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ABSTRACT iv

Let D = (X, D) be a Borel directed graph on a standard Borel space X and let yp (D) be its Borel
chromatic number. If Fy, ..., F;,—1 : X — X are Borel functions, let Dg, _ r, , be the directed graph
that they generate. It is an open problem if xp (DFO ,,,,, Fy ) e {l,...,2n+ 1,8p}. Palamourdas [25]]
verified the foregoing for commuting functions with no fixed points. We show here that for
commuting functions with the property that there is a path from each x € X to a fixed point of
L M Xy) < 2n

for each m. We also prove that if n = 2 in the previous case, then yp (DF0 pl) < 4. It follows that

some F;, there exists an increasing filtration X = (J,,<,, X;» such that y3 (DF0 ,,,,, F

the approximate measure chromatic number XM (D) < 2n + 1 when the functions commute.

If X is a set, E is an equivalence relation on X, and n € w, then define [ X ]% = {(x0y co0» Xp—1) € "X :
(Vi, j)@ # j — —(x; E x;))}. For n € w, a set X has the n-Jénsson property if and only if for every
function f : [X]” — X, there exists some ¥ C X with X and Y in bijection so that f[[Y]2] # X.
A set X has the Jonsson property if and only for every function f : (U, [X]2) — X, there exists
some Y C X with X and Y in bijection so that f[(,c,[Y]2] # X. Letn € w, X be a Polish space, and
E be an equivalence relation on X. E has the n-Mycielski property if and only if for all comeager
C C "X, there is some Borel A C X sothat E <p E | Aand [A]}. C C. The following equivalence
relations will be considered: Ey is defined on “2 by x Ey y if and only if (In)(Vk > n)(x(k) = y(k)).
E; is defined on “(“2) by x E; y if and only if (In)(Vk > n)(x(k) = y(k)). E; is defined on “2 by
x E, y if and only if Y{— : x(n) # y(n)} < co. Ej is defined on “(“2) by x Ej3 y if and only if
(Vn)(x(n) Ey y(n)). Holshouser and Jackson have shown that R is Jonsson under AD. The present

n+1

research will show that E(y does not have the 3-Mycielski property and that £y, E;, and E3 do not
have the 2-Mycielski property. Under ZF + AD, “2/Ey does not have the 3-Jénsson property.

Let G = (X, G) be a graph and define for b > 1 its b-fold chromatic number y*(G) as the minimum
size of Y such that there is a function ¢ from X into b-sets of Y with ¢(x) N c(y) = 0 if x G y. Then

its fractional chromatic number is y/(G) = inf,, G ( )

if the quotients are finite. If X is Polish and
G is a Borel graph, we can also define its fract10nal Borel chromatic number y (G) by restricting
to only Borel functions. We similarly define this for Baire measurable and u-measurable functions
for a Borel measure u. We show that for each countable graph G, one may construct an acyclic
Borel graph G’ on a Polish space such that )(g w(G) = ¥/ (G) and ypu(G’) = x(G), and similarly
for )(5 and y,. We also prove that the implication ¥/ (G) = 2 = x(G) = 2 is false in the Borel
setting.



PUBLISHED CONTENT AND CONTRIBUTIONS v

[3] William Chan and Connor Meehan. “Definable Combinatorics of Some Borel Equiva-
lence Relations” In: ArXiv e-prints (Sep. 2017). arXiv: 1709.04567 [math.LO].

Connor Meehan participated in producing the results and writing the paper. Each author

contributed equally to this work.



TABLE OF CONTENTS vi

[Acknowledgements| . . . . . . . .. L iii
BBSIACT . . .« v o o e iv
[Published Content and Contributions| . . . . . . . .. .. ... ... ... ... ..., v
Table of Contents| . . . . . . . . . . . . e vi
(Chapter I: Introduction| . . . . . . . . . . . .. .. 1
[Chapter II: Borel Chromatic Numbers of Graphs of Commuting Functions| . . . . . . . . .. 4
2.1 Introductionl . . . . . . . . . . . 4
R2 TheGeneralCasel . . . . .. ... ... . ... 6
2.3 Commuting Functions| . . . . . . . ... .. ... .. 7
2.4 "Two Commuting Functions| . . . . . .. .. ... ... ... ... ... ...... 16
[Chapter III: Definable Combinatorics of Some Borel Equivalence Relations| . . . . . . ... 20
3.1 Introduction| . . . . . . . . . . e 20
3.2 Basic Informationl . . . . . . . ... 25
[3.3 “2 Has the Jonsson Property|. . . . . . ... .. ... .. ... .. .. 30
3.4 w-Jonsson Functionfor®2. . . . . . . . . ... o 34
3.5 The Structure of Eg| . . . . . . . . . e e 36
[3.6 “2/Ey Has the 2-Jonsson Property|. . . . . . . .. ... ... ... ... ... ... 41
[3.7 Partition Properties of “2/Ey in Dimension 2 . . . . . . .. ... ... ....... 45
[3.8 Ep Does Not Have the 3-Mycielski Property| . . . .. ... ... ... ... .... 46
[3.9 Surjectivity and Continuity Aspectsof Eo| . . . . . . . . . . .. ... ... 48
[3.10 “2/Ey Does Not Have the 3-Jonsson Property| . . . . . ... ... ......... 51
3.11 Failure of Partition Properties of “2/Ey in Dimension Higher Than 2| . . . . . . . . 54
3.12 IP%O IsProper| . . . . . . .« e 55
3.13 £ Does Not Have the 2-Mycielski Property] . . . . . .. ... ... .. ... ... 57
[3.14 The Structure of E5| . . . . . . . . . e 58
[3.15 E» Does Not Have the 2-Mycielski Property| . . . . . ... ... ... ....... 66
[3.16 Surjectivity and Continuity Aspectsof Eo|. . . . . . . . . . . ... ... .. ..., 68
[3.17 The Structure of E3| . . . . . . . . . . e e 73
[3.18 E3 Does Not Have the 2-Mycielski Property| . . . . ... .. ... ... ...... 75
[3.19 Completeness of Ultrafilters on Quotients| . . . . . . .. .. ... ... ... .... 76
3.20Conclusionl . . . . . ... 78
[Chapter IV: Fractional Borel Chromatic Numbers and Definable Combinatorics| . . . . . . . 79
d.1 Introductionl . . . . . . . . . . . e 79
/.2 Elementary Facts about the Fractional Chromatic Number| . . . . . . .. ... ... 81
4.3 The Baire Measurable Casel . . . . . ... ... ... ... ... . ... ... 83
4.4 The u-Measurable Case| . . . . . . . . . . . . . . . ... . ... .. 85

4.5 Combining All Quantities| . . . . . . . . . . . . . ... ... . 86




4.6 The y/(G) = 2 Case

Bibliography| . . . ... ..

vii



Chapter 1 1

INTRODUCTION

Descriptive set theory is a branch of set theory that focuses on sets of a particular structure definable
via some constructive rules, as opposed to sets whose existence is guaranteed by some consequence
of the axiom of choice. A Polish space is a topological space that is separable and completely
metrizable. The prototypical example of a definable set is a Borel set: one that belongs to the
smallest family of sets containing all open sets and closed under complements and countable unions.
To repeat the first sentence more concretely, descriptive set theory concerns the study of definable

sets in Polish spaces.

Descriptive set theory is a major research area of set theory and can both be approached from and
have results that relate to many other fields of mathematics, such as mathematical logic, topology,
and ergodic theory. In this thesis, we focus chiefly on descriptive combinatorics. In particular, we
study problems related to graphs and equivalence relations from the viewpoint of descriptive set
theory, asking when certain definable objects will satisfy certain definable properties. For example,
every acyclic graph can be 2-coloured, but it is possible for the minimum size of the range of a

Borel colouring of an acyclic graph to be 280,

This thesis consists of three separate papers: Borel Chromatic Numbers of Graphs of Commuting
Functions (with Konstantinos Palamourdas), Definable Combinatorics of Some Borel Equivalence
Relations (with William Chan), and Fractional Borel Chromatic Numbers and Definable Combina-
torics. The first two papers have been submitted for publication. For a more detailed introduction

to each paper, see the introduction section of each chapter.

In Chapter [2] we study a Borel graph colouring problem; namely, what is the smallest size
of a finite set (if one even exists) that can be used for a Borel colouring of a directed graph
generated by n Borel functions on a standard Borel space? Palamourdas [25] has previously

shown that for such a digraph Dg, F, ;) is in the set

..........

{1, . %(n + 1)(n +2), No} and that if the functions F; commute and have no fixed points, then
this can be improved to {1,...,2n+ 1,8p}. In Chapter [2, we provide a recursive structure for
breaking down subdividing a Borel graph of this structure. We show that in the commuting case, if
xB(DE,...F, ;) < No and each point has a forward path to a fixed point, then very large portions of

the graph can be coloured with only 2n colours: there exists an increasing filtration X = (J,,<,, Xim



such that x5 (Dg,...F, , I Xm) < 2n for each m.

It is a standard result of graph theory that any digraph D with maximum out-degree bounded by
n can be (2n + 1)-coloured. Though the case yp(Dr,. . .F, ,) = No is possible, Kechris, Solecki,
and Todorcevi¢ [15] have asked whether the Borel analog of this fact is that xyg(Dg, . F,_,) =
{1,...,2n+ 1,80} for arbitrary Borel functions F;. The results in Chapter give further evidence

that this may be true in the case that the functions commute.

In Chapter [3| we study some well-known equivalence relations defined on Polish spaces and
whether they satisfy a combinatorial notion known as the n-Mycielski property (so-called due to
a theorem of Mycielski showing that = has this property). We show that, though E, satisfies
the 2-Mycielski property, the relations Ey, E,, and E3 do not, and moreover Ej fails to have the
3-Mycielski property. These equivalence relations occupy special positions in the poset of Borel
equivalence relations under Borel reducibility, and theorems regarding the structure of Borel sets

A for which E; < Al E; I A are important in our proofs about the Mycielski property.

One reason that the Mycielski property is interesting is that it aids in the study of another combi-
natorial notion: the Jonsson property. This is a notion that has been studied by set theorists under
various axiom systems; for example, the existence of cardinals with the Jonsson property implies
that 0% exists. Holshouser and Jackson [11]] used the Mycielski property of = to show that the set
“2 has the Jénsson property under the axiom system ZF + AD. We show using the fact that Ey does
not have the 3-Mycielski property that the quotient “2/Ej does not have the Jénsson property in

this axiom system.

The exact relation between an equivalence relation possessing the Mycielski property and its
quotient having the Jonsson property is still unknown. We ask whether the quotients for the
equivalence relations E1, E», and E3 also fail to have the Jonsson property under the axiom of

determinacy.

In Chapter[d] we study a classical combinatorial notion in the definable setting; that of the fractional
chromatic number y/. We show that the fractional Borel number )(l]; behaves much like that of its
classical counterpart. In particular, the quantities y, y/, )(IJ; can all be made distinct for the same
Borel graph (and indeed any values that satisfy some obvious conditions). We construct Borel
graphs to prove this idea. These Borel graphs are acyclic but otherwise behave (for the sake of
Borel colourings) much like a fixed countable graph. We also show that even though y/(G) = 2
forces x(G) = 2, this is not true for Borel colourings: there exists a graph G for which X}J; (G)=2

but x5(G) = 3.



No consensus yet exists for how to compute )(g (G) for Borel graphs G with x(G) < x5(G). Marks
showed [22]] that the shift graph G, on the free part of 2Fn gatisfies xB(G,) =2n+ 1, and we ask
whether it is true that )(£ (Gy) =2.



Chapter 2 4

BOREL CHROMATIC NUMBERS OF GRAPHS OF
COMMUTING FUNCTIONS

(with Konstantinos Palamourdas)

2.1 Introduction

Kechris, Solecki, and Todorcevi¢ initiated the field of descriptive graph combinatorics in their
seminal paper [[15]. The broad objective is to study how combinatorial notions of graphs such as
matchings and colourings behave under definability constraints. For a comprehensive review of
the subject, see [19]].

A directed graph, or digraph, is a pair D = (X, D), where X is a set and D is a binary irreflexive
relation on X. A path in D is a sequence {x;},., in X forsome @ € {1,2,...,w} such that x; D x;;;
for all i withi + 1 < @. A subset A C X is independent if for any x,y € A, -xDy. If A C X,
weletD [ A= (A, DN (AxA)). Forany setY, aY-colouring on D is a function ¢ : X — Y such
that if x Dy, then c(x) # c¢(y). The chromatic number y (D) is then the minimum cardinality of
Y such that there is a Y-colouring of D.

In case X is a standard Borel space, we can consider analogous definable notions of colouring. We
define the Borel chromatic number y (D) to be the minimum cardinality of a standard Borel Y
such that there is a Borel Y-colouring of D. If u is a Borel probability measure on X, we define
the approximate p-measurable chromatic number )(Zp (D) to be the minimum cardinality of a
standard Borel Y such that for every & > 0, there is a Borel set A € X with u(X\A) < & and
a p-measurable Y-colouring of D [ A. We then define the approximate measure chromatic
number )(;’f (D) as the supremum of )(Zp (D), where u ranges over all Borel probability measures

on X.
If # ¢ XX is a family of functions from X to X, we define D¢ = (X, D#) by
xDEyo x#yAIfeF (f(x)=y).

If ¥ = {F; : i <n}, wealso write Dg, g, , for D#.

It is a standard graph theory result (for a proof, see [[15]) that for the case of finitely many functions,

we have x (Dg,..F, ,) < 2n+ 1 for any digraph of this form. Because the (2n + 1)-clique (i.e., a



digraph of size 2n + 1 in which every x, y have either x D y or y D x) can be written in this form,

this bound is sharp.

In this paper, we will be interested in yp (D#) in the case when X is a standard Borel space and
¥ is a finite family of Borel functions on X. Such digraphs arise naturally, for example, when
studying the action of a finitely generated group on a standard Borel space. Kechris, Solecki, and
Todorcevié [15] showed that in the case of a single function F, we have yp (Dr) € {1,2,3,N0}.

Let X = [w]™, the set of all infinite subsets of w, and let F : X — X be defined by F(A) =
A\ {min A}. Kechris, Solecki, and Todorcevi¢ showed in [15] that yz (Dr) = No, even though
Dr is acyclic and therefore y (Dg) = 2. This is an example of a major departure of the definable

version of a combinatorial graph notion from its classical counterpart.

It follows from yg(Dr) € {1,2,3,80} that x5 (Dg,..F,,) € {L,...,3",No}. In [I5], Kechris,
Solecki, and TodorCevi¢ ask whether it is in fact true that x5 (Dg,..r,,) € {1,....,2n+ 1, No}.

In [25]], Palamourdas made improvements and showed that

He also showed that in the case of only 2 or 3 functions,

XB (DFO,Fl) S {1, .55, No} and XB (DFO,Fl,Fz) € {1, o8, No} .

In the case that the functions {F;},., commute, Palamourdas [25] claimed that yp (DFo,.‘., F,H) €
{1,...,2n+ 1,80}. However, Michael Wheeler noted in private correspondence that his proof

requires that the functions do not have any fixed points in X.

In Section {.5.1] of this paper, we show that Palamourdas’s argument lends itself to a natural
induction result concerning the general bound for xp(DF, .., ,). This insight allows us to obtain

a slight improvement of the bound:

Corollary For n > 3, we either have xg (Drg,...r, ,) = No or xg (DF,...F,_,) < %(n +1)(n+
2)-2.

From Section onward, we revisit the case in which the functions {F;}, ., commute, without
assuming anything about the existence of fixed points for the functions. We show that such a
digraph can be separated into two smaller digraphs, one for which no fixed points exist, and one
for which every point has a path to a fixed point (we say the digraph has a fixed ceiling). We then
provide some evidence that digraphs of the latter type may actually be easier to colour in a Borel

way:



Theorem2.3.15{ IfDg, . r, , hasafixed ceiling and xp (D ForonFo 1 ) < No, there exists an increasing

.....

This particular structuring of X implies a result for measurable colourings of Dg, . F, ;:

Corollary 2.3.22, IfDr, _r, , has a fixed ceiling and xp (D,..F, ) < No, then we have
Xlil/f (DF()n--,Fn—l) <2n+1l

In Section[2.4] we more closely study this setting when there are only 2 functions. In this case, we

may drop the requirement to approximate X by X;:
Theorem IfDg, F, has a fixed ceiling and xg (D, F,) < o, then x5 (Dr,.F) < 4.

2.2 The General Case
If D = (X, D) is a digraph, we let D(x) = {y € X : x D y}. The members of D(x) are known as

successors of x.

We first recall two results from [[25]].

Theorem 2.2.1. [25] Fix n > 0. Suppose that X is standard Borel and ¥ = {Fj};., is a
finite family of Borel functions on X such that xg (Dg,..r,,) < No. Then xg (Dg,. .r,_,) <
%(n+ 1)(n+2). In particular, there exists a Borel colouring ¢ - X — {(i,j) en+172:i+j< n}
of Dg,...F,, such that if c(x) = (io, jo), then {(io,j): j < jo} C ¢ [DFO,“_,FH(x)] and for each
i <io, ¢ [Dry...p ()] N{GJ): j<n—1}#0.

In particular, Theorem provides a new proof that yg(Dr) € {1,2,3,8p}. The bound provided

by this theorem is not optimal in general, however, as the following special improvements show.

Theorem 2.2.2. [25] Suppose that X is standard Borel and Fy, F1, F>» : X — X are Borel. Then
XB (DFO,FI) € {1, 2,3,4,5, No} and XB (DFO,Fl,Fz) S {1, o8, No}

The colouring produced by Theorem divides X into %(n + 1)(n + 2) independent subsets in a
very organized way. In particular, if we restrict the digraph to A = ¢~ [{(i, ) : i > 0}], then each
x € A has at most n — 1 successors in A, since one successor always has colour (0, j) for some
Jj < n+ 1. By a standard result of descriptive set theory (for a proof, see [[17]]), we can write a Borel
relation D C A X A with the property that Vx (|D(x)| < n — 1) as the disjoint union of n — 1 Borel



functions {G;},.,_;, where G; has Borel domain A; C A. By extending G; to be identity on A\ A;,
it follows that

Dr,..r.,  A=Dg,,. .G, -

This observation allows for a natural induction argument that is unnecessary for the proof of
Theorem However, it becomes useful when combined with the base case of Theorem [2.2.2]

Define the function u : w — w by letting u(n) be the maximum value of yp (Dg,. ., ,), for
Dy, .F,_, adigraph of the form described in Theorem Since a (2n + 1)-clique can take this
form, u(n) > 2n+ 1. In particular, u(1) = 3, u(2) = 5, u(3) € {7, 8} and Theorem 2.2.1]implies that
u(n) < %(n + 1)(n+2).

Lemma 2.2.3. For alln < w, we have u(n + 1) < u(n) +n + 1.

Proof. Suppose we have a digraph D, . r, of the form described in Theorem [2.2.1] It suffices to
prove that yg(Dg,. .r,) <u(n)+n+ 1.

Let ¢ be the colouring furnished by Theorem If we define A = ¢! [{(i,j) : i > 0}], then

as noted above, there are Borel functions {G;}; ., on A such that Dg, g | A = Dg, .

i<n n-1°
Since xg(Dg,,....G, 1) < x8 (Dr,...F,,) < 8o, we can let d : A — u(n) be a Borel colouring of
Dpg,...r, [ A. Then X = [ |, d'[{i}]u Lj<ns1 ¢ ' [{(0, /)}] is a Borel partition of X into

u(n) + n + 1 independent subsets. O

Corollary 2.2.4. Fix n > 3. Suppose that X is standard Borel and F = {F;},_, is a finite family of
Borel functions on X such that yp (DFo,...,Fn_l) < No. Then xp (Dpompn_l) < %(n +1)(n+2)-2.

Proof. By Theorem [2.2.2] we have that u(3) < 8. Hence the result follows by applying Lemma
223 and induction. O

2.3 Commuting Functions

In this section, we shall examine digraphs generated by commuting functions, which have a number
of properties that allow them to be analyzed more easily. For example, Fact will show that
if x satisfies |D(x)| < m, then so do each of its successors.

Definition 2.3.1. Ifn < w, X is a set, and {f;},, is a sequence in XX, we let o, f; be shorthand
for the composition function fyo---o f,_1. Inthe case n = 0, o;, f; denotes idx. If F = {f;};c; for
some finite index set I instead and ¥ commutes, we also define ojc1 f; = oj< |1\ fi; for any bijection

Jjr—ijfrom|I|tol



If ¥ € XX is a family of functions, we let Cy = {oi<nﬁ eXX:n<wAVi<n(f e 7:)} In
particular, {idx} U F C Cg.

Note that if F is a commuting family of functions on X, then so is C¢.

Definition 2.3.2. If X is a set and f € XX, we let Fix; = {x € X : f(x) = x} be the set of all fixed
points of f.

Given digraphs Dy = (X, Do) and D; = (Y, D) on the standard Borel spaces X and Y, a Borel
homomorphism from Dy to D is a Borel function f : X — Y such that for every a, b € X,

aDpb = f(a) le (b)
In this case, we write Dgp <p D;. By composing f with a colouring of Dy, it follows that
xg (Do) < xp (D).

Note that if X is standard Borel and # € XX is a commuting family of Borel functions with no

fixed points, then any H € C# is a Borel automorphism of D#.

Let D be a family of digraphs on standard Borel spaces and n > 1 an integer. Then it is clear
that yp (D) < n for every D € D if and only if D <p K, for every D € D, where K, is the
complete digraph on n points. Below, we construct a much more complicated finite digraph that
has chromatic number 2n + 1 which admits Borel homomorphisms for the family of digraphs

generated by n commuting Borel functions with no fixed points.
Definition 2.3.3. For integers M,n > 0, let Dy, = (XM,,Z, DM,n) be the finite digraph with
Xppn = {x e M+ D)EMM" st e [-M MY (51 = 1 — x(5) # x(z))}

and x Dypy © 3j <nVs(sj <M - y(5) =x (5+e¢j)) .

Note that if x Dy, y, then x(0) # y(0).

One can regard the points of the digraph Dy, as n-dimensional cubic grids of side length 2M + 1,
each of whose cells contains one of M + 1 different colours. A grid x connects to y if it can be
shifted onto y, replacing the missing face in an arbitrary way. As we will see in Theorem [2.3.5]
we can think of each cell as a point in a digraph of the form D, r, ,, with the colour of the cell

representing the colour assigned by some fixed finite colouring of Dg, £, ;.

Theorem 2.3.4. For any M,n > 0, x (Duy) < 2n+ 1.

8



Proof. For j <nand k € {~1,1},1et S : X1, — Xz, be defined by

x (5 + ke; ifks; <M
9o = |65 j
x(s)+1 (mod M +1) otherwise.

As noted above, c(x) = x(0) is already an (M + 1)-colouring for Dy, We will define new

colourings ey, . . ., ey by recursion. First, set eg = c. Then let

o1 (x) = min (2n + 1)\ {ei (S](_k)(x)) D j<nmke{-1, 1}} if x(0) =i+ 1
ei(x) otherwise.

We claim that for eachi < M + 1, if x | [, i]" = y | [-i,i]", then ¢;(x) = e;(y). This is clearly
true for i = 0. Assume it holds for i and that x | [+ 1),i+1]" =y [ [-@+1),i+1]". If
x(0) = y(0) # i + 1, we are done. Otherwise, note that for all j < n and k € {-1,1}, S](.k)(x) I
[~i,i]" = $M(y) 1 [=i.i]", and 50 ¢; (S;k)(x)) = e (S](.k)(y)). This implies that e, (x) = ej1(y).

To complete the proof, we verify that ey, is a (2n + 1)-colouring of Dys,,. Note that for each
x, ey (x) = ex(a)(x) < 2n + 1. Suppose that x Dy, y and x(0) < y(0) (the case y(0) < x(0)
is similar). Choose j < n such that y(5) = x(5+e¢;) for all 5 with s; < M. Then for 5 €

[— (y(ﬁ) — 1) ,v(0) — 1] , we have that SJ(._I)(y)(E) = y(s — e;) = x(5). It follows from our claim

that €,0)-1 (SJ(._I)(y)) = €,0)-1 (x). Therefore, by definition of €y0) it follows that

en(y) = e, # e, (S70) = ey, 1 (1) = ew(x).
O

Theorem 2.3.5. [25] Fix n > 0. Suppose that X is standard Borel and F = {F;},_, is a finite
family of commuting Borel functions on X with no fixed points. Then if xg (Dg,..r, ) < 8o, we
have xg (Dg,...F, ,) <2n+ 1.

Proof. Choose M > 0 and a Borel colouring ¢ : X — M + 1 0of Dg, g, ,. Define f : X — Xy,
by

FOIG) = ¢ (0B ()
Then f is clearly Borel. If 5,7 € [-M, M]" with |§—f| = 1, then without loss of generality,
t =5+ejforsome j < n. So f(x)(5) = ¢ (°i<n17iM+si(x)) #c (Fj (oi<n}7iM+si(x))) = f(x)(z), since

.....
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J < nsuch that y = Fj(x). Then for any 5 with s; < M, we have f(y)(s) = ¢ (oi<nFl.M+s"(Fj(x))) =
f(x)(s+ej), whence f(x) Dy, f(y). Hence we have Dp, . £, , <p Dy, and so by Theorem[2.3.4]
we have XB (DFO,...,F 1) <2n+1. O

n—

Definition 2.3.6. Let D = (X, D) be a digraph and let r be any function on X. We say that a
Y-colouring c of D is restricted by r if for all x € X, c(x) ¢ r(x).

We will have the need to produce colourings like the one Theorem furnishes, but are also
restricted by Borel functions of a particular kind. Toward this, we will consider a slightly more
complicated version of Dy, below, in which every cell of every grid also has a restriction associated
with it.

Definition 2.3.7. For integers M,n,m > 0, let Dy, = (XM’n,m, DM,n,m) be the countable digraph
with

Xptnm = {x e(M+1D)x{SCw: |S| <mpMM".
Vst e [-M,M]" ([s-1] =1 - x0(3) # x0(7)) },

where x = (xo, x1) is the notation for the component functions. Let Dy, , be defined as in Definition

2.3.5

Theorem 2.3.8. For any M,n,m > 0, there is a (2n + m + 1)-colouring ¢ of Dy, m restricted by

r(x) = x; (6)

Proof. As before, c¢(x) = xp(0) is an (M + 1)-colouring of Dysnm- This time, define e_; = ¢ and,
fori < M,
min (27 + m + 1)\ ({e,-_l (S;k)(x)) Cj<nmke{-l, 1}} U xl(ﬁ)) if x(0) = i

ei(x) =
ei—1(x) otherwise.

