡♦✲
♠♦r♣❤✐s♠✳ ▼♦r❡♦✈❡r ♥♦t❡ t❤❛t ●❧n(C)/❯(n) ✐s ♥♦t ❛ ▲✐❡ ●r♦✉♣✱ ❛s ❯(n) ⊂ ●❧n(C)
♥♦t ♥♦r♠❛❧✳
❆s ❛ r❡s✉❧t h ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ♠❛♣ X → ●❧n(C)/❯(n)✳

❘❡♠❛r❦ ❆✳✷✳✶✼✳ ❚❤❡ s✐♥❣✉❧❛r ✈❛❧✉❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ❧❡❛❞s t♦ t❤❡ s✐♠✐❧❛r r❡s✉❧t
●❧n(C) = Pn❯(n)✱ ✐✳❡✳ ❡✈❡r② ✐♥✈❡rt✐❜❧❡ ♠❛tr✐① ❝❛♥ ❜❡ ✉♥✐q✉❡❧② ✇r✐tt❡♥ ❛s t❤❡
♣r♦❞✉❝t ♦❢ ❛ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ❤❡r♠✐t✐❛♥ ❛♥❞ ❛♥ ✉♥✐t❛r② ♠❛tr✐①✳✹✷ ❇✉t t❤❡♥

●❧n(C)
π●❧n,❯(n) // ●❧n(C)/❯(n)

ϕ
xx

Pn

ι

cc

✇✐t❤

ϕ ◦ π●❧n,❯(n) ◦ ι(H) = ϕ ◦ π●❧n,❯(n)(HE) = ϕ(H❯(n)) = H.

■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ t❤❡ ✐♥❞✉❝❡❞ C
n×n−st❛♥❞❛r❞ t♦♣♦❧♦❣② ♦♥ Pn✳

◆♦✇ ❧✐❢t✐♥❣ h t♦ h̃ r❡s✉❧ts ✐♥ ❛ ♠❛♣ h̃ : X̃
♣r→ X

h→ ●❧n(C)/❯(n) ✇✐t❤

h̃(x̃δ) = f ∗(δ)h̃(x̃)f(δ)

s✐♥❝❡ ❢♦r sδi (x) = (x̃δ, ♣r2si(x)) ⇒ ♣rsδi = [x̃δ, ♣r2si(x)] = [x̃, f(δ)♣r2si(x)]✱

h̃ji = h̃(sδi (x), s
δ′

j (x))

= hx(f(δ)si, f(δ
′)sj) = hx

(
n∑

k=1

f(δ)kisk,
n∑

l=1

f(δ′)ljsl

)

=
n∑

k,l=1

f(δ)kif(δ′)ljhlk|x =
n∑

k=1

f(δ′)lj(H(f(δ)))li|x

= (f(δ′)∗H(f(δ)))ji|x.

❚❤✐s ✐s ❥✉st f−❡q✉✐✈❛r✐❛♥❝❡ ♦❢ h✳

✹✵❯(n) ❛❝ts ❜② ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❢r♦♠ t❤❡ r✐❣❤t✳
✹✶❋♦r ❛ ♣r♦♦❢ s❡❡ ❬▲❡❡✵✵❪ ♣✳ ✶✼✹✱ t❤❡♦r❡♠ ✼✳✶✾✳ ❈❤♦♦s❡ t❤❡ ✐s♦tr♦♣② ❣r♦✉♣ ❛t p = E✳ ■♥ ❢❛❝t

✇❡ ♦♥❧② ♠❛♣ ❡✈❡r② H ♦♥ ✐ts ❈❤♦❧❡s❦② ❧♦✇❡r tr✐❛♥❣✉❧❛r ♠❛tr✐①✳
✹✷❋♦r ❡①❛♠♣❧❡ ✐♥ ❈❤❡✈❛❧❧❡② ❬❈❤❡✹✻❪ ♣✳ ✶✹✱ ➓✺ Pr♦♣✳ ✶✳
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❘❡♠❛r❦ ❆✳✷✳✶✽✳ ■❢ f : π1(X) → ❯(n) t❤❛♥ h ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ f
✭❜② ❡q✉✐✈❛r✐❛♥❝❡ ♦❢ ϕ✮✳ ❚❤✐s ✐s ❥✉st ❑♦❜❛②❛s❤✐✬s ❬❑♦❜✽✼❪✱ Pr♦♣♦s✐t✐♦♥ ✭✹✳✷✶✮ ♦♥ ♣✳
✶✹✿
❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✢❛t ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ E ✐s ❡q✉✐✈❛❧❡♥t t♦ E ❞❡✜♥❡❞ ❜② ❛ ❤♦♠♦✲
♠♦r♣❤✐s♠ f : π1(X) → ❯(n)✳

❋✉rt❤❡r ♥♦t❡ t❤❛t ❢♦r ♠❛tr✐① ❣r♦✉♣s G✿ exp(g) = G✳ ❯♥❞❡r exp ❤❡r♠✐t✐❛♥ ♠❛tr✐❝❡s
❛r❡ ♠❛♣♣❡❞ ✐♥❥❡❝t✐✈❡❧② ✐♥t♦ t❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ❤❡r♠✐t✐❛♥ ♠❛tr✐❝❡s (x 6=
0), ∀t ∈ R✿

exp(tH)∗ = exp(tH∗) = exp(tH) ⇔ H = H∗

x∗ exp(H)x = x∗
∞∑

k=0

(tH)k

k!
x =

∞∑

k=0

(tx∗Hx)k

k!‖x‖2k ‖x‖2

= ‖x‖2 exp
(
tx∗Hx

‖x‖2
)

⇒ x∗ exp(tH)x > 0 ⇔ x∗Hx ∈ R,

❛♥❞ x∗Hx ∈ R ❛❧r❡❛❞② ❢✉❧✜❧❧❡❞ ❢♦r H ❤❡r♠✐t✐❛♥✳ ▼♦r❡♦✈❡r t❤✐s ✐s ❛ ❤♦♠❡♦♠♦r✲
♣❤✐s♠ ✇✳r✳t✳ t❤❡ ❜② ●❧n(C) ✐♥❞✉❝❡❞ t♦♣♦❧♦❣②✳✹✸ ❚❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦ Pn ❛t t❤❡
✐❞❡♥t✐t② E ✐s t❤❡ s♣❛❝❡ ♦❢ ❤❡r♠✐t✐❛♥ ♠❛tr✐❝❡s Hn✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❡✐t❤❡r ❜② ✉s✐♥❣
t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♠❛♣ ♦♥ gln ❛♥❞ t❤❡ ♣r❡✈✐♦✉s ❝❛❧❝✉❧❛t✐♦♥ ♦r ❜②
t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥

TEPn ≃ TE(●❧n(C)/❯(n)) ≃ TE(●❧n(C))/TE(❯(n)) = gln/un,

✇❤❡r❡ t❤❡ ✉♥✐t❛r② ▲✐❡ ❛❧❣❡❜r❛ ✐s ❥✉st t❤❡ s❡t ♦❢ s❦❡✇✲❤❡r♠✐t✐❛♥ ♠❛tr✐❝❡s SHn✿
∀t ∈ R : exp(tS)∗ exp(tS) = exp(t(S∗ + S)) = E ⇔ S∗ + S = 0✳ ❇✉t ❛♥②
n× n−♠❛tr✐① ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞

Mn(C) = Hn ⊗ SHn.

❋♦r ❛♥② A ∈ Mn(C) s❡t AHn = 1
2
(A + A∗) ∈ Hn, ASHn = 1

2
(A − A∗) ∈ SHn✳

❯♥✐q✉❡♥❡ss ❜② A ∈ Hn ∩ SHn ⇒ A = A∗ = −A⇒ A = 0✳ ❍❡♥❝❡

TEPn ≃ gln/un =Mn(C)/SHn ≃ Hn.

❘❡♠❛r❦ ❆✳✷✳✶✾✳ Pn ✐s ❤♦♠❡♦♠♦r♣❤✐❝ t♦ Hn ✉♥❞❡r exp✳ ❋✉rt❤❡r Hn ✐s ❤♦♠❡♦♠♦r✲
♣❤✐❝ t♦ R

n×n✿✹✹ ❖❜✈✐♦✉s❧② ❛❧❧ ❡♥tr✐❡s ✉♥❞❡r t❤❡ ❞✐❛❣♦♥❛❧ ❛r❡ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞
❜② t❤♦s❡ ♦✈❡r t❤❡ ❞✐❛❣♦♥❛❧✳ ❚❤❡ ❞✐❛❣♦♥❛❧ ✐ts❡❧❢ ✐s r❡❛❧✱ ✐✳❡✳ Hn ≃ R

n ×C
n2/2−n/2 ≃

✹✸❈❤❡✈❛❧❧❡② ❬❈❤❡✹✻❪ ♣❛❣❡ ✶✹✱ ➓✹ Pr♦♣✳ ✻✳
✹✹❬❈❤❡✹✻❪ ✱ ♣✳ ✶✹✱ ➓✹ Pr♦♣✳ ✻✳



❆✳✷✳ ▼❡tr✐❝ ❇✉♥❞❧❡s ❛♥❞ ❈♦♥♥❡❝t✐♦♥s ⑤ ✶✼✸

R
n−2n2/2−2n/2 = R

n×n✳ ❊①♣❧✐❝✐t❧② ✇❡ ❤❛✈❡ t❤❡ s♣❧✐tt✐♥❣ Hn = Sn⊗iS−
n ✱ Sn r❡❛❧ s②♠✲

♠❡tr✐❝ n−❞✐♠❡♥s✐♦♥❛❧ ♠❛tr✐❝❡s✱ S−
n r❡❛❧ s❦❡✇✲s②♠♠❡tr✐❝ n−❞✐♠❡♥s✐♦♥❛❧ ♠❛tr✐❝❡s

❛♥❞ t❤❡ R−❧✐♥❡❛r ❤♦♠❡♦♠♦r♣❤✐s♠

ϕHn,R : Sn ⊗ iSn → R
n2

(S, T ) 7→ Rk = 2
∑n

i,j=1 δk≤n(n−1)/2δk,in+j−nSij

+
∑n

i δn(n−1)/2≥k>n(n−1)/2δk,in+i−nSii

+2
∑n

i,j=1 δk>n(n−1)/2δk,in+j−nTij
ϕ−1
Hn,R

: R
n2 → Hn

R 7→ 2Hlm =
∑n2

k=1 δk≤n(n+1)/2δln+m−n,kδl≤mRk

+
∑n2

k=1 δk≤n(n+1)/2δmn+l−n,kδl≥mRk

+i
∑n2

k=1 δk>n(n+1)/2δln+m+n2−n
2

,k
δl>mRk

+i
∑n2

k=1 δk>n(n+1)/2δmn+l+n2−n
2

,k
δl<mRk

✹✺

◆♦✇ ✇❡ ✜♥❞ ♦✉rs❡❧✈❡s ✐♥ t❤❡ ♣♦s✐t✐♦♥ t♦ ❞❡✜♥❡ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝✱ ♥❛♠❡❧② t❤❡
st❛♥❞❛r❞ ✐♥♥❡r ♣r♦❞✉❝t ♦♥ R

n2
❛♥❞ ♣✉❧❧ ✐t ❜❛❝❦✳ ❚❤♦✉❣❤t t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♠✐❣❤t

s❡❡♠ t✐r✐♥❣✱ QTP ❢♦r Q,P ∈ R
n2
, Q = ϕHn,R(

QS + iQT ), P = ϕHn,R(
PS + iPT )

❜❡❝♦♠❡s

QTP =
n2
∑

k=1

QkPk

= 2
n∑

i,jj=1

δi<j
QSij

PSij +
QSii

PSii + 2δi>j
QTij

PTij

= 2
n∑

i=1

n∑

j=1

δi<j
QSji

PSji +
QSii

PSii + 2
n∑

i=1

n∑

j=1

δi>j
QTji

PTji

= ✹✻

n∑

i=1

n∑

j=1

QSji
PSji +

n∑

i=1

n∑

j=1

QTji
PTji

= tr(QST · PS) + tr(QT T , PT )

= tr(QST · PS) + tr((−i) · QT T · i · PT )
= tr(QST · PS) + i · tr(QST · PT )

−i · tr(QT T · PS) + tr(i · QT T · i · PT )
= tr((QS − iQT )T (PS + iPT ))

= tr((QS + iQT )∗(PS + iPT ))

✹✺◆♦t❡ ❛s ✇❡❧❧ t❤❛t ❛❧❧ ❝♦♠♣♦♥❡♥t ❢✉♥❝t✐♦♥s ❛r❡ ✐♥ ❢❛❝t s♠♦♦t❤✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ Hn ✐s ❛❧r❡❛❞②
❛ t❛♥❣❡♥t s♣❛❝❡✱ ❝♦♥t✐♥✉♦✉s ✇✐❧❧ ❜❡ ❡♥♦✉❣❤ ❢♦r ✉s✳



✶✼✹ ⑤ ❆✳ ❆♣♣❡♥❞✐①

✇❤❡r❡ ✇❡ ✉s❡❞ ✜rst t❤❡ s②♠♠❡tr② r❡s♣✳ s❦❡✇✲s②♠♠❡tr② ♦❢ QS, PS r❡s♣✳
QT, PT ❛♥❞ ❢✉rt❤❡r t❤❛t t❤❡ tr❛❝❡ ♦❢ t❤❡ ♣r♦❞✉❝t ♦❢ ❛ s②♠♠❡tr✐❝ ❛♥❞ ❛ s❦❡✇✲
s②♠♠❡tr✐❝ ♠❛tr✐① ✈❛♥✐s❤❡s✳✹✼ ❇✉t t❤❡ ❧❛st t❡r♠ ✐s ❥✉st t❤❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ♥♦r♠
〈A,B〉HS = tr(B∗A)✳

❘❡♠❛r❦ ❆✳✷✳✷✵✳ ✭✐✮ ❚❤✐s ✐s ❛ s②♠♠❡tr✐❝ ✐♥♥❡r ♣r♦❞✉❝t ✲ ♥♦t ❤❡r♠✐t✐❛♥ ✲ ❛♥❞
❛s s✉❝❤ ✐t ♦♥❧② ✇♦r❦s ♦♥ ❤❡r♠✐t✐❛♥ ♠❛tr✐❝❡s✳ ❲r✐t❡ 〈A,B〉HS = tr(BA) =
tr(AB), A,B ∈ Hn t♦ ♣♦✐♥t ♦✉t t❤❡ s②♠♠❡tr✐❝ ❝❤❛r❛❝t❡r❀ 〈A,B〉HS,C =
tr(B∗A) ✐s ♠♦r❡ ❢❛♠✐❧✐❛r ❛♥❞ ✐s ❞✐r❡❝t❧② r❡❝♦❣♥✐③❛❜❧❡ ❛s ❛ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡
✐♥♥❡r ♣r♦❞✉❝t✳ ■♥ ❢❛❝t✿

✭✐✐✮ ❲❡ ❛r❡ ✉s❡❞ t♦ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝♦♠♣❧❡①✐✜❡❞ t❛♥❣❡♥t s♣❛❝❡s TCM = TM⊗RC

♦❢ ❛ ♠❛♥✐❢♦❧❞ M ✳ ❚❤❡r❡❢♦r❡ TCPn = Hn ⊕ iHn =: HC

n ✳ ❚❤❡ ✐♥♥❡r ♣r♦❞✉❝ts
❡①t❡♥❞s tr✐✈✐❛❧❧② ✈✐❛ 〈A+iB, C+iD〉 = 〈A,C〉+〈B,D〉+i(〈B,C〉−〈A,D〉) t♦
❛ ❤❡r♠✐t✐❛♥ ✐♥♥❡r ♣r♦❞✉❝t ✇✳r✳t✳ t❤❡ ✉s✉❛❧ s❝❛❧❛r ♠✉❧t✐♣❧✐❝❛t✐♦♥ (a+ ib)(A+
iB) = aA− bB + i(bA+ aB)✱ a, b ∈ R, A,B,C,D ∈ Hn✳ ❲❡ ✇✐❧❧ ❤❡♥❝❡❢♦rt❤
✉s❡ t❤✐s ❝♦♠♣❧❡①✐✜❡❞ ✐♥♥❡r ♣r♦❞✉❝t ✇❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ ❝♦♠♣❧❡① ❞✐✛❡r❡♥t✐❛❧
❢♦r♠s✿

✭✐✐✐✮ ❲❤❡♥ ❡①t❡♥❞✐♥❣ t❤❡ ♠❡tr✐❝ t♦ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠s✱ ❢♦r ❡①❛♠♣❧❡ t♦ ❝❛❧❝✉❧❛t❡
t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ♦✉r ♠❡tr✐❝ ♠❛♣ h : X̃ → Pn ≃ ●❧n(C)/❯(n) ✇❡ ❡①t❡♥❞ t❤❡
♠❡tr✐❝ ♦♥ ♠❛♣s TX → H

C

n ✳ ■♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥ ❆✳✷✳✽ ✇❡ ♠❡♥t✐♦♥❡❞
❤♦✇ t❤❡ ♠❡tr✐❝ s♣❧✐ts ✉♣ ✉♥❞❡r t❤❡ t❡♥s♦r ♣r♦❞✉❝t✳ ❚❤❡r❡ ✇❡ s❛✇ t❤❛t ❢♦r
α(z) d z = α(z)⊗(1 d z), β(z) d z = α(z)⊗(1 d z) ✇❡ ❤❛✈❡ hF⊗Λ1,0

X ⊗Λ0,1
X
(α(z)⊗

(1 d z), β(z) ⊗ (1 d z)) = hF (α(z), β(z))hΛ1,0
X ⊗Λ0,1

X
(d z, d z) ❢♦r ❛♥② s♣❛❝❡ F

✇❤❡r❡ α, β t❛❦❡ ✈❛❧✉❡s ✐♥✳ ■♥ ♦✉r ❝❛s❡ F = H
C

n ✳
✹✽✳

❯s✉❛❧❧② ✇❡ ✇✐❧❧ ✇♦r❦ ♦♥ ❛♥ ♦♣❡♥ ❞✐s❝ ✇✐t❤ t❤❡ ❡✉❝❧✐❞❡❛♥ ♠❡tr✐❝✳ ❋♦r t❤❡
❡✉❝❧✐❞❡❛♥ ✐♥♥❡r ♣r♦❞✉❝t ✇❡ ❣❡t hΛ1,0

