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ABSTRACT

Granular materials reveal their complexity and some of their unique features when
subjected to shear deformation. They can dilate, behave like a solid or a fluid, and
are known to carry external forces preferentially as force chains. In this disserta-
tion, we employ laboratory experiments to study the complex behavior of granular
materials under shear. We introduce a multiscale approach in which the underly-
ing grain-scale mechanics are experimentally measured and homogenized to obtain
enriched macroscopic quantities. First, we investigate granular avalanches spon-
taneously generated by a rotating drum. Measurements of grain kinematics are
directly incorporated into a rate-dependent plasticity model that explains and re-
produces the life cycle of laboratory avalanches. The results presented here feature
dilatancy as the key material parameter governing the triggering of an avalanche.
Second, we report a set of experiments performed on a custom-built mechanical
device that allows a specimen composed of a two-dimensional analogue granular
assembly to be subjected to quasi-static shear conditions. A numerical force infer-
ence technique, the Granular Element Method (GEM), provides direct observation
and quantitative characterization of force chain structures in assemblies made of
realistic grains. Equipped with a complete description of the grain-scale mechanics,
we show that shear deformation creates geometrical (fabric) and mechanical (force)
anisotropy. Finally, the influence of grain shape on grain-scale processes is studied.
We find that grain interlocking is a prominent deformation mechanism for non-
circular grains that ultimately promotes a significant increase in macroscopic shear
strength. By seamlessly connecting grain-scale information to continuum scale
experiments, this dissertation sheds light on the multiscale mechanical behavior of
granular assemblies under shear.
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C h a p t e r 1

INTRODUCTION

1.1 Objectives
This thesis examines the shear behavior and shear strength of dry cohesionless
granular assemblies. A key aspect of this work is the combination of laboratory
experiments with measurements and modeling techniques that can probe the me-
chanics of granular materials at various length scales. We present a multiscale
approach in which grain-scale mechanics are experimentally measured and ulti-
mately homogenized to obtain enriched macroscopic quantities. An essential aspect
to this work is the ability to extract grain-scale quantities using image-based tech-
niques with an unprecedented level of accuracy. First, the shear strength associated
with granular avalanches is studied in a rotating drumwhere, under gravity, a simple
shear is achieved, and kinematic properties are measured. Second, we shed light on
the multiscale mechanical behavior of granular assemblies under quasi-static shear
loading by seamlessly connecting grain-scale information to continuum scale exper-
iments. Of particular interest is the measurement of force chains at the grain-scale,
and the concept of critical state at the continuum scale. The proposed experimental
procedure provides a powerful tool to deepen our understanding of the grain-scale
origin of shear strength in granular materials.

1.2 Granular materials under shear
Granular materials are complex systems that are defined as a collection of distinct
grains. The study of these ubiquitous materials is of critical relevance to natural phe-
nomena spanning from earthquakes to landslides and to various industries such as
agriculture, mining, and pharmaceutical processing. Several scientific disciplines,
including civil engineering, geomechanics, physics, and applied mathematics, have
demonstrated substantial interests in accurately modeling the behavior of granular
materials. However, due to the diverse and unique characteristics of granular mate-
rials, it remains a challenge to describe their overall behavior. The same granular
assembly can mimic behavioral features of a solid, a fluid, or even a gas under
slightly different conditions [1].

When subjected to shear, granular materials reveal their inherent complexity and
some of their unique features. The fundamental properties of granular materials
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under shear were first explored by the work of Coulomb (1773) on slope stability
in which the theory of frictional resistance for granular materials was pioneered.
Reynolds (1885) introduced the notion of dilatancy that describes the ability of
granular materials to expand as they are deformed under shear. Both Coulomb’s
friction law and Reynolds dilatancy are central concepts for understanding the
mechanics of granular materials and have implications for current research to this
date. Although the scientific study of granular materials has a long history, there
remain many outstanding challenges and opportunities, some of which will be
discussed throughout this thesis.

In an attempt to lay the groundwork for this thesis, the next section examines our
current knowledge and understanding of the shear behavior and shear strength of
granular materials. The following discussion focuses on the aspects of granular
materials and experimental techniques that are relevant to this work.

1.3 Background
Modeling approaches to granular materials
Early studies in geomechanics focused on modeling the continuum mechanical be-
havior of granular materials. Constitutive models have been postulated based on
phenomenological approaches and empirical measurements, rather than on deriva-
tion from underlying grain-scale quantities. The plasticity theory has provided a
framework from which many of these constitutive models have emanated. The
Mohr-Coulomb model is and remains one of the most frequently used plasticity
models in geomechanics and has paved the way for solving practical geotechnical
problems.

An important contribution to the continuum modeling of granular materials has
come from the ‘critical-state soil mechanics’ developed at Cambridge University
in the 1950s [2–4]. This modeling paradigm hinges on the concept of a critical
state that is defined as an equilibrium state where no further changes in volume or
stress state occur in a granular assembly with increased shear deformation [3, 4] (see
Figure 1.1). When a granular assembly reaches a critical state, it is assumed that the
shear strength, normal stress and void ratio are uniquely related. The identification
of a critical state has provided a foundation for the development of constitutive
models within the plasticity framework [3–5]. While the continuum approach has
and will continue to occupy an essential place in the modeling of granular materials,
it has limitations: it relies heavily on the use of phenomenology, and its predictive
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capabilities are impeded when applied outside of their intended realm.

✏s

⌧

�n

DENSE

LOOSE

CRITICAL 
STATE

✏s

✏v

DENSE

LOOSE

CRITICAL 
STATE

(a) (b)

Figure 1.1: Schematics of typical macroscopic response of dense and loose granular
samples under shear and (a). Stress ratio τ/σn and (b). Volumetric strain εv as a
function of shear strain εs.

More recently, grain-scale approaches have emerged and provided new insights into
properties of granular materials that were simply not accessible to continuum mod-
els. The development of grain-scale modeling techniques has been driven by novel
experimental techniques and discrete numerical methods. The introduction of X-ray
Computed Tomography has enabled to experimentally access grain kinematics [6–
8] (i.e., displacements and rotations) and, when combined with X-ray Diffraction,
to measure intra-grain strains during macroscopic loading [9, 10]. Nonetheless,
such advanced experimental imaging techniques are not always available and in-
volve analyzing a large volume of raw data. As a result, tests performed on quasi
two-dimensional (2D) granular systems imaged by a standard digital camera, such
as those presented in Chapters 4 and 5 and in [11–13], remain valuable to study
the behavior of granular materials. In 2D, full-field measurement techniques, such
as Digital Image Correlation (DIC), and force inference techniques, such as pho-
toelasticity and the Granular Element Method (GEM), have been applied to extract
grain-scale quantities. Those experimental methods are described in detail in sub-
sequent sections.

The advent of computers gave rise to numerical methods for simulating the behavior
of granular materials. Most notably, the Discrete Element Method (DEM) was first
introduced by Cundall at al. (1979) [14] based on the idea of solving Newtonian
physics for each individual grain in a granular assembly. As DEM provides data on
the fabric, grain kinematics, and contact forces, it has been extensively used to in-
vestigate grain-scale features of granular materials under various loading conditions
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(e.g., [15–19] to name a few). Despite its widespread use, DEM has significant
shortcomings: a high computational cost required for simulating a large number of
grains, and a lack of quantitative validation against experiments.

As we deepen our understanding at the grain-scale from both experimental mea-
surements and simulations, a major challenge that remains is to develop models
that can accurately and efficiently describe the behavior of granular materials by
incorporating information at various scales.

Granular avalanches
Most continuum modeling approaches mentioned in the last section concern quasi-
static deformations of granular materials. Besides quasi-static deformations, where
a granular assembly behaves like a solid, the same assembly can also flow like a
fluid. A granular avalanche, as studied in Chapter 2, marks the transition between
these distinct solid-like and fluid-like states. The solid-like state is classically de-
scribed using the plasticity models emanating from critical-state theory. Theoretical
and experimental studies of granular materials deformed under quasi-static condi-
tions have shown that the strength of granular materials can be decomposed into
a dilatancy strength and a residual strength [4, 20, 21]. The strength provided by
Reynolds dilatancy [22] typically vanishes toward the critical state where no further
change in volume occurs. At the critical state, the material strength is only furnished
by the residual resistance, which is considered to be constant and rate-independent
according to classical soil mechanics [4].

In the fluid state, much attention from the physics community has been given to
granular flows in the steady regime. Numerous experiments and DEM simulations
have been performed on various geometries (plane shear, inclined plane, rotating
drum, etc. [23]) in an attempt to define constitutive laws for granular flows. Such
studies have led to the development of a local rheology based on a unique relation
between the friction coefficient µ and the dimensionless inertial number I [24–26],
where I is understood as the ratio of the macroscopic timescale to displace a layer
of particles imposed by the shear rate and the microscopic timescale for particle
rearrangements controlled by the pressure [23–26]. This phenomenological law
for steady granular flows in combination with continuum conservation equations
correctly describe the velocity and stress fields in various flow geometries [25, 27].

These efforts have been mainly focusing on uniform steady flows, and, as a conse-
quence, our understanding of themechanism governing the solid-fluid-like transition
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remains limited. Modeling this transition is of practical importance in geomechanics
and for various industries. In Chapter 2, we explore the transition between solid and
fluid states occurring during an avalanche by combining rotating-drum experiments
with a rate-dependent plasticity model [28].

Measuring contact forces using photoelasticity
Granular materials are known to carry external forces through so-called force chains.
Within this force network, relatively small groups of particles carry significant forces
while a comparably small load is borne by the adjacent particle. This heterogeneous
force network was first observed through experiments using photoelastic materials
[29, 30] (see Figure 1.2).

Figure 1.2: Historical examples of force chains visualized with photoelasticity (a).
Source: reprinted from Dantu [29], (b). Source: reprinted from Drescher and de
Josselin de Jong [30].

Photoelasticity technique applied to idealized granular materials has a longstanding
history. Thismethod uses grainsmade of photoelasticmaterials (e.g., many transpar-
ent glasses and plastics such as urethane and acrylic), which exhibit stress-induced
birefringence under loading. Birefringence causes a change in the polarization state
of the transmitted light, resulting in the formation of interference fringes (see Figure
1.2). The intensity of these inference fringes is directly related to the difference of
principal stresses σ1 − σ2 within the material through the stress-optic law [31, 32].

Originally, photoelastic images 1.2 were used for qualitative studies only [29, 30].
Capability to infer contact forces was later developed by Behringer et. al (2005)
[33]. Given the data obtained from photoelastic images, it is possible to solve an
inverse problem to infer contact forces in the granular assembly [34]. The goal
is to determine the vector of contact forces that results in measured difference of
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principal stresses σ1 − σ2. This experimental method relies on the knowledge of
the analytical solutions for the stress created by point contact forces on a disk [31,
32]. Prior to running experiments, a calibration test where a disk is diametrically
compressed by a known force must be performed in order to relate the force to the
difference of principal stresses σ1 − σ2 and thus, to the fringe patterns.

Photoelasticity has played an important role in our understanding of force transmis-
sion in granular materials. Studies using photoelasticity to infer contact forces have
examined the probability distribution of contact forces [33], buckling of force chains
[35], force network dependence on shear rate [36], evolution of shear jammed states
[12], shear in an analogue to geological faults [37], follow slow dynamics under
shear [38, 39], and quantify fast dynamics [40–42]. It is important to note that these
studies have been performed on a specific type of granular assemblies as photoelas-
ticity requires the use of birefringent grains with simple geometry (disks or ellipses).
In comparison to photoelasticity, the force inference method presented in Chapter
3 (GEM) exhibit the significant advantage to be applied to complex materials of
arbitrary shape and opacity. We will show in Chapters 4 and 5 that GEM has great
potential for yielding more understanding of granular systems.

Digital Image Correlation (DIC)
Since its development in the 1980s, Digital Image Correlation (DIC) has beenwidely
used in the field of experimental soils mechanics [7, 43, 44]. The laboratory studies
presented in these thesis hinge onDIC’s ability tomeasure grain kinematics. 2D-DIC
provides displacements, rotations, and full-field strain measurements by comparing
the gray intensity levels of the specimen surface before and after deformation. We
present here the basic principles of 2D-DIC, briefly describe its numerical algorithm,
and give practical considerations for accurate measurements.

The first step of any DICmeasurement is the acquisition of digital images at different
states. The next step involves the definition of regions of interest (ROI) in the
reference image. The DIC procedure is based on tracking the same pixels between
reference and deformed images as shown in Figure 1.3. To perform this tracking,
a correlation window, also called subset, is chosen and deformed until the pattern
in the deformed image matches the pattern in the reference image as closely as
possible. The degree of similarity between the reference and deformed subsets is
computed using a correlation coefficient C. The matching procedure is achieved by
detecting the position of the correlation coefficient peak, as illustrated in Figure 1.3.
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Figure 1.3: DIC concept. Comparison between reference and deformed images is
performed using a correlation coefficient C

Once the position of the deformed subset is determined, the in-plane displacement
is obtained by calculating the difference between the position of each point in
the reference subset and the position of the corresponding point in the deformed
subsets. The shape of the reference subset may be changed in the deformed image.
The relation between point (xi, y j) of the reference image and point (x′i, y′j) of the
deformed image is defined by:

x′i = xi + ξ(xi, y j)
y′j = y j + η(xi, y j)

(1.1)

where ξ(xi, y j) and η(xi, y j) are the shape functions. First-order shape functions are
used to depict the following deformation states: translation, rotation, shear, normal
strains, and their combinations. The correlation coefficientC can be optimized using
sub-pixel algorithms to detect sub-pixel locations and thus improve the accuracy of
the displacement measurement. Finally, the strain field is computed by numerical
differentiation of the displacement field. A typical intra-grain field measurement is
showcased in Figure 1.4b.

The accuracy and resolution of DICmeasurements strongly relies on a high-contrast,
non repetitive, isotropic pattern applied to the specimen’s surface [45]. Practically, if
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the specimen does not present a natural random pattern, a speckle pattern is created
by applying a coat of standard off-the-shelf flat white on which black speckles are
added using black spray paint or marker. A typical speckle pattern generated on a
grain surface with the described procedure is presented in Figure 1.4a.

Figure 1.4: (a). Grain surface prepared with a random high-contrast speckle pat-
tern.(b). Typical intra-grain surface measurement obtained with 2D-DIC.

The accuracy, precision, and resolution of DIC measurements also depends on the
choice of a set of parameters, including subset size and strain computation window
[46]. The choice of this set of parameters is user-defined and is made according
to the specific application. As a rule of thumb, the subset size should be larger
than the speckle size to allow for optimal tracking but not unnecessarily large to
avoid loss of resolution. To minimize systematic errors due to lens distortion, an
appropriate calibration should be performed [47]. We point out that such errors
can be completely eliminated with telecentric lenses [48] or by using 3D-DIC to
measure and correct for out-of-plane deformation.

1.4 Scope of the thesis
The layout of this thesis is as follows. In Chapter 2, we employ laboratory ex-
periments of transient avalanches spontaneously generated by a rotating drum. We
report measurements of dilatancy and grain kinematics before, during, and after each
avalanche. Thosemeasurements are directly incorporated into a rate-dependent plas-
ticity model that quantitatively predicts the granular flow measured in experiments.
Furthermore, we find that dilatancy in the solid-like state controls the triggering of
granular avalanches and therefore plays a key role in the solid-fluid-like transition.
With the proposed approach, we demonstrate that the life cycle of a laboratory
avalanche, from triggering to runout, can be fully explained.