As in the proof of Theorem ey is a (2n + m + 1)-colouring of Dy, . O
The next lemma strengthens Theorem[2.3.5|by showing that we can create a similar style of colouring
that is restricted by any function with finite values and that has arbitrarily large invariance under

the functions {F;},_,. Below, we regard $(w) as the standard Borel space 2 via the identification

AI—))(A.
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Lemma 2.3.9. Fix n,m > 0. Suppose that X is standard Borel and F = {F;},_, is a finite family of
commuting Borel functions on X with no fixed points. If xg (DF,...r, ,) < M + 1 for some integer
M, then for any N > M and Borel functiont : X — {S Cw: |S| < m}, there exists a Borel
function b : X — 2n+ m + 1 such that B(x) = b (O,-<,1Fl.N_M(x)) is a 2n + m + 1)-colouring of
Dg,. .F, , restricted by T(x) =t (oi<nFl.N(x)).

Proof. Fix a Borel colouring ¢ : X — M + 1 of Dg,_f, ,. Define f : X — Xpm by
F()3) = (c (ol-<nFiM+si(x)) .t (o,.<,,FiM+Si(x))) .

Then, as in Theorem [2.3.5] f is a Borel homomorphism witnessing that Dp, .
d be the colouring of Dy, furnished by Theorem [2.3.8 and let b = d o f, so that b is Borel.
Then B = bo (ol-<nFl.N -M ) is a colouring of Dg, . f, , since ol-<,,Fl.N M ¢ Cf is an automorphism

F,_,- For each x € X, we have B(x) ¢ f (0,-<,,FI.N_1V1()C))1 (6) =1 (0jcnFN (x)). m]

F._1 <B DM,n,m' Let

.....

We now introduce some definitions useful for analyzing the structure of the digraphs of interest.

Definition 2.3.10. Let <& be the transitive closure of Dg. If we have a finite set {F; : i < n} of
functions and I C n, let <j be shorthand for <(f,. cp. Finally, let < be shorthand for <,. For each
relation <g, we let <g denote x <g y & x <z yVx =y.
Note, in particular, that <# is not necessarily irreflexive.

Suppose X is a set and & C XX. We make the obvious but important observation that for
x,y € X, x <¢ y & JH € Cg(H(x)=y). In particular, if P C X is Borel, then so is
{x € X: Vy > x(y € P)}. This also yields the following two basic properties:

Fact 2.3.11. Suppose X is a set, ¥ C X% is a family of commuting functions, H € ¥, and x,y € X
with x < y. Then

1. H(x) <& H(y) and

2. if x € Fixy, then y € Fixy.

Proof. Let H' € C# be such that y = H’(x). Then H(y) = H(H'(x)) = H'(H(x)) proves (1). If
x € Fixy, then H(y) = H'(H(x)) = H'(x) = y proves (2). O

11



Definition 2.3.12. Let D = (X, D) be a digraph. We say that a collection {A;},c; of disjoint subsets
of X are separated if foralli + j €  and x € A;,y € Aj, we have ~x D y. If X = | |;c; A;, we say

that {A;},c; is a separation.

In particular, if | |;c; A; is a separation for Dg, g, _,, then for eachi € I, Dg, g, | Ai =

Drora;. . Foi 1A

Definition 2.3.13. Let X be a set and ¥ C XX a family of functions. We say that D¢ has a fixed
ceiling if for every x € X, there exists a’y € X with x <¢ y such that y € Fixy for some f € F.

Lemma 2.3.14. Fix n > 0. Suppose that X is standard Borel and ¥ = {F;};., is a finite family
of commuting Borel functions on X. Then there exists a Borel separation X = A U B such that for

eachi < n, F; | A has no fixed points and D, . r, , I B has a fixed ceiling.

.....

Proof. Define
B=|J | J#" (Fixs) and 4 = X\B,

HeCg j<n
Since C# is a countable family of Borel functions, A U B is a Borel partition of X. Note that
x € B 3H € CF3j < n(Fj(Hx))=H(x)) © 3y > x3j < n(Fj(y)=y). Therefore,
we may conclude Dg,  r,, ' B has a fixed ceiling if we show that (J j<n Fj [B] € B. Since
Uj<n Fixg, = Ujan (idx)™! (FiXFj) C B,no F; I Ahas a fixed point.

It remains only to show that A LI B is a separation; consider any x € Aandy € B. If x Dg,. £, , v,
then there is a fixed point z such that x < y < z. This implies that x € B, a contradiction. If
y Dr....F,, X, then choose j < n such that Fj(y) = x. Let z > y be a fixed point; by Fact[2.3.11]
Fi(z) > Fj(y) = x is a fixed point too, again implying x € B. m|

Lemma [2.3.14] shows us that it is enough to consider digraphs with fixed ceilings, since Theorem
will allow to find a Borel colouring for Dg, . r, , | A.

Theorem 2.3.15. Fix n > 0. Suppose that X is standard Borel and F = {F;},;., is a finite family
of commuting Borel functions on X. If xp (DFO ,,,,, Fn—l) < No and D, ., , has a fixed ceiling, then

there exists an increasing filtration X = U, Xi such that for eachi € w, xp (DF0 ,,,,, F_ X,-) < 2n.

We will prove this theorem after detailing a useful way to decompose the space X of such a digraph.

In what follows, we work with a fixed digraph Dg, _r,_, with the above properties.

12



We will define Borel subsets Q,, € X for each m < w by recursion. Let
I ={Uo, 1) €P(m)*: n=Ilyuli A1I; #0}.
For each (I, ;) € 1, define
Q)" = {x e X: ¥y 2 xVili eIy & F(y) # )},
and define Qo = U(j,.1,)er ng’ll).

Lemma 2.3.16. For every x € X, there exists y > x with y € Q.

Proof. Fix any x € X. Let I} = {i <n: 3y > x(F;i(y) =y)} and Iy = n\I;. Since Dg,__f, , has

a fixed ceiling, I; # 0, so that (Ip, ;) € . Foreachi € I} and j < n, let k;i) > 0 be such that
@

o]~<nij (x) is a fixed point of F;. Then if we let k; = max {k;i) e 11} for cach / < . it follows
that y = Oj<nijj(x) c QE)IO’II)~ )

Let I’ = {(Io, 1) € P(n)* : n 2 Iyu ]} and J = ({0} x I) U (w\ {0} x I"). For (Io, I1) € I, let
I, = n\ (Ip U I). Suppose that for every i < m and Iy, I} C n with (i, Iy, I) € J, we have defined
QEIO’II). For any (I, I1) € I’, we define

Q%?;Ill) = {x € X\ U Qi: VielyVy >, x

i<m

F()#y ARG ¢ | Qi)

i<m

AYi € ¥y >, x (Fi(y) = y) AVi € b3j <mV¥y >, x (Fi(y) € 0))}.

and we define Qp+1 = Uy 1)er Qg‘i’i‘). It is immediate from these definitions that if x € Q,, and

x <y, theny € Q,, for some m’ < m.

Lemma 2.3.17. X =J,,., Om-

Proof. For ease of notation, let O = U,,<, Om S X. Suppose for sake of contradiction that
x € X\Q. Define xo = x and I) = n. Suppose that x,, > x and I}, C n have been defined with
Xm ¢ Q and Fj(x,,) € Q for all j € n\I,. If there exists y >, x with y € Q, define x;,4+1 and I |
as follows: for this y, choose x,,+1 such that x,, <;; x,41 <p, y and j € I, such that x,,,1 ¢ Q but
Fj(xmt1) € Q. Let I’ = I\ {j}. Note that since Fj (x;+1) > Fj(x,), we have that F;(x,,+1) € QO
forall j ¢ I' . Continue this process until we reach some N < n such that xy ¢ Q but Vy > I, X

yé¢o.
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By Lemma [2.3.16| there are k; for i < n such that y = oi<n17iki(x) € Qp. In particular, N > 0,

and so Iy ¢ n. For j € n\I}, let mj = min {m <w: Iy zp x(FO)e Qm)}. For j €
. )
n\I, and i € I}, let kf]) be such that if y = oiellvaik" (xn), then Fj(y) € Qm;. Let I} =

{i el Ty 2y x(Fly) = y)} and Iy = I},\I;. Next, for j € I and i € I}, let £ be such that
7()
ol F; ki (xy) € Fixg.. Then let k; = max ({km jen\ly } {km j€ 11}) foreach i € I},. If

we set y = Oiery, FFi(xy), then one can check that y € o)

max

even though y ¢ Q.
jen\I}, (mj+1)’

O

’

Lemma 2.3.18. Suppose that x € Q%O’Il) and j ¢ Ip U I,. Then Fj(x) € QZ‘?’I‘)for somem’ < m
with Iy U I} C I[ U I].

Proof. We need only check that the inclusion Io U Iy € I U I] holds. Suppose that £ € I)\I;. Then
Fy (Fj(x)) € Qp for some m” < m’, but Fj(Fy(x)) € Q,, a contradiction. |

Given m > 0, (Ip, ) € I’, and a function a : I, — {(m,l(’), I{) egJ . m< m}, we define

0" (a) = {x e Q" Vj e bYy 2 x (a(j) = (m’. 15, 1) — Fj(y) € Qiéil{)} :

Let a = (ao, ai, ay) be the component functions for such an a. We now show that for every m > 0,

we can separate Q,, into rather homogeneous subsets.

Lemma 2.3.19. Both Qo = |, 1)er Q( o) and (for any m > 0) Q, = L, IlaQ(]O m(a) are

sepamttons.

Proof. 1tis clear by the definitions that each is a partition. We will handle the m > 0 case. Choose
xe Q(lo 11)(61), ¥ € leo’ll)

have j € Iy, which in particular implies that x <;, x’. By the definition of Q%O’Il)(a), it follows

(a’), and j < nsuch that Fj(x) = x" and x # x’. Since x # x’, we must

immediately that a = @’. Also,i € I} © F;(x') = x" & i € I, so that I} = I{, and similarly,

Ip = I§. The proof of the m = 0 case is analogous. O

Fix an integer M > 0 and a colouringc : X - M + 1 of Dg,_r,_

Lemma 2.3.20. For every integer N > 0, there exists a Borel function b : Qo — 2n — 1 such that
the function B(x) = b (oi<nFl.N(x)) is a (2n — 1)-colouring of Dr,.. r, , | Qo.
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Proof. Since Qg = |_|(,0 n)er Q(I)O’I1 is a finite Borel separation, it suffices to find such a (2n — 1)-

colouring for each Q 1. Ty do this, note that

Dr,..roy 1 OP" = Dypiery 1 O

and that F; for i € Iy has no fixed points in Q(I)O’Il. Therefore, we can apply Lemma (with
m = 0) to obtain a Borel b : QI0 U 2|Io| + 1 such that B(x) = b (cier, FN(x)) = b (0j<nFN (x)) is

a colouring on QIO 1 Since 2 |Ip]| + 1 < 2n — 1, we are done. O

For x € X, let In(x) = I if and only if x € Q%’I') for some (m,1,1;) € 9.

Lemma 2.3.21. Let m > 0 be an integer. Suppose that N > M and there is a Borel function
b:Uj<m Qj — 2n such that the function B(x) = b (ol-elo(x)FiN(x)) is a colouring. Then there is a
Borel b’ : Jj<pps1 Qj — 2n such that the function B'(x) = b’ (oielo(x)EN_M(x)) is a colouring of
Uj<m+1 Qj and B’ extends B.

Proof. Firstof all, define b" on |, ,,, Q; by b'(x) = b (oi€1()(x)Fl.M(x)), so that B’ | (Ujgm Qj) =B

Since Qi1 = g1 0" (4) is a finite Borel separation, it suffices to extend &’ to generate a

m+1
2n-colouring on each Q(I0 11)( YU U j<m Qj- To do this, note as in Lemma [2.3.20|that D, r,_, |
gl(jrlll)(a) is generated by {F; : i € Iy}, which have no fixed points, so we can apply Lemma|2.3.9,

This time, we obtain a b’ : Qx‘jrlll)(a) — 2 |Iy| + |Iz] + 1 by using the restriction
T(x) = (B (F(x) : i € b} = {borean F! (Fi() : i € b}

. {b (ofeao(i)Ual(i)F{{w (Fi(x))) Di€ 12} = {b (o(feao(t)Ual(z)\IoF oF; (OfeloF (x))) NS 12}
= (o,-eloFl.M(x)),

where ¢t = {b (Oé’eao(i)\ nF tf” oF; (x)) c i€ 12} is Borel. Letting B’ be as defined in the statement,
F,_,yand x € o\ gy,

m+1

then B’ is a colouring separately on Q( " 1)(a) and Uj<,, Q). If x D,

.....

Yy € Uj<m Qj, then y = Fi(x) for some i € I, and hence the restriction T ensures B'(x) # B'(y).
Since 2 |Iy| + || + 1 < 2n, we are done. O

We now have enough information to complete the proof of Theorem [2.3.13]

Proof of Theorem|2.3.15| Let X,,, = U,<,, Qi. Beginning with Lemma(2.3.20|with N = mM, we can
argue by Lemma 2.3.21|and induction that for every j < m, there is a Borel function b; : {J;; Qi
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such that the Borel function B;(x) = b; (oielo(x)FiN_j M(x)) is a 2n-colouring of (J;; Q;. Hence
By, shows that x5 (Dg,..F, , | Xm) < 2n. O

In the case of measurable colourings, this countable filtration of X is enough to provide a bound

for the approximate measure chromatic number.

Corollary 2.3.22. Fix n > 0. Suppose that X is standard Borel and F = {F;},., is a finite family
of commuting Borel functions on X. Suppose in addition that xg (Dr,..r, ) < 8o. Then we have
Xat (Dry.Fry) <20+ 1.

Proof. By Lemma [2.3.14] and Theorems [2.3.5] and 2.3.13] we can write X = A U U, Xi,
where {X;},.,, is increasing, A is separated from (J;.,, X;, and xg (Df,..r,, I A) < 2n+ 1 and

XB (DF0 ,,,,, Foy I X,-) < 2n for all i < w. So for any probability measure u and £ > 0, there exists

..........

2n+ 1. O

24 Two Commuting Functions

We first recall a result from [25]] that concerns digraphs with no infinite paths.

Definition 2.4.1. Suppose X is a set, and F = {F;},., is a finite family of functions on X. We say
that A C X is bounded if D, ., , is cowellfounded on A.

Lemma 2.4.2. [25] Fix n > 0. Suppose that X is standard Borel and ¥ = {F;},., is a finite

family of Borel functions on X. Suppose A C X is bounded such that for all x € X\A and y € A,
-x Dpg,...F,_, y. If for some integer M, ¢ : X\A — M is a Borel colouring of Dr,.. . r,, I (X\A),

then there is a Borel colouring ¢’ : X — max{n+ 1, M} of D, . F, , extending c.

Given a digraph D, F,_, as in Lemma[2.4.2] let
B(X) = {x €eX:aAMVien '3k <M (F,-k (°j<kFij(x)) = oj<kFi,-(X))} :

So B(X) is the set of x € X for which there is an M for which there are no paths of length M

beginning at x. Therefore, B(X) is bounded and clearly Borel from its definition.

Theorem 2.4.3. Suppose that X is standard Borel and Fyo, Fy : X — X are commuting Borel
functions. If xg (Dg,r,) < No and Dg, r, has a fixed ceiling, then xg (Dg,r,) < 4.
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To prove this theorem, we will introduce a decomposition of X different from the Q; sets considered
in Section [2.3] In what follows, we work with a fixed digraph D, r, satisfying the conditions of
Theorem [2.4.3] Fix an integer M > 0 and a colouring ¢ : X — M + 1 of Df p,.

Definer : X — w by
r(x) = min {ko +ky: Féco o Flkl(x) € Fixp, U FixFl} )

Hence r(x) is the minimum length of a path from x to a fixed point. Since Dp, r, has a fixed ceiling,
r is finite on all of X. Define R; = {x € X : r(x) =i}. In particular, Ry = Fixg, U Fixf,. Clearly, r

and hence each R; is Borel.

Proposition 2.4.4. Suppose x € X. Then

1. foreachi <2, r (Fi(x)) € {r(x),r(x)—1};
2. ifr(x) >0, then r (Fi(x)) = r(x) — 1 for at least one i < 2; and

3. ifr (Fé‘ (x)) =r(x)forall k < w, thenr (F(fo o Flkl (x)) = max {r(x) — k1, 0}.

Proof. If H € C(p,r) and H(x) € Ry, then by Fact 2.3.11, H (Fj(x)) € Ry for each i < 2,
showing that that r (F;(x)) < r(x). Additionally, Fé‘o o Flk "(Fo(x)) = Fé‘OH o Flk‘(x) shows that
r(x) < r(Fo(x)) + 1, proving (1).

Let ko + k1 be minimal such that F(;“’ o Flkl(x) € Ry. If r(x) > 0 then some k; > 0; if i = 1, then
FY* o FP7' (Fi(x)) = Fy® o F{" (x) shows that r (Fi(x)) = r(x) — 1, proving (2).

(3) is immediate for k1 = 0. If k; + 1 < r(x), then since r (F(f" o F]kl(x)) = r(x) — k; for any
ko < w, it follows from (2) that r (Fé‘o o Ff““(x)) =r(x)—(ky+1). If Ky +1 > r(x), then
r(F(fOoFIkIH(x)) < r(F(;{OOFlkl(x)) = 0. O
Lemma 2.4.5. Suppose Fy has no fixed points and that for every x € X, r(Fy(x)) = r(x). Then
x8 (Dr.r) < 3.

Proof. Let f : X — X1 be the Borel function defined by
f(x)(s) =c (Féw”(x)“ o Flr(x)(X)) :

Since Fp has no fixed points, f(x) € Xy 1. If y = Fy(x), then r(x) = r(y), and so for any s €

[~M, M), we have f(y)(s) = c (F(j‘“’@)” o FIV) (Fo(x))) = f(x)(s + 1), whence f(x) Dy f(0).
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If y = Fi(x) and x # y, then r(y) = r(x) — 1, and so f(y)(s) = c (Fémr(y)ﬂ o Flr(y) (Fy (x))) =

¢ (F(fl”“)‘”s o F/IH (x)) = f(x)(s — 1) for s € (M, M]. Therefore, D, s, < Dpz.1, and so

the result follows by Theorem [2.3.4] m]

Lemma 2.4.6. Suppose that Fy is the same as in Lemma For every Borel function t :
Ry — {S Cw: |S| £ m}, there exists a Borel colouring b : X — m + 3 of X restricted by
T(x)=t (Fé”(x)) for x € Ry.

Proof. This time, define the Borel function f : X — Xjs1,, by
F)(s) = (C (Févl+r(x)+s o Flr(x)(x)) ot (F0M+r(x)+s ° Flr(x)(x))) )

As in Lemma [2.4.5] f witnesses that D r, <p Dp1m. If we let b = d o f, where d is the
colouring from Theorem [2.3.8] then b is a Borel colouring and for each x € Ry, we have b(x) ¢
t (FéWH(X) o Flr(x)(x)) = T(x). O

Proof of Theorem[2.4.3 For each i < 2, define

Bi={xeX:Vyzx(F(y)#yAr(F(y)=r)}.

We claim that B(X) U By U B; are separated; in fact, that each of the three sets is closed under
successors. If x € B;, then {Fl’ (x)}j<w is an infinite path beginning at x, showing that B(X)NB; = 0.
Since Dg, , has a fixed ceiling, there exists y > x with y € Fixp,_,, showing that By N By = 0. If
x Dg, F, y and there are no paths of length M beginning at x, then there are no such paths beginning
at y, showing that B(X) is closed under successors. It is also immediate from the definition that

each B; is too, proving the claim.

Each B, is clearly Borel. By applying Lemma[2.4.2]to B(X) and Lemma2.4.5]to each B;, we obtain
a Borel 3-colouring ¢ of Df, r, I (B(X) U By U By). Consider any x € Ry and assume without loss
of generality that x € Fixy,. Then either there exists j < w with F({ (x) = F({ +1(x), in which case
there are no paths of length j + 1 beginning at x, or Foi(x) * Fé”(x) for all i < w, in which case
x € By. This shows that Ry € B(X) LI By LI By.

Let B’ = X\ (B(X) LU By U By) and for each i < 2, define
B ={x € B : Vy 2 x((FG) = r) A F (F ) = F0)

If x € B, then r(x) > 0 and so by Proposition 2.4.4L it follows that r(Fj(x)) = r(x) — 1, so that
ByNB| =0.If x € B],r(y) > 0,and x Df, r, y, then Fl.j(y)}

~is an infinite path beginning at y,

J<w
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so that y ¢ B(X). Using Proposition [2.4.4] it is clear that F; (Flrgpj(x)) (Fj(x))) = Flrgj(x)) (Fj(x))
for each j < 2, and so y ¢ B;. Hence y € B’ and so y € B]. In particular, this shows that B, and

B} are separated and that if x € Bj, then Fj(x) € B; unless j = 1 —i and r(x) = 1, in which case it
belongs to B(X) U By U By. If we define F| : By — By by

Fi(x) ifr(x)>1

Fi(x) =
X if r(x) =1,

then it is easy to check that Fy [ By commutes with Fl’ and Dr, r, I By = D, B, F - Hence,

letting s(x) = {c(Fi(x))}, we can apply Lemma [2.4.6| with the restriction #(x) = s (FOM (x)) =

{c (F1 (Fé”(x)))} = {c (Fé"’ (Fl(x)))} = {c(Fi(x))}. The same argument applies to B, and we
obtain a 4-colouring ¢’ on B(X) U By U By U B{ LI B} that extends c.

Finally, B” = B’\ (B(’) L Bi) is bounded. If not, let {x;};.,, be an infinite path in B”. By Proposition
r (x;) is monotonically decreasing in i, and so we may assume that every x; € Ry for some
fixed k£ > 0. Without loss of generality, assume r (Fj(xg)) = k — 1. Then r (F(f (Fy (xo))) <k-1

for every ¢ < w, and so x; = Fé (x0). By Proposition [2.4.4, r (F(;<0 o Flkl(xo)) = max {k — k1, 0}.

So since xg ¢ By, it must be that F(y) = y for some y > x. Letting y = F(fo o Flkl(x), it follows that
Xky = Fé‘o(x) is in B}, a contradiction. Hence we may apply Lemma to extend ¢’ to a Borel
4-colouring of all of D, r,, completing the proof. O

There are straightforward ways to generalize Proposition [2.4.4] and Lemmas [2.4.5] and [2.4.6| for
digraphs of the form Dy, f, , for n > 2. However, it seems difficult to adapt the proof of Theorem

[2.4.3] since the additional functions mean there are much fewer bounded subsets of the digraph.
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Chapter 3 20

DEFINABLE COMBINATORICS OF SOME BOREL EQUIVALENCE
RELATIONS

(with William Chan)

3.1 Introduction

Set theorists have studied the Jénsson property and other combinatorial partition properties of
well-ordered sets under the axiom of choice, large cardinal axioms, and the axiom of determinacy.
Holshouser and Jackson began the study of the Jonsson property using definability techniques for

sets which generally cannot be well-ordered in a definable manner.

Let X be a set and E an equivalence relation on X. For each n € w, let [X]}, be the collection of
tuples (xo, ..., X,-1) € "X so that for all i # j, =(x; E x;). Let [X];* = Upeo[X]}. Foreachn € w,
X has the n-Jénsson property if and only if for every function f : [X]® — X, thereis some Y C X
with Y in bijection with X and f[[Y]”] # X. X has the Jonsson property if and only if for every
function f : [X]Z“ — X, there is some ¥ C X with Y in bijection with X, and f[[V]Z“] # X.

Holshouser and Jackson showed that “2 has the Jonsson property under the axiom of determinacy,
AD. Let f : [“2]2%¥ — “2. Foreachn € w, let f, : [X]2 — X be f | [X]2. Their proof has two

notable tasks:

(1) Holshouser and Jackson first (assuming all sets have the Baire property) choose comeager sets
C, C"(“2)sothat f,, [ C, is continuous. Then a single perfect set P C “2 is found so that for each
n, fp, I [P]” is continuous. To obtain this perfect set P, they use a classical theorem of Mycielski
which states: If C, is a sequence of comeager subsets of ”(“2), then there is some perfect set P C “2
so that [P]" C C, for all n.

(2) Since each f, is continuous on [P]~, they use a fusion argument to simultaneously prune P to a

smaller perfect set Q C P so that there exists some real that is missed by each f, on [Q]".

Holshouser and Jackson ask whether other sets which may not be well-ordered in some choiceless
setting like AD could also have the Jonsson property. They observed thatunder ZF + AD + V = L(R),
every set X € Lg(R) has a surjective function f : R — X. Define an equivalence relation on R
by x E y if and only if f(x) = f(y). Then X is in bijection with R/E. The study of the J6nsson



property for sets in Lg(R) is equivalent to studying the Jonsson property for quotients of R by

equivalence relations on R. Note that R is in bijection with R/=.

Through dichotomy results of Harrington, Hjorth, Kechris, Louveau, and others, the equivalence
relations =, Ey, E1, E>, and E3 occupy special positions in the structure of A% equivalence relations
under A} reducibilities. = is the identity equivalence relation on “2. Ej is defined on “2 by
x Ey y if and only if (3n)(Vk > n)(x(k) = y(k)). E; is defined on “(“2) by x E; y if and only if
(3n)(Vk > n)(x(k) = y(k)). E, is defined on “2 by x E, y if and only if Z{nﬁ TnEXAY}<oo,
where A denotes the symmetric difference. FE3 is defined on “(“2) by x E3 y if and only if
(Vn)(x(n) Eo y(n)).

Holshouser and Jackson asked whether the methods applicable for showing R/= has the Jénsson
property could be used to show the quotients of these other A{ equivalence relations could be
Jonsson. An important aspect of their proof for R was the theorem of Mycielski. They defined the
Mycielski property for arbitrary equivalence relations as follows: Let E be an equivalence relation
on a Polish space X. For each n € w, E has the n-Mycielski property if and only if for every
comeager C C "X, there exists some A{ A C X sothat E <al E I Aand [A]% C C.

