Metadata, citation and similar papers at core.ac.uk

Provided by edoc

Limitations of the background
field method applied to
Rayleigh-Bénard convection

C. Nobhili, F. Otto

Departement Mathematik und Informatik Preprint No. 2016-29
Fachbereich Mathematik December 2016
Universitat Basel

CH-4051 Basel www.math.unibas.ch



https://core.ac.uk/display/211690876?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

Limitations of the background field method applied to
Rayleigh-Bénard convection

Camilla Nobili and Felix Otto

August 7, 2016

Abstract

We consider Rayleigh-Bénard convection as modeled by the Boussinesq equations,
in case of infinite Prandtl number and with no-slip boundary condition. There is a
broad interest in bounds of the upwards heat flux, as given by the Nusselt number
Nu, in terms of the forcing via the imposed temperature difference, as given by the
Rayleigh number in the turbulent regime Ra > 1. In several works, the background
field method applied to the temperature field has been used to provide upper bounds on
Nu in terms of Ra. In these applications, the background field method comes in form
of a variational problem where one optimizes a stratified temperature profile subject
to a certain stability condition; the method is believed to capture marginal stability
of the boundary layer. The best available upper bound via this method is Nu <
Ra%(ln Ra)%S; it proceeds via the construction of a stable temperature background
profile that increases logarithmically in the bulk. In this paper, we show that the
background temperature field method cannot provide a tighter upper bound in terms
of the power of the logarithm. However, by another method one does obtain the tighter
upper bound Nu < Ras (Inln Ra)%7 so that the result of this paper implies that the
background temperature field method is unphysical in the sense that it cannot provide
the optimal bound.
Keywords. Rayleigh-Bénard convection, Stokes equations, no-slip boundary condi-
tion, infinite Prandtl number, Nusselt number, background field method, variational
methods.
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1 Introduction

In a d—dimensional container of height normalized to unity we consider Rayleigh-Bénard
convection as modeled by the Boussinesq equations, which we consider in their infinite-
Prandtl-number limit:

ol +u- VI =AT for 0<z<1, (1a)
—Au+ Vp = RaTe, for 0<z<1, (1b)
V-u=0 for 0<z<1, (1c)

u=0 for ze€{0,1}, (1d)

T=1 for z=0, (le)

T=0 for z=1. (1f)

Here u € R? denotes the fluid velocity, T € R its temperature and p € R its pressure.
We denote with z the vertical component of the d—dimensional position vector z = (y, z)
and with e, the upward unit normal in the vertical direction. As a convenient proxy of
the side-wall effect, the functions u, T and p, which depend on the spatial variable x and
the time variable ¢, are supposed to be periodic in the (d — 1)—horizontal directions y
with period L, where L is the horizontal period. In our treatment, the dimension d is
arbitrary and we think of L as being large. The first equation encodes the diffusion of the
temperature, driven by the Dirichlet boundary conditions (1e)&(1f), and its advection by
the fluid velocity. The second equation, the Stokes equation, encodes the fact that the
fluid parcels move as a reaction to the buoyancy force RaTe, (hotter parcels expand and
thus experience an upwards force under gravity) and are slowed down by viscosity (—Au)
in conjunction with the no-slip boundary condition (1d). The last equation expresses
the incompressibility of the fluid and is balanced by the pressure term Vp acting as a
Lagrangian multiplier in the previous equation. The parameter appearing in the Stokes
equation, the Rayleigh number Ra, expresses the relative strength of the buoyancy force
and is given by

Ra — ag(Ty — T;)h? ’ )

VK

where « is the thermal expansion coefficient, v the kinematic viscosity, x the thermal
conductivity, (T, — Tt) the temperature gap between the bottom and the top plate and h
the height of the container before the non-dimensionalization.

In (1), the inertia of the fluid has been neglected, which amounts to sending the
Prandtl number Pr = £ to infinity. Therefore Ra, next to L, is the only non-dimensional
parameter. The linear stability analysis identifies a critical value Ra,, the Rayleigh number
at which the solution of (1) bifurcates from the linear conduction profile T =1—z, u =
0, p==z2-— %, see for instance [1]. When Ra > Ra,, the buoyancy forces trigger the
formation of convection rolls. Eventually, when Ra > Ra., these convection rolls break
down. This regime features boundary layers at the top and bottom plates, with a high
vertical temperature gradient, from which small fluid parcels of different temperature than
the ambient fluid detach and deform, the so called plumes. In this paper we are interested
in this turbulent regime of

Ra>1,

and in the experimentally observed enhancement of the heat transport over the pure
conduction state. An appropriate measure to quantify the vertical heat flux is the Nusselt



number,
1
Nu = / (uT' = VT)-e,)dz,
0

which represents the average heat flux T — VT passing through an area element. The
bracket (-) denotes the time and horizontal space average

1 [l 1
=i - — t,y)dydt 3
(f) = limsup to/o 7o /[o,L)dlf( ,y)dydt (3)

toToo

and might be thought as a statistical average.

In the fifties Malkus [2], considering fluids with very high viscosity, performed exper-
iments in which he noticed shlarp transitions in the slope of the Nu — Ra relation and
suggested the scaling Nu ~ Ra3s for very high Ra numbers based on the marginal stability
argument, which we reproduce now. Since the main temperature drop happens near the
boundary, we can assume that in a bottom boundary layer of thickness § (to be deter-
mined) the temperature drops from 1 to its average % Thanks to the average (-), we
may extract the Nusselt number from the boundary layer, where by the no-slip boundary
condition we have (uT' — VT)e, ~ 9.T so that Nu ~ }. The boundary layer is assimilated
to the pure conduction state of height §. Marginal stability refers to the assumption that
this state is borderline stable, meaning that its Rayleigh number is critical, which in view

of (2) means
Ra, — ga(Ty, — Ty)(6h)3 ’
VK

from which, because of Ra, ~ 1, we infer § ~ Ra~5 . Inserting this in the scaling of Nusselt
number above one finds )
Nu ~ Ras .

The same conclusion can be achieved by rescaling equation (1) according to

-

z=Ra 33, t = Ra 3%, u = Ra3t, p=Rasp and thus Nu=RasNu. (4)
In this way we end up with the parameter-free system
T +4- VT = AT,
—AU+Vp Te;s,
V- = 0,

which naturally lives in the half space. Since for the latter system, 1t is natural to expect
that the heat flux is umvelrsal i.e. Nun~ 1, we also obtain Nu ~ Ras.

The scaling Nu ~ Ra3s has been been confirmed by experiments at (relatively) high
Prandtl numbers (cf. [3], p.30, for a list of experimental results). Rigorous analyses have
produced upper bounds that capture this scaling up to logarithms Wthh we report now. In
the sixties Howard [4] obtained an upper bound that scales like Raz , optimizing over a field
of test functions satisfying physical constraints coming from the Navier-Stokes equation
(cf. [4], Sec.3), while neglecting the incompressibility constraint. Later Busse [5] developed
the theoretical tool of multiple boundary layer solution (multi-a solution) in order to solve
Howard’s variational problem when the incompressibility constraint is taken into account
(cf. [5], Sec.2). The multi-a solution theory inspired Chan [6] in the seventies. He elegantly
applied it, deriving an upper bound on the Nusselt number that scales like Ras when addi-
tional conditions in the asymptotic analysis are assumed. In the nineties, Constantin and



Doering, inspired by the works of Malkus, Howard and Busse, introduced the background
field method in order to bound the average dissipation rate in plane Couette flow. This
method was already implicitly used by Hopf [7] in the forties in the construction of solu-
tions to the Navier-Stokes equations (in the sense of Leray) with inhomogeneous boundary
data. Later, Constantin and Doering applied it to the Rayleigh-Bénard convection in order
to derive rigorous upper bounds for the Nusselt number Nu. Although Howard’s prob-
lem and the background field method constitute dual variational problems [8], the second
method has the advantage to use simple test functions and functional estimates. Indeed
this method turned out to be very fruitful: It has been extensively used and it has pro-
duced meaningful bounds in the theory of turbulence. In the context of Rayleigh-Bénard
convection, this method consists of decomposing the temperature field T into a steady
background temperature field profile 7 = 7(z) with driving boundary conditions, 7 = 1 for
z=0and 7 =0 for z = 1, and into temperature fluctuations . As we will see in detail
in the next subsection, the advantage of the background field method is to transform the
problem of finding upper bounds for the Nusselt number into a purely variational problem:
Find profile (test) functions 7 which satisfies a certain stability condition and then select
the one with minimal Dirichlet energy. The solution of this variational method produces
a new number Nu,, such that

Nu < Nu,,. (5)

Experiments suggest to try a profile 7 that displays a drop by % in a boundary layer
and it is constant in the bulk. Such a profile satisfies the stability condition only if the
boundary layer size ¢ is chosen artificially small and gives only suboptimal bounds (see
[9]). Replacing the constant bulk by a linearly increasing profile (at the expense of making
the drop in the boundary layers deeper) does not improve the situation. The idea that
the “bad” boundary layers can be more efficiently compensated by a profile that increases
fast near the boundary and slowly (almost constant) away from them, brought Doering,
Reznikoff and the second author in 2006 [10] to investigate the stability of a background
profile that grows logarithmically in the bulk. This Ansatz indeed proved to be successful,
yielding the bound Nu,, < Raj (In Ra)% and therefore reproducing the scaling proposed by
Malkus up to a logarithmic correction. Seis and the second author [11] in 2011 improved
the last bound by reducing the logarithmic correction

Nu,, < Ra3(InRa)Ts. (6)

~

They used the same logarithmic construction as in [10] with a (logarithmically) larger
boundary layer thickness, which they could afford using an additional estimate on the
vertical velocity component w = u - e, in terms of 6.

In the context of the Rayleigh-Bénard convection, the background field method has
also been used to study the case of free-slip boundary condition for the velocity field [12],
of an imposed heat flux at the boundary [13] and in the bulk [14], of mixed thermal
boundary conditions [15], and of rough boundaries [16]. This method has been fruitfully
applied to a variety of other problems in fluid mechanics, namely plane Couette flow [17],
pipe flow, and arbitrary Prandtl number convection. Nicolaenko, Scheuer and Temam [18]
applied the background field method to derive an upper bound for the long-time limit of
the L2-norm of the solution of the Kuramoto-Sivashinsky equation.

In this paper, we address the question of the optimality of the background field method
in two ways:

e What is the optimal bound (in terms of the two scaling exponents in Ra*(InRa)¥)
in the background field method? The answer given in our main result is that the
construction in [10] and [11] leading to (6) is indeed optimal.



e Does the background field method catch the optimal bound on Nu, in other words,
is (5) optimal (at least in terms of both scaling exponents)? The answer given by
our main result in conjunction with the bound in (9) obtained in [11] is no.

The main result of this paper is stated in the following
Theorem. For Ra > 1 we have
Nu,, 2 Ras (InRa)s . (7)

~

We refer to Theorem 1 for the full formulation and the explanation of the notation = and
>>. This lower bound on Nu,,, together with the upper bound (6), implies

Nu,, ~ Ra3 (In Ra)ﬁ ,

and in particular shows that the background field method cannot produce any smaller
logarithmic correction than (In Ra)%. However, a combination of the background field
with another method improves the logarithmic correction in (6), as we shall explain now.
This other method, which we refer to as maximal principle method, was also introduced
by Constantin and Doering [19]. Indeed it is easy to verify that the temperature equation
satisfies the maximum principle, leading to

0<T<1, (8)

possibly neglecting an initial layer. This L* bound together with a maximal regularity
estimate for Stokes equation in L* yields the bound

Nu < Ra3 (In Ra)% )

where, this time, the logarithm is an expression of the failure of the L>°—norm to be a
Calderén-Zygmund norm. Recently, Seis and the second author [11] combined the maxi-
mum principle method with the background field method developed in [10], obtaining

Nu < Ra3(InlnRa)3 (9)

which, to our knowledge, is the best rigorous upper bound. We observe that the combi-
nation of all the previous results yields

© 1 1 L (D)
Nu < Nu,, < Ra3(InlnRa)s <« Ras(InRa)’s < Nu, .

~

So indeed, the background field method is not able to capture the behavior of the Nusselt
number even in terms of the two scaling exponents. Therefore, the optimal background
temperature profile cannot carry much of a physical meaning.

In 2005 Plasting and Ierley [20] considerer piecewise linear profiles with 7/ > 0 in the
bulk and solved the variational problem numerically, finding Nu ~ Ra2. In 2006 inspired
by Chan’s multi—« solution treatment, Ierley, Kerswell and Plasting [21], with help of a
mixture of numerical and analytical methods, improved the previous result finding

Nu ~ ¢;Ra*(InRa)”,

where p = 0.33175 and v = 0.0325. Clearly, since 0.0325 < 0.06 = %, our result (although
slightly underestimated) has been anticipated ten years ago.

Incidentally, the background field method suffers a similar fate in the context of the
Kuramoto-Sivashinsky equation: Bronski and Gambill [22] identified the optimal scaling of
the upper bound that can be obtained by this method, and soon later, Giacomelli and the
second author [23] showed that a tighter upper bound can be obtained by an alternative
method, which has subsequently been further improved in [24] and [25].