Chapter 3 describes the Granular Element Method (GEM), a technique for inferring
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contact forces in quasi-static experiments. GEM combines experimental imaging
techniques with equations governing particle behavior to allow force inference in
cohesionless materials with grains of arbitrary shape, texture, and opacity. We
present the numerical framework and an example of contact force inference in
granular materials under compression.

Chapter 4 introduces a novel mechanical device that allows a specimen composed
of a two-dimensional opaque granular assembly to be subjected to quasi-static shear
conditions. A complete description of the grain-scale quantities that control the
mechanical behavior of granular materials is extracted throughout the shear de-
formation. Geometrical arrangement, or fabric, is quantified by means of image
processing, grain kinematics are obtained using Digital Image Correlation (DIC),
and contact forces are inferred using the Granular Element Method (GEM). Aiming
to bridge the micro-macro divide, macroscopic average stresses for the granular
assembly are calculated based on grain-scale fabric parameters and contact forces.
The experimental procedure is detailed and validated using a simple uniaxial com-
pression test. Macroscopic results of shear stress and volumetric strain exhibit
typical features of the shear response of dense granular materials and indicate that
critical state is achieved at large deformations. At the grain scale, attention is given
to the evolution of fabric and contact forces as the granular assembly is sheared.

In Chapter 5, we present results on force transmission and shear strength in an
arbitrarily-shaped assembly. Grain shapes are directly extracted from a real sand
sample and manufactured using 3D-printing technology. We analyze the effect
of grain shapes on the grain- to continuum-scale response of sheared granular
materials. Investigated grain-scale quantities include the average grain rotation, the
coordination number, and the distribution of contact forces. Moreover, the different
grain-scale mechanisms underpinning the shear strength of granular materials are
geometrically identified. We report that grain interlocking creates a stable structure
that leads to significantly higher shear strength in arbitrarily-shaped samples.

Chapter 6 offers concluding remarks, and ongoing and future works are outlined.



10

C h a p t e r 2

A MODEL FOR DECODING THE LIFE-CYCLE OF GRANULAR
AVALANCHES IN A ROTATING DRUM

2.1 Introduction
Laboratory experiments and discrete element simulations carried out on dry cohe-
sionless particles have revealed the complexity of granular flows [1, 23, 49–51]. A
striking characteristic of granular materials evidenced during transient avalanches
is their unique ability to exhibit both solid and fluid properties [23, 49]. While a
few efforts have been made to unify the solid-like and fluid-like behavior [52–55],
no constitutive model has yet been applied to simulate the life-cycle of a granular
avalanche.

It is well-known that a granular material confined in a half-filled drum that is rotating
at a slow angular velocity ω and undergoes a series of transient avalanches [51].
Initially, the inclination angle θ of the free surface of the material increases linearly
with time at the rate ω. Experiments show that the granular material remains
perfectly static until the free surface reaches the maximum stable inclination angle,
called the angle of avalanche θA [51]. Once the critical inclination angle θA is
exceeded, an avalanche is spontaneously released: under gravity [56], a thin layer
of grains close to the free surface flows rapidly downslope. The inclination angle
θ decreases until the grains stop flowing. The inflection point in the time evolution
of the inclination angle occurs when the surface velocity reaches a maximum and is
referred to the angle of peak velocity θV . After the avalanche, the grains reassume a
static structure and rest at a lower angle called the angle of repose θR [57]. Further
rotation leads to another avalanche and the phenomenon is repeated. A typical
avalanche event is depicted in Figure 2.1. Despite the apparent simplicity, the
mechanism causing an avalanche to trigger and later to stop remains unknown. This
work elucidates the avalanche triggering mechanism and the underlying cause of
the difference ∆θ between the angle of avalanche θA and the angle of repose θR.

2.2 Experimental method
To investigate the origin of ∆θ, we devised experiments of granular assemblies
subjected to external shearing forces imposed by the rotation of a drum. A picture
of the experimental setup and imaging system is shown in Figure 2.2. For simplicity,
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Figure 2.1: Experimental measurements of the inclination angle θ as a function of
time. The black curve represents the value of the inclination angle θ obtained using
image processing. The experimental data are then fitted using a smoothing spline
[58]. The smoothed data is represented by the blue curve.

and in light of existing work [23, 25, 26, 51, 59], we consider an assembly of dry
monodispersed spheres. Our experimental setup, shown in Figure 2.2 and in the
inset of Figure 2.4, consists of a drum half-filled with steel beads of 1 mm diameter.
The drum, of inner diameter 30 cm and inner width 16 mm, is slowly rotated at
constant angular velocity ω of 0.05 revolutions per minute. After randomly pouring
the steel beads into the drum, the container is slowly rotated for a sufficient amount of
time so that tens of transient avalanches occur. This procedure enables us to prepare
the granular assembly in a reasonably consistent initial arrangement prior to the start
of each run and settles the granular assembly to an initial packing fraction of φ0 ≈
0.60. A high-speed camera PHANTOM V310 is used to capture the progressive
response of the particles. Images of 640×480 pixels are acquired at a rate of 10,300
frames per second with a spatial resolution of 0.07 mm.

At slow angular velocity ω, experiments show that the free surface inclination
angle θ has a linear profile [51, 60]. Quantitative measurements of the inclination
angle θ are obtained with image processing techniques. The step-by-step process is
illustrated in Figure 2.3. Gray images are first converted into binary images based
on a threshold (see Figure 2.3b). Thresholding segments the image into background
(segment with value 0) and solid (segment with value 1). The threshold value is
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Power supply Rotating drum High-speed camera

Figure 2.2: Experimental setup for studying granular flow in a rotating drum

carefully selected by observation alone to get the best representation of the grains in
the images. After the binary conversion, we apply a morphological closing in order
to selectively fill in particular regions of the binary images. We then obtain a binary
image (see Figure 2.3c) where the background is colored black while the grains
are white. We compute a least squares fit of the edge line defining the free surface
boundary between the grains and the background. The slope of the best-fitting line
corresponds to the value of the inclination angle θ.

The Digital Image Correlation (DIC) technique [61, 62] is applied to the images to
extract the average shear strain εS, the average volumetric strain εV and the surface
velocity v. The images are correlated using a subset (correlation window) size
of 25×25 pixels and a step size of 1 pixel. The subset size is selected such that
a trade-off between spatial resolution and measurement error can be found. We
estimate the measurement error by correlating two subsequent images of the grains
taken when the drum is not subjected to rotation. The values of the resulting
displacements for different subset sizes are then compared in order to determine
a subset size that minimizes measurement error. The surface velocity estimation
technique involves the measurement of the surface displacement u using DIC. The
surface displacement u is evaluated within a region of interest of width and height
of respectively 30 grains and 2 grains, located at the center of drum close to the
free surface (see Figure 2.3d). This resultant displacement, when combined with
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Figure 2.3: Step-by-step image processing technique. a. Original image. b.
Thresholding. c. Binary image and least square fit of the free surface boundary. d.
Regions of interest for DIC measurements of the surface velocity v and strain fields
(shear strain εS and volumetric strain εV ).

the known frame rate, gives a measure of the surface velocity v. An average value
of the surface velocity v is then computed over the region of interest. In order
to experimentally compute the dilatancy, we use the DIC method to measure the
values of the average shear strain εS and the average volumetric strain εV . We select
a region of interest of 12×8 grains centered about 6 grains below the free surface
(see Figure 2.3d). By comparing pairs of consecutive images, the DIC method
enables to determine in-plane displacement and thus full-filed strain. Given the
strain components (εxx , εyy and εxy), we compute the principal strains ε1 and ε2 from
which the shear strain εS and the volumetric strain εV are derived as follows:

εV = ε1 + ε2 and εS = ε1 − ε2 (2.1)

Subsequently, the average values of each strain component are evaluated over the
region of interest. We plot the resulting evolution of average volumetric strain εV
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as a function of average shear strain εS (see Figure 2.4). In order to determine
the maximum dilatancy β∗, the curve of average volumetric εV versus average
shear strain εS is smoothed using a cubic spline interpolant [58] (not represented in
Figure 2.4). The maximum dilatancy β∗ (depicted in Figure 2.4) corresponds to the
maximum slope value of the smoothed curve. In order to ensure repeatability and
consistency of the results, the experimental procedure and data analysis described
herein are repeated for three different runs.
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Figure 2.4: Evolution of the average volumetric strain as a function of the average
shear strain measured using DIC for three different avalanche events. β∗ denotes
the maximum average value of dilatancy. Inset, sketch of the experimental rotating
drum. Definition of the inclination angle and angular velocity ω.

2.3 Constitutive model
To help explain and reproduce the life-cycle of an avalanche observed in the exper-
iments, we use a constitutive model recently postulated by Andrade et al. [52]. The
key feature of this model is its ability to account for the transition from solid-like
material behavior, which is well described by rate-independent plasticity theory [4],
to fluid-like material behavior, in which the material behaves as a non-Newtonian
fluid [25, 26]. The constitutive model is based on the Coulomb friction law that
couples the shear stress τ to the normal stress σ by the mobilized friction coefficient
µ, which describes the strength of the material. When the inequality τ < µσ holds,
the material is at equilibrium and behaves as a rigid body. At the onset of flow,
the force balance can be expressed in terms of the inclination angle θ, such that tan
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θ = µ. Once the granular assembly flows, the driving force provided by gravity
has overcome the critical threshold. By considering a uniform infinite flow, the
governing equation of the granular flow can be derived from the linear momentum
balance equation (see Appendix):

a
g
= cos θ (tan θ − µ) (2.2)

where a is the surface acceleration, g is the gravitational acceleration, θ is the
inclination angle, and µ is the mobilized friction coefficient. We assume that the
mobilized frictional resistance is expressed as a function of dilatancy and residual
resistance [4, 20], such that the following additive decomposition holds:

µ = β + µ̄ (2.3)

In the previous equation, µ̄ is the residual resistance of the material. The Reynolds
dilatancy [22, 63], expressed by β in equation (2.3), describes the change in volume
associated with the shear distortion of compacted granular materials [4], and relates
the volumetric and shear strain rates by ÛεV = β ÛεS. Assuming quasi-static conditions
( ÛεS ≈ 0), classical soil mechanics has considered the residual resistance µ̄ constant.
We postulate that, in the solid-like state, the residual resistance of the material is
defined by a constant material parameter µl , making the total frictional resistance
µ = β + µl . In the fluid-like state, the granular material reaches critical state [24] in
which the dilatant effect no longer occurs (β = 0) and the material strength is only
furnished by the residual resistance µ̄, so that µ = µl . Once the avalanche stops
at θ = θR, the granular assembly is still at critical state (β = 0) but reassumes a
solid-like state in which the total frictional resistance µ = µl . Hence, according
to equation (2.2), the value of the parameter µl is given by µl = tan θR. These
assumptions are consistent with experimental observations [24–26] and theory [20],
where the solid-like behavior is controlled by dilatancy and the residual resistance
controls the fluid-like behavior. However, consolidating these views is critical in
explaining the onset and life-cycle of granular avalanches. Further, laboratory
experiments on steady flows [24, 25] have shown that the residual resistance µ̄ is
distinctly rate-dependent. By reformulating the constitutive law proposed by Jop
et al. [24, 25], we introduce a simpler expression taking into account the rate
dependency that can be expressed as:
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µ̄ = µl +
µu − µl

1 +
Ûε∗S
ÛεS

(2.4)

According to this empirical relation, the residual resistance µ̄ starts from a lower
value µl = tan θR for zero shear rate and converges asymptotically to µu as the speed
of shearing ÛεS increases. The upper bound µu would correspond to the transition
between the flow regime and the gaseous regime [1, 25], where the constitutive law
(2.4) no longer applies. In equation (2.4), Ûε∗S is set to be the value of the shear rate
at which the surface velocity v reaches its peak value (and therefore at which the
acceleration a = 0) and at which the inclination angle is equal to the angle of peak
velocity θV . It is clear from equation (2.4) that Ûε∗S also corresponds to the shear
rate at which the residual friction µ̄ = 1/2 (µu + µl). Consequently, at ÛεS = Ûε∗S , as
the acceleration a = 0 and the inclination angle θ = θV , equation (2.2) gives tan
θV = µ̄ = 1/2 (µu + µl), from which we can deduce the value of the parameter µu.
This model unifies the solid-like and fluid-like behavior under a simple plasticity
framework that is used to interpret experimental observations of transient granular
avalanches.

2.4 Results and discussion
Typical volumetric versus shear strain curves (εV vs. εS) obtained in experiments
are plotted in Figure 2.4. We observe that the granular sample initially expands
(dilates) until it reaches a constant volume at large shear deformation. The measured
dilatancy β, indicated by the slope of the volumetric strain-shear strain curve, reaches
a maximum value β∗ for small shear deformation. In Figure 2.4, even though
the system for the three different runs stabilizes at different plateau values of the
volumetric strain, the peak of dilatancy β∗ obtained at small shear deformation is
roughly the same. Measurements of the maximum dilatancy β∗ give a mean value
of β∗ = 0.20 and a standard deviation of 0.007.