They asked whether any of the All equivalence relations mentioned above have the n-Mycielski
property for various n € w and whether the Mycielski property could be used to prove the Jénsson
property for the quotient of any of these equivalence relations. Holshouser and Jackson began this
study by showing that £ has the 2-Mycielski property and this can be used to show “2/E has the

2-J6nsson property. This paper will show that the Mycielski property fails in most cases:
Theorem 3.8.1} The equivalence relation Ej does not have the 3-Mycielski property.

Theorem 3.13.4, The equivalence relation E; does not have the 2-Mycielski property.

Theorem 3.15.1} The equivalence relation E; does not have the 2-Mycielski property.

Theorem 3.18.2] The equivalence relation E3 does not have the 2-Mycielski property.

These results require understanding the structure of A} subsets of “2 or “(“2) so that Ey < Al Eo T A
(or E; < Al E| T A, etc.) that come from the proofs of the dichotomy results. Kanovei, Sabok,

and Zapletal in [[13], [14], [29], and [30] have studied the forcing of such A% sets for each of these

equivalence relations.
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Given that the Mycielski property fails in general, a reflection on Holshouser and Jackson’s proof
of the Jonsson property for “2 shows that it is only used to find some perfect set P so that f, | [P]2
is nicely behaved (i.e., continuous). This paper will give a forcing style proof of Holshouser and
Jackson results that “2 is Jonsson and “2/Ey is 2-Jonsson assuming all functions satisfy a certain
definability condition expressed in Lemma [3.3.3 This definability condition follows from the
Mycielski property for the equivalence relation and the assumption that all sets have the Baire
property. All Ai functions have this definability condition and under the axiom of choice and large

cardinal assumptions, projective and even more complex sets also satisfy this condition.

Following part (2) of Holshouser and Jackson’s template for “2, suppose one could find some A}
set B C “2 with Ej < Al Eo ' Band f | [B]%O is continuous for some function f. Could one then
somehow prune B to some C C B so that Ey < Al Eyp I Cand f [[C]%O] # “2, or even better, miss an
Ey-class? This paper will have some discussion on how these continuity and surjectivity properties

for Ey and E; can fail.

This line of reasoning shows both part (1) and part (2) of the proof of Holshouser and Jackson
establishing “2 is Jonsson fail for Ey and several other A{ equivalence relations. Moreover, for Ej,

it will in fact be shown that “2/E is not Jénsson under determinacy:
Theorem 3.10.4. (ZF + AD) “2/E, does not have the 3-Jonsson property and hence is not Jénsson.

Here are some historical remarks about the Jonsson property: Under the axiom of choice, math-
ematicians usually study the Jonsson property on cardinals. Cardinals possessing the Jonsson
property are called Jonsson cardinals. For n € w, let #"(X) denote the collection of all n-element
subsets of X. Since there is a well-ordering, the Jonsson property is usually defined using &?"(X)
rather than [X]2. This paper will use the term “classical Jénsson property” when discussing the
Jonsson property using &"(X).

Under the axiom of choice, Jonsson cardinals also have model-theoretic characterizations. The
existence of Jonsson cardinals imply V # L. Moreover, it has large cardinal consistency strength:
for instance, it implies 0% exists. Erdds and Hajnal ([5]] and [4]) showed that if 2 = k™, then " is not
a Jonsson cardinal. Hence under CH, 2% is not a Jénsson cardinal. Every real valued measurable
cardinal is Jonsson (see [4] Corollary 11.1). Solovay showed the consistency of a measurable
cardinal implies the consistency of 2™ being real valued measurable. Hence it is consistent relative
to a measurable cardinal that 2% is a Jénsson cardinal. The sets “2, “2/E,, “(@2)/E, “2/Ey,

“(“2)/E5 are all in bijection with each other using the axiom of choice. Hence if CH holds, these
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quotients do not have the Jénsson property and if 2™ is real valued measurable, then all these

quotients do have the Jonsson property.

Studies of the Jonsson property and other combinatorial partition properties of cardinals under AD
date back to the 1960s and 1970s. Assuming AD, for each n € w, N, is a Jonsson cardinal ([21])).
More recently Woodin had shown that under ZF + AD*, every cardinal x < ® has the J6nsson
property. Also [12] showed that in ZF + AD + V = L(R), every cardinal x < ® is Jonsson. [12]
asked whether “2, which cannot be well-ordered, has the Jénsson property. In analogy, they asked
if every set in Lg(R) has the Jonsson property. Holshouser and Jackson’s answer to this question

for “2 begins the work that is carried out in this paper.

Throughout, results attributed to Holshouser and Jackson can be found in [[11] and [[10]. We will

frequently identify R with “2 and use A} as an abbreviation for “Borel”.

This paper is organized as follows:
Section [3.2] contains definitions of the main concepts and some basic facts about determinacy.

Section will give a proof of the result of Holshouser and Jackson which shows “2 has the
Jonsson property if all sets have the Baire property. The proof uses forcing arguments and fusion.
This section will have some discussions about how absoluteness available under AD* can help prove
said result without using the Mycielski property. However, throughout the paper, a flexible fusion
argument is necessary for handling the combinatorics. It is unclear what the relation is between

properness, fusion, and the Jonsson property for the five equivalence relations considered.

Upon considering the Jénsson property for “2, a natural question is whether there is a function
[ P92 — “2so that for all A C “2 with A = “2, f[Z“(A)] = “2. Such a function is
called an w-Joénsson function for “2. Under the axiom of choice, [5]] showed that every set has an
w-Jonsson function. Section gives an example under ZF + ACE (choice for countable sets of

nonempty subsets of “2) of a A% w-Jonsson function for “2.

From the effective proof of the Ey-dichotomy, every Z{ set A C “2 sothat Ey < Al Ey | A contains
the body of a perfect tree with certain symmetry restrictions, known as an Ey-tree. Section [3.5]
will modify the proof of the Ey-dichotomy using Gandy-Harrington methods to prove a structure
theorem for Z{ sets with the same Ep-saturation on which the restriction of Ej is not smooth: For
example, if A and B are two Z} sets with Ej SAII Ey [ A, Ey SA} Eo | B, and [A]g, = [B]Eg,, then
there are Ey trees p and g with [p] C A, [¢] € B, and p and g are the same except possibly at

the stem. This consideration reveals the failure of the weak 3-Mycielski property (see Definition
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[3.2.24) for Ej.

Section|3.6/will introduce the forcing @%0 We will use this forcing to prove the result of Holshouser
and Jackson stating that “2/E has the 2-J6nsson property.

Let X and Y be sets. Let n € w. Define X — (X)y to mean that for any function f : #"(X) — Y,
there is some Z C X with Z ~ X and |f[£"(Z)]| = 1. Define X > (X)y to mean that for any
function f : [X]2 — Y, there is some Z C X with Z ~ X and | f[[Z]2]| = 1. Section[3.7|will show
that “2/Eq — (“2/Eyp)? holds for all n € w.

Section [3.8| will show that E( does not have the 3-Mycielski property or weak 3-Mycielski property.

Section will produce a continuous function Q : [‘”2]1350 — “2 so that for every Zi A C 92
with E <al Ey [ A, Q[[A]%O] = “2. A modification of this function yields a A} function
K :3(“2) — “2 so that on any such set A, K | [A]%0 is not continuous.

Section will use the function produced in the previous section to show that “2/Ey does not
have the 3-Jonsson property or the classical 3-Jonsson property under ZF + AD. (In particular,
“2/Ey is not Jénsson under AD.)

Section will use the classical 3-Jonsson map for “2/E to show the failure of “2/Ey — (“2/
Eo)3.

The fusion argument related to the proper forcing @%0 established many of the combinatorial
properties of Ep in dimension two. Given the failure of these properties in dimension three,

a natural question would be whether the three dimensional analog @‘350 is proper and possesses

a reasonable fusion. Section [3.12 will show that @%0 is proper by having some type of fusion

argument. However, there is far less control of this fusion.
Section [3.13| will show that E; does not have the 2-Mycielski property.

Section [3.14] will modify the proof of the E>-dichotomy result using Gandy-Harrington methods to
give structural result about E>-big Z{ sets with the same E,-saturation: For example, if A and B
are two Z} sets with E» SA{ E A E SA{ E, | B, and [A]g, = [B]E,, then there are two E>-trees
(perfect trees with certain properties) p and ¢ so that [p] C A, [¢] € B, [[p]le, = [l9]]&,, and p and

q resemble each other in specific ways.

Section will use results of the previous section to show E, does not have the 2-Mycielski
property and the weak 2-Mycielski property.

Section will produce a continuous function Q : [‘”2]?52 — “2 so that on any Z% set A with
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E, SA% E, T A, Q[[A]%Q] = “2. There is also a A% function P’ : 3(“2) — “2 so that for any such

set A, P’ | A is not continuous.

Section contains no new results but just gives the rather lengthy characterization of Z} sets
A C “(“2)sothat Ez < Al E5 | A that comes from the E3-dichotomy result. This structure result is
applied in Section to show that E3 does not have the 2-Mycielski property.

Section [3.19 will study the completeness of non-principal ultrafilters on quotients of Polish spaces

by equivalence relations.

The authors would like to thank Jared Holshouser and Stephen Jackson whose talks and subsequent
discussions motivated the work that appears here. The authors would also like to thank Alexander

Kechris for comments and discussions about this paper.

3.2 Basic Information
Definition 3.2.1. Let o € <“2. Suppose |o| = k. Then & € “2 is defined by 7(n) = o (j) where
0<j<kandj=nmod k.

For example, 0, 1, 01, etc. will appear frequently.

Definition 3.2.2. Let o € <“2. Let N, = {x € “2:x 2 0}.

{Ny : o € =“2} is a basis for the topology on “2.

Let 0,7 € <“2. Let No.- = {(x,y) € 2(“2) : x € Ny Ay € N;}.

{Ny+ : 0,7 € <“2} is a basis for the topology on *(“2).

N z.p is defined similarly for 3(@2).

Definition 3.2.3. Letn € wand o : n — <“2. Let N, = {x € “(“2) : (Vk < n)(o(k) C x(k))}.
{Ny : 0 € <“(<“2)} is a basis for the topology on “(“2).

Let o, 7:n— <“2. Let No.- = {(x,y) € 2(“(“2)): x € Ny Ay € N;}.

{Nyr: 0,7 € <9(5“2) A |o| = |7|} is a basis for the topology on *(“(“2)).

Definition 3.2.4. Let A and B be two sets. A = B denotes that there is a bijection between A and B.

Often this paper will consider settings where the full axiom of choice may fail. In such contexts, not

all sets have a cardinal, i.e. is in bijection with an ordinal. Similarity of size is more appropriately
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given by the existence of bijections. Recall the following method of producing bijections between

sets which is provable in ZF:

Fact 3.2.5. (Cantor-Schroder-Bernstein) (ZF) Let X and Y be two sets. Suppose there are injections
O: X >Yand¥ :Y — X. Then there is a bijection A : X — Y.

Definition 3.2.6. Let X and Y be sets. XY is the set of functions from X to'Y.
P (X) is the power set of X.

Let n € w. Define
P"(X)={F € P(X): F ~n}
7 =2

new

Let E be an equivalence relation on a set X. Let n € w. Define
[X1E = {(x0, . xu1) € "X 2 (Vi, j < n)(i # j = —(x; E x;))}

(X152 = Jix1;

new
Definition 3.2.7. Let X be a set and n € w. A set X has the n-Jonsson property if and only for
all functions f : [X]2 — X, there is some Y C X so thatY ~ X and f[[Y]"] # X. X has the
Jonsson property if and only if for all f : [X]2¥ — X, there is some Y C X so thatY ~ X and
fIYIE®] # X.

A set X has the classical n-Jonsson property (or classical Jonsson property) if and only the above
holds with [ X}, (or [ X]2%) replaced with 2?"(X) (or Z<“(X), respectively).

If X is a wellordered set, one can identify a finite set F € X with the increasing enumeration of its
elements. Such a presentation is helpful for defining useful functions on &?”*(X). In the absence of
choice, it is easier to define functions when one considers order tuples from [X]2. For this reason,
the paper mostly concerns the Jénsson property as defined above rather than the classical Jénsson

property, although the classical version will be discussed in Section [3.10]

Definition 3.2.8. Let X be a set. [X]¥ and P?“(X) are defined as above (with w in place of n € w).

Let N € w U {w}. A N-Jonsson function for X is a function ® : [X|Y — X so that for anyY € X
withY ~ X, ®[[Y]Y] = X.

A classical N-Jonsson function for X is defined in the same way as the above with 2" (X) instead
of [X]Y.
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With the axiom of choice, [S] showed that every set has an w-Jonsson map. The existence of
w-Jonsson maps for certain cardinals is where Kunen’s original proof of the Kunen inconsistency
used the axiom of choice. Note that for N € w U {w}, a counterexample to the N-Jénsson property

for some set is equivalent to the existence of an n-Jonsson function for that set.

Definition 3.2.9. Let X and Y be Polish spaces. Let E and F be equivalence relations on X and
Y, respectively. A A{ reduction between X and Y is a A{ function ® : X — Y such that for all
a,be X, a E bifand only if ®(a) F ®(b).

This situation is denoted by E <al F. Define E =al F if and only if E <a! F and F <l E.

Definition 3.2.10. Let E be an equivalence relation on a set X. If x € X, then [x]g = {y € X :
v E x}isthe E-class of x. Let A C X. [Alg ={y € X : 3x € A)(x E y)} is the E-saturation of A.

Definition 3.2.11. Let X be a Polish space and E be an equivalence relation on X. Letn € w. X
has the n-Mycielski property if and only if for every C C "X which is comeager in "X, there is a A}
set A C X so that E =al E [ Aand[A]} € C.

E has the Mycielski property if and only if for all sequences (Cy, : n € w) such that for all n € w,
C, C "X is comeager in "X, there is a some set A C X so that E =Al E | Aand forall n € w,
[A]L € G

The Mycielski property of equivalence relations comes from the following eponymous result:

Fact 3.2.12. (Mycielski) Let (C,, : n € w) be a sequence such that for each n € w, C,, C"(“2) is a
comeager subset of "(“2). Then there is a perfect set P C “2 so that for all n € w, [P]” C C,.

Definition 3.2.13. Let E be an equivalence relation on a Polish space X. Let n € w. E has the
n-continuity property if and only if for every function f : "X — X, there is some All A C X so that
E =Al E | Aand f | [A]}, is continuous.

Fact 3.2.14. Let E be an equivalence relation on a Polish X which has the n-Mycielski property.
Then for every function f : "X — X with the property of Baire (i.e. f~'[U] has the Baire property
for every open set U), there is some A% A C XwithE = Al E | Asothat f | [A]} is continuous.
Hence if every set has the Baire property, then E has the n-continuity property.

Proof. Let f : "X — X. Since f is Baire measurable, there is some C C "X so that f [ C is
continuous. By the n-Mycielski property, there is some A C X with E = Al E | Asothat[A]L € C.

f 1 [A]% is continuous. 5
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In place of the axiom of choice, the paper will often use the axiom of determinacy. The following

is a quick description of determinacy:

Definition 3.2.15. Let X be a set. Let A C “X. The game G 4 is defined as follows: Player I plays
a; € X, and player 2 plays b; € X for eachi € w. At turn 2i, player 1 plays a;, and at turn 2i + 1,
player 2 plays b;. Let f € “X be defined by f(2i) = a; and f(2i + 1) = b;. Player I wins this play
of Ga if and only if f € A. Player 2 wins otherwise.

A winning strategy for player 1 is a function T : <X — X so that for any (b; : i € w) if (a; : i € w)
is defined recursive by ay = 1(0) and a,+1 = 1(ag...a,b,), then player 1 wins the resulting play of
G 4. One may define a winning strategy for player 2 similarly.

The Axiom of Determinacy for X, denoted ADy, is the statement that for all A C “X, G has a

winning strategy for some player.

AD refers to AD, or equivalently AD,,. ADgr will also be used. Note that ADr often will refer to
ADwz or Awa.

AD implies classical regularity properties for sets of reals: Every set of reals has the Baire property
and is Lebesgue measurable. Every uncountable set of reals has a perfect subset. Every function

on the reals is continuous on a comeager set.

Uniformization, however, is more subtle:

Definition 3.2.16. Let R C “2 x “2. Let R* = {y : (x,y) € R}. Suppose for all x € “2, R* # 0.
R is uniformizable if and only if there is some function f : “2 — “2 so that for all x € “2,
(x, f(x)) € R. Such a function f is called a uniformization of R.

Fact 3.2.17. (ZF + ADg) Every relation is uniformizable.

Proof. Suppose R C “2 x “2 with the property that for all x, R* # (. Consider the two-step
game where player 1 plays a € “2 and player 2 responds with b € “2. Player 2 wins if and only
if (a, b) € R. Clearly player 1 cannot have a winning strategy. Any winning strategy for player 2

yields a uniformization of R. O

Woodin has shown that if there is a measurable cardinal with infinitely many Woodin cardinals
below it, then L(R) |= AD. Solovay showed in [27] Lemma 2.2 and Corollary 2.4 that the relation
R(x, y) if and only y is not ordinal definable from x is not uniformizable in L(R). Hence ADg is

stronger than than AD. AD is not capable of proving full uniformization.
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Definition 3.2.18. Let E be an equivalence relation on “2 and n € w. Let f : (“2/E)" — “2/
E. A lift of f is a function F : "(“2) — “2 with the property that for all (xy, ..., x,) € "(“2),
[F(x0, ..., Xa-1)]E = f([x0]E, - os [Xn-1]E).

Fact 3.2.19. Let E be an equivalence relation on “2 and n € w. Let f : "(“2/E) — “2/E. Define
Ry(x0, ... Xp=1,¥) © ¥ € f([x0lE, ..., [Xn=1]lE). If F is a uniformization of Ry (with respect to the
last variable), then F is a lift of f.

Under ADg, every such function has a lift.

Many natural models of AD such as L(R) are not models of ADr. However, functions on quotients
of equivalence relations with all classes countable are still uniformizable: AD™" is a strengthening
of AD which holds in all known models of AD (in particular L(R)). See [28] Definition 9.6 for the
definition of AD*. It is open whether AD and AD* are equivalent. Also ADg + DC implies AD™,
and it is open whether this holds without DC.

Fact 3.2.20. (Countable Section Uniformization) (Woodin) (AD") Let R C “2x“2 have the property

that for all x € “2, R* is countable. Then R is uniformizable.

Proof. See [20] Theorem 3.2 for a proof. O

Fact 3.2.21. (AD") Let E be an equivalence relation on “2 with all classes countable. Let n € w
and f :"(“2/E) — “2/E. Then f has a lift.

For the results of this paper, we replace all results that require lifts by lifts on some comeager
set. The benefit is that such lifts follows from comeager uniformization which is provable in just
ZF + AD.

Fact 3.2.22. (Comeager Unformization) (ZF + AD) Let R C “2 X “2 be a relation such that
(Vx)(3y)R(x, y), then there is a comeager C C “2 and some function f : C — “2 so that
(Vx € O)R(x, f(x)).

By shrinking to an appropriate comeager set, one can assume that the uniformizing function is also

continuous.

Often, in order to use the techniques of forcing over countable elementary structures, we will need

to augment the axiom of determinacy by dependent choice (DC). Kechris [16] proved that AD and
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AD + DC have the same consistency strength by showing if L(R) |= AD, then L(R) |= DC. However,
Solovay [27] showed that ADr + DC has strictly stronger consistency strength than ADg.

If one is ultimately interested in functions F : *(“2) — “2 which are lifts of some function
f :™M(“2/E) — “2/E only in order to infer information about f, then the demand in the Mycielski
property that one considers tuples coming from a single set A C “2 such that £ = Al E | A seems
restrictive. If one ultimately will collapse back to the quotient, two sets A and B with the same

E-saturation should work equally well. These parameters motivate the following concepts:

Definition 3.2.23. Let n € w and E be an equivalence relation on some Polish space X. Let
(A;j : i < n) be a sequence of subsets of X. Define

E
[ A= (oo xam) = (Vi) € A) A (Vi # )= E 7))

i<n
This set will sometimes be denoted Ao Xg ... Xg Au—1.

Definition 3.2.24. Let E be an equivalence relation on a Polish space X. Let n € w. E has the
n-weak-Mycielski property if and only if for any C C "X which is comeager in "X, there are A%
sets (A; : i < n) with the property that for eachi < n, E =al E 1 A;jand Hin A CC.

3.3 “2 Has the Jonsson Property

This section will give a forcing style proof of Holshouser and Jackson’s result that “2 has the
Jonsson property under some determinacy assumptions. The Jénsson property for “2 will follow
from a flexible fusion argument for Sacks forcing and the fact that under determinacy assumptions,
every function is definable (on some perfect set) with certain absoluteness properties between
countable structures and the real universe. Continuous functions will satisfy this property. Thus,
the Baire property and the Mycielski property for = suffice to show that every function has such a
definition on some perfect set. Absoluteness phenomena that occur under AD* can also induce this
definability. Later, we will see that the Mycielski property fails for all the other simple equivalence
relations considered; the hope is that such a definability and absoluteness approach could establish
Jonsson type properties without the Mycielski property. In the following, the fusion argument is
essential for the combinatorics of the forcing argument. It is unclear what the relation is between

fusion (or properness), the Mycielski property, and the Jonsson property.

Definition 3.3.1. A tree p on 2 is a subset of ~“2 so that if s € pandt C s, thent € p. pisa

perfect tree if and only if for all s € p, there isat 2 s so that 10,11 € p.
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Let S denote the collection of all perfect trees on 2, <s=C, and 1g = ~“2. (S, <s, lg) is Sacks

forcing, denoted by just S.

Let p € S. s € pis a split node if and only if s°0,s"1 € p. s € pis a split of p if and only if
s I (|s| = 1) is a split node of p. Forn € w, s is a n-split of p if and only if s is a C-minimal element

of p with exactly n-many proper initial segments which are split nodes of p.

Let split"(p) denote the set of n-splits of p. Note that |split*(p)| = 2" and split(p) = {0}.

Ifp,q €S, define p <g q if and only if p <s q and split"(p) = split"(g).

IfpeSands € p, thendefinep;, ={tep:tCsVsCt}|

Let p € S. Let A be defined as follows:

(i) A(p,0) = 0.

(ii) Suppose A(p, s) has been defined for all s € "2. Fixans € "2 andi € 2. Lett 2 A(p, s) be the
minimal split node of p extending A(p, s). Let A(p, s7i) = 1.

Let E(p, s) = PA(p,s)-

Forn € w, let S" denote the n-fold product of S. If p € S, then let p"* € S" be defined so that for all
i <n p'(n)=p.

Let n € w and m < n. There is an S"-name xgg'ff which names the m™ Sacks-generic real coming
from an S"-generic filter.

Fact 3.3.2. A fusion sequence is a sequence (p, : n € w) in S so that for all n € w, py+1 <% po.
The fusion of this sequence is p,, = (e Pn-

Pw Is a condition in S.

Lemma 3.3.3. Let f : [“2]2% — “2. Let f,, = f | [“2]~. Suppose there is a countable model M
of some sufficiently large fragment of ZF, p € S N M, and a S"-name 1, € M so that p" + 1, € “2

and whenever G" C S" is S"-generic over M with p" € G", 1,[G"] = fn(xgé?l[G”], - xgé'lﬁ_l[G”]).

Then there exists a g € S so that f[[[¢q]]=“] # “2.

Proof. For eachn € w, let (D}, : m € w) be a sequence of dense open subsets of S” in M so that
for all m, Dfn 4 € D! and if D is a dense open subset of S" in M, then there is some m so that
D! C D.

Letz € @2\ (“2)M.
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A fusion sequence (p, : n € w) with py = p will be constructed with the following properties:
Foralln > 0, m < n, and (0y, ..., 0p-1) € "("2) so that o; # o7 if i # j:

@) (E(pn, 00), ..., E(pn, om-1)) € Dy
(ii) There are some k € w and i € 2 so that z(k) # i and (E(py, 00), +.or (P> Ti=1)) Il—g/fn (k) = 1.

Suppose this fusion sequence (p, : n € w) could be constructed. Let g be its fusion. Fix m > 0.
Suppose (x0, ... xy-1) € [[q112. Let G = {(pon-cc punt) € 8" O M : (Vi < m)(i € [pi])}.

(X05+++»
Note that GZ’;O i) is a S generic filter over M: There is some L so that for all k > L, there are
O'ik € k2 with the property that for all i < m, x; € Z(py, O'ik) and for all i # j, O'l-k * O'f. Then for
all k > L, (E(px, 0'(/)‘), coor 2(Pls 0',’7‘1_1)) € GE’)’CO i)’ (i) asserts that this element belongs to Dj.
Hence G’(’;O ) is S™-generic over M.

By (ii), Tm[GZ’;O,mxm—l)] # z. Also

Tm[GE')ZCOw-sxm—l)] = fm(xgie’r(l)[GZ,;O,”_’xm_l)]’ LA x;ne’gl_l[G?;ow_’xm_l)]) = fm(an ey xm—l)-

Hence z ¢ fulllg]]Z]. Thus f[[g]]=*] # “2.
The construction of the fusion sequence remains: Let pg = p.

Suppose p, has been constructed with the above properties. For some J € w, let (7 : k < J)

enumerate all tuples of strings (o, ..., 0p—1) Where m < n+ 1, 0; € "*12, and if i # j, o7 # oj.

Next, one constructs a sequence r_y, ..., ry—1 as follows: Letr_; = p,,. Suppose we have constructed
re fork < J—1and oyy1 = (00, ..., Oj—1).

(Case I) There is some (ug, ..., um—1) <sm (E(rk, 00)s ... E(rk, 1)) and ¢ € (“2)M so that
(UQ, +.vr Upp—1) Il—gﬁ, T, = C.

