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Abstract

Orthogonal polynomials, equilibrium measures and quadrature domains

associated with random matrix models

Ferenc Balogh
Concordia University, 2010

Motivated by asymptotic questions related to the spectral theory of complex ran-
dom matrices, this work focuses on the asymptotic analysis of orthogonal polynomials
with respect to quasi-harmonic potentials in the complex plane. The ultimate goal
is to develop new techniques to obtain strong asymptotics (asymptotic expansions
valid uniformly on compact subsets) for planar orthogonal polynomials and use these
results to understand the limiting behavior of spectral statistics of matrix models
as their size goes to infinity. For orthogonal polynomials on the real line the pow-
erful Riemann-Hilbert approach is the main analytic tool to derive asymptotics for
the eigenvalue correlations in Hermitian matrix models. As yet, no such method is
available to obtain asymptotic information about planar orthogonal polynomials, but
some steps in this direction have been taken.

The results of this thesis concern the connection between the asymptotic behavior
of orthogonal polynomials and the corresponding equilibrium measure. It is conjec-
tured that this connection is established via a quadrature identity: under certain
conditions the weak-star limit of the normalized zero counting measure of the orthog-
onal polynomials is a quadrature measure for the support of the equilibrium measure
of the corresponding two-dimensional electrostatic variational problem of the under-
lying potential.

Several results are presented on equilibrium measures, quadrature domains, or-

iii



thogonal polynomials and their relation to matrix models. In particular, complete
strong asymptotics are obtained for the simplest nontrivial quasi-harmonic potential
by a contour integral reduction method and the Riemann-Hilbert approach, which

confirms the above conjecture for this special case.
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Chapter 1

Introduction

1.1 Random matrix models

A random matriz is a real or complex matrix whose entries are random variables

corresponding to a probability distribution described in one of the following ways:
(a) The joint probability distribution of the individual entries is given.

(b) A probability density is given in terms of matrix invariants (typically, for n x n
matrices, powers of traces or coefficients of the characteristic polynomial) with

respect to a reference measure on a subset of C™**".

Random matrices were studied independently by Wishart [102] in the 1920’s and by
Wigner [99, 100, 101] in the 1950’s from completely different points of view. Motivated
by questions in multivariate statistics, Wishart considered empirical p x p covariance

matrices of the form

S=X'X (1.1)

where X is an n x p sample matrix whose rows are independent p-dimensional vector-

valued Gaussian random variables and n is the sample size. Wigner investigated the



eigenvalues of random sign symmetric matrices whose diagonal elements are 0 and
the non-diagonal elements have the same absolute value |v| > 0 and random signs
(respecting the symmetry).

This and subsequent works of Wigner were motivated by the statistical analysis of
energy levels of large atomic nucleii, where precise quantum many-body calculations
were unfeasible and a statistical analysis of spectral properties was more realistic
phenomenologically. His idea was to model the unknown quantum Hamiltonian by
a large n x n Hermitian matrix whose probability distribution is invariant under a
change of coordinates, i.e., conjugations by n x n unitary matrices. The simplest
such model is the Gaussian Unitary Ensemble for which the underlying probability

measure can be characterized in two equivalent ways:

(a) The entries of the random n x n Hermitian matrix

T11 Tz + 112 -0 Tin + Win
T12 — Y12 T22 coo Ton t+ Won
M= , (1.2)
L Tin — 2.yln Top — iy2n Tt Inn )

are given in terms of the real coordinates

{xkl}kgl y {ykz}k<l (1-3)

that form an n?-dimensional random Gaussian vector variable

[T11,-- ., Tnn, 12, X135 - - -, Tno1n, Y12, Y13, - - -, Yn—1n)] (1.4)



with zero mean and covariance matrix X:

1 0

[T
o

0

1
L 2

In other words, the entries are independent Gaussian variables with zero mean
and variance specified by ¥, i.e. the diagonal elements xxx have variance 1 and

the off-diagonal elements zx;, i (k < l) have variance %

(b) The probability measure given on the linear space ‘H,, of n xn Hermitian matrices

by

1 1
du(M) = 7 eXP (—iTr(M2)> dM (1.6)
where dM is the Lebesgue measure on H,
dM = [ [ dz [ [ dznadyn, (1.7)
k=1 k<l

and Z, is the normalization constant (or partition function)
1
Z. = / exp (—éTr(Mz)) M . (1.8)

The Gaussian Unitary Ensemble and the closely related Gaussian Orthogonal and
Symplectic Ensembles were studied extensively by researchers froni both the math-
ematical and the theoretical physics communities: the pioneering works of Dyson
[36, 33, 34, 35], Gaudin and Mehta (71, 70] were of essential importance in the devel-
opment of the subject.

As a straightforward generalization of the Gaussian Unitary Ensemble they also

considered unitary invariant probability densities on the space of Hermitian matrices



of the special form

Zi exp (~Tr(V(M)))dM |, (1.9)

n

in terms of a potential function V that has suitable regularity and growth properties
(see 2.1). Since the eigenvalues of a Hermitian matrix are real, the corresponding
eigenvalue distributions are supported on the real line. The invariance under uni-
tary transformations implies that that the essential information is encoded into the
eigenvalues: written in terms of a suitable radial-angular coordiﬁate system on H,
corresponding to the group action of U(n), the probability density is independent
of the angular U(n) part which is therefore integrated out. The Jacobian of this
coordinate change is a expressible in terms of the Vandermonde matrix evaluated
on the eigenvalues and therefore the eigenvalue statistics are expressible in terms of
orthogonal polynomials with respect to the measure e~V (®dz (see 3.6). This allows
the asymptotic questions on random matrix observables to be rephrased (and solved)
in terms of orthogonal polynomials.

In recent years there has been an explosion of new results in this area; in particular,
the introduction of methods originating in the theory of integrable systems has proven
to be extremely fruitful and gave an insight into several phenomena characteristic to
such random matrix models. Research activity on large n asymptotics of unitarily
invariant random matrix models has largely been concentrated around the following

main topics:

e global asymptotic behavior of the eigenvalues related to a variational problem

and an associated “spectral curve” [58, 26,

e “universality” in the local limiting eigenvalue correlations in the bulk and the

edge of the spectrum [2§],

e fluctuations in linear statistics of the eigenvalues [58],



e gap probabilities and fluctuations of the largest eigenvalue [94],
e scaling limits at critical points [19].

In the meantime, the theory of random matrices has found a vast array of appli-
cations and several connections have been made linking it to diverse fields of mathe-

matics and physics such as:
e combinatorial enumeration of maps into Riemann surfaces {106],

intersection theory on moduli spaces [62],

L-functions and related topics in number theory [60],

random tilings, random words, random permutations [59, §]

solid state physics [44],

e two-dimensional topological gravity theories [32]

and numerous other fields.

It is also possible to consider pairs or chains of Hermitian random matrices of the
above form coupled together, forming stochastically dependent matrix systems. This
approach gives rise to certain types of two-matrix (Itzykson-Zuber coupling [57] or
Cauchy coupling[17]) and, more generally, multi-matrix models [40, 41].

Ginibre [43] considered an analogue of the GUE model for complex non-selfadjoint
matrices with a Gaussian density. A natural generalization of this matrix model is
provided by random normal matriz models [21] (see Section 2.2). A completely new
feature of these models is that the eigenvalues are not constrained to the real axis.
These matrix ensembles are relevant in modeling two-dimensional physical phenomena
including two-dimensional Coulomb plasmas, noninteracting fermions and electrons

in a magnetic field [104].



Similarly to the Hermitian case, the spectral statistics of normal matrix distribu-
tions can be expressed in terms of the corresponding orthogonal polynomials. How-
ever, these polynomials are orthogonal with respect to a measure that is absolutely
continuous with respect to the area measure of the plane and there is no similarly
general and effective method to extract asymptotic information regarding such poly-
nomials. Therefore, apart from exactly solvable special cases, it is considerably harder

to obtain detailed spectral asymptotics for normal matrix ensembles.

1.2 Asymptotic analysis of orthogonal polynomials

For any positive measure p in the complex plane for which the monomials 2™ are
square integrable with respect to u and form a linearly independent system (i.e., u is
not a finite linear combination of point masses) the Gram-Schmidt orthogonalization
algorithm produces orthonormal polynomials with respect to pu. These polynomials
are unique up to a phase factor. The monic orthogonal polynomials obtained from nor-
malizing the orthonormal polynomials are characterized by a minimimization problem
for the L?(u)-norm.

The well-known classical orthogonal polynomials (Hermite, Laguerre, Jacobi, Leg-
endre, Chebyshev and a few others) corresponding to special orthogonality weights
on the real line appear in several applications in mathematics and physics. These
polynomials are regarded as special functions since each of them satisfies a second
order linear differential equation, can be calculated in terms of a generating function
and has an integral representation in the complex plane. Therefore, standard complex
analysis techniques may be applied to the available representations and the asymp-
totic behavior of these polynomials can be obtained as the degree tends to infinity

2, 91].



For general orthogonality measures on the real line, such representations are not
available. However, the symmetry of the scalar product on R has strong algebraic
consequences such as the three-term recurrence relation, the Christoffel-Darbouz tele-
scopic identities and the interlacing properties of the zeroes of consecutive orthogonal
polynomials [91]. Since there is no general integral representation for these polyno-
mials, a standard steepest descent method [1] is not applicable to the study of their
detailed asymptotics.

Fortunately, there is a non-local analogue of the contour integral formalism based
on Riemann-Hilbert factorization problems for matrix-valued analytic functions; the
orthogonal polynomials are characterized by a 2 x 2 matrix Riemann-Hilbert problem
discovered by Fokas, Its and Kitaev in the 90’s [55]. This factorization problem may
be analysed using the nonlinear steepest descent method developed by Deift and Zhou
[29] of which the standard linear steepest descent approach is just a special case, as
shown in [15]. This gives asymptotic information about the polynomials in every
region of the complex plane with error bounds that are uniform on compact subsets.
For applications to random matrix models the resulting asymptotic expansions are
sufficient to obtain the limiting behavior of the eigenvalue correlation functions and
prove universality results [30, 28]. The Deift-Zhou nonlinear steepest descent method
has proven to be a very powerful and versatile tool for solving several other problems
that have a representation in terms of a Riemann-Hilbert factorization, many of which
originate in the area of integrable systems [30].

Apart from orthogonal polynomials on the unit circle [86, 87] where the relation
Z = 1/z implies a somewhat similar algebraic framework, the asymptotic properties
of orthogonal polynomials with respect to general measures in C are much less un-
derstood (and studied). There are results on upper and lower bounds and on limit

points of the normalized counting measures of the zeroes for a fairly general class of



orthogonal polynomials, mostly based on potential theory and on the L2-optimality
of the orthogonal polynomials [88, 81]. For some special types of planar orthogonal
polynomials (such as Szeg6 polynomials [91], orthogonal with respect to a weight
along a curve, or Bergman polynomials [90], orthogonal with respect to the area mea-
sure on a planar domain) there are fairly general asymptotic results based on various
specific methods.

In a recent work Its and Takhtajan [56] formulated a 2 x 2 matrix-valued d-bar
‘problem that, similarly to the Fokas-Its-Kitaev Riemann-Hilbert problem, character-
izes the orthogonal polynomials for a fairly general class of weights with respect to
area measure in the complex plane. However, the analogue of the nonlinear steepest
descent method is not developed as yet for this inherently non-local problem. The
spectral asymptotics of normal matrix models are one of the most important motivat-
ing problems in the development of new techniques; new asymptotic results, at least
as strong as the ones provided by the Riemann-Hilbert approach for weights on the
real line, are needed to get a better understanding of the local behavior of eigenvalues
in normal matrix ensembles.

Parallel to the L2-theory of orthogonality, there are many problems that lead
to non-Hermitian orthogonal polynomials for weights along contours in the complex
plane. For that setting, the orthogonality is not with respect to a Hermitian inner
product, i.e., there is no complex conjugation in the orthogonality relations. This has
several disadvantages: for instance, the existence of a monic polynomial of degree n is
not guaranteed automatically, and depends on the non-singularity of a moment matrix
determinant. On the other hand, the clear advantage is that some of the algebraic
features of the orthogonal polynomials are preserved, including the Riemann-Hilbert
characterization. One of the main results of the present thesis relies on the fact that

the linear system of L2-orthogonality relations for the orthogonal polynomials can be



reduced to a system of non-Hermitian orthogonality relations along certain contours
of the complex plane in the special case considered and therefore the Riemann-Hilbert

approach may be applied.

1.3 Electrostatic variational problems on the real line and in

the complex plane

It is a well-known fact [30] that the asymptotic distribution of the eigenvalues of
large Hermitian matrices from the Gaussian unitary ensemble is given by the Wigner
semicircle distribution [99, 101]. It is also known that this limiting measure is the
unique solution of an electrostatic variational problem for logarithmic potentials in the
presence of an external field generated by a quadratic potential [81]. For Hermitian
matrix models it is true under very general assumptions that the global asymptotic
behavior of the eigenvalues is governed by the solution of the same energy problem
with respect to the external field that is given by the potential function V (z). This is
a consequence of the fact that the joint probability density of the eigenvalues of such
random matrices may be viewed as the Boltzmann weight of a particle system with
pairwise logarithmic (planar Coulomb) interaction confined to the real line in the
presence of an external field generated by the same potential function. The equilib-
rium measure of the corresponding electrostatic variational problem [81] is essential
in understanding the asymptotics of the eigenvalue distributions as the matrix size
goes to infinity in a certain scaling limit: for instance, the expectation value of the
(random) normalized counting measure of the eigenvalues converges to the equilib-
rium measure in the weak-star sense. Also, in the large n asymptotic expansion of
the partition function Z, the leading term is given by the minimum energy attained

by the equilibrium measure [58. 30].



Since the n-th monic orthogonal polynomial for the weight e~V gives the aver-
aged characteristic polynomial of the corresponding n x n matrix model (see 3.39),
it is not surprising that the expected value of the normalized counting measure of
the zeroes of the orthogonal polynomials converges to the same equilibrium mea-
sure [58, 30]. As a consequence of the Riemann-Hilbert analysis it is easy to show
that the nth root of the monic orthogonal polynomial behaves essentially like the
exponentiated (complex) logarithmic potential of the equilibrium measure.

The natural setting for the logarifhmic variational problem with external field is
actually the complex plane, since the logarithmic kernel is associated to the Laplace
operator in two dimensions. The existence and uniqueness of the equilibrium measure
is guaranteed under very mild assumptions of the underlying potential function [81]
and one may regard equilibrium measures on the real line as charge distributions

confined to the ‘wire’ R.

1.4 Moving boundary problems and normal matrix models

In recent works [72, 3, 64, 92], Wiegmann, Zabrodin et al. considered random nor-
mal matrix models in connection with a certain two-dimensional moving boundary
problem called Laplacian growth. The term ‘Laplacian growth’ or 'growth by har-
monic measure’ refers to an idealized mathematical setup to study the dynarhics of
a moving boundary curve in the plane satisfying the condition that the normal ve-
locity of the boundary is proportional to the gradient of the Green’s function of the
unbounded exterior domain. There are several physical problems that are associated

to the Laplacian growth model, such as
e viscous flows in a Hele-Shaw cell in a zero surface tension limit [48],
e diffusion limited aggregation (DLA) in the plane [103],

10



e semiclassical electronic droplets associated to the Quantum Hall Effect {3] .

(See [48, 52] for a more complete account on the variety of applications.)

A heuristic description of the growth can be given as follows: if D(¢) denotes the
growing domain at time t, the width of the infinitesimal layer D(t + At) \ D(t) that
is added in the course of the evolution is proportional to the harmonic measure of the
domain D(t). (The harmonic measure is the measure supported on the boundary
dD(t) whose density with respect to the arclength measure is given by the normal
derivative of the Green’s function on 9D(t).)

This law of motion has certain consequences:

e Even for non-singular analytic initial data, the solution may develop cusp-type
singularities in finite time preventing the continuation of the solution [48] (see

Fig. 1.1).

e There is an infinite number of conserved quantities (the exterior harmonic mo-
ments) [79, 97}. This brings in the tools of integrable systems: the evolution can
be associated to the dispersionless limit of the two-dimensional Toda hierarchy of
integrable equations realized on the infinite dimensional ‘manifold’ of conformal

mappings [98].

e The classes of polynomial, rational and logarithmic exterior conformal mappings
are all invariant under the flow on the space of conformal mappings associated

to Laplacian grbwth [49].

Laplacian growth appears naturally in the context of random normal matrix mod-
els, in the following way. Consider the unitary invariant probability measure on the set
of n x n complex normal matrices corresponding to a quasi-harmonic potential V (z).

The equilibrium measure of a quasi-harmonic potential is given by the area measure
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restricted to a compact set D. Therefore the one-parameter family of potentials

1
tl—>¥V(z) t>0

gives rise to a one-parameter family of equilibrium
supports D;, where the area grows linearly in . It can
be shown [104] that, under certain regularity assump-
tions, the exterior harmonic moments are conserved
and the moving boundary 8D, undergoes Laplacian
growth. Since the average density of the eigenval-
ues converges to the equilibrium measure in a certain
semiclassical limit [50] as the matrix size n goes to in-
finity, the finite n (deterministic) averaged eigenvalue
density provides a smooth approximation to the do-

main, or more precisely, to the characteristic function

(1.10)

Figure 1.1 Cusp formation for

Laplacian growth in a special case

of D;. This means that the evolution of the one-parameter family of eigenvalue den-

sities, referred to as quantum Hele-Shaw flow [50], provides a smooth approximation

to the increasing family of evolving domains D;.

Since the averaged eigenvalue density is expressible in terms of a Christoffel-

Darboux-type kernel associated to the orthogonal polynomials with respect to the

potential V' [37], the study of asymptotic properties of such approximating flows

relies on the analysis of the limiting behavior of the underlying orthogonal polynomi-

als. This has motivated many results on the asymptotics of the Christoffel-Darboux

reproducing kernels and orthogonal polynomials {50, 6, 7, 38, 37, 39, 56].
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1.5 Schwarz functions and quadrature domains

The Schwarz reflection principle in complex analysis says that if a function f is holo-
morphic in a domain D in the upper half-plane whose boundary contains a segment
L of the real line and f has a continuous real boundary value there then f admits
an analytic continuation to the domain D U L U D where D is the reflected domain
in the lower half-plane [80]. This theorem and its generalization involving circular
arcs and inversions in circles is very useful in constructing special conformal map-
pings, referred to as Schwarz-Christoffel mappings, uniformizing polygonal domains
and domains bounded by circular arcs [75]. This principle relies on the fact that
reflections and inversions both provide a globally defined (except the isolated pole
for the inversion) anti-conformal involution that leaves the line or circle of reflection
fixed and establishes an involutive map that exchanges the two domains separated by
the curve.

This construction can be generalized to arbitrary non-singular analytic arcs and
Jordan curves, but only in a local sense: it can be shown that for such a curve L there
exists an anti-conformal reflection ¢ in a neighborhood of L that leaves the curve fixed
and exchanges the two sides of the curve in sufficiently small neighborhoods around
the points of L [25, 85]. The conjugate function of this anti-conformal reflection
S = p is called the Schwarz function: it is analytic in a neighborhood of L and
satisfies S(z) = z [25, 85].

The Schwarz function plays an important role in inverse balayage problems for
planar domains in potential theory. This involves finding harmonic continuations
of the logarithmic potential of a planar domain to the interior of the domain [46].
Motivated by inverse problems in electrostatics and geophsyics [51, 105}, the main

question is to what extent is it possible to continue the logarithmic potential (also
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referred to as electrostatic or gravitational potential [85, 97]) through the boundary
inwards without hitting singularities that prevent proceeding any further. The com-
plex gradient field of the potential can be expressed in terms of the Schwarz function
of the boundary [85] and therefore the singularity structure of the Schwarz function
indicates the nature and location of the singularities that the logarithmic potential
may have inside the domain [84].

The inverse problem described above is closely related

to quadrature domains {25, 85, 83, 47]. A domain is said to
satisfy a quadrature identity for the area integral if there
exist a finite number of points in the domain such that o]

the area integral, as a linear functional on the space of

integrable analytic functions, can be written equivalently

as a linear combination of point evaluations (possibly in-
cluding evaluations of derivatives of arbitrary orders also). Figure 1.2: A symmetric two-
The simplest such domain is a disk in the complex plane: point quadrature domain

by Cauchy’s theorem, the integral of any holomorphic

function with respect to the area measure on the disk divided by the area is equal to
the value of the integrand at the center of the disk. A classical quadrature domain
is characterized by the property that the Schwarz function of its boundary admits a
meromorphic continuation to the interior of the domain [25]. Alldwing general mea-
sures in the quadrature identity representing the area integral leads to generalized
quadrature domains [83]. For instance, any ellipse is a generalized quadrature do-
main with a Wigner semicircle-type measure supported along the focal segment of
the ellipse [25).

There is an associated forward problem associated to the inverse balayage prob-

lem: given a compactly supported positive measure in the plane, an equivalent pla-
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nar domain is to be found that generates the logarithmic potential, with respect to
the standard area measure, as the prescribed measure. In other words, in the for-
ward problem quadrature domains are to be constructed corresponding to a given
fixed measure. The potential theoretic background of the questions on existence and
uniqueness in the forward balayage problem makes it necessary to extend the notion
of quadrature domains involving larger classes of test functions, leading to the notion
of harmonic and subharmonic quadrature domains [83].

The relevance of the Schwarz function to normal matrix models is that, given
the quasi-harmonic potential associated to the matrix model, the determination of
the support of the equilibrium measure uses Schwarz function techniques to find the
conformal mapping that describes the boundary of the support [63].

Also, for matrix models corresponding to special cases

of quasi-harmonic potentials it was observed [37, 12] that Z

the zeroes of the corresponding orthogonal polynomials , / 7
are accumulating along certain curve segments and the o }l
asymptotic distribution satisfies a generalized quadrature : \g
property with respect to the equilibrium measure. In ;

other words, the normalized counting measure of the ze-

roes provides an approrimate quadrature measure sup- Figure 1.3: Numerical plot of

ported on a finite number of points. It is conjectured the zeroes of orthogonal poly-
[37, 12] that this is a general phenomenon for a large class nomials and the support of

of quasi-harmonic potentials. One of the main results of the equilibrium measure for

. . . . . - . th tudied in Chap. 12
this thesis is the confirmation of this conjecture for quasi- e case studied in Chap
harmonic potentials of a special type (see Fig. 1.5 and Chap. 8 for a detailed de-

scription of the conjecture and Chap. 12 for the proof).
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1.6 Summary of the thesis

The thesis is based on the following publications, preprints and manuscripts:

1. F. Balogh, J. Harnad, Superharmonic perturbations of a Gaussian measure, equi-
librium measures and orthogonal polynomials, Complex Analysis and Operator

Theory, 3 (2): 333-360, 20009.

2. F. Balogh, M. Bertola, Regularity of a vector potential problem and 1ts spectral
curve, Journal of Approximation Theory, 161 (1):353-370, 2009.

3. F. Balogh, M. Bertola, On the norms dnd roots of orthogonal polynomials in the
plane and LP optimal polynomials with respect to varying weights, arXiv:0910.4223,
2009.

4. F. Balogh, Ezxternal potentials for two-point quadrature domains, in preparation.

5. F. Balogh, M. Bertola, K. T-R. McLaughlin, S. Y. Lee, Riemann-Hilbert analysts

of the Bratwurst orthogonal polynomials, in preparation.

It consists of two main parts: the first part provides a general overview of the
mathematical background necessary to understand the results; a detailed description
of the results is presented in the second part.

Each chapter of the first part is a brief summary of basic definitions and standard
theorems on the following topics: random matrix models, orthogonal polynomials,
equlibrium measures for logarithmic energy problems, Schwarz functions, quadrature
domains and Riemann—Hilbert problems. Most of this material is standard and there-
fore most proofs of cited results are omitted in this part. However, every nontrivial
statement is accompanied with references to standard monographs or research papers

where a detailed proof can be found.
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The second part devotes an individual chapter to each work mentioned above.
Each chapter contains a short summary and explanation of the results, the re-print
of the paper itself and an appendix containing extra calculations, if necessary.

The first paper (see Chap. 8) introduces the notion of superharmonic pertur-
bations of the quadratic potential and the structure of the supports of equilibrium
measures corresponding to such potentials is studied in detail. For orthogonal poly-
nomials with respect to superharmonic perturbations the validity of a matrix d-bar
problem; introduced by Its and Takhtajan [56] for a special case of cut-off potentials,
is extended. Based on numerical calculations, a general conjecture is stated concern-
ing the connection between the asymptotic distribution of the zeroes of orthogonal
polynomials and the support of the equilibrium measure via a quadrature identity.

The second set of results (see Chap. 9) provides a generalized setting for a vec-
tor potential problem and the existence and uniqueness of the corresponding vector
equilibrium measure is established. Motivated by matrix models, a special case of the
vector potential problem is considered and the regularity properties of the compo-
nents of the corresponding vector equilibrium measure is discussed. It is shown that
the resolvents corresponding to the equilibrium measure satisfy a pseudo-algebraic
equation. As an illustration, a pseudo-algebraic curve associated to a special case is
calculated explicitly.

The thirbd topic considered (see Chap. 10) concerns optimal weighted monic poly-
nomials with respect to the LP-norm corresponding to a a measure on the complex
plane. The results address the asymptotic location of the zeroes of optimal L*-
polynomials (and hence include orthogonal polynomials corresponding to the case
p = 2) and the nth root asymptotics of the LP-norms of the optimal weighted poly-

nomials.
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In Chap. 11 a special case of the following inverse problem is addressed: given a
compact set in the plane, find a quasi-harmonic potential such that the equilibrium
measure corresponding to the potential is equal to the normalized area measure re-
stricted to the prescribed set. Three different types of two-point quadrature domains
are considered: bicircular quartics (two distinct points with equal weights), limacons
(two confluent quadrature nodes resulting in a node of second order) and a pair of
two disjoint congruent disks. It is shown that the quasi-harmonic potential can be
written as a superharmonic perfurbation of the quadratic potential in all three cases.

The fifth and final topic considered (see Chap. 12) is the complete Riemann-
Hilbert analysis of the Bratwurst orthogonal polynomials corresponding to a quasi-
harmonic potential with a single logarithmic singularity. It is shown that the system
of two-dimensional orthogonality relations can be reduced to an equivalent system
of non-Hermitian orthogonality relations on a contour by constructing a piecewise
solution of an associated scalar d-bar problem. Therefore the orthogonal polynomials
are characterized by the Fokas-Its-Kitaev Riemann—Hilbert problem which allows the
Deift-Zhou nonlinear steepest descent method to be applied. The strong asymptotics
of the orthogonal polynomials is calculated explicitly for every region in the complex
plane for all values of the parameters. As an application, the quadrature conjecture

on the zeroes of the orthogonal polynomials is confirmed for this special case.
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Part 1

Background
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Chapter 2

Random matrix models

The standard references on random matrix models are [70, 30]; the survey paper [104]

gives an introduction to normal matrix models.

2.1 Hermitian matrix models

2.1.1 Probability measures on matrices

For fixed n € N let H,, denote the space of n x n Hermitian matrices with complex
entries. H, is a linear space over R of dimension n? and therefore admits the n?-

dimensional Lebesgue measure. In terms of the real coordinate system

{ Mk }r<k<n » {Re(Mrt) b1<k<a<n > {Im(Mi) b<k<i<n (2.1)
this flat measure can be written as

dM :=ﬁdek I dRe(Mu)dim(My) . (22

This measure is not normalizable to a probability measure but can be used as a
reference measure that is multiplied by suitable probability densities in order to define

a probability measure..
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In the theory of random Hermitian matrices the following standard type of prob-
“ability densities with respect to dM are considered:

pr(M) i= = exp(=Tx(V (M) (2.3)

n

where V: R — R is called the potential function. The term V(M) in the density has

the following meaning: if V(z) has a Taylor series expansion around x = 0

V(z) = Z agz” (2.4)

that converges everywhere in R then the matrix series
V(M) =" aM* (2.5)
k=0

is convergent for every M € H,,. If V(z) is real analytic V(M) can be defined by the
formula [23]
1
V(M) = — / V(2)(zl — M) 'dz (2.6)
2m Jp :

where I' is a simple positively oriented contour in the domain of analyticity of V
enclosing the eigenvalues of M.
The potential is assumed to grow sufficiently fast as |z| — oo such that the nor-

malization constant

n

7V = / exp(—Tr(V(M)))dM 2.7)

n

(also referred to as the partition function) is finite.
For example, choosing V(z) = 32 gives the Gaussian Unitary Ensemble (GUE).
Similarly one may take V(z) to be a real polynomial of even degree.

