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2. Gutachter: Prof. Dr. Vladimir M. Braun
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Abstract

In this thesis we apply low-energy effective field theory to the first moments of generalized

parton distributions and to baryon distribution amplitudes, which are both highly relevant

for the parametrization of the nonperturbative part in hard processes. These quantities

yield complementary information on hadron structure, since the former treat hadrons as

a whole and, thus, give information about the (angular) momentum carried by an entire

parton species on average, while the latter parametrize the momentum distribution within

an individual Fock state. By performing one-loop calculations within covariant baryon chiral

perturbation theory, we obtain sensible parametrizations of the quark mass dependence that

are ideally suited for the subsequent analysis of lattice QCD data.
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CHAPTER 1
Introduction

Aside from gravitational effects, the dynamics of elementary particles are described by the Stan-

dard Model of particle physics, which comprises electromagnetic, weak and strong interactions

mediated by gauge bosons. Electromagnetic and weak effects are, actually, remnants of an

underlying unified electroweak theory [1–3], whose spontaneous breaking via the Higgs mech-

anism [4] gives rise to one massless gauge boson (the photon), which is the gauge boson of

quantum electrodynamics (QED), and three massive gauge bosons (W± and Z0), the exchange

of which generates the weak force. The strong interaction due to gluon exchange is described by

quantum chromodynamics (QCD), which is a Yang–Mills theory [5], i.e., a non-Abelian gauge

theory, based on SU(3) gauge symmetry. The corresponding conserved charges are called colors:

red, green and blue. In contrast to the Abelian case also the agent of the interaction itself is a

color-charge carrier, which leads to gluon self-interaction via the three- and four-gluon vertices.

The probably most important consequence of this behavior is that the beta function, which de-

scribes the running of the coupling constant, can be negative depending on the number of colors

Nc and flavors Nf . In particular for Nc = 3 the one-loop beta function is negative as long as

Nf ≤ 16 which is the case for QCD, where Nf = 6. Therefore, the strong coupling decreases with

increasing four-momentum squared allowing for a perturbative treatment of QCD effects, and,

eventually, leads to the asymptotic freedom of quarks and gluons. However, to a large extent the

complexity and richness of QCD effects is a consequence of its strong coupling at low energies,

where the opposite is the case: the coupling becomes large, denying a perturbative treatment,

and the microscopic degrees of freedom (quarks and gluons) are confined to directly observable,

colorless hadrons. Even very hard processes with large momentum transfer and relevant dis-

tances much smaller than the size of a hadron are influenced by the low-scale dynamics, since

all measurements take place after hadronization.

The disentanglement of the short and long range contributions to hard processes is the basic

concept behind QCD factorization [6–10], where one rewrites the cross section (in case of inclusive

processes) or the scattering amplitude (in case of exclusive reactions) as a convolution of a hard
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INTRODUCTION

scattering kernel and a soft part parametrizing the low-energy dynamics. The process-dependent

hard scattering part is accessible by perturbation theory in the strong coupling αs using the usual

diagrammatic techniques. The soft part consists of universal, process-independent functions that

resolve the inner hadron structure and are intrinsically nonperturbative quantities. Both the

hard and the soft parts depend on the factorization scale. The scale dependence is determined

by evolution equations. The most prominent example are the DGLAP equations [11–13], which

govern the evolution of parton distribution functions (PDFs) relevant in inclusive deep inelastic

scattering (DIS). The exact physical cross section has to be independent of the factorization

scale. However, in practice one finds that the perturbative expansion is most efficient if one

chooses a factorization scale of the order of the large momentum scale of the process (cf., e.g.,

ref. [14]).

The functions which parametrize the nonperturbative part of the scattering in different ex-

perimental setups provide us with manifold information about the internal hadron structure. For

instance, ordinary form factors (FFs) are relevant in elastic scattering processes (e.g., e−p→ e−p)

and encode information about the charge distribution. In contrast, the PDFs mentioned above

are needed in inclusive deep inelastic reactions, e.g., e−p→ e−X, where X is not measured and

can contain a large number of hadrons and leptons. They can be interpreted as the probabil-

ity density to find a parton carrying a fraction x of the longitudinal momentum of the parent

hadron. As depicted schematically in figure 1.1, these seemingly unrelated concepts are subsumed

by generalized parton distributions [15–18] (GPDs, also known as nonforward or off-forward par-

ton distributions), which are relevant for the description of exclusive processes, like deeply vir-

tual Compton scattering (DVCS: γ∗(q)p(p) → γ(q′)p(p′)) and deeply virtual meson production

(DVMP: e.g., γ∗(q)p(p) → ρ0(q′)p(p′)). On one hand, in the forward limit ∆ = p′ − p → 0,

where the initial and final state baryon have the same momentum, GPDs reduce to ordinary

PDFs. On the other hand one obtains the usual form factor if one integrates over all momentum

fractions x. However, GPDs contain a surplus of information: e.g., the first x-moments of the

chiral-even GPDs provide the total angular momentum carried by a specific parton species (for

details see chapter 3). Therefore, both experimental measurement and numerical calculation

of GPDs provide an important ingredient for the solution of the proton spin puzzle posed by

the seminal measurement by the European Muon Collaboration (EMC) [19]. Contrary to the

prevalent expectation the latter showed that only a small fraction of the proton spin is composed

of the spin of the constituent quarks, which (heuristically) means that the remainder has to

originate from the orbital angular momentum of the partons and the gluon spin.

All the nonperturbative functions described in the last paragraph have in common that they

parametrize the hadron as a whole, i.e., they do not discriminate between different Fock states.

However, in hard exclusive processes with a wide scattering angle and very large momentum

transfer between the initial and the final state hadron, only the first few Fock states are relevant

(see, e.g., ref. [9]). The heuristic explanation is, that each parton has to change its direction to

form an intact hadron in the final state, which requires the exchange of a highly virtual gluon. In

this kinematic situation, the relevant nonperturbative functions are distribution amplitudes [8–

10] (DAs), which determine how the longitudinal hadron momentum is distributed amongst the

2
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GPD(x,∆) PDF(x)

ChargeFF(∆)

∆ → 0

∆ → 0

∫
dx

∫
dx

Figure 1.1: As depicted in this schematic diagram, generalized parton distributions unify the
seemingly unrelated concepts of form factors and parton distribution functions. All of these
functions are independent of the transverse momentum (which is integrated out). One could add
a third dimension to this picture by showing also the relation to transverse momentum dependent
distribution functions (see, e.g., ref. [20]).

partons within a specific Fock state. The leading contribution for octet baryons are three-quark

DAs which will be treated in chapter 4. At asymptotically large momentum transfer (generalized)

form factors can be calculated as a convolution of a hard scattering kernel with the distribution

amplitudes for the incoming and outgoing hadron. As the momentum transfer decreases, the

expansion in Fock states becomes less and less meaningful since one would have to take into

account an increasing number of states. Yet, even in such less extreme kinematic situations one

can establish a connection between form factors and distribution amplitudes by using light-cone

sum rules [21–24], as demonstrated in ref. [25].

Pinning down the functions describing the nonperturbative part from experimental measure-

ments is a highly nontrivial task, since the quantities of interest (e.g., DAs or GPDs) appear

in convolutions with a hard scattering kernel. Especially in the exclusive channels one faces

the additional difficulty that the final state phase space is very small, and that reactions with

a small number of hadrons in the final state are power-suppressed at high momentum transfer.

Therefore, statistics for such processes are poor and one needs very high luminosities to obtain

exact measurements. Hence, complementary input and guidance from theoretical tools that can

be applied in the nonperturbative regime and allow us to narrow down the set of possible mod-

els and parametrizations is of vital importance. One option for this task are QCD (or SVZ)

sum rules [26–28], where one calculates correlation functions perturbatively, by approximating

the full QCD vacuum in terms of a few vacuum condensates, which parametrize the relevant

nonperturbative part. Based on the assumption of quark-hadron duality (cf., e.g., ref. [29]) the

results can be matched to dispersive integrals over (modeled) hadronic spectral densities. Being

computationally cheap, sum rules are even nowadays the most efficient tool to obtain a first

qualitative insight into the nonperturbative dynamics. However, mainly due to the approximate

description of the vacuum, they suffer from systematic errors which are hard to estimate, but are

typically assumed to be ∼ 10% − 30% depending on the considered quantity. Another method
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INTRODUCTION

that can treat nonperturbative quantities is lattice QCD (see, e.g., ref. [30] for an introduction).

It is based on the numerical evaluation of the path integral on a finite, discretized, Euclidean

spacetime using Monte-Carlo importance sampling. Its first formulation in the seventies [31] was

mainly driven by the desire to gain a better qualitative understanding of quark confinement.

However, reflecting the (still ongoing) vast hardware and algorithmic development, lattice QCD

is metamorphosing into a multi-purpose and high-precision tool in particle physics. In particular

simple observables, like hadron masses, can be computed with unprecedented precision (including

isospin breaking and QED effects; see ref. [32]). Obvious systematic uncertainties of lattice QCD

are discretization and finite volume effects. Others originate from operator renormalization, scale

setting and excited state contributions. The latter are particularly relevant for three-point func-

tions, where the distances from the source to the insertion and from the insertion to the sink are

relatively small. In addition to that one has to extrapolate the results to the physical point, since

most simulations are carried out at unphysically large quark masses, which is computationally

cheaper.

Having control over the various systematic uncertainties is a crucial ingredient to obtain

reliable quantitative results. Here chiral perturbation theory (ChPT) comes into play, since it

allows us to describe the quark mass dependence and also the leading finite volume dependence,

which can be traced back to pions “traveling around the box”.1 ChPT is the unique effective

field theory (EFT) that reproduces all relevant symmetry properties and symmetry breaking

patterns of QCD in the low-energy regime (cf. section 2.1). The calculation of the studied

matrix elements within the effective field theory helps to find sensible parametrizations for the

low-scale dynamics. E.g., understanding the implications of flavor symmetry and its breaking

can be seen as a necessary prerequisite for a successful analysis of lattice data on baryon octet

DAs (cf. chapter 4). Additionally, in cases where one already has data points at physical quark

masses, ChPT may serve as a tool to spot possible systematic errors (see ref. [33], where such

an analysis has been carried out for 〈x〉u−d with the help of the results presented in chapter 3).

Let us give a short outline of this work. It consist of two separate projects, which are

presented in chapters 3 and 4. Both projects are in large part based on the same theoretical

framework, which is set up in chapter 2. Chapter 3 is dedicated to the calculation of the first

moments of nucleon generalized parton distributions by the use of two-flavor covariant baryon

ChPT. The calculation is carried out at full one-loop accuracy (i.e., all orders that do not yet

contain two-loop contributions are taken into account), and thus can be seen as an extension

of ref. [34]. Section 3.6 contains a preliminary analysis of QCDSF and RQCD lattice data with

two light, mass-degenerate dynamical quark flavors. In chapter 4 we present a baryon ChPT

study of baryon octet three-quark DAs to leading one-loop accuracy, which is based on our

experience with nucleon wave function normalization constants [35, 36] and with the first and

the second moments of nucleon DAs (cf. ref. [37]). However, it exceeds the latter in two central

aspects. First, since the calculation is carried out for nonlocal three-quark operators, we obtain

results for the complete DAs instead of single moments. Second, we use three (instead of two)

1In simulations one usually uses periodic boundary conditions in spatial directions.
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quark flavors, which allows us to understand the role of flavor symmetry and flavor symmetry

breaking. The results are tailor-made for the analysis of CLS lattice data with Nf = 2 + 1

dynamical quark flavors presented in section 4.6. Both main chapters are structured similarly:

after an introductory overview, we review the decomposition of the relevant matrix elements in

terms of (generalized) form factors and distribution amplitudes, respectively. Next, we perform

the operator construction within the effective theory, outline the calculation within baryon chiral

perturbation theory (BChPT) and present its results. Finally, we show the application to lattice

data and give a summary. We conclude this work and give a short outlook in chapter 5.
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CHAPTER 2
Basic concepts

In this chapter we provide the theoretical setup for this work by compiling the relevant textbook

knowledge. Section 2.1 contains an exposition of chiral perturbation theory as a low-energy effec-

tive field theory for QCD. The properties of the fields under discrete symmetry transformations,

which are relevant for the construction of operators within the effective theory, are discussed in

section 2.2. Fierz transformations, which are needed for the construction of baryon interpolating

currents in chapter 4, are explained in section 2.3.

2.1 Low-energy effective theory for QCD

Due to the confinement of partons to colorless hadrons neither free quarks nor free gluons can

appear in the intial and final states of scattering experiments. Therefore, any useful interpreta-

tion of QCD cross sections or correlation functions relies on our understanding of the effective

(hadronic) degrees of freedom. As will be explained in detail in this section, the observed hadron

spectrum indicates that the approximate global chiral symmetry of QCD is broken spontaneously,

which yields nearly massless pseudo Goldstone bosons. Owing to a systematic power counting

scheme established in ref. [38], the associated effective theory (namely ChPT) can treat the

dynamics of the hadron fields perturbatively in the low-energy region. Following a top-down

approach, we start our discussion of chiral perturbation theory with an analysis of the QCD

Lagrangian, its symmetries and, in cases where it is necessary, their breaking. In doing so, we

will take special care of chiral symmetry breaking, since it plays the most important role in the

derivation of the effective theory.

2.1.1 Quantum chromodynamics

As already mentioned in the introduction, QCD is a SU(3) gauge theory formulated in terms

of Nc × Nf = 3 × 6 quark and N2
c − 1 = 8 gluon fields. The quark fields qa,iα are massive

spin 1
2 fermions (with masses ma) and carry color (i = 1, 2, 3), flavor (a = u, d, s, c, b, t) and

7
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Dirac (α = 1, . . . , 4) indices. The gluon fields AIµ are massless spin 1 gauge bosons. Being vector

fields they carry a Lorentz index (µ = 0, . . . , 3) in addition to their color index (I = 1, . . . , 8).

Using the usual summation convention for Lorentz indices and the Dirac slash notation1 the

gauge-invariant Lagrangian density of QCD has the form2

LQCD =
∑

a

∑

i,j

∑

α,β

q̄a,iα
(
i /D

ij
αβ −maδ

ijδαβ)qa,jβ − 1
2 trc

{
FµνF

µν
}

≡
∑

a

q̄a
(
i /D −ma)qa − 1

2 trc

{
FµνF

µν
}
,

(2.1)

where q̄ = q†γ0 and trc denotes a trace in color space. The second line shows the usual abbrevi-

ated form in which color and Dirac indices (and sums over them) are implicit. In perturbative

QCD the Lagrangian is usually supplemented with a gauge fixing and (using the wording of [14])

a gauge compensating term in order to remove unphysical degrees of freedom (see the brief

discussion below). In eq. (2.1) the gluon fields are hidden within the covariant derivative

Dµ = ∂µ + igAµ , (2.2)

and the gluon field strength tensor

Fµν = ∂µAν − ∂νAµ + ig[Aµ, Aν ] = − i
g

[Dµ, Dν ] , (2.3)

where g is the strong coupling constant, and Aµ is a 3 × 3 matrix containing the gluon fields:

Aµ =
∑
I A

I
µt
I . The tI are the eight generators of SU(3) related to the Gell-Mann matrices given

in appendix A.2 by tI = λI/2. They obey the commutation relation

[tI , tJ ] = i
∑

K

f IJKtK , (2.4)

which determines the associated structure constants f IJK (see also eq. (A.7)).

One can easily verify that the Lagrangian (2.1) is invariant under the local gauge transfor-

mation in color space

q(x)→ U(x)q(x) , (2.5a)

Aµ(x)→ U(x)Aµ(x)U†(x) +
i

g

(
∂µU(x)

)
U†(x) , (2.5b)

with U(x) ≡ exp
(
i
∑
I θ

I(x)tI
)
. To be able to use standard diagrammatic methods (based on

the path integral quantization) for the perturbative calculation of loop corrections, one has to

remove unphysical degrees of freedom corresponding to gauge-copies of the same physical field

configuration (otherwise one cannot write down a gluon propagator). This can be achieved by

fixing a gauge with the Faddeev–Popov method [41], where one adds a gauge fixing term and

a gauge compensating term to the Lagrangian. The latter contains the ghost fields and does

1/a ≡ aµγµ, where γµ are Dirac matrices; cf. appendix A.3.
2The QCD Lagrangian and the discussion of its symmetries are part of nearly every quantum field theory

textbook. See, e.g., refs. [14, 39, 40].
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2.1. LOW-ENERGY EFFECTIVE THEORY FOR QCD

only affect non-Abelian theories, since it decouples from the theory in the Abelian case. In the

modified Lagrangian gauge invariance is superseded by BRST invariance [42, 43]. Anticipating

that our subsequent discussions are not affected by the peculiarities of gauge fixing, we con-

tent ourselves with two concluding remarks on the issue: first, gauge invariant operators are

automatically BRST invariant (see, e.g., ref. [14]), and, second, gauge fixing is not necessary in

nonperturbative lattice QCD as long as one restricts oneself to the calculation of gauge invariant

quantities.

As most relativistic quantum field theories, QCD contains ultraviolet divergences, which have

to be made well-defined by the choice of a regulator. In lattice QCD, e.g., the finite lattice spacing

itself is the regulator, since it acts as a momentum cutoff. Within perturbative QCD one usually

uses dimensional regularization [44],3 since it preserves all relevant symmetries throughout the

calculation. After the regularization one uses the freedom to rescale the field variables and the

parameters of the theory in such a way that all divergences are canceled. This procedure is

known as renormalization. The condition that the divergences have to cancel, however, does not

completely fix the finite numerical values of intermediate results. This ambiguity can be overcome

by the definition of a so-called subtraction scheme, where the modified minimal subtraction (MS)

scheme [46] is without doubt the most popular choice in perturbative QCD. The definition of a

subtraction scheme necessarily involves the introduction of an unphysical scale, whose meaning

is directly clear for a cutoff regularization, where it corresponds to the choice of a specific cutoff,

but is less intuitive for dimensional regularization (see, e.g., ref. [44]). It should be noted that

the exact results for physical observables (say, e.g., a DVCS cross section) have to be scheme and

scale independent, while the field theoretical ingredients (in case of DVCS: generalized parton

distributions and the hard scattering kernel) are not. In practice, however, it has been shown

(cf., e.g., ref. [14]) that the perturbative expansion yields the most precise results if one chooses

the renormalization scale in the vicinity of the (large) scale of the process (the virtuality of the

exchanged photon in case of DVCS; see, e.g., ref. [18]). A more technical description of the

regularization and renormalization procedure will be given in section 2.1.5, where we will discuss

its application to chiral perturbation theory.

The Lagrangian (2.1) is (individually) invariant under time reversal (T ), charge conjuga-

tion (C) and parity (P) transformation. Actually this is not a fundamental condition from the

theory side, and the possible occurrence of the so-called theta term (a product of the gluon field

strength tensor and its dual ∝ Fµν F̃
µν = Fµνε

µνρσFρσ) has been explored in the literature. It

would be a suitable source for strong CP violation, since it breaks the symmetries under time

reversal and space inversion. However, the experimental upper bounds on this term from mea-

surements of the neutron dipole moment are so strict (see, e.g., ref. [47]) that it can be safely

ignored in most calculations.

3A didactically valuable presentation of dimensional regularization applied to classical electrostatics can be
found in ref. [45].
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Table 2.1: The table shows the electric charge (in units of the positive elementary charge e)
and the quark masses obtained from fits to experimental data taken from ref. [48]. The light
quark masses of u, d and s quarks are given at the MS scale µ = 2 GeV. The masses of the
heavy quarks are given at the MS scale which equals their own mass. Note that these masses are
strongly scheme and scale dependent. E.g., the top mass obtained from a pole-mass definition
yields a value that lies roughly 13 GeV higher.

q mass charge

u 2.3+0.7
−0.5 MeV + 2

3e

d 4.8+0.5
−0.3 MeV − 1

3e

c 1275± 25 MeV +2
3e

s 95± 5 MeV − 1
3e

t 160+5
−4 GeV + 2

3e

b 4.18± 0.03 GeV − 1
3e

10 100 1000
Q [GeV]

0.05

0.10

0.15

0.20

0.25

α
s(

Q
)

αs(MZ ) = 0.1171±0.0075
0.0050 (3-jet mass)

αs(MZ ) = 0.1185± 0.0006 (World average)

CMS R32 ratio

CMS tt prod.
CMS incl. jet
CMS 3-jet mass

HERA
LEP
PETRA
SPS
Tevatron

Figure 2.1: The picture shows the running of the strong coupling αs = g2

4π in the perturbative

regime. Here Q corresponds to the MS scale. This figure has been taken from ref. [49].

Pure QCD has seven free parameters that have to be specified and are determined from

experiment: the 6 quark masses and the coupling constant given in table 2.1 and figure 2.1,

respectively. One immediately notices the strong hierarchy in the quark masses

mu . md � ms < ΛQCD � Λhad. < mc < mb � mt , (2.6)

where ΛQCD ≈ 200 MeV is the typical scale of nonperturbative effects in QCD (to be more

specific: it corresponds to the scale where the perturbatively calculated running of the coupling

shown in figure 2.1 would diverge) and Λhad. ≈ 1 GeV is the scale of the lowest-lying nonpseu-

doscalar hadrons. Since mu, md and ms have values below the relevant scales of QCD, we may

consider them as approximately massless (i.e., we start without masses and introduce them as

a small perturbation later on). A reexamination of the fermionic term in the QCD Lagrangian

density,

∑

a

q̄a
(
i /D −ma)qa =

∑

a

(
q̄aLi /Dq

a
L + q̄aRi /Dq

a
R −maq̄aRq

a
L −maq̄aLq

a
R

)
, (2.7)

shows that quarks of different chiralities, qL/R = γL/Rq = 1
2 (1 ∓ γ5)q, are coupled by the mass

term only. This enables us to perform symmetry transformations individually on left- and right-

handed quarks, such that the QCD Lagrangian is approximately symmetric under global

SU(nf )L ⊗ SU(nf )R ⊗U(1)L ⊗U(1)R , (2.8)

10



2.1. LOW-ENERGY EFFECTIVE THEORY FOR QCD

transformations, where nf is the number of light quarks equal to three or two, depending on

whether one treats the strange quark as light or not.4 On a classical level, these symmetries

correspond to the conservation of the currents

jiL/R,µ = q̄γµγL/Rσ
iq , jL/R,µ = q̄γµγL/R1q , q =

(
qu

qd

)
, for nf = 2 , (2.9a)

jiL/R,µ = q̄γµγL/Rλ
iq , jL/R,µ = q̄γµγL/R1q , q =



qu

qd

qs


 , for nf = 3 , (2.9b)

by virtue of the Noether theorem [51]. σi and λi are Pauli and Gell-Mann matrices acting on

flavor space, and the superscript i can take values between 1 and n2
f − 1. These currents can be

combined to the usual vector and axialvector currents:

V iµ = jiR,µ + jiL,µ , Aiµ = jiR,µ − jiL,µ , (2.10a)

Vµ = jR,µ + jL,µ , Aµ = jR,µ − jL,µ . (2.10b)

It is already clear that, apart from the U(1)V case, these currents can only be partially conserved:

in the presence of degenerate light quark masses the Lagrangian (2.7) is only invariant under

vectorial symmetry transformations. If the masses of the light quarks differ from each other also

the SU(nf )V symmetry is broken explicitly. However, the predominant reason for the breaking

of the axial symmetries lies elsewhere. U(1)A is broken due to the axial anomaly [52], which gives

rise to the coupling of η0 (the physical states η and η′ are mixtures of η0 and η8) to two gluons and

yields a nonvanishing mass of η0 in the chiral limit (i.e., the limit of vanishing quark masses). In

pure QCD without other standard model interactions the currents Aiµ do not exhibit an anomaly.

But, as is well known, the continuity equations for Aµ, A3
µ and A8

µ are broken anomalously due

to QED effects which opens the electromagnetic decay channels π0, η, η′ → γγ. Historically, the

π0 → γγ decay was the first measurement of the axial anomaly. It has a branching fraction

of > 98% leading to a rapid decay of the π0 (compare the mean lifetime τ(π0) = 8.4× 10−17 s

versus the mean lifetime of the charged pions τ(π±) = 2.6× 10−8 s due to weak decays; cf.

ref. [48]).

Neglecting the explicit breaking of the symmetries for a moment, we find conserved charges

for the symmetries which are not broken anomalously in QCD: ∂µj
µ = 0, where j can be V i, Ai

and V from eq. (2.10). Using a simple quantum mechanical argument (see, e.g., ref. [53]) one

can show that this leads to the occurrence of hadron multiplets with degenerate mass: being

conserved, the currents commute with the QCD Hamiltonian, [HQCD, Q] = 0, such that one finds

for any hadronic state |h〉 at zero three-momentum and with mass mh

HQCD|h〉 = mh|h〉 ⇒ HQCD(Q|h〉) = QHQCD|h〉 = mhQ|h〉 , (2.11)

i.e., |h′〉 = Q|h〉 has the same mass as |h〉. For the vectorial currents h′ has the same parity

and lies in the same isospin/flavor multiplet as h. In particular for the nf = 2 case the mass

4Yet another symmetry of a massless QCD Lagrangian is conformal symmetry. It is broken by quantum
effects and we will not discuss it in detail here. See, e.g., ref. [50] for a review.
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degeneracy is realized almost exactly for the isospin multiplets in the hadron spectrum. Re-

calling the mass differences within the baryon octet (up to mΞ −mN ≈ 377 MeV; cf. [48]) one

immediately sees that this is not the case for nf = 3. This can be attributed to the rather

large explicit symmetry breaking due to the strange quark mass. For the axialvector currents h′

has inverse parity compared to h, which means that each hadron should have a parity partner

of similar mass. This is not the case at all. Even for nf = 2 the mass difference between a

nucleon and its (lowest-lying) parity partner is mN∗ −mN ≈ 597 MeV (cf. [48]). The way out of

this dilemma is the interpretation of |h′〉 as a threshold state |hπ〉 with a massless pseudoscalar

hadron π. The necessary massless bosons are provided by a well-known mechanism: according to

the Nambu–Goldstone theorem [54, 55], N massless bosons (so-called Goldstone bosons (GBs))

occur when a global symmetry created from N generators (in our case N = n2
f − 1) is broken

spontaneously, which means that the Lagrangian is invariant under symmetry transformations,

while the ground state is not (a detailed description is given in section 2.1.2). In QCD the

symmetry is, in addition, broken explicitly due to nonzero quark masses which provides also the

GBs with a mass, and allows us to identify them with the three pions (in case of nf = 2) or the

pseudoscalar meson octet (if nf = 3) in the experimentally measured hadron spectrum.

We can summarize that symmetries in QCD are broken in manifold ways: U(1)A is broken

anomalously and explicitly, SU(nf )L⊗ SU(nf )R is broken spontaneously to SU(nf )V ,5 which in

turn is broken explicitly. The only global symmetry of those stated above that stays completely

intact is U(1)V , which guarantees exact baryon number conservation.

2.1.2 Spontaneous breaking of the chiral symmetry

Spontaneous symmetry breaking (SSB) is by no means a phenomenon limited to quantum field

theories. It can be encountered in nearly every branch of physics. A simple example from classical

mechanics is a particle of mass m sliding (without friction) along a ring (with radius R) that

rotates around its vertical axis in a gravitational field with angular velocity ω (cf. refs. [57, 58]

and figure 2.2(a)). After implementing the constraints the Lagrangian function of such a system

reads

L =
1

2
mR2

(
θ̇2 + ω2 sin2(θ)

)
+mgR cos(θ) , (2.12)

where the symmetry under the parity transformation of the angle θ → −θ is evident. Using the

Euler–Lagrange equations of motion one finds static solutions if

0 = sin(θ)
(

cos(θ)− g

Rω2

)
. (2.13)

For ω2 < g
R there is only one stable equilibrium position at θ = 0. However, for larger angular

velocities (ω2 > g
R ) the solution at θ = 0 becomes unstable and two ground-state solutions

at θ = ± arccos
(

g
Rω2

)
occur. In contrast to the Lagrangian, the latter ground states are not

symmetric under the parity transformation mentioned above, which means that the symmetry

is broken spontaneously.

5In ref. [56] it is shown, that a spontaneous breaking of the vectorlike global symmetries is not possible in
QCD.
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θ

ω

g

R

m

(a)

ϕ1

ϕ2

V

(b)

Figure 2.2: Subfigure (a) shows the setup for a massive particle that slides frictionlessly along
a hoop rotating around its vertical axis in a gravitational field. This is a simple example from
mechanics of a system that exhibits SSB of a discrete symmetry. Subfigure (b) is a plot of the
so-called Mexican hat potential V used in eq. (2.14), which is the prime example for a potential
that leads to SSB.

The situation described in the last paragraph is an example for the breaking of a discrete

symmetry. In the continuous case one has to differentiate between global symmetries and local

gauge symmetries. As already mentioned in the last section in the context of chiral symmetry

breaking, the spontaneous breaking of a global symmetry leads to the occurrence of a massless

boson for each broken generator. Another typical example for SSB of a global symmetry are

ferromagnets (below the Curie temperature), where the alignment of the spins in the ground

state breaks rotational invariance.6 As pointed out by Higgs [60, 61], the spontaneous breaking

of a gauge symmetry does not necessarily lead to massless bosons. Instead, the affected gauge

bosons acquire a mass and a longitudinal degree of freedom.

Let us illustrate the spontaneous breaking of a continuous global symmetry using a complex

boson field (this example dates back to Goldstone himself [54]). Consider the Lagrangian density

L =
1

2
(∂µϕ

∗)∂µϕ− V (ϕ∗ϕ) =
1

2
(∂µϕ

∗)∂µϕ+
µ2

0

2
ϕ∗ϕ− λ0

4
(ϕ∗ϕ)2 , (2.14)

where ϕ = ϕ1 + iϕ2, with real-valued fields ϕ1 and ϕ2. Obviously, L is invariant under phase

transformations ϕ→ eiαϕ. The parameter λ0 has to be positive in order to have a lower bound

for the potential. If µ2
0 < 0 the potential has a unique minimum at |ϕ| = 0. For µ2

0 > 0, however,

the potential has a minimum at χ, where |χ| = µ0/
√
λ, while the phase is undetermined, which

yields an infinite set of possible vacua as illustrated in figure 2.2(b). The choice of a specific

phase for the vacuum destroys (or hides) the symmetry. We can expand the Lagrangian (2.14)

around the vacuum using the new variable ϕ′ = ϕ− χ. For real and positive χ the result reads

L =
1

2

(
(∂µϕ

′
1)∂µϕ′1 − 2µ2

0ϕ
′2
1

)
+

1

2
(∂µϕ

′
2)∂µϕ′2 − λ0χϕ

′
1ϕ
′∗ϕ′ − λ0

4

(
(ϕ′∗ϕ′)2 − χ4

)
, (2.15)

6Actually, in the ferromagnet only one Goldstone boson occurs, instead of the two one would expect naively.
Such a reduction of GBs in the spectrum can happen in Lorentz-noninvariant systems, if two Goldstone boson
modes occur as canonically conjugate pair that corresponds to one joint degree of freedom (see ref. [59]).
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where the absence of the mass term for ϕ′2 identifies it as the Goldstone boson.

Finding the correct low-energy description of QCD is a much less trivial task: since the SSB

occurs dynamically on the level of the hadrons, it is an entirely nonperturbative effect, which

means that (in contrast to the example above) we do not have direct access to the potential that

governs the symmetry breakdown. However, already the knowledge of the underlying group the-

oretical structure, i.e., SU(nf )R⊗SU(nf )L → SU(nf )V in case of QCD, enables us to derive the

transformation properties of the Goldstone bosons by group theoretical means. Our description

of this procedure follows the derivations given in refs. [62–64] (cf. also [35]). For fundamental

group theory definitions the reader may consult ref. [65].

Let Φ ∈ P be a field containing the Goldstone bosons, where P is the set of all possible field

configurations. We omit the dependence on the spacetime position, since it is not relevant for

our discussion (see ref. [64] for details). The operation of the group G on P is given by the

mapping

f : G× P → P , (g,Φ) 7→ Φ′ , (2.16)

where the identity 1 ∈ G has to map each field configuration onto itself, and consecutive action

of group elements has to fulfill the group homomorphism property (2.17b). Additionally, we

require that all field configurations are connected by symmetry transformations. Hence, we have

f(1,Φ) = Φ , (2.17a)

f(g1, f(g2,Φ)) = f(g1 ◦ g2,Φ) , (2.17b)

∀Φ,Φ′ ∈ P , ∃g ∈ G : f(g,Φ) = Φ′ . (2.17c)

The goal of this paragraph is the determination of f . Using the properties of the mapping f one

can check explicitly that the set H of group elements under whose action the ground state (i.e.,

the orgin of P at Φ = 0) remains unaffected,

H =
{
g ∈ G

∣∣ f(g, 0) = 0
}
, (2.18)

forms a subgroup of G, which is sometimes called the stability group of the origin [66]. Looking

at the definition of H, it is clear that it corresponds to the (largest possible) subgroup of G which

is not broken spontaneously. Next, we define

G�H =
{
gH

∣∣ g ∈ G
}
, (2.19)

which is the set of all left cosets gH = {g ◦h | h ∈ H}. For all elements of a left coset f maps the

origin onto the same field configuration, which can be easily verified using eq. (2.17b). Hence, f

induces a mapping f̃ of the set of left cosets onto the space of Goldstone boson fields:

f̃ : G�H → P , f̃(gH) 7→ f(g, 0) . (2.20)

This mapping is isomorphic: its surjectivity follows directly from eq. (2.17c), while its injectivity

can be proven by showing that for all g, g′ ∈ G it holds f(g, 0) = f(g′, 0)⇒ g′ ∈ gH:

0 = f(1, 0) = f(g−1 ◦ g, 0) = f(g−1, f(g, 0)) = f(g−1, f(g′, 0)) = f(g−1 ◦ g′, 0) ,

⇒ g−1 ◦ g′ ∈ H ⇒ g′ ∈ gH .
(2.21)
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Therefore, each field configuration Φ = f(rΦ, 0) corresponds to a left coset rΦH, where one may

choose a convenient representative rΦ for each left coset. The inherent beauty of this relation

is that it allows us to determine the operation of the symmetry group on the Goldstone boson

fields (described by f) from the action of the corresponding group elements g on the left coset

rΦH, which is simply g ◦ rΦH. The situation can be visualized by the commutative diagram [64]

rΦH r′ΦH = g ◦ rΦH .

Φ Φ′
f

f̃ ∼

g

f̃ ∼ (2.22)

Thus, the transformation properties of the Goldstone bosons are uniquely determined by the

geometry up to reparametrizations of G�H.

After the discussion of the underlying group theory, we may now move on to its practical

application in (massless) QCD, where the chiral symmetry group is broken spontaneously to its

vectorial subgroup:

G = SU(nf )L ⊗ SU(nf )R =
{

(L,R)
∣∣ L,R ∈ SU(nf )

}
, (2.23a)

H = SU(nf )V =
{

(V, V )
∣∣ V ∈ SU(nf )

}
. (2.23b)

We can now choose a representative rΦ for gΦH, with gΦ = (LΦ, RΦ) ∈ G, that is characterized

by a unique matrix UΦ ∈ SU(nf ) [64]:

gΦH = (LΦ, RΦ)H = (LΦ, RΦL
†
ΦLΦ)H = (1, RΦL

†
Φ) ◦ (LΦ, LΦ)H

= (1, RΦL
†
Φ)H ≡ (1, UΦ)H ,

(2.24)

i.e., we choose the representative always in such a way that the first component is the identity.

This choice is particularly convenient, since it leads to a simple transformation behavior of the

representative matrix:7

Φ′ ∼= rΦ′H = (1, UΦ′)H

!
= g ◦ rΦH = (L,R) ◦ (1, UΦ)H = (L,RUΦL

†L)H = (1, RUΦL
†)H ,

⇒ UΦ′ = RUΦL
† .

(2.25)

Hence, we can represent the Goldstone pseudoscalars by a SU(nf ) matrix U (we will drop the

index from now on) with simple transformation properties and the remaining freedom amounts

to the choice of a parametrization for SU(nf ) matrices. A widespread and (for most purposes)

convenient choice are canonical coordinates

U = ei
Φ
F0 , with





Φ =
∑3
i=1 φ

iσi , for nf = 2 ,

Φ =
∑8
i=1 φ

iλi , for nf = 3 ,
(2.26)

7Fixing the second component to be the identity and using the first one as the representative would be
similarly convenient, and would lead to the transformation UΦ′ = LUΦR

†, which is also found in the literature.
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where σi and λi correspond to Pauli and Gell-Mann matrices, respectively, and F0 is the pion

decay constant in the chiral limit [67]. The φi are real-valued such that Φ is Hermitian (Φ† = Φ).

The components of Φ can be identified with the pseudoscalar mesons:8

Φ =
√

2

(
1√
2
π0 π+

π− − 1√
2
π0

)
, for nf = 2 , (2.27a)

Φ =
√

2




1√
2
π0 + 1√

6
η π+ K+

π− − 1√
2
π0 + 1√

6
η K0

K− K0 − 2√
6
η


 , for nf = 3 , (2.27b)

which corresponds to the convention where Fπ = F0 + O(m2
π,m

2
K ,m

2
η) ≈ 92 MeV. After the

choice of a parametrization, eq. (2.25) fixes the transformation properties of the Goldstone

bosons. For all parametrizations that map the origin (Φ = 0) onto the identity one finds that

the pseudoscalar fields transform particularly simple under chiral rotations along the unbroken

vectorial subgroup: Φ′ = V ΦV †. For general chiral rotations the transformation law is non-

linear (one therefore speaks of a nonlinear realization of chiral symmetry, cf. refs. [66, 68]) and

depends on the explicit choice of parametrization. Note that the seeming ambiguity due to the

free choice of a parametrization is not a problem, since all possible realizations of the symmetry

are equivalent [68].

2.1.3 Meson chiral perturbation theory

In the last section we have derived the general form of the Goldstone boson fields occurring

in an effective theory of QCD. They can be represented by a unique SU(nf ) matrix U , which

has a definite transformation behavior under chiral rotations (see eq. (2.25)). At low energies

E � Λhad. the heavier particles in the hadron spectrum decouple from the theory, i.e., they

can be integrated out, see, e.g., ref. [69]. Hence, an effective Lagrangian for massless QCD

can only consist of combinations of the field U and derivatives, that are invariant under both

Lorentz transformations and chiral rotations. Unfortunately, there are infinitely many possible

contributions and an arbitrary choice of terms would automatically lead to a model dependence.

The solution to this problem is chiral perturbation theory, which is based on the observation

that every occurrence of a derivative in a vertex leads to a suppression by a factor p ∝ E/Λhad..

Therefore, we can arrange the terms in the effective Lagrangian according to their order in p

denoted by the superscript in parentheses:

LM = L(2)
M + L(4)

M + L(6)
M + . . . . (2.28)

The series contains only even powers of p due to Lorentz invariance, and starts at 2, since the

only zeroth order term tr
{
U†U

}
= nf is an irrelevant constant. However, this approach would

be pointless if one would have to evaluate an infinite number of Feynman loop diagrams in order

to obtain a result to a desired accuracy, say pD. That this is not the case is guaranteed by the

8One should note that this identification fixes the phase conventions.
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Weinberg power counting theorem [38], which provides the order D of a Feynman diagram in

terms of the number of loops NL and the number of vertices N
(n)
M from L(n)

M :

D = (d− 2)NL + 2 +
∑

n

(n− 2)N
(n)
M , (2.29)

where we are usually interested in the case with spacetime dimension d = 4. Using dimensional

regularization the respective diagram is suppressed by a factor pD. Thus, for any given order

pD the number of loops in the contributing Feynman diagrams is limited to NL ≤ D
2 − 1. The

lowest order part of the effective Lagrangian is rather simple. In the massless case it consists of

one term only:

L(2)
M

∣∣∣∣
mq=0

=
F 2

0

4
tr
{

(∂µU
†)∂µU

}
, (2.30)

where the coefficient is (by convention) chosen in such a way that (after expanding the exponential

U) the prefactor of the kinetic term for the mesons is independent of the decay constant. As

argued in ref. [70], 4πF0 ' 1 GeV plays the role of the chiral symmetry breaking scale Λhad..

One can show that all other possible contributions of lowest order are either equivalent or vanish

by using the identities

0 = (∂µU)U† + U(∂µU
†) = (∂µU

†)U + U†(∂µU) , (2.31a)

0 = tr
{

(∂µU)U†
}

= tr
{

(∂µU
†)U

}
. (2.31b)

As expected, L(2)
M

∣∣
mq=0

does not contain a mass term for the pseudoscalar fields.

So far we have only considered the chiral limit, where the quarks are massless. However,

in the real world, chiral symmetry is broken explicitly due to finite quark masses. In order to

implement the explicit breaking systematically into the low-energy theory, we apply the source

field formalism developed in refs. [67, 71]: in this formalism one implements the coupling of

massless QCD to external (color-singlet) vector, axialvector, scalar and pseudoscalar background

fields by adding the appropriate source term

LS [vµ, aµ, s, p] = q̄(γµvµ + γµγ5aµ)q − q̄(s− iγ5p)q

= q̄Rγ
µ(vµ + aµ)qR + q̄Lγ

µ(vµ − aµ)qL − q̄R(s+ ip)qL − q̄L(s− ip)qR .
(2.32)

to the Lagrangian of massless QCD. The external fields are Hermitian matrices in flavor space.

Disregarding the anomalous breaking described in section 2.1.1, which would yield corrections

starting from O(p4) [71], the full theory is invariant under local chiral rotations

qR(x)→ R(x)qR(x) , qL(x)→ L(x)qL(x) , where R(x), L(x) ∈ U(nf ) , (2.33)

if the external fields transform as follows:

(vµ + aµ)→ R(vµ + aµ)R† + iR∂µR
† , (2.34a)

(vµ − aµ)→ L(vµ − aµ)L† + iL∂µL
† , (2.34b)

(s+ ip)→ R(s+ ip)L† . (2.34c)
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The last term in the transformation law for the right- and left-handed vector fields (rµ = vµ+aµ

and lµ = vµ − aµ) allows us to interpret the vectorial part of the source term as the second half

of a covariant derivative, and is therefore responsible for the upgrade of the global symmetry (in

pure QCD) to a local gauge symmetry (in the full theory). Obviously, one can restore massless

QCD by setting all external fields to zero. However, the beauty of the formalism lies in the fact

that one can evaluate nontrivial background field configurations. In particular, we obtain the

case we are interested in (massive QCD), by setting vµ, aµ and p to zero, and the scalar field to

its nonvanishing vacuum expectation value s =M, whereM is the diagonal quark mass matrix.

Actually, M is diagonal, because we define the quark fields to be the mass eigenstates of the

theory.

To introduce the explicit chiral symmetry breaking also in the low-energy theory, we simply

have to add all possible scalar source terms to the theory. By setting them to the correct

vacuum expectation value the quark masses are taken into account systematically. The two

possible structures of lowest order including scalar and pseudoscalar source terms are

tr
{

(s+ ip)U† ± (s+ ip)†U
}
. (2.35)

They have positive/negative parity (under parity transformation s → s, p → −p and U ↔ U†

together with an inversion of the position in space; see also section 2.2) and, therefore, only the

“+” combination is relevant for the leading Lagrangian density. In the limit s =M and p = 0

the latter reads

L(2)
M =

F 2
0

4
tr
{
∂µU

†∂µU
}

+
F 2

0B0

2
tr
{
M
(
U + U†

)}
, (2.36)

where B0 is the so-called condensate parameter in the chiral limit. The additional term provides

the pseudoscalar Goldstone bosons with a mass, thereby promoting them to pseudo Goldstone

bosons. Since the mass enters the propagator at the same level as the momentum, it turns out

to be convenient to count the quark mass matrix (or rather scalar and pseudoscalar external

fields) as order p2 in the ChPT bookkeeping, which explains why we have added the lowest order

source term to L(2)
M . With this choice also the hierarchical order in the EFT Lagrangian (2.28)

and the power counting formula (2.29) hold unchanged. The higher order Lagrangians of the

meson sector are not relevant for the projects presented in this work. We refer the reader to

refs. [67, 71] for more details. A review of state of the art calculations in the mesonic sector at

two-loop order (i.e., O(p6)) can be found in ref. [72].

To conclude this section, let us emphasize that the effective field theory we have constructed

is Lorentz-covariant. Hence, the requirement for low energies of the external particles only has to

be fulfilled in one freely choosable frame, and one can boost the result to any frame of interest,

which means that ChPT is actually applicable to a much larger set of problems than one might

think at first sight.