Also as D" is dense open in S, one may choose (uo,...,un-1) satisfying the above and

uo, ..., um—1) € D™ . Note that since z ¢ M and ¢ € M, there must be some j € w and
n+1 J

i € 2sothat c(j) #iand z(j) = i. Now let r41 € S be so that for all o € "*12

_ u; GO0 <i<m-1)o=0y)
‘:‘(rk+19 0-) = .
E(re, o) otherwise

(Case II) For all (ug, ..., uy—1) <sm (B(rk, 00)s -y Z(Fiey O—1)),
(U0, -vr Um—1) Fion T & M.
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Hence there are (uq, ..., upy—1) <sm (E(rg, 00)s oo 2Tk Tr=1))s (V0s eo0r Vin=1) <sm (E(ri, 00), «vvr 2Tk Op—1))s
and j € w so that

(U0 s t1) W Tn(f) = O
(V0, -y V1) W T(J) = 1

Without loss of generality, suppose that z(j) = 1. Moreover since D, is dense open, one may

assume that (u, ..., Uy,—1) € D' . Define ry.; in the same way as in Case L.

1

Finally, let p,4+1 = rj—1. Pn+1 Sg pn and condition (i) and (ii) are satisfied. This completes the

construction. O

Fact 3.3.4. (ZF +DC) Let p € Sand n € w. If f, : [[p]]2 — “2 is continuous, then there is a
countable elementary M < Vz (for E some sufficiently large cardinal) and a name 1, so that M, T,,
and p satisfy the conditions of Lemma[3.3.3)

Proof. If f, is continuous, then f, has Zi and I1 f formulas with parameters from “2 defining it. Let
M < Vz be a countable elementary substructure containing p and all the parameters used to define
Ju- (This requires DC.) Using Mostowski’s absoluteness, f,, (as defined by this formula) continues
to define a function in the forcing extension M[G], where G C S" is S"-generic over M. So there is
some S"-name 7, € M so that p" ll— = fn(xgen, ge'; 1) Suppose G" C S" is S"-generic over
M and contains p”". Then M[G"] |— T,,[G”] = fn(x’g’e?][G”] o> Xgon 1G"). Let 7 : M[G"] > N be
the Mostowski collapse of M[G"]. Since reals are not moved by the Mostowski collapse map

n(f,) is still defined by the same formula. So

N E 7(%[G"]) = tlG"] = 7(fu(xgan[G"), oo xgen ' [G"]) = fu(xgan[G"), ooy X' [G"]).

gen Fen gen Xgen
Then applying Mostowski absoluteness, 7,[G"] = fn(xge?l[G"] Xoon Sred)) mi

Theorem 3.3.5. (Holshouser-Jackson) Assume ZF + DC and all sets of reals have the Baire prop-
erty. Then “2 has the Jonsson property.

Proof. Let f : [“2]2% — “2. Let f, : [R]” — R be defined by f, = f I [“2]”. Since all sets of
reals have the Baire property, there are comeager subsets C,, C "*(“2) so that f, | C, is continuous.
By the theorem of Mycielski (i.e. = has the Mycielski property), there is a perfect tree p so that
[[p]]2 € G, for all n € w. Hence for all n € w, f, | [[p]]? is a continuous function. Then Fact

3.3.4/and Lemma [3.3.3|imply that 2 has the Jonsson property. O

33



Remark 3.3.6. As a consequence of phrasing this argument using forcing, one needed to intro-
duce countable elementary substructures. DC is necessary in general to obtain useful countable

elementary substructures. One can use a more direct topological argument to avoid DC.

3.4 w-Jonsson Function for “2
Let ACE be the axiom of countable choice for “2: If & is a countable set of nonempty subsets of

@72, then & has a choice function.
Note that ZF + AD implies ACL.

Using the axiom of choice, every set has an w-Jénsson function. However, just ZF + ACY implies

there is a A} classical w-Jénsson function for “2. In fact, a slightly stronger statement holds:

Theorem 3.4.1. (ZF + ACY) There is a A} function ® : P(“2) — “2 so that if B C “2 is
uncountable, then ®[ X (B)] = “2.

There is a Ai classical w-Jonsson function for “2.

Proof. Let A be a countable subset of “2.
Let ag be the longest element of <“2 which is an initial segment of every element of A.

If ag is undefined, then aff‘Ai is undefined fori € 2. If aé is defined, let agAl. be the longest element
A

of <“2 which is an initial segment of every element of A N N,a~, if it exists. Otherwise a .. is

undefined. (Note this happens if and only if A N N,_~; is a singleton.)

For A € 97¢(“2), let ¥(A) be the collection of o= € <“2 so that a? is defined. ¥(A) is an infinite

tree on 2 with possibly dead nodes and is not perfect. ' is a A% function.

Using some recursive coding, let X be the collection of reals coding infinite binary trees (which

may have dead branches). X is an uncountable H(l) set.

LetT € X. LetT = {070,010 : o € T}. T € 2“(“2). One seeks to show that ¥(T') = T. To see

this, the following claim is helpful: If o € T, then aZ =ocandif o ¢ T, then aOT; is undefined.

This claim is proved by induction: @ € T's0 0,10 € 7. ag = (. Suppose this holds for 0. Suppose

oi € T. Then ¢"i°0°0 and ¢*i"1°0 are both in 7. By induction, az = 0. The longest string which is
7

an initial segment of every element of 7' N Ny = T N N, is oi. This shows a,

. = 0’i. Suppose

o’i ¢ T. Either ag is undefined or az; is defined. If ag is undefined, then a?i is undefined. Suppose

T

afr is defined. By induction, a’. = 0. o € T implies that c°0"0 and o"1"0 are both in 7. Since

ci¢T,NowNT = N i.. 0 T = {(TAiA(N)}. a?i is undefined. This completes the proof of the claim.
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This shows ®(7) = T. Hence Y[2“(“2)] = X. LetT': X — “2bea A} bijection. Let ® =" o Y.

Let B be an uncountable subset of “2. Then there is an uncountable C C B which has no isolated
points. One way to see this is to note that using a countable basis, the Cantor-Bendixson process
must stop at a countable ordinal. The fixed point starting from B would be an uncountable set with

no isolated points.

Fix suchaset C. Let & = {N,NC : 0 € <“2 AN, NC # 0}. & is a countable set. Using ACE, let
A be a choice function for E. Let T be any infinite binary tree on 2.

The following objects will be constructed:

(I) ¢4 € C for each s € ~“2.

(IT) A strictly increasing sequence (k; : i € {—1} U w) of integers.

For each n € w, let A, = {c, : s € "2}. The objects above will satisfy the following properties:

(i) Ifs € T, then af""” is defined and has length less than k. If s & T, then Ajg 1 N Ne, i, = {c5}-
(ii) If s € T, then ¢y 2 a?'s”“i for each i € 2.

(iii) For all m, if n > m,then {x | k,, : x € A} = {x | kyy : x € A, }.

Let cg be any element of C. Let k_; = 0. Let Ag = {cp}.

Suppose for m € w, ¢; € C for all s € "2 and k,,—; have been defined. Suppose properties
(i) to (iii) hold for r € <“2 with |t| < m. Let s € T Nn"™2. Since ¢ € C and C has no
isolated points, there is some m; > k;,—1 50 that N, pm,y(1-c,(my)) N C # 0. Let cyemg) = Cs
and let ce(1—c,(my)) = AN(cgtmy)y(1-cs(my)))- If s & T, then let ¢y = ¢, for each i € 2. Let
ky =sup{ms; +1:se€™2NT}.

Since for each s € T N2, mg > k;,—1, (i) to (iii) still hold for # with |¢| < m. Let s € T. Using the

Am
stm—1

“s(m — 1). This shows that a®"*' is defined. In fact, af’”“ =c¢5 mg. If s ¢ T, (i) is clear

induction hypothesis for (ii) on s | m — 1, one has that ¢; 2 a “s(m — 1). ¢y and ¢y~ extend
Am

stm—1
from the construction. Properties (i) to (iii) hold for s € "2.

a

Let A = U,e, An- Note that A is countably infinite and A € C € B. From the above properties,
if s € T, then a2 is defined and in fact equal to a?'s'”. Suppose s ¢ T. Let t C s be maximal
with r € T. The above properties imply that A N Nya~sa)) = {ersqipy = {cs}. Hence aﬁsq 0 is not
defined and hence a? is not defined. Thus T = W(A). This shows that ®[ Z“(B)] = “2. @ is an

w-Jonsson function for “2. m]
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Question 3.4.2. Under ZF + —|AC§, can there be a classical w-Jonsson function for “2?

The first statement of Theorem may not be true without ACE.' Let C,, denote the finite support

product of Cohen forcing C. Let G € C,, be C,-generic over L. For each n € w, let ¢, be the
n'*-Cohen generic real naturally added by G. Let A = {c, : n € w}. Let H = (HOD(A U {A}))16],
H is called the Cohen-Halpern-Lévy model. In H, A has no countably infinite subsets. Hence the

rst statement of Theorem |3.4. I| cannot hold. However A is not in bijection with “2. This suggest
/] 88

the following natural question: In H, is there a classical w-Jonsson function for “2?

3.5 The Structure of E
Definition 3.5.1. E is the equivalence relation defined on “2 by x Ey y if and only if (In)(Vk >

n)(x(k) = y(k)).

Definition 3.5.2. Let {s,v! :i € 2 An € w} C <“2 have the property that for alln € w and i € 2,
(i) € v, and VO] = v}l

Let o(0) = s. If o € <“2 and |o| > 0, then let ¢(0) = sAvg(O)A...Avl((rr("fll_l).

A perfect tree p is an Ey-tree if and only if there is a sequence {s, Vi :i € 2 An € w} with the above

properties so that p is the C-downward closure of {¢(o) : o € <“2}.

Let Pg, be the collection of all perfect Ey trees. If p,q € Pk, then p <p, q if and only if p C q.
Let 1pE0 = <92, (Pg,, <Pg,» hpEo) is forcing with perfect Ey-trees.

If p € Pg,, then the notation s and v, will be used to denote the strings witnessing p is a perfect

Ey-tree.

Let ® : “2 — [p] be defined by ®(x) = |U,c, ¢(x | n), where ¢ is associated with the Ey-tree

p as above. @ is the canonical homeomorphism of “2 onto [p], and @ is a reduction witnessing
Eo <a1 Eo I [p].

Fact 3.5.3. Suppose B is a Z} set so that Ey < Al Eo | B. Then there is an Ey-tree p so that [p] € B.
Proof. This is implicit in [7]. See [29] Lemma 2.3.29 and [13]] Theorem 10.8.3. O

The weak Mycielski property for Ey considers Ep-products of A} sets Ao, ..., A,—1 so that Ey = Al
Eop I A; and [A;]g, = [Aj]g,- Showing the failure of the weak Mycielski property requires finding
some structure shared by all of the sets Ao, ..., A,—1. For instance, are there perfect Ey-trees p; so
that [p;] € A; and [[p:]]lg, = [[pj]]£,? How similar can p; and p; be chosen to be?
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We will first consider a simpler solution using the o-additivity of the Ey-ideal, which follows Fact

[3.5.3] A stronger result giving more information using effective methods will follow.

Fact 3.5.4. For each n € w, suppose A, C “2 is Z} and there is no Ey-tree p so that [p] C Ap.
Then there is no Ey tree p so that [p] C U,ecn An-

Proof. Suppose there is some Ep-tree p so that [p] € U, An. Let @ : “2 — [p] be the canonical
injective reduction witnessing E <al Eo | [p]. For each n € w, ®7'[A4,] is a ):} set, and
@2 = Upew @ '[An]. There is some m € w so that ®~![A,,] is nonmeager. Therefore, there is
some continuous injective function ¥ : “2 — ®~![A,,] which witnesses Eo SA} Ey | DA,
® o ¥ witnesses E SA{ Ey | A,. This implies there is some Ey-tree g so that [¢g] C A.
Contradiction. O

Definition 3.5.5. If x € “2 and n € w, let x>, € “2 be defined by x>,(k) = x(n + k).
If A C“2 thenlet (A)s, = {z: (Ix € A)(z = xs,)}.

Definition 3.5.6. Let s € <“2. Define switch : “2 — “2 by

s(n) n<|s|
switchg(x)(n) = .
x(n) otherwise

Also if o € <@2, switchy(0) € 712 is defined as above just for n < |o|.

Theorem 3.5.7. Let n € w. For k < n, let Ay C “2 be Z} so that E SA; Eo | Ay and for all

k <n—1, [Axlg, € [Ak+1]E,- Then there exists Eg-trees py so that [px] € Ak and for all a,b < n,

|sPa| = |sP?|, and v,i’f“ = f;;pbforallm cwandi € 2.

Proof. For each ¢ € w, let

E. = {(Xo, v Xp—1) € nAk D (Vi j < n)((xi)se = (xj)ZC)} -
k<n

For each ¢ € w, E, is a Z% set. For k < n, let m; : "(“2) — “2 be the projection map onto the

k™ coordinate. mo[E,] is Zi for each ¢ € w. Since [A;]g, € [Air1]E;s Ucew MolEc] = Ag. By Fact

3.5.4] there is some m € w so that mg[E,,| contains the body of an Ey-tree gg. By choosing an

appropriate subtree, one may assume that |s%°| > m. Let s = s% | m.
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Fix k < n— 1. Suppose the Ep-tree g; and s; € "2 have been constructed so that s; C s% and
[gk] € mi[En]. Then

U switch[[gx]] N w1 [Enl| = [lqx]))E, -
sem) Ey

By Fact|3.5.4} there is some s;.1 € ™2 so that switchy,, [[gk]] N 7x+1[Epx] contains an Ey-tree. Let
gk+1 be such an Ep-tree. Note that switchg, [gx+1] is an Eo-subtree of gy.

Fori < n, let p; = switchy,[g,—1]. Note that [p;] € m;[E,] C A;. m|

The rest of this section will prove a result that implies Theorem [3.5.7|using an effective definability
condition. We will use the methods from [13]] Theorem 10.8.3 to simultaneously produce Ey-trees,

which are very similar to each other, through several sets.

Definition 3.5.8. Let z € “2. Let P, be the forcing of nonempty Z%(z) sets ordered by inclusion
with largest element P, = “2. P, is z-Gandy-Harrington forcing.

Fact 3.5.9. There is a z-recursive (in a suitable sense) collection D = {D,, : n € w} of dense open
subsets of P, so that if G C P, is generic for D, then (G # 0.

Proof. See [13] Theorem 2.10.4. O

Fact 3.5.10. Let 7 € “2. There is a Hll(z) set D C w, le(z) set P C w X %“2, and Hll(z) set
0 C w X “2 with the following properties:

(i) Forall e € D, P¢ = Q°, where if X C w X “2, then X¢ = {x € “2: (e, x) € X}.
(i)) If X € “2is A}(z), then there is some e € D so that X = P¢ = Q°.

Definition 3.5.11. Let z € “2. Let S; be the union of all A}(z) sets C so that for all x,y € C,
~(x Ep y).

Let H, = “2\ S..

Fact 3.5.12. Let z € “2. S, is H%(z). H is 2}(z). IfXNH, #0and X is Z%(z), then there exists
x,y € X with x # yand x Ey y. H; is Ey-saturated.

Proof. Let D, P, and Q be the sets from Fact[3.5.10] Note that

x€S; o (Fe)eeDAxeQ ANNYWS #8Af.8 €P) = ~(f Epg))).

S, is H;(z). Hence H, is Z}(z).
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Let A be the collection of all Z%(z) subsets of “2 whose elements are pairwise Ep-inequivalent.
Let U C w X “2 be a universal Z} (z) set.

{e:UeAY={e:(Vf.0)(f.g €U N[ #g) = ~(f Eo g))}

The above is a Hll(z) set. So A is a collection of Z}(z) sets which is Hll(z) in the codes. By
2}(1)-reﬂection (see [13], Theorem 2.7.1), every Z%(z) set X whose elements are Eyp-inequivalent

has a A}(z) set C whose elements are Ey-inequivalent and X C C.

Suppose X is le(z), X N H, # 0, and the elements of X are pairwise Ep-inequivalent. By the
previous paragraph, there is some A}(z) set C which also Ep-inequivalent and X C C. Then
X C §;. Contradiction.

Suppose x € H,, y ¢ H,, and x Ey y. Let n € w be so that x>, = y>,. y € S, implies that there

is some Aj(z) Eo-inequivalent set X so that y € X. switchy,[X] is a Aj(z) Eo-inequivalent set

containing x. This contradicts x € H,. This shows H is Ey-saturated. |

Lemma 3.5.13. Let z € “2 and n, £ € w. Suppose (B; : i < n) is a collection of nonempty le(z)
sets. Suppose for all i, j < n, (Bj)s¢ = (éj)zg. Let D C P, be a dense open subset of the forcing
P.. Then there is a collection (B; : i < n) of nonempty Zi(z) sets so that for all i,j < n, B; € D,
B; C B;, and (B))s¢ = (B))¢.

Proof. Fork < n, 2}(z) sets {BZ< :—1 <k <nAQ <i < n} will be constructed with the properties
that

(i) Foralli < n, Bl € D.

(i) If -1 <k <n-1and 0 <i < n, then B**! C BX.

(iii) Forall -1 <k <nand 0 <i,j <n, (Bl.k)zg = (B;.‘)Zg.

Note that this implies that if £ > i, then Bl.k e D.

Let B! = B;. (iii) is satisfied.

Suppose for -1 < k <n—-1and0 <i < n, Bl.k has been constructed with the desired properties.

Since D is dense open, there is some nonempty Ei(z) set, denoted BX*!, so that B¥t! ¢ BX . and

k+1° k+1 k+1

Bitl € D. For 0 <i < n,let B! = {x € B : (3z)(z € B{*] A x3¢ = 25¢)}. All the conditions

are satisfied.

Finally, let B; = Bl’.1_1.
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Theorem 3.5.14. Let 7z € “2 and n € w. Let (A, : a < n) be a collection of Zi(z) sets so that
Na<nlAa NH, g, # 0. Then there are Ey-trees (p, : a € n) so that foralla,b < n, k € wandi <2,

(i) |sPa| = |sPr| andvj{’p“ = P

k
(ii) [Pa] € Aq.

Proof. We will construct the following objects: For eacha < n, k € w,i € 2, and t € <“2,
(a) wi, 59, v;'( € <w2

(b) x e wand forall k € w, £ < my < €41

(c) Z%(z) nonempty sets X'

with the following properties

(i) Foralla < nandt € <2, |wé| = {},). Foralla < nand k € w, |s*| = |s*| and |v)| = |v]|. For

all k e wandi € 2, (i) C vl.k. Foralla < mandt € <“2,if |¢t| = 1, then s C w{ and if r > 1, then

ar. HO)a A t(|t]-2)
55V, ...vm_2

(i)Ifaen,te~“2,ue =2 andt C u, then X C X/, X' C Nya, and Xj € A, N H..

a
C wy.

(iii) Let D = (D, : n € w) be the collection of dense open subset of P, from Fact For all
r e <w2, Xla € D|,|.

(iv) For all k < w, £ < £iy1. Forall k < w, t,u € ¥2,and a, b € n, (X%, = (XP)sy,.

Suppose we can construct the objects with these properties. For a < n, let p“ be the Ep-tree given
by sP¢ = s¢ and vi’p ¢ = VZ' Let ®“ : “2 — [p,] be the canonical map associated with the Ey-tree
pq. For each x € “2, let G be the P,-filter generated by the upward closure of {Xfclrk c k € w}.
G{ N Dy # 0 since X7, € Di. G is a filter generic for D. By Fact NG # 0. By (i) and
(i), N GY = {@“(x)}. Thus ®*(x) € Xj C A, N H;. Therefore, [ps] € Ag.

Next, we will describe the construction. Since (),.,[As N H;]g, # 0, let (x, : a < n) be elements
of “2 so that for all @, b < n, x, € A, N H, and x, Ey xp. Choose ¢y € w so that for all a, b < n,
(Xa)2ty = (Xb)2y- Letwy = x4 [ 0. Let Z = {r € “2: (3y0, --» Yn-1)(Na<n Ya € Aa NHy Awy'r =
Ya)}. Z is a nonempty Z%(z) set. Let B, = {x € A, N H; : (Ir)(r € Z A x 2wy A x>¢ =r)}. For
each a < n, B, is a nonempty Z}(z) set. Note that for all a,b < n, (By)>¢, = (Bb)s¢,- Applying
Lemma find sets (Xj : a € w) so that X € B, and X € D.

Suppose X;* has been constructed fora < nand ¢ € k2, ng C H; is nonempty and Zi(z). By Fact
3.5.12, there are x,y € ng so that x # y and x Ep y. By (i) and (ii), x | £ = y | €. Therefore,
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there is some {41 > € so that x>¢,, = y>¢,,. Let my be smallest m so that £ < m < {341 and
x(m) # y(m). Without loss of generality, suppose that x(m;) = 0 and y(my) = 1. Fori € 2, let

ngAo = x | €x+1 and Wok” =y [ lk+1. Fora e nand t € ~¥2, let wf, = switchwgwgkﬁ,.
If k = 0, then let s* = w(, | mo. If k > 0, then let L = |5 + Yo<j<k1 |v§.)|. Let vi be the string

of length my — L defined by v} (j) = ngA,-(Lk + 7).

Let Z ={z€“2:(3x,y)xy € Xgn AWgeg € X AWogery S YAZ = X, = Vo,,)) Zisa
nonempty Z}(z). For ¢ € 12 and a < n, let B ={xeXr:3F2)ze ZAx=w"7)}. Blisa
nonempty X1 (z) set and (B%)>¢,,, = (BY)x¢,,, foralla,b € nand t,u € **12. Apply Lemma
to get X4 C B® so that X¢ € Dy1 and (X%)s¢,., = (X0)s¢,,,. This completes the construction. O

3.6 “2/Ej Has the 2-Jénsson Property
Theorem 3.6.1. (Holshouser-Jackson) Ey has the 2-Mycielski property.

One can prove this by producing an Ep-tree p using an Ep-tree fusion argument to ensure that
[[p]]%o meets a fixed countable sequence of dense (topologically) open subsets of 2(’2). The fusion
argument is quite similar to the fusion argument used in the forcing style proof of the 2-J6nsson

property for “2/E in this section.

By Theorem 7, if (A, : a < n) is a sequence of Z} sets so that [A,]g, = [As]E, for all a, b < n,
then there is a sequence of Ey-trees (p, : a € n) so that forall a,b < nandi < 2, |sP«| = |sP?| and
Pa

v, = vf’ ». This motivates the definition of the following forcings:

Definition 3.6.2. Let n > 0, let @%0 be the collection of n-tuples of Ey-trees (po, ..., pn—1) so that
forall a,b < nandi < 2, |sP«| = |sP?| and v!]“ = vf”. Let S@n be coordinatewise <p, . Let

lﬁg = (IPEO, ey 1PE0) (PE , _P,, , P,, ) is forcing with n Ey-trees wzth the same Ey-saturation.

Let xgen and xgen be the P%O names for the left and right generic real added by a generic filter for
PZ

Ep*

Definition 3.6.3. If p, g € Pg,, then let p S%E q be defined in the same way as p <g g, when p and
0

q are considered as conditions in Sacks forcing S.

Let S%z be the coordinate-wise ordering using <.
Eo

A sequence (p, : n € w) of conditions of Pg, is a fusion sequence if and only if p,. SI’;E Pn for
0
all n € w. Similarly, a sequence {(pn, gn) : n € W) of conditions in IP%O is a fusion sequence if and

only if (Pn+1, Gn+1) S%z (P> gn) for all n € w.
Ey
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Suppose p € Pg,. Letn € wwithn > 0. Letu,v € "2withu(n—1) # v(n—1). Suppose (p’,q’) € @%0
with the property that p’ <P, E(p,u) and g’ <Pg, E(p,v). Let A={s €2 :s(n—-1)=u(n-1)}
and B={s €™ :s(n—1)=v(n—1)}. Then define pruneg’,v;,)(p) € Pg, by

prunegj’f;,)(p) = U switch = (p) U U switch =) (¢")
teA teB

Suppose (p,q) € @%0 Letn € w, n > 0, and u,v € "2 so that u(n — 1) # vin — 1). Let
. q) S@,&O (p,q) so that p’ <p, E(p,u) and ¢’ <p, E(q,v). Define 2prune(0'§’,2,)(p, q) by

(u,v) (u,v)

_ ()
2prune , (P, ) = (pr“”%cswitchsp (¢ P)PIUNe e o (.04 ))

Perhaps more concretely: Let A={s €2 :s(n—1)=un—-1)}and B={se€™ :s5(n-1) =
v(in— 1)}

2pru neEZ’,’Vc)],)(p, q) = ( U switch (.1 (p’)UU switch = (¢"), U switch (.1 (p’)UU switch (. (q’))

teA teB teA teB

Fact 3.6.4. Suppose (p, q), (p',q), n, u, and v are as in Definition|3.6.3| Then 2prune™”, (p, q) €

»"q')
Péo and l:fzpruneg;’/l};/)(pa Q) = (x, y), then s* = sP and 57 = s4.

If [u| = n, then 2prune™”, (p, q) <L (p.q).
"q") PL,

If {py : n € w) is a fusion sequence of conditions in Pg,, then p,, = (\ e, Pn is a condition in P,

and is called the fusion of the fusion sequence.

Similarly, if {(pn.qn) : n € w) is a fusion sequence of conditions in @20, then (pw,qw) =

(Mhew P> Niew Gn) is a condition in ﬁP%() and is called the fusion of the fusion sequence.

Fact 3.6.5. ([./4] Proposition 7.6) @%0 is a proper forcing. In fact, for any countable model M and
(p,q) € (@%O)M, thereisa (p’,q’) SI’P%O (p, q) whichis a (M, ﬂl%()-master condition and [p"] Xg, [q’]

. . . 52 .
consists of pairs of reals which are P ,-8eneric over M.

Moreover, if T is a @%O-name in M such that (p, q) II—%I% T € “2, then one can even find (p’, q') with
0
the above properties and so that either

(i) there is some z € “2 N M with z Eo 0 so that (p’, ¢) uﬁ% T=1%
0
or

(i0) (p'.q) b2 (7 Eg 0).
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Proof. Let (D, : n € w) be a decreasing sequence of dense open subsets of fP%O in M with the

property that if D is a dense open subset of @%0 in M, then there is some k € w so that Dy C D.

There are two cases: (Note that O can be replaced by any real in M in the following argument and
hence as well in the statement of the fact.)

