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ABSTRACT

Some Fluctuation identities of Hyper-Exponential Jump-Diffusion Processes

Nhat Linh Vu

Meromorphic Lévy processes have attracted the attention of a lot of researchers recently
due to its special structure of the Wiener-Hopf factors as rational functions of infinite degree
written in terms of poles and roots of the Laplace exponent, all of which are real numbers.
With these Wiener-Hopf factors in hand, we can explicitly derive the expression of fluctu-
ation identities that concern the first passage problems for finite and infinite intervals for
the Meromorphic Lévy process and the resulting process reflected at its infimum. In this
thesis, we consider some fluctuation identities of some classes of Meromorphic jump-diffusion
processes with either the double exponential jumps or more general the hyper-exponential
jumps. We study solutions to the one-sided and two-sided exit problems, and potential mea-
sure of the process killed on exiting a finite or infinite intervals. Also, we obtain some results

to the process reflected at its infimum.
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1 INTRODUCTION

Lévy processes are stochastic processes with independent and stationary increments. The
best known and most important examples are Poisson processes, Brownian motion, Cauchy
processes, and more general the stable processes. They are prototypes of Markov processes
(actually they form the class of space-time homogeneous Markov processes) and of semi-
martingales. Historically, the first researches go back to the late 20’s with the study of
infinitely divisible distributions. Their general structure had been gradually discovered by
de Finetti, Kolmogorov, Lévy, Khintchine and Ito. After the pioneer contribution of Hunt
in the mid-50’s, the spreading of the theory of Markov processes and its connection with
abstract potential theory has had a considerable impact on Lévy processes. Many important
properties of sample paths of Lévy processes have been noted by Getoor (1961), Rogozin
(1972), and others. Further developments in this setting were made quite recently by Bertoin
(1996), Barndorff et al (2001) Doney and Kyprianou (2006), Sato (2013) and others.

Lévy processes play an important role in several fields of science, such as in physics, for
the study of tribulence, laser cooling and quantum field theory; in engineering, for the study
of networks, queues and dams; in economics, for continuous time-series models; in actuarial
science, for the calculation of insurance and re-insurance risk; in risk Gerber-Shiu theory, for
the study of risk models; and of course, in mathematical finance, for the stock price in the
market. A comprehensive overview of several applications of Lévy processes can be found
in Prabhu (1998), in Barndorff et al (2001), in Pistorius (2003), in Kyprianou et al (2005),
and in Kyprianou (2006).

In mathematical finance, Lévy processes are becoming extremely fashionable because
they can describe the observed reality of financial markets in a more accurate way than
models based on Brownian motion (though it is a very basic case of Lévy processes). In the

real world, we observe that asset price processes have jumps or spikes, and risk managers have



to take them into consideration. Models that accurately fit return distributions are essential
for the estimation of profit and loss distributions. Similarly, in the risk-neutral world, we
observe that implied volatilities are constant neither across strike nor across maturities as
stipulated by the model of Black and Scholes (1973). Therefore, traders need models that
can capture the behavior of the implied volatility smiles more accurately in order to handle
the risk of trades. Lévy processes provide us with the appropriate tools to adequately and
consitently describe all these observations, both in the real and in the risk-neutral world.

One of the most obvious and fundamental problems that can be stated for a Lévy process,
particularly in relation to its role as a modelling tool, is the distributional characterization
of the time at which a Lévy process first exits either an infinite or a finite interval together
with its overshoot and undershoot beyond the boundary of the interval. The theory of
Lévy processes forms the cornerstone of an enormous volume of mathematical literature
which supports a wide variety of applied and theoretical stochastic models. As a family of
stochastic processes, Lévy processes are now well understood and the exit problem has seen
many different approaches dating back to the 1960s. Namely, Getoor (1961) and Rogozin
(1972) were the pedal for other researchers to study more on the exit problems of Lévy
processes.

Nonetheless, Lévy process is still a large field to study. It is classified into different
classes such as, subordinators (an increasing Lévy process), spectrally negative Lévy pro-
cesses (process with no positive jumps), jump-diffusion processes and so on. Subordinators
and spectrally negative Lévy processes had attracted lots of reseachers, and their fluactua-
tion identities had been established (for more details see Bertoin (1996), Avram et al (2004),
Chiu and Yin (2005), Doney and Kyprianou (2006), and Baurdoux (2009)). On the other
hand, jump-diffusion processes have been noticed recently due to its special application in
finance (an introduction of jump-diffusion models can be found in Tankov and Voltchkova
(2009)). Starting with seminal paper of Merton (1976) and up to the present date, various

aspects of jump-diffusion models have been studied in the academic finance community. In



the last decade, the research departments of major banks started to accept jump-diffusions
as a valuable tool in their day-to-day modeling. The interest to jump-diffusion models in
finance is gradually increasing because models using Brownian motion does not accurately
describe the path of the stock price. Also, the continous models need to be replaced by
dicontinous models due to the presence of jumps in observed prices.

Despite the maturity of this field of study, it is surprising to note that, until very recently
before the discovering of Wiener-Hopf factorization, there were fewer than a handful of exam-
ples for which explicit analytical detail concerning the first exit problem could be explored.
Given the closeness in mathematical proximity of the first exit problems to the characteriza-
tion of the Wiener-Hopf factorization, one might argue that the lack of concrete examples of
the former was a consequence of the same being true for the latter. The landscape for both
the Wiener-Hopf factorization problem and the first exit problems has changed quite rapidly
in the last ten years with the discovery of a number of new mathematically tractable families
of Lévy processes. Kyprianou (2006) and Kyprianou et al (2011) have successfully solved the
exits problems of some classes of Lévy processes. The Meromorphic class of Lévy process is
one case of jump-diffusion processes. It can be simply understood as a Lévy process whose
Lévy measure has a density with respect to the Lebesgue measure of an infinite mixture sum
of exponential random variable with different rates. The hyper-exponential jump-diffusion
process is a special case of this class of Lévy process with a finite mixture sum. Thank to its
special structure, the Wiener-Hopf factors can be expressed as rational functions of infinite
degree written in terms of poles and roots of the Laplace exponent, all of which are real
numbers. Therefore, the solutions to the first exit problems can be expressed explicitely.

Initially, Kou and Wang (2003) gave an explicit expression for the one-sided exit prob-
lems of the double exponential jump-diffusion processes, the special case of hyper-exponential
jump-diffusion process, in which there are only upward and downward jumps following expo-
nential distributions with distinct rates. Their approach used infinitesimal generator, 1t0’s

formula and the resulting martingales to derive the result. Later on, Chen et al (2007) pro-



posed another approach connecting ODE boundary problems to exit problems of schochastic
processes. And in Chen et al (2013), they found an explicit expression for the two-sided exit
problems for hyper-exponential jump-diffusion processes. Recently, Aoudia and Renaud
(2014) studied a more general case for the mixed-exponential jump-diffusion model.

Furthermore, jump-diffusion processes with one or two reflecting barriers appear in many
applications in economics, finance, queueing, mathmatical biology, and electrical engineering.
Thus, it drawed attention from lots of researchers. Dong and Han (2015) proposed an explicit
expression for the exit-problem of process reflected at its supremum for hyper-Erlang jump-
diffusion process. Their approach basically used 1t6’s formula and martingales, but they had
done extra work to derive the infinitesimal generator of the reflected process.

Indeed, in Kyprianou et al (2012) which concern the Meromorphic jump-diffusion pro-
cesses, with the key of explicit Wiener-Hopf factors, they first studied explicit identities for
the exponentially discounted first passage problem. Then they considered the more compli-
cated two-sided exit problems. Inspired by a technique of Rogozin (1972), they solve the
system of equations which characterize the discounted overshoot distribution on either side
of the interval. Furthermore, they directly derived the potential measure on exiting infinite
and finite intervals for both Meromorphic jump-diffusion process and the resulting process
reflected at its infimum. At the end, they presented some numerical examples.

In this thesis, we first give a brief introduction to jump-diffusion processes and review
various mathematical tools needed to apply these processes for option pricing and hedging.
Particularly, we focus on some fluctuation identities for the jump-diffusion processes: the
double exponential jump-diffusion processes for the simple case and the hyper-exponential
jump-diffustion processes for the general case. These identities are for the one-sided and
two-sided exit problems and potential measure of the processes. Furthermore, we prove
some results on the process reflected at its infimum: the expression of potential measure and
consequensely the joint density of overshoot and undershoot.

This thesis is organized as following: Section 2 presents some definitions and previous



results. Section 3 considers some fluctuation identities of hyper-exponential jump-diffusion
processes. Section 4 discusses some similar results for the reflected processes at its infimum.
Then, we will give some numerical examples in Section 5. Section 6 and Section 7 are for

future study and appendix, respectively.



2 DEFINITIONS AND PREVIOUS RESULTS

2.1 Lévy processes

In this section, we introduce some basic concepts of Lévy processes.

Definition 2.1 (Lévy process) A process X = {X; : t > 0}, defined on a probability space
(Q, F,P), is said to be one-dimentional Lévy process taking real value if it possesses the
following properties:

(i) The paths of X are P-almost surely right-continuous with left limit.

(i) P(Xo=0)=1.

(iii) For 0 < s <t, X; — X, is equal in distribution to X;_.

(iv) For 0 < s <t, X, — X is independent of {X, : u < s}.

From the definition above, it is difficult to see just how rich the class of Lévy processes
is. De Finetti (1929) introduced the notion of infinitely divisible distributions and showed

that they have an intimate relationship with Lévy processes.

Definition 2.2 We say that a real-valued random variable, ©, has an infinitely divisible dis-
tribution if, for eachn = 1,2, ..., there exits a sequence of i.i.d. random variables ©1,, ..., Oy,
such that

OLO,+ ...+ O,
where < is equality in distribution.