1.1 Temperature background field method and main result

We start by the rescaling (4) suggested by Malkus’ marginal stability argument, that is
1 2 1 2
x ~ Ra3zx, t ~ Ra3st, u~> Ra " 3u and p ~» Ra™3p,

and setting H := Ra3 we rewrite (1) as

0T +u-VT =AT for 0<z< H, (10a)
—Au+Vp="Te, for 0<z< H, (10b)
V-u=0 for 0<z< H, (10c)

u=0 for 2€{0,H}, (10d)

T=1 for z=0, (10e)

T=0 for z=H. (10f)

Notice that in this non-dimensionalization of the equation, the1 only parameter appearing
is the height H of the container and Malkus’ scaling Nu ~ Ra3 corresponds to Nu ~ 1.
We recall from the previous section that the Nusselt number is defined as

1 [H
Nu = H/o (T —VT)-e,)dz, (11)

and now derive some useful representations starting from the equation for the temperature
in (10a): Applying (-) to the equation (10a) and qualitatively using the bound (8) on T
given by the maximum principle it is easy to show that the upward heat flux is constant
in the vertical direction,

Nu= (Tw—-09,T) forze (0,H). (12)

Testing the equation with T, appealing to incompressibility (10c) and using (12) for z = 0,
we obtain (see [9]) the alternative representation

H
= 2 VAN
Nu—/o (IVT)?)d (13)

For the convenience of the reader we sketch the derivation of the background field
method, see [26] for more details. The background field method consists of decomposing
the temperature field T into a steady background temperature profile 7 which depends
only on the vertical variable z and satisfies the inhomogeneous (driving) boundary condi-
tions, 7 = 1 for z = 0 and 7 = 0 for z = H, and into temperature fluctuations 6, with
homogeneous boundary conditions § = 0 for z € {0, H}. Inserting this decomposition

T=1+90 (14)

in the equation for the temperature (10a) we find that the fluctuations 6 evolve according

to
d?r dr
0 VO —-—A) = — —w— .
0 +u-V dz2 wdz

From the incompressibility condition (10c) we obtain by testing with 6

H H H
/ (IV0)?) dz = —/ %(829) dz — / %(91{1) dz.
0 0 0

¥4

7



Together with (13) this yields the final representation

" 7 ar 2 H dr
Nu = =) dz— 2-9 012 ) dz. 1
u /0 (dz> » /0 <dzw—|—|V|> . (15)

Applying the divergence to the Stokes equation (10b) we find that the pressure satisfies
Ap = 0,T. Inserting Ap into the equation A (10b)-e,, we find the direct relationship
between 6 and the vertical velocity component w := u - e,:

Aw = —A0 for 0<z<H,

w = Jw=0 for ze€{0,H}. (16)

The representation (15) shows: Any 7 = 7(z) that satisfies the driving boundary conditions
and is stable in the sense that the following quadratic form is non-negative

" qr 9
2T 9w + [VO2 Y dz > 0, (17)
0 dZ

for every 6 satisfying homogeneous boundary conditions (and w defined through (16)),
yields an upper bound for the Nusselt number:

H 2
Nu < / (dT> dz .
0 dZ

Note that in (17), we may disregard the time variable, which is only a parameter in (16),
so that (-) in (17) reduces to the horizontal average. This motivates to define the Nusselt
number associated to the background field method as

H rar\?
Nu,, := T:(o,ig)f»R, {/0 (dz) dz| T satisfies (17)} , (18)

7(0)=1,7(H)=0

which in view of (15) satisfies
Nu < Nu,, .

Our objective is to derive an Ansatz-free lower bound for Nu,,, trying to extract local
information on 7 from the completely non-local stability condition (17). The full for-
mulation of the main result, already stated in the previous section, is contained in the
following

Theorem 1. Suppose that
T(0)=1, 7(H)=0, (19)

and T satisfies (17) for all (8, w) related by (16) in its Fourier transformed version (26).

Then for H > 1
H 2
/ (dT> dz > (In H)T .
0 dz

In particular for the Nusselt number associated to the background field method we have the

lower bound )
Nu, 2 (InH)15 . (20)



Here and in the sequel, < stands for < C for some generic universal constant C' < oo.
Likewise, H > 1 means that there exists a universal constant C' < oo such that the
statement holds for H > C.

Besides implying the non-optimality of the background field method, this theorem
offers some insights. Indeed the proof is based on a characterization of profiles that satisfy
the stability condition (17) (see Section 2.2). This characterization is motivated by the
analysis of a reduced form of the stability condition (28) which indicates that long-wave
length stability implies (approximate) logarithmic growth of 7 in z, while short wave-length
stability implies (approximate) monotonicity (see Proposition 1 in the next section).

It is convenient to introduce the slope £ := Z—Z of the background temperature profile.
With this convention the stability condition (17) can be rewritten explicitly as follows

H H H
2 2
2/0 € (wh) dz—l—/o (V0] )dz—l—/o (10.6]%) dz > 0, (21)

for all functions 6 (and w related to € via the fourth-order boundary value problem (16))
that vanish at z € {0, H}. A major advantage of the background field method is that it is
amenable to (horizontal) Fourier transform: Indeed, denoting by k € Q%Zd_l, k # 0, the
horizontal wavenumber, (16) turns into

2
(\k|2 - jiZ) Fu = |k[*F6 for 0<z<H, (22)
Fw = LFw=0 for ze€{0,H},
whereas (21) assumes the form
H o H Hig |2
2/ gfwfedz+/ |k:|2|]-"9\2dz+/ ‘]—"9 dz >0, (23)
0 0 o |dz

where the bar denotes complex conjugation. Using equation (22) we can eliminate 6 from
the stability condition (23), obtaining

H 2
2/ EFw (—dQ+|k|2> Fuwdz (24)
0

dz?
H H d2 2 2
+/ 1|2 dz+/ (—2+k|2> Fu
0 0 dZ

2
d [ & ?
— (— + |k|2> Fw
which has to be satisfied for all k € 22Z4~1\ {0} and all (complex valued) functions Fuw(z)

dz > 0,
dz dz? -
satisfying the three boundary conditions

d 2 ?
Fw = E}“w = <_d,22+k|2> Fw = 0 forze {0,H}. (25)
We now introduce a further simplification by letting L 1 oo so that (24) has to hold for all
k € RY. This strengthening of the stability condition has the additional advantage that
it becomes independent of the dimension d: We will henceforth say that £ satisfies the
stability condition if




holds true for all £k € R and all (complex valued) functions w(z) satisfying the three
boundary conditions (25) with Fw replaced by w. The analysis of the stability condition
(26) imposed for all values of k& € R (which corresponds to assume L 1 co) amounts to
consider profiles 7 that are stable even under perturbation that have horizontal wave-
length much larger than H. In [27] it is shown that at least Proposition 1 still holds true
if the lateral size L is of order H .

The rest of the paper is organized as follow: In Section 2.1 we study a reduced stability
condition (obtained by retaining only the indefinite term in the stability condition) and
show that in this case a stable profile must be increasing and logarithmically growing. This
result is obtained by exploring the limit for small and large wavelengths in the reduced
stability condition, respectively. In Section 2.2, when working with the original stability
condition we can no longer pass to the limit for small/large wavenumbers k to infer the
positivity for £ = ¢Z and the logarithmic growth for 7. Nevertheless, by subtle averaging
of the stability condltlon we construct a non-negative convolution kernel ¢¢ with help of
which we can express the positivity on average approximately in the bulk (see Lemma 1).
Likewise we recover logarithmic growth, at least approximately in the bulk, on the level
of the construction of &y, see Lemma 2. Finally in Lemma 3 we connect the bulk with the
boundary layers. The main result (Theorem 1) is proved in Section 3 and it consists of
combining all the results contained in the lemmas together with an estimate that connects
&o to &, and in particular to fOHfdz = —1 (see Lemma 4, estimate (36)).

In the rest of the paper we omit the constant factor 2 in front of the indefinite term in
(26), which is legitimate since we are interested in the scaling of the Nusselt number.

2 Characterization of stable profiles

2.1 Reduced stability condition

We note that the stability condition (26)&(25) is invariant under the following transfor-
mation

1. . .
e=1L: and thus k= 2k H=LH and §=L"¢. (27)

Hence in the bulk (z > 1 and H —z > 1) we expect that the first term in (26) dominates.
This motivates to consider the reduced stability condition

H d? 2
/ Ew <—d2 + k2> wdz >0, (28)
0

for all ¥ € R and all (complex valued) functions w(z) satisfying the three boundary
conditions (25).

The following proposition is independent of the main result (Theorem 1) but it serves
as a preparation: The ideas developed in the proof (cf. Section 2.3) will be adapted to the
more challenging full stability condition (26).

Proposition 1. Let & = £(z) be such that for all k € R and for all w(z) satisfying (25),
it satisfies the reduced stability condition (28) . Then

£>0, and (29)
§dz < ﬁ / £dz. (30)

10



We notice that while (29) means that 7 is an increasing functions, the second statement
(30) corresponds to a logarithmic growth of 7 (see Figure 1). Hence somewhat surprisingly,
monotonicity is not sufficient for stability.

T

Figure 1: Logarithmic growth of the background profile 7 as expressed in Proposition 1.

2.2 Original stability condition: statement of lemmas

In the following lemmas, we derive properties of those profiles 7 that, in terms of their
slope & = g—;, satisfy the original stability condition (26) and (for the last lemma) the
driving boundary conditions (19). These four lemmas are the (only) ingredients of the
main theorem. They all are formulated on the level of the logarithmic variables s = In z
and £ = 2¢ = %, cf. (40). Lemma 1 establishes approximate positivity of the slope ¢in the
bulk, and thus is the generalization of (29) in Proposition 1, replacing the stricter reduced
stability condition (28) there by the original stability condition (26) here. It does so in
terms of a suitable convolution fo of 5 in the logarithmic variable s. Lemma 2 establishes
approximate logarithmic growth of the profile in the bulk, again on the level of fo, and
amounts to the generalization of (30) in Proposition 1. Lemma 3 is the most subtle and
shows that the convolved slope éo cannot be too negative in the boundary layer —s > 1
provided it is sufficiently small in the transition layer |s| < 1. Lemma 4 translates the

driving boundary conditions (19) on 7 in form of fOHﬁdz = —1 from the slope £ to its

logarithmic-variable convolution &.

Lemma 1.
There exists a ¢g, which will play the role of a convolution kernel, with the properties

do(s) 20, /_Z ¢o(s)ds =1, suppgo(z) C <i>i> . %o (; - Z) = o (; +Z) :
(31)

such that, for all s <In H

&o(s') = —exp(—35'), (32)
where ~
Eo(s') = /_ £(s + ')do(s) ds (33)
Lemma 2.
For 51> 1 we have
0 - 1 S1
/_1§0d8N51/0 Eods+1. (34)

11



Lemma 3.
For all So > 1 and € <1 we have

-1 . 1 0 . 1 —So+1 .
Eods 2 — </ &ods + — +/ |€olds + sexp(552)> . (35)
—S2 €J € —S2

Lemma 4. )
Suppose that the slope & of the profile T satisfies fOHfdz = —1 and fOH €dz < (InH)s.
Then

InH
/ Erds < —1. (36)
2.3 Proof of Proposition 1
Argument for (29):
Letting k 1 oo, (28) reduces to
H
/ Elw|?dz >0
0

for all compactly supported w, from which we infer (29).
Argument for (30), heuristic version:
Letting &k | 0, (28) reduces to

H d4
/0 §w@wdz >0 (37)
for all functions w(z) satisfying the three boundary conditions
dw  d'w

In fact, besides Subsection 4.3, we will work with w compactly supported in z € (0, H),
so that the boundary condition (38) are trivially satisfied. Focusing on the lower half of
the container we make the following Ansatz

w=z"w,

where w(z) is a real function with compact support in (0, H). The merit of this Ansatz
is that in the new variable w, the multiplier in (37) can be written in the scale-invariant

form
4 4
= w%w = wZQd—zzzZJ =W (zd + 2) (zdz + 1) zi <zd - 1> w. (39)

Note that the fourth-order polynomial in zd% appearing on the r. h. s. of (39) may be

2

inferred, without lengthy calculations, from the fact that 22%2 annihilates {Z%, %, 1,2}

This suggests to introduce the new variables
s=1Inz and & = 271¢, (40)

for which the stability condition turns into

In H R
/ Edds >0, (41)

—00

12



where

/d d d [ d )

for all functions @ with compact support in z € (0, H). Here comes the heuristic argument
for (30): For H > 1, we may think of test functions @ that vary slowly in the logarithmic
variable s. For these w we have

d d d (d d d
—a (L LA (L) r —20 L = — Ly 4
¢ (ds +2> <ds + ) ds (ds >w desw s (42)

which in particular implies
In H In H InH ;¢
. ~d d
og/ fqﬁdsz—/ f—zDst:/ & 52 ds.
oo oo ds oo ds

Since w was arbitrary besides varying slowly in s, it follows

dé
= >0
ds = 7
approximately on large s—scales. We expect that this implies that for any 1 < .57 <In H:
0 1 S1 R
[ dass g [ éas. (43)
-1 S1Jo

which in the original variables (40), for S7 turns into (30). We now establish rigorously
that (37) and (29) imply (43).

Argument for (43), rigorous version:

We start by noticing that because of translation invariance in s, (41) can be reformulated
as follows: For any function w(s) supported in s < 0, and any s’ < In H we have

| ésnets = shas = [ és+ Satds = o, (44)
—0o0 —00

where the multiplier ¢ is defined as in (41). We note that (43) follows from (44) once for
given S7 we construct

e a family § = {wy }¢ of smooth functions wy parameterized by s’ € R and compactly
supported in z € (0,1) (i. e. s € (—00,0]) and

e a measure p(ds’) = p(s') ds’ supported in s’ € (—oo,In HJ,

such that the corresponding convex combination of multipliers {¢4 }¢ shifted by &, i. e.

