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ABSTRACT

Receding Horizon based Cooperative Vehicle Control with Optimal Task

Allocation

Mohammad Khosravi

The problem of cooperative multi-target interception in an uncertain environment
is investigated in this thesis. The targets arrive in the mission space sequentially at a
priori unknown time instants and a priori unknown locations, and then move on a prior:
unknown trajectories. A group of vehicles with known dynamics are employed to visit
the targets as quickly and efficiently as possible. To this end, a time-discounting reward
is defined for each target which can be collected only if one of the vehicles visits that
target. A cooperative receding horizon scheme is designed, which predicts the future
positions of the targets and maximizes the estimate of the expected total collectible
rewards, accordingly. The problem is initially investigated for the case when there
are a finite number of targets arriving in the mission space sequentially. It is shown
that the number of targets that are not visited by any vehicle in the mission space
will be sufficiently small if the targets arrive sufficiently infrequently. The problem is
then generalized to the case of infinite number of targets and a finite-time convergence
analysis is also presented. A more practical case where the vehicles have limited sensing
and communication ranges is also investigated using a game-theoretic approach. The
problem is then solved for the case when a cluster of vehicles is required to visit each

target. Simulations confirm the efficacy of the proposed strategies.
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Chapter 1

Introduction

The last two decades have witnessed an ever-increasing interest in multi-agent sys-
tems [1-12] inspired by and applied to a wide variety of fields of science and technology
such as biology [13-17], control [18-22], robotics [23-27], computer science [28,29], econ-
omy, marketing and finance [30,31]. The main goal of multi-agent systems is to achieve a
global objective with a set of simple and limited components and the proper use of infor-
mation exchange between the agents. Multi-agent systems and methods are explored for
a variety of applications related to control design problems such as surveillance [32,33],
search and rescue [34-36], reconnaissance missions [37, 38], sensor networks [39,40], au-
tomated highway systems [41], environmental sampling [42,43], motion coordination
of robots [44-46], formation control of satellite clusters [47, 48], air traffic control [49],

consensus [50], network connectivity control [51], target assignment and cooperative



multi-target interception [52-54], to name only a few.

The multi-target interception problem with multiple vehicles is an emerging topic
in the cooperative control literature. The problem is concerned with a group of vehicles,
which are desired to cooperatively visit some targets that appear in the mission space
at random time instants.

The pursuit-evasion problem is a well-known and vastly studied topic in the con-
texts of computer science, mathematics, artificial intelligence, robotics, control, physics,
etc. [55-59]. In the literature, the problem has been investigated under different titles
such as cop and robber [60], lion and man [61,62], graph searching [63], lady and ban-
dit [64,65],and chases and escapes [57]. Usually, this type of problem is analyzed using
multifarious formulations [55-57]. In all variants of the pursuit-evasion problem, a group
of pursuers attempting to track down a group of evaders [55]. In addition to pursuer(s)
and evaders(s), a set of one or more defenders like missiles or bodyguards may also be
considered which are supposed to defend the evader(s) against the attacker(s) [66]. The
environment, on the other hand, can be a discrete space like a graph [67] or a contin-
uous space like a manifold [55]. Similarly, the pursuit and evasion procedure can be
discrete-time [68] or continuous-time [69]. The information of the pursuer(s), evader(s)
and possible defender(s) on each other as well as the environment is not necessarily

perfect [70,71]. The motions of targets are sometimes independent of the strategies of



pursuers, while some other times, the pursuers and evaders may have conflicting objec-
tives [72]. Formulations of pursuit-evasion problems may differ by the constraints and
the level of maneuverability considered for the pursuers and evaders [73,74]. In particu-
lar the main focus of this thesis is directed towards the multi-pursuers and multi-evaders
problem with perfect information knowledge, continuous-time procedure and continuous
space, where evaders moves possibly independently of pursuers. In [74] a practical ad-hoc
pursuit algorithm is introduced for the pursuers to capture a finite number of evaders
and super-evaders (the evaders with greater velocities compared to the pursuers). It is
to be noted the pursuit-evasion procedure in [74] is in the discrete-time framework, and
also the magnitude of the velocity of each pursuer and each evader is assumed to be
constant. Moreover, no justification or theoretical proof is provided in [74] for the opti-
mality or sub-optimality of the algorithm. In [75], a hierarchical approach is introduced
to tackle the problem using the combinatorial optimization. In order to hierarchically
decompose the problem and obtain a suboptimal engagement between the pursuers and
evaders, the authors in [72] derive a combinatorial optimization problem. Most of the
results in the literature on pursuit-evasion games suffer from the curse of dimensionality,
significant computational loads and lack of practical on-line implementations [72, 75].
Moreover, in order to define the game in pursuit-evasion problems, it is assumed that
the evaders are intelligent and rational, which implies that their behaviors and policies

are known [72]; this is not the case, however, in many applications.



The target interception problem has also been investigated in the operations re-
search and computer science. One of the most widely studied related problems in this
area is the famous Traveling Salesman Problem (TSP), where it is desired to find the
shortest tour passing through a number of cities assuming that the list of cities and their
mutual distances are given [76]. It is shown in [77] that TSP is an NP-complete com-
binatorial optimization problem. Different formulations are proposed for the problem,
including one in the context of integer programming optimization [78]. The multifari-
ous variations of the TSP are extensively studied in the literature. In the Asymmetric
Traveling Salesman Problem (ATSP), the distance between any pair of cities depends
on the traveling direction [79]. In the formulation of time-constrained TSP, a time win-
dow is considered for any city in which the corresponding city is to be visited [80]. In
another variant of problem, a profit is associated with visiting each city and the ob-
jective is to find a subset of cities for simultaneously maximizing the collected profits
and minimizing the travel costs [81]. Similarly, in the orienteering problem, a reward is
considered for each city and it is desired to determine a length-limited path for visiting
a set of cities and collecting the corresponding rewards such that the total collected
rewards is maximized [82]. The multiple TSP (mTSP) is an extension of the problem
with more than one salesman [83]. The Vehicle Routing Problem (VRP) is another

extension where there are a number of visiting points, referred to as way-points, and



a number of vehicles in a depot; the vehicles are to visit the way-points in an opti-
mal fashion [84,85]. The vehicle routing problem has many variants including VRP
with Pickup and Delivery (VRPPD) [86], VRP with Time Windows (VRPTW) [87],
Capacitated VRP (CVRP) [88], VRP with Multiple Trips (VRPMT) [89], Open VRP
(OVRP) [90] and Dynamic VRP (DVRP) [91]. In all of these problems, the target
points are located inside the space from the beginning of the operation. In the m-vehicle
Dynamic Traveling Repairman Problem (m-DTRP), on the other hand, is one of the
most general forms of VRP, where a number of vehicles travel with bounded velocity
in a bounded environment. The vehicles are supposed to service a set of demands with
stochastic arrival times and stochastic location [92-97]. For m-DTRP, adaptive and
receding-horizon-based policies are introduced in [97] and their optimality is proved for
the cases of light and heavy demand loads. In addition to the above papers where only
static points are considered, in [98] a different type of traveling salesman problem is
introduced where each target point moves with a constant velocity. The Moving-Target
VRP is studied in [99], where each target appears on a line and then moves in the space
with a constant velocity. A variant of TSP is discussed in [100], where the targets move
with the same constant velocity, and then a robotic arm moves in the space to collect the
targets and deliver them to a certain depot. A similar case is discussed in [101], where
the arm is assumed to have a limited capacity. The problem of dynamic vehicle routing

with moving targets is investigated in [102], where each target should be visited in a



certain time window. In [103,104], DVRP with moving targets is investigated, where
each target appears on a disc according to a spatiotemporal probability distribution and
moves radially with constant speed toward escaping the disc while a single vehicle aims
at capturing them before they escape. In all of the above papers, it was assumed that
either the target points are fixed, or if they are moving, their velocities are known and
fixed.

Reward collection in multi-agent systems provides a framework for a variety of
problems such as coverage, data collection and multi-target interception [105-109]. In
operations research, on the other hand, the prize-collecting TSP [110] and orienteering
problem [82] are addressed. In this framework, one or more agents are collect rewards by
accomplishing a number of tasks. The reward of each task can be fixed or it can depend
on some other parameters and variables such as time or location [107-109,111,112]. They
may also be some constraints in this type of problems to introduce a feasible space for
collecting rewards. For example, in [105] it is assumed that some obstacles of polygonal
shape exist, imposing physical constraints on the motions of vehicles, and consequently
on reward collection. In the target interception problem, the rewards can be properly
associated with the targets. In [108], the cooperative multi-target interception problem
is tackled, with no a priori knowledge about the arrival times of the target points, using
a cooperative receding horizon (CRH) control scheme. In [113], the authors further

improve the reward-collection-based controller developed in [108], overcoming some of



its limitations such as poor performance and instability in target trajectories.

In addition to the reward-collection frameworks discussed above, there are some
other approaches [114]. In [115], the moving objects with known kinematics are assigned
to the vehicles using dynamic Voronoi partitioning. The multi-target interception prob-
lem for a set of homogeneous moving targets with unicycle model is addressed in [116]
by means of a distributed cooperative strategy. In [117], a Mixed-Integer Linear Pro-
graming (MILP) approach is used to find trajectories for a group of vehicles such that
they visit a set of fixed way-points with some time constraints. Similar to [117], a MILP
formulation is also used in [118] to provide a cooperative control approach for guarding
a defense zone from a group of invaders.

In all of the above-mentioned papers, some restrictive assumptions are made: the
targets are assumed to be stationary points in [92,108]; the targets move with constant
velocity [99,103,104]; only a single agent is to accomplish the mission in [103,104]; the
arrival times of the targets are assumed to be known in [115,116], and certain conditions
are imposed on targets’ dynamics [72,74]. Moreover, no performance metric is considered
for the target-vehicle assignments in [74], and the designed algorithms in [117, 119]
are computationally demanding. Considering these restrictions and drawbacks, it is
desired to utilize a time-decomposition-based method, such as a receding horizon scheme,
for designing a controller for an uncertain multi-target interception systems where the

targets arrive in the mission space sequentially at a priori unknown time instants, in a
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Table 1.1: Comparison Table

priori unknown position, and then move on a prior: unknown trajectories. A comparison
between the main characteristics of the existing results discussed above is summarized

in Table 1.1.

1.1 Outlines of Thesis

In Chapter 2, a cooperative receding horizon controller (CRHC) is designed to track

moving targets with unknown dynamics using a team of vehicles. Each target is assigned



a time decreasing reward, which is collectible only if the target is visited by some vehicles,
and the team objective is to maximize the total collected rewards. At each iteration,
the vehicles face multiple targets, some of which may be new in the target space. FEach
target has an a priori unknown trajectory with a bounded velocity. As the targets may
arrive sequentially in time, vehicles should visit them in minimal time to avoid a burst
of unvisited target population and at the same time to have a stationary state.

In Chapter 3, a Receding Horizon-based Dynamic Decision-making Controller
(RHDDC) is designed for heading control of a single vehicle toward intercepting tar-
gets which arrive in the mission space sequentially, moving with unknown dynamics.
Similar to [103], a single vehicle is used to capture the sequence of targets with arrival
times modeled stochastically. The mission space, on the other hand, is assumed to be
a compact set in an Euclidean space (as opposed to a disk). The arrival times of the
targets are modeled by a renewal process which is a generalization of the Poisson pro-
cess. One of the important characteristics of the present problem setting is that no
spatial distribution for the initial positions of targets is considered. Furthermore, target
trajectories and dynamics are assumed to be a priori unknown. Similar to Chapter 2,
the designed strategy is based on assigning rewards for capturing the targets, and pre-
dicting the future target positions. Convergence analysis is provided, and simulations
for different scenarios concerning frequent and infrequent target arrivals are presented.

In Chapter 4, a Cooperative Receding Horizon Controller is designed for heading



control of a set of vehicles toward intercepting targets, arriving the mission space in a
priort unknown times and a prior: unknown positions, and also moving with a prior:
unknown dynamics. Here, similar to Chapter 2, a team of vehicles are supposed to cap-
ture a set of targets moving with a priori unknown trajectories, and further generalize
it by assuming that the arrival positions and times are a priori unknown. Moreover,
vehicles have limited ranges for sensing the targets and also limited ranges for commu-
nication, i.e., each vehicle can only sense the targets located in a region around it and
also communicate only with vehicles with distance less than a prescribed range. Dealing
with this level of uncertainties in the environment and vehicles limitations, a distributed
on-line controller using receding horizon is required. Toward this goal, the method in-
troduced in Chapter 2 has been extended by exploiting recent developments in games
theory. In this approach, each of the targets is assigned a time decreasing reward, which
is collectible only if the target is visited by some vehicles, and considering these rewards
and problem constraints, a utility function is designed with respect to each vehicle. The
resulting structure forms a potential game with total collectible reward as its potential
functions. Using appropriate learning dynamics, vehicles decide upon their strategies
and consequently on their headings.

Next, in Chapter 5, the cooperative multi-target interception problem in uncer-
tain environment with double-integrator vehicles is investigated. Similar to Chapter 2,

the problem is reformulated as a maximum reward collection problem which maximize

10



the expected reward collectible from the set of available targets in the mission space.
The reward function is a time discounting function assigned to each target and can be
collected only if the target is visited by a vehicle. However, since targets are assumed
to be moving objects with a priori unknown arrival times and trajectories, the existing
uncertainties in the environment render the one-shot optimization rather impractical.
Therefore, a cooperative receding horizon controller is utilized toward maximizing the
collected reward and based on the prediction of the future positions of targets with the
given limited information.

In Chapter 6, a Cooperative Receding Horizon (CRH) controller is presented,
where agents are dynamically clustered and assigned to the targets to collect the re-
spective rewards. Similar to [120-122], the proposed controller sequentially solves an
optimization problem with a payoff function and a set of constraints. The constraints
are updated in each iteration using the existing limited information over a planning hori-
zon. The payoff function accounts for the estimation of maximum total reward expected
to be collected by the end of mission, the clustering and assignments strategies, uniform
configurations of agents in vicinity of the targets and finally, the imperfection of clusters.
In the designed scheme, the agents are not forced to be committed to fixed clusters or
targets, which is desirable for the uncertain environments.

Finally, the contributions of thesis are reviewed and summarized in Chapter 7.

Also, further research directions are referred and introduced in Chapter 7.
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Chapter 2

Cooperative Receding Horizon
Control for Multi-Target
Interception in Uncertain

Environments

In this chapter, the problem of cooperative dynamic vehicle routing for tracking a set
of moving objects with a priori unknown trajectories and dynamics is investigated.
The notion of “visiting a target” is defined to describe the tasks and a cooperative
receding horizon controller is designed to address the problem. The design is based on

the prediction of the future positions of targets with limited information, and a reward

14



allocation strategy for accomplishing the defined tasks. A target tracking scenario is
considered, where a sequence of targets arrive in the mission space. It is shown that the
number of targets which are not visited by any vehicle will remain sufficiently small in

time, if the arrival of the targets is sufficiently infrequent.

2.1 Problem Formulation

Consider a set of N moving targets and a set of M vehicles in a mission space, denoted
by M, which is a closed convex subset of R Let I+ = {1,2,3,...,N} and I, =
{1,2,3,..., M} be the index sets for targets and vehicles, respectively. Let also x;(t) €
R? and y;(t) € R? be respectively the position vectors of vehicle j and target i at any
given time ¢ € [0, 7], for any j € I, and i € Iy, where T is a finite final time horizon for
the accomplishment of the mission.

The dynamics of the j** vehicle for j € I4 is given by

(1) = (1) = V;()d,(t), Vj € Iy, (2.1)

where d;(t) € S41 = {d € R%]||d|| = 1} is the control input for the direction of the
velocity vector and V;(t) € [0, V}] is the control input for its magnitude, for any j € Iy.
The trajectory of each target is a C! curve in the mission space M which is assumed

to satisfy the following two geometric conditions.
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Assumption 1. (Global Geometric Condition) If y;(t) € M for some 7 € [0,T] and

any i € Iy, then y;(t) € M for allt € [7,T].

The global geometric condition on targets’ trajectories guarantees that once a
target is detected in the mission space, it will remain inside it until the end of the
mission. Not only is this property dependent on the targets’ trajectories, it also depends
on the geometry of the mission space. In the special case when M = R?, then the global

geometric condition is satisfied automatically.

Assumption 2. (Local Geometric Condition) There exists non-negative scalars v, B

such that for any i € I+ and T € [0, T,

d
IIEyi(T)H <w, (2.2)
and
sup |la;(t,7)|| < B, (2.3)
te(r,T]

where o;(t,7) is a C' function satisfying the following equality

vi(t) = yi(7) + %yi(T)(t —7)+ %ai(t, ) (t —7)% (2.4)

Assume that y;(¢) is a C? function, and that there exist non-negative scalars v, B

16



such that for any i € I7 and 7 € [0, T, the following conditions hold:

ISvml <o 1Sl < B (2.5)
dtyl T —U7 dt2y1 T = . .
Then, from Taylor’s theorem with mean-value form of the remainder [127], y;(t) satisfies

Assumption 2.

Assumption 3. The position and velocity vectors are available at the beginning of each

time horizon (i.e., at time instant T in (2.4)).

As a result of Assumption 3, one can estimate the positions of the targets at any
future instant within the finite horizon. Let this estimate be denoted by ¥;(-) for any

1 € I7. Then

Vit) = yi(r) +vi(r)(t = 7), te[rT]. (2.6)

Definition 1. Given a positive scalar s;,© € I, the j" wvehicle is said to visit the i

target at time t, if ||x;(t) — y:(O)|| < ss.

Remark 1. The scalar s; in Definition 1 is introduced mainly for practical considerations
in relation to the size of the target. More precisely, while the dynamic equation of each
target is implicitly expressed as a point mass, the scalar s; is used to account for the size

of the i™ target as a rigid body. For instance, if the i™ target has a spherical shape with
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radius r and each vehicle also has a spherical shape with radius ro, then s; == ry + ra.

Corresponding to each target, a task is defined which is completed only if the target

is visited by at least one vehicle.

2.2 Cooperative Receding Horizon Scheme

In order for the vehicles to track the targets, a time-decreasing reward is assigned to each
task which can be collected only if the target is visited (i.e., the task is accomplished).
The goal of the team is to maximize the collected rewards. The vehicles plan their
paths iteratively, where at the beginning of each iteration they calculate their headings
and the size of movements such that an estimation of the future collectible rewards is
maximized.

Let R; be the maximum reward considered for task ¢ before any deprivation results
due to the passage of time. Let also p; : [0,7] — [0, 1] be a decreasing function of time
representing the rate of reward loss over time. One can now form a function R;p;,
called reward function, which satisfies the desired properties discussed earlier. There
are different candidate functions for p; which model scheduling and time priorities. In

particular, consider the following discount function

pi(t) =1— %t ieT (2.7)
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where f; € (0,1] is a target-specific loss parameter which is chosen to reflect different

cases of interest.

2.2.1 Cooperative Structure

Given the positions of the targets and vehicles in the mission space M, it is desired to
properly assign tasks to the vehicles. More precisely, the objective is to find a set of

assignments, each one denoted by

a; : MM x MY = [0,1], Vi€ Ir,Vjel (2.8)

reflecting the amount of interest of vehicle j in target ¢ being assigned to it, for any
1€ Ir,5 € Iy.

There are a variety ofvisited hods for designing the function in (2.8) . For instance,
one can use a Voronoi-based assignment, where each vehicle is typically assigned to one

of its nearest targets. In this case, a map = : I, — I given by

7(j) € argmin ||x; — yi||, Vj € Iy,
i€l

one can define a;; = d,(;);, where 0 is the Kronecker delta function. The competition-

based assignment, on the other hand, considers two nearest vehicles whose index belongs
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to B(y;) C Iy for each target ¢ [108]. A relative distance function is then defined as

lIx; —ill )
Sy e I € B,
53’(}’1’) = 2 keB(y;) IXR—Yill

L, j & Blyi),

Vi e Iy.

The assignment function is subsequently chosen as a;; = ¢(d;(y;)), for any i € I7 and

j € Iy, with
1, § <A,
9(0) = § 2x[(1—A) 4], A<s<1—A,
O, 1_A§57

\

where A € [0,1/2) is a prespecified parameter which can represent the capture radius
in [108]. The second assignment scheme is more general than the first one.

Both of the assignment schemes described above suffer from two deficiencies: i) In
the assigning procedure, they do not consider all the vehicles and targets at the same
time. As a consequence, in the Voronoi-based assignment some targets may be remained
unassigned to any vehicle, and in the proximity-based assignment some vehicles may be
assigned to no target; ii) since the assignments are, to some extent, designed explicitly
and are set to have a special structure, they may not constitute an optimal solution.