X ⊗Λ0,1
X
(ω, η) := ω∧∗η✳✹✾ ❚❤✐s ✐s ❛ ♣♦s✐t✐✈❡

❞✐✛❡r❡♥t✐❛❧ ❢♦r♠ ❢♦r ω = η s✐♥❝❡ ❢♦r ω = f d z ⇒ ω ∧ ∗ω = f d z ∧ ∗f d z =
|f |2 d z ∧ i d z = i|f |2 d z ∧ d z = 2|f |2 d x∧ d y✳ ❋✉rt❤❡r ω ∧ ∗ω = 0 ⇔ ω = 0
❛♥❞ ❧✐♥❡❛r✐t② ✐s ♦❜✈✐♦✉s✳

✹✻❘❡♥❛♠❡ i ↔ j ❛♥❞ ✐♥t❡r❝❤❛♥❣❡ t❤❡ s✉♠s t♦ ❣❡t
∑n

i=1

∑n
j=1 δi<j

QSji
PSji =

∑n
i=1

∑n
j=1 δi>j

QSij
PSij ❛♥❞ ❜② s②♠♠❡tr② QSij

PSij = QSji
PSji✳ ❍❡♥❝❡

2
∑n

i=1

∑n
j=1 δi<j

QSji
PSji =

∑n
i=1

∑n
j=1 δi 6=j

QSji
PSji✳ ❆♥❛❧♦❣♦✉s ❢♦r T ✳

✹✼tr(H) = tr(HT ) ⇒ tr(ST ) = tr((ST )T ) = tr(TTST ) = −tr(TS) = −tr(ST ) ⇒ tr(ST ) =
0, ∀S ∈ Sn, T ∈ S

−
n ❜② ❡❧❡♠❡♥t❛r② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ tr❛❝❡✳

✹✽▼❛♣s dH : TX → TPn ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ ❛♥ ❡❧❡♠❡♥t ♦❢ (Λ1,0
X ⊗ Λ0,1

X )⊗Hn✳
✹✾❝❢✳ ❆✳✶✳✸✳
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❙✐♥❝❡ ♦✉r ●❧n(C)−❛❝t✐♦♥ ✐s s♠♦♦t❤ ❛♥❞ ✐♥✈❡rt✐❜❧❡

ρG●❧,Pn
: Pn → Pn, ρ

G
●❧,Pn

(Q) := ρG●❧,Pn
(G,Q)

✐s ❛ ❞✐✛❡♦♠♦r♣❤✐s♠✳ ■♥ ♣❛rt✐❝✉❧❛r (dρG●❧,Pn
)E ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❚❤✉s TEPn ≃

TGG∗Pn ≃ TQPn, ∀Q ∈ Pn ❜② tr❛♥s✐t✐✈✐t② ♦❢ t❤❡ ❛❝t✐♦♥✳ ◆♦t❡ t❤❛t (dρG●❧,Pn
)E(Q) =

GQG∗ ∈ TGG∗(Pn) ❜② ❛ ❜❛s✐❝ ❝❛❧❝✉❧❛t✐♦♥✳✺✵

❋✐♥❛❧❧② ✇❡ ❣❡t t❤❡ ♠❡tr✐❝ ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♦✉r t♦♣♦❧♦❣②✮ ❜②

〈Q,P 〉THPn := tr(H−1Q∗(H)−1H−1P ), ∀Q,P ∈ THPn

s✐♥❝❡ t❤✐s ✐♥♥❡r ♣r♦❞✉❝t ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r ♦✉r ❛❝t✐♦♥✿ ❋♦r Q = GQ0G
∗, P =

GP0G
∗ ∈ TGG∗Pn, Q0, P0 ∈ TEPn ✇❡ ❣❡t

〈Q,P 〉TG∗GPn = tr((GG∗)−1(GQ0G
∗)∗(GG∗)−1(GP0G

∗))

= tr((G∗)−1G−1GQ∗
0G

∗(G∗)−1G−1GP0G
∗)

= tr((G∗)−1Q∗
0P0G

∗) = tr(Q∗
0P0G

∗(G∗)−1) = tr(Q∗
0P0)

= 〈Q0, P0〉HS.

❆t t❤❡ ❡♥❞ ♦❢ t❤✐s s❡❝t✐♦♥ ✇❡ ✇❛♥t t♦ ❞❡s❝r✐❜❡ t❤❡ ▲❡✈✐✲❈✐✈✐t❛ ❈♦♥♥❡❝t✐♦♥ ♦♥ Pn✳

▲❡♠♠❛ ❆✳✷✳✷✶✳ ❚❤❡ ▲❡✈✐✲❈✐✈✐t❛ ❈♦♥♥❡❝t✐♦♥ ♦♥ Pn ✐s ❣✐✈❡♥ ❜②

∇XY = XY − 1

2
(XH−1Y + Y H−1X),

✇✐t❤ H ∈ Pn✱ X, Y ∈ Γ(Pn, TPn) ✈❡❝t♦r ✜❡❧❞s✱ ✐✳❡✳ XH , YH ∈ THPn = {H} × Hn✳
❍❡r❡ XY s❤❛❧❧ ❜❡ ✉♥❞❡rst♦♦❞ ❛s t❤❡ ✧♣r♦❞✉❝t✧ ♦❢ ✈❡❝t♦r ❜✉♥❞❧❡s✱ ✐✳❡✳ t❤❡
❞❡r✐✈❛t✐✈❡ ♦❢ Y ✐♥ X−❞✐r❡❝t✐♦♥✳

Pr♦♦❢✳ ❋✐rst ♥♦t❡ t❤❛t t❤❡ ❝♦♥♥❡❝t✐♦♥ ✐s t♦rs✐♦♥ ❢r❡❡✱ s✐♥❝❡

∇XY −∇YX = XY −XY = [X, Y ].

■♥ ♦r❞❡r t♦ s❤♦✇ ✧♠❡tr✐❝✧ ❝❤♦♦s❡ ❛ ♣❛t❤ H(t) : [0, 1] → Pn✳ ❇② t❤❡ ❝❤❛✐♥ r✉❧❡ ✇❡
❣❡t d

d t
H−1(t) = −H−1(t)Ḣ(t)H−1(t)✳ ❚❤❡♥

d
d t
tr(H−1(t)XH(t)H

−1(t)YH(t))
= tr

(
d
d t
H−1(t)XH(t)H

−1(t)YH(t)

)

= −tr
(

H−1(t)Ḣ(t)H−1(t)XH(t)H
−1(t)YH(t)

)

+ tr
(

H−1(t)ẊH(t)H
−1(t)YH(t)

)

−tr
(

H−1(t)XH(t)H
−1(t)Ḣ(t)H−1(t)YH(t)

)

+ tr
(

H−1(t)XH(t)H
−1(t)ẎH(t)

)

.

✺✵γ :] − 1, 1[→ Pn, γ(0) = E,X = d
dtγ(t)

∣
∣
t=0

, (dρG●❧,Pn
)E(X) = d

dtGγ(t)G∗
∣
∣
t=0

=

G d
dtγ(t)

∣
∣
t=0

G∗ = GXG∗✳ ■♥ ♣❛rt✐❝✉❧❛r THP = Hn✳
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❖♥ t❤❡ ♦t❤❡r ❤❛♥❞

tr
(

H−1(t)∇Ḣ(t)XH(t)H
−1(t)YH(t)

)

= tr
(

H−1(t)Ḣ(t)XH(t)H
−1(t)YH(t)

)

− 1

2
tr
(

H−1(t)Ḣ(t)H−1(t)XH(t)·

·H−1(t)YH(t)

)
− 1

2
tr
(

H−1(t)XH(t)H
−1(t)Ḣ(t)H−1(t)YH(t)

)

tr
(

H−1(t)XH(t)H
−1(t)∇Ḣ(t)YH(t)

)

= tr
(

H−1(t)XH(t)H
−1(t)Ḣ(t)YH(t)

)

− 1

2
tr
(

H−1(t)XH(t)H
−1(t)Ḣ(t)

·H−1(t)YH(t)

)
− 1

2
tr
(

H−1(t)XH(t)H
−1(t)YH(t)H

−1(t)Ḣ(t)
)

◆♦✇ ✉s✐♥❣ ẊH(t) = Ḣ(t) d
dH(t)

XH(t) ✇❡ ❣❡t t❤❡ ❝❧❛✐♠✳

▲❡♠♠❛ ❆✳✷✳✷✷✳ ❚❤❡ s♣❛❝❡ Pn ✐s ♥♦♥✲♣♦s✐t✐✈❡❧② ❝✉r✈❡❞✳

Pr♦♦❢✳ ❚❤❡ ❝✉r✈❛t✉r❡ t❡♥s♦r ♦❢ t❤❡ ▲❡✈✐✲❈✐✈✐t❛ ❝♦♥♥❡❝t✐♦♥ ❢♦❧❧♦✇s ❜② ❛♥ ❡❧❡♠❡♥t❛r②
❝❛❧❝✉❧❛t✐♦♥ ✉s✐♥❣ t♦rs✐♦♥ ❢r❡❡♥❡ss ✭❝❢✳ ❬❈P❘✾✸❪✳✮

RH(X, Y )Z = −1

4
H[[H−1X,H−1Y ], H−1Z]

◆❡①t ❝♦♠♣✉t❡

〈RH(X, Y )Y,X〉Hn,H = −1

4
〈[[H−1X,H−1Y ], H−1Y ], H−1X〉Hn,E

= −1

4

(
〈H−1X(H−1Y )2, H−1X〉Hn,E − 2〈H−1Y H−1XH−1Y,H−1X〉Hn,E

+〈(H−1Y )2H−1X,H−1X〉Hn,E

)

❊✈❡r② ♣♦s✐t✐✈❡ ❤❡r♠✐t✐❛♥ ♠❛tr✐① H ❤❛s ❛ sq✉❛r❡ r♦♦t✱ ❡✈❡♥ ♠♦r❡ ❛ ♠❛tr✐① ✐s
♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❤❛s ❛ sq✉❛r❡ r♦♦t✳✺✶ ❯s✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢
t❤❡ tr❛❝❡ ✇❡ ❣❡t ❢♦r X−1/2 := H−1/2XH−1/2, Y−1/2 := H−1/2Y H−1/2

〈RH(X, Y )Y,X〉Hn,H

= −1

4

(
〈X−1/2(Y−1/2)

2, X−1/2〉Hn,E − 2〈Y−1/2X−1/2Y−1/2, X−1/2〉Hn,E

+〈(Y−1/2)
2X−1/2, X−1/2〉Hn,E

)

✺✶❆♥② ❜♦♦❦ ♦♥ ❧✐♥❡❛r ❛❧❣❡❜r❛ ♦r ❜② H = UDU∗✱ D = ❞✐❛❣(d1, . . . , dn) ❞✐❛❣♦♥❛❧✱ U ✉♥✐t❛r②✱
D1/2 = ❞✐❛❣(d1/21 , . . . , d

1/2
n ) ⇒ H = UDU∗ = U(D1/2)2U∗ = UD1/2U∗UD1/2U∗ = (H0)

2✱ ✐✳❡✳
H0 sq✉❛r❡ r♦♦t ♦❢ H✳
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= −1

4

(
tr((X−1/2)

2(Y−1/2)
2)− 2tr(Y−1/2X−1/2Y−1/2X−1/2)

+tr((Y−1/2)
2(X−1/2)

2)
)

❇② ❈❛✉❝❤②✲❙❝❤✇❛r③

tr(Y−1/2X−1/2Y−1/2X−1/2)

= tr((X−1/2Y−1/2)
∗Y−1/2X−1/2)

≤ tr((X−1/2Y−1/2)
∗(X−1/2Y−1/2))

1/2tr((Y−1/2X−1/2)
∗(Y−1/2X−1/2))

1/2

= tr(Y−1/2X−1/2X−1/2Y−1/2)
1/2tr(X−1/2Y−1/2Y−1/2X−1/2)

1/2

= tr((X−1/2)
2(Y−1/2)

2)

❍❡♥❝❡

〈RH(X, Y )Y,X〉Hn,H ≤ 0.

❉❡✜♥✐t✐♦♥ ❆✳✷✳✷✸✳ ❉❡✜♥❡ ❛ ♠❡tr✐❝ ♦♥ Pn ❛s δPn(A,B) = inf{L(γ)|γ : I →
Pn ♣❛t❤ ❢r♦♠ A t♦ B.} ✇❤❡r❡ L(γ) =

∫ 1

0

∥
∥ d
d t
γ(t)

∥
∥
Hn,γ(t)

d t ✐s t❤❡ ❧❡♥❣t❤ ♦❢ γ✳

❉❡✜♥❡ DeH(K) = limt→0
eH+tB−eH

t
= d

d t
eH+tB

∣
∣
t=0

t❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦❢ exp ❛t t❤❡
♣♦✐♥t H ∈ Hn ✐♥ B−❞✐r❡❝t✐♦♥✱ B ∈ Hn✳

▲❡♠♠❛ ❆✳✷✳✷✹✳ ‖DeH(B)‖Hn,e−H = ‖e−H/2DeH(B)e−H/2‖Hn,E ≥ ‖B‖Hn,E

Pr♦♦❢✳ ■♥ ♦r❞❡r t♦ s❤♦✇ t❤✐s ✐♥❡q✉❛❧✐t② ❛♥❞ ❛❢t❡r✇❛r❞s t❤❛t Pn ✐s ❝♦♠♣❧❡t❡✱ ✇❡
❢♦❧❧♦✇ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❇❤❛t✐❛ ❬❇❤❛✵✻❪✱ ♣✳ ✷✵✸✛✳
❘❡♠❡♠❜❡r ✜rst✿

❚❤❡♦r❡♠ ❆✳✷✳✷✺ ✭❈♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥❛❧ ❝❛❧❝✉❧✉s✮✳ ∀A ∈ Hn ∃ ❛ ✉♥✐q✉❡ Φ :
C(s♣❡❝(A)) → ✭BL)(Cn) ❜♦✉♥❞❡❞ ❧✐♥❡❛r ♦♣❡r❛t♦r ♦♥ C

n ✇✐t❤

✭✐✮ Φ(✐❞) = A ❛♥❞ Φ(1) = ✐❞Cn ✭1 : λ→ 1✮✱

✭✐✐✮ ∀α, β ∈ C, f, g ∈ C(s♣❡❝(A))✿ Φ(αf + βg) = αΦ(f) + βΦ(g),Φ(fg) =
Φ(f)Φ(g),Φ(f) = Φ(f)∗✱

✭✐✐✐✮ Φ ❝♦♥t✐♥✉♦✉s✳

Pr♦♦❢✳ ▼ü❧❧❡r ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s ❈♦✉rs❡ ■■✱ ❬❋❆✵✾❪✱ ❈❤❛♣t❡r ✶✳✷✱ ♣❛❣❡ ✺✳
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❆s ✉s✉❛❧ ✇r✐t❡ Φ(f) = f(H)✳ ❘❡str✐❝t t♦ f ∈ C1(s♣❡❝(A))✳ ❋✉rt❤❡r ❞❡♥♦t❡ f∆ t❤❡
✜rst ❞✐✈✐❞❡❞ s✉♠ ♦❢ f ❞❡✜♥❡❞ ♦♥ s♣❡❝(A)× s♣❡❝(A) :

f∆(λ, µ) =
f(λ)− f(µ)

λ− µ
, ✐❢ λ 6= µ,

f∆(λ, λ) = f ′(λ).

❇❛❝❦ t♦ f = exp✳ ❈❤♦♦s❡ ❛♥ ♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡ s✉❝❤ t❤❛t H = ❞✐❛❣(h1, . . . , hn)✳
❚❤❡♥ eH = ❞✐❛❣(eh1 , . . . , ehn)✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② s❡❡♥✱ t❤❛t exp ✐♥❞✉❝❡s exp : Hn →
Pn ⊂ Hn✳ ❲❡ ✇❛♥t t♦ s❤♦✇ t❤❛t D exp(H)(B) = exp∆(H) • B✺✷✱ ✇❤❡r❡ exp∆(H)
✐s t❤❡ ♠❛tr✐① ✇✐t❤ ❡♥tr✐❡s exp∆(λi, λj) ❢♦r t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ H ✐♥ t❤❡ ✜①❡❞ ♦r❞❡r
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♦✉r ❜❛s✐s✱ ✐✳❡✳ ❤♦✇ t❤❡② ♦❝❝✉r ✐♥ t❤❡ ❞✐❛❣♦♥❛❧ ❢♦r♠✳

⇒ (exp∆(H))ij =
eλi − eλj

λi − λj
, ✐❢ i 6= j,

(exp∆(H))ii = eλi .

▼♦r❡♦✈❡r t❤❡ ❝♦♠♠✉t❛t♦r ♦❢ ❛ ❤❡r♠✐t✐❛♥ ♠❛tr✐① H ❛♥❞ ❛ s❦❡✇✲s❦❡✇ ❤❡r♠✐t✐❛♥
♠❛tr✐① A ✐s ❛❣❛✐♥ ❤❡r♠✐t✐❛♥✳ ❙♦ ✇❡ ♠❛② ❛♣♣❧② D✳ ❇② ▲❡✐❜♥✐③ r✉❧❡

exp(H)A− A exp(H)

=
d

d t
e−tAeHetA

∣
∣
∣
∣
t=0

=
d

d t

∞∑

n=0

e−tAH
n

n!
etA

∣
∣
∣
∣
∣
t=0

=
d

d t

∞∑

n=0

e−tAHetAe−tAH · · ·HetAe−tAHetA

n!

∣
∣
∣
∣
∣
t=0

=
d

d t

∞∑

n=0

(e−tAHetA)n

n!

∣
∣
∣
∣
∣
t=0

= ✺✸
d

d t
exp

(
e−tAHetA

)
∣
∣
∣
∣
t=0

=
d

d t
exp

(( ∞∑

n=0

(−tA)n
n!

)

H

( ∞∑

j=0

(tA)j

j!

