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ABSTRACT

A new comprehensive simulation tool for computation of the whole helicopter is currently being developed at the Institute
of Flight Systems of DLR. A main requirement of such a tool is the calculation of the aerodynamic forces acting at the
blades, including all effects that are typical for helicopter rotor operational conditions, while maintaining small calculation
times. Therefore, for the calculation of the rotor blade element aerodynamics, a semi-empirical analytical model is used.
A formulation in state-space description was chosen to represent the unsteady circulation lag and the modeling of the
noncirculatory force response was also added. The analytical models’ formulation of the unsteady viscous effects, i.e. stall
delay, was transferred to state-space form as well. The resulting combined model is used for the calculation of steady airfoil
data as well as unsteady hysteresis curves for a harmonically oscillating airfoil. The results are compared to CFD data.

NOMENCLATURE

An coefficients of indicial functions
bn exponents of indicial functions
C aerodynamic coefficient
CLα lift curve slope
Ma Mach number
K noncirculatory time constant function
T time constant, s
V velocity, m/s
a speed of sound, m/s
c chord length, m
k reduced frequency
l section lift, N/m
q dynamic pressure, N/m2

s generalized time variable
t time, s
x state variable
α angle of attack, deg
β Prandtl-Glauert compressibility correction
Γ circulation function
∆ difference
ρ air density, kg/m3

φ indicial response function
ω angular frequency, rad/s

Indices

D drag
I impulsive
L lift
M moment, aerodynamic coefficient
N normal

att attached
b bubble
c circulatory
det detached
eff effective
geom geometric
m moment, based on sonic pressure
nc noncirculatory
os stall overshoot
sc sub-critical
spc supercritical
ss steady stall
x in chord direction
z perpendicular to chord
+,− positive, negative direction

1. INTRODUCTION

The Institute of Flight Systems of the German Aerospace
Center has long-standing experience regarding the simula-
tion of isolated helicopter rotors. The simulation tool S4 was
developed in-house and extensive validation of this tool has
been conducted ever since, for example using the results of
the HART II test campaign [1]. Even though S4 serves as
a useful device for the preparation of wind tunnel tests, this
tool exhibits major limitations in its simulation capabilities.
These are for instance the preconditions that the rotor head
is fixed in space and only one rotor can be simulated.

Since these essential limitations are hard to overcome
with the code already at hand, a new comprehensive sim-
ulation tool for computation of the whole helicopter is cur-
rently being developed at the Institute. This new code
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is called VAST, which stands for Versatile Aeromechanics
Simulation Tool.

A main requirement of such a tool is the calculation of
the aerodynamic forces acting at the blades, including all
effects that are typical for helicopter rotor operational condi-
tions, while maintaining small calculation times. In forward
flight the velocities due to rotation of the rotor are super-
posed with the forward flight velocity, which leads to a large
variation of Mach number, angle of attack and yaw velocity
component in the course of a rotation even under steady
flight conditions. Therefore, essential effects to be repre-
sented by the model are the influence of compressibility,
unsteadiness and yawed flow.

In order to model the aerodynamic response due to ar-
bitrary excitation at low computational cost, the so called
indicial functions are commonly used [2]. These give the
response in lift and moment resulting from a step change
in angle of attack. The actual aerodynamic force time his-
tory can then be calculated by superposition and time inte-
gration of the different indicial functions. The first solution
pertaining to this kind of problem was that of Wagner [3] for
the lift response due to a sudden change in angle of attack
in incompressible flow. Many derivations have been made
for different types of forcing and for the inclusion of effects
of compressibility, e.g. the response to an encounter with
a sharp-edged gust as described by Küssner [4]. Since the
exact formulations are computationally expensive, approxi-
mate solutions in the form of exponential functions like that
of Jones [5] to the Wagner and Küssner function for wings
considering the aspect ratio have been formulated. Mazel-
sky and Drischler [6] determined numerical solutions for
these functions under consideration of compressibility and
also stated approximative exponential functions for Mach
numbers of 0.5, 0.6 and 0.7.

