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A Pseudo-Market Approach to Allocation with Priorities’

By YINGHUA HE, ANTONIO MIRALLES, MAREK PYCIA, AND JIANYE YAN

We propose a pseudo-market mechanism for no-monetary-transfer
allocation of indivisible objects based on priorities such as those
in school choice. Agents are given token money, face priority-spe-
cific prices, and buy utility-maximizing random assignments. The
mechanism is asymptotically incentive compatible, and the resulting
assignments are fair and constrained Pareto efficient. Hylland and
Zeckhauser’s (1979) position-allocation problem is a special case of
our framework, and our results on incentives and fairness are also
new in their classical setting. (JEL D63, D82, H75, 121, 128)

e study the allocation of indivisible objects where monetary transfers are
precluded and agents demand at most one object. Examples include student
placement in public schools (where an object corresponds to a school seat and each
object has multiple copies) and allocation of work or living space (where each object
has exactly one copy). A common feature of these settings is that agents are priori-
tized. For instance, students who live in a school’s neighborhood or have siblings in
the school may enjoy admission priority at this school over those who do not, and
the current resident may have priority over others in the allocation of the dormitory
room he or she lives in.
Due to the lack of monetary transfers, objects in these environments are very often
allocated by a centralized mechanism that maps agents’ reported preferences to an
allocation outcome. The outcome, known as assignment, can be either deterministic
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or random. The former dictates who gets what object, and the latter prescribes the
probability shares of objects that each agent obtains and thus is a lottery over a set
of deterministic assignments.

The standard allocation mechanisms used in practice and studied in the literature
are ordinal: students are asked to rank schools or rooms, and the profile of submitted
rankings determines the assignment. However, Miralles (2008) and Abdulkadiroglu,
Che, and Yasuda (2011) pointed out that we may implement Pareto-dominant
assignments by eliciting agents’ cardinal utilities, which are their relative intensities
of preferences over objects and their rates of substitution between probability shares
in objects. Furthermore, Liu and Pycia (2012) and Pycia (2014) showed that sensi-
ble ordinal mechanisms are asymptotically equivalent in large markets, while mech-
anisms eliciting cardinal utilities maintain their efficiency advantage.” Naturally,
with more inputs, we expect a mechanism to deliver a better outcome, as cardinal
preferences are more informative than ordinal ones. However, what has not been
answered in the literature is how to use cardinal information efficiently.

This paper aims to fill this gap by providing a novel cardinal mechanism to
improve upon the ordinal mechanisms. The mechanism is asymptotically incen-
tive compatible, fair, and constrained efficient among ex ante stable and fair mech-
anisms. A mechanism is ex ante stable if, in any of its resulting assignment, no
probability share of an object is given to an agent with lower priority at this object
whenever a higher priority agent is obtaining some probability shares in any of
his /her less preferred objects (Kesten and Unver 2015). Furthermore, every deter-
ministic assignment that is compatible with an ex ante stable random assignment
eliminates all justified envy and thus satisfies stability (Abdulkadiroglu and Sénmez
2003). We use the strong fairness concept, equal claim, proposed by He, Li, and
Yan (2015); a mechanism satisfies equal claim if agents with the same priority at an
object are given the same opportunity to obtain it.

We refer to our construction as the pseudo-market (PM) mechanism, which elic-
its cardinal preferences from agents and delivers an assignment. If it is a random
assignment, one can then conduct a lottery to implement one of the compatible
deterministic assignments. To map reported preferences into assignments, PM
internally solves a Walrasian equilibrium, where prices are priority-specific and
the mechanism chooses probability shares to maximize each agent’s expected util-
ity given his/her reported preferences and an exogenous budget in token money.
Budgets need not be equal across agents.

This Walrasian equilibrium used in the internal computation of the PM mecha-
nism has a unique feature in its priority-specific prices: for each object, there exists a
cutoff priority group such that agents in priority groups strictly below the cutoff face
an infinite price for the object (hence, they can never be matched with the object),
while agents in priority groups strictly higher than the cut-off face zero price for the
object. By incorporating priorities in this manner, the PM mechanism extends the

!'The data on Boston and New York City school choice corroborates both the equivalence of ordinal mechanisms
(see, e.g., Pathak and Sénmez 2008 and Abdulkadiroglu, Pathak, and Roth 2009) and the inefficiency of ordinal
mechanisms (Abdulkadiroglu, Agarwal, and Pathak 2015). For analysis of ordinal mechanisms, see the seminal
work of Abdulkadiroglu and Sénmez (2003) and Bogomolnaia and Moulin (2001). The literature discussion below
also includes other papers emphasizing the need to elicit cardinal information.
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canonical Hylland and Zeckhauser (1979) mechanism, which requires every agent
to face the same prices and thus does not allow priorities. It is also a generalization
of the Gale-Shapley Deferred-Acceptance (DA) mechanism, the most celebrated
ordinal mechanism. Essentially, when both agents and objects have strict rankings
over those on the other side, the DA mechanism eliminates all justified envy; when-
ever there are multiple agents in one priority group of an object, the tie has to be
broken, usually in an exogenous way. The PM mechanism, instead, has ties broken
endogenously and efficiently by using information on cardinal preferences. Agents
with relatively higher cardinal preferences for an object obtain shares of that object
before others who are in the same priority group.

We show that the PM mechanism is well-defined in the sense that it can always
internally find a Walrasian equilibrium and deliver an assignment given any reported
preference profile. Moreover, the mechanism is shown to be asymptotically incentive
compatible in regular economies, where regularity guarantees that Walrasian prices
are well defined as in the classical analysis of Walrasian equilibria (see, e.g., Dierker
1974, Hildenbrand 1974, and Jackson 1992). The latter result is also new in the orig-
inal Hylland and Zeckhauser (1979) problem and proves the long-standing conjec-
ture they formulated.? As in the setting without priorities (see, e.g., Abdulkadiroglu,
Che, and Yasuda 2011 and Pycia 2014), the PM mechanism allows one to achieve
higher social welfare than mechanisms eliciting only ordinal preferences such as the
DA and the Probabilistic Serial mechanisms.

The PM mechanism is ex ante stable because of our design of the priority-specific
prices. Given an object s and its cutoff priority group, whenever a lower priority
agent obtains a positive share of s, a higher priority agent must face a zero price for
s, and, therefore, is never assigned to an object they prefer less than s.

We study fairness of the PM mechanism in the sense of equal claim, which
requires that, for any given object, agents with the same priority are given the same
opportunity to obtain this object.? Since prices for agents in the same priority group
are by construction the same in the PM mechanism, we can conclude that equal
claim is satisfied when agents are given equal budgets. Furthermore, we show that
the PM mechanism in which agents have equal budgets is the only non-wasteful
mechanism that satisfies ex ante stability and equal claim.

Focusing on assignments that are ex ante stable and equal-claim, we analyze effi-
ciency: an assignment is constrained Pareto efficient if no other assignment that sat-
isfies ex ante stability and equal claim dominates it in terms of agents’ welfare. An

2Stating the true preferences in the PM mechanism is not always a dominant strategy for every agent. Hylland
and Zeckhauser (1979) give an example where there are incentives for agents to misreport their preferences when
objects do not rank agents. More generally, one calls a mechanism strategy-proof if reporting true preferences is a
dominant strategy; Roth (1982) and Zhou (1990) show strategy-proofness is in conflict with other desirable proper-
ties. In addition to proving the asymptotic incentive compatibility of the PM mechanism in regular economies, we
also prove that it is limiting incentive compatible in the sense of Roberts and Postlewaite (1976).

3See He, Li, and Yan (2015) for an analysis of this concept in the setting without priorities. Note that equal
claim does not imply that same-priority agents at an object receive the same probability share of that object in the
final assignment.

#The literature on ordinal mechanisms that follows Bogomolnaia and Moulin (2001) defines efficiency in terms
of first-order stochastic dominance; since we study expected-utility-maximizing agents, we can use the standard
Pareto efficiency concept. It should be noted that there are priority structures and stable assignments that are Pareto
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important corollary of our results is that a constrained Pareto-efficient assignment is
always an outcome of the PM mechanism with equal budgets.

One may be interested in two-sided efficiency if the priority structure is closely
related to object suppliers’ preferences, e.g., when schools’ priority rankings over
students reflect a school district’s preferences. An assignment is ex ante two-sided
Pareto efficient if it is not Pareto dominated by any other assignment with respect
to both agents’ expected utilities and objects’ priorities treated as their ordinal pref-
erences. When the welfare of objects is evaluated in terms of first-order stochastic
dominance with respect to priorities,’ PM always delivers assignments that satisfy
ex ante two-sided efficiency.

The PM mechanism is therefore a promising candidate that can be used in school
choice, dormitory room allocation, and other allocation problems based on priori-
ties. Moreover, it is flexible enough to accommodate additional constraints such as
group-specific quotas.

Literature Review.—The early literature on school choice, the focal topic of
priority-based allocation, e.g., Abdulkadiroglu and Sonmez (2003) and Ergin and
Sénmez (2006), followed the two-sided matching literature where it is common to
assume that both sides strictly rank the other side. Implicitly, weak priorities are aug-
mented with random lotteries to create strict priorities. It has been noted that when
priorities are coarse, some issues arise. For example, stability no longer implies
Pareto efficiency (Erdil and Ergin 2017); and, more importantly, how ties are broken
affects the welfare of agents since it introduces artificial constraints. Extending the
DA mechanism, Erdil and Ergin (2008) propose an algorithm for breaking priority
ties and the computation of agent-efficient stable matchings when priority rankings
are weak and only ordinal information is elicited. The two algorithms proposed by
Kesten and Unver (2015) offer further ways to break priority ties in ordinal settings.
However, Abdulkadiroglu, Pathak, and Roth (2009) and Kesten (2010) show that
the inefficiency associated with a realized tie breaking in ordinal setting cannot be
removed without harming student incentives.

Noting that agents may differ in their cardinal preferences, a strand of literature
(e.g., Featherstone and Niederle 2008; Miralles 2008; Abdulkadiroglu, Che, and
Yasuda 2011; Troyan 2012; Pycia 2014; Abdulkadiroglu, Che, and Yasuda 2015;
and Ashlagi and Shi 2016) emphasizes the importance of eliciting signals of cardinal
preferences from agents in matching mechanisms.” Ties in priorities can be broken
with such signals, although the space of preference profiles or signals considered in
these papers is restricted. Our PM mechanism elicits the entire relevant utility infor-
mation in a general setting. Moreover, compared to discrete signals of cardinal pref-
erences such as those in the popular Boston mechanism (defined in Appendix A), the
PM mechanism has the advantage of being (asymptotically) incentive compatible.

dominated by assignments that are not stable; Abdulkadiroglu and Sénmez (2003) construct relevant examples in
the ordinal setting, and the same examples remain valid in our setting.

SThat is, an object or object supplier is better off if agents matched with this object in the new assignment
first-order stochastically dominate those of the old one.

S1n recent work, Lee and Yariv (2014) and Che and Tercieux (2014) show that when agent’s utilities come from
independent distributions, some ordinal mechanisms can be efficient.



276 AMERICAN ECONOMIC JOURNAL: MICROECONOMICS AUGUST 2018

It has been shown theoretically (e.g., Pathak and S6nmez 2008), experimentally
(e.g., Chen and S6nmez 2006), and empirically (e.g., Abdulkadiroglu et al. 2006,
He 2012) that strategic considerations may put less sophisticated agents at a disad-
vantage. More importantly, these effects do not disappear in large markets (Azevedo
and Budish 2012). PM thus “levels the playing field” by eliminating this strategic
concern while keeping the benefits of using cardinal preferences.

Our paper offers the first pseudo-market construction with priority constraints.’
In addition, we also contribute to the growing literature on pseudo-market mecha-
nisms in settings without priorities. The idea was first formulated by Hylland and
Zeckhauser (1979). Miralles (2008) establishes a connection between the mecha-
nism and the Boston mechanism in settings without priorities. Budish (2011) and
Budish et al. (2013) extend the pseudo-market mechanism to multi-unit demand set-
tings such as course scheduling. Miralles and Pycia (2014) show that every efficient
assignment can be decentralized through prices, establishing the Second Welfare
Theorem for the no-transfer setting without priorities. He, Li, and Yan (2015) make
the point that any assignment, not necessarily efficient, can be decentralized by per-
sonalized prices.