))∣
∣
∣
∣
∣
t=0

=
d

d t
exp

(
H +HtA− tAH +O(t2)

)
∣
∣
∣
∣
t=0

✺✷• ✐s t❤❡ ❡♥tr②✲✇✐s❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ■❢ ✐t ✐s ❝❧❡❛r t❤❛t ✇❡ ❛r❡ ✇♦r❦✐♥❣ ✇✐t❤ ❞✐✈✐❞❡❞ s✉♠✱ ✇❡
♠✐❣❤t ♦♠✐t • ✐♥ ❢✉t✉r❡✳
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=
d

d t
exp

(
H + t[H,A] +O(t2)

)
∣
∣
∣
∣
t=0

◆❡①t t❤❡ ❞✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ exp ❛❧❧♦✇s ✉s t♦ ♠♦✈❡ t❤❡ ❧✐♠❡s ❢r♦♠ t❤❡ ❞✐✛❡r❡♥t✐❛❧
q✉♦t✐❡♥t ✉♥❞❡r t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ ❛♥❞ ❤❡♥❝❡ O(t2)/t ❞r♦♣s ♦✉t✳ ❍❡♥❝❡

[exp(H), A]
d

d t
exp (H + t[H,A])

∣
∣
∣
∣
t=0

= lim
t→0

eH+t[H,A] − eH

t
= DeH([H,A]).

❋✉rt❤❡r ❞❡✜♥❡ t❤❡ s✉❜s♣❛❝❡ SCH := {[H,A] : A∗ = −A} ♦❢ t❤❡ ❝♦♠♠✉t❛t♦rs
♦❢ H ✇✐t❤ s❦❡✇✲❤❡r♠✐t✐❛♥ ♠❛tr✐❝❡s✳ ❚❤✐s ✐s ❛♥ ❛❞❞✐t✐✈❡ s✉❜s♣❛❝❡ ♦❢ Hn✱ ❛s t❤❡
❝♦♠♠✉t❛t♦r ✐s ❧✐♥❡❛r✳ ❚❤❡r❡❢♦r❡ Hn ✐♥❞✉❝❡s ❛♥ ✐♥♥❡r ♣r♦❞✉❝t tr(AB) ♦♥ SCH ✳ ❇✉t

tr([H,A], B) = tr(HAB − AHB) = tr(ABH − AHB) = tr(A[B,H]) = 0,

∀A ∈ SH, B ∈ Hn ✐❢ ❛♥❞ ♦♥❧② ✐❢ [B,H] = 0✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ [B,H] =: M
s❦❡✇ ❤❡r♠✐t✐❛♥✿ tr(AM) =

∑n
i,j=1 aijmji = 0 ❛♥❞ ❢♦r aij = aijδkiδlj − ajiδkjδli

⇒ aklmlk = 0 ❢♦r k 6= l ✐♠♣❧✐❡s mlk = 0 ❛♥❞ ❢♦r l = k✿ mll = 0 s❦❡✇✲❤❡r♠✐t✐❛♥✳
❍❡♥❝❡ M = 0✳ ❙♦

ZH := {A ∈ Hn : [A,H] = 0} ⇒ ZH ⊕ CH = Hn

ZH ♦rt❤♦❣♦♥❛❧ ❝♦♠♣❧❡♠❡♥t✳
▲❡t B ∈ SCH ⇒ B = [H,A] ❢♦r s♦♠❡ s❦❡✇✲❤❡r♠✐t✐❛♥ ♠❛tr✐① A✳ ❚❤❡♥ DeH(B) =
[exp(H), A] ❛♥❞ ✐♥ t❤❡ ❜❛s✐s ✇✐t❤ H = ❞✐❛❣(h1, . . . , hn) ⇒ eH = ❞✐❛❣(eh1 , . . . , ehn)✳
❋♦r λi 6= λj

(DeH(B))ij =
(
[exp(H), A])ij = (ehiaij − aije

hj
)

ij

=

(
ehi − ehj

hi − hj
(hi − hj)aij

)

ij

=

(
ehi − ehj

hi − hj
[H,A]ij

)

ij

=

(
ehi − ehj

hi − hj
Bij

)

ij

❋♦r hi = hj ⇒ Bij = 0 ❛♥❞ ehiaij − aije
hj = 0 s♦ t❤❡ ❡q✉❛❧✐t② ❤♦❧❞s ❛♥②✇❛②✳

❚❤❡ ♦t❤❡r ❝❛s❡ ✐s B ∈ ZH ⇒ [H,B] = 0✿ ■❢ H,B ❝♦♠♠✉t❡ ✇❡ ♠❛② ❞✐❛❣♦♥❛❧✐③❡
s✐♠✉❧t❛♥❡♦✉s❧② ✲ B = ❞✐❛❣(b1, . . . , bn) ✲ ❛♥❞ s♦

(DeH(B))ij = lim
t→0

(
eH+tB − eH

t

)

ij

✺✸e−tAHetA ✐s ❛❣❛✐♥ ❤❡r♠✐t✐❛♥✱ s✐♥❝❡ etA ✐s ✉♥✐t❛r②✱ ✐✳❡✳ exp ✇❡❧❧✲❞❡✜♥❡❞✳
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= lim
t→0

(
ehi+tbi − ehi

t

)

ij

=
(
etbibiδij

)

ij

P✉tt✐♥❣ ❛❧❧ t♦❣❡t❤❡r ✇❡ ❣❡t DeH(B) = exp∆(H) •B✳
❖✉r ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s ✭B ✐s ♥♦ ❧♦♥❣❡r ❞✐❛❣♦♥❛❧✱ s✐♥❝❡ ✐t ♠✉st ♥♦t ❝♦♠♠✉t❡
✇✐t❤ H ✲ ❜✉t ❤❡r♠✐t✐❛♥✮

‖e−H/2DeH(B)e−H/2‖2
Hn,E =

n∑

i=1

e−hi
ehi − ehj

hi − hj
Bije

−hj
ehj − ehi

hj − hi
Bji

=
n∑

i,j=1

e−hi−hj

(
ehi − ehj

)2

(hi − hj)2
|Bij|2

=
n∑

i,j=1

(
e−hi/2−hj/2ehi − e−hi/2−hj/2ehj

)2

(hi − hj)2
|Bij|2

=
n∑

i,j=1

(
ehi/2−hj/2 − e−hi/2+hj/2

)2

(hi − hj)2
|Bij|2

=
n∑

i,j=1

(
ehi/2−hj/2 − e−hi/2+hj/2

)2

(hi − hj)2
|Bij|2

=
n∑

i,j=1

(2 sinh(hi/2− hj/2))
2

(hi − hj)2
|Bij|2

=
n∑

i,j=1

sinh2(hi/2− hj/2)

((hi − hj)/2)2
|Bij|2

≥
n∑

i,j=1

|Bij|2 = tr(B∗B) = ‖B‖2
Hn,E

✇❤❡r❡ ✇❡ ✉s❡❞ ✐♥ t❤❡ ❧❛st st❡♣ t❤❛t sinh(x)
x

≥ 1, ∀x ∈ R✳

▲❡♠♠❛ ❆✳✷✳✷✻✳ ❋♦r ❛♥② ♣❛t❤ H(t) ✐♥ Hn ❛♥❞ t❤❡ ✐♥❞✉❝❡s ♣❛t❤ γ(t) = eH(t)✿

L(γ) ≥
∫ 1

0

‖H ′(t)‖Hn,E d t.✺✹

▼♦r❡♦✈❡r

L(γ) ≥ ‖(log(A)− log(B))‖Hn,E,

✇❤✐❝❤ ✐♠♣❧✐❡s δPn(A,B) ≥ ‖(log(A)− log(B))‖Hn,E✳
✺✹❚❤❡ t❛♥❣❡♥t s♣❛❝❡ t♦ Hn ✐s THn ≃ TRn ≃ R

n ≃ Hn✳



❆✳✸✳ ▲♦❝❛❧ ❙②st❡♠s ❛♥❞ DX✲♠♦❞✉❧❡s ⑤ ✶✽✶

Pr♦♦❢✳ ❇② t❤❡ ❝❤❛✐♥ r✉❧❡ γ′(t) = DeH(t)(H ′(t))✳ ❇② t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥ ❢♦r
B = H ′(t)

L(γ) =

∫ 1

0

‖eH(t)DeH(t)(H ′(t))‖Hn,E d t ≥
∫ 1

0

‖H ′(t)‖Hn,E d t.

❘❡♠❡♠❜❡r t❤❛t ✇❡ ❤❛❞ t❤❡ ❜✐❥❡❝t✐♦♥ exp : Hn → Pn✳ ❚❤❡r❡❢♦r❡ ✇❡ ♠❛② ❞❡✜♥❡
log t❤❡ ✉♥✐q✉❡ ❢✉♥❝t✐♦♥ ✇✐t❤ log(exp) = ✐❞Hn ✳ ◆♦✇ t❛❦❡ ❛ ♣❛t❤ γ ❢r♦♠ A t♦ B
✐♥ Pn✱ t❤❡♥ H(t) := log γ(t) ✐s ♣❛t❤ ❥♦✐♥✐♥❣ log(A) ❛♥❞ log(B) ✐♥ Hn✳ ❚❤❡r❡❢♦r❡
∫ 1

0
‖H ′(t)‖Hn,E d t ✐s t❤❡ ❧❡♥❣t❤ ♦❢ H(t)✳ ❘❡❝❛❧❧ t❤❛t ♦✉r ♠❡tr✐❝ ♦♥ Hn ✐s ✐♥❞✉❝❡❞ ❜②

t❤❡ ❡✉❝❧✐❞❡❛♥ ♠❡tr✐❝ ♦♥ R
n✳ ❍❡♥❝❡ ❛ ❣❡♦❞❡s✐❝ ✐♥ Hn ✐s ❛ str❛✐❣❤t ❧✐♥❡ ❛♥❞ t❤❡r❡❢♦r❡

L(γ) ≥
∫ 1

0

‖H ′(t)‖Hn,E d t ≥
∫ 1

0

‖(log(A)(1− t) + t log(B))‖Hn,E d t

=

∫ 1

0

‖(log(B)− log(A))‖Hn,E d t = ‖(log(A)− log(B))‖Hn,E.

❚❤✉s ✇❡ ❣❡t

Pr♦♣♦s✐t✐♦♥ ❆✳✷✳✷✼✳ (Pn, δPn) ✐s ❝♦♠♣❧❡t❡✳

Pr♦♦❢✳ ❚❛❦❡ ❛ ❈❛✉❝❤②✲s❡q✉❡♥❝❡ Fm ✐♥ (Pn, δPn) ❛♥❞ ❧❡t Hm = logFm ❜❡ t❤❡ ❝♦rr❡✲
s♣♦♥❞✐♥❣ s❡q✉❡♥❝❡ ✐♥ Hn✳ ❇② ❆✳✷✳✷✻✿ ∀l ∈ N, ∃N ∈ N ∀k,m ≥ N ✿

‖Hm −Hk‖Hn,E = ‖ log(Fm)− log(Fk)‖Hn,E ≤ δPn(Fm, Fk) ≤ 2−l.

❚❤❡♥ Hm ❝♦♥✈❡r❣❡s t♦ H ∈ Hn✳ ❆s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡ ✭❬❈❤❡✹✻❪✱ ♣✳ ✶✹✮ exp ✐s ❡✈❡♥
❛ ❤♦♠❡♦♠♦r♣❤✐s♠✱ ✐✳❡✳ ❝♦♥t✐♥✉♦✉s✱ ❛♥❞ ✇❡ ♠❛② ✐♥t❡r❝❤❛♥❣❡ exp ❛♥❞ t❤❡ ❧✐♠✐t t♦
r❡❝❡✐✈❡

lim
m→∞

Fm = lim
m→∞

log(Hm) = log(H) ∈ Pn.

❚❤✐s r❡s✉❧t ✐s ♦❢ ♣❛rt✐❝✉❧❛r ✐♠♣♦rt❛♥❝❡✱ ❜❡❝❛✉s❡ ✐t ❡♥❛❜❧❡s ✉s t♦ ✉s❡ s♦♠❡ r❡s✉❧ts
❢♦r ❝♦♠♣❧❡t❡ ❣❡♦❞❡s✐❝ s♣❛❝❡s✳

❆✳✸✳ ▲♦❝❛❧ ❙②st❡♠s ❛♥❞ DX✲♠♦❞✉❧❡s

❆❢t❡r ❞❡✜♥✐♥❣ ❧♦❝❛❧ s②st❡♠s ✇❡ ✇✐❧❧ r❡❝❛❧❧ t❤❡ ❘✐❡♠❛♥♥✲❍✐❧❜❡rt ❝♦rr❡s♣♦♥❞❡♥❝❡✳
❚❤❡♥ ✇❡ ✇✐❧❧ ❞❡✜♥❡ t❤❡ ♣✉s❤❢♦r✇❛r❞ ❜✉♥❞❧❡✱ ✇❤✐❝❤ ✇✐❧❧ ❛♣♣❡❛r ❛❣❛✐♥✱ ✇❤❡♥ ✇❡
❞❡✜♥❡ ♦✉r ❢✉♥❝t♦rs ❧❛t❡r ♦♥❀ ❛♥❞ r❡❝❛❧❧ t✇♦ ❡q✉✐✈❛❧❡♥t ♥♦t✐♦♥s ♦❢ r❡❣✉❧❛r✐t② ❞✉❡ t♦
❉❡❧✐❣♥❡ ❬❉❡❧✼✵❪✳
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❉❡✜♥✐t✐♦♥ ❆✳✸✳✶✳ ❆ ▲♦❝❛❧ ❙②st❡♠ L ✐s ❛ ❧♦❝❛❧❧② ❝♦♥st❛♥t s❤❡❛❢ ♦✈❡r X✳

Pr♦♣♦s✐t✐♦♥ ❆✳✸✳✷✳ ❚❤❡r❡ ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❝❛t❡❣♦r✐❡s ❜❡t✇❡❡♥ ❧♦❝❛❧ s②s✲
t❡♠s ✭♠♦❞✉❧♦ s❤❡❛❢ ✐s♦♠♦r♣❤✐s♠✮ ❛♥❞ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣
π1(X, x) → Gln(C) ✭♠♦❞✉❧♦ Gln(C)−❝♦♥❥✉❣❛t✐♦♥✮ ❢♦r ❛ ✜①❡❞ ❜❛s❡ ♣♦✐♥t x ∈ X
❛♥❞ ✢❛t ✈❡❝t♦r ❜✉♥❞❧❡s ✉♣ t♦ ●❛✉❣❡ ❡q✉✐✈❛❧❡♥❝❡✳

Pr♦♦❢✳ ❆ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❆t❦✵✽❪✱ ♣✳ ✶✸ ♦r ❘❡✐s❡rt ❬❘❡✐✶✵❪✳ ❊ss❡♥t✐❛❧❧② ✇❡
❛ss♦❝✐❛t❡ t♦ ❡❛❝❤ ✢❛t ✈❡❝t♦r ❜✉♥❞❧❡ t❤❡ s❤❡❛❢ ♦❢ s❡❝t✐♦♥s ❦✐❧❧❡❞ ❜② t❤❡ ❝♦♥♥❡❝t✐♦♥✱
✐✳❡✳ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧♦❝❛❧ s②st❡♠ ❛♥❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ r❡❝♦♥str✉❝t V ✇✐t❤ t❤❡
st❛❧❦s ♦❢ t❤❡ ❧♦❝❛❧ s②st❡♠ ❛s ✜❜❡rs✳

❈❛r❧♦s ❙✐♠♣s♦♥ ✉s❡s ❢♦r ✈❡❝t♦r ❜✉♥❞❧❡s ✇✐t❤ ❛ ✢❛t ❝♦♥♥❡❝t✐♦♥ ✲ ✐♥ ❝♦♥tr❛st t♦ ✈❡❝t♦r
❜✉♥❞❧❡s ✇✐t❤ ❝♦♥st❛♥t tr❛♥s✐t✐♦♥ ❢✉♥❝t✐♦♥ ✲ t❤❡ ♥❛♠❡ DX−♠♦❞✉❧❡✳ ❍♦✇❡✈❡r✱ ✐♥
❣❡♥❡r❛❧✿

❘❡♠❛r❦ ❆✳✸✳✸✳ ❚❤❡ s♣❛❝❡ DX ✐s t❤❡ s❤❡❛❢ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs✱ ✐✳❡✳ t❤❡ OX✲
✭r❡s♣✳ Oan

X ✲✱ EX✲✮♠♦❞✉❧❡ ❣❡♥❡r❛t❡❞✺✺ ❜② ❞❡r✐✈❛t✐♦♥s ❣✐✈❡♥ ❜② t❤❡ ✈❡❝t♦r ✜❡❧❞s ♦♥
X✳ ❆ s♣❛❝❡ V ✐s ❛♥ DX−♠♦❞✉❧❡ ✐❢ t❤❡r❡ ✐s ❛♥ ❛❝t✐♦♥ ♦❢ DX ♦♥ V ✳✺✻ ■❢ V ❤❛s t❤❡
str✉❝t✉r❡ ♦❢ ❛ ❧♦❝❛❧❧② ❢r❡❡ OX✲ ✭r❡s♣✳ Oan

X ✲✱ EX✲✮♠♦❞✉❧❡✱ ✐t ✐s t❤❡ s❛♠❡ ❛s ❡q✉✐♣♣✐♥❣
V ✇✐t❤ ❛ ✢❛t ❝♦♥♥❡❝t✐♦♥✳

❲❡ ✇✐❧❧ ✉s❡ t❤❡ DX−♠♦❞✉❧❡ ♠❛✐♥❧② ✐♥ t❤❡ ♣❛rt ♦♥ ✜❧t❡r❡❞ ✈❡❝t♦r ❜✉♥❞❧❡s✱ ✇❤❡r❡
✇❡ ❛❞❞ s♦♠❡ ♠♦r❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ✈❡❝t♦r ❜✉♥❞❧❡s r❡s♣✳ ❝♦❤❡r❡♥t s❤❡❛✈❡s✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡s✉❧ts ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❉❡❧✐❣♥❡ ❬❉❡❧✼✵❪✳