2.1.2 Symmetry reduction to the eigenvalues

Since

(2l —UMU"™ = U(2l = M)~ 'U* (2.8)
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using (2.6) gives
VIUMU*) =UV(M)U* . (2.9)

The trace is 'invariant under unitary conjugations and therefore these measures are
invariant under the action of the unitary group U(n). This suggests that the co-
ordinates be separated into a radial and an angular part (using the terminology
reminiscent of the SO(N) spherical coordinate system in R") such that the measure
can be written as a product measure and the density does not depend on the angular
coordinates. The angular part can then be integrated out to give a constant multiple
of the volume of the compact group U(n) with respect to the Haar measure. Since
Hermitian matrices are diagonalizable, we can use the coordinate system given by the

matrix entries of U and D such that
M =UDU* (2.10)

where U is unitary and D is diagonal. Since the eigenvalues of a generic M € H,, are
simple and the columns of U/ are unique up to phases, the diagonal elements Ay, ..., A,
of D up to permutations and the entries of. U modulo n phase factors constitute the
so-called spectral coordinates [30]. These are provide a well-defined coordinate system
on an open dense subset of H,. The Jacobian of this change of coordinates has a
simple form:

[TéMee [] dRe(My)dim(My) = ————
k=1

1<k<i<n
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Therefore, if f: H,, — C is a function that is invariant under unitary conjugation,

5 f(M) exp(=Tx(V(M)))dM

1 n
- G / ( F(UDU*) exp(—Tr(V(UDU*)))dU) IT =22 dx
)N Jre \JU(n) 1<i<j<n k=1
1 , - -
- (_QTVOI(U(”)) fdiag{,..., Ap})em Zk=t V) H (X = Ag)? H dAk .
m)n: R" 1<i<ji<n k=1
(2.12)
The volume of the unitary group is [106]
n{n+1)
Vol(U(n)) = % | (2.13)
k=1 R

This means that taking expected values of such conjugation invariant functions with
respect to the original matrix measure is essentially the same as taking expected
values of its evaluation on the space of diagonal matrices with respect to the reduced

joint probability density on the unordered eigenvalues:

1 n
PY (M, ... An) =7 I v —x)e ZimV (2.14)
T o1<i<j<n

where the partition function is written as

(2m)*n!ZY
V= Vol(Tn) (2.15)

2.1.3 Correlation functions

The m-point correlation function [70] is defined to be

; n!
R:’Lm(xl,...,xm) :=m//-~-/PX(xl,...,xm,xm+1,...,xn)dxm+1~-dxn .
e ——
n—-m

(2.16)
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For example, the one-point function is the density of the expectation value of the

counting measure of the eigenvalues: for any B C R Borel set,

E(#eigenvalues in B) = E <Z XB()\k))
- /[ ../iXB()\k)PX(Al, o A)dAr e dAs

= n// /XB (A)PY (N An)dA; -+ dAy,

:/Rn,l()\l)d)\l .
B

(2.17)

2.1.4 Heuristic asymptotics

The joint probability density of the eigenvalues may be rewritten in the form
v .

Pr(A1, .. ) = exp( kz#llog !)\k—)\l ;V )\k)) (2.18)
whose total integral is the partition function Z”. In the terminology of statistical
physics the density (2.18) is a static Boltzmann-type weight for a particle system with
logarithmic interaction in the presence of an external potential V' (z). Therefore one
expects the eigenvalues of a random matrix M drawn from the above distribution to
behave like charged particles of positive unit charge in two dimensions in the presence
of a confining external electrostatic potential. This fact is referred to as eigenvalue
repulsion which is consequence of the unitary symmetry and the reduction procedure
described above. In probabilistic terms, the probability of finding two eigenvalues
close to each other vanishes quadratically as a function of their mutual distance.

Moreover, these eigenvalues are confined to the real line since M is Hermitian; this
particle system lives on a one-dimensional 'wire’ (the real line R) embedded into a
two-dimensional planar geometry.

If one looks for the eigenvalue configurations that maximize the probability, we
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have to minimize the logarithmic energy expression

Zlog |)\k ] +ZV (Ae) . (2.19)

k£l

This suggests that as n — oo the dominant contribution to the partition function
comes from configurations that are close to the solution of a continuum variational

problem given by the logarithmic energy functional

() = [ 1og ——du()duty) + [ V(@auta) (2.20)

where p is a probability measure on R. Notice that the discrete energy functional has
to be rescaled properly to expect that this gives the correct continuum limit:

Zlog')\k_Al +ZV>\k (Z 1ong_Al|+ Z V)\k) . (2.21)

kAL k=1 kL
In the present form the external potential term (as a Riemann sum) is suppressed
by the factor }L This shows that the potential V' has to be rescaled with n if we
are interested in the global asymptotic properties of the eigenvalue distribution. This

suggests including the additional scaling factor N > 0 attached to the potential V:

log ——— + NY V() =n? ( — log m——— —I— V (Ak ) :
(2.22)
In the limit

n—oo, N-—o00, ]%__)t’ (2.23)

where t is a positive constant, we may expect that the partition function gets the dom-
inant contribution from configurations that are close to the equilibrium configuration
of the potential }V(z).

The above mentioned heuristics have their mathematically rigorous counterparts;
a formal statement of each of these will be given in the subsequent sections once all

the necessary ingredients are properly introduced.
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2.2 Normal matrix models

The fact that every Hermitian matrix is diagonalizable by conjugation by a unitary
matrix makes it possible to reduce the unitary invariant measures considered above
by a symmetry reduction to the eigenvalue space: the relevant expectation values
are expressible in terms of expectation values with respect to P, in terms of the
eigenvalues. This is of considerable advantage because such random matrix ensembles
are made more accessible using available asymptotic methods available as a result
of this simplification. A natural generalization is therefore to consider probability

measures on the algebraic variety of complex normal matrices
M, ={NeCY" : NN*=N*N} cC"™". (2.24)

To be able to consider measures of the form (2.3) we need a reference measure d/N on
N and a spectral coordinate system that makes a symmetry reduction possible. The
details of this procedure can be found in [104] and [37]; the resulting joint probability

density on the space of eigenvalues is shown to be

1 n
PY(21,..., 2) = — H |2; — z;]%e™ Zh=2 V=) (2.25)
N 1<i<j<n

From a purely probabilistic point of view one may simply start with joint probability
densities of complex random variables of the above form without any reference to the

underlying matrix models and study their asymptotic behavior as n — oo.
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Chapter 3

Orthogonal polynomials

The standard reference on orthogonal polynomials is the monograph of Szegd [91].

We also refer to the books [30, 88] and the survey pdpers (95, 93].

3.1 Standard L% orthogonality

Let u be a Borel measure on the complex z-plane and assume that
(i) p is a finite positive measure,
(i) the support of u consists of an infinite number of points,
(ili) the absolute moments are finite:
/|z|kd,u,(z) < 00 k=0,1,... (3.1)

Then the monomials 1, 2, 22, ... all belong to L?(C, du) and they are linearly indepen-

dent since the support of  is not a finite set. The Gram-Schmidt orthogonalization

procedure guarantees the existence of the orthonormal polynomials
paldp; 2) = 2" + O (2"71) . yaldp) >0 (n=0,1,...) (3.2)
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satisfying
[ s 2@ () = 6o = 0,1, (3.3)
C

These are unique up to a phase factor; choosing the leading coefficient ~y,(du) to be
real and positive eliminates this ambiguity.

The monic orthogonal polynomial of degree n
Pu(dps ) = ——pu(d ) (3.4)
n\QU;2) = —7<Dn 2 :
aldp) ™

satisfies the orthogonality conditions

/C Pu(dp; 2)75dpu(2) = Sumhn(dy) k=01, .m0, (3.5)
with
P (du;2) = 2"+ 0O (2"71) n=20,1, , (3.6)
where
i) = 220 (3.7)

is the n-th normalization constant of p.

3.1.1 Moment matrices

The (complex) moments of the measure p are

mu(du) = / 7% (2) k,1=01,.... (3.8)
C

These form the semi-infinite moment matriz

M(dp) :== (mu(dp))e ien, (3.9)

The truncated moment matrices (or Gram matrices [95])

M™(dy) = (mua(d)) o< 1<n (3.10)
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are Hermitian and positive definite [95].

If the support of the orthogonality measure is a subset of an algebraic curve
E(z,z) = 0 for some E(z,y) € C[z,y] the entries of the moment matrix satisfy
some algebraic relations. For example, if supp(u) C R (i.e., the polynomial is

F(z,Z) = 2 — Z) then
mu(du) = /Rzkildp(z) = /R:I:Hld,u(x) (3.11)

and therefore M(du) is a semi-infinite Hankel matriz. If p is supported on the unit

circle

supp(p) C{z € C : |2| =1} (3.12)

the moments form a semi-infinite Toeplitz matriz:

mg(dp) = -/11:1 22 dp(z) :/ 2 ldu(z) . (3.13)

lz|=1
In both cases there is a recurrence relation for consecutive orthogonal polynomials as
a consequence of these algebraic structures.

3.1.2 Determinant and multiple integral representations

(i) The n-th monic orthogonal polynomial is given explicitly by the determinantal

formula
Pr(dp; 2)
moo(dp)  mor(dp) moa(dp) -+ mon(du)
mio(dp)  mu(dp)  ma(de) - man(dp)
1 } . . ) :
~ det(M®-D) (du))
Mn_10(dp) Mp_11(dp) mn_12(dp) -+ Ma_1a(dp)
1 z 22 e 2"
(3.14)
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(iii)

and hence

det(M ™ (du)) B
det M D)) " L,2,... | (3.15)

This formula is easily obtained easily by solving the linear system expressing the

ho(dp) =

orthogonality conditions for the coefficients of P, (du;z) [95].
The moment determinants are expressible as multiple integrals [30]:

det(M™) = Bk Hdu Zk) (3.16)

—_——— 0<k<i<n

This identity may be proved using the well-known expression for the determinant

of Vandermonde matrices:

1 1 1 1 1 1
20 29 e Zn Z—O 2_2 SN Z
2
H |z — z1]* = (3.17)
0<k<i<n
2y 2] zZy 1| Zo" 71 Zn"

For the idea of the proof see [30].

The Heine formula expresses the monic orthogonal polynomials in terms of mul-

tiple integrals (30, 91}:

// /Hk 1 %) [li<kar<n 126 — 211* TTiey dis(zr)

Po(dp; 2) = (3.18)
/ [+ [ Thewasn I = 2P iy duta)
——_—
3.2 Christoffel-Darboux kernels
The n-th Christoffel-Darbouz kernel is defined by
n-1
K, (dy; z,w) := Zpk(d,u; 2)pr (du; w) (3.19)
k=0
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This is a reproducing kernel for the subspace C,,_;[z] € L?(C,du) of polynomials of

degree at most n — 1. Every Q(z) € C,._1[2] can be written as a linear combination

n—1
Q(z) = arpr(dp; 2) (3.20)
k=0
and therefore

(Q, Kn(dis; - w)) z2(c.a) = /C Q) K@i 7 w)du(z)

= i ak [/ Pr(dps; z)pi(dp; 2)dp(z) | pu(dp; w)
k=0 ¢ (3.21)

n—1

=D apr(dp; w)
k=0

=Q(w) .
Orthogonal polynomials on the real line satisfy a three term recurrence relation [95]
which, in turn, implies the Christoffel-Darbouz identity:

Ko(ds 2, ) o= 22 {08 Pl 2)pna(dpssy) = s (At 2)pn(dps ) (3.22)
Yo (dpt) -y

(see [95]). This identity is not valid for general orthogonal polynomials if the support

is off the real line.

3.3 L?’-minimality of orthogonal polynomials

The monic orthogonal polynomial P,(dy;z) is the unique solution of the following

minimization problem [95]:

/lQn(z)|2dM(Z) — min.

' (3.23)
Qn(2) € Calz] , Qu(2) = 2"+ O (") .
Similarly, for any fixed zg € C, the evaluated Christoffel-Darboux kernel
Ka(du; 2, 20) (324)

Kn(dp; 2o, z0)
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. is the unique solution of the minimization problem
/lQn(Z)Pdu(z) — min.

Qn € Cn[Z] y Qn(ZQ) = 1 .

(3.25)

3.4 Non-Hermitian orthogonality

Let T' be a system of oriented contours in the complex plane and w(z) a complex

weight function analytic in a neighbourhood of I'. Assume that
(i) The non-Hermitian moments
ve(w, T) = /F Fu(z)dz (3.26)
exists for all £k =0,1,....

(ii) The Hankel matrices generated by the moments {v(w, ')},

ww, T v(w, ) - vp(w, D)
vi(w, T vo(w, I’ coo Upatlw, T
M (1. T) = 1 ' ) v | ) +1(~ ) (3.27)
n(w,T) vpp1(w,T) -+ vop(w,T)
are nonsingular:
det(M™(w,T))#0 n=0,1,... (3.28)

The monic orthogonal polynomial of degree n with respect to the weight w on the

contour I' is characterized by the orthogonality relations
/;Pn(zu; 2)2*w(z)dz = Spphn(w,T) k=0,1,....n, (3.29)
and the condition on its leading coefficient:
Po(w;2) = 2"+ O (2™1) . (3.30)
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Since the matrices M (w, T') are not necessarily positive definite, the existence of a
polynomial of degree at most n that satisfies the orthogonality relations is equivémlent
to the nonsingularity condition det(M® (w, T')) # 0. The solution has exact degree n
if and only if det(M ™= (w,T)) # 0. As above, the n-th monic orthogonal polynomial

is given by the determinantal formula

volw, I »(w,T) wv@wI) -  v(w])
nwD)  wwTl) wvwI) - vpa(w D)
1

Fnlw;z) = det(M®D (w))

Un—1(w,T) vp(w,T) vhpo(w,T) - vop_q(w,T)

1 z 22 2"
(3.31)

Also,

det(M ™ (w, T))
hn(w,T) = det(M®=1(w, 1)) n=12... (3.32)

3.5 Hermitian vs. non-Hermitian orthogonality

In many special cases it happens that a sequence of monic polynomials orthogonal
with respect to a positve measure in the L?-sense (or Hermitian sense) also satis-
fies non-Hermitian orthogonality relations with respect to a weight function w on a
contour I'.

A special example, that illustrates an important idea later on, is given by the

Gaussian orthogonality measure
_2_
du(z) = e T TE g A() (3.33)

supported on the whole plane. It is well-known [31] that the orthogonal polynomials
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with respect to w(z) are expressible in terms of classical Hermite polynomials:

___ T /1T
Pn(z)—WHn( —2|—,f|4—Tz> . (3.34)

The proof in [31] uses the generating function of the Hermite polynomials. There is a
different approach [69] which is of relevance since the same idea will be applied in the

subsequent chapters. The basic idea is to find a solution to the scalar d-bar problem
— —_k —2% TE—2+_7:EZ2
Osfi(z,Z) = — 2 7t =23 (3.35)

in the whole complex plane. As described in App. B, a piecewise solution of this
d-bar problem can be constructed in terms of contour integrals on a set of domains
that cover the plane. Then, by using Stokes’ Theorem, the two-dimensional integrals
are expressible as linear combinations of contour integrals. This method gives the

following result:

Theorem 3.5.1 ([69]) The system of two-dimensional orthogonality relations

2,2 —272
/ Po(2)FFe YA =0 k=0,1,...,n—1 (3.36)
C
1s equivalent to the system of non-Hermatian orthogonality relations
22 .
/ Pu2)teT (™ F)dy=0 k=01, .n—1 (3.37)
Im(Tz)=0

along the straight line Re(Tz) = 0.

3.6 Orthogonal polynomials in matrix models

Consider a Hermitian matrix model with a potential function V(x). The measure

e NV gy (3.38)
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gives a positive measure; we assume that V' (z) grows sufficiently fast so that the ab-
solute moments exist and the corresponding orthogonal polynomials are well-defined.
The Heine formula states that

//---/ﬁ(x—:rk) [T (o — a)?e ¥ Tto Ve dr, - da,

0<k<i<n

// / H CI?k—Tl 2, ~-N3ko oV(itk)d,c -dx,

1<k<i<n

= E(det(zI, — M)) .

P.(e MV @ g z) =

(3.39)

This means that the averaged characteristic polynomial of a Hermitian random matrix
ensemble corresponding to the potential V' (x) is given by the n-th monic orthogonal
polynomial with respect to the measure e~V @) dz .

The algebraic structure of the joint probability density 7Y implies that the m
point correlation function R}; m(Z1,...,Tn) is expressible as an m x m determinant

for every 1 < m < n [70]:

Kn(leNVdz;zy,21) -+ Knle™VVdz; 11, 7,)
Ry (%1,....20) = : : (3.40)

Kn(e™"Vdr;zn, 1) -+ Knle™"Vda; 2, 2,)

In particular, the one point function is given by
RYY (z) = Kn(e™"Vdz; 7, 1) . (3.41)

These formulae hold for normal matrix models as well, simply by taking the ab-
solute value of the Vandermonde term and changing dx; to dA(z;) where dA stands

for the area measure in the plane [104, 37].
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Chapter 4

Equilibrium measures for

logarithmic energy with external

fields

In this section we briefly describe both the classical and weighted logarithmic energy
problems of potential theory. The standard references are [78] and [81]. We use the

conventions of [81] for the sign of the logarithmic kernel.

4.1 Potential theory preliminaries

Let D be an open subset of C. A function f: D — [—oo, 00) is called upper semicon-

tinuous if

{z€D: f(z)<a} | (4.1)

is an open subset of D for every o € R. This condition is equivalent to

limsup f(w) < f(2) (4.2)

Wz
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for all z € D. Similarly, g: D — (—o00,00] is lower semicontinuous if —g is upper
semicontinuous.

A function f: D — R is continuous if and only if it is both upper and lower
semicontinuous.

An example of an upper semicontinuous function is
f:€— (-o0,00]  f(z) =loglz| . (4.3)

An upper semicontinuous function restricted to a compact set is bounded from above
and attains its maximum (but it may be unbounded from below) [78].

A function u: D — [~o00, 00) is said to be subharmonic if it is upper semicontinu-
ous and satisfies the local submean inequality: for all a € D there exists a p > 0 such
that

1 [P .
ula) < —2——/ ula+re®)dd 0<r<p. (4.4)
0

T

A function g is superharmonic if —g is subharmonic. Again, log|z| is subharmonic.

4.2 Logarithmic potentials and Cauchy transforms of mea-

sures

4.2.1 Logarithmic potential

Let 1 be a compactly supported finite positive Borel measure in the complex plane.

The logarithmic potential of u is

Uk(z) = /Clog P _1 wld,u(w) z€C. (4.5)

The logarithmic potential of a positive measure is superharmonic on C and har-

monic outside the support of u [81]; moreover

UH(2) = p(C) log — + O G) Y (4.6)

Ed

37



where u(C) is the total mass of u [78].

If U#(z) is smooth enough the density of the measure u can be recovered from this
potential by taking the Laplacian of U#(z) [81]: if in a region R C C the logarithmic
potential U#(z) of the measure p has continuous second partial derivatives, then p
is absolutely continuous with respect to the planar Lebesgue measure in R and the
density is given by

du = —%;AU"dA , (4.7)

where dA denotes the area measure in the plane.

4.2.2 Cauchy transform

The Cauchy transform of a finite Borel measure y is given by

C(z) = / ut) (4.8)

t—=z
The Cauchy transform is holomorphic outside the support of x. If y is compactly

supported then

o0

Cule) ~ 3 T% 2> 00, (4.9)

k+1
k=0 *
Outside the support of u the logarithmic potential U#(z) is harmonic and therefore

justified to consider ,U*(z) there. The following equality holds:
1
o0.U*(z) = 50”(2) z € C\ supp(p) . (4.10)

This means that the complex electric field generated by the charge distribution u

is given by

E(z) = — <3 + 22> Uk(z) = —20;U%(z) = —C\(2) (4.11)

outside the support of p.
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If K ¢ Cis compact and A(K) > 0 then the Cauchy transform (using a simplified

Ck(z) = /K ‘éA_(i) . (4.12)

This function is continuous in C and satisfies [24]

notation) is

ICk(2)] < VTA(K) . (4.13)

4.3 Classical energy problem and capacity

Let K be a compact subset of C and let M(K) denote the set of all Borel probability
measures supported on K. In classical potential theory, the logarithmic energy of a

measure pu € M(K) is defined to be

Ix(p) / UH(2)du(z / / log du t)du(z). (4.14)
The quantity
EK = uei\l/llfK) IK(,U,) (415)

is either finite or +00. The logarithmic capacity of K is defined as
cap(K) 1= e Fx. (4.16)
The capacity of an arbitrary Borel set B C C is
cap(B) = sup{cap(K) | K C B, K compact} . (4.17)

A property is said to hold quasi-everywhere if the set of exceptional points (i.e. those
where it does not hold) is of capacity zero.
If Fx < oo Frostman’s theorem (see e.g. [78]) implies that there exists a unique

measure wy in M(K) minimizing the energy functional Ix(-) and this measure is
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called the equilibrium measure of K. The equilibrium measure is supported on the
boundary 3K and

U“%(z) = Eg quasi-every z € 0K
(4.18)

U“%(2) < Ex z€C.
[78]. The minimal energy value Ex = Ix(wk) is referred to as Robin constant [81].

Example. The equilibrium measure of the interval K = [—1,1] is

1 1
dwK(rc) = —

7r\/1__2dr1: ~-l<z<l. (4.19)
— X

4.3.1 Green’s function

For a domain D ¢ CP?! a function gp: D x D — (—o00, 00] is a Green’s function if
(i) gp(z,a) is harmonic in D \ {a},

(i1) gpla,a) = oo and
(o) =) loBlETaFOW) et L (4.20)
log|z| + O (1) a = 0o
(iii) Z_'E’rr‘lzeD gp(z,a) = 0 for quasi-every w € 9D.
It is well-known [78] that if D is of nonzero capacity then there is a unique Green’s
function associated to D. If co € D then the Green’s function at infinity can be

expressed in terms of the logarithmic potential of the equiﬁbrium measure:

gp(z,00) = ~U“?P(2) — log cap(dD) . | (4.21)

4.4 Weighted energy problem

In the weighted setting we have a closed set 32 C C and a function w: ¥ — [0,00) on

Y called the weight function, usually given in the form
w(z) = exp(~Q()) | (4.22)
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where QQ: ¥ — (—o00, 00] is the called the external potential.

The weight function w is said to be admissible [81] if
(i) w is upper semi-continuous,
(ii) the set {z € T | w(z) > 0} is of positive capacity,

(i) lim |z|lw(z) = 0.

[2]—o00
In terms of the potential, w(z) = exp(—Q(z)) is admissible if and only if @ is lower
semi-continuous, the set {z € ¥ | Q(z) < oo} has nonzero capacity and IZl[i_rflm(Q(z) -
log |2]) = oo.
Let M(X) denote the set of all Borel probability measures supported on ¥ C C.
The weighted energy functional I, is defined for all 4 € M(X) by

L) = / 2/ log [|z — thw(z)w (1))~ du(z)du(t)

=/z/zlog—l—z——i—t—'d,u(z)du(t)+2/2Q(Z)dﬂ(z)-

It is important to note that the factor 2 in the potential term appears in the

(4.23)

convention of [81] but is not present in the random matrix literature (see [30]). In
what follows we use the energy functional (4.23).
The solution of the electrostatic variational problem is a probability measure that

minimizes this functional on M(Z).

Theorem 4.4.1 ([81]) For an admissible weight w

E, = inf I, 4.24
o () (4.24)

is finite and there exists a unique measure, denoted by (,,, that has finite logarithmic
energy and minimizes I,,. Moreover, the support of ju,, denoted by S,, is compact

and has positive capacity.
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The measure pu,, is called the equilibrium measure of the weight function w. The

logarithmic potential of u,, satisfies the equilibrium conditions

Ut (z) + Q(z) > F,, quasi-every z € 3 ,

(4.25)
U (2)+Q(z) < Fy for z € S,
where F, is the modified Robin constant:
F,=FE,— /Qdﬂw. (4.26)

Therefore, the effective potential U* + @ is constant quasi-everywhere on the support
of py,. The physical interpretation of (4.25) is that the charge distribution 4 is in
equilibrium and hence the effective electric field has to vanish on the support.

Moreover, the equilibrium condition (4.25) characterizes the equilibrium measure:
Theorem 4.4.2 ([81]) If for a compactly supported measure p with finite logarithmic
energy there exists a constant F such that

UM(z) + Q(z) > F  quasi-every z € &
(4.27)
Uz) + Q(2) < F  for all z € supp(u) ,
then p =y, and F = F,.
The classical equilibrium problem corresponds to the special choice of weight func-

tion of the form

w(z) = xx(z) (4.28)

where K C C is a compact set of positive capacity.

4.4.1 A one-parameter family of equilibrium measures

Assume that {w'(2)} a one-parameter family of admissible weight functions defined

for t > 0 and consider the corresponding one-parameter family of equilibrium mea-
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sures

trs bty £3>0. (4.29)

The parameter ¢ is often referred to as time or total charge: it is easy to see that the

electrostatic variational problem with a modified total charge constraint

1 .
/;/2 log mda(z)da(t) + 2./2 Q(z)do(z) — min. (1.30)
o(C)=t

is equivalent to the standard minimization problem

1 2 i
/ ;/z log mdu(Z)dﬂ(tH; L Q(2)dp(z) — min. (4.31)
u(C) =1

where the solutions are related by ¢ = tu. In other words, fu,: gives the time
evolution of the equilibrium configuration with linearly growing total charge ¢ in the

presence of the fized potential ) corresponding to the weight w.

4.5 Fekete points

Along with the continuous energy problem for measures of finite logarithmic energy,
one can consider a discrete energy problem for an n-tuple of positive unit charges.
Of course, the self-energy of such a measure is infinite, but, by removing the diag-
onal terms in the energy expression, one may consider the variational problem of

minimizing the functional

n

Too(z1, .., 20) i= Zlog |2Ti—2—l| + Z Qzx) - (4.32)

k#l k=1
Definition 4.5.1 An n-Fekete point configuration is a set of points for which the

minimum of I, o 15 attained.
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The admissibility conditions on () guarantee the existence of such minimizing configu-
rations; a Fekete point configuration may not be unique (for instance, if the potential
has certain symmetries). The distribution of the Fekete point configurations is close

to the equilibrium measure as n gets large:

Theorem 4.5.1 ([81]) The normalized counting measure of any sequence n-Fekete
point configurations converges to the corresponding equilibrium measure in the weak-

star sense.

4.6 Regularity of the equilibrium measure

It is important to understand how the regularity properties of the external potential
influence the regularity of the corresponding equilibrium measure. In many cases
the explicit recovery of the equilibrium measure uses tools that need some a prior:

regularity assumptions on the potential.
Theorem 4.6.1 ([26]) If the potential
V:[-1,1]—-R (4.33)

of the weight function w(z) = exp(-V(z)) with ¥ = [-1,1] is in C?[-1,1] then
the corresponding equilibrium measure u,, 1S absolutely continuous with respect to the

Lebesgue measure,

dpw = Y(z)dz  YP(z) >0 (4.34)
and the density 1 (z) has the following properties:

e The inequality
c

Y(r) < ﬁ

(4.35)

holds for some ¢ € (0, 00).
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e The density 1 is continuous on (—1,1).
o IfV € C¥[—1,1] for some k > 3 then 1 is Holder continuous of order 3.

e IfV is real analytic in a neighborhood of [—1,1] then ¢ is supported on a finite

number of closed intervals.

This result holds in any bounded closed interval and since the equilibrium measure
is always compactly supported for an admissible potential, the regularity results of
4.6.1 are valid for potentials defined on R. This allows to use algebraic techniques in

finding the support and the density explicitly for a large class of potentials.

4.7 Vector potential problems

There is an extended version of the weighted energy problem relevant to certain
questions in approximation theory (multiple orthogonal polynomials [96], Nikishin
systems [76]) and multi-matrix models. A vector potential system involves a finite

collection of closed sets (conductors)
S CC  k=1,....n, (4.36)
a family of functions (background potentials)
Vi: B — (—00, 0] k=1...n, (4.37)
and a real symmetric positive definite matrix (matriz of interactions)

(4.38)

A= [a’ij]lgi,jgn .

Consider the functions

hi(z) := log z€C (4.39)



where d(-, K) denotes the distance function from the closed subset K of the complex

plane:

d(z, K) = tlél}f{ |z —t]. (4.40)
A vector potential system
({Zrtizr {Vitizr, 4) (4.41)
is said to be admissible [9] if
(a.1) The intersection 3x N Y, hasvzero logarithmic capacity whenever ax; < 0.
(a.2) The potentials V4 are lower semi-continuous on ¥ for k =1,...,n.
(a.3) The sets {z € X : Vi(2) < oo} are of positive logarithmic capacity for all .