In Figure 2.5a, we report measurements of the inclination angle θ (black curve)
and the proposed plasticity model predictions of the inclination angle θMODEL (blue
dots) obtained by solving equation (2.2) using the Newton-Raphson method. In
Figure 2.5a, we highlight the time interval at the onset of an avalanche in which the
dilatancy measurements are carried out (red shade). Measurements of the surface
velocity v as a function of time are depicted in Figure 2.5c. The time evolution of
the surface velocity v initially increases from zero to a maximum value and later
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decreases at a slower rate towards zero (at rest) [64]. It is noteworthy that the peak
of surface velocity v coincides with the angle of peak velocity θV (Figure 2.5). The
surface acceleration a (Figure 2.5b) is obtained by differentiation of the surface
velocity v. This kinematics are used as input in equation (2.2) to solve for the model
predictions of the inclination angle θMODEL. As suspected by related work [64–67],
the results presented here feature dilatancy as the key material parameter governing
the onset of flow. Indeed, when the peak of dilatancy β∗ occurs, the frictional
resistance µ reaches the yield criterion µ = tan θ, and an avalanche is triggered.
Furthermore, our constitutive model (see Appendix) and statistics of dry granular
avalanches [68] reveal that the angle at which an avalanche ends is correlated to
the the angle at which an avalanche starts. In particular, our experimental results
show that the difference in angles is fully explained by the peak of dilatancy such
that tan−1β∗ ≈ ∆θ. Dilatancy seems to give the additional strength to the material
that allows a transient avalanche to start at an angle θA, measurably higher than
the angle of repose θR. It should be noted that each avalanche removes a layer of
granular material and deposits it at the toe of the slope. A new avalanche occurs by
mobilizing the layer of granular material that was just underneath the material in the
previous slope. This helps explain the re-setting or availability of dilatancy at every
avalanche cycle. This initial dilatancy is measured during the time interval shown
in Figure 2.5a. The plasticity model (blue dots) captures the fluid-like behavior
of the granular media observed in experiments (black curve) well. These results
confirm a clear dependence of the residual resistance µ̄ on shear rate. Moreover, our
experimental results reveal the existence of a peak and a trough in the inclination
angle curve observed respectively at the beginning and at the end of the flow (Figure
2.5a). To our knowledge, such distinctive features have not been reported before
in the literature on granular avalanches. Our constitutive model suggests that these
features are induced by the rate of change of acceleration Ûa = da/dt. To justify this,
we examine the sign of the rate of change of the inclination angle Ûθ = dθ/dt near
the angle of avalanche θA and the angle of repose θR. By taking the derivative of
the governing equation (2.2) with respect to time, we derive an expression for Ûθ:

Ûθ = 1
µ sin θ + cos θ

( Ûa
g
+ cos θ Ûµ

)
(2.5)

It can be seen from our constitutive framework, given in equation (2.3), that, for
β > 0, the value of the mobilized friction resistance remains positive for all time.
Furthermore, during an avalanche, 0 < θ < π/2 and ∀ t, cos θ ≥ 0 and sin θ ≥ 0.
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Consequently,

∀t,
1

µ sin θ + cos θ
> 0

We recall that, once the avalanche has been triggered, the granular assembly is in a
fluid-like state and we have µ = µ̄. In particular, as θ → θA and θ → θR, the surface
velocity v ≈ 0 and the shear rate Ûε∗S =

v
h ≈ 0 (where h is the average thickness of

the moving grains). Using equation (2.4), we can conclude that, as θ approaches
the angle of avalanche θA and the angle of repose θR, µ → µl and hence Ûµ →
0. It follows from equation (2.5) that sgn( Ûθ) = sgn( Ûa), where sgn represents the
sign function. From Figure 2.5b, it can be seen that, as t approaches tA from the
right (t → t+A), the rate of change of the acceleration Ûa is positive. Accordingly, we
have Ûθ ≥ 0 hence the occurrence of a peak in the inclination angle θ curve after
the triggering. Similarly, for t → tR, Figure 2.5b shows that the rate of change
of the acceleration Ûa. It follows that Ûθ ≥ 0 which results in the formation of a
trough in the inclination angle curve prior to the runout. We emphasize that, for the
given experimental parameters (material properties, angular velocity, etc.), the peak
and trough of inclination angle occur in each performed experiment. Finally, we
highlight that important features of transient granular avalanches, such as triggering,
evolution of the flow and runout [50] correspond to zero surface acceleration a (see
Figure 2.5) and are quantitatively captured by the proposed model.

2.5 Conclusion
In conclusion, we employed a simple rate-dependent plasticity model that has been
able to reproduce the key features of the life-cycle of an avalanche observed in drum
experiments. In particular, our constitutive model, assuming uniform infinite flow,
explains the formation of a peak and a trough observed in the inclination angle
curve, respectively after triggering and during runout. Further studies (involving,
in particular, the influence of the sample preparation and initial packing fraction)
remain necessary, however, to fully understand the origin of these specific features.
Dilative strength has a clear influence on the transition between the solid-like and
fluid-like states and explains the difference between the angle of avalanche θA

and the angle of repose θR. The remainder of the curve seems to be controlled
by the residual strength of the material, which is clearly rate-dependent. Hence,
both the dilative behavior and the residual strength together are able to explain
the beginning, evolution, and end of the life-cycle of granular avalanches. The
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comprehensive description of laboratory avalanches clarifies the physical origin
of the phenomenon and may open the door for a deeper understanding of natural
hazards such as landslides.
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C h a p t e r 3

THE GRANULAR ELEMENT METHOD: EXPERIMENTAL
FORCE INFERENCE TECHNIQUE

3.1 Introduction
The mechanical behavior of granular materials is fundamentally encoded at the
grain-scale. A major goal in the study of granular materials has therefore been to
characterize grain-scale information. Advances in experimental techniques (e.g.,
X-ray Computed Tomography [7, 9, 69]) and computational methods (e.g., Discrete
Element Method [14]) have enabled access to grain-scale fabric, kinematics and
contact forces.

Contact forces have received extensive attention as there is a strong interest in
understanding their role on the mechanical response of samples as well as on the
microstructure of granular assemblies. Studies have investigated relations between
contact forces and bulk properties [15, 70]. Extensive research has focused on
evaluating the statistical distribution of contact forces [33, 71–77]. Many models
have emerged to simulate the observed heterogeneities of force networks [73, 78,
79]. The progress and success of these studies is intimately linked to the ability
to validate theories with experiments on real granular materials. To this end,
experimental techniques for inferring contact forces are essential.

Several experimental techniques have historically provided powerful methods for
inferring contact forces in granular materials. Contact forces in granular assemblies
were first observed optically in packings of idealized photoelastic particles, which
have the property to develop birefringence by the application of stress ([30, 38]).
While photoelasticity has andwill continue to occupy an important place in the study
of granular materials, it has many limitations: it requires the use of birefringent
grains with simple geometries, is difficult to implement in three dimensions, and it
often requires knowledge of boundary forces for accurate results [31, 32]. Other
methods proposed recently attempt to overcome some of these limitations but are
also restricted to particular materials or grain shapes (see e.g., [80, 81]).

The methodology presented in this chapter leverages emerging experimental tech-
niques to overcome many of these limitations. The Granular Element Method
(GEM) [52, 82] combines a mathematical framework with experimental data to
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Figure 3.1: The GEM methodology for contact force-inference presented in this
chapter. Experimental imagining techniques provide rich data sets for extracting
grain strain fields andmaterial fabric. These ingredients are input for a mathematical
framework which yields contact forces by solving an appropriate inverse problem.
Variables and equations in panel 3 are described in section 3.3

infer contact forces in granular assemblies with grains of arbitrary shape, texture
and opacity. The method has been successfully applied to two-dimensional sys-
tems under quasi-static conditions [82], dynamic load [83] and, more recently, to
a three-dimensional system [10]. While the number of grains involved in the first
experimental example of applying 2D-GEM under quasi-static conditions [82] was
relatively small, we demonstrate in this chapter that the force inference technique
works for larger granular systems.

The GEM methodology can be visualized in Figure 3.1 and consists of two main
stages. First, experimental imaging techniques are used to extract information
about the geometric arrangement of the granular assembly and the average grain
stresses. Secondly, this information is taken as input for the constrained optimization
problem, whose solution is the desired contact forces. The subsequent sections give
a thorough and general description of the experimental measurements required by
2D-GEM and the constrained optimization problem.

3.2 Experimental measurements
The first step of the GEM methodology consists of acquiring a set of digital images
of a granular assembly under arbitrary loading conditions. The second step of the
method involves extracting information about the fabric (grain shape, contact, and
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centroid locations) and average grain stresses at each time step. Thesemeasurements
constitute the inputs for GEM and, once experimentally extracted, provide enough
information to infer contact forces. It is worth noting that GEM does not require
prior knowledge of the grain-to-grain contact law and can be applied to assemblies
of arbitrarily-shaped grains. Grain contours and centroids are obtained from digital
images by means of segmentation algorithms. Typically, the Circular Hough Trans-
form algorithm [84, 85] is used for circular grains and the Watershed Segmentation
algorithm [86–88] for arbitrarily-shaped grains. Knowing the contour of each grain,
contact point locations are deduced by computing the Euclidean distance between
contour nodes of grains.

Measurement of grain displacements, rotations, and strains are extracted using 2D-
Digital Image Correlation (DIC) [61, 62]. Digital Image Correlation is an optical
tool based on digital image processing and numerical computing which provides
full-field displacements and strains by comparing the gray intensity changes of
the object surface before and after deformation. The DIC procedure consists of
tracking the same pixels between reference and deformed images. To perform this
tracking, a correlation window, or subset, is chosen and deformed until the pattern
in the deformed image matches the pattern in the reference image as closely as
possible. To determine an adequate subset size, a compromise between resolution
and measurement error needs to be found. The error is evaluated by correlating
two subsequent images of the specimen, without applying any deformation to it.
The values of the resulting strain components (εxx , εyy and εxy) for different subset
sizes are then compared in order to identify suitable configurations. The degree
of similarity between the reference and deformed subsets is computed using a
correlation coefficient and the best fit is achieved when the correlation coefficient
reaches its maximum. The position of the deformed subset is determined and the
in-plane displacement is obtained by calculating the difference between the position
of each point in the reference subset and the position of the corresponding point in
the deformed subset. The strain field is then computed by numerical differentiation
of the displacement field. The 2D-DIC analysis presented in this paper was carried
out with the software VIC-2D (Correlated Solutions Inc.) [89, 90].

A constitutive law is required to obtain average grain stresses σ̄ from average grain
strain ε̄. In this thesis, assuming a linear elastic material, we compute the average
grain stresses σ̄p from the average grain strains ε̄p using generalized Hooke’s law
such that, σ̄p = C : ε̄p, where C is the elastic stiffness of the grain.
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3.3 Mathematical framework
The constrained optimization problem employed by GEM to infer contact forces
from experimental measurements involves three sets of governing equations: mo-
mentum balance, a force-stress relationship, and constraint equations. Underlying
the formulation of all governing equations is the assumption of point contact. This
assumption is valid for many stiff particles of interest in granular physics, including,
for instance, sands, powders, and many pharmaceuticals. In the case of more com-
pliant particles, this approximation may remain accurate for moderate load levels.

Consider the pth particle in a static granular material, interacting with other particles
through N p

c contact points labeled with index α (see Figure 3.2). Balance of forces
and moments reads as follows:

Np
c∑

α=1
fα = 0 (3.1)

Np
c∑

α=1
xα × fα = 0 (3.2)

where, as show in Figure 3.2, xα is a vector which represents the position of the
contact point α relative to a reference frame, fα is a force vector acting at α, and
N p

c is the total number of contact points for grain p.

boundary

f j

f i ⌦p

⌦q

Figure 3.2: Illustration of particle-particle and particle-boundary contacts.

Equations (3.1) and (3.2) can be combined into a single matrix expression for an
entire assembly of particles: Keqf = 0. In two dimensions, the system takes the
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form:
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with

Ki
eq =


1 0
0 1
−xi

2 xi
1

 ; f i =

(
f i
1

f i
2

)
(3.4)

where p and q represent particles, i and j represent particle-particle and particle-
boundary contacts as shown in Figure 3.2. In general,Keq will have Np d (d + 1)/2
rows and Nc d columns where d is the dimension (e.g., d = 2 for 2D), Np is the total
number of particles in the assembly, and Nc is the total number of contact points in
the assembly.

The average Cauchy stress for a particle in equilibrium under the action of discrete
boundary forces can be derived by considering the volume averaged stress equation
for a particle p:

σ̄p =
1
Ωp

∫
Ωp

σp dv (3.5)

where Ωp indicates integration over the deformed volume (in 3D) or area (in 2D) of
the particle p. By considering balance of linear momentum, the divergence theorem,
and the symmetry of the Cauchy stress tensor, this expression takes the form (see
[52] for more details):

σ̄p =
1
Ωp

Np
c∑

α=1
sym(fα ⊗ xα) (3.6)

Equation (3.6) can be written in matrix form for an entire assembly of particles as
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Kstf = bst . In two dimensions, the system takes the form:
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with

Ki
st =


xi

1 0
0 xi

2
xi

2 xi
1
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p
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11

Ωpσ̄
p
22

2Ωpσ̄
p
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 (3.8)

Similar toKeq , the matrixKst has Np d (d + 1)/2 rows and Nc d columns, where
d is the dimension (e.g., d = 2 for 2D), Np is the total number of particles in the
assembly and Nc is the total number of contact points in the assembly.

Equations (3.1), (3.2), and (3.6) can be combined into single matrix equations for
an entire assembly of grains that is given by:

Keqf = 0 (3.9a)

Kstf = bst (3.9b)

whereKeq encompasses position measurements in Equations (3.1) and (3.2), Kst

encompasses position measurements in Equation (3.6) and bst encompasses the
experimental measurements on the right-hand side of Equation (3.6).

Finally, cohesion-less granular materials in equilibrium obey two additional laws:
normal forces are repulsive and tangential forces are governed by a Coulomb type
friction law. The latter constraint requires that | ft | ≤ µ| fn |, where ft is a tangential
force magnitude, fn is a corresponding normal force magnitude, and µ is the inter-
particle coefficient of friction. These two constraints can be written for any contact
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point acting on the pth particle as:

−ei · f i ≥ 0 (3.10)

−(ei +
1
µ
ti) · f i ≥ 0 (3.11)

−(ei − 1
µ
ti) · f i ≥ 0 (3.12)

where ei and ti represent normal and tangential unit vectors at the contact point i

for a particular particle Ωp, as shown in Figure 3.3.

ti

ei

f i ⌦p

⌦q

Figure 3.3: Unit vectors for contact i.

Equations (3.10), (3.11), and (3.12) can be combined into a single matrix expression
for an entire assembly of particles: Bf ≥ 0. In 2D, the system takes the form:
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(3.13)

where subscripts refer to vector components and superscripts refer to particular
contact points. In general,B ∈ R3Nc×dNc .

The mechanics of an assembly of contacting grains is fully governed by the three
matrices given in Equations (3.9a), (3.9b), and (3.13). Every term in these equations,
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except for the force vector f , is experimentally extracted as explained in section
3.2. To find the force vector f that best fits the measured data, we combine
equations (3.9a), (3.9b), and (3.13) to formulate a constrained optimization problem
that can be expressed as:

f = argmin
f
(λ | |Keqf | |2 + (1 − λ)| |Kstf − bst | |2) (3.14a)

subjected to:Bf ≥ 0 (3.14b)

The previous multi-objective optimization problem is solved using CVX [91], a
Matlab-based optimization solver. The parameter λ sets the relative weight be-
tween the equilibrium objective function | |Keqf | |2 and the stress objective function
| |Kstf − bst | |2. Due to the conflicting nature of the objective functions | |Keqf | |2
and | |Kstf − bst | |2, no single optimal solution exists; instead, a set of trade-off
solutions, known as Pareto optimal solutions, can be found [92]. The set of all
Pareto optimal solutions forms a curve known as a Pareto front. The Pareto front
represented in Figure 3.4 is obtained by solving equation (3.14) with many values of
λ. A methodology which determine the knee point of the Pareto front is then used
to systematically choose a single preferred solution [93]. At any such knee point,
an improvement in one objective (e.g., equilibrium or stress) will result in a severe
degradation in the other one. Once the knee point is identified, the set of forces f
that best fits the measured data is obtained.

KNEE POINT

OPTIMAL TRADE-OFF 
CURVE / PARETO FRONT||Keqf ||2

||Kstf � bst||2

Figure 3.4: Schematic view of the Pareto front and knee point
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To summarize, we describe the GEM algorithm in a pseudo-code format. Let ip and
iα denote the storage indices for, respectively, the p-th particle and the α-th contact,
for α ∈ {1, · · · , Nc} and p ∈ {1, · · · , Np}. We recall that Np is the total number of
grains and Nc is the total number of contact.