() = [ bl =) plsas (45)
satisfies
-1 for —1<5"<0
pi(s") < & for 0<s"<S 3, (46)
0 else

for a (possibly large) universal constant C'. Indeed, using (44), (45), and (46) in conjunction
with the positivity (29) of the profile & we have

0o 0 . C S1
0< / Eprds” < —/ £ds” + —/ &ds”,
—o0o -1 S1 0
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which implies (43) .
We first address the form of the family §. The heuristic observation (42) motivates

the change of variables
s = A§ with A>1, (47)

our “(logarithmic) length-scale”, to be chosen sufficiently large. We fix a smooth, real-
valued and compactly supported “mask” g(§); it will be convenient to restrict its support
to § € (—1,0], say

1
wy >0 in <—2,0) and Wy =0 else , (48)

and, in order to justify the language of “mollification by convolution” we impose the
normalization [ wZds = 1. By mask we mean that in (41) we choose

W(A8) = A 200(8) (49)

(see Figure 2). With this change of variables, the multiplier can be rewritten as follows

Figure 2: Construction of the family of test functions starting from the mask g (blue

line).
(42) . (d d d [ d .

(an&9) 1. (1d 1d 1d [/1d R
- /\w0</\d§+2 Zas ) @ \as )

A<1d4 2 & 1 d? 2d>

- W\ FEtNE v wa)
and reordering the terms we have
p 2 d . 1Ad2A+2Ad3A+1Ad4A (50)
= ——SWy—=Wo — = Wo—Wo + —Wo—=Wo + —=Wo—Wo -
AT TN 0T a2 0 T a0 N et

Heuristically, for A > 1 the multiplier ¢ can be approximated by the first term on the r.

b O]
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Inserting this approximation into the definition (45) of ¢1 we have

/Z (8" — "p(s')ds' = /Z #(s)p(s” — s)ds
/_Zc;i<>\ 3<A)>p(5"5)dm/mi 0<)\>;Lp( s)ds .(51)

For X\ smaller than the characteristic scale on which p varies, we may think of %wg (%) ~
d0(s), in view of our normalization. This yields

¢1 (S//)

dp
(bl ~ _@ ) (52)

which in view of (46) suggests that p should have the form

p(s') =

{s’—l—l for—lSs’SO}’ (53)

1—5—; for 0 < s’ < S

(see Figure 3). We will now argue that we have to modify the Ansatz for both ¢, and p.
To this purpose, we go through the above heuristic argument (heuristically) assessing the

-1 0 S1

Figure 3: The measure p suggested by the heuristic argument.

error terms. Expanding p in a Taylor series around s”

dp 1d%p
p(SN - 8) R p(sﬂ) - @(SN)S + §d8/2 (SN)SQ )

we may write

#1(8") (&) / dr(s)p(s” — s)ds

~ /// ¢Ad3_7( )/: ¢Ads+;(6152/2(5 )/232@613.

We note that the first term in (50), i. e. —>\22 wo d;‘;o = )\12 dg’ gives the leading-order
contribution to the first and the second moment

© [ 1 dwd (47 did\ . .
/Oosd))\dSN/oos( 2 ds> ( IR ds = 7oow0ds:1
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and

/ 52515,\dsm/ 52< ;Qd“io> 0 A/ A2<dw0> dsf)\/ 2302 d3,

while the second term in (50) gives the leading-order contribution to the zeroth moment
of the multiplier ¢:

00 o0 1 . d?iy @y 1 [ [dig\? .
/_OO¢,\dS%/_OO</\3wo d§2)d82/\2/—m(d§ ds.

Hence we obtain the following specification of (51)

p1(s") =/ dxa(s)p(s" — s)ds

~ )\Qp(s”)/oo(d;zo> di — 3",( )+)\3p( )/Z§w§d§. (54)

Our goal is to specify the choice (53) of p such that (46) is satisfied. This shows a
dilemma: On the one hand, in the “plateau region” s” ~ S, we would need A2 > S; so
that the first r. h. s. term in (54) does not destroy the desired Sil—behavior. On the other
hand in the “foot region” s” € [0, 1], we would need A < 1 so that the last term does not
destroy the effect of the middle term. This suggests that A should be chosen to be small
in the foot regions and large on the plateau region. Therefore it is natural to choose

A=5s, (55)

so that ¢4 in (45) indeed acquires a dependency on s’ besides the translation. For our
choice of (55), (50) assumes the form

p 2 d. 1 d? L2 & Lt d

s = ———W) - w ~ w ~
G @ T s T s o s

Note that with the choice (55) and s = s” — &', (47) turns into the nonlinear change of

variables

@o.  (56)

S//_S/ 5” , S//
7 :*/—1:>$: = .
S s 1+35

We consider this as a change of variables between s’ and § (with s” as a parameter); thanks
to the support restriction (48) on 1y, it is invertible in the relevant range § € [—%,0]:

é:

(57)

4 - —ﬁ% = —(58/22% and ds’ = ﬁdé. From (45) and (56) we thus get the first
representation
1 [ d? 1 & R
" . 0 A A\ A 0 A
T (s”)Q/oo(Hs)w0 dz P

2 > A2 A dSﬁ)O N ]. > N3 A d4lf)0 ~

An approximation argument in wg below necessitates a second representation that involves
wp only up to second derivatives. For this purpose, we rewrite (56) in terms of the three

16



quadratic quantities %3, (%2)2, and (d 102,

by — 2 dw3+ 1 [ (dig)®  1d*0} L L | g (dio 2+d3w3
* (s)2 ds ' ()3 |\ d3 2 ds? (s')4 ds \ ds ds3
~ 2 ~ 2 ~
b (i) (i +1d“?’3
(s)® ds? ds? \ ds 2 ds*
(L td 1 Ld
N (s')2ds 2 (s")3ds? )4 8 2(s)5 ast ) v
2
1 1 d 1 d’wo 1 w()
+ NS ST ds 279 42 a2 | (58)
(s') (s)*ds () ds ds

Now in this formula, using the change of variables (57), we want to substitute the deriva-
tions W% by linear combinations of derivations of the form W Jor(1+8)mn= k
for k = 0,--- ,n. The reason why this can be done is explained in Appendix 5.1, where
also the linear combinations are explicitly computed. The formulas (200), (201) & (202)
allow to rewrite (58) as follows

¢5/ =

l(d_1a& 1 & 1  1d 1 ).,
ds'  2ds?(1+3) dsB(1+38)2  2ds*(1+3)3

+ (ot wmwr) v (o - ) w0

2 g2 dig\? 1 5 [ d2ig\>
———(1+435 — ——(1+38 . 59
(s")3 ds’Q( +S)] < d3 ) + (s”)5( +3) ( 432 (59)
The advantage of this form is that integrations by part in s’ become easy, so that we obtain
1 [>® of dp 1 1 d?p 1 d&p 1 1 at ,
=G _mwo( ds’' §1+sds'2+( +§)2ds/3+§<1+§)3@ 8

" ((S’l')3 - (sg)4 - (51”2)5> /Z(Hs) <dd§ ) pds
() [ (1) 4

1 (dip\
+ (s“)5/ (1+s)5( d§20> pds'.
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representation

¢_/mw2_lclp_11 d?,o+ 1 d%llﬂdg
L L0\ 0 H82ds  2(1+83ds? " (1+8)3ds® ' 2(1+4)5ds™
1 6 12\ (>, (dig\*
+ ((8”)2 + (8”)3 o (8”)4> /oo(1+8) <d§> pds
C(B 8 Y [ (o) e
(S//)Q (S//)B o ds ds’
2 /00 1 (diy\? d2p i
(s")?2 J_oo1+8\ ds ) ds”?
1 [ a2\ .
+ (3")4/ (1+s)3<d§2> pds. (60)
From this representation we learn the following: If we assume that p(s’) varies on large

length-scales only, so that %,55—,@,~~ < p and 552—,@,383—,’;,--- < % then for s” > 1, we

obtain to leading order from the above

© 1 ,dp ., 1 [™® (dig\?
q&lz—/_ (1—|—§)2w0ds’ds+(s”)2/_ (1+s)<d§>pd5.

If p(s’) varies slowly even on a logarithmic scale (so that e. g. s’ % is negligible with respect

to p), the above further reduces to

Lodpls) [ p(sh) [ (i)
N /_m<1+§)2w0d8+(5~)2/_m(1+8>( ) s, (61)

which should be compared with (54). We see that the first, negative, right-hand-side term
of (61) dominates the second positive term provided

[
ds’ (S/)Q'

This is satisfied if p is of the form p(s') =1 — SEOSO for some Sy > 1 to be chosen later;
indeed%:(sﬁgigo)g%gﬁ>>ﬁf0rs’>>so>>l.
Disregarding for a couple of pages the fact that p needs to be supported in s’ €

(—o00,In H), which will be achieved by cutting off at scales s’ ~ S7, we define as our
intermediate goal to construct a measure 0 < p(s’) < 1 (with infinite support) such that

_ s So
di(s") = / 453/(8"—8’)/7(8')618'{ DR } (62)

" So
<0 8>7

for some universal Sp, to be chosen later. The above considerations motivate the following
Ansatz for p: We fix a smooth mask pp(8) such that

~ . dpo
=0 for§d <0
00 ors <0, a3

- 1 .
>0 for0<3 <2 pp=1-- for2<4¥, (63)
8
and consider the rescaled version

p(So(8' +1)) = po(8'), 1i.e. the change of variables s’ = Sp(8' + 1) (64)

18



0 50 350

s/

Figure 4: The function p of the variable s’ = Sy(8' + 1).

with Sp > 1 to be fixed later (see Figure 4). It is convenient to rescale s” accordingly:

" = 8ps". (65)
With this new rescaling and the choice of the measure p (see (63) and (64)), (60) turns
into
- 1 o) ~2 do 1 e8] ~2 d2~
¢ = ——/ 20 ‘fodé——g/ 2o S50 g5
S0 J_oo (1+38)2 a8 253 ) o (14 5)3 ds”
1 o] ~2 d3~ 1 o) ~2 d4~
+3/ e . Yo 2P0 g
S8 ) oo (L4 8)4 ds" 255 J oo (1 +5)5 ds™

1 1 1 6 1 12 o o [dig\? .
! <s<> YSEY S ) [0+ () woas
1 3 1 8 %/ daivg QdﬁodA
(s o) L (&) @

1 2 /°° 1 (diy 2d250dA
T T E T a3 P S
SE(8")3 J_o1+3\ ds ) ds?

11 [ 2\

— 14 8)° po ds . 66
+Sg(§,,)4/_oo( +3) <d§2> o ds (66)
Since in the integrals in formula (60), the argument of p was given by s’ = 7, cf. (57),

it follows from (64) and (65) that the argument of py is given by

all
N S

= —1. 67
1+35 (67)

Thus all the integrals in (66) just depend on 8”, not on Sp. Hence (66) makes the depen-
dence of ¢ on Sy explicit. We are now ready to show that the construction of the family
wg (cf. (49) and (55)) and of the measure p (cf. (63) and (64)) yield the intermediate goal
(62) when Sy > 1. In order to establish (62) it is convenient to distinguish three regions
(note that if s” € (o0, %] all the integrals in (66) vanish because the supports of Wy and

po do not intersect, see below):
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The range of large s”:

s" > 38y or equivalently §” > 3. (68)

Note that because of our support condition (48) on wy, all integrals in (66) are supported

T) e
in § € [—l 0]. Together with our range (68), this ylelds for the argument &’ 0 iz — 1

of pp and its derivatives that 5 > 2. Because of dpo = (§,)2 for 8 > 2, cf. our Ansatz (63),

the first integral in (66) reduces to

/oo g dpo dgz/oo w2 1 s
oo (14 8)%2 d8 oo (14 8)2 (11’5 1)2
00 ~2 [e%]
_ oy e ] A
=i e ©

for §” > 1, whereas all the other integrals in (66) are O(ﬁ) or smaller in § > 1

(because at least one derivation falls on pg) or have pre-factors ﬁ or smaller. Since only
the term in (66) coming from integral (69) has pre-factor Sio while all the other terms have

pre-factors &5 or smaller (for Sy > 1), the first term in (66) uniformly dominates all other

S6
terms for Sy > 1:
~ T[> w3

o1 R

S, m ds uniformly n é” 2 3 for SO >1. (70)
0J—0co \S — S

In conclusion we have

~ 1 1
P1 ~ _S—W <0 intherange §" >3 for Sy > 1. (71)
0

The range of intermediate s”:

3 3
s e [480,350} or equivalently §” € [4,3]. (72)

Again, we consider the first integral in (66). Now we use that ( > 0 is strictly positive

1+ )2
in § € ( 2,0), cf. (48), and that % > 0 is strictly positive in §' > 0, cf. (63), that is, in
§< 8§ — 1 cf. (67). We note that the two §—intervals (—3,0) and (—oo, §” — 1) intersect
for §” > 1. Hence by continuity of the first integral in (66) in its parameter §”, there exists

a universal constant C' such that

o) ~2
Wo dPO 1 al 3
ds > — fi -3 .
[Latp@uzc ofefp]

Hence also in this range the first term in (66) dominates all other terms:

~ T[>~ ¢ dpo . . A 3
o~ _S()/oo T3 87 d& d3 uniformly in 8" € 7 3| forSo>1, (73)
and we may conclude that

~ 1 3
o1~ -5 <0 in the range s” € [450, 35’0} for Sop > 1. (74)
0
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Note that the above discussion on supports also yields that 51 is supported in §” € [%, oo).
The range of small s”:

1 3 13
s’ e <250,4So> or equivalently §” € <2,4>. (75)

We would like 51 to be strictly negative in this range for Sy > 1. Here, we encounter
the second difﬁculty No matter how large A = s in (50) is, the behavior of ¢y near the
left edge —5 of its support [ ,0] (and also at its right edge 0, but there we don’t care),
is domlnated by the 5w0 7 Y0 _term and thus automatically is strictly positive. Taking
the p(s’) ds'-average of the shifted ¢y (s” — ") does not alter this behavior as long as p is
non-negative in [Sp, 00), cf. (63): (;51 is strictly positive near the left edge = 50 of its bupport

The way out of this problem is to give give up smoothness of Wy near the left edge —5 of
its support [—%, 0]. In fact, we shall first assume that wg satisfies in addition

. 1/, 1\? ) 11

Wo = 5 (s+2> for § € [—2,—4} . (76)

This means that o has a bounded but discontinuous second derivative (i. e. Wy € H*).
This is the main reason why in (66) we expressed ¢; only in terms of up to second
derivatives of wy. We argue that the so defined ¢, is, as desired, strictly negative on
s" € (150,35 for all Sp. Indeed, in view of (56), the form (76) implies, in terms of

s=s5"—4
3 2 ! /
1 s 1 1 s 1 s s
= ——=l=+=] -z —+ = 0 f —— = . 7
o= —gplots) “app(pts) <0 eee(pog]
In view of (63) & (64), p > 0 is strictly positive for s’ € (Sp,00). On the other hand, it
follows from (77) that s’ — ¢4 (s"” — s') is strictly negative for s” — s’~€ (—%’, —SZ/], that is,
for s’ € [3s”,2s") (and supported in s’ € [s”, 25"]). Hence, by (45), ¢1 is strictly negative
for Sy € [35”,25"), that is, for s” € (1S, 35], for any value of Sy > 0.
Now we approximate wy with a sequence of smooth functions wg in H* 22 and we call

<b” the associated multiplier. Since <b1 involves wp only up to second derivatives (cf. (66))
then ¢} converge uniformly in §” to $1. We conclude that

~ 1
¢1 <0 for s € <2SQ, 230) and Sy > 0. (78)

Finally we fix a sufficiently large but universal Sy, so that (78) together with (71) and (74)
imply our intermediate goal (62).

The choice (63)&(64) of p is not admissible, since p should be supported in (—oo,In H),
which will be achieved by cutting off at scales s’ ~ S;. Only this cut-off will ensure (46) in
the range s” > S;. More precisely, in (45) we choose p to be ﬁ(s’)n(g—;) where p is defined
n (64), n is a mask for a smooth cut-off function with

(see Figure 5 for an illustration of p). We argue that ¢;(s”) satisfies (46) for S; > 1. This
will follow immediately from the three claims

3
—~
2>
S~—
I
—
[
@y >
< <
AV VAN
==
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0 S() % Sl
Py

Figure 5: The measure p is constructed from p (see Figure 4) by cutting off at scales
Sl ~ Sl .

1. ¢1(s") =0 for s > Sy,
2. ¢1(s") = gy (s") for s < S
3. |¢1—$1 gsilfor%gs”gsl.

Claims 1, 2 and 3 together with the bound (62) on 51 imply

=0 for &< %
S-1 for 241<s" <42
o1(s") <0 for % <s'< % (79)
< S% for % <s"< S
=0 for §">5;

Note that with help of the scale invariance (27), which turns into a shift invariance in the
logarithmic variables (40), we may shift ¢ and its estimate (79) by % +1 to the left (and
redefine S; > Sp noting that the universal constant Sy was fixed in the previous step)
recovering the desired form (46). Let us now establish the claims 1, 2, and 3. We start
by noting that by the change of variables (57) in conjunction with the support condition
(48) on § we have the following relation between the argument s’ of p and the variable s”
of ¢1 in the representation (60)

§ < % s < %
S S
o< <8 = no< ¢ < 28 g (80)
S < ¢ S < ¢

Hence Claims 1 and 2 are immediate consequences of the defining properties of the cut-off
function 1. We now turn to Claim 3 and appeal to the representation (60) for ¢1, which
we also use for ¢ and thus obtain a representation of ¢1 — ¢1 with p replaced by (1 —n)p.

Clearly, all the terms bearing a pre-factor of S,% or smaller are of higher order in the

range s” > %. Likewise, all the terms where at least one of the derivative on the product

22



(1 —n)p falls on the cut-off 1 — n, thereby producing a factor S%, are of the desired order
or smaller. We are left with the terms

% L odp 11 d% 1 d% 1 1 d%
22(1 — - - - _-_ - -, - ZzrFr,-__ - " S.
/ ’LUo( 77) (1 + §)2 ds’ 2 (1 4 §)3 ds/? + (1 n §)4 dS/S + 2 (1 + §)5 d8/4 ds

—0oQ

(81)

In our range % < s” < Sy the integrand is supported in % < ¢ <284, cf. (80). For these

arguments we have by choice (63) & (64) of the averaging function p(s’) = 1 — —1 T~
'

- % Hence also the terms (81) are at least of order é and thus of higher order. This

1

establishes Claim 3 and thus (79).

3 Proof of the main theorem

Proof of Theorem 1.
We start by combining Lemmas 2 and 3. We first note that by rearranging (34) in Lemma
2 and then adding fi)l &o ds to both sides, while using S7 > 1, we obtain by rearranging

S1 1 0
- &ods < 51 </ fod5+1),
—1 Cr /)

where we momentarily retain the value C; of the universal constant. We now add this to
(35) in Lemma 3 in form of

-1 1 0 1 —S5+1 R
_ Eods < Cy <€/ ods + - +/ |€o] ds + eexp(552)>
-1

—Ss —Sa

and adjust € = Cglcb so that the pre-factor of the transition term fEl éo ds vanishes; this

choice of € is consistent with ¢ < 1 because of S; > 1. We end up with

S1

— é@d8§,51+/

—S2 —So

—So+1

1

1ol ds + 5 exp(552),
1

to which we add — f:ﬁf Sods < f:iz 0| ds, obtaining

S1 —S2 1
~ [T éas < / ol ds + 51+ - exp(55,), (82)
1

o oo S
where we replaced So by Sy + 1 (at the expense of changing the multiplicative constant
hidden in <).
In order to provide ourselves with an additional parameter Sy next to S1,S2 > 1 to
optimize in, we now appeal to a scaling argument: The change of variables (27) that leaves
the stability condition (26) invariant assumes the form of a shift

s=S8y+38, &= exp(—3So)€ and thus & = exp(—350)&o.

on the level of the logarithmic variables (40). We apply (82), which only relied on the

stability condition, to the rescaled variables §, fo (with the upper integral boundaries Sy
and —95), and then revert to the original variables:

S1+So . —89+80 . N 1 N
[ aass [ falds +esal-350) (sl+gexp<ssz>).

—00 —00 1
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This estimate holds providgd S’l, S, > 1. In terms of the original integral boundaries
S1 =51+ 5y and —Sy = —Sy + Sy this reads

S1 =S2
~[Cods 5 [ léalds + exp(-350) (slsw exp<5<sz+so>>), (83)

1
S1— 5
which is valid provided S; — Sy = S'1 > 1, S9+ S5y = 5’2 > 1, and S1 < InH. Now is
the moment to optimize in Sy by choosing it such that the two last terms are balanced,
which is achieved by S; — Sy = exp(%(Sg + 50)). In our regime Sy + Sy > 1 we have
exp(5(S2 + So)) &~ exp(5(S2 + So)) — (S2 + So) so that the above choice means Sy + 92 &
exp(3(S2+ So)), which implies exp(—3Sp) =~ exp(352)(S +SQ)_g. Hence with our choice,
the entire second term in (83) is & exp(3S2)(S1 + 5’2)*%:

(S

S —Sy
[T éas < / ol ds + exp(352)(S1 + Sa) 3.

—0oQ

(84)

This estimate is valid provided S7 < In H and S7 4+ S2 > 1, since the latter by S1 + So ~
exp(%(52+80)) ensures So+Sg > 1 and by S1—Sy = exp(g(Sg—i-So)) then also S1—Sp > 1.

We now make use of Lemma 1 and Lemma 4. Note that w. 1. 0. g. we may assume
that our background profile 7 satisfies on the level of its slope fOH €2dz < (In H)15 next to

fOHf dz = —1, since if such a profile would not exist, the statement of Theorem 1 would

be trivially true. Hence we are in the position to apply Lemma 4. By Lemma 1 we have
_ f;llH&, ds < exp(—351). Adding this to (84), we obtain

InH —Sa R
—/ §ods S / o] ds + exp(352)(S1 + 52)7é + exp(—351),

so that by (36) in Lemma 4 we get
-8 .
IS / €0l ds + exp(352)(S1 + S2)75 + exp(—357).

Clearly, the optimal choice of S; is given by saturating the constraint in form of S; =In H,
which by H > 1 turns into

_52 . ]
1< / |€o] ds + exp(3S2)(In H) ™5 (85)

and holds provided S5 > 0.
We finally connect this to the Nusselt number Nu,,, which on the level of the slope &
and the logarithmic variables turns into

H 4 H In H X
NuBF>/0 (dZ)QdZ:/O fdeZ/ exp(—s)E% ds. (86)

—00

This allows us to estimate the first r. h. s. term in (85): By definition (33) of the convolution
&o and the support property (31) of the kernel ¢y we have

—S2 —S2 —S2 N 3
[ Class [ idassenge ([ Cencoga) . 6n

o o —00
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where we used the Cauchy-Schwarz inequality in the last step. Inserting (86) into (87)
and then into (85), we obtain

1 1
15 exp(*§sz)Nu§p +exp(3Sy)(In H) 5.

Finally choosing Sz > 0 such that exp(3S2) is a small multiple of (In H)% so that the last
term can be absorbed into the 1. h. s. and to the effect of exp(—3S2) ~ (In H)’%, the

1
above turns into the desired 1 < (In H)_%Nu,?r.

4 Proofs of lemmas

In this section we will give the proofs of the four lemmas stated in Subsection 2.2.

4.1 Approximate positivity in the bulk: proof of Lemma 1

Much of the effort of this construction will consist in designing the kernel ¢ in such a
way that it is both non-negative and compactly supported. Non-negativity of ¢g(s) and
its fast decay for s | —oo and support in s < 0 will be crucial in Subsections 4.2 and 4.3,
where we will work with the convolution (33). In order to infer non-negativity, we can no
longer let k1 oo in (26) (as in the proof of Proposition 1), since the two last terms would
blow up. To quantify this qualitative observation, we restrict to £ > 0 and introduce the
change of variable

- % , (89)
so that the stability condition (26) turns into
RH (5 d? > dz
@) e () o
kH | 1 d2 2 |2 _ rkH J42 2 |2
+k3/0 dé(—dég—i—l) w d2+k3/0 (—MH) w| dz > 0. (89)

We shall restrict ourselves to k with kH > 1 and real functions w(%) compactly supported
in 2 € (0, 1] so that the boundary conditions (25) are automatically satisfied. In particular,
an integration by parts (based on (—% +1)t = &£ 4% +64 — 4;—; + 1) in the two

T d28 dz*
last terms of (89), yielding
RH | g 22 2 |2 kH 22 2 |2
— | —==+1 dz ——+1
/0 dé(d22+)w z+/0 (d22+)w
o [/ dPw\? d*w\” B\’ 2w\ ” dw\
= — ) +5(—F) +10(—5 ) +10(—5) +5 2
[T () o) wo(@) () o
shows that there are no fortuitous cancellations: Provided the multiplier ¢ := w(—;—; +
1)%w of £ is non-negligible in the sense of JoS o % = O(1), the two last terms of (89) are
at least of O(k3) Hence we are forced to work with k& < 1 and thus, as expected, the

conclusion is only effective for z = % > 1.
In anticipation of (33) we introduce the logarithmic variables

dz

dz, (90)

s =Inz and § = —Ink, (91)
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so that the first term in the stability condition (89) can be rewritten as follows
kH 5 2 2
. d d?
/0 §<Z>w<_d,§2 > / £(s+ 5w < +1) wds.
In view of this and (90), the stability condition (89) turns into: For all s <In H we have

2 2
/ £(s+ 5w ( ) wdsz—exp(—?)s')/1 l(ccl;lg) 4o w2
0

Let us consider the 1. h. s. of (92) in more detail. In order to derive a result of the type
of (32), it would be convenient to have a smooth compactly supported w such that the

dz. (92)

multiplier ¢ = w(—j—; + 1)%w is non-negative. Although we don’t have an argument, we
believe that such a w does not exist. Instead, we will construct

— a family § of smooth functions w supported in 2 € (0, 1]

— and a probability measure p(dw) on § which is invariant under the symmetry trans-

formation w — w defined through the change of variables 'LD(% +2z)= w(% —2)

such that the convex combination of the multipliers

- / 6(2) pldw) (93)
3

2 2
gb = w<_dZA2+1> w,

where

is non-negative, supported in [+, 2] (and non-trivial) — and thus satisfies (31) after nor-

malization. Roughly speaking, the reason why this can be achieved is the following: For
any (non-trivial) smooth, compactly supported w we have

2
2 . oy
e p=w (—dd? + 1) w is positive on average:

1 R 1 2w\ ? dw\ ? 9
/Od)dz:/o |:<ClZA2> +2(d£> +w

S w%ﬁ’ + -+ +w? is positive near the edge of the support of w (incidentally this

dz .

would not be true for the positive second order operator —% +1).