Alternatively, we could have expressed this relation in terms of probability laws. That is
to say, the law u of a real-valued random variable is infinitely divisible if, for eachn = 1,2, ...,
there exits another law p, of a real-valued random variable such that p = p". (Here pu'™
denotes the n-fold convolution of p,.) So, one way to establish whether a given random
variable has an infinitely divisible distribution is via its characteristic exponent. Suppose

that © has characteristic exponent W(u) := —logE(e™®), defined for all u € R. Then ©



has an infinitely distribution if, for all n > 1, there exits a characteristic exponent of a
probability distribution, say ¥, such that ¥(u) = nW¥,(u), for all u € R. The full extent to
which we may characterise infinitely divisible distribution is described by the characteristic

exponent ¥ and an expression known as the Lévy Khintchine formula.

Theorem 2.1 (Lévy-Khintchine formula)([20]) A probability law, i, of a real-valued random

variable is infinitely divisible with charateristic exponent (Lévy exponent) V.
/ewx,u(da:) =e YO o U(0) == —logE(e"Y)  for 6 € R,
R

if and only if there ezists a triple (a,o,11), where a,0 € R, and 11 is a measure concentrated

on R\{0} satisfying [, (1 A 2*)II(dx) < oo, such that

U(0) = iab + 30202 + /(1 — " 430211 (d2),
R

for every 6 € R. Moreover, the triple (a,o?,11) is unique.

We also want to introduce the Laplace exponent which is defined as
$(0) := —log E(e™"X"),

SO

1
$(0) = ab + 50%° + /R(l — " + 2Ly 1) T(dx).

Now consider

X, =supX, and X, = iri{;XS,

<t
then by Duality Lemma in [20], the pairs (X, X; — X;) and (X; — X,, —X,) have the same

distribution in P. Also, we define

Gy=sup{s<t:X,=X,} and G,=sup{s<t:X,6 =X}



Then we have the following Wiener-Hopf factorization theorem which plays an essential role
in developing fluctuation results of Lévy processes. The Wiener-Hopf factorization may be
found as a common reference to a multitude of statements concerning the distributional
decomposition of the path of any Lévy process, when sampled at an independent and expo-

nentially distributed time.

Theorem 2.2 (Wiener-Hopf factorization)([20]) Suppose that X is any Lévy process other
than a compound Poissson process. As usual, denote by e, an independent and exponentially

distributed random variable with parameter g > 0.

(i) The pairs

(Geq ) qu) and (eq - aeq ’ yeq - Xeq)

are independent and infinitely divisible, yielding the factorization

q

— = R
q—ZU+‘IJ<(9) q<1),(9) q(vve)a

where 0,v € R,

_ Gy +i0X e - _ G, +i0X,
Ul (v,0) =E(e ™ ) and U (v,0) = E(e"™ a).

Here, the pair W (v,0) and W, (v,0) are called the Wiener-Hopf factors.
(i) Via analytical extension, the Wiener-Hopf factors may be identified from the Laplace

transforms

A

i K(q,0)
K(g+a,B)

K(q,0)

\IJ+ —E ivéeq—f—wieq —
o (0 0) = Ele )= Kla+a.5)

and \Ijq_ (v,0) = E(eivgeq-kw&eq) _

where o, § € CT.

(iii) The Laplace exponent K(a, 8) and K(a, 8) may also be identified in terms of the law of



X by
K(a, 8) = kexp (/ / (et — eatﬁx)%]P’(Xt € dq:)dt),
0 (0,00)

. . 0 1

K(a, B) = kexp < / / (et — e—at+/3$)¥P(Xt € dx)dt),
0 (—00,0)

where o, B > 0; k and k are strictly positive constants.

(iv) By setting v =0 and taking limits as q tends to zero in (i), we obtain
kiU (0) = K(0, —i0)K(0, i6).

We give an example of the Wiener-Hopf factorization for the simple Lévy process, the
Brownian motion.
Recall that if X; is a standard Brownian motion, then it has the characteristic exponent

U(9) =%, for § € R. Then

q V24 V2q

qg—iv+ % V2q—2iv—if \2q—2iv+i6

From part (iii) of the theorem above, we can identify
K(a,B) = K(a, B) = V2a + 5,

for o, 3 > 0. The fact that both K and K have the same expression is obvious by symmetry.

We now introduce some fluctuation identities of Lévy processes. The first one are the
one-sided and two-sided exit problems. In general, the exit problems of any Lévy process

are problems concerning the Laplace transform of 7,7 and X +. For example,

One-sided exit problem: E, (e‘qT; , X+ € dy),



Two-sided exit problem: [, (e"”‘l+ TS < Ty ),s

where ¢ > 0, 7,F = inf{t > 0: X; > a}, and 7, = inf{t > 0: X; < 0} with the convention
inf{()} = oco. The exit problems for spectrally negative Lévy processes are very well-known
and fully discovered (for details, see Kyprianou (2006)). The solutions are expressed in
terms of scale function W@ (z) and Z(@ (z) (for more details on scale functions see Biffis and

Kyprianou (2010)) which are defined as follow.

Definition 2.3 For any q > 0, we have W@ (z) = 0 for x < 0 and W9 is characterised as

a strictly increasing and continuous function on [0, 00) with Laplace transform satistifies

/ e Py (@) (x)dz =

1
| m for B> ®(q),

where ®(q) = sup{f > 0: (0) = q} is the right invese of the Laplace exponent 1(0). Then
we let Z9D(z) be

ZD(x) =1+ q/ W@ y)dy, for xR,
0

Another useful tool to study the overshoot and undershoot distributions at the first

passage within an interval is the potential measure of the process.

Definition 2.4 For ¢ > 0, a g-potential measure of any Lévy process X killed on exiting

0, a] when issued from x is defined as
UD(a,z,dy) = / e P, (X, € dy, T > t)dt, (1)
0

where

=7 A1y =inf{t >0: X, <0 or X; >a}.

Now, if for each = € [0,a], a density of U@ (a,x,dy) exists with respect to Lebesque

measure, then it is called the potential density and denoted by u'?(a,x,7). Also, we want

10



to introduce a g-potential measure of X killed on exiting [0, co) when issued from x as
R (x, dy) := / e P, (X € dy, Ty > t)dt.
0

Then the q-potential density of X killed on exiting [0, 00) is 7@ (x,%). The expression of
potential measure of spectrally negative Lévy processes had been discovered using the scale
function (for more details, see Chapter 8 of Kyprianou (2006)). We also consider the fluctu-

ation identities of Lévy process reflected at its infimum which defined as

Definition 2.5 Given any Lévy process X, a resulting process reflected at its infimum is
defined as
Y, =X — X, NO.

It can be showed that Y; is also a Markov process (see Bertoin (1996)). So, we can use

Markov properties to derive the fluctuation identities of process reflected at its infimum.

2.2 Meromorphic jump-diffusion processes

We start by giving the definition of a general Meromorphic class of Lévy processes.

Definition 2.6 A Lévy process X, is said to belong to the Meromorphic class (M_class) if
and only if the Lévy measure II(dx) has a density with respect to the Lebesque measure, given
by

7(2) = Tgasop D Pall € + Loy O Guify €, (2)

n>1 n>1
where all the coefficients pn, qn, T, N~ are positive, the sequences {n;} },>1 and {n; }n>1

are strictly inscreasing, and n* — 400 and n~ — +00 as n — +00.

To ease the notations, we denote
E[- | Xo=2]=E,[ -] and E[-|Xo=0]=E[-],

11



P[-[Xo=2a]=P,[-] and P[-[Xo=0]=P[-]

The following theorem concerns about the Wiener-Hopf factorization of the Meromorphic

processes which plays essential role in deriving expression of potential measure in later sec-

tions.

Theorem 2.3 (/21]) If X, is a Meromorphic process and e, is an independent exponential

random variable with rate q, then

(i) The Wiener-Hopf factors are given by

1+ = 2
TIn — - _ Zzeq . Tn
. 6 (i) =E [ = [[ -2 ©)

¢i(iz) =E [e_ZYe‘I} = H

n>1

(i) For x>0
P(X., € dz)=a(n",p)" x v(p,x)dx, P(-X,, €dx) = a(n,p ) xv(p,x)dr, (4)

where all roots {pn, —p, } of equation: ¥(z) = q are real and interlacing with the poles

{n",—n,} as

=y < —py <= < —p] <0< pr<nl <py<md <.

b

5(77+, P) = [a()(p> 77+)7 CL1(P, 77+)7 a?(ﬂa 77+)7 "']T7
a(n=,p") =laolp”,n ) ai(p”,n ), a2(p”,n7),..]",

,l_)(p7 .T) - [60(x)7p16_p1x7p26_p2x7 "']Ta Q_J(p_wx) - [50_<$>u01_6_p1_$7%)2_€_p2_27 4

I

n

k#n 1 — Pn

. Pk Pn e

ao(n™, p) = ngffoo m an(n®, p) = (1 - 777) H 1— B
k=1 Tk n k>1 Pk

n p_ . k#n 1 — —E
a(n",p7) = lim |[=E,  au(n”,p7) = (1 - n—”) IT—=

n—-+00
k=1 Tk

12



(iii) For every g > 0

P(Xeq € dl’) =dq |:1(:c>0)

Remark ([21]) If the process X, has a finite sequence {n,},—12 . n and either N or
N + 1 roots py, then all the formulas in the theorem above are still valid if we adopt
notation 7, = oo for k > N and py = oo for k > N or (or k > N +1).

A basic example of Meromorphic process is that the process consists of only two types
of jump: upward exponential jump and downward exponential jump, and this is called a

double exponential jump-diffusion process, defined as below.

Definition 2.7 A double exponential jump-diffusion process X, is defined as
Ny
Xp=pt+oW,+» Y,  Xo=0. (5)
i=1

Here {W, : t > 0} is a standard Brownian motion with Wy = 0. {N; : t > 0} is a Poisson
process with rate \, constant p and o > 0 are the drift and volatility of the diffusion part
respectively, and the jump sizes {Y1,Ys...} are independent and identically distributed random

variables. The common density of Y is given by

o g
fy(y) = I[{y>0}]977fr€ Y+ Ty<oyqn, €™,

where p,q > 0 are constant, p + q = 1, and ny,n; > 0. And it has the following Laplace

exponent
o*6? qny i
0) = 0y + + A Loy 20 ).
V(0) = 0p 5 Sy R

Now, for ¢ > 0 consider the equation ¥ (f) = ¢ which has exactly four real roots (the

expression of the four roots is given in the appdendix of this paper) {pi(q), p2(q), p3(q), p4(q)}

13



interlacing with its two poles {—n;, 7, }

pa(q) < —ny < ps(q) <0 < pi(q) <ni < p2(q).