(a.4) The functions

Vi(2) + Vi(t)

1
Hkl(z, t) = + ay log ——— (4.42)

|z — 1]

are uniformly bounded from below, i.e. there exists an L € R such that
Hkl(z, t) >L ‘ (443)
on{(z,t) €Tk x X, : z#t}forallk,l=1,... n.

(a.5) There are constants 0 < ¢ < 1 and C > 0 such that

Hulz,1) = TS (Ve(2) + Vilt) - o5 (4.44)
(a.6) The functions
1
Qi(z) = Z <7‘1‘Vl(z) + akzhl(z)) (4.45)

I: ap<0

are bounded from below on Xj.
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Note that, without loss of generality, one may assume that all the potentials are
nonnegative and that L = 0 by adding a common constant to all the potentials.

The weighted energy with interaction matrix A is defined for a vector of measures

=iakl/k/zllog dpk(z)dm +2Z/Vk Jape(z) . (4.47)

The following theorem is a joint result of the author with M. Bertola:

Theorem 4.7.1 ([9]) For an admissible system

{Zk bzt {Vi}izr, 4) (4.48)

the following statements hold:

o The extremal value

Ty = inf 1, 5(d) (4.49)

’

of the functional IA,V(') is finite and there exists a unique vector measure ji*

such that
(@) . (4.50)

e The components of ii* have finite logarithmic energy and compact support. More-
over, the potential Vi, and the logarithmic potential U** is bounded on the support

of up forallk=1,...,n
e For y =1,...,n the effective potential
U (2) := UM (2) + Vi(2) > Fy (4.51)
for some real constant Fy,, and equality holds quasi-everywhere on the support of
M-

47



It is important to note that this vector potential problem is a slight generalization
of the potential problem considered in [81]. There the following stronger assumptions

are made:
e The condensers ¥ and ¥, are of positive distance for all k,1=0,...,n,k 5% [.
e The interaction matrix is of the form
A=mr®m  m=|ermy, eama, -, Enmn) , (4.52)
where my > 0 and ¢, = +1 are the mass and the sign of u; respectively.

Under a weaker form of the admissibility conditions the existence and uniqueness is

guaranteed by Thm. VIIL.1.4. [81] which is generalized by Thm. 4.7.1.

4.8 Equilibrium measures in matrix models

4.8.1 Asymptotics of the correlation functions
In what follows we assume that the weight function

w(z) = e~2V® (4.53)

satisfies the following conditions:

e the potential function V(z) is admissible (see Sec. 4.4) and

V(z)

— 7 _>1+4+46 4.54
log(z2 +1) ~ + (4.54)
for some ¢ for sufficiently large z.
[ ]
/ lz|fe"2V@dr < 00 n=0,1,2,... (4.55)
R

for all N > 0.
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Theorem 4.8.1 ([58, 27]) The one-point density of the matriz model corresponding

to w(zx) converges to the equilibrium measure in the weak-star sense
1 ws
Ele,fz’jf(gc)cm« 2 A (4.56)

wn the scaling limit

n — oo N — o0, %—)t. (4.57)

H

The convergence is valid in the pointwise sense also, i.e., the one-point density func-
tion converges pointwise to the density of the equilibrium measure.

Also, the normalized m-point correlation function of the matriz model correspond-
ing tow(x) converges to the m-fold product of the equilibrium measure in the weak-star
sense:

!
(n f'm)'RTJXK(Il, e ETm)dTy - ATy 2 guw: X - X d,uwi ) (4.58)

m
4.8.2 Asymptotics of the averaged the characteristic polynomial

It follows from (3.39) that the averaged characteristic polynomial in a matrix model
is given by the corresponding monic orthogonal polynomial. In this way the following
result on the zeroes of orthogonal polynomials is of considerable importance for matrix

models:

Theorem 4.8.2 ([58, 27]) The normalized counting measure

n

1 n
Un,N = H Z 5zlc,n,N Pn,N(Z) = H(z - Zk,n,N) (459)
k=1 k=1

of the monic orthogonal polynomial P, n(z) converges to the corresponding equilibrium

measure in the wéak—star sense:
Un N ﬂ) Hapt (460)
in the scaling limit (2.23).
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4.8.3 Algebraic curves associated to Hermitian matrix models

Assume for simplicity that V' (z) is a non-constant polynomial of even degree 2n with
positive leading coefficient. The equilibrium measure p,, is supported on a finite
number of intervals with a density function ¥ (z). The equilibrium condition for p.,

reads as

/log El——tlw(t)dt +V(z)=F 1z €supp(®). (4.61)

The regularity properties of v allow the differentiation of the logarithmic potential
[30]

d 1 _ Y(t)dt
and therefore
pov. / w(f)f V(@) =0 1€ supp(y) . (4.63)

In the context of matrix models, the Cauchy transform of pu,,

_ [ wls)ds

§— 2z

W(z) == Cp,(z) z € C\ supp(y) (4.64)

is called the resolvent function since, by Thm. 4.8.1, this gives the limiting form the

normalized expectation of the trace of the resolvent:

1

ﬁIE(Tr((zI —M)™h)). (4.65)
By the Sokhotski-Plemelj formulae (5.29) we get

W,(z) = W_(z) = 2miy(x)

4.66)
t)dt (
W, (z) +W_(z) = 2p.v. Vlt)dt :
t—x
The function W2(z) is analytic in C \ supp(+) and has the jump
W2 (2) — W2(z) = —4miy(z)V'(z) . (4.67)
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Therefore,

W2(z / wls P (4.68)
(The difference ;
+2/¢ . (4.69)

that has no jump and therefore it an entire function converging to zero as z — 0 and

hence it is identically zero by Liouville’s theorem. Since

/d) — /"/) ‘/’S_Z‘/’( ))d W(Z)V/(Z) (470)

and

Y(s)(V'(s) = V'(2))ds wm

s§—z

is a polynomial of degree 2n — 2 we obtain an algebraic equation for the resolvent:
W2(z) = 2V'(2)W(z) — P(z) =0 . (4.72)
The equation (4.72) is valid for non-polynomial potentials V(z) as long as ¥(x) is

regular enough. In that case (4.72) is a pseudo-algebraic curve.

4.8.4 Asymptotic results for normal matrix models

w¥(2)dA(z2) = exp(—NQ(2))dA(z) . (4.73)

Theorem 4.8.3 ([50]) Assume that the potential function Q: C — R is C?-smooth
and

Q(z) > Aloglz| + O (1) z — 00 (4.74)

for every A > 0 and the orthogonal polynomials exist:

/ e NDGA() < 00 m N >0 (4.75)
C
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The one-point function R,IX ?(z) with respect to the measure e NG dA(z) converges

to the equilibrium measure of %Q(z) in the weak-star sense: Then

1

n

RYS(2)dA(2) 25 dpyre (4.76)

in the scaling limit (4.57).
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Chapter 5

Schwarz functions

5.1 Uniformizing maps

The standard reference on conformal mappings is [75].

5.1.1 Riemann mapping theorem

According to the Riemann mapping theorem any simply connected domain D C
CP! whose complement contains at least two points is conformally equivalent to the
unit disk; i.e., there exists a univalent (one-to-one) holomorphic function f: D — D
mapping onto the domain D (see e.g. [80]). This uniformizing map is unique up to
compositions with biholomorphic maps of the unit disk onto itself. The freedom of
choosing a nonsingular linear fractional transformation I — I can be eliminated by

fixing the standard normalization conditions
f(0)=a and f(0) eR* (5.1)
which give a unique conformal map from D to D.

The Green’s function of D can be written in terms of the conformal map f nor-
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Figure 5.1: Interior and exterior conformal maps of a Jordan curve

malized as above [81]:
gp(z,a) =log|f7'(2)] . (5.2)
Let G C Cbe a Jordan curve. The interior and exterior domains are denoted by G
and G_ respectively. An interior uniformizing map is a conformal map f: D — G,
while an ezterior uniformizing map is a conformal map F: int(D°) — G_.
The exterior uniformizing map is usually normalized at u = oo such that F(co) =

oo and

= 1
F(u)=ru+ E ak—% u — 00 (5.3)
u
k=0

where r is assumed to be real and positive. This uniquely defined 7 is referred to as

the conformal radius of the domain G.

Since
go_(2,00) =log [F ()] (5.4)
and
1

—U%“%(z) — logcap(G) = log|z| — log cap(G) + O <——> ,
9c_(z,00) = 1 12| z — 00

log |F~1(2)]| = log |z]| — logr + O (ﬂ)

z

(5-5)
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we get
r = cap(QG) . (5.6)
5.1.2 Boundary behavior

Carathéodory’s theorem states that the conformal map f: D — G4 can be extended
to a homeomorphism between the closures cl(D) and cl(G) ([80], Theorem 14.19).
Moreover if G is an analytic curve then there exists an open set U such that D Cc U
and f has an analytic continuation to U [5]. v

5.1.3 Area of the interior region

Assume that G_ is uniformized by the exterior conformal map
=1
F(u) :ru+2ak—k u— 0o . (5.7)
=0 ¢

Then [24]

AGy)=m <7‘2 -~ z k|ak|2) X (5.8)

5.2 Schwarz function of an analytic curve

For the details of the following, we refer to the monographs [25, 85, 97].

5.2.1 Definition of the Schwarz function

Assume that I' is a nonsingular analytic arc in the complex plane. This means that
I is the image of the interval [0, 1] under a function F: [0, 1] — C that is one-to-one
and analytic in a neighborhood of [0, 1] and whose derivative F’(¢) does not vanish

on [0, 1].
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Then, for every point zy € I', the implicit function theorem implies [85] that there

exists a neighborhood U of 2z and an analytic function S(z) such that
Sx(z)=2 zeDl'nU. (5.9)

Since this can be done in a neighborhood of every point on the arc, by analytic
continuation these locally defined analytic functions give a function S(z) holomorphic

in a neighborhood of I' and satisfying the equality
S(z) =% zel. (5.10)

This is function is called the Schwarz function of the nonsingular analytic arc T
If T is a closed curve then a single-valued Schwarz function can be constructed
in an annular neighborhood A of I'. The function obtained by analytic continuation
cannot be multi-valued along I': if the analytic continuation starts from a function
element Si(z) in a neighborhood Uof 2z, € I' then the analytic continuation Ss(z)
satisfies
S1(z) =z = Sy(2) ze'NU (5.11)
for some neighborhood U of 2 but then S;(z) = Sy(z) for z € U.
The Schwarz reflection
T(2) = S(2) (5.12)

is an anti-conformal involution defined for z sufficiently close to I' satisfying

T(z)=2 zel. (5.13)

5.2.2 Examples

The straight line L that passes through the points z; = z1 + 1y; and 2 = 25 + iyy is

given in terms of the complex notation z = x 4 iy by
(1 —y2)7 + (22 — 1)y + Y21 — 2201 =0, (5.14)
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which is equivalent to the complex form

F=2"4, 2AaTaa (5.15)
22— 21 22 — 21
Therefore the Schwarz function is the linear function
S(z) =22, 2T 24 (5.16)
29 — 21 22 — 21
The circle C of radius r centered at the point @ € C is
|z —al* =712, (5.17)
which implies that
2
S(z) = " +3. : (5.18)
z—a
The standard inversion in the circle C is therefore given by
2
T(z)=——+a. (5.19)
zZ—a

5.3 Schwarz function in terms of a uniformizing map

For a holomorphic function F: D C C defined on a domain D consider the conjugate

function?

F:D—C, F(2) = F(z) (5.20)
where D stands for the reflected domain
D:={z€C: z€D}. (5.21)

Assume now that I' is a nonsingular analytic curve and therefore its interior conformal

map extends analytically to a domain U D . Along I" the parametrization

z=f(u) |ul=1 (5.22)

1The term conjugate function is taken from [25]; this definition should not be confused with the notion of a

harmonic conjugate function [1].
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implies that

—_— — _ 2 —
= Fw 7w -7 (2) -7(3) - (529
U U
The inverted conformal map f (%) is analytic in
U_I:={é: uEU} i (5.24)
U
Therefore in the set
A= (U N '(7"1) (5.25)
we can define
~ - 1
S(2) = f <——f_1 m) (5.26)

It is easy to see that S is analytic on A and that S(z) = % for z € T' . Therefore
S=SonA.

5.4 The decomposition of S(z)

5.4.1 Sokhotski-Plemelj formulae

Let v be a smooth positively oriented Jordan curve in C. Assume that () is a
complex valued function that satisfies the Holder condition with Hélder constant

0 < a < 1; namely,
lp(t1) — (t2)| < Clts —t2|*  ti,t2 €. (5.27)

Then the contour integral

B(z) = —lf/‘p(t)dt (5.28)
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is holomorphic in C\ v and has nontangential boundary values ®, (¢) and ®_(¢) for
t € «v; The Sokhotskii-Plemelj formulae [74, 1] for the boundary values give

1 Lo / o(t)dt

®.(t) = 590@) +t5 PV [ T
7

(5.29)
B_(t) = —%w(t) + %;p.v. / ‘i(_t_)it .
This means that
O, (t) —P_(t) = o(t) tEy. (5.30)

For a nonsingular analytic curve I' let Q4 and Q_ denote the interior and the
exterior domains of T' respectively. The function ¢(t) = t obviously satisfies the

Hélder condition and therefore the function

1 _
B(z) == —~/ waw (5.31)
2 Jrw — 2
has nontangential boundary values along I' satisfying
O, (2)-®_(2) =z = 5S(2) z€T. (5.32)
Let
5% = ®lg, . (5.33)

The functions S1(z) and S~(z) are holomorphic in Q4 and §2_ respectively.
Therefore the function S (2) + S~ (z) is holomorphic in AN Q_ and its boundary

value is the same as the boundary value of S*(z) along y. This means that S*(z)

has the analytic continuation S(z) + S~ (z) to the set 4 U A. Similarly, S~(z) has

the analytic continuation S*(z) — S(z) to the set _ U A.
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Figure 5.2: The domains Q4, Q_ and A

5.5 An algebraic curve associated to a Schwarz function

Assume that for a nonsingular analytic curve I" the exterior domain Q2_ is an algebraic

domain; [97], that is, assume that its Riemann mapping is given by a rational function

_ P
for some polynomials P and Q with deg(P) = n and deg(Q) =n—1 for somen € N.
Then the 5
- /1 P(u)
)= 5.35
()~ 2w )

for some polynomials P and () with deg(P) = n and deg(Q) = n — 1. The rational

- (f(u),? (%)) (5.36)

map
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embeds the Riemann sphere CP? as a curve £ C CP?. A point (z,w) is on the curve

if there exists a value of the parameter u such that

P(u) — 2Q(u) =
) ~ (5.37)
P(u) - wQ(u) =
Therefore the resultant of the two polynomials has to vanish at u.
E(z,w) := resultant(P(u) — zQ(u), P(u) — wQ(u); ) (5.38)
Thié means that along the curve I, E(z,Z) = 0. Therefore
E(z,5(z))=0 z€A. (5.39)

This curve is of genus zero which is obvious from its construction. The same curve

can be obtained also from the Schottky double contruction [104, 97].

5.6 The Cauchy transform and the Schwarz function

Let K be a compact set of area A(K) whose boundary 0K is a nonsingular analytic
curve. The Cauchy Transform of the measure xxdA (the area measure restricted to

K) may be written as (using a simplified notation for the Cauchy transform as)

dA(() d¢ A d¢
= . 4
Crl) /K<~z 2z// (—2 (540)
If z € K¢ then the one-form B
Cd (5.41)
(—=2
has no singularities inside 0K and its exterior derivative is
¢d¢ d¢ A dg¢
d = : 42
<<—z> = (542)

Stokes’ Theorem gives that

1 ffdAd 1 [ T
et = & [ L2k L[ s
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If 2 € int(K) then the above one-form has a singularity which contributes an extra

term. The extended Cauchy formula ([42], Lemma I1.2.2) applied to the function

ez [ T[] a0

I A
Ck(z) = 7rz+7r2m, e

for z € intK. Therefore the Cauchy transform of K may be expressed in terms of the

u(z) = Zz implies that

and hence

(5.45)

components of the Schwarz function of 0K

lCK(z) _ ) =+ S*(z) z €int(K) (5.46)
r S=(2) z€ K°.

5.7 Singularity Correspondence

Let I" be a nonsingular analytic Jordan curve. Let f and F denote the interior and

exterior conformal maps respectively. Observe that [97]

s(w) =7 (3) (5.47)
along |u| = 1 and therefore
_/1 . ~
F(3) = SUG) = ST U@ -G k=1 G

Since S*(f(u)) is holomorphic inside the unit disk of the u-plane, the function

o) =7 (3) +57(w) (5.49

defined on the boundary |u| = 1 admits analytic continuation to the exterior of the
unit disk. This implies that there is a singularity correspondence between the analytic
continuation of the exterior component S~ (z) into 'y and the inverted interior confor-

mal mapping [79, 45, 97]. For example, if S~(z) has a pole of order k at 29 € I'y then
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f (2) also has a pole of order k at the pre-image ug = f~*(20) and vice versa. Since
the isolated singularities and the branch points of the function f(u) and the inverted

function f ( %) are in bijective correspondence with each other via the mapping

(5.50)

gl =

the poles and branch points of the analytic continuations of f and of S~(z) are in
bijective correspondence with each other.
For example, the uniformizing map f is rational if and only if S~(z) admits a

rational analytic continuation into I'y.

Similarly,
— /1
S(F(u))=F <5> (5.51)
along |u| = 1 and therefore
— /(1
F (ﬂ) = S(F(u)) = ST(F(u)) - S~ (F(u)) lu|=1. (5.52)
Now S™(F(u)) is holomorphic outside the unit disk of the u-plane and therefore the
function
~ —/1
P(u) = F (E) + ST(F(u)), (5.53)
defined on the boundary |u| = 1, admits an analytic continuation to the interior

of the unit disk. Consequently a similar singularity correspondence holds between
the analytic continuation of the interior component S*(z) into I'_ and the inverted
exterior conformal mapping.

For example, the interior component S*(z) is polynomial of degree n if and only
if the only singularity of the exterior conformal mapping is a pole of order n at u =0
apart from the simple pole at u = oo. This class of mappings is investigated in detail

in [37].
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5.8 Harmonic moments

There are two sequences of harmonic moments associated to a nonsingular analytic

curve I'.

5.8.1 Interior harmonic moments

The interior harmonic moments of I' are given by
Oy = / CFAA(C) = mor(xe.dA)  (k=01,...). (5.54)
Iy

It is easy to see that for large 2

5 (2) 1 & 1
1 ~ —— E C_kT+‘1— zZ — O . (555)
;CF+(Z) T k=0 Z

In terms of the electrostatic interpretation these moments can be thought of as the
coefficients of a complex multipole expansion of the charge distribution xr,dA at
infinity.

There is a well-known inverse problem associated to these parameters: given the
interior harmonic moments of a bounded simply connected domain D is it possible
to reconstruct the domain D uniquely? In other words, the data given is the Cauchy
transform (or the electric field generated by the uniformly charged pléte D) in a
neighborhood of infinity.

The answer to this question is negative: there are known constructions of pairs of
different simply connected domains whose Cauchy transforms match around infinity
(see [97], Section 2.3 and [82]). However, a classical result of Novikov [77] says that
if two bounded domains are star-shaped with respect to a common center and their

moments are the same then they are equal.
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5.8.2 Exterior harmonic moments

There is a certain ambiguity in the definition of the exterior harmonic moments. For

a € ', fixed, the Taylor expansion of the holomorphic function S*(z) is given by
1 o
§*(2) == Ciulz—a)" (5.56)
k=0

where Cp are the corresponding coefficients of the series expansion. Assuming that
0 € T, (which is not a generic assumption) one can make the standard choice a = 0

and define the exterior harmonic moments as

Cp:=Cp . (5.57)
In terms of the Schwarz function,
1
Co = — / *S(Nde (ke) (5.58)
21 r
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Chapter 6

Quadrature domains

For details regarding this subsection, see [83, 25, 85, 46].

6.1 Two simple examples

Let D(a,r) denote the open disk of radius r > 0 centered at a € C. For any function

f(z) holomorphic in a neighborhood of D(a,r), we have that

1
/ F(2)dA(z) = — / F(2)dz A dz
D(a,r) 2Z D(a,'r)
1
2 8D(a,r)
1 r?
-5 s
1 J8D(a,r) zZ—a
2
_rn f2) ..
27 dD(a,r) zZ—a
=r’1f(a) .

f(z)zdz (by Stokes’ Theorem)

(6.1)

Since the area integral functional is expressed as a point evaluation functional (which

is a quadrature formula), the identity

/ fdA =r*nf(a)
D{a,r)
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is called a quadrature identity. The disk D(a,r) is the simplest example of a classical

quadrature domain.

Let E(a,b) denote the ellipse

2 2 )
_ P T
{z—x—’rzy‘ 55+b—2§1} (6.3)
with a,b, € R, a > b. In terms of the complex parameters z and Z, the boundary of

E(a,b) is given by the equation
N2 )
z+7Z z2—2Z
=1 6.4
( 2a ) * < 2bi ) ’ (6-4)

(a® +b?)z — 2abv/ 2% — 2
2 )

c
where ¢? = a? — b? (the foci of the ellipse are —c and ) and v/z% — ¢2 has its branch

and therefore

(6.5)

Zz =

cut along the segment [—c, c] and the sheet is chosen by the condition
V22-ct~z  z—00. (6.6)

For any function f(z) holomorphic in a neighborhood of E(a, b), we have that

1 —
/E(a’b) f(2)dA(z) = = /E . f(2)dZ A dz

! f(2)zdz (by Stokes’ Theorem)

T2
ZabBD(a,'r) (67)
=—— F)V2? =z

¥
C"t JoD(ar)

2 c
_ _b ()& = 22dz .

In the last step the positively oriented contour is deformed to the segment [—¢,c]

along which

V22— c%dz = iVc? — z%dz (6.8)
where v/c2 — 72 is the positive root.
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The ellipse F(a,b) is a generalized quadrature domain for the measure dv =
29b\/c? — z2dz along the focal segment [—c, c].

In both examples the boundary is a nonsingular analytic curve whose Schwarz
function is particularly simple. This allows us to change the Z term in the boundary

integral to S(z) and then deform the contour to obtain the quadrature identity.

6.2 Test function classes

The formal definition of a quadrature domain is given by Sakai in [83]. Let v be a
positive Borel measure on the complex plane; for a nonempty domain, i.e., an open,
connected set © in C we consider the following test function spaces (as subspaces of

the Banach space L1(Q2, dA)):
ALY (Q) = {Ref € L}(Q,dA) | f is holomorphic in 2}
HL'(Q) = {h € L}(Q,dA) | h is harmonic in Q} (6.9)
SLY(Q) = {s € L}(Q,dA) | s is subharmonic in 2} .

AL () is just the real part of the Bergman space LL(f). In general,
ALYQ) c HLY(Q) c SLY(Q) . (6.10)

The first two classes are equal if €2 is simply connected: every harmonic function on a
simply connected domain can be represented as the real part of an analytic function
[78]. The function h(z) =log|z| on = {z : 1< |z| < 2} is harmonic, but it is not
a real part of a single-valued analytic function on ).

The inclusion HL'(Q) ¢ SL'(Q) is always proper. (Consider the subharmonic
function s,(z) :=log|z — a| for some a € §2, which satisfies s, € SL*(Q) \ HL(Q).)
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6.3 Quadrature domains

The domain Q is called a quadrature domain for a test function class F(Q) of the

measure v if
(i) v is concentrated on 2, i.e. ¥ (2°) =0,

(ii) for every f € F(9)

f7d d d dA | 6.11
/ r<oo an /f y</f , ( )
where f* := max{f,0} .

Note that if F(Q) is a function class such that —f € F() whenever f € F(Q)

then the second condition is equivalent to

/Q|f|du<oo and /Qfduz/ﬂfdA (6.12)

for every f € F(Q). Let Q(v, F) denotes the set of quadrature domains of v for
the function class F'. For a measure v, the quadrature domains corresponding to the
classes AL}(2), HLY(Q) and SL'(Q) are called holomorphic, harmonic and subhar-

monic quadrature domains respectively. We have the obvious inclusion relations
Q(v,SLY) C Q(v, HL') C Q(v,AL") . (6.13)

The study of questions related to the existence and uniqueness of holomorphic and
harmonic quadrature domains shows the importance of the notion of subharmonic
quadrature domains [83]. It turns out that subharmonic quadrature domains are
unique up to sets of zero Lebesgue measure [83].

To illustrate the possible non-uniqueness of quadrature domains even for simple
measures. consider the measure v supported on {z : |z| = 1} given by

@:5@9 0<6<r (6.14)

v
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in terms of the parameter z = ¢¥ for some ¢ > 0 (the total mass). Introduce the

auxiliary notation for the annuli

Ra::{ze(C: \/§<1z|<\/5?}. (6.15)

Depending on the values of the parameter ¢, these are the sets of quadrature domains

for the three distinguished test function classes:

L {Roa : m—t<a<m} O‘<t§7r
Qv ALY) =
{Ra : 0<a<n}U{D(0,\/t/m)} t>=
( {Ra)} O<t<m
Qv, HL') = ¢ {Raty , D(0,/t/m)} mw<t<enm
(6.16)
| {D(0, /t/m)} t>em
[ {Rato) 0<t<er
Q,SLY) = {{z: 0< |zl < e}, D(0,\e)} t=en
| {D(0, vt/m)} t>en,
where «(t) stands for the unique solution of the equation
/ (a+t)/m ( )
rlogrdr =0 6.17
Voa/r

in the interval 0 < o < 1 for 0 < t < er (see [83], Ex. 1.2).

6.4 Quadrature identities in terms of the external field

For every point z in the complement of a domain 2 the test function

() = - L . (6.18)

belongs to L1(Q,dA). If € Q(v, AL') for some measure then

Calz)=Co(z) 2€Q°. (6.19)
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As a consequence of an approximation theorem of Bers [14], the linear combinations
of the test functions {a,}.cqc are dense in L1 (£, dA). Therefore the equality of the
Cauchy transforms outside is equivalent to the holomorphic quadrature property for
v.

Similarly, using the harmonic test functions h,(w) = log [z—_lm for z € Q° and the
fact that the linear combinations of the h,’s and their derivatives are dense in HL'(f2)
[83], the harmonic quadrature property is equivalent to

U”(z) = U%(2) z €0°. (6.20)

The quadrature inequality holds for the class of subharmonic functions if and only

if
U”(z) = U%(2) z €Q°

(6.21)
U(z) > U%(z) zeC.

6.5 Classical quadrature domains

A domain Q is a classical quadrature domain if it is a holomorphic quadrature domain

for a positive linear combination of point masses:
V= Z /Bk(sak . (622)
k=1

Confluence of points in the above formula may be considered: this gives rise to the

more general form of classical quadrature identities:

[7aa=33" g0 se i@, (6.23)

k=1 I=1
It was shown in [4] that if a domain (2 satisfies a classical quadrature identity of the

form (6.23) then there exists an irreducible polynomial Q(z,y) € C|z,y] such that
MNc{zeC: Q(z,z)=0}. (6.24)
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In particular, if Q is simply connected then (6.23) is equivalent to the condition that
the interior uniformizing map is rational (see also [25]). Obviously, the rationality
of the interior conformal map implies the existence of the polynomial ) as we saw
above.

If 9 is a nonsingular analytic curve then the corresponding Schwarz function

satisfies the equation

Q(z,5(2)) =0 (6.25)

by analytic continuation.

6.6 Potentials associated to analytic curves

Definition 6.6.1 ([104]) An admissible potential is said to be quasi-harmonic if it

is of the form
Q: % — (—00,00]  Q(2) = alz|* — 2Re(H(z)) (6.26)
where Y2 has non-empty interior, o > 0 and H(z) is holomorphic in int(%).
Definition 6.6.2 ([68]) The potential
Q(z) = alz|* — 2Re(H(2)) (6.27)
is called semiclassical if H'(z) is a rational function on the Riemann sphere.

The relevance of these potentials is justified by the following result:

Theorem 6.6.1 ([63]) For a nonsingular analytic curve G the negative of the loga-

rithmic potential of the area measure of the interior region

_US() = — /G log dA(w) (6.28)

|z —wl

18 quasi-harmonic in G4.
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Proof. Let z; € G fixed. Since 3ZL7G+(Z) = %CG+ (2) and
Ce,(2) = —mz+ 75" (2) (6.29)
for z € G4, the logarithmic potential inside G is given by

U+ (z) = 1] ~ nRe (/ S+(§)d§) +c, 6

20

(C is a ration) which is obviously quasi-harmonic.
|

It is easy to see that we get semiclassical potentials in (6.28) if and only if S*(2)
is rational. By the singularity correspondence, this is equivalent to the requirement
that the erterior uniformizing map of the domain G_ be rational.