(Case I) There is some (p’,q") <z (p,q) so that (p’,q’) IFI]A; 7 Eg 0. Then there is some
Epy

Ep
z € (“2)" and (p”, ¢”) so that (p”, g”") Il—%g 7 = . Since Dy is dense open in P}, , one may assume

Ep
(p//, q//) I DO- Let (po’ qo) — (p//’ q//).
(Case II) (p, q) II—%gEO —(t Ey 0). Let (p’, ¢’) be any condition below (p, ¢) so that (p’, ¢’) € Dy. Let
(Po, q0) = (P’ 4').

In either case, we will construct a fusion sequence ((py, ¢») : n € w) of conditions in (@%O)M with

the following property:
(i) Forall n € w, (u,v) € "2 x "2 so that u(n — 1) # v(n — 1), (E(py, u), Z(qn, v)) € Dy,.

Suppose this can be done to produce a fusion sequence {(p,, ¢») : n € w). Let (p’, ¢’) be the fusion
of this fusion sequence. First, it will be shown that (i) implies that (p’, ¢’) is a (M, ?i%o)—master
condition with the property that [p’] Xg, [¢’] consists entirely of pairs of reals which are P%O— generic

over M.

Let D be a dense open subset of @%O with D € M. By the choice of (D, : n € w), there is
some k € w so that Dy € D. Let G C ﬁP%O be @%O—generic over M containing (p’,q’). Let
K = |A(pi, 0%)|. Let Ex be the collection of (p, q) € @%0 so that |s”| > K and there is some j
with K < j < |sP| so that sP(j) # s9(j). Ek is dense open. Since G is generic, G N Ex # 0.
As G is generic and (p’,q’) € G, one may assume that there is some (p”,q”) Sﬁp?éo @, q)
with (p”,q") € G N E;. So there is some J > k and u,v € 72 with u(J — 1) # v(J - 1)
so that (p”, q") S@%O &, u),E(q,v)) S@%O (BE(py,u),Z(qy,v)). Since (p”,q”) € G and G is
a filter, (E(py,u),2(qs,v)) € G. However (E(py,u),Z(qs,v)) € Dy C Dy by (i). Note that
(BE(py,u),E(qy,v)) € M. Since G was an arbitrary generic containing (p’, ¢’), it has been shown
that (p’, ¢’) u—%é GNMND=#0. (p,q)isa(M, @%())—master condition. ﬁP%O is proper.
0

Now suppose (a,b) € [p'] Xg, [¢']. Let Gp) = {(p,q) € @%0 NM : (ab) € [p] X [q]}. Let
D be a dense open set. There is some k so that Dy C D. Since —(a Ey b), there is some
j > k and some u,v € /2 with u(j — 1) # v(j — 1) so that A(p’,u) C a and A(q’,v) C b. Then
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(a,b) € [E(pj, u)] XE, [E(qj, v)]. Therefore (E(pj, u), E'.(qj, v)) € G(a’],) ND; C G(a,b) N D. G(a,b) is
P% -generic over M. (a, b) is a P% -generic pair of reals over M.
0 0

It is clear using the forcing theorems that if Case I holds, then statement (i) of the fact holds and if
Case II holds, then statement (ii) of the fact holds.

Now it remains to construct the fusion sequence:

(po, qo) is already given depending on the case. The rest of the construction is the same for both

cases.

Suppose (py, gn) have been constructed with the desired properties. For some J € w, let (ug, vo),

wory (g—1,vy—1) enumerate all (u,v) € "2 x "2 with u(n — 1) # v(n — 1).
We will construct sequence of conditions in @20, (X=1, ¥=1)5 oo (Xy—1, yy—1):

Let (x_1,v-1) = (Pn> qn)-

Suppose one has (xg, yx) for k < J — 1.

Since D, is dense open, find some (p’, ¢') <z (E(xk, ug ), E(yx, vi)) so that (p’, q’) € Dy41. Let
Ep

(Mk,Vk)

(Xk+1, Yk 1) = 2prune 5 (xk, Vi) o

Lemma 3.6.6. Let f : [“Q]%O — “2. Suppose there is a countable model M of some sufficiently

— 2
large fragment of ZF, (p,q) € IP%O NM, and T € M5 so that (p,q) Il—%’é T € “2 and whenever

Ey

G C @%0 is @%O—generic over M with (p, q) € G, then 7[G] = f(xgen[G], xéen[G]). Then there is a
#'.q") <g2 (p,q) so that [fI[P'] Xk, [, # “2.
0

Proof. Let (p',q’) € @ZEO be given by Fact[3.6.5] Then exactly one of the two happens:

(i) For all G C @%0 which are generic over M, M[G] |= 7[G] Ey 0. By absoluteness, 7[G] Eg 0.

(ii) For all G C ﬁ%o which are generic over M, M[G] |= —~(7[G] Ey 0). By absoluteness,
~(7[G] Ep 0).

Let (a, b) € [p'] XE,[q']. By Fact|3.6.5| there is some @%O—generic filter G(,,5) so that xgen[G(a,b)] =a
and Xge,[G(ap)] = b.

If (i) holds, then f(a,b) = f(xgen[G(at)] XgenlG(a)]) = T[G(ap)] Which is Ey related to 0. So
[F1[P'] Xk, [9' Nk, = [0]g, # “2.

If (ii) holds, then f(a,b) = f(x3en[Gap)] XpenlGap)]) = T[Giapls but =(t[Gap)] Eo 0). So
0¢ [fIP'] Xe [a']Ey- O
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Theorem 3.6.7. (Holshouser-Jackson) (ZF + DC + AD) “2/Ey has the 2-Jonsson property.

Proof. Let F : [“2/Ey)> — “2/E,. Define the relation R C “2 x “2 x “2 by

R()C, Y, Z) < Z€ F([X]E()’ [y]E())

AD can prove comeager uniformization (Fact [3.2.22): There is a comeager set C C [‘”2]%O and

a continuous function f : C — “2 which uniformizes R on C. Since Ej has the 2-Mycielski

2
Ey

similar argument as in Fact[3.3.4] one can find a name 7 satisfying Lemma[3.6.6|using the condition
(p,p) € TP%O. Then Lemma [3.6.6|gives some (p’, ") S@%O (p, p) so that [ f[[p’] XE, [¢'1]]E, is either

property, let p be an Ey-tree so that [[p]]. € C. So f | [[p]]é0 is a continuous function. By a

[0] E, or does not contain 0. Since (p,q') € @20, [p’] and [¢’] have the same Ep-saturation. Let
A = [[p'llg, = [l4']]g,- Note that Ey =al Ey | A. Let B = A/Ey. There is a bijection between B
and “2/Ey. Moreover, F[[B]?] is either the singleton {[0] E,} or is missing the element [0] E- In

either case, F[[B]2] # “2/E,. O

3.7 Partition Properties of “2/FE; in Dimension 2
Definition 3.7.1. Let X and Y be sets. Let n € w. Denote X — (X)y to mean that for any function
[ P(X) > Y, thereis some Z C X with Z =~ X and |f[Z"(2)]| = 1.

Denote X +— (X)y to mean that for any function f : [X]2 — Y, there is some Z C X with Z ~ X
and |f[[Z]2]] = L.

Fact 3.7.2. (Galvin) Assuming ZF and all sets of reals have the Baire property, “2 — (“’2)% for all

necaow.

Note that “2 + (‘”2)% isnottrue: If x, y € “2and x # y, thendefine d(x, y) = min{n : x(n) # y(n)}.
Define f : [“2]2 — 2 by f(x,y) = x(d(x, y)). Note that f(x,y) # f(y, x). It is impossible to find
a homogeneous set for this coloring of [“2]2.

However, under AD, “2/Eq — (“2/Ey)? does hold:

Lemma 3.7.3. Let n > 1. Let F : [“’2]%50 — n be a function. Suppose there is a countable
model M of some sufficiently large fragment of ZF, (p,q) € ﬁPS%O NM, and T is a @%O—name in

M so that (p,q) Il—%’é 7 € 1 and whenever G C @%O is @%O-generic over M with (p,q) € G,
Ey

7[G] = F(xgen[G], xéen[G]). Then there is a (p’, q") S@zE (. q) so that |F[[p'] Xg, [¢']]] = 1.
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Proof. Since (p, q) Ik%’g 7 € A, there is some (7, 5) <z (p, ¢) and some k € n so that (7, s) lk%g T =
Ey Ep Ey

k. Using Fact[3.6.5 let (¢, ¢') <p (r,s)bea(M, @%&—master condition so that [p'] X g, [¢] consists
Ep

of pairs of reals which are @%O—generic over M. Using the forcing theorem and the assumptions,

(P, q") works. O

Theorem 3.7.4. (ZF + DC + AD) “2/Ey +> (“2/Ey)? for all n € w.

Proof. Let f : [“2/E]2 — n. Define a relation R C “2 x “2 X n by

R(x,y, k) & k = f([x]£, [y]E)-

AD can prove comeager uniformization (Fact|3.2.22)) so there is some comeager C C [‘”2]12EO and a
continuous function F' : C — n which uniformizes R on C. Since Ey has the 2-Mycielski property,

let p be an Ey-tree so that [[p]]i_o CC. F [[p]]%0 is a continuous function. As before, one can

find a @%0 -name 7 satisfying Lemma|3.7.3|using the the condition (p, p). Then using Lemma|3.7.3|
(p, p) so that |F[[r] xg, [s]]| = 1. Let k be the unique element in this set.

there is a (7, 5) <g
Ep

Let A = [r]g, = [s]g,- A/Eo = “2/Ey. Suppose x,y € A/Ep and x # y. There is some a,b € A
with a € [r], b € [s], a € x, and b € y. F(a,b) = k. Therefore, R(a, b, k). By definition,
fx,y) = k. So |f[[A]2]] = 1. O

Remark 3.7.5. Before, we mentioned that “2 — (‘”2)% is not true. Using the notation from the
above proof: Observe that the function F produced in the above proof is Eyp-invariant in the sense
that if x Ey x" and y Ey y’ then F(x,y) = F(x’,y"). Also since (r,s) € @20, if a € A, then
there is some @’ € [r] and a” € [s] with a Ey a’ Ey a”. These two facts are essential in proving
“2/Ey = (“2/Ey);.

Later it will be shown that the partition relation for “2/E( will fail in higher dimension. The

counterexample is closely connected to the failure of the 3-Jonsson property.

3.8 Ey Does Not Have the 3-Mycielski Property

An earlier section mentioned that Holshouser and Jackson proved E has the 2-Mycielski property
and “2/Ey has the 2-J6nsson property. The next few sections will show that dimension 2 is the best
possible for these combinatorial properties. This section will show the failure of the 3-Mycielski

property and the weak 3-Mycielski property for Ey.
Theorem 3.8.1. Let D C 3(“2) be defined by
D = {(x,v,2) € 3(“2) : @n)(x(n) # y(n) A x(n) # z(n) A y(n + 1) # z(n + 1))}.
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D is dense open in 3(“2).

If p is an Ey-tree with associated objects {s,v' : i € 2 An € w}, ¢, and ® as in Definition m
then
(@(010), ®(110), @(1)) ¢ D.

Eo does not have the 3-Mycielski property.

Proof. Suppose (x,y,z) € D. Then there is an n € w so that x(n) # y(n), x(n) # z(n), and
yn+1)#zn+1). Leto=x(n+2),t=y [ (n+2),andp =2z [ (n+2). Then Nyr, € D. D

is open.

Suppose o, 7, p € ““2 and |o| = |7| = |p| = k. Let o’ = 0700, v/ = 7710, and p’ = p"11. Then

Nor71p0 € Ngzp and Ny v € D. D is dense open.

Let L.y = |s|. Forn € w, let L, = |s| + X<, |v2|. Note that if x(n) = y(n), then for all
Ly,—1 < k < Ly, ®(x)(k) = ©(y)(k). If x(n) # y(n), then ®(x)(L,—1) # ®(y)(L,-1), and there may
be other L,_ < k < L, so that ®(x)(k) # ®(y)(k).

Suppose (D((ﬁ())(n) # (I)(ﬁ())(n) and CD((SF))(n) # ®(1)(n). Then there exists some k so that L3x_; <
n< Lag. Ifn# Lyx— 1, thenn+1 < Ls. Since 110(3k) = 1 = 1(3k), @®(110)(n+1) = ®(1)(n+1).
Hence if n # L3, — 1, then n cannot be used to witness that (@(f(ﬁ), @(ﬁ()), ®(1)) € D. Suppose
n = Ly — 1. Since 1103k + 1) = 1 = 1(3k + 1), one has that ®(110)(n + 1) = ®(110)(Lsx) =
®(1)(Lax) = ©(1)(m + 1). If n = L3, — 1, then n does not witness membership in D. Hence
(@(010), ©(110), (1)) ¢ D.

Since ~(010 Ey 110), =(010 Eo 1), and ~(110 Ey 1), (@(010), &(110), &(1)) € [[p]]},. Hence
[[pl13, & D.

Suppose B is A} sothat £y [ B =a Ey. By Fact|3.5.3| there is some Ep-tree p so that [p] € B. By
the above, [B]z_o ¢ D. Ej does not have the 3-Mycielski property. O

The 3-Mycielski property asks for a single A| set A with Ey < a!l Eo I Asothat [A]%0 = AXp,AXE, A
is contained inside a comeager set. If one is interested in combinatorial properties of the quotient
“2/Ey, such as the Jénsson property, then one is only concerned with three sets A, B, and C with
the same Ep-saturation. With this consideration, the 3-Mycielski property seems unnecessarily

restrictive. The weak 3-Mycielski property was defined to remove this demand.

One other curiosity of the 3-Mycielski property is that Theorem[3.8.1|allows a (topologically) dense
open subset of 3(“2) to be a counterexample to the 3-Mycielski property. Let D C 3(“2) be any
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dense open set. There are three strings o, 7, and y of the same length so that N, C D. Let

D, q, r be any three perfect Ey-trees so that s = 0, s =7, s" =y, andforalln € w and i € 2,
vl = vp? = vi". Then [p] Xg, [q] Xg, [r] € D. Also [[pllg, = [[9]]g, = [[r]]g,- So no dense open
set can be a counterexample to the weak 3-Mycielski property.

Using the more informative structure theorem for E( proved above and the argument in Theorem
3.8.1} a comeager subset of 3(“2) is used to show Ey does not have the weak 3-Mycielski property.

Theorem 3.8.2. For each k € w, let
Dy = {(x,y,2) € *(“2) : 3n > k)(x(n) # y(n) A x(n) # z(n) A y(n + 1) # z(n + 1))}

Each Dy, is dense open.

Let C = (\,ep, Dn- C is comeager.

For any A% sets Ao, Ay, and Ay such that

(1) Eo <a1 Eo I Ao, Eo <p1 Eo I A1, Eo <p1 Eo T Az
(1) [Aolg, = [Ailg, = [A2]g,

Aog Xg, A1 Xg, A2 £ C.

C does not have the weak 3-Mycielski property.

Proof. Let Ap, A1, Az be any three A{ sets so that Ey < Al Ey | A; and have the same Ey-saturation.
By Theorem there are Ey-trees, p, g, and r so that

@) [s?| = s = |s"| = k
(i) viF = v2? = v foralln € w and i € 2
(iii) [p] € Ao, [¢] € Ay, and [r] € A;.

Note that the only differences among the three Ey-trees occurs in the stems. Hence by the same

argument as in Theorem [3.8.1] [p] Xg, [q] XE, [r] € Dr. Hence Ay Xg, A1 Xg, A2 € Di. So
Ag XE, Aq XE, Ay € C. O

3.9 Surjectivity and Continuity Aspects of £,
As we have seen, based on Holshouser and Jackson’s proof of the J6nsson property for “2, the

Mycielski property primarily shows that an arbitrary function f on *(“2) could be continuous on
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[[p]]Z for some perfect tree p. Using the continuity of f | [[p]]Z, they show that there is some
perfect subtree g C p so that f[[[¢]]2] # “2.

As the previous section shows that Ey does not have the 3-Mycielski property, it is natural to ask
if by some other means it is possible to find for any f : 3(“2) — “2, some A% set A so that
Ey SAII Ey ' Aand f T [A]%0 is continuous. Also if the function f | [A]%0 is continuous, is
it possible to find some A} B C A with Ey <al Eo | B so that f [[3]1350] does not meet all E,
equivalence classes? This section will provide an example to show both of these properties can
fail. This example will also be modified in the next section to show the failure of the 3-Jénsson

property for Ej.

Fact 3.9.1. Let A = {x € “3 : (Vn)(x(n) # x(n + 1))}. There is a continuous function P :

[“’2]%0 — A so that for any Ey-tree p, P[[[p]]%o] = A. Moreover, if p, q, and r are Ey-trees so that

|sP| = |s9| = |s"| and for all i € 2 and n € w, vi = vi? = V&', then P[[[p]] Xg, [[q]] X&, [[r11]

meets all Ey-classes of A, where the latter Ey is defined on “3.
Proof. Let (x,y,z) € [‘”2]1350. Let Lo be the largest N e wsothatx [ N=y [ N =z [ N. Define

0 x(Lo) = y(Lo)
ao =11 x(Lo) = z(Lo) -
2 y(Lo) = z(Lo)
Suppose one has defined L, and a,,. Let L,;| be the smallest N > L, so that x(N) # y(N)if a, = 0,
x(N) # z(N) if a, = 1, and y(N) # z(N) if a,, = 2. Define
0 x(Ln+l) = ))(Ln+1)
an+1 =31 X(Ln+1) = 2(Lns1) -

2 y(Ln+1) = Z(Ln+1)

Define P(x, y, z) € A by P(x,y, z)(n) = a,. P is continuous.

Now let p be an Ej tree. Let s and vﬁl, for n € w and i € 2, be associated with the Ey-tree p. Let

® : “2 — [p] be the canonical homeomorphism.

Letv € A. Let
(0,1) v(i)=0

(@i, b)) =4(1,0)  v(i)=1.
(1,1) v(i) =2
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Let a,b € “2 be defined by a(n) = a, and b(n) = b,. Then (®(0), ®(a), ®(b)) € [[p]}, and
P((®(0), ®(a), ®(b))) = v. Hence P [[[p]]%o] = A. A similar procedure proves the second statement
after noting the three Ey-trees are the same after their stems. O

Theorem 3.9.2. There is a continuous Q : [“’2]%0 — “2 so that for any Ey-tree p, Q[[[p]]%o] = @2,

Proof. Letty =00, t; =01, and 1, = 10.
Let Q" : “3 — “2 be defined by Q'(x) = ty0)tx(1)"-... Q' is a continuous injection.

Q’[A] is a perfect subset of “2. Q’[A] = [T] for some perfect tree T. Let Q” : Q’[A] — “2 be the

continuous bijection naturally induced by 7.

Let Q = Q” o Q' o P. Q has the desired property. O

Corollary 3.9.3. Thereisa All function K : 3(“2) — “2 so that on any Z% set A so that Ey < Al Eo |
A, K[[A]%O] = “2. Moreover, for any Z} sets Ay, Ay, and Ay so that for alli < 3, Ey SA} Ey I A;

and [Aolg, = [A1lEg, = [A2]E, [K[H,i(g Aillg, =“2.

Fact 3.9.4. There is a All function P’ : 3(“2) — A so that for all Ey-tree p, P’ | [[p]]?;0 is not

continuous.

Proof. Let P be the function from Fact Define P’ by

01 (x, 3, 2) € [“23,
P'(x,3.2) = P(x,y,2)  (VK)@n > k)(P(x,y,2)(n) =2) -
01 (3k)(¥n > k)(P(x, y,2)(n) < 2)

Suppose P’ is continuous on some [[p]]%o. Lets € <“2besothatforalln < |s|—1, s(n) # s(n+1)
and there exists some 7 < |s| so that s(n) = 2. By continuity, (P")~![N;] N [[p]]fEO is open in [[p]]3EO.

There is some u, v, w € <“2so that |u| = [v| = [w| and Ny o(v),ew) N [P] %0 - (P’)_I[Ns]ﬂ[[p]]%o.

Let x = u0, y = v01, and z = w'10. Then (®(x), ®(y), ®(2)) € (P")"'[Ns] N [[p]]},. However,
there is a k so that for all n > k, P(®(x), ®(y), D(z))(n) < 2. Therefore, P'(D(x), D(y), D(z)) = 01.

However, 01 ¢ N, since there is some 7 so that s(n) = 2. O

Theorem 3.9.5. There is a A} function K : 3(“2) — “2 so that for all Zi sets A so that Ey < Al
EoTA KT [A]%O is not continuous.
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Proof. Let Q" be the function from the proof of Theorem Let P’ be the function from Fact
K = Q' o P’ works. O

As a consequence, one has another proof of the failure of the 3-Mycielski property for Ey.

Corollary 3.9.6. E\ does not have the 3-Mycielski property.

Proof. Let C C 3(“2) be any comeager set so that K | C is a continuous function, where K is from
Fact[3.9.5] Then C witnesses the failure of the 3-Mycielski property for Ej. m|

3.10 “2/Ey Does Not Have the 3-Jénsson Property
Definition 3.10.1. For n € w, let E} ;| be the equivalence relation defined on “n by x E, v if and

only if 3r)3s)(Va)(x(r + a) = y(s + a)).

Fact 3.10.2. The function P : [“2]2 — A from Fact is Eg to Ega . invariant, which means for
all (x,v,2),(x',y,7) € [“’2]13EO such that x Ey x', y Ey y', and 7 Ey 7, P(x, y, 2) Eélﬂ P(x,y', 7).

Proof. Using the notation from Fact [3.9.1] let (L; : k € w) and (a; : k € w) be the L and a
sequences for (x, y, z) and let (J; : k € w) and (by, : k € w) be the L and a sequences for (x’, y’, ’).

Let M € w be so that x>y = x%,,, you = ¥, and zoy = 24,,. Let r € w be largest so that
L, < M, and let s € w be largest so that J; < M.

(Case I) Suppose L,+1 = Js+1. Then a,41 = bsy1. Since foralln > 1, Lyyp, Js4n = M, Liiy = Jsin
and a,, = bsy,. Hence P(x, y, 2) Efail P(x",y', 7).

(Case II) Suppose a, = bs. Then one must have for all n € w, L+, = Js4+, and a,4, = bgyy,. Hence
P(x,y,2) Et3ail P(x',y', 7).

(Case III) Suppose a, # bs and L, # Jg+1. Without loss of generality, L, < Jst1, a, = 0, and
by = 2. This implies that for all M < k < L,.1, x(k) = x'(k) = y(k) = y'(k) = z(k) = Z'(k).
However, x(L,+1) # y(Ly+1) and y(Lyy1) = ¥ (Ly4+1) = Z'(Lr41) = 2(Lr41) because Ly < Jgi1.
Hence a,+; = 2. For any k so that L,y < k < Jgiq, y(k) = y'(k) = z(k) = 7/(k). However,
V'(Jsx1) # Z/(Jgr1) hence y(Jgi1) # 2(Jse1) and Jgyq is the smallest N > L,,; for which this
happens. Hence L,.> = Jyi1. Also a,42 = bgyy. Hence for all n € w, ag12)4n = D(s41)+n- This

implies P(x, y,z) E2 P(x',y", 7). H

2 3 — 3
Fact 3.10.3. E_, SA} E . T A. Hence Ey =Al E>, T A
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Proof. Let @ : “2 — A be defined by ®(x) = x @ 2, where

x(k) n=2k
y(k) n=2k+1

(x @ y)n) =

Suppose x Egdﬂ y. Then there are some a, b € w so that for all n, x(a + n) = y(b+n). Forall n € w,

®(x)(2a + n) = O(y)(2b + n).

Suppose —(x Etzail v). Let a,b € w. Suppose a is even and b is odd. Then ®(x)(a + 0) € 2 but
®(y)(b + 0) = 2. The same argument works if a is odd and b is even. Suppose a and b are both
even. Leta = 2a’ and b = 2b’. Since —(x Etzail y), there is some k so that x(a’+ k) # y(b’+k). Then
O(x)(a+2k)=x(a"+ k) # y(b' + k) = ©(y)(b + 2k). Suppose a and b are both odd. a = 2a’ + 1
and b = 20" + 1. Since —(x Eélil y), there is some k so that x((a’ + 1) + k) # y((b' + 1) + k). Hence

D(x)(a + (1 +2k)) # D(y)(b + (1 + 2k)). This shows ~(P(x) E;, D(y)).
Since Egy =a1 Eo and Ejy 1 A <q1 EJy =a1 Eo, one has Eo =51 Ey 1 A. O

tai

Theorem 3.10.4. (ZF + AD) “2/Ey does not have the 3-Jonsson property.

Proof. Let P be the function from Fact 3.10.2| Let P : [“2/Eo]2 — A/ Et3ail be defined by
P(a, b, c) = d if and only if

(Vx,y,2)(xeanyebAnzec)= P(x,y,2) €d).

By Fact[3.10.2 P is a well defined function. Since E =al Efail I A by Fact|3.10.3) let U : A/
E}. — “2/Eg be a bijection (given by Fact[3.2.5).

Let F : [“2/Eo]}2 — “2/E, be defined by U o P.

Let X C “2/Ej be such that there is a bijection B : “2/Ey — X. By Fact[3.2.22] AD implies B has a
lift B : D — |J X, where D C “2 is some comeager set. Since B was a bijection, B’ is a reduction
of Eg [ Dto Ey I |JX. Using AD, there is a comeager set C C Dsothat B [ C: C — [JX
is a continuous reduction of Ey | C to Ey [ |JX. There is a continuous function witnessing
Ey SAII Ey I C. By composition, there is a continuous reduction witnessing Ej SA]l Ey | B'[C].
There is an Ey-tree p so that [p] € B’[C] € |J X. By Fact , P[[[p]]%o] = A. This implies that
P[[X]2] = A/E},. Since U is a bijection, U[P[[X]2]] = F[[X]2] = “2/Ey. F witnesses “2/E

does not have the 3-Jonsson property. O
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As an earlier section mentions, since this paper is often concerned with sets without well-orderings,

we defined the Jonsson property using sets of tuples [A]2. The usual definition of the Jénsson

property (of cardinals) involve the n-elements subsets of A, &?"(A). This paper calls this the
classical n-Jonsson property. With a slight modification, one can also obtain the failure of the

classical 3-Jénsson property for “2/Ej.

Definition 3.10.5. Let S3 be the permutation group on 3 = {0, 1,2}. S3 acts on “3 in the natural
way: if p € S3 and x € “3, then (p - x)(n) = p(x(n)).