2.1.4 Baryon chiral perturbation theory

So far we have only considered a low-energy theory of QCD that was limited to the dynamics

of the pseudo Goldstone bosons. This section is dedicated to the inclusion of JP = 1
2

+
ground-
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state baryons. We restrict ourselves to the cases where one baryon occurs in the initial and

one in the final state. The main obstacle connected to the description of baryons within the

low-energy theory is their nonzero mass in the chiral limit, which introduces an additional large

scale m0 ∼ Λhad. into the theory. Therefore, only the baryon three-momentum can be required

to be small (of order p1 in the ChPT counting scheme), while its energy is large (order p0). In

particular in loop diagrams containing both baryonic and mesonic propagators, the additional

scale leads to problems with the usual power counting, whose solution will be addressed in

section 2.1.5. One usually works in a quenched approximation, i.e., closed baryonic loops are

neglected,9 anticipating that they can be integrated out, and that their effect is parametrized by

low-energy constants (LECs) without loss of generality.

The baryons are built from three valence quarks and should, therefore, be classified into

flavor multiplets that transform under the following irreducible representations of the vectorial

subgroup

2⊗ 2⊗ 2 = 2⊕ 2⊕ 4 , for nf = 2 , (2.37a)

3⊗ 3⊗ 3 = 1⊕ 8⊕ 8⊕ 10 , for nf = 3 . (2.37b)

Since the vectorial subgroup is only broken explicitly due to quark mass differences, the baryons

within one multiplet are mass-degenerate, as long as the masses of the light quarks are equal.

The totally antisymmetric flavor structure (corresponding to 1) cannot occur in ground-state

baryons (i.e., baryons with a symmetric spatial wave function), since this would require a totally

antisymmetric spin wave function. The latter is simply impossible for the same reason for which

no singlet flavor structure occurs in the two-flavor case: one cannot form a structure that is

totally antisymmetric in three indices, if one has only two possible values for the indices to choose

from. The four- and ten-dimensional representations lead to totally symmetric flavor multiplets

corresponding to the Delta baryons and the full baryon decuplet, respectively, which have spin 3
2 .

Of the two remaining two-dimensional (eight-dimensional) multiplets one has a mixed-symmetric

and one a mixed-antisymmetric flavor structure, i.e., they are symmetric/antisymmetric under

exchange of the flavors of the first and the second quark. However, under exchange of the

third quark with one of the others, the two multiplets do mix with each other, such that only

one doublet (octet) occurs in the hadron spectrum. In ChPT, the spin 1
2 baryons are usually

represented by the nucleon doublet (in case of nf = 2) or by a traceless 3 × 3 matrix which

contains the octet (in case of nf = 3) [74]:

nf = 2 : Ψ =

(
p

n

)
, (2.38a)

nf = 3 : B =




1√
2
Σ0 + 1√

6
Λ Σ+ p

Σ− − 1√
2
Σ0 + 1√

6
Λ n

Ξ− Ξ0 − 2√
6
Λ


 ≡ κpp+ κnn+ . . . , (2.38b)

9Note, that this does not at all mean that the resulting theory is a description of quenched QCD (for such a
variety of ChPT see, e.g., ref. [73]). We simply refer to the methodical similarity of neglecting closed fermionic
loops.
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Figure 2.3: Illustration of our phase conventions. The Λ baryon is not shown since one needs a
linear combination for the construction of its wave function, cf. eq. (2.41c). The blue arrows will
be relevant in chapter 4. They indicate the cases where one has to apply a Fierz transformation
(see ref. [76]) to relate the distribution amplitudes at the symmetric point. An explicit calculation
shows that this always yields an additional minus sign that has to be taken into account in order
to reproduce eq. (4.73) and eq. (4.74). This figure is taken from our work [75] and was created
by M. Gruber.

where the second line defines the matrices κB . The choice of phases (or rather the absence of

them) in these definitions fixes our phase conventions to a large extent (cf. also our article [75]).

To see this, consider the isospin (T̂−), u-spin (Û−) and v-spin (V̂−) lowering operators, which

are defined via their action on specific quark flavors: T̂−u = d, Û−d = s, V̂−u = s and zero

otherwise. If one identifies the flavors u, d and s with the first, second and third unit vector in a

three-dimensional space, respectively, the matrix representations of the lowering operators read

T− =




0 0 0

1 0 0

0 0 0


 , U− =




0 0 0

0 0 0

0 1 0


 , V− =




0 0 0

0 0 0

1 0 0


 . (2.39)

We now identify each baryon B with the associated 3 × 3 matrix κB and we further define the

action of the lowering operators T̂−, Û− and V̂− on the octet by the usual expressions for the

adjoint representation without any additional phase factors:

T̂−κB = [T−, κB ] , Û−κB = [U−, κB ] , V̂−κB = [V−, κB ] . (2.40)

The above choices specify our phase conventions. Starting from the proton state, the complete
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octet can be constructed by applying the following transformations as illustrated in figure 2.3:10

T̂−|p〉 = |n〉 , −V̂−Û−|p〉 = |Ξ0〉 , T̂−V̂−Û−|p〉 = |Ξ−〉 , (2.41a)

−Û−|p〉 = |Σ+〉 , 1√
2
T̂−Û−|p〉 = |Σ0〉 , 1

2 T̂−T̂−Û−|p〉 = |Σ−〉 , (2.41b)

−1√
6

(
V̂− + Û−T̂−

)
|p〉 = |Λ〉 . (2.41c)

Starting from the mixed-symmetric and mixed-antisymmetric flavor wave functions for the proton

defined as

|MS, p〉 =
1√
6

(2|uud〉 − |udu〉 − |duu〉) , |MA, p〉 =
1√
2

(|udu〉 − |duu〉) , (2.42)

the wave functions of the octet can now be constructed by applying the transformations in (2.41);

cf. tables 4.5 and 4.6 on page 85.

As explained above, the behavior of the spin 1
2 baryon fields under vectorial transformations is

fixed. However, the transformation law for nonvectorial chiral rotations can be chosen freely, and

one may even choose different transformation properties for the baryons of opposed handedness.

For an arbitrary chiral rotation g = (L,R) the most general transformation law reads

ΨL → Kl (g)ΨL , Kl (g) ∈ SU(2)

ΨR → Kr(g)ΨR , Kr(g) ∈ SU(2)

}
Kl (g) = Kr(g) = V ,

for g = (V, V ) , V ∈ SU(2) ,
(2.43)

for two light flavors, and

BL → K1l (g)BLK
†
2l (g) , Kil (g) ∈ SU(3)

BR → K1r(g)BRK
†
2r(g) , Kir(g) ∈ SU(3)

}
K1l (g) = K2l (g) = K1r(g) = K2r(g) = V ,

for g = (V, V ) , V ∈ SU(3) , (2.44)

in the three-flavor case. I.e., there are many possible realizations of chiral symmetry for baryonic

fields. However, all of them are equivalent to each other, since one can switch from one to another

by field redefinitions (see refs. [74, 77] for detailed explanations). Obviously, one will make use of

this freedom and select the most convenient one. We choose the realization which is commonly

used in contemporary BChPT applications, since it combines two advantageous properties: its

definition is parity invariant and only derivative couplings to Goldstone boson fields occur. To

this end, let us define a new matrix-valued field u = exp
{
iΦ/(2F0)

}
, which contains the GBs

and fulfills u2 = U . This fixes the transformation properties under chiral rotations to

u→ u′ = RuK† = KuL† , (2.45)

in order to reproduce the transformation properties of the original field U . That the compensator

field K = (u′)−1Ru = (Ru2L†)−
1
2Ru is slightly unhandy does not have to bother us, since its

explicit form will not be needed. However, one immediately notices that K is a local transfor-

mation and, accordingly, we will have to define a suitable covariant derivative (see below). One

can convince oneself that K meets the conditions stated above (see eqs. (2.43) and (2.44)) for

the case g = (L,R) = (V, V ):

U = u2 → KuL†RuK† = KuV †V uK† = KUK†
!
= V UV † . (2.46)

10These phase conventions have been worked out in collaboration with M. Gruber.
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Hence, we can choose the baryon fields to transform as Ψ → KΨ and B → KBK†, where we

do not make use of the possibility to discriminate transformation properties for left- and right-

handed fields. Suitable chiral building blocks for the mesonic and source fields (transforming as

X → KXK†) read

uµ = i
(
u†∂µu− u∂µu†

)
, (2.47)

χ± = u†χu† ± uχ†u , (2.48)

where χ = s + ip → 2B0M implements explicit chiral symmetry breaking without additional

external fields (cf. explanation in section 2.1.3). Sometimes uµ is called the chiral vielbein. The

covariant derivative is defined as

DµΨ = (∂µ + Γµ)Ψ , (2.49a)

DµX = ∂µX + [Γµ, X] , with X ∈ {B, B̄, uν , χ±} , (2.49b)

where the chiral connection Γµ has to transform under chiral rotations as

Γµ → KΓµK
† +K(∂µK

†) , (2.50)

in order to obtain a similar behavior for the covariant derivatives as for the fields themselves.

Having introduced the local transformation behavior by hand, it is clear that the chiral connection

does not correspond to a new gauge field. Instead, it is composed of Goldstone boson fields11

Γµ =
1

2

(
u†∂µu+ u∂µu

†) . (2.51)

As already discussed at the beginning of this section, the baryon mass has to be counted

as zeroth order in the chiral counting scheme and, correspondingly, four-derivatives acting on

baryonic fields are not suppressed. However, the free equation of motion is fulfilled exactly in the

chiral limit and the interaction terms are of first chiral order. Hence, the combination i /D −m0

has to be counted as O(p1) and the expansion of the meson-baryon Lagrangian in ChPT starts

at first order:

LMB = L(1)
MB + L(2)

MB + L(3)
MB + . . . . (2.52)

In contrast to the mesonic sector the chiral order is not restricted to even values, since the occur-

rence of a four-vector does not automatically lead to a suppression by one order in p. Allowing

only for terms that are separately invariant under charge conjugation, parity transformation and

time reversal12 the lowest order two-flavor meson-baryon Lagrangian reads [77, 78]

L(1)
MB

∣∣∣∣
nf=2

= Ψ̄
(
i /D −m0 +

gA
2
γµγ5u

µ
)

Ψ , (2.53)

11In the presence of external fields one would need additional terms, see, e.g., ref. [77].
12I.e., one ignores contributions due to a theoretically possible (but experimentally unsupported) theta term.
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where gA is the axial coupling constant in the chiral limit. The first order meson-baryon La-

grangian for three light quark flavors taken from ref. [79] reads:

L(1)
MB

∣∣∣∣
nf=3

= tr
{
B̄i /DB

}
−m0 tr

{
B̄B

}
+
D

2
tr
{
B̄γµγ5{uµ, B}

}
+
F

2
tr
{
B̄γµγ5[uµ, B]

}
.

(2.54)

This version differs from that of refs. [77, 80] by a minus sign in the terms containing the

low-energy constants D and F in order to be consistent with the standard sign convention

gA ≈ D + F > 0. For our calculation in chapter 3 we also need a term from the second order

two-flavor Lagrangian

L(2)
MB

∣∣∣∣
nf=2

= c1 tr
{
χ+
}

Ψ̄Ψ + . . . . (2.55)

For a full list of terms up to fourth order in two-flavor ChPT we refer the reader to ref. [81]. The

three-flavor Lagrangian up to third order is presented in ref. [82]. Since the Feynman diagrams in

BChPT also contain fermion propagators, one has to adjust the power counting formula, which

then reads [83]

D = (d− 2)NL + 1 +
∑

n

(n− 2)N
(n)
M +

∑

n

(n− 1)N
(n)
MB , (2.56)

where N
(n)
M and N

(n)
MB are the number of vertices from the meson and meson-baryon Lagrangian

of n-th order, respectively, and d is the spacetime dimension. As in the meson case, for each

order D the number of possible loops NL is limited. The problem is, that in loop diagrams

containing baryon propagators not all occurring scales are small such that a diagram of order

D is actually only suppressed by a factor mk
0p
l ∝ pl with k + l = D. It is absolutely crucial

that one finds a way to eliminate the contributions which violate the power counting (those with

chiral order l < D), since, otherwise, one would have to calculate an infinite number of Feynman

diagrams to reach an accuracy of pD. Possible solutions to this problem will be discussed in the

next section.

2.1.5 Regularization and renormalization

As almost all relativistic quantum field theories chiral perturbation theory contains ultraviolet

divergences in loop contributions that have to be taken care of. After making the results well-

defined by employing a suitable regulator (in perturbation theory, e.g., a fractional dimension or

a momentum cutoff), the divergences are canceled by fine-tuned counterterms that have to be

added to the Lagrangian in order to make the theory meaningful. As outlined in section 2.1.1,

QCD relies only on a finite number of counterterms which can be obtained by rescaling the field

variables and the parameters of the Lagrangian. Theories that require an infinite set of counter-

terms are called nonrenormalizable, which has the negative connotation of being nonpredictive

due to the unlimited number of free parameters. While this is a major problem for fundamental

field theories, the situation is different for effective field theories, where the cutoff has a physical
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meaning and marks the mass scale of the particles which have been integrated out: at any given

order in the power counting the effective theory can be renormalized with a finite number of

counterterms such that its predictive power persists. Actually, one does not have to add a single

structure to the ChPT Lagrangians, since they contain all possible terms from the beginning.

Still, the increasing number of parameters at higher orders is a generic feature of effective field

theories and, in practice (due to the limited amount of data), one has to restrict oneself to

a certain accuracy (in the perturbative series) to get a meaningful result. The terminological

problems which arise if one tries to apply the concept of renormalizablity to EFTs is apparent:

on one hand, ChPT is not renormalizable in the usual sense to all orders (i.e., one needs an

infinite number of counterterms), but, on the other hand, it is perfectly renormalizable order by

order in the chiral counting, which is all one needs.

Let us now get back to the power counting violation in BChPT stated at the end of sec-

tion 2.1.4. Historically, the first solution to this problem was obtained by treating the baryons

as heavy, nonrelativistic particles. This approach is called heavy baryon ChPT (HBChPT) and

detailed discussions can be found, e.g., in refs. [84, 85]. However, as explained in ref. [86], this

approach has the deficiency that the corresponding perturbative series does not converge in the

whole low-energy region. In particular production thresholds in triangle diagrams are problem-

atic (cf. discussion in chapter 3). Another, slightly more elegant approach, which keeps Lorentz

invariance intact throughout the calculation, is based on the idea to treat the power counting

violating terms in a similar way as ultraviolet divergences: cancel them by the introduction of

suitable counterterms. While such a renormalization procedure is automatically well-defined for

the terms which violate the power counting, it leaves an ambiguity in the treatment of analytic

higher order contributions which forces us to choose a specific scheme. The most trivial ansatz

is a scheme which performs a minimal subtraction, known as modified infrared regularization

(IR, see ref. [87]), where one only removes the terms which violate the power counting and leaves

the remaining terms untouched. Another popular scheme on the market is the extended on

mass shell (EOMS) renormalization, see, e.g., refs. [88, 89]. The scheme we will use is infrared

regularization13 (IR, proposed in ref. [86]), where one removes all terms from loop integrals of

fractional dimension that occur with integer chiral order. The advantage of the latter choice is

that it can be implemented directly in the loop integrals via a particularly simple prescription

(see below). Furthermore, it is defined in such a way that the power counting formula (2.56)

also holds for noninteger spacetime dimensions d: i.e., a Feynman diagram that has (fractional)

order D according to eq. (2.56) will only contain terms that are suppressed by pD+k, where

k = 0, 1, 2, . . . , but no integer powers of p. While the latter property is not a necessity, it is still

a nice feature.

13Infrared regularization is sometimes also called infrared renormalization in the literature, which actually
describes the situation even better than the original name.
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In order to clarify which parts of the Feynman diagrams are subtracted in the IR scheme, we

will analyze arbitrary one-loop graphs following ref. [86]. Their general form reads

1

i

∫
ddq

(2π)d
qµ1 · · · qµr

a1 · · · akb1 · · · bl
, (2.57)

where the ai and bi are the denominators of meson and nucleon propagators, respectively, and

are defined as

ai = m2
π − (q −Ki)

2 − iε , bi = m2
0 − (q − Pi)2 − iε , (2.58)

the Ki and Pi being external momenta. Using Feynman parametrization (see, e.g., ref. [39])

1

xα1
1 · · ·xαkk

=
Γ(α1 + · · ·+ αk)

Γ(α1) · · ·Γ(αk)

1∫

0

du1 · · · duk
δ
(
1−∑i ui

)
uα1−1

1 · · ·uαk−1
l

(u1x1 + · · ·+ ukxk)α1+···+αk
, (2.59)

we can combine all mesonic and all baryonic propagators such that, after a shift in the integration

variable, the result can be written as a sum over integrals of the form
∫
dUdV

1

i

∫
ddq

(2π)d
qµ1 · · · qµs
akbl

, (2.60)

where s ≤ r. The integration over Feynman parameters is indicated by dU (and dV ), which rep-

resents the integration measure, the prefactor and the numerator stemming from the application

of eq. (2.59) to the meson (baryon) propagators. The denominator is given by

a = m2 − q2 − iε , b = M2 − (p− q)2 − iε , (2.61)

where m = m(u), M = M(v) and p = p(u, v) are functions of the Feynman parameters, external

momenta and masses, with m being O(p1), while M and p are O(p0) in the chiral counting. For

the case k = l = 1 one simply has m = mπ and M = m0. For the explicit calculation of the

nontrivial cases with three propagators, which will be needed in chapter 3 on generalized parton

distributions, see appendix A.4.2. The Feynman parameter integrals
∫
dUdV are not relevant

for the power counting discussion, and, therefore, we will ignore them for the rest of this section.

In an actual calculation one would perform them at the very end. Note, however, that already in

the seemingly simple cases involving three propagators (i.e., the triangle diagrams occurring in

chapter 3) one has to evaluate these integrals numerically, since an analytic integration over these

Feynman parameters is not possible. Next, making use of Lorentz invariance, we can perform a

tensor decomposition such that every integral can be expressed in terms of scalar integrals

Hk,l =
1

i

∫
ddq

(2π)d
1

akbl
. (2.62)

For an explicit tensor decomposition up to four open Lorentz indices see appendix A.4.3. For the

calculation of Hk,l we, again, use Feynman parametrization to combine the meson and baryon

parts of the denominator

Hk,l =
Γ(k + l)

Γ(k)Γ(l)

1∫

0

dz z̄k−1zl−1 1

i

∫
ddq

(2π)d
1

(z̄a+ zb)k+l
, (2.63)
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where z̄ = 1− z. This integral can be split into the so-called infrared singular part Ik,l and the

regular part Rk,l, where Hk,l = Ik,l + Rk,l. The infrared singular and regular parts are defined

as

Ik,l =
Γ(k + l)

Γ(k)Γ(l)

∞∫

0

dz z̄k−1zl−1 1

i

∫
ddq

(2π)d
1

(z̄a+ zb)k+l
, (2.64a)

Rk,l =
Γ(k + l)

Γ(k)Γ(l)

1∫

∞

dz z̄k−1zl−1 1

i

∫
ddq

(2π)d
1

(z̄a+ zb)k+l
, (2.64b)

which corresponds to the unique decomposition of the integral in parts of fractional and integer

chiral order for fractional spacetime dimension d (see ref. [86]). All terms that violate the power

counting are contained in R, which is real and analytic in the low-energy region. Note that also

the tensor decomposition mentioned above holds for both parts separately. To obtain the result

in the IR scheme one replaces Hk,l by Ik,l everywhere, which is equivalent to the cancelation of

Rk,l by appropriate counterterms. Purely mesonic integrals already fulfill the power counting

exactly such that Ik,0 = Hk,0, which implies that Rk,0 = 0. For integrals that contain baryonic

propagators exclusively the opposite is the case: I0,l = 0 and R0,l = H0,l, which is consistent

with the absence of baryonic loops (for more details see ref. [86]). In fact, one can obtain all

integrals from three basic integrals by using

Hk+1,l = −1

k

∂

∂m2
Hk,l = − 1

2mk

∂

∂m
Hk,l , (2.65a)

Hk,l+1 = −1

l

∂

∂M2
Hk,l = − 1

2Ml

∂

∂M
Hk,l , (2.65b)

which holds similarly for Ik,l and Rk,l. The infrared singular parts of these basic integrals

are given explicitly in appendix A.4.1. One should note, that the integrals over the Feynman

parameter z in (2.64) diverge for d > 3. Therefore, one defines their value in the limit d→ 4 as

the analytic continuation from d < 3. After a shift in the integration variable (q → q + zp) one

finds for the basic integral

I1,1 =

∞∫

0

dz
1

i

∫
ddq

(2π)d
(∆− q2)−2 =

1

(4π)
d
2

Γ(2− d
2 )

Γ(2)

∞∫

0

dz ∆
d
2−2 , (2.66)

where ∆ = z̄m2 + zM2 − zz̄p2 − iε. The latter equality follows from the master formula of

d-dimensional integration (see, e.g., ref. [39]):14

1

i

∫
ddq

(2π)d
1

(∆− q2)n
=

1

(4π)
d
2

Γ(n− d
2 )

Γ(n)
∆

d
2−n . (2.67)

In order to find the analytic continuation to d→ 4, we follow ref. [86] and rewrite

∆ = d0 + d1(z − z0)2 = d0 +
1

2
(z − z0)

∂∆

∂z
, (2.68a)

d0 = m2 − iε− d1z
2
0 , d1 = p2 , z0 =

m2 −M2 + p2

2p2
, (2.68b)

14One obtains I1,0 from this formula directly by setting ∆ = m2 − iε and n = 1. Cf. eq. (A.27a).

26



2.2. SYMMETRY PROPERTIES OF FIELDS

such that

∆k = d0∆k−1 +
1

2k
(z − z0)

∂∆k

∂z
, (2.69)

where in our case k = d
2 − 2. Integration by parts leads to

∞∫

0

dz ∆k = d0

∞∫

0

dz ∆k−1 +

[
1

2k
(z − z0)∆k

]∞

0

− 1

2k

∞∫

0

dz ∆k , (2.70)

⇒
∞∫

0

dz ∆k =

[
1

2k + 1
(z − z0)∆k

]∞

0

+
2kd0

2k + 1

∞∫

0

dz ∆k−1 . (2.71)

The upper boundary of the surface term diverges for d > 3 but vanishes for d < 3. Hence, the

unique analytic continuation is given by the remaining parts (the lower boundary of the surface

term and the integral), since they yield the same result at d < 3 but, apart from the usual

singularities at integer values of d, converge for d < 5. Therefore,

I1,1 =
1

(4π)
d
2

Γ(2− d
2 )

Γ(2)

(
1

d− 3
z0(m2 − iε) d2−2 + d0

d− 4

d− 3

∞∫

0

dz ∆
d
2−3

)
. (2.72)

The explicit result is given in eq. (A.27c).

2.2 Symmetry properties of fields

In order to correctly model a microscopic operator, expressed in terms of quark and gluon fields,

within ChPT (in terms of hadrons), one has to make use of its symmetry properties. In addition

to the symmetry properties under chiral rotations, which were discussed in the previous sections,

also the transformation under discrete symmetries (parity, charge conjugation and time reversal)

have to be reproduced. For convenient reference, this section reviews the properties under

discrete symmetry transformations of both quark and hadron fields, which is for the most part

textbook knowledge (see, e.g., refs. [39, 90, 91]). Other relevant, but operator specific symmetry

properties, like the scaling property or behavior under quark exchange, will be discussed directly

in the respective sections on operator construction.

2.2.1 Microscopic fields

In this section we will discuss the transformation of quark fields under discrete symmetry trans-

formations. Since current construction within chiral perturbation can be performed most conve-

niently for operators with simple behavior under chiral rotations, we give the symmetry properties

also for the left- and right-handed parts of the fields, qL(x) and qR(x), as defined below eq. (2.7).

As a convenient notation we use X as placeholder for R and L. Furthermore, we define L̄ = R,

R̄ = L, (−1)R = +1 and (−1)L = −1.
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Parity transformation (P) is defined as an inversion of the space with respect to an arbitrary

point. It reverses the three-momentum of a particle, but does not flip its spin. Quark fields are

fermionic spin 1
2 fields and transform as

Pq(x)P† = ηPq γ
0q(x̃) , (2.73a)

P q̄(x)P† = ηPq
∗
q̄(x̃)γ0 , (2.73b)

where x̃ = (x0,−x), and ηPq is an additional, fermion species dependent phase called intrinsic

parity. For spin 1
2 fields one can redefine the parity transformation always in such a way that

ηPq = ±1.15 For quark fields one usually chooses ηPq = +1. Parity interchanges the chiralities

PqX(x)P† = ηPq γ
0qX̄(x̃) , (2.74a)

P q̄X(x)P† = ηPq
∗
q̄X̄(x̃)γ0 , (2.74b)

since γ5 anticommutes with γ0.

Charge conjugation (C) interchanges particles and antiparticles. For the quark fields this

means

Cq(x)C† = ηCq q̄(x)C , (2.75a)

Cq̄(x)C† = ηCq
∗
Cq(x) , (2.75b)

where C = iγ2γ0 is called charge conjugation matrix and ηCq is the intrinsic charge conjugation

parity. One can define the charge conjugation always in such a way that ηCq = ±1 (for discussion

see ref. [90]. The usual choice for quark fields is ηCq = +1. For the chirally projected fields one

finds

CqX(x)C† = ηCq q̄X̄(x)C , (2.76a)

Cq̄X(x)C† = ηCq
∗
CqX̄(x) . (2.76b)

Time reversal (T ) literally reverses the time direction. Time reversal has to be defined as a

antilinear and antiunitary operation (see refs. [39, 90]), and, thus, acts as a complex conjugation

on prefactors. For the quark fields one has

T q(x)T † = ηTq Cγ5q(−x̃) , (2.77a)

T q̄(x)T † = −ηTq
∗
q̄(−x̃)Cγ5 , (2.77b)

where ηTq = +1 is the usual choice for quark fields. For left- and right-handed fields one obtains

T qX(x)T † = ηTq Cγ5qX(−x̃) = ηTq (−1)XCqX(−x̃) , (2.78a)

T q̄X(x)T † = ηTq
∗
(−1)X q̄X(−x̃)C . (2.78b)

15Except for Majorana fermions, for which one can achieve ηPq = ±i; compare refs. [90, 91]
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Hermitian conjugation can also be used to obtain information about the transformation

properties of the operators. However, this does not yield additional information, since

CPT q(x)T †P†C† = ηTq CP(Cγ5q(−x̃))P†C† = ηPq η
T
q C(Cγ5γ

0q(−x))C†

= ηCq η
P
q η

T
q q̄(−x)C(Cγ5γ

0)T = −ηCq ηPq ηTq q†(−x)γ5 ,
(2.79)

and

CPT qX(x)T †P†C† = −(−1)Xη
C
q η

P
q η

T
q q
†
X(−x) . (2.80)

Phase conventions: A violation of CPT symmetry, i.e., invariance under consecutive time

reversal, parity transformation and charge conjugation, has never been measured experimentally.

To incorporate CPT symmetry into the theory one uses the famous CPT theorem. It states that

every Lorentz-invariant theory is invariant under CPT transformation if the inversion phases are

chosen appropriately for each particle. One possible choice (consistent with CPT symmetry)

is ηCηP ηT = +1 for all particles (compare refs. [90, 92, 93]). Note that for spin 1
2 fermions

the actual condition to have a CPT conserving theory is much weaker, since they occur in

bilinears only. Therefore it would be sufficient to have ηCηP ηT equal for all spin 1
2 particles and

|ηCηP ηT | = 1.

2.2.2 Hadronic building blocks

For baryon fields the transformation properties look similar as for the quark fields, since they

are also spin 1
2 fermions

PΨ(x)P† = ηPb γ
0Ψ(x̃) , PB(x)P† = ηPb γ

0B(x̃) , (2.81)

CΨ(x)C† = ηCb Ψ̄(x)C , CBab(x)C† = ηCb B̄ba(x)C , (2.82)

T Ψ(x)T † = ηTb Cγ5Ψ(−x̃) , T B(x)T † = ηTb Cγ5B(−x̃) , (2.83)

where we have written out the flavor indices a and b explicitly for the charge conjugation of

the baryon octet to avoid confusion. For the ground-state baryons it holds ηPb = ηCb η
T
b = +1.

While the choice of the phases for the unobservable quark fields is highly arbitrary, the phase

conventions for hadrons are meaningful. E.g., changing ηPb and ηCb η
T
b to −1 for the octet (while

keeping it fixed for the quark fields) would correspond to a description of the parity partners of

the octet.

For the pseudoscalar fields, which are collected in u = exp
(
iΦ/(2F0)

)
, where the definition

of Φ is given in eq. (2.27), one has

PΦ(x)P† = −Φ(x̃) , Pu(x)P† = u†(x̃) , PuX(x)P† = uX̄(x̃) , (2.84a)

T Φ(x)T † = −Φ(−x̃) , T u(x)T † = u(−x̃) , T uX(x)T † = uX(−x̃) , (2.84b)

CΦ(x)C† = Φ∗(x) = ΦT (x) , Cu(x)C† = uT (x) , CuX(x)C† = uTX(x) , (2.84c)

where we have used the convenient definition uR = u and uL = u† in the last column. For

the mesonic building blocks uµ and χ± used in BChPT, which have been defined in eqs. (2.47)
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and (2.48), this leads to the following properties under discrete symmetry transformations and

Hermitian conjugation:

Puµ(x)P† = −(−1)µuµ(x̃) , Pχ±(x)P† = ±χ±(x̃) , (2.85a)

Cuµ(x)C† = uTµ (x) , Cχ±(x)C† =
(
χ±(x)

)T
, (2.85b)

T uµ(x)T † = (−1)µuµ(−x̃) , T χ±(x)T † = χ±(−x̃) , (2.85c)

u†µ(x) = uµ(x) ,
(
χ±(x)

)†
= ±χ±(x) . (2.85d)

where (−1)µ is 1 for µ = 0 and −1 for µ = 1, 2, 3. In order to allow for a general construction

independent of the used building block one can define ηPu = −1, ηCu = +1, ηTu = +1, ηHu = +1

and ηPχ± = ±1, ηCχ± = +1, ηTχ± = +1, ηHχ± = ±1 such that

PA(x)P† = ηPAA(x̃) , (2.86a)

CA(x)C† = ηCAA
T (x) , (2.86b)

T A(x)T † = ηTAA(−x̃) , (2.86c)

A†(x) = ηHAA(x) , (2.86d)

holds for A ∈ {u0, χ
+, χ−}. Additional covariant derivatives acting on the mesonic building

blocks do (apart from the typical (−1)µ and −(−1)µ factors occurring in parity transformation

and time reversal due to open Lorentz indices) not affect the symmetry properties.

Often nucleon bilinears of the form Ψ̄(x)AΓΨ(x) occur as fundamental structures, where A

and Γ are placeholders for chiral building blocks and gamma structures. Ψ here is the isospinor

containing the proton and the neutron field. For the three-flavor version the flavor structure

would look slightly different, since the baryon octet is contained in the matrix-valued field B.

For the operator construction in chapter 3 it is convenient to define covariant left-right derivatives

that only act on the baryon fields

Ψ̄AΓD±µ Ψ = Ψ̄
(
AΓ
→
Dµ ±

←
DµAΓ

)
Ψ , (2.87)

such that they do not interact with the mesonic building blocks. Note that D+
µ has to be counted

as small (first order) since the nucleon mass term drops out in the momentum difference. To see

how such a derivative affects the symmetry properties we compare bilinears with and without

derivatives. Let us neglect A in the following discussion for simplicity. One finds

PΨ̄(x)ΓΨ(x)P† = Ψ̄(x̃)γ0Γγ0Ψ(x̃) , (2.88a)

CΨ̄(x)ΓΨ(x)C† = −Ψ̄(x)CΓTCΨ(x) , (2.88b)

T Ψ̄(x)ΓΨ(x)T † = −Ψ̄(−x̃)Cγ5Γ∗Cγ5Ψ(−x̃) , (2.88c)
(
Ψ̄(x)ΓΨ(x)

)†
= Ψ̄(x)γ0Γ†γ0Ψ(x) , (2.88d)
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versus

PΨ̄(x)ΓD±µ Ψ(x)P† = (−1)µΨ̄(x̃)γ0Γγ0D
±
µ Ψ(x̃) , (2.89a)

CΨ̄(x)ΓD±µ Ψ(x)C† = −(±1)Ψ̄(x)CΓTCD±µ Ψ(x) , (2.89b)

T Ψ̄(x)ΓD±µ Ψ(x)T † = (−1)µΨ̄(−x̃)Cγ5Γ∗Cγ5D
±
µ Ψ(−x̃) , (2.89c)

(
Ψ̄(x)ΓD±µ Ψ(x)

)†
= ±Ψ̄(x)γ0Γ†γ0D

±
µ Ψ(x) , (2.89d)

which means that one gets an additional factor (−1)µ in a parity transformation, (±1) in charge

conjugation, −(−1)µ in time reversal and ±1 in Hermitian conjugation. In a case where we have

more than one covariant derivative we define a string of plus and minus derivatives as

D±1
µ1
· · ·D±nµn =

n∑

k=0

∑

σ∈Sn

(±
σ(1)

1) · · · (±
σ(k)

1)

k!(n− k)!

×
←
Dµσ(1)

· · ·
←
Dµσ(k)

→
Dµσ(k+1)

· · ·
→
Dµσ(n)

,

(2.90)

where Sn is the symmetric group of degree n. Again, the derivatives are meant to act on the

nucleon fields only. The symmetrization within the covariant derivatives acting to the left/right

is possible due to the curvature relation

[Dµ, Dν ] =
1

4
[uµ, uν ] , (2.91)

where the right-hand side is of second chiral order. It also holds for derivatives acting to the left.

If such a multiple derivative occurs in a bilinear, it yields for each derivative the same additional

factor in the transformation properties as described above for the single derivative.

2.3 Primer to Fierz transformation

In this brief section we provide a derivation of Fierz identities [94]. We will make extensive

use of them in chapter 4 to construct operators with correct symmetry properties under quark

exchange. However, the original form of Fierz transformations, which is found in many textbooks

(see, e.g., ref. [95]), is restricted to the case where all Lorentz indices are contracted (e.g., γµ⊗γµ).

We will need a slightly more general form, that allows for open indices. Our derivation of these

generalized identities will follow ref. [96] and was already presented in [35]. We use the standard

Dirac basis that spans the space of complex 4× 4 matrices:

{
ΓA
}

= {1, γ5, γ
µ, γ5γ

µ, σµν} , µ < ν . (2.92)

We define the dual basis as
{

ΓA
}

= {1, γ5, γµ, γµγ5, σµν} (µ < ν), where γµ and γ5 are in-

terchanged in the axialvector part. The latter is important in order to have an orthogonality

relation of the form

tr
{

ΓAΓB
}

= 4δAB , (2.93)

which can be verified by a straightforward calculation. Obviously, every 4× 4 matrix X can be

written as a linear combination of elements of the Dirac basis X = XAΓA, where here and below
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a sum over indices occurring twice is implied. Utilizing the orthogonality relation (2.93), the

coefficients can be obtained from tr {XΓB} = XA tr
{

ΓAΓB
}

= 4XB . Hence, we can derive the

completeness relation as follows:

Xij =
1

4
tr {XΓA}

(
ΓA
)
ij

= Xkl
1

4

(
ΓA
)
lk

(
ΓA
)
ij

⇒ δikδjl =
1

4

(
ΓA
)
lk

(
ΓA
)
ij
. (2.94)

Using the completeness relation twice, we obtain Fierz-like identities for general 4 × 4 matrices

X and Y :

XijYkl = XimYnlδmjδnk =
1

4
XimYnl

(
ΓA
)
kj

(
ΓA
)
mn

=
1

4

(
XΓAY

)
il

(
ΓA
)
kj

=
1

4

(
XΓAY

)
mn

(
ΓA
)
kj
δimδln =

1

16

(
XΓAY

)
mn

(
ΓA
)
kj

(
ΓB
)
nm

(
ΓB
)
il

=
1

16
tr {XΓAY ΓB}

(
ΓB
)
il

(
ΓA
)
kj
.

(2.95)

Due to the definition of the basis elements in eq. (2.92), the summation only runs over indices

µ < ν if ΓA = σµν . In order to restore the usual summation convention one has to use that

the expression summed over is symmetric (f(µ, ν) = f(ν, µ)) and traceless (f(µ, µ) = 0) with

respect to the summation indices. Therefore, one acquires an extra factor 1
2 :

∑

µ<ν

f(µ, ν) =
1

2

(∑

µ<ν

+
∑

µ>ν

+
∑

µ=ν

)
f(µ, ν) =

1

2

∑

µ,ν

f(µ, ν) . (2.96)

If ΓA = σαβ and ΓB = σµν one obtains a factor 1
4 , accordingly. Choosing X = ΓC and Y = ΓD

in particular, eq. (2.95) leads to the Fierz identities:

(
ΓC
)
ij

(
ΓD
)
kl

=
1

16
tr
{

ΓCΓAΓDΓB
} (

ΓB
)
il

(
ΓA
)
kj
, (2.97)

which reproduces the textbook type Fierz transformations (see, e.g., ref. [95]), if one chooses

ΓC ⊗ ΓD ∈ {1⊗ 1, γ5 ⊗ γ5, γ
µ ⊗ γµ, γ5γ

µ ⊗ γ5γµ, σ
µν ⊗ σµν}.
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CHAPTER 3
Generalized parton distributions

In this chapter we discuss generalized (or off-forward) parton distributions, which unify the

seemingly unrelated concepts of elastic form factors (relevant for elastic scattering processes)

and parton distribution functions (relevant for deep inelastic scattering). The main part of this

chapter has been published in ref. [97] and is dedicated to the derivation of the quark mass

dependence of the first moments of nucleon GPDs using chiral perturbation theory at full one-

loop accuracy.

3.1 Overview

By the end of the last century generalized parton distributions have been identified as a suitable

tool to parametrize exclusive processes and to extract the contained information on hadron

structure [15–17, 98] (for a detailed description we refer to the reviews [18, 99, 100]), which has

triggered large activities in both experimental and theoretical communities. The contemporary

experimental data mainly comes from the measurement of deeply virtual compton scattering

(DVCS) and deeply virtual meson production (DVMP) in electron-proton and positron-proton

collisions (at JLab and DESY) and is complemented by data from muon-proton collisions (from

the COMPASS experiment at CERN). Additional information may come from neutrino-induced

DVMP measured at neutrino beam experiments (see ref. [101]).

On the experimental side one faces the difficulty that (hard) exclusive processes are power-

suppressed. Hence, precision measurements are challenging and require high luminosities. In

addition, GPDs enter the cross section not directly, but via a convolution with a hard scattering

kernel, which complicates their extraction from experimental data (for a recent review of the

current status of phenomenological fits see, e.g., refs. [102] (DVCS) and [103] (DVMP)). Com-

plementary information from the theoretical side which constrains the functional form of GPDs

(e.g., by providing bounds for their moments) is therefore most valuable. One framework capa-

ble of providing such information on nonperturbative quantities is lattice QCD. Unfortunately
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simulations suffer typically from systematic errors associated with discretization, finite volume

and unphysical quark masses. Therefore, having a better control over some of the various ex-

trapolations and the associated systematic errors is very helpful to obtain reliable quantitative

results. As argued in chapter 1, the most rigorous way to gain such control is given by chiral

perturbation theory (see chapter 2 and references therein) as opposed to ad hoc or model-based

extrapolation formulas.

In this chapter we focus on the first x-moments of chiral-even GPDs. In the positive parity

sector those encode information on the momentum distribution of the considered parton species,

since the corresponding local operators coincide with the off-diagonal elements of the energy-

momentum tensor. In the forward limit one has simple relations to the momentum fraction and

the total angular momentum carried by a specific parton species (as pointed out by Ji [15]). The

first moment of the parity-odd quark GPD has been linked to the quark spin-orbit correlation

(see ref. [104]). We use the framework of two-flavor BChPT described in section 2.1.4, applying

infrared regularization [86] (see section 2.1.5) to obtain analytic formulas describing the pion

mass dependence of the first moments at full one-loop order (' O(p3), where p represents both

the scale of the pion mass and the momentum transfer, which are considered to be small in

the low-energy regime). There already exist various heavy baryon calculations on the topic (see,

e.g., refs. [105–111]) as well as covariant leading one-loop calculations [34, 112], where third order

effects are only partially included. The work presented in this chapter is an extension of ref. [34].

This chapter is organized as follows: we will start our analysis with a short review of the

matrix element decompositions that define the generalized form factors (see section 3.2). Ad-

vancing to third chiral order, the number of possible low-energy structures rises significantly.

Eliminating some of them using the equations of motion (EOM) will therefore be an important

topic in section 3.3, which contains the construction of the operators in terms of hadronic fields.

It turns out that the full one-loop calculation (see section 3.4) contains numerous new low-energy

constants (LECs). In section 3.5 we therefore discuss two possibilities to reduce the number of

free parameters, since the currently available lattice data is not sufficient to pin down all LECs.

The reduction of the results to the heavy BChPT version is presented in section 3.5.2. Sec-

tion 3.6 contains a first application of our results to two-flavor lattice QCD data. We summarize

in section 3.7.

3.2 Matrix element decomposition

There are in total four different kinds of chiral-even GPDs: two quark distributions F q, F̃ q,

which are defined for each quark flavor separately, and two gluon distributions F g, F̃ g, where

F̃ q and F̃ g are (parton-) spin dependent. The n-th x-moments of these quantities are defined

as the integral over x from −1 to 1, with the weight factor xn for quark and xn−1 for gluon

distributions.1 Mirroring the fact that gluons are their own antiparticles, F g is an even and

1Note that there is no standard naming convention in the literature: sometimes the n-th moment is related
to weight factors xn−1 and xn−2 for quark and gluon distributions, respectively.
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F̃ g an odd function of x and all odd moments of F̃ g vanish accordingly. The three GPDs with

nonvanishing first moments are defined as [18]

F q =
1

2

∞∫

−∞

dz−

2π
eixp̄

+z−〈p′, s′|q̄(−z/2)γ+q(z/2)|p, s〉

=
1

2p̄+
ū(p′, s′)

[
Hq(x, ξ, t)γ+ + Eq(x, ξ, t)

iσ+α∆α

2mN

]
u(p, s) ,

(3.1a)

F̃ q =
1

2

∞∫

−∞

dz−

2π
eixp̄

+z−〈p′, s′|q̄(−z/2)γ+γ5q(z/2)|p, s〉

=
1

2p̄+
ū(p′, s′)

[
H̃q(x, ξ, t)γ+γ5 + Ẽq(x, ξ, t)

γ5∆+

2mN

]
u(p, s) ,

(3.1b)

F g =
1

p̄+

∞∫

−∞

dz−

2π
eixp̄

+z−〈p′, s′|G+µ(−z/2)G +
µ (z/2)|p, s〉

=
1

2p̄+
ū(p′, s′)

[
Hg(x, ξ, t)γ+ + Eg(x, ξ, t)

iσ+α∆α

2mN

]
u(p, s) ,

(3.1c)

where z is a lightlike vector with vanishing plus component (for the definition of plus and minus

components see ref. [18]; compare also [16]). To assure gauge invariance the fields in the nonlocal

operators are connected by Wilson lines which we do not write out explicitly. The kinematic

variables are defined as

p̄ =
1

2
(p′ + p) , ∆ = p′ − p ,

ξ = −∆+

2p̄+
, t = ∆2 . (3.2)

The first moments of the GPDs are related to the matrix elements of the local twist-two operators

Oqµν =
1

2
S q̄γµiD

−
ν q , (3.3a)

Õqµν =
1

2
S q̄γµγ5iD

−
ν q , (3.3b)

Ogµν = SGµαG
α
ν , (3.3c)

where D−µ =
→
Dµ −

←
Dµ with

→
Dµ ≡

→
∂ µ + igAµ ,

←
Dµ ≡

←
∂ µ − igAµ , (3.4)

and the operator S projects onto leading twist by symmetrizing in Lorentz indices and subtracting

traces. When acting on an object with two open indices S has the explicit form

SOµν ≡ Sµναβ Oαβ =
1

2

(
gµαg

ν
β + gµβg

ν
α −

2

d
gµνgαβ

)
Oαβ . (3.5)

In contrast to the matrix elements of the nonlocal operators with quarks at lightlike separations

the nucleon-to-nucleon matrix elements of these local currents are directly accessible by lattice
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simulations. Taking into account symmetry properties under discrete symmetry transformation

a covariant form factor decomposition of these matrix elements reads [18]

〈p′, s′|Oqµν |p, s〉 = S ū(p′, s′)

[
γµp̄νA

q
2,0(t) +

iσµα∆α

2mN
p̄νB

q
2,0(t) +

∆µ∆ν

mN
Cq2(t)

]
u(p, s) , (3.6a)

〈p′, s′|Õqµν |p, s〉 = S ū(p′, s′)

[
γµγ5p̄νÃ

q
2,0(t) +

γ5∆µ

2mN
p̄νB̃

q
2,0(t)

]
u(p, s) , (3.6b)

〈p′, s′|Ogµν |p, s〉 = S ū(p′, s′)

[
γµp̄νA

g
2,0(t) +

iσµα∆α

2mN
p̄νB

g
2,0(t) +

∆µ∆ν

mN
Cg2 (t)

]
u(p, s) . (3.6c)

All symmetry arguments used to derive the matrix element decomposition are also taken into

account in the construction of effective low-energy operators (see below). It is therefore guar-

anteed that the results of the effective theory calculation can be cast into a similar form. The

occurring generalized form factors (GFFs) are related to the GPD moments via

1∫

−1

dxxHq(x, ξ, t) = Aq2,0(t) + 4ξ2Cq2(t) ,

1∫

−1

dxxEq(x, ξ, t) = Bq2,0(t)− 4ξ2Cq2(t) , (3.7a)

1∫

−1

dxx H̃q(x, ξ, t) = Ãq2,0(t) ,

1∫

−1

dxx Ẽq(x, ξ, t) = B̃q2,0(t) , (3.7b)

1∫

0

dxHg(x, ξ, t) = Ag2,0(t) + 4ξ2Cg2 (t) ,

1∫

0

dxEg(x, ξ, t) = Bg2,0(t)− 4ξ2Cg2 (t) . (3.7c)

The generalized form factors, which are introduced to parametrize the matrix elements of the

local operators, carry manifold information on hadron structure. Their physical interpretation

is given by the operator they describe. For instance the form factors connected to the zeroth

moments of the spin independent generalized quark distribution coincide with the Pauli and Dirac

form factors, because the examined operator is the standard vector current. In the spin dependent

case the corresponding operator is the axialvector current described by the pseudoscalar and

axialvector form factor (cf., e.g., ref. [18]). The interpretation of the form factors connected to

the first moments of the spin independent GPDs is given by the observation that the examined

operators defined in eq. (3.3) are equal to the off-diagonal elements of the energy-momentum

tensor linked to the considered parton species (cf. refs. [15, 113], where it is shown that the

decomposition of the energy-momentum tensor in quark and gluon parts is gauge-invariant).