The normalized area measure on G4

1
du = ——— dA 6.31
M A(G+)XG+ ( )
has the logarithmic potential
s 7 #
Uk(z) = — z|* + Re(/ S+t d)+C z2€ Gy . 6.32
Assume that H(z) is an analytic continuation of the function
e [ SO (6.3
ZA(G"F) zg
to int(X) for some closed set ¥ containing cl(G.). Then the external potential
V(z2) := alz|* — 2Re(H(z2)) (6.34)
with
7r
o 6.35
“ T 2AGy) (6:35)

satisfies the first half of the equilibrium condition (4.25)
U¥(z) + V(z) = const. z€cl(Gy) . (6.36)
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Theorem 6.6.2 ([63]) Consider the quasi-harmonic potential
Q(z) = -’23|z|2 —2Re(H(2)) 2€3 (6.37)

and assume that on the interval (to,t1) (0 < to < t1 < oo) there is a monotonically

increasing one-parameter family of compact sets
K, CX t € (to,t1) to>0 (6.38)
with nonsingular analytic boundaries such that
e 0 € K; for allt € (to, t1).
e The area grows linearly in t: A(K;) =t for allt € (to,t1).

o The measure

1
dps = ——— dA 6.39
Lot A(Kt)XKt ( )

18 the equilibrium measure for the potential %Q(z) fort € (to, t1).

Then the exterior harmonic moments are preserved.in the course of the evolution:
Ck(t) = C t e (to,tl) . (640)

Proof. The exterior harmonic moments of K; are given by the Taylor expansion of

the Schwarz function S;f (2) of K; at z = 0:
SH(z) =) Crn(t)2*. (6.41)
k=1
Since i, is the equilibrium measure of 1Q(z) we have that
1
ZQ(Z) + UM (z) = F; z € K, , (6.42)
for some time-dependent constant F;. This equality is equivalent to

%Re ( /0 i Sj(g)dg) —~ %Re(H(z)) =G, €K, (6.43)
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for another constant G; in z. Therefore applying 9, gives

1
%S;L(z) — ZH,(Z) =0 z€K, (6.44)
which means that .
> 2
> Crl(t)* = =H'(2) . (6.45)
Vs
k=1

The expression on the right hand side is independent of ¢ which is enough to conclude

that the exterior harmonic moments are preserved.

6.6.1 Polynomial curves

Consider analytic Jordan curves given by rational exterior conformal maps F(u) with

pole at u = oo only:
Flu)=ru+>» — 7>0,0,7#0,neN. (6.46)

In this context these curves appear in the works by Wiegmann and Zabrodin. Elbau
refers to them as polynomial curves in [37]. The above mappings are univalent and
produce a nonsingular boundary G only for a certain subset of the parameter space
(r,ag, - ,an)-

The following observation is due to Makarov [67]: The interior component S*(z)
of the Schwarz function of the image curve G is given by

1 F (1) F'(w)du

St(z) = — 6.47
. (2) 27t iy Fu) — 2 (6.47)
It is known that the generating function
F'(u) o~ Pi(z)
= 6.48
F(u) -2 ; uk+1 (6.48)
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for large u gives the Faber polynomials {Py(z)}32, corresponding to the exterior
conformal mapping F [90]. Also
— /(1 T - %
Fl-}=-+4+ aru . (649)
[

Comparing the coefficients in the contour integral representation we get
S*(2) =) aPil(z) . (6.50)
k=0

Therefore the corresponding Schwarz function is a polynomial of degree at most n.
The corresponding potentials are not admissible in the Saff-Totik sense unless

n < 2.

6.6.2 Polynomial curves of degree two

Assume that
2

H(z)=az+ 7z2 (6.51)

where |T'| < 1. In [38] it is proven that the equilibrium measure p,, is given by

1

Aify = ——— A 6.52
Hw = FiGyXe+d (6.52)

where G is a polynomial curve. Since
St (z) = H'(2) = T*z (6.53)

has a simple pole at z = oo the singularity correspondence implies that F has to be

of the form

F(u) =ru+ao+ % , (6.54)

where r > 0. To find the coefficients r,ap and a; we use (6.49):

ot T =gy 4 AT 0) (6.55)
T
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Therefore
_a+ T?aq
1T

The conformal radius r is fixed by the area equation (5.8):

i 2 2 _ 1
%:W(r—laﬂ) ér—”m- (6.57)

The image G of the unit circle under F' is the boundary of an ellipse in the z-plane.

a=rT", ao (6.56)

The ramification points of F where F”(u) = 0 are u = T and u = T. The condition
|T} < 1 ensures that F(u) is univalent in the exterior of the unit disk. The focal

points of the ellipse are the images of these points under F:
zy = ag+2rT . (6.58)
Note that if T = 0 then G is a circle of radius
r=4/— (6.59)

centered at z = a.
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Chapter 7

Riemann—Hilbert approach

For a more detailed description of the Riemann-Hilbert approach, see [30, 53, 54, 20,
65, 15].

7.1 Riemann—Hilbert problems

A Riemann-Hilbert (factorization) problem is given by a pair (I';G) where I is a
system of oriented contours in the complex plane and M: I' - GL(n,C) isann x n

matrix-valued function defined on I'. We seek a function Y'(z) satisfying

(i) Y(2) is holomorphic in C\T and has continuous non-tangential boundary values

Y. (z) and Y_(2) along T,
(i) Y, (2) = Y_(z)M(z)v for z €T,
(ili) Y(z) ~ I as z — 0.

The solution to a Riemann—Hilbert problem may not exist or it may not be unique.
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7.2 The Fokas-Its—Kitaev RH problem for orthogonal poly-
nomials
Let T be a system of oriented contours and w(z) be a weight function analytic in

a neighborhood of T' such that the complex moments vx(w;I") exist for all £ > 0.

Consider the following Riemann—Hilbert problem for a 2 x 2 matrix-valued function
Y (z) [55):

(i) Y(2) is holomorphic in C\ T,

(ii) Y (z) has continuous boundary values Y, (z) and Y_(z) along I" and

Vi)=Y | “’f) | (71)
(i)
Y(z) = (1 o (%)) zon Zi 200 (7.2)

The following results are known to be valid in this case [55]:

(i) If a solution Y (z) exists then it is unique.

(ii) The solution exists if and only if det(M ™ (w,T')) # 0 and the solution is given

by the 2 x 2 matrix-valued function

1 [ pa(t)(t)de
pn(z) o —':7—
Y(z) = 127” /gnllét)w(t)dt (7.3)
R A

where the first column is expressed in terms of non-Hermitian monic orthogonal

polynomials of degree n and n — 1 with respect to the weight w as
271

pn(2) = Po(w; 2) gn_1(z) = —mPn_l(w; 2) (7.4)

(see Sec. 3.4).
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7.3 Deift—-Zhou nonlinear steepest descent method for the

Fokas-Its-Kitaev Riemann-Hilbert problem

We provide a very brief introduction to the main steps of the Deift-Zhou nonlinear
steepest descent method for orthogonal polynomials on the real line, following the
presentation of [53].

We study the asymptotic behavior of the matrix-valued function

1 [ Pon(t)e™MV®at
Pon(z) 2—m/ ’N(t) p
— — R -
Y(2) := Yan(2) 2m1 P (2) 1 /Pn-l,N(t)E‘NV(t)dt (7.5)
hn-1.n bV hn-1n Jr t—z
in the scaling limit
n—oo, N—o0o, %—>t>0 (7.6)

for some t > 0. For simplicity, we assume that

-7 | (7.7)

7.3.1 The g-function and the ‘undressing’

The first difficulty arising in the analysis of the Fokas-Its-Kitaev Riemann-Hilbert
problem is the non-standard asymptotic condition
1 2" 0
Y(z) = (I + O (—)) Z— 00 . (7.8)
z 0 ™" :

One might try to eliminate this problem by considering the undressed matrix
U(z) ;=Y (z)z7"3 z€ C\R. (7.9)

where the abbreviated notation z7 "3 uses the Pauli matriz
1 0

03 = . (710)
0 -1
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The matrix U(z) satisfies a Riemann-Hilbert problem with the desired asymptotics
Zz

U(2) =1+0<3) 2z 00. (7.11)

However, a serious drawback of this approach is that by removing the singular be-
havior at z = oo we introduce a new singularity at z = 0 and therefore this new
Riemann-Hilbert problem is no simpler than the previous one. On the other hand, to
achieve the normalization for large 2 one can use any matrix G(z) = G,(z) depending

on n that is holomorphic and invertible in C\ R and
2"3G(2) 7! ~ 1 n — 00 . (7.12)
The jump of the undressed matrix |
U(z) =Y (2)G*(2z) 2ze€C\R (7.13)

is given by

)

) ‘ (7.14)
)

)

We seek G(z) of the special form
G(2) = Gn(z) = 235 2 eC\R, (7.15)

where g(z) is a holomorphic function in C \ R satisfying

1
g(z) =logz+ O (~> z— 00 . (7.16)
Z
In terms of g(z), the jump matrix is of the form
en(9-(@)=94(2))  n(=1V(@)+9+(2)+-(2))

"= £ (z)e "9+ (@) = (7.17)
0 M9+ (@)—g-(2))
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Note that for points z € R where ¢™9(*) has no jump, the jump of the undressed
matrix has the form
1 en(—%V(z)+29(w))
(7.18)
0 1

The goal is to find a function g(z) such that this jump matrix is sufficiently close to
the identity matrix for large n; it is reasonable to expect that then the solution is

close to the identity as well, i.e.,
Y(2) ~Gn(z) n—o00. (7.19)

Note that if g(z) has continuous boundary functions g,(z) and g_(z) there must be

a non-empty set I C R where
h(z) = g4 () — g_(z) zel (7.20)

is non-zero because otherwise the asymptotic condition (7.16) cannot be satisfied.
Following the steps of the non-linear steepest descent method [30], we seek a func-
tion g(z) (the g-function corresponding to this Riemann-Hilbert problem) such that

the following conditions are satisfied:

(g9.1) The function g(z) is holomorphic in C\R and has continuous boundary functions

g+(z) and g_(x) on R.

(9-2)
9(2) =logz + O G) 2500 (7.21)

(g.3) There exists a set I C R such that
1
g+(x) +g9-(z) — ?V(x) ={ zel (7.22)
for some constant £ € R and

0 =zel. (7.23)

Re(g+(z) — g-())
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(g.4) The inequality
1
Re <g+(x) +g_(z)— zV(z) — Z) <0 zeR\I (7.24)
holds and
9+ (@)-9-(2)) — reR\I. (7.25)
(g.5) The function
h(z) = g+(2) — g-(2) (7.26)
has an analytic continuation in a thin lens-shaped region D around I such that

Re(h(2)) >0 =z € DN{Re(z) > 0}
Re(h(z)) <0 ze€ DN{Re(z) <0} .

(7.27)

The relevance of the assumptions (g.3), (g9.4) and (g.5) is not clear at this stage;
the meaning of these will be clarified by the steps of the analysis below. Also, the
existence such a g-function is not at all obvious from the above set of conditions.
It can be shown that the conditions (g.1), (g.2) and (g.3) lead to a scalar Riemann-
Hilbert problem for ¢’(z) and, for real analytic potentials I consists of a finite number
of compact intervals [26]. The remaining conditions of the g-function are then used to
find the endpoints of the intervals where g(z) has jumps. This solution is intimately

connected to the equilibrium measure of the potential
1
Vi(z) = ;V(x) : (7.28)

Heuristically, the theorem on the asymptotics of the zeroes of the orthogonal poly-
nomials 4.8.2 suggests that

1 1 1
—log —-—+—~ ~ [ log ——d S n-— oo, 7.29

n |z — s]
where py/; is the equilibrium measure corresponding to %V, since the normalized

counting measure of the zeroes converges to the equilibrium measure. Therefore it is
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expected that
Pun(z) ~n / log(z — s)duyj(s) m— oo (7.30)

Comparing this to (7.19) it is not surprising that the g-function is given by the

complex logarithmic potential of the equilibrium measure [30]:

g(z) = /log(z — 8)dpy(s) ze€ C\R. (7.31)

As we indicated above, the g-function can be constructed without considering the min-
imization problem just by solving a scalar Riemann-Hilbert problem implied by the
g-function conditions. It is importanf to note that for certain types of non-Hermitian
orthogonal polynomials the g-function can be constructed based on a similar set of
conditions. This construction is not always associated to the solution of a variational
problem (see [16] for a general scheme and Chap. 12 for a special case of such a

situation).

7.3.2 Lens opening

From now on, for simplicity, assume that the jump set of g-function consists of a

single bounded closed interval
I=[a})] —oco<a<b<oo. (7.32)

(The analysis can be carried through for the case of several intevals in a similar way
as described below.)
On the interval I C R where (7.22) is prescribed, the jump matrix of the undressed

matrix is
™9~ (@)—9+(2)) ené

(7.33)

0 e (g+(2)—g-(2))
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where £ is the related to the modified Robin constant of the variational problem. It

is easy to see that the slightly modified undressed matrix

U(z) := e%_eY(z)e—”g(z)""e“"71"3 z€ C\R (7.34)
gives the jump
eM9-(2)—9+(2)) 1 ) 735)
T € (a,b). .
0 eM9+(2)—9-(2)) (

Since g, () — g—(z) is purely imaginary on I, the diagonal terms exhibit rapid oscil-
lations as n — co. Note that if z is slightly moved off the segment 7 into C \ R, by
our assumption on the sign of the real part of the auxiliary function h(z), one of the
diagonal terms decays while the other grows exponentially (the rate of convergence
depends on the location of x) as n — oo. Therefore a simple deformation of the
contour is not effective in making both diagonal terms exponentially small. Instead,

by using the matrix identity

A 1 10 0 1 10
= A#0, (7.36)

0 A A7 1 -1 0 Al
we can split the jump matrix and use both sides of I at the same time. More precisely,
we can fix two contours 'y and I'_ lying entirely in D enclosing the domains 2, and

Q_ for which we define the following modified matrix-valued function:

U(z) ! ° 0
z z €8y
*e—nh(z) 1
T(z) := { 1 0 (7.37)
U(z) z€Q_
6nh(z) 1
U(z) 2€C\ (QyUQ_URUT,UT.) .
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Straightforward calculation gives that T, (z) = T_(z)H(z), where

1 0 r
z € +
e—nh(z) 1
1 0
H(z) = { zel_ | (7.38)
h
e 1
0 1
zel.
-1 0

This shows that the resulting matrix satisfies a Riemann-Hilbert problem whose jump
matrix is exponentially close to the identity at every point of (RUT; UT2) \ . The

exponential rate is uniform outside small neighborhoods of the endpoints a and b.

7.3.3 Model problem

The above seen asymptotic properties of the jump matrix that determines T'(z) =
T.(z) suggest that it approximates the solution of the following model problem on the

interval [a, b]:
(1) W(z) is holomorphic in C \ [a, b] and has continuous boundary values on (a,b) ,

(2)

Vo (z)=9_(z)| ~ z € (a,b) (7.39)

B)¥(z)=I+0(L)asz— 0.

Note that the solution of this Riemann-Hilbert problem is not unique: without pre-

scribing the asymptotic behavior at the endpoints z = a and z = b, the solution
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is defined up to adding meromorphic matrix-valued functions F(z) holomorphic on

C\ ({a} U {b}) such that

szo(% r 0. (7.40)

z

The relevant solution to this constant jump problem can be constructed explicitly

[30]:
B(z)+ B(2)™! B(z) - B(2)™*

— 2 21
U(z) = —B(2) + B(2)™' B(=2) -I-ZB(z)'l ’ (7.41)
2 2
where .
B(z) = (z_b> 2 €C\la,b] (7.42)
z—a
where the sheet of B(z) is fixed by the asymptotic condition
B(z2)=1+0 <1> z — 00 . (7.43)
z

Note that the exact same construction can be used if we replace [a, b] with a simple
smooth contour ¥ joining two arbitrary points z = a and z = b, except that the

branch cut of B(z) has to be placed on X.

7.3.4 Small norm Riemann-Hilbert problems

Since jump matrix of T'(z) is exponentially close to the jump matrix of ¥(z) pointwise

except at the endpoints of I, we expect that the error matriz
S(2) = Sn(2) 1= Tn(2)T7}2) (7.44)

is close to the identity matrix as n — oco. The following result is of central importance

in the conclusion of the asymptotic analysis [63, 22]:

Theorem 7.3.1 ([53, 22]) Consider a Riemann-Hilbert factorization problem given

by the data (T, G,) and assume that
C

'n,6 n > Mo (745)

1Gn(2) = Il L2(rynpeem) <
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for some ng € N and 6 > 0. Then, for sufficiently large n, the Riemann—Hilbert
problem associated to (I', Gp) is uniquely solvable and the solution Y,(z) satisfies the

following uniform estimate

C

Yol2) - I|| £ ———5—
Mh(e) = 1< o

ze K (7.46)

forn > ny for some ny > ng, on any closed set K C C that satisfies

.. d(z,T)
[ : 4
inf T >0 (7.47)

The behavior of S(z) at the endpoints imply that the L>(I")-norm condition of Thm.
7.3.1 does not hold for S(z). This problem is addressed by the construction of local
parametrices to find a modified error matrix that does satisfy a small-norm Riemann-

Hilbert problem.

7.3.5 Local parametrices

The basic idea to treat the error matrix S(z) at the endpoint z = a (and similarly at
the endpoint z = b) is to solve the jump conditions for T'(z) explicitly in a sufficiently
small disk D(a, €) around z = a, i.e., to find a matrix-valued function P%*(z) = P2(z)

in D(a,¢) such that P%(z) has exactly the same jump conditions as 7'(z) and

1

P = (140(5))wio s
n

uniformly on dD(a,e) as n — oo. Using a conformal change of coordinates such

solution P%(z) can be constructed using Airy functions [2]; The steps of this procedure

are not detailed here; it can be found in [30, 53]. In Chap. 12 the construction of two

special local parametrices can be found.
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7.3.6 Conclusion of the asymptotic analysis
Let X1 denote the union of the contours
ET =RU Fl U Fz . (749)

If we consider the modified error matrix

(

T(2)¥71(2) 2 € C\ (27N D(a,e) N D(b,€)
S(z) = 4 T(z)(P*(2))~* z € D(a, ) (7.50)
T(2)(P%(2))} z € D(b,¢)

Then it is shown [30, 53] that S satisfies a small Riemann-Hilbert problem in both

the L? and L°-sense and therefore

S(z)=I+0 (i> . (7.51)

no
This means that, by tracing back the steps Y +— U — T + ¥ and using the error
term guaranteed by the error matrix, we obtain strong asymptotics for the original
matrix function Y as n — oo uniformly on compact subsets depending on the region

in question [30, 53]. For a special case of such asymptotics, see Chap. 12.

7.4 Quadratic differentials

We restrict ourselves to give the definition quadratic differentials an some of their
basic properties. For an extensive treatment of the theory of quadratic differentials

see [89]. See also 73] for a brief and elementary introduction with examples.

Definition 7.4.1 Let R be a Riemann surface with a fized atlas {(Uy, zx)} consisting

of open sets U, C R whose union covers R and local coordinates z: U, — CP?
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with holomorphic transition functions on the regions of overlap. A meromorphic
quadratic differential ¢ on R is a collection of meromorphic functional elements oy,

that transform by the rule
or(z)d2E = @i(2))d2? (7.52)
with respect to a coordinate change on overlapping coordinate neighborhoods Uy and
Ul, i.e.,
dzl 2
wr(zi) =@u(z) | =— | - (7.53)

dzi
This definition is analogous to the definition of one-forms on an arbitrary Riemann
surface [42]. A more abstract definition can also be given in the framework of algebraic
geometry (see [73]).
Example. On the Riemann sphere R = CP! we consider the two overlapping

coordinate neighborhoods
Uy :=CP'\ {0}, Uy:=CP*\ {0} (7.54)

with local coordinates z and Z respectively, such that the transition function between

the two local coordinates is given by

am:zw) PecUnU,. (7.55)

Any rational function R(z) gives a quadratic differential denoted by R(z)dz? on CP!

given by the functional elements

n@)=RE) . @) =r(3) % (7.56)

z
A meromorphic quadratic differential ¢ on a Riemann surface R does not associate
functional values to the points of R. However, it makes sense to consider poles and
zeroes of ¢ since these are independent of the choice of the local coordinate. The

order of a zero or a pole is also invariant under change of coordinates; the leading
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term of ¢ is invariant only for poles of order two [89] (analogously to the case of

one-forms for which only the residues are invariant).

Definition 7.4.2 The poles and zeroes of a meromorphic quadratic differential ¢ are

referred to as the critical points of .

Given a point Py € R, a distinguished local parameter w can be defined corresponding

to ¢(z)dz? by considering the one-form

w = /p(z)dz (7.57)
that is integrated to
P
w(P) = V(z)dz . (7.58)
Py
Evidently, the one-form w and therefore the coordinate w is defined up to sign in a
neighborhood of a non-critical point because of the sign ambiguity of the square root.

The metric associated to a quadratic differential ¢(z)dz? on R is given by the

length element

ds? = |(2)l|dz]? . (7.59)

The Strebel length of a curve vy with respect to » is given by

L(y) = / (=) F1dz] (7.60)

For the properties of this metric, see [89]. The following notions associated to

quadratic differentials are needed in Chap. 12.

Definition 7.4.3 Let
v:(a,b) > R (7.61)

be a parametric curve on R. 7 s called a horizontal arc of ¢ if

o+ (1)) (dzl—gf)) S0 te(ab). (7.62)
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If

(1)) (%9) <0 te(ab), (7.63)

the curve s called a vertical arc of .

The horizontal and vertical arcs emanating from a point are distinguished geodesics
of the metric |p(2)||dz|?. A maximal horizontal or vertical geodesic is called a hor-
izontal trajectory or a wvertical trajectory respectively. A critical horizontal/vertical
trajectory is a horizontal /vertical trajectory that emanates from a critical point.

For every non-critical point P of ¢(2)dz? there exists a unique horizontal and a
unique vertical geodesic arc passing through P. In the vicinity of critical points,
however, there is a completely different behavior depending on the nature and order

of the singularity of p(z)dz?:

e In the vicinity of a simple zero P of ¢(z) there are three horizontal trajectories

emanating from P with asymptotic angles %’T

e In the vicinity of a double zero P of ¢(z) there are four horizontal trajectories

emanating from P with asymptotic angles 7.

e In a neighborhood around a double pole P of ¢(z) with negative leading coefhi-
cient (in any local parameter), the horizontal trajectories are concentric circles

in terms of the distinguished parameter w defined above.

For a complete list of the local behavior of the trajectories near critical points, see

[29).
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Part 11

Results
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Chapter 8

Superharmonic perturbations of a
Gaussian measure, equilibrium
measures and orthogonal

polynomials

8.1 Summary

This chapter presents the results of the published paper [12]. Four main topics are

addressed in this work:

1. A special class of quasi-harmonic potentials (superharmonic perturbations of the

quadratic potential) is introduced (Sec. 2).

2. The structure of the supports of equilibrium measures corresponding to super-

harmonic perturbations is studied (Sec. 3).

3. For orthogonal polynomials with respect to superh‘armonic perturbations of a
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Gaussian weight the validity of the Its-Takhtajan matrix d-bar problem (to be
defined below) is extended (Sec. 4 and 5).

4. A general conjecture is stated concerning the connection between the asymp-
totic distribution of the zeroes of orthogonal polynomials and the support of the

equilibrium measure via a quadrature identity (Sec. 6).

8.1.1 Superharmonic perturbations

In several works on random normal matrix models [92, 38, 37, 56], polynomial quasi-

harmonic potentials of the form
Q(z) = alz|* — 2Re(P(z)) (8.1)

are considered, where P(z) is an arbitrary polynomial. However, unless the degree of
this polynomial is at most two, the corresponding matrix integrals do not converge
since the quadratic term is no longer dominant, and there will be asymptotic sectors
in the complex plane where the reduced matrix integrals are divergent. For the
same reason, these potentials are not admissible for the weighted energy problem so
there is no corresponding equilibrium measure. A standard way of regularizing these
potentials is to introduce a cut-off domain £ C C outside of which the potential
is assumed to be infinite, i.e., the weight function is set to be zero (similar to the
notion of an infinite well potential in quantum mechanics). This approach has the
drawback that ¥ can be chosen quif,e arbitrarily (as long as it is bounded) and the
dependence on the choice of ¥ of the matrix integrals, the orthogonal polynomials
and the equilibrium measure is not completely understood.

As an alternative, a special class of quasi-harmonic potentials is introduced:

Definition 8.1.1 A superharmonic perturbation of the Gaussian potential is a quasi-
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harmonic potential of the form
Q(z) == olz* +U"(2) , (8.2)

where UY is the logarithmic potential of a compactly supported finite positive Borel

measure v in the complex plane.

These potentials are shown to be admissible (Prop. 2.4) and the corresponding or-

thogonal polynomials exist (Prop. 4.1).

8.1.2 Equilibrium measures for superharmonic perturbation potentials

The paper [12] contains three results on the structure of the supports of equilibrium
measures for superharmonically perturbed Gaussian weights, which are presented
below in Thms. 8.1.1, 8.1.2 and 8.1.3. |

First, as an illustration of the complicated structure of the equilibrium domains,
the following lemma presents a detailed calculation of the support of the equilibrium

measure for the simplest non-trivial case

Q(2) = az|* + Blog . , (8.3)

|z — al
where the perturbing measure v is a Dirac point measure of mass § > 0 concentrated
at a € C. It is important to note that although the result was known [92, 67] and
is elementary to derive, there seems to have been no complete proof available in the

existing literature.

Lemma 8.1.1 (Prop 3.3, [12]) Define two radit R and r as

_ . J1t6 —|B ,
R:= o r.—\/;. (8.4)

The equilibrium measure pg is absolutely continuous with respect to the Lebesgue

measure with constant density 27% The shape of supp(ug) depends on the geometric

arrangement of the disks D(0, R) and D(a,r) in the following way:
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(i) If D(a,r) C D(0, R) then

So = D(0,R)\ D(a,r) . (8.5)

(i) If D(a,r) ¢ D(0, R) then Sqg is simply connected and uniformized by a rational

exterior conformal mapping of the Joukowski-type [1]:

F(u)—7u+a0+—v—z (8.6)

where the coefficients r € RT,0 < |A| < 1 and ap,v € C are uniquely determined

by the parameters o, 8 and a.

The different possible configurations are illustrated in Fig. 8.1. The equilibrium
measure of the special potential considered above has a simple structure if D(a,r) C
D(0, R): the equilibrium support is the difference of two disks. There is a simple
explanation of this from a potential theoretic point of view, as follows. The potential

Q(z) is the sum of a quadratic term

Q(z) = al2’ (8.7)
with Laplacian

AQ(z) = 4a , (8.8)

and a pure logarithmic potential term U (z) corresponding to the measure v = (34,.

Note that the modified variational problem

/ [ 108 = di2)di(t) + 2 [ alafdp(z) — min. 5o
C)=1+38

with increased total charge 1+ 3 is solved by the measure

1
d/,LQ = EXD(O,R)dA s (8.10)
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D(a,r7) C D(O,R)

D(a,m)\D(0O,R) # 0 D(a,r)ND{O,R) =10

Figure 8.1: The shape of the support Sg for the different configurations

where the radius R is the same as (8.4). The excised disk D(a,r) with density 22 s
equivalent to the point measure v = 34, outside D(a, r), in the following sense:
2
2yP@R) () =U¥(z)  z€ C\Dla,r)
o (8.11) |
PR ;) > U(z) z € D(a,r) .
T
This pair of relations is equivalent to the subharmonic quadrature property of the

disk D(a,r) with respect to the measure 726,.

Therefore, using the variational inequalities (4.25) for Q, the following inequalities
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hold:
Q(2) + UM (2) = Q(2) + U(2) + 27“(]5(0,1%)(2) _ _Z;Q_UD(a,r)(z)

I

Q) +U2(2) + U¥(2) — 2UPen(z)

Q(z) + Uta(z) > Fy z€ C\ D(0,R)
= Fj | 2 € D(0,R) \ D(a,r)
Fo+U"(z) Q?QUDW”")(Z) > F, 2€Dla,r).
(8.12)

In the electrostatic configuration described by the external potential the perturbing
charge v can be regarded as a 'fixed deposit’ of charge (3 in the presence of the 'pure’
quadratic potential Q. The electrostatic effect of the fixed charge v is the same as

2

that of the disk D(a, ) with uniform charge =* outside D(a,r). Hence as long as
D(a,r) C D(0, R), the movable charge p in the variational problem can be arranged
in such a way that the electrostatic effect of the sum p + v is the same as that of the
equilibrium measure p5 and therefore y + v is in equilibrium in the presence of the

potential Q.