Beddoes [7] later established a generalization of the in-
dicial lift response by appropriate scaling of the generalized
time variable. A comparative study of calculated and exper-
imental unsteady lift responses led to the adaption of the
approximate functions for general applicability in [8]. Lomax
stated in [2] that the circulatory lift development after pene-
tration of a sharp edged gust equals that of a step change in
angle of attack after an initial phase. Based on this finding,
Leishman and Beddoes [9] developed a generalized model
for the unsteady airfoil behavior presenting noncirculatory
(impulsive) indicial responses fitting to the generalized lift
indicial functions. In a later work [10], Leishman transferred
the previously derived model into state-space formulation.

The model described above was developed for attached
flow, but extensions to model flow separation and dynamic
stall have been presented in [9]. Several functions are in-
troduced for the incorporation of leading edge and trailing
edge stall, mainly on the basis of first order lags. The corre-
sponding time constants have to be identified based on the
dynamic behavior of the airfoil. A drawback of the proposed
method is that the time constants have to be adapted for
different states of the airfoil flow field. The model also does
not account for the effect of sweep.

A model that includes the effect of yawed flow conditions
and works without the need to switch between different flow
conditions throughout the simulation is that developed by
Leiss [11]. It is based on superposition of three different
force components, namely the force resulting from fully sep-
arated flow according to Newton’s law, the separated cir-
culatory flow, and the attached circulatory flow. Further-
more, the influence of compressibility and dynamic stall is
included in the model. van der Wall [12] proposed some
adaption to this model that will be introduced in section 2.3.

In this paper, the usage of the state-space model for the
indicial aerodynamics in conjunction with Leiss’s adapted
aerodynamics model is presented. Discussion of the hys-
teresis curves for a NACA 23012 airfoil with a tabbed trailing
edge experiencing generic unsteady forcing is carried out
using data obtained with the CFD code TAU [13] for com-
parison.

2. AERODYNAMIC MODEL

2.1. Indicial Response formulation

In this section, the formulation of the indicial response is
outlined for the example of a step change in angle of attack
∆α. The analogous representations for moment contribu-
tions and the response to pitching of the airfoil can be found
in the respective cited publications.

The circulatory indicial response is commonly denoted
φc and written in terms of the variable s that represents the
distance traveled by the airfoil in half-chord-lengths:

(1) s = t
V

c/2
= t

2aMa

c
= t

2Ma

T

where t is the time, V the velocity of the free stream relative
to the airfoil, c corresponds to the chord length and T =
c/a is a time constant using the speed of sound a. In the
incompressible case, the circulatory section lift due to a step
change in angle of attack can be computed as

(2) l(s) = 2π
ρ

2
V 2c ∆α φc(s)

with the air density ρ. φc was chosen to give a value of
unity for very large values of s. Dividing the section lift by
the dynamic pressure q = ρ/2 V 2 and the chord length,
the lift coefficient results. The factor of 2π is the lift curve
slope CLα for incompressible flat plate aerodynamics. This
term can be replaced by the actual lift curve slope for the lift
response of the airfoil in use, e.g.

(3) CL,c(s) = CLα∆α φc(s)

For subsonic compressible flow, the development of lift
as well as the asymptotic behavior changes and approx-
imate formulations for different Mach numbers exist, like
that of Mazelsky and Drischler [6]. Beddoes [7] showed
that by scaling φc with the Prandtl-Glauert correction factor
β =

√
1−Ma2, and substituting s in φc by sβ2, the com-

pressibility effects on the lift transfer function can approxi-
mately be represented. By scaling of the indicial response



function, it is possible to use the actual value of CLα in
equation (3) that changes according to the Prandtl-Glauert
correction.

The approximate solutions for φc are commonly ex-
pressed in the form of two exponential terms, i.e.

(4)
φc(s) = 1−A1 e

−b1s −A2 e
−b2s

= 1−A1 e
−b1 2Ma

T t −A2 e
−b2 2Ma

T t.

In [8], Beddoes modified the values resulting from numeri-
cal calculations slightly to obtain a better fit to experimental
data. His final parameter set was A1 = 0.3; A2 = 0.7;
b1 = 0.14; b2 = 0.53.

The circulatory response presented before is only one ef-
fect of a sudden change in angle of attack. In the instance
of the change, an infinite impulsive force results in the in-
compressible case as well. For compressible flow, the non-
circulatory force retains a finite value at the start and then
decays. Leishman [14] obtained an approximate value for
this decay by matching the gradient of the total response for
s = 0. The resulting formula for the noncirculatory normal
force coefficient CN,nc reads

(5) CN,nc =
4∆α

Ma
e−(KαT )−1t

with

(6) Kα =
2

2(1−Ma) + 2πβMa2(A1b1 +A2b2)
.