They therefore allow a resolution of the spatial distribution of parton momenta within a hadron

by calculating the following spatial moments

∫
d3x xj1 · · ·xjn〈p′, s|Oq,g0i (x)|p, s〉 =

= in
∫
d3x

(
∂

∂∆j1

· · · ∂

∂∆jn

e−i∆x

)
〈p̄ + ∆/2, s|Oq,g0i (0)|p̄−∆/2, s〉

= (2π)3δ(3)(∆) (−i)n ∂

∂∆j1

· · · ∂

∂∆jn

〈p̄ + ∆/2, s|Oq,g0i (0)|p̄−∆/2, s〉 ,

(3.8)
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where s is the polarization direction (with unit length). These moments must not be con-

fused with the aforementioned x-moments of the GPDs. The zeroth moment (corresponding

to the momentum), and the first moments (which yield the angular momentum) are certainly

the most important ones. Taking into account the normalization factor from 〈p′, s|p, s〉 =

2Ep(2π)3δ(3)(p′ − p) one obtains

P q,gi (p̄, s) =
1

2p̄0
〈p̄ + ∆/2, s|Oq,g0i (0)|p̄−∆/2, s〉

∣∣∣∣
∆=0

, (3.9a)

Jq,gi (p̄, s) =
1

2p̄0
(−i)εijk

∂

∂∆j
〈p̄ + ∆/2, s|Oq,g0k (0)|p̄−∆/2, s〉

∣∣∣∣
∆=0

. (3.9b)

On the right-hand side of the equations, one now inserts the matrix element decompositions

given in (3.6) to arrive at

Pq,g(p, s) = pAq,g2,0(0) , (3.10a)

Jq,g(p, s) = s
1

2

(
Aq,g2,0(0) +Bq,g2,0(0)

)
+

1

2m(m+ p0)

(
p2s− (p · s)p

)
Bq,g2,0(0)

= s×





1
2

(
Aq,g2,0(0) +Bq,g2,0(0)

)
, if s ‖ p ,

1
2

(
Aq,g2,0(0) + p0

mB
q,g
2,0(0)

)
, if s ⊥ p .

(3.10b)

Here it becomes clear that the forward limit of the form factor Aq,g2,0 corresponds to the mean

momentum fraction carried by a parton species, while the combination (Aq,g2,0 + Bq,g2,0)/2 yields

its total angular momentum in a longitudinally polarized nucleon. From the fact that all parton

species together have to carry the (total angular) momentum of the nucleon one directly deduces

sum rules for the generalized form factors [15]:

Ag2,0(0) +
∑

q

Aq2,0(0) = 1 , Bg2,0(0) +
∑

q

Bq2,0(0) = 0 . (3.11)

If we consider the form factors connected to the first moments of the (quark-) spin dependent

GPDs we have to analyze the matrix elements of the operator Õqµν . In contrast to the situation

in the spin independent case, quarks of different helicities occur with different signs. Therefore,

we can interpret the corresponding matrix elements as the spatial distribution of the momentum-

asymmetry between helicity plus and minus quarks. Defining everything analogously to the spin

independent case one obtains

P̃q(p, s) =

(
m

2
s +

2p0 +m

2p0(m+ p0)
(p · s)p

)
Ãq2,0(0) = s×





p0

(
1− m2

2p2
0

)
Ãq2,0(0) , if s ‖ p ,

m
2 Ã

q
2,0(0) , if s ⊥ p ,

(3.12a)

J̃q(p, s) =
1

2(m+ p0)
pÃq2,0(0) . (3.12b)

37



GENERALIZED PARTON DISTRIBUTIONS

Putting everything together we can calculate the separate contribution of helicity plus (↑) and

minus (↓) quarks to the nucleon momentum and total angular momentum. For the momentum

we find

Pq↑/q↓(p, s) =
1

2

(
Pq(p, s)± P̃q(p, s)

)
=





p
(

1
2A

q
2,0(0)± λp0

2|p|
(
1− m2

2p2
0

)
Ãq2,0(0)

)
, if s = λ p

|p| ,

p 1
2A

q
2,0(0)± sm4 Ã

q
2,0(0) , if s ⊥ p ,

p0�m≈ p×





1
2

(
Aq2,0(0)± λÃq2,0(0)

)
, if s = λ p

|p| ,

1
2A

q
2,0(0) , if s ⊥ p ,

(3.13)

i.e., at high energies a momentum asymmetry between quarks of different helicities can only occur

in longitudinally polarized nucleons. A similar picture arises for the total angular momentum

Jq
↑/q↓(p, s) =

1

2

(
Jq(p, s)± J̃q(p, s)

)

=





s 1
4

(
Aq2,0(0) +Bq2,0(0)± λ|p|

m+p0
Ãq2,0(0)

)
, if s = λ p

|p| ,

s 1
4

(
Aq2,0(0) + p0

mB
q
2,0(0)

)
± p 1

4(m+p0) Ã
q
2,0(0) , if s ⊥ p ,

p0�m≈ s×





1
4

(
Aq2,0(0) +Bq2,0(0)± λÃq2,0(0)

)
, if s = λ p

|p| ,

p0

4mB
q
2,0(0) , if s ⊥ p ,

(3.14)

i.e., quarks of opposite helicity in a longitudinally polarized nucleon can carry different fractions

of the total angular momentum. Note that a consideration of higher moments of the momentum

densities is straightforward. However, the expressions get a bit lengthy (including the C-type

form factors and derivatives of the form factors in the forward limit) and their physical signifi-

cance, apart from encoding information about the momentum distribution, is not as clear as for

the zeroth and first moment.

3.3 Operator construction

In this section we construct the low-energy version of the local operators given in eq. (3.3). We do

this by taking into account all possible Lorentz-covariant combinations of chiral building blocks

that have the desired properties under chiral rotations (χ̂), parity transformation (P), charge

(C) and Hermitian conjugation. As explained in section 2.2.1 one can use time reversal instead

of Hermitian conjugation at will, because of the famous CPT theorem. Note that the derivation

of the matrix element decomposition given in eq. (3.6) relies, aside from chiral behavior, on the

same symmetry principles. This automatically ensures, that the results we obtain for the matrix

elements are compatible with the form factor decomposition.
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3.3.1 Symmetry properties

For the following construction it is convenient to define operators with arbitrary quark flavors

by

OQµν(x) =
1

2
S q̄a(x)γµiD

−
ν Q

abqb(x) , (3.15a)

ÕQµν(x) =
1

2
S q̄a(x)γµγ5iD

−
ν Q

abqb(x) , (3.15b)

where Q is a 2 × 2 matrix and a, b are flavor indices. Since the operator is local the quark and

the antiquark field are at the same spacetime position x. Being chiral-even, the operators can

be split into parts that contain left- or right-handed quarks (qX = γXqX , γR/L = (1 ± γ5)/2)

exclusively:

OQµν(x) = Qab
(
OabR,µν(x) +OabL,µν(x)

)
, (3.16a)

ÕQµν(x) = Qab
(
OabR,µν(x)−OabL,µν(x)

)
, (3.16b)

where the operators OX , X ∈ {R,L} are given by

OabX,µν(x) =
1

2
S q̄aX(x)γµiD

−
ν q

b
X(x) . (3.17)

Under chiral rotations these operators transform either only left- or right-handedly:

OabX,µν(x)
χ̂−→ Xbb′Oa

′b′

X,µν(x)
(
X†
)
a′a

. (3.18)

Using the transformation properties of the quark fields under discrete symmetry transformations

and Hermitian conjugation described in section 2.2.1 yields the following symmetry properties

for the composite operators:

POabX,µν(x)P† = (−1)µ(−1)νOabX̄,µν(x̃) , (3.19a)

COabX,µν(x)C† = ObaX̄,µν(x) , (3.19b)

T OabX,µν(x)T † = (−1)µ(−1)νOabX,µν(−x̃) , (3.19c)
(
OabX,µν(x)

)†
= ObaX,µν(x) , (3.19d)

where (−1)µ is 1 for µ = 0 and −1 for µ = 1, 2, 3. These transformation properties have to be

reproduced by the low-energy version of the currents and will guide the construction performed

in the following sections.

3.3.2 Pion sector

In the mesonic sector we can easily write down the operator in terms of chiral fields which have

the correct properties under chiral rotations

OabX,µν = S
∑

A

LX,A
(
uXAµνuX̄

)ab
+ 1ab S

∑

A

LsX,A tr {uXAµνuX̄} , (3.20)
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where the As have to be combinations of chiral building blocks. To comply with the remaining

symmetry properties given in eq. (3.19) we have to demand that the LECs fulfill the following

constraints

LX̄,A = LX,Aη
P
A ∈





{0} , if ηCAη
P
A = −1 ,

R , if ηHA = 1 ,

I , if ηHA = −1 ,

(3.21)

and similar for LsX,A. Up to second (chiral) order there is only one possible structure for A,

which is uµuν . The other possible candidate which immediately comes to ones mind, Dµuν ,

does not occur, since it has ηCAη
P
A = −1, i.e., it has wrong transformation properties under

CP transformations. Defining the LECs such that isosinglet and -triplet are neatly separated

(l = LR,A and ls = LsR,A + LR,A/2), we find for the mesonic parts of the complete operators

OQµν
∣∣∣
π,2

= S tr
{(
lQ̃+ ls tr {Q}

)(
uuµuνu

† + u†uµuνu
)}

, (3.22a)

ÕQµν
∣∣∣
π,2

= S tr
{
lQ̃
(
uuµuνu

† − u†uµuνu
)}

, (3.22b)

where

Q̃ ≡ Q− 1

2
tr {Q} . (3.23)

These structures are of second chiral order. We will not discuss structures of higher order since

they do not contribute to our calculation.

3.3.3 Nucleon sector

A power counting analysis of all possible Feynman diagrams (compare figure 3.1 on page 46)

yields that only zeroth and first order NππN - and NπN -operator insertions contribute to graphs

(b), (d) and (e) at full one-loop level. Thus, in the nucleon sector, we only have to construct

second and third order operator structures without additional pions. Working in the limit of

exact isospin symmetry this leaves us, aside from covariant derivatives acting on the nucleon

fields, with only three possible chiral building blocks, 1, tr {χ+}1 and uµ, where the chiral

vielbein only occurs at most once in operators of first chiral order. As a first step we write down

all structures with correct behavior under chiral transformations,

OabX,µν = S
∑

(A)µν ,±

L±X,A

((
Ψ̄A1uX̄

)a
AΓ

(
uXA2Ψ

)b ±
(
Ψ̄A2uX̄

)a
AΓ

(
uXA1Ψ

)b)

+ S
∑

(A)µν

LsX,A
(
uXA1uX̄

)ba(
Ψ̄A2AΓΨ

)
,

(3.24)

with A ≡ A1⊗A2⊗AΓ, where A1 and A2 are chiral building blocks while AΓ contains elements

of the Clifford algebra and derivatives acting on the nucleon fields. Obviously, the antisymmetric

contribution in the first line can only occur if A1 and A2 are not equal. In order to have correct
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properties under parity transformation, charge and Hermitian conjugation the LECs have to

fulfill the following relations

L±
X̄,A

= L±X,Aη
P
A ∈





{0} , if ηCAη
P
A = ±1 ,

R , if ηHA = ±1 ,

I , if ηHA = ∓1 ,

(3.25a)

LsX̄,A = LsX,Aη
P
A ∈





{0} , if ηCAη
P
A = +1 ,

R , if ηHA = +1 ,

I , if ηHA = −1 ,

(3.25b)

where ηPA ≡ ηPA1
ηPA2

ηPAΓ
, ηCA ≡ ηCA1

ηCA2
ηCAΓ

and ηHA ≡ ηHA1
ηHA2

ηHAΓ
. As expected, the constraint

obtained by time reversal is compatible with the ones given above and does not yield any further

restrictions on the operator. For the actual construction the general form of the operator is

quite unhandy. It is more convenient to treat the parts of the operator containing different chiral

building blocks separately. The simplest case (A1 = A2 = 1) reads

Oab,1,(n)
X,µν = S

∑

Aµν

(
L1X,A

(
Ψ̄uX̄

)a
Aµν

(
uXΨ

)b
+ L1,sX,A 1

ba
(
Ψ̄AµνΨ

))
, (3.26)

where the sum runs over Aµν ∈ D(n)
{µν}, see table 3.1, and the number in parentheses denotes the

chiral order. The low-energy constants have to fulfill the following constraints

L
1(,s)

X̄,A
= L

1(,s)
X,A η

P
A ∈





{0} , if ηCAη
P
A = +1 ,

R , if ηHA = +1 ,

I , if ηHA = −1 ,

(3.27)

where ηCA , ηPA and ηHA are given in table 3.1. The operators containing the quark mass insertions

start at second chiral order. They have the form

Oab,χ
+,(n≥2)

X,µν = tr
{
χ+
}

S
∑

Aµν

(
Lχ

+

X,A

(
Ψ̄uX̄

)a
Aµν

(
uXΨ

)b
+ Lχ

+,s
X,A 1

ba
(
Ψ̄AµνΨ

))
, (3.28)

where Aµν can be chosen from D(n−2)
{µν} . The LECs are constrained by

L
χ+(,s)

X̄,A
= L

χ+(,s)
X,A ηPA ∈





{0} , if ηCAη
P
A = +1 ,

R , if ηHA = +1 ,

I , if ηHA = −1 .

(3.29)

Finally, we have to take into account terms which contain uµ. These operators are of first chiral

order and occur in Feynman diagrams containing at least one pion.

Oab,u,(1)
X,µν = S

∑

Aµνα

(
LuX,A

((
Ψ̄uαuX̄

)a
Aµνα

(
uXΨ

)b
+ ηCAη

P
A

(
Ψ̄uX̄

)a
Aµνα

(
uXu

αΨ
)b)

+ Lu,s1X,A 1
ba
(
Ψ̄uαAµναΨ

)
+ Lu,s2X,A

(
uXu

αuX̄
)ba(

Ψ̄AµναΨ
))

,
(3.30)

41



GENERALIZED PARTON DISTRIBUTIONS

Table 3.1: Elements of D(0)
µ , D(0)

{µν}, D
(1)
{µν}, D

(2)
{µν}, D

(3)
{µν} and D(0)

{µν}α and their symmetry prop-

erties. The braces indicate, that we only take into account terms that survive the symmetrization
by S.

A ηPA ηCA ηHA

A ∈ D(0)
µ γ5D

−
µ −1 +1 +1

γµ +1 +1 +1

γµγ5 −1 −1 +1

A ∈ D(0)
{µν} γ5D

−
µD
−
ν −1 −1 −1

γµD
−
ν +1 −1 −1

γµγ5D
−
ν −1 +1 −1

A ∈ D(1)
{µν} γ5D

+
µD
−
ν −1 +1 +1

γµD
+
ν +1 +1 +1

γµγ5D
+
ν −1 −1 +1

σµβD
+βD−ν +1 −1 −1

A ∈ D(2)
{µν} D+

µD
+
ν +1 −1 +1

γ5D
+
µD

+
ν −1 −1 −1

σµβD
+βD+

ν +1 +1 +1

γ5D
−
µD
−
ν D+·D+ −1 −1 −1

γµD
−
ν D+·D+ +1 −1 −1



 =̂ D(0)

{µν} D
+·D+

γµγ5D
−
ν D+·D+ −1 +1 −1

A ∈ D(3)
{µν} γ5D

+
µD
−
ν D+·D+ −1 +1 +1

γµD
+
ν D+·D+ +1 +1 +1

γµγ5D
+
ν D+·D+ −1 −1 +1





=̂ D(1)
{µν} D

+·D+

σµβD
+βD−ν D+·D+ +1 −1 −1

A ∈ D(0)
{µν}α γ5D

−
µD
−
ν D
−
α −1 +1 +1

γµD
−
ν D
−
α +1 +1 +1

γαD
−
µD
−
ν +1 +1 +1

γµγ5D
−
ν D
−
α −1 −1 +1

γαγ5D
−
µD
−
ν −1 −1 +1

σµαD
−
ν +1 −1 −1

εµαρσσ
ρσD−ν −1 −1 −1

where the Aµνα have to be taken from D(0)
{µν}α and gα{µD

(0)
ν} , which can be found in table 3.1.

For the LECs one finds the constraints

LuX̄,A = −LuX,AηPA ∈




R , if ηHA = +ηCAη

P
A ,

I , if ηHA = −ηCAηPA ,
(3.31a)

L
u,s1/s2

X̄,A
= −Lu,s1/s2X,A ηPA ∈





{0} , if ηCAη
P
A = −1 ,

R , if ηHA = +1 ,

I , if ηHA = −1 .

(3.31b)
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The number of possible terms can be reduced significantly by using the (free) equations of

motion

i
→
/DΨ =̇ mΨ , Ψ̄i

←
/D =̇ −Ψ̄m , (3.32)

where the dot over the equal sign means up to higher order in the chiral counting. Using eq. (3.32)

one finds two identities

Ψ̄Γγβ
→
DβΨ = Ψ̄

(
1

2
{Γ, γβ}+

1

2
[Γ, γβ ]

)
→
DβΨ =̇ −imΨ̄ΓΨ , (3.33a)

Ψ̄γβΓ
←
DβΨ = Ψ̄

(
1

2
{Γ, γβ} − 1

2
[Γ, γβ ]

)
←
DβΨ =̇ imΨ̄ΓΨ , (3.33b)

which can be rewritten as

Ψ̄

(
1

2
{Γ, γβ}D+

β +
1

2
[Γ, γβ ]D−β

)
Ψ =̇ 0 , (3.34a)

Ψ̄

(
1

2
{Γ, γβ}D−β +

1

2
[Γ, γβ ]D+

β

)
Ψ =̇ −2imΨ̄ΓΨ , (3.34b)

where Γ ∈ {1, γ5, γµ, γµγ5, σµν , σµνγ5}. These relations also hold if we insert additional chiral

building blocks or an arbitrary number of derivatives. They are similar to those given in refs. [81,

114]. For the different possible Clifford matrices we find explicitly

1 Ψ̄γβD+
β Ψ =̇ 0 , (3.35a)

Ψ̄γβD−β Ψ =̇ −2imΨ̄Ψ , (3.35b)

γ5 Ψ̄γβγ5D
−
β Ψ =̇ 0 , (3.35c)

Ψ̄γβγ5D
+
β Ψ =̇ −2imΨ̄γ5Ψ , (3.35d)

γµ Ψ̄iσµβD−β Ψ =̇ Ψ̄D+µΨ , (3.35e)

Ψ̄iσµβD+
β Ψ =̇ Ψ̄D−µΨ + 2imΨ̄γµΨ , (3.35f)

γµγ5 Ψ̄
1

2
εµβρσσρσD

+
β Ψ =̇ Ψ̄γ5D

−µΨ , (3.35g)

Ψ̄
1

2
εµβρσσρσD

−
β Ψ =̇ Ψ̄γ5D

+µΨ− 2imΨ̄γµγ5Ψ , (3.35h)

σµν Ψ̄εµνβδγδγ5D
+
β Ψ =̇ −iΨ̄

(
γµD−ν − γνD−µ

)
Ψ , (3.35i)

Ψ̄εµνβδγδγ5D
−
β Ψ =̇ −iΨ̄

(
γµD+ν − γνD+µ

)
Ψ− 2imΨ̄σµνΨ , (3.35j)

σµνγ5 Ψ̄εµνβδγδD
−
β Ψ =̇ −iΨ̄

(
γµγ5D

+ν − γνγ5D
+µ
)
Ψ , (3.35k)

Ψ̄εµνβδγδD
+
β Ψ =̇ −iΨ̄

(
γµγ5D

−ν − γνγ5D
−µ)Ψ +mΨ̄εµνρσσρσΨ . (3.35l)

Note that, owing to the identity σµνγ5 = i
2ε
µνρσσρσ, eqs. (3.35k) and (3.35l) are actually only

useful reformulations of eqs. (3.35i) and (3.35j). We use eqs. (3.35a)-(3.35e) to eliminate all terms

where a derivative is contracted with an element of the Clifford algebra apart from σµβD+
β . We
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Table 3.2: Structures contributing to the full one-loop calculation. We only write down terms
that survive the EOM eliminations discussed in the text and the symmetrization by S later on.

n i On,iµν Õn,iµν
0 1 uQ,+s0,1 γµiD

−
ν uQ,−0,1 γµiD

−
ν

2 uQ,−0,2 γµγ5iD
−
ν uQ,+s0,2 γµγ5iD

−
ν

1 1 uQ,−1,1 γ5D
+
µD
−
ν uQ,+s1,1 γ5D

+
µD
−
ν

2 uQ,+s1,2 σ α
µ D

+
α iD

−
ν uQ,−1,2 σ α

µ D
+
α iD

−
ν

3
[
uµ, u

Q,+
1,3

]
γ5iD

−
ν

[
uµ, u

Q,−
1,3

]
γ5iD

−
ν

4
{
uµ, u

Q,−
1,4

}
γν

{
uµ, u

Q,+s
1,4

}
γν

5 tr
{
uµu

Q,−
1,5

}
γν tr

{
uµu

Q,+
1,5

}
γν

6
{
uµ, u

Q,+s
1,6

}
γνγ5

{
uµ, u

Q,−
1,6

}
γνγ5

7 tr
{
uµu

Q,+
1,7

}
γνγ5 tr

{
uµuQ,−1,7

}
γνγ5

8
[
uα, uQ,+1,8

]
γ5iD

−
µD
−
ν D
−
α

[
uα, uQ,−1,8

]
γ5iD

−
µD
−
ν D
−
α

9
{
uα, uQ,−1,9

}
γµD

−
ν D
−
α

{
uα, uQ,+s1,9

}
γµD

−
ν D
−
α

10 tr
{
uαuQ,−1,10

}
γµD

−
ν D
−
α tr

{
uαuQ,+1,10

}
γµD

−
ν D
−
α

11
{
uα, uQ,−1,11

}
γαD

−
µD
−
ν

{
uα, uQ,+s1,11

}
γαD

−
µD
−
ν

12 tr
{
uαuQ,−1,12

}
γαD

−
µD
−
ν tr

{
uαuQ,+1,12

}
γαD

−
µD
−
ν

13
{
uα, uQ,+s1,13

}
γµγ5D

−
ν D
−
α

{
uα, uQ,−1,13

}
γµγ5D

−
ν D
−
α

14 tr
{
uαuQ,+1,14

}
γµγ5D

−
ν D
−
α tr

{
uαuQ,−1,14

}
γµγ5D

−
ν D
−
α

15
{
uα, uQ,+s1,15

}
γαγ5D

−
µD
−
ν

{
uα, uQ,−1,15

}
γαγ5D

−
µD
−
ν

16 tr
{
uαuQ,+1,16

}
γαγ5D

−
µD
−
ν tr

{
uαuQ,−1,16

}
γαγ5D

−
µD
−
ν

17
[
uα, uQ,−1,17

]
σµαD

−
ν

[
uα, uQ,+1,17

]
σµαD

−
ν

18
{
uα, uQ,+s1,18

}
εµαρσσ

ρσiD−ν
{
uα, uQ,−1,18

}
εµαρσσ

ρσiD−ν

19 tr
{
uαuQ,+1,19

}
εµαρσσ

ρσiD−ν tr
{
uαuQ,−1,19

}
εµαρσσ

ρσiD−ν

2 1 uQ,+s2,1 D+
µD

+
ν uQ,−2,1 D+

µD
+
ν

2 uQ,+s2,2 γµiD
−
ν tr {χ+} uQ,−2,2 γµiD

−
ν tr {χ+}

3 uQ,+s2,3 γµiD
−
ν D

+·D+ uQ,−2,3 γµiD
−
ν D

+·D+

4 uQ,−2,4 γµγ5iD
−
ν tr {χ+} uQ,+s2,4 γµγ5iD

−
ν tr {χ+}

5 uQ,−2,5 γµγ5iD
−
ν D

+·D+ uQ,+s2,5 γµγ5iD
−
ν D

+·D+

3 1 uQ,−3,1 γ5D
+
µD
−
ν tr {χ+} uQ,+s3,1 γ5D

+
µD
−
ν tr {χ+}

2 uQ,−3,2 γ5D
+
µD
−
ν D

+·D+ uQ,+s3,2 γ5D
+
µD
−
ν D

+·D+

3 uQ,+s3,3 σ α
µ D

+
α iD

−
ν tr {χ+} uQ,−3,3 σ α

µ D
+
α iD

−
ν tr {χ+}

4 uQ,+s3,4 σ α
µ D

+
α iD

−
ν D

+·D+ uQ,−3,4 σ α
µ D

+
α iD

−
ν D

+·D+
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use eq. (3.35f), which is the Gordon identity, to replace all terms that simultaneously have the

identity matrix as Dirac structure and contain a minus derivative. The remaining eqs. (3.35g)-

(3.35l) are used to dispose of as many structures containing the ε-tensor as possible. Another

useful identity is the curvature relation

[Dµ, Dν ] =
1

4
[uµ, uν ] , (3.36)

which also holds for derivatives acting to the left and allows us to consider only symmetric

combinations of derivatives. The EOM yields three additional relations:

Ψ̄ΓD+·D−Ψ = Ψ̄
(
Γ /
→
D /
→
D − /

←
D /
←
DΓ
)
Ψ =̇ 0 , (3.37a)

Ψ̄ΓD±·D±Ψ = Ψ̄
(
Γ /
→
D /
→
D + /

←
D /
←
DΓ± 2

←
D
α

Γ
→
Dα

)
Ψ

=̇ Ψ̄
(
−2m2Γ± 2

←
D
α

Γ
→
Dα

)
Ψ ,

(3.37b)

which we use to eliminate all contractions of derivatives (acting on nucleon fields) apart from

D+·D+.

Rewriting the flavor matrix Q as a sum of a traceless matrix Q̃ (see eq. (3.23)) and a trace

term one finds that the trace part either vanishes or can (by a redefinition of LECs) be absorbed

into a singlet contribution. We write down the low-energy form of the complete operators OQµν
and ÕQµν as

OQµν
∣∣∣
Nπ,n

= S
∑

i

Ψ̄On,iµν Ψ , ÕQµν
∣∣∣
Nπ,n

= S
∑

i

Ψ̄Õn,iµν Ψ , (3.38)

where n indicates the chiral order. The On,iµν and Õn,iµν , given in table 3.2, are expressed econom-

ically using the following abbreviations for recurring structures

uQ,±n,i = ln,i
(
u†Q̃u± uQ̃u†

)
, (3.39a)

uQ,sn,i = 2lsn,i tr {Q} , (3.39b)

uQ,+sn,i = uQ,+n,i + uQ,sn,i , (3.39c)

where the ln,i and lsn,i are real-valued low-energy constants. The superscript s indicates the

isoscalar contributions.

3.4 Details on the calculation

The different types of Feynman diagrams needed for the full one-loop calculation in BChPT of

the first moments of the quark GPDs are shown in figure 3.1. Full one-loop in this context means

that we take into account all orders of ChPT that do not contain two-loop contributions (i.e., up

to and including third order). Diagram type (a) starts to contribute at zeroth, (b)-(e) at second

and (f) at third order. Additional diagrams with quark mass insertions from the second order

pion-nucleon Lagrangian are not depicted in figure 3.1. We take them into account via replacing

m0 by mN = m0 − 4c1m
2
π everywhere. Due to this procedure our results sporadically contain

higher order diagrams.
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p′ p

(a)

p′ p

(b)

p′ p

(c)

p′ p

(d)

p′ p

(e)

p′ p

(f)

Figure 3.1: Feynman diagrams needed for the full one-loop calculation. Solid/dashed lines
depict nucleon/meson propagators. The circles stand for vertices from the chiral Lagrangian,
while the squares indicate the operator insertion. Diagram (f) only contributes to the (isosinglet)
vector current. Diagram (a) has to be multiplied with a Z-factor if the operator insertion is of
zeroth or first order. Additional Feynman diagrams containing quark mass insertions from the
second order pion-nucleon Lagrangian are not shown explicitly.

In order to present the results in the most convenient way we match the expressions obtained

for the full matrix elements to the form factor decomposition given in eq. (3.6). Special care

has to be taken of diagrams (d) and (e), since they cannot be matched individually. Only their

sum is compatible with the form factor decomposition. For the remaining contributions the

matching works diagram by diagram. The final results are given for the isoscalar and isovector

combinations of the generalized form factors, which are defined as

As,v2,0 =
(
Au2,0 ±Ad2,0

)p
= ±

(
Au2,0 ±Ad2,0

)n
, (3.40a)

Bs,v2,0 =
(
Bu2,0 ±Bd2,0

)p
= ±

(
Bu2,0 ±Bd2,0

)n
, (3.40b)

Cs,v2 =
(
Cu2 ± Cd2

)p
= ±

(
Cu2 ± Cd2

)n
, (3.40c)

Ãs,v2,0 =
(
Ãu2,0 ± Ãd2,0

)p
= ±

(
Ãu2,0 ± Ãd2,0

)n
, (3.40d)

B̃s,v2,0 =
(
B̃u2,0 ± B̃d2,0

)p
= ±

(
B̃u2,0 ± B̃d2,0

)n
, (3.40e)

where the superscripts p and n are introduced to differentiate between proton and neutron

form factors. For these form factors we obtain expressions in terms of standard integrals and

a remaining integration over a Feynman parameter (originating from the three-point functions
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contained in diagrams of type (c) and (f)). The full one-loop result obtained by a manifestly

covariant calculation in the infrared regularization scheme [86] is presented in section 3.5.1.

In general, nucleon four-momenta have to be counted as large (zeroth order) in BChPT.

However, ∆ = p′ − p has to be counted as small (first order) since the nucleon mass drops out

in the momentum difference. This is also true for the ∆s in the decomposition of the matrix

elements (see eq. (3.6)) and, accordingly, our results for As,v2,0, Ãs,v2,0 are exact to third, those for

Bs,v2,0 , B̃s,v2,0 to second and the one for Cs,v2 to first chiral order.

The low-energy versions of the gluon operator Ogµν and the singlet combination of the quark

operator O1
µν are equal up to the numerical value of the LECs since they behave similar under

chiral rotations, charge conjugation and parity transformation. We therefore define the operator

by a mere replacement of LECs:

Ogµν ≡ O1
µν (ls → lg, lsi,j → lgi,j) . (3.41)

The generalized form factors inherit this property and are obtained via replacing all superscripts

s by g.

3.5 Results

3.5.1 Full one-loop result

In the following we will present the full one-loop results for the generalized form factors. We

split the result for each form factor X into parts orginating from the different Feynman diagrams

shown in figure 3.1:

Xs/v = X
s/v
(a) +X

s/v
(b) +X

s/v
(de) +

1
2∫

− 1
2

du
(
X
s/v
(c) +X

s/v
(f)

)
, (3.42)

where the triangle diagrams still have to be integrated over the Feynman parameter u. As

explained above, the contributions from diagrams (d) and (e) cannot be matched to the form

factors individually and are therefore treated together. Note that diagrams (b) and (f) do not

contribute to all form factors. (b) only occurs in the isovector case, while (f) is only relevant

for the isoscalar form factors of the vector current, i.e., As2,0, Bs2,0 and Cs2 . The rather lengthy

explicit expressions for the contributions of the different diagrams are given in appendix B.2

in terms of the standard integrals given in appendix A.4. The result in terms of elementary

functions can be found in our work [97].

The expressions given in appendix B.2 still contain divergences. Up to the order to which

our results are exact the occurring divergences can be absorbed in LECs by the use of eq. (B.1).

The higher order divergences have to be canceled by hand which introduces the unphysical

scale dependence in higher order terms typical for manifestly covariant calculations. In order to

obtain a meaningful result one has to set this scale to a hadronic value around 1 GeV, as argued

in ref. [86]. A variation of this scale within reasonable bounds, say 0.8 GeV-1.2 GeV, can be used
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to estimate the systematic error due to higher order effects (cf. [115], where the ρ (Ξ) mass has

been chosen as lower (upper) bound).

Taking a closer look at the results one finds that many new LECs occur. They mainly

originate from first order operator insertions in diagrams of type (d) and (e). While at least in

principle one would prefer to keep all these structures, the reality of a finite amount of available

lattice data forces us to reduce the number of free parameters in the end, cf. section 3.6. One

possibility to achieve such a reduction would be a strict truncation of the results at the order to

which they are exact, which leads to the same extrapolation formulas as an equivalent calculation

within the framework of heavy baryon ChPT (cf. section 3.5.2). Doing so one would, however,

lose all benefits of the covariant result, like the correct behavior near the two-pion threshold at

t = 4m2
π and the improved convergence that is often ascribed to the untruncated results. A

reasonable compromise could look as follows: truncate diagrams (d) and (e), which yield the

main share of the new LECs, but keep the triangle diagrams (c) and (f), which do not introduce

new LECs, to all orders. This tradeoff is particularly appealing since diagram (f) is responsible

for the threshold behavior that is not described correctly by the truncated version.

3.5.2 Heavy baryon reduction

To obtain the heavy baryon reduced result one has to truncate the simultaneous expansion in the

pion mass mπ and the momentum transfer t = ∆2 at full one-loop order. To be consistent with

the chiral counting scheme one has to count t as second order. This can be achieved most easily

by keeping the ratio t/m2
π, which is counted as O(1), fixed. After the truncation the remaining

integral over the Feynman parameter u in diagrams (c) and (f) can be carried out analytically,

which allows us to give the heavy baryon reduced result in closed form.

Generalized form factors

The heavy baryon reduced version of our result has the advantage that it can be written in a

compact and lucid way. Writing all functions in such a way that only real quantities occur in

the spacelike region, we obtain for the isoscalar form factors

As2,0 = A
s,(0)
2,0 +A

s,(m2)
2,0 m2

π +A
s,(m3)
2,0 m3

π +A
s,(t)
2,0 t−

3πA
π,s,(0)
2,0 g2

A

8m0(4πFπ)2
mπt

+
3πA

π,s,(0)
2,0 g2

A

(
8m4

π − 6m2
πt+ t2

)

16m0(4πFπ)2
√−t arcsin

(
1

σ

)
+O(p4) ,

(3.43a)

Bs2,0 = B
s,(0)
2,0 +B

s,(m2)
2,0 (µ)m2

π +B
s,(t)
2,0 (µ)t−

A
π,s,(0)
2,0 g2

A

(4πFπ)2
tσ3 arctanh

(
1

σ

)

− 3g2
A

A
s,(0)
2,0 +B

s,(0)
2,0 −Aπ,s,(0)

2,0

(4πFπ)2
m2
π ln

m2
π

µ2
−
A
π,s,(0)
2,0 g2

A

2(4πFπ)2
t ln

m2
π

µ2
+O(p3) ,

(3.43b)
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Cs2 = C
s,(0)
2 +

3πA
π,s,(0)
2,0 g2

Am0mπ

(
−2m2

π + t
)

8(4πFπ)2t

+
3πA

π,s,(0)
2,0 g2

Am0

(
−8m4

π + 2m2
πt+ t2

)

16(4πFπ)2(−t)3/2
arcsin

(
1

σ

)
+O(p2) ,

(3.43c)

Ãs2,0 = Ã
s,(0)
2,0 + Ã

s,(m2)
2,0 (µ)m2

π + Ã
s,(m3)
2,0 m3

π + Ã
s,(t)
2,0 t

−
3Ã

s,(0)
2,0 g2

A

(4πFπ)2
m2
π ln

m2
π

µ2
+O(p4) ,

(3.43d)

B̃s2,0 = B̃
s,(0)
2,0 + B̃

s,(m2)
2,0 (µ)m2

π + B̃
s,(t)
2,0 t

−
(Ã

s,(0)
2,0 + 3B̃

s,(0)
2,0 )g2

A

(4πFπ)2
m2
π ln

m2
π

µ2
+O(p3) ,

(3.43e)

where

σ =

√
1− 4m2

π

t
. (3.44)

For the isovector generalized form factors one obtains

Av2,0 = A
v,(0)
2,0 +A

v,(m2)
2,0 (µ)m2

π +A
v,(m3)
2,0 m3

π +A
v,(t)
2,0 t

−
A
v,(0)
2,0

(
1 + 3g2

A

)

(4πFπ)2
m2
π ln

m2
π

µ2
+O(p4) ,

(3.45)

Bv2,0 = B
v,(0)
2,0 +B

v,(m2)
2,0 (µ)m2

π +B
v,(t)
2,0 t

−
B
v,(0)
2,0 − (A

v,(0)
2,0 − 2B

v,(0)
2,0 )g2

A

(4πFπ)2
m2
π ln

m2
π

µ2
+O(p3) ,

(3.46)

Cv2 = C
v,(0)
2 +O(p2) , (3.47)

Ãv2,0 = Ã
v,(0)
2,0 + Ã

v,(m2)
2,0 (µ)m2

π + Ã
v,(m3)
2,0 m3

π + Ã
v,(t)
2,0 t

−
Ã
v,(0)
2,0

(
1 + 2g2

A

)

(4πFπ)2
m2
π ln

m2
π

µ2
+O(p4) ,

(3.48)

B̃v2,0 = B̃
v,(0)
2,0 + B̃

v,(m2)
2,0 (µ)m2

π + B̃
v,(t)
2,0 t

+
(Ã

v,(0)
2,0 − 6B̃

v,(0)
2,0 )g2

A − 3B̃
v,(0)
2,0

3(4πFπ)2
m2
π ln

m2
π

µ2
+O(p3) .

(3.49)

The fit parameters are related to the original LECs defined in section 3.3 by eqs. (B.4) and (B.5).

The parameter A
π,s,(0)
2,0 which occurs in the isoscalar generalized form factors of the vector current

and originates from diagram (f), where the operator couples to two pions, should not be treated

as a free parameter. Instead one should obtain it from a fit to the pion GPD, where it fixes
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the chiral limit value in the forward case. For consistency we propose to use the one-loop result

derived in ref. [116] (see also refs. [69, 117]), which reads

Aπ,s2,0 = A
π,s,(0)
2,0 +A

π,s,(m2)
2,0 m2

π +A
π,s,(t)
2,0 t+O(p4) , (3.50a)

Aπ,s2,2 = −1

4
A
π,s,(0)
2,0 +A

π,s,(m2)
2,2 (µ)m2

π +A
π,s,(t)
2,2 (µ)t

− 1

4
A
π,s,(0)
2,0

m2
π − 2t

3(4πFπ)2

(
ln
m2
π

µ2
+

4

3
− t+ 2m2

π

t
J

)
+O(p4) ,

(3.50b)

where

J = 2 + σ ln
σ − 1

σ + 1
. (3.51)

In ref. [116] all moments of GPDs have been treated simultaneously by the use of nonlocal op-

erators, which is obviously a very elegant method. For the specific case of the first moments,

connected to the form factors shown above, we were able to confirm this result by a straightfor-

ward calculation with local operators.

Value and slope in the forward limit

For small values of the momentum transfer |t| � 4m2
π the form factors are often represented by

a Taylor expansion in t. We use the notation of ref. [34]

Xs,v(t) = Xs,v(0) + ρs,vX t+O(t2) , (3.52)

where X can stand for arbitrary form factors. For the nontrivial cases one obtains

As2,0(0) = A
s,(0)
2,0 +A

s,(m2)
2,0 m2

π +

(
A
s,(m3)
2,0 +

3πA
π,s,(0)
2,0 g2

A

4m0(4πFπ)2

)
m3
π +O(p4) , (3.53a)

Bs2,0(0) = B
s,(0)
2,0 +

(
B
s,(m2)
2,0 (µ) +

4A
π,s,(0)
2,0 g2

A

(4πFπ)2

)
m2
π

− 3g2
A

A
s,(0)
2,0 +B

s,(0)
2,0 −Aπ,s,(0)

2,0

(4πFπ)2
m2
π ln

m2
π

µ2
+O(p3) ,

(3.53b)

Cs2(0) = C
s,(0)
2 +

πA
π,s,(0)
2,0 g2

Am0

4(4πFπ)2
mπ +O(p2) , (3.53c)

Aπ,s2,2 (0) = −1

4
A
π,s,(0)
2,0 +

(
A
π,s,(m2)
2,2 (µ)−

A
π,s,(0)
2,0

12(4πFπ)2

)
m2
π

−
A
π,s,(0)
2,0

12(4πFπ)2
m2
π ln

m2
π

µ2
+O(p4) ,

(3.53d)
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and

ρsA2,0
= A

s,(t)
2,0 −

7πA
π,s,(0)
2,0 g2

A

8m0(4πFπ)2
mπ +O(p2) , (3.54a)

ρsB2,0
= B

s,(t)
2,0 (µ)−

4A
π,s,(0)
2,0 g2

A

3(4πFπ)2
−
A
π,s,(0)
2,0 g2

A

2(4πFπ)2
ln
m2
π

µ2
+O(p1) , (3.54b)

ρsC2
= −

πA
π,s,(0)
2,0 g2

Am0

10(4πFπ)2
m−1
π +O(p0) , (3.54c)

ρsAπ2,2 = A
π,s,(t)
2,2 (µ) +

11A
π,s,(0)
2,0

60(4πFπ)2
+

A
π,s,(0)
2,0

6(4πFπ)2
ln
m2
π

µ2
+O(p2) . (3.54d)

The formula for the slope is always two orders less accurate than the one for the corresponding

form factor since one has to take a derivative with respect to t to obtain it. The forward limit

values and slopes of the form factors not given here can easily be obtained from eqs. (3.43),

(3.45) and (3.50).

Our result is consistent with the heavy baryon result provided in refs. [107, 108]. In particular

the chiral logarithms in the B-type form factors are reproduced, which was not yet the case for the

leading one-loop calculation presented in ref. [34]. Note that the truncated version of our result

has the same accuracy as the above cited heavy baryon calculations for B-type form factors,

but is one order more/less precise for the A/C-type ones. This is because in refs. [107, 108]

contributions going beyond the one-loop level are taken into account for the C-type form factor.

Note however, that our untruncated covariant result already contains these contributions up to

higher order tree-level insertions, which could be added by hand if necessary.

3.6 Analysis of lattice QCD data

In this section we will present numerical results for generalized form factors obtained from lattice

QCD simulations with two dynamical quark flavors provided by QCDSF and RQCD. The main

lattice analysis and the ChPT fits have been performed by R. H. Rödl.

3.6.1 Correlation functions

To extract information on (generalized) form factors from lattice QCD one has to consider

three-point functions, where one uses interpolating currents at the source/sink (at ti and tf)

to create/annihilate states with the desired quantum numbers. The currents in whose matrix

element one is interested in (in our case the ones given in eq. (3.3)) are inserted in between, at

the insertion time tins, with tf > tins > ti. We fix the three-momentum at the sink to p′ and the

three-momentum transfer at the insertion to (incoming) ∆ = p′ − p:

〈0|Nτ (tf)p′ O(tins)∆ N̄τ ′(ti,0)|0〉 = a6
∑

x,y

eip
′xe−i∆y〈0|Nτ (tf ,x)Oτ (tins,y) N̄τ ′(ti,0)|0〉 .