Before introducing the (implicit) optimal assignment, it is required to investigate

the structure of task allocation. First, in order for every vehicle to be fully devoted to
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the tasks, the sum of its task assignments must be equal to one, i.e.

Z aij(X7 Y) = 17 V.] € IV7 (29)
el
where x = [x1,Xg,...,Xy| and y = [y1,y2,...,yn]|. As for the targets, there are two

possibilities: i) M > N and ii)) M < N. In the first case, in order to increase the
chances of task accomplishments, it is reasonable to act generously and over-assign the

targets to the vehicles, as there is at least one vehicle for each target, i.e.

Y ayxy) =1, Vielr (2.10)

JEly

when M < N, on the other hand, since the number of vehicles is less than the number
of targets, in order to manage the resources efficiently and accomplish the tasks as much
as possible, it is more preferable to act cautiously and under-assign the targets to the

vehicles, i.e.

D aylxy) <1, Vielr (2.11)

JEly
Note that the equality in (2.10) holds when M = N.
Relations (2.9), (2.10) and (2.11) form a set of constraints that the optimal assign-

ment {a;;}ier, jer, should satisfy. Denote by Ay, 1, the set of the assignments which

21



satisfy these constraints, i.e.

'AITJV = {A = (aij(Xa Y>>|IT|XUV\ : M”V' X MIITl — [07 1]HT|X|IV| ; ATllfT\ = 1|IV|’ ( )
2.12

[Iv| > |Ir| = ALy > Ly, [Io] < 7] = ALy < 1),
where 1,, represents an n dimensional column vector of ones.
It is straightforward ro show that a Voronoi-based assignment satisfies (2.9), while

a proximity-based assignment satisfies (2.10) and (2.11).

2.2.2 Cooperative Receding Horizon Trajectory Construction

The cooperative receding horizon controller (CRHC) iteratively generates a set of head-
ings, step sizes and optimal assignments for each vehicle such that the resulting trajec-
tories guide the team toward maximizing the collected rewards. Let the time instants
at which the CRHC is applied be denoted by {tx}32, € [0,7]. At any time instant
tr, an optimization problem is solved, which provides an estimation of the collectible
rewards in the future. The problem composition is based on the current positions of the
vehicles and targets, and also predicted future positions of the targets. The solution of
the problem provides the optimal control input u* = [uy(tg), us(ty), - .., un(t)] as well
as the optimal assignment {a;;(x(t5+1), V(tr+1)) bicrrjer, -

Let H; be the CRHC planning horizon. Here, for the case of simplicity, take action

horizon the same as planning horizon. Therefore .1 = t; + Hi. Assuming that the
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control input u; () is applied to vehicle j, for any j € I,. Then the planned position of

vehicle 7 at time t;,q is given by

Xj(tk:—l-l) = Xj(tk) + Uj(tk)Hk, ] c ]V-

Due to the current positions of targets and vehicles, and also the control input u*, the

predicted earliest possible time that vehicle j can visit target ¢ is

(0", ) = (te + Hy) + Vo

The above prediction will be true if the estimate y;(t, + Hy) is exact, and vehicle j and
target ¢ move toward each other with maximum speed. Thus, if a;;(x(t4+1), ¥(tk+1)) is
the optimal assignment, it is expected to remain unchanged until vehicle j visits target

1. Therefore, one have

ai; (x(755 (0", 1)), 9 (735 (0", t8))) = @i (x (), § (Ergr))- (2.13)

Accordingly, at the time ¢, one can estimate the maximum reward which the team
is expected to collect by the time the mission is accomplished. Denote this predicted

expected reward by SRF+L.
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In order to formulate R¥*1, let py;(u*,t) = pi[7i;(u”, tx)] and

&ij(uk, tk) = aij(X(Tz’j<uka tk))a y(Tij(uka tk)))

From the definition of SR**!, we have

R WE ) = > > Ripi(ub t)ag (¥, 1), (2.14)

iclr(ty) jely(tr)

where the time-dependency of the targets set and vehicles set is explicitly shown by
using argument t; in the corresponding index set. Note that SR*(u*, t;) is in fact an
estimation performed at the current time, ¢, for the total reward that the team can
expect at the next time instant {51 to be capable of collecting by the final time 7.

Now, one can present the optimization problem P¥, as follows:

max R (uF, ty)

st Ak, ty,) € A, (2.15)
ut e Ut
where AF = AL (t), 10 (1) and Uk = {u=[uy,uy,...,uyl

€ RMdu; € R ||uy|| < V;,Vj € Iy} is the set of admissible heading control.
For convenience of notation, x;(tx), vi(tx) and y;(t;) will hereafter be denoted by

x5, y; and y¥, respectively, for any 7 € I+ and j € I),. Accordingly, the corresponding
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vectors are represented by x*, y* and y*.

2.3 Stationary Analysis of Paths in Cooperative Re-

ceding Horizon

In this section, a theoretical analysis on the vehicles’ trajectories in the presence of
infinite number of temporally-rare targets appearing sequentially in the mission space is
presented.

Assume the mission space M is compact, and let {7;}°, be a sequence of strictly
increasing non-negative real numbers with 75 = 0, where 7; represents the arrival time
of the i target, for any ¢« € N. Given a non-negative scalar A and and an integer k € N,
the sequence {T;}°, is (A, k)-rare, if T, — T,, > A, for all n € NU {0}. As will be
demonstrated in the sequel, for any (A, 1)-rare sequence {7;}:2,, there exists a positive
scalar Ag such that if A > A, then with two vehicles in the mission space and at
most two targets at the initial time 7j, the number of unaccomplished tasks will always

remain less than or equal to two.

Definition 2. The trajectory x(t) = [x1(t),x2(t), ..., xn(t)] € M? is called a stationary
tragectory if ||x;(t) — yi(t)|| < s; for some t;, € [0,T], refered to as the hitting time, and

some indices © € I1,7 € Iy.

Lemma 1. Consider the vectors p,q,v € R% and the set of non-negative real numbers

25



V,H,B € Rsq. Assume that ||v|| <V, and that o : [0, H] — R? is a bounded vector-

valued function defined over the interval [0, H] with max,co m ||(t)|] < B. Define the

set

Qqr = {(w,t) € R! x Rt € [0, H], lw — q]| < V1},

(2.16)

which is a conver compact subset of R, and let z : [0, H] — R? be given by z(t) =

p + vt + sa(t)t*. Define also

lp—qll V—|
Vv’ B

|V||}’

H < min{

and

1
(W, t*) = argmin —|w —p — vt|>.
(W,t)GquH 2

Then
)t*=H, |w"—q||=VH;
i)
P —all = llw* = 2(H)] = f(H)
where f(h) = h(V — |v|| = $Bh), and

i) [w* —ql| = VH and [[p — qf| = [[W* —2(H)| = f(H), where
W = argming,_q<vpullw —p—vH|.
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Proof. Proof of part (i) Since (2.18) presents a convex optimization problem, it admits
a unique solution which can be calculated using Karush-Kuhn-Tucker (KKT) theorem

[128], [129]. Rewriting the problem in a standard form yields

(w,t) = argmiin Yw —p— vl
st lw—aql? = (V1) <0,
t—H <0,

—t <0.

Now, there exist non-negative real Lagrange multipliers pq, po, and 5 such that

0=w"—p—vt"+ B(w" —q), (2.21a)
0= (p+vt' —w*) v — BV + 1y — pia, (2.21b)
0=B(lp* —dl* - (Vt)?), (2.21¢)
0= (t" — H), (2.21d)
0= —pst™ (2.21e)
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From the inequality (2.17) and on noting ||v|| < V, it is concluded that

[w* —p—vt|| = [[(w*—q)+(q—p)—vt’

\%

> la—npll = [|w* = ql| = [[v]|t*

> |la —pl|l = Vt* —|v[|t*

v

la = pll = (V + vl H

> 0.

This means that w* — p — vt* # 0, which implies § > 0 and w* — q # 0. On the other
hand, it results from the equations in (2.21), that ||w* — q|| = Vit*. If ¢* = 0, then
w* —q = 0, which is a contradiction. Therefore t* # 0, and consequently, o = 0. From

the equations in (2.21), one can also deduce

w = —(p+vt' —w*) v+ V3
= —B(w*—q)Tv+ BV

= BV — (w* —q)Tv).

Now, using the Cauchy-Schwartz inequality [130], one arrives at

wm > 28V —|lw* —d|l|v])
> 2BV = V|v|t*)

> 28VE(V — |v]) > 0.
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It follows from (2.21d) and the above inequality that ¢* = H, and therefore |w* — ¢|| =
V H. These completes the proof of part (i).

Proof of part (ii) Since

N B 1

W= +
B+13 T 5+1

(p+vH),
and 3 > 0, thus w* is on the line connecting the points q and p+vH in R¢, which yields
in

a=w")+ (W —p—vH)[| = [la—=w"[ +[[w" —p—vH].

This results in

la=pll = l(a—p—vH)+vH|
2 |la=p—vH| —[vH]
= (a=w")+ (W' —p—vH)| — H|v|| (2.22)
= lla=w[+ W —p—vH| - []v]|H

= VH+||w" —p—vH| —|v|H,

and hence

la=pll = llw" =p—=vH| = (V —|vI])H. (2.23)

On the other hand, it results from the relations z(t)—p—vt = sa(t)t* and max;e(o, gy ||u(t) ||
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B, that |[z(H) —p — vH| < $BH?, which along with the relation
[w* —z(H)|| < |[w" —p—vH| + |lp+vH —z(H)||,

leads to

|w* —2(H)|| < |w* —p —vH| + LBH. (2.24)

By combining (2.23) and (2.24), one arrives at
. 1
Ip —all = [lw* —2z(H)| 2 H(V — [lvl| = 5 BH). (2.25)

This concludes the proof of part (ii).

Proof of part (iii) As the first step of the proof, note that

iy : 1
W = argming,_q<vu §||W —p—vH|* (2.26)

Now, let

1
w*(t) = argmin —||w —p — vt||%.
[w—all <Vt

for some t € [0, H], which means w* = w*(H). Moreover,

1 f?= min  min_ <] f?
min —||W — —V = min min —||W — —V .
(w,H) Q.11 2 P 0<t<H ||lw—q|<Vt 2 P
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Thus

1 k * ~ K
W —p = vt|* < SIIF" —p—vH|". (2.27)

DN | —

From (2.26) and on noting that t* = H and ||w* — ¢|| = VH (according to part (i) of

the lemma), it is concluded that

1 * * 1 ~ %k

§||W —p—vt H2 > §||W —p—vH||2. (2.28)
It follows from (2.27) and (2.28) that

1 * * (12 1 ~ % 2

Lt p vt = L v (2.20)

Since (2.18) and (2.20) are strictly convex, thus w* = w*. The proof of part (iii) follows

immediately from parts (i) and (ii). O

Remark 2. The function f(h) = h(V —||v|| — 2 Bh) introduced in Lemma 1 is a concave
quadratic function which is: (i) non-negative only in the interval I = [0,2(V — ||v||)/B];
(ii) zero only at the endpoints of interval; (iii) strictly increasing in interval [0, (V —
\vl[)/B], and (iv) attains its mazimum at the midpoint of the interval I. Therefore,

f(H) is positive, and if

Ip—pl > w
- B b
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then the function f takes its mazimum value at H, i.e.

For simplicity of the analysis, it is assumed hereafter that f; = fo = 1 and V; =

Vo =V.

Theorem 1 (Convergence of the scheme). Consider the optimal cooperative receding

horizon problem presented in (2.15), and let (M, N) € {(2,1),(2,2)}. Let also

(tk) —wi(te)|] — 380 V —
Hk:min{mjonﬂ(k) Yi(te)|| 5 v

. 2.30
JEL v+ V " 3B } ( )

and assume that v < V. Then for any initial choice of A satisfying (2.9), (2.10) and
(2.11), the cooperative receding horizon algorithm is finite-time convergent, i.e., the ve-

hicles reach the targets in finite time.

Proof. During the time interval [t, t, + Hj] the control input u” is constant. Therefore,

the assignment maps a;; (u*,t), i € Ir,j € Iy, are constant in this time interval. Denote

these assignment maps by affl, and consider the two possible scenarios (M, N) = (2,1)
and (M, N) = (2,2) separately.

Case I: In this case, I+ = {1} and I, = {1,2}. It results from equations (2.9),
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(2.10) and (2.11), that a¥;* = a4 = 1. Hence

D> Ripi(uF, t)a (0, te) = Ripu (u*, )

i€l jely

+ Ripia(u®,ty).

(Recall that Ry is the maximum reward for the target). Since

[ (tr + Hy) — §i(tr + Hy)||
V+wo

1
pij(0F 1) =1 — T(tk + Hy + ). (2.31)

One can write

Z Z Riﬁij(uk,tk)&ij(uk,tk) = 2R1(1 — %(tk + Hk))

el jely

_% S s (b + H) — §(t + Hy)J.

Jj€Ely

Since 2Ry (1 — % (tx + Hy,)) is constant, the optimization problem (2.15) can be simplified

to
min Y, X =
s.t. x?“ =xF4+ul, jel, (2.32)
uk e U*.
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From the definition of U*, the above problem can be reformulated as

min - [[wi — §F o+ [[wh — 35|

st [|wh—xM| <VH, jel,

where w;-“ = X;‘? + u;?, 7 =1,2. The above problem is equivalent to
w;’k = argmin”W?_X;?”SVHkwa — 55, jely.
Using Lemma 1, equation (2.4) and Assumption 2, the following relation is obtained
I = v* Il = I =" > f(Hy), 5 e v
Define J* = ||x¥ — y*|| + ||x5 — y*||. Then
JE— JML > 2f(Hy). (2.33)

If the trajectory [x1, x| € R*” is non-stationary, i.e., forallk € Nand j € Iy, ||x; —y*|| >

s, then

S V—w
> s = mi i - : :
Hy > s = min {?61}1; 20t V) 3B } >0 (2.34)

Thus, it results from Remark 2, that J*—J**1 > 2f(s) > 0. It can be prove by induction
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that

JO—J™ >2mf(s), meN. (2.35)

Since J? and f (s) are strictly positive, hence lim,, o, J™ = —oo which contradicts the
fact that J™ > 0, for all m € N. Thus, the trajectory is stationary, i.e., there exist a
finite & and some j € Iy, such that [|x¥ — y¥|| < s. This completes the proof.

Case II: In this case, I+ = {1,2} and I, = {1,2}. From (2.12), it is straightforward to

show that in this special case afy' = ab' =1 — o and a5f' = a¥* or equivalently
a l—a
A ={ ;a€0,1]}
l—a a

As a result

DD Ripy(uh t)ag (0¥, 1) = Ripu(u t)afi™ + Ripia(uf, 1) (1 = aff ')+

el jely

Ropay (0*, 1) (1 = aii™) + Rapas(u®, ty)at ™.

It follows from the above result and equation (2.31) that

- - 1
> Ripis(u¥, te)as (0¥, t) = (Ry + Ry)(1 — T(tk + Hy,))
el jely
1
k1 SR GhHL gt

—mJ(X1 DR GRS AR

Y
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where the function J is defined below

J(x1,%X2,¥1,¥2,a) = Ria|xy — y1|| + Ri(1 — a)|xz — y1|
(2.36)

+Ry(1 — a)[x1 — yall + Raallx2 — yal|.

Since (Ry + Rs)(1 — %(tx + Hy)) is constant, the optimization problem (2.15) can be

written as
min J(xEL b Rl gL ey
s.t. Xf“ =xF+ Huf, jely,
(2.37)
a*tt e [0,1],
uk e Uk
Similarly to the previous case, the above problem can be reformulated as
min J(Wl ) W27 ylerl? y];+17 )
st |wh—xV| <VH, jel, (2.38)
a1 e [0,1].
Let (w}", wi™ a*F+1) be the solution of (2.38). Also, for any a € [0, 1], let
(W’{’a, Wz,a) = argmin J(Wb W2, y]f+17 }A7]2€+1, )
(2.39)

st |lw; =x}| < VH, j=1,2.
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Note that for a = 0,

J(X1,X27Y1>Y270) = RIHXQ - Y1H + R2HX1 - Y2Ha (2‘40)

and for a =1,

J(XlaX27Y17Y2; 1) = R1||X1 - Y1|| + R2||X2 - Y2”- (2'41)

It results from equations (2.40) and (2.41) that for any a € {0,1}, the optimization

problem (2.38)

= argmin Ry W} — $555 ] + Rarallwh — yolall

(2.42)
st W — <M <VH, jeb.

which can be decomposed to the following two optimization problems
xk : k ~k+1
Wil = argming i<y, Ro-al[ Wi — 3571,

and

wk . k ~Ak+1
Woa = argmlnuw’g—x?\\SVHkR1+a‘|W2 — Vitall-
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Using Lemma 1, equation (2.4) and Assumption 2, it is concluded that

I = y5_all = 1wl = yaZall = f(He), €Dy,

and

x5 — i all = 1w = ¥itall = F(Hy), € b

Therefore, for any a € {0, 1}, the following relation holds

J(xF, x5, yi,v5,a) — J(WiavW;,a,ylf“,y’;“,a) > (R, + Ro) f(Hy). (2.43)

On the other hand, from the definition of J, for any xi,xs,v1,y2 € R and a € [0, 1],

one can write

J(X1,X2u}’1,}’27a) = (1 - a)J(xl,x2,y1,y2,0) + aJ(X17X27Y1,Y2» 1)‘ (2‘44)

Define a@* = argmin J(xF, x5 yv* vk a) to obtain
g ac{0,1} 1-X2: Y15 Y2

J(xy, x5, y1, v, a") > J(x{, x5, y1, yh. a"). (2.45)

Since for any i € I7 the relation |y¥ — yF| < 1BH? holds, using the definition of J
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(equation (2.36)), it is straightforward to show that

|J(X1,X27}Af}f,§/§,a> - J(X17X27ylf7y§7a)’ < (Rl + RQ)‘Bngu

N —

(2.46)

for all x;,x; € R? and a € [0, 1]. Therefore, if J¥ = J(xF x5 %, 5, a*), then for every

k>0

1
Jk 2 J(le,xg,y’f,yg,ak) - §(R1 + R2)BH137

and consequently
1
T8 T, x5, 91, v5, @) = 5 (Ba + Ro) BH.
Thus, it results from (2.43) that

1
JE > J(WE e Wy o v ys T @) + (Ry + R)(f(Hy) — §BH§)-

Now, (2.46) and (2.49) yield

T8> T(W] gy Wh g 917195 71,@°) + (R + Re)(f(Hy) — BHE).
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Since (wi™, wi* a**1) is the solution of (2.38), it can be concluded that

J(W3 e Wy e, 91T 9570 %) > T, (2.51)

and therefore

JE > JY (R 4 Ro)(f(Hy) — BHP). (2.52)

If the trajectory [x;,%s] € R?? is non-stationary (i.e., for k € N, i € It and j € Iy, the

relation |[x} — yF|| > s; holds), then

S V—uv
> _ . . 7 . .
Hp>s mm{znel}EZ(v—f—V)’ 3B }>O (2.53)

Let g(h) = f(h)—Bh?* or equivalently g(h) = h(V —v—2Bh). One can show that similar
to f, the function g is also a concave quadratic function which is: (i) non-negative only
in the interval I = [0,2(V — v)/(3B)]; (ii) zero only at the endpoints of the interval I;
(iii) strictly increasing in the interval [0, (V — v)/(3B)], and (iv) attains its maximum
at the midpoint of the interval I. Therefore, g(Hy) > g(s) > 0, which implies that

JE — JL > (R + Ry)g(s) > 0. It can be shown by induction that for all m € N

JO—Jm Zm(R1+R2)g<S), mEN. (254)
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Thus, the inequalities g(s) > 0, Ry + Ry > 0 yield

lim J™ = —o0, (2.55)

mM—00

which contradicts the fact that J™ > 0, for all m € N. This means that the trajectory
is stationary, i.e., there is a finite k and some i € Ir,j € Iy, such that ||X§C —yE|| < s.

This completes the proof. m

Corollary 1. Let t, be the hitting time introduced in Definition 2, and

Si V —w
H i := mi i ) 0.
i {?3}2 20+ V) 3B } ~

Then

b < 2 diam(M)

T (2.56)

where diam(M) = sup,,, n,er M1 — ma|| s the diameter of the set M.

Proof. The proof follows directly from equations (2.35) and (2.54), and the fact that

f(s) > s(V —wv)/B and g(s) > s(V —v)/(3B). O

It follows from Corollary 1 that if A > 2diam(M)/(V — v), then at any time
instant before the arrival of the next target, at least one of the present targets will be
visited. Therefore, the number of unaccomplished tasks is non-increasing and remains
less than or equal to two.
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Figure 2.1: The target tracking for the vehicles and sequentially arriving targets of
Example 1, using the proposed control strategy.