This is easily seen by look at these limits

lim ¥(0) = lim ¥(@) = lim ¥(@) = lim ¥(f) = +oo,

60— —o0 0——(ny)+ 9_>(,7;r)7 0—+o0

lim ¢(0)= lim ¢(0)=—o0 and lim () = —¢ < 0.

0——(ny )~ 6—(n)* =0

To ease the expression, we denote {p1, pa, p3, pa} for {p1(q), p2(q), p3(q), pa(q)}. Hence, ap-

plying Theorem 2.3 and its Remark into our X; process we obtain

+ _
P(Xeq c d$) _ (1 o p_i) ( P2 >ple—p1m_|_ (771 +p2> ( P1 )p26—02x7 (6)
Ukt P2 — P1 Ui P1— P2

]P)(_Xe e dﬂf) _ (l‘i‘&) ( P4 )p36p3x+ (771 +p4) ( 3 )p46p4x. (7)
! h P3 — P4 h P4 — pP3

A general version of double exponential jump-diffusion process is the hyper-exponential
jump-diffusion process which consists of upward jumps with m distinct rates and downward
jumps with n distinct rates.

Definition 2.8 A hyper-exponential jump diffusion is defined as
Ny
thﬂt+0Wt+ZYn7 X(]EO

n=1

Here {W, : t > 0} is a standard Brownian motion with Wy = 0. {N; : t > 0} is a Poisson
process with rate \, constant p and o > 0 are the drift and volatility of the diffusion part

respectively, and the jump sizes {Y1, Ys...} are independent and identically distributed random

14



variables. The common density of Y is given by

- —ni . - n
fy (W) = Liy=0) mej@ TV + Iy<oy Z qin; €™ 7, (8)
i=1

i=1

where Y pi+> 01 qi =1, pi,g; >0, nt,n; > 0. And it has Laplace exponent given by

o%0? = pin gy
0)=20 A L — -1
¥(0) = O+ —— + ;nﬂfgm—e

The following lemma concerns about the roots of the equation ¥ (z) = q.

Lemma 2.1 [18] Consider the hyper-exponential jump-diffusion process X, then the equa-
tion

U(x) =q for all ¢ > 0,

has exactly S = m + n + 2 distinct real roots interlacing with their poles as
0<pr<nf <p2<.c<pm<nh<pmi

0<—=pm+2 <M < =Pmt3 <o < =Pttt <1y < —Prtnt2.

In addition, let the overall drift of the jump-diffusion process be
— P ~ G

HOREO T or 3]
i=1 'l i=1 1

Then as ¢ — 0,
p:z+2 Zf w,(o) Z 07

0 if ¥(0) <0,

Pm+2 =

pi — p; fori=m+3, m+4,.., 5,

where py, o, P, ---Ps are the distinct real Toots of the equation: ¢ (x) = 0.

15



Again, using Theorem 2.3 we obtain the density of X, , and =X for hyper-exponential

jump-diffusion process as below

P(X., € dz) = a(n*,p)" x o(p,a)dr,  P(=X,, €dz)=a(n,p)" x (p",a)dz, (9)

where
C_l(T]+7,O) - [al(n+7p)7a2(n+7p>7"‘7am+1<n+7p)]T7
&(n_ap_) - [a’l(lr]_7p_>)a’2(lr]_7p_>)"‘7an+1(n_7p_)]T7
’l_)(pa [L‘) - [ple_pl$7 P2€_p2$7 s pm+1€_pm+l$]T7
6(p_’ 'Z‘) - [_pm+2€pm+2$, _pm+36pm+3m7 Y _psepsx]Ta
m+1l 1 — Pi n+1 14+ Li
Pi v R pi
ai<n+7p):( __+) H _E? az(n y P >:<]‘+ = ) H _—7227
i ki, k=1 Pk Mi—m—1 ki, k=1 Pk+m+1

with the convention that 7, = n,,,; = +o0.

2.3 One-sided exit problems of hyper-exponential jump-diffusion

processes

In this section, we present some known results for the one-sided exit problems of jump-
diffusion processes. The first one is the one-sided exit problem of double exponential jump-
diffusion processes proposed by Kou and Wang (2003). Their approach used the infinitesimal

generator, [t6’s formula and the resulting martingale to derive the result.

Theorem 2.4 [18] Let X, be the double exponential jump-diffusion process. Then for any

a,q > 0, we have the following results concerning the Laplace transforms of 7,7 = inf{t > 0:

16



Xy >a} and X _+

n—p po

+
E[e‘qT;] = e+ P2 " _ M e 2, (10)
mo p2—p moop2—p
+ o
Ele i X —a>y| = e (my +p1)(p2 h )[e*apl — e %] for all y > 0(11)
m (p2 — p1)

+ ot
E[e—qu’XTJr _ CL] _ (771 pl)e—apl + (pQ Ui >€—ap2. (12)

¢ P2 — p1 P2 — p1

More general, Kyprianou et al (2012) derived the expression of one-sided exit problem of

Meromorphic processes using the direct proof of Lemma 1 in [2].

Theorem 2.5 (/21]) Define a matriz A having entries

4

0 ifi=0,7>0,
@ij = a;(n*, p)bo(p,n™) ifi>1,7=0,
ai(nt,p)bj(pn™) o .
\ s ifi>1,7>1,

then for a >0, y > 0, we have

E|e ™ X1 €dy| = 5(p,a)" x Ax5(n",y)dy, (13)
where

+

— 1 — I

77 Mn

bo(p, ") = — lim : bu(ps™) = _<1 B _> 11 pi '

prmtee [ Pt Pr? sthn 1= T

k

Using the theorem above, we can modify the matrix A to obtain the one-sided exit

problems for our hyper-exponential jump-diffusion processes as following

Bl X € dy| = (p,0)" x Ax (0", y)dy, (14)

E[e*qTJ,XTa— S dy} = 9(p~,a)" x B x9(n",y)dy, (15)



where p; = pmi2, P2 = Pms3, s Pop1 = Pss T, = inf{t > 0: X, < a}, x is the dot product,

and
ar(n™, p)bo(p,n™)  ax(n™ p)bilp,n®) o a(nT, p)bm(p,nT)
i ax(n", p)bo(p:n™)  ax(n”, p)bi(p,n") .o ax(nT, p)bum(p.n")
| a1 (0, )bo(p,17) @ (0, p)bi(p, ™) oo @ (07, )b (0, 17) |
ar(n™, p")bo(p™ ™) ax(n p7)bi(p™n7) .. a7, p7)ba(pm,n7)
5_ ax(n™,p7)bo(p™,m7)  ax(n”,pT)bi(pm ) o ae(nT pT)ba(pTnT)
a1 (7, p7)bo(p™,17) ani(n™, p7)bi(p™ 1) o anta(n, 7 )ba(p™ 0 7) |

2.4 Two-sided exit problems of double exponential jump-diffusion

processes

The following two theorems are from Xu (2010) concerning the two-sided exit problems of
double exponential jump-diffusion processes. She mimicked the approach of Kou and Wang

(2003) for the case of two-sided exit problems.

Theorem 2.6 (/29]) For any q,a,b >0 and 7 =inf{t > 0: X; < —a or X; > b}, then

E(e™"; X, > b) = Aje™ " + Ape 7" + Aze™ 7" + Age ™, (16)
where
Ay Ao Asy Ag
A= —, Ay=———, A3 = —, Ay = —,
m A n A n A n A
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i (p2—p1)(pa—p3) e”ar2 ( (p1+p3)(p2+pa) P _ (p1+p4)(p2+ps) e—ap4>
)

(p1=n1 ) (p2—n ) (p3—n}) (pa—n") + (pr—n1 )(p2+n7 ) \ (p3+ni)(pa—ny) (pa+ni ) (ps—ni
(p1+p3)(p2-+pa) e—alpitpa) 4 e—alp1+p3) ( (p1+pa)(p2+ps3) (p2=p1)(pa—p3) efa(p2+p4)>
(p2=n1 ) (patn ) (pr+n7 ) (p3—ny ) (ps+n) (11 ) \(p2—n7 ) (=patny) * (patni ) (p2+n;) ’
. PO < e”*Pipa(patps) e “P3p3(p2tpa) ) - p2(p3—p4)
W= ootnr \patn ) os—n1) — (pa+ni )(pa—ny ) (p2—n1 ) (pa—ny )(—ps+ny )’
Aoy = €201 (6"‘(”4+p2>p4(p2—p1) p2(p1+pa) > e”*"2p1(p2+pa)
U7 oty U (patnd) (p2+0?) (p2—p1)(—patny) (pr—n7 ) (pa—n1 )(p2+ny )’

— Aoy is obtained from Aqq by changing ps to p1, and — Ay is obtained from Asy by changing

pa to ps.

Theorem 2.7 [29] For any q,b,y > 0, then

E(e™; X, —b>1y) = Bie "’ + Bye 2" + Bye 7" + Bye ", (17)
where
B e~ By, e~V By, e~V By e~ By
1\ = —5, b= —5—, b3=—5—, by=—F—,
A A A A
By = —P3tpa 1 e ") (py +p5) e ") (py + py)
1= -

(pa = )(=ps+p2)  (p2+m ) ps—n0)  (p2+n1)(pa—m1)

e (p2 + pa) e (pr+ pa) e rtrte (—py + po)
(pa—m )2 +m1)  (pr+n ) (=pa+mp) (p1 -+ )(p2 +m1)

B31 =

’

— By is obtained from By by changing ps to p1, and — By, is obtained from Bsy by changing

pa to ps.
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2.5 Two-sided exit problems of hyper-exponential jump-diffusion

processes

The first passage functional of a process X; is defined as
O(z) = Eufeg(X7)],

where ¢ > 0, ¢ is a nonnegative bounded measureable function, Xy = = a.s under P, and 7

is the exit time of X from a finite interval I = (hy, hs), ie,
T:inf{tZOIXt>h2 OI"Xt<h1}.

