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Abstract

We discuss some recent results by Parini and Ruf on a Moser-Trudinger type inequality in
the setting of Sobolev-Slobodeckij spaces in dimension one. We push further their analysis
considering the inequality on the whole R and we give an answer to one of their open
questions.

1 Introduction

A classical result in analysis states that, if Q@ C R™ is an open set with finite measure |Q] and
Lipschitz boundary, k is a positive integer with k < n, and p € [1, %), then the Sobolev space

Wéf’p(Q) embeds continuously in Lok (€2). This results doesn’t hold for the critical case p = 7,
that is Wg’E(Q) doesn’t embed in L*°(£2). On the other hand Trudinger [14], Pohozaev [12],

Yudovich [6] and others found that, at least in the case k = 1, functions in Wy () enjoy
summability of exponential type. Namely

W™ (Q) C {u € L'(Q): / Al gy < —I—oo}
Q

for any 8 < +o00. Moser [9] sharpened this embedding and determined the optimal exponent o,
such that . )
sup / el g < 01|, ap = nw 1. (1)
wEWs "™ (), Vull (e <172
Here, wy—1 is the volume of the unit sphere in R™. In particular the exponent «, is sharp in the
sense that

n
n—1
sup / ™ dr = 400
WEW, "™ (Q),[|Vaul| 0y <1/ 2

for any a > a,. Moreover, the supremum in (1) becomes infinite as soon as we slightly modify
the integrand, namely

ot / Flu)e ™ dz = +oo (2)
uEW; "™ (), [Vl () <17/
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for any measurable function f: Rt — R* such that lim;_, 1 f(t) = co. This can be proved, for
instance, using the same test functions defined in [9]. In [1] Adams, exploiting Riesz potentials,
extended Moser’s result to higher order Sobolev spaces Wg’p(Q), k>1,p=1%.

In the present work, we are interested in generalizations of (1) that concern Sobolev spaces of
fractional orders. The usual approach is to consider Bessel potential spaces H*P. In this setting,
sharp versions of (1) are proven both in the cases of bounded and unbounded domains of R™,
n >1 (see [5], [8] and [4]).

Here, we focus our attention on the case (in general different from the one of Bessel potential
spaces) of Sobolev Slobodeckij spaces (see definitions below), which has been recently proposed,
together with some open questions, by Parini and Ruf. In [10] they considered 2 C R™ to be
a bounded and open domain, n > 2 and sp = n and they were able to prove the existence of
o > 0 such that the corresponding version of inequality (1) is satisfied for any a € (0, ax)
(see also [11]). Even though the result is not sharp, in the sense that the value of the optimal
exponent is not yet known, an explicit upper bound for the optimal exponent a* is given.

As a first step, we extend the results in [10] to the case n = 1. For any s € (0,1) and p > 1, the
Sobolev-Slobodeckij space W5P(R) is defined as

WP(R) := {u € LP(R): [u]pspw) < +00}

where [u]yysp(r) is the Gagliardo seminorm defined by

= [ [ DI gy ) o

We will often write [-] := []yys.p(r). The space W*P(R) is a Banach space with respect to the
norm

1
ullwnr sy = (Il ay + lfyngey) (4)

Let I be an open interval in R. We define the space W;?(I) as the closure of (Cge(D), Hu”ws,p(R)).
An equivalent definition for W (I) can be obtained taking the completion of C§°(I) with respect
to the seminorm [u]yys.p () (see [3, Remark 2.5]).

With a mild adaptation of the techniques used in [10], we are able to prove that their result
holds also in dimension one.

Theorem 1.1. Let s € (0,1) and p > 1 be such that sp = 1. There exists o, = a(s) > 0 such
that for all a € [0, cv) it holds

1
sup /eo‘lullfs dr < oo. (5)
UEWos’p(I)a[u]Wsyp(R)Sl I
Moreover, there exists o = a*(s) := vd—° such that the supremum in (5) is infinite for any
a € (a*, +00).