2.4 Simulation Results

In this section, simulations are performed for an example involving two vehicles and a

set of targets arriving sequentially in the mission space illustrated in Fig. 2.1.

Example 1. Let the mission space, fig 2.1 be a M = [—60, 60] x [—60, 60] closed convex
set in the 2D plane. Let also two vehicles be inside the mission space. Assume that
wnitially there exist two targets in M with some a priori unknown trajectories satisfying
Assumptions 1 and 2, and that new targets arrive sequentially in the mission space
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afterwards. For generality, the targets trajectories are chosen randomly. The maximum
magnitude of the velocity vector for the vehicles is assumed to be V =5, and the upper
bound on the magnitude of targets velocities is given as v = 4, while the bound introduced
in Assumption 2 is chosen as B = 1. The arrival time of targets, on the other hand, is
given by the sequence {T;}5°, = {0,5.0851,9.2216, ...} (which is generated randomly).
To illustrates the results, a snapshot is shown at time T = 20, and four targets, including
initial targets, arrive in the mission space by this time. At the time instants when there
18 no target in the mission space, the vehicles remain at their last position until the
arrival of new targets. Using the cooperative control approach developed in this chapter,
the results obtained in Fig. 2.1 are obtained. As it can be observed from this figure,
all targets are wisited by the vehicles and the tasks are accomplished accordingly. This

demonstrates the efficacy of the proposed strategy for the system given in this example.
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Chapter 3

Stability Analysis of Dynamic
Decision-Making for Vehicle

Heading Control

In this chapter, the problem of dynamic decision making for vehicle heading control to
intercept moving targets is investigated. It is assumed that the targets arrive in the
mission space sequentially. More precisely, there exist infinite number of targets that
arrive the mission space one by one. The arrival times and positions of the targets are
modeled using stochastic models. Furthermore, targets are assumed to move with a
priori unknown dynamics and a priori unknown trajectories. Due to the probabilistic

nature of the problem, it is desired to use a model predictive approach to control the
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heading of the vehicle. A reward allocation strategy is adopted for dynamic decision
making and control design in order to move the vehicle toward the targets. Finite-
time convergence analysis is presented for the case where the arrivals of targets occur

sufficiently infrequently.

3.1 Preliminaries and Notations

3.1.1 Notations

Throughout this chapter, N, Z, R denote the set of natural numbers, integers and real
numbers, respectively, and the index inequalities in R, R, Z>( and other sets repre-
sent inequalities imposed over the elements of the corresponding set. Also, N,, denotes
natural numbers less than or equal to n. The symmetric difference of a pair of sets A
and B is defined as (AN B°) U (A°N B) and denoted by AAB, where the superscript
7" represents the complement operator. Given a set A, the Kronecker delta function,
denoted by 0, maps A x A to {0, 1}, where §(a,b) = 1 if and only if @ = b. For simplicity

of notation, d(a,b) is d4. The indicator function for any subset B of A, denoted by 15,

is a function from A to {0,1} , defined as

1, ifz € B,

0, ifz¢ B.
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Let Z be the index set. Then (a;);er represents a point in AT with entries a;. If J is a
non-empty index set such that J C Z, then for any point in a € A%, a, s represents a
point in A7 which is obtained by eliminating the entries with indices not listed in 7.

The d dimensional Euclidean space is denoted by R?. Moreover, 0 and 1 represents
all-zero and all-one vectors in R?. The notation a > 0 says that all entries of a are non-
negative. For any compact set M C R?, the diameter of M, denoted by diam(M), is
defined as

diam(M) = sup{||x — y|| | x,y € M}. (3.1)

For any scalar r € Rsq and any point x € R? the closed ball with radius r centered at

x is defined as

Bx,r)={y €R" | [lx = y[| < r}. (3.2)

For any vector v € R?, the perpendicular complement of v, denoted by v*, is a (d — 1)-

dimensional subspace of R? defined as

vii={y eR?| vy =0}. (3.3)
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3.1.2 Mathematical Preliminaries

Let (€2, F,P) be a probability space, where €, F, P represents sample space, o-algebra
of events and probability measure, respectively. Then, the sequence of random vari-
ables (vectors) {X,, },en converges P-almost surely to a random variable (vector) X if

P(X,, —n—00 X) = 1. This convergence is denoted by

X, —nseo X, P-as. (3.4)

Definition 3. A stochastic process N = {N(t)}i>0 is a renewal process if there ezists
a sequence of independent identically distributed (i.i.d.) non-negative random variables
{Xon}nen such that N(t) = max{n € Zso | > i, X; < t}. Without loss of generality,

let Z?:l XZ = 0.

Theorem 2. [131] In a renewal process, let p = 1/EX;, where E denotes the expectation

operator. Then

N

g P-a.s. (3.5)
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3.2 Problem Formulation

Consider a closed convex subset of R? as the mission space, denoted by M, and a vehicle

inside it with dynamics described by

x(t) =u(t) = V(t)d(t), (3.6)

where V (t) € [0, Vinax] is the control input for the magnitude of the velocity vector, and
d(t) € St = {d € R% ||d|| = 1} is the control input for its direction.

Assume the mission starts at time ¢ = 0 and let a sequence of moving targets arrive
in the mission space randomly in time and space. The arrival process can be described
using a spatial model and a temporal model. Let Ny € Ny be a random variable with
ENy < oo representing the initial number of targets in the mission space, and {7} };>1 be
the sequence of random variables representing time between consecutive targets arrival,
called interarrival times, where T; = 0 for any 1 < i < Ny, if Ny > 0, and {7T;};~n, be
i.i.d. non-negative random variables independent of Ny. The arrival time of ™ target

can then be defined for any i € N as following

R=q (3.7)
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Let fT(t) denote the set of indices of targets arrived up to time moment ¢, i.e.

Ir(t) = {i e N | 7; < t}. (3.8)

Let also {Y;}i>1 be a sequence of i.i.d. random vectors in R¢, independent of Ny and
{T;}i>n,, with probability density function ¢, a compact support absolutely continuous
spatial distribution, such that supp(¢) € M. Having these all, one can say the i™" target

arrives in the mission space at time 7; and at point Y;, for any ¢ € N.

Definition 4. Given a positive scalar s;,1 € N, the vehicle is said to visit the i™ target

at time t, if [|x(t) — yi ()] < s;.

Remark 3. The scalar s; in Definition / is introduced due to practical considerations
regarding the physical size of the target. More precisely, while the dynamic equation of
each target is expressed as a point mass, the scalar s; is used to account for the size of
the 1™ target. For example, if the 1" target has a spherical shape of radius r; and also

the vehicle has a spherical shape with radius r, then s; :=r; +r.

A task is defined for every target, which is completed if the target is visited by the
vehicle. Let 7; be the completion time of ™ task if the ¢"™ target is visited in finite-time,

and infinity if the i target is never visited by the vehicle. Similar to Z;(t), one can
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define the set of indices of targets visited up to time t as
Ir(t):={i e N |7 <t} (3.9)

and the set of indices of targets arrived in the mission space but not visited up to time
t by

Ir(t) = Zr(t\Zr(t) = i eN | ; <t < 7} (3.10)

Let N(t) = |Zr(t)], N(t) = |Zr(t)] and N(t) = |Zr(t)|. Tt is to be noted that N(t) =
N(t)+N(t) and 0 < N(t) < N(t). Note also that N (t) — Ny is the counting process for
the renewal process defined by {7} }i>n,-

The trajectory of each target is a C'' curve in the mission space M, and is assumed

to satisty the geometric conditions given below.
Assumption 4. For any i € N and any s € [7;,7;), it is assumed that

o (Global Geometric Condition) If y;(T) € M, then y;(t) € M for allt € [7,7;).

e (Local Geometric Condition) There exist non-negative scalars v, B such that

H%yi(ﬂ” <, (3.11)

and

sup |lau(t,7)| < B, (3.12)
te[r,D]
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where o;(t,7) is a C' function satisfying the following equality

vi(t) = yi(T) + iyl-(T)(t —T)+ %ai(t, ) (t —7)2 (3.13)

dt

The global geometric condition on targets’ trajectories guarantees that once a
target is detected in the mission space, it will remain inside it throughout the rest of the
mission. This property is dependent on the targets’ trajectories as well as the geometry
of the mission space. In the particular, the global geometric condition is satisfied when
M =R<,

Regarding the local geometric condition, if y;(t) be a C? function and there exist
non-negative scalars v, B such that for any i € N and 7 € [7;, 7;) the following conditions
hold:

ol <o [gpic] <5 o

then, from Taylor’s theorem with mean-value form of the remainder [127], y;(t) satisfies

the local geometric condition in Assumption 4.

Assumption 5. The position and velocity vectors are known at the beginning of each

time horizon (i.e., at time T in (3.13)).

It follows from Assumption 5, that the positions of the existing targets can be

estimated with sufficient accuracy at any future instant within the finite horizon. Let
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this estimate be denoted by ¥,(+) for any i € N. Then

Vit) = yi(T) +vi(T)(t = 7), te[r,T). (3.15)

3.3 Receding Horizon Dynamic Decision-Making

Scheme

In order to track the targets, a time-decreasing function called “reward” is assigned to
every task which can be collected only if the target is visited. It is desired to plan vehicle’s
trajectory via dynamic decision-making such that the collected rewards are maximized.
To this end, vehicle’s trajectory is planned iteratively, where at the beginning of each
iteration the heading and size of movement are calculated such that the estimate of the

future collectible rewards is maximized.

3.3.1 Reward Functions

For any ¢+ € N, consider the reward function R;p;, where R; denotes the initial reward
for task 7, the maximum reward considered for the target i, and p; : [0,00) — [0,1] is a
decreasing function representing the rate of reward loss over time. Various candidates

can be used for function p; to model scheduling and time priorities. In particular, one
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can use the following discount function

pilt) =e M, VieN (3.16)

where v; € Ry is a target-specific loss parameter reflecting different cases of interest.

One can now define the total reward function denoted by Z : R — R as

R(t) =3 Ripi(t) Ly, (1), (3.17)

€N

representing the net reward available at time ¢ € R>.

3.3.2 Dynamic Assignment Structure

Given the positions of the vehicle and available targets in the mission space M, it is
desired to properly assign tasks to the vehicles. For any 7 € N, one can generalize the
bivalent assignment, where target i is either (fully) assigned to the vehicle or not assigned
to it at all, to define the grade of assignment denoted by a; € [0, 1]. More precisely, for

any t € [0,00) and ¢ € N, one can define functions

a; : [0,00) - [0,1], i€N (3.18)
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reflecting the grade of assignment of target i to the vehicle, for every ¢ € N at any time

instant. The function a,(t) is, in fact, the level of interest of the vehicle in target i being

assigned to it at time ¢ € [0, 00).

Since the assigning strategy described above is only for existing targets, if the ¢

‘th

target has not arrived yet or is visited before, then a;(t) = 0, i.e., for any i € N and

t € Rxp, one have a;(t) = 1 4)(t)a;(t). Also, since there is only one vehicle, it is

expected that when there are some targets, the vehicle net assignment should be equal

to one, i.e., at any time ¢ for which N(t) # 0,

> ait)=1

1€ (t)

or equivalently

> ai(t) =D ai(t) 1z (t) = 1 = Song),

i€ (t) i€EN

where ¢ is the Kronecker delta function. For any Z C N, define the set

Az = {(a:)ien € RS | Zai =1 = oz, @i = 1z(i)as}.

1€N

Then, equation (3.20) can be rewritten as

(ai(t))ien € Az

o4

(3.19)

(3.20)

(3.21)

(3.22)



Now, define the total assigned reward function R : R — R as

R(t) =Y ai(t)Ripi(t) 1, )(1), (3.23)

1€N

which represents the net assigned reward available at time ¢ € R>;. One can easily

verify that

Rt)= > a;(t)Ripi(t). (3.24)

1€Z7(t)
The vehicle needs to dynamically perform the optimal assignment and trajectory plan-

ning such that the collected rewards are maximized.

3.3.3 Receding Horizon Trajectory Construction

It is desired to develop a receding horizon-based dynamic decision-making controller
(RHDDC), which iteratively controls the headings of the vehicle, step size and optimal
assignment such that the collected rewards are maximized. Let {t;}32, € R denote
the time instants at which the RHDDC is applied. At any t, an optimization problem
is solved, which provides an estimate of the collectible rewards in the future. The
optimization problem is formulated based on the current positions of the vehicle and
targets as well as the predicted future position of the targets. The solution of the problem

provides the optimal control input 1y, := u(t;) along with the optimal assignment {a} =

a;(ty) biez, -
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Let Hj be the planning horizon for RHDDC. For simplicity, the action horizon is
chosen to be the same as the planning horizon and consequently, tx.1 = tx + Hy. Under

control input u(t;) the planned position of the vehicle at time 5, is given by

X(tk+1) = X(tk) + u(tk)Hk

with the current positions of the vehicle and targets, the earliest possible time that the

vehicle can visit target ¢ is predicted to be

Ix(tr + Hi) — i(tr + Hy)|

k
(0, t) = (G + Hy) +
T(u k) ( g k> Vmax +'U

7;(u*, ;) given above will be the exact visiting time of vehicle and target 4 if they move
toward each other with maximum speed, and also the estimate y;(t; + Hy) is exact.
Under these conditions, if a;(tx41) is the optimal assignment, it is expected to remain

unchanged until the vehicle visits target i. This implies that

ai (i (0", 1)) = a;(tps). (3.25)

Similarly, one can estimate the maximum total reward that the vehicle is expected
to collect at the time t,;. Denote this predicted expected reward by RF+1(uy, ).

Let pi(up, tr) = pi[ri(ug, te)] and a;(u*,tx) = a;(ug,t;). It follows the definition of
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%k-H (uk, tk> that

R (W, ti) = Y Ry (Wi, t) (e, ). (3.26)

€T (ty)
Note that S3%(uy, 1) represents an estimation at the current time t; of the total reward
that the vehicle can expect at the next time instant #;,; to collect throughout the
mission.

One can now present the optimization problem at the k™ iteration P*, as follows:

max R (wy, 1)
st a(u, ty) € AX, (3.27)

u, € u*.

where A¥ = Az () and U* = {u € R%u € RY, ||ul| < Viax} is the set of admissible
heading control.
For convenience of notation, x(t;), y;(tx) and y;(¢x) will hereafter be denoted by
k

x* y¥ and ¥, respectively, for any i € Zr. The corresponding vectors are represented

by v* and §*, accordingly.
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3.4 Trajectory Analysis in Receding Horizon Con-

trol

In this section, theoretical analysis on the vehicle’s trajectory in the mission space is

presented. It is assumed that the mission space M is compact with diameter diam(M).

Definition 5. The trajectory x(t) in M is called a stationary trajectory if for all i € N,
s th

the i™ target hitting time or i™ task completion time are almost sure finite, i.e. one has

In order to investigate the behavior of the system and showing the stationarity of
vehicle’s trajectory, one needs to analyze the optimization problem presented in (3.27),
and also the asymptotic behavior of solutions sequence resulted from (3.27), given a
stochastic process which models targets arrivals. To this ends, some lemmas and theo-

rems are presented in the sequel.

3.4.1 Equivalent Optimization Problems

In order to present the stationarity analysis of the vehicles trajectory, an equivalency

theorem for the optimization problem (3.27) is required first.

Lemma 2. Let Q be a compact subset of R® with non-empty interior. Let also f; : R —
Rso be a continuous function, for any i € N, and A = {a € R" | a > 0,a’1 = 1},

58



Define the function g; : Q@ x A — R as

n

gi(x,a) =Y ae i, (3.28)

i=1
and the function g, : 2 x A — R as

n

g2(x, ) = Zaifi(x)' (3.29)

i=1
Then,
argmax ¢;(x,a) = argmin g¢s(x,a). (3.30)
(x,2)€QxA (x,2)eQxA

Moreover, for any (x*,a*) in the aforementioned sets, there exists some i € N,, such that

g1(x*,a%) = g1(x*, ;) , go(X*,a%) = go(x*,€;) and (x*,e;) also belongs to these sets.

Proof. Since A is a closed and bounded subset of R?, it is a compact set. Also, Q is a
compact set, and hence (2 x A is a compact set. Define & = argmax(y ,cox.4 91(X, a)
and & = argming , cqy 4 92(x,a). Then, from the continuity of g, and ga, and also the
compactness of 2 x A, it follows that & and & are nonempty sets. In order to prove
that £ = &,, it is suffices to show that & D & and & C &,.

Before proceeding with the proof, define f(x) = minsen, fi(x), I(z) = argmin,cy, fi(x)

and i(x) = min/(x). Thus, for any x € Q and ¢ € I(x), one can conclude that
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f(x) = fi(x), and also,

n

— E o fix) — o—f(%)
and
iJi . 3.32
mljl ga(x, a) mln E a; fi(x (x) (3.32)

Now, let (x*,a*) € &. Therefore, for any (x,a) € Q x A, one has g;(x*,a*) >

g1(x,a). On the other hand

fi( — —f(X)
g1(x* rileaxz ae” =e (3.33)

Thus, for any i € N,, and x € €, it follows that e /&) > gi(x,¢;) = e i ie.,
x* € argmin, ., f(x). Also, for any i € Ng\I(x*), aj = 0. Let a = a* — aje; + aje;x), to

obtain a € A and
0> g1(x"a) —g1(x",a%) = af(e’fi(xﬂ(x*) — e’fi(x*)). (3.34)

From the definition of i(x*), it results that fi)(x*) < fi(x*), and consequently e /i) &) >

e~ i) Therefore, the equation (3.34), yields that a; = 0. As a result, for any (x,a) €
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Q) x A, one obtains

ga(x7a%) = Y alfilx) = f(x) (3.35)
el (x*)
and also
&) =) aifi(x) < galx, ). (3.36)
iel(x*)

Thus, for any (x,a) € Q2x.A, one has go(x*, a*) < go(x, a), and consequently (x*,a*) € &,
and as a result & C &,.

Using a similar argument, one can show that & O &, which yields & = &,.

Let £ = &, which also means € = &. From the definition of i(x) and also equations

(3.31) and (3.32), for any (x*,a*) € &,

g1(x*,a%) = e T = g1 (X", €ix)) (3.37)
and

ga(x',a%) = F(x') = ga(x", eier): (3.38)
This completes the proof. m

Corollary 2. Let r be a real positive scalar, M C R? be a compact set with non-empty

interior, w be a vector in M, and {y;}ien, be n arbitrary points in M. Then, for any
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1 € N, and any choice of v; € Rog, the following optimization problems

max Z?:l @ie—wllx—yi\\

st. Yoria; =1,
a; >0, VieN, (3.39)
Ix —wl <,

xe M,

and

min Y0 a;yillx — il

s.t. Z?:l a; = 1,

a; >0, VieN, (3.40)
[x —wl| <,
x e M,

are equivalents, i.e. (x*,a*) is a solution for problem (3.39) if and only if it is a solution
for problem (3.40). Moreover, for any such solution (x*,a*), there exists some i € N,
such that (x*,e;) is also a solution of problems (3.39) and (3.40) with the optimal values

e =il and ~;||x* — vi||, respectively.

Proof. Let @ = M N{x € R? | ||x — w|| < r}, and for any i € Ny, define function
fi : RT — Rsg as fi(x) = villx — yil|]- Then Q is a compact set and f; is a continuous

function, for any ¢ € N;. The proof follows immediately from Lemma 2. m
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In the remainder of this chapter, for simplicity of the analysis, it is assumed that

R; = R and ~; = v, for any ¢ € N and some positive scalars R and .

Theorem 3. Let J, : RY x R" — Rxq be defined as

d
T a;T) = amllx = vill (3.41)
i=1

where T = (7;)ien, are n scalars in Rsq. Furthermore, {y;}ien, are n points in RY and
v = (Vi)ien,. Then, if Ir(t) # 0, the optimization problem P¥, presented in (3.27) is

equivalent to

min  Jyx(x, a; %)

(3.42)
st. ac AF xec QF,

where §* is the position vector of the current targets, T* = ~/(Vipax + V) 1N, and

OF = B(xF, VH) N M.