(3.55)
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The incoming momentum at the source is fixed to p automatically due to momentum conserva-

tion. As interpolating current for the nucleon one uses

(
uTCγ5d

)
u , (3.56)

which (using Fierz identities) can be rewritten as a linear combination of the Ioffe and Dosch

currents (see, e.g., ref. [118]) and is known to have a large ground-state overlap. To further

enhance the coupling Wuppertal smearing [119] with spatially APE smoothed [120] links has

been applied. The smearing leads to a momentum dependent ground-state overlap

〈0|Nτ (0,0)|N(p, s)〉 =
√
Z(p)uNτ (p, s) , (3.57)

which can be extracted from the two-point functions

(γ+)τ ′τ 〈0|Nτ (t)p N̄τ ′(0,0)|0〉 ≈
∑

s

Z(p)

2E(p)
e−E(p)t (1+ γ0)τ ′τ

2
uNτ (p, s)ūNτ ′(p, s)

=
Z(p)

4E(p)
e−E(p)t tr

{
(1+ γ0)(/p+mN )

}
= Z(p)

E(p) +mN

E(p)
e−E(p)t ,

(3.58)

where we have omitted exponentially suppressed excited state contributions. For the case p = 0

the parity projector γ+ = (1+ γ0)/2 removes the leading negative parity contribution from the

two-point function. For the three-point function introduced above one obtains (we, again, only

show the ground-state contribution)

〈0|Nτ (tf)p′ O(tins)∆ N̄B
τ ′ (ti,0)|0〉 ≈

≈
∑

s′,s

〈0|Nτ (0,0)|N(p′, s′)〉 〈N(p′, s′)|O(0,0)|N(p, s)〉 〈N(p, s)|Nτ ′(0,0)|0〉

× e−E(p′)(tf−tins)

2E(p′)

e−E(p)(tins−ti)

2E(p)

=
∑

s′,s

√
Z(p′)

√
Z(p)

4E(p′)E(p)
e−E(p′)(tf−tins)e−E(p)(tins−ti)

× uNτ (p′, s′) 〈N(p′, s′)|O(0,0)|N(p, s)〉 ūNτ ′(p, s) .

(3.59)

Up to this point the derivation is general, and one could, e.g., insert a standard vector current

for O to obtain the electromagnetic form factors. Using the matrix element decompositions (3.6)

and
∑
s u

N
τ (p, s)ūNτ ′(p, s) = (/p + mN )ττ ′ one obtains for the operators we are interested in (cf.

eq. (3.3))

〈0|Nτ (tf)p′ Oqµν(tins)∆ N̄B
τ ′ (ti,0)|0〉 ≈

∑

s′,s

√
Z(p′)

√
Z(p)

4E(p′)E(p)
e−E(p′)(tf−tins)e−E(p)(tins−ti)

×
[
(/p
′ +mN )S

[
γµp̄νA

q
2,0(t) +

iσµα∆α

2mN
p̄νB

q
2,0(t) +

∆µ∆ν

mN
Cq2(t)

]
(/p+mN )

]

ττ ′
,

(3.60a)

〈0|Nτ (tf)p′ Õqµν(tins)∆ N̄B
τ ′ (ti,0)|0〉 ≈

∑

s′,s

√
Z(p′)

√
Z(p)

4E(p′)E(p)
e−E(p′)(tf−tins)e−E(p)(tins−ti)

×
[
(/p
′ +mN )S

[
γµγ5p̄νÃ

q
2,0(t) +

γ5∆µ

2mN
p̄νB̃

q
2,0(t)

]
(/p+mN )

]

ττ ′
.

(3.60b)
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By evaluating traces of these expressions with different parity projection and polarization ma-

trices at various momentum configurations one obtains an overdetermined system of equations,

which can be solved for the generalized form factors (see refs. [121, 122]).

In the preceding presentation we have only taken into account the ground-state contribu-

tion. However, in three-point functions excited state contributions are enhanced (compared to

two-point functions), since the relevant time scale for their suppression is not the sink-source

“distance” tf − ti (as in two-point functions), but the time differences between source and inser-

tion, tins − ti, and between insertion and sink, tf − tins, which are smaller. It turns out that the

smearing techniques (applied to the interpolating currents) alone are not sufficient to overcome

the problem. Therefore, one (additionally) takes into account the first excited states in the cor-

relation function and performs a multi-exponential fit. To be more specific, the data points used

in the following sections are obtained from a three-exponential fit to the lattice data as described

in ref. [122].

3.6.2 Details on the lattice simulation

The analysis is based on gauge configurations generated by QCDSF and RQCD using a Wil-

son gauge action [31]. The two mass-degenerate dynamical quark flavors (Nf = 2) have been

simulated using a first order Symanzik improved Wilson fermion action [123], also known as

Sheikholeslami–Wohlert or clover action. Table 3.3 shows a list of the analyzed ensembles. The

lattice spacings have been determined from the quark static potential using the Sommer param-

eter r0 = 0.5 fm obtained in ref. [124] (a description of the method can be found in ref. [125]).

More details on the lattice setup can be found in ref. [126]. Note that ensemble VII has to

be treated with care, since mπL < 3 can give rise to significant finite volume effects due to

pions traveling around the spacetime torus. Ensemble IX has a pion mass close to 500 MeV and

presumably lies beyond the range of applicability of BChPT.

The bare lattice results are nonperturbatively renormalized using a regularization indepen-

dent renormalization scheme. In a second step they are converted to the widely used MS scheme

using continuum perturbation theory. The method is described in ref. [127]. All results will be

given at the MS renormalization scale µ = 2 GeV.

At the moment, reliable lattice data is only available for the isovector generalized form factors.

The calculation of the isoscalar GFFs is very demanding and costly, since it requires the inclusion

of disconnected contributions. Therefore, we will not be able to make statements about the

individual contribution of up and down quarks to the (total angular) momentum. Instead, we

will only provide information about the asymmetry between the contributions of the different

quark flavors.

The analysis of Cu−d2 , Ãu−d2,0 and B̃u−d2,0 has not been finished up to now, which is why we will

focus on the generalized form factors Au−d2,0 and Bu−d2,0 in the following. (Nevertheless, we will

share some qualitative insights that can already be gained from the pure lattice data on Ãu−d2,0

below.) Furthermore, we are in the unfortunate situation that we can only show the result of the

BChPT fits but not the lattice data itself, since the data obtained from the improved analysis
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Table 3.3: Nf = 2 lattice gauge configurations used in this chapter. The column labeled
(tf − ti)/a lists the sink-source distances for which measurements have been carried out on the
respective ensemble. This table has been taken from ref. [122]. For more information consider
also ref. [126].

Ensemble β a[fm] κ Ns Nt mπ[GeV] mπL #conf. (tf − ti)/a
I 5.20 0.081 0.13596 32 64 0.2795(18) 3.69 1986 13

II 5.29 0.071 0.13620 24 48 0.4264(20) 3.71 1999 15
III 0.13620 32 64 0.4222(13) 4.90 1998 15,17
IV 0.13632 32 64 0.2946(14) 3.42 2023 7,9,11,13,15,17
V 40 64 0.2888(11) 4.19 2025 15
VI 64 64 0.2895(07) 6.71 1232 15
VII 0.13640 48 64 0.1597(15) 2.78 3442 15
VIII 64 64 0.1497(13) 3.47 1593 9,12,15

IX 5.40 0.060 0.13640 32 64 0.4897(17) 4.81 1123 17
X 0.13647 32 64 0.4262(20) 4.18 1999 17
XI 0.13660 48 64 0.2595(09) 3.82 2177 17

method that takes into account the excited states in the correlation functions (cf. ref. [122]) are

still unpublished for Au−d2,0 , Bu−d2,0 and Cu−d2 (with exception of the forward limit of Au−d2,0 , cf.

refs. [33, 128]). One can conceive an idea of such lattice data from figure 3.5, which shows the

published results for Ãu−d2,0 and B̃u−d2,0 . The lattice data (for ensembles II, IV, V, VIII, IX and

XI) obtained from the standard analysis method, which takes into account only the ground-state

contribution to the correlation functions and does not consider systematics due to the choice of

the fit window, can be found in ref. [129].

3.6.3 Chiral extrapolation and numerical results

For the chiral extrapolation and the parametrization of the t dependence we apply the formulas

presented in section 3.5. In particular we compare the HBChPT-reduced and the tradeoff version,

where only the triangle diagrams are taken into account to all orders. We did not use the original

full one-loop formula since it contains a large number of parameters that only affect higher order

terms in our observables. Taking all these parameters into account would therefore very likely

result in overfitting. To pin down these LECs reliably one would have to consider additional

observables such as, e.g., nucleon-to-nucleon-pion transition GPDs.

For the standard low-energy constants we have used input values: the pion decay constant

was set to Fπ = F0 + O(p2) = 92.4 MeV, the nucleon mass in the chiral limit m0 = 0.893 GeV

and c1 = −0.784 GeV−1 (m0 and c1 have been taken from the fit labeled Sop1 in ref. [124], where

already most of the ensembles listed in table 3.3 have been taken into account). In the tradeoff

version of the fits the (unphysical) chiral renormalization scale was fixed to 1 GeV, which is a

standard choice.
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Figure 3.2: Result obtained for 〈x〉u−d, which is defined as the forward limit of Au−d2,0 , from
a combined fit to the data (including data at t = 0 and t < 0, but excluding ensembles VII
(cyan-colored; second from left) and IX for reasons explained in the main text) using both the
HBChPT-reduced (green) and the tradeoff (purple) fit ansatz. The color coding for the data
points is given in table 3.3. The histogram plot shows that the given one-sigma errors are
reasonable. The orange band contains the values obtained from phenomenological fits (taken
from ref. [128]) of ordinary parton distribution functions to global experimental data [130–133].
It is only given for comparison and has not been used in the fit. The plots have been created in
collaboration with R. H. Rödl.

The result for the generalized form factors Au−d2,0 and Bu−d2,0 in the forward limit as a function of

m2
π is shown on the left-hand sides of figures 3.2 and 3.3. They have been obtained by a combined

fit to lattice data for both form factors using the ensembles listed in table 3.3 (excluding ensembles

VII and IX, see explanation in section 3.6.2) at various momentum transfers 0 ≤ −t < 0.6 GeV2.

Actually, the plot in figure 3.3 shows the result of an extrapolation to the forward limit, since

Bu−d2,0 can only be measured at t 6= 0 due to its prefactor in the form factor decomposition (3.6).

Our first observation is that the HBChPT-reduced fit ansatz (plotted in green) leads to a slightly

smaller (larger) forward limit value of Au−d2,0 (Bu−d2,0 ) at the physical point than the tradeoff fit

ansatz (plotted in purple). However, both results agree within the error. This agreement is

expected, since the triangle diagram containing two pion propagators (cf. figure 3.1(f)) which

is known to be problematic in the heavy baryon expansion (cf. ref. [86]) does not contribute to

the isovector form factors. To have a real benchmark for the difference between the manifestly

covariant and the heavy baryon ChPT formulas one has to consider isoscalar (generalized) form

factors. The histogram plots on the right-hand side of the figures show a Gaussian distribution,

which demonstrates that the plotted one-sigma error bands are meaningful despite the fact that

they include the systematic error due to the variation of the fit ranges (compare ref. [122]).

The generalized form factor Au−d2,0 at vanishing momentum transfer (given in figure 3.2) corre-

sponds to the difference between the momentum fractions carried by up and down quarks, 〈x〉u−d.
The experimental bounds on this observable are relatively strict, since it can be obtained in the

forward limit, where generalized parton distributions reduce to conventional parton distribution

functions that are measurable in (inclusive) deep inelastic scattering processes. Therefore it

is an important benchmark quantity for the reliability of all lattice QCD computations in the

baryon sector that exceed the ordinary determination of the mass spectrum. Qualitatively both
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Figure 3.3: Result obtained from a combined fit to the data (excluding ensembles VII and
IX) for the forward limit of the generalized form factor Bu−d2,0 , using both the HBChPT-reduced
(green) and the tradeoff (purple) fit ansatz. The plot does not contain any lattice data points,
since Bu−d2,0 can only be measured at t 6= 0 and has to be extrapolated to the forward limit.
The histogram plot shows that the given one-sigma errors are reasonable. The plots have been
created in collaboration with R. H. Rödl.

the lattice QCD and the experimental value agree on the fact that, within a proton, up quarks

carry a larger fraction of the momentum than down quarks (and vice versa for the neutron).

Numerically, however, there is a long-standing discrepancy between lattice simulations and the

experiment (see, e.g., the comparison in ref. [128]), which is also true for our result. The dis-

agreement is caused by the large numerical value measured at nearly physical pion mass and

can obviously not be cured by any kind of chiral extrapolation. It is also unlikely that excited

state contaminations are responsible, since great care has been bestowed on their removal using

advanced smearing techniques and excited state fits to the correlation functions. In ref. [134] we

have calculated the finite volume effects due to pions traveling around the box in the forward

limit.2 This work was based on the one-loop formulas presented in section 3.5 (see also ref. [97])

and its results have been used in ref. [33] to demonstrate that finite volume effects do not ex-

plain the discrepancy found for 〈x〉u−d. Actually, one finds that finite volume effects abate with

decreasing pion masses as long as mπL is kept fixed, which is a consequence of the fact that the

leading finite volume effects occur at one-loop order and are therefore suppressed with a factor

∝ m2
πe
−mπL.3 The remaining candidate for an explanation of the observed discrepancy are dis-

cretization effects. Having data points at three different lattice spacings (cf. table 3.3) should

enable us to take the continuum limit. However, it was already mentioned in ref. [128] that

the rather narrow range of available lattice spacings 0.06 fm ≤ a ≤ 0.08 fm (combined with the

fact that data at nearly physical quark masses is only available at one lattice spacing) does not

allow for a conclusive continuum extrapolation. In summary, one can state that discretization

effects are the most likely explanation for the observed disagreement between lattice QCD and

experiment, and providing data that allows for a reliable continuum extrapolation has to be a

prime goal of future simulation programs.

2This project was mainly carried out by L. Greil.
3Note that this argument does not hold for matrix elements of operators that can couple to single pions as,

e.g., pseudoscalar or axialvector currents without derivatives.
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Figure 3.4: Result for the isovector total angular momentum Ju−d = (Au−d2,0 (0) + Bu−d2,0 (0))/2

as a function of m2
π using both the HBChPT-reduced (green) and the tradeoff (purple) fit ansatz.

The histogram plot shows that the given one-sigma errors are reasonable. The plots have been
created in collaboration with R. H. Rödl.

In figure 3.4 we show the difference between the total angular momentum carried by up and

by down quarks, Ju−d. The obtained numerical value has to be treated with caution, since

the error does not include discretization effects which might be ∼ 20%, as we know from the

discussion above. Qualitatively, however, the result clearly shows that up quarks carry a larger

share of the proton spin than down quarks (and vice versa for the neutron). We can conclude (in

the nucleon sector) that the quark flavor which contributes the larger number of valence quarks

also carries a larger part of both the momentum and the spin of the respective nucleon. One can

draw a more detailed picture if one takes into account the quark helicity dependent generalized

form factor Ãu−d2,0 . According to eqs. (3.13) and (3.14) it allows us to differentiate between quarks

with helicities parallel and antiparallel to the polarization direction of a longitudinally polarized

nucleon. At high energies one has

〈x〉u↑−d↑ =
1

2

(
Au−d2,0 (0) + Ãu−d2,0 (0)

)
, (3.61a)

〈x〉u↓−d↓ =
1

2

(
Au−d2,0 (0)− Ãu−d2,0 (0)

)
, (3.61b)

Ju
↑−d↑ =

1

4

(
Au−d2,0 (0) +Bu−d2,0 (0) + Ãu−d2,0 (0)

)
, (3.61c)

Ju
↓−d↓ =

1

4

(
Au−d2,0 (0) +Bu−d2,0 (0)− Ãu−d2,0 (0)

)
, (3.61d)

where, obviously, the special case of vanishing Ãu−d2,0 (0) would correspond to a helicity indepen-

dent behavior. However, already a short look at the lattice data plotted in figure 3.5 reveals

that the latter is not the case. Instead, as a very rough first approximation one can read off

Ãu−d2,0 (0) ≈ Au−d2,0 (0), which means that in large part the flavor asymmetry of the momentum

distribution (measured with 〈x〉u−d) originates from quarks with positive helicity, while up and

down quarks with negative helicity carry (approximately) the same amount of momentum. Also

in case of the total angular momentum this value of Ãu−d2,0 (0) corresponds to a larger flavor

asymmetry for quarks of positive helicity.
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Figure 3.5: Renormalized lattice data as a function of the momentum transfer for the isovector
generalized form factors Ãu−d2,0 and B̃u−d2,0 published in ref. [122]. The color coding for the data

points is specified in table 3.3. We cannot show the corresponding data for Au−d2,0 , Bu−d2,0 and

Cu−d2 (which was used to obtain the BChPT fit results shown in figures 3.2, 3.3 and 3.4) since
it has not been published yet.

3.7 Summary

In this chapter we have extended the results of ref. [34] to full one-loop accuracy and have

provided chiral extrapolation formulas for the first moments of chiral-even nucleon GPDs. Due

to the overlap in LECs some of the form factors should be fitted to lattice data simultaneously.

If one uses the heavy baryon reduced fit formulas, those are the two pairs (Av2,0, B
v
2,0) and

(Ãv2,0, B̃
v
2,0) in the isotriplet sector. In the isosinglet sector the situation is more entangled and

calls for simultaneous fits of (As2,0, B
s
2,0, C

s
2 , A

π,s
2,0 , A

π,s
2,2 ) and (Ãs2,0, B̃

s
2,0). If the reader is more

ambitious and wants to apply the untruncated formulas given in appendix B.2 he has to treat

all form factors from the isosinglet/isotriplet sector simultaneously. Since reliable lattice data

on the isoscalar generalized form factors is not available we have focused on the isovector case in

our analysis (see sect. 3.6.3). In the ideal case one also has data for the matrix elements of the

gluonic and the isoscalar operators: in a first step one would fit the two sectors separately and

check whether the sum rules given in eq. (3.11) are fulfilled to a satisfactory degree. Afterwards

one can invoke the sum rules to restrict the LECs in order to find the most precise result.

It is reasonable to expect the range of applicability of covariant BChPT to extend up to values

of the pion mass around mπ,max ≈ 300 MeV - 400 MeV (see, e.g., refs. [135, 136]). Therefore we

had to exclude ensemble IX (cf. table 3.3), which has a pion mass close ot 500 MeV from the
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analysis. One can a priori not say for sure in which range of t our formulas are applicable. A

careful estimate based on the argument that the chiral counting scheme ranks t as a quantity

of second order leads to |tmax| ∼ m2
π,max ≈ 0.1 GeV2 - 0.2 GeV2. At least for the isovector

generalized form factors, which we have analyzed in section 3.6.3, this estimate seems to be

overcautious, since the lattice data exhibits a quite linear behavior in the momentum transfer

that can be described by our formulas up to |t| ≈ 0.6 GeV2 in the spacelike region.

We have found that the results for the isovector generalized form factors the HBChPT-reduced

and the tradeoff fit ansatz, which are explained in section 3.5, are compatible. This is hardly

surprising, since the triangle diagram (see figure 3.1(f)) which, as explained in ref. [86], is not

described correctly in HBChPT, does not contribute to these form factors. We therefore have a

plausible explanation why HBChPT formulas yield compatible results in these cases. However,

at the same time, it disqualifies our finding as a benchmark for the isoscalar observables, where

the situation can be totally different since the respective diagram occurs.

Our numerical result for 〈x〉u−d at the physical point is slightly larger than the value extracted

from experiments and does not agree with it within errors. We have discussed the origin of this

discrepancy in some detail with the conclusion that discretization effects are the most likely

explanation for the found deviation. Until this issue is resolved one has to assume discretization

effects ∼ 20% also in the other observables like Ju−d. Qualitatively the results show that up

quarks carry a larger fraction of both the momentum and the spin of the proton than down

quarks. In both cases the flavor asymmetry is much larger for the quarks with positive helicity.

One can think of numerous extensions of this work. For instance one could investigate

(possibly relevant) decuplet contributions and isospin breaking. Another interesting and related

subject to study are chiral-odd GPDs (also known as helicity-flip or transversity GPDs), which

shed light on the correlation between quark (total) angular momentum and transverse quark

spin (see, e.g., refs. [104, 137, 138]). Furthermore, one could extend our calculation of finite

volume effects (see ref. [134]) to nonforward quantities. Another challenging topic would be the

(simultaneous) calculation of all x-moments by the use of nonlocal operators. In ref. [112] it has

been shown that such an approach is only applicable in a covariant framework and that particular

care has to be taken of the regularization procedure. In particular in the face of upcoming CLS

lattice data of three-point functions with 2+1 dynamical quark flavors it would be very appealing

to perform such a calculation within three-flavor BChPT, extending the work done in ref. [79].

The latter would provide (similar to our analysis of baryon distribution amplitudes presented in

chapter 4) a valuable insight into the behavior of (transition) GPDs in the limit of exact flavor

symmetry and its breaking.

59





CHAPTER 4
Baryon distribution amplitudes

In this chapter we will study baryon distribution amplitudes which are relevant for the descrip-

tion of exclusive processes at high momentum transfer and can be construed as light-cone wave

functions integrated over transverse quark momenta. They are nonperturbative functions encod-

ing the distribution of the longitudinal momentum on the constituent partons within a specific

Fock state. In this respect DAs are complementary to ordinary parton distribution functions,

which are relevant in inclusive reactions (like deep inelastic scattering) and yield the probability

to find a parton (carrying some momentum fraction) within the hadron as a whole, without dis-

criminating between single Fock states. The one-loop BChPT calculation and the lattice analysis

presented in this chapter have been published in ref. [139] and ref. [75], respectively.

4.1 Overview

Due to the unstable nature of the weakly decaying hyperons scattering experiments with hyperons

in the initial state are both challenging and scarce. An example is the WA89 experiment at

CERN, where inclusive Ξ− production was studied [140] using a high-intensity Σ− beam [141]

on copper and carbon targets. More naturally, hyperons occur in the final state, for instance

in baryon-antibaryon pair production via electron-positron annihilation e+e− → B̄B, in deeply

virtual exclusive meson electroproduction γ∗p → K+Λ, K+Σ0, K0Σ+, and in decays of heavy

quarkonia to baryon-antibaryon pairs like J/Ψ, Υ → B̄B. The standard way to parametrize

the nonperturbative information contained in such exclusive processes are (transition) GPDs or

ordinary form factors. At (very) high momentum transfer the contributions from Fock states

containing more than the minimal number of partons are power-suppressed and the process

can be approximated by a convolution of the involved distribution amplitudes with the process-

dependent hard scattering kernel (see, e.g., ref. [9]). At intermediate momentum transfer soft

contributions that are not factorizable into DAs play an important role, which means that the

expansion in Fock states mentioned above is not feasible. In this kinematic regime the connection
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of DAs to the experiment can be established by using light-cone sum rules, which allow an

approximate determination of (generalized) form factors from DAs including soft contributions,

see, e.g, ref. [25]. The requirement of large momentum transfer, the instability of the final

state hadrons and the fact that distribution amplitudes only occur in convolutions, make high

luminosity and high granularity detectors necessary to extract information on the hyperon DAs

from experiment.

Another type of process where hyperon DAs are involved are the exclusive rare decays of

b-baryons, like Ξb, Λb, Σb and Ωb, into octet baryons (plus γ, l+l−, . . . ). Due to the large mass

difference one can hope that higher order Fock states are sufficiently suppressed to allow for a

description by three-quark DAs. Since the bottom baryons are produced with increasing rates

at LHC and at B-factories worldwide, we have to expect that ever more precise experimental

results will be available in future, even for rare decays containing flavor-changing neutral currents,

which are sensitive to new physics. Notwithstanding the fact that b-baryons are produced at

much lower rates than b-mesons, they are not less interesting since they allow for an examination

of the helicity structure of the b → s transition and thus complement the measurements in the

meson sector [142]. As shown in refs. [143, 144] there are possible scenarios where deviations

from the standard model are not seen in the branching ratio of Λb → Λl+l− but only in the

Λ baryon polarization (see also refs. [145, 146] and references therein). In particular the decay

Λb → Λµ+µ− has received a lot of attention lately, since it has been measured by both the

CDF [147] and the LHCb [148] collaboration. It is therefore mandatory to establish a theoretical

basis for the description of such decays, and the knowledge of hyperon DAs is one important

ingredient. Even the higher twist components can yield relevant contributions [149]. Note that

constraining the shape of wave functions by calculating the moments of the DAs with lattice

QCD plays an even more important role for hyperons than for nucleons, since experimental

bounds are less strict than in the nucleon sector.

A first parametrization of the leading twist contributions in hyperon wave functions was

already presented in ref. [150]. A complete parametrization (including all contributions from

higher twist) of baryon-to-vacuum matrix elements was first performed for the case of the nucleon

in ref. [76], where it turned out that higher twist contributions can yield substantial effects in the

baryon sector, since the corresponding normalization constants λN1 and λN2 are large compared

to the leading twist wave function normalization constant fN . The same procedure has later

on been reused in refs. [151, 152] to give similar parametrizations for matrix elements of the

hyperons in the baryon octet, namely Σ±, Σ0, Ξ−, Ξ0 and Λ. Our work unifies these different

approaches and we find relations between the distribution amplitudes for different baryons even

if SU(3)f symmetry is broken. The obtained relations are exact including terms up to first order

in the quark masses. In this sense we call our results model-independent. However, one should

keep in mind that higher order contributions which lie beyond the accuracy of our analysis are

model-dependent indeed, since they are affected by the neglection of higher order terms during

operator construction and by the choice of the regularization scheme.

As shown in refs. [151, 152] one has to introduce six additional DAs if one extends the for-

malism from the nucleon doublet to the complete baryon octet. Our results show that these
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additional DAs are (at leading one-loop accuracy in BChPT) determined by the eight indepen-

dent DAs already known from the nucleon sector. I.e., if one knows the eight standard DAs (and

their dependence on the mass splitting between light and strange quarks) for the Λ and for at

least two types of octet baryons with nonzero isospin, one can predict all the rest. Using the

parametrization given in refs. [153–155], where contributions of Wandzura–Wilczek type [156]

are taken into account, and applying the approximation advocated in ref. [153], where contri-

butions that can mix with four-particle operators are systematically neglected, we need only 43

parameters to describe the complete set of baryon octet DAs, including their dependence on the

splitting between light and strange quark mass. For details see section 4.5.4. This amounts to

a significant reduction of the number of parameters compared to an ad hoc linear extrapolation

without the knowledge of SU(3)f symmetry breaking, which would require 72 parameters for the

given setup. Therefore our results are useful for the extrapolation of lattice data. Note that the

parameters occurring in the approximation described above are determined by the zeroth, first

and second moments of the leading twist DAs and by the zeroth and first moments of twist-four

DAs, which are, apart from the first moments of the higher twist amplitudes, within reach of

state of the art lattice simulations (see ref. [37] for the nucleon case). However, in our first lattice

QCD analysis of the full baryon octet (see section 4.6 and ref. [75]) we have restricted ourselves

to the leading twist zeroth and first moments and to the higher twist normalization constants.

In hyperon decays the observed pattern of SU(3) flavor symmetry breaking is known to be

nontrivial. In particular the weak radiative decay Σ+ → pγ shows an unexpected large negative

asymmetry that remains poorly understood at the parton level (see, e.g., ref. [157]). In this

context it is interesting that our numerical results (cf. section 4.6.4) exhibit significant flavor

symmetry breaking for the octet baryon normalization constants (up to ∼ 50%), and even larger

effects for the shape parameters describing the deviations from the asymptotic shape.

At this point we want to highlight a conclusion that can be drawn from our results, which is

of conceptual importance and also affects the nucleon sector: we find that the nonanalytic chiral

behavior of moments of DAs does not depend on the twist of the amplitude. Instead, the leading

chiral logarithms in the chiral-odd sector are determined by the type of amplitude to which the

corresponding moment contributes. The ones occurring in ΦB+,i (ΦB−,i) amplitudes, which will

be defined in eq. (4.70), have the same chiral logarithms as fB (λB1 ). The odd moments of the

leading twist DA therefore behave like λB1 instead of fB , which is quite contrary to intuition-

based expectation. The shape parameters occurring in ref. [153] can all be assigned uniquely to

one of the two classes, which means that the distinction between moments described above is to

some extent already present in currently used parametrizations.

This chapter is organized as follows: in section 4.2 we briefly review the matrix element

decomposition given in ref. [76] for convenient reference. The parametrization of the nonlocal

three-quark operators in terms of baryon and meson fields is performed in section 4.3. A sketch

of the leading one-loop baryon chiral perturbation theory calculation is given in section 4.4,

where we also explain how we have matched our results to the standard DAs given in ref. [76]. In

section 4.5 we present our main results. We provide a definition for DAs that do not mix under

chiral extrapolation and naturally embed the Λ baryon. The result section is to the most part
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self-contained such that the reader can skip the details of the derivation at will. In section 4.6

we present an analysis of lattice QCD data. We summarize the chapter in section 4.7.

4.2 Matrix element decomposition

We start our analysis with a brief review of the decomposition of baryon-to-vacuum matrix

elements of light-cone three-quark operators. The complete decomposition (including higher-

twist contributions) has originally been performed for the nucleon in ref. [76], but it works in a

similar way for hyperons (see, e.g., refs. [151, 152]). The light-cone three-quark operator reads

qaα(a1n)qbβ(a2n)qcγ(a3n) , (4.1)

where n is a lightlike four-vector. The antisymmetrization in color indices (which makes the

operator a color singlet) and the Wilson lines connecting the quark fields (providing gauge

invariance) are not written out explicitly. a, b, c are flavor and α, β, γ Dirac indices. Already the

number of open Dirac indices adumbrates that the general matrix element decomposition contains

a large amount of independent structures. The explicit Lorentz-covariant parametrization taking

into account parity and spin of the nucleon (given in ref. [76]) uses 24 different functions SB1-2,

PB1-2, VB1-6, AB1-6 and T B1-8 for each baryon:

〈0|qaα(a1n)qbβ(a2n)qcγ(a3n)|B(p, s)〉 =

=
1

4

[
SB1 mBCαβ (γ5)γδ + SB2 m2

BCαβ (/nγ5)γδ

+ PB1 mB (γ5C)αβ 1γδ + PB2 m2
B (γ5C)αβ (/n)γδ

+ VB1
(
/pC
)
αβ

(γ5)γδ + VB2 mB

(
/pC
)
αβ

(/nγ5)γδ

+ VB3 mB (γµC)αβ (γµγ5)γδ + VB4 m2
B (/nC)αβ (γ5)γδ

+ VB5 m2
B (γµC)αβ (iσµνnνγ5)γδ + VB6 m3

B (/nC)αβ (/nγ5)γδ

+AB1
(
/pγ5C

)
αβ
1γδ +AB2 mB

(
/pγ5C

)
αβ

(/n)γδ

+AB3 mB (γµγ5C)αβ (γµ)γδ +AB4 m2
B (/nγ5C)αβ 1γδ

+AB5 m2
B (γµγ5C)αβ (iσµνnν)γδ +AB6 m3

B (/nγ5C)αβ (/n)γδ

+ T B1 (pνiσµνC)αβ (γµγ5)γδ + T B2 mB (nµpνiσµνC)αβ (γ5)γδ

+ T B3 mB (σµνC)αβ (σµνγ5)γδ + T B4 mB (pνσµνC)αβ (σµρnργ5)γδ

+ T B5 m2
B (nνiσµνC)αβ (γµγ5)γδ + T B6 m2

B (nµpνiσµνC)αβ (/nγ5)γδ

+ T B7 m2
B (σµνC)αβ (σµν/nγ5)γδ + T B8 m3

B (nνσµνC)αβ (σµρnργ5)γδ

]
uBδ (p, s) ,

(4.2)

where mB is the baryon mass and uB(p, s) is the baryon spinor such that the Dirac equation

/puB(p, s) = mBu
B(p, s) holds. The 24 functions denoted by calligraphic letters depend on a1, a2,

a3 and the scalar product n · p. This dependence is fixed to some extent by the constraint that

the three-quark operator is invariant if one simultaneously rescales ai −→ λai and nµ −→ nµ/λ,

which we will call scaling property. It directly yields that the product of such a function with

64
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(n · p)#n, where #n is the number of the four-vectors n occurring in the corresponding Dirac

structure, can only depend on a1n · p, a2n · p and a3n · p. Additionally the functions depend on

the choice of the flavor structure on the l.h.s. of eq. (4.2). It is convenient to use a specific choice

of flavors for each baryon that will be described below.

Being confronted with a large amount of structures one naturally tries to sort them according

to relevance. In hard exclusive processes contributions of lowest twist typically play the key role,

such that an ordering with respect to twist is most promising. There are two differing notions

of twist: collinear or dynamical twist versus geometric twist (see, e.g., ref. [50]). Collinear twist

counts the suppression with powers of k+, which is the plus component of a specific light-cone

projection of the nucleon momentum kµ = pµ − nµm2
B/(2n · p), where k2 = 0 and n · p = n · k.

Choosing the hadron to fly with large momentum in positive 3-direction on has p± = p0 ± p3,

where p+ is large while p− is small. For an appropriate choice of n (in this case nT ∝ (1, 0, 0,−1))1

one has k+ = p+ such that leading collinear twist yields the most important contribution at high

momentum. This direct connection to power counting is a major advantage of collinear twist,

that has to be paid for: already the definition of collinear twist explicitly depends on the external

hadron momentum p and it turns out that only the operators which project onto leading collinear

twist can be defined without the knowledge of the external momentum (they only depend on

n; for details see ref. [76]). Therefore (apart from the leading contribution) collinear twist is

not a property of the operator itself. This is different in the case of geometric twist, which is

defined directly for the operator as its mass dimension minus its (Lorentz-)spin. For geometric

twist one lacks the simple power counting interpretation. However, distribution amplitudes of a

certain collinear twist can be decomposed into parts of different geometric twist, where, applying

the Wandzura–Wilczek approximation [156], it is often assumed that the contributions of leading

geometric twist dominate. The decomposition of nonlocal operators in parts of definite geometric

twist is a highly nontrivial task (see, e.g., ref. [154]). In order to take into account the expansions

in both collinear and geometric twist in the best possible way we will proceed as follows: in a

first step we will introduce distributions of definite collinear twist by using the twist-projection

given in ref. [76]. The decomposition with respect to geometric twist will be taken into account

directly via the parametrization of the DAs in section 4.5.4.

The projection onto parts of definite collinear twist is performed with great care in ref. [76].

The 24 functions used in eq. (4.2) can be replaced by 24 twist-projected functions SB1-2, PB1-2,

V B1-6, AB1-6 and TB1-8 (their twist is specified in table 4.1) as follows [76]:

scalar distributions: (4.3)

SB1 = SB1 , 2n · pSB2 = SB1 − SB2 ,

pseudoscalar distributions: (4.4)

PB1 = PB1 , 2n · pPB2 = PB2 − PB1 ,
1The argumentation relies on the specific choice of n relative to p. For the opposite choice (nT ∝ (1, 0, 0, 1))

one even finds k+ = 0. Note, however, that both the matrix element decomposition and the (collinear) twist
projected DAs are independent of the choice – only their meaning in terms of power counting is affected.
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twist-3 twist-4 twist-5 twist-6

scalar SB1 SB2
pseudoscalar PB1 PB2
vector V B1 V B2 , V B3 V B4 , V B5 V B6
axialvector AB1 AB2 , AB3 AB4 , AB5 AB6
tensor TB1 TB2 , TB3 , TB7 TB4 , TB5 , TB8 TB6

Table 4.1: Classification of distribution amplitudes with respect to collinear twist. This table
is taken from ref. [76].

vector distributions: (4.5)

VB1 = V B1 , 2n · pVB2 = V B1 − V B2 − V B3 ,
2VB3 = V B3 , 4n · pVB4 = −2V B1 + V B3 + V B4 + 2V B5 ,

4n · pVB5 = V B4 − V B3 , 4(n · p)2VB6 = −V B1 + V B2 + V B3 + V B4 + V B5 − V B6 ,

axialvector distributions: (4.6)

AB1 = AB1 , 2n · pAB2 = −AB1 +AB2 −AB3 ,
2AB3 = AB3 , 4n · pAB4 = −2AB1 −AB3 −AB4 + 2AB5 ,

4n · pAB5 = AB3 −AB4 , 4(n · p)2AB6 = AB1 −AB2 +AB3 +AB4 −AB5 +AB6 ,

tensor distributions: (4.7)

T B1 = TB1 , 2n · pT B2 = TB1 + TB2 − 2TB3 ,

2T B3 = TB7 , 2n · pT B4 = TB1 − TB2 − 2TB7 ,

2n · pT B5 = −TB1 + TB5 + 2TB8 , 2(n · p)2T B6 = TB2 − TB3 − TB4 + TB5 + TB7 + TB8 ,

4n · pT B7 = TB7 − TB8 , 4(n · p)2T B8 = −TB1 + TB2 + TB5 − TB6 + 2TB7 + 2TB8 .

From the discussion under eq. (4.2) it follows directly, that the functions which are projected

onto definite collinear twist depend (aside from the factorization scale) on a1n · p, a2n · p and

a3n · p only. Together with the behavior under infinitesimal translations along the light-cone

vector n this yields that the twist-projected functions can be written in terms of distribution

amplitudes. For F ∈
{
SB1-2, P

B
1-2, V

B
1-6, A

B
1-6, T

B
1-8

}
one has

F (ain · p) =

∫
[dx] e−in · p

∑
xiai F (xi) , (4.8)

where the integration measure [dx] is defined as
∫

[dx] =

∫
dx1dx2dx3 δ

(
1−

∑
xi
)
, (4.9)

with all integrations running from 0 to 1. The xi can usually be interpreted as baryon momentum

fractions carried by the respective quark fields. The delta distribution within the integration

measure therefore represents momentum conservation. Note that the term distribution amplitude

can be used for both F (ain · p) and F (xi). However, when we call something a DA, we always
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mean the latter. The amplitudes have the following symmetry properties under exchange of the

first and the second variable

SBi (x1, x2, x3) = −(−1)BS
B
i (x2, x1, x3) , PBi (x1, x2, x3) = −(−1)BP

B
i (x2, x1, x3) ,

V Bi (x1, x2, x3) = +(−1)BV
B
i (x2, x1, x3) , ABi (x1, x2, x3) = −(−1)BA

B
i (x2, x1, x3) ,

TBi (x1, x2, x3) = +(−1)BT
B
i (x2, x1, x3) , (4.10)

where we use

(−1)B ≡





+1 , for B 6= Λ ,

−1 , for B = Λ ,
(4.11)

in order to implement the different sign for the Λ originating from the antisymmetry of the

isospin-singlet state. To obtain these nice symmetry properties one has to choose the flavor

content in the operator in eq. (4.2) according to

p =̂ uud , n =̂ ddu , Σ+ =̂ uus , Σ0 =̂ uds ,

Σ− =̂ dds , Ξ0 =̂ ssu , Ξ− =̂ ssd , Λ =̂ uds , (4.12)

where the order of the flavors is relevant.

4.3 Operator construction

In this section we will construct the light-cone three-quark operator given in eq. (4.1) in terms

of baryon octet and meson octet fields. Note that there are many possible parametrizations due

to the freedom of choice one has by neglecting higher order effects. The task is therefore not

only to find a parametrization, but to find one that is most convenient for the loop calculation

to be performed and can be easily matched to the standard decomposition given in eq. (4.2).

For the parametrization of the nonlocal operator one needs functions, where the moments of the

functions play the role of low-energy constants. For the parametrization presented below these

functions can be easily matched to standard distribution amplitudes.

4.3.1 Symmetry properties

To perform the construction of an operator within the effective theory we have to know its

symmetry properties. To make use of chiral symmetry it is convenient to split the quark fields

into left- and right-handed parts

qaα(a1n)qbβ(a2n)qcγ(a3n) = OabcRR,αβγ(a1, a2, a3) +OabcLL,αβγ(a1, a2, a3)

+OabcRL,αβγ(a1, a2, a3) +OabcLR,αβγ(a1, a2, a3)

+OcabRL,γαβ(a3, a1, a2) +OcabLR,γαβ(a3, a1, a2)

+ObcaRL,βγα(a2, a3, a1) +ObcaLR,βγα(a2, a3, a1) ,

(4.13)
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where the operators OXY for X, Y ∈ {L,R} are given by

OabcXY,αβγ(a1, a2, a3) = qaX,α(a1n)qbX,β(a2n)qcY,γ(a3n) , (4.14)

where the left-/right-handed quark fields are qL/R = γL/Rq = 1
2 (1∓ γ5)q, as defined on page 10.

These operators can be characterized by their transformation properties under parity transforma-

tion (P), time reversal (T ), charge conjugation (C), Hermitian conjugation and chiral rotations

(χ̂). For chiral symmetry transformations one obtains

OabcXY,αβγ(a1, a2, a3)
χ̂−→ Xaa′Xbb′Ycc′Oa

′b′c′

XY,αβγ(a1, a2, a3) . (4.15)

Using the transformation properties of the quark fields that have been detailed in section 2.2.1

one finds the following behavior under the discrete symmetry transformations:

POabcXY,αβγ(a1, a2, a3)P† = (ηPq )3(γ0)αα′(γ0)ββ′(γ0)γγ′OabcX̄Ȳ ,α′β′γ′(a1, a2, a3)
∣∣
n→−n

, (4.16a)

CPOabcXY,αβγ(a1, a2, a3)P†C† = (ηCq η
P
q )3Cαα′Cββ′Cγγ′

(
OabcXY,α′β′γ′(a1, a2, a3)

∣∣
n→−n

)†
, (4.16b)

T OabcXY,αβγ(a1, a2, a3)T † = (ηTq )3(−1)Y Cαα′Cββ′Cγγ′OabcXY,α′β′γ′(a1, a2, a3)
∣∣
n0→−n0

. (4.16c)

It would also be possible to use charge conjugation alone, but the combined CP is more con-

venient, since it has the advantage that it leaves the quark chiralities unchanged. We will find

that the constraints obtained from CP and T are compatible as long as the inversion phases

for the baryon fields are chosen appropriately, cf. section 2.2.1. Additionally we know that each

operator transforms under a translation in n-direction as

OabcXY,αβγ(a1 + δa, a2 + δa, a3 + δa) = exp
{
i δa n · P̂

}
OabcXY,αβγ(a1, a2, a3) exp

{
−i δa n · P̂

}
,

(4.17)

where P̂ is the momentum operator which acts as a generator of translations. Another symmetry

of the three-quark operators defined in eq. (4.14) is the invariance under the exchange of the

quark in the first and the second position or even an invariance under exchange of all three

quarks in case of the operators containing right-handed or left-handed fields exclusively. On top

of this the operator fulfills the scaling property explained below eq. (4.2) on page 64.

4.3.2 Low-energy operators

Using the previously defined fields uR and uL we can write down the operators, which contribute

to baryon-to-vacuum matrix elements of three-quark currents at leading one-loop level and have

correct transformation properties under chiral rotations, in the following compact form:

OabcXY,αβγ(a1, a2, a3) =

∫
[dx]

∑

i,j

kj∑

k=1

F i,j,kXY (x1, x2, x3) Γi,XXYαβγδ Bj,k,XXYδ,abc (z) , (4.18)

where the correct transformation behavior under translations in n-direction is ensured by zµ =

nµ
∑
xiai and the constraint that x1 + x2 + x3 = 1 in the integration measure [dx], which has
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Table 4.2: List of ΓiA ⊗ ΓiB . ηPΓ,i = 1 by choice (see comment in the text; for the definition

of ηPΓ,i, η
C
Γ,i, η

H
Γ,i see appendix C.4). We have multiplied structures 1 and 6 with a factor of i

such that ηHΓ,i = ηCΓ,i for all structures and, thus, ηPΓ,iη
C
Γ,iη

H
Γ,i = 1. In cases where four-vectors are

used in the place of Lorentz indices the notation means that the corresponding Lorentz index is
contracted with the index of the vector; e.g., σ∂n = σµν∂µnν .

i ΓiA ⊗ ΓiB ηHΓ,i = ηCΓ,i ηCΓA,i η5
ΓB ,i dmi dni

1 i1⊗ /n −1 −1 −1 2 −1
2 1⊗ 1 1 −1 1 1 0
3 σ∂n ⊗ /n 1 1 −1 2 −2
4 σµn ⊗ γµ 1 1 −1 2 −1
5 σµν ⊗ σµν 1 1 1 1 0
6 iσ∂n ⊗ 1 −1 1 1 1 −1
7 σµ∂ ⊗ σµn 1 1 1 1 −1
8 σµ∂ ⊗ γµ 1 1 −1 0 0
9 σµn ⊗ σµn 1 1 1 3 −2

been defined in eq. (4.9). The Fs are functions of x1, x2, x3 only and kj is given in table 4.3.

The Γs are defined as

Γi,XY Zαβγδ = (γXΓiAγY C)αβ(γZΓiB(i/∂)d
m
i )γδ(n · ∂)d

n
i , (4.19)

where ΓiA, ΓiB , dmi and dni can be taken from table 4.2. The occurring derivatives act on the Bs.