❉❡✜♥✐t✐♦♥ ❆✳✸✳✹✳ ❆ss✉♠❡ t❤❛t X = X \ {s}✳ ▲❡t (V,∇) ❜❡ ❛ DX✲♠♦❞✉❧❡ ✭✢❛t
✈❡❝t♦r ❜✉♥❞❧❡✮✱ F t❤❡ s❤❡❛❢ ♦❢ ❤♦❧♦♠♦r♣❤✐❝ s❡❝t✐♦♥s ✐♥t♦ V ✳ ❉❡♥♦t❡ j : X → X
t❤❡ ✐♥❝❧✉s✐♦♥ ❛♥❞ j∗(F) t❤❡ ♣✉s❤❢♦r✇❛r❞ s❤❡❛❢✱ ✐✳❡✳ j∗(F)(U) := F(j−1(U)) ❢♦r
❛❧❧ ♦♣❡♥ s❡ts U ⊂ X✳✺✼ ❋♦r ❛ s❤❡❛❢ F ♦❢ OX✲✭r❡s♣✳ EX−✱ Oan

X −✮♠♦❞✉❧❡s t❤❡
♣✉s❤❢♦r✇❛r❞ ✐s ❛ s❤❡❛❢ ♦❢ j∗OX−✭r❡s♣✳ j∗EX−✱ j∗Oan

X −✮♠♦❞✉❧❡s✱ ✐✳❡✳ ✐♥ t❤❡ ❝❛s❡ ♦❢
✐s♦❧❛t❡❞ ♣✉♥❝t✉r❡s j∗OX ✐s t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s ❤♦❧♦♠♦r♣❤✐❝ ♦✉ts✐❞❡ t❤❡ ♣✉♥❝t✉r❡s✳

❉❡✜♥✐t✐♦♥ ❆✳✸✳✺✳ (V, [V ]) ✇✐t❤ V ✈❡❝t♦r ❜✉♥❞❧❡ ♦♥ X✱ V ✈❡❝t♦r ❜✉♥❞❧❡ ♦♥ X ✐s
❝❛❧❧❡❞ ♠❡r♦♠♦r♣❤✐❝ ✈❡❝t♦r ❜✉♥❞❧❡ ✐✛

✭✐✮ V ❡①t❡♥❞s V ✱ ✐♥ t❡r♠s ♦❢ s❤❡❛✈❡s V ⊂ j∗V ✳

✺✺s✉♠✱ ❝♦♠♣♦s✐t✐♦♥✳
✺✻❖♥❡ ♠✐❣❤t ❞✐✛❡r❡♥t✐❛t❡ ❜❡t✇❡❡♥ ❧❡❢t ❛♥❞ r✐❣❤t DX ✲♠♦❞✉❧❡✳
✺✼j ❝♦♥t✐♥✉♦✉s ⇒ j−1(U) ♦♣❡♥✳ ❋✉rt❤❡r ❢♦r W ⊂ U t❤❡ r❡str✐❝t✐♦♥ ♠❛♣s ❛r❡ ρ∗U,W :

j∗(F)(U) → j∗(F)(W ) ❥✉st ρ∗U,W := ρj−1(U),j−1(W )✱ ✇❤❡r❡ ρj−1(U),j−1(W ) ❛r❡ t❤❡ r❡str✐❝t✐♦♥s
♦❢ F ✳



❆✳✸✳ ▲♦❝❛❧ ❙②st❡♠s ❛♥❞ DX✲♠♦❞✉❧❡s ⑤ ✶✽✸

✭✐✐✮ [V ] ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss✱ ✇✐t❤ V1 ∼ V2 ❢♦r V1, V2 ✇✐t❤ ✭✐✮ ✐✛ ∃n ∈ N s✉❝❤
t❤❛t ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❤❡❛✈❡s✺✽

znV1 ⊂ V2 ⊂ z−nV1 ⊂ j∗V .

❉❡✜♥✐t✐♦♥ ❆✳✸✳✻✳ ❆ ❢r❛♠❡ ♦❢ V ✐s ❝❛❧❧❡❞ ❛ ♠❡r♦♠♦r♣❤✐❝ ❢r❛♠❡ ♦❢ [V, [V ]] ✐❢ ✐t
r❡str✐❝ts t♦ ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢r❛♠❡ ♦❢ V ✳ ❆ ❢r❛♠❡ ♦♥ V ✐s ❝❛❧❧❡❞ ♠❡r♦♠♦r♣❤✐❝ ✐❢ ✐t ✐s
t❤❡ r❡str✐❝t✐♦♥ ♦❢ s✉❝❤ ❛ ❢r❛♠❡✳

❉❡✜♥✐t✐♦♥ ❆✳✸✳✼✳ ❆ ❤♦❧♦♠♦r♣❤✐❝ ❝♦♥♥❡❝t✐♦♥ ∇ ♦♥ V ✐s ❝❛❧❧❡❞ ♠❡r♦♠♦r♣❤✐❝ ✐❢
V ❡①t❡♥❞s t♦ ❛ ♠❡r♦♠♦r♣❤✐❝ ❜✉♥❞❧❡ ✇✐t❤ ♠❡r♦♠♦r♣❤✐❝ ❢r❛♠❡ (si) ❛♥❞ ∇ = d+A
✇✳r✳t✳ (si) ✇✐t❤ ❛❧❧ ❡♥tr✐❡s ♦❢ A ♠❡r♦♠♦r♣❤✐❝✳
❆ ❝♦♥♥❡❝t✐♦♥ ∇ ✐s r❡❣✉❧❛r ✐❢ ✐t ✐s ♠❡r♦♠♦r♣❤✐❝ ❛♥❞ ♦♥❡ ❝❛♥ ❝❤♦♦s❡ (si) s✉❝❤ t❤❛t
A ❤❛s ❛t ♠♦st ❛ ♣♦❧❡ ♦❢ ♦r❞❡r 1✳

▲❡♠♠❛ ❆✳✸✳✽ ✭❉❡❧✐❣♥❡✮✳ ▲❡t (V, h) ❜❡ ❛ ♠❡tr✐❝ ❜✉♥❞❧❡✱ V t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❧♦❝❛❧❧② ❢r❡❡ OX−s❤❡❛❢ ❛♥❞ V1 ❛♥ ❡①t❡♥s✐♦♥ ♦❢ V ✳ ❆ s❡❝t✐♦♥ s ∈ V1 ✐s ♠❡r♦♠♦r♣❤✐❝
✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❤❛s ✧♠♦❞❡r❛t❡ ❝r♦ss✐♥❣✧✱ ✐✳❡✳ ✐❢ ✐t ✐s ❜♦✉♥❞❡❞ ❜② ‖s‖h ≤ C|z|N ❢♦r
s♦♠❡ C,N > 0✳

Pr♦♦❢✳ ❚❤✐s ✐s ♣r♦♣♦s✐t✐♦♥ ✷✳✶✽✳ ❬❉❡❧✼✵❪✱ ♣✳ ✻✽✳

❘❡♠❛r❦ ❆✳✸✳✾✳ ✭✐✮ ❚❤❡r❡ ❛r❡ ✐♥❞❡❡❞ ♠❡r♦♠♦r♣❤✐❝ s❡❝t✐♦♥s ♦♥ ❛♥ ♦♣❡♥ ♥❡✐❣❤✲
❜♦✉r❤♦♦❞ ♦❢ ❛ ♣✉♥❝t✉r❡ s ✇✐t❤ ♣♦❧❡ ❛t t❤❡ ♣✉♥❝t✉r❡✱ ❡✈❡♥ ❣❧♦❜❛❧ ❢✉♥❝t✐♦♥s
♦♥ ❛❧❧ ♦❢ X ✭❝❢✳ ❋♦rst❡r ❬❋♦r✽✶❪ ✷✾✳✶✼✱ ♣✳ ✷✷✺✳✮✳

✭✐✐✮ ▲❡t (si) ❜❡ ❛ ❤♦❧♦♠♦r♣❤✐❝ ❢r❛♠❡ ♦❢ V ✳ ■❢ m ✐s ♦✉r ♠❡r♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥
❢r♦♠ (i)✱ ϕU\{s} ❛ ❧♦❝❛❧ tr✐✈✐❛❧✐③❛t✐♦♥✱ t❤❡♥ mi(x) := ϕ−1

U\{s}(x,m(x)ei) ❢♦r♠s
❛ ♠❡r♦♠♦r♣❤✐❝ ❢r❛♠❡✱ s✐♥❝❡ t❤❡ tr✐✈✐❛❧✐③❛t✐♦♥ ✐s ❛ C−✐s♦♠♦r♣❤✐s♠✳ ❍❡♥❝❡
t❤❡r❡ ❛❧✇❛②s ✐s ❛ ♠❡r♦♠♦r♣❤✐❝ ❡①t❡♥s✐♦♥ ❞❡✜♥❡❞ ❜② t❤❡ OX−s♣❛♥ ♦❢ t❤❡ mi✳

✭✐✐✐✮ ❚❤❡ st❛❧❦ ♦❢ j∗(F) ❛t s ❝♦♥s✐sts ♦❢ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ♦❢ ❧♦❝❛❧ s❡❝t✐♦♥s ♦❢ F ✳
■♥ ♣❛rt✐❝✉❧❛r ∀v ∈ j∗(F)(U), s ∈ U ∃ ❛ ♣♦ss✐❜❧② s♠❛❧❧❡r ♥❡✐❣❤❜♦✉r❤♦♦❞ V ♦❢
s s✉❝❤ t❤❛t v|V \{s} ∈ j∗(F)(V \ {s}) = F(V \ {s}) ❝❛♥ ❜❡ ✉♥✐q✉❡❧② ✐❞❡♥t✐✜❡❞
✇✐t❤ v✱ ✐✳❡✳ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ❡❧❡♠❡♥t ✐♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss ♦❢ v✳ ❚❤❡r❡❢♦r❡
❡✈❡r② s❤❡❛❢ ❤♦♠♦♠♦r♣❤✐s♠ θ ♦♥ F r✐s❡s t♦ ❛ s❤❡❛❢ ❤♦♠♦♠♦r♣❤✐s♠ ♦♥ j∗F ✳
❆♥ ✐s♦♠♦r♣❤✐s♠ ✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❲❡ ❞❡♥♦t❡ t❤❡ ♠♦r♣❤✐s♠ ♦♥ j∗F
❜② θ∗✳ ❆♥❛❧♦❣♦✉s❧② ❢♦r ❝♦♥♥❡❝t✐♦♥s D r❡s♣✳ ∇ ❤♦❧♦♠♦r♣❤✐❝✳

❚❤❡♦r❡♠ ❆✳✸✳✶✵✳ ▲❡t (V,∇) ❜❡ ❛ ✢❛t ✈❡❝t♦r ❜✉♥❞❧❡ ♦♥ X✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥
∇ ❤❛s ❛ r❡❣✉❧❛r s✐♥❣✉❧❛r✐t② ❛t s ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡❛❝❤ ❜r❛♥❝❤ ♦❢ ❛ ✢❛t ❤♦❧♦♠♦r♣❤✐❝
s❡❝t✐♦♥ e ✭∇e = 0✮ ❣r♦✇s ❛t ♠♦st ♣♦❧②♥♦♠✐❛❧❧② ❛❧♦♥❣ ❡❛❝❤ r❛② ρ ♦✉t ♦❢ s ✭✐♥ t❡r♠s
♦❢ ❛ ♠❡r♦♠♦r♣❤✐❝ ❜❛s✐s✮✳

✺✽z ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡ ✈❛♥✐s❤✐♥❣ ❛t t❤❡ ♣✉♥❝t✉r❡✳



✶✽✹ ⑤ ❆✳ ❆♣♣❡♥❞✐①

Pr♦♦❢✳ ❉❡❧✐❣♥❡ ❬❉❡❧✼✵❪✱ ♣✳ ✺✺✱ t❤❡♦r❡♠ ✶✳✶✾✳ P❛rts ♦❢ t❤❡ ♣r♦♦❢ ✐♥✈♦❧✈✐♥❣ ♠♦♥✲
♦❞r♦♠② ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❧❛t❡r✳

■♥ s✐❣♥s✿ ▲❡t D ❜❡ ❛♥ ♦♣❡♥ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ p ❝♦♥t❛✐♥✐♥❣ ♥♦ ♦t❤❡r ♣✉♥❝t✉r❡ ❛♥❞
z ❛ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡ ❛r♦✉♥❞ D✳ ❙❡t ρ(z0, t0) = {z ∈ D : z = t(t0z0 − p) + p, 0 <
t < 1, t0 ∈ R+} ❢♦r z0 6= p✳ ❋♦r t0 s♠❛❧❧ ❡♥♦✉❣❤ ❡①✐sts Uz0 ✐♥ t❤❡ tr✐✈✐❛❧✐③✐♥❣
❝♦✈❡r ♦❢ V s✉❝❤ t❤❛t ρ(z0, t0) ⊂ Uz0 ✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥ ∇ ❝❛♥ ❧♦❝❛❧❧② ❜❡ ✇r✐tt❡♥ ❛s
∇ = d + A✺✾✱ ✇✐t❤ A ❛ ♠❛tr✐① ✈❛❧✉❡❞ ♦♥❡✲❢♦r♠ ✭✹✳✷✳✺ ♦♥ ♣❛❣❡ ✶✼✹ ✐♥ ❬❍✉②✵✺❪✮
✇✳r✳t✳ ❛ ♠❡r♦♠♦r♣❤✐❝ ❢r❛♠❡ ♦❢ V ♦♥ U ✱ ❡✳❣✳ t❤❡ ♠❡r♦♠♦r♣❤✐❝ ❢r❛♠❡ ❝♦♥str✉❝t❡❞
❜❡❢♦r❡ t❤❡ ❧❛st ❡①❛♠♣❧❡✳ ❚❤❛♥ ∇s = 0 ⇔ ds = −As✱ ✐✳❡✳ ❛♥ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧
❡q✉❛t✐♦♥ ✇❤✐❝❤ ❝❛♥ ❜❡ s♦❧✈❡❞ ✐♥ s♦♠❡ s♠❛❧❧ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ ❛♥ ✐♥✐t✐❛❧ ✈❛❧✉❡ ❛♥❞
❜② ✢❛t♥❡ss ♦❢ t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡ ❡①t❡♥❞❡❞ ❛❧♦♥❣ s♦♠❡ ♣❛t❤s✳✻✵ ❆s ❧♦♥❣ ❛s ✇❡ st❛②
✐♥ s♦♠❡ ❝♦♥tr❛❝t✐❜❧❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ t❤❡ s♦❧✉t✐♦♥ ✇✐❧❧ ❜❡ s✐♥❣❧❡✲✈❛❧✉❡❞✱ ✐♥ ❣❡♥❡r❛❧
♠✉❧t✐✈❛❧✉❡❞ ✭❡✳❣✳ ♣♦ss✐❜❧❡ ♦♥D\{p}✮✳ ■❢ ♥❡❝❡ss❛r② r❡str✐❝t Uz0 t♦ ❛ ♣♦ss✐❜❧② s♠❛❧❧❡r
♥❡✐❣❤❜♦✉r❤♦♦❞ ♥❛♠❡❞ Uz0 ❛s ✇❡❧❧✳ ▲❡t ϕUz0

❞❡♥♦t❡ t❤❡ tr✐✈✐❛❧✐③❛t✐♦♥ ♦♥ Uz0 ❛♥❞
ρz0(t) ❜❡ ❛ ♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ ρ(z0, t0) ✇✐t❤ ρ(z0, t0) ⊂ Uz0 ❛♥❞ limt→0 ρz0(t) = p✳
◆♦✇ ∇ ❤❛s ❛ r❡❣✉❧❛r s✐♥❣✉❧❛r✐t② ❛t p ✐✛ ∀z0∀ρz0(t)∀s ✭♠✉❧t✐✈❛❧✉❡❞✮ ❤♦r✐③♦♥t❛❧
s❡❝t✐♦♥ s ♦♥ Uz0 ✿ ∃k ∈ N∃c ∈ R+

|♣rmϕUz0
s(ρz0(t))| ≤ c|t|−k ∀2 ≤ m ≤ n+ 1, t s♠❛❧❧ ❡♥♦✉❣❤.✻✶

❆✳✹✳ ❊♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡

❚❤✐s s❡❝t✐♦♥ ♦♥ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡ st❛rts ✇✐t❤ ❛ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♥str✉❝t✐♦♥
♦❢ ❛ ♠❡tr✐❝ ♦♥ ❊♥❞(E) ❛s ✇❡❧❧ ❛s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ✐♥❞✉❝❡❞ ❞✐✛❡r❡♥t✐❛❧
♦♣❡r❛t♦rs✳ ❚❤✐s s✉❜s❡❝t✐♦♥ ✐s ♦❢ ♣❛rt✐❝✉❧❛r ✐♠♣♦rt❛♥❝❡✱ s✐♥❝❡ ✐t ✇✐❧❧ ❜❡ ♦❢t❡♥
❛❞✈❛♥t❛❣❡♦✉s t♦ ❝♦♥s✐❞❡r t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡ ✐♥st❡❛❞ ♦❢ E ✐ts❡❧❢✱ ✐♥ ♦r❞❡r
t♦ ❣❡t t❤❡ r✐❣❤t r❡s✉❧t✳ ❙♦ ✇❡ ✇✐❧❧ ♦❢t❡♥ ✉s❡ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥✳
❈♦♥s✐❞❡r t❤❡ ❜✉♥❞❧❡ ❊♥❞(E) ♦✈❡r X✳ ■❢ (E, h) ✐s ❛ ❤❡r♠✐t✐❛♥ ❜✉♥❞❧❡
✇✐t❤ ♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡ (ei)1≤i≤n✱ t❤❡♥ h∗(e∗i , e