It is worth to remark that, as already pointed out in [10], the exponent a*(%) is equal to 272

and it coincides, up to a normalization constant, with the optimal exponent 7 determined in [5]
in the setting of Bessel potential spaces.



We move now to the case I = R, pushing further the analysis of [10]. An inequality of the form
(5) cannot hold if we don’t consider the full W#P(R)-norm, i.e. we take into account also the
term ||ul|p(r). This has been done by Ruf [13] in the case of H'?(R?), see also [5], [4] for the
case of Bessel potential spaces. We define

[p—2] ik

O(t)i=e' = > (6)
k=0

where [p — 2] is the smallest integer greater than, or equal to p — 2.

Theorem 1.2. Let s € (0,1) and p > 1 be such that sp = 1. There exists o, = a(s) > 0 such
that for all o € [0, avi) it holds

1

sup / O (a|u|T=5) dz < co. (7)
u€WsP(R),[[ul|ws.pr)<1 /R

Moreover the supremum in (5) is infinite for any a € (o, 4+00), where a* is as in Theorem 1.1

As we shall see, Theorem 1.1 and 1.2 are sharp in the sense of (2). Indeed one of the open
questions in [10] was whether an inequality of the type

1
sup /f(\u\)ea‘“‘lﬂ dzr < +o0,
uEWS’p(IL[u]WS,p(I)Sl 1

where f: RT — R* is such that f(t) — oo as t — oo holds true for the same exponents of the
standard Moser-Trudinger inequality (see [4],[5]). For n = 1 we prove the following

Theorem 1.3. Let I C R be a bounded interval, s € (0,1) and p > 1 such that sp = 1. We
have

1
sup / F(la)e ™ dz = oo, ®)
uews’p(l),[u]ws,p(R)Sl 1
/f\UI o u| 755 di = oo, (9)
ueWs p R) Hu‘lws p(R)<1

where f:[0,00) = [0,00) is any Borel measurable function such that limy_, o f(t) = co.

Acknowledgements I am thankful to my advisor Prof. Luca Martinazzi for suggesting me
this problem and for many interesting discussions.

2 Proof of Theorem 1.1

We start this section proving the validity of the Moser-Trudinger inequality (5). The result for
n > 2 is proved in [10] and the proof in the one dimensional case, which we report here for the
sake of completeness, follows by a mild adaptation of the techniques in [10].

Thanks to [11, Theorem 9.1], using Sobolev embeddings and Holder’s inequality we have that
there exists a constant C' > 0 independent of u such that for any u € Wy (I)

[l pary < Clulwsrm)q" (10)
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for any ¢ > 1. For [u]yspr) < 1 we write

o

k
/ oful = sdw—Z/ |u|1 sdx < Z;‘(lfsak:) , (11)
— k!

where in the last inequality we used (10). Thanks to Stirling’s formula

K = 2k <’:)k (1 + 0(}9) (12)

the series in (11) converges for small o and we recover a bound (uniform w.r.t. «) for
o
/eo‘lullfs dx,
I

As a direct consequence of (5), using the density of C2°(I) in WP (I), we have the following
corollary (see [10, Proposition 3.2]).

Corollary 2.1. If u € Wos’p(l), for every a > 0 it holds

1
T
/ea‘“‘ *dx < 0.
I

We now give a useful result on the Gagliardo seminorm of radially symmetric functions (see [10,
Proposition 4.3]), which will turn out to be useful later on.

yielding (5).

Proposition 2.1. Let u € WP(R) be radially symmetric and let sp = 1. Then

|u /+oo /+oo $2+y2
5, d dy =4 P~ drd 1
sy = [ [ =2 )P o dedy (13)
Proof. The proof will follow from a direct computation. We split
_ P
J R
Iw—yI
O[T Ju(z) — u(y) P lu(z) — u(y)|?
d d drd
- |x— |2 ! “/ / |x— R
+oo _ +oo _
/ / u|2)| dxdy+/ / 7|u z) u|(2)| dx dy.