Proof. Let control input u* € U* be applied over time interval [ty t, + Hy). It follows
from the dynamics of vehicle that x**! = x¥ +u* Hj,. Therefore, since U* = {u € R%u €

R, |[u]| < Vigax}, it results that
X" e OF = B(x*, VH,) N M. (3.43)

From the above relation and the definition of A¥, the optimization problems (3.27) and
(3.42) have the same domain. Consider now the reward function SR**!(uy, t;) in (3.27).
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For any ¢ € N, one has p;(t) = e and

k1 _ ok+l
K x5l
(0 ) = ey + 21
(0", ) = tha Vo
Hence, it follows that

- k —~k k+1_gk+1
iU, t) = YFe wo I =y

where ¥ = e77%+1 and ¥ = v/(Vipax + v). Therefore, one obtain

R (e, th) = Ry Z&i(uk,tk)eﬂ’lj”xkﬂ’ﬁﬂ”.
i€Z7 (L)
Thus, using Corollary 2, the proof is concluded. O

3.4.2 Bounds for Sensitivity of Cost Function

The next two lemmas describe sensitivity of the function J, defined in (3.41), with respect

to its arguments.

Lemma 3. Let n be a natural number, I, and I, be two index set where I;,Z, C N,,,
Q and M be compact sets in R? such that Q@ C M, {yi}ien, be n points in M, the set

A be defined as A = {a € R" | a > 0,a'1l = 1} and function J, : R? x R™ — R be
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defined as in (3.41). Fori € {1,2}, define

(xf,af) = argmin Jy(x,a;1)
s.it. x €, (3.44)

aeAN (ﬂjeNn\L.ej‘).

where I' = (7;)ien, are n scalars in Rsg. Then
|Jy (x5, a3) — Jy(x7, a7)| < 2|Z1ATZ,| diam(M) max(L). (3.45)

Proof. It 7, = T, the proof is straightforward, since for both i = 1 and ¢ = 2, one has the
same problems in (3.47). Now consider the case Z; # Z,. For any i € {1,2}, let Az, =

a>0,,1" a=1}. Subsequently, one can see that a € AN (Njen,\z,€7) if
g ‘Izl J n\ i ]

and only if a.7, € Az,. Also, for any such a, one has

Jy(x,a; 1) = Jy ., (%, aez;; Ler, ). (3.46)

Therefore, the optimization problem (3.47) is equivalent to

argmin  Jy,; (X, aez;; Loz
st.  xeq, (347)

aG.AL.,
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with solution (x¥,a¥). From Lemma 2, there exits standard vectors e;, in R%l such that

7: € Z; and

&

Jy.zi (xj,a]) = Jyozi (7, eji) = Vi

. (3.48)

* .
X =Y

Therefore, from equation (3.46), non-negativity of ;s and triangle inequality, it follows

that

| Jy (x5, 83) = Jy (x7, a7)| = |75 [IX* =y [ =75 X" =y [l|
< '7j2||X*_Yj2||+7j1||X*_Yj1||

As |Ix* =yl Ix* — v, || < diam(M) and |Z,AZ,| > 1, one obtains

1Ty (3, 23) — Jy (i, )] < 2 diam(©) max(T)
< 2|7, ATZ,| diam(M) max(T").

This concludes the proof. O

Lemma 4. Consider cost function J, : R x R" — Rsq defined in (3.41). Also, let

{yitien, and {y:}icn, be two sets of n points in RY, and y = (y)ien,, Y = (¥i)ien, -

Then, for any x € M and any a € A, one has

[y (3,85 T) = Jy (.25 )] < max(T) max [y} — yi]. (3.49)
1€ENy
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Proof. Due to definition of .Jy, one has

Jy(x, ;1) = Jy(x, 8;T') :Zaz‘%’HX—YiH —Zai%HX—%H
=1 =1

=Y ai (Ix =il = [Ix = il
=1

Subsequently, from triangle inequality and non-negativity of a;s and ~;s, it follows that

[y (s T) = Jy (s D) < Y agy [l = wall =[x = willl:

i=1

According to triangle equality and +; < max(I"), for any 4, one has
|Jy(x, 8, 1) = Jy(x, 8, )| < max(I’ Zaz ly: — vill-
From ), a; = 1, it yields that
[y (25 T) = Jy (.2 T)] < max(T) mae |y = il
which proves the claim. O

3.4.3 Stationarity Analysis of Vehicle’s Trajectory

The following Lemma is borrowed from Chapter 2.
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Lemma 5. Consider the vectors p,q,v € R? and the set of non-negative real numbers
V,H,B € Ryy. Assume that ||v|]| <V, and that « : [0, H] — R? is a bounded vector-
valued function defined over the interval [0, H] with max,cpo m ||a(t)|| < B. Define the

set

Qi = {(w,1) € R x R; € [0, H], |w — ql| < Vi}, (3.50)

which is a convexr compact subset of RY, and let z : [0, H] — R? be given by z(t) =

p + vt + a(t)t?. Define also

b —dll Vv
H < , , 3.51
S TR o0
and
ko gk : 1 2
(W, t") = argmin —|lw —p — vt||°. (3.52)
(w,t)€Qq i 2
Then
i)t'=H, |[w"—q||=VH;
ii)
Ip —all = [[w" = z(H)| = f(H) (3.53)

where f(h) = h(V — |v|| — $Bh), and
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i) [w* —ql| = VH and [[p — qf| = [[W* —z(H)| = f(H), where

W = argmin,_q<yullw —p — vH|. (3.54)

Remark 4. The function f(h) = h(V —||v|| — 3 Bh) introduced in Lemma 5 is a concave
quadratic function which is: (i) non-negative only in the interval I = [0,2(V —||v|)/B];
(ii) zero only at the endpoints of the interval; (iii) strictly increasing in the interval
0, (V—||v|l)/B], and (iv) attains its mazimum at the midpoint of the interval I. There-
fore, f(H) is positive, and if

V2 — [lv]P®

— >
lp—pl > B

then the function f takes its maximum value at H, i.e.

Following the equivalency results presented in Theorem 3, the stationarity analysis
is presented now. Regarding {tx}72, € Rs¢, time instants at which the RHDDC is

applied, note that one has t;,; = ¢ + Hx. In order to construct this time instance
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sequence, let ZF = Zr(t;) and

. ||X(tk) - Yz(tk)H - lSz‘ V —wv
H, = 2 )
F ?elgkl{ v+ V " B }

(3.55)

Note that as for any ¢t € Rs, the set Zr(t) is finite and also for any i € Z*, one has

|[x(tx) — vi(tr)|| > si, then

V—wo

. S
Hy 2 minig——=r =5

1, (3.56)

where s = min;ey s; > 0. Therefore ¢, 1 oo and RHDDC can operate at all times in a

real-time fashion.. Now let

o= T (a0 = 3 ablt - v, (357)

1€
where (x¥, a¥) is derived from the (3.27) or equivalently (3.42) (see Theorem 3).

Lemma 6. For any k € N, one has

~k

It -3 > — T [f(H,)—2 diam(M)AN*

— Vinax (3.58)

— BH}_, — BH],

where AN* = N (tg1) — N(tg) + N(teer) — N(te).
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Proof. Let (x*,a*) be defined as follows

(x*,a*) = argmin Jyk;kl(x,a;I’k)

st. ac A¥ x € QF,

(3.59)

where §* is the vector of positions of current targets, I'* = Y (Vinax + v)_ll N(t,) and

OF = B(xF, VH,) N M. Then from Lemma 4, one has

* k. 1k * k. Tk fyB 2
|Jy':;kl(x ,ah I — Jy’:;kl(x ,at I < m—’{k-
Also, from the same Lemma, it follows that
B 2

k k. pk k k. 1k
|Jyfzk(x ;an; [ )_Jyfzk(x yas ) < mﬂk—r

Moreover, Lemma 3 results in

x % kY k1 _k+1. k4l i n kg1, diam(M)
[Ty (a5 T) = g (6 @M LT < 2|TPAT ‘—Vmaxﬂ'

Since AN* = |ZFAZ*1|, if one has

k  k.mk x %, Tk g 1 2 1 2
Jyfzk(x ya ™) — Jyf;kl(x ,an ) > m[f(Hk) - §BHk—1 - §BHk]7
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then using triangle inequality and equations (3.60-3.63), one obtains

Jk - Ek—H > VL—H)[f(Hk) — 2diam(./\/l)ANk — B[{g_1 — BH%]’ (3.64)

which is the claim. Now, in order to bridge the gap, one has to prove (3.63). From

Theorem 3, one can see that there exists ¥ € Z# such that

ko k.Tky _ k kY g kE -~k
T (kT = Jy (e = b Al (369
Since ||9% — yh| < $BHZ_,, it follows that
To (b, ab;Th) > vkl - lpm 3.66
i (0585 ) 2 {1 = vl = 5 BHj (3.66)
Also, from equation (3.59) one can see
* % 7 * ~
Ty (x7, 2 TF) < KHW —3a s (3.67)
where w* = argmin o [|[w — §%57||. From Lemma 5, it yields that
I = il = Iw* = vt > f(H). (3.68)
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Note that as |57 — yi|| < IBH?_ |, one has
P 1
" =yl = " = 53l > f(He) = 5 BH .. (3.69)

From the these, one can easily see that the inequality (3.63) holds. This concludes the

proof. O

Lemma 7. Ast — oo, N(t)/t converges P-almost sure to A = 1/ET, i.e.

. N1t 1
P(tlg& t ET

)= 1. (3.70)

Proof. From ENy < 0o, one can see that P(Ny < 0o) = 1. Subsequently, it follows that

P(lim No _ 0) =1. (3.71)

t—oo

Also, as N (t) — Ny is the counting process for the renewal process with parameter 1/ET,

from Theorem 2, one can see that

P(lim ——=gp) =1 (872)

P(lim ——~ = —) = 1. (3.73)



This concludes the proof. m

The main result of this work, stated in the next theorem, follows from Lemma 7

and the above discussion.

Theorem 4. Consider the receding horizon problem presented in (3.27). Let

1 V—-v
ET A< 4 diam(M)’ (3.74)

and Hj, sets due to

— I _ — v —4di
Hk:min{HX(tk) vilte)|| — 58 V "UQV v — 4 diam(M) (A + €)

, ; 1, (3.75)
icTk v+ V 3B 5B

where 0 < € is a scalar such that A + ¢ < (V —v)/(4diam(M)). Then with probability

one there exist a time t € Ry such that N(t) = 0.

Proof. Assume that for any time ¢t € Ry, one has N(¢) > 1. Then for all k¥ € N, it
follows that

~k

o3> T [f(H,) — 2diam(M)AN® — BH2., — BHZ.  (3.76)

- Vmax +v
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Therefore, for any K > 0, letting H_; = 0, it is concluded by induction that

K K K K
R VLH[Z f(Hy) = 2diam(M) > AN* =" BH; | — >  BH}].
max k=0 k=0 k=0 k=0

(3.77)

Hence, as f(h) = h(V —v — LBh) and AN* = N(ty11) — N(tg) + N(tys1) — N(ty), one

obtains
K K
3 =3 > vk Hy — N(tx) —5n Y Hy +2nHy]. (3.78)
k=0 k=0
where
47y diam (M) V—w B
= = = ——. 3.79
v Vmax + v 7 " 4 dlam(/\/l) ' " 8 dlam(/\/l) ( )
Therefore, it follows that
K K
3 =3 > vk Hy — N(txw) —5n Y Hp. (3.80)
k=0 k=0

Due to (3.75), one can see K —A—e—5bnHy > 0 and Hy, > 0, for any k € N. Subsequently,

it follows that
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) K
Since txi1 = Yo Hi, one has

e+ (X ). (3.81)

1
v

Lrt1 lr 11

From equation (3.57), it is concluded that ||J*|| < max(I") diam(M). Therefore, one has

lim ~2—Y =0, (3.82)

Meanwhile, it follows from Lemma 7 that

N(tgs1)

e+ (A—
lik+1

) P Koo € >0, P-as. (3.83)

which says that the probability of the event that the inequality N(¢) > 1 holds for any
time t € Ry is zero. Hence, there exist almost surely a finite time 7 € Ry, such that

N(r)=0. O

Definition 6. For any j € N, let the j" reseting time and j" restarting time be random
variables, denoted by 77 and o’, respectively. Let also 7V = 0 and ¢° = 0, and define by
7/ =inf{t € Rsg | N(t) = 0,t > 07} and 07 = inf{t € Rsy | N(t) # 0,t > 7771}, for
any j € N.

Remark 5. Theorem 4 states that P(1° < o0) = 1, and it guarantees that after finite

time the mission space resets to the state with no present target. This implies that
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P(ri — 0l < o0) =1, for any j € Zso.

Definition 7. For any i € N, time window of the i task is a non-negative random

variable denoted by w;, and is defined as w; = t; — 1;.

Remark 6. The time window of the i™ task represents the time interval between the i

target arrival and being visited by the vehicle.

Theorem 5. Under the assumptions of Theorem 4, for any i € N, the time window of

the i task has a finite value, i.e. P(w; < oo) = 1, with probability one.

Proof. For any ¢ € N, due to Definition 6, there exits a unique j € Zs( such that
o) < t; < 77 and consequently, o7 < t; < 79. Thus, w; = ¢, — t; < 7 — ¢/, and from

Theorem 4 and Remark 5, one can conclude that P(w; < oo) = 1. O

3.5 Simulation Results

Simulations are presented in this section to verify the effectiveness of the proposed
receding horizon dynamic decision-making scheme in target tracking.

Figure 3.1 illustrates the case where a vehicle (blue trajectory) with maximum
velocity V' = 7 is supposed to visit a sequence of four arriving targets (red trajectories)
with v = 5 and B = 1 (see (3.11) and (3.12)). Here, the initial number of targets is
two and A~! = 10. The vector of arrival times and vector of task completion times are
[£1, 9, T3, 14] = [0,0,22.4,22.8] and [t,, 15, 5, 4] = [7,17,28, 38.8], respectively. Thus, the
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Figure 3.1: The vehicle’s trajectory (the blue curve starting from the blue bullets in
the origin) and targets’ trajectory (the red curves, starting from the red circles). The
positions where the vehicle visited the targets is shown by asterisks.

vector of time windows is [wq, w, w3, wy| = [7,17,5.6,16]. Note that in the time instants
where there is no target in the mission space (e.g., [to, f3] = [17,22.4]), the vehicle does
not move.

Three scenarios are considered in Figure 3.2, representing infrequent target arrivals,
medium rate of target arrivals, and frequent target arrivals case, corresponding to small,
medium and large A\. The simulation parameters are Ny = 4, M = [-90,90]>,V = 7,v =
2,B =1 and r; +r = 0.5. Under the proposed control strategy, the results depicted
in Figure 1 are obtained. Figure 3.2(a) provides the results for the case of infrequent

targets, where A\~! is assumed to be 10. The figure demonstrates that the number of
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Figure 3.2: The number of targets in the mission space in the case of infrequent target

arrivals (top figure), medium rate of target arrivals (middle figure), and frequent target
arrivals (bottom figure).

remaining targets N(¢) in the mission space becomes equal to zero at some moment of
time intervals throughout the operation of the system. This means that the vehicle can
visit every arriving target.

Figure 3.2(b) presents the case of medium rate of target arrivals,, and in particular
A~!in this case is chosen to be 2.5. The figure shows that in this scenario there is a
balance in the operation of the system, in terms of target arrivals and vehicle’s ability
to visit them.

Figure 3.2(c) gives the results for the case of frequent target arrivals, where A~ is

assumed to be equal to 1. As can be observed from this figure, the rate of target arrivals
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is too high for the vehicle to visit them, and hence the number of targets increases

continuously.
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Chapter 4

Cooperative Control for
Multi-Target Interception with
Sensing and Communication
Limitations: A Game-Theoretic

Approach

In this chapter, the problem of multi-vehicle cooperative interception of moving objects
with a priori unknown arrival times, trajectories and dynamics is investigated. The

vehicles are assumed to have limited sensing and communication ranges. Therefore,
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centralized approaches are not feasible, specially when there are a large number of vehi-
cles and targets. A game-theoretic cooperative receding horizon controller is proposed,
which predicts the future positions of targets with limited information. It uses a reward
allocation policy for accomplishing the target interception task. To learn the optimal
strategy in the resulting potential game, the generalized regret monitoring is used and

its effectiveness is demonstrated by simulation.

4.1 Background

Throughout the chapter, N, R, R>( denote the set of natural numbers, real numbers, and
non-negative real numbers, respectively. Also, the set of natural numbers less than or
equal to k is denoted by Ni. For a given set A, and some subset of it B, the indicator

function of B is denoted by 15, which is a binary function from A to {0, 1} as follows:

1, e B
1p(z) = (4.1)

0, ¢ B
For any index set Z, the A% represents the set of points like (a;);cz where each of its
entries belongs A. In the case that Z is the set N,,, the AT is simply shown by A". For
any point in a € A%, the a, 7, where J be a non-empty subset of Z, represents a point in
A7 obtained by eliminating the entries with indices not listed in 7. The d dimensional

Euclidean space is denoted by R?. Also, an all-zero vector and an all-one vector in R?
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are respectively represented by 04 and 1,. For any vectors a and b in R?, the inequality
a > b means that all entries of a — b are non-negative. For any point x € R? and any
scalar r € R, a closed ball of radius r centered at x is denoted by Z(x,r), and is
defined as {y € R? | ||x —y|| < r}, where ||.|| represents the Euclidean norm. Denote by
Cﬂgzo (R?) the set of piecewise continuous functions defined over Rsq and taking values
in R A bipartite graph G = (U UV, E) is a graph whose vertex set is the union of two
disjoint subsets U and V', with no pair of adjacent vertices in each one. The biadjacency
matriz of a bipartite graph G(U UV, E) is defined as a |[U| by |V| matrix B = (b;;) of
binary entries, where the (i, j) element is one if the i vertex in U is adjacent to the j*
vertex in V, and zero otherwise.

A game of n players is represented by (N,,, X ;en,Ai,{U; }ien,), where N, is the play-

ers’ index set, and for any ¢ € N,, A; is the action set, X A; is the set of action

€Ny,

profiles, and U; : X .

sen, Ai — R is the utility function. For any 7 € N,, and any action

profile (a;) jen, € Xjen,A;, let a_; and (a;,a_;) denote (a;),- and (a;)en, , respectively.

Definition 8 ([132]). The game (N,, X o Ai{Ui}ien,) is called a potential game, if
there exists a function ¢ @ Xen, A;i = R, called potential function, such that for any

i € Ny, any actions a;,a € A; and any a_; € x;A;, the following relation holds

Ui(al,a_;) — Ui(a;,a_;) = ¢(a,a_;) — ¢(al,a_y).

(2 Q0 ) )
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4.2 Problem Formulation

Define the mission space as a closed convex subset of R?, and denote it by M. Consider a
finite number of objects, referred to as targets, arriving in the mission space sequentially.
One can specify the targets with respect to their arrival order by indices in Zr = N,,,
where n is the number of targets. Without loss of generality, it can be assumed that the
mission starts at time ¢ = 0, where ny € {0} UNz,| is the initial number of targets in
the mission space. Let T} denote the arrival time of the first target, and set the finite
sequence of non-negative real scalars {Tz}lZ:TQ| as the time interval between the arrival
times of consecutive targets i — 1 and 1, for any 7 € Niz|. From the above definition, the
arrival time of target i, denoted by 7;, is 2321 T; for any ¢ € Zr. Also, for any t € R,

denote by fT(t) the set of indices of targets arrived up to time ¢, i.e.

Ir(t) ={i eIy ; 7, <t} (4.2)
For any i € Zr, let y; € M be the initial position of target ¢ as it arrives in the mission
space. Thus, {y;}icz, is the finite sequence of the initial positions of targets. Also, since
the targets are assumed to be a set of moving objects in the mission space, by a slight

abuse of notation, one can represent by y;(-) the trajectory of the i"* target after its

arrival, for any ¢ € Zr (note that y; = y;(7;)). The arrival times are not known a priori,
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and no information is available about the target trajectories. In other words, 7; and y;(+)
are not known at any ¢ < 7;.

In addition to the targets, there are a finite number of vehicles in M whose indices
belong to the set Z,, = N,,,, where m is the number of vehicles. For any j € Z,,, denote
by x;(t) the position of vehicle j in the mission space at time ¢. Also, let the dynamics

of x;(t) be described by

(1) = uy(t). (4.3)

The input vector u; in the above equation belongs to the set of admissible controls %,

max ?

defined as

Ut :{quZO_ﬂRd ;U Cﬂgzo (Rd)7 [[lsup < Umax }, (4.4)

where Cﬁzo (RY) is the set of piecewise-continuous functions defined over Rsg, taking
values in R?. Note that here .y is a positive real scalar. It can be seen that for
some piecewise continuous functions u; and d;, one has u;(t) = w,;(t)d;(t), where u;(t) €
[0, Umax| is the control input for the magnitude of the velocity vector of vehicle j, and
d;(t) € S = {d € R% ||d|| = 1} is the control input for its direction, for any j € Zy, at
any time t € R>.