We have introduced adequate powers of i/∂ to have functions F of mass dimension 2, which is

compatible with the standard mass dimension of distribution amplitudes. Using i/∂ (which leads

to a factor mB in the final result) instead of the baryon mass in the chiral limit m0 (which would

be the standard choice) has the advantage that it allows for a straightforward matching of our

parametrization to the general decomposition given in ref. [76] and to refs. [151, 152] (see also

section 4.4.3). The power of (n · ∂) is chosen such that the scaling property is fulfilled. Note

that in the chiral-odd sector one can actually write down more structures, which have the form

Γi,XY Xβγαδ or Γi,Y XXγαβδ . However, these structures are not independent. They can be rewritten in

terms of Γi,XXYαβγδ using Fierz transformations. In order to reduce the Γs to the minimal set given

in table 4.2 one has to use the identity σµνγ5 = i
2ε
µνρσσρσ and the fact that it is sufficient to

construct structures of positive parity. The negative parity structures, which one can obtain by

multiplying all ΓB with a γ5, would only lead to a relative minus sign between operators OXY
and OX̄Ȳ which is automatically compensated by an extra minus sign in the parity constraint

given in eq. (4.24a) (see also explanation below eq. (4.24)). Additionally one has to use that

multiplying both structures ΓiA and ΓiB with a γ5 does not lead to a new, independent structure

owing to the projection with γL/R in eq. (4.19).

The Bs in eq. (4.18) are defined as

Bj,k,XY Zδ,abc = (uX)aa′(uY )bb′(uZ)cc′B
j,k
δ,a′b′c′ , (4.20)

where we take into account all possible permutations
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Table 4.3: In this table we list only terms which contribute to the one-loop calculation of
baryon-to-vacuum matrix elements of the operator. χ̃+ is defined as χ+ − tr {χ+} /3. This is a
convenient choice since this combination (in a leading one-loop calculation) vanishes along the
symmetric line, where mu = md = ms. The octet baryon field Bδ has been defined in eq. (2.38b).

j Bj1,δ Bj2 Bj3 tracej kj

1 Bδ 1 1 1 3
2 Bδ 1 1 tr {χ+}m−2

0 3
3 Bδ χ̃+m

−2
0 1 1 6

Bj,1δ,abc = (Bj1,δ)aa′(B
j
2)bb′(B

j
3)cc′εa′b′c′ × tracej , (4.21a)

Bj,2δ,abc = (Bj3)aa′(B
j
1,δ)bb′(B

j
2)cc′εa′b′c′ × tracej , (4.21b)

Bj,3δ,abc = (Bj2)aa′(B
j
3)bb′(B

j
1,δ)cc′εa′b′c′ × tracej , (4.21c)

Bj,4δ,abc = (Bj2)aa′(B
j
1,δ)bb′(B

j
3)cc′εa′b′c′ × tracej , (4.21d)

Bj,5δ,abc = (Bj1,δ)aa′(B
j
3)bb′(B

j
2)cc′εa′b′c′ × tracej , (4.21e)

Bj,6δ,abc = (Bj3)aa′(B
j
2)bb′(B

j
1,δ)cc′εa′b′c′ × tracej . (4.21f)

For cases where Bj2 = Bj3 we only use Bj,1δ,abc, B
j,2
δ,abc and Bj,3δ,abc and thus kj = 3. The different

possible combinations of Bs can be taken from table 4.3. All baryon and meson fields which are

connected to each other (by a summation over a shared flavor index) have to be at the same

spacetime position, owing to the fact that the compensator field K is a local transformation.

However, chiral symmetry actually also allows for the possibility that the trace term in B is

situated at a different spacetime position as the rest of the operator. We consider this possibility

in appendix C.4 and show that such a parametrization only differs in higher order terms. Note

that no structures of the form [Bδ, χ̃+], {Bδ, χ̃+}, or tr {Bδχ̃+} occur in table 4.3, since they can

be expressed in terms of the third structure, which means that we have only one second order

structure (j = 3) that is responsible for SU(3)f breaking. Also the operators which describe

the behavior along the SU(3)f symmetric line (j = 1, 2) are not linearly independent, but the

situation is more complicated in this case: since operators of the same class (i.e., same j but

different k) are related to each other (see eq. (4.41)) one has to take care that the symmetry

properties of the operator under quark exchange are respected. Therefore, we postpone this

discussion to section 4.3.4.

There are no covariant derivatives acting on the baryon field within the Bs. In appendix C.4

we show that they can always be traded for derivatives acting on the whole structure plus higher

order contributions, which can be neglected. This fact will turn out to be very convenient for

calculating loop contributions, since the derivatives acting on the complete structure do not lead

to additional loop momenta in the integrals.

The effective operator given in eq. (4.18) already transforms correctly under chiral rotations

and translations along the light-cone vector n. It also fulfills the scaling property. The remaining

70



4.3. OPERATOR CONSTRUCTION

symmetry properties given in section 4.3.1 will now be implemented by constraining the functions

F . We consider

PBj,k,XY Zδ,abc P† = ηPb (γ0)δδ′B
j,k,X̄Ȳ Z̄
δ′,abc

∣∣
n→−n

, (4.22a)

CPBj,k,XY Zδ,abc P†C† = ηCb η
P
b Cδδ′

(
Bj,k,XY Zδ′,abc |n→−n

)†
, (4.22b)

T Bj,k,XY Zδ,abc T † = ηTb (Cγ5)δδ′B
j,k,XY Z
δ′,abc

∣∣
n0→−n0

, (4.22c)

and

PΓi,XY Zαβγδ P† = −ηPΓ,i (γ0)αα′(γ0)ββ′(γ0)γγ′ Γi,X̄Ȳ Z̄α′β′γ′δ′

∣∣
n→−n

(γ0)δ′δ , (4.23a)

CPΓi,XY Zαβγδ P†C† = −ηCΓ,iηPΓ,iηHΓ,i Cαα′Cββ′Cγγ′
(
Γi,XY Zα′β′γ′δ′

∣∣
n→−n

)∗
Cδ′δ , (4.23b)

T Γi,XY Zαβγδ T † = −ηCΓ,iηPΓ,iηHΓ,i (−1)X(−1)Y (−1)ZCαα′Cββ′Cγγ′ Γi,X̄Ȳ Z̄α′β′γ′δ′

∣∣
n0→−n0

Cδ′δ .

(4.23c)

We have defined the structures given in table 4.2 in such a way that ηPΓ,i = +1 and ηHΓ,iη
C
Γ,i = +1,

where the latter one can be achieved by multiplying appropriate structures with a factor of i.

By using the relations (4.22) and (4.23) one can easily apply P, CP and T transformations

to the effective operator defined in eq. (4.18). From the comparison of the result with the

symmetry constraints for the three-quark operator given in eq. (4.16) one obtains the following

three constraints

−ηPb F i,j,kXY = (ηPq )3 F i,j,k
X̄Ȳ

, obtained from P , (4.24a)

ηPb η
C
b F i,j,kXY = (ηCq η

P
q )3
(
F i,j,kXY

)∗
, obtained from CP , (4.24b)

ηTb
(
F i,j,kXY

)∗
= (ηTq )3F i,j,kXY , obtained from T . (4.24c)

For the alternative choice of Γ structures with ηPΓ,i = −1 the parity constraint would yield an

extra minus sign, which would automatically cancel the relative sign in the definition. For each

choice of parity inversion phases that follows the rule that the intrinsic parity of the ground state

of a composite particle (the octet baryons in our case) is given by the product of the intrinsic

parities of its constituents (i.e., ηPb = (ηPq )3) one obtains FXY = −FX̄Ȳ from eq. (4.24a).

Therefore we only have to differentiate between chiral-even FRR = −FLL ≡ Feven and chiral-

odd FLR = −FRL ≡ Fodd distribution amplitudes. The constraints obtained from eqs. (4.24b)

and (4.24c) are consistent with each other as long as the CPT phases fulfill the constraint

ηCb η
P
b η

T
b = (ηCq η

P
q η

T
q )3, which obviously agrees with the standard phase conventions, where all

the inversion phases are defined to be +1. The result is a so-called reality condition

e−iφF i,j,kXY =
(
e−iφF i,j,kXY

)∗
, (4.25)

where

e2iφ =
(ηCq η

P
q )3

ηCb η
P
b

=
ηTb

(ηTq )3
, (4.26)

which means that the Fs are real for the standard choice of inversion phases. However, as

known from quantum mechanics, two states are equivalent if they lie within the same ray in
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Hilbert space, i.e., if they only differ by a phase. Hence, the overall phase in eq. (4.25) has

no physical significance. The inversion phases are part of the definition of the effective baryon

field. Two differing baryon field definitions which lead to a different phase in eq. (4.25) can

therefore be interpreted as fields that create different (physically equivalent) representatives of

the same physical state. The main information contained in the reality condition is, therefore,

not the phase and how it is obtained from the inversion phases. The important information

is, that there are no relative phases between different distribution amplitudes. E.g., for the

wave function normalization constants fB , λB1 and λB2 eq. (4.25) guarantees that the products

fB(λB1 )∗, fB(λB2 )∗ and λB1 (λB2 )∗ are real.

4.3.3 Symmetry under exchange of quark fields

In this section we use the symmetry of the original three-quark operators under exchange of

quark fields with the same handedness to reduce the number of amplitudes. Using the constraint

that the operators have to be equal under exchange of the first and the second quark yields

j = 1, 2: F i,j,1XY (x1, x2, x3) = −ηCΓA,iF i,j,2XY (x2, x1, x3) , (4.27a)

F i,j,3XY (x1, x2, x3) = −ηCΓA,iF i,j,3XY (x2, x1, x3) , (4.27b)

j = 3: F i,3,1XY (x1, x2, x3) = −ηCΓA,iF i,3,4XY (x2, x1, x3) , (4.27c)

F i,3,2XY (x1, x2, x3) = −ηCΓA,iF i,3,5XY (x2, x1, x3) , (4.27d)

F i,3,3XY (x1, x2, x3) = −ηCΓA,iF i,3,6XY (x2, x1, x3) . (4.27e)

In the chiral-odd sector one now uses these relations to eliminate F i,j,2XY (if j = 1, 2) and F i,3,4/5/6XY .

Additionally we can use that

(γY ΓAγXC)γβ(γXΓB)αδ = 0 , if X 6= Y and ΓA ∈ {1, γ5, σµν} . (4.28)

Using Fierz transformation this leads to

Γ3,XXY
αβγδ = Γ4,XXY

αβγδ +
1

2
Γ9,XXY
αβγδ , (4.29a)

Γ5,XXY
αβγδ = 0 , (4.29b)

Γ6,XXY
αβγδ = Γ4,XXY

αβγδ − Γ7,XXY
αβγδ , (4.29c)

if X 6= Y . Therefore we have the freedom to choose

F3,j,k
odd (x1, x2, x3) = F5,j,k

odd (x1, x2, x3) = F6,j,k
odd (x1, x2, x3) = 0 . (4.30)

In the chiral-even sector the projection with γL/R leads to similar constraints. The counterpart

of eq. (4.28) reads

(γXΓAγXC)γβ(γXΓB)αδ = 0 , if ΓA ∈ {γµ, γµγ5} . (4.31)
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With a Fierz transformation one obtains

Γ7,XXX
αβγδ = −Γ4,XXX

αβγδ +
1

2
Γ5,XXX
αβγδ + Γ6,XXX

αβγδ , (4.32a)

Γ8,XXX
αβγδ = −1

4
Γ5,XXX
αβγδ , (4.32b)

Γ9,XXX
αβγδ = 0 . (4.32c)

Therefore, we can choose

F7,j,k
even (x1, x2, x3) = F8,j,k

even (x1, x2, x3) = F9,j,k
even (x1, x2, x3) = 0 . (4.33)

The operators containing left-/right-handed quarks exclusively also have to be invariant under

an exchange of the first and the last quark. Performing a Fierz transformation and using the

identities given above we find

Γi,XXXγβαδ =

6∑

i′=1

Γi
′,XXX
αβγδ ci

′i . (4.34)

The matrix c is given by

c =




1
2 0 − 1

2 − 3
2 0 − 1

2

0 1
2 0 0 6 − 1

2

0 0 1 0 0 0

− 1
2 0 − 1

2 − 1
2 0 − 1

2

0 1
8 0 0 − 1

2
1
8

0 0 0 0 0 1




. (4.35)

By the use of this relation the symmetry property of the operator under exchange of the first

and the last quark translates to the following constraints on the amplitudes:

j = 1, 2: F i,j,1XX (x1, x2, x3) = −
6∑

i′=1

cii
′F i

′,j,3
XX (x3, x2, x1) , (4.36a)

F i,j,2XX (x1, x2, x3) = −
6∑

i′=1

cii
′F i

′,j,2
XX (x3, x2, x1) , (4.36b)

F i,j,3XX (x1, x2, x3) = −
6∑

i′=1

cii
′F i

′,j,1
XX (x3, x2, x1) , (4.36c)
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j = 3: F i,3,1XX (x1, x2, x3) = −
6∑

i′=1

cii
′F i

′,3,6
XX (x3, x2, x1) , (4.36d)

F i,3,2XX (x1, x2, x3) = −
6∑

i′=1

cii
′F i

′,3,4
XX (x3, x2, x1) , (4.36e)

F i,3,3XX (x1, x2, x3) = −
6∑

i′=1

cii
′F i

′,3,5
XX (x3, x2, x1) , (4.36f)

F i,3,4XX (x1, x2, x3) = −
6∑

i′=1

cii
′F i

′,3,2
XX (x3, x2, x1) , (4.36g)

F i,3,5XX (x1, x2, x3) = −
6∑

i′=1

cii
′F i

′,3,3
XX (x3, x2, x1) , (4.36h)

F i,3,6XX (x1, x2, x3) = −
6∑

i′=1

cii
′F i

′,3,1
XX (x3, x2, x1) . (4.36i)

Using these equations one finds for the operator with j = 3 that one can eliminate all amplitudes

apart from F i,3,1XX , by using the following relations recursively:

F i,3,2XX (x1, x2, x3) = ηCΓA,i

6∑

i′=1

cii
′F i

′,3,3
XX (x3, x1, x2) , (4.37a)

F i,3,3XX (x1, x2, x3) = ηCΓA,i

6∑

i′=1

cii
′F i

′,3,1
XX (x3, x1, x2) , (4.37b)

F i,3,4XX (x1, x2, x3) = −ηCΓA,iF i,3,1XX (x2, x1, x3) , (4.37c)

F i,3,5XX (x1, x2, x3) = −ηCΓA,iF i,3,2XX (x2, x1, x3) , (4.37d)

F i,3,6XX (x1, x2, x3) = −ηCΓA,iF i,3,3XX (x2, x1, x3) . (4.37e)

For the operators with j = 1, 2 we can eliminate

F i,j,2XX (x1, x2, x3) = −ηCΓA,iF i,j,1XX (x2, x1, x3) , (4.38a)

F i,j,3XX (x1, x2, x3) = −
6∑

i′=1

cii
′F i

′,j,1
XX (x3, x2, x1) , (4.38b)

and additionally

F1,j,1
XX (x1, x2, x3) = F3,j,1

XX (x1, x2, x3) + F4,j,1
XX (x1, x2, x3)− 2F4,j,1

XX (x1, x3, x2)

+ F6,j,1
XX (x1, x2, x3) ,

(4.39a)

F2,j,1
XX (x1, x2, x3) = −4F5,j,1

XX (x1, x2, x3) + 8F5,j,1
XX (x1, x3, x2) + F6,j,1

XX (x1, x2, x3) , (4.39b)

F3,j,1
XX (x1, x2, x3) = −F3,j,1

XX (x1, x3, x2) , (4.39c)

F6,j,1
XX (x1, x2, x3) = −F6,j,1

XX (x1, x3, x2) . (4.39d)
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From the fact that the local operator at the origin, where a1 = a2 = a3 = 0, is independent of

the light-cone vector n one can deduce constraints for the zeroth moments of the distribution

amplitudes

∫
[dx]F i,j,kXY (x1, x2, x3) = 0 , for i = 1, 3, 4, 6, 7, 9 . (4.40)

4.3.4 Elimination of linearly dependent structures

To avoid overparametrization we will now annihilate linearly dependent structures of those given

in table 4.3. Considering all possible three-quark operators and all baryons from the octet, one

finds (for j = 1, 2) that only two out of the three structures Bj,1δ,abc, B
j,2
δ,abc and Bj,3δ,abc are linearly

independent, since one has

0 = Bj,1δ,abc +Bj,2δ,abc +Bj,3δ,abc . (4.41)

In the chiral-odd sector we can use this relation to replace Bj,3δ,abc = −Bj,1δ,abc − B
j,2
δ,abc, which is

equivalent to the replacement

F i,j,1odd (x1, x2, x3) −→ F̃ i,j,1odd (x1, x2, x3) ≡ F i,j,1odd (x1, x2, x3)−F i,j,3odd (x1, x2, x3) , (4.42a)

F i,j,2odd (x1, x2, x3) −→ F̃ i,j,2odd (x1, x2, x3) ≡ F i,j,2odd (x1, x2, x3)−F i,j,3odd (x1, x2, x3) , (4.42b)

F i,j,3odd (x1, x2, x3) −→ F̃ i,j,3odd (x1, x2, x3) ≡ 0 . (4.42c)

Using eqs. (4.27a) and (4.27b) one finds that the new functions have the same symmetry prop-

erties as the old ones. Therefore we can choose

F i,j,3odd (x1, x2, x3) = 0 , j = 1, 2 , (4.43)

in accordance with symmetry properties and without loss of generality. In the chiral-even sector

the situation is different since the amplitudes are already constrained by the symmetry under

exchange of the first and the third quark. An elimination of one structure in favor of the two

others would therefore not lead to a simplification. Instead one just obtains a reparametrization

of the problem for which it would be hard to implement the symmetry properties under exchange

of the first and the last quark.

4.4 Details on the calculation

In this section we describe the leading one-loop calculation. In section 4.4.3 we explain how we

have matched to the standard DAs defined in ref. [76].
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p p
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1 1

p − q
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Figure 4.1: Feynman diagrams needed for the calculation of the self-energy. The circles
indicate vertices from the meson-baryon Lagrangian (the number inside denotes the chiral order),
while the dashed and solid lines represent meson and baryon propagators, respectively.

4.4.1 Meson masses and the Z-factor

We work in the limit of exact isospin symmetry, where mu = md ≡ ml. Using the standard

leading order meson Lagrangian (2.36) one finds for the meson masses the standard Gell-Mann–

Oakes–Renner relations

m2
π = 2B0ml = m2

i=1,2,3 = 2B0(m̄q − δml) , (4.44a)

m2
K = B0(ml +ms) = m2

i=4,...,7 = B0(2m̄q + δml) , (4.44b)

m2
η =

B0

3
(2ml + 4ms) = m2

i=8 = 2B0(m̄q + δml) , (4.44c)

where

m̄q =
1

3
(2ml +ms) , (4.45a)

δml = m̄q −ml , (4.45b)

and B0 is the LEC proportional to the quark condensate in the chiral limit. As additional

ingredient we need the first order meson-baryon Lagrangian given in eq. (2.54). From the latter

one deduces the baryon-meson-baryon vertex for an incoming baryon B, an outgoing baryon B′

and an incoming meson (the k-th one in the Cartesian basis) with momentum q, which is relevant

in our calculation:

−1

2F0
/qγ5 tr

{
κTB′(D{λk, κB}+ F [λk, κB ])

}
. (4.46)

The self-energy to third chiral order is given by the sum of the irreducible diagrams shown in

figure 4.1 (where external legs are to be amputated) multiplied with an i. The contribution of

diagram (b), which is relevant for the calculation of the Z-factor is given by

i× (b) = 3gB,πf(mπ,m0, /p) + 4gB,Kf(mK ,m0, /p) + gB,ηf(mη,m0, /p) , (4.47)

where

f(m,m0, /p) =
−1

4F 2
0

(
(p2 −m2

0)/pI
(1)
1,1 (m,m0, /p) + (/p+m0)

(
I0,1(m0, /p)−m2I1,1(m,m0, /p)

))
.

(4.48)
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The loop functions Ik,l and I
(1)
k,l are defined in appendix A.4 and the coefficients are given by

gN,π = (D + F )2 , gN,K =
5

6
D2 −DF +

3

2
F 2 , gN,η =

1

3
(D − 3F )2 ,

gΣ,π =
4

9
(D2 + 6F 2) , gΣ,K = D2 + F 2 , gΣ,η =

4

3
D2 ,

gΞ,π = (D − F )2 , gΞ,K =
5

6
D2 +DF +

3

2
F 2 , gΞ,η =

1

3
(D + 3F )2 ,

gΛ,π =
4

3
D2 , gΛ,K =

1

3
(D2 + 9F 2) , gΛ,η =

4

3
D2 . (4.49)

These constants fulfill the constraints that the sums

3gB,π + 4gB,K + gB,η =
4

3
(5D2 + 9F 2) , (4.50a)

2gN,M + 3gΣ,M + 2gΞ,M + gΛ,M =
4

3
(5D2 + 9F 2) , (4.50b)

are independent of the baryon/meson species. This yields similar baryon masses and Z-factors

along the line of equal quark masses and is a consequence of SU(3)f symmetry. For a detailed

study of baryon masses under symmetry breaking see ref. [135]. The square root of the Z-factor

needed in our calculation is given by

√
ZB =̇ 1 +

1

2
Σ′B , (4.51)

where the prime indicates taking a derivative with respect to /p and substituting /p → mB . The

dotted equal sign =̇ means equal up to terms which are of higher order than our level of accuracy

(which is second order in chiral power counting). The derivative of the self-energy

Σ′B(m̄q, δml) = 3gB,πf
′(mπ,m0,mB) + 4gB,Kf

′(mK ,m0,mB) + gB,ηf
′(mη,m0,mB)

≡ Σ′?(m̄q) + ∆Σ′B(m̄q, δml) ,
(4.52)

can be split into a flavor-symmetric and a flavor symmetry breaking part

Σ′?(m̄q) = Σ′B(m̄q, 0) = (3gB,π + 4gB,K + gB,η)f ′(m?
m,m0,mB)

=
4

3
(5D2 + 9F 2)f ′(m?

m,m0,mB)

=̇
4

3
(5D2 + 9F 2)f ′(m?

m,m
?
b ,m

?
b) ,

(4.53a)

∆Σ′B(m̄q, δml) = Σ′B(m̄q, δml)− Σ′B(m̄q, 0)

= 3gB,πf
′(mπ,m0,mB) + 4gB,Kf

′(mK ,m0,mB)

+ gB,ηf
′(mη,m0,mB)− 4

3
(5D2 + 9F 2)f ′(m?

m,m0,mB)

=̇ 3gB,πf
′(mπ,m

?
b ,m

?
b) + 4gB,Kf

′(mK ,m
?
b ,m

?
b)

+ gB,ηf
′(mη,m

?
b ,m

?
b)−

4

3
(5D2 + 9F 2)f ′(m?

m,m
?
b ,m

?
b) ,

(4.53b)

where m?
m/b = m?

m/b(m̄q) is the meson/baryon mass along the symmetric line (δml = 0). For

explicit results see appendix C.1.
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Figure 4.2: Feynman diagrams needed for the calculation of the baryon-to-vacuum matrix
elements. The squares depict the operator insertions given in eqs. (4.56), the circle stands for
the vertex from the meson-baryon Lagrangian given in eq. (4.46) and the dashed/solid lines
represent mesons/baryons. The numbers inside the vertices and operator insertions denote their
chiral order. Diagram (a) has to be multiplied with

√
Z. However, one knows that at higher

orders all of the diagrams will receive a
√
Z contribution, which can be used as an argument in

favor of the factorized version of our results (see eq. (4.85) in section 4.5).

4.4.2 Baryon-to-vacuum matrix elements

In this section we describe the actual loop calculation for the baryon-to-vacuum matrix elements

of the three-quark operators. From a simple power counting argument one finds that at leading

one-loop level the only contributing graphs are the ones shown in figure 4.2. One easily observes

that the second order operator insertions only occur without additional mesons. Therefore we

only have to compute the higher order vertices where a single baryon couples to the operator.

Contributions with additional mesons only occur for the leading order operator insertion (j = 1).

For the BChPT calculation mainly the structure Bj,k,XY Zδ,abc is relevant. Graph (d) of figure 4.2

is an exception because the extra γ5 from the baryon-meson-baryon vertex has to be canceled

with a γ5 from the Dirac structure of the operator. The calculation gets simplified considerably

if one uses the fact that (by construction) the Bj,k,XY Zδ,abc with k 6= 1 can be obtained from the

case k = 1 by a permutation of indices:

Bj,2,XY Zδ,abc = Bj,1,Y ZXδ,bca , Bj,3,XY Zδ,abc = Bj,1,ZXYδ,cab , Bj,4,XY Zδ,abc = −Bj,1,Y XZδ,bac ,

Bj,5,XY Zδ,abc = −Bj,1,XZYδ,acb , Bj,6,XY Zδ,abc = −Bj,1,ZY Xδ,cba , (4.54)

which means that we actually only have to calculate the case k = 1. Using the definition

(−1)X ≡





+1 , for X = R ,

−1 , for X = L ,
(4.55)
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from section 2.2.1, we can write down the relevant operator insertions in a quite economic way:

B1,1,XY Z
δ,abc (z)

∣∣∣∣
Bε(p)

= (κB)aa
′
εa
′bce−ip · z1δε , (4.56a)

B1,1,XY Z
δ,abc (z)

∣∣∣∣
Bε(p−q)φk(q)

=
i

2F0

[
(−1)X(λkκB)aa

′
δbb
′
δcc
′
+ (−1)Y (κB)aa

′
(λk)bb

′
δcc
′

+ (−1)Z(κB)aa
′
δbb
′
(λk)cc

′
]
εa
′b′c′e−ip · z1δε ,

(4.56b)

B1,1,XY Z
δ,abc (z)

∣∣∣∣
Bε(p−q1−q2)φk(q1)φl(q2)

=

=
−1

16F 2
0

[
(λkλlκB)aa

′
δbb
′
δcc
′
+ (κB)aa

′(
(λkλl)bb

′
δcc
′
+ δbb

′
(λkλl)cc

′)

+ 2(−1)X(−1)Y (λkκB)aa
′
(λl)bb

′
δcc
′
+ 2(−1)X(−1)Z(λkκB)aa

′
δbb
′
(λl)cc

′

+ 2(−1)Y (−1)Z(κB)aa
′
(λk)bb

′
(λl)cc

′
]
εa
′b′c′e−ip · z1δε

+ (k ↔ l) . (4.56c)

The second order tree-level operator insertions read

B2,1,XY Z
δ,abc (z)

∣∣∣∣
Bε(p)

= 4B0m
−2
0 tr {M} (κB)aa

′
εa
′bce−ip · z1δε , (4.56d)

B3,1,XY Z
δ,abc (z)

∣∣∣∣
Bε(p)

= 4B0m
−2
0 (κB)aa

′M̃bb′εa
′b′ce−ip · z1δε , (4.56e)

where M̃ = M− tr {M}/3 and M is the diagonal quark mass matrix, cf. section 2.1.3. After

performing the loop calculation one finds that the results can be expressed as

〈0|OabcRR,αβγ(a1, a2, a3) +OabcLL,αβγ(a1, a2, a3)|B(p, s)〉 =

=

∫
[dx]e−i n · p

∑
k xkak

∑

i

Γi,even
αβγδ u

B
δ (p, s)hi,abcB,even(x1, x2, x3) ,

(4.57a)

〈0|OabcRL,αβγ(a1, a2, a3) +OabcLR,αβγ(a1, a2, a3)|B(p, s)〉 =

=

∫
[dx]e−i n · p

∑
k xkak

∑

i

Γi,odd
αβγδu

B
δ (p, s)hi,abcB,odd(x1, x2, x3) ,

(4.57b)

where uBδ (p, s) is the baryon spinor,

Γi,even
αβγδ = Γi,RRRαβγδ − Γi,LLLαβγδ , (4.58a)

Γi,odd
αβγδ = Γi,LLRαβγδ − Γi,RRLαβγδ , (4.58b)

and

hi,abcB,even(x1, x2, x3) =
∑

j,k

c j,k,abcB,RRRF i,j,keven (x1, x2, x3) , (4.59a)

hi,abcB,odd(x1, x2, x3) =
∑

j,k

c j,k,abcB,LLRF i,j,kodd (x1, x2, x3) . (4.59b)
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The coefficients c j,k,abcB,XY Z inherit the property that the ones with k 6= 1 can be obtained from the

case k = 1 by a permutation of indices:

c j,2,abcB,XY Z = c j,1,bcaB,Y ZX , c j,3,abcB,XY Z = c j,1,cabB,ZXY , c j,4,abcB,XY Z = −c j,1,bacB,Y XZ ,

c j,5,abcB,XY Z = −c j,1,acbB,XZY , c j,6,abcB,XY Z = −c j,1,cbaB,ZY X . (4.60)

For those with k = 1 we find

c1,1,abcB,XY Z = c1,1,abcB,XY Z

∣∣∣∣
(a)

+ c1,1,abcB,XY Z

∣∣∣∣
(c)

+ c1,1,abcB,XY Z

∣∣∣∣
(d)

, (4.61a)

c1,1,abcB,XY Z

∣∣∣∣
(a)

=
√
ZB(κB)aa

′
εa
′bc , (4.61b)

c1,1,abcB,XY Z

∣∣∣∣
(c)

=
−1

8F 2
0

∑

k

[
(λk

2
κB)aa

′
δbb
′
δcc
′
+ (κB)aa

′(
(λk

2
)bb
′
δcc
′
+ δbb

′
(λk

2
)cc
′)

+ 2(−1)X(−1)Y (λkκB)aa
′
(λk)bb

′
δcc
′
+ 2(−1)X(−1)Z(λkκB)aa

′
δbb
′
(λk)cc

′

+ 2(−1)Y (−1)Z(κB)aa
′
(λk)bb

′
(λk)cc

′
]
εa
′b′c′I1,0(ml) , (4.61c)

c1,1,abcB,XY Z

∣∣∣∣
(d)

=
−1

4F 2
0

∑

k,B̃

[
(−1)X(λkκB̃)aa

′
δbb
′
δcc
′
+ (−1)Y (κB̃)aa

′
(λk)bb

′
δcc
′

+ (−1)Z(κB̃)aa
′
δbb
′
(λk)cc

′
]

tr
{
κT
B̃

(D{λk, κB}+ F [λk, κB ])
}

×
(
I1,0(mk) + (m2

B −m2
0)I1,1(mk,m0,mB)−mB(mB +m0)I

(1)
1,1 (mk,m0,mB)

)
.

(4.61d)

In the contribution from graph (d) commuting γ5 from the vertex with the Dirac structure in

the operator yields η5
ΓB ,i(−1)d

m
i = −1 (compare table 4.2). In operators of type OXR the γ5

has no effect owing to γRγ5 = γR. The relative sign in the vertex in operators of type OX̄L is

compensated by γLγ5 = −γL. Therefore the result only contains structures of the form given

in eq. (4.58). This is no coincidence but rather has to happen in order to obtain a result that

behaves correctly under parity transformation. For the second order tree-level contributions we

find

c2,1,abcB,XY Z = 4B0m
−2
0 tr {M} (κB)aa

′
εa
′bc , (4.61e)

c3,1,abcB,XY Z = 4B0m
−2
0 (κB)aa

′M̃bb′εa
′b′c . (4.61f)

Using eq. (4.13) the matrix element of the complete three-quark operator reads

〈0|qaα(a1n)qbβ(a2n)qcγ(a3n)|B(p, s)〉 =

∫
[dx]e−i n · p

∑
k xkak

×
∑

i

(
Γi,even
αβγδ h

i,abc
B,even(x1, x2, x3) + Γi,odd

αβγδh
i,abc
B,odd(x1, x2, x3)

+ Γi,odd
γαβδh

i,cab
B,odd(x3, x1, x2) + Γi,odd

βγαδh
i,bca
B,odd(x2, x3, x1)

)
uBδ (p, s) .

(4.62)

4.4.3 Projection onto standard DAs

In this section we relate our parametrization of the baryon-to-vacuum matrix element, which was

guided by the behavior under chiral rotations, to the general decomposition given in eq. (4.2),

which is more convenient for daily use. To do so we have contracted both our result (eq. (4.62))
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and eq. (4.2) with Dirac structures of the form ΓAαβ⊗ΓBγ′γ . It is sufficient to use structures where

Lorentz indices are either contracted between ΓA and ΓB or with the light-cone vector n or the

momentum p. Afterwards we have used the identity /puB(p) = mBu
B(p) and have matched the

prefactors of the remaining Dirac structures (γ5 and /nγ5). Using the twist-projection described

in section 4.2, we obtain the results for the distribution amplitudes SBi , PBi , ABi , V Bi and TBi .

We have collected these lengthy matching relations in appendix C.5.

4.5 Results

In the following we present the results of the one-loop calculation. In section 4.5.1 we define

a convenient set of distribution amplitudes, that optimally mirrors the constraints obtained for

the limit of exact flavor symmetry. Furthermore, it allows us to present the flavor symmetry

breaking and the dependence on the mean quark mass in a very compact and lucid form in

sections 4.5.2 and 4.5.3. In section 4.5.4 we will delineate how one can parametrize baryon octet

DAs in terms of shape parameters in order to make full use of SU(3)f constraints and to allow

for simple description of flavor symmetry breaking.

4.5.1 General strategy and choice of distribution amplitudes

We will split up every distribution amplitude in the following way:

DA(m̄q, δml) = DA(m̄q, 0) +
(
DA(m̄q, δml)−DA(m̄q, 0)

)

≡ DA?(m̄q) + ∆DA(m̄q, δml) ,
(4.63a)

DA?(m̄q) = DA?(0) +
(
DA?(m̄q)−DA?(0)

)

≡ DA◦ + ∆DA?(m̄q) ,
(4.63b)

where the main idea is to use the second formula to parametrize everything in terms of the DAs

at the symmetric point, which are measurable on the lattice as opposed to the amplitudes in

the chiral limit. Lattice simulations where the mean quark mass is fixed at its physical value

while δml is varied are already available for hadron masses and some form factors [158–160].

Corresponding simulations for the baryon octet DAs are presented in section 4.6 (cf. also our

article [75]). This strategy has the additional advantage that one gets rid of the parameters that

describe the behavior under variation of the mean quark mass. For the presentation of the results

it turns out to be convenient to write down the second order tree-level and the loop contribution

separately. We define for all baryons

∆DA = ∆DAloop + δm ∆DAtree , (4.64)

using the dimensionless parameter

δm =
4B0δml

m?
b

2 =̇
4(m2

K −m2
π)

3X2
b

, (4.65)
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where the average octet baryon mass Xb is defined by

Xb =
1

8

(
2mN + 3mΣ + 2mΞ +mΛ

)
. (4.66)

Then we use the fact that we can rewrite ∆DA in terms of m?
b and DA? using the corresponding

expansions in m̄q. For a specific set of DAs, which do not mix under chiral extrapolation (see

below), this allows us to rewrite the loop contribution as the DA along the symmetric line

multiplied with a loop function f such that the results have the form

DA(m̄q, δml) = DA?(m̄q)(1 + f) + δm ∆DAtree . (4.67)

By virtue of SU(3)f symmetry we find the following relations between DAs along the line of

symmetric quark masses mu = md = ms:

2TB?1/6(x1, x2, x3) = (−1)B
[
V B?1/6 −AB?1/6

]
(x1, x3, x2) +

[
V B?1/6 −AB?1/6

]
(x2, x3, x1) , (4.68a)

2TB?2/5(x1, x2, x3) =
[
TB?3/4 − TB?7/8 + SB?1/2 + PB?1/2

]
(x3, x1, x2)

+
[
TB?3/4 − TB?7/8 + SB?1/2 + PB?1/2

]
(x3, x2, x1) ,

(4.68b)

[
TB?3/4 + TB?7/8 + SB?1/2 − PB?1/2

]
(x1, x2, x3) =

[
V B?2/5 −AB?2/5

]
(x2, x3, x1) +

[
V B?3/4 −AB?3/4

]
(x3, x1, x2) .

(4.68c)

Note that we do not impose these relations. They are automatically fulfilled by our calculation

(loop contributions included). For the nucleon case these relations are known as isospin con-

straints, since they are fulfilled exactly also for δml 6= 0 owing to isospin symmetry (again this

is also true for the loop contributions), which was already shown in ref. [76]. If we were only

interested in the SU(3)f symmetric case (or in nucleons only), it would therefore be enough to

define the independent amplitudes as

ΦB3/6(x1, x2, x3) =
[
V B1/6 −AB1/6

]
(x1, x2, x3) , (4.69a)

ΦB4/5(x1, x2, x3) =
[
V B2/5 −AB2/5

]
(x1, x2, x3) , (4.69b)

ΨB
4/5(x1, x2, x3) =

[
V B3/4 −AB3/4

]
(x1, x2, x3) , (4.69c)

ΞB4/5(x1, x2, x3) =
[
TB3/4 − TB7/8 + SB1/2 + PB1/2

]
(x1, x2, x3) , (4.69d)

where the ΦBi and ΨB
i describe the coupling to chiral-odd operators, while the ΞBi describe the

chiral-even sector. The subscript indicates the twist. As it turns out the amplitudes ΦBi , ΨB
i

and ΞBi are not yet the optimal choice for a description of the complete baryon octet, since they

mix under chiral extrapolation. Additionally one finds that it is very convenient to use differing

definitions for the Λ, which we choose in such a way that the DAs of the Λ coincide with the

DAs of the other octet baryons in the limit of equal quark masses. Therefore we define

ΦB±,3/6(x1, x2, x3) =
c±B
2

([
V B1/6 −AB1/6

]
(x1, x2, x3)±

[
V B1/6 −AB1/6

]
(x3, x2, x1)

)
, (4.70a)

ΦB±,4/5(x1, x2, x3) = c±B
([
V B2/5 −AB2/5

]
(x1, x2, x3)± (−1)B

[
V B3/4 −AB3/4

]
(x2, x3, x1)

)
, (4.70b)

ΞB±,4/5(x1, x2, x3) = 3(−1)Bc
±
B

( [
TB3/4 − TB7/8 + SB1/2 + PB1/2

]
(x1, x2, x3)

±
[
TB3/4 − TB7/8 + SB1/2 + PB1/2

]
(x1, x3, x2)

)
,

(4.70c)
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where

c+B =





1 , for B 6= Λ ,√
2
3 , for B = Λ ,

c−B =





1 , for B 6= Λ ,

−
√

6 , for B = Λ .
(4.71)

Being interested in SU(3)f violation one cannot use the constraints given in eq. (4.68) and

therefore one needs six additional DAs. Our choices are (up to differing prefactors for the Λ

and exchange of variables) the left-hand sides in eq. (4.68) since they coincide with the DAs in

eq. (4.70) in the SU(3)f symmetric limit. We define

ΠB
3/6(x1, x2, x3) = c−B(−1)B TB1/6(x1, x3, x2) , (4.72a)

ΠB
4/5(x1, x2, x3) = c−B

[
TB3/4 + TB7/8 + SB1/2 − PB1/2

]
(x3, x1, x2) , (4.72b)

ΥB
4/5(x1, x2, x3) = 6c−B TB2/5(x3, x2, x1) , (4.72c)

where the Πi describe the chiral-odd sector, while the Υi describe the chiral-even part. For each

octet baryon the standard DAs can be decomposed into the amplitudes defined in eqs. (4.70)

and (4.72) (see appendix C.2). We find that the DAs for different nucleons, Σs and Ξs are related

to each other exactly by isospin symmetry. Therefore we define

DAN ≡ DAp = −DAn , (4.73a)

DAΣ ≡ DAΣ− = −DAΣ+

=
√

2DAΣ0

, (4.73b)

DAΞ ≡ DAΞ0

= −DAΞ− , (4.73c)

and give all results only for DAN , DAΣ, DAΞ and DAΛ. The relative signs between the different

baryons depend on both the phase conventions shown in figure 2.3 (on page 20) and the choice

of flavors within the definition of the DAs specified in eq. (4.12). In the SU(3)f symmetric limit

the DAs of all octet baryons can be related to each other:

Φ?+,i ≡ ΦN?+,i = ΦΣ?
+,i = ΦΞ?

+,i = ΦΛ?
+,i = ΠN?

i = ΠΣ?
i = ΠΞ?

i , (4.74a)

Φ?−,i ≡ ΦN?−,i = ΦΣ?
−,i = ΦΞ?

−,i = ΦΛ?
−,i = ΠΛ?

i , (4.74b)

Ξ?+,i ≡ ΞN?+,i = ΞΣ?
+,i = ΞΞ?

+,i = ΞΛ?
+,i = ΥN?

i = ΥΣ?
i = ΥΞ?

i , (4.74c)

Ξ?−,i ≡ ΞN?−,i = ΞΣ?
−,i = ΞΞ?

−,i = ΞΛ?
−,i = ΥΛ?

i . (4.74d)

In addition to the relation between different baryons, these equations contain all information

included in the SU(3) constraints (4.68). Also the corresponding isospin constraints for the

nucleon case

ΠN
i = ΦN+,i , ΥN

i = ΞN+,i , (4.75)

have a very simple form.

To understand the physical meaning of these DAs it is instructive to work out their relation to

light-front wave functions. For simplicity, we restrict ourselves to the leading twist approximation

taking into account S-wave contributions only. In this case the helicities of the quarks sum up to
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the helicity of the baryon (cf. refs. [100, 161]). Suppressing the transverse momentum dependence

one finds, schematically,2

|(B 6= Λ)
↑〉 =

∫
[dx]

8
√

6x1x2x3
|fgh〉 ⊗

{
[V1 +A1]B(x1, x2, x3)|↓↑↑〉+ [V −A]B(x1, x2, x3)|↑↓↑〉
−2TB1 (x1, x2, x3)|↑↑↓〉

}

=

∫
[dx]

8
√

3x1x2x3
|↑↑↓〉 ⊗

{
−
√

3ΦB+,3(x1, x3, x2)
(
|MS, B〉 −

√
2|S, B〉

)
/3

−
√

3ΠB
3 (x1, x3, x2)

(
2|MS, B〉+

√
2|S, B〉

)
/3

+ΦB−,3(x1, x3, x2)|MA, B〉
}
,

(4.76)

and

|Λ↑〉 =

∫
[dx]

4
√

6x1x2x3
|uds〉 ⊗

{
[V1 +A1]Λ(x1, x2, x3)|↓↑↑〉+ [V1 −A1]Λ(x1, x2, x3)|↑↓↑〉
−2TΛ

1 (x1, x2, x3)|↑↑↓〉
}

=

∫
[dx]

8
√

3x1x2x3
|↑↑↓〉 ⊗

{
−
√

3ΦΛ
+,3(x1, x3, x2)|MS,Λ〉

+ΠΛ
3 (x1, x3, x2)

(
2|MA,Λ〉+

√
2|A,Λ〉

)
/3

+ΦΛ
−,3(x1, x3, x2)

(
|MA,Λ〉 −

√
2|A,Λ〉

)
/3
}
,

(4.77)

where |↑↓↑〉 etc. show quark helicities and |fgh〉 stands for the flavor ordering as specified in

eq. (4.12). |MS, B〉 and |MA, B〉 are the usual mixed-symmetric and mixed-antisymmetric octet

flavor wave functions, respectively (see tables 4.5 and 4.6). |A,Λ〉 and |S, B 6= Λ〉 are totally

antisymmetric and symmetric flavor wave functions (see tables 4.4 and 4.7), which only occur in

the octet if SU(3) symmetry is broken. From this representation it becomes obvious that V B1 ,

AB1 and TB1 are convenient DAs if one sorts the quarks with respect to their flavor, while ΦB+,3,

ΦB−,3 and ΠB
3 correspond to three distinct flavor structures in a helicity-ordered wave function.

Their meaning becomes even clearer if one analyzes the flavor symmetric point, where Φ?+,3 and

Φ?−,3 isolate the mixed-symmetric and mixed-antisymmetric flavor wave functions:

|B↑〉? =

∫
[dx]

8
√

3x1x2x3
|↑↑↓〉 ⊗

{
−
√

3Φ?+,3(x1, x3, x2)|MS, B〉+ Φ?−,3(x1, x3, x2)|MA, B〉
}
.

(4.78)

4.5.2 Flavor symmetry breaking

The DAs introduced in section 4.5.1 have been chosen such that one can make full use of SU(3)

flavor symmetry. In this section we will provide a detailed description of SU(3) breaking based

on our leading one-loop BChPT analysis in section 4.4, which allows us to understand the octet

structure of the distribution amplitudes. For the time being we will keep the mean quark mass

fixed in order to isolate the SU(3) breaking effects. The nontrivial dependence on the mean

2The formulas have been worked out in collaboration with M. Gruber; cf. also ref. [75].
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Table 4.4: Totally antisymmetric (A) flavor wave functions.

B |A, B〉
Λ (|dus〉 − |uds〉+ |usd〉 − |dsu〉+ |sdu〉 − |sud〉)/

√
6

Table 4.5: Mixed-symmetric (MS) flavor wave functions.

B |MS, B〉
N (2|uud〉 − |udu〉 − |duu〉)/

√
6

Σ (2|dds〉 − |dsd〉 − |sdd〉)/
√

6

Ξ (2|ssu〉 − |sus〉 − |uss〉)/
√

6
Λ (|dsu〉 − |usd〉+ |sdu〉 − |sud〉)/2

Table 4.6: Mixed-antisymmetric (MA) flavor wave functions.