Before becoming much more specific let us address the error term stemming from the
r. h. s. of (92) for our construction, that is

LG

The functions in our family § will be of the form

dz p(dw) . (94)

2/

wrse) = (V0) w (257). (95)
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that is, translations and rescalings of a “mask” wy. The mask wg is some compactly
supported smooth function that we fix now, say

wo(f) = { e op () for Ze(-1) } (96)

0 else

and the normalization constant Cy chosen such that

/(f;g;))?d,@_l. (97)

1 35
< = d % -, = 98
< and % € (8’8)’ (98)

Provided

then wy s is, as desired, supported in 2 € [i %] If we choose the length-scale to be
bounded away from zero, i. e.

; (99)

Ql=

then the error term (94) is clearly finite, so that (32) follows from (92) via integration w.
r. t. p(dw).

It thus remains to construct a probability measure p in £ and 2" with (98) & (99) such
that (93) is non-negative (and non-trivial). Note that wy s in (95) is scaled such that the
corresponding multipliers satisfy

) 1 &2 s o\ (57
gbe’%/(z) = (gw[)dé4w0 - 2€w0d§2w0 +/ w0> (6) s (100)

and wy is normalized in (97) in such a way that [ woj—;wo d? = 1. Hence for all 2’ we
have convergence as ¢ | 0

duz(2) — 6(2' —2) when tested against smooth functions of 2. (101)
On the other hand we note the following: Writing wg = \/%7 exp(]) with I = —ﬁ, we
have
d*wy 1 <d1>2 &1
= = — — + — exp I s
dz? vCo l dz dz? )
d*wp 1 <d1>4 (d1>2 &1 <d21>2 I 1 d'1
= = —F — +6 —= = +3 = +47A7A+7A eXpI.
dzt VCo l dz dz) dz? dz? dz dz3  dzt 1)
Since near the edges {—1,1} of the support [—1,1] of wy, i. e. for 1 — |Z| < 1, the term

4
(%) > 1 dominates the other terms thanks to the quadratic blow up of I near the edges,

we have, according to (100)

. d e s o 11 {fdl\* z—2
¢[72/(2) = ZWO@MO—2£w0d§2w0+E Wy ~ HOZ <d§) eXp(QI) < ] ) .

Hence in particular for £ = 4 and 2/ = 1. w. 1 and thus ¢1 1 are supported in [2, 2
p ] 29 pPp ] 81
872 872

¢

1 1 is positive near the edges of the support (and thus bounded away from zero at some
872
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small distance of the edges of the support), and trivially bounded away from —oo in the
support. The universal constants dy > 0, 41 > 0, and 0 < C; < oo are to quantify this:

> —-Cy for Ze€

=0 for 2¢ (%, %)
. >0  for 2€(3,3+060]U[S—d0,32) (102)
502 > & for 2 € [% + do, % + 3do] U [% - 360’% — o]
i

380, 3 — 300
We now choose a universal smooth pg(Z’) such that

=0 for 2/ ¢ (%—1—260,%—260)
po & =0 for 2 €[3+28,2—-25] §, (103)
=2C, for 2 € [2+ 300,32 — 3]

and that is even w. r. t. 2/ = % Since pg is smooth in 2’ we have according to (101)

/ G0 (2)po(2')d2" — po(2) uniformly in Zas?¢]0.

In view of the properties (103), there thus exists (a possibly small) ¢y > 0 such that

=0 for 2¢(3+ 60,5~ 0d0)
/ gbgoy ) 5! > -4, for %¢ [% + 4o, g — 50] . (104)
Cy  for ze[24 30,2 — 3]
)
)

defines a ¢ that is strictly positive in its support and that is of the form (93) (after a
gratuitous normalization to obtain a probability measure).

An inspection of our construction shows that ¢g satisfies the symmetry property in
(31).

Y

In view of (102), the properties (104) are made to ensure that

Po(2) = (2) / buo,z(2)po(2) dZ’ { =0 for 2¢ (5,

w\»—A
OO\CAD OO\O-J
oolut ool

é >0 for ze (3,

4.2 Approximate logarithmic growth: proof of Lemma 2

In this subsection, we return to the approximate logarithmic growth of 7 worked out in
case of the reduced stability condition in Section 2.1. Compared to Section 2.1, we have
to work with the mollified version &y of &, cf. (33) in Lemma 1, since only for the former
we have approximate positivity in the bulk according to Lemma 1. As stated in Lemma
2, we shall show that for S; > 1 we have

/ fods < éods+1. (105)
51

We start the proof recalling
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e The starting point for Subsection 4.1, that is (92), which we rewrite as
oo 42 2
/ 7
/_oof(s—i—s + sNw <_d22+1> wds

2
> _exp(—3s' — 35" ! dow 2 5
> p(—3s" —3s") 75 +---+w" | dz, (106)
0

for all &' <InH, s” <0 and all smooth w compactly supported in % € (0, 1].

e The outcome of Subsection 4.1, that is (32):
fo(s) = / E(s' + s po(s") ds" > —exp(—3s") (107)

for all ¢ <InH.

Since the kernel ¢g(s”) is non-negative and compactly supported in s” € (—o0,0], we
obtain by testing the inequality in (106) with ¢o(s”) ds”:

/OO gg(s”)d)(s" —s')ds"” /00 éo(s + 8" )é(s) ds (108)

L dPw\®
— P— / —_— .. 2
exp(—3s’) /0 l(d"ﬁ) +oFw

where we continue to use the abbreviation ¢ for the multiplier corresponding to the generic
2
w: ¢ = w(—%—l—l) w.

We recall that in terms of w = 2

Vv

dz,

21 and s = In %, the multiplier assumes the form
¢ =W (% + 2% - j—; — 2%) w, cf. (41). The structure of the argument is similar to

the one for (30) in Section 2.1. We seek

e a family § = {wy }¢ of smooth functions wy parametrized by s’ € R and compactly
supported in 2 € (0,1], that is s =Inz € (-0, 0], and

e a probability measure p(ds’) supported in s’ € (—oo,In HJ,

such that the corresponding convex combination of multipliers shifted by s, i. e.

00 4 3 2
(") = [ uls =) plds), where 6 1= it (;ﬁ LA 2j) i
(109)
is estimated by above as follows
-1 for —-1<s"<0
p1(s") < Gofor 0<s"<8 (110)
0 else

where C1(< Sp) is some universal constant, the value of which we want to remember
momentarily, and estimated by below

"nos exp(g—/;) for " <0 11
¢1(8) ~ { 1 for 8”20 ) ( )
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where the exponential rate S% > 1 could be replaced by any rate larger than 3. Further-
more, we need that

> 1 d5w ’ 2
_ / S ... 2,
/_oo exp(—3s )/O [( P ) + -t ws

For later use we note that in terms of wy = 2%y, (112) turns into

o0 1 5.5\ 2 don N\ 2 3.5\ 2
~ d Wy “ d Wy d Wgr “
/OO exp(—Ss')/O lz‘l < 755 > + 32 ( 7 > + < 153 > —I—---—i—wzl

In terms of s = In 2, this means

> ! Ay 2
/ exp(—3s’) / exp(—5s) ( A; ) +
—00 0 dz

It is almost obvious how (110), (111) & (112) allow to pass from (108) to (105) by sub-
stituting w with wy and integrating in p(ds’). We just need to show how (110) & (111)

yield
0o 0 . Cl S1 .
/ £0¢1 ds" < - / 50 ds” + Si / &) ds” +C.
—o0 -1 1 Jo

® " 0. "o ﬁ Sy "
Sodrds” + [ Gods" — = ods
— 00 -1 1.Jo

oo -1 for —-1<s"<0
:/ (—&o) % for 0<s"<S; p—¢1 ]| ds”

d:p(ds’) < 1. (112)

dip(ds’) < 1.

dsp(ds’) < 1. (113)

Indeed, we write

1

e 0 else
(110),(107) 00 -1 for -1<s§"<0
< / exp(—3s") % for 0<s"<S8; p—¢1| ds”
- 0 else

1

(111) 00 s "< Sy<i
< / exp(?)s”){ eXp§S2) EE z// ;8 } ds" < 1.

—00
The proof of (110) is the same as the one for (46) in Section 2.1 until the point where we
used an approximation argument to allow for the non-smooth choice (76) of wy (s). This
approximation argument in H%> was sufficient for ¢, which in view of the representation
(60) is continuous with respect to H*2. In our situation this approximation argument is
not sufficient because we need to control the error term (113) which requires boundedness
in H>2. We now summarize the main steps of the proof of (110), (111) and (113) leaving
out the details that can be found in Section 2.1.
Construction of the family {wy }¢:

e As in Section 2.1, we fix a smooth mask gy such that
. o 1 Ce 1
Wy 1is supported in § € —3 0| and nonvanishing in —3 0], (114)
and normalize it by [ 11)8 ds =1.
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e As in Section 2.1, we introduce the change of variables
s=Xs and Wy = A\ 24y, (115)
and rewrite the corresponding multiplier as

2 _dwg 1 . Py 2 . dBwy 1 . d*o

= —SW— — SW——5 + FWo——= + =Wo—— » 116
O = Tty Tt Tt g st g (116)
P ~2
a form that highlights the desired dominance of the term —%wodd% = —712% fo

A > 1 and (heuristically) suggests the shape of the probability measure p(s’) as
increasing over scales of order 1 and eventually decreasing over scales of order S;
(see (53)). We note for later reference that in these variables, (113) assumes the
form

S 0 1/ dP0\>
/ exp(—35’)/ exp(—HA8) lAlO (d;l;o> + o4 0f

and because of (114) for A > 1 follows from

o] 5 [e¢) d5 ~ 2
/_Oo exp (—33’ + 2/\) /_Oo ((d;‘;f)> TR 12)3) dép(ds’) < 1. (117)

e In oder to obtain ¢1(s”) ~ —1 over an s”-interval of length of the order 1 followed

by ¢1(s") < S%v we choose as in Section 2.1

dsp(ds’) S 1,

A =5, (118)
meaning that A is small in the foot regions and large in the plateau region (see

argument after (53), leading to this choice). Eventually we will need to modify (118)
for moderate and small ¢, cf. (131). With the choice of (118), (116) turns into

bels) =~ (d;g%) () o <wod;:;0) (2)
(5)4 (woi)?) (3)+ (3})5 (wod;io> (5).

e As in Section 2.1, replacing in (109) the integration over s’ by the integration over
the argument 3§ = § of wg according to the nonlinear change of variable

L) s’ -8 §—5 s , s
5§ = TR :g—l = s = T3 (120)

¢1 can be written as

0 1 Ade . 1 0 o dQ’LZJQ A

d)l(S//) = /;OOWUJOCZ(S/dSW/_OO(1+S>w0dt§2pd$ (121)
2 0 ) . d3UA)0 R 0o ) ) d4w0 )
+ (8”)3/ (1+S)2w0 a3 pds+ (8”)4/ (1+S)3w0 = pds.

Construction of the probability measure p(s’) ds’ supported in s’ € (—oo,In H] :

31



e As in Section 2.1, we formulate an intermediate goal: Find a measure 0 < p(s') < 1
but not supported in (—oco,In H) such that ¢1(s”) = [ ¢y (s” — &')p(s’) ds’ satisfies

[% 15, O] for Sy < &
—¢1(s") € (0,C] for 38 < &
{0} for s

< S ¢- (122)
< 15

e From the representation (121) and the assumption that p varies slowly, we learn that
¢1 is negative if % > (S})Q. In Section 2.1 this motivated the following Ansatz for

p in the range 1 < s’ < Sq: we fix a smooth mask pg(§') such

~ . dp . ~ 1 .
5o = 0 for & <0, d?;? >0 for0<§ <2 jo=1-3 for2<d. (123)
For Sy > 1, consider the rescaled version

p(So(s"+1)) = po(3). (124)

Eventually, for (117) and departing from the argument in Section 2.1, we will have
to modify p for moderate and small s, cf. (129).

e Finally, this p does not decrease to zero on the large scales s’ ~ S, which has to
be done by cutting it off as in Section 2.1, cf. (62). This allows to pass from the
intermediate goal (122) to its final version (110).