Our analysis of fairness is related to Ashlagi and Shi (2016) who study a model
with a continuum of agents without priorities and show that the equal-budget PM
mechanism can implement any envy-free and Pareto efficient assignment. Envy-
freeness is a weaker fairness property than equal claim, and the characterization of
the equal-budget pseudo market in terms of envy-freeness and efficiency does not
extend to large finite economies (see Miralles and Pycia 2015).

Our analysis of the PM mechanism’s asymptotic incentive compatibility addresses
a long standing, open problem posed by Hylland and Zeckhauser (1979). We build
on the classic literature on the price-taking behavior of agents in exchange econ-
omies, e.g., Roberts and Postlewaite (1976) and Jackson (1992). The only earlier
analysis of incentive compatibility of PM without priorities is Azevedo and Budish
(2012) who show that it satisfies the strategy-proofness-in-the-large criterion that
they introduce provided that budgets are equal and the number of utility types is
finite and stays bounded as the market grows. Our result does not hinge on either of
these assumptions.®

7Notice that our paper subsumes He (2011); Miralles (2011); He and Yan (2012); and He, Miralles, and Yan
(2012) who proposed this construction and proved it is well-defined. Subsequent work on personalized prices in
pseudo-markets (e.g., Ashlagi and Shi 2016 and He, Li, and Yan 2015) did not address the question of when person-
alized-price mechanisms respect priority constraints.

8The equal-budget PM mechanism satisfies a restriction of Azevedo and Budish’s, EE-TB (envy-free but for
tie breaking), among agents of the same priorities at all objects. Building on this observation, we show that the
equal-budget PM mechanism is strategy-proof-in-the-large provided that their environment assumptions hold true.
We provide the details in Appendix C. Work on other related mechanisms includes Miralles (2012), Pycia (2014),
and Hafalir and Miralles (2014), studying incentive compatible, efficient mechanisms in specific parametric set-
tings. Hashimoto (2013) constructs an ex post incentive-compatible mechanism that becomes efficient in large
markets. Nguyen, Peivandi, and Vohra (2015) introduce an optimization-based efficient mechanism that is strategy-
proof-in-the-large. The asymptotic incentive properties of ordinal matching mechanisms have also been studied,
e.g., Kojima and Pathak (2009); Kojima and Manea (2010); Kojima, Pathak, and Roth (2013); Liu and Pycia
(2012); Pycia (2011); Lee (2014); and Ashlagi, Kanoria, and Leshno (2014).
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Organization of the Paper.—Section I sets up the model for the priority-based
allocation problem. Section II defines the PM mechanism and establishes that it is
well-defined. Section III investigates its incentive compatibility. We present fairness
properties of the mechanism and its characterization in Section IV. Section V dis-
cusses results on its efficiency advantage relative to some well-known mechanisms.
The paper concludes in Section VI.

I. Model

We consider a priority-based allocation problem, or an economy,
I' = {S,Z,0,V,K}, where:

(i) S = {s}_, is a set of objects.

(i) Z = {i},’-zl is a set of agents, each of whom is to be matched with exactly one
copy of an object.

(iii) Q0 = [qs] $_| is a capacity vector, and g, € N is the supply of object s, Vs.
For simplicity, we assume that 25:1% =1, i.e., there are just enough
copies of objects to be allocated to agents; the extension to Zle q, # 1is
straightforward.

(iv) V = [vliez. where v; = [v; Jses and v; ; € [0, 1] is agent i’s von Neumann-
Morgenstern (vN-M) utility associated with object s.

(V) K = [k iz, ses» Where k,; € K = {1,2, ce E} is the priority group of
agent i at object s, and k (g I) is the maximum number of priority groups.”
Roughly speaking, [k; ;];c7 can be interpreted as s’s weak ranking over all
agents, and a lower value of k; ; means higher priority. That is, k; ; < k; ;if
and only if i has a higher priority at object s than j’s. We allow both strict and
coarse priority structures, in particular, the special case of interest when all
agents have the same priority (the no-priority case).'

All objects and agents are acceptable to the other side, i.e., every agent con-
siders every object better than being unassigned and is qualified to be assigned to
any object. The analysis can be extended to the setting with unacceptable objects/
agents. Agents are assigned to objects under the unit-demand constraint such that
each agent must be matched with exactly one copy of an object. In the following,
unless otherwise stated, we require non-wastefulness such that all copies of every
object are to be assigned to some agents. Given the acceptability of everyone on
both sides, wastefulness clearly leads to Pareto inefficiency.

9Tt is innocuous to assume that every object has the same number of priority groups, as there might be no agent
in a particular group of an object.
19Qur results on incentive compatibility and fairness are also new in this classical case.
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An assignment is a matrix I = [m];cr;s m = [m; | ;es and 7; 5 € [0, 1] is agent i’
probability share of object s, or the probability that agent i is matched with object s.
Given the supply of the objects, an assignment is feasible if and only if Z ierTis < gy
for all s. The set of all feasible assignments is denoted by .4. Moreover, the
unit-demand constraint implies that ZSE sm; s = 1 for all i, and non-wastefulness
leads to Z ic7T; s = g forall s.

Because an assignment I € A is defined in terms of probability shares, IT is com-
monly known as random assignment; if, however, I is degenerate, i.e., 7; ; € {0, 1}
for all i and s, it is also a deterministic assignment. Every feasible random assign-
ment can be decomposed into a convex combination of deterministic assignments
and can therefore be resolved into deterministic assignments (Kojima and Manea
2010), which generalizes the Birkhoff-von Newmann theorem (Birkhoff 1946; von
Neumann 1953). Notice that the convex combination may not be unique in general.

Given objects’ priorities and supply, an allocation mechanism is a mapping from
agents’ reported preferences, either cardinal or ordinal, to the space of feasible
assignments, A.

II. The Pseudo-Market Mechanism

Given the structure of priorities K and the capacities Q, the pseudo-market
(PM) mechanism maps a reported utility profile V = [v,} ;e7 to a feasible assign-
ment [m] ic7 € A by internally finding a Walrasian equilibrium: it takes the
exogenous budgets in token money [b;];c7, b; € (0,1], and finds a price matrix
P = [psilseskex € P = [0, +00]**¥, where p, , is the price of object s for agents
in s’s priority group k, by solving the utility maximization problem for every i,""

Wi("i,P ) € argmax Z;gﬂ-i,svi,s
is NS

subject to:
(i) unit-demand constraint: Y g m.s = 1 forall i;'2
(i) feasibility constraint: Z ierTis(vi, P*) < g, for all objects s;

(iii) budget constraint: ZSG SPsk. Tis < b; and the stipulation that if there are
multiple bundles maximizing her expected utility, then a cheapest one is
chosen;

"If py « = 400, we define 400 - 0 = 0 and +o0 - 7, = +ooif m; ;> 0.

12We model the unit-demand constraint as equalities. In other words, an agent’s preferences over probabili-
ty-share bundles that do not satisfy the equality are not defined in the mechanism (similar to preferences of having
two spouses in a one-to-one marriage-matching model). This definition allows practitioner to announce in advance
that every participant in the mechanism is guaranteed a copy of some object. Alternatively, one can define the
unit-demand constraint as weak inequalities, ) g7 ¢ < 1. This amounts to assuming that agents receive zero
utility if unassigned. A PM mechanism can be similarly defined, and the weak inequalities become equalities if
vi.s = O forall i and s, given that there is enough supply.
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(iv) priority constraint:' k*(s) is the cut-off priority of object s if
ZieZ, kSv,-<k*(s) T, S(V,‘,P*) < qs and Ziel kx,,-gk*(s) 7Ti,s<vi’P*> = (5, IOreover,

p:’k&i == 0, if ks,i < k*(S),
Pok,, € [0, +00), if ky; = k'(s),
p:»k,;,i = +OO, if ks,i > k*<s>

The PM mechanism accommodates personalized exogenous budgets, but to
economize on notations, we focus on the mechanism with equal budgets, such
that b; = 1 for all i, and refer to the equal-budget PM mechanism simply as the
PM mechanism. It should be noted that all results except fairness in Section IV
extend to the mechanism with unequal budgets as long as budgets do not depend on
reported utilities.

Given a reported utility profile, an assignment that can be resulted from the PM
mechanism is a PM assignment. A price matrix in the internal Walrasian equilibrium
of the mechanism is called a PM price matrix or simply PM prices.' To the extent
that PM assignments crucially depend on PM prices, we study the properties of
prices to determine assignment characteristics.

A unique feature of the PM mechanism is that the prices are designed to be prior-
ity-specific and increase when we move down on the priority list. If s is consumed
completely by agents in priority groups higher than £*(s) (including k*(s)), agents in
s’s priority groups strictly below k*(s) face an infinite price, while those in priority
groups strictly higher than k*(s) face a zero price. Section IV discusses the implica-
tions of such a price structure.

In this manner, the PM mechanism treats objects’ priorities as agents’ rights to
obtain an object at a lower, sometimes zero, price. Whenever some agents with
lower priorities can get a positive share of an object, an agent with a higher priority
at that object can always get it for free. More importantly, agents can choose not to
exercise the right if they wish, but they cannot trade priorities. This interpretation is
similar to the consent in Kesten (2010) that allows agents to waive a certain priority
at an object, but is in contrast to the treatment in the top-trading-cycles mechanism,
which implicitly allows agents to trade their priorities (Abdulkadiroglu and Sonmez
2003).

Our first main result is the existence of the PM prices and assignment.

THEOREM 1: Given any reported utility profile, there always exists a PM price
matrix, and thus the PM mechanism can always deliver a PM assignment.

131n the setting in which all agents have the same priority at all objects (i.e., no priorities), this priority con-
straint reduces to prices being non-negative and finite.

4By construction, a PM price matrix is also Walrasian equilibrium prices for the economy T augmented with
the given budgets.
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SKETCH OF PROOF:

The proof uses the traditional Kakutani’s fixed point theorem, applied to a price
matrix instead of a price vector. Our price space contains two features worth men-
tioning. First, some prices can be infinite, but the price space remains compact.'>
Second, at high prices, e.g., at prices that are all above the agents’ budget, no agent
can afford to buy one unit of any object; the unit demand constraint is violated at
such prices but, as we show, not at equilibrium prices. In the proof, we rely on an
“artificial outside option” that is infinitely supplied and always zero priced, and that
for all agents is strictly worse than any other object in the original economy. We
show that there is an equilibrium of this extended economy. Furthermore, because
of our assumptions on total supply of objects and because excess supply implies
zero price at all priority groups, no equilibrium would contain positive demand of
the “artificial outside option.” Thus, the equilibrium of the extended economy gives
us an equilibrium of the original economy. B

This key result shows that the PM mechanism is well-defined. The analogous
result was proven by Hylland and Zeckhauser (1979) for the classical economy
without priorities. The result is new for the case with priorities; the challenge in
obtaining the result is the need to incorporate the priority condition (iv).' This con-
dition is crucial in ensuring the fairness of the mechanism under priority constraints
(Section IV).

An economy can have more than one PM price matrix and multiple PM assign-
ments, and thus a complete specification of the mechanism must prescribe a price
selection rule.!” Our main results are robust to arbitrary selection rules, except those
on incentive compatibility in the next section, which address the selection issue
directly.

III. Asymptotic Incentive Compatibility

Our next analysis focuses on asymptotic incentive compatibility in sequences
of replica economies rand considers the PM mechanism’s incentive proper-
ties in large markets.'® For any base economy I' = {S, 7,0,V, K}, we use
r = {S,I () Q("), 17420 ¢ (”)} to denote an n -fold replica of I', which is an econ-
omy such that: (i) for each i € Z, there are n copies of i in 7" whose preferences
and priorities are exactly the same as #; (ii) S is constant in all economies; and
(iii) Q (") = nQ, or equivalently ") = ng, for all s and n. In the sequence of replica
economies {F(”) neNs €ach '™ has n copies of the base economy I'. Notice that the

15 Although not needed for the proof, we transform price matrix using the continuous function arcrangent.
Transformed prices are always between 0 and /2, which may be convenient in practical computation.