∗
j) = δij ❞❡✜♥❡s ❛ ❤❡r♠✐✲

t✐❛♥ s❝❛❧❛r ♣r♦❞✉❝t ♦♥ E∗✱ ✇❤❡r❡ (e∗i )1≤i≤n ✐s t❤❡ ❞✉❛❧ ❜❛s✐s✳ ❘❡❝❛❧❧ t❤❛t
❊♥❞(E) ≃ E∗ ⊗ E ✈✐❛ t❤❡ ✐s♦♠♦r♣❤✐s♠ f : ϕ 7→ ∑n

i=1(e
∗
i ◦ ϕ) ⊗ (ei)✳ ◆♦✇

h❊♥❞(ϕ, χ) :=
∑n

i,j=1 h
∗(e∗i ◦ ϕ, e∗j ◦ χ)h(ei, ej)✳ ❖❜✈✐♦✉s❧② t❤✐s ✐s ❛ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡

❤❡r♠✐t✐❛♥ ✐♥♥❡r ♣r♦❞✉❝t✳

✺✾d ✐s t❤❡ tr✐✈✐❛❧ ❝♦♥♥❡❝t✐♦♥✱ ✐✳❡✳ d
∑n

i=1 αisi =
∑n

i=1(dαi)si✱ si ❢r❛♠❡✳
✻✵❋❧❛t♥❡ss ❣✉❛r❛♥t❡❡s t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❝❤♦s❡♥ ♣❛t❤✳
✻✶■♥ ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥ s st❛♥❞s ❢♦r ❛ ❧♦❝❛❧ ❤♦r✐③♦♥t❛❧ s❡❝t✐♦♥ ♦♥ U ♦r ❛ ❜r❛♥❝❤ ♦❢ ❛ ♠✉❧t✐✈❛❧✉❡❞

❤♦r✐③♦♥t❛❧ s❡❝t✐♦♥✳
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❚♦ ✐♥tr♦❞✉❝❡ ❛ ❝♦♥♥❡❝t✐♦♥ ♦♥ ❊♥❞(E) ≃ E∗ ⊗ E r❡❝❛❧❧ t❤❡ ✐♥❞✉❝❡❞ ❝♦♥♥❡❝t✐♦♥ ♦♥
E∗✿ D∗(f)(s) = d(f(s))−f(D(s)), f ∈ E∗, ∀s ∈ E✳ ❍❡r❡ D ✐s ♠❡tr✐❝ ❛♥❞ h∗ ✐s t❤❡
✐♥❞✉❝❡❞ ♠❡tr✐❝✳ ■❢ (E, h) ✐s ❛ ❤❡r♠✐t✐❛♥ ❜✉♥❞❧❡ ✇✐t❤ ♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡ (ei)1≤i≤n✱
t❤❡♥ h∗(e∗i , e

∗
j) = δij ❞❡✜♥❡s ❛ ❤❡r♠✐t✐❛♥ s❝❛❧❛r ♣r♦❞✉❝t ♦♥E∗✱ ✇❤❡r❡ (e∗i )1≤i≤n ✐s t❤❡

❞✉❛❧ ❜❛s✐s✳ ❘❡❝❛❧❧ t❤❛t t❤❡r❡ ✐s ❛♥ ❛♥t✐✲❧✐♥❡❛r ❜✐❥❡❝t✐♦♥ E → E∗, ξ → h(·, ξ) = ξ∗✳
❖✉r ♠❡tr✐❝ ❜❡❝♦♠❡s

h∗(ξ∗, η∗) = h∗(
n∑

i=1

ξie
∗
i ,

n∑

j=1

ηie
∗
i ) =

n∑

i=1

ξiηi

=
n∑

i=1

ξiηih(ei, ei) = h(
n∑

i=1

ξiei,

n∑

j=1

ηjej)

= h(ξ, η),

✐✳❡✳ ✇❡ ❝♦✉❧❞ ❡q✉❛❧❧② ❞❡✜♥❡ h∗(ξ∗, η∗) = h(ξ, η)✳✻✷ ❖✉r ✐♥❞✉❝❡❞ ❝♦♥♥❡❝t✐♦♥ s❛t✐s✜❡s
D∗(ξ

∗)(η) = D∗(h(η, ξ)) = dh(η, ξ) − h(Dη, ξ)✳ ■❢ D ✐s ♠❡tr✐❝✱ t❤❛♥ D∗(ξ
∗)(η) =

(Dξ)∗(η)✳ ❋✉rt❤❡r

dh∗(ξ∗, η∗) = dh(ξ, η) = h(Dξ, η) + h(ξ,Dη)

= h∗((Dξ)∗, η∗) + h∗(ξ∗, (Dη)∗)

= h∗(D∗(ξ
∗), η∗) + h∗(ξ∗, D∗(η

∗)).

◆♦✇ ✇❡ ❤❛✈❡ s❡❡♥✱ t❤❛t ♦♥ t❤❡ t❡♥s♦r ♣r♦❞✉❝t E⊗E∗ ≃ ❊♥❞(E) ❛ ♠❡tr✐❝ ✐s ❞❡✜♥❡❞
❜② hE⊗E∗((s, ξ∗), (r, η∗)) = h(s, r)h∗(ξ∗, η∗)✳ D ✐♥❞✉❝❡s ❛ ❝♦♥♥❡❝t✐♦♥ DE⊗E∗ =
D ⊗ 1 + 1⊗D∗✳ ■❢ D ✐s ♠❡tr✐❝ s♦ ✐s DE⊗E∗ ✿

dhE⊗E∗((s, ξ∗), (r, η∗))

= (dh(s, r))h∗(ξ∗, η∗) + h(s, r)(dh∗(ξ∗, η∗))

= (h(Ds, r) + h(s,Dr))h(ξ, η) + h(s, r)(h∗(D∗ξ
∗, η∗) + h∗(ξ∗, D∗η

∗))

= hE⊗E∗((D ⊗ 1 + 1⊗D∗)(s, ξ
∗), (r, η∗))

+hE⊗E∗((s, ξ∗), (D ⊗ 1 + 1⊗D∗)(r, η
∗)).

❋✐♥❛❧❧② ✇❡ ✇❛♥t t♦ ✜♥❞ t❤❡ ✐♥❞✉❝❡❞ ♠❡tr✐❝ ♦♥ ❊♥❞(E)✳ ❲❡ ❤❛✈❡

E ⊗ E∗ → ❊♥❞(E),

(ξ, η∗) 7→ {s→ η∗(s)ξ = h(s, η)ξ}
❊♥❞(E) → E ⊗ E∗,

ϕ 7→
n∑

i=1

ei ⊗ (e∗i ◦ ϕ) =
n∑

i=1

ei ⊗ h(ϕ·, ei)

✻✷❈♦♥❥✉❣❛t✐♦♥ s✐♥❝❡ αξ∗ = αh(·, ξ) = h(·, αξ) = (αξ)∗✳
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❍❡♥❝❡ ✇❡ ❞❡✜♥❡ t❤❡ ♠❡tr✐❝ ♦♥ ❊♥❞(E) ❛s t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ t❤❡ ♠❡tr✐❝ ♦♥ E ⊗ E∗✿

h❊♥❞(ϕ, ψ) := hE⊗E∗

(
n∑

i=1

ei ⊗ h(ϕ·, ei),
n∑

j=1

ej ⊗ h(ψ·, ej)
)

=
n∑

i,j=1

hE⊗E∗ (ei ⊗ h(ϕ·, ei), ej ⊗ h(ψ·, ej))

=
n∑

i,j=1

hjih
∗((ϕ∗ei)

∗, (ψ∗ej)
∗)

=
n∑

i,j=1

hjih(
n∑

j=1

ϕilel,

n∑

j=1

ψjkek)

=
n∑

i,j,l,k=1

hjiψjkhklϕil

= tr(Hψ∗Hϕ)

= tr(ψ∗ϕ) ❢♦r (ei) ♦rt❤♦♥♦r♠❛❧✱ ✐✳❡✳ H = E

= ‖ϕ‖2F ❢♦r ϕ = ψ.

■♥ ❣❡♥❡r❛❧ ❢♦r ϕ = ψ ✇❡ st✐❧❧ ❤❛✈❡ ❛ ♥♦r♠ ‖Hϕ‖2F ❜② H∗ = H✳ ❯s✉❛❧❧② ✇❡ ❞❡✜♥❡
H ♦♥ ❛ ❜❛s✐s (ei) ❛s hij = h(ej, ei)✳

❘❡♠❛r❦ ❆✳✹✳✶✳ ✭✐✮ ❚❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦♥ ❊♥❞(E) ✐s ❥✉st t❤❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t
✐♥♥❡r ♣r♦❞✉❝t✱ ✐✳❡✳ h❊♥❞(A,B) =

∑n
i=1 h(Aei, Bei) = tr(B∗A) =

∑n
i,j=1 ajibji

❢♦r ei ♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦r♠ ✐s t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠✳
❚❤✐s ❥✉st✐✜❡s ♦✉r ❝❤♦✐❝❡ ♦❢ t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠✳
❋✉rt❤❡r ✇❡ s❡❡ t❤❛t h❊♥❞(A,B) = h❊♥❞(E,A

∗B)✳ ❊✈❡♥ ♠♦r❡ h❊♥❞(A,BC) =
h❊♥❞(AC

∗, B) ❢♦r ♠❛tr✐❝❡s A,B,C ✐♥ ♦rt❤♦♥♦r♠❛❧ ❝♦♦r❞✐♥❛t❡s H = E✳ ❚❤❡
❧❛st ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢♦r ❡①❛♠♣❧❡ ❜②

h❊♥❞(A,BC) = tr(HAH(BC)∗) = tr(HAHC∗B∗)
H=E
= tr(AC∗EB∗)

= h❊♥❞(AC
∗, B).

✭✐✐✮ ■❢ ✇❡ ❤❛✈❡ t♦ ❞✐✛❡r ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♠❡tr✐❝s ✇❡ ✇✐❧❧ s♦♠❡t✐♠❡s ❞❡♥♦t❡
‖ϕ‖H := tr(ϕ∗HϕH)✳

✭✐✐✐✮ ❚❤❡ ✐♥❞✉❝❡❞ ♥♦r♠ ♦♥ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♦r✐❣✲
✐♥❛❧ ♥♦r♠ H ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿

‖ϕ(e)‖2h ≤ tr(ϕ∗HϕH)

tr(H2)
‖e‖2h =

‖ϕ‖2H
‖E‖2H

,

❢♦r ❛♥② s❡❝t✐♦♥ e ∈ E✳
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❘❡♠❛r❦ ❆✳✹✳✷✳ ❇❡❢♦r❡ ✇❡ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❝♦♥♥❡❝t✐♦♥s ♦♥ t❤❡
❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡ ❛ s❤♦rt ✐♥t❡r❧✉❞❡ ♦♥ ❜✉♥❞❧❡s ✇✐t❤ ❞✐✛❡r❡♥t ♠❡tr✐❝s✳ ❆ss✉♠❡
t❤❛t ✇❡ ✇❛♥t t♦ ✜♥❞ ❛♥ ✐♥♥❡r ♣r♦❞✉❝t ❢♦r ♠❛♣s ❢r♦♠ (E, h) t♦ (E, k) ❢♦r t✇♦
❞✐✛❡r❡♥t ♠❡tr✐❝s ♦♥ t❤❡ s❛♠❡ ❜✉♥❞❧❡ E✳ ❋r♦♠ t❤❡ ♣r❡✈✐♦✉s ❝❛❧❝✉❧❛t✐♦♥ ✇❡ r❡❛❞ ♦✛
✭✉s✐♥❣ t❤❡ ❣❡♥❡r❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥ ❍♦♠(V,W ) → V ∗ ⊗W, f 7→∑n

i=1w
∗
i ◦ f ⊗wi ❢♦r

wi ❜❛s✐s ♦❢ W ✳✮

h❊♥❞,h→k(ϕ, ψ) :=
n∑

i,j=1

k(ei, ek)h
∗ (ei ⊗ k(ϕ·, ei), ej ⊗ k(ψ·, ej)) .

▲❡t ej ❜❡ ❛♥ k−♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡ ❛♥❞ ❞❡♥♦t❡ ❛❧❧ ♠❛tr✐❝❡s ✐♥ t❤✐s ❢r❛♠❡✳ ▲❡t K =
E ❜❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ k ❛♥❞H t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢H✳ ❙✐♥❝❡ h(ei, ej) = e∗jHei
✇❡ ❤❛✈❡

k(e, f) = f ∗Ke = f ∗K1/2H−1/2HH−1/2K1/2e

= h(H−1/2K1/2e,H−1/2K1/2f)

= h(H−1/2e,H−1/2f), e, f ∈ E,K = E.

❚❤❡♥

h❊♥❞,h→k(ϕ, ψ)

=
n∑

i,j=1

k(ei, ej)h
∗ (k(H−1/2K1/2·, . . .

. . . H−1/2K1/2ϕ∗ei), k(H
−1/2K1/2·, H−1/2K1/2ψ∗ej)

)

=
n∑

i,j=1

Ejih
∗ (h(·, K1/2H−1K1/2ϕ∗ei), h(·, K1/2H−1K1/2ψ∗ej)

)

= tr(KK1/2H−1K1/2ψ∗HK1/2H−1K1/2ϕ)

= tr(H−1ψ∗ϕ), K = E

= 〈ϕH−1/2, ψH−1/2〉HS.

■♥st❡❛❞ ♦❢ ❛ k−♦rt❤♦♥♦r♠❛❧ ❢r❛♠❡ ✇❡ ♠❛② ❝❤♦♦s❡ ❛ K1/2H−1K1/2−♦rt❤♦♥♦r♠❛❧
♦♥❡✳✻✸ ❚❤❡♥ ♥♦r♠ ❜❡❝♦♠❡s ‖ϕ‖2❊♥❞,h→k = tr(Kϕ∗Hϕ) = 〈Hϕ,ϕK〉HS =
|〈Hϕ,ϕK〉HS| ≤ ‖Hϕ‖F‖Kϕ‖F ❜② ❈❛✉❝❤②✲❙❝❤✇❛r③✳ ❲❡ ✇✐❧❧ ❧❛t❡r ♦♥ ✉s❡ t❤❛t
t❤❡ ❧❛st ❢♦r♠✉❧❛ s❤♦✇s✿ ■❢ ϕ ✐s Lp−✐♥t❡❣r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ h ❛♥❞ ✇✐t❤ r❡s♣❡❝t
t♦ k t❤❡♥ ϕ ✐s Lp−✐♥t❡❣r❛❜❧❡ ✇✳r✳t✳ ‖ · ‖❊♥❞,h→k✳
❋✉rt❤❡r♠♦r❡ ♥♦t❡ t❤❛t ✇❡ ❞✐❞♥✬t ✉s❡ ❛♥② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡✱
t❤❛t ❛ ❣❡♥❡r❛❧ ❤♦♠♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡ ❞♦❡s ♥♦t ❤❛✈❡✳ ■♥❞❡❡❞ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥

✻✸K1/2H−1K1/2 ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ s✐♥❝❡ z∗K1/2H−1K1/2z = (K1/2z)∗H−1(K1/2z) > 0 ❜②
K1/2 ✐♥✈❡rt✐❜❧❡✱ H ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡✳
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❍♦♠(V,W ) → V ∗ ⊗W, f 7→ ∑n
i=1w

∗
i ◦ f ⊗ wi ❢♦r wi ❜❛s✐s ♦❢ W ✇♦r❦s ♣❡r❢❡❝t❧②

✇✐t❤ ❣❡♥❡r❛❧ ❤♦♠♦♠♦r♣❤✐s♠✳ ❆s ✇❡❧❧ t❤❡ ❜❛s✐s (wi) ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ r❛♥❣❡❀
t❤❡ ✉s✉❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥ ✇✐t❤ X ×C

n ✈✐❛ tr✐✈✐❛❧✐③❛t✐♦♥s ❧❡❛❞s t♦ ❛ ❝♦♠♣❛t✐❜❧❡ ❜❛s✐s
✐♥ V ✳

❚❤❡ ❝♦♥♥❡❝t✐♦♥ D ❜❡❝♦♠❡s

DE⊗E∗(ϕ) :=
n∑

i=1

Dei ⊗ h(ϕ·, ei) + ei ⊗D∗ (h(ϕ·, ei))

=
n∑

i=1

Dei ⊗ h(ϕ·, ei) + ei ⊗D∗(ϕ
∗ei)

∗

=
n∑

i=1

Dei ⊗ h(ϕ·, ei) + ei ⊗ dh(ϕ, ei)− ei ⊗ h(ϕD·, ei)

⇒ D❊♥❞(ϕ) :=
n∑

i=1

Deih(ϕ·, ei) + eidh(ϕ·, ei)− eih(ϕD·, ei)

=
n∑

i=1

Deih(ϕ·, ei) + eidh(ϕ·, ei)− ϕD

=
n∑

i=1

D(eih(ϕ·, ei))− ϕD = D(
n∑

i=1

eih(ϕ·, ei))− ϕD

= Dϕ− ϕD.

❇② ❝♦♥str✉❝t✐♦♥ t❤✐s ❝♦♥♥❡❝t✐♦♥ ✐s ♠❡tr✐❝ ❛❣❛✐♥✳

❘❡♠❛r❦ ❆✳✹✳✸✳ ei ✐♥❞✉❝❡s ❛ ❜❛s✐s ♦♥ ❊♥❞(E) ❜② e∗j ⊗ ei✱ ✇❤✐❝❤ ❛s ❛ ♠❛tr✐① ❧♦♦❦s
❧✐❦❡ (Eij)lk = δilδjk ✲ ❛❧❧ ❡♥tr✐❡s 0 ❛♣❛rt ❢r♦♠ t❤❡ (i, j)−❡♥tr② 1✳ ■❢ ei ✐s D−✢❛t✱
t❤❡♥ ❢♦r s =

∑n
k=1 skek

(DEij − EijD)(s) = Dsjei − Eij

n∑

k=1

Dek ⊗ sk + ek ⊗ dsk

= Dei ⊗ sj + ei ⊗ dsj − Eij(
n∑

k=1

ek ⊗ dsk)

= ei ⊗ dsj − ei ⊗ dsj

= 0.