This additional time constant function is close to a value of
unity in the low Mach number range and shows a strong
increase at Ma > 0.8.

The impulsive force component is not occurring for an
airfoil entering a gust because in this case at the start there
is no change in the velocities acting at the airfoil. Hence,
for this kind of forcing only the circulatory part is relevant.
Lomax [2] established that after an initial time, the indicial
response due to gust encounter is the same as that for the
step change in α. Therefore, the herein described model
makes no distinction in the circulatory force for these differ-
ent types of forcing.

To be able to describe the output of a system at any time,
the current state of the system has to be known. The en-
tirety of the state variables is called the state space in con-
trol theory and their change over time is dependent on the
current state itself and the input of the system. For further
information about control theory, the reader is referred to
the related literature.

The lift and moment generated by arbitrary forcing can be
viewed as the output of the unsteady aerodynamic system,
as pointed out by Leishman in [10]. There, he shows the
transfer of the indicial response equation into state space
form. For the circulatory lift response, the time derivative of
the states xi can be determined to

(7)

[
ẋ1

ẋ2

]
=

2Ma

T
β2

[
−b1 0

0 −b2

] [
x1

x2

]
+

[
1
1

]
α(t)

and the output equation reads

(8) CL,c(t) =
2π

β

2Ma

T
β2
[
A1b1 A2b2

] [x1

x2

]
.

For the noncirculatory response, the state space formula-
tion is scalar because only one decay term was introduced:

(9) ẋ3 = − 1

KαT
x3 + α(t)

(10) CN,nc =
4

Ma
ẋ3 = − 4

Ma

1

KαT
x3 +

4

Ma
α(t)

Transferring the response functions for the aerodynamic
moment as well and also accounting for pitch rate re-
sponses, a total of eight state equations results. The full
set of formulae is presented in [10].

2.2. Leiss’s aerodynamic model

The aerodynamic model proposed by Leiss [11] varies from
other typically applied models within the definition of the
aerodynamic coefficients. In most applications, the coeffi-
cients are expressed in the so-called aerodynamic system,
i.e. lift component perpendicular to the flow velocity and
drag component in flow direction. Normalization is carried
out using the dynamic pressure and the chord, as shown
in the transition from equation (2) to equation (3). Further-
more, the chord length is used as additional parameter for
normalization of the moment.

For helicopter applications, this leads to problems caused
by the varying flow field at the blade elements. In the first
place, the aerodynamic coefficients yield no direct measure
of the acting forces and moments at different radii and az-
imuths due to the permanently varying dynamic pressure.
A second problem is the occurrence of reversed flow at the
retreating blade side. The angle of attack of 180 deg is
equivalent to −180 deg and for dynamic variations around
that angle, no smooth transition is possible.

In the Leiss model, in contrast to traditional definitions,
the coefficients are expressed perpendicular to and in air-
foil direction and are based on the dynamic pressure of the
speed of sound. The definitions of the systems are shown
in Figure 1. Transformation between the different systems

Cz

Cx

x z

CL

CDMa

Maz
Max
α

Figure 1: Definition of the force coefficients

can be applied using the following formulae:

(11)
Cz = Max Ma CL + Maz Ma CD
Cx = Maz Ma CL −Max Ma CD
Cm = Ma2 CM



One benefit of this formulation is that the magnitude of
the coefficient now directly corresponds to the acting force.
For the application in helicopters this is particularly useful as
coefficients at different radial stations and of different time
steps can directly be compared. Another advantage of this
formulation is that the coefficients are continuous through-
out the entire Max-Maz range including reversed flow and
therefore better suited for integration in an analytical model,
as visualized in [15].

The aerodynamic model is based on analytical represen-
tation of the airfoil properties gained with experimental data
by superposition of three physical force sources. Following
Leiss, these are resulting from fully separated flow accord-
ing to Newton’s law, the separated circulatory flow, and the
attached circulatory flow. The whole set of formulae can be
found in [11]. This section focuses on the attached circula-
tory flow formulation since two main factors of unsteady flow
are accounted for there, which is dynamic stall and sweep
influence. The formulae shown here pertain to the normal
force coefficient and an exemplary division between the dif-
ferent basic flow effects can be seen in Figure 2. It also
depicts the additional circulation component due to leading
edge bubble burst, denoted by index b.