6 Our paper subsumes He and Yan’s and Miralles’s work, who independently proposed the construction of the
PM mechanism with priority constraints.

'7In the market design literature, Kovalenkov (2002) is an exception to explicitly consider selection rules in an
approximate Walrasian mechanism.

18 Given the impossibility result in Zhou (1990) and the example in Hylland and Zeckhauser (1979), it is known
that agents may have incentives to misreport their preferences in any finite market. See Appendix C for an analysis
of the limit incentive compatibility concepts defined by Azevedo and Budish (2012) and Roberts and Postlewaite
(1976).
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set of PM prices is constant along any sequence of replica economies, provided that
all agents report truthfully.”

We consider a natural analogue of regular economies from the general equilib-
rium literature (e.g., Dierker 1974, Hildenbrand 1974, Jackson 1992).20 To define
this regularity concept, we use the Prohorov metric p to measure the distance
between two distributions, ¢ and v:

p(p,v) = inf{e > 0|v(E) < M(BE(E)) +e and p(E) < Z/(BE(E)) +e EC[0,1)5¢ Borel}.

A distribution of utilities 1 is regular if there exists a neighborhood B of ;1* and a
finite number m > 0 of continuous functions 1y, . . .,,, from B to [0, +00]5** such
that for every distribution 1 € B the set of PM prices is {t(s),. ..., (1)} and
() # () for every i # j. An economy I is regular if the corresponding distri-
bution of utilities is regular. The proofs for this section show that if the base econ-
omy is regular, then so is any replica economy.

Our second main result is the asymptotic incentive compatibility of the PM
mechanism. A mechanism is asymptotically incentive compatible on a sequence
of replica economies T if for every agent the utility gains from submitting a utility
profile different from the truth vanishes along the sequence. That is, for every ¢ > 0,
there exists n”* such that n > n™ implies that the utility gain from unilateral misre-
porting for every agent in '™ is bounded by € when everyone else is truth-telling.

THEOREM 2: There always exists a selection of PM prices in the definition of the
PM mechanism such that the resulting PM mechanism is asymptotic incentive com-
patible on any sequence of replica economies whose base economy has a regular
distribution of utilities.

The above theorem shows that the utility gain from unilateral misreporting
is bounded for all agents in a large enough economy. An analogue of this result
remains true beyond replica economies: our proof of Theorem 2 also implies that the
gain from manipulation for any agent who is present in all economies in a sequence
vanishes as the economy grows, provided that the limit distribution of utilities is
regular.”!

Theorem 2 is new not only in the setting with priorities, but also in the canon-
ical setting without priorities first studied by Hylland and Zeckhauser (1979).7?
While Hylland and Zeckhauser conjectured that their mechanism is asymptotically
incentive compatible, their conjecture has so far remained open. The closest prior
result was obtained by Azevedo and Budish (2012) who introduced the concept of
strategy-proofness-in-the-large and in a discrete setting proved that every envy-free

19We make the replica assumption for simplicity, but our analysis does not depend on it. See the end of this
section for an extension beyond replica economies.

29For simplicity, we follow Jackson (1992) in defining regularity directly in terms of price behavior; alterna-
tively we could express the definition of regularity in terms of properties of excess demand functions as in Dierker
(1974) and Hildenbrand (1974).

21n addition, Appendix C shows that the PM mechanism is limiting incentive compatible in the sense of
Roberts and Postlewaite (1976).

22See also e.g., Budish et al. (2013).



282 AMERICAN ECONOMIC JOURNAL: MICROECONOMICS AUGUST 2018

mechanism is incentive compatible in their sense. In particular, their result implies
that Hylland and Zeckhauser’s mechanism with equal budgets is strategy-proof-in-
the-large in large economies with a bounded number of utility types. Their approach
hinges both on the equality of budgets and on there being a bounded number of pos-
sible utility types; in contrast, our result is valid in the standard model that allows a
continuum of utility types and it is valid for any profile of budgets.

IV. Fairness under the Priority Constraint

We now discuss two complementary concepts of fairness: ex ante stability of
Kesten and Unver (2015), which captures the lack-of-justified-envy aspects of fair-
ness, and the equal-claim property of He, Li, and Yan (2015), extended herein to the
settings with priorities, which captures the equality aspects of fairness. Our main
result shows that, given a priority structure, the set of equal-budget PM assignments
is precisely the set of assignments that are ex ante stable and satisfy equal claim.

A. Ex Ante Stability

A key property of PM assignments is the ex ante stability introduced by Kesten
and Unver (2015). An assignment is ex ante stable if it does not cause ex ante
justified envy. An assignment II causes ex ante justified envy of i € 7 toward
j € I\{i} if 3s,s’ € S such that v; ; > v; ;, k ; < kyj, s> 0, and m; , > 0. In
other words, agent i who has higher priority at s than another agent j has ex ante jus-
tified envy toward j if j has positive probability of obtaining object s, while with pos-
itive probability i obtains an object less preferable than s. If an assignment causes
ex ante justified envy, then its every implementation with positive probability gen-
erates deterministic assignments that are not justified-envy-free, or not stable, in
the sense of Abdulkadiroglu and S6nmez (2003). This is an important consider-
ation as many school districts insist on avoiding justified envy, for example, NYC
(Abdulkadiroglu, Pathak, and Roth 2005) and Boston (Abdulkadiroglu et al. 2005).

In defining the PM mechanism, we require that prices are zero above the cutoff
priority group and infinity below the cutoff. This restriction is both sufficient and
necessary for the ex ante stability of PM. To see this necessity and sufficiency, we
relax the PM construction by allowing the prices to be agent-specific so that the
matrix of all prices is [p; )iz ses € [0, +00]%.?3 With personalized prices, without
loss of generality, we can normalize each agent’s possibly unequal budget to be
one.

We first restrict ourselves to the set of non-wasteful assignments. Given an econ-
omy I', and a given personalized price vector P; = [pi, S] ses € [0, +oo]S, where p; ¢
is the price of object s for agent i, we construct the demand correspondence of
agent i, 7}(v;, P;), that maximizes ) 57, v; s subject to ) cgp; 7, < 1 among
feasible 7;, such that er sm.s = 1l and m; ; > 0O for all objects s. The set of pos-
sible personalized prices Pr is the set of all possible personalized prices that can

231n addition to earlier drafts of our paper, personalized prices were studied, for instance, in He, Li, and Yan
(2015).
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rationalize some assignment as a result of agents’ utility maximization (given bud-
gets). That is,

Pr= {P* = [Pilier € [0, +00]"S|3m; € 7 (v;, Pf), Ymi, < q,, Vi€ T,Vs € S}'
it

The set of associated assignments is IIn(P*) = {[mer € A|m € 7*(v;. P;),
Vi € I} for P* € Pr. Finally, Iy = Up-cp, IIp(P”) is the set of all possible assign-
ments that can be supported as a result of agents’ utility maximization. Every
feasible assignment can be represented in this way, i.e., IIr = A (see He, Li, and
Yan 2015 for details).

Because Zse sqs = 1, the definition of the PM mechanism restricts its prices to
be in the following set:

0 if ) = m,<gq andk,; <k
JET st ky <k

tooif ), m,=gq,and k; > K
JET. s.t ky ;<K'

piable = $p* € Pr| Vs,V € Hp(P*), 3k, pis =

By Theorem 1, PP -£ &5 and thus the set of assignments IT§ "% = U P*epffah/KHF(P*>
is also non-empty. Furthermore, Hﬁmble corresponds exactly to the set of ex ante stable
assignments.

PROPOSITION 1: T3/ js the set of all non-wasteful ex ante stable assignments.

The proof is provided in the Appendix. Given the construction of the PM mechanism, we
then obtain the following.

COROLLARY 1: Every PM assignment is ex ante stable.

While we normalize the budgets to be equal, a simple rescaling of personalized prices
shows that the above result is also true for the PM mechanism with unequal budgets.

The above construction can be naturally extended to possibly wasteful assignments in
which Z ieTTis = q4 < g, for all schools. Indeed, our analysis goes through if we mod-
ify the “market-clearing” conditions in the PM construction and substitute g/ in lieu of the
actual capacities ¢.

B. Equal Claim

The PM mechanism satisfies the strong fairness criterion of equal claim introduced by
He, Li, and Yan (2015) in a setting without priorities. This fairness criterion captures the idea
that the mechanism treats agents in the same priority class in the same Way.24 An ex ante
stable assignment 11 satisfies equal claim if II is an expected-utility-maximization outcome,
and in this maximization all agents in any given priority group of s face the same price of

24See He, Li and Yan (2015) for further discussion of this property.
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s if budgets are equal, or the same (equal) ratio of price to their budgets when budgets are
unequal.

DEFINITION 1: An ex ante stable assignment 11 satisfies equal claim if and only if,
given equal budgets, there exists P* € Py such that TI € HF(P*) and that for
any s, p;'s = pj s whenever k ; = kg ;.

This definition allows II to be wasteful. Nonetheless, the definition of the PM
mechanism, Theorem 1, and Corollary 1 together imply that in any economy I" there
exists a non-wasteful ex ante stable assignment satisfying equal claim.

C. Characterization

Our main result on fairness says that our PM mechanism is characterized by the
above two fairness criteria.

THEOREM 3: Given an economy ' and equal budgets, the set of PM assignments
is equivalent to the set of non-wasteful assignments satisfying both ex ante stability
and equal claim.

Using this result, we can furthermore prove that in the special case in which
agents’ preferences and objects’ priorities are both strict, PM assignments are deter-
ministic and stable.

THEOREM 4: In an economy T, if both agents and objects rank the other side
strictly, every PM assignment is deterministic, and the set of PM assignments is
equivalent to the set of stable deterministic assignments.

V. Efficiency

Our welfare analysis starts with investigating the welfare of both agents and sup-
pliers of objects, where the latter’s preferences are assumed to be represented in the
priority structure. In section B, we turn to the agent welfare, which is the focus of
the literature.

A. “Welfare” of Both Sides

As objects’ priority ranking over agents does not necessarily reflect any underly-
ing preferences of their suppliers, it is natural to care only about the welfare of agents.
However, there are exceptions, and needless to say, priorities are usually not ran-
domly chosen. For example, in school choice, priority rules may reflect preferences
of the local constituency such as minimizing transportation costs (distance-based
priorities) and /or encouraging investment in studying (test-score-based priorities).

When one is interested in taking the welfare of both sides into account, PM
assignment is two-sided Pareto efficient in terms of both agent preferences and
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object suppliers’ preferences defined by priorities. In this context, we say that
an assignment II' € A is ex ante two-side dominated by another assignment
ITe Aif

' .
Zﬂ-i,svi,s 2 Zﬂ-i,svi,s’ VI € Z’
seS seS

Yo me> Y, wl,, VYseSVkeKk,
ie{k, <k} ie{k, <k}

and at least one inequality is strict. That is, every agent has a weakly higher expected
utility in II, and, for each object s, the assignment II first-order stochastically dom-
inates I1” with respect to the priority structure. An assignment is ex ante two-sided
efficient if it is not ex ante two-side dominated by any other assignment. We then
obtain the following result.

THEOREM 5: Every PM assignment is ex ante two-sided efficient.

If the problem is indeed two-sided, i.e., objects’ priorities represent some under-
lying possibly weak preferences, our results then make the PM mechanism a prom-
ising candidate for two-sided matching with weak preferences.

B. Welfare of Agents

Our characterization result (Theorem 3) implies that no mechanism that is
ex ante stable and fair in the sense of equal claim can dominate the PM mecha-
nism in efficiency terms. We now illustrate via examples how the PM mechanism
can dominate other mechanisms.?” The first example (subsection B1) shows it
outperforms the best possible ordinal mechanism even if the latter ignores pri-
ority constraints. Subsection B2 compares the PM with the DA and again shows
the efficiency advantage of the PM mechanism. In subsection B3, we focus
on the Boston mechanism, which is known to elicit signals of cardinal prefer-
ences from agents. Indeed, we show that the Boston mechanism can achieve the
same PM assignment under some conditions (Proposition 2), but they otherwise
differ.