❍❡♥❝❡ Eij ✐s ❛ D−✢❛t ❢r❛♠❡✳

❲❡ s❤♦✇❡❞✿
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▲❡♠♠❛ ❆✳✹✳✹✳ ❆ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ D = ∂E + ∂E ♦♥ ❛ ❤❡r♠✐t✐❛♥ ❜✉♥❞❧❡ E
✐♥❞✉❝❡s ❛ ♠❡tr✐❝ ❝♦♥♥❡❝t✐♦♥ D0

❊♥❞ : Γ(U,❊♥❞(E)) → Γ(U,❊♥❞(E))⊗ Ω1
X ❜②

D0
❊♥❞(ϕ) := [D❊♥❞, ϕ] = Dϕ(s)− ϕ(Ds), s ∈ Γ(U,E), ϕ ∈ Γ(U,❊♥❞(E)).✻✹

❲❡ s❡❡ t❤❛t ✐t ♦❜❡②s t❤❡ ▲❡✐❜♥✐③ r✉❧❡

D0
❊♥❞(ϕ⊗ α) = D(ϕ⊗ α)(s)− (ϕ⊗ α)(Ds)

= Dϕ(s)⊗ α + ϕ(s)⊗ dα− ϕD(s)⊗ α

= D0
❊♥❞(ϕ)(s)⊗ α + ϕ(s)⊗ dα,

❢♦r s ∈ Γ(U,E), ϕ ∈ Γ(U,❊♥❞(E)), α ∈ Γ(U,C)✳
❇② t❤❡ r❡q✉✐r❡♠❡♥t D1

❊♥❞(ϕ⊗ ω) = D1
❊♥❞(ϕ)⊗ ω + ϕ⊗ dω ✇❡ ❣❡t ❢✉rt❤❡r

D1
❊♥❞ : Γ(U,❊♥❞(E))⊗ Ω1

X → Γ(U,❊♥❞(E))⊗ Ω2
X ,

D1
❊♥❞(ϕ⊗ ω)(s) = D1(ϕ⊗ ω)(s) + (ϕ⊗ ω)D0(s)

= D0(ϕ)(s)⊗ ω + ϕ(s)⊗ dω + (ϕ⊗ ω)(sD0 ⊗ ωD0)

= D0(ϕ)(s)⊗ ω + ϕ(s)⊗ dω + (ϕ(sD0)⊗ ω ∧ ωD0)

= D0(ϕ)(s)⊗ ω + ϕ(s)⊗ dω − (ϕ(sD0)⊗ ωD0 ∧ ω)
= D0(ϕ)(s)⊗ ω + ϕ(s)⊗ dω − (ϕD0)(s) ∧ ω
= ((D0ϕ− ϕD0)⊗ ω)(s) + ϕ(s)⊗ dω

= D0
❊♥❞(ϕ)⊗ ω(s) + ϕ(s)⊗ dω.

❚❤❡ ❝✉r✈❛t✉r❡ ♦❢ D❊♥❞ ✐s

D1
❊♥❞D

0
❊♥❞(ϕ) = D1

❊♥❞(Dϕ− ϕD) = D2ϕ−DϕD +DϕD − ϕD2

= [D2, ϕ] = ❛❞(D2)(ϕ).

❘❡♠❛r❦ ❆✳✹✳✺✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ❡①t❡♥❞s ♥❛t✉r❛❧❧② t♦ ❤✐❣❤❡r ♦r❞❡r ❞✐✛❡r❡♥t✐❛❧
♦♣❡r❛t♦rs✳ ❋♦r t✇♦ ♦♣❡r❛t♦rs DE, DF ♦❢ t❤❡ s❛♠❡ ❞❡❣r❡❡ (p, q) ♦♥ E r❡s♣✳ F t❤❡
✐♥❞✉❝❡❞ ♦♣❡r❛t♦r ♦♥ ❍♦♠(E,F ) ✐s ❥✉st D❍♦♠(E,F )(ϕ) = DFϕ+(−1)p+qϕDE✳ ❚❤✐s
❢♦❧❧♦✇s ❞✐r❡❝t❧② ❜② ❛❞❞✐♥❣ s♦♠❡ ✐♥❞✐❝❡s ✐♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❛❜♦✈❡✳

▲❡t✬s t❛❦❡ ❛♥♦t❤❡r ❧♦♦❦ ❛t t❤❡ ❝✉r✈❛t✉r❡ ✐♥ ❣❡♥❡r❛❧✳ ◆♦t❡ t❤❛t ❢♦r ❛♥② ❤❡r♠✐t✐❛♥
❝♦♥♥❡❝t✐♦♥ D ♦♥ ❛♥② ❤♦❧♦♠♦r♣❤✐❝ ❜✉♥❞❧❡ E ′✿

hE′(D2s, s) + hE′(s,D2s)

= dhE′(Ds, s) + hE′(Ds,Ds) + dhE′(s,Ds)− hE′(Ds,Ds)

✻✹ϕ = ϕt ⊗ ηϕ ❛❝ts ♦♥ s⊗ ω ❜② ϕ(s⊗ ω) = {x 7→ (ϕt(x))(s(x))⊗ (ηϕ ∧ ω)(x)✳
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= dhE′(Ds, s) + dhE′(s,Ds)

= d2hE′(s, s) = 0, s ∈ Γ(X,E ′)

⇒ hE′(D2s, s) + hE′(s,D2s) = hE′(D2s, s) + hE′(D2s, s) = 0

⇒ hE′(D2s, s) ✐♠❛❣✐♥❛r② ❢♦r♠✱ ✐✳❡✳ f d z ∧ d z, f r❡❛❧✳✻✺

■♥ ♦✉r ❝❛s❡ E ′ = ❊♥❞(E)✳

✻✺❚❤❡ ♥❛♠❡ ✐♠❛❣✐♥❛r② ❝♦♠❡s ❢r♦♠ d z ∧ d z = −2i dx ∧ d y✱ ✐✳❡✳ ❛s ❛ r❡❛❧ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠ t❤❡
❢✉♥❝t✐♦♥ ♣❛rt ✐s ✐♠❛❣✐♥❛r②✳
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❬❇✐q✾✼❪ ❖✳ ❇✐q✉❛r❞✱ ❋✐❜rés ❞❡ ❍✐❣❣s ❡t ❝♦♥♥❡①✐♦♥s ✐♥té❣r❛❜❧❡s✿ ❧❡ ❝❛s ❧♦❣❛r✐t❤♠✐q✉❡ ✭❞✐✈✐s❡✉r
❧✐ss❡✮✱ ❆♥♥✳ ❙❝✐✳ ➱❝♦❧❡ ◆♦r♠✳ ❙✉♣✳ ✸✵ ✭✶✾✾✼✮✱ ✹✶✲✾✻✳

❬❇♦♦✼✺❪ ❲✐❧❧✐❛♠ ❇♦♦t❤❜②✱ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❞✐✛❡r❡♥t✐❛❜❧❡ ♠❛♥✐❢♦❧❞s ❛♥❞ ❘✐❡♠❛♥♥✐❛♥ ❣❡♦♠✲
❡tr②✱ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ◆❡✇ ❨♦r❦✱ ✶✾✼✺✳

❬❇♦✉✵✼❪ ❇♦✉r❜❛❦✐✱ ❱❛r✐étés ❞✐✛ér❡♥t✐❡❧❧❡s ❡t ❛♥❛❧②t✐q✉❡s✱ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✵✼✳

❬❈❤❡✹✻❪ ❈❧❛✉❞❡ ❈❤❡✈❛❧❧❡②✱ ❚❤❡♦r② ♦❢ ▲✐❡ ●r♦✉♣s✱ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✹✻✳

❬❈●✼✺❪ ▼❛✉r✐③✐♦ ❈♦r♥❛❧❜❛ ❛♥❞ P❤✐❧❧✐♣ ●r✐✣t❤s✱ ❆♥❛❧②t✐❝ ❈②❝❧❡s ❛♥❞ ❱❡❝t♦r ❇✉♥❞❧❡s ♦♥ ◆♦♥✲
❈♦♠♣❛❝t ❆❧❣❡❜r❛✐❝ ❱❛r✐❡t✐❡s✱ ■♥✈❡♥t✐♦♥❡s ♠❛t❤✳ ✷✽ ✭✶✾✼✺✮✱ ✶✲✶✵✻✳

❬❈♦r✽✽❪ ❑❡✈✐♥ ❈♦r❧❡tt❡✱ ❋❧❛t G✲❜✉♥❞❧❡s ✇✐t❤ ❝❛♥♦♥✐❝❛❧ ♠❡tr✐❝s✱ ❏✳ ❉✐✛❡r❡♥t✐❛❧ ●❡♦♠✳ ✷✽ ✭✶✾✽✽✮✱
♥♦✳ ✸✱ ✸✻✶✲✸✽✷✳

❬❈♦r✾✸❪ ❑❡✈✐♥ ❈♦r❧❡tt❡✱ ◆♦♥❛❜❡❧✐❛♥ ❍♦❞❣❡ t❤❡♦r②✱ Pr♦❝✳ ❙②♠♣✳ P✉r❡ ▼❛t❤✳ ✺✹ ✭✶✾✾✸✮✱ ♥♦✳ ✷✱
✶✷✺✲✶✹✵✳

❬❈P❘✾✸❪ ●✉st❛✈♦ ❈♦r❛❝❤✱ ❍♦r❛❝✐♦ P♦rt❛✱ ▲á③❛r♦ ❘❡❝❤t✱ ❚❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ s♣❛❝❡ ♦❢ s❡❧❢❛❞✲
❥♦✐♥t ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥ts ✐♥ ❛ C∗−❛❧❣❡❜r❛✱ ■♥t❡❣r❛❧ ❊q✉❛t✐♦♥s ❛♥❞ ❖♣❡r❛t♦r ❚❤❡♦r② ✶✻
✭✶✾✾✸✮✱ ♥♦✳ ✸✱ ✸✸✸✲✸✺✾✳

❬❉❛❤✼✼❪ ❊✳ ❏✳ ❉❛❤❧❜❡r❣✱ ❖♥ ❡①❝❡♣t✐♦♥❛❧ s❡ts ❛t t❤❡ ❜♦✉♥❞❛r② ❢♦r s✉❜❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✱ ❆r❦✳
▼❛t❤✳ ✶✺ ✭✶✾✼✼✮✱ ✸✵✺✲✸✶✷✳



✶✾✷ ⑤ ❘✳ ❘❡❢❡r❡♥❝❡s

❬❉❛r✾✹❪ ❘✳❲✳❘✳ ❉❛r❧✐♥❣✱ ❉✐✛❡r❡♥t✐❛❧ ❋♦r♠s ❛♥❞ ❈♦♥♥❡❝t✐♦♥s✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱
✶✾✾✹✳

❬❉❡❧✼✵❪ P✐❡rr❡ ❉❡❧✐❣♥❡✱ ❊q✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s à P♦✐♥ts ❙✐♥❣✉❧✐❡rs ❘é❣✉❧✐❡rs✱ ❱♦❧✳ ✶✻✸✱ ✶✾✼✵✳

❬❉❍✽✼❪ P✐❡rr❡ ❉❡❧✐❣♥❡ ❛♥❞ ❉✳ ❍✉s❡♠ö❧❧❡r✱ ❙✉r✈❡② ♦❢ ❉r✐♥❢❡❧❞ ♠♦❞✉❧❡s✱ ❱♦❧✳ ✻✼✱ ✶✾✽✼✳

❬❉♦♥✽✺❪ ❙✐♠♦♥ ❑✳ ❉♦♥❛❧❞s♦♥✱ ❆♥t✐ s❡❧❢✲❞✉❛❧ ❨❛♥❣✲▼✐❧❧s ❝♦♥♥❡❝t✐♦♥s ♦✈❡r ❝♦♠♣❧❡① ❛❧❣❡❜r❛✐❝
s✉r❢❛❝❡s ❛♥❞ st❛❜❧❡ ✈❡❝t♦r ❜✉♥❞❧❡s✱ Pr♦❝✳ ▲♦♥❞♦♥ ▼❛t❤✳ ❙♦❝✳ ✺✵ ✭✶✾✽✺✮✱ ♥♦✳ ✸✱ ✶✲✷✻✳

❬❉♦♥✽✼❪ ❙✐♠♦♥ ❑✳ ❉♦♥❛❧❞s♦♥✱ ■♥✜♥✐t❡ ❞❡t❡r♠✐♥❛♥ts✱ st❛❜❧❡ ❜✉♥❞❧❡s✱ ❛♥❞ ❝✉r✈❛t✉r❡✱ ❉✉❦❡ ▼❛t❤✳
❏✳ ✺✹ ✭✶✾✽✼✮✱ ✷✸✶✲✷✹✼✳

❬❉❡❧✼✵❪ P✐❡rr❡ ❉❡❧✐❣♥❡✱ ❊q✉❛t✐♦♥s ❞✐✛ér❡♥t✐❡❧❧❡s à ♣♦✐♥ts s✐♥❣✉❧✐❡r❡s ré❣✉❧✐❡r❡s✱ ▲❡❝t✉r❡ ♥♦t❡s
✐♥ ♠❛t❤✳ ✶✻✸✱ ❙♣r✐♥❣❡r✱ ✶✾✼✵✳

❬❋♦r✽✶❪ ❖tt♦ ❋♦rst❡r✱ ▲❡❝t✉r❡s ♦♥ ❘✐❡♠❛♥♥ ❙✉r❢❛❝❡s✱ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ✶✾✽✶✳

❬❋r❡✵✼❪ ❊❞✇❛r❞ ❋r❡♥❦❡❧✱ ▲❛♥❣❧❛♥❞s ❈♦rr❡s♣♦♥❞❡♥❝❡ ❢♦r ▲♦♦♣ ●r♦✉♣s ✭✷✵✵✼✮✳

❬●❆●❆❪ ❏❡❛♥✲P✐❡rr❡ ❙❡rr❡ ❙❡rr❡✱ ●é♦♠❡tr✐❡ ❆❧❣é❜r✐q✉❡ ❡t ●é♦♠étr✐❡ ❆♥❛❧②t✐q✉❡✱ ●é♦♠❡tr✐❡
❆❧❣é❜r✐q✉❡ ❡t ●é♦♠étr✐❡ ❆♥❛❧②t✐q✉❡ ✻ ✭✶✾✺✻✮✱ ✶✲✹✷✳

❬●❛r✾✶❪ ❙t❡♣❤❛♥ ❏✳ ●❛r❞✐♥❡r✱ ▼❛①✐♠✉♠ Pr✐♥❝✐♣❧❡ ❢♦r ❙✉❜❤❛r♠♦♥✐❝ ❋✉♥❝t✐♦♥s✱ ▼❛t❤✳ ❙❝❛♥❞✳
✻✽ ✭✶✾✾✶✮✱ ✷✶✵✲✷✷✵✳

❬●❍✼✽❪ P❤✐❧❧✐♣ ●r✐✣t❤s ❛♥❞ ❏♦s❡♣❤ ❍❛rr✐s✱ Pr✐♥❝✐♣❧❡s ♦❢ ❆❧❣❡❜r❛✐❝ ●❡♦♠❡tr②✱ ❲✐❧❡②✲
■♥t❡rs❝✐❡♥❝❡✱ ✶✾✼✽✳

❬●■✻✸❪ ❖✳ ●♦❧❞♠❛♥ ❛♥❞ ◆✳ ■✇❛❤♦r✐✱ ❚❤❡ s♣❛❝❡ ♦❢ p−❛❞✐❝ ♥♦r♠s✱ ❆❝t❛ ▼❛t❤✳ ✶✵✾ ✭✶✾✻✸✮✱
✶✸✼✲✶✼✼✳

❬●❙✾✷❪ ▼✐❦❤❛✐❧ ●r♦♠♦✈ ❛♥❞ ❘✐❝❤❛r❞ ❙❝❤ö♥✱ ❍❛r♠♦♥✐❝ ♠❛♣s ✐♥t♦ s✐♥❣✉❧❛r s♣❛❝❡s ❛♥❞ p−❛❞✐❝
s✉♣❡rr✐❣✐❞✐t② ❢♦r ❧❛tt✐❝❡s ✐♥ ❣r♦✉♣s ♦❢ r❛♥❦ ♦♥❡✱ P✉❜❧✳ ▼❛t❤✳ ■✳❍✳❊✳❙✳ ✼✻ ✭✶✾✾✷✮✱ ✶✻✺✲
✷✹✻✳

❬●❨✾✸❪ ❘♦❜❡rt ❊✳ ●r❡❡♥❡ ❛♥❞ ❙❤✐♥❣✲❚✉♥❣ ❨❛✉✱ ❉✐✛❡r❡♥t✐❛❧ ●❡♦♠❡tr②✱ Pr♦❝❡❡❞✐♥❣s ♦❢ ❙②♠✲
♣♦s✐❛ ✐♥ P✉r❡ ▼❛t❤❡♠❛t✐❝s✱ ✈♦❧✳ ✺✹✱ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✶✾✾✸✳

❬❍❛♠✼✺❪ ❘✐❝❤❛r❞ ❙✳ ❍❛♠✐❧t♦♥✱ ❍❛r♠♦♥✐❝ ♠❛♣s ♦❢ ♠❛♥✐❢♦❧❞s ✇✐t❤ ❜♦✉♥❞❛r②✱ ❙♣r✐♥❣❡r✱ ◆❡✇ ❨♦r❦✱
✶✾✼✺✳

❬❍❛t✵✷❪ ❆❧❧❡♥ ❍❛t❝❤❡r✱ ❆❧❣❡❜r❛✐❝ t♦♣♦❧♦❣②✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✷✵✵✷✳

❬❍❛t✵✸❪ ❆❧❛♥ ❍❛t❝❤❡r✱ ❱❡❝t♦r ❇✉♥❞❧❡s ❛♥❞ ❑✲❚❤❡♦r②✱ ❤tt♣✿✴✴✇✇✇✳♠❛t❤✳❝♦r♥❡❧❧✳❡❞✉✴∼❤❛t❝
❤❡r✴❱❇❑❚✴❱❇✳♣❞❢✱ ✷✵✵✸✳

❬❍✐t✽✼❪ ◆✐❣❡❧ ❏✳ ❍✐t❝❤✐♥✱ ❚❤❡ s❡❧❢✲❞✉❛❧✐t② ❡q✉❛t✐♦♥s ♦♥ ❛ ❘✐❡♠❛♥♥ s✉r❢❛❝❡✱ Pr♦❝✳ ▲♦♥❞♦♥ ▼❛t❤✳
❙♦❝✳ ✺✺ ✭✶✾✽✼✮✱ ♥♦✳ ✸✱ ✺✾✲✶✷✻✳