Inputs: Position of contact points x = [x1,x2, · · · ,xNc ]T where xα = {xα, yα}
Average grain stress σ̄ = [σ̄1, σ̄2, · · · , σ̄Np ]T where σ̄p = {σ̄p

xx, σ̄
p
yy, σ̄

p
xy}

Surface of grains Ω = [Ω1,Ω2, · · · ,ΩNp
]T

Normal unit contact vector e = [e1, e2, · · · , eNc ]T where eα = {eαx , eαy }
Tangential unit contact vector t = [t1, t2, · · · , tNc ]T where tα = {tαx , tαy }
Inter-particle friction coefficient µ
Boundary of granular assembly Γ

Output: Force vector f = [f 1, f 2, · · · , f Nc ]T where fα = { f αx , f αy }
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Algorithm 1 The Granular Element Method (GEM)
1: Initialize
2: Construct vector bst = [b1

st, b
2
st, · · · , b

Np

st ]T
3: for p = 1 to Np do
4: Compute bp

st = {Ωpσ̄
p
xx,Ωpσ̄

p
yy, 2Ωpσ̄

p
xy}

5: Assemble bst(ip) = bp
st

6: end for
7: Construct matricesKeq,Kst andB
8: for α = 1 to Nc do
9: Identify master grain p
10: ComputeKα

eq = [{1, 0}, {0, 1}, {yα,−xα}]
11: AssembleKeq(ip, iα) =Kα

eq
12: ComputeKα

st = [{xα, 0}, {0, yα}, {xα, yα}]
13: AssembleKst(ip, iα) =Kα

st
14: if α < Γ then
15: Identify slave grain q
16: AssembleKeq(iq, iα) = −Kα

eq
17: AssembleKst(iq, iα) = −Kα

st
18: end if
19: ComputeB1(α, iα) = [−eαx ,−eαy ]
20: ComputeB2(α, iα) = [−eαx − tαx /µ,−eαy − tαy /µ]
21: ComputeB3(α, iα) = [−eαx + tαx /µ,−eαy + tαy /µ]
22: AssembleB = [B1,B2,B3]T
23: end for
24: Solve optimization problem
25: for λ ∈ [0, 1] do
26: Minimize (λ | |Keqf | | + (1 − λ)| |Kstf − bst | |) with respect to f subjected

toBf ≥ 0
27: Store | |Keqf | |, | |Kstf − bst | | and f
28: end for
29: Find the preferred solution f

∗ corresponding to the knee point of the
(| |Keqf | |, | |Kstf − bst | |) curve

30: Return f = f ∗

3.4 Experimental validation and application of GEM
This section presents an example of GEM applied to a real experiment. The current
experiment uses 2D-DIC to measure full-field particle strains from which stresses
are deduced. Information about the location of contact points and particle shapes
are obtained from digital images using segmentation algorithms. This data is then
passed to the GEM algorithm, which reconstructs the force distribution. The results
of this experiment showcase the applicability of GEM to real materials and its
potential to be combined with advanced experimental techniques.
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�N = 54.4 kPa

0.525 m
0
.480

m

Figure 3.5: (a) Sample under macroscopic loading. Top face (red) was prescribed a
vertical load of σN = -54.4 kPa using a smooth, rigid wall. Bottom and lateral faces
(blue) were smooth, stationary walls. (b) Sample dimensions in meters. Results of
segmentation process (white contours) and contact detection (blue crosses).

A uniaxial compression test is carried out on the apparatus described in Section 4.2.
The specimen shown in Figure 3.5 was compressed with a σN = −54.4 kPa vertical
load on the top wall, while the side walls were held rigid. The granular assembly
used in this test was composed of 400 cylinders. Grain diameters were 20 mm
and 30 mm and the grains out-of-plane length was 25 mm. The grain diameters
correspond to, respectively, 116 pixels and 172 pixels on the 4864 × 3232 pixels
digital images captured at each time step. We emphasize that discs were used due
to the simplicity of their manufacturing process. However, as it will be shown in
Section 5, experiments can be carried out on arbitrary-shaped grains since the force
inference method (GEM) does not make any assumption about grain shape [52,
82]. The grains are made of polyurethane that has a Young’s modulus E = 50 MPa,
a Poisson’s ratio ν of approximately 0.5, and an inter-particle friction coefficient
µ = 0.6. For an optimal use of 2D-DIC, the top face of each cylinder is covered
with suitable speckle patterns that are achieved by spraying black and white paints.

Segmentation algorithms were used to extract the material’s fabric: grain contact
points, centroids, and areas. Circular Hough transform [84, 85] was first performed
to determine the grain contours. A simple algorithm based on measuring the
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euclidean distance between centroids was then used to determine the position of the
contact points. The results of this algorithm are shown in Figure 3.5b, where it can
be seen that the 400 grains share a total of 791 contact points.

(a) (b) (c)
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�0.7 0.70 �0.7 0.70[%]
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0�1 1

Figure 3.6: Full-field strain measurements obtained using DIC during a uniaxial
compression test (σN = -54.4 kPa) (a). Strain component εxx (b). Strain component
εyy (c). Strain component εxy.

The 2D-DIC technique [61, 62] is applied to the images to extract full-field displace-
ment, strain and grain rotations. To perform this tracking, a correlationwindow (also
called subset) of 15x15 pixels is chosen and a step size (i.e., the distance between
neighboring calculation points) is set to 3 pixels. With a 15 × 15 pixels correlation
window, a border of 7 pixels around the edge of the grains are not correlated. How-
ever, since the force inference method (GEM) takes the average grain stresses as
input [52, 82], this data loss adjacent to the edges is not sufficient to compromise an
accurate force calculation. Figure 3.6 shows the full-field strain distribution (εxx , εyy
and εxy) obtained from 2D-DIC at the final load step where the granular assembly
is subjected to a uniaxial compressive load of σN = -54.4 kPa (hanging mass of 160
lbs). The full-field stress distribution (σxx , σyy and σxy) is obtained by using the
full-field strains in a linear elastic plane stress formulation. The corresponding prin-
cipal stresses and are calculated at each pixel. Contour plot of difference of principal
stresses are presented in Figure 3.7 for the final load step (σN = -54.4 kPa, hanging
mass of 160 lbs). The stress contour distribution gives us a direct comparison with
stresses measured with photoelasticity [30–33]. Indeed, the isochromatic pattern
obtained when a birefringent material is placed under stress is directly proportional
to the difference of principal stressesσ1−σ2 [94]. It can be seen from Figure 3.6 and
Figure 3.7a that DIC measurements provide a qualitative information of the force
distribution in an opaque granular assembly. Given that the position of the contact
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points and the average grain stresses are known, force inference is performed with
GEM [52, 82] by solving the inverse problem given in Equation (3.14). The resulting
contact forces for the uniaxial test are depicted in Figure 3.7b. Figure 3.7b shows
that the force magnitude is consistent with the stress contour distribution and that
force chains are clearly seen to develop. GEM provides a quantitative assessment
of force network.
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Figure 3.7: (a). Contour distribution of difference in principal stresses σ1 − σ2
(b). Contact force magnitudes f obtained with GEM superimposed on contour
distribution of difference in principal stresses σ1 − σ2.

The average macroscopic stress in the array was also computed using the expression
[95]:

〈σ〉 = 1
Ω

Nc∑
α=1

sym(fα ⊗ dα) (3.15)

whereΩ is the volume of the assembly, Nc is the number of inter-particle contacts in
the assembly, 〈σ〉 is the macroscopic average stress, fα is the inter-particle contact
force, and dα is the branch vector between particles. The resulting macroscopic
stress was computed to be:

〈σ〉 =
[
−26.4 −5.1
−4.8 −52.6

]
(kPa) (3.16)

where compressional stresses are negative. The 〈σ〉yy component of this result
corresponds well with the applied stress of σN = −54.4 kPa, a motivational re-
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sult considering that equation (3.15) is approximate since branch vectors between
particles and walls were not included.

The result of this experiment underscores the power of GEM for inferring contact
forces in real opaque materials. The experiment also illustrates the versatility of
GEM: it is adaptable to any experimental technique able to furnish the required
input.

3.5 Conclusion
The improved formulation of GEM presented in this chapter provides a powerful
methodology for investigating contact forces in granular materials with unprece-
dented resolution. The first experimental example using GEM has been showcased
to demonstrate that the method can and has been applied to real materials. The
presentation of the mathematical framework illustrates its simplicity and versatility,
and offers many possibilities of extending the framework to incorporate additional
experimental measurements such as boundary forces. With progress in experimen-
tal imaging and intra-particle strain field extraction (e.g., [9, 96]), GEM will soon
be able to extract contact forces in materials with smaller grains like sands, provid-
ing the first chance to validate many theories regarding force networks in natural
granular media. GEM will also advance the boundaries of the micromechanical
understanding of granular materials by offering a characterization tool for a new
class of opaque complex assemblies.
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C h a p t e r 4

A NOVEL EXPERIMENTAL DEVICE FOR INVESTIGATING
THE MULTISCALE BEHAVIOR OF GRANULAR MATERIALS

UNDER SHEAR

4.1 Introduction
The macro-mechanical response of granular materials subjected to shear conditions
has been extensively investigated by means of laboratory testing such as triaxial tests
[97, 98] and direct shear tests [99, 100]. It is well-known that dense samples exhibit
a peak in shear stress followed by a strain softening behavior, whereas in loose
samples no peak is observed. However, at large shear deformation, both dense and
loose samples show a tendency to stabilize around an asymptotic shear stress value
that is uniquely related to the normal stress and void ratio. In terms of volumetric
deformations, dense samples initially contract and later dilate while loose samples
only contract. For large shear strain values, the volumetric deformation of both
systems reaches a constant value. This equilibrium state where no further changes
in volume or stress state occur with increased shear deformation is conceptually
defined as the critical state of a granular material. The critical state concept, first
introduced byCasagrande [101] and considerably developed byRoscoe et al. [2], has
provided a unifying approach to the fundamental understanding of the mechanical
behavior of granular materials. The existence of a critical state has furnished a
basis for the development of continuum constitutive models within the framework
of plasticity theory [3–5]. Such models, known as the critical state soil mechanics
framework, constitute one of the keystones of soil mechanics and have allowed
practitioners to solve complex geomechanical engineering problems.

However, this modelling paradigm still has many limitations. Critical state plasticity
models have been developed under the assumption that granular materials deform
as isotropic continua despite their discrete nature. Moreover, existing models have
been derived from macroscopic observations obtained in the laboratory. Therefore,
they heavily rely on the calibration of several state variables, which often lack a
clear physical meaning. Phenomenological approaches also influence the predictive
capabilities of most constitutive models when applied outside of their predetermined
realm. As a consequence, there is currently a need to develop more physic-based
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constitutive models to better understand and accurately describe the continuum
behavior of granular materials by embedding micromechanics. Significant efforts
have been made in constructing multiscale analysis that provide a link between grain
and continuum scale. Some of the most prominent examples include the stress-
dilatancy theory, originally developed by Rowe [20], the stress-induced anisotropy
[33, 102, 103], and the stress-strain-fabric relationship [15, 104].

Many of these studies have been conducted using the discrete element method
(DEM) [14] that has emerged as an important numerical technique to access grain-
scale information such as contact forces and kinematics. In the recent past, DEM
has been employed to micromechanically study the shear behavior of granular
materials [18, 105–107]. Nonetheless, DEM still has many limitations: it has
a high computational cost, is generally constrained to simple grain shapes, and
remains mainly qualitative.

Meanwhile, experimental testing remains an irreplaceable approach for investigating
the fundamental response of granular materials. Shear tests performed on quasi-
2D granular assemblies have proved their ability to provide key insights into the
micromechanics of granular materials [11, 38, 108–110]. Such progress made in
the field of experimental geomechanics are intimately linked to the development of
grain-scale characterization techniques. In recent years, Digital Image Correlation
(DIC) has been widely used to capture kinematics in granular assemblies [43, 44,
111, 112]. By defining the best mapping function that relates two images, DIC
provides full-field displacements, strains, and rotation [61, 62]. Force inference has
been made possible by use of photoelasticity in assembly of birefringent disks [30,
33] and recently in assembly of opaque, real granular materials in 2D [52, 82, 83]
and 3D [10] by means of the Granular Element Method (GEM), as described in
Chapter 3.

This chapter presents an experimental capability that furnishes unique data on the
mechanics of granular materials at different scales including continuum measures
of stresses and strains and discrete measures of grain kinematics and contact forces.
A key aspect of this experimental method is a novel apparatus allowing shear
deformation at constant normal pressure of a 2D analogue granular assembly. At
the grain scale, kinematics are extracted usingDIC and normal and tangential contact
forces are inferred with GEM, provided that average grain strains and contact point
locations are known. We show that macroscopic results of stresses and strains
reproduce typical features of the shear response of dense granular materials. To
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Figure 4.1: Picture of the experimental setup

provide a validation process of the experimental method, we performed a uniaxial
compression. This simpler loading condition gives us a direct comparison between
applied load and results of normal stress computed from grain-scale quantities.
In this study, we aim to improve our knowledge of the multiscale behavior of
granular materials, which is essential for developingmore physics-based constitutive
models and for comparing laboratory tests with numerical simulations such as those
performed with DEM.

For completeness, the chapter is organized as follows. First, Section 4.2 presents
the experimental setup and experimental procedure. Section 4.3 showcases the
validation process of the experimentalmethod. Finally, Section 4.5 offers concluding
remarks.

4.2 Experimental setup
Description of the apparatus
We have designed and built a novel experimental device capable of reproducing
(quasi-static) simple shear conditions over large deformation on a two-dimensional
analogue granular assembly. A general view of our apparatus is given in Figures 4.2
and 4.1. In particular, Figure 4.2 shows an exploded-view drawing of the device
where the three main elements are showcased: (1) the support structure, (2) the
shear cell, and (3) the linear actuator system.

The support structure is made of a 1630 mm x 1270 mm x 16 mm aluminum
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mounting plate and is directly placed onto a stationary steel table. Z-shapedmembers
supporting the shear cell, L-shaped members supporting the glass plate, pulleys and
y-axis linear guide rails are screwed to the aluminum plate. The shear cell consists
of a horizontal deformable parallelogram (ABCD) that can undergo shear strain and
normal strain in the y-direction (tilting and elongation of faces BC and AD). The
points A and B are fixed to the Z-shaped members, which themselves are fixed to
the support structure. The sides AB and CD are solid members that always remain
horizontal and of constant length Lx = 525 mm while the lateral sides (BC and AD)
consist of slotted members of variable length Ly. At the corners of the parallelogram
ABCD, bearing arrangements mounted on rotary shafts allow the sides AD and BC
to rotate at a constant angular velocity about the point A and the point B respectively.
The shear angle γ between the vertical and the sides AD and BC can be positive or
negative, allowing application of cyclic shear. The face CD of the shear cell remains
parallel to the face AB and is mounted to the linear actuator system using bolted
connections and a connector plate.