The generalization of this idea motivated the following

Theorem 8.1.1 (Thm. 2.4, [12]) Assume that the perturbation measure v can be

decomposed into a sum

V= Z Vi (813)
k=1

where the measures vy are all finite positive Borel measures satisfying the following

conditions:

(i) The supports of the measures vy, are pairwise disjoint and each vy has positive

total mass.
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(i) Each rescaled measure J-vy has a unique mazimal subharmonic quadrature do-

main Dy fork=1,... m.

(t1i) The domains Dy, are pairwise disjoint and Dy C D(0,R) for k=1,...,m where

1+ v(C)
R := \/——————204 . (8.14)

Then the equilitbrium measure ug s absolutely continuous with respect to the Lebesgue

measure with constant density 2?0‘, supported on the compact set

K :=D(0,R)\ ODk . (8.15)

Figure 8.2: A configuration involving subharmonic quadrature domains: a disk, a two-point quadra-

ture domain and an ellipse

The situation described in Thm. 8.1.1 is illustrated in Fig. 8.2 for the configuration
involving the enclosed quadrature domains, corresponding to a point charge, a pair of
point charges with overlapping disks and a line of charge corresponding to an elliptic
quadrature domain. The conclusion of Theorem 8.1.1 does not hold if some of the
domains Dy, overlap or intersect the exterior of D(0, R). The complete description of

all possible configurations becomes quite complicated geometrically if we relax any

100



of the conditions above. However, it is plausible to expect that the support of the
equilibrium measure is always contained in the disk D(0, R).
The following result confirms this assertion if v is a positive rational linear com-

bination of point masses.

Theorem 8.1.2 (Thm. 3.5, [12]) Let v is a measure of the form
V= Z 7"k5ak (816)
k=1

where r1, T2, ..., m are positive rational numbers. Then the Support Sw of the corre-

sponding equilibrium measure is entirely contained in the closed disk D(0, R) where

14+ v(C)

8.1.3 The Its-Takhtajan d-bar problem for orthogonal polynomials

The nonlinear steepest descent method of Deift and Zhou applied to the Riemann-
Hilbert problem of Fokas, Its and Kitaev (Sec. 7.2) provided the strong asymptotics
for orthogonal polynomials on the real line. No comparable method is as yet devel-
oped that is similarly applicable to the asymptotics of orthogonal polynomials in the
plane. However, some partial results in this direction are known, in which, for certain
classes of potentials, instead of an associated Riemann-Hilbert problem, the orthog-
onal polynomials are uniquely determined by a suitable d-bar problem. Consider

quasi-harmonic potentials in the plane
Q(z) = a|z|® — 2Re(H(2)) FASDY (8.18)

that are admissible (see Sec. 4.4) and such that the corresponding orthogonal poly-

nomials P, y(z) satisfying
/ Pon(2) Py (2)e NP dA(2) = hynOnm (8.19)
>
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exist. In a recent attempt to find an analog of the Riemann—Hilbert approach valid
for for polynomial quasi-harmonic potentials with a compact cut-off set ¥, Its and

Takhtajan [56] considered the 2 x 2 matrix-valued function

P, n(2) 1/ P”’N(w)e“NQ(W)dA(w)
' T Jc WwW—2z2
Yon(z) = - . (8.20)
1 P,_
- m Pranlz) — - / 1.3 (w) e~ NRW) G A (1)
L n-1,N n-1,N Jc W~—2 J

that satisfies the following d-bar problem:
0 —eNQG)
3:Yn n(2) = Yon(2) zeC. (8.21)
0 0

They showed in [56] that the d-bar problem
(1) M(z) is continuously differentiable on C,

(2) M satisfies the d-bar equation

O=M(z) = M(2) 2eC (8.22)

(3)
M(z) = (1 +0 G)) 29 2] = o0 (8.23)

characterizes the matrix function Y, y(z) uniquely and therefore determines the monic
orthogonal polynomia_,l P, n(2). Note that ¥ is compact and therefore Y, n(2) is
holomorphic outside 3.

It is shown in [12] that the validity of this d-bar problem can be extended to

superharmonic perturbations of the Gaussian weight with no cut-off:
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Theorem 8.1.3 (Prop. [12]) Assume that
QR(z) = alz]* + U(2) (8.24)

is a superharmonic perturbation of the quadratic potential. Then the 2 x 2 matriz-

valued function Y, n(2)

~ 1 7/ N -
Pon(2) - Fealt) v p(w)
T Jc w—z
Yon(z) = - . (8.25)
S S — / Protlv) v aw)
L hn—l,N hn-1,N C w—2z E

5 the unique solution of the following matriz d-bar problem:
(1) M(2) is continuously differentiable on C,

(2) M satisfies the d-bar equation

M(z) = M(z) zeC (8.26)

M(z) = <1+ o (i>> T PIE, (8.27)

2|
The details of the proof are given in the paper [12], comprising the next subsec-
tion. Similarly to the Fokas-Its-Kitaev Riemann-Hilbert problem, the Its-Takhtajan
d-bar problem uniquely characterizes the orthogonal polynomials. The first steps of
a method to analyse this d-bar problem are laid down in [56]; however, at present,
this approach is not sufficiently developed to provide asymptotic expansions of such

orthogonal polynomials.

103



8.1.4 Zeroes of orthogonal polynomials and quadrature domains

Recall (Sec. 4.8) that, under suitable regularity assumptions on the potential, V(z)
on the real line, the following three sequence of measures converge to the equilibrium

measure of V in the appropriate scaling limit:
e the density of the one-point function of the matrix model (Thm. 4.8.1),

e the normalized counting measure of a fixed Fekete point configuration (Def. 4.5.1

and Thm. 4.5.1),

e the normalized counting measure of the zeroes of the corresponding orthogonal

polynomials (Thm. 4.8.2).

Recall also that the analogues of the first and the second statements are valid for
normal matrix models as well (Thms. 4.8.3 and 4.5.1).

However, the following two examples indicate that the analogous statement to
Theorem 4.8.2 does not hold for planar orthogonal polynomials. These examples
however suggest a suitable generalization of Thm. 4.8.2 that forms the basis of the
above mentioned conjecture.

Example 1. Circular symmetric planar Gaussian weights. For the potential
Q(z) = alz|? (8.28)

the equilibrium measure is given by (recall Sec. 6.6.2)

1
i = 75 _XD(o,mA (8.29)
where
1
=4/—. 8.30
R 2c ( )
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By the circular symmetry of the potential,

21 poo
/anke“"‘lzlsz(Z) i/ / ikl iln=k)0 g—ar® 4, 19
C o Jo

vy 7n!

oo
n_—s8
=—an—+15nk/ S e dS:FI-_l(Snk’

0

where z = re?. Therefore the corresponding monic orthogonal polynomials are just

(8.31)

the monomials:
Pule™*PdA; 2) = 2~ (8.32)
(Note that this is true for every circular symmetric potential.) The normalized count-

ing measure of the zeroes is dy for every n, so the asymptotic distribution is also dy.

This means that
Vn,N =5 8o # HQ - (8.33)
Example 2. General planar Gaussian weights. The quadratic potential function
1 -
Qz) = |2~ 5 (T222 +T222) . 0<|T|<1, (8.34)
corresponds to the Gaussian weight
w(z) =
exp (— [(1 +Im(T)? — Re(T)?)2* + (1 + Re(T)? — Im(T)?)y” + 4Re(T)Im(T)zy]) ,
(8.35)

where z = z + iy. The covariance matrix of this Gaussian density is positive definite
if and only if |T| < 1.
The equilibrium measure is given by (Sec. 6.6.2)

1
= A, .
dug a E)XEd , (8.36)

where F is the ellipse given by the exterior uniformizing map

F(u) =ru+ — , (8.37)



with conformal radius

(8.38)

The foci are given by

deo=d— (8.39)

where we use the abbreviated notation

[ 2T
o=\ T (8.40)

The monic polynomials P, y(z) with respect to the scaled weight function

2
w(z) = e—N(|z|2—%(T2z2+T 22)) (8.41)

are expressible in terms of the Hermite polynomials [31] (see Thm. 3.5.1)

a” T
Pn,N(Z) = WHn (\/NEZ) . (842)
Since
a® " \T N2

is the monic orthogonal polynomial on the real lirie with respect to the weight
W™ (z) = exp (—Nz?) | . (8.44)

Thm. 4.8.1 implies that the normalized counting measure of the zeroes of the rescaled

Hermite polynomials converges to the Wigner semicircle distribution

2
dpg(z) = —X[-11) (z)V1 - z%dx | (8.45)

asn,N — o0,  — % Therefore the normalized counting measure of the zeroes of

P, n(z) converges to the probability measure

do(z) = 272% 1-— <%Z—)2dz (8.46)
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Figure 8.3: The zeroes for the orthogonal polynomials for the special cases above

along the focal segment [—c,c] of E. Note that this density gives the normalized

quadrature measure for F; for any integrable holomorphic function f on F,

1 Cc
15 /E fdA = 3 fdo . (8.47)

The configuration of the preceding two examples is illustrated in Fig. 8.3. Based

on these examples one can formulate the following

Conjecture 8.1.1 (Sec. 6, [12]) Assume that Q(z) is an admissible quasi-harmonic

potential of the form
Q(z) = |2|* — 2Re(H(2)) z€Y (8.48)

with the corresponding monic orthogonal polyomials P, n(z) characterized by the or-

thogonality relations

/ Py (2)zke N H2NRHEN G A () = by o k=0,...,n—1. (8.49)
C
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(1) For every t > O there exists a probability measure oy supported in the polynomial

convez hull of Sg
SuPp(Ut) - PC(SQ/t) (8'50)

such that the full sequence of normalized counting measures of the zeroes of

P, n(z) converges to o; in the weak-star sense:

VnN —> 0y (8.51)
in the scaling limit
n — oo, N — o0, %—M. (8.52)

The Cauchy transforms of the equilibrium measure and the asymptotic zero dis-

tribution are the same outside the polynomial convex hull of the support Sg::
C’“Q/t(z) = C,,(2) z € C\ Pc(Sqp) - (8.53)

The measure oy is supported along the union of a collection of curve segments
U]-B§- depending the value of t for which C,,, , (2) admits an analytic continuation

F'(z) to C\ U;B% such that the one-form
Re(F(z) — F'(2))dz (8.54)

vanishes along each curve UjB;. Some of the curves of U;B; may degenerate to

points.

For the case of polynomial quasi-h_armonic potentials with a compact cut-off set 3,

essentially the same conjecture appears in [37].

Note that this conjecture consists of three distinct statements:

(1)

It is conjectured that there is a unique accumulation point of the sequence of

measures {V, v }». There are many examples of orthogonality measures in [88] for
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which the sequence of normalized counting measures of the zeroes of orthogonal

polynomials have more than one accumulation points.

(2) The weak part of the conjecture is that the asymptotic distribution of the ze-
roes and the equilibrium measure have the same Cauchy transforms outside the
polynomial convex hull of Sg/;. In [37] this part is proved for cut-off polyno-
mial quasi-harmonic potentials using the multiple integral representation (3.18)
of Heine for P, y and the large deviation method of Johansson [58]. This fact is

also known for certain classes of general orthogonal polynomials [88].

(3) The strong part is the localization of the asymptotic distribution along curves.
Conceptually this is the same problem as finding a minimal quadrature measure
for a given bounded domain in the plane [46, 84]. The one-form condition (8.54)
is just a tautology because it is implied by the positivity of o, via the Sokhotski-
Plemelj formulae (5.29).

8.2 Superharmonic perturbations of a Gaussian measure, equi-
librium measures and orthogonal polynomials, Complex

Analysis and Operator Theory, 3 (2): 333-360, 2009.
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F. Balogh and J. Harnad

Abstract. This work concerns superharmonic perturbations of a Gaussian
measure given by a special class of positive weights in the complex plane
of the form w(z) = exp(—|z|® + U*(z)), where U*(2) is the logarithmic po-
tential of a compactly supported positive measure u. The equilibrium measure
of the corresponding weighted energy problem is shown to be supported on
subharmonic generalized quadrature domains for a large class of perturbing
potentials L' (z). It is also shown that the 2 X 2 matrix d-bar problem for
orthogonal polynomials with respect to such weights is well-defined and has a
unique solution given explicitly by Cauchy transforms. Numerical evidence is
presented supporting a conjectured relation between the asymptotic distribu-
tion of the zerocs of the orthogonal polynomials in a semi-classical scaling limit
and the Schwarz function of the curve bounding the support of the equilib-
rium measure, extending the previously studied case of harmonic polynomial
perturbations with weights w(z) supported on a compact domain.

1. Introduction

This work mainly concerns equilibrium problems in potential theory, but its moti-
vation derives largely from two related domains: random matrix theory and inter-
face dynamics of incompressible fluids. Recent work of Wiegmann, Zabrodin and
their collaborators {18, 20] connected the spectral distributions of random normal
matrices to the Laplacian Growth model for the interface dynamics of a pair of
two-dimensional incompressible fluids. The unitarily invariant probability measure
on the set of n x n complex normal matrices in [18] is determined by a potential

Work supported in part by the Natural Sciences and Engineering Research Council of Canada
(NSERC) and the Fonds de recherche sur la nature et les technologies du Québec (FQRNT).

110



334 F. Balogh and J. Harnad Comp.an.op.th.

function

V(2,z) = 2z + A(z) + A(z) (1.1)
and the corresponding density is of the form

f(M, M*) = e~ R TEV(M, M) (1.2)

with respect to a unitarily invariant reference measure on the set of normal matri-
ces. The function A(z) is assumed to have a single-valued derivative A’(z) mero-
morphic in some domain D C C. Under suitable assumptions on A(z), the large n
limit of the averaged normalized eigenvalue distribution in the scaling limit

n—oo, A—0, nh=t (1.3)

tends to a probability measure pyv; where t is some fixed positive number {gquan-
tum area). It turns out that py, is the unique solution of a two-dimensional elec-
trostatic equilibrium problem in the presence of the external potential V in the
complex plane. In most cases, py,; is absolutely continuous with respect to the
planar Lebesgue measure with constant density. It can be shown that the support
supp(uv,) undergoes Laplacian growth in terms of the scaling constant ¢ and the
arca of the support is linear in t. However, this evolution problem is ill-defined;
even initial domains with analytic boundaries may develop cusp-like singularities
in finite time and the solution cannot be continued in the strong sense (see [17,18]).
The averaged cigenvalue density of the corresponding normal matrix model for fi-
nite matrix size n can be viewed as describing a sort of discretized version whose
contiuum limit may be interpreted as a semiclassical limit (1.3) that tends to uy¢
as shown in {1,9}.

In studying these questions, it is important to understand first the possible
shapes of compact sets which are supports of equilibrium measures for potentials
of the form (1.1). In this work we show the support of the equilibrium measure for
a class of perturbed Gaussian potentials of the form

Vav(2) = oz|.2|2 +U¥(z), (1.4)

where o > 0 and v is a compactly supported finite positive Borel measure, to be
so-called generalized quadrature domains (8, 14].

To understand the asymptotic behaviour of the averaged eigenvalue density
of normal matrix models in different scaling regimes, one has to study the asymp-
totics of the corresponding orthogonal polynomials for the weight e~¥(?). The
well-known Riemann-Hilbert approach is not applicable directly in this case be-
cause the orthogonality weight is not constrained to the real axis. However, there
is a sort of matrix J-bar problem, introduced by Its and Takhtajan [10], which is a
candidate to replacing the matrix Riemann-Hilbert problem in the study of strong
asymptotics of the orthogonal polynomials. In the present work it is shown that the
B-bar problem is also well-defined and characterizes the orthogonal polynomials
for the class of perturbed Gaussian potentials considered above.
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To fix notations, let m denote the two-dimensional Lebesgue measure in the
complex plane C. We denote respectively by H and H¢ the closure and the comple-
ment of a set H C C and by Iy the indicator function. The open disk of radius r
centered at ¢ € C is denoted by B(e,r), and the Riemann sphere by C.

2. Weighted energy problem and logarithmic potentials

In this section we briefly describe both the classical and weighted energy prob-
lems of logarithmic potential theory (see [12] and [13]) and specify the class of
background potentials we are concerned with in this paper.

Definition 2.1. Let px be a compactly supported finite, positive Borel measure in
the complex plane. The logarithmic potential produced by u is defined as

U¥(z) = /C]og ﬁdﬂ.(w) (€ Q). (2.1)

In particular, for a bounded subset S of the plane with m(S) > 0, we consider
the measure ng given by
dns = Isdm. (2.2)
Thus ng is the Lebesgue measure restricted to S. In the following, we use the
simplified notation U3(z) for the logarithmic potential U7$(z) of the measure 7g.
The logarithmic potential of a positive measure p is harmonic outside the
support of u and superharmonic on supp(u) (see [13], Theorem 0.5.6). Moreover,
it has the asymptotic behaviour

k() = p(C)log !—; 4o (%) . (2] — o) (2.3)

where p(C) is the total mass of u. If U#(z) is smooth enough the density of the
measure 4 can be recovered from this potential by taking the Laplacian of U¥(z):

Theorem 2.2 ([13], IL1.3). If in a region R C C the logarithmic potential U*(z)
of the measure p has continuous second partial derivatives, then u is absolutely
continuous with respect to the planar Lebesgue measure m in R and we have the
formula

dy = —iAU“dm. (2.4)
27

Now, let K be a compact subset of C and let M({K') denote the set of all Borel
probability measures supported on K. In classical potential theory, the logarithmic
energy of a measure u € M(K) is defined to be

100)+= [ U*(2)dtz) = /K /. Tog - du)dutz). (2.5)
The quantity
Bi= _inf 1 (2.6)
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is either finite or +oc. The logarithmic capacity of K is
cap(K) 1= e Fx . (2.7}

If Eg < oc then, by a well-known theorem of Frostman (see e.g. [12]), there exists
a unique measure py in M(K) minimizing the energy functional I(-) and this
measure is called the equilibrium measure of K. The capacity of an arbitrary Borel
set B C C is defined as

cap(B) :=sup {cap(K) | K C B, K compact} .

A property is said to hold quasi-everywhere if the set of exceptional points (i.e.
those where it does not hold) is of capacity zero.

In the more general setting we have a closed set ¥ C C and a function
w: ¥ — [0,00) on T called the weight function. Usually the weight function is
given in the form

w(z) = exp (- Q(2)), (28)

where Q: £ — (—o00,00]. In the electrostatical interpretation, the set I is called
the conductor and Q is called the background potential.

Definition 2.3 ([13]). The weight function w is said to be admissible if
e w is upper semi-continuous,
e {z € ¥ | w(z) > 0} has nonzero capacity,
o limy, |, j2fw(z) = 0.

The admissibility conditions can be rephrased in terms of the potential @Q;
w(z) = exp(—Q(z)) is admissible if and only if Q is lower semi-continuous, the set
{z € ¥ | Q(2) < oc} has nonzero capacity and lim,|_,.. (Q(z) — log |2]) = co.

Let M(X) denote the set of all Borel probability measures supported on
¥ C C. The weighted energy functional I is defined for all p € M(X) by

o) += [ [ 1og [l ~ thuzu(®)  duz)dutt) (2.9)
=/ZL log ﬁdu(z)du(t)+2/2Q(z)du(z). (2.10)

The goal is then to find a probability measure that minimizes this functional on
M(Z). If Q is admissible it can be shown (see [13], Theorem 1.1.3) that

Eq: ”Eljgf(z) Io(u) (2.11)
is finite and there exists a unique measure, denoted by pq, that has finite loga-
rithmic energy and minimizes Io. Moreover, the support of ug. denoted by Sg,
is compact and has positive capacity. The measure pg is called the equilibrium
measure of the background potential Q. The logarithmic potential satisfies the
equilibrium conditions

UHR(z) + Q(2) > Fp  quasi-everywhere on I, ,
UkR(2)+ Q(z) < Fp forall ze Sg, (2.12)
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where Fg is the modified Robin constant:

Fo=Eq~ /Qduo- (2.13)

Motivated by random normal matrix models (see [17,18]), we are interested
in background potentials of the following type:

Vaul2) = alal® + U*(2), (2.14)

where a is a positive real number and v is a compactly supported finite positive
Borel measure. These potentials have a planar Gaussian leading term controlled
by the positive parameter o and this is perturbed by a fixed positive charge dis-
tribution given by the measure v.

Proposition 2.4. The potential V,, ,(z) is admissible for all possible choices of a
and v.

Proof. V, ,(z) is lower semi-continuous because U¥(z) is superharmonic in the
whole complex plane. The set where V,, ,(z) is finite contains at least C\ supp(v),
which is of positive capacity since supp(v) is compact. Finally, the required bound-
ary condition is also fulfilled:

Vo, (2) = log|z] = alz|2 + U (2) — log |2| (2.15)
1
= alz* — (v(C) + 1) log |2| + O (E) , (2.16)
so the difference V, , (z) — log|z| goes to +o0 as |z] — oo. O

We are especially interested in cases for which the perturbing measure v is
singular with respect to the planar Lebesgue measure m. In particular, v can be
chosen to be a positive linear combination of point masses, i.e.

. m
V= Z,@kéak , BreRT (2.17)
k=1
where a1,a2,...,an € C are the locations and 51, 32,. .., Om are the charges of

the fixed point masses.

3. Supports of equilibrium measures and quadrature domains

The determination of the support of the equilibrium measure for a background
potential V(z) = V, . (z) of the form (2.14) above is closely related to finding
generalized quadrature domains of some measures in the complex plane. Let us
recall the definition of quadrature domains given by Sakai [14].

Definition 3.1. Let v be a positive Borel measurc on the complex plane. For a
nonempty open, connected domain 2 in C let F(Q) be a subset of the space

ReL'(Q) := {Ref | f € L'(Q,m)}. (3.1)

of real-valued integrable functions on .
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The domain § is called a (generalized) quadrature domain of the measure v
for the function class F'(Q) if

{a) v is concentrated on §, ie. v (Q°) =0,

(b)
+
/Qf dv < oo and /S;fdv < /nfdm (3.2)
for every f € F(Q) where f* := max{f,0}.

Note that if F(2) is a function class such that — f € F(Q) whenever f € F(Q)
then the second condition is equivalent to

/ |fldv <o and / fdv = / fdm (33)
Q Q Q
for every f € F(Q1). We are interested in the following subclasses:
ReAL'(Q) = {Ref € L'(R,m) | f is holomorphic in 0} (3.4)
HLY(Q) = {h € L'(Q,m) | h is harmonic in §2} (3.5)
SL'(Q) = {s € L'(Q,m) | s is subharmonic in Q}. (3.6)

For a measure v the quadrature domains corresponding to these classes are called
generalized classical (holomorphic), harmonic and subharmonic quadrature do-
mains, respectively. We have the obvious inclusions

Q(v,SL') C Q(v,HL') € Q(v,ReAL’), (3.7)

where Q(v, F') denotes the set of quadrature domains of v for the function class F.
It is important to note that if the domain ) belongs to Q(», F') then its saturated
set or areal mazimal set

Q) := {z € C | m(B(z,7)NQ°) =0 for some r > 0} (3.8)

also belongs to Q(v, F).

For example, it can be shown that the disk B(c, R) is the only classical
generalized quadrature domain for the point measure v = RZn§, (see [14], Example
1.1). The simplest examples are the classical quadrature domains whose quadrature
measure is a positive linear combination of point masses:

v=> Biba., BreR. (3.9)
k=1

This means that for every holomorphic function f that is integrable on Q we have
the identity

[ #am =3 gestan). (3.10)
Q2 k=1
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An immediate generalization is obtained by allowing points g of higher multiplic-
ities jr > 1 in the above sum, this means allowing derivatives of finite order to
appear in the sum representing the area integral functional:
m
/fdmz DN BrafBax). (3.11)
§ k=11=0
However, in this work we do not consider such quadrature domains.
It is easy to see that if Q is a subharmonic quadrature domain of the measure v
then, using subharmonic test functions of the form

s;(w) = —log l_z—iu—z_l (z€C), (3.12)

we have
U%2)<U%(z) if zeC,
Uz)=U"(z) if zeC\Q. (3.13)

To illustrate the structure of the equilibrium measure of a potential of the form

(2.14) above, we consider a simple but nontrivial example:

V(z) = alz]? + Blog —— (3.14)
|z — al

where @ € R*,3 € R* and a € C. The calculation of the equilibrium measure

for this potential is quite standard (see, for example, [17,18]) but the details will

be of importance in suggesting generalizations. For the sake of completeness, the

statement of the result and a short sketch of its proof are therefore included here.

To find the equilibrium measure for this potential one can use the following
characterization theorem:

Theorem 3.2 ({13}, 1.3.3). Let Q: & — (—o00,c] be an admissible background po-
tential. If a measure o € M(XL) has compact support and finite logarithmic energy,
and there is a constant F € R such that

U(z2) +Q(z) = F  quasi-everywhere on supp(c) (3.15)
and
U'(z2)+Q(z) > F  quasi-everywhere on T, (3.16)
then o coincides with the equilibrium measure pg.

The logarithmic potential of the uniform measure np( gy on a disk B(c, R)
is easily calculated to be

1p2 1 _ l=cf? _
ypemy_ | 3T {oed r1-t5E) a-ci<R (3.17)

RPnlog i |z~¢|>R.
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Proposition 3.3. Define two radii R and v as

_J14+8 _ .8
R:= 30 and T:= 5" (3.18)

The equilibrium measure uy is absolutely continuous with respect to the Lebesgue
measure and its density is the constant %r‘-"— The support Sy of uy depends on the
geometric arrangement of the disks B(a,r) and B(0, R) in the following way:

(a) If B(a,r) C B(0,R) then
Sy = B(0, R) \ B(a,r) (3.19)
(see (a.1) and {(a.2) in Figure 3.1).
(b) If B(a,7) ¢ B(0,R) then C\ Sy is given by a rational exterior conformal
mapping of the form
v

Fr@N{C: KIS =C\Sv, f(QO)=p¢+tut —F, (3.20)

where the coefficients p € RY,0 < |A] < 1 and u,v € C of the mapping f(¢)
are uniquely determined by the parameters o, 3 and a of the potential V(z)
(see (b.1) and (b.2) in Figure 3.1).

Proof. Suppose first that B(a,r) C B(0, R).
Let o be the measure given by

1

= ——— 3.21
do m(K)IKdm ( )
where K = B(0, R) \ B(a,r). The area of K is
m(K) = (R% — )7 = % ) (3.22)
Therefore the logarithmic potential of ¢ is
2
Uo(z) = =2 (UB(O‘R)(z) - UB(‘”)(z)) . (3.23)
T
Now, for z € K the effective potential at z is
U?(2) + V(2) = aR? [ log L +1- ﬁ —2ar?log
R? R? |z — al
1
2 _
+ alz]* + Blog ]
2 1
= aR*|log 7 +1}. (3.24)
Define
1
F.=aR? (log 7t 1) . (3.25)
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(b.1) (b.2)

FIGURE 3.1. The shape of the support Sy (shaded area) is illus-
trated for the different disk configurations (a) and (b) in Propo-
sition 3.3.

If z ¢ K a short calculation gives
F 4 2ar?f (IZ_:g_I) z € B(a,r)

U(z) +V(z) = F 4 20R (I_}z?l) > R. (3.26)
where
flz) = 122_ ! —logz. (3.27)
Since f is nonnegative the effective potential satisfies
Ur(zy+V(z)> F. (3.28)

By Theorem 3.2, we conclude that the equilibrium measure for the background
potential V is .

Now suppose that B(a,r) ¢ B(0, R). For this case, we only sketch the calcu-
lation giving the system of equations that relate the parameters of the potential
V(z) and the conformal map f(¢). The potential is smooth in the domain C\ {a}
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and its Laplacian there is constant which suggests, by Theorem 2.2, that the den-

sity of the equilibrium measure is equal to
1 2
ZAV() =2 (3.29)
27 T
We expect the equilibrium measure therefore to be the normalized Lebesgue mea-~

sure restricted to some compact set S C C\ {a}; that is,
1
dpy = —— ‘
Ly m(S)dm’ (3.30)
where m(S) is given by (3.22). The first equilibrium condition (3.15) is
Uk(2)+V(z2)=F (z€8) (3.31)

for some constant F. Assuming the necessary smoothness of U#»(z) and applying
the differential operator 9., this gives the necessary condition

a [ dm(w) _ 81
= o Sad A R A, 32
7r/5z—w+(az 57 4 0 (z€9), (3.32)
which is the same as
a dw A dw _. B8 1
By Green’s Theorem we get
1 wdw Jo)
2mi Jagsz—w  20z—a (z€5). (3.34)

Following {18], we seek to express C \ S as the image of the exterior of the unit
disk under a conformal mapping of the form
v

FiC\{¢: KI<1} - C\S, FQO=ptut 5 (3.35)

where p > 0 and 0 < |A] < 1. By rewriting the equilibrium condition eq. (3.32),

we obtain L
1 fOfQde _ 8 1
2 /|<|=1 e~ PO~ 2az-a €9 (3.36)

Along the positively oriented simple circular contour |¢| = 1 we have

gl 1 -~ ¢
f(C)—pC+u+1_ZC. (3.37)

Therefore the rational function
— .
(/’Z +u+ 1'1124) (p— (g—vAjﬁ)

T 2) = .
(¢ =) P (3.38)
must satisfy the equation
1 g 1
i J L TG =g 7 ) (3:39)
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and the parameters p;u;v; A must be chosen to satisfy the area normalization
condition (3.22).