❬❍✉②✵✺❪ ❉❛♥✐❡❧ ❍✉②❜r❡❝❤ts✱ ❈♦♠♣❧❡① ●❡♦♠❡tr②✱ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✵✺✳

❬❏♦s✵✺❪ ❏ür❣❡♥ ❏♦st✱ ❘✐❡♠❛♥♥✐❛♥ ●❡♦♠❡tr② ❛♥❞ ●❡♦♠❡tr✐❝ ❆♥❛❧②s✐s✱ ✹t❤ ❡❞✳✱ ❙♣r✐♥❣❡r✱ ❇❡r❧✐♥✱
❍❡✐❞❡❧❜❡r❣✱ ✷✵✵✺✳

❬❏❩✾✼❪ ❏ür❣❡♥ ❏♦st ❛♥❞ ❑❛♥❣ ❩✉♦✱ ❍❛r♠♦♥✐❝ ♠❛♣s ♦❢ ✐♥✜♥✐t❡ ❡♥❡r❣② ❛♥❞ r✐❣✐❞✐t② r❡s✉❧ts
❢♦r r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣s ♦❢ q✉❛s✐♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t✐❡s✱ ❏✳ ❉✐✛❡r❡♥t✐❛❧
●❡♦♠✳ ✹✼ ✭✶✾✾✼✮✱ ♥♦✳ ✸✱ ✹✻✾✲✺✵✸✳



❘✳ ❘❡❢❡r❡♥❝❡s ⑤ ✶✾✸

❬❏❩✽✼❪ ❏ür❣❡♥ ❏♦st ❛♥❞ ❑❛♥❣ ❩✉♦✱ ❍❛r♠♦♥✐❝ ♠❛♣s ✐♥t♦ ❇r✉❤❛t✲❚✐ts ❜✉✐❧❞✐♥❣s ❛♥❞ ❋❛❝t♦r✐③❛✲
t✐♦♥ p−❛❞✐❝❛❧❧② ✉♥❜♦✉♥❞❡❞ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ π1 ♦❢ ❛❧❣r❡❜❛✐❝ ✈❛r✐❡t✐❡s ■✱ ▼❛t❤✳ ❆♥♥✳
✷✼✽ ✭✶✾✽✼✮✱ ✹✽✶✲✹✾✻✳

❬❑♦❜✽✵❪ ❙❤♦s❤✐❝❤✐ ❑♦❜❛②❛s❤✐✱ ❋✐rst ❈❤❡r♥ ❝❧❛ss ❛♥❞ ❤♦❧♦♠♦r♣❤✐❝ t❡♥s♦r ✜❡❧❞s✱ ❱♦❧✳ ✼✼✱ ✶✾✽✵✳

❬❑♦❜✽✼❪ ❙❤♦s❤✐❝❤✐ ❑♦❜❛②❛s❤✐✱ ❉✐✛❡r❡♥t✐❛❧ ●❡♦♠❡tr② ♦❢ ❈♦♠♣❧❡① ❱❡❝t♦r ❇✉♥❞❧❡s✱ ▼❛t❤❡♠❛t✐❝❛❧
❙♦❝✐❡t② ♦❢ ❏❛♣❛♥✱ ✶✾✽✼✳

❬▲❡❡✵✵❪ ❏♦❤♥ ▼✳ ▲❡❡✱ ■♥tr♦❞✉❝t✐♦♥ t♦ ❚♦♣♦❧♦❣✐❝❛❧ ▼❛♥✐❢♦❧❞s✱ ❙♣r✐♥❣❡r✱ ◆❡✇ ❨♦r❦✱ ✷✵✵✵✳

❬▲✐▲♦✵✵❪ ❊❧❧✐♦tt ❍✳ ▲✐❡❜ ❛♥❞ ▼✐❝❤❛❡❧ ▲♦ss✱ ❆♥❛❧②s✐s✱ ✷♥❞ ❡❞✳✱ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱
✷✵✵✵✳

❬▲ü❜✽✷❪ ▼✳ ▲ü❜❦❡✱ ❈❤❡r♥❦❧❛ss❡♥ ✈♦♥ ❍❡r♠✐t✐❛♥✲❊✐♥st❡✐♥✲❱❡❦t♦r❜ü♥❞❡❧♥✱ ❱♦❧✳ ✷✻✵✱ ✶✾✽✷✳

❬▼✐r✾✺❪ ❘✐❝❦ ▼✐r❛♥❞❛✱ ❆❧❣❡❜r❛✐❝ ❈✉r✈❡s ❛♥❞ ❘✐❡♠❛♥♥ ❙✉r❢❛❝❡s✱ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦✲
❝✐❡t②✱ ✶✾✾✺✳

❬▼♦❝✵✷❛❪ ❚❛❦✉r♦ ▼♦❝❤✐③✉❦✐✱ ❆s②♠♣t♦t✐❝ ❇❡❤❛✈✐♦✉r ♦❢ t❛♠❡ ♥✐❧♣♦t❡♥t ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s ✇✐t❤
❚r✐✈✐❛❧ P❛r❛❜♦❧✐❝ ❙tr✉❝t✉r❡✱ ❏✳ ❉✐✛❡r❡♥t✐❛❧ ●❡♦♠❡tr② ✻✷ ✭✷✵✵✷✮✱ ✸✺✶✲✺✺✾✳

❬▼♦❝✵✷❜❪ ❚❛❦✉r♦ ▼♦❝❤✐③✉❦✐✱ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❛♠❡ ♥✐❧♣♦t❡♥t ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s ✇✐t❤
tr✐✈✐❛❧ ♣❛r❛❜♦❧✐❝ str✉❝t✉r❡✱ ❛r❳✐✈✿♠❛t❤✴✵✷✶✷✷✸✷✈✶ ✭✷✵✵✷✮✳

❬▼♦❝✵✻❛❪ ❚❛❦✉r♦ ▼♦❝❤✐③✉❦✐✱ ❑♦❜❛②❛s❤✐✲❍✐t❝❤✐♥ ❈♦rr❡s♣♦♥❞❡♥❝❡ ❋♦r ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s
❛♥❞ ❛♥ ❆♣♣❧✐❝❛t✐♦♥✱ ❛r❳✐✈✿♠❛t❤✴✵✹✶✶✸✵✵✈✸ ✭✷✵✵✻✮✳

❬▼♦❝✵✻❜❪ ❚❛❦✉r♦ ▼♦❝❤✐③✉❦✐✱ ❑♦❜❛②❛s❤✐✲❍✐t❝❤✐♥ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❢♦r t❛♠❡ ❤❛r♠♦♥✐❝ ❜✉♥❞❧❡s ■■✱
❛r❳✐✈✿♠❛t❤✴✵✻✵✷✷✻✻ ✭✷✵✵✻✮✳

❬▼♦❝✵✼❛❪ ❚❛❦✉r♦ ▼♦❝❤✐③✉❦✐✱ ❆s②♠♣t♦t✐❝ ❇❡❤❛✈✐♦✉r ♦❢ ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s ❛♥❞ ❛♥ ❆♣♣❧✐✲
❝❛t✐♦♥ t♦ P✉r❡ ❚✇✐st♦r ❉✲♠♦❞✉❧❡s✱ ❱♦❧✳ ✶✱ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✷✵✵✼✳

❬▼♦❝✵✼❜❪ ❚❛❦✉r♦ ▼♦❝❤✐③✉❦✐✱ ❆s②♠♣t♦t✐❝ ❇❡❤❛✈✐♦✉r ♦❢ ❚❛♠❡ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s ❛♥❞ ❛♥ ❆♣♣❧✐✲
❝❛t✐♦♥ t♦ P✉r❡ ❚✇✐st♦r ❉✲♠♦❞✉❧❡s✱ ❱♦❧✳ ✷✱ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✷✵✵✼✳

❬▼♦❝✶✵❪ ❚❛❦✉r♦ ▼♦❝❤✐③✉❦✐✱ ❲✐❧❞ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s ❛♥❞ ❲✐❧❞ P✉r❡ ❚✇✐st♦r D−▼♦❞✉❧❡s✱
❛r❳✐✈✿✵✽✵✸✳✶✸✹✹✈✹ ✭✷✵✶✵✮✳

❬▼❘✽✹❪ ❱✳ ❇✳ ▼❡❤t❛ ❛♥❞ ❆✳ ❘❛♠❛♥❛t❤❛♥✱ ❘❡str✐❝t✐♦♥ ♦❢ st❛❜❧❡ s❤❡❛✈❡s ❛♥❞ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢
t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣✱ ■♥✈❡♥t✳ ▼❛t❤✳ ✼✼ ✭✶✾✽✹✮✱ ✶✻✸✲✶✼✷✳

❬▼❙✽✵❪ ❱✳ ❇✳ ▼❡❤t❛ ❛♥❞ ❈✳ ❙✳ ❙❡s❤❛❞r✐✱ ▼♦❞✉❧✐ ♦❢ ✈❡❝t♦r ❜✉♥❞❧❡s ♦♥ ❝✉r✈❡s ✇✐t❤ ♣❛r❛❜♦❧✐❝
str✉❝t✉r❡s✱ ▼❛t❤✳ ❆♥♥✳ ✷✹✽ ✭✶✾✽✵✮✱ ♥♦✳ ✸✱ ✷✵✺✲✷✸✾✳

❬❋❆✵✽❪ P❡t❡r ▼ü❧❧❡r✱ ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s ■ ✭▲❡❝t✉r❡✮✱ ▲✉❞✇✐❣✲▼❛①✐♠✐❧✐❛♥s ❯♥✐✈❡rs✐t②✱ ▼✉✲
♥✐❝❤✱ ✵✽✴✵✾✳

❬❋❆✵✾❪ P❡t❡r ▼ü❧❧❡r✱ ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s ■■ ✭▲❡❝t✉r❡✮✱ ▲✉❞✇✐❣✲▼❛①✐♠✐❧✐❛♥s ❯♥✐✈❡rs✐t②✱ ▼✉✲
♥✐❝❤✱ ✷✵✵✾✳

❬P❉❊✵✾❪ P❡t❡r ▼ü❧❧❡r✱ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ■ ✭▲❡❝t✉r❡✮✱ ▲✉❞✇✐❣✲▼❛①✐♠✐❧✐❛♥s ❯♥✐✈❡r✲
s✐t②✱ ▼✉♥✐❝❤✱ ✵✾✴✶✵✳

❬▼✉♥✵✹❪ ●❤❡♦r❣❤❡ ▼✉♥t❡❛♥✉✱ ❈♦♠♣❧❡① s♣❛❝❡s ✐♥ ❋✐♥s❧❡r✱ ▲❛❣r❛♥❣❡✱ ❛♥❞ ❍❛♠✐❧t♦♥ ❣❡♦♠❡tr✐❡s✱
❑❧✉✇❡r ❆❝❛❞❡♠✐❝ P✉❜❧✐s❤❡rs✱ ✷✵✵✹✳

❬◆❙✻✺❪ ▼✳ ❙✳ ◆❛r❛s✐♠❤❛♥ ❛♥❞ ❈✳ ❙✳ ❙❡s❤❛❞r✐✱ ❙t❛❜❧❡ ❛♥❞ ✉♥✐t❛r② ❜✉♥❞❧❡s ♦♥ ❛ ❝♦♠♣❛❝t ❘✐❡✲
♠❛♥♥ s✉r❢❛❝❡✱ ❆♥♥✳ ♦❢ ▼❛t❤✳ ✽✷ ✭✶✾✻✺✮✱ ✺✹✵✲✺✻✹✳



✶✾✹ ⑤ ❘✳ ❘❡❢❡r❡♥❝❡s

❬❘❡✐✵✾❪ P❛s❝❛❧ ❘❡✐s❡rt✱ ❊①♣❧✐③✐t❡ ❉❛rst❡❧❧✉♥❣ ❞❡r ♠✉❧t✐♣❧✐❦❛t✐✈❡♥ ❱❡r❦♥ü♣❢✉♥❣ ✐♥ ❞❡♥ ❱❡r❧✐♥❞❡
❆❧❣❡❜r❡♥ ü❜❡r ❞❡♠ ❉❛rst❡❧❧✉♥❣sr✐♥❣ ✈♦♥ SU(2)✱ ❇❛❝❤❡❧♦r ❚❤❡s✐s✱ ▲✉❞✇✐❣✲▼❛①✐♠✐❧✐❛♥s
❯♥✐✈❡rs✐t②✱ ✷✵✵✾✳

❬❘❡✐✶✵❪ P❛s❝❛❧ ❘❡✐s❡rt✱ ❋❧❛t Pr✐♥❝✐♣❛❧ G−❇✉♥❞❧❡s ❛♥❞ ▲♦❝❛❧ ❙②st❡♠s✱ ❚❤❡♦r❡t✐❝✉♠✱ ▲✉❞✇✐❣✲
▼❛①✐♠✐❧✐❛♥s ❯♥✐✈❡rs✐t②✱ ✷✵✶✵✳

❬❙❛❜✵✺❪ ❈❧❛✉❞❡ ❙❛❜❜❛❤✱ P♦❧❛r✐③❛❜❧❡ t✇✐st♦r D✲♠♦❞✉❧❡s✱ ♠❛t❤✳❆●✴✵✺✵✸✵✸✽ ✭✷✵✵✺✮✳

❬❙❛❜✵✼❪ ❈❧❛✉❞❡ ❙❛❜❜❛❤✱ ■s♦♠♦♥♦❞r♦♠✐❝ ❉❡❢♦r♠❛t✐♦♥s ❛♥❞ ❋r♦❜❡♥✐✉s ▼❛♥✐❢♦❧❞s✱ ❙♣r✐♥❣❡r✱
❇❡r❧✐♥✱ ✷✵✵✼✳

❬❙❝❤✵✺❪ P✐❡rr❡ ❙❝❤❛♣✐r❛✱ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❛❧❣❡❜r❛✐❝ t♦♣♦❧♦❣②✱ ❈♦✉rs❡ ❛t P❛r✐s ❱■ ❯♥✐✈❡rs✐t②✱
✷✵✵✺✴✷✵✵✻✳

❬❙❝❤✵✻❪ P✐❡rr❡ ❙❝❤❛♣✐r❛✱ ❈❛t❡❣♦r✐❡s✱ s✐t❡s✱ s❤❡❛✈❡s ❛♥❞ st❛❝❦s✱ ❈♦✉rs❡ ❛t P❛r✐s ❱■ ❯♥✐✈❡rs✐t②✱
✷✵✵✻✳

❬❙❝❙❝✾✺❪ P❡t❡r ❙❝❤❡✐♥♦st ❛♥❞ ▼❛rt✐♥ ❙❝❤♦tt❡♥❧♦❤❡r✱ ▼❡t❛♣❧❡❝t✐❝ q✉❛♥t✐③❛t✐♦♥ ♦❢ t❤❡ ♠♦❞✉❧✐
s♣❛❝❡s ♦❢ ✢❛t ❛♥❞ ♣❛r❛❜♦❧✐❝ ❜✉♥❞❧❡s✱ ❱♦❧✳ ✹✻✻✱ ✶✾✾✺✳

❬❙❝❤✼✸❪ ❲✳ ❙❝❤♠✐❞✱ ❱❛r✐❛t✐♦♥ ♦❢ ❍♦❞❣❡ str✉❝t✉r❡✿ t❤❡ s✐♥❣✉❧❛r✐t✐❡s ♦❢ t❤❡ ♣❡r✐♦❞ ♠❛♣♣✐♥❣✱
■♥✈❡♥t✳ ▼❛t❤✳ ✷✷ ✭✶✾✼✸✮✱ ✷✶✶✲✸✶✾✳

❬❙✐♠✽✽❪ ❈❛r❧♦s ❚✳ ❙✐♠♣s♦♥✱ ❈♦♥str✉❝t✐♥❣ ❱❛r✐❛t✐♦♥s ♦❢ ❍♦❞❣❡ ❙tr✉❝t✉r❡ ✉s✐♥❣ ❨❛♥❣✲▼✐❧❧s ❚❤❡✲
♦r② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s t♦ ❯♥✐❢♦r♠✐③❛t✐♦♥✱ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②
✶ ✭✶✾✽✽✮✱ ♥♦✳ ✹✳

❬❙✐♠✾✵❪ ❈❛r❧♦s ❚✳ ❙✐♠♣s♦♥✱ ❍❛r♠♦♥✐❝ ❇✉♥❞❧❡s ♦♥ ◆♦♥❝♦♠♣❛❝t ❈✉r✈❡s✱ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐✲
❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t② ✸ ✭✶✾✾✵✮✱ ♥♦✳ ✸✳

❬❙✐♠✾✷❪ ❈❛r❧♦s ❚✳ ❙✐♠♣s♦♥✱ ❍✐❣❣s ❜✉♥❞❧❡s ❛♥❞ ❧♦❝❛❧ s②st❡♠s✱ P✉❜❧✐❝❛t✐♦♥s ▼❛t❤é♠❛t✐q✉❡s ❞❡
❧✬■✳❍✳➱✳❙✳ ✼✺ ✭✶✾✾✷✮✱ ✺✲✾✺✳

❬❙✐♠✾✹❛❪ ❈❛r❧♦s ❚✳ ❙✐♠♣s♦♥✱ ▼♦❞✉❧✐ ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣ ♦❢ ❛ s♠♦♦t❤
♣r♦❥❡❝t✐✈❡ ❣r♦✉♣ ✈❛r✐❡t② ■✱ P✉❜❧✳ ▼❛t❤✳ ❧✬■✳❍✳➱✳❙✳ ✼✾ ✭✶✾✾✹✮✱ ✹✼✲✶✷✾✳

❬❙✐♠✾✹❜❪ ❈❛r❧♦s ❚✳ ❙✐♠♣s♦♥✱ ▼♦❞✉❧✐ ♦❢ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣ ♦❢ ❛ s♠♦♦t❤
♣r♦❥❡❝t✐✈❡ ❣r♦✉♣ ✈❛r✐❡t② ■■✱ P✉❜❧✳ ▼❛t❤✳ ❧✬■✳❍✳➱✳❙✳ ✽✵ ✭✶✾✾✹✮✱ ✺✲✼✾✳