X-AXIS LINEAR 
GUIDE RAILS

Y-AXIS LINEAR 
GUIDE RAILS

BALL SCREW

PULLEY

MOTOR

CONNECTING PLATE

SHEARING ARM CD

FIXED ARM AB

LATERAL SLOTTED 
ARMS BC AND AD

GLASS PLATE

BELT DRIVE
BOLTED CONNECTIONS

SUPPORT STRUCTURES
FOR SHEAR CELL

EYE BOLT 
FOR ROPE 

SUPPORT FOR 
GLASS PLATE

Linear actuator 
mechanism

1

2

3

Shear cell

Support structure

Figure 4.2: Exploded view drawing of the experimental shear apparatus

The linear actuator system is composed of a brushless DC electric motor (MAXON
Motor), belt drive, linear guide rails positioned in the x-direction, and a ball screw,
mounted onto an aluminum x-drive plate. A linear motion in the x-direction is
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generated at the connector plate when the ball screw is rotated. This linear motion is
transferred to the side CD of the shear cell and therefore provides the shear mecha-
nism. Kinematic control of the shear mechanism is achieved by direct command of
the speed of the DCmotor using a speed controller (MAXONMotor) in closed loop.
Thus, during a test, the velocity of the side CD and the shear rate are kept constant.
Furthermore, as shown in Figures 4.2 and 4.1, the linear actuator system is screwed
on two y-axis linear guide rails fixed to the mounting plate. The y-axis linear guide
mechanism enables movement of the linear actuator system in the y-direction and
thus allows the faces BC and AD of the shear cell to elongate (or shorten). A
constant normal stress σN is applied to the face CD of the shear cell and transmitted
to the granular assembly using two pulley systems. On each side of the mounting
plate, a hanging mass is suspended over a pulley while the other end of the rope
is attached to the linear actuator system. Finally, the granular assembly stands on
a glass plate and is tracked by an optical imaging system (Allied Vision Prosilica
GT4907 15.7 Megapixel CCD camera attached to a Nikkor AF 105mm f/2.8 lens)
that sits at 1.6 m above the apparatus. Image sequences are typically acquired at a
frame rate of 7 images per second.

Measurements
Figure 4.3 displays the general state of deformation of the shear cell subjected to a
prescribed tilting angle γ and external load σN . The angle γ between the vertical
and the sides AD or BC and the length in the y-direction Ly = Ly0 + ∆Ly constitute
the two degrees of freedom that define the configuration of the shear cell.

Figure 4.3c displays the general state of deformation of the shear cell subjected to a
prescribed tilting angle γ and external loadσN . The angle γ between the vertical and
the sides AD or BC and the length in the y-direction Ly = Ly0 + ∆Ly constitute the
two degrees of freedom that define the configuration of the shear cell. As illustrated
in Figure 4.3c, the length Ly0 corresponds to the length of the sides AD and BC in
the initial configuration (dashed lines) where the shear cell is a rectangle (γ = 0)
and the length ∆Ly is the change in length in the y-direction. Measurements of the
angle γ and the length Ly are performed using image processing. The limits on the
dimensions of the shear cell are:

−35◦ < γ < 35◦

450mm < Ly < 630mm
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Figure 4.3: Schematic depicting the state of deformation and imposed boundary
conditions on the shear cell.

Given that the length in the x-direction is constant (Lx = 525 mm), the component
εxx of the strain tensor is equal to zero. Therefore, the macroscopic strain state is
given by the following tensor:

ε =

[
0 εxy

εxy εyy

]
where the normal strain εyy = ∆Ly/Ly and the shear strain εxy = tanγ/2. Owing to
the precise kinematic control of the shear mechanism, the macroscopic strain state
is known at all time. The volumetric strain is defined as εV = tr(ε) = εyy. Simple
shear tests are performed in quasi-static conditions with a shear rate Ûγ = 0.12 ◦/s.
In two dimensions, the macroscopic stress state in the granular assembly is defined
by the following tensor (see Figure 4.3):

σ =

[
σxx τxy

τxy σyy

]
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Material
We perform experiments on a two-dimensional analogue opaque granular assembly
composed of 400 cylinders of height of 25 mm and of two different diameters, d1 =
20 mm and d2 = 30 mm. The grain diameters correspond to, respectively, 116 pixels
and 172 pixels on the 4864 × 3232 pixels digital images captured at each time step.
We emphasize that discs were used due to the simplicity of their manufacturing
process. However, experiments can be carried out on arbitrary-shaped grains since
the force inference method (GEM) does not make any assumption about grain shape
[52, 82]. The grains are made of polyurethane that has a Young’s modulus E =
50 MPa, a Poisson’s ratio ν of approximately 0.5, and an inter-particle friction
coefficient µ = 0.6. For an optimal use of 2D-DIC, the top face of each cylinder is
covered with suitable speckle patterns that are achieved by spraying black and white
paints. Moreover, in order to minimize side and end friction between shear cell and
the granular assembly, PTFE dry lubricant is sprayed onto the aluminum members
of the shear cell. We point out that, since the shear apparatus lays horizontally,
the assembly preparation is not under gravity, which does not influence the grain
orientation and the force distributions.

4.3 Experimental method validation
To investigate the validity of the experimental capability presented in this paper,
we performed a simple uniaxial compression test. In Section 4.3, we compare
the results of macroscopic normal stress measured from the applied loads and the
normal stress computed from grain-scale quantities, i.e., average grain stresses and
contact forces. In Section 4.3, the contact forces inferred from GEM are used as
input to compute an analytical stress contour distribution of σ1 − σ2 that is directly
compared with measured 2D-DIC results.

Average macroscopic normal stress
A uniaxial compression test is carried out on the apparatus described in Section 4.2.
In this test, the shear cell remains rectangular, such that the sides BC and AD can
only elongate or shorten. It follows that the shear angle γ and the only non-zero
component of the macroscopic strain tensor is εyy = ∆Ly/Ly. A normal stress σN is
gradually applied to the granular assembly by linearly increasing the mass hanging
over the pulley. The granular assembly is initially confined with a 20 lbs hanging
mass, equal to an initial normal stress σ0

N
= -6.8 kPa. At each load step, a 10 lbs

weight is added which corresponds to a normal stress increment of ∆ σN = -3.4
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kPa. Sequence of images is collected with the image acquisition system detailed in
Section 4.2 during the uniaxial compression test. Captured images are processed
with image processing algorithm (i.e., Circular Hough Transform [84]) that perform
circle detections from which the contact point locations are determined.

The 2D-DIC technique [61, 62] is applied to the images to extract full-field dis-
placement, strain and grain rotations. The full-field stress distribution (σxx , σyy and
σxy) is obtained by using the full-field strains in a linear elastic plane stress formu-
lation. Given that the position of the contact points and the average grain stress are
known, force inference is performed with GEM [52, 82]. The macroscopic stress
response of the granular assembly subjected to external compressive loads is studied
by incorporating grain-scale experimental information in two different ways.

A first approach consists of computing the average Cauchy stress tensor σ̄ by simply
taking the arithmetic mean of the average grain stresses σ̄p, such that:

σ̄ =
1

Np

Np∑
p=1
σ̄p (4.1)

where Np is the total number of grains. The average grain stresses σ̄p is obtained
from average grain strains ε̄p via σ̄p = C : ε̄p. Equation (4.1) links the DIC grain
measurements with the macroscopic stress tensor σ̄. An alternative approach is to
derive an expression for the average Cauchy stress tensor σ̄ in terms of fabric and
contact forces and has been presented by Christoffersen et al [95]:

σ̄ =
1
Ω

Nc∑
α=1

sym(fα ⊗ dα) (4.2)

where Nc is the total number of contact points, Ω is the total volume of the granular
assembly, fα is the contact force, and dα is the branch vector at the contact α. The
previous expression provides a relationship between the macroscopic stress tensor
and the distribution of contact forces inferred with GEM. In Fig. 4.4, we present
results of average macroscopic stress in the y-direction σ̄yy for the uniaxial com-
pression test obtained from Equation (4.1) (blue dots) and Equation (4.2) (red plus
sign) that are compared with the values of applied normal stress σN (black cross).
Additionally, the relative error (in percent) between the applied normal stress σN

and the measured average macroscopic stress σ̄yy is presented in Fig. 4.4b. Potential
error sources are versatile and include errors inherent to the optical measurement
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system, the mechanical device, and the material property measurements, as well
as intrinsic uncertainties of the DIC and GEM algorithms. Fig. 4.4b demonstrates
that the relative error remains below ±15% for all load steps and that measurements
obtained from DIC (Equation (4.1)) does not yield more accurate results than those
obtained from the micromechanics (Equation (4.2)). This comparison indicates that
there is an excellent agreement between the macroscopic applied stress and stress
measurements obtained from grain quantities. In other words, the stress state eval-
uated inside the granular assembly can reliably represent the stress measured at the
boundary. These results give a direct link between macroscopic stress and evolution
of fabric and contact forces and, therefore, between micro and macro scales.
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Figure 4.4: (a). Comparison of applied normal stress σN with macroscopic average
stress σ̄yy inferred from DIC measurements and GEM results. (b). Relative error
(in percent) between applied normal stress σN (black cross) and the measurements
of macroscopic average stress σ̄yy obtained from Equations (4.1) (blue dots) and
(4.2) (red plus sign).
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Analytical stress contour distribution
By modeling the grains in the granular assembly as circular disks under in-plane
loading, the stress distribution can be derived from an analytical solution based on
the classical elasticity theory [31, 32, 113]. Analytical solution of stresses within a
disk taken together with stress contour distribution visualized using photoelasticity
techniques have been previously used to infer contact forces in birefringent granular
material [30, 33, 34]. Grains used with photoelasticity in [33, 34] are less stiff
(Young’s modulus E = 5 MPa) than the grains tested in this work (E = 50 MPa).
However, both force inference methods, photoelasticity and GEM, can be used with
materials of various stiffness as long as the optical imaging system has a sufficient
spatial resolution to accurately detect deformation.

0

�1 �2-
[MPa]

0.6

0.3

(a) (b)

Figure 4.5: Contour distribution of difference in principal stresses σ1 − σ2 (a).
obtained from 2D-DIC (b). derived from analytical solutions.

A detailed derivation of the analytical solution for a circular disk loaded by oblique
concentrated forces at its boundary can be found in [114]. Hence, given the closed-
form solution and knowing the value of the applied forces and the geometrical
arrangement of the assembly (position of contact points), the analytical stress contour
distribution within a disk is completely known. In this section, aiming to further
validate our experimental procedure, we take the contact forces obtained from GEM
as input to the analytical solution. In Fig. 4.5, the stress distribution derived from
analytical formulations is compared with laboratory test results obtained from 2D-
DIC where a uniaxial compression of -85 kPa is applied to the granular assembly. It
can be seen from Figure 4.5 that there is an excellent correlation between the patterns
of principal stress contours as plotted from the analytical solutions and the contours
observed with 2D-DIC. This grain to grain comparison gives us an indication of the
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accuracy of the magnitude and direction of the contact forces obtained with GEM.
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Figure 4.6: Contour distribution of DIC measurements and GEM results for shear
test (σN = -28.5 kPa) at γ = 0.075, 0.15 and 0.275 (a). Strain field εxy (b). Difference
of principal stresses σ1 − σ2 (c). Contact forces inferred with GEM superimposed
on difference of principal stresses σ1 − σ2.



46

4.4 Micro- to macroscopic response of granular materials under shear
Simple shear tests are carried out in order to characterize the micro- to macroscopic
response of the granular assembly under shear. Each simple shear test begins by
applying a constant normal stress σN to the granular assembly. We present here
results of shear tests performed with three three different values of σN : -14.25
KPa, -28.5 kPa and -42.75 kPa. The granular assembly is then sheared at a shear
rate Ûγ = 0.12 ◦/s. As in the uniaxial compression test, DIC measurements are
performed to extract strain fields from which stress fields is deduced. MATLAB’s
image processing toolbox is used to determined grain positions and contact locations
for each acquired image, so that the fabric evolution within the assembly is known
at each time step. The contact forces are obtained by solving the GEM constrained
optimization problem [52, 82]. Fig. 4.6 presents snapshots of the DIC results and
contact forces distribution of the shear test performed at σN = -28.5 kPa for three
different values of shear angle (γ = 0.075, 0.15 and 0.275). In Fig. 4.6, it can be
seen that different force chain patterns form at different shear strain.

The macroscopic behavior of the granular assembly under shear is then investigated.
First, macroscopic shear stress τxy is computed using Equation (4.2) given the branch
vector and contact force distributions. The results of such calculation forσN = -14.25
KPa, -28.5 kPa and -42.75 kPa as a function of shear strain are shown in Fig. 4.7a.
For all σN values, the granular material exhibits a linear elastic behavior followed
by a peak in shear stress and subsequent strain softening. The observed stress-strain
behavior is characteristic of a dense assembly subjected to shear deformation. In
Fig. 4.7, vertical dashed lines indicate four distinct states of the shear behavior: (1)
initial state (γ = 0); (2) linear elastic state (γ = 0.075); (3) peak state (γ = 0.15);
and (4) critical state (γ = 0.275). It is worth noting that Fig. 4.6 shows snapshots
of the granular assembly in linear elastic state (γ = 0.075), peak state (γ = 0.15)
and critical state (γ = 0.275). In contrary to traditional laboratory experiments
(such as triaxial and direct shear tests), our experimental procedure does not rely
on boundary measurements of macroscopic stress obtained from load cells, which
are typically used to study the constitutive behavior of granular materials [3–5]. As
showcased by Equation (4.2), micromechanical quantities involving branch vectors
and contact forces are used as input to compute the macroscopic stresses. Such
data incorporating micromechanics are generally not available in 3D experiments
in which stress measurements are restricted to measurements at the boundary of the
granular assembly. Volumetric versus shear strain curves obtained in experiments
for three different value of applied normal stress σN are plotted in Fig. 4.7b. In
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Figure 4.7: Macroscopic behavior of the granular sample subjected to shear (a).
Shear stress τxy and (b). volumetric strain εV as a function of shear strain γ for
applied normal stress σN = -14.25 KPa, -28.5 kPa and -42.75 kPa. Dashed vertical
lines highlight four distinct states of the shear behavior: (1) initial state (γ = 0); (2)
linear elastic state (γ = 0.075); (3) peak state (γ = 0.15); and (4) critical state (γ =
0.275).

Fig. 4.7b, we observe, once again, a typical behavior of a dense sample where the
granular assembly initially contracts and then expands (dilates) until it reaches a
constant volume at large shear deformation. The state in which the samples undergo
large shear deformations without further changes in shear stress and volumetric
strain corresponds to the critical state of the material. These results establish a link
between grain-scale information, such as branch vectors and contact forces, and
macroscopic laboratory observations.