For any j € 7y, define the sensing region of vehicle j at time ¢ € R>q as

() = {x €R"; |x = x;()]| < 15} = Bx;(); 1), (4.5)
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where 7,; € R is a scalar representing the sensing radius of the vehicle. Similarly, for

any j € Zy and at any time ¢ € R, define the communication region of vehicle j as

G(t) = B(x;(t); 7o), (4.6)

where 7, € Ry is a scalar representing the communication radius of the vehicle. For
any ¢ € Zr and j € Zy, vehicle j is capable of sensing target i at time ¢, if the target
is in the sensing region of the vehicle (i.e. y;(t) € .#;(t)). Also, for any pair of vehicles
71,72 € Iy, at any time t, vehicle j, can receive information sent by vehicle ji, if vehicle

J2 is in the communication region of vehicle j; (i.e. xj,(t) € €}, (1)).

Remark 7. Note that for any ji,j2 € Iy at any time t, x,,(t) € €;,(t) if and only if

x;,(t) € €j,(t). This means that the sensing network is symmetrical.

Definition 9. For any i € Zr and j € Ty, vehicle j is said to visit target i at time t, if

1x;(t) — yi(t)|| < d;j, where d;; is a given positive real scalar.

Remark 8. It is worth noting that the scalar d;; in Definition 9 is introduced to account
for the physical size of target i and vehicle j in a practical setting, because every target
and vehicle is mathematically describes as a point mass. For instance, if target 1 and
vehicle 2 both have a spherical shape in RY with radii 1 and so, respectively, then dis =

7"1—|—SQ.

Definition 10. For anyi € Iy, define the first visit time of target i, denoted by 7; € R,
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as the time the target is visited by one of the vehicles for the first time, i.e.

Note that for any i € Zr, if the first visit time of target ¢ is infinity, i.e. 7; = oo,
this means that none of the vehicles visits that target.

Accordingly, one can define the set of indices of targets visited up to time t as
follows

Ir(t) ={i € Ir | 7 < t}. (4.8)

Similarly, denote by Z(t) the set of targets arrived but not visited up to time ¢, i.e.

Ir(t) = Zr()\Zr(t) = {i € Ty ; 7 <t <7} (4.9)

For any i € Zr, the trajectory of target i is assumed to be a function y; : [#, 7;] — R,

satisfying the local and global geometric conditions introduced next.
Assumption 6. (Geometric Conditions)

1. (Global Geometric Condition) For any i € Zr and T € [7;, T:], one has y;(T) € M,

2. (Local Geometric Condition) For any i € Zr, y; : [Ti, 7i] — M is a continuously
differentiable function. Moreover, there exist non-negative scalars v and a such
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that for any T € [7;, 7], the following inequality holds

H%yim” < (4.10)

Let a;(t, ) be a function satisfying the following equality

lt) = 7)) = 7) + sl (- 7" (@.11)

where t € [1,7;]. Then

sup ||a;(s,7)| < a. (4.12)

SE(T,74]

The global geometric condition ensures that once a target enters in the mission
space, it will always remain in it. Note that not only does this property depend on
the target trajectories, it also depends on the geometry of the mission space. The local
geometric condition, on the other hand, ensures that the speed and acceleration of a

target cannot exceed some prescribed values.

Assumption 7. The position and velocity vectors of every target are available at the

beginning of each time horizon, i.e. T in (4.11).

Assumption 7 provides grounds to estimate the position of target ¢ at any future
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time ¢ € [1,7;]. For example, a first-order estimate is expressed as

§4(0) = ¥i(r) + (¢ = 1) Sl (1.13)

Remark 9. It follows immediately from (4.12) that

19:(0) = (b)) < g (6= Vsup e, )| = 54 =)’ (114

te(‘l‘,f’i]

for any t € [1,7;]. Thus, the closer t is to T, the more precise the above estimation is.

Corresponding to each target, one can define a task which is accomplished if one
of the vehicles visits that target in finite time. By a harmless abuse of notation, let Zr
be the set of all tasks, Zr(t) be the set of tasks started by time t, Zr(t) be the set of
tasks accomplished by time ¢, and Z7(t) be the set of tasks in process at time t. The
mission is said to be accomplished when all tasks are accomplished.

Given the limitations of the vehicles in terms of information exchange and the
unpredictable nature of the environment discussed earlier, it is desired to design a near-
optimal cooperative control law in order to accomplish the mission. This problem will

be investigated in the subsequent sections.
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4.3 A Game-Theoretic Cooperative Receding Hori-

zon Scheme

As an incentive for the vehicles to visit the targets, corresponding to each task a de-
creasing reward function is defined for every target which can be collected only if the
task is accomplished (i.e., the target is visited). The vehicles dynamically make their
decisions toward maximizing the total collected rewards. The decision-making process of
every vehicle, which is iterative, consists of planning their paths and deciding upon their
strategies for visiting the targets in an efficient fashion. At the beginning of each itera-
tion, every vehicle updates its information by checking its sensing region, communicating

with its neighbours, and then calculating the heading accordingly.

4.3.1 Reward Allocations

For any ¢ € Zr, let ®; be the initial reward considered for accomplishing task ¢. Define
0;(+) : Rsg — [0, 1] as the time discount function, which is a decreasing function reflecting
the rate of reward loss over time. The reward function of task 7 is then equal to ®;0,(t),
for any ¢ € Zy. There are various choices for the time discount function in order to

model different aspects of timing and scheduling such as deadlines and priorities. As a
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simple example, one can consider the following function

0(t) =€, VieIlr (4.15)

where v; € R.( is a parameter reflecting the degree of importance of target i.

4.3.2 Cooperative Structure

For any ¢« € Zy and j € 7y, the assignment of target ¢ to vehicle j is characterized
by a real scalar in [0, 1], denoted by a;;. This parameter reflects the level of interest
of vehicle 7 in target ¢ being assigned to it, and depends on the potential rewards to
be collected as well as the positions of the vehicles and targets. At each step of the
decision-making process, every vehicle is required to plan its task assignment based on
available information. Note that these assignments highly depend on the sensing and
communication capabilities of vehicles. More precisely, some of the vehicles may sense
only a subset of targets, not all of them. Moreover, some of the vehicles may not be
able to communicate with each other directly. These constraints need to be addressed
in the assignment functions. To this end, the notion of wvirtual targets is introduced,
and the definitions of target set and vehicle set are modified accordingly to take the
communication and sensing limitations into account.

For any j € Z, denote by 0; a virtual target which, if existed, it could be detected
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only by vehicle j. Let Zr represent the set of all virtual targets, i.e. Zr = {0;},ez, -
Then, at any time ¢t > 0, the set of targets in the sensing range of vehicle j, denoted
by Z7;(t), and the set of vehicles communicating with vehicle j, denoted by Zy ;(t), are

defined respectively as

Ir;(t) ={i € Ir(t) ; yi(t) € S5()} U{0;}, (4.16)

and

Toi(t) =€ T s x(0) € G} (4.17)

Similarly, for any i € Zr U Zr, the set of sensing vehicles for target i is defined below

Tyi(t) ={j €Ty ; i € Tr (1)}, (4.18)

One can similarly define the set of sensible targets as a group of targets, each of which

lies in the sensing region of at least one of the vehicles. This set can be expressed as

7,0 = | Zr, (). (4.19)

JELy

Remark 10. Since 0; € Zr ;(t), for any j € Iy, one can write

{0, jevy C | Zrs(t) = Z,(1), (4.20)

JELy
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which implies that |Iy| < |Z,(t)|.

Note that at any point in time, each assignment depends on the positions of all
vehicles and targets, for any ¢ € Zr;(t) and j € Zy. Thus, assignment a;; can be

expressed as a function of the following form:

ag; 2 MOl pIETOF 10 1] (4.21)

Note also that assignment a,; depends on the vehicles that sense target ¢ as well as the
targets which are sensed by vehicle j, at any time ¢t > 0.

The desired assignment is required to satisfy certain conditions. For example, each
vehicle should normally consider all the targets inside its sensing region. Hence, for each
vehicle, the sum of target assignments in its sensing region at any time ¢, should be

equal to one, i.e.

Z aij(xi,y;) =1, Vjely, (4.22)

i€Tr ;(t)
where xX; = (Xj)5ez,,, (1), ¥j = (Vi)iez, (1) are the vectors of vehicles’ positions and targets’
positions, respectively. On the other hand, it is desired to accomplish as many tasks as
possible, and also the number of targets in the sensing regions at any point in time is
more than or equal to the number of vehicles. Therefore, with respect to to each vehicle,

it is important to be conservative and under-assign the targets in its sensing regions to
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it, i.e.,

Z aij(xi7Yj) <1, Vielr U:Z.T. (423)

JELy ;
Definition 11. Define sensing bigraph, denoted by G, = (T,UV,, &), as a bipartite graph
with vertex partitions Ty = Z,(t) and Vi = Iy, and the edge set defined as & = {(i,j) €

T x Vi i€ Iy (t)}. Let By be the biadjacency matriz of G,.

For any m,n € N, m < n, define the set A" as {A €[0,1]"*™;AT1,, = 1,,,A1,, <
1, }. Given a sensing bigraph G;, note that equations (4.22) and (4.23) introduce a set of
constraints that any desired assignment A(x,y) = (ai;(X,¥))icz, (1) ez, should satisfy

them. More precisely, A(x,y) belongs to the set @7 () 7, defined as

Aty ={A M e MIZTON_y AIZ7 O A < B,}.

4.3.3 Cooperative Receding Horizon Trajectory Construction

It is desired now to develop a cooperative receding horizon controller (CRHC), which
iteratively generates a set of headings, step sizes and optimal assignments for each ve-
hicle such that the final collected rewards are maximized. The controller is applied at
time instants denoted by {t;}32, € R, where an optimization problem, estimating
the collectible rewards in the future, is solved at each time instant. The solution of the

optimization problem is based on currently available information, which are the current
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positions of the targets and vehicles, along with the predicted future positions of the tar-

gets. The solution of the optimization problem is used to obtain the optimal control input

uf = (u;(tr))jez, as well as the optimal assignments {a;;(x(ti11), ¥ (te+1)) ez )jety -

Let the action horizon of CRHC be denoted by Hj (Note that Hy is a strictly
positive real scalar). For any j € 7y, apply the control input u;(#;) to vehicle j, in the
time interval (tx,t; + Hy). Then, it follows from equation (4.3) that at time ¢, + Hy, the
position of vehicle j is

Xj(tk + Hk) = Xj(tk) + U.j(tk)Hk, (424)

for any j € Zy,. Similarly, based on the available information at time instant t;, one can

use equation (4.13) to estimate the position of target i at time instant ¢, + Hj. as

. d .
Yz‘(tk + Hk) = Yi(tk) -+ Hk&yi(tk), 1€ IT<tk). (425)

Denote by 7, . the earliest time that the next target can be visited, using the estimates

obtained based on the information available at time ¢, i.e.

Toing = Uk tGIT%lkiiljeIqu (te) — vi(te) | (tmax + 2) "

The CRHC path planning continues until either the next immediate target is visited or

a new target arrives, and then updates the position information of the targets. Thus,
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the following relation holds

() =y ()|
H < . _t — min -
kSN (Imln,k k) m;eZT(tlk),jEIv Umax T ¥

, (4.26)

where 7, € (0,1) is a coefficient used to model uncertainties. For simplicity, let the
action horizon be chosen equal to the planning horizon. Therefore, tx 1 = ¢ + Hy,

which by substituting in equation (4.26) yields

Tmink — tk+1 = (Imin,k - tk) - Hk > 0. (427)

The position of target ¢ at any time ¢ > 7,,;, ;. 18
d 1
yilt) =vilte) + it (¢ = b+ 5oa(t 1) (F — 1), (4.28)

for any i € Zr(t). Now, it follows from equation (4.25) that

. 1 i
yi(t)= yi(tk+1)+§é;’“(t—tk)2a, (4.29)

where &F is defined as

. d i
EF = ai(t, ty)a 1+2(t—tk+1)&yi(tk)[(t—tk)za] L
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Since t — t, >t — tg41, it is concluded that
k d ~1-1
1650 < 1+ 2l vt N (E—tw)a] ™. (4.30)

The second term in the right hand side of equation (4.30) satisfies the following inequality

24y, (ty) d 2

m”g”—yi(tkm( —tp)a

I %

(4.31)

Lmin,k

Note that the denominator in the right side of (4.31) is sufficiently large if the targets
and vehicles are very far from each other, or a is sufficiently large. In that case, the right

hand side of (4.31) will be negligible, and hence
d S1-1
HQE}H(%)[@—MH)&] | < 1. (4.32)

Note that while the trajectory of target i is a priori unknown, it is uniformly distributed
and bounded by @. Define &F = a~'a;(t, 1), and let it be a uniformly distributed random
vector, taking magnitudes between 0 and @ and different directions, such that (4.30) and
(4.32) yield E[&] = Oz,1)- Using this equality and (4.29), one can estimate y; for large
values of ¢ as ¥;(tx11). From this estimation and also the current positions of targets

and vehicles as well as the control input u”, the time that vehicle j visits target i can
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be estimated as

(0 ) = (te+ Hi) +11%5 (1) — Fi(Eer1) [ thmas (4.33)

for any j € Zy. Note that in the above equation it is assumed that the control input u;
remains unchanged after the time instant ¢, until the vehicle reaches the position of
target y;(tx+1). Note also that CRHC updates the estimates (including the ones given
above) in each iteration to reduce the estimation error. Similarly, if a;;(x(tx11), ¥ (te+1))
is the optimal assignment, regardless of uncertainties, one can expect that this assign-

ment remains unchanged until vehicle j visits target i. Therefore

ai; (x(7i;(0*, t5)), 3 (735 (0", 1)) = @i (X (tr41), 3 (Ers1))-

Consequently, one can estimate the maximum total reward which the vehicles are ex-
pected at time t;,, to collect by the end of the mission. Denote by S¥*! this esti-
mated expected reward. For simplicity of notations, let 9;;(u*,t) = 9;[7;(u*, ;)] and

ag; (0¥, ty) = ag;(x(73;(0", 1)), ¥ (75 (0¥, 1)) Then

R 1) =D Y Rdy(uk ty)ay (b t). (4.34)

JELy, iEITd (tx)
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From (4.43), the k'™ iteration in the CRHC, represented by Py, can be written as

max RF(u”, 1)

st. A(uP 1) € o* vk e U,
where &% = /11, 1,00 and UF = {u = (W) jez, ; W5 € R |0yl < tnax, Vi € Ty} is
the set of admuissible heading control.
For convenience of notation, x;(tx), y;(tx) and y;(¢x) will hereafter be denoted by

xf, v¥ and 3%, respectively, for any i € Zr and j € Zy.

4.3.4 Extension To Game Theoretic Formulation

It is desired now to develop a distributed cooperative receding horizon controller (DCRHC)
based on the proposed CRHC. For simplicity, assume that there is no target priority

and set for any ¢ € Zr, v, = v and K, = R, for some v, R € Rx.

Theorem 6. Consider the performance index g1 MIB s AEFOXIT 5 R as
o Zr(t) -

T (x,A) =" 3 aye o (4.36)

*Z7(t) ‘ -
J€Ly 1€LT,; (O\ZT

—1
max -

where ¥ = ~yu Then, if IT(tk)\iT £ (), the optimization problem P* presented in
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(4.35) is equivalent to

max Jorn o (x,A),
oZr(tg)

st A€ AZrtlxIvl (4.37)

||Xj - X;CH < Unmax Hy, Vi € Iy.

Proof. See Section 4.5.1. O

For any j € Zy and ¢ € Z(t;), denote by a; the j* column of A and by A] its
i row. Define the penalty function p(A) = max(0,AT1z, — 1), for any A € R%I. One
can show that as A\ — oo, the solution of the following maximization problem

mhax Jy’fz;{tk) (x,A) = A ZieZT(tk)\i’T p(Ai),

s.t. ||X] — XfH < umakaa vj < IV?

a]Tl‘ZT(tM =1, Vi € Iy, (438)

a; = O,y Vi €Iy,

A <B,.

converges to that of (4.37). Now, for any j € Zy and i € Ly, ;\Zr, define f(ffj as

~k+1 k
v, — x"

Skl _ _k i j

Xjsi = Xy + N umakaa (439)

T =«

which is, in fact, the future position of vehicle j as it is aimed to move towards predicted
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position of target ¢, and let

k+1 k+1

df; = e = sl (4.40)

For any t;, define the finite game &, = (I, X oz, Ir @y ,j, U = (Uj)jer,, ), where

Ui((a)ery) = Y. (D aidly — Apl((aig)sez,))-

iEIT(tk),j \iT jeIVﬂ

Note that the set of action profiles here is the same as the set of assignments with values
0 or 1. Similarly, it can be verified that each assignment is a strategy profile for the

game &y.

Theorem 7. The game &y is a potential game with the following potential function

S s S b
P((a5)zez,) age =TV = A ((aij)jez, )- (4.41)

JELy ZEZT,](tk)\IT ZEZT(tk)

Proof. See Section 4.5.2. O

Theorem 8. There exists a constant A such that for any A\ > X, the optimization problem
(4.38) has a solution (x5, A}) with the entries of A} being 0 or 1 which is a solution of
(4.37). Furthermore, this solution, A%, is a mazimizer for the potential function (4.41),

and hence a pure Nash equilibrium for ®y.

Proof. See Section 4.5.3. O]
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Remark 11. Since the vehicles are capable of communicating with each other, they
can share with their neighbors their actions on the targets located in the intersection of
their sensing regions. Based on this information exchange, a method such as generalized
regret monitoring (GRM) [152] or spatial adaptive play (SAP) [133] which guarantees
sufficiently fast convergence to a pure Nash equilibrium can be applied to obtain a Nash

equilibrium.

4.4 Simulation Results

In this section, the performance of the proposed method with GRM and SAP dy-
namic learning approaches is investigated by simulations involving two vehicles and
a set of five targets arriving sequentially in the mission space. The sensing range for
both vehicles is r, = bm, and the mission space is a closed convex set in the plane
M = [-20,20] x [—20,20]m?. Targets have a priori unknown trajectories (randomly
chosen in the simulation) with the maximum velocity » = 1.5m/s and the upper bound
on the magnitude of vehicles’ velocity is upmax = 2m/s. Initially, along with the two ve-
hicles, two targets are also present in the mission space, and the remaining three targets

arrive sequentially at 3s, 4s, 6s.

Case 1 (SAP). In this learning method [133], vehicles negotiate with each other to
reach the pure Nash equilibrium by computing a utility function, where intercepting a
target is rewarded while selection of one target by more than one vehicle is penalized by
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Figure 4.1: An example of target tracking with two vehicles and sequentially arriving
targets, using the spatial adaptive play (SAP) as a game learning mechanism.

a negative term with a sufficiently large magnitude. Figure 4.1 shows the result of this
learning mechanism, where it can be observed that other than target 2 that has been out
of the sensing region of the vehicles, all other targets are intercepted by a vehicle in a

cooperative manmner.

Case 2 (GRM). In the GRM learning method [132], a fading memory and inertia mech-

anism are also utilized to enable fast convergence to pure Nash equilibrium, where the
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Figure 4.2: An example of target tracking with two vehicles and a set of five sequentially
arriving targets, using the generalized regret monitoring (GRM).

forgetting factor is set to p = 0.99 and the inertia is o« = 0.95. Figure 4.2 depicts the re-
sult of this simulation, which demonstrates that targets 2 and 5 do not enter the sensing
region of any of the two vehicles but all other targets are intercepted by the vehicles. As
a result of negotiation in the game played by two vehicles in this example, they switch
their selected targets 3 and 4 at some point in time. It is worth noting that the vehicles
stop moving when there is no target in their sensing region. This is a result of the extra
virtual target that was added for each wvehicle which can be selected when no target is

sensible.
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4.5 Appendices

4.5.1 Proof of Theorem 6

For any fixed Hy € R>, the equation (4.24) gives a one-to-one correspondence between

U* and B(x", Umax Hy). Considering (4.15) and (4.33), for any i € Z(¢) and any j € Ty,

one has
- IS gt
Dij(ukytk) — 6—’Yi(tk+Hk+W)
(4.42)
— e—%(tk-&-Hk)e—’Yiu;;xfoﬂ—f’f+1H.
Since for any ¢ € Z7, it is assumed that v; = v and &, = R, it yields
REFTL — g oV (betHr) Z Z aijewuxﬁhyf“\\? (4.43)

JELy €L (tw)

where the arguments (u”, ;) are omitted for brevity. Hence, from (4.36), it concludes
that

k+1/. _k — —(tp+Hy) k+1 k
R (u s tk) R@ Jf’lfz;m (X s A ) (444)

Therefore, as Re~ "% > (0, the optimization problem (4.35) is equivalent with

max Jorn (XL AR,
VoL (ty)

st AF e AZrtIxIIvl (4.45)

I = X < s i, V5 € T
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Changing names of the variables, the optimization problem (4.37) yields.