❬❙✐♠✾✻❪ ❈❛r❧♦s ❚✳ ❙✐♠♣s♦♥✱ ❚❤❡ ❍♦❞❣❡ ✜❧tr❛t✐♦♥ ♦♥ ♥♦♥❛❜❡❧✐❛♥ ❝♦❤♦♠♦❧♦❣②✱
❛r❳✐✈✿❛❧❣✲❣❡♦♠✴✾✻✵✹✵✵✺✈✶ ✭✶✾✾✻✮✳

❬❙✐♠✾✼❪ ❈❛r❧♦s ❚✳ ❙✐♠♣s♦♥✱ ▼✐①❡❞ t✇✐st♦r str✉❝t✉r❡s✱ ❛r❳✐✈✿❛❧❣✲❣❡♦♠✴✾✼✵✺✵✵✻✈✶ ✭✶✾✾✼✮✳

❬❙t❡✾✶❪ ❲✐❧❧✐✲❍❛♥s ❙t❡❡❜✱ ❑r♦♥❡❝❦❡r ♣r♦❞✉❝t ♦❢ ♠❛tr✐❝❡s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✱ ❇■✲❲✐ss✳❱❡r❧❛❣✱
✶✾✾✶✳

❬❙③❛✵✾❪ ❚❛♠ás ❙③❛♠✉❡❧②✱ ●❛❧♦✐s ●r♦✉♣s ❛♥❞ ❋✉♥❞❛♠❡♥t❛❧ ●r♦✉♣s✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t②
Pr❡ss✱ ✷✵✵✾✳

❬❯❨✽✻❪ ❑❛r❡♥ ❑✳ ❯❤❧❡♥❜❡❝❦ ❛♥❞ ❙❤✐♥❣✲❚✉♥❣ ❨❛✉✱ ❖♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❍❡r♠✐t✐❛♥✲ ❨❛♥❣✲▼✐❧❧s
❝♦♥♥❡❝t✐♦♥s ✐♥ st❛❜❧❡ ✈❡❝t♦r ❜✉♥❞❧❡s✱ ❈♦♠♠✳ P✉r❡ ❛♥❞ ❆♣♣❧✳ ▼❛t❤ ✸✾✲❙ ✭✶✾✽✻✮✱ ✷✺✼✲
✷✾✸✳

❬❩✉♦✾✾❪ ❑❛♥❣ ❩✉♦✱ ❘❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡ ❋✉♥❞❛♠❡♥t❛❧ ●r♦✉♣ ♦❢ ❆❧❣❡❜r❛✐❝ ❱❛r✐❡t✐❡s✱ ❙♣r✐♥❣❡r✱
❇❡r❧✐♥✱ ✶✾✾✾✳



I ■♥❞❡①

❛❝❝❡♣t❛❜❧❡✱ ✶✶✹✱ ✶✺✷✱ ✶✻✺✱ ✶✽✻
Lp−✱ ✶✶✹✱ ✶✻✺

❛❞❥♦✐♥t r❡♣r❡s❡♥t❛t✐♦♥✱ ✽✽
❛❧❣❡❜r❛✐❝ ❝✉r✈❡✱ ✶✷
❛❧❣❡❜r❛✐❝ ✈❛r✐❡t②✱ ✶

❛✣♥❡✱ ✶
♥♦♥s✐♥❣✉❧❛r✱ ✷
♣r♦❥❡❝t✐✈❡✱ ✶
q✉❛s✐♣r♦❥❡❝t✐✈❡✱ ✶

❜♦♦t str❛♣♣✐♥❣✱ ✶✽✻
❜r❛♥❝❤✱ ✺✹✱ ✶✸✷

❈❛✉❝❤②✬s ✐♥t❡❣r❛❧ t❤❡♦r❡♠✱ ✶✵✾
❈❛✉❝❤②✲❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t②✱ ✸✶✱ ✻✻✱ ✾✷✱

✶✸✾✱ ✶✺✾
❈❛✉❝❤②✲s❡q✉❡♥❝❡✱ ✸✺

L2−✱ ✶✽✺
❈❤❡r♥ ❝❤❛r❛❝t❡r✱ ✶✺✽
❈❤❡r♥ ❢♦r♠✱ ✶✺✼
❈❤❡r♥✲❲❡✐❧ ❢♦r♠✉❧❛✱ ✶✻✶✱ ✶✽✶

Fh✱ ✶✻✹
Gh✱ ✶✻✺
Rh✱ ✶✻✸

❝❧♦s❡❞ ♦♥❡✲❢♦r♠✱ ✶✼✺
❝♦♠♣❛t✐❜✐❧✐t②

❞❡❣r❡❡ ❛♥❞ st❛❜✐❧✐t②✱ ✶✽✼
❞❡t❡r♠✐♥❛♥ts ✲ Φ✱ ✶✸✵
❞❡t❡r♠✐♥❛♥ts ✲ Ξ✱ ✶✶✻
❞✐r❡❝t s✉♠ ✲ Φ✱ ✶✷✻

❞✉❛❧s ✲ Φ✱ ✶✸✶
❞✉❛❧s ✲ Ξ✱ ✶✶✻
♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❞❡❣r❡❡✱ ✶✺✽✱ ✶✺✾
t❡♥s♦r ♣r♦❞✉❝ts ✲ Φ✱ ✶✷✾
t❡♥s♦r ♣r♦❞✉❝ts ✲ Ξ✱ ✶✶✻

❝♦♥♥❡❝t✐♦♥✱ ✶✽
✢❛t✱ ✶✾✱ ✸✼✱ ✹✻
❤♦❧♦♠♦r♣❤✐❝✱ ✷✶
▲❡✈✐✲❈✐✈✐t❛✱ ✷✾
♠❡tr✐❝✱ ✷✵✱ ✻✼✱ ✶✸✼
♦♥ ❊♥❞(E)✱ ✻✹
♦♥ E∗✱ ✻✸
r❡❣✉❧❛r✱ ✻✱ ✶✷✹
t♦rs✐♦♥ ❢r❡❡✱ ✷✾

❝♦♥s✐st❡♥❝②✱ ✶✹✵✱ ✶✹✷✱ ✶✺✺
❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥❛❧ ❝❛❧❝✉❧✉s✱ ✸✶✱ ✶✼✵
❝♦♥✈❡r❣❡♥❝❡

✇❡❛❦✱ ✶✵✾✱ ✶✷✶✱ ✶✹✷✱ ✶✼✸✱ ✶✼✼✱ ✶✽✺
❝♦t❛♥❣❡♥t ❜✉♥❞❧❡✱ ✽
❝✉r✈❛t✉r❡✱ ✶✾

Fh✱ ✸✻✱ ✶✹✷✱ ✶✻✶
Rh✱ ✾✼
❞❡❝r❡❛s❡s ✐♥ s✉❜❜✉♥❞❧❡s✱ ✻✽✱ ✶✶✼
♣s❡✉❞♦✲❝✉r✈❛t✉r❡ Gh✱ ✸✾✱ ✶✹✷✱ ✶✻✶
tr❛❝❡ ❢r❡❡✱ ✶✽✸

❝✉r✈❛t✉r❡ ❢♦r♠✱ ✶✾

❞❡❝♦♠♣♦s✐t✐♦♥
❜❧♦❝❦ ❢♦r♠✱ ✺✾
❏♦r❞❛♥✱ ✶✷✹
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❙❝❤✉r✱ ■❱
❞❡❣r❡❡✱ ✶✺✾✱ ✶✻✺✱ ✶✽✼

❛♥❛❧②t✐❝✱ ✶✺✽
❧♦❝❛❧ s②st❡♠✱ ✶✽✼
♦❢ ❛ ❧✐♥❡ ❜✉♥❞❧❡✱ ✶✺✾
♣❛r❛❜♦❧✐❝✱ ✶✺✽

δ✲❞✐str✐❜✉t✐♦♥✱ ✶✻✵
❞❡t❡r♠✐♥❛♥t ❜✉♥❞❧❡✱ ✶✶✻✱ ✶✺✽

❞✉❛❧✱ ✾✾
❞✐✛❡r❡♥t✐❛❧ ❢♦r♠✱ ✼
❞✐r❡❝t s✉♠ ❞❡❝♦♠♣♦s✐t✐♦♥

♦❢ DX−♠♦❞✉❧❡s✱ ✶✽✻
♦❢ ❍✐❣❣s ❜✉♥❞❧❡s✱ ✶✽✻
♦❢ ❧♦❝❛❧ s②st❡♠s✱ ✶✽✽

❞✐✈✐❞❡❞ s✉♠✱ ✸✶✱ ✶✻✾
❞✐✈✐s♦r✱ ✸✱ ✶✷✱ ✶✺✾
❉♦♥❛❧❞s♦♥✬s ❢✉♥❝t✐♦♥❛❧✱ ✶✼✷✱ ✶✼✺✱ ✶✽✹
❞✉❛❧ ❜❛s✐s✱ ✻✸
❞✉❛❧ ✜❧tr❛t✐♦♥✱ ✶✺✷
DX−♠♦❞✉❧❡✱ ✹✻✱ ✺✶✱✶✷✵✱ ✶✷✸✱ ✶✸✼✱ ✶✽✻

r❡s✐❞✉❡✱ ✺✷
✐rr❡❞✉❝✐❜❧❡✱ ✶✻✼

DX−♠♦❞✉❧❡✱

❡✐❣❡♥s♣❛❝❡✱ ✺✹
❡✐❣❡♥✈❛❧✉❡✱ ✺✹
❡❧❧✐♣t✐❝ r❡❣✉❧❛r✐t②✱ ✶✽✻
❡♥❞♦♠♦r♣❤✐s♠

s❡♠✐✲s✐♠♣❧❡✱ ✺✼
❡♥❞♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡✱ ✹✷✱ ✻✸✱ ✼✷✱ ✾✾✱

✶✶✻✱ ✶✹✸✱ ✶✺✸✱ ✶✻✹✱ ✶✼✵
❡♥❡r❣②✱ ✹✶✱ ✶✵✼
❡♥❡r❣②✳ ✱ ✶✵✶
❡✉❝❧✐❞❡❛♥ ♠❡tr✐❝✱ ✶✹✱ ✷✶✱ ✺✹✱ ✼✻
❡①❤❛✉st✐♦♥ ❢✉♥❝t✐♦♥✱ ✶✼✸✱ ✶✽✸
❡①♣♦♥❡♥t✐❛❧ ♠❛♣✱ ✷✻

✜❧t❡r❡❞ ❧♦❝❛❧ s②st❡♠✱ ✺✷✱ ✶✷✹✱ ✶✺✺
✜❧t❡r❡❞ r❡❣✉❧❛r DX−♠♦❞✉❧❡✱ ✶✶✹✱ ✶✷✻✱

✶✹✸✱ ✶✺✷✱ ✶✽✻
✜❧t❡r❡❞ r❡❣✉❧❛r ❍✐❣❣s ❜✉♥❞❧❡✱ ✺✶✱ ✶✶✹✱

✶✹✸✱ ✶✺✷✱ ✶✽✻✱

✜❧t❡r❡❞ ✈❡❝t♦r ❜✉♥❞❧❡✱ ✹✽✱ ✶✶✹
✜♥✐t❡ ❜r❛♥❝❤❡❞ ❝♦✈❡r✱ ✺✹✱ ✻✵✱ ✼✺✱ ✼✾✱

✽✹✱ ✽✼✱ ✶✶✽
❢r❛♠❡✱ ✶✾

♠❡r♦♠♦r♣❤✐❝✱ ✹✼
❋r♦❜❡♥✐✉s ♥♦r♠✱ ✻✵✱ ✻✺✱ ✼✾✱ ✾✷✱ ✶✹✵
❢✉♥❝t♦r✱ ❱■■■✱ ✺✱ ✶✶✹✱ ✶✶✺✱ ✶✷✷✱ ✶✽✽

❡ss❡♥t✐❛❧❧② s✉r❥❡❝t✐✈❡✱ ✶✸✷
❢✉❧❧② ❢❛✐t❤❢✉❧✱ ✶✸✺✱ ✶✹✸
✐♥✈❡rs❡✱ ✶✸✸✱ ✶✹✸

❢✉♥❞❛♠❡♥t❛❧ ❢♦r♠✱ ✶✸
❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣✱ ✷✸✱ ✹✻✱ ✶✷✸

●❆●❆✱ ✹
●❧n(C)/❯(n)✱ ✷✺✱ ✶✵✶
❣❡♦❞❡s✐❝✱ ✶✵✶
●r❛♠✲❙❝❤♠✐❞t ♣r♦❝❡ss✱ ✺✽
●r❡❡♥✬s ❢✉♥❝t✐♦♥✱ ✶✶✵✱ ✶✻✵
●r♦♥✇❛❧❧✬s ❧❡♠♠❛✱ ✶✵✵

❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s✱ ✶✹✷
❤❛r♠♦♥✐❝ ❜✉♥❞❧❡✱ ✸✻✱ ✹✻✱ ✶✹✻

❝♦rr❡s♣♦♥❞❡♥❝❡✱ ✸✾
✐rr❡❞✉❝✐❜❧❡✱ ✶✻✼
♠♦r♣❤✐s♠✱ ✹✵
t❛♠❡✱ ✹✺✱ ✺✹✱ ✶✵✶

❤❛r♠♦♥✐❝ ♠❛♣✱ ✹✷✱ ✶✵✶✱ ✶✻✾
❤❡❛t ❡q✉❛t✐♦♥✱ ✶✽✸
❤❡r♠✐t✐❛♥ ✐♥♥❡r ♣r♦❞✉❝t✱ ✶✽

♦♥ ❊♥❞(E)✱ ✻✹
♦♥ ❍♦♠(E,F )✱ ✻✺
♦♥ E∗✱ ✻✸

❍✐❣❣s ❜✉♥❞❧❡✱ ✸✻✱ ✺✶✱ ✶✷✵✱ ✶✸✼✱ ✶✽✻
✜❧t❡r❡❞ r❡❣✉❧❛r✱ ✺✶
✐rr❡❞✉❝✐❜❧❡✱ ✶✻✼
r❡s✐❞✉❡✱ ✺✷

❍✐❣❣s ✜❡❧❞✱ ✶✻✱ ✸✻✱ ✶✸✼
❛❞❥♦✐♥t✱ ✷✷✱ ✶✺✸

❍✐❧❜❡rt✲❙❝❤♠✐❞t ✐♥♥❡r ♣r♦❞✉❝t✱ ✷✽✱ ✾✷
❍♦❞❣❡ ∗−❛❞❥♦✐♥t✱ ✶✺✱ ✹✹
❍♦❞❣❡ ∗−♦♣❡r❛t♦r✱ ✶✹
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❤♦❧♦♠♦r♣❤✐❝ str✉❝t✉r❡✱ ✾✱ ✸✻✱ ✶✸✼✱ ✶✹✻
♦♥ ❊♥❞(E)✱ ✶✼

❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧s✱ ✶✺✼
❤♦♠♦♠♦r♣❤✐s♠ ❜✉♥❞❧❡✱ ✻✺✱ ✶✹✹
Hp,2

loc ✱ ✶✽✹

✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✶✵✼✱ ✶✶✵

❏❛❝♦❜✐ ✜❡❧❞✱ ✶✵✸
❏♦r❞❛♥ ♥♦r♠❛❧ ❢♦r♠✱ ✶✷✹✱ ✶✷✻✱ ✶✺✶✱ ✶✺✺
❥✉♠♣✱ ✺✵✱ ✶✹✻

❑ä❤❧❡r ❢♦r♠✱ ✶✹✱ ✶✼✸
❑ä❤❧❡r ✐❞❡♥t✐t✐❡s✱ ✶✺✱ ✹✹✱ ✶✻✸
❑r♦♥❡❝❦❡r ♣r♦❞✉❝t✱ ✶✷✾
❑r♦♥❡❝❦❡r s✉♠✱ ✶✷✾

▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✱ ✶✺✱ ✼✺✱ ✶✵✾✱ ✶✹✹✱ ✶✻✵✱
✶✻✶✱ ✶✼✸

▲❛✉r❡♥t s❡r✐❡s✱ ✸✱ ✺✻✱ ✶✷✺
▲❡❢s❝❤❡t③

❞✉❛❧✱ ✼✵
▲❡❢s❝❤❡t③ ♦♣❡r❛t♦r✱ ✶✸

❞✉❛❧✱ ✶✸
❧❡❢t✲❝♦♥t✐♥✉✐t②✱ ✹✾
▲❡✐❜♥✐③ r✉❧❡✱ ✽
▲❡♠♠❛ ♦❢ ❋❛t♦✉✱ ✶✼✾
❧❡♥❣t❤✱ ✸✶✱ ✶✵✸
▲❡✈✐✲❈✐✈✐t❛ ❈♦♥♥❡❝t✐♦♥✱ ✷✾
▲✐❡ ❞❡r✐✈❛t✐✈❡✱ ✷✵
❧✐♥❡ ❜✉♥❞❧❡✱ ✶✷✱ ✶✹✻
❧♦❝❛❧ s②st❡♠✱ ✹✻✱ ✶✷✸

✜❧t❡r❡❞✱ ✺✷
r❡s✐❞✉❡✱ ✺✷

❧♦❝❛❧❧② ❝♦♥st❛♥t s❤❡❛❢✱ ✹✻
Lp✱ ✶✵✾✱ ✶✹✷✱ ✶✺✷✱ ✶✼✵

▼❛✐♥ ❊st✐♠❛t❡✱ ✺✸✱ ✾✼✱ ✶✷✵✱ ✶✺✸
▼❛✐♥ ❡①✐st❡♥❝❡ t❤❡♦r❡♠✱ ✶✻✽
▼❛✐♥ r❡s✉❧t✱ ✶✽✻
▼❛✐♥ t❤❡♦r❡♠✱ ❱■■■✱ ✶✽✽
♠❛♥✐❢♦❧❞

❤❡r♠✐t✐❛♥✱ ✶✸
❑ä❤❧❡r✱ ✶✻✽

♠❛tr✐①
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