Then the following boundary value problem which admits at most one solution must be

solved. Find @ € C([hy, ha]) N C?*((hy, h)) such that

(L-—q)P=0 on (hy, hy),

d=yg on (—o0, hy] U [hy, 00),

where L is the infinitesimal generator of X given by

Lh(x) = ph'(x) + gh"(a:) + A / h(z+y)f(y)dy — Ah(z).

The following two theorems give the expression of the solution for the boundary value

problem above.

Theorem 2.8 ([11]) Suppose that ® is a bounded solution to the boundary value problem
above, and on (hy, hy), ®(x) = 27 Q;e”™ for some constants Q; (S = m +n + 2, is the
total number of distict real roots of the equation ¥(x) = q). Then the constant vector Q

satisfies the equation

AQ =V, (19)
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where matriz A and elements of vector V , are defined as

eP1h2 ePsha
p1—n 7T ps—ny
eP1h2 ePsha
pi—mm T ps—mih (. N
— [ g(y)e =) dy, if 1<i<m,
eptha - grshe g(ha), if i=m+1,
A - p1h pshi ’ Vg(l) -
e ePSTL h1 - —h . .
pitny T pstny f—oo g(y)em_m_l(y Dy, ifm+2<:<S—-1,
g(hy), ifi=25,
eP1h1 ePshi \
pitnn T pstun
eprhr . epsh

Theorem 2.9 ([11]) Given a constant ¢ > 0 and a nonnegative bounded function g on

(h1, ha)¢, the function ®(x), defined by the formula

S ,ePiT, : hy, hs),
®(z) = 2uizt Qi€ R , (20)

9(x) if © & (ha,ha),

solves the boundary value problem above. Additionally, ®(x) =E,[e"7g(X,)].

These two theorems will be used to derive the two-sided exit problems for special choice

of (h1, hy) and the function g(x) in the next section.

2.6 Some facts about reflected Brownian motion with drift

A linear Brownian motion is defined as

Bt = lut + UWta
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where I, is a standard Brownian motion and the constant p and o > 0 are the drift and
the volatility of the process. Then from [9] we obtain the following results for the reflected

linear Brownian motion with drift defined as |B;| and §, = inf{t > 0: |B;| > a}

1
]px<|Bt, edy> v <€—(%—ut—x)/2t+e—(%+ut+w)/2t>dy’ (21)

A
P,(IB., € dy) = —_%Ujﬂﬂ (G sV e 5V Y gy, (22)
eu:c-kx\/m_i_ e—/m—l‘\/w

Ex[_qﬁa] = 0,a]. 23
‘ Lot I | —Eatr/2r(E) z € [0,4] (23)

These facts of reflected Brownian motion with drift play a role in deriving the potential

measure of hyperexponential jump-diffusion process reflected at its infimum in Section 4.
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3 FLUCTUATION IDENTITIES OF HYPER EX-

PONENTIAL JUMP-DIFFUSION PROCESSES

3.1 Two-sided exit problems

Kyprianou et al (2012) had alrealy derived solutions to the two-side exit problems for the
Meromorphic processes. However, their expressions are too general and not explicit. Fur-
thermore, we have to solve the system of linear matrix equations. Therefore, in this section,
we want to provide more explicit solutions for two-side exit problems.

From Theorems 2.8 and 2.9 in the previous section, we see that with an appropriate
choice of function g(x), one can easily derive solution to two-sided exit problems from an
interval (a,b). As a result, we have the following corollaries regarding to two-sided exit
problems from the upper level a. The first corollary is the two-sided exit problem resulting

by either creeping or jump over the level a.

Corollary 3.1 Consider the hyper-exponential jump-diffusion process Xy, given x € (0,a),
let q >0, and 7 =7, N7, . Then

S

S .
— 1) et (AL
B[ o | = DDl =3 o Ao )
> — — ZjZI(_l)m-l—j-‘rlepjadet(A;)

where D' = {D}, D}, ..., D§} is the unique vector from Theorem 2.8, and det(A}) is the

determinant of sub-matriz obtained by deleting the ith column from the following matrix
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fll

Proof. Using Theorems 2.8 and 2.9 in introdution Section with the settings (hq, he) = (0, a)

and g(z) = 1yz>q}, one can easily check that the matrix equation AQ = V, has the form

er1a

p1—n;

ef1e

P11

er1e

p1t+ny

p1+1m

We can write this system of linear equations in a matrix form as follow

er2a

p2—n;

er29

p2—1ih

er2@

p2+mny

p2+nn

preft®
p1—ny

p1eP1?
p1—"h

p1tny

p1+nn
1

pael2®
p2—ny

p2el2?
p2—"it,

p2+ny

p2+nn

else

ps—ny

ers®

PS—Tm

epSa

ps+ny

pS+nn

psels®

ps—n;

psels®

pS—ih

ps+ni

ps+nn
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eP1a eP2a ePSa _L p1€p1a p2€P2a psepsa O
p1—ny  p2—ni ps—ni nt p1—ny  p2—ni ps—ny
ef1e ef2e ePs® 1 p1efl?® pael2? psePs® 0
pL—mh  p2—mh pPs—1h nh PL—Th P2~ ps—1h
epla ean epsa ]_ epla €p2a epsa 1
1 1 1 O 1 1 1 O
pitny p2atng ps+ny pitny p2atng pstny
1 1 1 0 1 1 1 0
p1t+nm  p2tnm pPs+nn p1t+nm  p2tim ps+nn
1 1 1 0 1 1 1 0

The second matrix is obtained by doing the matrix operations. That is, we want to make
the last column become all zeros except for the (m + 1) entry, so for each row i from 1 to
m, we multiply it by n; and then add to the (m + 1)"* row. Now, applying the Crammer’s

rule we obtain our desired solution for DZ-1

(_Dm-}—i-&—ldet(Al})

Dl — i — )
i Q Zle(—l)m+j+1€pjad€t<A;)

where matrix Al is defined as in the corollary. m

The second corollary concerns about two-sided exit problem resulted by jumping over

the level a.

Corollary 3.2 Given x € (0,a) and q > 0, then

S S .
. —1)*det(A? ‘
E, {equ{XT>a}1 =) Dierv =% — =) ,n+ep]-<a ) a2 (25)
i=1 i=1 > (—1)7 pi'——nf’det(Aj)
And hence

s
E, |:€_q7—1{X7_:a}:| =E, |:€_q7—1{XT>a}:| - E,; |:€_qu{)(¢>(1}:| - Z(Dzl - D?)GPME’ (26)

i=1
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where det(AZ) is the determinant of the sub-matriz obtained by deleting the ith column from

the following matrix

p1eP1%(ng —n)")
(pr=n7 ) (p1—n3)

p2eP2%(ng —n)")
(p2=n7 ) (p2—n3)

psePs®(nd —n)
(ps—ni )ps—n3)

pse?S(nt—ni)
(ps—n7 ) (ps—nmm)

p2e”2% (nh—n7)
(p2—n7 ) (p2—mit)

p1e”1% (it —n7)
(pr—n7 ) (p1—mih)

A2 e epla 6P2a ePSa
1 1 1

p1tny p2+ny ps+ny
1 1 1

P10 p2+nn Ps+nn
1 1 1

Proof. Similar to the proof of Corollary 3.1, we consider the settings (hq, he) = (0,a) and g(x) =

1254}, then we have

11 1
V= (- sy ——.0,...,0)7.
J nlong +

Then the system of linear equations: AQ = V', can be reduced as following

erla

p1—n;y

epla
p1—"1

ef1e

p1t+ny

p1+0n

1

eP2a
+
pP2—"N1

eP20
p2—1h
er2@

p2t+ny

p2+nn
1

efs® | -1
ps—ny | nf
ePse —1

ps—nm | mh

erse 0
L 0
ps+ny
L 0
pPS+Nn
1 0

,nfema
p1—ni
p1eP1e(ng —n))

,nfeﬁua
p2—ni
p2eP2%(ng —ny")

(p1—=ni)(p1—n3)

p1e”1%(nh—n7)

(p2—n7 ) (p2—n3)

p2eP2% (nh—n7)

(pr=n7 ) (p1—mih)
epla

1
p1tny

p1+nn

26

(p2=n7 ) (p2—nik)
ep2a

1
p2+ny

p2+nn

,nirepsa
—
PS—M

pse”S(nd —ni)

(ps—ni ) (ps—n3)

pse?S (nh—ni)

(ps—n7 ) (ps—mih)
ePsa

1
ps+ny

pSs+nn




Here, the second matrix is obtained by first multiplying the first row by —»;” and the others
from 2" row to m™ row by n;". Then, for each row from 2 to m, we add it to the first row.

Now, applying the Cramer’s rule we obtain our desired solution for D?

(—1)*det(A2)
. +epja ?
S (—1Y L det(A2)

where det(A?) is defined in the corollary. O

D?:Qi:

The following corallary considers the density of overshoot in the exit problem resulted

by jumping over level a.

Corollary 3.3 Given x € (0,a), ¢ >0, and s > 0, then

Jr

S m
—qT _ 1 i+ —4—16 KB 1 i
B[ | = g 3 DD (A (21)

i=1 j=1 77]'

And hence

m

S m
+ 1 +
Di_ =1, S, PiT Z+j+1d t Az s pix
(e e Jei(A) 2 2 (1) det(Ape e,

i=1 j=1

s
E, {e‘qT,XT —a € ds] = Z
i=1 j=

(28)

where matriz A is defined as

eP1a eP2a ePsa
p1—ni  p2—mi T ps—nf
eP1a eP2a ePsa
PL—Thm  P2—Thh  ps—mm
erre el efst
A=
1 1 1
pi+ny  p2tny T pstny
1 1 1
p1+mn  p2tnn T pstnn
1 1 .. 1
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and det(Aj.) 15 the determinant of sub-matrix obtained by deleting the ith column and the jth

row of matrix A.