Maz

Cz

Cz,c,det

Cz,c,b

Cz,c,att

Cz,Newton,det

Max = const .

Maz,ss,+
Maz,b,+

Maz,ss,+

Figure 2: Distinction of force components by mechanism

The circulatory normal force coefficient Cz,c is deter-
mined using

(12) Cz,c,att,+ = |Max|
dCz,+
dMaz

(Max)

×Maz,ss,+(Max)Γ+(Maz,Maz,ss,+)

The index + denotes this is the force component due to
positive angle of attack. A respective formulation exists for
negative angles of attack circulation. In case it is desired to
model the influence - and when there is enough data to sub-
stantiate the set up of such a model - similar formulae can
be set up for the smaller attached flow regions in rearward
flow.

The derivative dCz,+/dMaz(Max) is comparable to the
lift curve slope CLα(Ma) and similarly depends on the tan-
gential Mach number. For small angles of attack this is
practically the same as the Mach number, since Max =
Ma cos(α). The normal Mach number of steady stall

Maz,ss represents the stall angle of attack where the max-
imum circulation occurs. This can be seen in the equation
for the circulation function Γ, representing the bell-shaped
curve of Figure 2:

(13) Γ+ =
c2ss,+(Max)

[Maz −Maz,ss,+(Max)]2 + c2ss,+(Max)

The parameter css is also dependent on Max, normalizes
the maximum of the circulation to unity and determines the
width of the curve. Another circulatory contribution is the
generation of a leading edge bubble that delays the occur-
rence of stall via aiding in the reattachment of the flow be-
hind the bubble. When the bubble bursts this leads to a
sharper decrease of lift, though. This effect occurs only at
lower Mach numbers. The circulation of the bubble Γb is
determined by

(14) Γb,+ = cb,+
[Maz −Maz,b,+]Ma2

z,b,max,+

[Maz −Maz,b,+]2 + Ma2
z,b,max,+

The normal Mach number of bubble burst Maz,b, that of
the maximum circulation Maz,b,max and the additional co-
efficient cb are again dependent on Max, but the identifier
has been left out in equation (14) to fit it onto the page.
For all the Mach number dependent parameters, Leiss pro-
posed polynomial representations in terms of Max. Similar
equations have to be set up for tangential and moment co-
efficients.

The influence of sweep is accounted for via a steady stall
shift ∆Maz,ss that shifts the stall to higher Maz numbers
for the + circulation curve and to lower Maz numbers for
the circulation at negative angles of attack, i.e. the sweep
aids in keeping the flow attached for larger positive as well
as larger negative angles of attack. Leiss postulated a sim-
ple quadratic dependence on the radial Mach number May
for this influence in [16]:

(15) ∆Maz,ss,y,+/− = cy1,+/− Ma2
y

Furthermore, Leiss deduced a decreasing of the lift curve
slope from experimental results he investigated. For this
drop, he proposed an additional term of cy2,+/− Ma2

y to be
added in the denominator of equation (13).

For the inclusion of circulation lag effects in unsteady mo-
tion, Leiss proposed to use the Wagner and Küssner func-
tions in order to determine the change in Maz value in re-
lation to the geometrical value. The formulation presented
in [15] builds on the precondition of harmonic oscillation,
though.

Dynamic stall is accounted for via a shift of the point of
stall Maz,ss. Leiss also only showed the solution for har-
monic oscillations in [15], but it can be deduced from that
solution that the basic formula for the shift is an exponential
equation dependent on two overshoot parameters

(16) ∆Maz,ss = Aos e
−boss



2.3. Adaption of the Leiss Model

The model of Leiss presented in the previous section is
based on theoretical considerations and deductions from
experiments. It was validated with experimental data of the
symmetric NACA 0012 airfoil. Between the first publication
in 1984 [15] and the final presentation of the model in 1987
[11] still changes regarding the basic formulae are appar-
ent, i.e. the model was still in development. van der Wall
[12] published results using this model for the NACA 23012
airfoil and stated that some adaption had been made to the
model. These changes will be described in this section.