B |MA, B〉
N (|udu〉 − |duu〉)/

√
2

Σ (|dsd〉 − |sdd〉)/
√

2

Ξ (|sus〉 − |uss〉)/
√

2

Λ (2|dus〉 − 2|uds〉+ |dsu〉 − |usd〉+ |sud〉 − |sdu〉)/
√

12

Table 4.7: Totally symmetric (S) flavor wave functions.

B |S, B〉
N (|uud〉+ |udu〉+ |duu〉)/

√
3

Σ (|dds〉+ |dsd〉+ |sdd〉)/
√

3

Ξ (|ssu〉+ |sus〉+ |uss〉)/
√

3

quark mass will be presented in section 4.5.3. Based on our convenient choice of distribution

amplitudes (see eqs. (4.70) and (4.72)), the result can be presented in a very compact form:

ΦB±,i = Φ?±,i

(
1 + 1

2∆Σ′B + ∆gBΦ±

)
+ δm ∆ΦB±,i , (4.79a)

ΞB±,i = Ξ?±,i

(
1 + 1

2∆Σ′B + ∆gBΞ

)
+ δm ∆ΞB±,i , (4.79b)

ΠB
i = Φ?±B ,i

(
1 + 1

2∆Σ′B + ∆gBΠ

)
+ δm ∆ΠB

i , (4.79c)

ΥB
i = Ξ?±B ,i

(
1 + 1

2∆Σ′B + ∆gBΞ

)
+ δm ∆ΥB

i , (4.79d)

where “±B” stands for “+” if B 6= Λ and for “−” if B = Λ. The second term in the equations

above originates from quark mass insertions, while the first term (or, to be more precise, ∆Σ′B
and ∆gBDA) is generated by meson loops and contains chiral logarithms. Owing to our choice of

DAs the functions ∆gBDA, which are listed in appendix C.1 together with ∆Σ′B , do not depend

on the twist of the amplitude. Both ∆gBDA and ∆Σ′B vanish for equal quark masses (δm = 0)

such that Φ?±,i and Ξ?±,i are the amplitudes in the flavor symmetric limit. It is important
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that the nonanalytic terms do not depend on the quark momentum fractions. The remaining

quantities Φ?±,i, Ξ?±,i, ∆ΦB±,i, ∆ΞB±,i, ∆ΠB
i and ∆ΥB

i play the role of low-energy constants,

meaning that they are independent of δm.3 However, note that they still depend on x1, x2, x3

and their functional forms cannot be predicted by an effective low-energy theory. Our calculation

imposes, however, certain relations between the DAs which originate from higher order tree-level

contributions and parametrize the SU(3) breaking. It holds

∆DAΞ = −∆DAN −∆DAΣ . (4.80)

Furthermore, the amplitudes ∆ΠB
i and ∆ΥB

i can be expressed in terms of ∆ΦB±,i and ∆ΞB±,i:

∆ΠN
i = ∆ΦN+,i , ∆ΥN

i = ∆ΞN+,i , (4.81a)

∆ΠΣ
i = −1

2
∆ΦΣ

+,i −
3

2
∆ΦΛ

+,i , ∆ΥΣ
i = −1

2
∆ΞΣ

+,i −
3

2
∆ΞΛ

+,i , (4.81b)

∆ΠΛ
i = −1

2
∆ΦΛ
−,i −

3

2
∆ΦΣ
−,i , ∆ΥΛ

i = −1

2
∆ΞΛ
−,i −

3

2
∆ΞΣ
−,i , (4.81c)

which means that the ΠB
i and ΥB

i are completely fixed by the other amplitudes. The divergences

of leading one-loop order contained in ∆Σ′B and ∆gBDA can be canceled by the introduction of

counterterms

∆ΦB±,i −→
m?
b

2cBΦ±
24F 2

?

Φ?±,iL+ ∆ΦB,ren.
±,i (µ) , (4.82a)

∆ΞB±,i −→
m?
b

2cBΞ
24F 2

?

Ξ?±,iL+ ∆ΞB,ren.
±,i (µ) , (4.82b)

where L contains the divergence and the typical constants of the modified minimal subtraction

scheme (see eq. (A.28)). F? is the meson decay constant in the SU(3)f symmetric limit. The

coefficients cBDA are given by

cNΦ± = −9(D2 + 10DF − 3F 2)− 23∓ 24 , (4.83a)

cΣΦ± = 18(D2 − 3F 2) + 10± 12 , (4.83b)

cΛΦ± = −18(D2 − 3F 2)− 26± 12 , (4.83c)

cNΞ = −9(D2 + 10DF − 3F 2) + 9 , (4.83d)

cΣΞ = −cΛΞ = 18(D2 − 3F 2)− 18 . (4.83e)

Note that we give no values for cΞΦ± and cΞΞ, since the renormalization of the corresponding

amplitudes is already fixed via eq. (4.80). The renormalized amplitudes acquire a dependence

on the chiral renormalization scale µ, which exactly cancels the scale dependence of the leading

chiral logarithms:

µ
∂

∂µ
∆ΦB,ren.
±,i (µ) =

−1

(4π)2

m?
b

2cBΦ±
24F 2

?

Φ?±,i , (4.84a)

µ
∂

∂µ
∆ΞB,ren.
±,i (µ) =

−1

(4π)2

m?
b

2cBΞ
24F 2

?

Ξ?±,i . (4.84b)

3The flavor symmetric amplitudes actually still depend on the mean quark mass (cf. section 4.5.3) and can
therefore only be called constant as long as the mean quark mass is kept fixed.
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The replacements given in eq. (4.82) also have to cancel the divergences in the distribution

amplitudes for the Ξ baryon and the ΠB
i and ΥB

i distribution amplitudes, which is the case and

can be seen as a nontrivial check of our calculation. The higher order divergences, which are

contained in our result as a consequence of using IR regularization [86], have to be set to zero by

hand. This introduces an unphysical scale dependence in higher order terms, which is usually

solved by fixing the scale at a typical hadronic value like 1 GeV. A variation of this scale within

reasonable bounds, say between 0.8 GeV and 1.2 GeV, can be used to estimate higher order

effects.

If we neglect higher order contributions, we can rewrite eqs. (4.79) in such a way that the

complete nonanalytic behavior is encoded in an overall prefactor:

ΦB±,i =̇

√
ZB
Z?

(
1 + ∆gBΦ±

)(
Φ?±,i + δm ∆ΦB±,i

)
, (4.85a)

ΞB±,i =̇

√
ZB
Z?

(
1 + ∆gBΞ

)(
Ξ?±,i + δm ∆ΞB±,i

)
, (4.85b)

ΠB
i =̇

√
ZB
Z?

(
1 + ∆gBΠ

)(
Φ?±B ,i + δm ∆ΠB

i

)
, (4.85c)

ΥB
i =̇

√
ZB
Z?

(
1 + ∆gBΞ

)(
Ξ?±B ,i + δm ∆ΥB

i

)
, (4.85d)

where
√
ZB
Z?

=̇ 1 +
1

2
∆Σ′B . (4.86)

From eq. (4.85) it follows directly that at leading one-loop order the complete nonanalytic struc-

ture is contained in the normalization of the distribution amplitudes, while their shape only

exhibits the simple dependence on δm shown in eq. (4.92). Therefore leading finite volume ef-

fects do only affect the normalization. We want to emphasize that this is only true by virtue of

our specific choice of DAs. A similar behavior was found for the meson sector (see refs. [162, 163]).

The zeroth moments of the given DAs are not independent, due to eq. (4.40). In particular

all DAs which correspond to operators of certain symmetry classes are normalized by the same

wave function normalization constants independent of the twist of the corresponding amplitude.

The zeroth moments of the distribution amplitudes define the following normalization constants:

fB =

∫
[dx]ΦB+,i(x1, x2, x3) =

√
ZB
Z?

(
1 + ∆gBΦ+

)(
f? + δm ∆fB

)
, (4.87a)

λB1 =

∫
[dx]ΦB−,4/5(x1, x2, x3) =

√
ZB
Z?

(
1 + ∆gBΦ−

)(
λ?1 + δm ∆λB1

)
, (4.87b)

λB2 =

∫
[dx]ΞB+,4/5(x1, x2, x3) =

√
ZB
Z?

(
1 + ∆gBΞ

)(
λ?2 + δm ∆λB2

)
, (4.87c)

and

fB 6=Λ
T =

∫
[dx]ΠB

i (x1, x2, x3) =

√
ZB
Z?

(
1 + ∆gBΠ

)(
f? + δm ∆fBT

)
, (4.87d)

λΛ
T =

∫
[dx]ΠΛ

4/5(x1, x2, x3) =

√
ZΛ

Z?

(
1 + ∆gΛ

Π

)(
λ?1 + δm ∆λΛ

T

)
, (4.87e)
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where fNT = fN due to isospin symmetry. For N , Σ and Ξ the chiral-even higher twist normal-

ization constant λ2 also normalizes ΥB
i :

λB 6=Λ
2 =

∫
[dx]ΥB

4/5(x1, x2, x3) . (4.87f)

The remaining zeroth moments vanish by construction

0 =

∫
[dx]ΦB−,3/6(x1, x2, x3) =

∫
[dx]ΞB−,4/5(x1, x2, x3)

=

∫
[dx]ΠΛ

3/6(x1, x2, x3) =

∫
[dx]ΥΛ

4/5(x1, x2, x3) .

(4.87g)

In the equations above we have introduced convenient new definitions of fΛ, λΛ
1 , λΛ

2 , fΣ
T , fΞ

T and

λΛ
T such that, in the limit of exact SU(3) flavor symmetry,

f? = fN? = fΣ? = fΞ? = fΛ? = fΣ?
T = fΞ?

T , (4.88a)

λ?1 = λN?1 = λΣ?
1 = λΞ?

1 = λΛ?
1 = λΛ?

T , (4.88b)

λ?2 = λN?2 = λΣ?
2 = λΞ?

2 = λΛ?
2 . (4.88c)

If the reader favors a different definition he or she can easily read off the conversion factor from

eq. (4.70), noting that additional signs can arise from eq. (4.73) if one uses different baryons for

the definition of the distribution amplitudes, and that one has to take into account additional

factors originating from differing definitions of Si, Pi, Vi, Ai and Ti (we use the definitions given

in section 4.2, which is equivalent to the definitions of ref. [76]). We have performed this matching

procedure for the constants defined in refs. [76, 150] (see appendix C.3). In principle fΣ
T , fΞ

T and

λΛ
T given above are additional independent normalization constants. However, knowing about

the structure of SU(3) breaking it is clear that they are (at leading one-loop accuracy) completely

fixed by fB and λB1 , since

∆fΣ
T = −3

2
∆fΛ − 1

2
∆fΣ , ∆fΞ

T =
3

2
∆fΛ +

1

2
∆fΣ −∆fN ,

∆λΛ
T = −1

2
∆λΛ

1 −
3

2
∆λΣ

1 , (4.89)

due to eq. (4.81). f?, ∆fB , λ?i and ∆λBi are given by

f? =

∫
[dx]Φ?+,i(x1, x2, x3) , ∆fB =

∫
[dx]∆ΦB+,i(x1, x2, x3) , (4.90a)

λ?1 =

∫
[dx]Φ?−,4/5(x1, x2, x3) , ∆λB1 =

∫
[dx]∆ΦB−,4/5(x1, x2, x3) , (4.90b)

λ?2 =

∫
[dx]Ξ?+,4/5(x1, x2, x3) , ∆λB2 =

∫
[dx]∆ΞB+,4/5(x1, x2, x3) , (4.90c)

where, as a consequence of eq. (4.80) (first line) and eq. (4.40) (second line) one has

∆fΞ = −∆fΣ −∆fN , ∆λΞ
1 = −∆λΣ

1 −∆λN1 , ∆λΞ
2 = −∆λΣ

2 −∆λN2 ,

∆λΛ
2 = −∆λΣ

2 . (4.91)
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As mentioned above, the zeroth moments of ΦB−,3/6 and ΠΛ
3/6 (ΞB−,4/5 and ΥΛ

4/5) vanish by

construction, since they are antisymmetric under exchange of x1 and x3 (x2 and x3). One

possible approach would be to normalize these amplitudes by their first moments. However, our

main goal is to divide the DAs by normalization constants in such a way that the nonanalytic

prefactor is canceled. This can be achieved without the definition of additional constants, since

all prefactors present in eqs. (4.85) also occur in eqs. (4.87). Explicitly, one can consider the

ratios

ΦB+,i
fB

=
Φ?+,i + δm ∆ΦB+,i
f? + δm ∆fB

,
ΦB−,i
λB1

=
Φ?−,i + δm ∆ΦB−,i
λ?1 + δm ∆λB1

, (4.92a)

ΠB 6=Λ
i

fB 6=Λ
T

=
Φ?+,i + δm ∆ΠB

i

f? + δm ∆fBT
,

ΠΛ
i

λΛ
T

=
Φ?−,i + δm ∆ΠΛ

i

λ?1 + δm ∆λΛ
T

, (4.92b)

ΞB±,i
λB2

=
Ξ?±,i + δm ∆ΞB±,i
λ?2 + δm ∆λB2

,
ΥB
i

λB2
=

Ξ?±B ,i + δm ∆ΥB
i

λ?2 + δm ∆λB2
. (4.92c)

The idea behind the latter choice is to normalize all DAs with similar behavior under chiral

extrapolation (including the ones with vanishing zeroth moment) with the same normalization

constant containing the complete nonanalytic behavior. In this way one obtains a one-to-one

correspondence between a normalization constant and a certain chiral behavior. Note that,

following this argument, some of the moments of the leading twist DA ΦB3 should be normalized

with λB1 instead of fB . Otherwise the chiral logarithms do not cancel.

Combining eqs. (4.80) and (4.81) with the explicit functional form of the nonanalytic prefactor

in eq. (4.85) one can find specific linear combinations of DAs for which all terms linear in δm

cancel so that the SU(3) breaking is minimized (cf. also our work [75]). Similar combinations

exist for the baryon masses:

0 +O(δm2) = 2mN −mΣ + 2mΞ − 3mΛ , (4.93a)

8m?
b +O(δm2) = 2mN + 3mΣ + 2mΞ +mΛ . (4.93b)

The first relation is the famous Gell-Mann–Okubo (GMO) sum rule for baryon masses [164],

whose almost exact realization in nature is widely known. The second one cannot be checked

for the physical masses since it depends on m?
b , the baryon mass at the flavor symmetric point,

which is inherently inaccessible in experiment. The analogous expressions for the distribution

amplitudes in the chiral-odd sector read:

0 +O(δm2) = ΦΣ
+,i −ΠΣ

i + ΦΞ
+,i −ΠΞ

i , (4.94a)

8 · 3Φ?+,i +O(δm2) = 2 · 3ΦN+,i + 3 · (ΦΣ
+,i + 2ΠΣ

i ) + 2 · (ΦΞ
+,i + 2ΠΞ

i ) + 1 · 3ΦΛ
+,i , (4.94b)

8 · 3Φ?−,i +O(δm2) = 2 · 3ΦN−,i + 3 · 3ΦΣ
−,i + 2 · 3ΦΞ

−,i + 1 · (ΦΛ
−,i + 2ΠΛ

i ) . (4.94c)

For the chiral-even distribution amplitudes the relations have the same form:

0 +O(δm2) = ΞΣ
+,i −ΥΣ

i + ΞΞ
+,i −ΥΞ

i , (4.95a)

8 · 3Ξ?+,i +O(δm2) = 2 · 3ΞN+,i + 3 · (ΞΣ
+,i + 2ΥΣ

i ) + 2 · (ΞΞ
+,i + 2ΥΞ

i ) + 1 · 3ΞΛ
+,i , (4.95b)

8 · 3Ξ?−,i +O(δm2) = 2 · 3ΞN−,i + 3 · 3ΞΣ
−,i + 2 · 3ΞΞ

−,i + 1 · (ΞΛ
−,i + 2ΥΛ

i ) . (4.95c)
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Eqs. (4.94a) and (4.95a) are similar to the GMO sum rule with respect to the property that they

do not depend explicitly on the value in the flavor symmetric limit. This might explain why they

are fulfilled to high accuracy by the lattice data, see section 4.6.

4.5.3 Dependence on the mean quark mass

The distribution amplitudes Φ?±,i and Ξ?±,i have a nontrivial dependence on the mean quark mass

m̄q. This is not really interesting from a phenomenological point of view, since the number of

independent distribution amplitudes cannot be further reduced compared to eq. (4.85), even if

one expands everything around the chiral limit. However, the dependence is of importance for

the analysis of lattice data if one wants to include data points from simulations with unphysical

mean quark mass. The mass dependence reads

Φ?±,i = Φ◦±,i

(
1 + 1

2Σ′? + g?Φ±

)
+ m̄∆Φ?±,i , (4.96a)

Ξ?±,i = Ξ◦±,i

(
1 + 1

2Σ′? + g?Ξ

)
+ m̄∆Ξ?±,i , (4.96b)

where

m̄ =
12B0m̄q

m?
b

2 . (4.97)

g?Φ±, g?Ξ and Σ′? are functions of the mean quark mass that can be taken from appendix C.1. The

divergences occurring at linear order in the mean quark mass can be canceled via the following

introduction of counterterms

∆Φ?±,i −→
m?
b

2c?Φ±
24F 2

?

Φ◦±,iL+ ∆Φ?,ren.
±,i (µ) , (4.98a)

∆Ξ?±,i −→
m?
b

2c?Ξ
24F 2

?

Ξ◦±,iL+ ∆Ξ?,ren.
±,i (µ) , (4.98b)

where L contains the divergence (see appendix C.1) and the coefficients are

c?Φ± =
4

3

(
6(5D2 + 9F 2) + 13± 6

)
, (4.99a)

c?Ξ =
4

3

(
6(5D2 + 9F 2) + 9

)
. (4.99b)

This leads to the following scale dependence in the renormalized amplitudes:

µ
∂

∂µ
∆Φ?,ren.
±,i (µ) =

−1

(4π)2

m?
b

2c?Φ±
24F 2

?

Φ◦±,i , (4.100a)

µ
∂

∂µ
∆Ξ?,ren.
±,i (µ) =

−1

(4π)2

m?
b

2c?Ξ
24F 2

?

Ξ◦±,i . (4.100b)

The divergences occurring together with higher orders of the quark masses have to be canceled

by hand as discussed in section 4.5.2.

If one wants to take into account the mean quark mass dependence one needs the complete

leading one-loop BChPT result, that describes all possible values of light and strange quark
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masses, instead of the simplified extrapolation formulas given in section 4.5.2, which describe

only the SU(3) symmetry breaking. The full result reads

ΦB±,i = Φ◦±,i

(
1 + 1

2Σ′? + 1
2∆Σ′B + g?Φ± + ∆gBΦ±

)
+ m̄ ∆Φ?±,i + δm ∆ΦB±,i , (4.101a)

ΞB±,i = Ξ◦±,i

(
1 + 1

2Σ′? + 1
2∆Σ′B + g?Ξ + ∆gBΞ

)
+ m̄ ∆Ξ?±,i + δm ∆ΞB±,i , (4.101b)

ΠB
i = Φ◦±B ,i

(
1 + 1

2Σ′? + 1
2∆Σ′B + g?Φ±B + ∆gBΠ

)
+ m̄ ∆Φ?±B ,i + δm ∆ΠB

i , (4.101c)

ΥB
i = Ξ◦±B ,i

(
1 + 1

2Σ′? + 1
2∆Σ′B + g?Ξ + ∆gBΞ

)
+ m̄ ∆Ξ?±B ,i + δm ∆ΥB

i , (4.101d)

where, as defined above, “±B” stands for “+” if B 6= Λ and for “−” if B = Λ. The Z-factor

contributions Σ′? and ∆Σ′B , as well as the other loop contributions g?DA and ∆gBDA can be found

in appendix C.1. Note that all loop contributions are zero for vanishing quark masses, such

that the chiral limit value of the chiral-odd and chiral-even DAs is given by Φ◦±,i and Ξ◦±,i.

The DAs originating from the next-to-leading tree-level contributions in the BChPT calcula-

tion parametrize the dependence on the mean quark mass (∆Φ?±B ,i and ∆Ξ?±B ,i) and the SU(3)

symmetry breaking (∆ΦB±,i, ∆ΠB
i , ∆ΞB±,i and ∆ΥB

i ). The latter obey the constraints given in

eqs. (4.80) and (4.81). The distribution amplitudes in the chiral limit and the ones describing

the quark mass dependence are low-energy constants, i.e., they do not depend on quark masses.

However, they are functions of the momentum fractions x1, x2 and x3. The parametrization of

their functional form is (aside from the constraints in the flavor symmetric limit and the con-

straints on the symmetry breaking) orthogonal to the BChPT calculation and will be discussed

in section 4.5.4.

Similar to the fixed mean quark mass case one can rewrite the result in a factorized form,

if one ignores terms that lie beyond leading one-loop accuracy. The resulting extrapolation

formulas, which are analogous to eq. (4.85), read

ΦB±,i =̇
√
ZB

(
1 + g?Φ± + ∆gBΦ±

)(
Φ◦±,i + m̄ ∆Φ?±,i + δm ∆ΦB±,i

)
, (4.102a)

ΞB±,i =̇
√
ZB

(
1 + g?Ξ + ∆gBΞ

)(
Ξ◦±,i + m̄ ∆Ξ?±,i + δm ∆ΞB±,i

)
, (4.102b)

ΠB
i =̇

√
ZB

(
1 + g?Φ±B + ∆gBΠ

)(
Φ◦±B ,i + m̄ ∆Φ?±B ,i + δm ∆ΠB

i

)
, (4.102c)

ΥB
i =̇

√
ZB

(
1 + g?Ξ + ∆gBΞ

)(
Ξ◦±B ,i + m̄ ∆Ξ?±B ,i + δm ∆ΥB

i

)
, (4.102d)

where

√
ZB =̇ 1 +

1

2
Σ′? +

1

2
∆Σ′B . (4.103)

Starting from this point everything can be worked out analogously to the case of fixed mean

quark mass.

4.5.4 Parametrization of baryon octet distribution amplitudes

In this section we will work out explicit expressions for the distribution amplitudes defined in

eqs. (4.70) and (4.72) in terms of the shape parameters given in refs. [153–155], where contri-

butions of Wandzura–Wilczek type [156] are taken into account explicitly. This corresponds to
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the so-called conformal partial wave expansion, where the DAs are expanded in a set of orthog-

onal polynomials such that the coefficients (i.e., the shape parameters) have autonomous scale

dependence at one-loop accuracy in QCD. For brevity we apply the approximation advocated

in ref. [153], where contributions that can mix with four-particle operators are systematically

neglected. Let us note in passing that our general result does not rely on the separation of

Wandzura–Wilczek and genuine higher twist terms at all, since the calculation within chiral

perturbation theory does not distinguish between these contributions. This allows us to gen-

eralize the results for the nucleon given in refs. [153–155] to the full baryon octet.4 For the

parametrization we use the definitions of said references and we define additionally

Pnk(x1, x2, x3) = pnkPnk(x3, x2, x1) , (4.104)

where pnk = ±1, depending on n and k. This definition is possible since the polynomials Pnk have

definite parity under exchange of x1 and x3 [153]. We will call the polynomials with pnk = +1

(pnk = −1) even (odd). The polynomials up to n = 2 are given by

P00 = 1 , P20 =
63

10
[3(x1 − x3)2 − 3x2(x1 + x3) + 2x2

2] ,

P10 = 21(x1 − x3) , P21 =
63

2
(x1 − 3x2 + x3)(x1 − x3) ,

P11 = 7(x1 − 2x2 + x3) , P22 =
9

5
[x2

1 + 9x2(x1 + x3)− 12x1x3 − 6x2
2 + x2

3] , (4.105)

where we can read off p00 = p11 = p20 = p22 = +1 and p10 = p21 = −1. Distribution amplitudes

of fixed collinear twist can be split into a part with similar geometric twist, called genuine

(higher twist) contributions, and parts of lower geometric twist, which we have already refered

to as Wandzura–Wilczek contributions above. The decomposition reads5

ΦB±,3 = ΦB,t=3
±,3 ,

ΦB±,4 = ΦB,WW3

±,4 + ΦB,t=4
±,4 , ΞB±,4 = ΞB,t=4

±,4 ,

ΦB±,5 = ΦB,WW3

±,5 + ΦB,WW4

±,5 + ΦB,t=5
±,5 , ΞB±,5 = ΞB,WW4

±,5 + ΞB,t=5
±,5 . (4.106)

Analogous expressions for the Π and Υ DAs will be given below in eq. (4.111). Genuine twist-five

contributions (ΦB,t=5
±,5 , ΞB,t=5

±,5 ) will be neglected in the following, since we apply the approxima-

tion of ref. [153] as mentioned above. Also twist-six DAs are neglected; one could in principle

take into account Wandzura–Wilczek contributions to the twist-six DAs, but the correspond-

4A similar parametrization has been worked out recently in ref. [165], adopting our phase conventions, but
choosing different basic DAs.

5Note that, in contrast to our work [139], we do not normalize the Wandzura–Wilczek and the genuine higher
twist contributions with the corresponding normalization constants.
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ing expressions are not known yet. The genuine twist-three and twist-four contributions are

parametrized as (cf. refs. [153–155])

ΦB,t=3
±,3 = 120x1x2x3

∑

n,k≤n
pnk=±1

ϕBnkPnk(x1, x2, x3) , (4.107a)

ΦB,t=4
+,4 = 24x1x2

(10

3
(2x1 − x2 − 2x3)η̃B11 + . . .

)
, (4.107b)

ΦB,t=4
−,4 = 24x1x2

(
ηB00 + 2(2− 5x2)ηB10 + . . .

)
, (4.107c)

ΞB,t=4
+,4 = 24x2x3

(
ξB00 −

9

4
(1− 5x1)ξB10 + . . .

)
, (4.107d)

ΞB,t=4
−,4 = 24x2x3

(
−45

4
(x2 − x3)ξB10 + . . .

)
, (4.107e)

where the summation over n starts from 0 and, generally, goes to infinity, but is truncated

at n = 2 in the approximation of ref. [153]. The zeroth moments of the DAs are equivalent

to the normalization constants ϕB00 = fB , ηB00 = λB1 and ξB00 = λB2 . The Wandzura–Wilczek

contributions (see refs. [153–155]) are fixed by the same parameters as the corresponding genuine

twist contribution; e.g., ΦB,WW3

+,4 and ΦB,WW3

+,5 are described by the same set of parameters as

ΦB,t=3
+,3 . The explicit functional form reads

ΦB,WW3

±,4 = −
∑

n,k≤n
pnk=±1

240ϕBnk
(n+ 2)(n+ 3)

(
n+ 2− ∂

∂x3

)
x1x2x3Pnk(x1, x2, x3) , (4.108a)

ΦB,WW3

±,5 =
∑

n,k≤n
pnk=±1

240ϕBnk
(n+ 2)(n+ 3)

[(
n+ 2− ∂

∂x1

)(
n+ 1− ∂

∂x2

)
− (n+ 2)2

]

× x1x2x3Pnk(x1, x2, x3) ,

(4.108b)

ΦB,WW4

+,5 = 4x3

(
5(x2

1 + 2x2x3 − x2
3)ηB11 + . . .

)
, (4.108c)

ΦB,WW4

−,5 = 4x3(1− x2)
(
2ηB00 + 3(1− 5x2)ηB10 + . . .

)
, (4.108d)

ΞB,WW4

+,5 = 4x1(1 + x1)ξB00 −
27

2
(4− 4x1 + x2

1 − 5x3
1)ξB10 + . . . , (4.108e)

ΞB,WW4

−,5 = −12x1(x2 − x3)ξB00 +
27

2
(5− x1 + 5x2

1)(x2 − x3)ξB10 + . . . . (4.108f)

Note that one should not take into account explicit quark mass corrections to eq. (4.108) and

eq. (4.116) below (compare, e.g., refs. [166, 167] where such computations have been performed

for vector meson and pseudoscalar meson DAs), since they are (by definition) already included

in the genuine higher twist terms in eqs. (4.106) and (4.111). For leading geometric twist our

separation into “+” and “−” amplitudes corresponds to a separation of even (pnk = +1) and odd

(pnk = −1) polynomials. We cannot make such a general statement for the higher twist DAs,

since we have worked out only their explicit parametrization up to the first moments. However,

one could guess from our result that the separation into “+” and “−” amplitudes corresponds

to a separation of contributions with different symmetry properties also in the higher twist

contributions.

The dependence of the shape parameters on the quark mass splitting can be determined from

eq. (4.85). For the (trivial) extension to variable mean quark mass one would use eq. (4.102)
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instead. In analogy to eq. (4.92) the nonanalytic prefactor drops out if one divides the moments

by an appropriate normalization constant:

ϕBnk
fB

=
ϕ?nk + δm ∆ϕBnk
f? + δm ∆fB

, pnk = +1 ,
ϕBnk
λB1

=
ϕ?nk + δm ∆ϕBnk
λ?1 + δm ∆λB1

, pnk = −1 , (4.109a)

ηB11

fB
=
η?11 + δm ∆ηB11

f? + δm ∆fB
,

ηB10

λB1
=
η?10 + δm ∆ηB10

λ?1 + δm ∆λB1
, (4.109b)

ξB10

λB2
=
ξ?10 + δm ∆ξB10

λ?2 + δm ∆λB2
. (4.109c)

In particular for the parameters describing the genuine higher twist contributions the simplicity of

the result is a consequence of the twist independence of the chiral extrapolation formulas (4.85).

The parameters describing SU(3)f symmetry breaking are restricted by eq. (4.80) such that

∆xΞ
nk = −∆xNnk −∆xΣ

nk , for x ∈ {ϕ, ϕ̃, η, η̃, ξ} . (4.110)

For a description of the complete baryon octet one also needs the Π and Υ DAs defined

in eq. (4.72), which are relevant for the hyperons. These are (at leading one-loop accuracy in

BChPT) completely fixed by the Φ± and Ξ DAs. Consequently, the following equations do not

contain any additional parameters:

ΠB
3 = ΠB,t=3

3 , (4.111a)

ΠB
4 = ΠB,WW3

4 + ΠB,t=4
4 , ΥB

4 = ΥB,t=4
4 , (4.111b)

ΠB
5 = ΠB,WW3

5 + ΠB,WW4

5 + ΠB,t=5
5 , ΥB

5 = ΥB,WW4

5 + ΥB,t=5
5 , (4.111c)

where

ΠN
i = ΦN+,i , ΥN

i = ΞN+,i , (4.112)

due to isospin symmetry. As above, the genuine twist-five contributions ΠB,t=5
5 and ΥB,t=5

5 will

be neglected in the following. The genuine twist-three and twist-four contributions are

ΠB,t=3
3 = 120x1x2x3

∑

n,k≤n
pnk=(−1)B

πBnkPnk(x1, x2, x3) , (4.113a)

ΠB 6=Λ,t=4
4 = 24x1x2

(10

3
(2x1 − x2 − 2x3)ζB11 + . . .

)
, (4.113b)

ΠΛ,t=4
4 = 24x1x2

(
ζΛ
00 + 2(2− 5x2)ζΛ

10 + . . .
)
, (4.113c)

ΥB 6=Λ,t=4
4 = 24x2x3

(
υB00 −

9

4
(1− 5x1)υB10 + . . .

)
, (4.113d)

ΥΛ,t=4
4 = 24x2x3

(
−45

4
(x2 − x3)υΛ

10 + . . .
)
, (4.113e)
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where, as defined above, (−1)B 6=Λ = +1 and (−1)Λ = −1. The dependence of the shape

parameters on the quark mass splitting reads

πB 6=Λ
nk

fB 6=Λ
T

=
ϕ?nk + δm ∆πBnk
f? + δm ∆fBT

,
πΛ
nk

λΛ
T

=
ϕ?nk + δm ∆πΛ

nk

λ?1 + δm ∆λΛ
T

, (4.114a)

ζB 6=Λ
11

fB 6=Λ
T

=
η?11 + δm ∆ζB11

f? + δm ∆fBT
,

ζΛ
10

λΛ
T

=
η?10 + δm ∆ζΛ

10

λ?1 + δm ∆λΛ
T

, (4.114b)

υB10

λB2
=
ξ?10 + δm ∆υB10

λ?2 + δm ∆λB2
, (4.114c)

where ∆fB 6=Λ
T and ∆λΛ

T are defined in eq. (4.89). The parameters describing SU(3)f symmetry

breaking can be determined by eqs. (4.80) and (4.81):

∆πNnk = ∆ϕNnk , ∆πΣ
nk = −1

2
∆ϕΣ

nk −
3

2
∆ϕΛ

nk , (4.115a)

∆πΞ
nk =

3

2
∆ϕΛ

nk +
1

2
∆ϕΣ

nk −∆ϕNnk , ∆πΛ
nk = −1

2
∆ϕΛ

nk −
3

2
∆ϕΣ

nk , (4.115b)

∆ζN11 = ∆ηN11 , ∆ζΣ
11 = −1

2
∆ηΣ

11 −
3

2
∆ηΛ

11 , (4.115c)

∆ζΞ
11 =

3

2
∆ηΛ

11 +
1

2
∆ηΣ

11 −∆ηN11 , ∆ζΛ
10 = −1

2
∆ηΛ

10 −
3

2
∆ηΣ

10 , (4.115d)

∆υN10 = ∆ξN10 , ∆υΣ
10 = −1

2
∆ξΣ

10 −
3

2
∆ξΛ

10 , (4.115e)

∆υΞ
10 =

3

2
∆ξΛ

10 +
1

2
∆ξΣ

10 −∆ξN10 , ∆υΛ
10 = −1

2
∆ξΛ

10 −
3

2
∆ξΣ

10 . (4.115f)

The Wandzura–Wilczek contributions take the form

ΠB,WW3

4 = −
∑

n,k≤n
pnk=(−1)B

240πBnk
(n+ 2)(n+ 3)

(
n+ 2− ∂

∂x3

)
x1x2x3Pnk(x1, x2, x3) , (4.116a)

ΠB,WW3

5 =
∑

n,k≤n
pnk=(−1)B

240πBnk
(n+ 2)(n+ 3)

[(
n+ 2− ∂

∂x1

)(
n+ 1− ∂

∂x2

)
− (n+ 2)2

]

× x1x2x3Pnk(x1, x2, x3) ,

(4.116b)

ΠB 6=Λ,WW4

5 = 4x3

(
5(x2

1 + 2x2x3 − x2
3)ζB11 + . . .

)
, (4.116c)

ΠΛ,WW4

5 = 4x3(1− x2)
(

2ζΛ
00 + 3(1− 5x2)ζΛ

10 + . . .
)
, (4.116d)

ΥB 6=Λ,WW4

5 = 4x1(1 + x1)υB00 −
27

2
(4− 4x1 + x2

1 − 5x3
1)υB10 + . . . , (4.116e)

ΥΛ,WW4

5 = −12x1(x2 − x3)υΛ
00 +

27

2
(5− x1 + 5x2

1)(x2 − x3)υΛ
10 + . . . . (4.116f)

Let us conclude this section with a short summary. First of all, we found that the behavior

under chiral extrapolation of a certain moment correlates to its parity in the sense of eq. (4.104).

Therefore it is advantageous to normalize the odd moments of the leading twist DA with λB1 in-

stead of fB . Quantitatively more important, however, is the significant reduction of parameters:

we find that (within the approximation used above) we only need 43 parameters to describe the

complete set of baryon octet three-quark DAs (including their dependence on the quark mass

95



BARYON DISTRIBUTION AMPLITUDES

splitting). In contrast, an ad hoc linear extrapolation without the knowledge of SU(3)f sym-

metry breaking would require 72 parameters for the given setup, since one cannot make use of

eqs. (4.89), (4.91), (4.110) and (4.115). In the latter case we have assumed that the constraints at

the flavor symmetric point are taken into account. Otherwise, the number of parameters would

be even larger.

4.6 Analysis of lattice QCD data

In this section we analyze lattice QCD data for the normalization constants and first moments

of the leading twist distribution amplitudes, corresponding to the small transverse distance limit

of the associated S-wave light-cone wave functions (compare eqs. (4.76) and (4.77)). The (higher

twist) coupling constants, which normalize the P -wave contribution, are evaluated as well. The

calculation is done using Nf = 2 + 1 flavors of dynamical (clover) fermions, which are an ideal

setup to study SU(3) flavor symmetry violation effects. The results presented here have been

published in our work [75]. It is the first ab initio calculation of distribution amplitudes for the

full baryon octet using lattice QCD. The main analysis of the lattice data has been performed

in collaboration with M. Gruber and F. Hutzler.

4.6.1 Correlation functions

On the lattice the direct calculation of operators with quarks at lightlike separations is impossible,

since one is bound to use a Euclidean spacetime6 in order to have a real action exponent that

allows to calculate the path integral via importance sampling. Instead, one calculates moments

of DAs, e.g.,

V Bi,lmn =

∫
[dx] xl1x

m
2 x

n
3V

B
i (x1, x2, x3) , (4.117)

which are linked to the matrix elements of local operators. These can be extracted from two-

point correlation functions between a smeared baryon interpolator NB and the local current one

is interested in at the sink:

〈0|Oτ (t)p N̄B
τ ′ (0,0)|0〉 = a3

∑

x

eipx〈0|Oτ (t,x) N̄B
τ ′ (0,0)|0〉 , (4.118)

where a is the lattice spacing. The Fourier transform fixes the momentum to p. As source

currents we use

NN =
(
uTCγ5d

)
u , (4.119a)

NΣ =
(
dTCγ5s

)
d , (4.119b)

NΞ =
(
sTCγ5u

)
s , (4.119c)

NΛ = 1√
6

(
2
(
uTCγ5d

)
s+

(
uTCγ5s

)
d+

(
sTCγ5d

)
u
)
, (4.119d)

6Within section 4.6 all equations refer to Euclidean spacetime; we use the gamma matrix convention of [118].
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where color antisymmetrization is tacitly assumed. Since we work with degenerate light quark

masses we can make use of exact isospin symmetry and only calculate the result for the rep-

resentatives N ≡ p, Σ ≡ Σ−, Ξ ≡ Ξ0 and Λ. The results for the remaining members of the

multiplet are redundant owing to eq. (4.73). From the general decomposition (4.2) one obtains

that the baryon-to-vacuum matrix element of the source currents is proportional to the baryon

spinor times a combination of normalization constants. However, for the smeared currents the

coupling is a priori unknown, which means that we have to model it by the introduction of a

coupling constant
√
ZB(p):

〈0|NB
τ (0,0)|B(p, s)〉 =

√
ZB(p)uBτ (p, s) . (4.120)

This factor depends on various parameters, like the smearing (method and number of steps), the

type of baryon and the momentum. Using a symmetric smearing we assume that the smearing

factor does not depend on the spin. The (unphysical) phase of
√
ZB(p) is trivially fixed to

1 by our conventional choice that the leading twist coupling of the nucleon fN should be real

and positive. The coupling to the smeared interpolators can be obtained from the correlation

function of two smeared currents:

(γ+)τ ′τ 〈0|NB
τ (t)p N̄B

τ ′ (0,0)|0〉 ≈
∑

s

ZB(p)

2E(p)
e−E(p)t (1 + γ0)τ ′τ

2
uBτ (p, s)ūBτ ′(p, s)

=
ZB(p)

4E(p)
e−E(p)t tr

{
(1+ γ0)(/p+mB)

}
= ZB(p)

E(p) +mB

E(p)
e−E(p)t ,

(4.121)

where we have neglected exponentially suppressed states of higher energy in the first step. γ± =

(1±γ0)/2 eliminates the leading negative/positive parity contribution to the correlation function.

At nonzero momentum one has to modify the projection operator in order to achieve a complete

annihilation of the leading positive/negative parity contribution (see refs. [37, 168]). However,

being interested in the positive parity states the parity projection is not a really crucial point

for us, since eventual negative parity contaminations are anyway exponentially suppressed in the

correlation function due to their higher mass. For the calculation of the normalization constants

we define five different local operators

SBτ = (qaCqb)(γ5q
c)τ , PBτ = (qaCγ5q

b)qcτ , (4.122a)

VBρ,τ = (qaCγρq
b)(γ5q

c)τ , ABρ,τ = (qaCγργ5q
b)qcτ , (4.122b)

T Bρσ,τ = (qaCiσρσq
b)(γ5q

c)τ , (4.122c)

where the flavors a, b, c on the r.h.s. are chosen as described below eq. (4.10) at the end of

section 4.2 and color antisymmetrization is tacitly assumed. For notational purposes we also

define

T Bρ,τ =
(
γσT Bρσ

)
τ
, (4.123)

and

VBτ =
(
γρVBρ

)
τ
, ABτ =

(
γρABρ

)
τ
, T Bτ =

(
γρT Bρ

)
τ

=
(
−iσρσT Bρσ

)
τ
. (4.124)
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The interpolators −VBτ and T Bτ are known as Ioffe and Dosch currents. For the calculation of

the leading twist normalization constants fB and fBT one has to use specific combinations of

VBρ,τ , ABρ,τ and T Bρ,τ to implement the twist projection. Additionally, these combinations have to

be chosen in such a way that they transform under irreducible representations of the spinorial

hypercubic group H(4) to avoid operator mixing under renormalization in the RI′/SMOM scheme,

see refs. [169–171]. The latter is a regularization independent renormalization scheme using a

symmetric (nonexceptional) momentum configuration. We call these specific combinations A,B

and C and they are defined for O ∈
{
V, A, T

}
as

OBA = −γ1OB1 + γ2OB2 , (4.125a)

OBB = −γ3OB3 + γ4OB4 , (4.125b)

OBC = −γ1OB1 − γ2OB2 + γ3OB4 + γ4OB4 . (4.125c)

OBA will not be used since one finds that it only contributes to correlation functions at nonzero

momentum and is thus by far not measurable as accurately as OBB and OBC . For the correlation

functions at zero momentum one finds

(γ+)τ ′τ 〈0|VBB/C,τ (t)0 N̄B
τ ′ (0,0)|0〉 ≈

√
ZB(0)2mB e

−mBt ×




fB , B 6= Λ ,

0 , B = Λ ,
(4.126a)

(γ+)τ ′τ 〈0|ABB/C,τ (t)0 N̄B
τ ′ (0,0)|0〉 ≈

√
ZB(0)2mB e

−mBt ×





0 , B 6= Λ ,√
3
2f

Λ , B = Λ ,
(4.126b)

(γ+)τ ′τ 〈0|T BB/C,τ (t)0 N̄B
τ ′ (0,0)|0〉 ≈

√
ZB(0)2mB e

−mBt ×




−2fBT , B 6= Λ ,

0 , B = Λ ,
(4.126c)

where fNT = fN due to isospin symmetry. We have used that the normalization constants are

related to the zeroth moments via

fB 6=Λ ≡ ϕB00 = V B1,000 , fΛ ≡ ϕΛ
00 = −

√
2
3A

Λ
1,000 , fB 6=Λ

T ≡ πB00 = TB1,000 , (4.127)

and that the remaining zeroth moments of the leading twist DAs V B1 , AB1 and TB1 vanish ac-

cording to eq. (4.10):

V Λ
1,000 = AB 6=Λ

1,000 = TΛ
1,000 = 0 . (4.128)

For the calculation of higher moments of the leading twist distribution amplitudes one has

to analyze matrix elements of (specific combinations of) the operators VBρ,τ , ABρ,τ and T Bρ,τ with

additional derivatives acting on the quark fields. This introduces some complications: one has to

make sure that the operators are chosen from multiplets that do not mix with lower-dimensional

operators (see refs. [169–171]). Additionally all correlation functions involving these specific

operators vanish at zero momentum, such that one has to use a nontrivial momentum config-

uration. As discussed above, this complicates parity projection (see [37]) and, generally, leads

to less precise results. A detailed discussion of all peculiarities lies beyond the scope of this
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work and can be found in our article [75]. The shape parameters defined in section 4.5.4 can

be expressed as linear combinations of SBi,lmn, PBi,lmn, V Bi,lmn, ABi,lmn and TBi,lmn via eqs. (4.70)

and (4.72). For the shape parameters that correspond to the first moments of the leading twist

distribution amplitude of the N , Σ and Ξ baryons one finds

ϕB 6=Λ
11 = 1

2

(
[V1 −A1]B100 − 2[V1 −A1]B010 + [V1 −A1]B001

)
, (4.129a)

ϕB 6=Λ
10 = 1

2

(
[V1 −A1]B100 − [V1 −A1]B001

)
, (4.129b)

πB 6=Λ
11 = 1

2

(
TB1,100 + TB1,010 − 2TB1,001

)
, (4.129c)

where πN11 = ϕN11 due to isospin symmetry. For the Λ baryon the result reads

ϕΛ
11 = 1√

6

(
[V1 −A1]Λ100 − 2[V1 −A1]Λ010 + [V1 −A1]Λ001

)
, (4.130a)

ϕΛ
10 = −

√
3
2

(
[V1 −A1]Λ100 − [V1 −A1]Λ001

)
, (4.130b)

πΛ
10 =

√
3
2

(
TΛ

1,100 − TΛ
1,010

)
. (4.130c)

In addition one has to define combinations of moments corresponding to the sum of contributions

with the derivative acting on each of the three quarks:

ϕB 6=Λ
00,(1) = [V1 −A1]B100 + [V1 −A1]B010 + [V1 −A1]B001 , (4.131a)

πB 6=Λ
00,(1) = TB1,100 + TB1,010 + TB1,001 , (4.131b)

ϕΛ
00,(1) =

√
2
3

(
[V1 −A1]Λ100 + [V1 −A1]Λ010 + [V1 −A1]Λ001

)
, (4.131c)

where πN00,(1) = ϕN00,(1) due to isospin symmetry. In the continuum these moments are equivalent

to the normalization constants

ϕB00,(1) = ϕB00 , πB 6=Λ
00,(1) = πB00 , (4.132)

by virtue of the condition x1 +x2 +x3 = 1 in the integration measure (4.9). On the lattice these

relations are violated by discretization effects and one has to take into account mixing of ϕB00,(1)

and πB 6=Λ
00,(1) with the other first moments under renormalization. A detailed description of this

issue is given in ref. [75].