Proof. Again with the settings (hi, he) = (0,a) and g(z) = 1y544s for s > 0, it is easy to

check that
_ _ Tt _
e n; S e My S e NImS 7
V=55~ - ,0,...,0)".
772' Ub; m
Then the system of equations: AQ= V', can be written as
eP1a epr2a ePsa [ Q T B _
pr=ny  p2=ni T ps—nf ! e
i
eP1a er2a ePsa Q
PL—Tm  p2—mh T ps—mih m oS
-
ena  er2a o ePsa Qmit fhm
1 1 1 - 0
pi+ny  p2tny T psny Qme2 0
1 1 1
pitnn p2tnn T pstin @s-1 0
1 1 - 1 Qs - -
Using Cramer’s rule we obtain
m +
2 : 1)i+ i+1¢ 7 e i
e
]:1 TIJ

]

Using the same idea, one can easily show the following three corollaries regarding to

two-sided exit problems from lower level 0.
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Corollary 3.4 Given x € (0,a) and g > 0, then

B (—1)5*idet(A3) .
E,le 71 Clefit = C elix, 29
[ {XT<0}] Z ; Zle(—l)sﬂ'det(A?) (29)

where det(Af) s the determinant of the sub-matriz obtained by deleting the ith column of

the following matrix

eP1a epr2a ePsa
pr—nt  p2—mi T ps—ni

er1a er2a ePsSa
PL—Tm  p2—mh T ps—mih

A3 =

ePra er2e .. ePs?
_p o _p2 _Ps
pitny  p2tmg pstny
P P2 _Ps

L P10 p2+Nn ps+nn

Proof. The proof is similar to one above with the settings (hi,hs) = (0,a) and g(z) =

Corollary 3.5 Given x € (0,a) and q¢ > 0, then

—1 m“det(A“‘)
1)m+3 ——det(A3)

efix. (30)

IIMOJ

s
E, {equ{XKo}} = Z Cleri® =
1=1

J=1 PJ+ M
And hence
s
E, {e—m{XTZO}] R, {e—m{m}] _E, {e—qfl{XT@}] =St - e, (31)
i=1

where det(A}) is the determinant of the sub-matriz obtained by deleting the ith column from
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the following matrix

[ erla epr2a ePsa ]
p1—n; p2—n; T ps—ni
eP1a eP2a ePsa
PL—Th p2—nh T PS—i
epla ean . eﬂsfl
At =
p1(ny —ny ) p2(ny —ny ) ps(ng —ny )
(pr+ny ) (p14ny )  (p2+ny )(p24ny) 77 (ps+my )ps+ny)
p1(ny —Nn ) p2(ny —nn ) ps(n —nn )
(prtny )(p1tmn ) (p2tny )(p2+nn) (ps+n1 )ps+nn)
1 1 1

Proof. The result can be obtained with the settings (1, ho) = (0,a) and g(z) = 1lycoy. O

Corollary 3.6 Given x € (0,a), ¢ >0, and s <0, then

S n -
1 el ® .
E,|le 71 gl = — — 1)L det( AY)ePi®. 2
B Sy e A (32)
And hence

S n _ 1 S n _

E, |:6_QT7X7— c ds} _ Z Z C; ;€ el = Jei(A) Z Z(—l)m+i+jdet(A;)@"j SePiT  (33)
i=1 j=1 i=1 j=1

where matriz A is defined as in the corollary 3.3 and det(Aj.) s the determinant of sub-

matriz obtained by deleting the ith column and the (m + j + 1) row of matriz A.

Proof. The proof is similar to the one in Corollary 3.3 with the settings (hq, hy) = (0,a) and
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3.2 One-sided exit problems

As mentioned in the introduction, Kyprianou et al (2012) also proposed the density of one-
sided exit problems for the Meromorphic processes. Also, we have induced the expression
for our hyper-exponential jump-diffusion processes. However, this density cannot be used to
obtain the one-sided exit problem resulted by creeping over that level. Therefore, we want
to use another appoarch to derive solutions to the one-sided exit problems.

The one-sided exit problems for the special case of the double exponential jump-diffusion
process can be found in Kou and Wang (2003). To expand the result to the hyper-exponential

jump-diffusion processes, we first derive the following theorem.

Theorem 3.1 Given x € (—o0,hs), hy > 0, g(x) is a nonnegative bounded measureable
function, and let T = inf{t > 0: X; ¢ (—o0, ha|}, then the solution of the following boundary
value problem

(L—q)®=0 in (—o0, hy),
b=y on [hy, 00),

is ®(x) = Z?Sl QP for the constant vector Q = [Q1, Q2 ..., Qmy1]T satisfies the equation

where the matriz B and elements of vector V , are defined as

eP1h2 ePm+1h2
p1—ny T pmyi—n;
o0 =, (y—ha) ; ;
p1ho Pm+1h2 . o th g(y)e ! dy’ Zf l<ism,
B = £ T . £ = | > VQ(Z> -
P1=Tm Pm+1—TIm L.
g(hs), ifi=m+1
eprhe o epmtih

Here we assume the matriz B is invertible.
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Proof. By mimicking the proof of Proposition 2.2 in [11], since (£ — ¢)® = 0 on (—o0, hy)
and ®(z) = Y7 Qe then for x € (—00, hy), we have

0 = TW@ + @)+ [0t iy - O+

= Z Qie"* ( pr+cpi— A — q) + A/CI)(SE +y)f(y)dy. (34)

Also,

[@(z+y)f(y)dy

— /m¢wﬁw—xmu

[e.e]

_ /M¢WVW—xMu+/M®WﬁW—xMu

7:;37117 " 00 m
= /_ <I>($+y)f(y)dy+/ Z pyf e D dy

0 ho—x . o .
= / ¢(x+y)f(y)dy+/0 <1>(w+y)f(y)dy+2pmfe"ﬂ'”‘/ g(y)e " Vdy

j=1 ha

0 m+l ho—g m+1
= / ZQemHy an enjydy_l_/ ZQBPNEW me e”yydy
+ mefe”f / g(y)e™™ Vdy
- ho

m+1

0
- ZQGM Z%%/

—00

ta _nt
+ ijnie"j / gly)e ™ Vdy
=1 ha
m+1 n qn m+1 m p77+ N
= Qe 3 B 3oy P (e )
i=1

Yo tn Pi —1;

m+1 ho—x

elpitn; )ydy + Z Q.e"* ijn] / e(pi—nf)ydy

7j=1

m +x o — +
2 pmy e T [ g(y)e Yy, (35)
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From (34) and (35), we have

m—+1

O—ZQze”l ( pitepi— A—H[Z%Jrz Py ]>+)\ZP nfen / g(y)e ™" Vdy

j=

m+1 m p '77-5- .
;T 7 = —x
A Z Qe Z ﬁe(p n; ) (ha—z)
i=1 j=1 "t J

Using the fact that ¥ (p;) — ¢ = 0 for all i we obtain

m—+1 ' m pﬂf-r _ B m + 00 o+
Z Q.e’* Z J +e(pz nj )he—x) _ ijn]{ren] T / g(y)e ™ Vdy
i=1 =1 P, = hs
m+1 oih
which implies Z pin; ten® Z Ql ¢ = Z pin; +en) @ / _ g(y)e*nf(yfhz)dy_

ha

This can be rewritten in a matrix form BQ = V, defined as in the theorem.

[]

Theorem 3.2 Given g > 0 and also a nonnegative bounded function g on (—oo, he)¢, and
=inf{t > 0: X; ¢ (—o0, hal}.

Then
m—+1

E, ¢ ag (V) } ZQ,eW (34)

Proof. The proof is similar to the proof of Theorem 4.1 in [13] by replacing R with (—oo, hs].
[

Now, we are ready to obtain the one-sided exit problems for hyper-exponential jump-
diffusiion processes. The following three corollaries are on the one-sided exit problems from

the upper level 0.

33



Corollary 3.7 Given x € (—00,0), then

E. [eqﬁjxﬂ > 0} -

where det(Bil) 1s the determinant of sub-matriz obtained by deleting the ith column from the

following matrix

_pr

Pm+1

m+1 m+1 m-i
Z+ dlepim _ i (_1> * +1d€t(B3)
i=1 ' i=1 Z;’Sil(_l)m—l-j—&-ldet(B;)

(35)

p1—n;y pmr1—ny
1
B =
P1 Pm+1
1=t Prmt1—10

Proof. The proof is similar to the case of two-sided exit problems using the Theorems 3.1

and 3.2 above with the settings hy = 0 and g(z) = 1(z>0). O

Corollary 3.8 Given z € (—00,0), then

m+1 m+1 .
—1)"det( B?
E, [«a%* X > 0] =) diert =" (=1) - E i) e, (36)
i—1 io1 2y (— 1)t T det(B?)
Pi—M
And hence
m+1
+ + +
E, {e—% Xy = o] —E, {e—% X > 0] —E, {e—% Xy > 0] = (df — d})er, (37)
=1

where det(B?) is the determinant of sub-matriz obtained by deleting the ith column from the

following matrix

Proof. With the settings hy = 0 and g(x) = 1(;50), we can obtain our desired result.

B2

p1(nf —n3)

(pr—ni)(p1—m3)

p1(ny —nit)

(p1—=ni)(p1—nit)

1

34

pmt1(ny —n3)

(Pm+1=17 ) (Pm41—13)

pmt1(nf —ni})

(pm+1—=n1 ) (Pms1—nit )

1

]



Corollary 3.9 Given x € (—00,0),s > 0, then

1 m+1 m 6_77;5 o ]
E,|le 70, X +>s| = — 1)t et (BY)erin,
le » S} det(B) lezl n’ =) “HBj)e
Thus
. 1 m+1 m N m+1 m N
[ty ] = eSS B s = 3
i=1 j=1 =1 =1

where det(B;) 15 the determinant of sub-matrix obtained by deleting the jth row and the ith

column from the following matrix

- o
pi—ny T pmyi—my
B - 1 1
pi—mt T pmi—nd
1 1
Proof. In this case, the settings are hy = 0 and g(x) = 1(z>y). O

Moreover, one can easily derive the following theorem using the same method as in the
proof of Theorems 3.1 and 3.2. For the one-sided exit problems from below, we have the

similar resulting theorem.