Let F be an equivalence relation on “3 defined by x F y if and only if (3p € S3)(p - x Eéﬂ y).

Fact 3.10.6. Let A = {x € “3: (Vn)(x(n) # x(n+ 1))}. F [ A =al Ey.

Proof. Note that Efaﬂ I A is hyperfinite by Fact(3.10.3| Note that Et3al qgTACF | AandeachF [ A

equivalence class is a union of at most six E; 4 I A equivalence classes. By a result of Jackson,

F | Ais hyperfinite. Hence, F [ A <l Ey.

Next a reduction @ : “2 — A will be produced witnessing Eélil <a! F 1 A:

®(x) = x(0)2012102°x(1)2012102°x(2)...

If x E2. y, then ®(x) F O(y).

Suppose ®(x) F ®(y). This means there is some g € S3 so that g - O(x) Efaﬂ ®(y). Consider what

happens for each g € S3: g will be presented in cycle notation.
g = id: It is clear that g - ®(x) Et3aﬂ ®(y) implies that x E2 Y-

tai

g = (0,1): Then a portion of g - ®(x) looks like

- g(x(i))2102012°g(x(i + 1))°2102012°g(x(i + 2))"...

g =1(0,2):

.Dg(x(1))0210120°g(x(i + 1))0210120°g(x(@ + 2))"...
g =1(0,1,2):

. g(x(0))0120210%g(x(i + 1))°0120210%g(x(i + 2))"...
g=1(0,2,1):

g (x(1))1201021°g(x( + 1))'12010217g (x(i + 2))"...
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In all these cases, ®(y) will contain a block of 2012102, but g - ®(x) cannot possibly contain such
a block. So it is impossible that g - ®(x) Efail D(y).

g=(12)

. g(x(0))"10212017g(x (i + 1))°10212017g(x(i + 2))"...
The only way that some tail of g - ®(x) contains blocks of 2012102 is if x Etzail 1. This however
forces g - ®(x) E2 ®(1). This implies that both x EZ, Tand y E2. 1. x E2. y.

tai
This shows that @ is a reduction of Etzail into F' | A.

This completes the proof that £y = Al F I A. O

Theorem 3.10.7. (ZF + AD) “2/Ey does not have the classical 3-Jonsson property.

Proof. Let P : [‘”2]%0 — A be the function from Fact |3.9.1l Fact |3.10.2| shows that P is E to E>

tail
invariant. Note that if (xo, x1, x2) € [“'2]‘;}0 and g € S3, then there is some other 4 € S35 so that

P(Xg(0), Xg(1)> Xg(2)) = h - P(x0, X1, X2).

Define a function ¥ : Z3(“2/Ey)) — A/F as follows: Let D € 3(“2/E;). Choose any
(x0, X1, X2) € [“2]3, s0 that D = {[x0]g,s [x1]5ys [%2]5, }. Let W(A) = [P(xo, x1, %2)]F-

By the above observations, ¥ is a well-defined surjection onto A/F. By Fact there is a
bijection I' : A/F — “2/Ey. Let ® = I' o ¥. By an argument similar to Theorem D

witnesses “2/Ey does not have the classical 3-J6nsson property. O

3.11 Failure of Partition Properties of “2/FE; in Dimension Higher Than 2

This section will use the failure of the classical 3-Jonsson property to show that the classical partition
property in dimension three fails for R/E(. Note that for any Y, the failure of “2/Ey — (“2/ Eo);
implies the failure of “2/Ey +— (“2/ EO)?,.

Theorem 3.11.1. (ZF + AD) For any set Y with at least two elements, “2/Ey — (“2/ Eo)f, fails.

In fact, if Y is a set so that there is a partition of 2/ Ey by nonempty sets indexed by elements of Y,
then there is map f : 23(“2 |Ey) — Y with the property that for all C C “2/Eq with C ~ “2/Ey,
fIZ3(0)] =Y.

Proof. Leta,b €Y. Partition “2/Ej into two nonempty disjoint sets A and B. Let A : “2/Ey — Y

be defined by
a xeA
A(x) =
b xX€B
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Let @ be the classical 3-J6nsson function from the proof of Theorem [3.10.7]
Define f : 23(“2/Ey) - Y by f = Ao ®.

Suppose C C “2/Ep and C =~ “2/Ey. Suppose ap € A and by € B. Since @ is a classical 3-Jonsson
map, there are some R, S € 223(C) so that ®(R) = ag and ®(S) = b. Since f(R) = a and f(S) = b.
23Ol = 2.

For the second statement, suppose (A, : y € Y) is a partition of “2/E into nonempty sets. Define

A :“2/Ey — Y by A(x) = yif and only if x € A,. Let f = A o ®. This maps works by an

argument like above. O

Given a set X and n € w, one can define dx(n) to be the smallest element of w, if it exists, such that
for every k and every function f : &"(X) — k, there is some S C k with |S| < dx(n)and A C X
with A ~ X so that f[Z?"(A)] C S. Say that dx(n) is infinite if no such integer exists.

[1] showed that assuming the appropriate sets have the Baire property, for every n,k € w and
function f : P"(“2) — k, thereisan S C k with |S| < (n—1)! and aset A C “2 with A ~ “2 so
that f[Z"(A)] € S. Hence for n > 0, dwy(n) < (n — 1)! assuming AD.

Under AD™, dwy/g,(2) is finite and equal to 1, but for n > 3, dwy/g,(n) is infinite.

3.12 ﬂIS3EO Is Proper

Fact 3.6.5| shows that ﬁP%O is proper by having a very flexible fusion argument. Moreover, below

any condition (p, g) € @% and countable elementary submodels M, one can find a (M, @% )-master
0 By 0
condition (p’, ¢") so that every element of [p’] Xg, [¢'] is a Péo-generic real over M. This fusion
argument for P%O is also used to prove numerous combinatorial properties in dimension 2. The
analog of most of these properties in dimension 3 fails. No fusion with the type of property that

fP%O has can exist for @?EO. The natural question to ask would be whether I/P%O is proper at all.

This section will show that @%0 is proper via a fusion argument. However, one loses control of

when exactly conditions meet dense sets.

Definition 3.12.1. Suppose (p,q,r) € I’P?%O Let (u,v, z) be a triple of strings in <“2 of the same
lengthn+1 so that {0, 1} = {u(n), v(n), z(n)}. Suppose (p’, q’,r’') <z (E(p,u), E(g,v), E(r, 2)). Let
Ey

EZ’,?;]Z,?r,)(p, q, r) be the unique condition (a, b, c) s%i Y(p, q,r) sothat Z(a,u) = p’, E(b,v) = ¢’
0

3prune

and Z(c,z) = r'.
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In the above, we defined the relation S% as coordinate-wise SI’;E . 3prune§;’,vzlz,)r/)(p’ q,r) has an
E() 0 9 9

explicit definition that is obtained by copying p’, q’ and r’ below the appropriate part of (p, q,r)
like in Definition[3.6.3]

Fact 3.12.2. (With Zapletal) @%O is a proper forcing.

Proof. Let (p,q,r) € @%0. Let = be some large regular cardinal. Let M < Vz be a countable
elementary substructure containing (p, g, r). Let (D, : n € w) enumerate all the dense open subsets

of @%0 that belong to M. One may assume that D,,,; C D,, for all n € w.

If there exists some condition (p’, ¢’, ") <. (p,q,r) with (p’,q’,r") € Dy, then by elementarity

P’;
there is such a condition in M. Let (pg, qo, 10) be such a condition in M. Otherwise, let (po, go, 70) =

(P g, 7).

Suppose one has defined (py, gn, ). Let {(u;, vi, z;) : i < K} enumerate all the strings in <“2 with
length n + 1 so that {u(n), v(n), z(n)} = {0, 1}.

Let (a1, b_1,¢-1) = (Pn> qn> rn)- Fori with —1 <i < K — 1, suppose one has defined (a,-, b;, c;).

b7l ¢zl = (ai, by, c;). Suppose for jwith—1 < j < n+1, one has defined (a

i+1° z+1

Let(al“, i+ z+1’ z+1)

If there exists some condition below (2 (a 1 Uii1), _(le, Vitl)s _(cl“, Zi+1)) that belongs to D1,
j+1 ]+1 j+1
i+1° 1+1’ i+l

j+l i+l j+1 j j
1) If no such condition exists, then let (a; o b Gy ) = (al. b

then choose, by elementarlty, such a condition (a’,b’,c¢’) € M N Dj,;. Let (a;

3prune(”i+l,vi+hzz+l)(a b]

(a’,b’,c") i+12 Vig1o €

Let (aj+1, z+1,Ct+l) = (@bt el Let (Pusts Gnets Fas1) = (ax—1, bx—1,cx-1). Note that

(pn+1’ qn+1, rn+1) < (pna qn, rn)

(P> qns 1) = n € w) forms a fusion sequence in @%0. Let (pw, 9w, 'w) be the fusion of this fusion

sequence. The claim is that this is a (M, @%O)—master condition below (p, g, r).

It is necessary to show for each n that (p.,, g, ') 5= MND,NG # 0. Let G be any P3 -generic
over M containing (p, ¢u, 'w). There is some (p’, q r') € GN D,. Since G is a ﬁlter there is
some (p”,q",r") S@% ' (Pws Guw» Tw) so that (p”,q”,r") € G N D,. By genericity, one may assume
there is some m > n and some (u,v, z) € ™2 so that (p”, g”,r") Sﬁ%ﬁo EPw»u), Z(qw, v), E(rep, 2)).
During the construction while producing (p,, gm, ), the strings (u, v, z) = (4;, v;, z;) for some i in
the chosen enumeration of strings. Note that (p”, ¢”,7”) <z (E(a!” Lu), (b} L), E(c™ L z)
and (p”,q”,r"”) € D,. At this stage, one would have chose(r)l some (a’,b’,c’) € M N D, below
(E(ar1 up), 26T, vi), B, 7)) and set (a, b, c) = 3prune(”"2‘,’z’,)(a” Lot er1). Note that
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P".q".1") <p (E(Pws ), E(Gus V), E(rw, 2)) <z (@, ¥, ¢’). Since G is a filter and (p”, ¢”,1") €
Ep )
G, (d,bV,c") e GN M N D,. This shows that P%O is a proper forcing. O
In the proof, one extends a portion of the three trees to get into a dense set D only if it was possible
p p g y p

and otherwise ignored D. Because of this, one cannot prove that [p,, ] Xg, X[qw] XE, [rw] consists

entirely of reals which are P%O—generic over M.

3.13 E; Does Not Have the 2-Mycielski Property
This section will give an example to show E;| does not have the 2-Mycielski property. The notation
of Definition [3.2.3| will be used in the following.

As in earlier sections, an understanding of the structure theorem of E;-big Zi sets is essential:

Definition 3.13.1. E; is the equivalence relation on “(“2) defined by x E; y if and only if there
exists a k so that for all n > k, x(n) = y(n).

Definition 3.13.2. [/4|] Let s be an infinite subset of w. Let nty : w — s be the unique increasing
enumeration of s. A homeomorphism ®@ : “(“2) — “(“2) is an s-keeping homeomorphism if and
only if the following hold:

1. Foralln € w, if x(n) # y(n), then ®(x)(wy(m)) # ©(y)(ns(m)) for all m < n.

2. Foralln € w, if for all m > n, x(m) = y(m), then for all k > ny(n), ®(x)(k) = ®(y)(k).

Fact 3.13.3. Let B C “(“2) be Z%. Ei 'B =al Ey if and only if there is some infinite s C w and
s-keeping homeomorphism ® so that ®[“(“2)] C B.

Proof. This result is implicit in [18]. See [14]], Section 7.2.1. O

Theorem 3.13.4. Let D = {(x, y) € 2(“(“2)) : 3n)(x(n)(0) # y(n)(0))}. D is dense open and for
all A% B such that E; | B =l Eq, [BLZEI ¢ D.

E| does not have the 2-Mycielski property.

Proof. Suppose (x,y) € D. There is some n € w so that x(n)(0) # y(n)(0). Let o, 7 : (n+1) — 12
be defined by o(k) = x(k) | 1 and 7(k) = y(k) | 1. Then (x,y) € Ny € D. D is open.

Leto,7: m — =“2. Define o/, 7" : (m + 1) —» <“2 by

o (k) k<m 7(k) k<m
o'(k) = and 7'(k) = .
(0) k=m (1) k=m
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Ngr7+ € Ny and Nyv o € D. D is dense open.

Let s C w be infinite. Let 7y : w — s be the unique increasing enumeration of s. Let ® : “(“2) —

“(“2) be an s-keeping homeomorphism.

Let 6, : (my(n) + 1) — '2 be defined by d,(k) = ®(0)(k) | 1. A strictly increasing sequence
(m, : n € w) of natural numbers and functions o, : m, — "2 satisfying the following for all

n € w will be defined:
1. oy (k) C 0y41(k) for each k < m,,.

2. ®[N,,] C Ny, .

n

3. There exists a j < m,, such that 0,,(n)(j) = 1 and for all kK > n and i < m,, 0,(k)(i) = 0.
Letm_;=0ando_1 =6_; = 0.

Suppose m,, and o, have been defined and satisfy conditions 2 and 3 if n > 0. Define y € N,
by y(i)(j) = 0if (i,j) ¢ m, X m,. Then ®(y) € Ns . Since y(k) = 0(k) for all k > n and @
is an s-keeping homeomorphism, ®(y)(k) = ®(0)(k) for all k > m4(n). Thus ®(y) € Ns,,,. By
continuity of ®, there is some M > m,, so that if 7 : M — M2 is defined by 7(i) = y(i) | M, then
®(N;) € N;,,,- Let my1 = M + 1 and define

i=n+l1Aj=M

o)=Yy ‘
y(@)(7) otherwise

my,+1 and 0,4 satisfy conditions 1, 2, and 3.

Let x € “(“2) be so that {x} = (N, No,,. (0 E; x) since for all n, there exists a j so that
x(n)(j) = 1 by condition 3. However since ®(x) € N;, for all n, (®(0), ®(x)) ¢ D. From Definition

3.13.2, @ is a E; reduction so =(®(0) E; ®(x)). Hence [CI)("’(“’Z))]%I ¢ D.
So it has been shown that for all infinite s C w and s-keeping homeomorphisms @, [D[¢ (“’2)]]%Sl o

D. By Fact [3.13.3] every A{ set B so that E; [ B =al E/ contains ®[“(“2)] for some s and

some s-keeping homeomorphism ®. Therefore, [B]%51 ¢ D for all such B. E; does not have the

2-Mycielski property. O

3.14 The Structure of E,

This section will give a proof of a result about the structure of E-big sets necessary for analyzing
the weak-Mycielski property for E>. The proof is similar to but a bit a more technical than the

argument of [13]] Theorem 15.4.1. Some of the notation and terminology come from [13].
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Definition 3.14.1. Suppose x,y € “2. Define

o(x,y) = Z ﬁ

kexAy

Suppose m < n < w. Suppose x,y € N2 where n < N < w. Define

5;;;(x,y):2{kll :(mSk<n)/\(k€xAy)}.

Let A,B C “2. Letm < n < w. Let € > 0. Define 6!'(A, B) < € ifand only if for all x € A, there is
some 'y € B so that 6),(x,y) < € and for all y € B, there exists some x € A so that 6)}(x,y) < €.

Definition 3.14.2. FE; is the equivalence relation on “2 defined x E; y if and only if 6(x, y) < oo.

Lemma 3.14.3. Let m < n < w. Fix N sothatn < N < w. Ifn < w, then 6, is a pseudo-metric

onN2. Ifn = w, then 8", is a pseudo-metric on any E, equivalence class.

Lemma 3.14.4. Let m,p € w. Let g € Q*. Let (X; : i < p) be a sequence of le(z) subsets of “2.
Let (x; : i < p) be a sequence in 2 with the property that x; € X; and 6°(xo, x;) < q. Then there
exists a sequence (X; : i < p) of Z}(z) sets with x; € X; and 83(Xo, X;) < q.

Proof. Let

Xo=4x€Xy: (Jz1, s 2p-1) /\ zZeX A O(x,z) < g

1<i<p
For 1 <i < p, define
X = {x € X;: (Fz)(x € Xo A 6%(x,2) < q)} .

O

Lemma 3.14.5. Let m,p € w. Let g € Q*. Let (X; : i < p) be a sequence of 2%(2) sets with
5;1’()?0, X)) < qforalli < p. Let j < p. Suppose A C Xj isa Zi(z) set. Then there exists a sequence
(X;:i<p) oni(z) sets with the property that for all i < p, X; C X;, X; = A, and 6,(Xo, X;) < q.

Proof. Let
Xo={x¢€ Xo: (F2)(z€ ANG(x,2) < q)}.

Foralli < pandi # j, let
Xi={xeX; :(F2)(z € XoAbux,2) < q)}
Letx& = A. O
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Lemma 3.14.6. Let m,p € w. Let g € Q*. Let (X; : i < p) be a sequence of Zi(z) sets with
6%()20, X)) < gforalli < p. Let D be a dense open subset of P,. Then there exists a sequence
(X;:i<p) on%(z) sets with X; € X;, X; € D, and 0w (Xo, Xi) < g foralli < p.

Proof. Let Yl.'1 = X;.

One seeks to define Z}(z) sets Yl.j for all =1 < j < p with the property thatif -1 < j < p — 1, then
Y/t ¢ Y/, and forany -1 < j < pand 0 <i < p, Yj’ € Dand 64(Y],Y/) < q.

i =

Suppose one has defined Yl.j with the desired properties for j < p— 1 and all i < p. Since D is

dense open in P,, pick some A C ij+1 so that A € D. Use Lemma [3.14.5| with {Yij :i < p}and

AC Yl.j to obtain {Yl.j e p} with the desired properties.

Let X; = ¥, o

In the previous three lemmas, the first set was distinguished. In the following argument, we index
the sets by strings and so in applications of the three lemmas, one will need to indicate what this

distinguished set is.

Lemma 3.14.7. Let 7 € “2. Letk,m,p € w. Letr,v € Q*. Let (B : s € 2 Ai < p) be a sequence
of Z}(z) sets. Let (b, : s € K2 Ai < p) be a sequence in “2 with b, € B.. Suppose for all i < p,
6%(198,{, bi)k) < r. Suppose for eachi < p and for all s € *2, (5;‘n’(bi)k, b)) < v. Let D be a dense open
subset of P,.

Then there is a sequence (Ct : s € K2 Ai < p} of 2%(z) sets so that for all i < p and s € *2,
Si(Cos CL) < 1, 6(CLL, CE) < v, and C; € D.

Proof. For each i < p, apply Lemma [3.14.4to {B. : s € ¥2} and {b : s € ¥2} using 0 as the
distinguished index to obtain a sequence of 2(z) sets {E! : s € 2} with the property that E! C B,
v € Ej, and 65 (E} . E}) < v.

V&d

Now apply Lemma [3.14.4/ to {Eék 11 < p}and {bi)k : i < p} with O as the distinguished index to
obtain le(z) sets A; C Eék so that 62(Ag, A;) < .

For each i < p, apply Lemma [3.14.5[to {E! : s € %2} with O as the distinguished index and

A; C E], to obtain X(z) sets G-~ with the properties that ng_l = A; and 5;;;(68;1, G: <.

Note that since Gg,:l = A, the sequence {Gg’_1 i < p A s € K2} has the property that for all i < p,
84(Go !, G !y < rand for each i < pand s € ¥2, 54(Gy !, Gy < v.
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One wants to create Gi’j for—1 < j < p,i < p, and s € ¥2 so that
(i) Foreachi e w,s € *2,and -1 <1< j < p, G c GY.

(i) For all i < p, 5%((;8,{, G” hy<r.

(iii) For each i < p and s € *2, 5‘“(G0k, Gi’j) <.

v Ifj > 1and0<l<],thenG e D.
This already holds for j = —1. Suppose the construction worked up to stage j < p — 1 producing

objects with the above properties. Apply Lemma|3.14.6[to {G£+1’j : 5 € K2} to get sets {G£+l’j T
s € ¥2} each in D and 5‘“(GJ+1J+1 Gy <y,

Next apply Lemma 3.14.5|to {Gi’j .1 < p} with 0 as the distinguished index and Gj Lt ¢ Gj L

to obtain sets Gg{Jr C G, J with (5‘”(G0] G +1) < r. (Note it is acceptable to use the notation
Jj+1,j+1
GOk

since it is the same set as before by the statement of Lemma (3.14.5})

For eachi # j + 1, apply Lemma 3.14.5/on {Gi’j s € K2} with OF as the distinguished index and

G;i” C G” to obtain sets {G>/*! : s € ¥2} with the property that 6‘”(G”+1, G"*1Y < v. This

completes the construction at stage j + 1.
Let Ci = G271, O
Definition 3.14.8. (/./3] Definition 15.2.2) Let g > 0 be a rational number. Let A C “2. Let a € A.

The q-galaxy of a in A, denoted Gali(a), is the set of all b € A so that there exists ay, ...,a; € A
with a = ag, b = a;, and 6(a;, aj+1) < qforall0 <i <[ -1.

A C “2 is g-grainy if and only if for all a € A and b € Gal’ ala), 6(a, b) < 1. Ais grainy if and only

if A is g-grainy for some positive rational number q.
Fact 3.14.9. Let z € “2 and rational ¢ > 0. If Ais a Zi(z) q-grainy set, then there is some B 2 A
which is A%(z) q-grainy.

Proof. (See [13]], Claim 15.2.4 for a more constructive proof.)

LetU C wx“2be auniversal E% (z) set. The relation in variables e, a, and b expressing b € Gal? . (a)
is Zi(z).

Let A be the collection of all le(z) g-grainy subsets of “2.

{e: U € A} ={e: (Va)(Vb)(b € Gal!,(a) = 5(a,b) < 1)}
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This shows that (A is a collection of Zi(z) sets which is H}(z) in the code. By Z}(z) reflection,
every Z} (z) g-grainy set is contained inside of a A} (z) g-grainy set. O

Definition 3.14.10. Let z € “2. Let S, be the union of all A}(z) grainy sets. Let H, = “2\ §..

Fact 3.14.11. Let z € “2. S, is Hll(z). Hence H; is Z}(z).

Every nonempty Z{ (z) subset of H, is not grainy.

Proof. Similar to Fact O

Theorem 3.14.12. Let 7z € “2. Let p € w. Suppose (X; : i < p) is a collection of Z}(z) subsets
of “2 with the property that (\;,[Xi N H;|g, # 0. Then there is a strictly increasing sequence
(my : k € w) and functions g' : <“2 — <2 for each i < p with the following properties:

1. If |s| = k, then for alli < p, g'(s) € ™2,

2. If s C t, then foralli < p, g'(s) C g'(¢).

3. IfIs| = |t| = k > 0and s(k — 1) = t(k — 1), then 6, (g'(s), g' (1)) < 27*+D),

4. If |s| = |t| = k > 0and s(k — 1) # t(k — 1), then |6, (g'(s), g'(t)) — ¥ < 27*+D),

5. Fori,j <pands € 2withk >0, 6p* (g'(s), g/(s)) < 27*+D,

6. Define ' (x) = e, &(x I n). @ : “2 — X;NH, is a reduction witnessing E, <al E, | XinH..

Moreover, fori, j < p, [P[“2]]g, = [®/[“2]]E,.

Proof. During the construction, one will seek to create

(i) a strictly increasing sequence (my : k € w),

(ii) for each i < p and s € <“2, Z{(z) sets Ag,

(iii) and for each i < p, g(s) € <“2.

These objects will satisfy the following properties:

(D) If |s| = k, then |g/(s)| = my. s C t implies g'(s) C g'(¢).

(D) 0 # AL € X' N H, N N,i(y). s C ¢ implies A} C AL

(I If k > 0, |s| = k, then &, (AL, Ay < 27+% where OF : k — 2 is the constant 0 function.

(1L
(AV)Ifk > 0, |s| = |¢| = k, and s(k — 1) = t(k — 1), then 6 (g'(s), g'(t)) < 2%+
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(V) Ifk >0, |s| = |t| = k, s(k — 1) # t(k — 1), then |6, (g°(s), g'(1)) — 1| < 27+,
(VD If |s] = k and i < p, 6% (A9, A]) < 27(k+0),
(VID If |s| = k and k > 0, then &,,*_ (g'(s), g/ (s)) < 27+,

(VIID) Let D = (D, : n € w) be the countable collection of dense open subsets of P, from Fact
Forall s € <2 andi < p, Aé € Dy

Suppose it is possible to construct these objects having the above properties. It only remains to
verify 6: {®'(x)} = Ngew Axk by (I) and (VIID). Hence @' maps into X; N H; by (II). Note that
S(Di(x), @/ (y)) = limy—e0 6% (g (x 1 k), g/(y | k)). Also using (IV) and (V), for any k

|55 (8' (x 1 k). g' (v 1K) = S5(x 1k, y k)| < Zz—(jﬂ) <1
j<k

Hence @'(x) E; ®i(y) & 6(Di(x), P(y)) < 00 & 6(x,y) < 00 & x E, y. This shows each @
witnesses E» <al E> | X; N H,. Using (VII), for each i, j < p and x € “2,

(@' (x k)l (x 1)) < ) 27U <
j<k
Hence ®(x) E; ®/(x). Hence [®'[“2]]g, = [®/[“2]]E,

Next the construction: Since (;,[X; N H;]g, # 0, let (b‘b : 1 < p) be such that for all i, j < p,
b’b E, bé) and b‘b € X; N H,. Therefore, choose my € w so that for all i < p, 6;;’10(b0, b’b) <275, For
eachi < p, let g'(0) = b’b I my.

Let By = X; N H. N N,i(). Apply Lemma 3.14.7|to {B} : i € p}, {b}, : i < p}, and the dense open
(in P,) set Dy (where r = 276 and v = 1) to obtain sets Aé) with the desired properties.

Suppose the objects from stage k have been constructed with the desired properties.

As Agk C H,, Fact [3.14.11| implies that Agk is not 2-**3)_grainy. Hence there is a sequence

ao, ..., apy of points in AO so that for each 0 <j<M-1, (5(aj, aj1) < 2-(k+5) pyt o(ap, ap) > 1.