Exactly as in the proof of (62), we distinguish the regions of small, intermediate and
large s (note that for s” € (—oco, 52] all the integrals in (121) vanish because the supports
of Wy and p do not intersect). In Section 2.1 we established

~ 1 1
b1 ~ 5 2 uniformly in s” > 35y for Sp > 1 (125)
0
and ) 5
51 ~ g uniformly in s” € [450, 350] for Sp > 1. (126)
0

As we have seen in Section 2.1, in the range of small s”, i. e. s € (%S’o, %So), the

behavior of ¢4 near the left edge —% of is dominated by the %wo%—term and thus
automatically is strictly positive. In Section 2.1, we solved this problem by giving up
smoothness of wy near the left edge f% of its support [f%,O] and eventually using an
approximation argument in H??2. As discussed earlier, we cannot use this approximation
in the present situation, since we need to keep the error term (117) under control. The
remainder of this section is devoted to the way out to this dilemma and it consists of three
steps (the first one is the same as in (75) and we report it just for the sake of clarity).

e In the first stage, we give up smoothness of wy near the left edge —% of its support
[—%, 0]. In fact, as in Section 2.1, we shall first assume that w0y is of the specific form

1 1\? 11
This means that wy has a bounded but discontinuous second derivative. Our non-
smooth Ansatz together with (116) implies

1 /s 1\* 11 (s 1)\° s s
Qbs/ = —W <$/+2) _5(8/)3 <S/+2> <0 fOTSE(—Q,—4:| . (128)
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As shown in Section 2.1, the corresponding 51 is, as desired, strictly negative on
s’ e (%, %SO} for all Sy sufficiently large. We fix a sufficiently large but universal
So such that together with (125)& (126) we obtain

—51(8//) € (0,C for %S@ < s"
{0} for s

[%(S%)Q,Cﬁ] for Sy < §
So ;
250

INIA

for some generic universal constant C.

In the second stage, we modify the definition (124) of p(s') by adding a small-
amplitude and fast-decaying (exponential) tail for s’ | —oo. More precisely, we
make the Ansatz

/ /
5 = p+edp with 65 := exp <3> o <5> , (129)
Sa So
where 19(8) is the mask of a smooth cut-off function with
n =1 ford <2 and ny = 0 fors >3. (130)

Here 0 < Sy <« 1 is some small length-scale and € < 1 is some small amplitude to be
chosen below. Recall that Sy is the universal constant fixed in the first stage. Since
; is no longer supported on s’ € [Sp,00) but is positive on the entire line, we need
to extend our definition of the function wy from s’ > Sy to all s’. In view of (115)
we just have to extend the definition (118) of the rescaling parameter A(s") to

B s’ for s>,
A= { So for s < S } (131)

We will show that we can first choose a universal 0 < Sy < 1 and then a universal

0 < € < 1 such that we obtain for gZ)Nl(s") = [T da) (8" —5)p(s') ds’ the following
estimates

~ [% (5/1/)23 C(S/I/)Q] for SO S 5”
—¢1(SU) € [%, C] , , for %So < § < S , (132)
[% exp(fsj), Cexp(g—z)] for sT< %So

for some generic universal constant C'. The gain with respect to ;51 is that ¢~1 is
strictly negative also for s” < %So which will allow us to pass to the third stage.

In a third stage, we smoothen out wy: We define a sequence of smooth functions

{w§ }ay0 which approximate wy in such a way that the corresponding ¢Ni“ still satisfies
(132). This takes care of (117): Since for fixed o > 0 to be chosen later, (117) with
W replaced by w§ reduces to

o 5) ~
/ exp <3s’ + 2)\(5')> p(s)ds <1.

—00

For s’ < Sy this follows from p(s') (124)129) £ exp (S, 1

3—2) and \(s') 1) So because of

Sy < 1. For s' > Sy, this follows from » < 1 and A(s') 130 o
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We turn to the details for the second stage, i. e. the effect of the modification z(s’ ) of
p(s'). Consider the perturbation (5q~51 of the multiplier 51:

061(s") - / Ox) (8" = )op(s') ds' 2 / P (" S)GXP(S> (50> "

(133)
In order to show that the unperturbed (122) upgrades to (132), it is enough to establish

{0} for 35, < "
o [—C, C] for Sp < s < 35
— 5¢1 (8 ) S [é , C} for %SO S 8// S SO 5 (134)
[& exp(& ) Cexp(g; )] for s" < 1S,

for some sufficiently small but fized So, where C' denotes a universal constant. Indeed,
choosing ¢ <« 1, we see from ¢~1 = ¢1 + =66 that (134) upgrades (122) to (132).

We start the argument of (134) with the range of large s”, i. e. s” > 35y, and consider
the integral 5¢1 = [~ o Pagsr) (8" — ") exp(— 5 )no(g—;) ds'. Because of our choice (130)
of the cut-off 7y, the second factor exp(fS—Q)no(E;) is supported in s’ € (—00,3S5p]. We
note that in view of our choice (131) of the scaling factor A, Wy (s) and thus ¢y (s)
are supported in s € [—350,0] for s’ < Sy and in s € [—fs 0] for ' > Sp. Hence
(s',8") = drs)(s” — &) is supported in s” € [s' — 550, '] for s’ < Sp and in " € [35, /]
for s’ > Sp, or — equivalently — in s’ € [s”, s + $S] for s < % and in s’ € [s”,2s"] for
s’ > % Since s” > 35y, we are in the latter case and ¢y (s” — s’) is supported in 5" €
[s",25"] C [35p,00). Hence both factors exp(—g—;)no(g—;) and ¢y (8" — 8') = ¢o (8" — &)
have disjoint support in s and thus the integral (133) in s’ vanishes. This establishes the
first line in (134).

We now turn to the very small s”, i. e. s” < % in (134). By the above, s’ = ¢y (5" —
') is supported in s’ € [s”,s" + %] C (=00, Sp]; in this s'-range we have for the cut-off
function 770(;—;) =1, and ¢y(s) = ¢s,- Hence the definition (133) simplifies to

,5¢ " / b5, (s ") exp <52> ds' _exp<52>/ b5, (s )exp( SQ) ds.

(135)
We note that by (128) we have

So S S
o5, <0 for se (20, 40> and supported in s € [20,0] .
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This allows us to use Laplace’s method for Ss < 1 in the integral in (135),

- [ sew (—SSQ) s

X X
— '
o 8 —
8 |
| -
ow %
/~ &
1 =
+ :
N | — o)
— N
no
o |
X |
o)
N ~
| 5
&
[\]
~
jSH
V)

Plugging this into (135) yields as claimed in (134)

- 3 1 /"
—8¢1(s") ~ is <2§ > exp (;) uniformly in s” < % for S5 < 1. (136)

We now treat the intermediary small values % < s” < Spin (134). This time, the function
5"+ ¢xe)(s” — s') is supported in s’ € [s”,25"] C (—00,2S0], so that also in this s’-range
we have for the cut-off function no(g—;) = 1. Hence the representation simplifies to

31 (s / Das (8" — ") exp (SQ> ds'.

On this integral, we can again use the Laplace’s method for S < 1: By (128) we have for
the continuous function (s',s") = ¢y (s” — &)

< 0 fors €(3s

/! / § 2 "
¢A(s/)(s —5) { = (0 fors €(2 8)) }

Hence we obtain as claimed in (134)
P/ : s So
0¢1(s") < 0 uniformly in s” € [2,5'0] for So <« 1. (137)

We finally address the remaining intermediary range, that is, Sy < s” < 3Sp. We clearly
have by continuity of (s',5") = @) (s" — s’) and no(s") that

5¢1 " / D) ( s — s)exp (;) <50> ds' (138)

is uniformly bounded for s” € [Sy, 3Sp]. Estimate (134) now follows from (136), (137) &
(138) for a choice of sufficiently small S5.

We now turn to the details for the third stage. We approximate g, which is non-
smooth at the left edge of its support, cf. (127), by a sequence of smooth @& in such a
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way that the corresponding ¢,y and ¢§‘(s,) are close in L'. More precisely, we select a
smooth function F'(w) with

Flw) =0 forw<0 and F(w) = w forw>1.

For a small parameter 0 < a < 1 we now define g () via

0 7 §43)° 11
g = o?’F (ng) (127) a’F <( 20422) ) for 5 € {—2,—4] ;

for § & [—%, —%], W is set equal to wg. Clearly, the so defined w§ is smooth on the whole
line. We want to show that the convex combination of multipliers

R = [ 03 = ) ds'

still satisfies (132), that is

~ [%(5’1’)2’0(5’1’)2} for Sp < "
—¢(s") € 1%, C] ) ) for 1Sy < ¢ < S , (139)
(& exp(g;), Cexp(g)] for s’ < 1S

for some choice of 0 < o < 1 and a generic universal constant C. For thls purpose we

~

consider the difference of the combination of multipliers, that is, d¢¢ '7¢O‘ gzbl In order
to pass from (132) to (139), it is sufficient to establish

(3'1/)2 for 35, < s,
56%(s")| S ad 1 for 1S < §"<3S, \. (140)
exp (g—:) for s’ < %So
To this aim, we first observe that
AR dRay i .
W~ — | S o with k=0,--- 4. (141)

which follows from the fact that

1 1
all these differences are supported on the interval se [—2, 5 + \/Ea} , (142)

and that on this interval, the two terms forming the difference are by themselves of the
claimed size.

We first treat the case of large s”-values in (139), that is, of s” > 3S;. In this case,
s = dr) (8" —§') and s d)f\“(s,)(s” — §') are supported in s € [s”,2s"]. In particular,

s' > Sp so that A U3 o Hence (121) takes the form

SO = ‘[i:(14ﬂ®2«w39'2>33dA
—&pfi“*wwﬁf W%M>MS
ST B 1 P
-W;y/20+@3@mﬁ% AZ?>3%



(129) _, ,\ (123)
2 E - =1 S <

So

In particular, we also have s’ > 35 so that p(s')

2 . .
and thus dp = (S,S# < (%) So(s,#,)Z since s’ > s” > 3S5,. Hence the above representation

yields
o) < 0 /

(5")? /oo
T ,1,)2 /Z(l—i—s) Agd;g uvod;go ds

Using (142) and inserting the estimate (141) for k = 0,2,3,4 we obtain, as claimed in
(140),

4 2

~ o o o 1 o
067 (s")] < Ca ((s”)2 + (s")2 + (s")3 + ()" S 0(3/1)2 for s > 35p.  (143)

We now address the small s”-values, that is, s” < % In this case, s’ = ¢y (s” —5')
and s’ gbf(s,)(s” — §') are supported in s € [s",s" + %] In particular, s’ < Sy so that

(129 So. Hence by (116) and (109) we obtain the representation

o 2 [® [ dof L di§\~ .
57 (s") = sg/ (wodéwo IE )Pdé’
0

—0o0

_1/°° g diat L d
S3) o\ a2z T ag2

2 [® [  dBag i\~ .
s /_oo (wO a@ s )pdS
1 /00 Ldheg dhi

1 pe W, 4o

S2 ) U0 st T st

Moreover, s’ < Sy implies p(s’) = 0 (cf. (123)&(124)), 770(53.—:)) = 1 and (cf. (130)) thus

p(s') = eexp(<; s ~)- In terms of § given by s’ = s” — Sy3, this translates into p(s') =
eexp(g; )exp( S §). Hence the above representation specifies to
~ 2exp(g;) [ (. dig  diy o\ .
5o (s") = _ST‘/, (wg‘ d§0 — Wo— >exp <— 28) ds
exp 52 . d*iy So.\ .
- - wow exp —S—Qs ds

QGXp( ) d3w0 PO S04 as
@ S0
= a7 n Kl s

exp(?) R d4w0 . d4’LZJ0 So . .
+5 5'612 /;OO <w3d§4 —’LUQW exp _5723 dS.
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Inserting the estimate (141) for k = 1,2, 3,4 and using (142) we obtain as claimed in (140)

~ /" " S,
1693 (s")] < asexp <;> (@ 4+a?+al +1) < aexp <;> for 8" < 30. (144)
2 2

We finally address the intermediate values of s”, that is, % < s” < 38p. Splitting the

131
ds'-integrals into s’ € [Sp,00) and s’ € (—o0, Sp] in order to treat A (13 max{s’, So}, we
obtain
~ 2 2*0*1 dwg dig \ ~
503 (s") = - Wi —2> —do—— | pds
i) ) \"0Tas "7z )"

N
QU
»>

1% dag . dPd
“ /Oo (1+3) <w0 2~ Do

(s J_o Wo dsd ds4
2 o o AW Ldwg\ ~ .
_Z d
52 s~_1< a5 "az ) ?
0
1 dag . o) ~
o i n ds
53 s~_1< 0 g2 ~WoTgee )P
So
o [ [ dag  dig) ~
il ; _ ds
5 1< 0 ggs — W0 ) PO®
So
1o [ L dhig . dYie\ ~
+§8 o ( 87d§4 —wWo—g ) pds.

Since |p| < 1 and since || < %, we obtain from using (142) and inserting the estimate
(141) for k =1,2,3,4:
Ty 3 2 1 " So
1067 (s")] S ale®+a*+a +1) S a fors’ e ?,QSO . (145)

Now (143), (144) and (145) establish (140).