An assignment II"' € A is ex ante Pareto dominated for agents by another
assignment IT € A if

’ .
Z 7Ti,s Vi, K 2 Z 7Ti,s Vi,s’ Vl S I’
seS

seS

and at least one inequality is strict. An assignment is ex ante agent-efficient if it is
not Pareto dominated for agents by any other feasible assignment. The definition

25The fact that some of the mechanisms we study can be dominated is known, see Ergin and Sénmez (2006);
Abdulkadiroglu, Che, and Yasuda (2011); Troyan (2012); and Pycia (2014).
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applies to both random and deterministic assignments, and every deterministic
assignment in any decomposition of an ex ante agent-efficient assignment is Pareto
optimal for agents.

In general, the PM mechanism cannot achieve ex ante agent-efficiency due to the
priority structure, and Theorem 3 implies that any agent-efficient assignment satis-
fying ex ante stability and equal claim is a PM assignment.

The unique feature of PM is that it elicits and uses cardinal preferences to make
the assignment. This implies that the outcome has the potential to be more efficient
than ordinal mechanisms. In a one-sided setting (i.e., no priorities), Abdulkadiroglu,
Che, and Yasuda (2011) show cardinal mechanisms can dominate ordinal ones, and,
building on subsequent analysis by Pycia (2014), we extend this result to the setting
with priorities.

The following definition is useful for the comparison.

DEFINITION 2: An assignment 11" is ordinally efficient if there does not exist
IT # II” such that

Z g < Z Ty, Vs €S, i€,

S8V o>V S8V o>V

where at least one inequality is strict. 11" is symmetric ordinal efficient if further-

more 71} ; = 7} , Vs, whenever i and j have the same ordinal preferences.

The Cost of Ordinality.—The following example, based on Pycia (2014), illus-
trates the extent to which restricting ourselves to ordinal mechanisms may result in
an efficiency loss.

Example 1: Let us consider the following economy with four agents (il ye .,i4)
and four objects (sl yen ,s4) with one copy of each available:

Cardinal preferences Priority structure
Objects Objects

Agent | s 53 54 Agent | s, s 53 4

i 1 € €’ 0 i 1 2 2 1

i I 1—¢ € 0 i) 1 2 1 1

i3 1 e 1—c¢ 0 i3 1 1 2 1

iy 1 €’ € 0 iy 1 2 2 2

0<e<05 Smaller number means higher priority.
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Note that no pair of agents has the same priorities at all objects. The following prices
and assignment is an equilibrium outcome of the PM mechanism:

PM Priority-Specific Prices PM Assignment
Objects Objects Expected
Agent| s, 5> 53 S4 Agent| s, s 53 S4 Utility
i 2 1 1 0 i 1/2 0 0 1/2 1/2
i 2 1 0 0 iy 0 1 0 0 1—¢
i3 2 0 1 0 i3 0 0 1 0 1—e¢
iy 2 1 1 0 iy 1/2 0 0 1/2 1/2

Like in Pycia (2014), we can replicate this example and compare the PM mecha-
nism with the “best” ordinal mechanisms ignoring the priority constraint because
Liu and Pycia (2012) showed that in large economies, all regular, asymptotically
strategy-proof, asymptotically symmetric, and asymptotically efficient ordinal
mechanisms deliver outcomes asymptotically equivalent to the symmetric ordinal
efficient assignments.

PS: Symmetric Ordinally Efficient Assignment

Objects Expected

Agent 51 53 53 S4 Utility
i 1/4 1/2 0 1/4 (14 2¢)/4
iy 1/4 1/2 0 1/4 (3—12¢)/4
i3 1/4 0 1/2 1/4 (3—2¢)/4
iy 1/4 0 1/2 1/4 (1+2¢)/4

Can be achieved by the Probabilistic Serial.

The above assignment can be implemented by the Probabilistic Serial (PS) whose
definition is in Appendix A.

Conclusion: Given € € (0,0.5), the PS assignment is Pareto dominated by the
above PM assignment in terms of agent welfare, despite the fact that the PS assign-
ment ignores priorities.”d The PM assignment delivers a total welfare 0 to 50 per-
cent higher.

Comparison with the Gale-Shapley Deferred-Acceptance Mechanism.—The
Gale-Shapley Deferred-Acceptance (DA) mechanism, whose definition is also
available in Appendix A, is a mechanism that has attracted the most attention in

25For PS that takes priorities into account, see Afacan (2015). Such extensions of PS yield assignments that are
dominated by those from standard PS.
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the literature as well as in practice. When it is implemented in settings where pri-
orities are coarse/weak, some tie-breaking rule is needed. For example, following
reforms in New York City and Boston, the school choice program uniformly ran-
domly chooses a single tie-breaking order for equal-priority students at each school
and then employs the student-proposing DA using the modified priority structure.
From the perspective of tie-breaking, one may view the PM mechanism as a ver-
sion of the DA mechanism with coarse priorities on one side. The unique feature of
the PM mechanism is that the ties are broken endogenously according to cardinal
preferences. The following example shows a case where the PM dominates the DA.

Example 2: In the same setting as in Example 1, the assignment from the DA with
single tie-breaking (DA-STB) is as follows:

The DA-STB Assignment

Objects Expected
Agent 51 ) 53 Sy Utility
i 1/4 1/6 1/12 1/2 (3+2c+¢€?)/12
i 1/4 7/24  11/24 0 (13— Te+ 11€%)/24
i 1/4  11/24  7/24 0 (13 —Te+ 11€%)/24
iy 1/4 1/12 1/6 1/2 (3+2e+¢*)/12

DA-STB: The DA mechanism with single tie-breaking.

Conclusion: The DA-STB assignment is Pareto dominated by the PM assignment
in terms of agents’ expected utility for € € (0, 0.5); the latter has a total welfare that
is 16 to 89 percent higher.

It should be noted that Kesten and Unver (2015) extend the DA mechanism and
propose two variants to deal with the tie-breaking on the object side. Since their mech-
anisms still rely on ordinal preferences of agents, the cost of ordinality, illustrated by
Example 1, still applies. Empirically, Abdulkadiroglu, Agarwal, and Pathak (2015)use
data from the New York City high school match to show that possible improvements
upon the DA mechanism from various ordinal mechanisms are rather limited. In fact,
the best outcomes that the mechanisms in Kesten and Unver (2015) can achieve are
constrained ordinal efficiency, which are necessarily dominated by ordinal efficient
outcomes.”’

We also note a special case in which agents’ preferences and objects’ priorities
are both strict. In this case, it must be that k& = I and that there is exactly one agent
in each priority group of any object. Noting that any DA assignment when agents
report true ordinal preferences is stable, we have the following result as a corollary
of Theorem 4.

271n recent work, Che and Tercieux (2014) provide modifications of DA to improve asymptotic efficiency.
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COROLLARY 2: If both agents and objects rank those on the other side strictly, any
DA assignment, when agents report true ordinal preferences, is a PM assignment.

Comparison with the Boston Mechanism.—The PM mechanism is closely related
to another commonly used mechanism, the Boston mechanism, whose definition is
available in Appendix A. It has been noted in the literature that the Boston mecha-
nism elicits signals of agents’ cardinal preferences, and indeed sometimes the Boston
mechanism can yield PM assignments in Bayesian Nash equilibrium. In terms of
information, we assume that agent preferences are common knowledge and that lot-
tery realizations are only revealed after agents have submitted their rank-order lists.

PROPOSITION 2: A PM assignment is also a Bayesian Nash equilibrium assign-
ment of the Boston mechanism, if every agent has strict preferences and consumes
a bundle that either includes only free objects (according to her own prices), or
includes one object with a positive price in (1, +oo) (according to her own price)
and all others free to all agents.

Note that the above result is a sufficient condition, and the following example
shows there are other cases where the PM and the Boston coincide.

Example 3 (The Boston Coincides with the PM Mechanism): In the same setting
as in Example 1, one can verify that the following strategies constitute a Nash equi-
librium under the Boston mechanism (with single tie-breaking), and the equilibrium
outcome is exactly the PM assignment.

Boston Equilibrium Assignment

Boston Equilibrium Strategies Objects Expected
Agent Rank-Order List Agent | s, 5y 53 54 Utility
i s S4 e aa. i /2 0 0 1/2 1/2
ir R S ir 0 1 0 0 1—e¢
i3 §3 e el i3 0 0 1 0 1—¢
iy ST 0S4 e .. iy /2 0 0 1/2 1/2

3

‘...” indicates an arbitrary school.

When agents do not have strict preferences, or at least one of them spends her
budget on more than one object with positive and finite prices, in general, a PM
assignment is not an equilibrium outcome of the Boston mechanism. More impor-
tantly, in addition to the Boston mechanism’s disadvantages discussed in the liter-
ature review, not every equilibrium assignment of the Boston is a PM assignment.
The following example show this clearly.

Example 4 (The Boston Differs from the PM Mechanism): Let us consider the
following economy with three agents (il ye .,i3) and three objects (sl ye .,s3) with
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one copy of each available. Moreover, there are no priorities. The unique PM price
matrix and assignment are as follows:

Cardinal Preferences PM Prices PM Assignment
Objects Objects Objects
Agent| s, s, s3 Agent| g s, s3  Agent| g s 53
i 1 09 0 ip [15/8 9/8 0 i 0 8/9 1/9
iy 1 06 O ih |15/8 9/8 0 ih |7/15 1/9 19/45
i3 1 01 0 is |15/8 9/8 0 i |8/15 0 7/15

Note that in the PM assignment, i, purchases a positive probability share of both s,
and s,. Moreover, the Nash equilibrium of the Boston mechanism, which is unique
in terms of outcomes, is that i; top ranks s,, while i, and i3 top ranking s;, leading to
an assignment different from the PM assignment:

Boston Equilibrium Strategies Boston Assignment
Objects
Agent Rank-Order List Agent S s 53
i ) . .. i 0 1 0
ir s 53 e iy 1/2 0 1/2
i3 s 53 . i3 1/2 0 1/2

113

...” indicates an arbitrary school.

VI. Concluding Remarks

This paper studies the allocation of indivisible goods based on priorities when
monetary transfers are not possible and agents have unit demand. We propose a
pseudo-market (PM) mechanism, which elicits agents’ cardinal preferences and
delivers an assignment as bundles of probability shares in objects. When doing so,
the PM mechanism internally finds a Walrasian equilibrium in which agents are
endowed with budgets of token money and purchase bundles to maximize their
expected utility. The prices in the Walrasian equilibrium depend on agents’ cardinal
preferences and are priority-specific. More specifically, everyone in any given pri-
ority group of an object faces the same price, while those who are in higher priority
groups of an object face a lower, sometimes zero, price of that object.

The mechanism has desirable properties. After showing the mechanism is well-de-
fined, we prove that it is asymptotically incentive compatible for agents to report
cardinal preferences in a sequence of replica economies. Moreover, the mechanism
delivers an assignment, which can be random or deterministic, that satisfies ex ante
stability or eliminates ex ante justified envy. The structure of PM prices also guaran-
tees that everyone in the same priority group of an object has an equal claim to that
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object, whenever budgets are equal. The mechanism can deliver all assignments that
are not dominated by any assignment satisfying the above criteria. Because of the
explicit use of cardinal preferences, the PM mechanism has an efficiency advantage
over other popular mechanisms.