The stress state of the granular assembly can also be visualized by looking at the
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magnitude of the normal stress σA = n̂A · σ̄ · n̂A acting on a plane of orienta-
tion θ, defined by the unit vector n̂A = (cos θ, sin θ). Starting from Equation
(Eq:Christofferson), the magnitude of normal stress σA can be expressed in terms
of the micromechanics as follows:

σA =
1
Ω

Nc∑
α=1

f α
A

dα
A

(4.3)

where f α
A
and dα

A
are the scalar projections of, respectively, the force vector and

the branch vector at the contact α onto the unit vector n̂A, i.e., f α
A
= fα · n̂A and

dα
A
= dα · n̂A.
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Figure 4.8: (a). Polar distribution of normal stress σA in kPa for shear test (σN

= -14.25 kPa) at γ = 0, 0.075, 0.15 and 0.275. σA is computed from grain-scale
data (force and branch vectors) using Equation (4.3). (b). Evolution of stress states
(σyy,τxy) and (σxx ,−τxy) in kPa on a Mohr diagram (normal stress σ - shear stress
τ plane). Mohr circles at γ = 0, 0.075, 0.15 and 0.275.
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The polar representation of the normal stress for the shear test performed at σN

= -14.25 kPa is shown in Fig. 4.8a. For each value of the angle θ ∈ [0, 2π], the
magnitude of the normal stress σA(θ) is computed from the grain-scale quantities,
i.e., the force vectors fα and the branch vectors dα, according to Equation (4.3).
In this figure, σA is plotted for different values of shear angle γ that correspond to
distinct states of the shear behavior: initial state (γ = 0, gray curve), linear elastic
state (γ = 0.075, black curve), peak state (γ = 0.15, blue curve) and critical state (γ =
0.275, red curve). The polar representation of the normal stressσA given in Fig. 4.8a
enables a clear visualization of the evolution of principal stress values (σ1 and σ2)
and principal stress orientation, defined as the angle θp between the vertical axis
and the major principal stress σ1 axis. In the initial state (γ = 0), where the granular
sample is subjected to uniaxial compression with σN = -14.25 kPa, we report that
σ1 ≈ σN and that the principal stress is oriented towards the vertical axis (direction
of loading), such that θp = 0. As the granular sample is sheared, the maximum
principal stress value σ1 increases until the peak and slightly decreases at critical
state whereas the minimum principal stress value σ2 only increases. Concurrently,
as qualitatively reported in [115, 116], Fig. 4.8a reveals that the principal stresses
rotate clockwise (increase of θp) during shear. Fig. 4.8b complements Fig. 4.8a as
it depicts the evolution of the stress state (σyy,τxy) and (σxx ,−τxy) obtained from
micromechanical quantities using Equation (4.2) on a Mohr diagram (normal stress
σ - shear stress τ plane). In this figure, stress states (colored circle markers) for the
four distinct states (initial, linear elastic, peak, and critical states) are highlighted
and the correspondingMohr circles are plotted. The stress state representation given
in Fig. 4.8b shows stress continuity as the granular assembly is sheared. Initially,
as γ = 0, the only stress applied to the granular assembly is a compressive stress
in the vertical direction σN and the shear stress τ = 0. It follows that the principal
stresses σ1 = σyy ≈ σN and σ2 = σxx (see Fig. 4.8b). As the shear angle γ
increases, Fig. 4.8b shows that the stress components σxx and σyy increase until
the peak state is reached. For a dense sample, we have seen that shear causes
dilation. The top boundary of the shear cell (side CD) tends to obstruct this dilation
from happening, such that the normal stress acting on the top boundary σCD = σyy

increases. Simultaneously, given the boundary conditions, an increase of σyy and
τxy results in an increase of σxx . In particular, as the principal stress direction is
rotated at an angle θp = 45◦ from the vertical axis, we have σxx = σyy. In this
case, as showcased in Fig. 4.8b, the stress path presents a symmetry with respect
to the τ = 0 axis. Additionally, Mohr circle offers a useful graphical technique for
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finding principal stresses, i.e., in the plane where τxy = 0. Comparison between the
principal stress values obtained from the polar representation given in Fig. 4.8a and
from the Mohr circles in Fig. 4.8b demonstrates the validity of Equation (4.3) to
compute principal stress values.
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Figure 4.9: Polar distribution for shear test (σN = -14.25 kPa) at γ = 0, 0.075, 0.15
and 0.275 (a). Probability density function of contact orientations P(θ) (b). Average
normal forces f̄n(θ) (c). Average tangential forces f̄t(θ)

It can be seen fromEquations (4.2) and (4.3) that themacroscopic stress tensor σ̄ and
the magnitude of normal stress σA is linked to the contact forces and fabric. In order
to gain a better understanding of the macroscopic behavior of granular materials
during shear, it is therefore necessary to characterize the distribution of contact
forces and contact orientations at the grain scale. We emphasize that for spherical
grains, contact orientations are coincident with contact normal. Fig. 4.9a shows
a polar histogram of the probability density function (pdf) of contact orientations
P(θ), i.e., number of contacts within an interval ∆θ divided by the total number of
contact Nc times ∆θ. Polar histograms of average normal forces f̄n(θ) and average
tangential forces f̄t(θ) for different values of shear angle are depicted in Fig. 4.9b
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and Fig. 4.9c. Second order Fourier harmonic functions, as defined by [15, 76], are
used to approximate the polar distributions and are represented as dashed lines in
Fig. 4.9. The polar histograms shown in Fig. 4.9 confirm that shear stress applied to
the granular assembly creates structural (fabric) anisotropy and mechanical (force)
anisotropy.
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Figure 4.10: Principal stress orientation (black), contact orientation (green), and
average normal forces orientation (red) as a function of shear strain . The curves
are obtained by smoothing the data (shaded circle marker) using a smoothing spline
[58].

From the grain-scale statistics and the Fourier expansions, we compute the angles
θa and θ f that correspond to the angles between the vertical axis and, respectively,
the maximum value of contact orientation axis and the maximum value of average
normal forces axis. In Fig. 4.10, principal stress orientation θp (black), contact
orientation θa (green), and average normal force orientation θ f (red) are plotted as a
function of the shear strain γ. In this figure, the shaded circle markers represent the
value of the different orientation angles θ obtained experimentally. The experimental
data are then fitted using a smoothing spline [58]. The smoothed data is represented
by the curves. Fig. 4.10 shows that the rotation of principal stress occurs in the
early stage of the shearing process; for γ > 0.05, the principal stress orientation θp

remains nearly constant and θp ≈ 45°. Throughout the shear deformation, principal
stress orientation θp and average normal force orientation θ f are coaxial. On the
other hand, we experimentally demonstrate that the contact orientation θa does not
generally coincide with the principal stress orientation θp except once critical state
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is achieved (γ > 0.225) and at which θp ≈ θa ≈ θ f , as previously assumed in [15].

4.5 Closure
In this paper, we have described an experimental method that furnishes a com-
plete description of the micro-mechanical state of granular materials: description
of fabric (position of contact points and centroids), description of grain kinemat-
ics (displacements, rotations and strains) obtained using 2D-DIC and description
of contact forces (normal and tangential components) obtained through GEM. We
have introduced a novel experimental apparatus capable of reproducing the mechan-
ical features of granular materials under shear loading. In particular, it has been
shown that the so-called critical state is achieved at large shear strain. A uniaxial
compression test was proposed as a benchmark test and has been successfully used
to verify and validate the proposed experimental method. Under different loading
conditions, force chains have been evidenced in an opaque granular assembly by
means of 2D-DIC and quantified by GEM.We have connected macroscopic stresses
to the microstructure through evolution of fabric and contact forces. Principal stress,
contact, and average normal force orientations during shear have been studied and
results show coaxiality between principal stress and average normal forces orienta-
tions while contact orientation is lagging behind until critical state is reached. These
results may serve as a validation of DEM simulations and enhance our understanding
of the multiscale behavior of granular materials.
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C h a p t e r 5

DO FORCE CHAINS EXIST? EFFECT OF GRAIN SHAPE ON
FORCE TRANSMISSION AND MOBILIZED STRENGTH OF

GRANULAR MATERIALS

5.1 Introduction
Granular materials are abundant in nature and highly manipulated in industries. Ex-
amples range from grains of sand to kernels of corn to pharmaceutical pills. Despite
the seeming simplicity of the laws governing their individual constituents - grains
-, granular assemblies exhibit rich and complex mechanical behavior arising from
the interplay between grains [1]. Striking features observed in granular materials
are intimately linked to the discrete and heterogeneous character of the media [117,
118]. Among these features, there has been a long-standing interest in studying the
self-organization of contact forces into an anisotropic and heterogeneous network
[33, 70, 119]. Under external loading, contact forces tend to align along the direc-
tion of maximum compression, eventually forming chain-like structures that serve
as preferential pathways for force transmission. Such a phenomenon has become
known as force chains [119].

Evidence of force chains was first furnished by photoelastic experiments performed
on quasi-2D granular assemblies composed of birefringent disks [30, 33]. By pro-
viding a direct visualization of stress distributions, photoelasticity has shown that
grains participating in force chains are highly engaged in load-bearing whereas,
between chains, most grains carry little or no load. These strong spatial fluctuations
are revealed by the probability density function of contact forces, which typically
decays exponentially for forces greater than the mean [75, 120]. Numerical sim-
ulations performed with the Discrete Element Method (DEM) [14] confirmed the
prevalence of force chains in granular materials subjected to external loadings [75,
119]. Force chains have been regarded as a key signature of granular materials and
considered of central importance in coupling grain-scale processes to their overall
constitutive behavior.

Photoelastic and DEM analysis have provided insights into the force transmission in
highly idealized granular assemblies with simple geometries. Nevertheless, gran-
ular materials are composed of grains that come in a broad variety of shapes.
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Experimental results quantifying contact forces and characterizing their properties
in arbitrarily-shaped granular samples have yet to be collected. As a result, our un-
derstanding of the effect of grain shape on the force transmission is still very limited.
Although force chains are widely believed to prevail in all granular materials, their
existence in granular assemblies that yields realistic shape representation remains
to be confirmed.

At the macroscopic scale, laboratory tests have revealed the crucial role of grain
shape on the behavior of granular materials [121–127]. Material characteristics
intimately affected by grain shape include the mobilized shear strength, volume
change, and permeability. In particular, as grain shapes deviate from idealized
circles (in 2D) and spheres (in 3D), an increase in mobilized shear strength is
observed [128, 129]. It has been established that the mobilized shear strength of
granular materials depends on the geometrical arrangement of the grains and on
the force transmission [70]. Nonetheless, the grain-scale origin of the increased
mobilized shear strength in arbitrarily-shaped assemblies has yet to be identified.

In this Chapter, we raise the following questions: to which extent do the well-
known features of force chains evidenced in idealized granular materials apply to
assemblies of arbitrarily-shaped grains? What is the influence of grain shape on
the force transmission in granular materials? What are the underlying grain-scale
mechanisms that contribute to an enhanced mobilized shear strength in assemblies
of arbitrarily-shaped grains?

In an attempt to answer these questions, we present experimental results of shear
tests performed on 2D analogue opaque granular assemblies. The role of shape is
investigated by comparing data gathered from circular- and arbitrarily-shaped gran-
ular assemblies having the same grain size distribution and mechanical properties.
Of particular interest are the contact forces, inferred in both assemblies by means
of the Granular Element Method (GEM) [52, 82], from which the force chains
are identified, the force transmission is studied, and strength-related quantities are
derived.

For completeness, the Chapter is organized as follows. We first introduce in sec-
tion 5.2 the experimental procedure that utilizes the custom-built shear apparatus
presented in Chapter 4 We describe the design and manufacturing process of the
granular assemblies as well as the measurements that are performed. In section 5.3,
we present the grain- to continuum-scale results obtained from shear tests performed
at different initial packing densities. We conclude in section 5.4 with a summary of



55

our findings.

5.2 Experimental procedure
Granular assemblies
Experimental tests are conducted on granular assemblies composed of either circular-
shaped grains or arbitrarily-shaped grains. While the circular- and arbitrarily-shaped
granular assemblies differ in shape, both assemblies have the same mechanical
properties and grain size distribution. Details on the design and manufacturing,
morphology, and grain size distribution of the assemblies are presented below.

3D CAD modelGrain properties 
(size, morphology)Level-Set Method2D slice of X-Ray CT 

image
2D analogue 

granular assembly

Experimental 
imaging

Grain boundary 
detection

Sample 
design

Sample
modelling

3D printing 
manufacturing

Figure 5.1: X-Ray Computed Tomography (XRCT)-to-3D printing process. The
reader is referred to Section 5.2 for a detailed discussion of the steps involved.

A visual schematic of the development process for the arbitrarily-shaped granular
assembly is depicted in Figure 5.1. The arbitrarily-shaped granular assembly is
devised based on a real sample of a rounded natural sand (Caicos ooids). We start
from three-dimensional volume data of sand grains obtained directly from X-Ray
Computed Tomography (XRCT) [7, 130]. A typical 2D slice image of the specimen
obtained with XRCT is shown in the left panel of Figure 5.1. Individual sand grain
boundaries in the sample are detected using a 2D level set representation as obtained
by Lim et al. [130], following the characterization methodology proposed by
Vlahinic at al. [131]. From this characterization technique of the grain boundaries,
11 grain shapes are retained for their different morphological properties. Sphericity
and roundness (or angularity) are chosen as morphological descriptors due to their
widespread use in the fields of geomechanics and geology [132, 133]. Figure 5.2
depicts the selected grain contours as a function of sphericity and roundness. Grain
shapes range from elongated to nearly spherical and from rounded to well rounded.

The selected grain shapes are duplicated and scaled to follow a log-normal distribu-



56

Dcir

Figure 5.2: Selected grain shapes of real sand (Caicos ooids) as a function of
sphericity and roundness. Sphericity and roundness are computed using the nu-
merical method developed in [134]. Inset: Definition of circumscribed circle and
diameter.

tion. Computer-aided design (CAD) models are created by extending the 2D grain
contours into 3D with an extrusion depth set to 20 mm. The generated 3D CAD
models are used as input files for 3D printing. The XRCT-to-3D printing process
introduced in Figure 5.1 enables the fabrication of a 2D analogue granular assembly
that captures the complexity of grain shapes found in real sand.

Both assemblies, circular- and arbitrarily-shaped, were fabricated using the same
manufacturing process. Grains were 3D printed using Stratasys Objet500 Connex3
printer [135]. This printer uses inkjet 3D printing technology with a microscopic
layer resolution and accuracy of 16 µm [136]. Printing material is a rubber-like
material (Stratasys FLX9895DM) that is obtained by mixing a rigid plastic (Strata-
sys VeroWhitePlus RGD835) with a flexible elastomer (Stratasys TangoBlackPlus
FLX980). Factors such as the orientation of the print, printing mode, support ma-
terial composition and removal, and environmental conditions of storage of raw
materials were kept constant for all 3D-print jobs. Hence, the printed grains con-
stituting the circular- and arbitrarily-shaped assemblies have identical mechanical
properties [137, 138]. In particular, the grains have a Young’s modulus E = 63
MPa and a Poisson’s ratio ν of approximately 0.5.

For both assemblies, the distribution of grain diameters D is fitted to a log-normal
distribution with mean µ and standard deviation σ, such that ln(D) ∼ N(µ, σ2).
The distribution parameters were chosen to be σ = 0.2 and µ = ln(25). For the
arbitrarily-shaped granular assembly, the grain diameter D is defined as the diameter
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of the smallest circumscribed circle Dcir , as illustrated in the inset of Figure 5.2.
The circular-shaped sample is composed of 313 grains while the arbitrarily-shaped
one has a total of 398 grains. In both assemblies, grain diameters D ranges between
14 mm < D < 42 mm.

Measurements
The mechanical apparatus presented in Chapter 4 allows for simultaneous mea-
surements from the grain to the continuum scale. A full characterization of the
grain-scale quantities that controls the mechanical behavior of granular materials is
extracted throughout the shear deformation. First, a description of the geometrical
arrangement, or fabric, of the granular assembly is obtained using image processing
techniques. The watershed segmentation algorithm [86–88] from Matlab Image
Processing toolbox is employed in combination with a priori knowledge of the true
grain contours (as seen in Figure 5.2) to determine grain and contact positions. Sec-
ond, a description of grain kinematics, i.e., displacement, rotation and strain field,
is extracted using the Digital Image Correlation (DIC) technique [61, 62]. Third, a
description of contact forces is obtained using the Granular Element Method (GEM)
[52, 82, 139]. GEM provides a mathematical framework that, when combined with
fabric information and average grain strains, allows for the inference of the contact
forces. Unlike photoelasticity, the GEM methodology enables reconstruction of the
force network in opaque, arbitrarily-shaped granular assemblies.