The differential T(¢; z)d¢ has four fixed poles in ¢ at { = 0,00, 4, % and two
other poles depending on z via the equation z = f(¢). (These extra poles may
coincide with some of the fixed poles above.) This equation can be rewritten as a
quadratic equation in (:

pC 4 (u—z— Ap)+ A(z —u) +v=0. (3.40)

If z € S both solutions of this equation are inside the unit disk {¢ | |[¢] < 1}.
To calculate the integral of T((; z)d( in terms of residues, we write the contour
integral in the standard local coordinate £ = % around { = oo:

1 1 1\ de
. : = T{Z;2) =. 3.4
27 K,ZIT(C’z)dC 2mi /,5|=1 (52) &2 (3.41)

The two simple poles inside the disk {¢ | J¢| < 1} are £ = 0 and ¢ = 4 and hence

1 1\ de 1\ 1 1)1
o /Iglzl T (Z;Z> 2 = Resg=oT (E;z> & + Res, 7T <E;z> & (3.42)

Since

1y 1 1(eE+T+ ) (p— i) (1 — A0
T(‘“)?‘E G a0GEw—p vz O

the residues are

1 1 T :
Rese=oT [ 12} = = = — 1, 3.44
e (g52) g5 = 5 (3449
vA> 2
7 - (- 1A]%)
Res, T (l;z) 1.2 (b= fary ) . (3.45)
£ /& AQ-|AP)zA-uA—p)—vA
A short calculation gives the area of S in terms of the mapping parameters:
m(8) =7 (p? - P . (3.46)
(1 |A)2)
Finally we obtain the following system of equations:
2 [v]? _ L
P T E-T1AP? T 2a
2 —m=0
A
P, vA . (3.47)
ST I-TAp
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We must prove that if we assume |a| + 7 > R there exists a unique solution
p,u,v, A to this system in terms of the parameters «, 8, a. Eliminating u from the
third equation gives
P v
a Zraa-iap- (3.48)
The last equation of (3.47) shows that -y is real. The phases of v and A are
therefore fixed by (3.48). Writing a in polar form

a=te? (3.49)
(with t > 0 because Ba,r) ¢ B(0, R)), we obtain
v=se® A= Ke?, (3.50)
where s and K are positive real numbers. We can express p and s in terms of K:
1 22 1
- — 3.51
? 2Kt(Kt+2a) (8.51)
1-K? 1
= K22 — — . 52
*T 2Kt < 2a> (8:52)
Setting = = K2, this must be a solution of the the cubic equation
1+23 1
4,3 4 D2\ 2 -
The condition |a| + r > R means that
1428, 1
- P - <0. 54
+ i <0 (3.54)
Defining the function
1+ 243 1
94,3 _ 4 2,2, *+
g(z) == 2t*z (t + —a t ):c + 12 (3.55)
we have
1 a4 1428, 1

by (3.54). Since

2
g'(z) = 6t*z? — 2 <t4 + i@ﬂ) T
a

1 1
= 6t*z <z ~ 3 <t4 + —“;%t?)) (3.57)

is negative in the interval {0,1], g(z) has a unique root in (0,1), and therefore K
is uniquely determined by (3.53). This means that there is a unique solution for
p,u,v and A of (3.47) in terms of o, 3, a.

To conclude the proof one should show that the logarithmic potential 37[‘1 US(z)
satisfies the inequality (3.16) of Theorem 3.2. This part of the proof is omitted. O
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The electrostatic interpretation of case (a) in Proposition 3.3 is simple. If we
2a

replace the point charge d, by a uniform charge distribution of density 2% on
B(a,r), the resulting configuration is in equilibrium in the presence of the pure
Gaussian potential ar|z|2. The disk B(a,r) is 2 quadrature domain for the measure
727684, SO

%UB(”)(z) =gU%(z) in ze B(a,r)°, (3.58)
which means that the electric fields of 27"173((,,,) and (4, are indistinguishable
in the exterior of B(a,r). A quadrature domain shaped cavity emerges in the
support of the equilibrium measure of the unperturbed Gaussian potential since
the fixed perturbing measure substitutes the portion of uniform charge placed in
the cavity of the original equilibrium configuration, as illustrated in (a.1) and (a.2)
of Figure 3.1. A useful generalization of this idea turns out to be valid in a more
general setting:

Theorem 3.4. Let

V(z) = alz|? + U¥(2) (3.59)
be a background potential. Assume that the measure v can be decomposed into a
sum

v= Zuk (3.60)
k=1

where the measures v are all finite positive Borel measures satisfying the following
conditions:

{(a) The supports of the measures vx are pairwise disjoint and each vy has positive
total mass.

{(b) The measure 5= vk has an essentially unique (i.e. unique up to sets of measure
zero) subharmonic quadrature domain, and Dy denotes the saturated element
of Q(vx,SLY) for all k = 1,2,...,m respectively.

(c) The domains Dy are pairwise disjoint and Dy C B(0, R) forallk =1,2,...,m

where
_ 1+v(C)
R := “oa (3.61)

Then the equilibrium measure py is absolutely continuous with respect to the

Lebesgue measure with constant density 27”‘ and is supported on the set
m
K := B(0,R)\ (U Dk) . (3.62)
k=1

(The situation is illustrated for a simple configuration of point and line charges in
Figure 3.2.)

Proof. Let o be the measure given by

do == —— Icdm. (3.63)
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FIGURE 3.2. A typical -configuration involving subharmonic
quadrature domains: a disk, a so-called bicircular quartic (see [16])
and an ellipse.

To calculate the area of K, we note that the area of Dy is given by

m(Dyg) = /D dm = % /duk = %V}C(C). (3.64)
Therefore
m(K) = m(B(0,R)) — > m(Dx) (3.65)
k=1
=5 (1 +v(C) - ; yk((C)) (3.66)
w
=50 (3.67)

For each measure vy, the corresponding logarithmic potential U+ (z) satisfies

%“UDk(z) <U™(z) if zeC, - (3.68)

%UD"(Z) =U"(z) if zeC\Dg. (3.69)

The logarithmic potential of ¢ is

vr(e) = 2 (UBW-/R’(z) - iU”k(a) : (3.70)
k=1
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Now, if z € K then the effective potential at z is
1% R? (1 1 '2 _ Ty,
Us(z) + (z)-a Ogj{“z"*" - =5 Z
+alzl? + U (2)
= aR? (log ¥ + 1) Z U¥s(z) + U¥(z)
k=1

1
= aR? <log 2 + 1) (3.71)

Define F := aR? (log Elg +1). If z ¢ K then cither z € Dy, for some k or [z] > R.
If z € Dy then we have the inequality

U(2) + V(2) = aR? (Iogﬁﬁ—l—ﬁ) ZUD"
+ajz|? + U¥(2)
=F+U"(2) - EUD"(Z)
7r
>F. (3.72)
On the other hand, if |z| > R then
1
U®(2) + V(z) = 2aR? Iog— - — ZUD"(z
+ alz? + U(2)

=alz|* + aR%log —5 B [2

=F+2aR*f <[ ')

>F, (3.73)
where flz) = — log z. Since f is nonnegative the effective potential satisfies
U(z)+V(z) > F. (3.74)
By Theorem 3.2, we conclude that the equilibrium measure for the background
potential V is o. 0

The conclusion of Theorem 3.4 does not hold if some of the domains Dy
overlap or intersect the exterior of B(0, R). In the first case we have to find a new
decomposition of the perturbing measure and the corresponding domains; in the
second the outer boundary no longer coincides with the boundary of B(0, R) as
we saw in Proposition 3.3. It is hard to give a complete description of the support
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of the equilibrium measure in the general case. If v is a finite linear combination
of point masses then the methods of Crowdy and Marshall in [3] used in the
fluid dynamical context of rotating vortex patches are applicable to recovering the
corresponding supports.

In the cases considered above, the support Sy of the equilibrium measure
is contained in the closed disk B(0, R). It seems plausible that the same is true
for all perturbing measures v. The following theorem states that Sy c B(0, R) is
valid if v is a positive rational linear combination of point masses.

Theorem 3.5. Let V(z) be a potential of the form
V(z) = a)z|? + U¥(2) (3.75)

where v is a measure of the form

m
v=> riba, (3.76)

k=1
where r{,72,...,Tm ore positive rational numbers. Then the support Sy of the

corresponding equilibrium measure is contained in the closed disk B(0, R) where

1

R= L«C) . (3.77)
2¢

Proof. For a continuous weight w(z) = exp(—V (z)) in the complex plane. z € C
belongs to the support Sy if and only if for every neighborhood B of z there
exists a weighted polynomial w™P, of degree deg P, < n, such that w™P, attains
its maximum modulus only in B (see [13], Corollary IV.1.4). Since our w(z) is
continuous this characterization is applicable to this setting.

Let z € Sy and suppose B is a neighborhood of z. Then there exists a
polynomial of degree at most n for some n € N such that P,(z)w™(z) attains
its maximum modulus only in B. Let ¢ be the least common denominator of the
rational numbers r1,7g,..., 7, such that

e = Pk (3.78)
q

where pr € Nforall k=1,2,...,m. Then

(lP (z)lw"(z) IP (Z)q H z_ak)nPk e—nqalz|2.
e
= P, (2)? kl;Il(z — a)™ | exp < n(g+ L) +le} ) . (3.79)

where

= pe- (3.80)
k=1
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Since all the pi’s are assumed to be positive integers,
Qnig+1)(2) = Pa(2)? [ [ (z = ax) ™ (3.81)

is a polynomial of degree at most n(g + L). If we consider the modified weight
v(z) =exp(— = = |z|2) the corresponding weighted polynomial

Qg+ y(2)0™ 0 (2) (3.82)

attains its maximum modulus only in B. Therefore z belongs to the support of
the equilibrium measure of the weight v(z) which is exactly B(0, R), where

g+L  [1+u(C)

R =
2ga 2a

(3.83)

This proves that Sy C B(0, R). O

4. Orthogonal polynomials

In random normal matrix models, the correlation functions are expressed in terms
of planar orthogonal polynomials with respect to scaled weight functions of the
form exp(—NQ(z)) associated to a potential Q(z) where N > 0 is a scaling
parameter {N has the same role as %) For our special potentials of the form
V(z) =V, ,(z) defined in (2.14) above we have the weights

e—NV<z>:exp(—N {a|z[2+/logl ! |du(w)D (4.1)

where N > 0 is the scaling parameter.

Proposition 4.1. We have

eV e LY, dm) N L™(C,dm) (4.2)
for all choices of the parameters N, a,v. Moreover, the absolute moments
/ |2k e~ NV dm(2) (4.3)
C

are all finite for k =0,1,...

Proof. The exponent in the weight can be decomposed as
[ 2] + /log d:/('w)] 2"|z|2 +N [%|z|2 + /log P ldu(w)}
(4.

in which the second term is lower semicontinuous and satisfies

[ 122 + /log du(w)] [~|2[2+V(C)log| |]+o(§), (45)
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as |z] — oc. This means that the expression is bounded from below in C:

N [5‘25|z|2+ / log — du(w)} >1L (4.6)

Iz — wl

for some constant L € R depending on the parameters N, « and on the measure v.
So

0< e NV < e~ Pl oL , 4.7)
which implies that
e NVG) e LY(C, dm) N L®(C,dm). (4.8)
Moreover,
/ [z[Fe V) dm(z) < e_L/ [z{ke'l'vz_"'zlzdm(z) < o0 (4.9)
C C
for all k=0,1,... O

It follows from this and the positivity of the weight that the monic orthogonal
polynomials
Pn,N(z)zz”—kO(z”_l) (n=0,1,...) (4.10)

satisfying
/cPk,N(z)ﬂ;N(z)e‘”V‘Z)dm(z) = hendi, Kk l=01,... (4.11)

exist and are unique where h, n denotes the square of the L?-norm of P, y(z).

5. Matrix J-problem for orthogonal polynomials

In this section we show that the 2 x 2 matrix §-problem for orthogonal polynomials
introduced by Its and Takhtajan [10] in the case of measures supported within a
finite radius (cut-off exponentials of polynomial potentials) is also well-defined for
the class of potentials considered above and determines the polynomials uniquely.
In [10] the same family of potentials is considered as in [5].

To be able to formulate the J-problem, we need some estimates of Cauchy
transforms of measures with unbounded supports. For a given potential V(z) =
V. (2) of the form (2.14) considered above let A be the measure, absolutely con-
tinuous with respect to the Lebesgue measure in C, having the form

dr=e NV @ gm, (5.1)
where and N > 0. Note that A(C) is finite because e~ VV(*) e L}(C, dm).
The Cauchy transform of X is defined to be
dM(w
(CN(2) = / Aw) (5.2)

CcZ W
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We need to control the asymptotic behaviour of [C)](z) for such measures at in-
finity allowing the possibility that [CA](z) is not holomorphic in any neighborhood
of z =o0.

First of all, it follows from Proposition 4.1 that the density is bounded from
above: e"MV(2} < K for some K € R. For a fixed positive radius R, we have

/c |Z)‘_(u£| /lz—w[>R %;U) * /[z—w]SR II{ZdTSj)

27 RK
< = | d\Mw +/ / —rdrd@
R/c (w) oJo T

1
= ZA©)+ 27 RK (5.3)

for all z € C. Thus, there exists an upper bound H) of [C)](z) depending only on
N, a,v and independent of z (One can get rid of R in the last expression e.g. by
minimizing the bound in R):

dX\(w)
/clz—w|<H'\ (z€C). (5.4)

Now
z —
1 wz
T2 C<Z_ )d/\(w)

L C(w+ w? )d,\(w). (5.5)

22 z—w

o3 () - 29 - (—1—5—1) dA(w)

Hence the absolute value of the difference satisfies

2[{@1( (‘C)” [wlarw + [ 2 hwlaw)

/ dA(w) + / |‘“(“’) <MO)+H;, (56)

where A and ) correspond to the measures

R 1 - 2
vi=v+ Néo vi=v+ NJO P (5‘7)

respectively. This means that
X () = X0 +o( ) (5.8)

If P,, n(z) denotes the nth monic orthogonal polynomial with respect to the mea-
sure ), the modified measure

dhn(2) = |Pon(2)2dA(2) (5.9)
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corresponds to the perturbing measure

2 n
Un =V + i Z 5@;:,1»1) (5.10)
k=1

where {a&"’N),agL’N), e ,asln’N)} are the zeroes of P, ny(z) and h, v = An(C). An

easy calculation gives

1 1 P, n(2) — Pp n(w) N 1 P, n(w)
z—w  Pyn(2) zZ—w Pon(2) z—w
e Qui(z _ 1 taniw) 5.11

TR P R G Al e s S, (5.11)

where Q,(z,w) is a symmetric polynomial in z and w of degree n — 1 with leading
order 2™~! in the variable z. Therefore, by orthogonality, we get

- 2
[ o = g [ ow
1 dn(w)
- Pun(z) /c zZ—w
1 2* ho, N 1
T 7 Pan(z) { z o <?)}

hn, N 1
= +0 (W) . (5.12)

Following the approach of Its and Takhtajan in [10], we consider the following
2 X 2 matrix-valued function in the complex plane:

Pe(2) 2 fo apllemNY@)dm(w)
Yk,N(Z) =
—le—_":;v-PIc—l,N(z) _hk_ll,N Ie ﬁ‘__wl’——)vzﬁu_)e_NV(w)dm(w)
(5.13)
The H-derivative is
3 0 —Pk.'N(Z)e—NV(Z) 0 —e NV
(—,%Yk,N(Z) = =Y n{2)
0 s Pi1n(z)e MV 0 0
(5.14)
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Using the asymptotic behaviour of the Cauchy transforms as |z| — oo proven
above, we have that

Pin(2) 3 Je B NV dm(w) 2750
by Py_ - k
—_——hk_LNPk—l’N(Z) _hk—ll,N fC kutl—Nz(W)e NV('LU)dm(w) 0 z
B P;:,ZN(Z) % fc P!;LAL(ZW)E—NV(w)dm(w)
- _ z 2k Py _ -
_hk_ﬂ;,N D l'kN( ! T hroan fc kuj’—Nz(W)e Nv(w)dm(w)
1 0 1
= +0O (—) . (5.15)
0 1 #

So Yi n(2) is a solution of the following 2 x 2 matrix &-problem:

0 _e-NV(2)

a—z]\/[(z):M_(z_) (zeC)
0 0
(5.16)
10 z 0
M(z) = +o<1> (Iz] = oc)-
01 Z 0 2k

The important point made in [10] is that the -problem in that setting has
a unique solution and therefore it characterizes the matrix Yi y(z) and the corre-
sponding orthogonal polynomials. Although we cannot assume that the relevant
Cauchy transform entries are holomorphic around z = oo, we nevertheless can
prove that the solution is unique in this case as well.

Proposition 5.1. The matriz Yi, n(z) is the unique solution of the D-problem (5.16).

Proof. We have seen that Y n solves the B-problem (5.16). Conversely, assume
that the matrix M(z) has continuous entries with continuous partial derivatives
and M(z) solves (5.16) with the prescribed asymptotic conditions. Then Mj;(z)
and M»;(z) are entire functions with asymptotic forms for large 2z
Mu(z) =2+ 0 (7, (5.17)
M1(2) =0 (2*71)  |z] — 0. (5.18)

Hence Mj;(2) is a monic polynomial of degree k and Mp;(z) is a polynomial of
degree at most k — 1. The G-equation in (5.16) can be written in terms of the
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entries of M(z) as

%1\412(2) = —Jvfll(z)e_Nv(z) . (5.19)
%Afgg(z) = — My (2)e NV (5.20)

Taking into account the fact that Mj2(z) — 0 and Ma2(2) — 0 as |z| — oo, this
implies

1 (M
Mia(z2) = ;/(:Jl—_(t)e'lvv(w)dm(w), (5.21)
May(z) = %/C%l—_(i:—’ze'”v(w)dm(w) (5.22)

(see [2]). Using the expansion

, - (5.23)

we get

M]Q(Z) =

|
-
D,
=
g
i
z
=
£
2,
3
&

—
L 11 / WM () NV @) () (5.24)
C

The prescribed asymptotic behaviour

M(2) =0 (%) as  |z] — o0 (5.25)

implies the following equations:

/ @) NV dm(w) =0, 1=0,1,... k—1.
[od
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Hence My;(z) = Py n(z), because My;(z) is a monic polynomial of degree k.
Similarly for Mp;(z) we have

1 Moy (w
M22(Z) = ;r_/c in( z)e——NV(w)dm(w)

k-1 11 o
=Y /c w! Moy (we™ V) dm(w)
=0

s
+ ikl/ M?}_(E)JE—NV(W)dm(w% (5.26)
AN Fol w—2z2
and
1 1
implies

/CurlM21 w)e MV Wdmuw) =0 [=0,1,...,k—2, (5.28)

and
/wk"lel(w)e‘NV(w)dm(w) =1. (5.29)

C .

Now, if M2y (2) = az*"! + O (2¥72), where a € C, then
/ |May (w)[? e NV dm(w) = a/ w* My (w)e™ VY dm(w) =a.  (5.30)
C C

Clearly a # 0 (because otherwise Mz;(z) vanishes and hence also Mao(z) would
be zero which is impossible). So M (z) is a polynomial of degree k — 1, and from
(5.28) we have

M21(Z) = aPk..l,N(z) . (5‘31)
By the asymptotic relation (5.12),

1 M.
Moy(z) = — / Jl—(lf)e—m’(‘")dm(w)
JC <

_ _(_7"/ Pk—l-N(w) e—NV(w)dm(w)
[o

™ z—w
. ahk_.l,N 1 1

i +O<z_k+_1> , (5.32)

which forces the constant a to equal — yararel and hence

b
M (z) = % Pe1n(2), (5.33)
k—1.N

which completes the proof. (]
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6. Zeros of orthogonal polynomials and quadrature domains

In this final section we briefly discuss some known and conjectured relations be-
tween the asymptotics of orthogonal polynomials in the plane, equilibrium mea-
sures of the type studied in Sections 1 — 3 and generalized quadrature domains.
These concern relations between the asymptotics of the zeros of orthogonal polyno-
mials and the associated equilibrium measures that have previously been studied
by Elbau (5, 6] for a certain class measures with bounded support. Their validity
for the class of measures considered here is supported by numerical calculations.

To relate orthogonal polynomials with the support of the equilibrium mea-
sure we have, for finite values of n, three measures which, in the case of random
Hermitian matrices are known to approach the same equilibrium measure on the
real line in the scaling limit (cf. (1.3))

N 1 1 +

n—-o, N-oox, P h.—NGR . (6.1)
All the limiting relations below are understood in this scaled sense. We introduce
the notation

Q) = 2V (2) (6.2)

for the rescaled potential corresponding to the scaling parameter . Then for a
large class of real potentials and z € R, all three of the following measures converge
weakly to the equilibrium measure dug(z) of Q(z):
1) The normalized counting measure of the zeros

ZyN = {z§"‘N), zén’N), e z;"’N)} (6.3)
of the orthogonal polynomials P, n(z) with respect to the weight exp(—NV (z))
1
vn == > 6., (6.4)
zZ€Zn,N
Vna,N ek HQ ('n, — OO) . (65)

2) The expected density of eigenvalues (or one-point function) of random Hermit-
ian matrices

n—1
1 2_—NV(z)
. _ = . , 6.6
prnla) =2 3 Ip(a)Pe (6.6)
derived from the probability density
exp ( - NTr(V(H)))dH, (6.7)
n,N
Znn = /exp ( - NTr(V(H)))dH (6.8)
pun(2)dz 25 dug(z) (n— oo). (6.9)
3) The normalized counting measure of equilibrium point configurations

FQ = {z9,...,29} (6.10)

133



Vol. 3 (2009) Superharmonic Perturbations of a Gaussian Measure 357

of the two-dimensional Coulomb energy

Enlz1,...28) == Z log +ZQ(zz (6.11)

i,5=1
it

(which in the plane become the so-called weighted Fekete points)

Z 5, (6.12)

ze}_Q
g (1= 00). (6.13)

For random normal matrices the eigenvalues are not confined to the real
axis. In this case it is known [1,6,9] that in the scaling limit (6.1), the analogs of
pn,N(2)dz and n, also approach the equilibrium measure pg.

It is also known (6], for cut-off measures of the form

e_NV(z)I'D(Z), V(Z) = —a|2|2 + Pharm(z) 3 (614)

where Ip is the indicator function of a compact domain D containing the ori-
gin whose boundary curve 9D is twice continuously differentiable and Pharm is a
harmonic polynomial that

i 1
Jim Tiog |PnN( ; /1og ZdualQ). =€ C\supplug).  (615)

That is, the limit of the zeros acts effectlvely as an equivalent source of the external
Coulomb potential.

For such potentials, the boundary 8(supp{ig)) of the support of the equilib-
rium measure is determined through the Riemann mapping theorem as the image
of the unit circle under a rational conformal map, whose inverse therefore has
a finite number of branch points. The Schwarz function S(z), defined along the
boundary, determines the curve via the equation

7= 5(z2). (6.16)

It has a unique analytic continuation to the interior on the complement of any
tree C*"*® whose vertices include the branch points, with edges formed from curve
segments. It is shown in [6] that, assuming there is a condensation limit C® for
the orthogonal polynomial zeros supported on a tree-like graph Ct*®® whose edges
are curve segments, C***® may be chosen so that C? ¢ C¥°°. Moreover, denoting
by §3(z) the jump discontinuity of S(z) away from the nodes, C***® may be chosen
as an integral curve of the direction field annihilated by the real part Re[6.5(z)dz]
of the differential (§S(z))dz; i.e. such that the tangents X to the curve segments
forming the edges satisfy
Re[6S(z)dz](X) = 0. (6.17)
We refer to such integral curves as critical trajectories.
Based on computational evidence, and general results known for other cascs
[15], there is good reason to believe that the same result holds for the class of
superharmonic perturbed Gaussian measures studied in Sections 1-3, without the
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FIGURE 6.1. Zeroes of P, y(z) for n = 50 and the critical trajectories.

need for introducing the cutoff factor I'p. This statement, for some suitable restric-
tions on the permissible superharmonic perturbations, forms the first part of the
conjectured relation between the zeros of the orthogonal polynomials considered
in Sections 4-5 and the equilibrium measure .

The second part gives a more detailed relation; namely, the effective density
ko(z) along Cg of the condensed orthogonal polynomial zeros is given, within a
suitable scaling constant by

dro(2) (65(2))dz = %Im[(és(z)) 2] (6.18)

1
271
Explicitly, this means that the external potential due to a uniform, normalized
charge supported in supp(uq) is

1 1
log ——=dro(¢) = /log —d . (6.19
. 108 el T gal0) )
To support the validity of these conjectures, we take the case of the potentialb
1
V(z) = alz|® + flog — , (6.20)
lz - al

in the simply connected case considered in Section 3 above and compare the locus
of the zeros of the corresponding orthogonal polynomial P, n(z) with the two
different integral curves of the direction field defined by (6.17) joining the branch
points (Figure 6.1). (The two other critical trajectories emanating from the branch
points are omitted from the graph.)

We also compare, in Figure 6:2, the value of the logarithmic potential
—% log | Pn, v (2)| created by the normalized counting measure v, v of the zeroes of
P, n(z) with n = 30, N = 2n = 60 and the external potential as given by (6.19)
in the external region z € C \ supp(uv).
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FIGURE 6.2. The figure on the left is a contour plot of the poten-
tial —1log P, nv(z)| arising from equal charges at the roots of the
orthogonal polynomial P, v (z); the one on the right is the poten-
tial [log Tz+dd“Q(O on the exterior region due to a normalized

uniform charge on supp{uq).
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Chapter 9

Regularity of a vector potential

problem and its spectral curve

9.1 Summary

This chapter is based on the published article [9]. The paper is organized as follows:

1. A generalized setting of the vector potential problem (see 4.7) is introduced (Sec.
2).

2. The existence and uniqueness of a vector equilibrium measure is established (Sec.
3).

3. A special case of the vector potential problem is considered and the regularity
properties of the components of the corresponding vector equilibrium measure

is discussed (Sec 4.)

4. It is shown that the resolvents (Cauchy transforms) of the components of the
vector equilibrium measure satisfy a pseudo-algebraic equation, i.e., there is a

spectral curve associated to the problem (Sec'. 5).
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5. The pseudo-algebraic curve is calculated explicitly for a special case involving

two symmetric semiclassical potentials (Sec. 6).

9.1.1 The generalized vector potential problem

We recall the setting of a vector potential problem (see Sec. 4.7)

({Betkor {Velia1, A) (9.1)
consisting of a finite collection of conductors X, the corresponding potentials
Vi: Xk — (—OO, OO] s (92)

and the interaction matrix A that describes the strength and the sign (meaning
either attraction or repulsion) of the coupling between the measures on the different

supports.
Consider the following (electrostatic) variational problem corresponding to this

vector potential setting:

4) IZakl// log dﬂk‘( )dul +22/Vk d/.tk( )—>m1n
k|l ; oM

pk(Zk) EM(Zk) k=1,...,n
(9.3)

(Recall that M(X) means the set of probability measures on ).
It is necessary to find sufficient conditions on the ingredients of the vector poten-
tial problem to ensure the existence and uniqueness of a vector equilibrium measure

corresponding to this coupled system.

9.1.2 Existence and uniqueness of the vector equilibrium measure

As it was indicated in Sec. 4.7, the admissibility conditions discussed in [81] are

sufficient but they require that the conductors be pairwise disjoint; this constraint
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turns out to be too restrictive, keeping in mind the mathematical applications targeted
in the paper (to be described below).