These properties of the mechanism make it a promising candidate for real-life
applications to settings such as school choice. Schools often prioritize student appli-
cations, and the priority structure is usually determined by the school district or local
laws. In most cases, a school’s priority ranking over students is not strict, which makes
the PM a natural candidate to run seat allocation. The mechanism guarantees that the
resulting assignment is ex ante stable and thus that it can be implemented as a lottery
over deterministic assignments that are stable. Furthermore, as Abdulkadirogluu,
Che, and Yasuda (2011) point out, in settings such as school choice, students may
have similar ordinal preferences. Therefore, without information on cardinal prefer-
ences, the efficiency that a mechanism can achieve may be limited.”® Indeed, using
data from the high school match in New York City, Abdulkadiroglu, Agarwal, and
Pathak (2015) show the potentials of eliciting cardinal utilities in improving stu-
dent welfare. By explicitly using students’ cardinal preferences, the PM mechanism
allows school districts to achieve such efficiency gains.*”

The major concern with implementing the PM mechanism is the difficulty of
eliciting cardinal preferences from agents. For instance, Bogomolnaia and Moulin
(2001) argue that agents participating in the allocation problem may have limited
rationality /information and thus do not know exactly their cardinal preferences.
However, the evidence in Budish and Kessler (2014) from an experiment of allo-
cating course schedules to students via a pseudo-market mechanism shows that the
difficulty in reporting preferences does not prevent the mechanism from outper-
forming its alternatives on multiple dimensions. Besides, more training and more
time to acquire information on cardinal preferences for agents may also lower
this difficulty.

From a different perspective, one may consider the requirement of reporting car-
dinal preferences as an incentive for agents to investigate whether an object is a
good fit for her. Such information acquisition can even be welfare-improving (Chen
and He 2015).

Another concern is that agents, especially children and their parents in educa-
tional settings, may not be able to play the preference-revelation game optimally,
even when telling the truth is always optimal. For example, Rees-Jones (2016) uses
survey data and reports that 5.38 percent of the agents do not report true ordinal
preferences under the DA mechanism, which is a strategy-proof ordinal mecha-
nism; Hassidim, Romm, and Shorrer (2016) report an even higher rate, 19 percent,
using data on agents’ behavior. However, misreporting behavior may not affect the
outcome or the assignment, because agents tend to omit objects that are unlikely

28 Whereas ordinal inefficiency may vanish in large markets (Che and Kojima 2010), the cardinal inefficiency
of ordinal mechanisms persists (Pycia 2014).

29Note that one can accommodate group-specific quotas within the PM similarly to how they might be accom-
modated within the DA mechanism (see, e.g., Abdulkadiroglu and Sénmez 2003): to accommodate such quotas,
one can divide each school into multiple sub-schools each of which has a quota equal to the one for the correspond-
ing group and gives that group the highest priority.
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to be obtained by them (Fack, Grenet, and He 2015; Artemov, Che, and He 2017).
Indeed, as documented in Hassidim, Romm, and Shorrer (2016), at most 1.4 percent
of the agents misreport and end up with suboptimal outcomes; even lower rates are
reported in Artemov, Che, and He (2017). Nonetheless, as an incentive compatible
mechanism, the PM mechanism allows market designer to find ways to convince
agents to report their true preferences.

APPENDIX A. ALTERNATIVE MECHANISMS

This appendix gives the definitions of three mechanisms: the Probabilistic Serial,
the Boston mechanism (also known as the immediate-acceptance mechanism), and
the Gale-Shapley deferred-acceptance mechanism.

The Probabilistic Serial is defined by the following symmetric simultaneous eat-
ing algorithm. It is proposed for one-sided matching, where objects do not rank
agents. Each object s is considered as an infinitely divisible object with supply g
that agents eat in the time interval [O, 1].

Round 1. Each agent eats away from her favorite object at the same unit speed,
and the algorithm proceeds to the next step when an object is completely exhausted.

Generally, in:

Round k (k > 1). Each agent eats away from her most-preferred object among the
remaining ones at the same unit speed, and the algorithm proceeds to the next step
when an object is completely exhausted.

The process terminates after any round k when every agent has eaten exactly one
total unit of objects (i.e., at time 1). The assignment of an agent i is then given by the
amount of each object she has eaten during the run of the algorithm.

The Boston mechanism solicits rank-ordered lists of objects from agents, uses
predefined rules, including tie-breaking rules, to determine objects’ strict ranking
over agents, and has multiple rounds.

Round 1. Each object considers all the agents who rank it first and assigns its
copies in order of their priority at that object,until either there are no copies of the
object left or no such agents left.

Generally, in:

Round (k > 1). The kth choice of the agents who have not yet been assigned is
considered. Each object that still has available copies assigns the remaining copies
to agents who rank it as kth choice in order of their priority at that object until either
there are no copies of that object left or no such agent left.

The process terminates after any round k when every agent is assigned a copy
of some object, or if the only agents who remain unassigned listed no more than &k
choices.

The Gale-Shapley Deferred-Acceptance (DA) mechanism can be agent-
proposing or object-proposing. In the former, the mechanism collects objects’
supplies and their priority structure over agents, as well as agents’ submitted
rank-ordered lists of objects. When necessary, tie-breaking rules are applied to form
strict rankings of objects over agents. The process then has several rounds.
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Round 1. Every agent applies to her first choice. Each object rejects the least pre-
ferred agents in excess of its supply and temporarily holds the others.

Generally, in:

Round (k > 1). Every agent who is rejected in Round (k — 1) applies to the next
choice on her list. Each object pools new applicants and those who are held from
Round (k — 1) together and rejects the least preferred agents in excess of its supply.
Those who are not rejected are temporarily held by the objects.

The process terminates after any Round k£ when no rejections are issued. Each
object is then matched with agents it is currently holding. The object-proposing DA
mechanism is similarly defined.

APPENDIX B. PROOFS

PROOF OF THEOREM 1: N

First, we make the price space compact by transforming [O, +o0]5xk
to Z=[0,7/2]%*% such that VP € [0, +00]5*, there is a Z€ Z and
Z = [z pseskerc = [arctan(ps, k)]seg’ kx> With arctan(+o00) = 7/2 and tan(w/2)
= +00.?Y Since the arctangent function, arctan, is a positive monotonic transforma-
tion, the reverse statement is also true such that VZ € Z, thereisa P € [0, +oo]5 <k
and P = TAN(Z) = [tan(z, 1)) es kek-

For the purposes of this proof, we also augment our economy with an “artificial
outside option” with infinite supply, s, at which every agent has the same priority
and necessarily face a zero price. For every agent, her valuation of this objectis v, <
min;c7mingegVv; i, which guarantees that the demand for s is zero in equilibrium.?!
A price-adjustment process for our extended economy T is defined as

H|Z,G(TAN(2).u)]

= {Y - {ys’k]ses,kelc

k
ys‘k([ds’k]kelC) = min{%,max [O, Zok T (; ds . — %)] }

€ G(TAN(Z),u) },

v[ds’k]ses,ke/c

where u = (uy,...,u;) are agents’ reported utility profile, and G(TAN(Z),u) is
the per capita demand correspondence for each priority group of each object in the
extended economy. Demands are well defined in the extended simplex AS™! since
object sy always has a zero price.

Since G is the average of individual demand correspondences, it is then upper
hemicontinuous and convex valued, and thus H[Z, G} has the same properties
because it is a continuous function. H [Z, G] therefore satisfies all the conditions

39We could alternatively work in the original space [0, +o0]5 *k_which is also compact. One may find the
transformation to [0, 7]5** useful when solving PM equilibrium computationally. Here and in the following, with
some abuse of notation, 7, without subscript, is the mathematical constant, i.e., the ratio of a circle’s circumference
to its diameter.

31 vy, could even be negative. As we impose the unit-demand constraint, everyone’s total probability shares of all
objects must be exactly one. Therefore, agents may demand an object of negative utility.
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of Kakutani’s fixed-point theorem, and there must exist a fixed point Z* such that
Z' € H|Z'.G(TAN(Z").u)|.

Note that not all fixed points, Z*, lead to prices that satisfy the conditions of the
PM mechanism. For example, the prices implied by Z* may be higher for higher
priority groups. More precisely, given Z*, there may exist [ds, k]seg’ rex € G such
that Vs and Vk,

Z;’k - min{Z’maXI:O ka+ <Edsf<_qls>:| }

In other words, Zf 1d, . = q,/1, Vs; there exists k*(s) for each s such that (a)
ds.1(s) > 0, an dy. = qs /1, and zg () [O ) (b) if k < k*(s), ﬁzldm<
qS/I and z;, = 0; and (c) if k > k*(s ), ds, = 0, and z;; can be some value in
[O, 7/ 2]. The “indeterminacy” in (c) happens because a finite price can sometimes
be high enough to deter consumption by some agents.

We therefore need to impose some selection rule. If d;; =0, and
z5; € [0,7/2) for some k > k*(s), there must exist another Z** such that Z** €

H[Z** G(TAN(Z*).u)| and that if k < k*(s), 2% = 2,4 and that if k > k*(s),
zq% = m/2. That is, the highest price is selected.

Now we show that an equilibrium contains no positive demand for the “artificial
outside option” s,. If that were the case, then there would be at least one school s € S,

which is in excess supply: Zﬁzl d; . < q,/I. This, however, implies that z;, = 0
for all k, that is, the price for s is zero for everyone. Consider an individual i who
has purchased a positive probability share of sy. Since v; ; < v; , agent i’s bundle is
not optimal, since substituting all probability shares in s, for those in s (at no cost)
would strictly increase her expected utility. Therefore, P** induces demands in the
simplex of the original economy, A%, and it is an equilibrium price matrix for the
original economy.

In summary, P** = TAN(Z*") satisfies the conditions of prices defined in the PM
mechanism and indeed clears the market. Therefore, a PM price matrix exists, which
implies the existence of PM assignment. B

A. Proof of Theorem 2

Let us represent each economy by a probability measure. Let T = [0, I]S x K5 be
the compact space of utility-priority profiles endowed with the standard Euclidean
distance. For any profile (v, k) € T and scalar ¢ > 0, let B.(v, k) be the ball of pro-
files within distance ¢ of (v, k). Let M be the space of compact-support Borel prob-
ability measures on 7. An economy can be conveniently represented by a probability
measure p on T, where ,u(v, k) is the proportion of agents with utility-priority profile
(v, k) in the economy. Therefore, each of the sequence of replica economies can be
represented by the same measure. We extend our use of the Prohorov metric p to
measure the distance between measures on 7',

p(p,v) = inf{e > 0|(E) < u(B.(E)) +¢ and p(E) < U(B.(E))+e, VE C T}.
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Notice that the entire set of regular economies can be partitioned into open and
disjoint subsets, such that for every subset B there is a finite number m > 0 of con-
tinuous functions v, . . @Z)m from B to [0, +00] 5%k such that the set of transformed
PM price matrices ¥(u {1/)1 .,?/)m([L)} for every 1 € B. Indeed, consider
an open ball of regular economies around each regular economy. Non-disjoint balls
must have the same set of price functions. Taking a union of open sets with the same
set of price functions gives us an open set with these price functions that is disjoint
from regular economies with other price sets.

Let us set w(")(,u) = iZJ(,u) = ibl(,u) for regular economies, and set both w(”)(u)
and w( M) to be an arbitrary price vector otherwise. By construction, this price func-
tion is continuous at every regular economy.

Take the n-replica regular economy '™ that is represented by ,u(") (= ). Suppose
agent i submits a report u instead of v;, and the resulting measure on utility profiles is
p™. By definition of the Prohorov metric, 1\ is close to 11" in which everyone is
truth-telling. For large enough n, we have that ,u&") is in the same price-function-ball
as u(") = p. Since ¥ is continuous on each price-function ball, agent i can affect
prices by only a small amount: given every € > 0, for every n sufficiently large and
for all u;,

|arctan<1/1(")<ui, VS’?)) — arctan(ip(”)(vi, VE’;)) >| < e.

We therefore specify a price selection rule for PM; since agents’ utilities are con-
tinuous in prices, Theorem 2 follows.

For completeness, we provide below a detailed analysis of the latter statement,
including a useful technical lemma.

Let P ") denote the set of PM prices when one copy of i reports u; while all oth-
ers reporting truthfully (V. v )) in T, Therefore P is the set of PM prices when
everyone in '™ s truth- -telling, and U, < o, l]sP is the set of prices that i can obtain
through unilateral manipulation of her reports. Furthermore Uselo, 1]573 D is the set
of obtainable PM prices associated with the base economy I'. Similar to the lemma
in Roberts and Postlewaite (1976), we have the following.