4.5.2 Proof of Theorem 7

Consider vehicle j. Let ¢',7" be indices of two targets in Zyy, ; and the standard vectors

e, e € RTTwl be the respective action vectors, i.e. a; = ey and aj = ey. Also,

let a_; € X, RIZ7 )| represents actions for the vehicles with indices in Zy\{j}, i.e.
a_j = (&1)iez,\{j} where a; = e;, is the action vector for vehicle [ and i € Ty, is the
target with respect to action vector a;, for any [ € Zy\{j}. Now, set A’ = (a};) as

2

(a%,a_;) and A" = (aj;) as (a},a_;). In order to show that &, is a potential game, one

needs to verify that

P(aj,a_;) — P(aj,a_;) = Uj(aj,a_;) — Uj(aj, a;).

77 VR 77 VR
First, let i',i” ¢ Zr. From (4.41) one has

P(A') — P(A") =

<Z Z alydl; — Z a))iety ) (Z Z )\Zp ay)iez, )

leTy iEIﬁl(tk)\i—T ZGIT(tk lely ZGIT’l(tk)\IT 74€ZT(tk)

(4.46)
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‘th

Since, A’ and A" differ only in j* column and in rows ¢'," € Z7(,);, it yields that

P(A') — P(A") = df/j - dfﬂj - A(P((@;z)leb) - P((a;/”z)lelv)) (4.47)
Similarly, from (4.3.4) one has

U;j(A")=U;(A") =

( Z Za;ld Z 5 )1eTy ) ( Z Za;’ldfl )\Z a)ier, )

i€y \IT €DV €70y, \IT i€y \IT €DV €70y \IT

(4.48)

rth -/ //

and also, as A" and A" differ only in j** column and in rows 7',i" € Zr,);, one can see

that

Uj(A)=Us(A") = db; = di; = A (p((@hliez,) — plladier,)). (449)

From (4.47) and (4.49), it concludes that

P(a),a_;) — P(a",a_;) = U;(a),a_;) — Uj(a, a_;). (4.50)

77 J7 77 J7

In the case that i’ € Zy or i/ € Zr, with a similar discussion one can show that (4.50)

holds. This proves that the game & is a potential game.
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4.5.3 Proof of Theorem 8

Preliminary Definitions and Theorems

Let n,m € Nand G = (U UV, E) be a bipartite graph with vertex partitions & and V

where |U| = n and |V| = m. Also, let Bg be biadjacency matrix of the bipartite graph

G. Define
Ag = {A€[0,1]™ AcA™™ A < Bg}, (4.51)
and
Bg = Ag N {0, 1}™™, (4.52)
Similarly, define
Ag={A€[0,1]™™ A <Bg,AT1,=1,,}, (4.53)
and
Bg = Ag N {0, 1}™™, (4.54)
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Now, let Z be a set of natural numbers such that Z C N,, and define

Agr={A€[0,1]™™; A <Bg,A"1,=1,,

A= (Ai)iTeNn )

(4.55)
VieZ,A1,>1,
Vi e N,2\Z,AM1,, <1},
and
Bgzr =AgzN{0,1}"*™. (4.56)
Theorem 9. For any bipartite graph G, one has that
1. Ag = conv Bg,
1. Ag = conv Iﬁgg,
114, Agg = conv ]Bg}j.
Proof of Theorem 8
Define function Jsn = M x [0, 1]ZrEIX 5 R as
YeZr(ty) -
Jyl'cz;%tk) (X, A) = Jyf;;—(tk) (X, A) — A ) p(Az), (457)

€Ly (te)\IT

109



and note that

Jps (xA) = ST ayeoETL (4.58)

iEZT (tx) \i—T J€Ty (tr)

Denote by 2, as ><‘ | | B K Hpumay). Take (x*, A*) such that

(x*,A") € argmax Jk+1 (x,A), (4.59)
(x,A)€Q, xAg, YeZrity)

and let Za- C Z(tx)\Z7 be the set of indices like 7 such that A¥T1,, > 1 where A’ is

the i** row of A*. One can see that AQWIA* C Agtk and A* € Agzk,IA*- Hence

(x*,A") € argmax Joen  (x,A). (4.60)

y
(x,A)Eth XAgtk’IA* oL r(ty)

Define function Joeyr @ MBI [0, A8 — R as
y'lﬂtk) -

T
J f;;{w(x’ A) J l:%;—(tk) - A Z A 1 (461)
’LEIA*\IT

where A = (A;)icz (1,). For any (x,A) € €, X Ag, 1,., one can simply verify that

Joan  (x,A) = Ja  (x,A). Therefore,

YoZr(iy) YeZr(ty)
argmax J M1 (x,A) = argmax T (%, A). (4.62)
(X,A)Eth XAgtk Tpx oI’T(tk) (X7A)€th XAgtk Ee -17—(tk
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Since jy/m depends linearly on A and Agtk’ZA* is a polytope with etreme points

oZr(ty,)

belonging to Bgtk Ia.» there exists A™ € ]Bgtk - Such that

A* € argmax Jan (x5, A),
AEAgtk’IA* oZ7(ty)

and therefore

A™ € argmax Joa+ (X7, A).
AEAgthIA* oLy (ty)

Note that for any x** € €2, such that

x™ € argmax Joe+1 (%, A™),
x€Q, oZ7(ty)

one has

x™ € argmax Joe1 (%, A™).
xeﬂtk oL7{ty)

From (4.64) and (4.66), it yields that

Tk (x",A") < Je1 (x5, A™) < T

YeZr(ty) YoZr(ty) YoZr(ty)
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Since (x**, A*™) € Q, XAg, 1,.,it concludes from (4.60) and (4.67) that jk;;_( )(x*, A¥)
oL (ty

Joea (x**, A*) and

VeI r(ty,)

(x™, A™) € argmax j?fflt )(X, A). (4.68)
(X,A)Eﬂtk XAgtk L7tk

This shows that (x**, A**) is a solution of (4.38) with the entries of A** being 0 or 1.
Let A = (a;;) be a |Z+(t)| by |Zf matrix with the property that a;; is 1 only if ¢
is the index according to (;, for any i € Z,(t;) and any j € Zy. Then, one can see that
(xF,A) € Q, x Agtk and jyfqu—(tk)(Xk’A) = 0, and subsequently, j?’fz%tk)(x**’A**) > 0.
Set A € Rog as 14 3,07 Yz, o, 5 and let A > A, Then, one has A1, < 1,
where A3*T denotes i row of A**, for any i € Zr(t;). Since, if there exists i € Zr(t)

such that A7*T1,, > 1, as each entry of A** belongs to the set {0, 1}, it follows that

A*T1,, > 2, and subsequently, p(AF*) > 1. From this, it yields that

v (x, A7) < 3 Zaije—wuxj—yfﬂu Y

oLy(ty, o
i€L(t)\IT I€Lv.i (L)

<> Ddi-a

i€Zr(t)\I7 I€Tv,i(tk)

<0,

which contradicts Jyk+;( )(x**, A**) > 0. Thus, for any i € Zr(;,), one has A7*T1,, <1,
oL (ty
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l.e.

(x**,A™) € Oy % Ag, . (4.69)

From (4.68), (4.69) and Qy, x Ag, C €, X Agtk, it yields that

(x**,A™) € argmax Joaa  (x,A). (4.70)
(x,A)e, xAg, oZy(ty)

This shows that (x**, A**) is a solution of (4.37).
With a similar discussion, one can show that if A > ) then there exists A** € Bg,,
such that

A** € argmax P(A). (4.71)
AEAgtk

It can be easily seen that for any (x, A) € €, x Agtk, one has

Jﬁfﬁ;«w(x’ A) < P(A), (4.72)
and hence
Jy]:;l—(tk)(x ,A ) S P(A ) (473)

Now, consider the map x : Bgtk — €, such that x(A) = (x;(A)) ez, and for any j € 7y,
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x;(A) is defined as

AR o 45
X5 + Mumw}[k, ifi, ¢ Z
x;(A) = EA (4.74)

k . . -~
X3, ifi; €7

where i; € Z,(t;) is the index of the row that j* column of A is 1 in that row. Hence,

for any A € Bgtk, it yields that jk;;—( )(X(A),A) = P(A). Thus, according to the
oL (ty

definition of (x**, A**), it can be noticed that

Jpr, (X5 AT) = Jpen | (x(AT), AT) = P(AT), (4.75)

and subsequently,
A FF) 7 L A kE) A k¥ ~A L $x R\ Hx 4.76
P(A™) = Jyr  (x(A™), A7) < Jpr  (x7, A™) = P(A™). (4.76)

Considering equations (4.73), (4.75) and (4.76), it follows that P(A**) = P(A*), i.e.

A™ € argmax P(A). (4.77)

AEAgtk

This shows that A** is a maximizer for the potential function (4.41) and hence a pure

Nash equilibrium for &y.
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Chapter 5

Cooperative Receding Horizon
Control of Double Integrator

Vehicles for Multi-Target

Interception

In this chapter, the cooperative multi-target interception problem in an uncertain en-
vironment with double-integrators vehicles is investigated. A time-discounting reward
function is defined for each target which can be collected only if it is visited by a vehicle.
This function is used to formulate the problem as an optimization problem which aims to

maximize the expected reward collectible from the set of available targets in the mission
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space. A cooperative receding horizon controller is designed to solve the problem based
on an estimate of the future position of every targets with the available information. It
is shown that a solution for this optimization problem exists, and that the vehicles visit
the targets in finite time. The effectiveness of the proposed algorithm is demonstrated

by simulation.

5.1 Notations

Throughout the paper, the set of real numbers and the set of non-negative real numbers
are denoted by R and R, respectively. Also, let N and N,, denote respectively the set
of natural numbers and the set of natural numbers less than or equal to n. For a given
set A and a subset of it B, the indicator function of B, denoted by 1p, is a function
from A to {0,1}, which is non-zero only when its argument belongs to the set B. For
any index set Z, the notation A% represents the set of points like (a;);er Whose entries
belong to A. In the case when [ is the set N,,, the set AZ is simply denoted by A". Let
J be a non-empty subset of Z. For any point a € AZ, the term a, s represents a point in
A7 obtained by eliminating the entries with indices not listed in 7. The d-dimensional
Euclidean space is denoted by R¢.

Let n be a natural number. Then, R"™ denotes the n-dimensional Fuclidean space.
Also, 0,, and 1,, represent all-zero and all-one vectors in R", respectively. For any vector

a,b € RY, it is said that a > b only when a—b € RY,, i.e., all entries of a —b are
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non-negative. Let x be a point in R? and r be a scalar in Rsg. Then, %(x,r) denotes

the closed ball in R¢ with radius r centered at x, i.e.

Bx,r) ={y R | [x—yll <r}. (5.1)

Let ¢ and @ be scalars in Rsg, and I be an interval in R. Denote by CF(R?) the
set of piecewise continuous vector-valued functions defined over I with values in R
Accordingly, define %;(u) as a set of functions in C7(R?) like u such that sup,; [[u(t)|| <
. In the case where u is known from the context, the arguments will be omitted for

brevity.

5.2 Problem Formulation

Let the mission space, denoted by M, be a closed convex subset of d-dimensional Eu-
clidean space, and 7y, = Niz,| be the set of indices for a finite number of vehicles inside
M. For any j € Iy, let p;(t) € R? and q;(t) € R represent the position vector and

velocity vector of vehicle j, at time ¢ € R>(, whose dynamics is described by

(5.2)
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where u; belongs to the set of admissible controls, denoted by % and defined here as
Ui (Umax) Where Uy, is the bounds of acceleration for the vehicles. For any j € Zy,
denote by x; the state vector of vehicle j, which is defined as [p;!—, q}—]T and belongs to
the set M x R%. Accordingly, x = (x);ez, is the state vector of the entire system. The
set M x R? is the state space for each of the vehicles and X = X jez,, (M x RY) is the

state space for the entire system.

Remark 12. It is to be noted that u;(t) = w;(t)d;(t) for some piecewise continuous
functions u; and d;, where d;(t) € S™' = {d € R%||d|| = 1} is the control input for
the direction of the acceleration vector and w;(t) € [0, umax] @s the control input for its

magnitude, for any j € Iy and any t € Rsy.

Let Z7 = Njz,| be a finite set of natural numbers representing indices of a non-zero
finite number of targets sequentially arriving in the mission space. Assume that the
mission starts at ¢ = 0, and let ng € {0} UNz,| be the number of targets in the mission
space initially. Let also 77 be the arrival time of the first target, and {TZ}F:Z' be a finite
sequence of non-negative real scalars representing targets inter-arrival times, i.e., the
time between consecutive targets’ arrival. Note that if ng > 0, then for any 1 <17 < ny,
one has T; = 0. For any 7 € Niz|, one can define the arrival time of the i*" target as
T, = 22:1 T}, and also the set of indices of targets arrived up to time instant ¢, denoted
by Zr(t), as

Ir(t):={i € Zr ; 7; < t}. (5.3)
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It is worth noting that {7;};cz, is an increasing finite sequence. Besides the arrival time
of targets, one can define a sequence of vectors {r;};cz,, belonging to M, as the initial
positions of targets in the mission space as they arrive. The arrival times and initial
positions of targets are not known a priori. More precisely, at any time ¢ < 7;, none
of the vehicles has the information of 7; and r;. In other words, for any i € Z7, the i*"
target arrives in the mission space at an a prior: unknown time 7; and in an a prior:
unknown point r;. In addition, the vehicle moves on an a priori unknown trajectory,

denoted by r;(%).

Definition 12. For any i € Zy and j € Iy. and a prescribed positive scalar d;;, it is

said that the j" vehicle visits the i" target at time t, if ||p;(t) — r: ()] < dj.

Along with Definition 12 and for any i € Zr, one can define 7; € Ry = [0, oc] as

the first time that target ¢ is visited by one of the vehicles, i.e.
J€Ty

Note that 7; = oo if and only if none of the vehicles visits target i. The set of indices of

targets visited up to time ¢, denoted by ffr(t), is defined as
Ir(t) ={i € Ir | 7 < t}. (5.5)

One can also define the set of indices of targets arrived in the mission space but not
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visited up to time ¢, as
Tr(t) = Tr(t\Zr(t) = {i € Ir ; 7 <t < 73} (5.6)

For any i € Zr, the trajectory of target i is a C? curve in the mission space M,
defined by r; : [7;, T:] — M, satisfying the following two geometric conditions where one
describes the global behavior of trajectories of targets and the other one describes the

local behavior of trajectories of targets.

Assumption 8. (Global Geometric Condition) For any i € Iy and any T € [T, T,

r;(17) € M.

Global geometric condition guarantees that once a target arrives, it will remain
inside the mission space until the end of the mission. Note that the property stated in
Assumption 8 depends both on trajectories of targets and also on the geometry of the
mission space. For example, in the case where M is the whole d-dimensional Euclidean

space, one can verify that the global geometric condition is satisfied automatically.

Assumption 9. (Local Geometric Condition) For any i € I, v; : [%, 7] — M is a C?
function, i.e. 1; is two times continuously differentiable. Also, there exist non-negative
scalars a;, J;, ¢; such that for any i € Iy, 7 € [7;, 7] and t € (7,7i], one has

d2

Il < @, sup |l§i(7, 7)I| < 7, (5.7)
Te(T,7]
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and

listt, )l < &lt — 71, (5.8)

where j;(t, ) is a C* function satisfying the following equality

r;(t) =r;i(7) + (t — 7')%

Assumption 10. The position, velocity and acceleration vectors of any current target
(targets that have arrived but not visited yet) are available at the beginning of each time

horizon (i.e., at time instant T in (5.9)).

For any 7 € Rs and any ¢ € Z7(7), define y;(7) as the vector of available infor-

mation of target ¢ at time instant 7, i.e.

d d?
yi(r) = (ri(7), &H(T), @H(T))- (5.10)
This information vector belongs to the information space of target ¢, which is defined as
YV, = M xR% x B(04,). Accordingly, one can define the information vector of targets
at time 7 as

y(7) = (ri(T), %ri(T), %ri(T))ieIT(T)’ (5.11)
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and also, the information space of targets as

Vo= X (MxR'x %(04,3)). (5.12)

€L (T)

Considering Assumption 10, for any 7 € Rs and any ¢ € Z7(7), the position of target
1 can be estimated at any future instant within the time horizon of its presence in the
mission space using the information available at time 7. Denote this estimate by t;(+),

and describe it by

—15(7) + = (t — 7)== 14(7), (5.13)

where t € [1,7;].

With respect to each target, a task is defined which is completed if the target
is visited by one of the vehicles. By slight abuse of notation, denote by Zr, fT(t),
Zr(t) and Z7(t), the total set of tasks, the set of tasks started by time ¢, the set of
tasks accomplished by time ¢, and the set of tasks in progress at time ¢, respectively.
Subsequently, the mission is to accomplish all of the tasks in finite time. Here, it is

desired to obtain a near-optimal cooperative algorithm to accomplish the mission in the

presence of uncertainties and limited information.
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5.3 Cooperative Receding Horizon Scheme

As an incentive for the vehicles to accomplish the tasks (i.e. visit the targets), let a time-
decreasing reward be assigned to each target, which can be collected only if the vehicle
completes the corresponding task and visits the target. Vehicles intend to maximize the
total collected reward, which entails cooperation to minimize the visit time. Toward
this goal, each vehicle should decide upon its next immediate target in a cooperative
manner, during the decision-making process, and subsequently plan its own path. Due
to uncertainties in the environment and changes in the required information, the coop-
erative decision-making and path planning process should be performed iteratively. At
the beginning of each iteration, the vehicles calculate their control inputs based on the
tasks and their corresponding rewards, such that their estimation of the total collected

reward is maximized.

5.3.1 Structure of Reward Functions

For any ¢ € Z7, let ®; be the initial reward considered for the task corresponding to the
1™ target at its arrival moment. In order to take into account the reward loss over time,
define a continuous decreasing function p; : [7;, 7;] — [0, 1], called discount function, and
form the reward function as ®R;p;. Assuming that p;(7;) = 1, the reward function satisfies

the desired properties discussed earlier. By properly selecting the initial rewards and
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discount functions amongst their possible candidates, one can model aspects such as
scheduling, time priorities and deadlines. For example, in the case that there is no final

deadline for visiting the target ¢, one can consider the discount function as follows

pi(t) = ey e Ty (5.14)

where v; € Ry is the reward discount rate parameter for the target i. Also, in the case
that there is a final hard deadline for task i, denoted by tj» € R>g, one may consider the

following discount function
t—%

pi(t) = max{l — ——,0}, i€ Zr. (5.15)
t; — T;

Moreover, one may consider finite number of soft deadlines after which the corresponding
target is not as interesting as it was before the deadline. For this case, one may choose
the discount functions as continuous piecewise-defined functions formed by some other

discount functions as its sub-functions, i.e.

pio(t), ift e[, Da),

pin(t), ift e [Dy, Do),
pi(t) = (5.16)

piai(l), ift € [Dig, T,
\
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where {D;,}4_, are the soft deadlines and {p;,(-)}%_, are the discount sub-functions.
Since p;(t) is a continuous function, it is required that for any d € N, one has
limy o, pid—1(Dis) = pia(Dig). Note that some of these soft deadlines may be con-
sidered based on the unpredicted events occurring in the mission and thus, they are a

priort unknown.

5.3.2 The Minimum Reaching Time and The Maximum Re-
ward Estimation

Let {t;};=s € [0,7] denote the time instants when the iterative decision-making pro-
cedure is supposed to be performed where ky.x € N U {oco} represents the number of
iterations. Note that it is implicitly assumed that t; = 0 and the sequence (tk)’,z“:“f‘ is
a strictly increasing sequence. Accordingly, for any k£ € N such that k < k.., one can
define the k™ time-interval of procedure as Iy, = [ty, tx11)-

For any j € Zy, from (5.2), one can represent the dynamic of vehicle j in matrix
form as follows

d

Exj = Aix; + Bgu; (5.17)

where A, and By are 2d by 2d matrices defined as

Od Id Od
Ay = B, = . (5.18)

0q Og I
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Similarly, the dynamics of the all system is derived in matrix form as following

d
x= (I, ® Ag)x + (I, ® By)u. (5.19)

For any j € Zy, let u;“() be a function in %4, , the set of admissible controls defined over
I;, the control input applied by the vehicle j for time interval [ty,tx.1). Subsequently,
let u* denote the vector of all control inputs (U?)jezv- Under these control inputs, the

state of vehicle j at time instant ¢;,; is obtained as

tit1
Xj(tryr) = eAdltr=ty () +/ eAd(t’““_s)Bdu?(s)ds. (5.20)

ty

Now, let i € Zr(tx) be the index of an arbitrary existing target. Let 7% be the time
estimate when the vehicle j can reach target i, based on the information given at time

instant ¢, and the control input u¥(-) applied by the vehicle j for time interval [ty, t41).

d

Denote rf, v and af as r;(t), $ri(ty) and j—;ri(tk), respectively. From these, one can

7

model the trajectory of target i, for t > t; as

1
() =1F + (t — tp)vF + Ti te)’al. (5.21)
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Consequently, one can obtain

MY = P 4 (b — te)VE 4 o (tegr — ti)%al,
VT = vE 4 (teg — tr)al, (5.22)
=
Skl okl Akl

where 1,77, V77" and &;" are the prediction of the position, velocity and acceleration of

7

target ¢ at txy1, respectively, based on the information given at time instant ¢;. Having
these predictions, one can obtain the following theorem based on minimum time optimal

control theory.