Assuming the admissibility conditions introduced in Sec. 4.7 we recall the

Theorem 9.1.1 (4.7.1, Thm. 3.2, [9]) For an admissible system

{Ze}iar, {Viticr, 4) (9.4)

the following statements hold:

o The extremal value

T = inf L g(A) (9.5)

’

of the functional I A,V(‘) is finite and there exists a unique vector measure [i*

such that
IA,V = IA,V([F) ) (9.6)

e The components of fi* have finite logarithmic energy and compact support. More-
over, the potential Vi, and the logarithmic potential U** is bounded on the support
of uy forallk =1,... n.

e For k=1,...,n the effective potential satisfies the variational inequalities
Ut (2) := UM (2) + Vi(2) > Fx (9.7)
for some real constant Fy,. and equality holds quasi-everywhere on the support of

k-

9.1.3 Nearest-neighbor interactions

The aim of the paper [9] that follows is to lay down the necessary background to

the nonlinear steepest descent analysis of orthogonal polynomials related to a certain
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Hermitian multi-matrix model of the form
1 H?:1 e~ Ve(Me)d M,
Zn HT}—; det(My + Mg 1)V

7=

du(Mi, ..., M,) (9.8)

where all of the matrices M, are assumed to be positive definite. It is not in the scope
of the thesis to describe these matrix models in detail; we refer to the works [18, 17]
instead for a complete description of the motivation and the setup of the matrix chain

problem. Therefore we consider the special nearest-neighbor interaction matrix

2 1 0 .. 0]
~1 2 -1 ... 0

A=10 -1 2 ...0], (9.9)
0 0 0 2 |

also known as a Nikishin-type interaction matrix [96]. The specific matrix model in
question (after a suitable procedure involving the reflection x — —x on the eigenvalues

on each matrix with odd index) requires the measures to be supported on the sets

5, =) (o) Kodd (9.10)
(—o¢,0] k even
fork=1,...,n.

Apart from the admissibility conditions on the potentials Vi(z), we assume that
the derivative V}/(x) of each potential on Xy is the restriction of a real analytic function
defined in a neighborhood of the real axis possessing at most polar singularities on
R\ Zx.

For the vector equilibrium measure i* corresponding to the above problem we note

that the individual variational problems

I, (0) = / L log 1tdg(;)da(t)—|—2 / De(2)do(2) (9.11)

|Z_ I hIN
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corresponding to fixing all components of u* but uj, are minimized by ¢ = uy, where

the effective potentials V;(z) are given by

~ 1 1 1
= = e 1

) = Vil - [ los i)
~ 1 1 1 1 1 '
Vi(z) = =Vi(z) - —/ log ———duy. (¢ —/ log ———du;

9 2 S |Z l k+1 ) 2 S | | k— 1()

k=2,...,n—1

N 1 1 1
(2) = 2Vale)—x [ |
Vo) = Vel [ tom i

(9.12)
Therefore, by applying Thm. 4.6.1 to this standard weighted problem for a single
measure, we have that the components p; are absolutely continuous with respect to
the Lebesgue measure with densities 1, at least Hélder—% continuous and the supports
of these equilibrium measures have a positive distance from the origin. Since z = 0 is
the only common point of the nearest neighbor conductors because of the odd-even

alternation of the supports X, and the tridiagonal structure of A, we have that

supp(ve) Nsupp(Yrs1) =0  k=1,...,n—1. (9.13)

As a consequence of the variational equations for u}, the Sokhotski-Plemelj iden-

tities imply that the following variational equations

(Wi)+ () + Wi)+(2) = Vi(z) + Wi (z) + Wi (2)

(Wi)+(z) = (Wi)-(z) = —2inyu(z)

T € supp(¢x) (9.14)

are satisfied for k = 1,...,n for the resolvent functions (see (4.64))
© Yg(x)dx
Wi(z) == / Ye(z) z € C\ supp(¢%) . (9.15)
T z2—X
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and the convention Wy = W, ;1 = 0 in the notation is used.

Since the support of 1 is disjoint from the supports of 1x41, the resolvents Wy,

have no jumps on supp(¢x).

9.1.4 The construction of the spectral curve

Consider the vector functions

RAONE [ Vi) |
W(z):= WZ_(Z) , V'(z) = ‘/2/(2)
| Wha(z) | | Va(2) |

and construct the vector function
Z(z) == M(A™YW'(2) + W(2))

where M is the (n + 1) x n matrix

_—1 o 0 --- 0 O ]
1 -1 0 --- 0 O
0 1 -1 0 0
M =
0 0 O -1 0
0o 0 0 1 -1
0 0 0 0 1

The key result is the following:

Theorem 9.1.2 (Prop. 5.1, [9]) The power-sum symmetric polynomials

ZZ,T(z) m=0,1,...
k=1
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(9.16)

(9.17)

(9.18)

(9.19)



of the components Z(z) of the vector function Z(z) are real analytic in a common
domain of analyticity of the potentials, namely, they have no discontinuities on the
supports of the densities . Therefore the elementary symmetric polynomials of the

Zx s have no jumps on the supports of the densities 1.
This immediately implies that

Theorem 9.1.3 (Thm. 5.1, [9]) The functions Zx(z) are all solutions of a pseudo-

algebraic equation of the form
E(w,2) = w"™ + Co(2)w™ P+ - - + Cry1(2) =0, (9.20)

i.e., the coefficients Ca(z),...,Cui1(z) are real analytic functions on the common

domain of analyticity of the potentials.

The set of endpoints of the jumps of Z;(2) is contained in the zero set of the discrim-
inant of E(w, z) as a function of 2. Since this discriminant cannot have an infinite
number of zeroes on a compact set, the discontinuities of the functions occur along
a finite union of compact intervals. Since the sets of points of discontinuity for ?(z)

and Z(z) are the same, we conclude that

Theorem 9.1.4 (Cor, 5.1, [9]) The density ¥x(x) is supported on a finite union of

compact intervals in Xy for allk=1,...,n.

The practical importance of this theorem is that it allows us to find the supports
and the densities explicitly for admissible potential problems, as illustrated by the
example given in Sec. 6 of [9], motivated by a simple choice of potentials corresponding

to a matrix model of the type (9.8) for n = 2.
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9.2 Regularity of a vector potential problem and its spectral
curve, Journal of Approximation Theory, 161 (1):353—
370, 2009.
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Abstract

In this note we study a minimization problem for a vector of measures subject to a prescribed interaction
matrix in the presence of external potentials. The conductors are allowed to have zero distance from each
other but the external potentials satisfy a growth condition near the common points.

We then specialize the setting to a specific problem on the real line which arises in the study of certain
biorthogonal polynomials (studied elsewhere) and we prove that the equilibrium measures solve a pseudo-
algebraic curve under the assumption that the potentials are real analytic. In particular, the supports of the
equilibrium measures are shown to consist of a finite union of compact intervals.
© 2008 Elsevier Inc. All rights reserved.

1. Introduction

In this short paper we consider a vector potential problem of relevance in the study of the
asymptotic behavior of multiple orthogonal polynomials for the so-called Nikishin systems [15].
The original problem was introduced in {8] (without external fields) and further questions have
been addressed in [9,16,10,1,11]. The main motivation of our interest for this problem arises in
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a recently introduced set of biorthogonal polynomials [2]. These polynomials are related on one
side to the spectral theory of the “cubic string” and the Degasperis—Procesi peakon solutions
of the homonymous nonlinear differential equation [5]; on the other end they are related to a
two-matrix model [3] with a measure of the form

du(My, Ma) = ——aMydm, 2P M)

ZN det(M; + M)V
where the M;’s are positive-definite Hermitian matrices of size N x N, «, g are some positive
densities on R and the expressions «(M1), B(M2) stand for the product of those densities on
the spectra of M.

The relation between the relevant biorthogonal polynomials and the above-mentioned matrix
model is on the identical logical footing as the relation between ordinary orthogonal polynomials
and the Hermitian random matrix model [14].

In [2] a Riemann—Hilbert formulation (similar to the formulation of multiple-orthogonal
polynomials as explained in [21] but adapted to the peculiarities of the model) was derived and
in {3] the correlation functions of the spectra of the two matrices were completely characterized
in terms of the matrix solution of that Riemann-Hilbert problem.

In [4] the analysis of the strong asymptotics with respect to varying weight (following [7])
will be carried out. A pre-requisite of that analysis is the existence and regularity of the solution
of a suitable potential problem, namely the one which we explain in the second part of the paper.

In fact, the present paper is addressing a wider class of potential problems that will be neces-
sary for the study of the spectral statistics in the limit of large sizes of the mulfi-matrix model

(1.h)

R
. [1a;(M;)dM;
't
du(My, ... Mp) = 5~ .
R
1T det(M; + Mj.H)N
j=1

(1.2)

corresponding to a chain of positive-definite Hermitian matrices M; with densities ¢ as above.

In Section 2 we consider the problem as a vector potential problem in the complex plane with a
prescribed interaction matrix. Under a suitable growth condition for the external potentials V;(z)
near the overlap region of the conductors (in particular the common points on the boundaries)
it is shown that the minimizing vector of equilibrium measures has supports for the components
separated by positive distances.

In Section 4 we specialize the setting to the situation in which the conductors ~; =
(=1)7~1{0, 00) (so that they have the origin in common), with an interaction matrix of Nikishin
type as in [21]. We prove that the minimizing measure is regular and supported in the interior of
the condensers (under our assumption of growth of the potentials).

This result allows to proceed in Section 5 with a manipulation of algebraic nature involving
the Euler-Lagrange equations for the resolvents (Cauchy transforms) W;(x) of the equilibrium
measures. It is shown that certain auxiliary quantities Z; that depend linearly on the resolvents
and the potentials (see (5.4) for the precise formula) enter a pseudo-algebraic equation of the
form

R+ @+ Crux) =0 (1.3)

where the functions C(x) are analytic functions with the same singularities as the derivative
of the potentials V/(x) in the common neighborhood of the real axis where all the potentials
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are real analytic. In particular the coefficients C;(x) do not have jumps on the real axis and the
various branches of Eq. (1.3) are precisely the Z(x) defined above. For example, if the derivative
potentials are rational functions, then so are the coefficients of (1.3). This immediately implies
that the branchpoints of (1.3) on the real axis (i.e. the zeroes of the discriminant) are nowhere
dense and hence a priori the supports of the measures must consist of a finite union of intervals
(since they must be compact as shown in Section 2 in the general setting).

The role of the pseudo-algebraic curve (1.3) is exactly the same as the well-known pseudo-
hyperelliptic curve that appears in the one-matrix model [6,18]: in the context of the study
of asymptotic properties of multiple-orthogonal polynomials it has been pointed out since the
fundamental work [17] that the Cauchy transforms of the extremal measures solve an algebraic
equation.

We also mention the recent work [13], in which the limiting behavior of Hermitian random
matrices with external source is investigated and the presented asymptotic analysis relies on a set
of conditions which are shown to be equivalent to the existence of a particular algebraic curve.
The methods used in that paper to prove the existence for some special cases are very similar to
our approach.

As it was pointed out by one of the referees, examples of of algebraic curves for special
external fields were also obtained in the recent papers [11,12].

1.1. Connection to a Riemann—Hilbert problem

The principal motivation to the present paper is the application to the study of biorthogonal
(multiply orthogonal) polynomials that arise in the study of the model hinted at by Eq. (1.1).
In [2,3] we introduced the biorthogonal polynomials

e= N+ Va () ,
f Prn(x)gm (y) ——————dxdy = ¢;;6mn ,
R2 x+y

@) =x"4+ -, g =y +---. (1.4

In {3] it was shown how a natural vector potential problem (for two measures) arises in that
context and leads to a three-sheeted spectral curve of the form (1.3). Such problem enters in
a natural way in the normalization of the 3 x 3 Riemann-Hilbert problem considered in (2]}
characterizing those polynomials (and some accessory ones) in the limit N — oo, n —
00, % — T > 0. The notation V}, V» is meant here to reflect the notation that will be used
in Sections 5 and 6 (up to a reflection V2(y) > Va(—y), as explained in [2,3]).

In perspective the more general situation with several measures considered in Sections 4 and
5 will be associated to the polynomials appearing in the study of the random-matrix chain (1.2)

and biorthogonal polynomials for pairings of the form

X
=N Y Vi)
e =t K 2
/R" prx)gm (X)) g Hde = Cy8mn (1.5)
* [T 5 +xj40) =1
j=1
prx)=x"4---. gn() ="+ (1.6)

The details are to appear in forthcoming publications [4].
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2. The vector potential problem

In this section we consider the vector potential problem which is a slightly generalized form
of the weighted energy problem of signed measures ([20], Chapter VIH; [16], Chapter 5).

Let A = (4 j)f j=1 be an R x R real symmetric positive-definite matrix (in particular it has
positive diagonal entries), referred to as the interaction matrix, containing the information on
the total charges of the measures and their pair interaction coefficients. Suppose 2t, 23, ..., Xr
is a collection of non-empty, not necessarily disjoint closed subsets of C such that Z; N 3 has
zero logarithmic capacity whenever ag; < 0. Define the functions hy: C — (—00, o0] for each
2y to be

hi(z) =1 (ze©) (2.1)

1
n———————,
d(z, Zk)
where d(-, K) is the distance function from the closed subset K of the complex plane:

d(z, K) = ’igg lz —1¢|.

The function d(z, K) is non-negative, uniformly continuous on C so A, (z) is upper semi-
continuous and A4(z) = oo on L.

Definition 2.1. A collection of background potentials
Vii Xk > (—00,00], k=1.2,...,R 2.2)
is said to be admissible with respect to the (positive definite) interaction matrix A if the following

conditions hold:

[A1] the potentials Vj are lower semi-continuous on L for all &, -
[A2] the sets {z € Xy : Vi(z) < oo} are of positive logarithmic capacity for all k,
[A3] the functions

Vi(z) + Vi (1)

Hiy(z,t) = +ajrln 2.3
(2, 1) = i 2.3)
are uniformly bounded from below, i.e. there exists an L € R such that
Hjx(z,t) = L (2.4)

on{(z,1) € £j x By : z# ) forall j, k= 1,..., R. Without loss of generality we can
assume L = O by adding a common constant to all the potentials so that

Hix(z,1) > 0. @.5)
We will also assume (again, without loss of generality) that all the potentials are non-
negative.
[A4] There exist constants 0 < ¢ < 1 and C such that (recall that az; > 0)
(1-0) Cc
Hj(z, 1) = R (Vi (@) + Vi) — ok (2.6)

The constant C can be chosen to be positive.
[A5] The potentials are given such that the functions

1
Ok(2) = ) <§ Vi) + amu(z)) = %mz) + ) auhi@ @2.7)

L ay <0 I a <0

are bounded from below on 2} (here sy < R — 1 is the number of negative ax;’s).
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Note that in the above sum k # [ because of the assumption that az;x > 0.

Definition 2.2. We define the weighted energy with interaction matrix A of a measure i =
[i21, - .., purl with p; € M (Z;) by

R
Ly = e [ [ 10wy @) +2Z [ v
J.uk

= Zf/ Hji(z, )dpj () dui (1), (2.8)
k

where M (K) stands for the set of all Borel probability measures supported on some set K C C.

Remark 2.1. The assumption [A3] is a sufficient requirement to ensure that the definition of the
functional /, ;(-) is well-posed and it is a rather mild assumption on the growth of the potentials
near the overlap regions and infinity. Indeed (with L = 0)

L@ =Y [ o 0@ 20 2.9)
jk
Note also that if a conductor %} is unbounded the condition (2.6) implies that

c c
-EVj(z)Zajjln [z —10] — EVj(fo)—- y7l (2.10)
and hence V; grows at least like a logarithm. In [20] the usual requirement is the stronger one
that V;(z)/Inz| — oo as z — oo.

Remark 2.2 (A4). is a stronger requirement which will be used for proving tightness (and
therefore relative compactness) of a certain subfamily of measures over which I, () is
guaranteed to attain its minimum value.

Remark 2.3 (A5). is yet stronger and assumes that all potentials have a suitable logarithmic
growth near the common boundaries with those condensers carrying an opposite charge. This
condition could be relaxed in some settings.

3. Existence and uniqueness of the equilibrium measure

In this section we prove the existence and uniqueness of the equilibium measure for the vector
potential problem described above. Before stating our main theorem, we recall that a family of
measures F on a metric space X is said to be tight if for all ¢ > 0 there exists a compact set
K C X suchthat (X \ K) < ¢ for all measures u € F. The following theorem is a standard
result in probability theory:

Theorem 3.1 (Prokhorov’s Theorem [19]). Let (X, d) be a separable metric space and M| (X)
the set of all Borel probability measures on X.
o Ifa subset F C M (X) is a tight family of measures, then F is relatively compact in M| (X)
in the topology of weak convergence.

o Conversely, if there exists an equivalent complete metric dg on X then every relatively compact
subset F of M (X) is also a tight family.
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We will use the following little lemma:

Lemma 3.1. Let F: X — [0, 00] be a non-negative lower semi-continuous function on the
locally compact metric space X satisfying

Iim F(x) = oo, 3.1)
X—>00

i.e. for all H > 0 there exists a compact set K C X suchthat F(x) > H forallx € X\ K. Then
for all H > inf F the family

Fy = {;LGM[(X): /Fd/.l,<H} 3.2)
X

is a non-empty tight subset of M (X).

Proof. F attains its minimum at some point xo € X since F is lower semi-continuous and
limy_, 00 F(x) = 0o and therefore the Dirac measure 8y, belongs to Fy. To prove the tightness
of Fy,lete > O be given. Since F goes to infinity “at the boundary” of X there exists a compact
set K C X suchthat F(x) > =% H forallx € X\ K.If u € Fy we have

€

&
u(X\K):/ dp < — ,u<—deu,_—H- <e. O (3.3
X\K 2H Jx\k 2
Define
- R 1
Ui @ =) au / In dpar (0), (3.4)
k=1 e —1l

which is the logarithmic potential (external terms and self-potential together) experienced by the
kth charge component in the presence of i only.

Theorem 3.2 (See [20], Thm. V11 1.4). With the admissibility assumptions [A1]-[AS] above the
Jollowing statements hold:
1. The extremal value

Vag = infl, ) 3.5)

of the ﬁmcttorzal 1, () is finite and there exists a unique (vector) measure i* such that

I, 5 =V, .
2. The components of i* have finite logartthmlc energy and compact support. Moreover, the V;'’s

and the loganthmlc potentials U ,i are bounded on the support of ug forallk =1,...,R.
3. For j = 1,..., R the effective potential
0;(@) = U" @+ V(@) (3.6)

is bounded from below by a constant F; (Robin’s constant) on X;, with the equality holding
a.e. on the support of juj.

Remark 3.1. The content of Theorem 3.2 is probably neither completely new nor very surprising

and the proof is a rather straightforward generalization: the main improvement over the most
common literature is the fact that we allow the condensers to overlap even if the corresponding
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term in the interaction matrix is negative. The assumption on the potentials that they provide a
screening effect so that the equilibrium measures will not have support on the overlap region.
The theorem will be instrumental in the proof of Theorem 5.1, which is the main result of the

paper.
Proof of Theorem 3.2. First of all, we have to prove that

Vay =infl, p() < o0 37

by showing that there exists a vector measure with finite weighted energy. To this end, let ;j be
the R-tuple of measures whose kth component 7 is the equilibrium measure of the standard
weighted energy problem (in the sense of [20]) with potential Vi (z)/axx on the conductor S for
all k. (The potential Vi (z)/axx is admissible in the standard sense on Xy since

1 ) R 1 C
— W@ —Inz|> —In|z -] - — Vi (tg) — —— — In[z]| > o0 (3.8)
Ak c Akk cayr R

as |z| — oo for z € X if S is unbounded.) We know that n is supported on a compact set of
the form

{z ez 2@ Kk] 3.9)

Akk

for some K; € R. These sets are mutually disjoint by the growth condition (2.7) imposed on
the potentials. The sum of the “diagonal” terms and the potential terms in the energy functional
are finite for 7 since this is just a linear combination of the individual weighted energies of the
equilibrium measures 7. The “off-diagonal” tcrms with positive interaction coefficient ay,; are
bounded from above because the supports of n; and 7; are separated by a positive distance;
the terms with negative interaction coefficient are also bounded from above since n; and r; are
compactly supported. Therefore

Vv <1, 50 < oo 3G.10)

Integrating the inequalities (2.6) it follows that
R R '
L@ =Y [[ Hu@na@annz -0y [ieawo -c. 6
k=1

Jk=1
‘We then study the minimization problem over the following set of probability measures:

1-09
C Mi(Z1) x - x Mi(Zg). (3.12)

The extremal measure(s) are all contained in F since for a vector measure A ¢ F we have

L 1
F = {Mi Zf Vi(@)dui(z) < ———C(VA’V +C+ ])]
k=1

R
L) = (- c)Z/ Vi@dre() —C 2V, 5 + 1. (3.13)
k=1

The function ", Vi(z) is non-negative, lower semi-continuous and goes to infinity as |z| — oo,
and moreover
R
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hence, by Lemma 3.1, all projections of F to the individual factors is a non-empty tight family of
measures. Using Prokhorov’s Theorem 3.1 we know that there exists a measure fi* minimizing
i v (-) such that % Z,f: | 4« € F. The existence of the (vector) equilibrium measure is therefore
established.

Note that now statement (2) follows immediately: indeed from the condition 3 that H; ; > 0
(and also V; > 0) it follows that

2
V= an f / I i 0+ / Vi@)du} @)

+ _/ H jk(z, t)du (2)du (1)
GRF(LD)

>a1|//]n

Thus the logarithmic energy of u] is bounded above by V, ;/a1). Repeating the argument for
all u%’s we have that all the logarithmic energies of the ,u;. ’s are bounded above.
On the other hand, these log-energies are also bounded below using (2.6) with j = k:

d/L (2)dpi(0). (3.15)

C
ajj //]n du](z)duj(t)>——/v (@4} () — (3.16)

(boundedness from below follows since f V;(z)du j(2) is bounded above and appears with a
negative coefficient in the formula).

Now, using the fact that the quantities H;(z, t) are non-negative due to (2.5) and condition
(3.12) it follows that

0@ = Vi@ + ) aj / In —
=y Iz =1l
is finite wherever V;(z) is. Using condition [A5] it also follows that it is lower semi-continuous,
bounded from below on Z; and hence admissible in the usual sense of minimizations of single
measures [20]. We also claim that ¢; grows to infinity near all the contacts between %; and any
Zy for which aj; < 0. Suppose zp € Z; N 2} (with aj; < 0); then on a compact neighborhood
K of zg we have

3.17)

0j(@) = Vi) + Y ajehi(@) + Mx (3.18)

kEj
ajk <0

for some finite constant Mg (which — of course — depends on K). From (5) then

R—s; ~
Vi) + 3 ajihi(d) + Mk = Rs’ Viz) + Mg | (3.19)

k#j
ajk <0

where s; < R is the number of negative aji (j # k). Since V;(z) tends to infinity at the contact
points (from the same condition [A5]) then so must be for ¢;.
Note also that

Vai =2 1550, (i) (3.20)
J
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and hence (as in [20]) each single 1 . is the minimizer of the single variational problem on Z;
under the effective potential ¢;. From the standard results it follows that the support of % is
contained in the set where ¢; is bounded, which, due to our assumptions, are all compact and at
finite non-zero distance from the common overlaps. This proves that the components of ji* are
actually compactly supported.

Uniqueness as well as the remaining properties are established essentially in the same way
as in {20], Thm. 1 Chap. VIII using the positive definiteness of the interaction matrix A, which
guarantees the convexity of the functional. DO

a4 .
“. 1IIE Speciar case

‘We now specialize the above setting to the following collection of R conductors:

Zi==D"0,00) (G=12,....R, ’ 4.1
and interaction matrix
2} -qu¢2 0O ... 0
-q192 293 —quq3 ... O
A=] 0 —qa 248 ... 0| - 4.2)
0 0 0 - 243

Under the assumptions on the growth of the potentials V;(x) near the only common boundary
point x = 0, Theorem 3.2 guarantees the existence of a unique vector minimizer.

We now investigate the regularity properties under the rather comfortable assumption that the
potentials V; are real analytic on X; \ {0} for all j; this is in addition to the host of assumptions
specified in Definition 2.1.

In order to simplify slightly some algebraic manipulations io come we re-define the problem
by rescaling the component of the vector of probability measures u1; > g;u; so that now the
interaction matrix becomes the simpler

2 -1 0 ... 0
-1 2 -1 ... 0

A:: 0 —1 2 e 0 . (4'3)
0o o0 o ... 2

The electrostatic energy can be rewritten as

R
- 1
Ly =2)" f f In dpj (x)dpj (y)
Jj=1

fx — ¥l

R-1 1
= [ a0 ) (44)
e Ix =yl

R
+2)° / Vi(x)du j (x). (4.5)
J=l
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As explained in the previous section, the above minimization problem has the interesting
property that the same equilibrium measure is achieved by minimizing only one component of it
in the mean field of the neighbors and, moreover, the supports of the minimizers satisfy

supp(p;) N supp(p;+1) = 0. (4.6)

Corollary 4.1. Let i be the vector equilibrium measure for the above problem. Forany 1 <k <
R we have that
.- i _—
mw=[ [ m——du@dun +2 [ %@duo (47
5t lz—tl S

is minimized by the same 1;, where the effective potentials Vi are

5 1 1 1

n@ =3V -5 /2 I e (48)
V()'-lv(z)—lf lnLd (,)_l/ In ! dpge—t (1) 4.9
k(Z) = 5 k 2 B Z—1| Hh+1 3 5 lz—1] Mk—1 .
" 1 1 i

Tr© = 3Va@ =5 [ e dnen) “10)

Note that the effective potential differs from the original potential by harmonic potentials
because the supports of x4 are disjoint from the support of L.
We recall the following theorem:

Theorem 4.1 (Thm. 1.34 in [6]). If the external potential belongs to the class C*, k > 3 then the
equilibrium measure is absolutely continuous and its density is Hélder continuous of order %

Combining Corollary 4.1 with Theorem 4.1 we have that the solution of our equilibrium
problem consists of equilibrium measures which are absolutely continuous with respect to
the Lebesgue measure with densities p; at least Hélder-% continuous as long as the external
potentials are at least C3. Moreover the supports of these equilibrium measures have a finite
positive distance from the origin. '

Our next goal is to prove that the supports of the p;’s consist of a finite union of disjoint
compact intervals. For that we need a pseudo-algebraic curve given in the next section.

5. Spectral curve

Since the equilibrium measures have a smooth density we can now proceed with some
manipulations using the variational equations.

For the remainder of the paper we will make the following additional assumption (besides
those in Definition 2.1) on the nature of the potentials V;:

Assumption. The derivative of the potential V/ is the restriction to 2 := (=140, o0) of a
real analytic function defined in a neighborhood of the real axis possessing at most isolated polar
singularities on R \ 2;.
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For a function f analytic on C \ I', where [” is an oriented smooth curve, we denote

S(HX) = fr@) + fo(x),  ANGE) = frlx)—f-&x), xeTl (5.1)

where the subscripts denote the boundary values. We remind the reader that under our
assumptions, the equilibrium measures satisfy Eq. (4.6).

Definition 5.1. For the solution g of the variational problem, we define the resolvents as the
expressions

i(x)dx
W;(z) = / %—T . zeC\ supp(p;). 5.2)
-
The variational equations imply the following identities for j = 1,..., R:

SWi)(x) = Vi(x) + Wi + W,

AW))(x) = =2inp;(x), x € supp(p;) (5.3)
where we have convened that Wy = Wx4) = 0. Note that, under our assumptions for the growth
of the potentials V; at the contact points between conductors (in this case the origin), the support
of p; is disjoint from the supports of p;+; and hence the resolvents on the rhs of the above
equation are continuous on supp(p;).

The following manipulations are purely algebraic: we first introduce the new vector of
functions

n |7
D] o= i ATU st (5.4)
e Vel LW

Trivial linear algebra implies then the following relations for the newly defined functions Y;:

Y

Sy = -n A1) = 2imp on supp(p1)

S(Y2) = =Y —7Y; A(Yy) = =2inp; on supp(p2)

S(Y3) = -Yh—1Y A(Ys) = 2imps on supp(p3)
. . (5.5)

S(Yr-1) = ~Yr_a—Yr A(Yg_)) = (=DX2inpgr_y onsupp(pr—1)

S(YrR) = —Yp_i A(Yr) = (=1)®'2impr  onsupp(pr).

The above relation should be understood at all points that do not coincide with some of the
isolated singularities of some potential V; (points of which type there are only finitely many
within any compact set).

Define then the functions

ZO:=Y1; Zl.:_Y]_Y21 Zz:=Y2+Y37-"3
Zpor = (=DFYYr_y +YR),  Zg = (=DF¥;. (5.6)
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Then:

Proposition 5.1. All symmetric polynomials of {Z;}o<j<r are real analytic in the common
domain of analyticity of the potentials, namely they have no discontinuities on the supports of
the measures pj.