LEMMA B1: Given the sequence of replica economies, {F<”)}neN, and an agent i:

(1) Uuep. 1]s73§[l_’) is closed for all n.

(ii) The sets of PM prices that i can obtain by unilateral mampulatlon in
r neN have a nesting structure: U, cjo. 1S73( C Uuefo. 1] YP or all
€ i€[0.1] i€
n>n.

iii) If P 2 , there exists n™ such that n > n”* implies P 73('_’), and thus
(iif) b P
,P( ) = mneN(Uue[O l]b,P( )

PROOF OF LEMMA B1:
We prove the lemma step by step:

(1) Uuep, 115775,'[’) is closed.
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Consider a sequence of price matrices P — P, where P € Uuelo, 1]s73§,'l_’).

That is, for each m, there is a sequence of ui(’") such that P e PE{}?@. Since ui(’")
is bounded, there must exist a convergent subsequence, which is also denoted as
(m)

u;"™ — u;. Besides, the corresponding subsequence of price matrices, still denoted
as P, converges to P. This implies

7 P) 4 1) 0o ) 03 2, P) =
J#i

where (") (u,-, P<’")> denotes an element in the set ﬁ(ui, P(’")). Due to their bound-
edness, there is a subsequence of 7m) (u,-('"), P(’”)), Tr(”’)(vi, P("’)) } that converges
to {7, 7, }-

The maximum theorem implies that 7r(u, , P) is upper hemicontinuous in (u, , P)
and therefore 7, € 7r(u,, P) T, € Tr(v,, P) and T, € 7T(V P) The equality
above leads to

T +(n—1 T, —l—nZw = nQ,
J# i

which proves that P € Uselo. l]sP,(jf) and hence that U, c[o, l]sPE,'l_’) is closed.
(ii) The nesting structure of Uelo, 1]s73£,’f).

To simplify notations, in the following, let us assume that the demand correspon-
dence m(u;, P) is single-valued for all i, all u;, and all P. The proof can easily be
extended to allow 7r(u,-, P) to be set-valued.

P e Uyep, 1]573&7) means that there exists u i(”), such that P clears the market given

reports (u,-("), v,-):
w(ul,("),P) + (n — 1) w(vi,P) + n;w(vj,P) = nQ.

To have P as a PM price matrix in I'"), there has to exist some u") € [0,1]°, such
that

W(”i(nl),P) + (n' = 1) (v, P) + n’Zﬂ(vj,P) = n'Q.
J#i

Differencing the two equations and rearranging the terms leads to

7T<u,»<”/),P) = %/ﬂ(u,-(”),P) +I= n (v, P).
Since Tr(u,-(”>, P) and 7r(v,-, P) are affordable to i, the convex combination of the two
must be affordable to i. Therefore, there must exist some u,-(”'), such that the above
equation is satisfied.
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(iii) Pﬁ}) = mneN(Uu,E[O. 1]S771<f,-'))

It is straightforward to verify that 73< ) C 77( ") C e, 1]s73( ") for all n. We then
show that for any P ¢ 73 (1), there exists n* such that n>n “implies P ¢ 73

Suppose that P ¢ 73 but the statement in the lemma is false. The nestlng struc—
ture implies that P € Uuie[O, I]SP1<47)’ for all n. Therefore, there exists a sequence of
reports by the given copy of agent i, ui(”)},,eN, such that the market clears at P:

(", P) + (n = 1) x(vi, P) + nY_w(v;, P) = nQ.
i

Rearranging the above equation yields

7T(Lt,~(n>,P) —m(v;,P) = (Q ZT&'( )),

JjeT

where the left-hand-side term is bounded due to the unit demand constraint.
Moreover, P ¢ P! implies Q — Zjezw(vj,P> # 0, which means the right-hand
side of the equation diverges when n increases. Therefore, there must exist 7 such
that the above equation cannot be satisfied for n > 7. This contradiction proves the
lemma. B

We are now ready to finish the proof of our main incentive compatibility theorem.

PROOF OF THEOREM 2:
Suppose that for a copy of agent type i, also denoted as i, there exists a sub-
sequence of replica economies {F("'") n,cN Where she gains at least ¢ by unilat-

eral misreporting. Let pim = w("m)(u,-(""'), VEI;"');K (")), where P is the price
matrix with which PM implements the assignment in economy L) after i’s uni-
lateral manipulation. Since {arctan(P(’”)) }
(also denoted as {arctan(P (’">) }nm N

Uselo. I]SP ) and thus arctan(Uuie[o, 1]377”?7”,) are closed (Lemma B1), we have

is bounded, there is a subsequence
n, €N

) converging to some arctan(ﬁ_’ ) Because

arctan ( ?) € arctan ( NpeN ( Uselo.1)® 77,(:1(’”)> ) ) = arctan (77&,_1) ) ,

which, together with the continuity of ¢<"'") (: 1/1) as shown at the beginning of this
subsection, further implies P = ¢(V, K). In other words, P is the PM price matrix
in I" selected by ¥ when everyone is truth-telling.

We define the indirect utility function Wui(P) as the expected utility (with respect
to true preferences v; ) that i can obtain when reporting u; given price P. By the max-
imum theorem, i’s utility maximization problem implies that Wu,.(P) is continuous

in P. Moreover, the utility from manipulation, WMI,(P ('")), is always bounded above
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by WV’_(P(’")) ,and in(P(m)) goes to WVI(F) when m goes to infinite. Therefore, the
(sub)sequence of WL,i(P(’")> is bounded above by the utility from truth-telling:

limsup Wui<P (”’)) < limsup WV‘_(P (m)) = in( P).

m—o0

This contradiction proves that the statement in the theorem is true for a given
copy of i.

To prove the statement holds true for each copy of each agent type, we note that
there is a finite number of agent types in I'"). There thus must exist n*, such that
n > n* implies that the utility gain from unilateral misreporting for any agent is
uniformly bounded by ¢ given that everyone else is truth-telling. B

B. Other Proofs

PROOF OF PROPOSITION 1:
Given an ex ante stable assignment II, Vs € S, all the priority groups belong to
one of the three categories:

(a) cut-off group, i.e., k*(s) such that ZjeI, Ky <k'(s) Tios < s ZjeI, ke, <k'(s) s
= ¢,, and ZjeI, k>k'(s) Ts = 03

(b) groups that have higher priority than k*(s) at s in II, i.e., a set K, C K such
that k € K if and only if k < k*(s);

(c) groups that have lower priority than k*(s) at s in IL, i.e., a set K s C K such
that k € K ;if and only if k > k*(s).

_Note that k*(s) always exists and is unique for all s and for any given II, while
K or K ¢ may be empty. As long as there are at least two priority groups, K; = &
implies K ; # @, and vice versa.

(i) We first show that every IT in I1{** is ex ante stable.

If P € PPl then

0 if k,; € K,
pi,s =4€ [0’ +OO] if ks,i = k*(s> .
400 if kg ; € ES

Fix II € II(P) for some P € Py’ Forall i,j € Z,Vs,s’ € Ssuch thatv; ; > v;
and kg ; < kg j, if 7; ¢ > 0, we must have 7; = 0, since p; ; = 0 according to the

definition of P?* Equivalently, ;. ¢ > 01s not optimal for i facing (p,», s D, S) ,
which proves every IT in II§7%" is ex ante stable.
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(ii) We show that if IT € A is ex ante stable, then IP* € Piable  such that
IT HF(P*). It suffices to show that Vi € Z, [77,-’5] ses 1s the optimal choice
facing [p;’]ses and [p;’]ses is in PH.

Given II, we can still define three sets of priorities: /C;, {k*(s) }, and /C,. Across
agents, the only restriction on prices in Prlable is that prices for agents with priorities
in IC; U IC and not in cut-off groups must be the same (either zero or infinite). An
immediate finding is that Vk, ; € IC;, we can set p;’; = +o0 since 7; ; = 0 for all
such i and s, which satisfies the property of Pl

Given II, we can further group the objects into three distinct sets for agent

i,S=S8USUS:;
S={seSlk, e} S={seSlk,=k(s)}; S ={seS|k;e K}
Also note that Vi € Z, S\S; # @, and we consider the following possibilities:

(a) Sf = @: The ex ante stability implies that i is matched with her most-
preferred object within S\S; = S§; with probability 1, thus p/; =0 Vs
€ S\S; = S, supports this assignment as a utility-maximization outcome
and satisfies the properties of PP,

(b) S; = @: This implies that S\ S; = S¢. By adjusting the prices of objects in
Sy, one can make [7r,~, s]sGS an optimal choice of i. This is feasible because
there are no restrictions on prices of objects in S.

(c) S¢+# @ and S; # @: We denote the most-preferred object within S; for i
as s, then the exante stability implies that Vs € S\S;, m; ;=0 if
Vs, > Vi, Let us set p/; =0 Vs € §;, which satisfies the properties of
P%"table'

Denote S§(5,) = {s € Sf|viy > v,-’g.i}. If m; 5. = 0, i must only consume objects
in S§(;). Given zero prices for all objects in S; and infinite prices for objects
in S;, one can find a vector of personalized prices for all objects in Sf(?,-) to make
[771', S] ses i°s optimal choice. Note that this can be done independently for all agents.
If instead 7; ;. > 0, it implies that i only consumes objects in {5,} U Sf. Similarly,
one can find a price vector for objects in S¢(;) to make [m; J;es i’s optimal choice.

This proves that there always exists a price matrix P* € P such that
each [pifs]seg supports [7r,-’ S]Seg if IT is ex ante stable. B

PROOF OF THEOREM 3:

By Proposition 1 as well as Corollary 1, PM assignments are ex ante stable.
Moreover, by the definition of equal claim among ex ante stable assignment, PM
assignments also satisfy equal claim.

For any given assignment that satisfies ex ante stability and equal claim,
Proposition 1 and the definition of equal claim imply that the assignment can be
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rationalized by prices that satisfy the PM construction. Therefore, the assignment is
a PM assignment. B

PROOF OF THEOREM 4:

Given a stable matching, for each object s, we may find k*(s)
= MAaX,e{jes|)is matched with X}{ks’ l-}, which is the lowest priority group of s among those
who are matched with s. We may then define the following price system:

0 ifk, < K(s)
Ps,k,; — Vs.

oo if ky; > k*(s)

This price system satisfies the requirement of the PM mechanism. We need to show
that agents maximize their expected utility given the prices.

The only possible deviation for an agent i is to choose some object s that is free
to her. That is, she is in a higher priority group of s than someone who is already
accepted by s. If this deviation is profitable to i, (i, s) forms a blocking pair (or i has
justified envy at s). By the definition of stability, there is no such pair. This proves
that every stable matching is an PM assignment.

Similarly, for any PM assignment, there exists a corresponding price matrix that
guarantees that prices are either zero or infinite, which implies that the assignment
is deterministic. For deterministic assignments, ex ante stability is equivalent to sta-
bility, and Theorem 3 implies that PM assignments in this case are stable. B

PROOF OF PROPOSITION 2:

Let P* be a PM price matrix.

Suppose that s, | is the non-free object (according to her own price) on which
agent i spends her budget, and that s, , is her most preferred object among all free
ones. By assumption, 1 < p¢ .k, < +o0. Since each agent has strict preferences
over objects, s; 5 is unique and v; ;> v; . By assumption, if i’s consumption
includes a positive probability share of s; ,, s; , must be free to everyone. Agent i’s
assignment {77}k S}SES must be such that

* *

_ * * _ *
ﬂ—[,s,-'l - l/ps,-,l,kxh]‘,-a ﬂ-i,s,-l =1- 771',.?,-,1’ and Tis = O’ Vs 7£ Si 1 ?é Si2-

Alternatively, if i does not spend any budget on any non-free objects,

Tis, =1 and m =0 Vs#si,.
Note that such s; , may or may not be free to every agent.