As in the proof of (110) in Section 2.1, in order to obtain (110) in the range s” > Sy,
we need to cut-off the measure p (defined in (123)&(124) and modified in (129)) in the
range % < s < 8] so that

" < (e} " N~ ! 8/ !/
o) = [ sl = it (5 ) ds
—00 1
satisfies (110). In this region (s’ > 51 or s” > 51) the modification (129) of p and (131)
of A\, are not effective. So we may directly quote the argument of Section 2.1 for the

modification of p through 7. Note that this argument is unaffected by having replaced g
by wg. This concludes the proof of (110) and (111).
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4.3 Approximate positivity in the boundary layers: proof of Lemma 3

The approximate non-negativity of &, cf. (33), is lost in the boundary layer s < —1,
cf. (32). However, in this subsection we show that & cannot be too negative in the
boundary layer provided &y is sufficiently small in the transition region |s] < 1. We recall
the statement of Lemma 3: For all So > 1 and € < 1 we have

—1 . 1 0 . 1 —So+1 R
- &ods < 7/ Eods + — +/ |€o]ds + € exp(5S2) .
—S5 €.J1 £ —Ss

With the standard rescaling (cf. proof of Theorem 1)
s ~ s+ .5y, é ~ exp(—35o)§C and thus also éo ~ eXp(—SSo)éo,

the above turns into
—So—1 _ 1 —So 1 —S2—S0+1
<[ hass [ st Zexpsi + | €9l ds + £ exp(585 + 350)
—S2—5So €J-5-1 € —S2—So
(146)

Hence it is enough to establish the latter for some Sy. In fact, we shall show that for all
So>1and S; > Sy

—So—1 _ 1 =So 1 =S1+1
- / &ods S — / &ods + —exp(5Sy) + / |€o| ds + eexp(5S51),  (147)
—S1 €J-S5—1 € -5

where we write S; = So + Sy . Indeed, fixing an order-one Sy which is sufficiently large so
that (147) is valid, we obtain (146). Multiplying both sides of (92) by ¢o(s’) (see definition
(31)) and integrating in (—o0, 00), we deduce

0o 14 a2 2 12 e 9 72
—00 0

for any smooth w, supported in Z € [0,1] and satisfying the boundary conditions w =

+

2
dw _ ( @+ 1) w =0 at 2 = 0, where as before we use the abbreviation

dz T dz2
42 2

for the multiplier. This time, w will not be compactly supported in 2 € (0,1] (only in
[0,1]) so that the boundary conditions matters. Using the fact that the function Zsinh 2
satisfies these boundary conditions, we enforce them for w by the Ansatz

w = (Zsinh2)w with & =const for 2 < 1. (149)

As in the previous subsections, it is more telling to express (148) in terms of the s-variable
s =1In 2. Appealing to the representations

(=82 +1)%2sinh 2
=372 (2—1 sinh 2 (95 — 2)(0s — 1) + 4 cosh (95 — 1) 4 42 sinh 2) (05 + 1)0 (150)
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and
d5(—02 +1)%2sinh 2
- 2—3(2—1 sinh 2 (9 — 3)(9s — 2)(9s — 1) + 5 cosh (9, — 2)(ds — 1)
+85sinh 2(8; — 1) + 422 cosh z) (95 + 1)0; (151)

(their proofs are reported in the Appendix to Section 4.3) we obtain

00 00 5 AN 2 AN 2
/7 §opds > —C[ exp(—5s) [(Cfgg) +- <C§§> ] ds, (152)

where according to the formula

2

dz?

S Ry EA A Y P
~ \ds ds 2 ds ds ds ds’

(the argument for the formula above is given at the end of this section, see (173)), the
multiplier is given by

/d d | (sinh2\?% [/ d d X
¢:w<ds+1>ds[< ) (d8+1>d8—2]w. (153)

We now make the following Ansatz for :

2
zsinh 2 (— + 1) zsinh 2

1
w = ﬁﬁ}o + ey, (154)

with the constraints

b — 1 for s< —=55—-1 b — const for s< =5 (155)
=10 for s> —Sp ’ 7o for s> —Sp—1 [~

so that (149) is satisfied. We don’t want to specify the value of the constant appearing in
the definition of w since it will not appear in the future estimates. The merit of the Ansatz
(154) is that, because dd% and dd% have disjoint support, the multiplier ¢, cf. (153), splits
into three parts

¢ = %¢o+¢01+8¢1, (156)
where
¢o = o <js+1> % :(Sin2h2>2 <zs+1> % —2: wo,
oy = o (;;;“) % :<sin2h2>2 <js+1> ;S—z: i, (157)
$1 = iy (;SH) % :(Sinéh’%)Q <js+1> 552: Wy




As a related side effect of the disjoint support of the functions % and %, the error term

in (152) splits into two parts:
/_Z exp(—5s) [(f;?)z N (Cgf)j ds
- i/::exp(%) l(ij};}>2+m+ <Cﬁ)>21 ds (158)
+ 5/_2 exp(—5s) l(i:?)Q 4t ((112:)2] ds. (159)

Hence in the sequel, we will have to consider five terms:
e three multiplier terms: % ffooo Eoo ds, ffooo Eooo1 ds, and € ffooo Eo1 ds,
e two error terms: the wg-error term (158) and the w;-error term (159).

Below, we will construct w; such that the mixed expression ¢g1, cf. (157), in the multiplier
¢ gives rise to the left-hand side of (147).
Before, we address the multiplier and the error term that only involve wg. Clearly, wg

can be chosen to satisfy Sp-independent bounds: sup,cg |[Wo|, -+ ,Sup,cg ‘% S 1.

Hence in view of (155), we obtain for the wp-error term (158)

1 [ d51T)0 2 dig 2 1
— — R - < =
5/ exp(—5s) [( s ) + e+ < 5 ) ds S - exp(55). (160)

—0Q

Moreover, in view of (155), we obtain

0 for s <=5 -1
|¢0| S CO for _SO —1 S S S _SO , (161)
0 for -5 < s

where we momentarily want to remember the value of the universal constant Cy. Since, by
(32) in Lemma 1, there exists a specific constant C; such that f__;;o_l Eods+Cyexp(3Sy) >
0, we obtain from (161)

—So —So .
/ §o(po — Co)ds = / (—=&0)(—o + Co) ds

—Sp—1 —So—1

(32) —5So
< O / exp(—3s)(—¢o + Co) ds
—So—1

(161) —5So
< 2010y / exp(—3s) ds

—So—1
< 10y exp(3So) , (162)

so that for the ¢p-multiplier term we obtain

1 [ . 61y 1[50 .
g/ §oo ds ey g/ Soo ds

—So—1
1 —So
< — (C@ / o ds + C1C)y exp(?)So))
€ —So—1
L[ [~ .
< ! < / éods+ Cy exp(3So)> . (163)
€ —Sp—1
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We now specify w; with the goal that ¢o1, cf. (157), gives rise to the 1. h. s. of (147).
This motivates the construction of a universal function we with the property that

d d | /sinh2\2%/ d d
i) =) () S22l =1 —1 164
(ds+>ds[< P > (ds+>ds ]wz ors< -1,  (164)

which will be carried out below in such a way that

Py
ds®

dity
ds

||
|s| +1’

)

(165)

~

Equipped with w9, we now make the Ansatz of blending w2 to wa(—S1) for s < —S; and
to zero for s < —Sy — 1:

wi(s) = n(s+ S1)n(—(s+ So + 1))wa(s) + (1 — n(s + S1))w2(-51), (166)

where 7 is a universal cut-off function with
0 fors<0

so that (155) is satisfied. The main merit of Ansatz (166) & (167) is that it makes use of
(164) which by definition (157) yields

0 for s < -5
po1 =< 1 for —S+1< s <=5 -2 . (168)
0 for -5 —-1< s
Furthermore, the estimates (165) turn into
| | didn iy
— =, < Cy. 169
[Por, Si 7 lds |’ Tl dsd| — 0 (169)

In particular, we obtain for the ¢gi-multiplier term

Co / €01 ds

—0o0

(168) —Sp—1 . —S1+1 . —So—1 R
= Co/ §ods + /s §o(¢o1 — Co) ds + / &o(po1 — Co) ds
- —1

Sl *SO*2

(169) —So—1 =S1+1

o / é ds + 2C0 / ol ds + C1Chexp(3(So+ 1)), (170)
—-S1 —S1

where for f:;;o:zl €o(do1 — 1) ds, we have used the same argument as in (162).
Because of ¢1 = w1¢p1 another consequence of (169) and (168) is

0 for s <=5
lp1] < Sy for -5 < s <-S5—-1
0 for -5 —-1< s

By the same argument that leads to (163), this implies for the ¢;-multiplier term

oo —So—1 _
6/ Eoprds S el (/ & ds + Cyexp(3(S1 — 1))> ) (171)

—00 -S1
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We finally address the wi-error term (159): It follows from (155) and (169) that

E/Zexp(—!is) l(d;g1>2+~~+ <(Zﬁ:>21 ds < Ceexp(551). (172)

We now collect the five estimates (160), (163), (170), (171), and (172). Via (156) and
(159) we obtain from (152) that

—So—1 R
—CQ/ fg ds
-

1 1/ [~% .
—exp(5Sy) + — </ &ods + Cq exp(350)>
€ € —So—1

A

—-S1+1 N
+ / |fo| ds + CyCt exp(3So)
-5

—So—1 .

+ &5 </ §ods + C exp(351)> +ecexp(5S1),
_Sl

where we recall that C'y was chosen such that the terms in the parentheses are non-negative.

Hence we may discard the term f_fsslofl &ods on ther. h. s. : If it is negative we may omit

it; if it is positive, then the estimate comes for free. Dividing by Cy we thus obtain

—So—1 R 1 1 —So R
_/ ds < - exp(5Sp) + - (/ &ods + Ch exp(350)>

-5 So—1

—-S1+1 R
+ / |€o0] ds + exp(3Sy) + €51 exp(351) + e exp(551) .
-5
which implies (147) because € < 1 and S7 > Sp > 1.

We derive now the operator-valued formula

2 2
zsinh 2 (_d22 + 1) zsinh 2

d d (sinhz\?(d d d d
(L)) (L)L (L)L 173
(ds+)d3< 2 ) <ds+)ds (ds+>ds’ (173)
that is a non-homogeneous generalization of 32 j; 2= (% —|—2)(0l¥'lS + 1)%(% —1) (cf. (39)).

The fairly simple structure of this formula is not a surprise: Since the functions sinh 2
2
and Zsinh £ are in the kernel of (— 5 + 1)2, the functions 1 and 27! are in the kernel of

(f% +1)22sinh 2. In s coordinates, these functions are 1 and exp(—s), respectively. This
explains the right factor (d% + 1)% on the r. h. s. of (173). On the other hand, the adjoint

of the L. h. s. of (173) w. r. t. to the measure % = ds is given by 2% sinh 2(7£ +1)2sinh 2
and thus has a kernel containing 1 and 2 = exp(s). Hence the adjoint of the r. h. s. of
(173) w. r. t. ds has to contain the right factor (d% - 1)%, which means that the operator
itself should contain the left factor (% + 1)(%.

We claim that the formula (173) can be factorized into the two formulas

d? T sinh 2 d N\ [ d
<d22—1)z51nhz = ( P dg—i—Qcoshz) (ds+1>’ (174)

2 sinh 2
%sinh 2 (jz? - 1) - % [(js + 1) “néhz - 2coshé} . (175)
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Indeed, the composition of (174) and (175) yields

2

dz?

_ A4 ) (shE\'d (d
~ ds \ds z ds \ ds
1

2
Zsinh 2 <— + 1) Zsinh 2

sinhz d [/ d d [d sinhz / d
—Q—Scosh 2 ds<ds+ )+2ds (ds—i—l)coshz - <ds+1>
d 9 d
—4£(cosh 2) (ds + 1>

_ A4 ) (smhE\'d (d
~ ds \ds z ds \ ds

12l (d coshésmzhz> % + 1) 2L cosn s 312 < 44 1)

ds \ ds : ds 2 \ds
d o d
—4£(cosh 2) (ds + 1>
_ A4 ) (smhE\'d (d
-~ ds \ds 2 ds \ ds
d d _sinh 2 _sinh 2 9 d
—}-2% [(ds cosh 2 P ) + cosh 2 P — 2(cosh 2) } <ds+1) , (176)

where (d% cosh 2%) denotes the multiplication with the s-derivative of the function

cosh 2% This implies (173) since because of

d inh 2 d inh 2 inh 2
<dcosh£'sufl Z) —£'<dAcoshésm Z> :(sinh2)2+(coshé)2—Coshésm :

A ~ 2 )

S z z z z

the factor in the last term of (176) simplifies to

d i 2 inh 2
(d CoshésmA Z) + coshésmA c 2(cosh 2)? = (sinh 2)? — (cosh 2)? = —1.
s
We now turn to the argument for (174) and (175). We first note that (174) and (175)
reduce to
d? expz d d
— -1z z = —+2 z — 41 1
<d;32 >ZeXpZ < Fods eXpZ) (ds+ > (a77)
expzZ—< +2 ) (22 +1
= XpZ— +2expZ | | 2—
Pz ANEE
d d
= (S 42) s 1
exp 2 <d,§ + ) ot and (178)
. 2 d d exp 2 .
zexpz<d22—1> = 0 [<d3+1> P —Qexpz] (179)
.d[[.d exp
= Zd,% {(2(%4-1) ~ —2expz]
. d (d .
= iz <d£’ —2)expZ. (180)



Indeed, replacing 2 by —2 in (177), using the invariance of 4 s = 2% under this change
of variables, and adding both identities yields (174). Likewise, (179) yields (175). The
identities (178) and (180) can easily be checked using the commutator relation % expz =
exp 2 (% + 1) on their left hand sides:

d2
(diz—1>exp2 = expZ

(2 d i 1 c_d (4, :
exp z —_— = _ — eXprg = — _ exp z.
P2\ 4z 2 P2= 1 \1 P

This concludes the argument for (173).

We turn now to the construction of the function wse with (164) and (165). We start by
reducing (164) to a second-order problem with bounded right-hand side: Tt is enough to
construct a universal smooth 0y with

d (sinhz\?(d ]
- — 41| =2] 0 =1 f < - 181
LY () o s
and s "
|2, %"“’ﬁ <1 foralls. (182)
Indeed, consider the anti derivative ws(s) fo U9ds’. Since dffz = 09, the estimates (182)

turn into the estimates (165). Likewise (181 ) turns into (164) because of

() [ (B2 () o] = () ()" () ]

We now extend (181) to a problem on the entire line with nearly constant coefficients.