Using a straightforward change of variable and the symmetry of u, we obtain the claim. O

To give an upper bound for the optimal exponent & such that the supremum in (5) is finite for
a € [0,a), we define the family of functions

|loge|1—* if |z| <e
ue(z) == ||113§‘;”|L‘ ife<|z| <1 (14)
0 if 2] > 1.

Notice that the restrictions of u. to I belong to WP (I).



Proposition 2.2. Let sp = 1 and (u.) C Wg’p(l) be the family of functions defined in (14

Then

o0
U [uelfy gy = 75 = 8T(p + 1) I;) o %
Proof. We will follow the proof in [10]. Define

// |u8 W) dx dy.
Il‘—yI2

Using Proposition 2.1 and (14) we see that I(e) can be decomposed as
I(e) = I1(e) + Ia(e) + I3(e) + 14(e),

where

Lie) = //|10gm—log€|p o dz dy,
|10g€| (% —y?)?

I(e) / / |logx — logy|p dx dy,
|1ogs\ )
B +oo e JUQ _|_y2
13(5) = 8‘ 10g5|p 1/1 /0 m dx dy,
+oo
I4(e) / / |loga:| dx dy.
|10g€| )

).

With an integration by parts, it is easy to check that hmg_m Ii(e) = 0 for i = 1,3,4. As for

I5(g), integrating by parts after a change of variables we have

4 0] 241 v
Y T
I = ——41 1 P—
2(6) 10g€|{ogy<\/‘s |ng‘ (.132—1)2 .T)}
y y=e
1
logy J, TR
gz | 7’ ()
)

Y.

2
1 (§> +1
/ °8Y)) §|py7d

5 2
£) -1
(6 )
A direct computation for the first term gives

1
4 241
1 1 pid
|1oge|{ogy</ sl 1y x)}
Y

2241
:4/ |10gx|pmdx,

|log €|

o =



which converges to

as € — 0. Moreover, since

1 1
lo 1 7+ 1
/ g2y|logf|py72dy<+oo
0 Yy Y 1 1
y2
the second term in the sum converges to 0 as € — 0.

After setting % = z, for the last term in the sum we have

2
logy 5, (5) +1

|1ogg| (()2_1>

2+ 1
= 1 P d
|logs|/ log () Itog a1 3= 4=

2 2
+1 ze+1
=4 1 p U g 1 p+1 d
/E g = T —yz 4 |logs|/€ oo™ e 4

which converges to

1 2 +oo
4+ 1 z? —|—1

as € — 0. Summing up, we have

dy

. +o00 , (E +1
;L}HB[UE]WSJ(R) = lim Ir(e) = 8 . |log z| o)y dz. (17)

Integrating by parts we obtain
+o0 2 +o0 -1
r+1 |log z|P
1 P dr = ——d
/1 sl G p/1 -1

where we set t = % Recall now

1 > 1 r
=, [ ogap it = L0 as)
- k=0 0

(14 2k)P

where I'(+) is the Euler Gamma function. Thanks to (18) we write

HOgt‘pl / 1,2k S 1
logt|P~"t*" dt = —_—
[ z [log M3 (g (19)

proving (15). O



The upper bound for the optimal exponent follows directly from Proposition 2.2.

s

Proposition 2.3. Let sp = 1. There exists a* := 4 ° such that

1
sup /e""“‘m dx =400  for a € (a,4+00).
weWg P (D), fulwop iy <171

Proof. Let u. be the family of functions in WP (I) defined in (14). Thanks to Proposition 2.2
we have that [uc]yspr) — (A/S)% as € — 0. Fix a > 7J~°. For ¢ small enough, there exists
£ > 0 such that a[ug]_ITIS > B> 1. If we set v, := [Z—Z] we have

1 € 1 £
/ealvs‘ T—s de > / eoc|v5|lfs dz > / e—,@loge dr = 251—,3 5 400
I — —€

as € — 0, since 8 > 1. O

3 Proof of Theorem 1.2

We shall adapt a technique by Ruf [13] to our setting.