Consider that agent i’s submitted rank-order list in BM is L/ = (Si,lasi,z) if i
spends some of her budget or L/ = (s,f’ 2) if she does not spend any budget at all. It
can be verified that given these rank-order lists, BM clears the market in two rounds
and delivers the same assignment as the PM mechanism. The only thing left to check
is that this is a Nash equilibrium:
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(i) If Li = (si,), suppose there exists s’ such that v; , > v; ;.. If not, there
is no profitable deviation for i, as she is matched with her most preferred
object already. If i ranks s’ above s, ,, she cannot be matched with s’ because
all those top-ranking s’ must be in a higher priority group of s’. Otherwise,
s’ would cost i a finite amount, which would allow her to purchase some
shares in s’ under the PM mechanism. Certainly, ranking s’ below s; , does
not change the assignment. Similarly, i cannot benefit by ranking objects less
preferable than s; , in her list.

(ii) Now suppose L; = (s,', 1> S;, 2) and L; is a profitable deviation for i. Given the
assumptions, we have the following results:

(a) Object s, | is not available after the first round of BM;

(b) imay obtain a positive share of s’ by ranking it firstif in PM py, ;= < 400
(i.e., i’s priority at object s is at least as high as the cut-off group)

(c) Only objects available in the second round and rounds later are those
ranked as second choice by some agents. In other words, they are those
who have zero prices for everyone in the PM mechanism.

Therefore, if L; still has s; ; as her first choice, it cannot be profitable because she
can get 1/pg 4 ofs; and at best 1 — 1/ps, .k, , shares of s; 5.

If L} has s’ ( ;é s;.1) as her first choice, to be proﬁtable Vi > Vi, and s’ cannot
be of zero price or infinite price to i in PM. If s’ is of zero price to i, i could have
obtained s’ instead of s; , in PM; if s is of infinite price to 7, i could never obtain any
shares of s’. Agent i thus must be in the cut-off priority group of s’. Given L*; and
the rules of BM, by ranking s’ as first choice, i can obtain

s — Zje{jezzk&,ﬁkw} 7T}k,sf

!

Tri’S, - * * ’
Py, kw-(qs/ - Zje{jef:ks,,j<ksg,} 7Tj,s’) +1
where g, — Z JeET ky, <k, )} T s 18 the remaining quota at s’ after those who are in
higher priority groups claim thelr shares; and py . (gy — 2 _je (j€Tik, <y ) Ty ) is

the total expenditure on s’ by agents who are in the same priority group of s’ as i;
and more importantly it is the total number of such agents other than i who have
ranked s’ as first choice given L* ;. This is because everyone spends her budget on at
most one ob]ect and py ;. > 1 by assumption. This leads to py k. i < 1, which
implies that 7; ; is affordable to i in PM.

Moreover, given L*; and any L;, besides the first-choice object (s’), i can only
obtain some shares in objects that are free to everyone in the PM. Therefore, the
assignment resulting from a potentially deviation is still affordable to i in PM, which
implies that it cannot be profitable.

This completes the proof that (L], L* i) is a Bayesian Nash equilibrium in BM. B
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PROOF OF THEOREM 5:
We define the following rules regarding infinity:

0x 400 =0; +oo > +o00.

Suppose a PM assignment, [} |;c7 ses. is ex ante Pareto dominated by another
assignment [7; Jiez sess i.€.,

(1) Zﬂ-i,svi,s Z Zﬂ-zsvi,s’ VI € I7

seS seS
(2) Y om,> Y al,. VseSVkek,
i€k, <k} ik, <k}

and at least one inequality is strict.

For any agent whose most preferred object is free or has the associated price no
more than one, she obtains that object for sure, and there is no other assignment that
makes her better off. If for agent i, Zses TisVis > Zseg T} sVis» it must be such

that ers Psk M5 > 1 and Zse STisPsk,, = 1. Otherwise [WZS ses would not be
optimal for .
Moreover, for agents other than i who do not obtain their most preferred objects, it

must be that Y csp, . 7 K Tjs = Y sesps. k T}.s» since [} | ses is the cheapest among

bundles delivering the same expected utlhty Therefore

psk“ i,s pvkA JY> prk“ﬂ-lv pvlg jS‘
2 T2 2Pk, > 2 t 2 2P,

J#i s€S J#is€S

However, because prices are higher for agents in lower priority groups, equation (2)
implies that

Zzpsk” js<zzpsk ;s’

JETLseS JELseS

which leads to a contradiction.
Suppose instead that for object s, equation (2) is satisfied for all k, and
Jke{l,...,k — 1}, such that

Z 7Tis> Z ﬂ-zr

iefk <k} etk <k}
This implies
*
Zps ki j T, s < Zps,k“-ﬂ-j,s’
jeT ‘

again because prices are hlgher for agents in lower priority group. Aggregating over
all objects,

ZZPW j,¥<22pvh T s-
J J

JELseS JELseS
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However, based on the same arguments as above, equation (1) implies that
ZSGSps,kM- T, s > ZSESPS k” ]S’ \V/] € I’ and thus,

z:zpvkA j;ZZZPyk jS
J 5.j

JELseS JELseS

This leads to another contradiction.
Therefore, [} ez ses must be two-sided ex ante efficient. B

APPENDIX C. OTHER INCENTIVE COMPATIBILITY CONCEPTS FOR LARGE MARKETS
A. SP-L of the Equal-Budget PM Mechanism

We now show that the PM mechanism giving equal budgets to agents of the
same priority type satisfy Azevedo and Budish’s SP-L (strategy-proof-in-the-large)
property provided the domain of agents’ types is finite. Let 7 be a finite domain of
agents’ vNM utility profiles, AT be the set of full-support lotteries over 7. Random
mechanisms ¢, are defined on cartesian products over 7.

PROPOSITION Cl1: Assume that the number of agents in every priority profile
grows to infinity along a sequence of economies (En)neN. The sequence of PM mech-
anisms (qbn),,eN on (E”)HGN that give equal budgets to agents of the same priority
type is SP-L that is for any ¢ > 0 and any m € AT, there exists n such that for all
n > nyandall t,t" € T we have

Y w(dultt))m(t) = X wld(tht))m(t) — e

ter! ter!

PROOF: o

Fix any m € AT and a priority profile 7. Let Z be the set of agents of priority
profile 7; let us define for these agents the random mechanism ¢, that takes as
arguments the profile of preferences of agents in /. and assigns them the lottery
over ¢(tz N I) where the preferences of agents of priority profiles different from
7 are drawn according to m. Since ¢ is envy free among 7., hence so is ¢. Thus,
Proposition 1 of Azevedo and Budish (2012) implies that ¢ is SP-L, and hence we
can conclude that ¢ is SP-L.

B. Limiting Individual Incentive Compatibility

This Appendix proves that the PM mechanism satisfies the concept of limiting
individual incentive compatibility as in Roberts and Postlewaite (1976).

DEFINITION C1: Let {F(”)}neN be a sequence of economies and let i be an
agent in each . A mechanism is limiting individually incentive compatible for
iin {I‘(”>}n6N if for any ¢ there exists n*, such that n > n* implies that for each
m; attainable by i in L") there exists a competitive assignment T; to i in re (every-
one is truth-telling), such that ZSGS T sVis > ZSGS TisVis— €.
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Therefore, this concept focuses on the incentive for an individual agent to mis-
report while everyone else is truth-telling. In particular, it does not require a price
selection rule because only the existence of such a truth-telling equilibrium is
required. The following shows that the PM mechanism satisfies this property in a
sequence of economies.

Sequence of Economies.—We first define per capita demand functions and take
into account that agents in different priority groups face different prices, and thus
the per capita demand is priority-specific. Let F, l-(P) be the augmented set of feasible
consumption bundles for agent i,

Tis = 0, Vs, ZA‘ES’/TLS =1 .
m o= [ﬂ'i,s} ‘ ,1f pg i - < 1 for some s;
ses and ZA‘ESﬂ'i,sps,kxv, < 1 N
F(P) =3 1
T s 2 0’ VS, ZSES’]T[,S = min { }’
m = [7'(',-’5] s =l Sk E Dsk. > 1, Vs.
N s,
and Zsesﬂ-i,sps,k“ < 1

L

When there are no affordable bundles such that Zses m;.s = 1, the second part of
the definition assumes that every agent is allowed to spend all their money on the
cheapest objects. The set F; ,-(P) is then nonempty, closed, and bounded.>?

Let U; = er ST sVi s be i’s expected utility function. Define Gi(P, vi) as the set
of bundles that i would choose from F l-(P) to maximize U;. Formally,

G(P.v) = {w,. € F|(P) ’\m; € F(P),U(x,) > U}, or

Ui(”i) > Ui(Wf) and Zﬂ-i,sps < Z;Wf,sps}-
NS

seS

Since G;(P,v;) is obtained from the closed, bounded, and nonempty set F;(P) by
maximizing (and minimizing) continuous functions, G;(P,v;) must be nonempty.
The set G,-(P, vl-) is convex because U,-(Wl-) and Zse STi,sDs, k, , are linear functions of
;. Define G(P, v) as the set of per capita demand for each priority group for each
object that can emerge when prices equal P and each agent i chooses a vector in
G{(P,v,), thatis, VP € P:

G(P’ V) = {D = [ds,k]se&kE/C ds,k = Z Wi,s’vs’Vk’ [Tri,s ses € Gi(P’ Vi) }

1
m {ieﬂks. i:k}

It can be verified that G(P, V) is also closed, bounded, and upper hemicontinuous.
The following definition is needed to define the sequence of economies.

321t is important to note that P cannot be an equilibrium whenever the second part of F, ,-(P)’s definition is
invoked.
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DEFINITION C2: A sequence of correspondences f (")(P) uniformly converges to
f (P) if and only if, for any € > 0, there exists N € N, such that whenn > N,

supd, (1)(P).1(P)) < <.
where dy is Hausdorff distance, i.e.,

dy(F(P).f(P)) = inf [ly® —yl, inf [y — vyl
H(f ( )f( )) maX{YSElfl(I;) Y(n)gcl(n)(P) Y(n)sel;(lz)([,) Yé?(P)

where -1 is the Euclidean distance.

Let {F(" },,GN be a sequence of economies where i {S Al ( )y K (")}
and Vn € N:

. <”) <”) and ¢ < ¢/") for all s if n < n’ ’ =) esq; and

. K (") is such that the associated priority groups satisfy Hz ez ’ / ‘I("

= C,,y, for all k and s, where C;  is a constant;

* the number of objects, S = |S|, is constant;

* the corresponding per capita demand G (P, Vﬁ'ﬁ)) — g(P) uniformly as
n — oo.

REMARK C1: Analogous to the regularity imposed in the main text, the above
restrictions on the sequence of economies can also be interpreted as regular
conditions.

REMARK C2: g(P) is a convex valued, closed, bounded, and upper hemicontinuous
correspondence, since G (n) (P, V(")) has these properties. This definition includes
two special cases: (i) a sequence of replica economies where G (n) (P, V(”)) = g(P) ,
foralln € N; and (ii) a sequence of economies in which agents’ preference-priority
profiles are i.i.d. drawn from a joint distribution of preferences and priorities, while
holding constant the relative size of each priority group at each object.

Results and Proofs.—We first present a result on the set of PM prices and then
another on the limiting incentive compatibility.