The 21 higher-twist DAs altogether involve only up to three new normalization constants (just

two for N , Σ and Ξ), cf. section 4.5.2. They are, e.g., relevant for baryon decays in generic GUT

models [172] and as input parameters for QCD sum rule calculations (cf., e.g., refs. [173–175]).

For their determination we use the matrix elements

(γ+)τ ′τ 〈0|OBτ (t)0 N̄B
τ ′ (0,0)|0〉 ≈ cBO

√
ZB(0)2mB e

−mBt (4.133)
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Table 4.8: List of the ensembles used in this chapter, labeled by their CLS identifier. The
pion and kaon masses have been obtained from two-point functions. β = 3.4 corresponds to the
lattice spacing a ≈ 0.0857 fm. The lattice spacing was determined from the Wilson flow method
as described in ref. [180], where also an in-depth description of the lattices can be found.

id β Ns Nt κl κs mπ [MeV] mK [MeV] mπL #conf.

H101 3.40 32 96 0.13675962 0.13675962 420 420 5.8 2000
H102 3.40 32 96 0.136865 0.136549339 355 440 4.9 1997
H105 3.40 32 96 0.136970 0.136340790 280 465 3.9 2833
C101 3.40 48 96 0.137030 0.136222041 222 474 4.6 1552

of the operators O ∈
{
S, P, V, A, T

}
. These operators are local and do not contain derivatives

acting on the quark fields. The coefficients cBO are

cBS =





0 , B 6= Λ ,

−λΛ
2−2λΛ

T

4
√

6
, B = Λ ,

cBP =





0 , B 6= Λ ,

−λΛ
2 +2λΛ

T

4
√

6
, B = Λ ,

(4.134a)

cBV =




−λB1 , B 6= Λ ,

0 , B = Λ ,
cBA =





0 , B 6= Λ ,

−λB1√
6
, B = Λ ,

(4.134b)

cBT =




λB2 , B 6= Λ ,

0 , B = Λ .
(4.134c)

4.6.2 Details on the data

In this analysis we use lattice data of the coordinated lattice simulations (CLS) effort. They are

obtained from simulations with Nf = 2 + 1 dynamical quark flavors described by a nonpertur-

batively first order improved Wilson action. The gauge action is tree-level Symanzik improved.

A peculiarity is the use of open boundary conditions in time direction, which yields nontrivial

boundary effects and thus requires that all measurements are carried out at sufficient distance

to the boundary [176, 177]. The advantage of the open boundary conditions is the possibility

to carry out simulations at smaller lattice spacing without facing the problem of topological

freezing, which leads to large autocorrelation times at lattice spacings a . 0.05 fm [178]. In

the future this will allow us to explore the continuum limit with higher precision. The latter is

important, since the continuum extrapolation has been identified as a major source of systematic

uncertainty in ref. [37]. More simulation details can be found in our work [75] and in ref. [179],

where the latter also contains a first analysis of the baryon spectrum for these data points.

A list of the CLS ensembles used in this work is given in table 4.8. One should note that all

of them have rather large spatial volumes (L > 2.7 fm, with mπL & 4) and high statistics. As

schematically represented in figure 4.3, these ensembles are tuned such that the average quark

mass reproduces (approximately) the physical value. They therefore provide a perfect setup to

study flavor symmetry breaking. At the flavor symmetric point hadrons form SU(3) multiplets

and their properties are related by symmetry. The real world is then approached in such a way

that u and d quark masses decrease and simultaneously the s quark mass increases so that their
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Figure 4.3: (left) Plot showing the meson masses of the lattice ensembles used in this study. All
quantities are made dimensionless using the average octet baryon mass Xb defined in eq. (4.66).
Along the flavor symmetric line (blue) all pseudoscalar mesons have equal mass (m2

K = m2
π),

which is equivalent to equal quark masses (ml = ms). The (green) line of physical normalized
average quadratic meson mass ((2m2

K + m2
π)/X2

b = phys.) corresponds to an approximately
physical mean quark mass (2ml+ms ≈ phys.). The red line is defined by (2m2

K−m2
π)/X2

b = phys.
and indicates an approximately physical strange quark mass (ms ≈ phys.). The red dot marks
the physical point.

Figure 4.4: (right) The figure shows a combined fit to the octet baryon masses using leading
one-loop baryon chiral perturbation theory. (For a detailed study of baryon mass ratios at full
one-loop order see [135].) The horizontal axis corresponds to the green line in figure 4.3, which
is parametrized using the dimensionless quantity δm defined in eq. (4.65). The leftmost data
point (δm = 0), where all baryon masses are identical, stems from the ensemble H101 at the
symmetric point. The red dotted line marks the physical point at δm = 0.228.

average is kept constant. This leads to the typical fanlike splitting illustrated in figure 4.4 for the

octet masses. This figure shows a combined fit using leading one-loop chiral perturbation theory,

where (in addition to the effective couplings D and F ) only three free parameters occur due to

SU(3) constraints. In section 4.6.3 we will perform similar extrapolations for the couplings and

the first moments.

The bare lattice results have to be renormalized. In phenomenological calculations the pre-

ferred renormalization scheme is MS, which is inherently bound to dimensional regularization.

Lattice calculations are, however, automatically regularized by the finite lattice spacing. To

obtain final results in the MS scheme we proceed as follows: first, we (nonperturbatively) renor-

malize our results in a regularization independent scheme with a symmetric momentum config-

uration (the RI′/SMOM scheme). In a second step, we convert our results to the MS scheme

using one-loop continuum perturbation theory. The procedure is sketched in ref. [75]. A detailed

description will be presented in ref. [181].
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4.6.3 Flavor symmetry breaking and chiral extrapolation

For the chiral extrapolation we use the three-flavor baryon chiral perturbation theory expressions

presented in section 4.5 (published in ref. [139]). All data points that are used have approximately

physical average quark mass. Therefore, we use the simplified version of the extrapolation

formulas (4.85), where the mean quark mass is kept fixed and all quantities are expanded around

the flavor symmetric point. This scenario corresponds to the green line of figure 4.3.

We start with the analysis of the combinations of distribution amplitudes with minimal SU(3)

breaking given in eqs. (4.94) and (4.95). The explicit formulas for the normalization constants

read:

0 +O(δm2) = fΣ − fΣ
T + fΞ − fΞ

T , (4.135a)

8 · 3f? +O(δm2) = 2 · 3fN + 3 · (fΣ + 2fΣ
T ) + 2 · (fΞ + 2fΞ

T ) + 1 · 3fΛ , (4.135b)

8 · 3λ?1 +O(δm2) = 2 · 3λN1 + 3 · 3λΣ
1 + 2 · 3λΞ

1 + 1 · (λΛ
1 + 2λΛ

T ) , (4.135c)

8λ?2 +O(δm2) = 2λN2 + 3λΣ
2 + 2λΞ

2 + λΛ
2 , (4.135d)

which follow from eqs. (4.94a), (4.94b), (4.94c) and (4.95b), respectively. From eqs. (4.94)

and (4.95) one can derive similar relations for the higher moments of the DAs. To visualize the

size of the higher order SU(3) breaking terms it is convenient to form dimensionless expressions

that vanish in the flavor symmetric limit (δm→ 0):

δ1f = 1− fΣ + fΞ

fΣ
T + fΞ

T

, (4.136a)

δ2f = 1− 1

8 · 3f?
(
2 · 3fN + 3 · (fΣ + 2fΣ

T ) + 2 · (fΞ + 2fΞ
T ) + 1 · 3fΛ

)
, (4.136b)

δλ1 = 1− 1

8 · 3λ?1
(
2 · 3λN1 + 3 · 3λΣ

1 + 2 · 3λΞ
1 + 1 · (λΛ

1 + 2λΛ
T )
)
, (4.136c)

δλ2 = 1− 1

8λ?2

(
2λN2 + 3λΣ

2 + 2λΞ
2 + λΛ

2

)
. (4.136d)

In figure 4.5 we show linear and quadratic fits to the data. Even though for all these combinations

the expected δm dependence is quadratic, we find that a linear dependence cannot be excluded.

The largest deviation at the physical point is found for δ2f (up to ≈ 15%). Most remarkably,

the deviation from the GMO-like relation for the normalization of the leading twist DAs, δ1f , is

very small (|δ1f | ≈ 1% at the physical point). For comparison, the violation of the GMO sum

rule (4.93a) using the experimental values of baryon masses is

δGMO = 1− 2mN + 2mΞ

mΣ + 3mΛ
≈ 0.57% . (4.137)

The formulas we use for the chiral extrapolation (see eqs. (4.85)) already incorporate all

relations between different distribution amplitudes at the flavor symmetric point (cf. eq. (4.74)).

Note that these relations will be fulfilled to all orders in BChPT. We find for the ensemble H101

which simulates the flavor symmetric case (see table 4.8), that the corresponding relations for

the normalization constants and higher moments are fulfilled down to machine precision for each
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Figure 4.5: Results for the quantities defined in eq. (4.136) are shown, along with linear and
quadratic fits. Note that the curves for δλ1 and δλ2 lie almost on top of each other.

configuration. In addition to that the SU(3) breaking is (at leading one-loop accuracy in BChPT)

constrained by the relations (4.80) and (4.81). To check how good the constraints on the flavor

breaking are satisfied by our lattice ensembles we perform two combined fits to the lattice data:

a constrained fit, where the constraints are enforced, and an unconstrained one, where we ignore

them. Note that both versions take into account the constraints at the flavor symmetric point.

In figures 4.6–4.11 we show the constrained (left) and the unconstrained (right) combined

fits to the lattice data for the normalization constants and the first moments of the leading twist

DAs. We use F? = 112 MeV (cf. ref. [135]), D = 0.72 and F = 0.54 as input values. The latter lie

within the range of typical estimates used in the literature, see, e.g., refs. [182–187]. For most of

the measured quantities we find that the SU(3) breaking constraints are fulfilled reasonably well.

This manifests itself in comparable values of χ2 per degree of freedom for both the unconstrained

fit, where the symmetry constraints are ignored, and the constrained fit, where the symmetry

relations are enforced. Especially for λB1 and λΛ
T , as well as for the first moments of ΦB− and ΠΛ

(ϕB10 and πΛ
10), which have the same chiral behavior as λB1 and λΛ

T , one finds an extraordinarily

good agreement with the lattice data (cf. figures 4.7 and 4.11). Also for the first moments ϕB11

and πB 6=Λ
11 , which appear in ΦB+ and ΠB 6=Λ, and are predicted to have the same chiral logarithms

as the couplings fB and fB 6=Λ
T , the constraints are fulfilled within errors (cf. figure 4.10). In

contrast, for the leading twist normalization constants fB and fB 6=Λ
T , as well as for ϕB00,(1) and

πB 6=Λ
00,(1) (which have to coincide with fB and fB 6=Λ

T in the continuum), these relations seem to be

broken rather badly (cf. figures 4.6 and 4.9). Also for λB2 the agreement is not really flawless (cf.

figure 4.8).

We can summarize that leading one-loop BChPT can qualitatively describe our data, even

though in some cases the observed SU(3) breaking cannot be reproduced by the constrained fit.

This might indicate that for these quantities higher order BChPT effects are particularly large.

However, the observed discrepancies could also be caused by systematic errors in the lattice

data, for which finite volume and discretization effects are prominent candidates. In particular

lattice spacing effects have already been identified as a major source of systematic uncertainty

in the two-flavor calculation of ref. [37], where it was also argued that for the leading twist
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Figure 4.6: Constrained fit (left, 4 parameters) and unconstrained fit (right, 7 parameters) for the leading
twist normalization constants fN , fΣ, fΣ

T , fΞ, fΞ
T and fΛ.
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Figure 4.7: Constrained fit (left, 4 parameters) and unconstrained fit (right, 6 parameters) for the
chiral-odd higher twist normalization constants λN1 , λΣ
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be equivalent to the leading twist normalization constants fB and fB 6=Λ
T in the continuum (cf. figure 4.6).
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normalization constants discretization effects are expected to be larger than for the higher twist

couplings.

A heuristic parametrization of the leading discretization effects can be constructed by intro-

ducing a multiplicative factor into the extrapolation formulas. The leading corrections are linear

in the lattice spacing, since the operators we use are not O(a) improved. At fixed mean quark

mass this would yield, for instance, for the leading twist couplings:

fB = gBΦ+(δm)
(
1 + aC + aδmDB

)(
f? + δm∆fB

)
, (4.138a)

fB 6=Λ
T = gBΠ (δm)

(
1 + aC + aδmDB

T

)(
f? + δm∆fBT

)
. (4.138b)

The constant C has to be equal for all baryons in the octet while the DB
(T ) can be different and

are not necessarily subject to the same constraints as ∆fB(T ). One can easily convince oneself

that, at nonzero lattice spacing, terms O(aδm) can override the effect of the constraints on SU(3)

flavor symmetry breaking given in eqs. (4.80) and (4.81).

In the present context we cannot study discretization effects, since we only analyze data at

a single lattice spacing. Therefore, for the time being, the difference between chiral extrapola-

tions using constrained and unconstrained fits has to be interpreted as evidence for systematic

uncertainties.

4.6.4 Numerical results

The results of the chiral extrapolations as shown in figures 4.6–4.11 are summarized in table 4.9

(constrained fit) and table 4.10 (unconstrained fit). For all quantities the error refers to a

combined statistical and extrapolation error. We neither give an estimate of the uncertainty due

to the renormalization procedure (see ref. [75]) nor do we provide an estimate for the systematic

uncertainty of the chiral extrapolation due to higher order effects (which could be obtained by a

variation of the chiral renormalization scale and by a variation of input parameters), since both

effects are small compared to the systematic uncertainty due to discretization effects. These

errors will become relevant for future studies, if they contain ensembles with multiple lattice

spacings allowing for a controlled continuum extrapolation. Note, however, that our results for

the momentum sums ϕB00,(1) and πB00,(1) defined in eq. (4.131) are within 5% of the corresponding

couplings, cf. eq. (4.132), indicating that discretization errors in the derivatives are under control.

We do not expect significant finite volume effects [36, 37, 188], since all our ensembles have

values of mπL & 4 and at the same time L > 2.7 fm, cf. table 4.8. As discussed above, for

some quantities the difference between constrained and unconstrained chiral extrapolations is

sizable and can be viewed as part of the systematic uncertainty. Since the overall quality of the

unconstrained fit is better (χ2 per degree of freedom is smaller than 1.5 for all unconstrained fits),

we present the corresponding numbers as our final results for this lattice spacing (see table 4.10).

All further tables and figures in this section are generated using these values.

In table 4.11 we compare the central values of our Nf = 2 + 1 results (unconstrained fit,

see table 4.10) with the Nf = 2 lattice study for the nucleon [37] and the Chernyak–Ogloblin–

Zhitnitsky (COZ) model [150]. In the lattice study [37] the continuum extrapolation has been
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Table 4.9: Couplings and shape parameters obtained by the constrained fit method. All values
are given in units of GeV2 in the MS scheme at a scale µ2 = 4 GeV2. The number in the
parentheses gives a combined statistical and chiral extrapolation error.

B N Σ Ξ Λ

fB × 103 3.61(3) 5.26(4) 5.48(4) 4.85(3)
fBT × 103 3.61(3) 5.10(3) 5.54(4) —
ϕB11 × 103 0.06(1) 0.13(1) −0.01(1) 0.17(1)
πB11 × 103 0.06(1) −0.09(1) 0.30(1) —
ϕB10 × 103 0.074(10) −0.052(7) 0.15(1) 0.50(2)
πB10 × 103 — — — 0.035(11)

ϕB00,(1) × 103 3.47(4) 5.05(5) 5.26(6) 4.67(5)

πB00,(1) × 103 3.47(4) 4.88(4) 5.35(6) —

λB1 × 103 −48.4(4) −46.4(3) −47.6(3) −40(1)
λBT × 103 — — — −52.5(4)
λB2 × 103 95(1) 87(1) 95(1) 105(1)

Table 4.10: Couplings and shape parameters obtained from the unconstrained fits. All values
are given in units of GeV2 in the MS scheme at a scale µ2 = 4 GeV2. The number in the
parentheses gives a combined statistical and chiral extrapolation error. The numbers from this
table should be quoted as the final results at our lattice spacing.

B N Σ Ξ Λ

fB × 103 3.60(6) 5.07(5) 5.38(5) 4.38(6)
fBT × 103 3.60(6) 4.88(5) 5.47(5) —
ϕB11 × 103 0.08(2) 0.17(1) 0.01(1) 0.18(1)
πB11 × 103 0.08(2) −0.10(1) 0.30(1) —
ϕB10 × 103 0.06(2) −0.07(1) 0.14(1) 0.48(2)
πB10 × 103 — — — 0.01(2)

ϕB00,(1) × 103 3.53(9) 4.91(7) 5.19(6) 4.25(8)

πB00,(1) × 103 3.53(9) 4.70(6) 5.31(6) —

λB1 × 103 −49(1) −45.4(4) −47.6(4) −39(1)
λBT × 103 — — — −51(1)
λB2 × 103 98(1) 86(1) 96(1) 101(1)

carried out for the normalization constants and resulted in a decrease of fN by ≈ 30% and

a somewhat smaller decrease for λN1,2 for lattice spacings a ≈ 0.06− 0.08 fm. Since we use a

similar lattice action, we have to expect discretization effects of the same magnitude. This is

compatible with the fact that our Nf = 2 + 1 results for the nucleon normalization constants

(at a ≈ 0.0857 fm) are approximately 30% larger for fN and about 20% larger in the case of

λN1 and λN2 compared to the final results of ref. [37]. Nevertheless, this shows that a thorough

continuum extrapolation will be of utmost importance and is a primary goal for future studies.

For the first order shape parameters of the leading twist DA of the nucleon, ϕN11 = πN11 and ϕN10,

our results agree within errors with the values obtained from two-flavor lattice QCD [37] and with
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Table 4.11: Comparison of the central values of our Nf = 2 + 1 results (unconstrained fit,
see table 4.10) with the Nf = 2 lattice study for the nucleon [37] and the Chernyak–Ogloblin–
Zhitnitsky (COZ) model [150]. All values are given in units of GeV2. All quantities have been
converted to the conventions established in this work and rescaled to µ2 = 4 GeV2, cf. ref. [75].
Note that fTΛ in ref. [150] is proportional to the first moment πΛ

10 in our nomenclature.

B work method fB × 103 fBT × 103 ϕB11 × 103 πB11 × 103 ϕB10 × 103 πB10 × 103

N
ours Nf = 2 + 1 3.60 3.60 0.08 0.08 0.06 —
[37] Nf = 2 2.84 2.84 0.085 0.085 0.082 —
[150] COZ 4.55 4.55 0.885 0.885 0.748 —

Σ
ours Nf = 2 + 1 5.07 4.88 0.17 −0.10 −0.069 —
[150] COZ 4.65 4.46 1.11 0.511 0.523 —

Ξ
ours Nf = 2 + 1 5.38 5.47 0.01 0.30 0.14 —
[150] COZ 4.83 4.92 0.685 1.10 0.883 —

Λ
ours Nf = 2 + 1 4.38 — 0.18 — 0.48 0.01
[150] COZ 4.69 — 1.05 — 1.39 1.32

results extracted from light-cone sum rules for the nucleon electromagnetic form factors [153].7

In particular we confirm the approximate equality ϕN10 ≈ ϕN11. As reported in ref. [37], modern

lattice simulations and light-cone sum rule calculations yield estimates of the first moments of

the nucleon DA that are one order of magnitude smaller than values obtained from traditional

SVZ sum rules, cf. refs. [150, 189]. Comparing our measurements to the values used in the COZ

model [150] (see table 4.11) one finds that this observation is not only true for nucleons but also

for hyperons.

Interestingly, the SU(3) breaking in the shape parameters of the octet baryons turns out to

be very large, e.g., πΞ
11 & 3ϕN11 and ϕΛ

10 & 7ϕN10, and some parameters even change their sign.

The effect is much stronger than in QCD sum rule calculations [150], even though the absolute

values are much smaller. This large flavor symmetry breaking is somewhat surprising and is

in stark contrast to the situation for the normalization constants where the differences between

octet baryons are at most 50%. As a consequence, SU(3) breaking in hard exclusive reactions

that are sensitive to the deviations of the DAs from their asymptotic form can be enhanced.

The SU(3) breaking in the shape of the leading twist DAs can be represented in many ways.

Consider, e.g., normalized combinations of symmetric and antisymmetric DAs

φB =
ΦB+ + ΦB−

fB
, $B 6=Λ =

ΠB + ΦB−
fBT

, $Λ =
ΦΛ

+ + ΠΛ

fΛ
, (4.139)

all of which are equal both in the asymptotic limit, φas ≡ φB,as = $B,as = 120x1x2x3, and

in the limit of exact flavor symmetry, φ? ≡ φB? = $B?. Due to isospin symmetry $N = φN .

Hence, there are seven independent functions that can be used to visualize the deviations from

the DA φ? in the SU(3) flavor symmetry limit. These seven functions, φN − φ∗, etc., are shown

7Our ϕNnk correspond to fNϕ
N
nk in refs. [37, 153]. In contrast to the normalization constants, the shape

parameters have not been extrapolated to the continuum in ref. [37].
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Figure 4.12: Barycentric plots (x1 + x2 + x3 = 1) visualizing the SU(3) breaking in the
shape functions (4.139). The top right figure displays the momentum distribution for the flavor
symmetric case, while the others show the deviations from it at the physical point.
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Figure 4.13: Barycentric plots (x1 + x2 + x3 = 1) showing the deviations of the DAs [V −A]B

and TB from the asymptotic shape φas ≡ 120x1x2x3. TΛ vanishes in the asymptotic limit. In
this representation the coordinates xi directly correspond to quarks of definite flavor and helicity.
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in figure 4.12 together with φ? itself, which is almost (but not exactly) symmetric in x1, x2, x3

due to small (but nonvanishing) values of ϕ?11 and ϕ?10 (cf. figures 4.10 and 4.11).

In phenomenological applications it is more convenient to consider the standard representa-

tion of DAs in terms of [V − A]B and TB . In this way also the physical interpretation is more

straightforward as every momentum fraction can be attributed to a quark of definite helicity and

flavor. [V − A]B and TB do not coincide, however, at the flavor symmetric point, so that for

these DAs it is more natural to show the deviations from the asymptotic shape φas rather than

from φ∗, see figure 4.13. The plots in the left and in the right column show normalized DAs

[V −A]B and TB after the subtraction of the asymptotic DA. Note that the amplitudes TB 6=Λ are

symmetric under the interchange of x1 and x2 by construction. The approximate symmetry of

[V −A]N under the exchange of x2 and x3 is, in contrast, nontrivial. It is due to the approximate

equality of the two nucleon shape parameters ϕN10 ≈ ϕN11 mentioned above. In the nucleon Fock

state u↑u↓d↑ this is equivalent to a symmetric distribution of momentum between the second and

third quark. In agreement with earlier studies [37, 150, 190], we observe that the “leading” u↑

quark, which has the same helicity as the nucleon, carries a larger momentum fraction. In the

u↑u↑d↓ nucleon state, which is described by TN , the peak of the distribution is shifted towards

the two u quarks in a symmetric manner. TN , however, is not an independent DA. Taking

into account the isospin relation (4.68a), the spin-flavor structure of the nucleon light-cone wave

function (4.76) can be presented, schematically, as [V −A]Nu↑(u↓d↑ − d↓u↑). In this picture our

result for [V − A]N corresponds to a shift of the momentum distribution towards the u↑ quark,

which carries the nucleon helicity, and the symmetry under x2 ↔ x3 may be interpreted as an

indication for the remaining valence quarks forming a dynamical scalar “diquark” (scalar in this

context means that the diquark does not carry helicity), which is assumed in many models.

For the isospin-nonsinglet baryons one can identify two competing patterns: first, the strange

quarks carry, in general, a larger fraction of the momentum. Second, in the |↑↓↑〉 state the first

quark has a larger momentum fraction than the second, while in the |↑↑↓〉 state the first two

quarks behave identically. These rules do not apply to the Λ baryon due to its reversed symmetry

properties, see eq. (4.10): in the u↑d↓s↑ state the maximum of the distribution is shifted towards

the s quark. TΛ is a special case, since it does not contain the leading asymptotic part due to

the antisymmetry under exchange of x1 and x2. Our result shows, that also the next-to-leading

asymptotic contribution determined by the shape parameter πΛ
10 is very small. Hence, for the Λ

baryon, the Fock state u↑d↑s↓ is expected to be highly suppressed. Taking this result into account

(i.e., neglecting TΛ), the spin-flavor structure of the lambda light-cone wave function (4.77) reads,

schematically, [V −A]Λ(u↑d↓− d↑u↓)s↑. The approximate symmetry of [V −A]Λ under exchange

of x1 and x2 indicates that the light quarks flavors form a dynamical scalar “diquark”. The

momentum distribution is shifted towards the helicity-carrying s↑ quark. The similarity to the

nucleon case is striking.
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Table 4.12: Normalized first moments of the DAs [V −A]B and TB 6=Λ in the MS scheme at a
scale µ2 = 4 GeV2, obtained via eq. (4.141).

B N Σ Ξ Λ

〈x1〉B u↑ 0.358 d↑ 0.331 s↑ 0.361 u↑ 0.310
〈x2〉B u↓ 0.319 d↓ 0.310 s↓ 0.333 d↓ 0.304
〈x3〉B d↑ 0.323 s↑ 0.359 u↑ 0.306 s↑ 0.386

〈x1〉BT u↑ 0.340 d↑ 0.326 s↑ 0.352 —
〈x2〉BT u↑ 0.340 d↑ 0.326 s↑ 0.352 —
〈x3〉BT d↓ 0.319 s↓ 0.348 u↓ 0.296 —

To quantify this picture, one can consider normalized first moments of [V − A]B and TB

defined as

〈xi〉B =
1

ϕB00,(1)

∫
[dx] xi[V −A]B , 〈xi〉B 6=Λ

T =
1

πB00,(1)

∫
[dx] xiT

B , (4.140)

which are usually referred to as momentum fractions in the literature. Note that this name is

imprecise since the averaging is done with the DA and not a wave function squared, and, in

particular, for TΛ, which has no asymptotic part, the interpretation as momentum fractions

breaks down completely. The 〈xi〉 can be calculated in terms of the shape parameters as follows:

〈x1〉B 6=Λ =
1

3
+

1

3
ϕ̂B11 + ϕ̂B10 , 〈x2〉B 6=Λ =

1

3
− 2

3
ϕ̂B11 , 〈x3〉B 6=Λ =

1

3
+

1

3
ϕ̂B11 − ϕ̂B10 , (4.141a)

〈x1〉B 6=Λ
T =

1

3
+

1

3
π̂B11 , 〈x2〉B 6=Λ

T =
1

3
+

1

3
π̂B11 , 〈x3〉B 6=Λ

T =
1

3
− 2

3
π̂B11 , (4.141b)

〈x1〉Λ =
1

3
+

1

3
ϕ̂Λ

11 −
1

3
ϕ̂Λ

10 , 〈x2〉Λ =
1

3
− 2

3
ϕ̂Λ

11 , 〈x3〉Λ =
1

3
+

1

3
ϕ̂Λ

11 +
1

3
ϕ̂Λ

10 ,

(4.141c)

where

ϕ̂Bnk =
ϕBnk
ϕB00,(1)

, π̂B 6=Λ
11 =

πB11

πB00,(1)

. (4.142)

The results are summarized in table 4.12. They support the qualitative picture suggested by the

discussion of figure 4.13.

Finally, we consider the higher twist matrix elements that are related to the normalization

of the P -wave light-cone wave functions and also appear as low-energy constants in effective

theories for generic GUT models [172]. We obtain, for the nucleon, λN2 ≈ −2λN1 , which is well

known, see, e.g., refs. [118, 191, 192]. The same relation also holds for the Σ and Ξ hyperons (for

the Σ it is not fulfilled as accurately as for the others), but not for the Λ baryon. Instead, we

find λΛ
2 ≈ −2λΛ

T . Actually, all these relations hold, since matrix elements of operators containing

qaC1qb are approximately zero for arbitrary quark flavors a and b. As pointed out in ref. [191]

these matrix elements vanish exactly in the nonrelativistic quark model limit and it is noteworthy

that we find only very small corrections to it at the hadronic scale µ = 2 GeV, in particular for

the nucleons, the Ξ and the Λ baryons.
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4.7 Summary

In this chapter we have presented the first analysis of baryon octet light-cone DAs in the frame-

work of three-flavor BChPT (see also our work [139]). At next-to-leading order accuracy in the

chiral counting scheme, we obtain the leading quark mass dependence and (automatically) the

leading SU(3)f breaking effects. Describing the baryon octet simultaneously we are able to unify

and systemize the efforts made in refs. [76, 150–152, 193].

An important insight to be gained from our results is of qualitative nature: in the chiral-odd

sector the chiral behavior (i.e., the contained chiral logarithms) of a specific moment does not

depend on its twist, but on whether it contributes to the ΦB+,i or ΦB−,i amplitudes (see eq. (4.70)).

Those contributing to the “+” (“−”) amplitudes have the same chiral logarithms as fB (λB1 ).

Therefore the odd moments of the leading twist DA behave like λB1 instead of (as one might have

expected) fB . This result is consistent with an earlier two-flavor calculation, where it was found

that the odd first and second moments of the leading twist DA have the same chiral logarithms

as λN1 (see appendix of ref. [37]).

In section 4.5 we provide a set of DAs that parametrize the complete baryon octet (includ-

ing the Λ baryon) in a minimal way and do not mix under chiral extrapolation. Eqs. (4.85)

and (4.102) are our main results. They describe the quark mass dependence of the baryon

octet DAs (including all higher twist amplitudes) in a very compact manner. The results are of

particular importance for the interpretation and extrapolation of lattice QCD data performed

in section 4.6, due to the significant decrease in number of parameters. For the same reason

our results are relevant for QCD sum rule analyses and for model building. In particular the

relations (4.74), that have to be fulfilled exactly in the flavor symmetric limit, provide helpful

consistency checks for both lattice QCD and sum rule calculations.

In section 4.6 we have presented the first Nf = 2+1 lattice QCD analysis of the normalization

constants and (leading twist) first moments of the octet baryon distribution amplitudes with pion

masses down to 222 MeV (published in [75]). The results are extrapolated to the physical point

using three-flavor BChPT formulas given eq. (4.85). Numerical values are given in table 4.10.

Note, however, that our analysis lacks a continuum extrapolation which can have a large impact

on the DAs (cf. ref. [37]). Nevertheless our analysis yields first qualitative insights on the octet

DAs that will be discussed in the following paragraphs.

We find significant SU(3) flavor breaking effects for the leading twist normalization constants

fΣ

fN
= 1.41(4) ,

fΣ
T

fN
= 1.36(4) ,

fΞ

fN
= 1.50(4) ,

fΞ
T

fN
= 1.52(4) ,

fΛ

fN
= 1.22(4) , (4.143)

and somewhat smaller symmetry breaking for the higher twist couplings

λΣ
1

λN1
= 0.93(2) ,

λΞ
1

λN1
= 0.98(2) ,

λΛ
1

λN1
= 0.81(2) ,

λΛ
T

λN1
= 1.05(3) , (4.144)

where the number in parentheses gives a combined statistical and chiral extrapolation error. It

is likely that these ratios are less sensitive to discretization effects than the couplings themselves.
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To first order in the SU(3) symmetry breaking parameter we have derived the following

relation between the DAs of the Σ and Ξ hyperons (see eq. (4.94)):

ΦΣ
+,i(x1, x2, x3)−ΠΣ

i (x1, x2, x3) = ΠΞ
i (x1, x2, x3)− ΦΞ

+,i(x1, x2, x3) , (4.145)

which has the same theory status as the renowned Gell-Mann–Okubo relation for the masses. It

is satisfied with similarly high accuracy ∼ 1% in our data for the leading twist DAs.

We find that deviations from the asymptotic DAs (quantified by the values of shape pa-

rameters) are small for all baryons in the octet. This result is in agreement with the findings

of ref. [37] for the nucleon, but it differs from old QCD sum rule calculations [150], which fa-

vor larger deviations. The SU(3) breaking in the shape parameters is, however, very large, see

table 4.10. For the isospin-nonsinglet baryons one can identify two competing patterns: first,

the strange quarks carry, in general, a larger fraction of the momentum. Second, in the f ↑g↓h↑

state (using our flavor conventions (4.12)) the first quark is favored over the second, while in the

f ↑g↑h↓ state the first two quarks behave identically. These rules do not apply to the Λ baryon

due to its reversed symmetry properties, see eq. (4.10). The interplay of these two patterns leads

to the rather elaborate structure shown in figure 4.13. For the proton, the neutron and the Λ,

our results for the leading twist DAs at the scale µ = 2 GeV are consistent with quark-diquark

models that approximate the baryon by a leading quark (up for the proton, down for the neutron

and strange for the Λ), which carries the helicity and a disproportionately large fraction of the

momentum, and a scalar diquark formed from one up and one down quark.

114



CHAPTER 5
Conclusion and outlook

In the following we will highlight selected main results of this work. For more details the reader

may consult the individual summary sections in the respective chapters.

In chapter 3 we have extended the calculation performed in ref. [34] for first moments of chiral-

even nucleon GPDs to full one-loop order in two-flavor BChPT. The resulting extrapolation

formulas are summarized in section 3.5. In contrast to its predecessor, the increased accuracy

allows for a correct reproduction of the leading chiral logarithms (known from older heavy baryon

ChPT calculations) also for the B-type form factors. The preliminary analysis of Nf = 2 lattice

data, described in section 3.6, shows that the tradeoff fit ansatz is in agreement with the heavy

baryon version, at least for isovector generalized form factors. However, this is hardly surprising,

since the problematic triangle diagram (cf. ref. [86]) does not contribute to these quantities.

Accordingly, our results do not allow to draw a similar conclusion for isoscalar GFFs, since

these may exhibit a nontrivial chiral behavior due to the admixture of the pion GPD via the

said Feynman diagram. Therefore, lattice QCD data on the isoscalar form factors would be

highly interesting. Unfortunately, the simulation of three-point functions with isoscalar operator

insertions is computationally very challenging due to the contribution of disconnected diagrams.

For the usual benchmark quantity 〈x〉u−d our preliminary analysis leads to a numeric result that

overshoots the values extracted from global PDF fits to QCD world data by roughly 20%, in

agreement with ref. [128]. As discussed in some detail this discrepancy occurs most likely due to

discretization effects, and, until this issue is resolved, one has to expect similarly large deviations

also for the nonforward observables.

In chapter 4 we have presented the first analysis of three-quark light-cone DAs (including all

higher twist amplitudes) within three-flavor BChPT at leading one-loop accuracy. The results

on flavor symmetry and its breaking allow a systematic study of the baryon octet as a whole,

unifying efforts made in refs. [76, 150–152, 193], compare section 4.5. The understanding of

the underlying symmetry formed the backbone of the analysis of Nf = 2 + 1 CLS lattice data

described in section 4.6, which provides a first qualitative insight on baryon octet DAs from lattice
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QCD. Quantitative results can be obtained in the near future, after the inclusion of upcoming

data at smaller lattice spacings, which will enable us to take the continuum limit. In particular,

we find that eq. (4.94a), which relates Σ and Ξ DAs and is the theoretical analogue for DAs of

the famous Gell-Mann–Okubo mass formula, is fulfilled to high accuracy. In accordance with

earlier results for the nucleon (cf. ref. [37]), we find only very modest deviations of the DAs from

their asymptotic shape. Nevertheless, we observe that flavor symmetry breaking is pronounced

in case of the normalization constants, and even larger for the shape parameters. This leads to

the rather elaborate shape of the DAs depicted in the barycentric plots in figure 4.13 on page 110.

Interestingly, our results for proton, neutron and Λ leading twist DAs at the scale µ = 2 GeV are

consistent with simple quark-diquark models. The latter describe the baryon as a compound of

a leading quark (up, down and strange, for proton, neutron and Λ, respectively), which carries

the helicity and a disproportionally large fraction of the momentum, and a scalar diquark formed

from one up and one down quark of opposite helicity.

Besides the beautiful results it yields, the method used to construct the effective operators in

chapter 4 is also interesting from a technical perspective: the nonlocal operator is parametrized

as a product of a distribution amplitude with a hadronic operator integrated over all momentum

configurations, where the hadronic operator at a specific momentum configuration only contains

hadrons at a single spacetime position (cf. eq. (4.18)). This novel proceeding yields the best

possible disentanglement of the light-cone dynamics of the internal partons (parametrized in the

DAs) from the chiral dynamics of the hadrons. As an outlook, we therefore will only advertise

the one most promising of the numerous possible extensions of this work: the treatment of GPDs

based on the very same method for operator construction and with the same generality (open

Dirac and flavor indices) as the one we have performed for baryon DAs. Such a project is certainly

worth the effort, since it would not only yield results for all moments simultaneously (including

ordinary form factors), but would also provide information about transversity GPDs. Due to

the above stated locality of the hadronic operators, the calculation would (by construction)

not suffer from the problems concerning regularization reported in ref. [112] (in said reference

the problem has been overcome by the choice of a specific suitable regularization procedure,

that cures the deficiencies of the usual operator construction). In particular a calculation within

three-flavor BChPT can provide valuable information on flavor symmetry and its breaking, which

would simplify a consistent treatment of the numerous (transition) GPDs of the baryon octet

considerably. Thus, the results of such a calculation would be a mighty tool, especially in the

hands of the lattice analyst who has the pleasure to extract the wealth of information contained

in the upcoming CLS data on three-point functions.
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APPENDIX A
General definitions

A.1 Pauli matrices

The Pauli matrices, denoted by σi (i = 1, 2, 3), are defined as

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
. (A.1)

They differ from the generators of the SU(2) Lie algebra τ i by a factor of 2 (σi = 2τ i) and obey

the commutation relation

[σi, σj ] = 2iεijkσk , (A.2)

where

εijk =





+1 , if (i, j, k) is a cyclic permutation of (1, 2, 3) ,

−1 , if (i, j, k) is an anticyclic permutation of (1, 2, 3) ,

0 , else .

(A.3)

Together with the two-dimensional unity matrix the Pauli matrices yield a basis for the complex

2× 2 matrices. One easily finds that they have the following basic properties:

σi
†

= σi , tr
{
σi
}

= 0 , (A.4a)

detσi = −1 , σiσj = δij1+ iεijkσk . (A.4b)

Using these properties one can derive eq. (A.2) and the following useful relations:

σi
2

= 1 , tr
{
σiσj

}
= 2δij , (A.5a)

{
σi, σj

}
= 2δij1 , tr

{
σiσjσk

}
= 2iεijk . (A.5b)
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A.2 Gell-Mann matrices

The Gell-Mann matrices λi (i = 1, . . . , 8) are a set of traceless Hermitian 3× 3 matrices, which

fulfill the commutation relation

[λi, λj ] = 2if ijkλk , (A.6)

where the f ijk are the structure constants of the SU(3) group. These are totally antisymmetric

and the nonzero elements are given by

f123 = 1 , f147 = f246 = f257 = f345 =
1

2
,

f156 = f367 = −1

2
, f458 = f678 =

√
3

2
. (A.7)

The Gell-Mann matrices differ only by a factor of 2 from the usual generators ti = λi

2 , and are

defined as

λ1 =




0 1 0

1 0 0

0 0 0


 , λ2 =




0 −i 0

i 0 0

0 0 0


 , λ3 =




1 0 0

0 −1 0

0 0 0


 ,

λ4 =




0 0 1

0 0 0

1 0 0


 , λ5 =




0 0 −i

0 0 0

i 0 0


 ,

λ6 =




0 0 0

0 0 1

0 1 0


 , λ7 =




0 0 0

0 0 −i

0 i 0


 , λ8 =

1√
3




1 0 0

0 1 0

0 0 −2


 . (A.8)

They fulfill the following useful relations

tr
{
λiλj

}
= 2δij , {λi, λj} =

4

3
δij1+ 2dijkλk ,

tr
{
λiλjλk

}
= 2(dijk + if ijk) , (A.9)

where dijk is totally symmetric. Its nonzero components are

d118 = d228 = d338 = −d888 =
1√
3
, d448 = d558 = d668 = d778 = − 1

2
√

3
,

d146 = d157 = d256 = d344 = d355 =
1

2
, d247 = d366 = d377 = −1

2
. (A.10)

A.3 Dirac algebra

The Dirac matrices are a set of four 4× 4 matrices that obey the anticommutation relation

{γµ, γν} = 2gµν1 , (A.11)
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where g = diag(1,−1,−1,−1) is the Minkowski metric. They can be chosen such that the

following hermiticity condition is fulfilled:

(γµ)
†

= γ0γµγ0 . (A.12)

It is useful to define a fifth matrix γ5 ≡ γ5 as

γ5 ≡ γ5 ≡ iγ0γ1γ2γ3 = − i

4!
εµνρσγ

µγνγργσ , (A.13)

where the Levi-Civita symbol in four dimensions is defined as

εµνρσ =





+1 , if (µ, ν, ρ, σ) is a cyclic permutation of (0, 1, 2, 3) ,

−1 , if (µ, ν, ρ, σ) is an anticyclic permutation of (0, 1, 2, 3) ,

0 , else .

(A.14)

Since the indices have to be raised/lowered by the use of the Minkowski metric ε0123 = −ε0123 =

−1. The choice, whether the Levi–Civita tensor with upper or lower indices has the value +1

or −1 is pure convention and corresponds to a minus sign in eq. (A.13). The γ5 matrix has the

following properties:

(
γ5
)2

= 1 ,
(
γ5
)†

= γ5 ,
{
γµ, γ5

}
= 0 . (A.15)

Furthermore we define

σµν ≡ i

2
[γµ, γν ] , (A.16)

which is antisymmetric by construction. The following identity turns out to be useful:

γ5σµν =
i

2
εµνρσσρσ . (A.17)

Since the four Dirac matrices are not defined uniquely by eq. (A.11) and eq. (A.12) one can

choose from various explicit representations. Two common choices are the Dirac and the Weyl

representation, which both have their advantages: in the Dirac representation the upper and

lower half of the bispinor correspond to negative and positive parity, while in the Weyl repre-

sentation they correspond to parts of left and right chirality. Since the latter transform under

SL(2,C), which is associated with restricted Lorentz transformations, the Weyl representation is

sometimes said to be more fundamental than other representations. In the Weyl representation

the contravariant γ matrices and γ5 take the form

γ0 =

(
0 1

1 0

)
, γi =

(
0 σi

−σi 0

)
, γ5 =

(
−1 0

0 1

)
. (A.18)

In order to separate components of different chirality one introduces the left- and right-handed

projectors γL/R as

γL ≡
1− γ5

2
, γR ≡

1+ γ5

2
, (A.19)
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Table A.1: The constants ηPΓ , ηCΓ , ηHΓ and η5
Γ characterizing the symmetry properties of the

elements of the Clifford algebra.

Γ ηPΓ ηCΓ ηHΓ η5
Γ

1 1 −1 1 1
γ5 −1 −1 −1 1
γµ 1 1 1 −1
γµγ5 −1 −1 1 −1
σµν 1 1 1 1

which have the following properties:

(
γL/R

)2
= γL/R , γR + γL = 1 , (A.20a)

γLγR = γRγL = 0 , γR − γL = γ5 . (A.20b)

The charge conjugation matrix C is defined such that

(γµ)
T

= −C−1γµC . (A.21)

In the Weyl representation one can choose it as a specific combination of gamma matrices, which

induces some additional, convenient properties:

C = iγ2γ0 , (A.22a)

C = −CT = −C† = −C−1 . (A.22b)

The set of 16 matrices

{
1, γ5, γµ, γµγ5, σµν

}
with µ < ν , (A.23)

is called Clifford algebra and forms a basis of the space of complex 4 × 4 matrices. For the

operator construction it is convenient to define for the elements of the Clifford algebra

Γ =





ηPΓ γ0Γγ0 , for Γ ∈ {1, γ5} ,
(−1)µη

P
Γ γ0Γγ0 , for Γ ∈ {γµ, γµγ5} ,

(−1)µ(−1)νη
P
Γ γ0Γγ0 , for Γ = σµν ,

(A.24a)

ΓT = ηCΓCΓC , (A.24b)

Γ† = ηHΓ γ0Γγ0 , (A.24c)

Γ = η5
Γγ5Γγ5 , (A.24d)

where (−1)µ is 1 for µ = 0 and −1 for µ = 1, 2, 3. The different ηs are collected in table A.1.