The first change pertains to the detached circulatory flow.
The equation stated by Leiss for the normal force coefficient
consists of two parts. A sub-critical term (parameter indices
sc) starts at a value of π/2 in incompressible conditions and
decreases for higher velocities. The supercritical term (pa-
rameter indices spc) starts at zero, has its maximum at a
Mach number of unity and beyond that decreases approxi-
mately according to the rule of Ackeret. The formula reads

(17) Cz,c,det =
MazMa2

x

Ma

(
π

2

c4sc
Ma4 + c4sc

+4
Ma3

(Ma2 − c2spc,max)2 + c4spc

)

The adaption by van der Wall allows for a scaling of the
overall behavior via the parameter cdet,0. Also, a linear
variation of the angle-of-attack-dependence with tangential
Mach number is possible using cdet,1:

(18) Cz,c,det = cdet,0
Ma2

x

Ma
(Maz − cdet,1Max)

×
(
π

2

c4sc
Ma4 + c4sc

+ 4
Ma3

(Ma2 − c2spc,max)2 + c4spc

)

The same modification was employed for the moment coef-
ficient. As mentioned in section 2.2, Leiss proposed poly-
nomial descriptions for the attached circulatory flow param-
eters. In the parameter optimizations conducted to set up
the model of the NACA 23012 airfoil in [12], it turned out
that due to the nonlinear behavior of the parameters this
approach was not practicably feasible to account for the
actual behavior of the airfoils throughout the whole Mach
range. Especially the bubble burst effect that vanishes at
higher Mach numbers would lead to difficulties here. There-
fore, the parameters are identified for different Mach num-
bers and an interpolation is carried out inside the parameter
data set during calculation.

The bubble circulation equation (14) was changed into a
two-term approach

(19) Γb = c2b

(
1

[Maz −Maz,b,max1]2 + c2b

− 1

[Maz −Maz,b,max2]2 + c2b

)

This formulation allows for more localized effects in the rep-
resentation of the airfoil coefficients. For the incorporation
of sweep, a multitude of changes was made. Firstly, the stall
shift is formulated dependent on the sweep angle γ as

(20) ∆Maz,ss,y = |Max| tan(cy1γ
2)

The adaption of the denominator in equation (13) by an
additional term for the yawed flow was replaced by a modi-
fication of css, i.e

(21) css,y = css + cy2∆Maz,ss,y

The same approach is used to model the influence of yaw
velocity on the bubble burst parameter cb, but using a dif-
ferent parameter cy3 . This additional modification of both
circulation functions is also implemented for the influence
of the unsteady stall shift.

3. MERGING OF THE AERODYNAMIC MODELS

Regarding the development of circulatory lift, the indicial re-
sponse is often seen as a shift from geometric angle of at-
tack αgeom to an effective angle of attack αeff . This analogy
was also stated by Beddoes in [7] for example. The original
derivations of Wagner and Küssner are solutions for the in-
duced velocity flow field due to changes in the bound and
shed circulation after small disturbances, though. As stated
in section 2.2, Leiss proposed to extend the usage of those
solutions for the development of α to all changes in inci-
dence angle.

Since the Leiss model works with the velocity compo-
nents tangential, normal and radial to the chord, it sug-
gests itself to use the effective flow components directly.
For the normal velocity component this is a straight-forward
approach given the small angle assumption that is underly-
ing the derivation. Looking at the tangential velocity com-
ponent this comes even closer to the development of the
effective angle of attack if the small angle assumption is
dropped. This is visualized in Figure 3 where the black
solid line shows the development of αeff = ∆α φc(s). The
dashed red line gives αeff which is computed by applying
the circulatory response to the changes in the Mach num-
ber components at the airfoil, i.e. Mai,eff = ∆Mai φc(s)
with i = x, z, and then computing the angle as αeff =
tan−1(Maz/Max). The deviation resulting from using the
different approaches is shown in Figure 4 to be under one
per mill throughout the whole time range. This deviation is
solely dependent on the magnitude of the angle of attack
change and originates in the nonlinearity of the trigonomet-
ric function involved.