Theorem 10. Consider the vehicle j € Ty, the time instant ty., the target i € Ty (ty)
and the trajectory model given in (5.21) for the target i. Let the control input uf() be

applied for time interval Iy,. Also, consider the following equation

suTs = AR 4 (VI — q(tes)) Ty + B = pyltes))

(5.23)

||uin =  Umax;,

where ¥ M and AT are the predictions given in (5.22) and also, p;j(ty1) and

qj(tks1) are the position and velocity of vehicle j, respectively, given the control input

uf() is applied for time interval Iy,. Then, equation (5.23) has a solution for 7,; in R,

and subsequently, a corresponding solution for w;;. Also, if one has that ty1 —t, < z
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where z 1s smallest positive solution of following equations
1 ~\ 2 k k
5 (tmax + )" = [[(q; (t) — V)2 + p;j () — 17, (5.24)

then Ti]} = ty41 + 75, where T;; is the smallest non-negative solution of equation (5.23).

Corollary 3. Let the conditions in Theorem 10 hold. Then the mazximum reward which
vehicle j can collect from target i, assuming that the control input uf() 18 applied for the

) where T is the estimation of the reaching

time interval Iy, can be estimated as Rz-pi(Tk p

]
time introduced in Theorem 10.

The Theorem 10 and Corollary 3 say that based on the given information, the
vehicles can estimate the minimum reaching times and subsequently, the final maximum
rewards where each of them can extract from each of the targets. However, in order
to maximize the total collected reward, the vehicles are required to cooperate in an

appropriate manner. The structure of this cooperation is discussed in the sequel.

5.3.3 Structure of Cooperation Strategy

In each step of decision-making, once the vehicles estimate the final maximum reward
of each target using the given information of the targets and vehicles, each of them is
required to decide upon its next immediate target. Based on the possible differences in

the value of estimated final maximum rewards of different targets, vehicles may have
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different levels of interest in the tasks. However, they should cooperate in order to max-
imize the final total rewards collected from all the targets. In this regard, a cooperation
strategy is required which is discussed here. Consider the step of decision making cor-
responding to the time instant ¢,. For any i € Z7(tx) and j € Zy, an assignment of task
i to vehicle j is characterized as a real scalar in [0,1], denoted by =, which reflects the
amount of interest of vehicle j in being target i assigned to it during the time interval
I;.. Also, denote by IT* the assignments matriz which is defined as (ij)z’eIT(tk)Jer- It
is expected that the value of assignment ij depends implicitly on the information given
at time instant ¢, via the estimation of final maximum rewards and also the cooperation
policy constraints. More precisely, for any i € Zr(t;) and j € Z, the assignment ij is
a function of the form ij : X x YV, — [0,1] where X x ), is the information space at
time instant £,. The proper assignments are required to have some desired structures
reflecting cooperation policy constraints which are discussed in the sequel.

If ¢4 is a time instant such that Z(t;) = ), there is no target in the mission space
and no issue for cooperation and assignment. Therefore, let ¢, be a time instant at

which Z7(t;) # 0. Since the vehicles are required to consider all the current tasks, it is

expected that for each vehicle the sum of its assignments be equal to one, i.e.

Yo oabxEyh) =1, Vjely, (5.25)

i€L7 (tk)

where x* and y* are vectors for states of vehicles and the available information of targets,
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respectively, at time instant £,. Also, in the case that the number of current tasks is at
least equal to the number of vehicles, it is reasonable to manage the resources efficiently
to accomplish as many tasks as possible by acting cautiously. Hence, it is required to

under-assign the targets to the vehicles, i.e.

Z ﬁfj(xk,yk) <1, Vie IT(tk). (526)

JELy

Similarly, in the case that the number of vehicles is at least equal to the number of cur-
rent tasks, according to the possible uncertainties in the environment, it is expected to
increase the chance of collecting more amounts of reward by acting generously. There-

fore, it is required to over-assign the targets to the vehicles, i.e.

S oak(xf ) > 1, Vi€ Ir(t). (5.27)
JELy
Remark 13. It can be shown that the inequalities in equations (5.26) and (5.27) turn

to equalities when |Zy| = |Zr(ty)|.

Equations (5.25), (5.26) and (5.27) introduce a set of constraints that should be

satisfied by any desired assignment. More precisely, if one defines the set P"*" as

P ={IIe[0,1]""; I 1, =1, m>n =M1, >1, m<n=I1,,<1,}, (5.28)

}nxm
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for any n,m € N, then the assignment matrix IT*(x* y*) is required to belong to the

set P, (1)1, Which is defined as Pz )7, = {I1: X x Y, — PIZr(te)x IV,

5.3.4 Cooperative Receding Horizon Controller

The cooperative receding horizon (CRH) controller performs the iterative procedure
of cooperative decision-making and path planning. The controller generates the control
inputs for each vehicle as well as the matrix of optimal assignments such that the vehicles
collect maximum possible rewards. Toward this goal, an estimation of the remaining
collectible rewards is given as a payoff function in an optimization problem, at any time
instant ¢z, and the solution of the problem is obtained. The payoff function depends
on the control inputs and assignments for the current time step. The constraints in the
optimization problem and also the payoff function are mainly based on the information
given at time instant ¢;. The solution of the problem provides the optimal control input
u”.

Let t), be a time instant such that Zr(t;) # 0, and (u%(-)) ez, be the control inputs
applied to the vehicles for time period I}, = [ty, tx11). Therefore, the states of the vehicles
at time instant 5, the vector x**1 is derived as in (5.20). Moreover, equation (5.22)
provides the vector of predictions of position, velocity and acceleration of targets at ¢, 1,

the vector y**1. Consider the estimation of the final maximum rewards introduced in

Corollary 3, i.e. Rip;(7};(u”,t;)) which is the estimation of the maximum value of reward
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that vehicle j expects at time instant ¢, to collect from target ¢ given that the control
input u}(-) is applied for time interval Iy, = [ty, t541), for any i € Zr(t),) and j € Ty, Also,
consider the expected optimal assignment matriz for time instant ¢, denoted by I:Ik“,
defined as the optimal assignment matrix. This matrix is determined based on the state
vector x*! as well as the prediction vector y*+! which itself depends on the information
provided at t;. Accordingly, one can say that the expected optimal assignment matrix is
a function of control input u* and time instant ¢, i.e. TIF = ﬁ’““(uk7 ty). Given the
estimation of rewards, the expected optimal assignment matrix, the states of vehicles and
the vector of predictions regarding the targets, all at time instant ¢, 1, one can estimate
at ty1, the maximum reward the team expects to collect until the end of mission. This

total expected reward is denoted by RE+1(u” ¢;,) and formulated as following

RH (W 1) = Y > Repi(rh(u 1))7f (1), (5.29)

i€y (ty) €IV

k
ij

where 7% (u*, t;) is the entry of matrix II*¥*!(u* ¢;) in row i and column j, for any
i € Ir(ty) and j € Ty.

Now, let P*¥ be the optimization problem for CRH controller corresponding to k™
step. According to the discussion above, one has

max REFL(ub 1)
k
P . (5.30)

st II(u* t,) € 2% uk e w*,
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where 2% and " denote P11, and X ez, U, , respectively.

The behavior of CRH controller which constructs the state trajectory of the sys-
tem, depends on the parameters of the problem and the level of uncertainties in the
environment. Given the parameters introduced in the problem formulation, the time
of arrivals and trajectories of targets, it is required to decide upon the value of planing
horizons. In fact, the convergence of system is guaranteed only under special conditions,

such as the proper choice of planing horizons.

Theorem 11. Consider the receding horizon problem presented in (5.30). Assume that
a < Upax. Then for any initial x in mission space and any I1 belonging to (5.28), there
exists a sequence of planning horizons for the cooperative receding horizon controller

where the vehicles visit targets in finite steps.

5.4 Simulation Results

In this section, a scenario is designed to assess the performance of the proposed algorithm
for an example involving two double-integrator vehicles and a set of four targets arriving
at the mission space sequentially. The scenario shows the effectiveness and flexibility of
the proposed method in meeting various dynamic decision criteria solely by modifying the
reward functions to the most appropriate. The square M = [—200, 200] x [—200, 200] is
taken as the mission space which is a closed convex set. The initial position and velocity
of vehicles and targets are generated randomly. Also, each of the targets have an a priori
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Figure 5.1: The target tracking for the vehicles and sequentially arriving targets using
exponential reward function.

unknown trajectory and arrival time; however, at each time instant ¢ the information
vector of the targets y(t) (see (5.11)) are updated. The maximum acceleration of vehicles
and targets are bounded by uy.x = 2m/s and a = 1m/s, respectively. It is assumed that
the targets always satisfy Assumptions 8 and 9. Initially two targets are present in the
mission space along with the vehicles, and the remaining two targets arrive sequentially
at {7;}i_3 = {2,4}. The initial reward of each target is the same and equal to {®; = 1}}_;.
The targets have the same reward function which are in the form of equation (5.14) with

reward discount rate parameter {~; = 1}1_,. Fig. 5.1 depicts the position of vehicles and
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targets when the proposed algorithm is initialized with the above mentioned parameters
and simulated until no targets remained in the mission space (Sampling time: T = 0.05).
The result of this example shows that all of the targets are visited in finite time as follows:
{7}, = {1.05,2.85,4.05,6.05}. Moreover, a total reward of R = 0.568 is collected in
this mission. Note that the assigned targets of vehicles 1 and 2 are changed to the best
when new targets appears in the mission space at time moments ¢ = 1 and t = 2.

With the help of the aforementioned simulation study, one can see the merits and
efficiency of CRH controller with expected reward maximization scheme in generating

the optimal assignment IT* and control input u*.

Remark 14. From Fig. 5.1, it might seem from the positions of vehicles 1 and 2
that target 3 should be assigned to vehicle 1 and target 4 should be assigned to vehicle
2. Howewver, this is not the case because the assignment strategy takes the movement
dynamics of the vehicles and targets into consideration. More precisely, not only does
the strateqy depend on the positions of targets and wvehicles, it also depends on their

velocity and acceleration vectors.
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Chapter 6

Maximum Reward Collection
Problem : A Cooperative Receding
Horizon Approach for Dynamic

Clustering

In this chapter, the Maximum Reward Collection Problem (MRCP) in uncertain envi-
ronments is investigated where multiple agents cooperate to maximize the total reward
collected from a set of moving targets in the mission space with a priori unknown arrival

times, trajectories and dynamics. The reward with respect to each of the targets has a
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time discounting value and can be collected only if a cluster of agents with proper num-
ber of elements visits the targets.Meanwhile, in each cluster, it is assumed that agents
are able to extract a larger fraction of reward when their configuration in the cluster is
close to specific configuration around the respective target. The inherited uncertainty in
the environment and the dynamic clustering factor render the one-shot optimization in
MRCP rather impractical. Therefore, a Cooperative Receding Horizon (CRH) controller
is utilized toward maximizing the collected reward and based on the prediction of the
future positions of targets with the given limited information. Some analytical aspects
of problem is discussed and the effectiveness and advantages of the proposed algorithm
is demonstrated via numerical simulations.

In section 6.1 the MRCP is formulated and in section 6.2 an optimization overview
of the MRCP is presented. The proposed controller is introduced and formulated in

section 6.3. In section 6.4 an illustrative simulation is presented.

6.0.1 Notations

Throughout the chapter, N, R, R respectively denote the set of natural numbers, real
numbers, and non-negative real numbers. Also, the set of natural numbers less than or
equal to n is denoted by N,,. For a given set A and its subset B, the indicator function of
B is denoted by 15 is a function from A to {0, 1} and is one over B and zero elsewhere.

The d dimensional Euclidean space is denoted by R?. Also, all-zero and all-one vectors
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in R? are respectively represented by 04 and 14. For any vectors a and b in R? inequality
a > b indicates that all entries of a — b are non-negative. For any point x € R? and
any scalar r € Rs, the sphere with radius r centered at x is denoted by Z(x,r), and is
defined as

Bx,r)={y R | [x—yll <r}. (6.1)

6.1 Problem Formulation

Let the mission space be a closed convex subset of R?, denoted by M. Consider a finite
number of dynamic agents, also known as vehicles, inside M with indices from the set
Iy = Nig,. For any j € Zy, let the dynamics of vehicle j be described by %x; = u;(t),
where x;(t) is the position of vehicle j in the mission space at given time ¢ and u; is
the control input for the vehicle which belongs to the set of admissible controls, denoted
by %,,... and defined as the set of continuous functions, like u : R>o—R?, bounded by
Umax and with bounded piecewise continuous derivative.

Along with the vehicles, there exist finite number of targets with indices from
Zr = Niz;| which arrive the mission space sequentially and move inside M. For any
1 € Z7, let the target ¢ at mission space in the a priori unknown point y; € M at the a
priori unknown time instant 7; € Ry and move afterward inside the mission space on

the a priori unknown trajectory y;(t). Without loss of generality, one can assume that

the targets are indexed with respect to their arrival order, i.e. 0 <7 <7 < -+ < Tz
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Also, in the case that there exist initially ng € N targets in the mission space, one has
) = -+ = Tp, = 0. Accordingly, for any ¢t € R>(, one may define the set of indices of
targets arrived up to time ¢, denoted by Zr(t), as Zr(t) := {i € Zr ; 7 < t}.

Each of the existing targets can be visited by a vehicle when their mutual distance
is almost equal to a predetermined real scalar defined as the wvisiting radius of the target.
In other words, for any i € Zr and any j € Zy,, vehicle j can visit the target ¢ at time
tifr, — 9, < |x;(t) —vi(t)|| < r;i+ 6., where ;> 0 denotes the visiting radius of the
target ¢ and ¢,, € (0,7;) is the radius tolerance factor. Also, assume that with respect
to the target ¢ there exists a time-dependent reward which can be collected if the target
1 is visited by a cluster composed of m; number of vehicles. Here, m; € N, the size
of proper cluster, is the predetermined number of vehicles required for collecting the
reward. Let the reward of target i be defined as the function R;p;(t) where %; is the
initial mazimum reward and p; : Rsg — [0, 1] is the time discount function, which is a
decreasing function capturing the rate of reward loss over time. By using appropriate
time discount functions, one can model different aspects of timing and scheduling such
as deadlines and priorities for reward collection. As a simple example, one can consider

the following function

pilt)=e, VieIr, (6.2)

for the case that there is no final hard deadline for reward collection of target ¢ where

here 7; € R.q is the reward discount rate parameter for the target 7. For the case that
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the hard deadline t} is imposed on collecting the reward of target ¢ one can take the
function

t
pi(t) = max{l — —,
4

0}, VieZr. (6.3)
In this case the reward becomes zero when the deadline is passed.

With respect to each of the targets, a task is defined as collecting the respective
reward which can be accomplished only by a proper cluster of vehicles. For any i € Zr,
one may define i*" tasks accomplishment time, denoted by 7; € R, as the time instant
that the task ¢ is accomplished. Note that 7, = oo happens in the situations where no
cluster of m; vehicles visit target ¢ throughout the mission time. Based on the definition

of tasks accomplishment times, for any ¢ € R, one can define the set of indices of

accomplished tasks up to time t as following
Irt)={ie Iy | 7; < t}. (6.4)

By abuse of notation, one can denote Zr(t) as the set of indices of initiated tasks up to

time ¢. Also, denote Z(t) as the set of indices of current tasks as following
Ir(t) = Zr(tO\Zr(t) = {i € Ir ; 7 <t < 73} (6.5)

Regarding the trajectories of targets, note that for any ¢ € Zy, the trajectory of i"
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target, y; : [, 73] — RY, is assumed to be a continuously differentiable function satisfying

geometric properties introduced in the sequel.

Assumption 11. (Global Geometric Condition) For any i € Iy and any T € [7;, 7,

one has y;(1) € M.

The global geometric condition ensures that once a target arrives in the mission
space, it will remain inside it. This property depends not only on trajectories of targets,
but also on the geometry of the mission space. For the particular case where mission
space is the d-dimensional Euclidean space, the global geometric condition is immediately

satisfied.
Assumption 12. (Local Geometric Condition) There exist non-negative scalars v, a,

such that for any i € Ir and any T € [7;,7;], one has

|Svi|| <5 sw flouts Dl < 2 (6.6)

s€(7,7:]

where «;(t,T) is the continuously differentiable function that for any T € [%;, 7;] and any

t € [1,7;] the following equality holds:

yi(t) = yi(7T) + %yi(T)(t —7)+ %Ozi(t, )t —7)2. (6.7)

If function y,(-) is twice continuously differentiable and there exist non-negative
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Figure 6.1: Uniform configuration of six vehicles around a target in two and three
dimensional space.

scalars v, a such that for any 7 € [7;, 7;] one has

1yl <on 1 wml<a (6.9
dtyZ 7— Py ) dtoZ 7_ i a? *

then it can be seen from Taylor’s theorem with mean-value form of the remainder [127],

that y;(t) satisfies Assumption 12.

Assumption 13. For any 7 € Rs¢ and i € Zr(7), the position and velocity vectors of

target i are given at the beginning of each time horizon, i.e. at time instant T in (6.7).

Remark 15. For any 7 € Rsg and i € Iy (1), using the Assumption 13, one can
estimate the positions of the target i for any future instant t € [1,7:] as y;(t) = yi(7) +

(t = 7)gi(7).

The vehicles collect some amount of reward by accomplishing each of the tasks.
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It is assumed that the amount of each of these collected rewards depends on the con-
figuration of the vehicles around the target and the time instant. In other words, the
vehicles collecting the reward of a target can collect larger fraction of that when their
configuration is closer to the uniform distribution over the sphere centered at the target
and with radius equal to the visiting radius (Figure 6.1). More precisely, for any m € Zr,
let fm @ X2 RY = [0,1] be a function such that for any z,...,2, € R’ The value
of fiu(21,...,%y) shows the proximity of distribution of the points zi, ..., z,, to uniform
distribution of m points on the unit sphere in R? and also, it becomes equal to one and
takes the maximum when the distribution of the points zy, ..., z,, be exactly as uniform
distribution of m points on the unit sphere in R?. Accordingly, for any i € Zr, one can
define the function £ for the fraction of reward collected at the i** task accomplishment
time as following

. 1 . .
fi(x(7i; %0, 1)) = jggl’f%:mifm(r—i(xj(ﬂ) = i) jes): (6.9)

where x(-; Xg, 1) is the solution of total system, starting from xy and applying the control
input u.

Now, one can define the mission as the procedure of controlling the vehicles for
cooperatively collecting the maximum possible rewards from the targets. Considering
the uncertainties and the limitations on information in the introduced paradigm, it is

desired to obtain a near-optimal reward collection cooperative control policy for mission
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accomplishment, which is discussed in subsequent sections.

6.2 An Optimization Overview

Let the total reward function, denoted by Ry, be a function like Ry, : R>g — R>o where
for any ¢ € Rsq, the Ry(t) accounts for the net reward available at the time ¢ and

defined as following

mZ(t>u) = Z Ripi(t)l[ﬁ,ﬂ)(t)' (6'10)

i€Tr
The dependency of the total reward function on u is through the (7;);cz, which itself
depends on trajectories of targets and also trajectories of vehicles that are subsequently
dependent on u. Considering the initial conditions and the uncertainties in the problem,
one should note that collecting all of the total rewad may not be feasible. To maximize

the total reward, one can define the total collected reward as a function of control u as

Roo (W) 1= Y Ripi(F:) fi(x (713 %0, 1)). (6.11)

i€l

where the function £(-) measures the closeness of the vehicles distribution to the uniform
distribution of m; points over a sphere centered at y;(7) with radius r;, for any i € Zr.
Equation (6.11) shows that the maximum reward collection problem can be formulated
as an optimization problem defined as max,cy Poo(u), where U denotes the set of ad-

missible control inputs for all the vehicles, i.e. 4 = X %u?na . Note that (7;);ez, not

JELy
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only depends on x and subsequently on u, but also on y(-). This dependency renders the
optimization problem intractable since the feasible set is infinite-dimensional and there
exists uncertainty in the problem. Therefore, it is preferred to obtain a less computa-
tionally demanding alternative to the introduced optimization problem, such as the time
decomposition based method of receding horizon scheme. Subsequently, it is essential
to design an alternative payoff function accounting for estimation of total reward and
also clustering strategy and uniform configuration in vicinity of the targets. The design
of relative receding horizon scheme, the payoff function and the respective appropriate

feasible sets are presented in the next section.