Since complex conjugation can be written as the transposed of the Hermitian conjugate one has

Γ∗ = ηHΓ η
C
Γ γ0CΓCγ0 . (A.25)
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A.4 Standard integrals

A.4.1 Definition of standard two-point integrals

The standard d-dimensional integrals that occur when one applies infrared regularization [86]

are defined as

Ik,l =
1

i

∫

IR

ddq

(2π)d
1

(m2 − q2 − iε)k (M2 − (p− q)2 − iε)l
, (A.26)

where p is an external momentum, m is a meson mass, M a baryon mass and IR indicates that

the integration over the Feynman parameter connecting the meson and baryon propagators is

extended to infinity, cf. section 2.1.5. Loop integrals containing only heavy particles (baryons)

are set to zero, while those containing only light ones (pseudoscalar mesons) are kept as they

are. One obtains

I1,0 = 2m2

(
L+

1

32π2
ln
m2

µ2

)
+O(d− 4) , (A.27a)

I0,1 = 0 , (A.27b)

I1,1 = −m
2 −M2 + p2

p2

(
L+

1

32π2

(
ln
m2

µ2
− 1

))

− 1

8π2

√
m2

p2
− (m2 −M2 + p2)

2

4p4
arccos

−
(
m2 −M2 + p2

)
√

4m2p2
+O(d− 4) ,

(A.27c)

where L contains the pole term and the typical constants for the minimal subtraction scheme

L ≡ −µ
−ε

(4π)2

(
1

ε
+

1

2
(1 + ln 4π − γE)

)
, (A.28)

with ε ≡ 4 − d. Due to the uniqueness of the decomposition into regular and infrared singular

part [86] one can utilize the identities derived for standard dimensional regularization (k, l ≥ 1):

Ik+1,l = −1

k

∂

∂m2
Ik,l = − 1

2mk

∂

∂m
Ik,l , (A.29a)

Ik,l+1 = −1

l

∂

∂M2
Ik,l = − 1

2Ml

∂

∂M
Ik,l . (A.29b)

A.4.2 Reduction of three-point integrals

In the following we express the two specific three-point integrals, which are needed for the

full one-loop calculation presented in chapter 3, in terms of standard integrals (p̄ ≡ 1
2 (p′ + p),

∆ ≡ p′ − p). For the integral with two baryon propagators we find

1

i

∫

IR

ddq

(2π)d
f(q)

(m2 − q2 − iε)k (M2 − (p′ − q)2 − iε) (M2 − (p− q)2 − iε)
=

=

∫ 1
2

− 1
2

du
1

i

∫

IR

ddq

(2π)d
f(q)

(m2 − q2 − iε)k (M̃2 − (p̃− q)2 − iε)2

=

∫ 1
2

− 1
2

du Ik,2(m2, M̃2, p̃2 = M̃2) , if f(q) = 1 ,

(A.30)
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where M̃2 = M2+(u2− 1
4 )∆2 = p̄2+u2∆2 and p̃ = p̄+u∆. For nontrivial f(q) one has to proceed

with a tensor decomposition (see section A.4.3). For the integral with two pion propagators we

find

1

i

∫

IR

ddq

(2π)d
f(q)

(m2 − q2 − iε) (m2 − (q + ∆)2 − iε) (M2 − (p− q)2 − iε)l
=

=

∫ 1
2

− 1
2

du
1

i

∫

IR

ddq

(2π)d
f(q − (u+ 1

2 )∆)

(m̃2 − q2 − iε)2
(M2 − (p̃− q)2 − iε)l

=

∫ 1
2

− 1
2

du I2,l(m̃
2,M2, p̃2 = M̃2) , if f(q) = 1 ,

(A.31)

where m̃2 = m2 + (u2 − 1
4 )∆2. The remaining integration over the Feynman parameter u is

carried out numerically.

A.4.3 Tensor decomposition

If the loop momentum occurs in the numerator of the integrand one has to perform a tensor

decomposition in order to express the integral in terms of standard integrals. We define

Iµν···k,l ≡
1

i

∫

IR

ddq

(2π)d
qµqν · · ·

(m2 − q2 − iε)k(M2 − (p− q)2 − iε)l . (A.32)

Lorentz decomposition yields

Iµk,l ≡ pµI
(1)
k,l , (A.33a)

Iµνk,l ≡ p2gµνI
(2)
k,l + pµpνI

(3)
k,l , (A.33b)

Iµνρk,l ≡ p2(gµνpρ + gνρpµ + gρµpν)I
(4)
k,l + pµpνpρI

(5)
k,l , (A.33c)

Iµνρσk,l ≡ p4(gµνgρσ + gµρgνσ + gµσgνρ)I
(6)
k,l

+ p2(pµpνgρσ + pµpρgνσ + pµpσgνρ + pνpρgµσ + pνpσgµρ + pρpσgµν)I
(7)
k,l

+ pµpνpρpσI
(8)
k,l .

(A.33d)

Since we use infrared regularization all integrals that do not involve at least one meson propaga-

tor are zero, i.e., I0,l = I
(i)
0,l = 0. For the integrals which only contain propagators of pseudoscalar

mesons the decomposition is actually simpler, since they do not depend on the external momen-

tum p. Therefore

I
(1)
k,0 = I

(3)
k,0 = I

(4)
k,0 = I

(5)
k,0 = I

(7)
k,0 = I

(8)
k,0 = 0 , (A.34a)

I
(2)
k,0 =

1

dp2

(
−Ik−1,0 +m2Ik,0

)
, (A.34b)

I
(6)
k,0 =

1

(d+ 2)p2

(
−I(2)

k−1,0 +m2I
(2)
k,0

)
, (A.34c)

such that the decomposition is independent of p in this case. With the definitions

T
(i)
k,l ≡ −I

(i)
k−1,l +m2I

(i)
k,l , (A.35)

U
(i)
k,l ≡ I

(i)
k,l−1 − I

(i)
k−1,l + (m2 −M2 + p2)I

(i)
k,l , (A.36)
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we find the following result for the case containing both meson and baryon propagators:

I
(1)
k,l =

1

2p2
U

(0)
k,l , (A.37a)

I
(2)
k,l =

1

(d− 1)p2

(
T

(0)
k,l −

1

2
U

(1)
k,l

)
, (A.37b)

I
(3)
k,l =

−1

(d− 1)p2

(
T

(0)
k,l −

d

2
U

(1)
k,l

)
, (A.37c)

I
(4)
k,l =

1

(d− 1)p2

(
T

(1)
k,l −

1

2

(
U

(2)
k,l + U

(3)
k,l

))
, (A.37d)

I
(5)
k,l =

−1

(d− 1)p2

(
3T

(1)
k,l −

d+ 2

2

(
U

(2)
k,l + U

(3)
k,l

))
, (A.37e)

I
(6)
k,l =

1

(d+ 1)p2

(
T

(2)
k,l −

1

2
U

(4)
k,l

)
, (A.37f)

I
(7)
k,l =

−1

(d+ 1)p2

(
T

(2)
k,l −

d+ 2

2
U

(4)
k,l

)
, (A.37g)

I
(8)
k,l =

1

p2
T

(3)
k,l − (d+ 4)I

(7)
k,l

=
−1

(d+ 1)p2

(
3T

(3)
k,l −

d+ 4

2
U

(5)
k,l

)
.

(A.37h)
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APPENDIX B
Supplements: GPDs

B.1 Low-energy constants and fit parameters

The divergences occurring in the loop calculation for 4−d = ε→ 0 have to be absorbed in LECs:

li,j = l
(r)
i,j (µ) + γi,jL , lsi,j = l

s,(r)
i,j (µ) + γsi,jL , (B.1)

where L contains the pole term plus the typical constants for the modified minimal subtraction

scheme (see eq. (A.28)). The renormalized constants pick up a scale dependence:

µ
∂

∂µ
l
(r)
i,j (µ) =

−γi,j
(4π)2

, µ
∂

∂µ
l
s,(r)
i,j (µ) =

−γsi,j
(4π)2

. (B.2)

For the nonzero γi,j and γsi,j we find

γ2,2 =
1 + 3g2

A

2F 2
π

l0,1 , (B.3a)

γ2,4 =
1 + 2g2

A

2F 2
π

l0,2 , (B.3b)

γ3,1 =
1 + 2g2

A

2F 2
π

l1,1 −
g2
A

12m0F 2
π

l0,2 , (B.3c)

γ3,3 =
1 + 2g2

A

2F 2
π

l1,2 −
g2
A

4m0F 2
π

l0,1 , (B.3d)

γs2,4 =
3g2
A

2F 2
π

ls0,2 , (B.3e)

γs3,1 =
g2
A

4m0F 2
π

ls0,2 +
3g2
A

2F 2
π

ls1,1 , (B.3f)

γs3,3 =
3g2
A

4m0F 2
π

ls0,1 +
3g2
A

2F 2
π

ls1,2 −
3g2
A

4m0F 4
π

ls , (B.3g)

γs3,4 =
−g2

A

2F 4
πm0

ls . (B.3h)
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The combined fit parameters used in the heavy baryon reduced results for the isoscalar form

factors (3.43) are related to the LECs defined in section 3.3 by

A
s,(0)
2,0 = 8ls0,1 , (B.4a)

A
s,(m2)
2,0 = 32ls2,2 , (B.4b)

A
s,(m3)
2,0 =

7g2
Al
s

8F 4
πm0π

− 3g2
Al
s
0,1

4F 2
πm0π

− gAl
s
1,6

F 2
πm0π

− 12gAm0l
s
1,15

F 2
ππ

− 12gAl
s
1,18

F 2
ππ

, (B.4c)

A
s,(t)
2,0 = −8ls2,3 , (B.4d)

B
s,(0)
2,0 = 16m0l

s
1,2 , (B.4e)

B
s,(m2)
2,0 (µ) = −2g2

Al
s

F 4
ππ

2
+ 64m0l

s,(r)
3,3 (µ)− 64ls1,2c1 , (B.4f)

B
s,(t)
2,0 (µ) = −16m0l

s,(r)
3,4 (µ) +

5g2
Al
s

12F 4
ππ

2
, (B.4g)

C
s,(0)
2 = −4m0l

s
2,1 , (B.4h)

Ã
s,(0)
2,0 = 8ls0,2 , (B.4i)

Ã
s,(m2)
2,0 (µ) = −3g2

Al
s
0,2

2F 2
ππ

2
+ 32l

s,(r)
2,4 (µ) , (B.4j)

Ã
s,(m3)
2,0 =

7g2
Al
s
0,2

4F 2
πm0π

− gAl
s
1,4

F 2
πm0π

, (B.4k)

Ã
s,(t)
2,0 = −8ls2,5 , (B.4l)

B̃
s,(0)
2,0 = 16m0l

s
1,1 , (B.4m)

B̃
s,(m2)
2,0 (µ) = −3g2

Am0l
s
1,1

F 2
ππ

2
+ 64m0l

s,(r)
3,1 (µ)− 64ls1,1c1 , (B.4n)

B̃
s,(t)
2,0 = −16m0l

s
3,2 , (B.4o)

A
π,s,(0)
2,0 =

8ls

F 2
π

, (B.4p)

and those occurring in the isovector form factors (3.45) by

A
v,(0)
2,0 = 4l0,1 , (B.5a)

A
v,(m2)
2,0 (µ) = − g

2
Al0,1

2F 2
ππ

2
+ 16l

(r)
2,2(µ) , (B.5b)

A
v,(m3)
2,0 =

7g2
Al0,1

8F 2
πm0π

+
gAl0,2

3F 2
πm0π

− gA(l1,6 + l1,7)

6F 2
πm0π

− 2gAm0(l1,15 + l1,16)

F 2
ππ

− 2gA(l1,18 + l1,19)

F 2
ππ

,

(B.5c)

A
v,(t)
2,0 = −4l2,3 , (B.5d)
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B
v,(0)
2,0 = 8m0l1,2 , (B.5e)

B
v,(m2)
2,0 (µ) = −g

2
Am0l1,2
F 2
ππ

2
+ 32m0l

(r)
3,3(µ)− 32l1,2c1 , (B.5f)

B
v,(t)
2,0 = −8m0l3,4 , (B.5g)

C
v,(0)
2 = −2m0l2,1 , (B.5h)

Ã
v,(0)
2,0 = 4l0,2 , (B.5i)

Ã
v,(m2)
2,0 (µ) = − g

2
Al0,2

4F 2
ππ

2
+ 16l

(r)
2,4(µ) , (B.5j)

Ã
v,(m3)
2,0 =

gAl0,1
3F 2

πm0π
+

11g2
Al0,2

24F 2
πm0π

+
gAl1,2
3F 2

ππ
+

2gAl1,17

3F 2
ππ

− gA(l1,4 + l1,5)

6F 2
πm0π

, (B.5k)

Ã
v,(t)
2,0 = −4l2,5 , (B.5l)

B̃
v,(0)
2,0 = 8m0l1,1 , (B.5m)

B̃
v,(m2)
2,0 (µ) = −g

2
Am0l1,1
2F 2

ππ
2

+ 32m0l
(r)
3,1(µ)− 32l1,1c1 , (B.5n)

B̃
v,(t)
2,0 = −8m0l3,2 . (B.5o)

B.2 Full results by diagram

In this appendix we present the outcome of the full one-loop calculation for the generalized form

factors as explained in section 3.5.1. The results are given by diagram in terms of standard

integrals (see appendix A.4), with the exception of diagrams (d) and (e) (see figure 3.1) that

only are compatible with the form factor decomposition if they are treated together:

Xs/v = X
s/v
(a) +X

s/v
(b) +X

s/v
(de) +

1
2∫

− 1
2

du
(
X
s/v
(c) +X

s/v
(f)

)
. (B.6)

For the massive three-point integrals the remaining integration over the Feynman parameter u

has to be carried out numerically. In the following the arguments of the standard integrals are

not written down explicitly:

I1,0 ≡ I1,0(m2
π) ,

I2,0 ≡ I2,0(m2
π) ,

I
(i)
1,1 ≡ I

(i)
1,1(m2

π,m
2
N ,m

2
N ) ,

I
(i)
1,2 ≡ I

(i)
1,2(m2

π, m̃
2
N , m̃

2
N ) ,

I
(i)
2,1 ≡ I

(i)
2,1(m̃2

π,m
2
N , m̃

2
N ) .

(B.7)
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The mass parameters m̃2
π and m̃2

N depend on the remaining integration parameter u and are

defined as

m̃2
N ≡ m2

N + (u2 − 1
4 )∆2 = p̄2 + u2∆2 , (B.8a)

m̃2
π ≡ m2

π + (u2 − 1
4 )∆2 . (B.8b)

In the results presented below we have appended the Z-factor to the leading and next-to-leading

tree-level contributions only. Yet, as long as one is not truncating the results, one could equitably

argue that the Z-factor has to be appended as an overall prefactor to all diagrams. Note, however,

that the results obtained from these two approaches would only differ by terms of higher order.

B.2.1 Isoscalar GFFs for the vector current

As
2,0

As2,0,(a) = 8ls0,1Z + 32ls2,2m
2
π − 8ls2,3t ,

As2,0,(c) = 6ls0,1
g2
A

F 2
π

[
I1,0 − 4m2

N

(
I

(1)
1,1 − I

(3)
1,1

)
− 4(d− 2)m2

Nm̃
2
N

(
I

(2)
1,2 − I

(4)
1,2

)

+ 4m2
N (2m2

N − m̃2
N )
(
I

(3)
1,2 − I

(5)
1,2

)]

+ 24ls1,2
g2
A

F 2
π

m3
N t
(
I

(3)
1,2 − I

(5)
1,2

)
,

As2,0,(de) = 48
gA
F 2
π

[
− ls1,6m2

NI
(3)
1,1 + ls1,15m

2
N

(
2I

(2)
1,0 +m2

π

(
4I1,1 − 4I

(1)
1,1 + I

(3)
1,1

))

+ ls1,13

(
m2
πI1,0 +m2

Nm
2
π

(
I

(3)
1,1 − 2I

(1)
1,1

)
+m2

NI
(2)
1,0

+ 4m4
N

(
I

(2)
1,1 − I

(4)
1,1

)
+ 2m2

N p̄
2
(
2I

(3)
1,1 − I

(5)
1,1

))

+ 2ls1,18m
3
N

(
2(d− 1)I

(2)
1,1 − dI

(4)
1,1

)]
,

As2,0,(f) = −48ls
g2
A

F 4
π

m2
N

[
2m̃2

NI
(4)
2,1 +m2

NI
(5)
2,1

]
.

Bs
2,0

Bs2,0,(a) = 2mN

[
8ls1,2Z + 32ls3,3m

2
π − 8ls3,4t

]
,

Bs2,0,(c) = −48ls0,1
g2
A

F 2
π

m4
N

(
I

(3)
1,2 − I

(5)
1,2

)

− 12ls1,2
g2
A

F 2
π

mN

[
I1,0 − 4m2

N

(
I

(1)
1,1 − I

(3)
1,1

)
+ 4(d− 4)m2

Nm̃
2
N

(
I

(2)
1,2 − I

(4)
1,2

)

+ 4m2
N (2m2

N − m̃2
N )
(
I

(3)
1,2 − I

(5)
1,2

)]
,

Bs2,0,(de) = −48
gA
F 2
π

m2
N

[
2ls1,13m

2
N

(
2I

(2)
1,1 − I

(4)
1,1

)
+ ls1,15m

2
π

(
4I1,1 − 4I

(1)
1,1 + I

(3)
1,1

)

+ 2ls1,18mN

(
I

(5)
1,1 − 2I

(3)
1,1

)]
,

Bs2,0,(f) = 48ls
g2
A

F 4
π

m4
NI

(5)
2,1 .
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Cs
2

Cs2,(a) = −4ls2,1mN ,

Cs2,(c) = −48ls0,1
g2
A

F 2
π

m4
Nu

2I
(5)
1,2 + 24ls1,2

g2
A

F 2
π

m3
Nm̃

2
NI

(4)
1,2 ,

Cs2,(de) = 12
gA
F 2
π

m2
N

[
2ls1,13m

2
NI

(4)
1,1 + ls1,15m

2
πI

(3)
1,1 + 2ls1,18mNI

(5)
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.

B.2.2 Isoscalar GFFs for the axial current
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.
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π
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B.2.3 Isovector GFFs for the vector current
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(7)
1,1

)

−m2
Nm

2
π
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B.2.4 Isovector GFFs for the axial current
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APPENDIX C
Supplements: BDAs

C.1 Loop contributions

The functions g?DA and ∆gBDA are given by

6F 2
? g

?
Φ+ = −19 H1(m?

m) + 2(5D + 6F ) H2(m?
m) ,

6F 2
? g

?
Φ− = −7 H1(m?

m)− 10DH2(m?
m) ,

6F 2
? g

?
Ξ = −9 H1(m?

m)− 18F H2(m?
m) , (C.1)

24F 2
?∆gNΦ+ = −57 ∆H1(mπ)− 18 ∆H1(mK)−∆H1(mη)

+ 30(D + F ) ∆H2(mπ) + 12(D + F ) ∆H2(mK) + (−2D + 6F ) ∆H2(mη) ,

24F 2
?∆gΣ

Φ+ = −12 ∆H1(mπ)− 60 ∆H1(mK)− 4 ∆H1(mη)

+ 24D∆H2(mπ) + 24(D + 2F ) ∆H2(mK)− 8D∆H2(mη) ,

24F 2
?∆gΞ

Φ+ = −9 ∆H1(mπ)− 66 ∆H1(mK)−∆H1(mη)

+ 18(−D + F ) ∆H2(mπ) + (60D + 36F ) ∆H2(mK)− 2(D + 3F ) ∆H2(mη) ,

24F 2
?∆gΛ

Φ+ = −36 ∆H1(mπ)− 36 ∆H1(mK)− 4 ∆H1(mη)

+ 24D∆H2(mπ) + 8(D + 6F ) ∆H2(mK) + 8D∆H2(mη) ,

24F 2
?∆gNΦ− = −9 ∆H1(mπ)− 18 ∆H1(mK)−∆H1(mη)

− 18(D + F ) ∆H2(mπ) + (−20D + 12F ) ∆H2(mK) + (−2D + 6F ) ∆H2(mη) ,

24F 2
?∆gΣ

Φ− = −12 ∆H1(mπ)− 12 ∆H1(mK)− 4 ∆H1(mη)

− 8D∆H2(mπ)− 24D∆H2(mK)− 8D∆H2(mη) ,

24F 2
?∆gΞ

Φ− = −9 ∆H1(mπ)− 18 ∆H1(mK)−∆H1(mη)

+ 18(−D + F ) ∆H2(mπ)− 4(5D + 3F ) ∆H2(mK)− 2(D + 3F ) ∆H2(mη) ,

24F 2
?∆gΛ

Φ− = −36 ∆H1(mπ) + 12 ∆H1(mK)− 4 ∆H1(mη)

− 72D∆H2(mπ) + 24D∆H2(mK) + 8D∆H2(mη) ,
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∆gNΠ = ∆gNΦ+ ,

24F 2
?∆gΣ

Π = −24 ∆H1(mπ)− 36 ∆H1(mK)− 16 ∆H1(mη)

+ 48F ∆H2(mπ) + 24D∆H2(mK) + 16D∆H2(mη) ,

24F 2
?∆gΞ

Π = −9 ∆H1(mπ)− 42 ∆H1(mK)− 25 ∆H1(mη)

+ 18(D − F ) ∆H2(mπ) + 12(D + 3F ) ∆H2(mK) + 10(D + 3F ) ∆H2(mη) ,

24F 2
?∆gΛ

Π = −12 ∆H1(mK)− 16 ∆H1(mη)− 24D∆H2(mK)− 16D∆H2(mη) ,

24F 2
?∆gNΞ = −9 ∆H1(mπ)− 18 ∆H1(mK)− 9 ∆H1(mη)

− 18(D + F ) ∆H2(mπ) + 12(D − 3F ) ∆H2(mK) + 6(D − 3F ) ∆H2(mη) ,

24F 2
?∆gΣ

Ξ = −24 ∆H1(mπ)− 12 ∆H1(mK)− 48F ∆H2(mπ)− 24F ∆H2(mK) ,

24F 2
?∆gΞ

Ξ = −9 ∆H1(mπ)− 18 ∆H1(mK)− 9 ∆H1(mη)

+ 18(D − F ) ∆H2(mπ)− 12(D + 3F ) ∆H2(mK)− 6(D + 3F ) ∆H2(mη) ,

24F 2
?∆gΛ

Ξ = −36 ∆H1(mK)− 72F ∆H2(mK) . (C.2)

The Z-factor contributions are given by

Σ′? =
4

3
(5D2 + 9F 2) H3(m?

m) ,

∆Σ′B = 3gB,π ∆H3(mπ) + 4gB,K ∆H3(mK) + gB,η ∆H3(mη) , (C.3)

where the coefficients gB,M are defined in eq. (4.49). The auxiliary functions ∆Hk are defined as

∆Hk(m) = Hk(m)−Hk(m?
m) , (C.4)

with

H1(m) = 2m2

[
L+

1

32π2
ln
m2

µ2

]
, (C.5a)

H2(m) =
m4

m?
b

2

[
L+

1

32π2
ln
m2

µ2

]
− m4

32π2m?
b

2 +
m3

8π2m?
b

√
1− m2

4m?
b

2 arccos

(
− m

2m?
b

)
, (C.5b)

H3(m) = −3m2

2F 2
?

(
1− 2m2

3m?
b

2

)[
L+

1

32π2
ln
m2

µ2

]
− m2

32F 2
? π

2

+
3m3

32F 2
?m

?
bπ

2

(
1− m2

3m?b
2

)

√
1− m2

4m?b
2

arccos

(
− m2

2m?
b

2

)
.

(C.5c)

L contains the divergence and the finite constants typical for the modified minimal subtraction

scheme in d = 4− ε dimensions (see eq. (A.28)). Note that we have shown that the divergences

of leading one-loop order can be canceled. For practical purposes one can therefore set L to

zero everywhere if one simultaneously replaces the corresponding DAs by the renormalized ones

(compare section 4.5). Within our level of accuracy it is legitimate to replace m?
b and F? by their

values at the symmetric point, where m̄q = m̄phys
q .
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C.2 Handbook of distribution amplitudes

In this section we express the 24 standard DAs occurring in the general decomposition derived in

ref. [76] (SBi , PBi , V Bi , ABi , TBi ) in terms of the DAs defined in section 4.5. The equations given

below follow directly from the definition of the DAs in eqs. (4.70) and (4.72) together with the

symmetry properties of the standard DAs under exchange of the first and the second variable

given in eq. (4.10). For the twist-three and twist-six amplitudes one finds

V B1/6 =
1

2

(
ΦB+,3/6

c+B
+

ΦB−,3/6

c−B

)
(x1, x2, x3) +

(−1)B
2

(
ΦB+,3/6

c+B
+

ΦB−,3/6

c−B

)
(x2, x1, x3) ,

AB1/6 = −1

2

(
ΦB+,3/6

c+B
+

ΦB−,3/6

c−B

)
(x1, x2, x3) +

(−1)B
2

(
ΦB+,3/6

c+B
+

ΦB−,3/6

c−B

)
(x2, x1, x3) ,

TB1/6 = (−1)B
ΠB

3/6(x1, x3, x2)

c−B
, (C.6)

where the DAs on the l.h.s. are functions of (x1, x2, x3). The twist-four and twist-five amplitudes

read

SB1/2 =
(−1)B

24

(
ΞB+,4/5

c+B
+

ΞB−,4/5

c−B

)
(x1, x2, x3)− 1

24

(
ΞB+,4/5

c+B
+

ΞB−,4/5

c−B

)
(x2, x1, x3)

+
1

4

(
ΠB

4/5(x2, x3, x1)

c−B
− (−1)B

ΠB
4/5(x1, x3, x2)

c−B

)
,

PB1/2 =
(−1)B

24

(
ΞB+,4/5

c+B
+

ΞB−,4/5

c−B

)
(x1, x2, x3)− 1

24

(
ΞB+,4/5

c+B
+

ΞB−,4/5

c−B

)
(x2, x1, x3)

− 1

4

(
ΠB

4/5(x2, x3, x1)

c−B
− (−1)B

ΠB
4/5(x1, x3, x2)

c−B

)
,

V B2/5 =
1

4

(
ΦB+,4/5

c+B
+

ΦB−,4/5

c−B

)
(x1, x2, x3) +

(−1)B
4

(
ΦB+,4/5

c+B
+

ΦB−,4/5

c−B

)
(x2, x1, x3) ,

AB2/5 = −1

4

(
ΦB+,4/5

c+B
+

ΦB−,4/5

c−B

)
(x1, x2, x3) +

(−1)B
4

(
ΦB+,4/5

c+B
+

ΦB−,4/5

c−B

)
(x2, x1, x3) ,

V B3/4 =
(−1)B

4

(
ΦB+,4/5

c+B
−

ΦB−,4/5

c−B

)
(x3, x1, x2) +

1

4

(
ΦB+,4/5

c+B
−

ΦB−,4/5

c−B

)
(x3, x2, x1) ,

AB3/4 = − (−1)B
4

(
ΦB+,4/5

c+B
−

ΦB−,4/5

c−B

)
(x3, x1, x2) +

1

4

(
ΦB+,4/5

c+B
−

ΦB−,4/5

c−B

)
(x3, x2, x1) ,

TB2/5 =
ΥB

4/5(x3, x2, x1)

6c−B
,

TB3/4 =
(−1)B

24

(
ΞB+,4/5

c+B
+

ΞB−,4/5

c−B

)
(x1, x2, x3) +

1

24

(
ΞB+,4/5

c+B
+

ΞB−,4/5

c−B

)
(x2, x1, x3)

+
1

4

(
ΠB

4/5(x2, x3, x1)

c−B
+ (−1)B

ΠB
4/5(x1, x3, x2)

c−B

)
,
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TB7/8 = − (−1)B
24

(
ΞB+,4/5

c+B
+

ΞB−,4/5

c−B

)
(x1, x2, x3)− 1

24

(
ΞB+,4/5

c+B
+

ΞB−,4/5

c−B

)
(x2, x1, x3)

+
1

4

(
ΠB

4/5(x2, x3, x1)

c−B
+ (−1)B

ΠB
4/5(x1, x3, x2)

c−B

)
. (C.7)

C.3 Matching to other definitions in the literature

Since we use the same definitions as ref. [76] it is no surprise that

fN = fN ([76]) , λN1 = λ1([76]) , λN2 = λ2([76]) . (C.8)

We can also match some of our constants to the leading twist normalization constants given in

ref. [150]. Note that for the Σ and Ξ a relative minus sign originates from the fact that ref. [150]

uses Σ+ and Ξ− for the definition, while our choice is Σ− and Ξ0 in order to have the same sign

as for the proton.

fN = fN ([150]) , (C.9a)

fΣ = −fΣ([150]) , fΣ
T = −fTΣ ([150]) , (C.9b)

fΞ = −fΞ([150]) , fΞ
T = −fTΞ ([150]) , (C.9c)

fΛ =

√
2

3
fΛ([150]) ,

∫
[dx]x1ΦΛ

−,3(x1, x2, x3) =
√

6fTΛ ([150]) . (C.9d)

Due to some misprints and inconsistencies within refs. [151, 152, 193] we are not able to give

reliable matching formulas for their definitions.

C.4 Details on the operator construction

Derivatives acting on the baryon field

In the first part of this section we will describe why we can trade covariant derivatives acting on

the baryon field for normal derivatives acting on the complete current. This choice is very conve-

nient since the external derivatives (in contrast to the covariant derivatives acting on the baryon

field) do not lead to additional loop momenta in the integrals. To show that this formulation

only differs in higher order contributions we use the identities

εabc = uaa′ubb′ucc′ε
a′b′c′ , (C.10a)

εabc = (u†)aa′(u
†)bb′(u

†)cc′ε
a′b′c′ , (C.10b)

and

0 =
(
(∂µu)aa′ubb′ucc′ + uaa′(∂µu)bb′ucc′ + uaa′ubb′(∂µu)cc′

)
εa
′b′c′ , (C.10c)

0 =
(
(∂µu

†)aa′(u
†)bb′(u

†)cc′ + (u†)aa′(∂µu
†)bb′(u

†)cc′ + (u†)aa′(u
†)bb′(∂µu

†)cc′
)
εa
′b′c′ , (C.10d)
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which follow from det(u) = 1. From these one obtains

(DµB)aa′ε
a′bc =

(
(∂µB)aa′δbb′δcc′ + (ΓµB)aa′δbb′δcc′ − (BΓµ)aa′δbb′δcc′

)
εa
′b′c′

=
(
(∂µB)aa′δbb′δcc′ + (ΓµB)aa′δbb′δcc′ + (B)aa′(Γµ)bb′δcc′

+ (B)aa′δbb′(Γµ)cc′
)
εa
′b′c′ .

(C.11)

Additionally we need

∂µuX = uX(uX̄∂µuX) = uX

(
Γµ − (−1)X

i

2
uµ

)
=̇ uXΓµ , (C.12a)

∂µXM = DµXM − [Γµ, XM ] =̇ −[Γµ, XM ] , for XM ∈ {uν , χ±} . (C.12b)

Putting everything together we find for a general structure with arbitrary mesonic building blocks

X1, X2, X3 ∈ {uν , χ±}

(uXX1DµB)aa′(uYX2)bb′(uZX3)cc′ε
a′b′c′ =

=
(

(uXX1∂µB)aa′(uYX2)bb′(uZX3)cc′ + (uXX1ΓµB)aa′(uYX2)bb′(uZX3)cc′

+ (uXX1B)aa′(uYX2Γµ)bb′(uZX3)cc′ + (uXX1B)aa′(uYX2)bb′(uZX3Γµ)cc′
)
εa
′b′c′

=̇ ∂µ
(
(uXX1B)aa′(uYX2)bb′(uZX3)cc′

)
εa
′b′c′ . (C.13)

In the last step we have used

uXX1Γµ =̇ uX∂µX1 + uXΓµX1 =̇ uX∂µX1 + (∂µuX)X1 = ∂µ(uXX1) , (C.14)

and the same for uYX2 and uZX3.

Locality of the low-energy operator

In the following we will argue that structures involving baryon and meson fields at different

positions can be dropped. We can choose the structure containing the baryon to be situated at

x, while we call the second position y such that we can write schematically B(x, y) = f(x)g(y),

where g only contains mesonic building blocks. Every derivative acting on g therefore has to be

counted as first order in the chiral power counting. It follows trivially that

f(x)g(y) = f(x)
(
g(x) + (x− y) · ∂g(x) + . . .

)
=̇ f(x)g(x) . (C.15)

Properties of the Γ structures

For the construction of the low-energy effective operator in section 4.3.2 we define in eq. (4.19)

an object which depends on 4 Dirac indices

Γi,XY Zαβγδ = (γXΓiAγY C)αβ(γZΓiB(i/∂)d
m
i )γδ(n · ∂)d

n
i , (C.16)

where the derivatives act on hadron fields. ΓiA and ΓiB are both elements of the Clifford algebra,

where all open Lorentz indices are either contracted between ΓiA and ΓiB or with a derivative ∂µ
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or with the light-cone vector nµ. For the explicit expressions which finally enter the construction

refer to table 4.2. Analogous to eq. (A.24) we define

ΓiA ⊗ ΓiB = ηPΓ,i γ0ΓiAγ0 ⊗ γ0ΓiBγ0

∣∣∣n→−n
∂→−∂

, (C.17a)

ΓiA
†⊗ ΓiB

†
= ηHΓ,i γ0ΓiAγ0 ⊗ γ0ΓiBγ0 , (C.17b)

ΓiA
T⊗ ΓiB

T
= ηCΓ,i CΓiAC ⊗ CΓiBC , (C.17c)

such that

ΓiA
∗⊗ ΓiB

∗
= ηHΓ,iη

C
Γ,i γ0CΓiACγ0 ⊗ γ0CΓiBCγ0 , (C.18)

and

ΓiA ⊗ ΓiB

∣∣∣n0→−n0
∂0→−∂0

= (−1)#cont. ηPΓ,i γ0ΓiAγ0 ⊗ γ0ΓiBγ0

= ηPΓ,i γ0γ5ΓiAγ5γ0 ⊗ γ0γ5ΓiBγ5γ0 ,

(C.19)

where #cont. is the number of Lorentz indices within ΓiA and ΓiB that are contracted with a

derivative or a light-cone vector. Using these relations one finds for the complete object

(
Γi,XY Zαβγδ

)∗
= −ηHΓ,iηCΓ,i (Cγ0)αα′(Cγ0)ββ′(Cγ0)γγ′Γ

i,XY Z
α′β′γ′δ′(Cγ0)δ′δ . (C.20)

Under parity transformation the spacelike components of the derivatives change their sign, which

leads to

PΓi,XY Zαβγδ P† = Γi,XY Zαβγδ

∣∣∣
∂→−∂

= ηPΓ,i (γXγ0ΓiAγ0γY C)αβ(γZγ0ΓiBγ0(iγ0 /∂γ0)d
m
i )γδ(n · ∂)d

n
i

∣∣∣
n→−n

= −ηPΓ,i (γ0)αα′(γ0)ββ′(γ0)γγ′Γ
i,X̄Ȳ Z̄
α′β′γ′δ′(γ0)δ′δ

∣∣∣
n→−n

,

(C.21)

where we have used eq. (C.17a) in the step from the first to the second line. Charge conjugation

has no effect on the Γ structure such that one obtains the same result for CP as for P. But if

we take a look at eq. (4.16b) it becomes clear that we have to relate it to its complex conjugate.

Using eq. (C.20) one finds

CPΓi,XY Zαβγδ P†C† = PΓi,XY Zαβγδ P† = −ηCΓ,iηPΓ,iηHΓ,i Cαα′Cββ′Cγγ′
(

Γi,XY Zα′β′γ′δ′

)∗
Cδ′δ

∣∣∣
n→−n

. (C.22)

Under time reversal the time component of the derivative gets a minus sign. Additionally the

complete structure becomes subject to complex conjugation since time reversal is described by

an antiunitary operator. By the use of eqs. (C.19) and (C.20) one finds

T Γi,XY Zαβγδ T † =
(

Γi,XY Zαβγδ

)∗∣∣∣
∂0→−∂0

(C.23)

= −ηCΓ,iηPΓ,iηHΓ,i (−1)X(−1)Y (−1)ZCαα′Cββ′Cγγ′Γ
i,XY Z
α′β′γ′δ′(Cγ5)δ′δ

∣∣∣
n0→−n0

.
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C.5 Matching relations

In this section we provide the result of the matching described in section 4.4.3, which is needed

in intermediate steps of our calculation (in practical applications one can always use the readily

evaluated expressions shown in appendix C.2). For the twist projected amplitudes introduced in

ref. [76] one finds

SB1 (x1, x2, x3) =
(
2h2,abc

B,even + 2h2,abc
B,odd

)
(x1, x2, x3) ,

SB2 (x1, x2, x3) =
(
−4h1,abc

B,even + 2h2,abc
B,even − 4h1,abc

B,odd + 2h2,abc
B,odd

)
(x1, x2, x3) ,

PB1 (x1, x2, x3) =
(
2h2,abc

B,even − 2h2,abc
B,odd

)
(x1, x2, x3) ,

PB2 (x1, x2, x3) =
(
−4h1,abc

B,even + 2h2,abc
B,even + 4h1,abc

B,odd − 2h2,abc
B,odd

)
(x1, x2, x3) ,

V B1 (x1, x2, x3) = −4h8,bca
B,odd(x2, x3, x1)− 4h8,cab

B,odd(x3, x1, x2) ,

V B2 (x1, x2, x3) =
(
2h2,bca

B,odd + 2h7,bca
B,odd − 2h8,bca

B,odd

)
(x2, x3, x1)

+
(
−2h2,cab

B,odd + 2h7,cab
B,odd − 2h8,cab

B,odd

)
(x3, x1, x2) ,

V B3 (x1, x2, x3) =
(
−2h2,bca

B,odd + 2h7,bca
B,odd − 2h8,bca

B,odd

)
(x2, x3, x1)

+
(
2h2,cab

B,odd + 2h7,cab
B,odd − 2h8,cab

B,odd

)
(x3, x1, x2) ,

V B4 (x1, x2, x3) =
(
4h1,bca

B,odd − 2h2,bca
B,odd + 4h4,bca

B,odd + 2h7,bca
B,odd − 2h8,bca

B,odd

)
(x2, x3, x1)

+
(
−4h1,cab

B,odd + 2h2,cab
B,odd + 4h4,cab

B,odd + 2h7,cab
B,odd − 2h8,cab

B,odd

)
(x3, x1, x2) ,

V B5 (x1, x2, x3) =
(
−4h1,bca

B,odd + 2h2,bca
B,odd + 4h4,bca

B,odd + 2h7,bca
B,odd − 2h8,bca

B,odd

)
(x2, x3, x1)

+
(
4h1,cab

B,odd − 2h2,cab
B,odd + 4h4,cab

B,odd + 2h7,cab
B,odd − 2h8,cab

B,odd

)
(x3, x1, x2) ,

V B6 (x1, x2, x3) =
(
8h4,bca

B,odd + 8h7,bca
B,odd − 4h8,bca

B,odd − 16h9,bca
B,odd

)
(x2, x3, x1)

+
(
8h4,cab

B,odd + 8h7,cab
B,odd − 4h8,cab

B,odd − 16h9,cab
B,odd

)
(x3, x1, x2) ,

AB1 (x1, x2, x3) = −4h8,bca
B,odd(x2, x3, x1) + 4h8,cab

B,odd(x3, x1, x2) ,

AB2 (x1, x2, x3) =
(
2h2,bca

B,odd + 2h7,bca
B,odd − 2h8,bca

B,odd

)
(x2, x3, x1)

+
(
2h2,cab

B,odd − 2h7,cab
B,odd + 2h8,cab

B,odd

)
(x3, x1, x2) ,

AB3 (x1, x2, x3) =
(
2h2,bca

B,odd − 2h7,bca
B,odd + 2h8,bca

B,odd

)
(x2, x3, x1)

+
(
2h2,cab

B,odd + 2h7,cab
B,odd − 2h8,cab

B,odd

)
(x3, x1, x2) ,

AB4 (x1, x2, x3) =
(
−4h1,bca

B,odd + 2h2,bca
B,odd − 4h4,bca

B,odd − 2h7,bca
B,odd + 2h8,bca

B,odd

)
(x2, x3, x1)

+
(
−4h1,cab

B,odd + 2h2,cab
B,odd + 4h4,cab

B,odd + 2h7,cab
B,odd − 2h8,cab

B,odd

)
(x3, x1, x2) ,

AB5 (x1, x2, x3) =
(
−4h1,bca

B,odd + 2h2,bca
B,odd + 4h4,bca

B,odd + 2h7,bca
B,odd − 2h8,bca

B,odd

)
(x2, x3, x1)

+
(
−4h1,cab

B,odd + 2h2,cab
B,odd − 4h4,cab

B,odd − 2h7,cab
B,odd + 2h8,cab

B,odd

)
(x3, x1, x2) ,

AB6 (x1, x2, x3) =
(
8h4,bca

B,odd + 8h7,bca
B,odd − 4h8,bca

B,odd − 16h9,bca
B,odd

)
(x2, x3, x1)

+
(
−8h4,cab

B,odd − 8h7,cab
B,odd + 4h8,cab

B,odd + 16h9,cab
B,odd

)
(x3, x1, x2) ,
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TB1 (x1, x2, x3) = 4h8,abc
B,odd(x1, x2, x3) ,

TB2 (x1, x2, x3) = −16h5,abc
B,even(x1, x2, x3) ,

TB3 (x1, x2, x3) =
(
−8h5,abc

B,even + 2h6,abc
B,even − 2h7,abc

B,odd + 2h8,abc
B,odd

)
(x1, x2, x3) ,

TB4 (x1, x2, x3) =
(
− 4h3,abc

B,even − 4h4,abc
B,even − 8h5,abc

B,even − 2h6,abc
B,even

− 4h4,abc
B,odd − 2h7,abc

B,odd + 2h8,abc
B,odd

)
(x1, x2, x3) ,

TB5 (x1, x2, x3) =
(
−8h4,abc

B,even − 16h5,abc
B,even

)
(x1, x2, x3) ,

TB6 (x1, x2, x3) =
(
−8h4,abc

B,odd − 8h7,abc
B,odd + 4h8,abc

B,odd + 16h9,abc
B,odd

)
(x1, x2, x3) ,

TB7 (x1, x2, x3) =
(
8h5,abc

B,even − 2h6,abc
B,even − 2h7,abc

B,odd + 2h8,abc
B,odd

)
(x1, x2, x3) ,

TB8 (x1, x2, x3) =
(

4h3,abc
B,even + 4h4,abc

B,even + 8h5,abc
B,even + 2h6,abc

B,even

− 4h4,abc
B,odd − 2h7,abc

B,odd + 2h8,abc
B,odd

)
(x1, x2, x3) .

(C.24)

The functions on the r.h.s. are given in eq. (4.59). For the flavor indices a, b, c on the r.h.s. one

has to insert the flavors of the operators for which the l.h.s. is defined. Our choice is p =̂ uud,

n =̂ ddu, Σ+ =̂ uus, Σ0 =̂ uds, Σ− =̂ dds, Ξ0 =̂ ssu, Ξ− =̂ ssd, Λ =̂ uds, where the order of the

flavors is relevant for the symmetry properties of the DAs (cf. eq. (4.12)).
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generalized form factors from lattice QCD with nearly physical quark masses, PoS

LATTICE2015 (2016) 118, arXiv:1601.04818 [hep-lat].

[123] B. Sheikholeslami and R. Wohlert, Improved Continuum Limit Lattice Action for QCD

with Wilson Fermions, Nucl. Phys. B259 (1985) 572.

[124] QCDSF Collaboration, G. S. Bali et al., Nucleon mass and sigma term from lattice QCD

with two light fermion flavors, Nucl. Phys. B866 (2013) 1, arXiv:1206.7034 [hep-lat].

[125] R. Sommer, A New way to set the energy scale in lattice gauge theories and its

applications to the static force and αs in SU(2) Yang–Mills theory, Nucl. Phys. B411

(1994) 839, arXiv:hep-lat/9310022.

[126] G. S. Bali et al., Nucleon isovector couplings from Nf = 2 lattice QCD, Phys. Rev. D91

(2015) 054501, arXiv:1412.7336 [hep-lat].
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