. inh2\2 . . D .
Note that the coefficient (%) is an entire, even function in 2 with value 1 at 2 = 0.
Hence for every Sp > 1, we may write

sinh 2 2
=1—a foralls<-9;,

z
where .
a 0| < exp(-25) (189)
sup |al,sup |[—|, -+ ,sup |——=| < exp(—25)).
seR seR | ds seR ds3
Thus we construct a universal smooth 2(s) with
d(lfa) iJrl —2| 0 =1 foralls (184)
ds ds 2=
and . i
~ V2 v
sup |Ua|,sup |——|, - ,sup |—| < 00. 185
SER‘ | seR | ds seR ds* ( )

We finally reformulate (184) as a fixed point problem. Note that since (% +1) —2 =
(E — 1)(ds 2), the bounded solution of [ds(ds +1)—-2] o = f for some bounded
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continuous f is given by

i(s) = - /S exp(2(s’ — s)) /Oo exp(s’ — s")f(s") ds" ds'

—o0 s’

1 [ ¢
= 73 / exp(3min{s, s"} — 2s — s”) f(s") ds”

= (T)s), (186)

defining an operator T. From its above representation with the bounded and Lipschitz-
continuous kernel exp(3min{s,s”} — 2s — s”) we read off that T is a bounded operator
from CY (the space of bounded continuous functions endowed with the sup norm) into C!
and by the solution property of T' thus also into C2. Note that (184) can be reformulated

as
d (d N
(1) 2

d d .

1+dsa(d8+1>q]2

_ 1+ d72+£ ,idﬁ 1)

o ds® " ds ) dsds|

d d d da .

An application of the translation-invariant operator T' (formally) yields

Do :Tl—i-(a—(inlz—i-QTa)ﬁz. (188)
We view this equation as a fixed-point equation for ¥ in the Banach space C°. As
mentioned above, T' and even the composition d% T are bounded operators (in C°). In
view of (183), the multiplication with a and with % are operators with C%-operator norm
estimated by Cexp(—2Sp). Hence for sufficiently large Sp, the operator a — %T ?TZ +
2T a has norm strictly less than one. Thus the contraction mapping theorem ensures
the existence of a solution of (188), that is, a C*-solution 92 of (184) with supcp |92],
supsE]R|%|7 supseR|%| < oo. Finally, we obtain the rest of (185) from (183) by a
booth-strap argument.

4.4 Proof of Lemma 4

Here we give the argument for (36). We note that by definition (33) of the convolution
€0, the change of variables s = InZ and s’ = —Ink already used in (88) & (91), and by
definition (40) of £ we have
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/_IZOH £ ds’ (33) /lnH/oo £(s + ) do(s) ds ds'
88)&(91) / / < >¢0 ;2 %%
(40) / / < > ok bol?)
[ et e

/o f(z)/j%qﬁo(é)dédz.

In view of this identity and the up-down symmetry (i. e. the symmetry of the problem
under z ~» H — z), (36) will follow if we show that fOH &dz = —1 implies

[l ([ s ]

With the normalization (31) and our assumption fo &dz = —1, (189) will follow once we

show .
1 o (InH)3s
_ _ _ > _ N7

/ <1 / ~¢0(2)dz /H ~¢o(2) dZ) dz 2 T (190)

for which we will use the second assumption on foH €2 dz: Claim (190) clearly implies (189)
in the regime of H > 1. Let us reformulate (190) as

%%(5) dé) dz < —1. (189)

Z
H

IS

/ E()p(z) dz 3 —ET (191)
0 Hs
where we introduced
1
p =0 () with po(=1- [ Lonhad - [ Loar. o)

The symmetry (31) of ¢g(£) > 0 implies that

s o 1
wo= (-r)ee {20 it
so that using the normalization (31) we have
po >0, (193)
and
po < 1. (194)

Hence (191) is yet another way of expressing approximate non-negativity of &, this time
in and up-down symmetric way in the bulk.
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The strategy to establish (190) is now to construct an even (but not necessary non-
negative) mollification kernel ¢(z) of length-scale £ < H such that

(Ex0)(z) 2 —4& for z € (¢, H — 1), (195)

i @xp—p)Pde S Ly for t< H. (196)

We first argue how (195) and (196) imply (190). Indeed by the evenness of ¢ we have the
representation

[evas= [ ivori [ etpeo-na

from which, since p > 0 (cf. (193)), we get

/Zf'”dz>ze£2£pp<f*¢><z>/zpdz_ (/Zgzdz/i(pw_p)gdz);‘

We note that since ¢g(2) is supported in [i, %], cf. Lemma 1, po(2) is supported in the

same interval. Hence p is supported in [%H , %H |. Hence we may apply (195) as soon as
¢ < & Using (195) and (196) together with our assumption that [¢2dz < (In H)% and

fOH pdz < H (from (194)) we obtain the estimate

1
o H PR

L

12

The balancing choice of £ = ((1 I;I E; - > turns this estimate into (190).
n 15

We now turn to the construction of the mollification kernel ¢. We select a (nonva-

nishing) smooth and even wy(2), compactly supported in Z € [—1,1], and consider the

corresponding multiplier
a2 2
$o = wo ( + 1) wo .

dz?

—00

2 2
Notice that fOH podz = foo ((d;;‘éo) + (%) + w%) dz > 0, so that by changing wg

by a multiplicative constant we may achieve

/ bods = 1.

We change variables according to z = £Z and rescale the mask ¢y by £ so as to preserve
its integral
lp(£2) = ¢o(2), (197)
and note that also ¢ is a multiplier in the sense of
2 1\’
provided w is the following rescaling of wy:

w(t2) = wo(3) . (199)



For any translation 2’ € (¢, H — /), the translated test function z — w(z — 2’) is compactly
supported in z € (0, H) and we may thus apply the stability condition (26) with k& = %.
Because of (198), this yields (195):

/ E) oz — ) dz
2 2
H d [ & 1\° 2 1\’

> o 21 % [ _ % - v - o

> /0 14 (dz( d22+€2> w| + ( d22+€2> w (z—2")dz
(199) 1/t d d? 2 2+ d 1 2 ? &2 1

=" —— — | = w — w Z o~ ——.

d ) 1z U az2 0 32 0 z

We finally turn to (196). From the representation

pro-niz) = T ol — 2) - o)) () d

—0o0

¢ is even 1

5/ Z(p(z’ 1 2) 4ol — 2) — 2p()) B(2) dz.

we obtain the inequality

1 d
pro-nCl < gow|Th] [ e
(192),(197) 1 d%po 9 .2 A1 A
A 772 SUP | l 7002 lpo(2)|dz,

which yields (196) after integration in 2’ € [0, H].

5 Appendix

5.1 Appendix for Section 2.1

Here, we argue how to derive (59). Recall the change of variables (57) for s’ +— § with
s" as a fixed parameter. If p, p denote generic polynomials of degree n, we have

1 d" (0 1 1 o A"
(S/)m dsn - (Sll)n (S/)m—n (1 + S) dsn
1 1 d
- (S//)n (s/)m nP ((1 + 5 )ds)
(57) 1 1 , d

1
= // Z dslk m (Ym—n—k

(57) dk m—n— k
= Z //m de/k(1+ )
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This shows that the desired relations exist in principle, it remains to determine the coeffi-

cients ag, - - - , an,. We start with the case m = n+1 (which yields the shortest formula). To
this purpose, we again use (1+ §)% = —s’%, which we rewrite as %(1 +38) = —(s’)Qﬁé.

The latter yields
d " d\"1
<d§(1 + §)> = (=1 (Slds’> 7 for every n € N,
which implies inductively

d" Y n/ N1+n d" -
dén(l—i_s) - ( 1) (8) dSIn 8/

for every n € N,

and which we rewrite as (using again s” = s'(1 + §))

LAl 11
(s/)n+1 dsm - ds™ s’ (1 + §)n - s dg'm (1 4 §)n—1'

(200)

In view of the first line on the r. h. s. of (58), we need the latter transformation formula
for n =1,2,3,4. In view of the second line, we also need:

1 d (200)_1 1 d

(s ds s (s)2 ds'
_ Ll 2
N s ds' s (8)?
1 o2 L
= (S//)S d /(1 + S) - (8")4 (1 + 8) ) (201)
L e 11 @
(s’)5 ds2 g (S/)Q ds?14 3
_ i d72 + 4il + 6 L L 1
- s\ ds'2 ds' s (51)2 (51)2 1+3
1 d? R 4 d 9 6 3
= (511)3 @(1 + 8) + (511)4 @(1 + 5) + (S”)5 (1 + S) . (202)

5.2 Appendix for Subsection 4.3

In this subsection we derive the formulas (150) and (151). The main step is to establish
2292 — 202 + 1)2sinh 2 (203)
- (2—1 sinh 2 (9 — 2)(9s — 1) + 4 cosh (9, — 1) + 42 sinh z) (95 + 1)0s .

Let us give a motivation for formula (203): The factor (95 + 1)Js has to be there since
27! =¢7* and 1 are in the kernel of (97 — 282 + 1)z sinh 2, which in turn follows from the
fact that sinh 2 and Zsinh 2 are in the kernel of 9 — 202 + 1. Note that for 2 < 1,

57 lsinh2 =14 0(%%), coshz=1+0(%), 2Zsinhz=0(3?),
so that for 2 < 1, (203) collapses to the identity already used in (39)

220857 = (05 +2)(0s +1)05(05 — 1). (204)
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This identity is easily seen to be true because both differential operators are of fourth

order and are homogeneous of degree zero in 2, because the four functions 372 = e=2%,

271 =¢7% 1, and 2 = e* are in the kernel of both differential operators, and because on

22 = 2%, both operators give 4!2? = 4le?s

Let us give the argument for (203). Because of the transformation properties under
Z ~~ —Z%, it suffices to show

22(02 — 202 + 1)z exp(2)
= [ exp(2) (95 — 2)(0s — 1) + 4dexp(2)(9s — 1) + 42 exp(2)] (05 + 1)0s ,

which we rearrange as

23(0% — 202 + 1)z exp(2)
= exp(2) [(0s — 2)(0s — 1) +42(0s — 1) + 42] (95 + 1)0s . (205)

We note that because of 0; exp(2) = exp(£)(0; + 1), we have

(02 =202 + Dexp(2) = exp(2) [(8: + 1) = 2(0: +1)° + 1]
= exp()(9 + 492 + 492)

so that
2%(0F — 202 + 1)z exp(2) = exp(2) [2°052 + 42(2%022) + 42%(2022)] .
Now (205) follows by inserting the formulas

2022 = (054 1)0s,
22022 = (05 +1)05(0s — 1),
23032 = (05 +1)05(0s —1)(9s — 2) . (206)

These formulas can easily seen to be true; let us address (206): Both sides are differential
operators of order 4 that are homogeneous of degree 0 in Z; the kernel of both operators
is spanned by the four functions 271 = e7%, 1, 2 = €*, and 2% = €?%; On 23 = €%, both
operators yield 4!23 = 4le3*

Formulas (150) and (151) easily follow from (203). Formula (150) is an immediate
consequence of (203). Formula (151) follows from (150) using the identities d; = 2710,
and

9: (¢7?sinh2) = 2 3(coshz — 32 'sinh 2),
9: (42 %cosh2) = 2 3(4#sinhz — 8cosh2),
9: (427 'sinh2) = 27%(42%coshz —42sinh?),

which lead as desired to
05(0% — 202 +1)zsinh 2
=273 (¢ sinh 2 ((95 — 2)(0s — 1)95 — 3(0s — 2)(0s — 1))
+cosh 2 (4(0s —1)0s + (0s —2)(0s — 1) — 8(0s — 1))
+2sinh 2 (40, +4(0s — 1) —4)  +2*cosh 24] x (95 + 1)0,
= 2_3(A sinh 2 (95 — 3)(0s — 2)(0s — 1) + 5 cosh 2(9s — 2)(9s — 1)

+8%sinh 2(ds — 1) + 42 cosh 2 ) (05 + 1)0 (207)
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5.3 Notations

The spatial vector:

x=(y,2) € [O,L)"l_1 x [0, H],

where H denotes the height of the container and L is the lateral horizontal cell-size.
Vertical velocity component:

wi=u-e, where u=u(y,z,t).

Background profile:

7:[0,H] - R suchthat 7(0)=1and 7(H)=1,

_dr

T=1(2), 5175-

Long-time and horizontal average:

1 [t 1
= 1i — —_— t,y)dydt.
(f im sup to/o Tl /[O,L)dl f(t,y)dy

toToo
vi- (%)

Af=A,f +0%f.

Gradient:

Laplacian:

Horizontal Fourier transform:

1 )
k,z) = —— —iky d
Ffk,2) = T /M)dle [y, 2)dy,

where k € %Zd_l is the dual variable of y.
Real part of an imaginary number : Re stands for the real part of a complex number.

Complex conjugate : Fw and F@ are the complex conjugates of the (complex valued)
functions Fw and F6.

Universal and specific constants: We call universal constant a constant C' such that 0 <
C' < oo and it only depends on d but not on H, on L and on the initial data. Throughout
the paper A < B means A < CB with C a universal constant. Likewise a condition
A < B means that there exists a possibly large universal constant C' such that A < %B.
We indicate specific constants with Cy, C1,Cs, - - -.
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