At the continuum scale, the stress state (σxx, σyy, τxy) of the granular assembly
subjected to shear deformation is computed. The Cauchy stress tensor σ̄ is linked to
grain-scale quantities and expressed in terms of contact forces and fabric according
to the following well-established equation [95]:

σ̄ =
1
Ω

Nc∑
α=1

sym(fα ⊗ dα) (5.1)

where Nc is the total number of contact points, Ω is the total volume of the granular
assembly, fα is the contact force, and dα is the branch vector at the contact α.
GEM associated with Eq. (5.1) enables the connection between contact forces in
realistic-shaped granular materials and macroscopic stresses.
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5.3 Experimental results
Quasi-static simple shear tests are performed to investigate how grain shapes affect
the force transmission and grain-scale mechanics that ultimately controls the mo-
bilized shear strength. The subsequent sections provide experimental results of a
series of four shear tests. Two tests are conducted on the circular-shaped assembly
while two other tests are conducted on the arbitrarily-shaped assembly. At the be-
ginning of each test, the grains are randomly arranged into the shear cell, so that the
sample is initially isotropic with no preferred contact orientation. For both circular-
and arbitrarily-shaped assemblies, one dense and one loose sample are created by
varying the initial packing density. Prior to starting the shearing stage, a normal
stress of σN = 26.3 kPa is applied. The granular assembly is then sheared at a
constant rate Ûγ = 0.002 s−1 and image sequences are acquired at a frame rate of
7 images per second. During the shear deformation, measurements described in
Section 5.2 are performed.

Macroscopic measurements
Figure 5.3 compares themacroscopicmechanical response of circular- and arbitrarily-
shaped samples with initial dense and loose packing densities. In this figure, stress
ratio µ, volumetric strain εV , void ratio e, and dilatancy β is plotted as a function of
shear strain γ with each curve corresponding to a different assembly.

The stress ratio µ represents the mobilized shear strength of cohesionless granular
materials and is defined as the ratio of shear stress τxy to normal stress σyy. The
stress components τxy and σyy are computed from grain-scale quantities according
to Eq. (5.1). In Figure 5.3a, the observed stress-strain behaviors are characteristic
of dense and loose samples under shear deformation [4, 97, 98]. Dense samples (red
and blue lines) exhibit a linear elastic behavior followed by a peak in shear stress
and subsequent strain softening, whereas in loose samples (gray and black dashed
lines) no peak is observed. At large shear strain values, circular- (circle markers)
and arbitrarily-shaped (asterisk markers) assemblies show a tendency to stabilize
around an asymptotic stress ratio value µc that is independent on the initial packing
density (dense or loose).

Evolution of volumetric strain εV as a function of shear strain γ is presented in
Figure 5.3b. The volumetric strain is simply related to the normal strain, such that
εV = tr(ε) = εyy. In terms of volumetric deformations, we once again observe
typical behaviors of dense and loose samples subjected to shear. Dense samples
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Figure 5.3: Macroscopic results. (a). Stress ratio µ (b). Volumetric strain εV (c).
Void ratio e (d). Dilatancy β as a function of shear strain γ

dilate after an initial contraction while loose samples only contract. For large
shear deformations, the volumetric strain of both dense and loose samples reaches
a constant value.

As the grains are considered incompressible, the change in volume observed in
Figure 5.3b occurs due to change in the volume of voids, measured by the void ratio
e. The void ratio e is defined as the ratio of the volume of voids to the volume of
solid particles and is plotted as a function of the shear strain γ in Figure 5.3c. Loose
samples (gray and black dashed lines) start at an initial void ratio e0 = 0.295 while
dense samples (red and blue lines) start at a lower value of e0 = 0.27. At large shear
strain values, loose and dense samples evolve towards an identical and constant
value of void ratio ec that is different for arbitrarily-shaped (asterisk markers) and
the circular-shaped (circle markers) assemblies.

The Reynolds dilatancy β [22] describes the change in volume associated with the
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shear deformation of granular materials, and relates the volumetric and shear strain
rates by ÛεV = β Ûγ. Figure 5.3d displays the evolution of dilatancy β as a function of
the shear strain γ. It can be seen that, for all samples, dilatancy β vanishes for γ >
0.25.

These macroscopic results show that, for shear strains γ > 0.25, all samples reach
critical state, conceptually defined as the equilibrium state inwhich no further change
in volume and stress state occur with increased shear deformation. Nevertheless, the
critical state values of stress ratio µc and void ratio ec are different for the circular-
and the arbitrarily-shaped assemblies. The arbitrarily-shaped assembly exhibits
a significantly higher mobilized stress ratio of µc ≈ 0.38, and thus higher shear
strength, than the circular-shaped assembly for which µc ≈ 0.27. The arbitrarily-
shaped assembly reaches a critical void ratio ec ≈ 0.275 that is lower than that of
the circular-shaped assembly (ec ≈ 0.293).

The macroscopic results presented in Figure 5.3 are consistent with previous studies
that investigated the effect of shape on the bulk properties of granular materials
[121–127]. The overall mechanical behavior of real granular materials (e.g., sand)
subjected to shear deformations is reproduced by the conducted tests. This qual-
itative agreement confirms the validity of the proposed experimental capability to
investigate the effect of shape on the force transmission and grain-scale mechanics
of realistic granular materials.

Grain-scale measurements
By examining the response of granular assemblies with different grain shapes and
initial packing densities under shear deformation, differences in the macroscopic
mechanical behavior have been revealed. As the mechanical behavior of granular
materials is fundamentally encoded at the grain scale, in this section, we gain insights
into the grain-scale properties of the different granular assemblies (dense and loose,
circular- and arbitrarily-shaped) from the measurements described in Section 5.2.
Figures 5.4 to 5.7 present snapshots of 2D-DIC results and contact force networks
obtained with GEM for the four different assemblies at a shear strain γ = 0.25. We
emphasize that, as shown in Figure 5.3, all samples have reached critical state at γ
= 0.25.

Average grain rotations θ̄ obtained from 2D-DIC are plotted in Figure 5.4. Dark
and light blue contours correspond to counterclockwise (positive) rotations, red
and orange contours to clockwise (negative) rotations while green contours depict
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nearly zero rotation (-0.5◦ < θ̄ < 0.5◦). It can be observed that, for all samples,
the grain rotations are in majority counterclockwise, which is consistent with the
imposed (counterclockwise) shear angle γ. Grains with counterclockwise rotation
(dark and light blue) form random clusters whereas grains with clockwise rotation
(red and orange) are more isolated. The intra-grain strain field εxy measured using
2D-DIC is represented in Figure 5.5. Strain fields εxx and εyy are also measured
but not depicted in this Chapter. The full-field intra-particle stress distribution
(σxx , σyy and σxy) and associated principal stresses (σ1 and σ2) is then deduced
from the full-field intra-particle strain measurements (εxx , εyy and εxy) assuming
linear elasticity. The difference in principal stresses σ1 − σ2 is plotted in Figure
5.6. Figures 5.5 and 5.6 show that 2D-DIC measurements of strains and stresses
provide qualitative assessments and insights into the force distribution in circular-
and arbitrarily-shaped granular assemblies under shear. Full-field stresses (σxx ,
σyy and σxy) and fabric information are used as inputs into GEM mathematical
framework to infer normal and tangential contact forces. The reconstructed force
network is plotted in Figure 5.7. Figures 5.7b and d offer the first visualization
of contact forces in a granular assembly composed of grains whose shapes are
directly extracted from a real sand sample. As one can see in Figures 5.7b and d, in
the arbitrarily-shaped assembly, we observe the formation of chain-like structures
that resemble force chains. Furthermore, at first glance, the force transmission is
different in each assembly. Grain shape appears to play a role in the development
of force chains as the pattern of force transmission looks less heterogeneous and
more uniformly spread in the arbitrarily-shaped samples (Figures 5.7b and d) when
compared to the circular-shaped samples of similar initial packing density (Figures
5.7a and c). We report two notable differences between the force transmission in
circular- and arbitrarily-shaped assemblies. First, in the circular-shaped assemblies,
most grains carry little or no load, whereas, in the arbitrarily-shaped assemblies, a
larger proportion of grains belongs to the load-bearing network. Second, the more
localized force chains in the circular-shaped samples lead to significantly higher
contact forces. These aspects are analyzed in more detailed in the following section.
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Evolution of grain-scale mechanics
Grain rotations

The evolution of mean and standard deviation (std) of grain rotations θ̄ as a function
of the shear strain γ for the four different assemblies is plotted in Figure 5.8. Figure
5.8 shows that the mean value of grain rotation θ̄ linearly increases as the granular
assembly is sheared and is equal for all samples. Hence, the mean value of grain
rotation θ̄ is independent of grain shape and initial packing fraction. Additionally,
the mean rotation is compared with the rigid rotation angle Ω associated with the
simple shear deformation of the cell. For any given deformation, the deformation
gradient F can be decomposed into the product of a stretch tensorU and a rotation
matrix R using the polar decomposition concept, such that F = U · R. The
previous expression separates deformation (described byU ) and rigid body rotation
(described by R). The rigid rotation Ω corresponds to the angle of the rotation
matrix R. In Figure 5.8, we observe that the mean value of grain rotation θ̄

agrees with the non-zero rigid body rotation Ω associated with the macroscopic
deformation of the shear cell. Thus, the mean value of grain rotation θ̄ is dependent
on the imposed rotational component of deformation. In other words, the essence
of grain rotation is related to the macroscopic rigid rotation. It can be seen in Figure
5.8 that the standard deviation (std) of grain rotation θ̄ also increases linearly as
the granular assembly is sheared. Nevertheless, at the end of the shearing process,
the standard deviation is significantly larger for the circular samples than for the
arbitrarily-shaped samples, indicating more variations from the mean value. This
wider rotation distribution suggests that the circular assemblies are more disordered.
Under the same conditions, a circular grain can rotate more easily compared to an
arbitrarily-shaped grain inside their respective assemblies. Hence, as it has been
previously reported [133], a decrease in sphericity (e.g., more elongated grains)
increases the tendency of rotational frustration. Figure 5.8 shows that the standard
deviation is the same for dense and loose circular-shaped assemblies and dense
and loose arbitrarily-shaped assemblies. Hence, the ability of grains to rotate is
independent of the initial packing density (dense or loose) but depends on the grain
shape.

Coordination number

The average number of contacts per grain, defined as the coordination number z, is
an important grain-scale quantity that influences the stability and force transmission
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Figure 5.8: Mean and standard deviation of grain rotations θ̄ as a function of shear
strain γ for the four different samples.

of a granular assembly [140]. In Figure 5.9, the coordination number z, is plotted as
a function of the shear strain γ. The coordination number z provides information on
the creation and loss of contacts. Initially (at γ = 0), as expected, the coordination
number z of loose samples (gray and black dashed curves) is smaller than the one
of dense samples (red and blue curves). As the granular assemblies are sheared,
the coordination number z of dense samples decreases, corresponding to a loss of
contacts. Simultaneously, the coordination number z of loose samples increases,
owing to the creation of new contacts. We emphasize that the samples with initial
void ratio e0 far from their critical void ratio ec, i.e., the dense circular-shaped
and loose arbitrarily-shaped loose samples (respectively, red line and black dashed
line), manifest larger variation of coordination number z. Once critical state is
reached, for γ > 0.25, the coordination number z stabilizes to a constant value that
is larger for the arbitrarily-shaped assemblies than for the circular assemblies. This
constant value of coordination number z is an indication that the contact network
has evolved towards a steady structure. The fact that the coordination number z

at critical state is higher for the arbitrarily-shaped assemblies than for the circular-
shaped assemblies has many implications for the grain-scale mechanics of granular
materials. A higher coordination number z suggests that more paths are available
for force propagation, which ultimately influences the distribution of forces towards
strongly less heterogeneous force networks. A higher coordination number z also
increases the stability of the contact network structure as there are more mechanical
constraints.
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Force distribution

Although the force networks of both the circular- and arbitrarily-shaped assemblies
are heterogeneous and characterized by the formation of force chains, Figure 5.7
suggests that the distribution of contact forces is affected by grain shape. In this
section, the force transmission is studied by computing the probability density
function of normalized forces fn/〈 fn〉, where 〈 fn〉 is the mean value of normal
forces. Figure 5.10 shows the probability density function P( fn) of normal forces
fn at critical state in the dense and loose samples in log-linear scale. The data
are averaged from several snapshots at critical state, i.e., for γ > 0.25. Following
Radjaï et al. [76], we designate the forces below the mean normal force ( fn < 〈 fn〉)
as the ‘weak’ network and the forces above the mean normal force ( fn > 〈 fn〉)
as the ‘strong’ network. The concept of ‘weak’ and ‘strong’ networks provides a
quantitative description of force network that will be used in the remaining of this
Chapter. As is often reported in the literature on granular materials [75, 120, 141,
142], we find that the probability density function is characterized by an exponential
decay for the forces above the mean force 〈 fn〉 (i.e., in the ‘strong’ network), such
that:

P( fn) ∝ exp(−βn fn) (5.2)

where βn is a positive constant. The results presented in Figure 5.10 clearly show
a broader uniformity of the normal force distribution in the assemblies composed
of arbitrarily-shaped grains than in the circular-shaped assemblies. In other words,
there is a significantly lower chance of an individual contact force largely exceed-
ing the mean force in the arbitrarily-shaped samples. This broader uniformity is
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consistent with the higher coordination number z measured in the arbitrarily-shaped
assemblies, as it provides more pathways for force transmission. In the circular-
shaped assemblies, while the number of ‘strong’ contacts declines, stronger force
chains occur. In close connection with the shear strength, the force transmission is
strongly influenced by grain shapes.
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Contact deformation mechanisms

In order to accommodate an imposed shear deformation, the granular structure must
rearrange through grain-to-grain interactions at contact points [143]. We identify
three possible rearrangement mechanisms at a contact point α between two grains
p and q. As illustrated in Figure 5.11, grains can interlock or move past each other
by rolling or sliding. Definitions, solely based on geometrical criteria, are provided
for each contact mechanism.