6.3 Cooperative Receding Horizon Scheme

In this section, a proper cooperative receding horizon (CRH) controller is developed
to generate the paths for the vehicles and obtain desired configurations. The controller
generates headings and step sizes for the vehicles iteratively. At each time instants,
{tetrex € R, the information relative to targets and the vehicles is updated and
also, an optimization problem is formulated with a payoff function which estimates
the collected reward by the end of mission and assesses deviation of clustering and
configuration of vehicles from proper ones. Finally, the desired control input at time
instant ¢, denoted by u* = (u;(tx));ez,, is provided from solution of the optimization

problem, for any k& € IC.
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6.3.1 Reward Prediction

Denote Hy as the planing horizon in k™ of CRH controller, i.e. Hy := t; 1 — ty, for any
k € K. Let the control input u* = (u;(tx)) ez, be applied to the vehicles, in the time
interval [ty,tr + Hy). Then, for any H € [0, Hy], it follows from dynamics of vehicles

that the positions of vehicles at the time ¢, + H are given by
X(tk + H) = X(tk) + u(tk)H. (6.12)

Also, from Remark 15 and the available information at time instant ¢;, one can estimated

the positions of targets at time ¢, + H, as following
. . d .

Remark 16. One might note that the error of the estimation given in (6.13) is bounded
by %H,f?z for each entry of y(tx+H). Hence, for desired estimation accuracy, it is enough
to set Hy small enough. More precisely, being %H,fﬁ comparatively smaller than Hypv, or

equivalently Hy, < 2va~*, one can disregard the estimation error term %H,f?z.

Let 7 € R>( be a time instant such that 7 > ¢;,,. Considering the uncertainties
in the trajectories of targets, and also the fact that the available information on them

is very limited, for any ¢ € Z7, one may model y;(7) as sum of y;(tx41), the position of
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targets ¢ at time ¢ 1, and a random vector, denoted by @ﬁ»k“ (1), with radially symmetric
distribution and values in %(0g4, (T —t;11)v). From properties of & (7), it follows that
E[&" ()] = 04. Based on this, one can best estimate y;(7) by vi(tes1).

For any ¢ € Z7 and j € Zy,, define the expected reaching time of vehicle j to target
i, denoted by 7;;(u”, t;), as the estimation of the time that vehicle j is expected to reach
the target ¢, assuming that the control inputs u* is applied at time t; for a planned
horizon Hj and, from the time instant ¢;., the vehicle j takes the responsibility of the

target ¢ and be assigned to it. From the given estimations, it follows that

(tk + Hk) — }%(tk + Hk)” — T

X.
Tij(uk,tk) = tk + Hk + H )
Vj

(6.14)

when ||x;(t; + Hy) — ¥i(tx + Hy)|| > 74, and otherwise 7;;(u*, t;.) = ¢ + Hy. Subsequently,
the vehicle j expects to collect the respective reward from the target i, estimated as

Ripi; (0¥, ;) where pi;(u”, t;) is defined as
pis (1) i= pilri; (0, ). (6.15)

This gives the reward prediction for a pair of vehicle and target. Reward prediction for

the whole team is discussed next.
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6.3.2 Clustering and Task Assignments

In each iteration of CRH controller, vehicles are expected to decide on their clusterings
and the task assignment strategies, based on the available information, and subsequently,
plan their paths. In order to characterize this decision-makings procedure, the notions

of clustering strategy and task assignment are discussed below.

Clustering Strategies

For any ¢ € Z7, the clustering strategy factor for the target ¢ is characterized as a real
scalar in [0, 1], denoted by ¢;, which reflects the level of responsibility of vehicles for
configuring a proper clustering around the target ¢ in order to collect its reward. Note
that at any point in time, each of the clustering strategy factors depends on the positions
of all the vehicles and targets. More precisely, for any i € Zr(t), the clustering strategy

¢; can be represented as a function of the following form:

it ML s MIETOL 5 10, 1]. (6.16)

Note that the vehicles should not accept responsibilities more than they can handle.

More specifically, for any k£ € K, one must have that

Z mici(x, y*) < m, (6.17)

€L (ty)
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where m; is the required number of vehicles for the cluster respective to target ¢, for
any i € Zr(ty), and x* y* are the positions of vehicles and positions of targets at t,

respectively. For convenience in the notations, denote cf as ¢;(x*,y*) and c* as the

vector (Cf)ieIT(tk)'

Task Assignments

Similar to the clustering strategy factors, for any ¢« € Zy and j € 7y, an assignment of
task ¢ to vehicle j is defined as a real scalar in [0, 1], denoted by a;; which shows the
amount of interest of vehicle j in being task ¢ assigned to it and depends on the positions
of vehicles and the positions of targets. Specifically, for any ¢ € Z7(t), the assignment

a;; is the following function:

ag; : M s MIETOE [0, 1]., (6.18)

Various methods such as Voronoi-based assignment policy [134] and competition-based
assignment [108] can be exploited to design the assignment functions. The assignments
are required to have some desired structures. First, each of the vehicles is expected to
consider all of the current tasks and also, the option of being assigned to none of the

tasks. Subsequently, the sum of task assignments for each vehicle must be less than or
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equal one, i.e.

S ayxhyt) <1, Ve, (6.19)

€Ty (t)
where the sum is zero if Zr(t;) = (. Also, the vehicles are expected to adapt their
assignments to each of the targets in accordance to the responsibility accepted for the
target and also, the required number of vehicles to collect its reward. More precisely,
the assignments and the clustering strategy factor are required to satisfy the following
identity:

37 au(xb,yh) = mic(xh, ¥, Vi€ Ir(ty). (6.20)

JELy
For convenience of notation, a;;(x*, y"*) and the matrix A (x*, y*) having a;;(x", y*)

as its entry at ¢"" row and 7" column, for any i € Zr(t;) and j € Zy,, are shown by afj

and A*.

6.3.3 Potential Function

Here, the design of potential function for the optimization problem in the receding
horizon scheme is introduced. The potential function consists of two main parts, one for
the maximum total reward expected to be collected by the end of mission, and one for

proper configurations of vehicles.
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Total Expected Reward

Let i € Zr and j € 7y, and also the control inputs u* be applied at time ¢, for a planned
horizon Hj. Similar to discussion given in section 6.3.1, one can estimate the a;;(x(7;
(u*, 1)),y (7:;(u*, t))) by aij(x(txs1), ¥ (trt1)). Define the function a;;(u*,t;) as follow-
ing:

Qi (0", 1) = ai; (x (75 (0*, 1)), ¥ (73; (0", 1)) (6.21)

Define :3%! as the maximum total reward which the vehicles expects at time
tr+1 to collect by the end of the mission. Considering the equations (6.15), (6.21), the

assignments and the clustering strategy factors, one can estimate R¥*! as

A ~ ~ ~
mk’-ﬁ-l k _ :7' s C(1F .. k
(u®, tx) E E miCZ(u ) pig (0 ) ag; (0, ty), (6.22)
JELy €Lt (tk)

where ¢;(u” t;) is defined similar to p;;(u” ¢;) and a;;(u® t;), i.e.

Gi(u*, t) = G(x(7 (u*, 1)), ¥ (7 (0", 1)) (6.23)
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Proper Configurations

The main objective, when the vehicles are distant from their intended targets, is the

interception, and when they are in the vicinity of them, is to obtain the proper config-

uration. Therefore, we define the mollifier distance function, denoted by ¢, as

22
e =2 if x| < 1,

0, if |z| > 1,

and the smooth step function, denoted by ), as

where the function y is defined as following

1 .
e =, ifx>0,

0, if x <0.

(6.24)

(6.25)

(6.26)

These functions are shown in Figure 6.2. Note that the functions ¢, 1) and y are non-

analytic infinite-time differentiable functions. Based on these functions, for any i € Zr
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Figure 6.2: The mollifier and smooth step function.

and d,, € R.g, one can define the function ¢; : R — R as

6,8, = o=y (6.27)

The value of ¢;(x, 0,,) is always non-negative and non-zero only if ||y; — || € (r; —0,,ri+
dr;). Similarly to ¢;, the function v; can be defined, for any ¢ € Z7 and J,, € R, as

following

bi(x,6,) =1 — @z)(%). (6.28)

Note that for any x € R?, one has v;(x, d,) € [0, 1], and also, 9;(x,d,) = 0 if and only if

lyi — || > r; + 0., and ¢;(x,0,,) = 1 if and only if ||y; — z| < r;.
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For any 7 € Zr, let 0; be a function defined as

0,(x) = (L4 (x — vl —m)?) .

It can be easily verified that 9; takes its maximum value only if ||x — y;|| = r;, i.e. when
x has the desired distance from y;. A proper potential function can be obtained in order
to force the vehicles to take the desired distances from the targets during the reward
collection. Consider the function 0; as 0;(u”, ;) = 0;(x} + Hyu®), where u* is the control
inputs applied at time ¢, for a planned horizon Hjy. The desired potential function is

defined as

D) = Y0 (b ) (0 )0 (0 )by (0 ), (6.29)
i€Lr(ty) JELY
where 1 is defined as @Eij (uk, ty) = @DZ(X;“ + Hkuf, d,,) for a given 4,, € Ry.

The vehicles, besides taking the desired distances from their intended targets, are
supposed to configure so as to have an almost uniform distribution over the sphere cen-
tred at respective the intended targets. Note that the distribution of a set of points on a
sphere is uniform distribution when the sum of their mutual distances is maximum. One
can obtain an appropriate potential function forcing the vehicles for the configurations

having the uniform distribution. Given that the control inputs u* are applied at time ¢,
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for a planned horizon Hj, one can define the proper potential function as following

S 1) Z Z &(0f ) gy (uP by ) ag (0, tk)@](u tk)@l(u tr)
i€ (ty) J,1ETy (6.30)

5 =+ Hip (uf =)

where q;ij and ¢; are defined as @-j(uk,tk) gbl(x + Hku ,0r,) and aSZl(u tr) = ¢i(xF +

Hyuf, §,.), respectively, for a given §,. € Ry.

Clustering Imperfection

The vehicles are allowed to collect the reward of a target only if the respective cluster has
the required number of vehicles, i.e. the respective cluster is perfect. Hence, the vehicles
are supposed to establish only perfect clusters. To this end, one can define a potential
function, as a cost for imperfect clustering, which considers the imperfection in each
of the established clusters and the grade of responsibility accepted for their respective

targets. Accordingly, one can define the imperfection cost function as

I ) = ) Eub ) ( =) ay(uh ) (6.31)

€L (tr) JELy

where ¢; and a;; are defined as before and also, it is assumed that the control inputs u”

are applied at time ¢, for a planned horizon Hj.
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6.3.4 Cooperative Receding Horizon Trajectory Construction

The receding horizon scheme controller provides the inputs by solving an optimization
problem in each iteration. The formulation of this optimization problem is discussed
below.

Considering the potential functions introduced, one can define the payoff function

as

TR ) = w0 1) @5 (0F 1) Fwpd T (0 1) — w3 (uk ), (6:32)

where wy, we, wg and wy are the non-negative real-valued weights for the respective
terms. In addition, HufH < Umax, for any j € Iy, i.e. u* belongs to the set of admissible

control inputs denoted by U* and defined as

U = {ll - (U-j)jer VRS Rdﬂ ||UJH < Umax, VJ € IV}' (633)

Besides these explicit constraints, there are other implicit constraints imposed on u*

through A and €&, where A is defined as

k ~k (k
A(u*, t) = (ag;(u ’tk))ielﬁtk),jelv’ (6.34)

156



and ¢ is defined as

e(u’,t) = (& (0", 1)),y e (6.35)

Specifically, if one defines the set .#* as

F* = {(A,c) € 0,17 [0, 15700 ALz, = 1z, ATy = m*}, (6:36)
where mF is defined as (mi)iezﬂtk), then it is supposed to have
(A(F 1), e(ub 1)) € F*. (6.37)

Note that the implicit dependency of A and € on u* is through the optimization problem.

From the given discussion, the k™ iteration in CRH scheme, Py, can be written as

/

max JTL(uk )
Py : st. uf ey, (6.38)

(A(uk, tr),c(uf, &) € F*.

The control input u* is obtained by solving the optimization Py, given in (6.38).
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6.3.5 Analysis of CRH Scheme

The trajectories of vehicles are constructed iteratively from the solutions of (6.38).

Hence, the behavior of the system depends on the optimization problem presented in

(6.38).

Definition 13. The trajectory x(t) is called a stationary trajectory if for all i € Iy, the

1™ target hitting time or 1™ task completion time s finite, i.e. one has 7; < co.

Regarding the behavior of the system, the stationarity of vehicle’s trajectory can

be guaranteed under some assumptions and conditions given in the sequel.

Assumption 14. There exists positive real scalars d,, such that for any t € Ry and

any distinct 1,1 € Iy, one has

[yi(t) = yar (O > ri + 710 + 0 + 6y, - (6.39)

Proposition 1. Let Assumption 14 hold, v < um.x and positive real scalars wy, wop, W
and 6,,, for any iZr, be given. Then, there exist wy € Ry such that for any wy < ws,
one can obtain K € N and {Hy}& | where the trajectories of vehicles constructed by the

resulting CRH scheme are stationary.

158



6.4 Simulation Results

In this section, the performance of the proposed method is investigated through a sim-
ulation study. The simulation scenario involves eight vehicles and a set of four targets
arriving sequentially in the mission space which is a closed convex set in a flat plane
M = [-200,200] x [—200,200]. The initial position of the vehicles and targets are
produced randomly with uniform distribution. The arrival time of the targets is also
assumed to be a random variable with exponential distribution and the rate parame-
ter A = 1. Targets have a priori unknown trajectories with the maximum velocity of
v = 15m/s and the maximum velocity of vehicles is uy.x = 30m/s. For generality, the
targets’ trajectories are chosen randomly. Initially, along with the vehicles, two targets
are also present in the mission space, and the remaining two targets arrive sequentially
at {fi}}_3 = {1.24,2.62}. The number of vehicles needed to cluster around each target
is {m;}}_, = {5,4,5,4}. The vehicles should both maintain a distance of {r;}}_, = 30
from the targets with 9, = 1.5 and try to surround it uniformly i.e. the distance between
each two neighbour vehicles in the cluster should be the same. The weights of the payoff
function (6.32) are set to wy = wp = l,wz = 10,w; = 5000 and the finally reward
function of all of the targets are the same and in the form of (6.3) with initial reward

{®; = 100}1_, and deadline of {t} 4, =50.
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Figure 6.3: The result of cooperative recoding horizon maximum award collecting prob-
lem solved for eight vehicles marked by % and four targets. The first and second target,
depicted by % and B, are appeared in the mission space from the start. The third and
fourth targets, represented by B, arrived subsequently

Figure 6.3 shows snap shots of different stages of solving the maximum reward col-
lecting problem. Only the critical decision making act of the vehicles are demonstrated
in this figure. Part (a) shows the initial state of the targets and vehicles in the mission
space. The transition between part (a) and (b) of this figure demonstrates the effect of
351 with such a high wy coefficient in the payoff function which led to ¢, = 0,& = 1.
This happened because with the available number of vehicles at that moment, either
the first or the second target could be visited and in that state of the mission space, the
second target offered more reward because it was closer. After visiting the second target
the vehicles aimed to the first target in part (c), however, target number three appeared

in the mission space and the vehicles changed their behaviour and first surrounded target
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three. This flexibility in selecting a cluster to join and a target to visit happens again
when the fourth target arrived in the mission space in part (e) and the vehicles abandon
the first target again and visit the fourth target. As one can see, in the first target is the
last one to be visited and this can be explained by the fact that rewards are decreasing

in time and the vehicles are insufficient to intercept two targets.
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Chapter 7

Summary and Extensions

This chapter provides a brief summary of the contributions of the thesis in Section 7.1,
and then some suggestions for future research direction in this area are given in Sec-

tion 7.2.

7.1 Summary of Contributions

In this thesis, a cooperative receding horizon scheme is developed, which uses a time
decomposition approach to design a controller for the multi-target interception problem
in an uncertain environment where each of the targets arrive in the mission space se-
quentially at a priori unknown arrival times, in a priori unknown positions and moving
on a priori unknown trajectories.

In Chapter 2 of the thesis, a time decreasing reward was assigned with each target
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which can be collected only if the target is visited by at least one vehicle. The team
objective is to maximize the total collected rewards. At each iteration, the vehicles
encounter multiple targets, some of which could be new in the mission space. Each target
has an a priori unknown trajectory with a bounded velocity. As the targets arrive in
the mission space sequentially, vehicles aim at visiting them in minimum time to avoid
a burst of unvisited target population and at the same time to have a stationary state.
Accordingly, a cooperative receding horizon controller is designed to collect maximum
possible rewards, and hence, to track moving targets with a priori unknown dynamics
using a team of vehicles by maximizing the expectation of total collectible rewards.

In the Chapter 3, the paradigm introduced above is extended to a receding-horizon-
based dynamic decision-making controller for control of a single vehicle toward intercept-
ing a group of infinite number of targets which were arrive in the mission space sequen-
tially in a priori unknown locations. They then move with unspecified trajectories and
unknown dynamics. The arrival times of the targets are modeled stochastically by a
renewal process. Convergence analysis is provided, and simulations results are given for
different scenarios, e.g., frequent and infrequent target arrivals.

Then, the cooperative receding horizon controller designed in the first part is ex-
tended in Chapter 4 to the case where vehicles have limited ranges for sensing the targets,
and also limited ranges for communication. This is accomplished using a game-theoretic

approach. In this method, a utility function is designed for each vehicle, which depends
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on the rewards as well as the vehicles’ constraints. The resulting structure forms a
potential game, where the the total collectible reward is the potential function. Using
appropriate learning dynamics, vehicles decide upon their strategies and move in proper
directions accordingly.

In Chapter 5, using some important concepts from optimal control theory, the
reward assignment strategy is extended to double-integrator vehicles. At each iteration,
a time optimal control problem is considered for each pair of vehicles and targets, and
then solved by Pontryagin’s maximum principle. Using the solution of these optimal
control problems, an estimation of the total collectible reward is obtained and introduced
as the payoff function for reward maximization. It is shown that control inputs obtained
from the solution of the resulting optimization problems generate stationary trajectories.

In Chapter 6, the cooperative receding horizon scheme introduced in Chapter 2 is
extended to case where agents are dynamically clustered and assigned to the targets to
collect rewards. The introduced payoff functions account for the estimation of maximum
total reward expected to be collected by the end of mission, the clustering and assignment
strategies, uniform configurations of agents in the vicinity of the targets, and finally, how

imperfect the cluster are.
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7.2 Suggestions for Future Work

It would be interesting to consider one or more defenders which defend the targets
by attacking the vehicles. This would extend the problem investigated in this thesis
to the pursuit-evasion framework, where the vehicles need to account for the risk of
being hit by the defenders in their decision-making process. As another extension to
the problem investigated in this thesis, one can consider a zone that the targets aim to
enter and the vehicles are to protect by attacking the targets approaching it. In some
applications, the targets can only be visited in certain time intervals due to different
constraints such as limited availability of targets or time-sensitivity of visiting targets.
Considering a specific time window for each target during which the vehicles are allowed
would also be an important extension of the present problem statement. Moreover, in a
practical setting, there are some limitations in terms of energy consumption of vehicles,
there communication and sensing ranges, memory size, computational capability. Some
of such limitations, can be addressed using a distributed decision-making strategy. In
addition, sometimes different targets may not have the same level of importance. Also
sometimes the targets may become more important when they are in certain regions in
the mission space. Prioritizing different targets or regions in the mission space can be
formulated by using appropriate weighting functions, which can be time-dependent in

the most general case.
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It would also be important to investigate the case where the locations of the tar-
gets are not known. This type of problem arises, for example, in search and rescue
operations. In an adversarial environment, one the other hand, it may not be possi-
ble to guarantee the elimination of the targets. One can use a probabilistic framework
to formulate this type of scenario, by considering a probability of success during the
vehicle-target engagement. Moreover, in an uncertain environment and also in the case
where the communications and sensing signals are prone to noise, it would be of practi-
cal importance to consider the problems such as false alarms, soft attacks and jamming.
In all of the problems discussed above, a receding horizon approach similar to the one

proposed in this thesis can be most effective.
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