Theorem 3.3 Given x € (hy,0), let g, defined on [hy,00) for hy < 0, be a nonnegative
bounded measurable function, and let 7 = inf{t > 0 : X; ¢ [hy,00)}. Then the solution of

the following boundary value problem
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S
; = —4q7, = . ePiT
is O(x) =E,|e hlg(XTh—l):| = Z Q;e’”.

i=m-+2

for the constant vector Q satisfies the equation
cQ=Vv,

where the invertible matriz C and elements of vector V4 are defined as

ePm—+2h1 ePshl
pmy2+ny T ps+n
™M g(y)en W=hg if 1<i<n
Pm+2h1 pgh . —oog ) Y, >0 >N,
C = |fm2  epsh | V(i) =
Pm+2+Nn PS+in o
g(h2), if i=n+1,
epm+2h1 o ePsh1

Now, we are ready to state the following three corollaries concerning about one-sided exit

problems from lower level 0.

Corollary 3.10 Given x € (0,00), then

S S S—i 1
_ (=1)>"'det(C__ )
—qT _ 1 _pix __ 1—m—1 i X
E, [e X, go} = > cerr=) T )e” . (38)
i=m-+2 i=m-+2 Zj:m—i-Q j—m-—1

where det(C}_ ) is the determinant of sub-matriz obtained by deleting the ith column of

the matrix ) )
Pm+2 PS
pmt2tn T ps+ny
Cc! =
Pm+2 ps
pmt2tnn T pstnn
Proof. Apply the Theorem 3.3 above for iy = 0 and g(z) = 1(;<0). [
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Corollary 3.11 Given x € (0,00), then

S i—m 2

_ det(C*
ELIJ |:€_q7'0 7XT(; < O:| — Z epzl' — Z ( ) ( T—m— 1) epim.

i=m-+2 i=m-+2 Z] m+2( 1)-7 mpnl det(Cjz — 1)
And hence
S
E{ ‘ITOX__O] ]E{ X go}-x&:{ X <o} > =c))e”
i=m-+2

(39)

where det(C?_

i—m—1

the matriz

pm+2(ny —n5 )

(pm+24n1 )(Pm+2+ny )

pm+2(n] —Nn )

(pm+2tny ) (Pmt2+mn)

) is the determinant of sub-matriz obtained by deleting the ith column of

ps(ny —my ) |
(ps+ny )(ps+ny )

ps(ng —nn )
(ps+ny )(ps+mnn)

1 1

Proof. Again, with the settings h; = 0 and g(z) = 1(z<0).

Corollary 3.12 Given x € (0,00),s < 0, then

z >

= m+2] 1 n]

> e

i=m+2 j=1

E, {e‘qTO_,XTO— < s} = 1)+ m“det((}'Z mherir

det

E, {e% , X - € ds] = 1) det(CE™ ) erivds
0

det (C)

n

s
= E g c; je'i “elds.
Jj=1

i=m-+2

(41)

(42)

where det(C;_m_l) 1s the determinant of sub-matriz obtained by deleting the jth row and
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the ith column from the following matrix

1 1
pmi2+ny T ps+ny

C = 1 1
pm+2+nn T pstna

1 . 1

Proof. Here, the settings are hy = 0 and g(z) = 1(z<s).
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3.3 Potential measures of jump-diffusion processes

Recall that for ¢ > 0, a g-potential measure of any Lévy process X killed on exiting [0, a]

when issued from x is defined as
UD(a,z,dy) = /000 e P, (X, € dy, T > t)dt,

and a g-potential measure of X killed on exiting [0, c0) when issued from z as
R (z,dy) = /0 h e P, (X, € dy, 7y > t)dt,

where

T=7 ATy =inf{t >0:X; <0or X, >a}.

Although the potential measure of Meromorphic processes is given in Kyprianou et al
(2012), that expression is not very handy because it is not explicit and we have to solve
the system of linear matrix equations. In this section, we first want to derive the potential
measure for double exponential jump-diffusion processes. Then we generalize the idea to the
case of hyper-exponential. The approach in Kyprianou et al (2012) and our approach are
quite similar except that in their approach, to derive U9 (a, z, dy) they used the g-potential
measure Killed on exiting (—oo, a] and the discounted joint overshoot and undershoot distri-

bution for the two-sided exit problem.

Theorem 3.4 Suppose, for ¢ > 0, R (x,dy) is the g-potential measure of the double expo-
nential jump-diffusion process X, killed on exiting [0, 00), where x,y € [0,00). Then it has

a density qr'@ (z,y) given by

Cy (eps(x—y) _ epaw—my) +02(ep4(x—y) _ epw—my) +03(ep3(w—y) _ epsx—pzy) +C4(ep4(w—y) _ epw—pzy)’
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where

1
(-13) G20 () (G25) ) o
T P1— P2 T P4 — P3 P1— P3
T 1
o= (1-0) (22) (572) (525) G o
T P1— P2 T P3 — P4 P1— P4

r— 1
T P2 — P1 T P4 — P3 P2 — P3
n — pa p1 N+ pa p3 1
+ — P4P2-
T P2 — P1 T P3 — P4 P2 — P4

Cy

Proof. For x € [0,00), we have

R(q)(ﬂf, dy) = / e—qt]Px (Xt c dy,TO_ > t)dt - %]P)x (Xeq € dyvieq Z 0)7
0

where the second equality followed by conditioning on e,. Using translation invariant of X,

and the independence of X, — X, and X e by Wiener-Hopf factorization theorem, we

€q

obtain
R (z, dy) = éIP’(Xeq edy—ux,X, >—x)
= (X, - X+ X, €dy-a-X,, <o)
- 1 /[ B((X, ~ X)) €dy =+ 2)PX,, € )
_—
_ é [ ]P(qu €dy—z+ 2)P(—X,, € dz) (by duality).
S

The two probabilities above are introduced in the introduction section, so we can develop
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the expression for R (x, dy) as follow

T +
F / { (1 p ) ( P2 ) pre =) | (771 —Pz) ( p1 ) p26—02(y—x+z):|
4oy n ) \p2— n p1— P2
|i(1 + P3 > ( P4 ) pgepgz + (771 +p4> ( P3 ) 6p4z:| dZ:| d
un P3 — P4 T P4 — P3

This shows that there exists a density, 7(9(z,y) for the measure R (z,dy). With a simple

integration, the above expression turns out to be

C (epa(x—y) _ eﬂaﬂc—ply) +C2(ep4(x—y) _ ep4ﬂc—p1y) +03(eps(ﬂc—y) _ epsm—pzy) +C4(ep4(ﬂc—y) _ €p4$—p2y)'

Now, we can use R (z,dy) to derive U@ (a, x, dy) in the theorem below.

Theorem 3.5 Suppose, for ¢ > 0, U9 (a,x,dy) is the g-potential measure of the double
exponential jump-diffusion process X, killed on exiting [0, a], where x,y € [0,a]. Then it has

a density u'? (a,z,y) given by

4
C
T( )(gj y —T Z D2 el)ﬂ? ZD 16/)155( ( pg(a—y)_e—p3a—p1y)

i=1 P

Cy
Nt — pa

Cy
Nt — ps

(€p4(afy)_efp4afp1y)+ Cs (eps(afy)_efpsafpzy)_i_

+
nt—ps

(694(a7y) _epwpzy)) ’

where C; and 79 (z,y) are defined as in Theorem 3.4; D}, D? and D, are defined as in
(24),(25), and (28) respectively.
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Proof. Now, we have

QU9 (a,z,dy) = P (Xe, € dy, T > ¢4)
= P(Xe, €dy, X, > 0,X., <a) (since 7 =71 ATy > e,)
— P.(X,, €dy,X,, >0)~P,(X,, €dy,X,, >0,X,, >a)
= P.(X,, €dy, X, >0)—Pu(X,, €dy, X, >0,Xc, >0a,7>e,)

-P,(X,, € dy, X, > O,qu >a,7 < eg).

Here in the last equality, we imposed an extra condition 7 > ¢, and 7 < ¢, in the second
probability. Notice that the second probability above is zero due to the conflict of {X,., > a}

and {7 > e,}. Thus, we obtain that

qU(Q)(a,x,dy) = P.(X,, € dy,&eq >0) - P, (X, € dy,&eq > O,qu >a,7 < eg)

= P.(X,, € dy, X, > 0) —P.(X,, € dy, X, >0,X;=a,7< eq)

—P (X, € dy, X, >0,X; —a>0,7< eq)

= Pu(Xe, €dy, X, >0)—Pu(X,, €dy, X, >0)P,(X; =a,7 <eg)

_/ Po(X; —a €dz, 7 <e)P.qu(X,, €dy, X, >0),
(0,00)

where in the last equality we conditioned on {X,; —a} and used the Markov property. Using
qRD(z,dy) = P,(X,, € dy,X,, > 0) in Theorem 3.4, we obtain

U9 (a,x,dy)
= R9Y(x,dy) — R9(a,dy)P. (X, = a,T < ¢,) / —a €dz, T <ey)RP(z + a,dy)
0,00)
= R9(z,dy) — R9(a,dy)E,(e ", X / E.(e79, X, —a € dz)RD (2 + a, dy).
(0,00)
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From here, we see that there exists a density u(?(a,z,y) for the measure U9 (a, x, dy). For
the expectation in the second term and the third term of the second equality above, we use

the two-sided exit problem results
4 4
+
E.(e ", X, =a)= Z(Dl1 — D?e™ and Eu(e 7, X,—acdz)=e M ZDi,lep"x.
i=1 =1
Thus,

4
WD (a,2,y) = 1D (z,y) = rD(a,5) S (D} — D2)ere ZDuepZ/ D (5 4, y).

=1 (0700)