For a measurable function u we set |u|* : R — R to be its non-increasing symmetric rearrange-
ment, whose definition we shall now recall. For a measurable set A C R, we define

A7 = (—]AI/2,]A1/2).

The set A* is symmetric (with respect to 0) and |A*| = |A|. For a non-negative measurable
function f, such that
{xeR: f(z) >t} <oo foreveryt >0,

we define the symmetric non-increasing rearrangement of f by

f* () = /0 Nivess iy (2)dr.

Notice that f* is even, i.e. f*(z) = f*(—x) and non-increasing (on [0, c0)).
We will state here the two properties that we shall use in the proof of Proposition 1.2. The
following one is proven e.g. in [7, Section 3.3].

Proposition 3.1. Given a measurable function F : R — R and a non-negative non-decreasing

function f : R — R, it holds
/F(f)dx:/F(f*)dx.
R R

The following Pdlya-Szegd type inequality can be found e.g. in [2, Theorem 9.2].

Theorem 3.1. Let 0 < s <1 and u € W*P(R). Then

lul" Ty (R) < [ulif (R).



Now given v € W*P(R), from Proposition 3.1 we get

1 oL .
/R B(aljul) ) do = /R S(aful) ) dz, [l e = lulor,
and according to Theorem 3.1

(| Jul* ”Ws P(R) — H|u|*”z]ip(]1g) + [|u|*]€vs,p(R) < ||UH]Z;)(R) + [u ]Wa P(R) — ||UHW5 P(R)"

Therefore in the rest of the proof of (7) we may assume that u € W*P(R) is even, non-increasing
on [0,00), and [[ulyysp@r) < 1. We will use a technique by Ruf [13] (see also [5]) and write

/ B(a[ul) 757 de
R

= [ #a(u)™)de+ [ Ba(u)™)do
(D) + (D),

where I = (—rp,79), with 79 > 0 to be chosen. Notice that since u is even and non-increasing,
for z # 0 and p > 1, we have

o _ Il
e
. 20
fu(@)F zrx|/ < 3] (20)

||

We start by bounding (I). We observe that for o >> 1, we have |u(x)| < 1 on I° and hence

p[p—1]
lu| >~ < |uf’ on I

since ”E’%ﬂ > p. For k > p — 1 we bound

% pk k

L 1,7
p—1 -1 -
[ upyitae < [ (L) Jeliro ZG0)
e e\ 2lz| 27T (k+ 1 — p)

Hence

Z /—|u|p Tdx

k=[p—1]
a[p_l] / p[p—1] |u|p 1
=— u| »=1 dxr + / k
[p—1]! i ,;[:]
=k (|ul )Ll
w -
< Clap)lullfy +rolp—1) Y L

&
k=[p] k!(k +1-— p)(ZTo)P*I

k
o 1
Cla,p)llullz, + ck%j1 ( )p_l) T g <




As for (I1), define v € WP(I) as follows

o(e) = {u(m) —ulro)  Jal <7

0 ‘l“ > 1.

Let © € I. We compute using the monotonicity of u

) 1.2 2 %] .232 2
/0 o(e) = o) gz dy < /0 ) = ()P o (21)
Let z € I°. We have
[e%e] » x2+y2
| vt = vl ey
2 2
= [ ntro) ~ )l *jz)z dy (22)

Combining (21), (22) and integrating in x, we get
[0 < [u]?. (23)

Using the definition of v and the inequality (a + b)° < a® + 027~ Y(a®~1b + v9) for a,b > 0 and
o > 1, we have

1 s _Ss =
U/lis S fulis _|_ 1 21*3 (Ulfsu(fro) +u(r0> lis)
— 8
2s5—1 s
<omn (14 2l ) + 27 4 2
— N — r
= pro(l—s)" P I—s " (24)
2s—1
— o (14—t ) + C(r0)
= pTo(l—S) up To)-
This implies
22571 1-s
s
< T+ —= P Ccls
u(@) _v<x>< +pr0(1_8)||u|p> + 17 (1)

= w(z) + C 7 (rg).