Interlocking occurs when two grains rotate (or translate) together as a single rigid
body. The distance between any arbitrary chosen points on the two grains remain
constant during the motion and rotate by the same amount ∆θ. Hence, there is
no relative movement between the two grains. Rolling occurs when two grains
rotate over each other in a gear-like manner such that the contact point changes its
relative location from the grains centroid. When grains are rolling, the arc lengths
representing the displacement of the contact point α have opposite signs. In other
words, while one grain rotates clockwise, the other one rotates counterclockwise.
Sliding occurs when both grains rotate through the same angle ∆θ and the arcs



68

�✓

↵ ↵0
�✓

�✓

Initial 
configuration

Interlocking Rolling

�✓p

�✓q

↵0

Sliding

↵0

�✓
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representing the displacement of the contact point α have the same signs. When
sliding, the grains rotate both clockwise or counterclockwise. A fourth category
is defined as a combination of these mechanisms and occurs when one contact
mechanism is not prevalent. Given these definitions, we identify the population of
contacts for which each mechanism is dominant. The total number of contacts can
be decomposed as follows:

Ntot = NI + NR + NS + N∗ (5.3)

where Ntot is the total number of contacts in the assembly and NI , NR and NS are
the number of contacts where, respectively, interlocking, rolling, and sliding are
the dominant mechanism. N∗ corresponds to the number of contacts for which
the mechanism is not clearly identified (e.g., combination of contact mechanisms,
creation or destruction of contact). The contact contribution of each mechanism is
simply obtained by dividing each population by the total number of contacts Ntot

and is plotted in Figure 5.12 as a function of the shear strain γ. In this figure, it can
be seen that rolling (gold shade) is the prevalent grain-scale deformation mechanism
for the circular-shaped granular assembly with about 50% of Ntot throughout shear
deformation. Interlocking contribution (black shade) is 20-25% for the circular-
shaped samples and about 40% for the arbitrarily-shaped samples. In the arbitrarily-
shaped assembly, no dominant deformation mechanism is identified as rolling and
interlocking have approximately the same contribution. An assembly composed
of arbitrarily-shaped grains exhibits less rolling and more interlocking than one
composed of circular-shaped grains. The difference in rolling contribution between
the circular- and arbitrarily-shaped assemblies is consistent with the results obtained
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from standard deviation of grain rotation θ̄ presented in Figure 5.8. Owing to the
prevalence of the rolling mechanism, circular-shaped grains experience a wider
range of grain rotation. Correspondingly, grain shape induces a resistance to grain
rotation that results in a lower contribution from rolling contacts. For all samples,
relatively few contacts are sliding (red shade), accounting for 12-15% of Ntot .
The white shade corresponds to the contacts for which a mechanism is not clearly
identified, which is composed of approximately 10% of Ntot .
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Figure 5.12: Contribution of contact mechanisms to the total number of contacts
Ntot . Contact mechanisms are identified as interlocking, rolling and sliding.

Figure 5.13 offers another visualization of the force network in the dense circular-
and arbitrarily-shaped assemblies at γ = 0.25. In this figure, the normal component
of forces is categorized according to its dominant contact mechanism: sliding
(red), rolling (gold), or interlocking (black). The thickness of the segments joining
the grain centroids is proportional to the magnitude of the normal forces. Figure
5.13 shows that, at interlocking contacts (black lines), relatively large forces are
transmitted, even more so in the circular-shaped assembly (see Figure 5.13a).

In an attempt to connect grain-scale processes to the continuum behavior of granular
materials, we investigate the contribution of each contact mechanism to the shear
strength µ that is described by the stress ratio µ = τxy/σyy. The contribution of each
contact mechanism to the total shear stress τxy is obtained from the general equation
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(a) (b)

Sliding InterlockingRollingContact 
mechanism

Figure 5.13: Normal component of contact forces at γ = 0.25 for the dense (a).
circular- and (b). arbitrarily-shaped assemblies. Forces are categorized according
to their dominant contact mechanism: sliding (red), rolling (gold), and interlocking
(black).

of the stress tensor (Eq. 5.1) by limiting the summation to the contacts belonging
to each deformation mechanism [144]. Accordingly, partial shear strength µI , µR,
µS, and µ∗ are calculated for each deformation mechanism, such that the following
additive decomposition holds:

µ = µI + µR + µS + µ∗ (5.4)

The contribution of each deformation mechanism to the shear strength µ as a func-
tion of shear strain γ is presented in Figure 5.14. This figure reveals that the
additional shear strength measured in the arbitrarily-shaped assembly is furnished
by the interlocking mechanism. It can be seen that, at critical state (γ > 0.25), the
partial shear strength µI due to the interlocking in the arbitrarily-shaped assembly
is almost double the value of µI in the circular-shaped assembly. In the circular-
shaped assembly, even though rolling is the prevailing deformation mechanism in
terms of contact contribution, the shear strength µR associated with rolling is sim-
ilar to the shear strength µI associated with interlocking. Correspondingly, in the
arbitrarily-shaped assembly, although rolling and interlocking have approximately
the same contribution to Ntot , rolling does not provide as much shear strength as
interlocking. These results alongside the force networks depicted in Figure 5.13
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suggest that interlocking is a stable mechanism for larger contact forces to develop,
which accordingly enhances the load bearing capacity of the granular assembly.
Moreover, as shown in Figure 5.14, the shear strength gain associated with sliding
is relatively small. Sliding occurs when the tangential force ft reaches a critical
value governed by the Coulomb friction law, such that | ft | = µp | fn |, where µp is
the inter-particle friction coefficient. A visual inspection of Figure 5.13 reveals that
most sliding contacts belong to the ‘weak’ network ( fn < 〈 fn〉), which results in a
small value of the partial shear strength µS. Finally, by adding the shear strength
of non-identified contacts µ∗, the macroscopic stress-strain curve is reconstructed.
Figure 5.14 offers insights into the grain-scale origin of shear strength in granular
materials.
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Figure 5.14: Contribution of contact mechanisms to the total shear strength µ.

5.4 Summary and closure
In this Chapter, we carried out a detailed study of the effect of grain shape on
the mechanical behavior of sheared granular materials across scales. Grain shapes
were directly extracted from a real sand sample to engineer a 2D analogue granular
assembly. At the grain-scale, we provided unprecedented visualizations and quanti-
tative descriptions of the force network in assemblies composed of arbitrarily-shaped
grains. Particular attention was given to the influence of grain shape on grain-scale
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quantities that are known to control the mechanical response of granular materi-
als, i.e., the average grain rotation, the coordination number and the distribution of
contact forces. At the macroscopic scale, experimental results of mobilized shear
strength and volumetric strain exhibit a typical shear response of dense and loose
samples. Once critical state is reached, we report an enhanced mobilized shear
strength and a reduced void ratio in arbitrarily-shaped assemblies when compared
to corresponding results obtained from circular-shaped assemblies.

The proposed experimental approach lead to significant new insights into the force
transmission and shear strength of granular materials. We addressed one of the
central question of the Chapter: to what degree do the force chains observed in
idealized granular assemblies pertain to assemblies with arbitrary and complex
grain shapes? The results showcased that, in the arbitrarily-shaped assembly, the
contact forces tend to form heterogeneous chain-like structures that are characteristic
signatures of the emergence of force chains. Nonetheless, as grain shapes derive
from idealized circles, contact forces are more uniformly distributed and have a
significantly lower chance to reach large values. As a result, force chains seem to be
less prevalent in arbitrarily-shaped assemblies. This finding raises the interesting
possibility that this trend may be even more accentuated in 3D granular samples and
that the existence of force chains may be biased by the technique used to observe
them (e.g., photoelasticity in 2D circular-shaped assemblies).

The force transmission in the circular- and arbitrarily-shaped assemblies was further
investigated by categorizing the contacts depending on their rolling, sliding and
interlocking mechanisms. In circular-shaped assemblies, there seems to be a clear
structuring of interlocking contact forces into filaments, which favors the emergence
of force chains. Our experimental results suggest that force chains travel through
interlocking contacts which seem to drive strength. The enhanced mobilized shear
strength in arbitrarily-shaped assemblies was elucidated by analyzing the relative
contribution of rolling, sliding and interlocking contacts to the total shear strength.
We report that, while the fraction of interlocking contacts remains fairly constant,
their contribution to mobilized strength increases as shear deformation progresses.
Interlocking contacts enable the development of a stable force network which results
in greater shear strength. Rolling and sliding are not as favorable contactmechanisms
to driving mobilized strength.

Our findings demonstrate that a simplified model of circular-shaped grains cannot
reflect the complex interactions between grains in real arbitrarily-shaped granular
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assemblies. By extracting and understanding realistic grain-scale data, this research
lays the groundwork to develop general, physic-based constitutive models for effec-
tively capturing the behavior of granular materials.
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C h a p t e r 6

CONCLUSIONS AND FUTURE WORK

6.1 Conclusions
In this thesis, we employed novel laboratory experiments to shed light into the
shear behavior and shear strength of granular materials. We presented a multiscale
approach in which grain-scale mechanics are experimentally measured and homog-
enized to obtain enriched macroscopic quantities. A crucial aspect of this work is
the ability to extract key grain-scale quantities, such as grain kinematics and contact
forces, using image-based techniques.

In Chapter 2, measurements of dilatancy and grain kinematics were used as input
into a rate-dependent plasticity model. Our results demonstrated that the proposed
theoretical framework accurately captures the triggering, evolution of the flow and
runout of transient avalanches in a rotating drum. This work has advanced our
understanding of the mechanism governing the solid-fluid-like transition observed
in granular avalanches.

Chapter 3 outlines a force inference technique (GEM) that provides a mathematical
framework for studying the force network in granular materials. The strength of
GEM lies in its applicability to grains of arbitrary shapes and opacity, various
loading conditions (e.g., quasi-static or dynamic), and non-Hertzian contacts. We
took advantage of GEM capabilities to conduct the research presented in Chapters
4 and 5.

In Chapter 4, we introduced a custom-built mechanical apparatus generating shear
deformations while simultaneously applying a constant normal stress on a 2D-
analogue granular assembly. When combined with DIC and GEM, this novel
experimental capability furnishes unique data on themechanics of granularmaterials
at different scales, including continuum measures of stresses and discrete measures
of grain kinematics and contact forces. Uniaxial compression and shear tests, where
a typicalmacroscopic behavior of dense sampleswas observed, served as benchmark
tests and highlighted the validity of the experimental procedure. The results show
that the shear strength of the granular assembly depends on its geometrical (fabric)
and mechanical (force) anisotropy.



75

In Chapter 5, utilizing the designed experimental apparatus, we visualized and quan-
titatively characterized force networks in an arbitrarily-shaped granular assembly,
derived from a real sand sample. A comparison with a circular-shape assembly
provided insights into the influence of grain shapes on the force distribution and
shear strength of granular materials. We reported that strong force chains are less
likely to develop in non-circular assemblies. Our results showcased that interlock-
ing is the dominant grain-scale mechanism responsible for an increase in shear
strength in non-circular assemblies. This work illuminates the grain-scale origin of
macroscopic shear strength and demonstrates the potential of the proposed tools for
constructing physic-based constitutive models.

6.2 Future work
Our experimental work on granular avalanches opens up interesting avenues to
explore. A natural extension of the presented work is to study the effect of grain
characteristics, (e.g., grain shape and grain size distribution) on the mechanical
behavior of granular avalanches in a rotating drum. The proposed experimental
approach allows to measure grain kinematics, such as the velocity distribution
with depth, shear and volumetric strains and dilatancy evolution, for various grain
characteristics. The wealth of knowledge amassed from these kinematics could
ultimately be used to grasp the physics behind granular avalanches.

The shear apparatus combined with advanced grain-scale characterization tech-
niques constitute important resources for future studies. Building on these achieve-
ments, we are currently using grain-scale data obtained from shear tests on circular-
and arbitrarily-shaped assemblies to quantitatively validate DEM and LS-DEM sim-
ulations. This validation procedure is a critical step in ensuring that discrete element
simulations produce faithful micromechanical behavior.

Moreover, the experimental technique has a great potential to investigate various
experimental configurations. For instance, the role of inter-particle friction on the
grain-scale contact mechanisms, e.g., interlocking, remains elusive and could be
explored by coating individual grains with materials of varying frictional proper-
ties. Another promising feature of the shear apparatus is its capability to perform
cyclic loading at different shear rates, which is of great interest to geotechnical
engineers. The proposed experimental procedure could be employed to deepen our
understanding of the micro- to macroscopic response of granular materials under
cyclic loading and its dependence on shear rate.
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As grain breakage is of particular importance to many applications including
geotechnical, defense and bio-medical, the experimental setup could be used to
investigate the redistribution of force networks upon grain breakage. Grains could
be engineered such that breakage occurs at pre-determined planes at an easily achiev-
able level of stress. Such tests could also serve as a validation of fracture models
implemented into DEM codes.

This work provided unique data on the evolution of force chains during uniaxial
compression and shear loading. Further analysis of the obtained data could enrich
our knowledge of the conditions conducive to the formation, perpetuation, and
breakage of force chains. Identifying the criteria associated with the life-cycle of
a force chain would enable the prediction of the force network in realistic granular
assemblies.

More broadly, given the rich data sets of grain-scale quantities obtained during
the aforementioned shear tests, machine learning algorithms could be applied to
identify connections between grain-scale characteristics and mechanical properties
of granular assemblies.
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A p p e n d i x A

GRANULAR AVALANCHES

A.1 Determination of the governing equation of the flow
In this appendix, we show how the governing equation of the granular flow (A.1) is
derived from the linear momentum balance equation.

a
g
= cos θ (tan θ − µ) (A.1)

Let us consider a granular flow along an inclined infinite slope. The position in the
flow direction and in the flow depth direction are labeled x and y, respectively. The
free surface of the flow makes an angle θ with the horizontal.

The local statement of linear momentum balance expressed in full gives:

∂σxx

∂x
+
∂σxy

∂y
+ ρ g sin θ = ρ ax (A.2a)

∂σyx

∂x
+
∂σyy

∂y
+ ρ g cos θ = ρ ay (A.2b)

Exploiting the infinite character of the problem, we assume that the stress compo-

nents do not vary in the x-direction, such that:
∂σxx

∂x
=
∂σyx

∂x
= 0. Hence, by

writing σyy = σ and σxy = τ, we obtain:

∂τ

∂y
+ ρ g sin θ = ρ ax (A.3a)

∂σ

∂y
+ ρ g cos θ = ρ ay (A.3b)

The definition of dilatancy β is given by:

β =
dεyy
dεxy

=
dy
dx
=

vy

vx
⇒ vy = β vx (A.4)

We know that in the fluid-like state the granular material reaches critical state so
that β = 0. Therefore, we must have vy = 0 and ay = 0. Equation (A.3b) can be
rewritten as:
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∂σ

∂y
= −ρ g cos θ (A.5)

Recalling Coulomb friction law and using the previous expression, we have:

∂τ

∂y
= µ

∂σ

∂y
= −µ ρ g cos θ (A.6)

Combining equation (A.3a) with equation (A.6) further gives:

−µ g cos θ + g sin θ = ax (A.7)

By denoting the surface acceleration in the flow direction ax by a, we finally obtain
the governing equation of the granular flow from (A.7):

a
g
= cos θ (tan θ − µ) (A.8)

A.2 Determination of the difference between the angle of avalanche θA and
angle of repose θR

Knowing that in the solid-like state the surface acceleration a = 0 and the mobilized
friction µ = β + µl , equation (2.2) can be expressed as:

sin θ = β cos θ + µl cos θ (A.9)

Multiplying each side of equation (A.9) by cos θR, we have:

sin θ cos θR = β cos θ cos θR + µl cos θ cos θR (A.10)

Using the formula sin(x − y) = sin x cos y − cos x sin y, we obtain:

sin(θ − θR) + cos θ sinθR = β cos θ cos θR + µl cos θ cos θR (A.11)

Moreover, we defined the parameter µl to be µl = tanθR, such that:

sin(θ − θR) + cos θ sinθR = β cos θ cos θR + cos θ sin θR (A.12)

⇔ sin(θ − θR) = β cos θ cos θR (A.13)

⇔ tan(θ − θR) = β
cos θ cos θR

cos(θ − θR)
(A.14)

Once the inclination angle is equal to the angle of avalanche θA, the dilatancy reaches
its peak value β∗. Therefore, the previous equation can be rewritten as:

tan ∆θ = β∗
cos θA cos θR

cos ∆θ
(A.15)
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