Hence there is some / so that §(ag, a;) > k+1 and 6(ag, ar) — /g <27 (k+5)

Let b0, = a and b0, = a;. Since &, (A), A}) < 275+ by (VI), find b, bi,. € Al, so that

0k~0 ' Ok+1?
S(B0.s b)) <27 ao) and 6(b° m) < 2-(k+6)

Ok+ 0k~1’

The claim is that for all i < p, 6% (b ﬁl < 27k+9. To see this,

Ok+l’ ) -

(b0k+1’ 0k~ ) |

k+1
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1
< |5 (b0k+17 kAl) - 5 (b0k+l’ kAl)l + |5 (b0k+l’ )_ k + 1|

< |5 (b0k+1’ kAl) - 5 (b0k+l’ kAl)l + |6 (b0k+l’ kAl) - 6 (b0k+l9 kA1)| + 2_(k+5)

< 6w (b0k+17 k+1) + 6 (bok 1’ kAl) + 2_(k+5)
< 2—(k+6) + 2—(k+6) + 2—(k+5) — 2—(k+4)
This proves the claim.

Now fix ai < p. By (III), 6% (A Ay < 27+ for each 1 € ¥2. For each s € ¥+12, let b, € Airk

0k’

(k+4)
be such that 6, (bokA *y b)) < 2”
Suppose s € ¥*12 and s(k) = 1.

1
|65 (Bl D) = m|
1
< |6 (b0k+l’ s) (b0k+1’ kAl)l + | (b0k+1’ 0k*1 ) ml

< 8(F, b’ D+ p=(ktd)  p=(k+4) | o=(k+4) _ »=(k+3)

By (I), (Il), and the fact that bokH, b .. | € Ai)k, there exists some my, > my so that
() 10t (B ) = | < 2704 for all s € 12 with s(k) = 1.
(i) 8, (B0, By y) < 27D forall i < p.

(iii) 6, (B, by) < 270+ forall s € £+12.

Let g'(s) = b\ | my41. Suppose s(k) = t(k). Without loss of generality, suppose s(k) = t(k) = 1.
Then

l’l’lk+l(g (S) g (t)) < 6Mk+l(bl bl )+ 5mk+l(b0kq’bl) < 2—(k+4) +2—(k+4) — 2—(k+3) < 2—(k+2)

This establishes (IV).

Suppose s(k) # t(k). Without loss of generality, suppose s(k) = 1. Hence #(k) =
|G (8'(5), (1)) — —I

o 1
< |5mk+1(bls’ blt) - 61’;z1k+l(bl bl k+1)| + |5mk+1(bl bl k+1) - ml
< 5mk+l(bl bl k+1) + 2—(k+3) < 2—(k+4) + 2—(k+3) < 2—(k+2)

This establishes (V).
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Let s € ¥*12. Without loss of generality suppose s(k) = 0. Suppose i, j < p. Observe:
St (8'(s), 87(5)) < 6 (B, b)) < 8 (bL Bl ) + 60 (b, b))

< 6w (bl blk+l) +6 (bokﬂ’ .k+l)+ mk(b]k+l’ )

S 6w (bl bl k+l) + 6 (b0k+l9 k+l) + mk(bokﬂ’ k+1) + 6 (b0k+19 )

< 2—(k+4) + 2—(k+6) + 2—(k+6) + 2—(k+4) < 2—(k+3) + 2—(k+5) < 2—(k+2)

This establishes (VII).

For s € 12, let Bi = A ¢ N Ngi(s)- Apply Lemma (3.14.7| on (Bl :i < pAs e K12},
(B i <pAse k+‘2}, ro= 2" (k+7), v = 27&+5 and Dy, to obtain the desired objects
(Al :i < p A s € ¥12) which satisfy the remaining conditions.

This completes the proof. O

By relativizing to the appropriate parameter, one can obtain the following result.

Corollary 3.14.13. Let p € w. Suppose (X; : i < p) is a collection of Z} subsets of “2 with the
property that for all i < p, E; <A1 E> | X; and for all i,j < p, [Xilg, = [Xjlg,- Then there
exists a sequence of strictly increasing integers (my : k € w) and maps g' : <“2 — <“2 satisfying

conditions 1 - 5 of Theorem[3.14.12)

Fact 3.14.14. Let B C “2 be a Z} so that E» SA{ E> | B. There there exists a strictly increasing

sequence (my : k € w) with mg = 0 and function g : <“2 — <“2 with the following properties:

1. If |s| = k, then |g(s)| = my.

2. If s Ct, then g(s) C g(1).

3. If|s| = |t| = k > 0and s(k — 1) = t(k — 1), then &,  (g(s), g(1)) < 2~(k+D)

4. If |s| = |t| = k > 0 and s(k — 1) # t(k — 1), then |5,,°_ (g(s), (1)) — %l < (k1)

5. Let @ : “2 — “2 be defined by ®(x) = U,ep, &(x T n). Then @ is a A} function such that

®[“2] C B and ® witnesses E; <al E, | B.

Proof. This is implicit in [8]]. Also see [13]] Theorem 15.4.1 and [[14]] Theorem 7.43. The proof is
quite similar to Theorem [3.14.12] m|
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3.15 E, Does Not Have the 2-Mycielski Property
Theorem 3.15.1. Let D C %(“2) be defined by

D ={(x.y) €%(“2): @i < j)(©6!(x.y) > 2 A (Yn)i < n < j = x(n) # y(n))}
D is dense open.
Let (my : k € w), g, and ® be as in Fact (@(0), CD(()T)) ¢ D.
For any A% set B so that E; | B =al E, [B]%2 ¢ D.
E5 does not have the 2-Mycielski property.
Proof. Let (x,y) € D. There is some i < j so that for all n withi < n < j, x(n) # y(n) and
6/(x,y)>2. Leto=x [ (j+1)andlett =y | (j +1). Then (x,y) € Ny.r C D. D is open.

Let 0,7 € *“2 with |o| = |7|. Leti = |o|. Find a j > i so that 3}, ﬁ > 2. Leto’, 7" € /*12
be defined by

") o (k) k<i 4 k) 7(k) k<i
o = and T = .
0 otherwise 1 otherwise

Ny' 7 € Ny and Ny - € D. D is dense open.

Z mi—l 227

M1 <m<my

Note that one must have

because % —27k=1 > =k _p=k=1 = 2=k=1 3nd so otherwise, condition 4 could not hold for any
s,t € K2 with s(k — 1) # t(k — 1).

This implies that for any s and ¢ so that s(k—1) = t(k—1), there must be some m withmy_; < m < my,
so that g(s)(m) = g(¢)(m).

Note that for all s,z € ¥*12.

m, m, M+ 1 —k— 1 —k—
1 (8() (1) = Gt (8(5).8(0) + i (8(s), (1) < 7+ 277 4 272 <2

Hence for any s, ¢, if there exists i < j so that 6{ (g(s), g(t)) > 2, then there is some k > 1 so that

I <myg_g <mg <mgy1 < J.

Now suppose that there is some i < j so that 6{ (D(0), CD(()T)) > 2. There is some k > 1 so that
i < mygop < my < mgyp < j. Without loss of generality, suppose k is even. 0(k) =0 = ()T(k).

66



By the above, there is some [ with m; < [ < my4; so that ®(0)(]) = (D(E)T)(l). This shows
(@(0), ©(01)) ¢ D. ~(0 E, 01) so ~(@(0) E, ®(01)). Hence [®[“2]] ¢ D.

It has been shown that for all (m; : k € w), g, and associated @, [D[* ]]]52 €D.IfBC“is All
with the property that E; | B = Al Ej>, then Fact[3.14.14|implies that there is some (my : k € w) and
g so that ®[“2] C B. This shows that for all such B, [B]%2 ¢ D. E, does not have the 2-Mycielski
property. O

Theorem 3.15.2. For each n € w, let
Dy={(x,y)€?“2):(Fi<Hn<i<jA 5{()6, y)>3ANm)(i <m<j= x(m)# y(m)))}.
Each D, is a dense open subset of >(“2). Hence C = (e, Dy is a comeager subset of *>(“2).

Suppose (my : k € w), g°, g!, ®°, and ®' have properties 1 - 6 from Theorem |3.14.12| Then
(@°(0), ®'(01)) ¢ C.

For any All sets By and B, with E; SAII E, | By, E» SA} E> 1 By, and [Bolg, = [Bilg,,
By XE, B, ¢_ C.

E5 does not have the weak 2-Mycielski property.

Proof. Using Theorem[3.14.12}if |s| = |¢| = k > Oand s(k—1) # t(k—1), then |5, (g°(s), &' (1))
%l < 27%, To see this:

l6me_, (8%(s), 8" (1) = —|

< |6, (°(s), ' (1) = Gme_, (81 (), 8 ()| + s, (8" (), 8" (1)) - —|

< (5%}’: l(go(s) g (s)) + 2~ (k+1) <2- (k1) | p=(k+1) _ o=k
Also if [s| = |¢] = k > 0 and s(k — 1) = 1(k — 1), then &,,"_ (¢%(s), g'(1)) < 27%. To see this:

St (87(5). 81 (1)) < Gt (8%(s). 81 () + Ot (8 (s). (1)) = 27 4 270D = 7

D,, is dense open by the same argument as in Theorem [3.15.2]

1 _
Z m+122k

My <m<my

Note that if £ > 0O, then

because % — 27k > p=(k=1) _ 2=k — 2=k and so otherwise |Gy l(go(s),gl(s)) - %l < 27% could not

hold.
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Therefore if |s| = |¢t| > 0, and s(k — 1) = t(k — 1), then there must be some m with my_; < m < my,
so that g%(s)(m) = g'(¢)(m).

Note that for all s, 7 € ¥*12 with k > 0,

m, m, M+ 1 - 1 -
S (8(), (1) = G (8(5),8(0) + S (g(s), g(0) < £ +27 4 = + 27D <3,

Hence for any s, ¢, if there exists i < j so that 5{ (g%(s), g'(¢)) > 3, then there is some k > 1 so that

I <my_y <myg <myg <.

Now by essentially the same argument as in Theorem [3.15.1} (@°(0), @1(01)) ¢ D,,,. Hence
(@°(0), ®'(01)) ¢ C.

Now suppose that By and B; are some A} sets so that E» SA: E, | By, E» SA: E>, | By, and

[Bolg, = [Bilg,. By Corollary [3.14.13] there is a sequence (m; : k € w), g% g', ®° and ®' as
above so that @' [“2] € B;. By the earlier argument, By Xg, By ¢ C. Hence E, does not have the

weak 2-Mycielski property. m|

3.16 Surjectivity and Continuity Aspects of E;
Fact[3.14.14 states that every Z} set B C “2 so that E» SA} E> | B has a closed set C C B so that
E, = Al E> | C. Fact|3.14.14|even asserts that C is the body of a tree on 2 with a specific structure:

Definition 3.16.1. A tree p C <“2 is an E,-tree if and only if there is some sequence (my, : k € w)
andmap g : <2 — <“2 satisfying the conditions of Fact|3.14.14|so that p is the downward closure
of g[<“2]. Note that if ® is the map associated with (my. : k € w) and g, then [p] = ®[“2].

The following notation is used to avoid some very tedious superscripts and subscripts in the

following results:
Definition 3.16.2. If x,y € “2 and m,n € w with m < n, then let ¢(m,n, x,y) = 01 (x, y).

Fact 3.16.3. There is a continuous function P : [“ 2]3E2 — “3 so that for any E>-tree p, P[[[p]]%z] =
@3,

Proof. For (x,y) € [“’2]%2 and any n, m € w, define
Sum(x,y) = min{k € w : 6¥(x, y) > 3%}

Each S,,,, is continuous on [“’2]1352.
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If (x,y,2) € [“’2]32, then define a strictly increasing sequence of integers (L, : n € w) by recursion

as follows: Let Ly = 0. Given L,, let

Ly = min{Sp, n(x, ¥), SL,.n(X, 2), Sp,,n(y, 2)}
(It is implicit that L, depends on the triple (x, y, z).) By induction, it can be shown that each L, as

a function of (x, y, z) is continuous on [‘”2]%2.

Define
0 SLnJl(x’ y) < SLn,n(x’ Z) and SLn,n(x’ y) < SLn,n(y, Z)

P(x,y,z)(n) =131 Sp,n(x,2) < Sp,.a(x,y)and S, n(x,2) < S, (¥, 2)
2 St,n(y,2) < Sr,.n(x,y)and S, (v, 2) < Sr,.2(%,2)

P is continuous on [‘”2]%2.

Also define the sequence of integers (N, : n € w) by recursion as follows: Let Ny = 0 and if N,
has been defined, then let

1 .
Ny+1 = min {k Ew: Z (? _ 2—(l+2)) > 3n+2}
i

N;<i<k

Note that N,;1 > N, + 2 for each n € w. By the definition of N,1, one has that

( 1 _2—i—2) < 3n+2
Nosichp-1 VH 1
These two facts imply
1 n+2 1 —i-2 n+2
> o <3 D ey 3.1)
Ny<icN, LT ntl N <i<Np -1

Let k, = N,»; — N,. Fix av € “3. Define o, 7, € k2 by

11k v(in) =0 171k vin) =1
Op =9\ — Th =93y —
01 T &, otherwise 10 T k, otherwise

Let x = 0, y =o0go10n" ..., and z = 179°1;"12.... Note (x, y,z) € [“’2]‘22.

Fix an E)-tree p. Let (my : k € w), g : ~¥2 — ~“2, and @ : “2 — “2 be the associated objects of

p coming from the definition of an E,-tree.

69



Suppose v(n) = 0, then

s(mp,, my,,,, ©(x), d(y)) = Z s(m;, miy1, ®(x), O(y)) > Z (L _ 2—i—2) S 32

Np<i<Np1 Ny <i<ng4i i+1
(3.2)
using the definition of N,,1. Also
1 . 3
s(my,, my,,.,, D(x), d(y)) < Z — 2‘"‘2) <3241+ Z 2772 L 32 3
NpSicp VT N Si<Noi1
(3.3)

using equation (3.)) for the second inequality.

Note also

SmN, My, 1> (), B(2) = G(m,, 1,11, D), PN+ D 6y, misy, B(x), D(2))

Np<i<Npi1
1 1 1 ,
< 427 N2 4 Z 4 Z 272

No+1 2 No<i<Npar ' +1 Ny <i<Nps1
1211(1) o, 13
= — + = + 277 < (3" + =
2 Nyha, i+1 2\N,+1 an;v,,ﬂ 2 2

using equation (3.1)). In summary,
1 n+2 3
(i, iy, Px), D(2) < 537 + 5 (3.4)

Similarly, ¢(my,, my,,,, P(y), P(z)) < %(3"*2) + % The case for v(n) = 1 and v(n) = 2 are similar.

It remains to show that P(®(x), ®(y), O(z)) = v. In the following, let (L, : n € w) be the sequence
defined as above using (®(x), ®(y), ®(z)). The following statements will be proved by induction on

n:
(D my, < Lpy1 < my,,,,.

(D P(@(x), (y), D(2))(n) = v(n).

(IIT) The following holds:

1 3
max{g(L}’H-l’ mN,H_l, (D(.X), (D()’)), g(Ln-Fl’ mN,H.]’ (D(X), (D(Z))a g(Ln+l, mN,H.]’ q)(y)’ (D(Z))} < §(3n+2)+§

Suppose properties (I), (IT), and (III) holds for all k < n. Suppose v(n) = 0. (The other cases are

similar.)
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L, < my, by definition if n = 0 and by the induction hypothesis otherwise. Therefore,

g(Lna MmN, > (D(X), (D(y)) > g(mNn’ mny, ., » (D(X), (D(y)) > 3n+2

using equation (3.2)). This shows L1 < Sg, 2(®(x), D(y)) < my,,,. Using the induction hypothesis
or the definition when n = 0,

1 3
max {g(Ln, my,, O(x), D(y)), s(Ly, mp,, P(x), D(2)), s(Ly, my,, P(y), (D(Z))} < E(3n+1)_|_ 3 < 32
Hence L, ;1 < my, is impossible. This proves (I).

Observe that
§(Ly, my,,,,, ©(x), D(z)) = ¢(Ly, my,, D(x), ®(2)) + g(mn,, my,,,, (x), ©(z))

1 n+l1 3 1 n+2 3 n+2
— Z 4+ - Z <
<2(3 )+2+2(3 )+2_3

using the induction hypothesis and equation (3.4). This shows Sy, ,(P(x), ®(z)) > my,,,,. Similarly,
S1, 2(©), ©(2)) > mn,,,. Si, (O(x), D(y)) < my,,, has already been shown above. Thus

P(O(x), D(y), D(2))(n) = 0 = v(n).
This shows (II).

Note that
3

1
§(Lps1, my,,., ©(x), D(2)) < ¢(my,, my,.,, P(x), B(z)) < 5(3“2) t3
using equation (3.4). Similarly,
3

1
s(Lps1, my,,,, P(y), P(2)) < 5(3“2) + 5

Finally,

g(Lm my,.» q)(x)’ CD()’)) = g(mNn’ mn, ., » (D(X), (D()’))_(S'(Lm Ln+l’ (D(.X), (D(y))—S'(Lm my,, CD(X)9 CD()’)))
1 3 3

3 1
n+2 |, 2 aqn+2 | " ran+l - ~(an+2 -
<3 +2 3 +2(3 )+2<2(3 )+2

using equation (3.3)), the definition of the sequence (L, : n € w), and the induction hypothesis.
This proves (I1I). a

Theorem 3.16.4. There is a continuous function Q : [‘”2]?52 — “2 so that for any E)-tree p,

31 _w
OlllpIE, 1 = 2.
There is a Aifunction K :3(“2) — “2 so that on any Zi set A with E» <al E> A K[[A]%z] =)

(and in particular the image meets each E,-equivalence class).
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Proof. One can obtain Q by composing the function from Fact with a homeomorphism from

w3 — @),

One can obtain K by mapping elements of 3(“2) \ [“’2]§E2 to 0 and mapping elements in [“2]3,
according to Q. Note that by Fact[3.14.14] every such set A contains an Ej-tree. o

Lemma 3.16.5. Let X and Y be topological spaces. Let 8 C Z(X) be a nonempty family of
subsets of X. Let A CY be Borel. Suppose f : X — Y is a Borel function with the property that for
all B € # and open U C X with U N B # 0, there exists an x € Bwith f(x) ¢ Aandanx’ e UNB
with f(x") € A. Then there is a Borel function g : X — Y such that g | B is not continuous for all
Be A.

Proof. The assumption above implies that A is Borel but not equal to either () or Y. The topology
of Y isnot {0, Y}. There exists some y;, y» € Y and openset V C Y with y; € V and y, ¢ V. Define

Y1 fx)g A

g(x) = :
2 fx)eA

Suppose there was some B € # so that g [ B is a continuous function. By the assumptions, there
isax € Bsothat f(x) ¢ A. So g(x) = y;. By continuity, g~'[V] N B is a nonempty open set
containing x € B. There is some U C X open so that g~![V] N B = U N B. By the assumptions,
there some x” € U N B so that f(x’) € A. Hence g(x") = y, ¢ V. Contradiction. O

Fact 3.16.6. There is a A% function P’ : [‘“2]?52 — “3 so that on any E-tree p, P’ | [[p]]f52 is not

continuous.

Proof. Apply Lemma|3.16.5to X = [‘”2]%2, Y =93 %= {[[p]]%z : pis an E)-tree}, f the function
P from Fact|3.16.3, and A = {z € “3 : (Fk)(Vn > k)(z(n) = 0)}. It remains to show that these
objects satisfy the required properties of Lemma

Fix an E)-tree p. Let (my : k € w), g : “2 — <“2, and @ be the objects associated with
p from the definition of an E,-tree. Fact [3.16.3implies P[[[p]]3>.] = “3. Hence there is some

E,
(x,y,2) € [[p]]f’i2 so that P(x,y,z) ¢ A. Let U C [‘“2]?52 be open so that U N [[p]]%2 # (. There
are some s,f,u € ““2 so that 0 # Ny, N [[p]]%2 cun [[p]]%z. Let X' = 50, y/ = 1, and

7 = uol. Using the computation from the proof of Fact(3.16.3 if k is chosen so that Ly > m,
then for all n > k, P(®(x"), ®(y"), ®(z"))(n) = 0. Hence (O(x’), D(y"), d(z)) € U N [[1.9]]3E2 and
P(D(x"), D(y'), D(2')) € A. 0
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Theorem 3.16.7. There isaAifunctionK : 3(“2) — “2 50 that for any Zi set Awith E» <al E, T A

K | A is not continuous.

Proof. Use the usual arguments to adjust the domain and range of the function from Fact[3.16.6
Then apply Fact[3.14.14] m]

Corollary 3.16.8. E> does not have the 3-Mycielski property.

Proof. Let C C 3(“2) be any comeager set so that K | C is continuous. Then C witnesses the

failure of the 3-Mycielski property for E. O

3.17 The Structure of E3
This section will give the characterization of E3-big Z} sets coming from its dichotomy result. See

the references mentioned below for the details.

Definition 3.17.1. E3 is the equivalence relation on “(“2) defined by x Es y if and only if
(Yn)(x(n) Ey y(n)).
Definition 3.17.2. Let (-,-) : 2w — w be some recursive pairing function.

2w — w be projections onto the first and second coordinate, respectively.

Let i, :
Let A C w. Define dom(A) = {(i, j) : (i, j) € A}.

If A C w is finite, let L(A) = sup r;[dom(A)].

If s € "2, let grid(s) : dom(n) — 2 be defined by grid(s)(i, j) = s({i, j)).

Definition 3.17.3. Z, is the group (2, +%2,0) where +%2 is modulo 2 addition and 0 denotes the

identity element.

Let “Zy = (“2, +72 ()) where +°22 is the coordinate-wise addition of +22 and 0 is the constant 0

function.

Let“(“Zy) = (“(“2), + “22) 0) where +~(“22) js the coordinate-wise addition of +° %2 and 0 € “(“2)
is defined by 0(k)(j) = 0 for all k, j € w.

Let Z C “2 be defined by Z = {x € “2 : (3k)(Vj > k)(x(j) = 0)}.
P, 22 = (Z, +°%2_0) is the w-direct product of Z».

“(PB,en, 22) = (“Z, +°(“%2) 0) is the w-product of PB,co, Zo-
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If g € “(P, e, Z2). define supp (g) = {n € w: g(n) # 0}.

@( Zy) acts on “(“2) by left addition when “(“2) is considered as “(“Z;). That is, g - x =
new
g+ (7 g,

Fact 3.17.4. x E3 y if and only if there isa g € “(D, ., Z>) so that x = g - .

new

Definition 3.17.5. A grid system is a sequence (gs; : s,t € 2 A|s| = |t]}) in “(P,c,, Z2) with
the following properties:

() If s,t,u € "2 for some n € w, then g5y, = gru +°(Dnew 22 8sit-

(Il) Forallm < n, s,t € "2, u,v € "2 and |l € mi[dom(n)] withu C s, and v C t, if
grid(s) [ dom(n \ m)N (({ + 1) X w) = grid(¢) [ dom(n\ m)N((l + 1) X w)

then for all i < 1, g(i) = guv(i).

Fact 3.17.6. Let B C “(“2) be Z} sothat E3 [ B = Al E5. Then there is a continuous injective map
D : “(“2) —> “(“2), a grid system (gs; : s,t € ““2 A|s| = |t]), and sequences (k; : i € w) and

(Pmi = m,i € w) in w with the following properties:

(i) [*(“2)] < B.

(ii) If s, t € "2, then supp (gs) € (kry + 1)

(iii) For each m € w, (k; : i € w) and (py; : i € w) are strictly increasing sequences.

(iv) For all x,y € “(“2) and m, j € w, if x(m)(j) = 0 and y(m)(j) = 1, then ®(x)(ky)(Pmj) = 0
and O(y)(km)(pm,j) = 1.

(v) Let x,y € “(“2) and | € w. Suppose

(VG ) € (@ + 1) x @)\ dom(m) (x()()) = y@)()).

Let s,t € "2 be such that for all (i, j) € dom(n), grid(s)(i, j) = x(i)(j) and grid(z)(i, j) = y(@)(j).
Then (g5, - ©(x))(1) = D(y)(1).

Proof. This is implicit in [9]. See the presentation in [13]] Chapter 14, especially Section 14.5 and
14.6. O

Note that ® as above is an E3 reduction.
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3.18 E; Does Not Have the 2-Mycielski Property
Definition 3.18.1. For each s € =“2, let Ngiqis) = {x € “(“2) : (V(i,j) € dom(|s]))(x(i)(j) =
s((, )}

Each Nyriq(s) is an open neighborhood of “(“2) and also the collection {Ngriq(s) : s € ~“2} forms a
basis for the topology of “(“2).

When o : m — <“2, then N, will refer to the usual basic open neighborhood of “(“2). Both types

of open sets will be used in the proof of the following result.

Theorem 3.18.2. Let D = {(x, y) € 2(“(“2)) : x(0) # y(0)}. D is dense open.
For all Z} sets B C “(“2)with E5 | B =al Ejs, [B]%3 ¢ D.

Es5 does not have the 2-Mycielski property.

Proof. Suppose (x,y) € D. There is some n so that x(0)(n) # y(0)(n). Define o, 7 : 1 — <“2 by
0(0)=x(0) [ (n+1)and 7(0) = y(0) I (n + 1). Then (x,y) € Ny € D. D is open.

Suppose o, T : m — <“2 have the property that for all k < m, |o(k)| = |7(k)|. Define 0’, 7" : m —
<U)2 by

, o (k) k#0 , 7(k) k+0

o'(k) = and T7'(k) =
o (k)0 k=0 T(k)'1 k=0

Ngr7+ € Ny and Nyv o € D. D is dense open.
Fix @ and the other objects specified by Fact [3.17.6, Note that for any s € <“2, g = 0. In
particular, ggg = 0.

Let p, : 1 — <2 be defined by p,(0) = ®(0)(0) | n. If s € <“2, then define x; € “(“2) by

s(i.j))  (i.)) € dom(]s])

otherwise

xs(D)(J) =

Let s = 0.