LEMMA C2: In the sequence of economies {l" " }neN, let 77(") c [0, —i—oo]sxz
be the set of PM prices given (ui,V@). Then, hm,HoodH(Pv , u>> =0,
Vu; € |0, I]Sfor any i in all Al

PROOF:
This is proven by the following three steps:

(1) Misreporting cannot affect per capita demand by priority groups in the
limit.
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First, recall that per capita demand of each priority group at each

object is G(P,v) for P € [0,—|—oo]SXE =P and v is the tuple of all agents’
preferences.
Since each agent can increase or decrease the total demand of a priority group

of an object at most by one copy, V[ds’ k} ses.kek € G(”)(P, (ul-, Vg) )), there must
exist | ] ses kexc € G("><P, (vi, ng)) , such that, Vs, Vk,

Similarly, V[d, ]sesicxc € GP(P, (v, V), there exists  [d, s ier €
G" (P, (u,-, Vfr,l-)) ), such that Vs, Vk,

d i —WS di < dx,k"i'L-

‘ ()

Therefore, given any P,

sup dH<G<">(P, (u,-,Vf’?)),G@)(P, (vi,vf’;f)))) < \/ﬁ,

uel0,1)° ’ 7n)

which implies that, given any P,

3) Aim - sup dH<G(n>(P’ (”i,Vg)))’G(’l)<P’ (Vi’vg)») =0

u€l0,1]°
Bv definiti (n)< ( () : :
y definition, G\ P, \v;, V_; — g(P) uniformly. Therefore, Equation (3)
implies that G(”)(P, (ui, Vg)) converges to g(P) uniformly as n — oo.
(2) Price Adjustment Process
Similar to the proof for Theorem 1, define Z = [z, 4]ses kexc € [0, 7/ Z]SXE = Z,

where z; ; = arctan(ps’ k), Vs, Vk.
A price adjustment process for ') is defined as

H[Z, G(”)<TAN @.(v. V%) ) ]
_ { Y — [y,g,k}ses,kEK ys,k([ds,k]kelc) = min{ﬂ/Z, max [O,Zs,k + (ﬁ:‘ dy . — qs/]>] }

V[d, d)ses.kex € G (”)(TAN (2), (Vi’ VS’:))) }
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where, TAN (Z ( = [tan s, k)] ses.kek- It is straightforward to verify that the corre-
spondence H is a mapping from Zto Z, given \ v;, VE,) . Similarly,

H[z.¢(TANZ))

= {Y: [ys,k]sES,kE/C

vorllds i) = min{ﬂ'/Z, max [o,zs,k+ <sz:1 d, . — qs/1>] }

V[d, ises.kex € 8(TAN(Z)) } :

Claim: H[Z G (TAN( Z), (vl-,V(,ni)))] — H[Z,g(TAN(Z))] uniformly as
n — oo.

The uniform convergence of G(”)(P, (v,-, V@)) to g(P) means that Ve > 0,
dN € N, such that whenn > N, VP € P,ie.,VZ € Z,

< e, and

sup inf ” n ds k| ses. kek
[dv(,’;c)];es,keKGG('O(P (v y )) [dy dses.rexeg(P

(n)

|| [ds,k - ds, k] s€S, kel

sup n | <e.
[d:,k].res,kEKEg(P) [dv(lg SES_kEK€G<n)(P, (v,», Vi’;)))

By the definition of the Euclidean distance, the first inequality implies that

[mm{z, max [O arctan(py ) + (Z ds(,nm - qf)] }
r=1
k
— min %, max [O, arctan(m,k) + <Kz:1 d, i — %)]
se8S, kek

sup inf "
: d, cceg(P
[d( 1)<] €S, k(/\,EG [ k] CoReRES

<e.

Or, equivalently,

(4) sup inf ”Y(") — Y” <e.
Y(")eH[Z Gl (TA/\/(Z) (v.v ))] YeH |2, g(TAM2))|

Similarly, we have,

(5) sup inf ly® — ¥l < e.

YEH|Z, g(TAN(Z))] v GH[Z G”>(TAN( 2), ( ()))]

Since (4) and (5) are satisfied, Vn > N and VZ€ Z, H[Z, G(")<TAN(Z),(vi, Vg%)) )]
converges to H [Z g TAN( ))] uniformly.

From the proof for Theorem 1, H [Z G ] is upper hemicontinuous and con-
vex valued and thus satisfies all the conditions of Kakutani’s fixed-point theorem.
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Claim: Given (v,», V(,")) and any PM price matrix P € P, its positive monotonic

transformation Z € Z'is a fixed point of H [Z G (TA/\f (2), ( S',')) )]

If P* is a PM price matrix, there must exist a unique k*(s) € K for each s such

that, for some [ds, k]sES, ex € G (P*, (vl-, Vg)) ):

* Psk(s) € [0,400) and Yt d, . = a1,
« > K 1d, < q/Iand p}, = 0ifk < k*(s), and
* dg;=0andp);, = +ooif k > k*(s).

Let P* = TAN(Z"), given the same [ds’ k} ses. kekc> We must have

) . .

min{g,max 0,z + <Z dm—c?> } =0=2z/y, ifk< k*(s);
i =1 ]

> } = z7, ifk=k'(s);

Therefore, Z* € H[Z*, G(")(TAN(Z*), (v,-, Vg)) )]

r k
min{g,max 0,25+ <Z ds

k=1

'~|'Q

~|'§

= i ifk > K(s).

TR

r k
min{g,max 0,25+ <Z ds

k=1

Note that not every fixed point of H is a PM price matrix as the proof for Theorem
1 has discussed, while the transformation of any PM price matrix is a fixed point.

Similarly, when agent i reports u;, H [Z G <TA/\/ (2), (ui, VE’;)) )] has the same
properties and converges to H [Z, g TAN (Z))] uniformly, since G (P, (ui, V@))
converges to g(P) uniformly. In the same manner, the transformations of all the PM
prices can be found as a fixed point of H[Z G (’TAN( ) (ui, VE’?) )] .

Denote 77( ) as the set of PM prices corresponding to the subset of fixed points
of H [Z g(TAN ] which all have PM price properties (i.e., the structure of

priority-specific prices).

(3) Asymptotic Equivalence of P(V?O) and P£¢7)-
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As a Walrasian equilibrium required by the PM mechanism, some prices may be
—+o0 for some s and k. We supplement the definition of Euclidean distance by defin-
ing the following for +o00:>3

(+00) = (+00)] = 0; VFo0 = +o0; (+00)? = +o0;
‘(—l—oo) —x’ = ‘x— (—i—oo)‘ = 400, Vx € [0,+00); and
(+oo) +x =400, Vxe [0,-1—00].

For any P 775,), by definition, a[dﬁ",l]ses kelc 6 G (f’ ul,V )
— g(P

such that ¢, /I = ,i=1ds(,,2, Vs. Since G P,
n— oo,

) uniformly as

A, dnf
[dxﬁ k]xes, keKeg(P(”)

QS/I seS T [Z ]
seS

k=1

which implies that Z = TAN ! (13(”)) has to be a fixed point of H [Z, g(TAN (Z))]
in the limit. Therefore for some P* € 73<V‘l_’°),

lim [l — PO = o,

which means that, more precisely:

(i) when n(i)s large enough, there is [k*(s)]ses € K5 such that Vs, 0 <
Pii(s) Pors) < 003 pig=por =0 if k<K' ply=pos=+oo if

k> ks
) imeo el [Prba] ] =0
Since this is true VP € P,
(6) lim sup inf P — PO = 0.

plepl) PreP)

33 Ps.k = +00 means that there is no supply for the preference group k at school s. It therefore makes sense to
define the distance between 400 and +o0 as 0.
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On the other hand, for any P* € P{*), by definition, 3 d; i]ses kexc € g(P7), such
that ¢,/I = ZE:] d, ;. V's. Since G("><P, (ui, V@)) converges to g(P) uniformly,

lim inf =0,

e [dv(lg]seb L€K€G< )< (”ia VE:‘)))

k
QS/I se§ T [Z s( h)]
=1 seS

which implies that P* is an asymptotic PM price matrix for (ul-, VY;)), ie.,

lim inf [lP*— PO = o,

100 pln)ep)
Thus, the above two properties (i) and (ii) are satisfied. Since this is true for all
P e P&?O), therefore

(7) lim sup _inf P — P = 0.
n=00 P*EP&?Q) f?('l)epgf)
Combining (6) and (7), we have 1im,HoodH(P$§°),7?<”>) =0, Vu; € [0,1])° and
for any i in all z.
Furthermore, lim,,_, . dH<P Pg”)) = Oand, therefore, lim,,_, dH(P(v'f)’PEZ?))

i

=0,Vuy; € [O, 1] and for any { in all 7" m

PROPOSITION C2: Suppose i is in every economy of the sequence {F(")} nen- The
PM mechanism is limiting individually incentive compatible for i.

PROOF:

By Lemma C2, for any £ > 0 there exists n*, such that for n > n™* and for every
price in P, € 735{,?) there exists a price P, € P(v’f), such that ’Pvl_ — Pui‘ <&

We define the indirect utility function Wui(P) as the expected utility (with respect
to true preferences v;) that i can obtain when reporting u; given price P. By the max-
imum theorem, i’s utility maximization problem implies that Wu‘_(P) is continuous
in P. Moreover, the utility from manipulation, Wu,.(P), is always bounded above by
W, (P). Therefore, W, (P,) < W,(P,).

When ¢ is set small enough, the continuity of Wv,_( ) implies that we can find
P, € P&t’) in all large enough economies (n > n*) such that

‘th(Pui) - WV;(PVI) < €.

Therefore,
Wui<Pui) < in(P”i> < W"r‘(P"i) Te
Or equivalently,

W, (P,) > W, (P,) — &,
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which proves that the PM mechanism is limiting individually incentive compatible
fori.m

APPENDIX D. AN EXTENSION TO MULTIUNIT DEMAND

Our PM mechanism can be naturally extended to multiunit allocations with
priorities such as course allocation in colleges in which students i € 7 are given pri-
ority for courses s € S. Students’ have cardinal utility over course bundles, which are
additive in their utility of individual courses, denoted u; = (u; 1, ...,u; 5) € RS P4
An individual course assignment for agent i is a vector m; = (7, 1,..., 7, ), such
that Zle m;.s = C, where C > 0 is the maximum number of courses an agent
might take. The utility from a probabilistic bundle 7; is the scalar product u; ;. We
may allow dummy courses with guaranteed excess supply to accommodate the pos-
sibility that an agent takes less than C real courses.

We define the multi-unit PM mechanism as in the unit-demand setting. In par-
ticular, for each course s, a cutoff priority group k*(s) would face the market price
ps € [0,00). Higher priority groups would face zero price and lower priority groups
would face infinite price. The existence of multiunit PM assignment is now obtained
in the same way as in the unit-demand allocation problem.

As before, an assignment is ex ante stable if it does not cause ex ante justified
envy. An assignment Il causes ex ante justified envy of i € 7 toward j € 7 \{l} if
Js,s” € S, such that v; ; > v; o, kg ; < kg j, 7 ; > 0, and 7; > 0. That is, agent i,
who has higher priority at s than another agent j, has ex ante justified envy toward
Jj if j has positive probability of obtaining object s, while with positive probability i
obtains an object less preferable than s. As before, if an assignment causes ex ante
justified envy, then its every implementation with positive probability generates
deterministic assignments that are not justified-envy-free, or not stable, in the sense
of Abdulkadiroglu and S6nmez (2003).

In multiunit demand settings, our PM mechanism remains ex ante stable. Indeed,
if j has positive probability of course s then agent i who has higher priority than j at
s would face zero price for course s.

Furthermore, we can also easily accommodate the natural constraint that each
agent can consume at most one unit of any given course. Given such a constraint, an
assignment II causes ex ante justified envy of i € 7 toward j € 7 \{z} if 45,57 € S
such that v; ¢ > v; o, kg ; < kyj, m; ¢ > 0, m; i > 0, and 7; ; = 0. That is, agent i
who has higher-priority at s than another agent j has ex ante justified envy toward
Jj if j has positive probability of obtaining object s, while i has probability zero of s
and strictly higher probability of an object worse than s.”> An assignment is ex ante

341n introducing additivity, we follow Budish et al. (2013); in their setup there are no priorities and PM prices
and assignment exist.

35We are adding the restriction that 7; ; = 0 because of the constraint that each agent can consume at most
one unit of any given course. Consider, for instance, agents who—-under this constraint—-pick two courses from
among two courses, s; and s,, each of which has at least two units. Suppose agent i has priority at s; over other
agents and that i strictly prefers s; over s,. Feasibility then implies that i obtains at most one unit of s;. Under the
unconstrained version of the stability definition, no agent other than i could obtain positive probability of s;, which
is not a reasonable restriction. The above definition resolves this issue.
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stable if it does not cause ex ante justified envy. Our PM mechanism remains ex ante
stable also in this environment.
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