In [15], Leiss proposed to use an exponential formula-
tion for the lag in Max,eff from changes in the Max velocity
component. The parameters for the approximation should
be identified using measurements. Based on the consid-
erations of the last paragraph, the usage of the indicial lift
response function for the Max,eff -lag due to angle of attack
change seems appropriate. It is assumed hereinafter that



this also holds for the Max,eff -lag due to other sources.
The same holds for the development of the yaw velocity
component May.
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Figure 3: Effective Angle of attack using the indicial re-
sponse for ∆α and for ∆Mai

0 10 20 30 40
−1.0

−0.5

0.0

0.5

1.0

s

∆
α
e
ff

in
d
eg

×10−3

Figure 4: Deviation of effective angle of attack

Therefore, the resulting combined aerodynamic model
uses the indicial circulatory lift response formulation of Bed-
does and Leishman as a kind of indicial velocity response
formulation for all three velocity components at the blade
elements. The effective velocities are used as input for
Leiss’s semi-empirical analytical model. The implementa-
tion also encompasses the impulsive responses as devel-
oped by Leishman and presented in section 2.1. Stall shift
is computed via the state-space representation of equa-
tion (16) that reads

(22)
ẋ∆ss = − 2Ma

T β2 bos x∆ss + Maz(t)

∆Maz,ss = − 2Ma
T β2 bosAos x∆ss + Maz(t)

with Aos = 1.0; bos = 0.26.

4. RESULTS

The results presented in this section were generated us-
ing the combined model described in the previous sections
and an already existing data set for the adapted version
of Leiss’s aerodynamic model of the NACA 23012 airfoil
with a tabbed trailing edge. A limitation of this model is
that it makes use of the same parameter set for the circula-
tion bell curves in the positive and negative angle of attack
circulation. In other words, the airfoil is treated as a sym-
metrical airfoil regarding the circulation. In the lower Mach
number regime, deviations of the symmetric behavior oc-
cur because of the bubble burst that is only modeled for the
positive angle of attack circulation.

For comparison, results for harmonic oscillations of the
same airfoil using the DLR code TAU are shown. The
CFD solutions were obtained within the EU-funded project
SABRE [17]. Simulations were carried out for a quasi-
steady case and an unsteady test case for various Mach
numbers. In the quasi-steady test case, the airfoil pitched
with a reduced frequency k = ωc/2V = 0.0005. The un-
steady test case was carried out at k = 0.05. Normally,
this value is seen as the lower limit of the need to simu-
late the aerodynamics taking into account unsteady effects.
Since very large amplitudes of angle of attack changes were
applied in the simulations - at Ma = 0.4 an amplitude of
24 deg was used - the changes in flow velocities at the air-
foil are nevertheless quite large. Hence, the unsteady cal-
culations show large hysteresis loops.

In Figures 5 to 7, the results of the airfoil oscillating with
an amplitude of 24 deg at a free stream Mach number of
0.4 are shown. In the positive angle of attack range, the
steady results for the normal force coefficient are match-
ing quite well, especially regarding the gradient for attached
flow and the location of the maximum. The unsteady cal-
culations also correspond very well in that range which
means that the dynamic stall overshoot can be captured
by the model. In the negative α range, the steady val-
ues already differ significantly. The TAU results addition-
ally show a high frequency oscillation in the stalled region
around −15 deg > α > −20 deg that is also appar-
ent in the tangential and moment coefficient. This oscilla-
tions occur because of the unsteady flow field that devel-
ops in the detached flow, generating a high frequency vari-
ation of the airfoil parameters even at the same angle of
attack. Due to the lower absolute values of the steady TAU
calculations, the hysteresis in the pitch-up movement, i.e.
−24 deg ≤ α ≤ 0 deg, also exhibits lower values than the
presented model. The reattachment of the flow seems to
occur at the same angle of attack nevertheless.

The tangential force coefficients in Figure 6 differ signif-
icantly in the static as well as the dynamic test case. Both
maxima that can be seen in the (quasi-)steady calculations
are associated with the suction peaks of the attached flow
circulation. In the positive stalled region of α > 13 deg the
static values of the model are much lower than those of the
TAU calculations, i.e. a bigger rise in drag is predicted. Con-
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Figure 5: Normal force coefficient hysteresis for harmon-
ically oscillating NACA 23012 at Ma = 0.4, k = 0.05,
∆α = 24 deg