From (23) and the definition of w, we get

1—s

P [ylP 275 ullP ’
[w]” = o] (1+pr0(1_8)|| |p>

(25)

1—s

2s5—1

2175 s
< (X =Jlulp) [ 14+ ——I[u|}
< |u||p)< +pr0(l_s)|u||p>

9



Consider now the function f(¢) = (1 — t)(1 + 7¢)°, where 7 := LS) and o0 = % > 0. We
compute
')y =0 +7) (rt(—o — 1) + 70 — 1) (26)

T0—1

which vanishes for t; = —% < 0 and ty = ot We choose now rg > 2% so that to < 0.
This implies that f is decreasing in (0, 1) and since f(0) = 1 we have that f(¢) < 1 fort € (0,1),
which implies

[w]P < 1. (27)

We can apply now Theorem 1.1 on the interval I = (—rg,79) to get that there exists a, > 0
such that

/ea*wp, dx < C (28)
I
and using (24) we get
= =
/ea*“ dr < C/ea*w dr < C, (29)
I I

concluding the proof of (7).

To prove the second part of the claim one can argue as in the previous section, using the sequence
of functions u. defined in (14) and taking into account that now the norm we are working with
is the full W*P-norm. Indeed we have

_ | log z| _
e 10 —/RIue”dx—/lwq(llogEIp ) dﬂf+/€<lx|<1|10ggspdx—0(llog€l D, (30)

Hence from (15), it follows that
;g% HUeH@Vs,p(R) =s- (31)

Choose M > 0 large enough so that

Then one has

1 1
/q) <,YU> i 2/ @ (VU> i
R ||us||Ww(1R) ue>M ||u€||WS’P(R)
1
T—s
; / ) N
—E&

=2

(32)

\

for £ small enough. Now, thanks to (31), one can argue as in the proof of Proposition 2.3 to
conclude the proof of Theorem 1.2.

10



4 Proof of Theorem 1.3

We will start by proving (8) since the proof of (9) will follow adapting the reasoning of the
previous section.

Let ue be as in (14). To prove (8) it is enough to show that there exists a constant § > 0 such
that

1

/8 (B g s s
—€

Indeed, u. — 400 uniformly for |z| < & as ¢ — 0 and we have

- € a*(\ud)lfs
sup /f Jul)e” (1) da:> inf f(|u5|)/ fue] de.

UGW p([ [u WS, p(R)<1 |z <e —€

From Proposition 2.2, it follows that

lim @ =1 (33)
e—=0 s
and in particular
) “+o00 1'2 4 1
il_r)r(l)[us]l’ = 8/1 | logx|pm dz = .

We compute

) 1 ) 1 [t 2+ 1
;%logg([us}p—ys) = 8;1_r)r(1)logg/l |logm|pm dr = 0. (34)
Then we can write
Ll ) 4 (crog ) (35)
Vs
and in particular, recalling
lim t —t=- 1 ,
t—+o00 (1 + ) 1—s

we have

log %

e — 1
2/ e (1+CUog H=H T o (36)

—&

log 1
1

T
= 2ee(14Cos ) HT™S o715

as € — 0. Therefore

s

1
T—s (|ue| \T—s
/ =) dr > (37)
1

for some ¢ > 0, proving (8). We shall now prove (9). From (30) and (34) it follows that

HUEHI;VS,;?(R) 1
—— = <1+ 0(|loge| ™). (38)

S

Now using (32) and arguing as in (36) and (37), we conclude the proof.

11
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