Suppose one has defined s, € <“2 so that x;,(0) = 0 and ®(x;,)(0) = ®(0)(0). By continuity, find
some u € ~“2 with s, C u and x;, € Ngrigw) 0 that Ngriqw) S d)‘l[an+,]. Now find the least
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k > |u| so that k = (1, g) for some g € w. Define s, 2 u of length k + 1 by

u(j)  Jj<|uf
sn+1(J) =11 j=k
0 otherwise

Note that since x;,,,(0) = 0 = 0(0), (go.0 - ®(x;,,,))(0) = @(0)(0) by condition (v) of Definition
3.17.6, This implies that ®(x;,,,)(0) = ®(0)(0).
Now define x € “(“2) by
x(i)(j) = (U grid(sn)) (0. ).
new

Since Ngrig(s,) € (I)'I[an] for all n € w, ®(x)(0) = ®(0)(0). Hence (®(x), ®(0)) ¢ D. However,
there are infinitely many ¢ € w so that x(1)(g) = 1. Since ® is an E3 reduction, —(®(x) E3 ®(0)).

We have shown that for any map ® as in Fact|3.17.6, [(I)[“’(“)Z)]]%3 ¢ D. Since any ):} set B C “(“2)

with the property that E3 [ B = Al E3 has some such map @ so that ®[“(“2)] C B, no such B can

have the property that [BLZE; C D. E5 does not have the 2-Mycielski property. O

3.19 Completeness of Ultrafilters on Quotients
Without the axiom of choice, one needs to define the notion of completeness of ultrafilters with

care.

Definition 3.19.1. Let X be a set. Let U be an ultrafilter on X. Let I be a set. U is I[-complete if

and only if for any set J which inject into I but is not in bijection with I, and any injective function

fiT = U Njes f() € U.

U is I't-complete if and only if for all J which inject into I and all injective functions f : J — U,

mjejf(j) eU.

Ni-complete is often called countably complete. A well-known result is that there are no countably
complete ultrafilters on “2. There are countably complete ultrafilters on quotients of Polish spaces

by equivalence relations.

Fact 3.19.2. Let C C P(“2/Ey) be defined by A € C if and only if | A belongs to the comeager
filter on “2. C is a countably complete ultrafilter on “2/E.
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Proof. C is an ultrafilter follows from the generic ergodicity of Ep. Countable completeness is

clear; in fact under AD, every ultrafilter is countably complete. m|

A natural question is whether this ultrafilter or any ultrafilter on “2/E, could be more than just
countably complete. R injects into “2/Ey. Is C R*-complete? Note the function f in Definition
3.19.1}is required to be injective. Otherwise this notion becomes clearly trivial using the function
f iR — C defined by x — (“2/Ep) \ {[x]g,}. The next fact will show using a modification of
the above function that there are no nonprincipal R*-complete ultrafilters on quotients of Polish

spaces.

Fact 3.19.3. (ZF + AD) Suppose E is an equivalence relation on a Polish space X so that =< E
(where < denotes the existence of a reduction). Then no nonprincipal ultrafilter on X |E is R*-

complete.

Proof. Let U be a nonprincipal (R)*-complete ultrafilter on X/E. Let ¥ : “2 — X be a reduction
witnessing =< E. Let ® : “2 — X/E be defined by ®(x) = [¥(x)]g. @ is an injective function.

Let L = (X/E)\ ®[“2] = N, ecwa(X/E) \ {®(x)}. L € U since U is both nonprincipal and

R*-complete.

Let L = |J L. L must be uncountable. Hence L is in bijection with “2. Define f : L — (X/E) by

J(x) = (X/E) \ {[x]E, ©(x)}

To show f is injective, it suffices to show that the map on L defined by x — {[x]g, @(x)} is injective:
Suppose x # y and {[x]g, [Y(X)]e} = {[V]e, [¥(¥)]e}. Since V¥ is a reduction, =(¥(x) E ¥(y)).
Therefore, one must have that x E W(y). This is impossible since [x]g € (X/E) \ ®[“2]. This

shows f is injective.

Since for all x € L, [x]g ¢ f(x), LNy f(x) = 0. Since L € U, N, f(x) ¢ U. U is not
R*-complete. Contradiction. O

Fact 3.19.4. (ZF + ADg or ZF + AD" + V = L(Z(R)) Let X be a Polish space and E be an equiv-
alence relation on “2. If “2/E is not well-ordered, then there is no R*-complete nonprincipal
ultrafilter on X | E.

Proof. Under ZF + ADg, results of Woodin and Martin show that every set of reals is x-Suslin for

some k < 0. So the complement of E is «-Suslin for some x < ©. In ZF + AD, [6] showed that
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if the complement of E is k-Suslin, then either the identity reduces into E or “2/E is in bijection

with a cardinal less than or equal to « (and hence can be well-ordered).

Under ZF + AD* + V = L(Z(R), [2]] Theorem 1.4 (along with [2]] Corollary 3.2) states that for any

set X, either X is wellordered or R injects into X.
In either case, the result now follows from [3.19.3] m|

3.20 Conclusion

This section includes some questions.

Question 3.20.1. Under ZF + —uACE, can there be w-Jonsson functions for “2?

In particular, is there an w-Jonsson function for 2 in the Cohen-Halpern-Lévy model H (see

Question ?

Question 3.20.2. It was shown that E; does not have the 2-Mycielski property. An interesting
question would be: what is the relation between the n-Mycielski property, n-Jonsson property, and

the surjectivity properties in dimension n for E,?
In particular, does the 2-dimensional version of the results in Section hold?

Does “2 ]/ E> have the 2-Jonsson property, 3-Jonsson property, or full Jonsson property?

Question 3.20.3. For E| and E3, this paper only considers the Mycielski property. One can ask
about some of the other properties of E| or E3 which had been studied for Eg and E,. For example:

Does “(“2)/E or “(“2)]/E3 have the Jonsson property?

Question 3.20.4. Assuming determinacy, if R/Ey injects into a set X, can X have the Jonsson
property? More specifically, if E is a A} equivalence relation on R so that E SA: E, can R/E

have the Jonsson property?
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Chapter 4 79

FRACTIONAL BOREL CHROMATIC NUMBERS AND DEFINABLE
COMBINATORICS

4.1 Introduction

A graph is an ordered pair G = (X, G), where X isasetand G C X X X is symmetric and irreflexive.
For any set Y, a Y-colouring on G is a function ¢ : X — Y such that if x G y, then ¢(x) # ¢(y). The
chromatic number y(G) is then the minimum cardinality of Y such that there is a Y-colouring of
G. A slight generalization of this is as follows: if b > 1 is an integer and Y is a set of colours, a
b-fold colouring of a graph G = (X, G) is an assignment C : X — [Y]? (the subsets of Y of size
b) such that if x Gy, then C(x) N C(y) = 0. If |[Y| = a € N, then C is an a : b-colouring. The
b-fold chromatic number y”)(G) is then defined exactly as the regular chromatic number. Since
Y?(G) = x(G) whenever y(G) is infinite, the notion is only interesting when y(G) is finite. In
this case, the sequence { X(”)(G)} p>1 is subadditive [20]. The fractional chromatic number of

) )
such a graph G is ¥/ (G) = limy_e £2(©) = inf, X2,

As with many combinatorial notions, the field of descriptive set theory is interested in how the
study changes when one restricts the focus to only definable objects. The subfield known as
descriptive graph combinatorics began in the paper of Kechris, Solecki, and Todorcevi¢ [[15] and

is comprehensively reviewed in [19]].

In case X is a standard Borel space, we can consider analogous definable notions of colouring. If
a is a class of functions between standard Borel (or Polish) spaces (such as Borel functions), we
define the @-chromatic number y,(G) to be the minimum cardinality of a standard Borel ¥ such
that there is a Y-colouring of G in the class @. In this paper, we will be interested in the cases
a = B, the Borel functions, « = BM, the Baire measurable functions, and @ = u, the y-measurable
functions for u a Borel probability measure on X. It will occasionally be helpful to also denote
the classical chromatic number y as y. to fit with this convention. In case y,(G) is finite, we can

analogously define Xéb) (G) for every b > 1, in addition to XZ: (G).

Given graphs Gg = (X, Gp) and G| = (Y, G;), a homomorphism from G to G, is a function
f + X — Y such that for every a,b € X, a Gy b implies that f(a) G| f(b). In this case, we write
Go < Gy, and we write Gg <p G if X, Y are standard Borel and f is Borel. It is easy to see that
Go < G| implies that yp(Go) < x5(G1).



The classical chromatic number is a celebrated invariant of graph theory. The fractional chromatic
number uncovers some answers to related combinatorial problems. Scheinerman and Ullman [26]
give the following example: suppose we have a set of committees who require hour-long meetings
with graph relation G determining that two committees cannot meet at the same time. If G = Cs,
the cycle on 5 vertices, then since y(Cs) = 3, all meetings can take place within 3 hours. However,
since there is a 5 : 2-colouring of Cs, they may take place in 2.5 hours if the hour-long meetings

can be split into 2 parts.

The fractional chromatic number y/ satisfies y/ < y by its definition. It also can take any value
in {0} U {1} U [2, ). Lastly, if y/(G) = 2, it follows that y(G) = 2 since both are equivalent to
the characterization that G has no odd cycles.

In descriptive graph combinatorics, it is common to examine which theorems of classical combina-
torics remain true in the definable setting and to determine what the analog is for those that do not.
In this paper, we begin what appears to be the first examination of the fractional Borel chromatic

number.

In section [4.2] we review basic facts about the fractional chromatic number that we will require
in the paper. In particular, we show that for any values 2 < y/ < y, there is a countable graph

attaining these values.

In sections 4.3] and #.4] we prove that an analog of this is true for both the Baire measurable and
the pu-measurable chromatic number. In fact, this is due to a more general phenomenon. Given a
countable graph, one may recreate it as a graph on a Polish space that is acyclic but such that any
Baire measurable colouring must essentially follow the rules of classical colouring on the original

graph.
The exact statements are:

Theorem Let G = (Y, G) be a countable graph. There exists a Borel graph G’ = (“2 x Y, G)
such that
1. if yo G y1, then for all nonmeager Bo, By C “2, there exist xo € By and x| € By with
(x0, o) G (x1,y1); and

2. if =yo G yy, then for all xg, x; € “2, we have —=(x¢, yo) G’ (x1, y1).

Theorem Let G = (Y, G) be a countable graph and let u be Lebesgue measure on [0, 1].
There exists a Borel graph G' = ([0, 1] X Y, G’) such that
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1. if yo G y1, then for all non u-null By, By C [0, 1], there exist xo € By and x; € By with
(x0, yo) G" (x1, y1); and

2. if =yo G yy, then for all xg, x; € [0, 1], we have —(xo, yo) G’ (x1, y1).
These theorems essentially allow one to strip away the original combinatorics of the graph at a

classical scale (by making it acyclic and hence bipartite) while leaving the original combinatorics

intact at a definable scale.

In section[4.5] we then show that these two theorems can be freely combined:

Theorem For any possible way of assigning values from the set [2,00) to x, Xu XBM> XB>
and their fractional counterparts that is consistent with the obvious (classical) conditions, there is

a Borel graph G on a Polish space X with a probability measure u realizing these eight values.

Lastly, in Section we show perhaps the most interesting fact: the rule that y/(G) = 2 implies
that y(G) = 2 does not transfer over to the definable case.

Theorem |4.6.1, There exists a Borel graph on a Polish space X with )(g (G) =2, but xp(G) = 3.

In light of this fact, we theorize that one should be able to replace 3 in the above theorem with n

for any n > 4.

4.2 Elementary Facts about the Fractional Chromatic Number
First, we will observe that one can make the gap between y/ and y arbitrarily large with finite

graphs.
Definition 4.2.1. Given positive integers a, b with a > 2b, define K., C [a]® x [a]® by
SKypt =" sNt=10

and let K., = ([a]b , Ka:b). Graphs of the form K., are known as Kneser graphs.

It is known (see Section 3.2 of [26]) that y/ (K,.5) = 7 and x (Kg;p) = a—2b+2.

Lemma 4.2.2. Given any integers n > 1 and m > 3, there is a finite graph G with xy/(G) = 2 + %
and x(G) = m.

Proof. Let G = K(n-2)2n+1):(m-2)n- -
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If C,, is the cycle graph on m vertices, then y/ (Capns1) = 2+ % [26]. Hence, for an arbitrary graph
G, x/(G) = 2 implies the lack of odd cycles and hence y/(G) =2 = x(G) = 2.

It will be useful to define a special graph. Let X = [0, 1) regarded as the circle, i.e. equipped with

the metric

d(x,y) = min{|x - y[,1—[x - y[}.
Definition 4.2.3. Given any real number r > 2, define G, C X* by

1
xG,y = dx,y) = —-.
r

Let G, = (X, G,). Clearly, G, is closed and hence Borel.
Lemma 4.2.4. Given any real r > 2 and positive integers c, d such that r < 3, there exists a Borel

¢ : d-colouring of G,. In particular, X}; (Gy) <rand xg(G,) < [r].

Proof. Define the map f : [0,d) = cby f(x) =i & x € [f, ﬂ) Since + > d, f indeed maps

r

into c. Then define g : X — [c] by

g(X): {f(x),f(x+1),...,f(x+d—1)}.

Clearly, g is a Borel map. It is straightforward to check by a case analysis that g is a ¢ : d-colouring
of G,. O

Definition 4.2.5. Given positive integers a, b with a > 2b, let
iGupJ =3 je{i+bi+b+1,...,i+a-b}(moda)

fori,j < aandlet Gup = (a,Gap).

It is known [26] that y/ (Gap) = 7. In fact, we can slightly improve this statement.

Proposition 4.2.6. For all positive integers a, b with a > 2b, G, < G%. In particular, if c,d are

positive integers with 3, < 5, then there is a c : d-colouring of Gp.

Proof. Define ¢ : a — X by ¢(i) = é It is straightforward to check that ¢ is an embedding of G,
into G%. o

The reason that Proposition is useful is that we can find relatively nice d-fold colourings for

a countable disjoint union of graphs of the form G, . This yields the following result:

82



Lemma 4.2.7. Given any real @ > 2 and any integer m > «, there exists a countable graph G with
Y/ (G) = aand x(G) = m.

G1 = Licw Gp,gi- Then x/(G1) = x7 (G, 4) = %, so x/(Gy) > a. Given 5 > a, since 5 > %,

Proof. Choose sequences pj, g; of positive integers such that 2 < % < «a and % — a. Let

we can find a ¢ : d-colouring of each G, , and hence a c¢ : d-colouring of G by joining these
together, showing y/(G;) = a. It follows that y(G{) = [a] by using the above argument with
¢ = [a] and d = 1. Then choose m > 1 so that 2 + % < a and let G, be a finite graph with

Y/ (G =2+ % and y(Gy) = m, as furnished by Lemmam O

4.3 The Baire Measurable Case

We first handle the Baire measurable case, showing that we can construct an acyclic graph that
sets )(£ y and yppy to any possible values we wish them to be. Our construction follows that of
Miller [23], who showed that the equivalence relation Ey on “2 can be treed by a graph relation
G such that gy (G) = « for any « € {2, 3,...,N0, 2“0}. In effect, for finite n, Miller divided the
space “2 into n subspaces such that every Baire measurable colouring could not assign the same
colour to nonmeager subsets of different subspaces. We generalize this below; as Miller’s graph

was to K;;, so ours is to an arbitrary countable graph G.

Theorem 4.3.1. Let G = (Y, G) be a countable graph. There exists a Borel graph G’ = (“2 XY, G’)
such that

1. if yo G yi, then for all nonmeager By, By C “2, there exist xo € By and x| € By with
(x0, y0) G” (x1, y1); and

2. if =yo G yy, then for all xg, x; € “2, we have —=(x¢, yo) G’ (x1, y1).

In particular, we have that y (G’) = ¥/ (G’) = 2, xam (G') = x5(G’) = x (G), and XZ;M (G) =
X4 (6) = X/ (G).

Proof. As mentioned above, most of our construction works due to Miller’s argument in [23].
Enumerate Y as {y;},.|y|- Because <2 is countable, we can pick sequences {u,}, {v,} in =“2 such
that for each n, u,, v, are of length n + 1, u,(n) # v,(n), there exist i # j such that 0" 1 C u, and
0/"1 C v, and for any such pair u, v € <“2, there exists n € N with u C u, and v C v,. We then
define G’ by
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(x0, yi)G'(x1, yj) &
yiGy; A 3n (u,, COT1 XAV, COTI X AVm > n+1 ((Oiﬁlﬁx) (m) = (Ojﬁlﬁy) (m))) )

By our choice of sequences {u,}, {v,}, G’ is acyclic. Property (2) is also immediately clear from

the definition of the graph.

To prove property (1), suppose that y; G yj. Choose u, v € <“2 such that By is comeager in N, and
B is comeager in N,. Then by our choice of {u,}, {v,}, there exists an n with 0" 1"« C u, and
0/~17v C v,. Define u’,v’ so that 0 " 17w’ = u,, and 17V = v,. If we choose x € “2 such

that '~ x € By and v/~ x € By, then we have ('~ x, y;) G’ (V" x, yj).

Colouring G’ according to the colouring of G shows that yp (G”) < x (G) and )(IJ; (G) < ¥/ (G).
If ¢ is a Baire measurable k-fold colouring of G’, then define an induced function ¢’ on Y by setting
¢’(y) to be some k-set whose preimage under ¢ is nonmeager in “2 X {y}. Then property (1) shows
that ¢’ must be a k-fold colouring of G. Hence Xg;; (G") > ¥'® (G) for every k € N. This shows
that yzu (G') = x (G) and x},, (G") = x/ (G). O

One can view the graph from Theorem [4.3.1]in the following way: each vertex from the original
countable graph Y has been enlarged from a single point to become the Polish space “2. Then
“almost all” of the points in a pair of these “enlarged vertices” are connected in the graph G’ if and
only if they were connected in G. The connections are in a definable way such that the resulting
graph is acyclic. So from a classical viewpoint, the graph is bipartite and hence has lost its original

structure. But from a definable view, the combinatorics of the graph have been preserved.

Corollary 4.3.2. For any assignment of the quantities x, x', xaum; XgM € [2, ) that obeys the

conditions xy/ < min {X, )(gM}, max {)(, )(IJ;M} < xBM, X> xBm € N, and )(({ =2 = yxo =2 for
a € {c, BM}, there exists a Borel graph G on a Polish space X whose chromatic numbers satisfy

this assignment.

Proof. Let Gy, G| be countable graphs with chromatic numbers ypss and y and fractional chromatic

number )(}; 4 and x/, respectively. Then let G’ be the Borel graph obtained from G as in Theorem
4.3.1]and let G be the disjoint union of G’ and G;. O
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4.4 The y-Measurable Case

We wish to repeat Section for p-measurable colourings, and so we require a new construc-
tion. This time, we modify a graph constructed by Laczkovich as noted in the appendix of [15].
Laczkovich divides the interval [0, 1] into n subspaces in such a way that any Lebesgue measurable
colouring must restrict each colour almost everywhere to a particular subspace. This was an early
example of a graph for which y(G) = 2 but y3(G) = n for any n. Again, we modify the graph to
do the same to any countable graph as the original one did to K,,.

Theorem 4.4.1. Let G = (Y, G) be a countable graph and let u be Lebesgue measure on [0, 1].
There exists a Borel graph G’ = ([0, 1] X Y, G’) such that

1. if yo G y1, then for all non p-null By, By C [0, 1], there exist xo € By and x| € By with
(x0, y0) G’ (x1, y1); and

2. if =yo G y1, then for all xo, x1 € [0, 1], we have —(xo, yo) G’ (x1, y1).

In particular, if we let i’ be a product measure on we have that y (G') = y/ (G') = 2, xu(G') =
x8(G) = x (G), and x (G) = x4 (G") = x' (G).

Proof. We will instead construct our Borel graph on a Borel subset X C [0, 1] and argue that
it is isomorphic to a graph with the properties above. Let U = {(a, b,c,d) e R*: ad — bc # 0}.
Then U is open and hence we may find a sequence {(ay, b, ck, di)} that is dense in U and such
that {ay, by, cr, dr : k € N} is algebraically independent over the rationals. Define f; on R by
fi(x) = %. By a theorem of J. von Neumann [24], the linear fractional transformations f

generate a free group H under composition. Let X C [0, 1) be the cocountable set of all real

numbers that are not fixed points of any non-identity member of H.

Enumerate Y as {y;}; y|. Define G’ on X X X by

G =

U graph (fk)) N U [1-=271-2"0D)yx1=277,1 =270y,

kel (@)e{ )i <Y 1Ay: G y; }
We can convert G’ to be of the form required in the theorem statement by fixing a measure-

preserving Borel isomorphism of X N [1 — 27, 1 — 2~@*+D) with [0, 1] x {y;}. Hence we prove the
associated statements for the graph G’ = (X, G").

85



Property (2) is again immediately clear from the definition of the graph. If we have two subsets
B cXn[1-271-2""*D)yand B; ¢ X n[1-27/,1-27U*D) with y; G y; that have positive
Lebesgue measure, then we can find points #; € B; and ¢; € B; that are Lebesgue points of density.
Choose £ > 0 such that if k € {i,j} and 0 < h < &, then [ty tx + h) C [1 — 27%, 1 — 2~(k+D)
and u (B N [tg, tx + h)) > %h. Then for any C! function f on [0, 1] such that | f" — 1| < %8 and
|f(ti) - tj| < %8, it follows that f(B;) N B; # 0. For (a, b, ¢, d) sufficiently close to (1,#; — #;,0, 1),

ax+b
cx+d®

there is some k such that fi(B;) N B; # 0. Choosing xo € B; with x; = f(xo) € Bj, we prove the

these conditions hold for the associated linear fractional transformation

Hence by density

analog of property (1).

If we colour each point in X N [1 — 27, 1 — 27@*D) according to the colour of y;, we obtain that
Xu(G') £ x(G) and )(5 (G') < ¥/ (G). If ¢ is a yu-measurable k-fold colouring of G’, then define
an induced function ¢’ on Y by setting ¢’(y) to be some k-set whose preimage under c¢ is not y-null
in X N[1-271-2"0+D) Then property (1) shows that ¢’ must be a k-fold colouring of G. Hence
)(,Sk) (G’) = ¥ (G) for every k € N. This shows that y, (G’) > x (G) and )(Z (G) = x/(G). ©

As before, we have the following immediate corollary, which is proved exactly as Corollary {#.3.2]

was.

Corollary 4.4.2. For any assignment of the quantities x, x/, X )(/{ € [2, o) that obeys the con-

ditions x/ < min {)(,)(l]:}, max {)(,)(/{} < Xw X> Xu €N, and)(g; =2 = x4 =2fora e {c u},

there exists a Borel graph G on a standard Borel space X and a probability measure yu on X whose

chromatic numbers satisfy this assignment.

4.5 Combining All Quantities
We can combine Theorems [.3.1] and [.4.1] to create a Borel graph that handles all quantities
considered in this paper at the same time.

Theorem 4.5.1. For any possible way of assigning values from the set [2,00) to x, Xu XBM> XB:

and their fractional counterparts that is consistent with the conditions

1. y < min { X XBM} and max { X )(BM} < xB, and similarly for the fractional counterparts;
2. ng < Xo forevery a € {c,u, BM, B},

3. X> Xw XBm> xB € N; and

4. )(/; =2 = yx, =2foreverya € {c, u, BM, B};
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there is a Borel graph G on a Polish space X with a probability measure u realizing these eight
values. If xy = 2, the graph can be chosen to be acyclic.

Proof. Let G, = (X., G.) be a countable graph with y and y/ as desired (in particular, take G,

to be acyclic if y = 2). For each @ € {u, BM, B}, use Corollaries 4.3.2| and 4.4.2| to create a

graph G, = (X,, Go) on a Polish space satisfying the specified values of y, and ng . Then define
G = G, UGy UG, UGp, where X, X, and Xp are considered meager, and X., Xpy, and Xp are
considered p-null. Because G, is acyclic for @ € {u, BM, B}, it follows that y (G) = x (G.) = x
and y/ (G) = y/. Because G, and Gp have Baire measurable 2-colourings (when considered
subgraphs of G), yzm (G) and )(£ v (G) are as desired. Similarly, y, (G) and )df (G) are as desired
because ypy and yp have py-measurable 2-colourings. Finally, yp (G) and )(1{; (G) are as desired

because these are the largest quantities. O

4.6 The )(l];(G) =2 Case
We noted in Sectionthat if y/(G) = 2 for a graph G, this implies that y(G) = 2 as well, since
both conditions are equivalent to the lack of odd cycles. This classical reasoning has no obvious

counterpart when moved to the definable setting. In fact, as the next example shows, there exist
Borel graphs G for which )(]j;(G) =2 but y5(G) > 2.

Theorem 4.6.1. There exists a Borel graph on a Polish space X with )(g w(G) = )({;(G) =2 (and
so x'(G) = x(G) = 2), but xpy = x8(G) = 3.

Proof. LetZ act on the Polish space 2% by the shift action: (n * p) (k) = p(k —n) and let Free (22) =
{p €22:Vn#0(nxp# p)}. Letting S(p) = 1 = p, consider the graph G = (X, graph(S)). Then
G is acyclic (in fact each connected component is isomorphic to Z), and so y (G) = 2. Kechris,
Solecki, and Todorcevié [[15] show that y5(G) = 3 and that foreachm > 1, there exists a Borel subset
A,, C X such that for every x € X, there existi > 0 and j > 0 such that §'(x), S/ (x) € A,,, and for
the minimal such i and j, i — j € {2m,2m + 1}. It follows that for every m > 1 G| <z H,,, where
H,, consists of a copy of C,,, and C,,,+; intersecting at exactly one point. Since Xf H,) =2+ %,
it follows that )d; (G)=2. O

This is the first example of a major departure in the definable theory from the classical theory with

regard to this branch of combinatorics. Since it is false that )(IJ;

wonder if yp can be made arbitrarily large (but finite) while keeping )(g fixed at 2. This seems

= 2 = yp = 2, it is natural to

likely, but no other examples are currently known.
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Question 4.6.2. Does there exist a Borel graph on a standard Borel space X satisfying )(IJ; (G)=2
but xg(G) = m for m > 4? Is Theorem true but with condition 4 relaxed to only hold for

a=c?

One natural way to generalize the graph in Theorem [4.6.1]is to consider the (acyclic) shift graph
G, on Free (277). Marks [22] has shown that y5(G,) = 2n + 1.

Question 4.6.3. Is )(IJ; (G,) =2 foreachn >1?

Theorem @4.6.1| shows the answer is affirmative in the case n = 1. Unfortunately, the proof of

Theorem {.6.1] seems to be too dependent on the group Z having a single generator to generalize.
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