Using the expression of 7@ (x,5) in Theorem 3.4, we can evaluate the integral above as
/ efnfrzr(q)@_i_a’ y) = 1 /oo K <Cl(eps(zwfy)_ep3(2+a)*p1y)+c2(€p4(2+a*y)_ep4(Z+a)fp1y)
(0,00) q.Jo

+C3(ep3(2+a—y) _ eps(z+a)—pzy) + 04(6p4(2+a—y) _ 6p4(2+a)—p2y)>dz

= 1<L(ep3(a—y) — e PO 4 #(em(a—y) — e P1aTPY)
m —Ps3 m — P4

+ - (eps(afy) _efpsafpzy)_i_

(em(ay)_emamy)) )
Th —P3 Th — P4

]

From here, we can generalize the idea to find the g-potential measure for hyper-exponential

jump-diffusion process X; killed on exiting [0, 00). That is

1 _
RO(z,dy) = + / P(X,, €dy— o+ 2)P(—X, € dz))
[z—y,z]

= {% /::y (6(7#, p) Blpy—x+ 2)) (&(n, p)"o(p, Z)) dZ}dyy

where @ and ¥ are defined in Theorem 2.3. This shows that there exits a density r@ (z,y)

of the measure R (x, dy). The density above can be expressed explicitely as
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m+1 S

= sl Y WU <epﬂ‘(‘”y>—epf'“fy>. (43)
i=1 jemy2 PP P
Theorem 3.6 Suppose, for ¢ > 0, U(Q)(a,x,dy) is the g-potential measure of a hyper-
exponential jump-diffusion process Xy killed on exiting [0,al, where x,y € [0,a]. Then it

has a density w9 (a,z,y) given by

s 5 S m+l
r@(z,y) )Y (D} = D?)eria Z S Pyt (et — ey,
m+ =1

=1 ’Llj 2 k=1

where

Dyiai(n™, p)a;(n~, p7)pup;

Pi'kl -
’ (o0 — pi) (i = py)

and D}, D?,D;; are defined in (24),(25), and (28) respectively; and r'?(z,y) is the g-

potential measure of hyperexponential jump-diffusion process killed on eziting [0, 00).

Proof. Using the same reasoning as in the case of double exponential jump-diffusion process,

we have

u(a,z,y) = r'(z,y) —r'(a,y)E(e ", X, = a)—/ (™", X: —a € d2)r'?(z +a,y).
(0,00)

Again, the expectations above are the two-sided exit problems which can be expressed as
S S m
E(e 7, X Z D2 efix and E, (e’qT, r—a € dz Z Z D; ; e FePiT
i=1 =1 j=1
So for the integral, we can rewrite it as
S

/oo |:T§:lplal n p Z aj(ﬁ_aﬂ_)Pj (epj(z-‘ra—y) ePi (z+a) ply :| |:ZS:§:D 17] 6p1$:| dz

jmmv2 PP i=1 j=1
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m

ai(, p)a;(n=, p7 ) pip; S
i\ )&\ 5 P )PiPy (ePs(a=v) _ epia—pav) 6P12:|{Z D, je -y e"”] dz
1

9 Pi — Pj i=1 j=
S m+1 D
Z Z ki@ 77 y P a](n ) P )Plpj epk:p(epj(a—y) . epja—/)zy)} e(Pj—Wj)ZdZ
+2 k=1 I=1 K
m+1

Dk al 7] P a;(?? )y P )Iolp] epkx(epj(a v epjafply)‘
1 p])(ﬁz p])

M
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4 FLUTUATION IDENTITIES OF PROCESSES RE-

FLECTED AT ITS INFIMUM

Recall that given a hyper-exponential jump-difussion process X;, a processes reflected at its
infimum is defined as

Y, =X, — X, AO.

Then Y; is a Markov process. By using the Markov property, we can derive the g-potential

measure killed on exitting [0, a] of this reflected process defined as
AD(a, 2, dy) = / e P, (Y, € dy,t < v,)dt,
0

where v, = inf{t > 0:Y; > a}.

Theorem 4.1 (/21]) For any q >0, x,y € [0,a], then

A@ dy) = U@ < Clerit i U(q)(a,z,dy) A4
(@) =Uazy) + Y Clew i (e ls) )

Although this epxression looks nice, we still need to evaluate the limit and we do not
know if this limit exists or not. Another way to derive the potential measure of this reflected
process is to introduce two independent exponential random variables e, and e, with rates
q and ¢ respectively (e, is also independent with the reflected process and e, is the first
jump time of the process). By conditioning on the arrival time between: e,, e¢, and 7,, we
can turn the problem into the potential measure of reflected Brownian motion with drift.
We first derive the potential measure of reflected Brownian motion with drift. Recall that a

linear Brownian motion is defined as

Bt = ,ut + O'Wt,
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where W, is the standard Brownian motion, then the reflected linear Brownian motion with

drift is defined as |B;|. Also, we have 5, = inf{t > 0: |B;| > a}.

Lemma 4.1 Consider |By|, a reflected linear Brownian motion with drift, then given x €

0, a] the potential measure of | B;| which is defined as

B9 (a,z, dy) ::/ e " P.(|By| € dy,t < B,)dt
0
can be expressed as

A
qB9 (a,x,dy) = {—2A03—|— = (e“ e TOTIG TG | pnlGra)—lotely 224 (G )

_ Ao <6u(1a FmaV2AH(5)? | ou(Gra)—|Gtaly /224 (5 )
V2 o2 + 2

elu.a:—l-x\/m_’_ —Hr— 3U\/m
ot/ 20+(5 )2_{_€—§a—71/2q+( )2} Y.

Proof. We have
gBY (a,z,dy) =

T |Beq| c d’y) _IED.Z’<|BEq| Z a, |Beq| S d?/)

|| Be,| € dy) — IP’w<|Beq| > a,|B.,| € dy, . < eq>

= B.(1B.,| € dy) —B.(|B.,| € dy, B < e,)
= P.(1B.,| € dy) — Pu(|B.,| € dy)P. (B, < e, )
= P.(1B.,| € dy) — Pu(|B.,| € dy B, ().
Using the results from Section 2.6 for the reflected linear Brownian motion with drift we
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obtain our desired result. O]
Now, we are ready to state the following theorem.

Theorem 4.2 For any q > 0, z,y € [0, a], we have

s
A(‘l)(a, z,dy) = U9 (a,z,dy) + Ao Z Clerie, (45)
i=1
where
) B+ (a, 0, dy) + foa [IP’(YGC € dr,ec < eq> U(q)(a,m,dy)]
0 — )
1 IP’(Ye( = 0,e < eq) s [C}epﬁ]}”(Y;C € du,ec < eq)]
IP’(YQ —0,e < eq) — /0 Ce (a0t /O P(|B,| € d2)P(> + J < 0)dt,
IP’(YQC €dr, e < eq) = /0 Ce(‘”ot/o P(|B;| € d2)P(z + J € dx)dt,
the density of J is fi(x) = Ipsoy me;re*”jx + Lzcoy Z qm; e’ ",
i=1 i=1
1 z z
P,(IB € dz) = (e Gruafon g = Grutafat) g,
1B V2mt

="+ >0 0, B9(a,0,dx) and U9 (a,z,y) are the g-potential measure of re-
flected linear Brownian motion with drift and the hyper-exponential jump-diffusion process

respectively. J is the jump size of the process X;. These integrals can be computed explicitly.

Proof. Let
Ag = P(eq < Ya, Ye, € dy).

For x € [0,a], we see that YV; = X;if t < 75 A7,. So we can condition on the exit time
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7o , T, of process X;

g\ (a,z,dy) = P, (eq <Y, € dy)
= IP’JC(T <eg < T;r,qu € dy) +Px<eq <7 /\T;L,qu € dy>
= IP’I< T < eq>Ao + P, (eq <T7,X, € dy)
E

= AO i [G_QTl{XTSO}} + qU(q) (CL, z, dy)

s
= A Z Clefi® + qU D (a, x, dy),

i=1

where in the last equality, we used the result of the two-sided exit problem (29). Now, for
Ao we denote the first jump time of the hyper-exponential jump-diffusion process as e¢, then
ec follows an exponential distribution with rate ¢ = Y_.7" 7" + > i ;. We also have that
Y; = |Bi| if t < e < 7. Thus we can condition on the exit time (3, of reflected Brownian

motion with drift and e, to get

Ay = IP( <'ya,quedy>
= P(eq<ec/\'ya,quEdy>+P<e<<eq<’ya,qu€dy>
P(eq < ec eq < Ba,|Be,| € dy) +]P’<ec <eg <Y, Ye, € dy)

= q/ooe “p t<e<,t<ﬁa,\Bt] Edy)dt+P<e<<eq<’ya,qu Edy)

0
= q/ooe th t<e<> <t<6a,|Bt|Edy)dt+IP’<e<<eq<’Ymqu€dy>
= q/oo qH)t]P) t<ﬁa,|Bt\Gdy)dt+P<e<<eq<%,qu€dy)

0

= qB9(a,0,dy) + P(Ye, = 0,¢c < g, ¢ < Y, Ve, € dy)

+/(0 ]IP<YGC €dr,ec < ey, € < Va,Ye, 6dy>

= qB(q+<)(a,0,dy) —HP(YGC =0,e < eq>A0+/

(0,a]

[P<Ye< €dx,ec < eq> qA(‘I)(a, z,dy)
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= qB(q“)(a,O,dy)—i-]P’(Yeg =0,e < eq> Ay

S
—1—/( | [IP’(YQC €dx,ec < eq> (AO ZC}@”” + qU(q)(a,x,dy))]
0,a

i=1

Hence

qB9(a,0,dy) +q [, [IP(YQ € dx,ec < eq> U(Q)(a,l’,dy)}

AO == .
1— ]P’(YeC =0,e < eq> — ZiS=1 f(O,a] [C}emw]}”(YeC € drv,ec < eqﬂ

For the two probabilities in the expression of Aj, we notice that at the jump time Y; =
|B;| + J, where J is the jump size of the hyper-exponential jump-diffusion process. Then J

follows the hype-exponential distribution defined in the introduction. We have

P(Y., =0,e. <e,) = / Ce 'P(Y, =0,t < e, )dt
(re=vecsa) = [Tar(i-nr)
= / Ce 'P(t < e,)P(Y; = 0)dt
0
0
= / ge—<q+<>f/ P(|By| € d2)P(z + J < 0)dt.
0 0
Similarly, we can obtain

P(Y;C € du,ec < eq> - / ge—<q+<>t/ P(|B,| € d2)P(z + J € dz)dt.
0 0

]

By Remark 4 and Remark 5 in [21], we can use the conpensation formula to obtain the

following corollary.