sequently, the unsteady calculations of TAU yield greater
tangential force coefficient values in the pitch-down move-
ment. During pitch-up, the delay of suction peak develop-
ment and the overshoot are matching quite well. In the neg-
ative angle of attack range pitch-up movement it is the other
way round: the steady values are nearing each other at
α < −20 deg. Therefore, the detached flow hystereses are
closer together up to about α = −10 deg. For higher an-
gles, the flow reattaches and a small suction peak occurs.
This peak is much stronger with the analytical model since
there, the static suction peak is also much bigger. This is
due to the same modeling of the negative angle of attack
circulation as for the positive angle of attack range and also
causes the hysteresis loop to be much larger in the negative
angle of attack pitch-down movement. The features of the
hysteresis curves discussed until now suggest a similarity in
the occurring flow phenomena between the calculations de-
spite the differing absolute values. A major distinction in the
behavior of the airfoil occurs during the pitch-down move-
ment at 8 deg > α > 0 deg. The analytical model predicts
the reattachment of the flow there - as can also be seen in
Figure 5 - and consequently a suction peak, delayed with
respect to the steady one, occurs. The TAU results do not
show this at all.

Figure 7 shows the comparison of the pitching moment
coefficients. The steady values match very well, but in the
unsteady calculations the analytical model fails to predict a
main feature of the curve, which is the peaks in the moment
when the airfoil stalls. These peaks originate in the shed-
ding of a vortex from the airfoil nose and its travel across
the airfoil surface. When the vortex approaches the trail-
ing edge, the load distribution over the airfoil changes sig-
nificantly, which leads to the observed peaks. The vortex
shedding mechanism is no part of Leiss’s model and there-
fore is not represented in the simulation. On the other hand,
the broad hysteresis that occurs in the medium angle of at-
tack range is captured quite well and can be attributed to the

−20 −10  0 10 20
−0.02

0.00 

0.02 

0.04 

0.06 

αgeom in deg

C
x

model steady

model unsteady

TAU quasisteady

TAU unsteady

Figure 6: Tangential force coefficient hysteresis for harmon-
ically oscillating NACA 23012 at Ma = 0.4, k = 0.05,
∆α = 24 deg
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Figure 7: Pitch moment coefficient hysteresis for harmon-
ically oscillating NACA 23012 at Ma = 0.4, k = 0.05,
∆α = 24 deg

noncirculatory moments generated by the unsteady motion.
Since the steady airfoil data already differ significantly for

other Mach numbers, it is more difficult to compare the air-
foil behavior of the model and the CFD simulations. There-
fore, instead of comparing additional hysteresis curves, a
short qualitative assessment of the results is given here.

As in the Ma = 0.4 test case, the Cz coefficients and
the hysteresis behavior match quite well for other Mach
numbers. For the tangential force coefficient, the additional
reattachment after passage of the detached flow regime at
small angles of attack also happens up until a Mach num-
ber of 0.6. The steady airfoil values differ the most for this
coefficient however, which at least partly leads to the poor
match with CFD data. Because of the lack of a model for
the vortex shedding, the model fails to predict the moment
peaks also for other test cases. The noncirculatory effects
seem to be underestimated for the moment coefficient for



the higher Mach number test cases.

5. CONCLUSION AND OUTLOOK

A new approach of using an indicial response formulation in
conjunction with the semi-empirical analytical aerodynam-
ics model of Leiss has been presented. This combined
model was tested using an existing analytical Leiss model of
the NACA 23012 airfoil in steady and harmonically oscillat-
ing test cases. The results show a good correlation with the
results of TAU calculations for the normal force coefficient.
The behavior of the combined model differs significantly for
the tangential and pitching moment coefficient, however.

It is difficult to distinguish between the deviations due to
different steady airfoil behavior and the possible adjustment
needed for the unsteady airfoil behavior in the dynamic test
cases. Therefore, a new analytical parameter set for the
airfoil is needed that matches the steady airfoil data. Espe-
cially the assumption of the same circulation function val-
ues for positive and negative angles of attack needs to be
dropped in order to enable a better fit of the data. The re-
sulting parameter set can then be used for the re-evaluation
of the prediction capabilities.

Even though the values used for the comparison are re-
sults of a higher fidelity tool, it is not clear whether the simu-
lations capture all physical effects. Hence, the evaluation of
the agreement of unsteady airfoil behavior with experimen-
tal data would be helpful to adapt the model to a realistic be-
havior. The usage of test cases that incorporate unsteady
motion at different reduced frequencies would further aid in
that.
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