Corollary 4.1 Given g > 0,y > a,z € (0,a) and the stopping time v, = inf{t > 0:Y; > a}
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and v, = inf{t > 0:Y; < a}, the joint density of overshoot and undershoot is
S
E, [Y €dy;Y, € dz] = <U<q><a,x,dy> + AOZ(J}@W)H(dy —z),  (46)
i=1
where 11(x) is the Lévy measure with density given by

m n

ot R

m(z) = Luso E pin; e+ Toco E qin; e’ "
1=1 i=1
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5 NUMERICAL EXAMPLES FOR DOUBLE EXPO-

NENTIAL JUMP-DIFFUSION PROCESSES

In this section, we present some numerical examples for the double-exponential jump-diffusion

process. Recall that the double-exponential jump-diffusion process is defined as

Nt
Xo=ut+ oW+ Y,

i=1

and the common density of Y is

T o
fy(y) = Iyysoypni e ™Y + Iycorqny €™ Y.

To ease the computation, we consider three sets of parameters

Set 1: {p,o,p,n",n", N\, q} ={1,1,0.5,1,1,1,0.5} ,
Set 2: {u,o,p,nT,n", A, q} =4{1,1,0.5,1,1,1,0.05}
Set 3: {u,o,p,n", ", N\, q} ={-1,1,0.5,1,1,1,0.05}.

Here, we consider the process within the interval [0, 1]. Note that the overall drift the process
1s

¥(0) = u+/\(£+ - i_).
™

So Set 2 deffers from Set 1 in q (practically 1/¢ is the maturity time) while it deffers from
Set 3 in the positive and negative overall drift . Using the theoritical results in previous
sections, we have computed the two-sided exit problem from above (level 1), two-sided exit
problem from below (level 0), one-sided exit problem at level 0, potential measure density
79 (z,y) killed on exiting [0, c0) , potential measure density u'? (z,y) killed on exiting [0, 1],

and the potential measure A\(@ (x, ) killed on exiting [0, 1] of the reflected process. We denote
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the graph as following;:

TwosideExit Abovegel(z) = E,[e™, X, > 1] =P,[X, > 1,7 <e¢,] (red line),
Twoside Exit Abovegl(z) = E,[e™ ", X, > 1] =P,[X; > 1,7 <e,| (green line),
Twoside Exit Aboveeql(x) = E,[e 7, X, =1 =P,[X; =1,7 <ey (blue line).

Then the two-sided exit problem from below 0, the one-sided exit problem from above 0,
and the one-sided exit problem from below 0 are defined in the same manner. The graphs
on the next page clearly show the effects that we would expect to see. In figure 1 for the exit
problems of double exponential jump-diffusion process, the y-axis is the probability scaled
from zero to one, and the x-axis represents the starting position of the process.
Looking at the graphs for the two-sided exit problem from above level one, they suggest
that when x = 0, the three graph are zero. When x = 1, then P[X, > 1,7 < ¢,| and
P[X, = 1,7 < ¢,] are exactly one while the P[X; > 1,7 < ¢/ is exactly zero; this makes
sense. Also, the graph of P[X, > 1,7 < ¢,] are always higher than the others; and P[.X, =
1,7 <e =PX, >1,7<e]—P[X, >1,7 <e,]. We get the similar results for other types
of exit problems.
Now, comparing the graphs from Set 1 and Set 2 (the time e, in Set 2 is likely longer than
that of Set 1), we see that the area under the curve in Set 2 is larger than that of Set 1. This
is because the event {7 < ¢,} likely occurs with longer time e,. Besides, graphs in Set 1 and
2 with the positive overall drift are higher than the graphs in Set 3 with the negative overall
drift. Whereas, when considering the exit problems from below (one-sided and two-sided),
graphs in Set 1 and 2 are lower than the ones in Set 3. This is what we expect the graphs
should be because with a positive overall drift, it is more likely for the process to exit from
above, and with a negative overall drift, it is more likely for the process to exit from below.
For the potential measure density (figure 2), since Set 1 and Set 2 have the positive overall

drift while it is the negative drift for the Set 3, this has a strong impact on the potential
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Figure 1: One-sided and Two-sided exit problems of double-exponential jump-diffusion pro-

cesses.

Set 1:
(wo,pn'nhg) = (1,1,05,1,1,1,0.5)

Set 2:
(wa,p.n"nha) = (1,1,0.5,1,1,1,0.05)

Set 3:
(wopn’nAa)=(-1,1,0.5,1,1,1,0.05)

The 4 real roots

{-3.0590, -0.6989, 0.3270, 1.4310}

{-2.8395, -0.5581, 0.0467, 1.3507}

{-1,3507, -0.0467, 0.5581, 2.8394}

Two-sided Exit problem from
above

— TwosideExitAboveeql{x)
— TwosideExitAbovege(x)
— TwosideExitAboveg1{x)

Two-sided Exit problem from
below

— TwosideExitBeloweq0(x)
— TwosideExitBelowle0(x)

— TwosideExitBelowl0(x)

One-sided Exit problem from
above

— OnesideExitAbovele0(x)
- OnesideExitAbovel0(x)
— OnesideExitAboveeq0(x)

One-sided Exit problem from
below

— OnesideExitBelowle0(x)
- OnesideExitBelowl0(x)
~— OnesideExitBeloweq0(x)

o4




Figure 2: Potential measure of double-exponential jump-diffusion processes and reflected

processes.

Set 1 (positive drift)

Set 2 (positive drift)

Set 3 (negative drift)

Potential measure density
rx,y)

::’U[‘(—b_

rd
05/ |
s

—k

killed on exiting [0,2)
of the double-exponential
jump-diffusion process.

Potential measure density
u[ﬂl(x'y}
killed on exiting [0,1]
of the double-exponential
jump-diffusion process.

Potential measure density
AM‘K,V)
killed on exiting[0,1]
of the double-exponential
jump-diffusion process
reflected at 0.

measure density by comparing the graphs between Set 1 and Set 3. Intuitively, potential
measure measures the total time that the process will stay within the interval [0, co) for the
case of R (x,dy), and within the interval [0, a] for the case of U9 (a,x, dy), and up to an
independent exponential time e, for A9 (a,z,dy)). Therefore, with a positive overall drift (
graphs for the first and second set) we see that the mass of g-potential measure concentrates
on the right half interval [0.5,1] of y. While for the ovrerall negative drift ( graphs in the
third set), the mass concentrates on the left half interval [0,0.5]. Also, by looking inside the

set 1, we see that the effect of the starting point on potential measure is in consideration
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too. Particularly, when starting from 1, it is unlikely that during the time e, the process
will stay within [0, 1] due to the overall positive drift, whereas it is more likely for the case
starting from 0. Furthermore, by comparing the potential measures within a set, we see that

the potential measure of reflected process has a larger mass than the others.
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6 CONCLUSION AND FUTURE WORK

In this thesis, we have explicitly expressed the solutions to one-sided and two-sided exit
problems as well as the g-potential measure of the hyper-exponential jump-diffusion process
and the process reflected at its infimum. They are the key to obtain Laplace transform of
occupation times for hyper-exponential jump-diffusion processes using the Poisson approach
which had been applied in Li and Zhou (2014) for spectrally negative Lévy processes.

Occupation-time-related derivatives have been attracted much attention from investors
and researchers. A defining charateristic of these contracts is an exercise payoff that depends
on the time spent by the underlying asset in a predetermined region. Typically, the spec-
ification of the occupation regions involves flat barriers. In that sense, these contracts can
be viewed as a generalized type of barrier option. In reality, many occupation-time-related
options are based on a discrete time monitoring. In other words, such derivatives specify a
series of reference dates. The occupation time is defined through the portion of monitoring
dates in which the underlying price is below or above some level or between two levels. Some
research is devoted to the study of such kind of options. However, the common feature of
such research is that the underlying asset price is assumed to follow a geometric Brown-
ian Motion model. Therefore, replacing geometric Brownian Motion by hyperexponential
jump-diffusion process make it more accurate.

Cai et al (2010) proposed occupation times of double-exponential jump-diffusion process,
so in future work, with these fluctuation identities in hand, we can expand the idea to a

more general case for the hyper-exponential jump-diffusion process.
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7 APPENDIX

From Appendix A in Cai et al (2010), the equation ¢(f) = ¢ can be reduced to

a4$4 + a3x3 + a2x2 + a1 + ag.

where
ao =2qniny a1 = =2(uniny — Xp(n +n0y) + M+ q(nf —np)

az =—o’niny = 2(utnf —n7)—A—q) az=2u—oc*(nf —ny) as=o"

And the four roots are given by

. as 51—(53 . as 61+53 . as 51—62 . as 51+63
pi(q) = yPRA p2(q) = w2 ps(Q)—4a4+ 5 P4(Q)—4a4+ 5
where

M, M,
51v/ Mz + Ny + Ny 52:\/M4—N0—N1—4—55 532\/M4—N0—N1+4—557
1 1

My = a§—3a1a3+12a0a4 M, = 2ag—9a1a2a3+27a%a4+27a0a§—72a0a2a4 My =/ M? — 4M},

2 2 3
a 2a9 a 4ao dasas  8a;  a

(\/13 — —32 _—— M4 — —32 _—— /\/15 g 5 _—— — —g /\/26 — 3 (\/11 + (\/127
da;  3ay 2af  3ay ay ay  ajy

V2 M, M,
M, M

Ny = — = .
* 7 3a4Ms ! 3v/2a4
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