Proof. A direct algebraic computation using the boundary values of the {Y;} functions gives the
following boundary values of the functions Z;:

2Zp, = —Yrx2inp - (5.7)
~Yy 3 2inpy =270z onsupp(pi)
= 5.
221, {—Y] + Y3 £ 2inps on supp(p2) (58)
)Y+ Y3 F2inpa =2Z15 onsupp(p2)
222, o {Yz — Y4+ 2imps on supp(p3) (59
(5.10)
VZip . = (~=D)RY(—Yr_2+ YR) F 2inpr_1 = 2Z(r-2); onsupp(or-1) .11)
(R=D+ (-—I)R"YR_l +2inpr on supp(pr)
2Zp, = (=D)R'Yg_y F 2inpr =2Z(g-1), on supp(pr). (5.12)

Consider a symmetric polynomial Pg := 2% (ZOK +---+ ZgX) and its boundary values on,
say, supp(p1); we see above that Zo, = Z,_ and hence Z& + Z has no jump there. The support
of p> has no intersection with 27 and supp(1) (see (4.6)) due to our assumptions, and hence Z;
may have a jump on supp(p;) only if the support of p3 has some intersection with it. In that case
anyway Zj, = Z3_ and hence also ZZK + Zé( has no jump on supp(3) N supp(p1)-

In general on supp(ox) N supp(p1) we have Zy, = Z_ and so the same argument apply. In
short one can thus check that all the jumps that may a priori occur in fact cancel out in a similar
way.

Repeating the argument for all the other supp(p;) instead of supp(p;) proves that the
expression has no jump on any of the supports, and since a priori it can have jumps only there,
then it has no jumps at all. Invoking Morera’s theorem, we see that the symmetric polynomials
of the Z;’s can be extended analytically across the supports of the p;’s.

Finally, the statement that the symmetric polynomials are real analytic follows from the
following reasoning: the Z;’s are linear expressions in the W;’s and the potentials. In particular
they are analytic off the real axis (where all the W;’s are) and in the common domain of
analyticity of the potentials. The same then applies to the symmetric polynomials in the Z;’s.
Finally, on an open interval in R, as long as it is outside of all the supports of the vector measure,
the Z; are all real analytic functions since W;’s are. This concludes the proof.  [J

A consequence of this proposition is that:
Theorem 5.1. The functions Zy are solution of a pseudo-algebraic equation of the form

K )R 4 4 Cru) =0 (5.13)

where Cj(x) == (=1 Y,
of analyticity of the potentials.

¢ Zey -2y ; are ( real) analytic functions on the common domain
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Remark 5.1. This result is the direct analogue of the results about the existence of the spectral
curve for the one-matrix model {18] which was established on a rigorous ground in [6]. In a
different context of matrix models with extemnal source Theorem 5.1 is conceptually similar to
the result in [13].

Proof of Theorem 5.1. We set

R
E(z,x) =[] - Z;(x)), (5.14)
j=0
and expand the polynomial in z. Clearly we have Zo + Z; + --- 4+ Zgr = 0 and hence the
coefficient Cy vanishes identically. The other coefficients are polynomials in the elementary

symmetric functions already shown to be real analytic and hence sharing the same property.
O

Corollary 5.1. The densities p; are supported on a finite union of compact intervals. Moreover
the supports of p; and p;jy are disjoint.

Proof. The supports of the measures are in correspondence with the jumps of the algebraic
solutions of E(z,x) = 0; in particular the set of endpoints of the supports must be a subset
of the zeroes or poles of the discriminant that belong to R. Since the only singularities that these
may have come from those of the derivatives of the potentials ij (x) on the real axis, and these
have been assumed to be meromorphic on R and be otherwise real analytic, then the discriminant
of the psendo-algebraic equation cannot have infinitely many zeroes on a compact set. We also
know that the measures p; are compactly supported a priori and hence there can be only finitely
many intervals of support. I

Putting together Proposition 5.1 and Theorem 5.1 we can rephrase the properties of the
functions Z;(x) by saying that they are the R + 1 branches of the polynomial equation (5.13),
thus defining an (R + 1)-fold covering of (a neighborhood of) the real axis. The neighborhood
is the maximal common neighborhood of joint analyticity of the potentials V;(x). The various
sheets defined by the functions Z;(z) are glued together along the supports of the equilibrium
measures p; in a “chain” of sheets as the Hurwitz diagram in Fig. 1 shows.

Remark 5.2. In [1] a similar problem was considered in the context of multiple orthogonality for
Nikishin systems on conductors without intersection and with fixed weights: this corresponds to
the case of a minimization problem without external fields. It was shown that an algebraic curve
similarly arises; in the formulation of [1] the algebraic curve involves, rather than the resolvents,
their exponentiated antiderivatives ¥;’s, namely

d
Wj= g In¥( (5.15)

and a mixture of algebraic geometry and geometric function theory was used to investigate their
properties. In particular the functions ¥; figured in an algebraic equation (see Eq. 2.1 in [1]) as
the various determinations of a polynomial relation

PR b r ek (DO 1, (x) =0, rjeClx] (5.16)

with the discriminant (w.r.t. ¥) vanishing at the endpoints of the supports for the measures of the
corresponding Nikishin problem. Along similar lines, examples of curves of algebraic type for
Nikishin systems with special choices of external fields were recently obtained in [11].
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Fig. 1. The Hurwitz diagram of the spectral curve.

6. An explicit example

We consider the case with R = 2 and the two potentials are the same V| (x) = V2(—x) and
are of the simplest possible form that satisfies our requirements (see Fig. 2)

Vitx) =bx —alnx, x>0 Vo(x) = =bx —aln(—~x), x<0 (6.1)

where botha, b > 0.

Quite clearly we can rescale the axis and set b = 1 without loss of generality.

Using the expressions for the coefficients of the spectral curve (Thm. (5.13)) in terms of the
potentials V; = V and V> = V* = V(—x) we have

E(z.x) =2° — R(x)z — D(x) =0 6.2)

where, on account of the fact that the derivative of the potentials have a simple pole at x = 0,
the coefficients R(x), D(x) have at most a double pole there. From the relationship between the
three branches of Z and the resolvents Wy, W (Eq. (5.4)) we have

1
Z(O)(x) =W — a 4+ - (6.3)
x 3
1
ZP@) =W+ 2 + (64)
x 3
2
Z0@) = ~20@) - ZP() = Wi(x) =~ Walx) + = (65)
x
and hence the general forms that we can expect for the coefficients of the algebraic curve are
RE) a? e
xX)=—54+-+—
x2 3

" T mtety 66)

where the constants A, B, C have yet to be determined.
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The spectral curve z3 — Rz— D = 0 has in general 5 finite branchpoints (which is incompatible
with the requirements of compactness of the support of the measures) and requiring that there
are < 4 branchpoints and symmetrically placed around the origin (by looking at the discriminant
of the equation) imposes that B = C = 0.

The ensuing spectral curve is

1 42 20 4+3A 2
3
-+ = | ——==]=0 6.7
¢ <3+x2>Z ( 3x2 27) ©.7)
and a suitable rational uniformization of this curve is
Jaz+ A A 1 1
x=Yor+ta + 6.8)
A 2Ja2+ A\ A+1 0 A1
3A 4+ 24° A@®>+ A
= @+4 6.9)
3a (A2 -1+ A/a?))a*

The three points above x = oo are A = =1, 0 and Z is regular there.
We see that the condition that the measures pj, p2 have unit mass requires that

res Z%dx =1+a, res ZPdx = -1 —a. (6.10)
X=00 xX=00

We need only to decide which point A = %1, 0 correspond to the three points over infinity.
But this is achieved by inspection of the behavior of Y(A) and X()) near the three points
A=01.-1.0.

By this inspection we have

A=1 < o0 6.11)
A= —1 < 00 (6.12)
A =0 < 00g. (6.13)

Computing the residues of Zdx = ZX'dA at these points we have

res ZOdr=va2+A=1+a (6.14)
X=00 .

res Z9dx = —vVa2+A=—-1~a (6.15)
x=00

which imply that A = 2a + 1.
Collecting the above, we have found that

a+1l 2a+1 1 1
X = — 6.16
A 2a+2(k+1+k—1> (6.16)
2a’ +6a + 3 (a+1)@+1)
=— > - 6.17)
342 (A2 - ((a + 1)?/a?)) a*
and the algebraic equation for z = Z(A) in terms of x = X (1) becomes
1 a* 2a’+6a+6 2
3
=+ )z—-|—————-=]=0. 6.18
¢ (3+x2)z ( 32 27) 0 (6.18)
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Fig. 2. Some examples for the equilibrium measure for the example worked out in the text,and a = 0, 1, 2, 3 respectively
from left to right. In red is the graph of the potential V;. The symmetry implies that the other equilibrium measure is
stmply the reflection of this around the ordinate axis. The units for the axes are the same in all cases. The growth of

1
the density at x = 0 for a = 0 is O(x~2/3). Near the other edges the vanishing is of the form O((x — &)2). (For
interpretation of the references to colour in this figure legend. the reader is referred to the web version of this article.)

It is possible to write explicitly the expressions of the branchpoints in terms of a but it is not
very interesting per se, except to discuss their behaviors in different regimes of a; we find that
for a > 0 there are four symmetric branchpoints on the real axis and the inmost ones tend to zero
as a — 0, whereas they all tend to infinity as a — 00 according to *(a % 2./a) + O(1).

2 Z)

Z

sapp(m}

Zy

3
33

It is interesting to note that for a = 0 our general theorem does not apply: the potentials
are finite on the common boundary of the condensers and hence cannot prevent accumulation
of charge there. However the algebraic solution we have obtained is perfectly well-defined for
a = 0 giving the algebraic relation

_E_2, 2, (6.19)

A short exercise using Cardano’s formulae shows that the origin is a branchpoint of order 3 and
thus corresponding to the Hurwitz diagram on the side.

The behavior of the equilibrium densities p; near the origin is (expectedly) x5
7. Concluding remarks

‘We point out a few shortcomings and interesting open questions about the above problem.

The first problem would be to relax the growth condition of the potentials near common points
of boundaries, if not in the general case at least in the specific example given in the second half
of the paper, where we consider conductors being subsets of the real axis.
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The importance of this setup is in relation to the asymptotic analysis of certain biorthogonal
polynomials studied elsewhere [2] and their relationship with a random multi-matrix model [3].

In that setting, having bounded potentials near the origin 0 € R would allow the occurrence
of new universality classes where new parametrices for the corresponding 3 x 3 (in the simplest
case) Riemann-Hilbert problem would have to be constructed.

Based on heuristic considerations involving the analysis of the spectral curve of said RH

problems, the density of eigenvalues should have a behavior of type x~3 near the origin (to

be compared with x~? for the usual hard-edge in the Hermitian matrix model). Generalization
involving chain matrix model would allow arbitrary —£ behavior, p < 7 However, for all these
analyses to take place the corresponding equilibrium problem should be analyzed from the point
of view of potential theory, allowing bounded potentials near the point of contact.
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Chapter 10

On the norms and roots of
orthogonal polynomials in the
plane and LP-optimal polynomials

with respect to varying weights

10.1 Summary

The present chapter is based on the preprint [10]. This work is concerned with the
asymptotic behavior of weighted polynomials optimal with respect to the LP-norm
corresponding to a positive measure in the complex plane. The main results can be

summarized as follows:

1. It is shown to be impossible that a positive proportion of zeroes of LP-optimal
weighted polynomials accumulates outside the polynomial convex hull of the

corresponding equilibrium measure. (Sec. 2).
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2. A lower and upper estimate for the LP-norms of optimal weighted polynomials

is presented (Sec. 3).

10.1.1 [P-optimal weighted polynomials and their zeroes

A weighted polynomial with respect to the admissible varying weight w is of the form
w"™(z)Fn(z) where F,(z) is a monic polynomial of degree n [81]. 'L'he relevance ot
these polynomials for the weighted equilibrium problem is that the logarithm of the

absolute value of such a weighted polynomial is of the form

log [w™(2)Pa(2)| = ) loglz — 2| — nV(2) = —n <Z% log |Z_1—Zkf + V(z)> ,
. = (10.1)

where
n

Po(2) = [[(z — ) - - (10.2)

k=1
This can be thought of as a rescaled effective potential associated to the normalized

counting measure of the zeroes of P,(z) in the presence of the background potential
V(z). Heuristically it plausible to expect that the absolute value of a weighted poly-
nomial is small for polynomials whose zero distribution is close to the equilibrium
measure of V and that the maximal value is close to exp(—nF,) where F, is the

corresponding Robin constant (see Chap. 4). This motivates the following definition:

Definition 10.1.1 ([81]) A sequence of weighted polynomials w™ P, is called asymp-

totically extremal if

3=

lim (Jw"Palle)® = exp(—F) . (10.3)

It is important to note that there are asymptotically extremal sequences of weighted
polynomials: for example, any sequence of Fekete polynomials (monic polynomials

whose zeroes are given by a Fekete point combination) for a given weight w gives
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an asymptotically extremal sequence. Obviously, a sequence of optimal polynomials
with respect to the supremum norm for fixed n, called the generalized Chebishev
polynomials, is also an asymptotically optimal sequence [81].

Any limit point of the sequence of normalized counting measures of the zeroes of
asymptotically optimal weighted polynomials is related to the equilibrium measure
in the foiiowing way:

Theorem 10.1.1 ([81]) Let Q be the unbounded component of CP'\ S,, and assume
that { P,(2)} a sequence of asymptotically extremal monic polynomials. Any weak-star
limit point v of the normalized counting measures assoctated with the zeroes of the

polynomials F, satisfies

1 1
/log ——dv(s) = /log LT E) z€0N. (10.4)
ER] |2 — s
In particular, supp(v) CC\ Q .

In other words, it is not guaranteed that the limiting measure is p,, (there may be
more than one accumulation points) but any weak-star limit point satisfies the above
balayage property outside the polynomial convex hull of the equilibrium measure.
Motivated by the asymptotic analysis of orthogonal polynomials and their zeroes,
one may consider the following general notion of optimality with respect to the LP-

norm corresponding to a fixed measure o

Definition 10.1.2 ([81]) The weighted polynomial w™P, s called LP-optimal with

respect to the reference measure o if
| Paw™ || 5oy = min {||an"HL,,(g) . @Qn monic polynomial of degree n} . (10.5)

Recall that the notation Co(S) and Pc(S) refers to the convex hull and the polynomial
convex hull of the set S respectively. For LP-optimal weighted polynomials we have

the following result [10]:
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Lemma 10.1.1 ([10], Prop. 2.1) Let K be a closed subset in C\ Co(S,,). Then
there exists an ng € N such that if w"P, is LP-optimal then P,(z) has no zeroes in
K. In particular, for any € > 0 there exists an n; € N such that for all m > n; the

zeroes of P, are within a distance € from the convex hull.

Based on the proof of Thm. 10.1.1 in [81], an analogous statement can be proven

for LP-optimal weighted polynomials:

Theorem 10.1.2 (Cor. 2.1, [10]) Let {w"(2)P.(2)} be a sequence of LP optimal
polynomaals with respect to a reference measure o. Any weak-star limit point v of
the normalized counting measures associated with the zeroes of the polynomials P,

satisfies

/ log ———du(s) = / log ——dpu(s) 2 € C\Pe(Su) . (10.6)

|z — 5| |z = s

In particular, supp(v) C Pc(S,) .

10.2 On the norms and roots of orthogonal polynomials in
the plane and LP-optimal polynomials with respect to

varying weights, arXiv:0910.4223, 2009.
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Abstract

For a measure on a subset of the complex plane we consider LP-optimal weighted polynomials, namely,
monic polynomials of degree n with a varying weight of the form w” = ™" which minimize the L?-
norms, 1 < p < x. It is shown that eventually all but a uniformly bounded number of the roots of the
LP-optimal polynomials lie within a small neighborhood of the support of a certain equilibrium measure;
asymptotics for the nth roots of the L” norms are also provided. The case p = 0o is well known and
corresponds to weighted Chebyshev polynomials; the case p = 2 corresponding to orthogonal polynornials

as well as any other 1 < p < oo is our contribution.

1 Introduction, background and results

In approximation theory an important role is played by the so-called Chebyshev polynomials associated to
a compact set K C C, namely monic polynomials of degree n that minimize the supremum norm over K.
As a natural generalization, one can consider weighted Chebyshev polynomials with respect to a varying
weight of the form w™ on some £ C C that are minimizing the supremum norm of weighted polynomials
Qruw™ over 5, where @, is a monic polynomial of degree n (the weight function w is assumed to satisfy
certain standard admissibility conditions that make the extremal problem well-posed (1]).

Along the same lines, given a positive Borel measure o on & C C, one can consider optimal weighted
polynomials in the L?(o)-sense; provided that the integrals below are finite, it is easy to see that there is
a unique monic polynomial P, for which the weighted polynomial P,w™ minimizes the L?(¢)-norm

1

12 = ([P0 ()
=

!balogh@crm.umontreal.ca
2Work supported in part by the Natural Sciences and Engineering Research Council of Canada (NSERC).
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among all monic weighted polynomials of degree n. This polynomial may be characterized as the nth

monic orthogonal polynomial with respect to the varying measure w?™do, satisfying
/ Po(2)Z5w®™(2)do (2) = brnhn 0<k<n, (1-2)

where

hn = inf {][ann”Lz(g) . Qn(z) monic polynomial of degree n} . (1-3)

Orthogonal polynomial sequences for varying measures of the form w"do appear naturally in the

context of random matrix models [2, 3]: on the space of n x n Hermitian matrices H,, probability
distributions of the form

on(M)AM = zi exp(—nTr(V(M)))AM , 2. =/ exp(—nTr(V(A)))dM (1-4)

n

are considered where the potential function V(z) grows sufficiently fast as |z| — oo to make the integral in
1-4 finite (dM stands for the Lebesgue measure on H,,). The apparent unitary invariance of 1-4 implies
that the analysis of statistical observables of M may be reduced to that of the random eigenvalues

A . An with probability distribution

1 nyon
pn(/\L ces )\n) = Z_ ];[ ()\k - )\1)26_ Y= V) ,

(1-5)
n—/ / (e — A)2e mER=t VORI gy L dA,
R"

I<k<i<n

The marginal distributions of p, (referred to as correlation functions) are expressible as determinants of

the weighted polynomials p,(z)e™™Y®)/2 where the p, satisfies the orthogonality relation

/pn(x)zke'"wz)dz = Sknhn k=0,....n. (1-6)
Jr

Therefore the asymptotic analysis of the correlation functions reduces to the study of the corresponding
orthogonal polynomials. On the real line. the asymptotic analysis is done effectively by the so-called
Riemann-Hilbert method [3]; however, for the so—called normal matriz models [4, 5|, for which the
eigenvahiies may fill regions of the complex plane, much less is known in general. While random matrix
theory was the original impetus behind our interest, the paper will not draw any conclusions on these
important connections.

Following instead a more approximation-theoretical spirit, it is also natural to consider LP-optimal
weighted polynomials [6, 7, 8, 9] with respect to the varying weight w™ and the measure o, i.e. to minimize

the LP-norm

1
P
1Pt o ) = ( / lf%spw"”d") (1-7)
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over all monic polynomials of degree n. The paper addresses two questions; the first concerns the location
of the roots of LP-optimal polynomials or rather where the roots cannot be. We find that eventually (i.e.
for sufficiently large n) all roots fall in an arbitrary neighborhood of the convex hull of the support S,
of the relevant equilibrium measure u,, (whosc definition is recalled in Sect. 1.1); this is accomplished in
Prop. 2.1 (with a more precise statement).

If the support is not convex (possibly with holes and several disjoint connected components) then
we can state that (Prop. 2.2) all but a finite (and uniformly bounded) number of roots falls within any
arbitrary neighborhood of the polynomially convex hull of the support. A consequence of the above is
that

o »

lim In Py(z) = / In |z — tldp (£) (1-8)

n—oon
where the quotation marks indicate that the statement is imprecise {(see Thm. 2.1 for the precise one);
the convergence is uniform over closed subsets of the unbounded component C\ S,,. If K does not contain
roots of P, (eventually) then we can remove the quotations and the statement is correct (for example, if
K is disjoint from the convex hull of S,,).

The second question deals with the leading order behaviour of the L? norms of the p—optimal poly-

nomials and we show that — in fact — they all have the exact same asymptotic behaviour

. " i/n ,
Jim (1Pl o)) = exp(=Fu) (1-9)

where F,, is the modified Robin’s constant of the equilibrium measure p,,, and this limit is independent
of 1 <p< .
The case of p = oc of the above statements is known in the literature ([10] for the unweighted case,

and [1] for the weighted one) even in the varying weight case. It seems to be new for p # .

1.1 Potential-theoretic background

We will consider polynomials on a closed set £ C C, called a condenser; on this set a reference measure
o is supposed to be given. Since we are not seeking the greatest generality (at cost of simplicity) we will

restrict ourselves to the following situations:

e ¥ is a finite collection of Jordan curves, with typical example the real axis or union of intcrvals

thereof. In this case the measure o is simply the arc-length,
e ¥ is a Huite union of regions of the plaue, with the area measure do = dA,
e X is a finite union of clements of both types above.

The main focus willbe Z = C or £ = R or ¥ = v a smooth curve in C.
The weight function v : £ — (0. o¢) introduced above is assumed to satisfy the following standard

admissibility conditions ([1]):
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e 1 is upper semi-continuous,
o cap({z : w(z) > 0}) has positive capacity,
o |zjw(z) — 0 as |z] — ocoin Z.

The potential V(z) is the function for which w(z) = exp(~V(z)) and it inherits the corresponding
admissibility conditions. The weighted energy functional is defined as follows; for a probability measure

1oon X we define

Tolu] = // In ! dy(z)du(w)-i—Z/V(z)du(z) . (1-10)

|z —w|
It is well known in potential theory {1} that there exists a unique measure u,, that realizes the minimum
of Z,,; such a measure is referred to as the equilibrium measure. Its support S, = supp(u.,) is a
compact set.
Although it will not be used directly we recall the following indirect characterization of p,,: if we
denote with )
Us(2) ;:/m L auw) (1-11)
|2 — w|
the logarithmic potential of a probability measure u then g, is uniquely characterized as follows.
There exists a constant F,, called the modified Robin’s constant such that the effective potential

®(2) =U"(2) + V(z) - Fu (1-12)

satishies

D(2) <0 z€ 8,
and = ®(2)=0 2€85, q.e (1-13)

P(z)>0 z€X q e
where ’q. e.” stands for “quasi-everywhere”, namely up to sets of zero logarithmic capacity.

2 Where the roots are not

Let P,(z) be any sequence of polynomials of degree < n, Sy = supp(uw) and let ' > S, be an open
bounded set containing S,,.
In {1] 1116 (eq. 6.4) it is shown in general (under certain assumptions on X, w and ¢) that if P, is

any sequence of polynomials of degree < n we have
1Py = / \Paw™Pdo < (1 + Ce=e™) /N |Pau™Pdo (2-1)

where the constants ¢ > 0 and C do not depend on the polynomial sequence under consideration (they
depend —of course- on w.p and N).
The inequality (2-1) can be rewritten or equivalently (i, denotes the indicator function of the set A)

T
Lo P 1+ Ce™ (2-2)
“]annx,\’ng
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The inequality (2-1) shows that the norm of
P,w™ lives in a small neighborhood of §,,; this
will be the main tool in what follows. The ideas
follow very closely similar steps for the so—called /
weighted Chebyshev polynomials in 111.3 of [1]. /

For any set X C C we will denote by Co(X)
the (closed) convex hull of said set.

Let, as before ¥ D S,, be an open, bounded
neighborhood of S We start from the \

Lemma 2.1 Let X C C be compact that is not a ,
singleton and w € C be such that dist(w. Co(X)) = /
d > 0. Then

|2~ 2zu| < D

lz —w| = VDZ+4?

Figure 1: Figure for Lemma 2.1
<1, D = diam(Co(X))
(2-3)

where z,. € Co(X) s the (unigue) closest point to w.

Proof. The set Co(X) lies entirely on one half-plane passing through z, and perpendicular to the line
segment |z, w]. Let 8, the smallest angle such that Co(X) is entirely contained in a @, sector centered
at w; by the convexity and compactness of Co(X), ¢, < m. In fact we can estimate the upper bound on
w of such #,, as

B, < arctan (%) . D = diam(Co(X)) . (2-4)

from which (2-3) follows (see Fig. 1). Q.E.D.

Proposition 2.1 Let K be a closed subset in C\ Co(S,). Then eventually there are no roots of P,
belonging to K. In particular, for any ¢ > 0 there is a ng € N such that Yn > ng all roots of P, are

within distance ¢ from the conver hull.

Proof. Since K is closed and has no intersection with Co(S,,} we have dist(K. Co(S.)) = 26 > 0; Let
N be the §-fattening of Co(S,,), namely

N :={zeC : dist(z,Co(S)) < 8} (2-5)

1t is easy to see that A is convex as well.
Now consider the p—optimal polynomial P,(z) and let us decompose it as P, (z) = Rn(2)Qn(z) where

R, (2) is the factor of all roots within Ji'; note that each of these roots is at distance > d from N.

o
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For each root z; of R,(z) we can find the closest point Z; € A; hence we will define En(z) as the
“proximal substitute” of R,, where each root of R,, has been replaced by its proximal point in A/. Then

for all z € N we have |Rn(z)] < p™|Rn(z)] where T, = deg(Ry,). Indeed, by Lemma 2.1,

Tn

Ral = T 12— 51 < o7 [ 12 - 251 = 77 1Rut2)] (2:6)

Jj=1 Jj=1
Thus pointwise

D

|Pa(2)] € o™ |Pu(z)] 2€ N, pi= N <1, D:=diam(N). (2-7)
We thus have
D n P by (2-7) T, n 4 T nnypP
|Powe )€ o P, < 7 P, (2:8)

By definition. the p-optimal polynomials P, have the smallest L” norm and hence
P
(2-1)

< hﬁ’ o< (1+Ce
= ||in"||£ = ( )

Pou™

D 1
Pow™x

")

et < (1 4+ CeT ) P 2-9
“inn”z ) (2-9)

where in the second inequality we have used (2-1) on the sequence of polynomials B,.. Inequalities (2-9)

amount to
1< (1+Ce )p"™m . (2-10)
and recall that p < 1. This inequality implies at once that limsupr, = 0, and hence the sequence of

natural numbers r,, must eventually be identically zero. The second statement in the theorem is simply

obtained by taking for K the complement of the e-fattening of Co(S,). Q.E.D.

Having established that there are no roots (eventually) “outside” the convex hull, we get some further
information about what happens in general.

We borrow the following nice

Lemma 2.2 (Lemma II1.3.5 in [1], originally in [11]) IfS and K are compact sets such that Pc(S)N
K = 0 then there is a positive integer m = m(K) and a constant 0 < a(K) < 1 such that for all

(21, ..., 2m) € K™ there are points 7;. ..., Zm Such that the rational function

m (K -~
T2 - 2)

r(z) = — = (2-11)
Hj=(f()(2 - zj)
satisfies
sup|r(z)| < a(K) . (2-12)
2€S

Lemma 2.2 allows us to prove
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Proposition 2.2 For any compact set K contained in the unbounded component of C\ S,, the number
of roots of the p—optimal polynomials P, within K is bounded. In particular Ve > 0 there is ng € N
such that Vn > ng all but a finite number (uniformly bounded) roots of P, lie within distance € from the

polynomial convex hull of 8, (i.e. C\ 2, where Q ts the unbounded component of C\ S,).

Proof. In parallel with the proof of Prop. 2.1 let 2§ = dist(K. S,) and let A be the J-fattening of
Sw. We decompose P, = Rn,Q, where R, has r, roots (counted with multiplicity) within A". We will
prove that r, < m(K) eventually, where m(K) is the number of poles in Lemma 2.2 for § = N and
K. Proceeding by contradiction, there would be a subsequence where r,, > m{K); but then we can use

Lemma 2.2 to find a polynomial Ry, such that
|Ra(2)| € a(K)Rn(z)]. z€N = |Pu2)| < a(K)|Pa(z)]. zEN. (2-13)

At this point we proceed exactly as in the proof of Prop. 2.1 starting from (2-8) with pP™ — «(K),

|

By the p—optimality of the polynomial P, we must have

[} )
1< m < {1+ Ce™ ™)

namely,

D o.n P by (2:13) - n P - n|)P
Pawx|| 7 S el 1Pl < oKV I Paw™ ] (219)
P

= . 1P

Ppw Xn 'p (223)(1 1C ,cn) (K)P (2 1 )
_— € Ja ’ o
IPuwrlly,

It is clear that the last expression in (2-15) is eventually less than one (since o( K} < 1), which leads to a
contradiction with the assumption that there were > m(K) roots in K. The last statement follows from

the fact that there are no roots outside the convex hull by Prop. 2.1 together with the above. Q.E.D.

Example 2.1 Suppose that the support of the equilibrium measure consists of intervals in the real azis,
as in the case of ordinary orthogonal polynomials. It is an exercise to see that for any gap the number

m(K') = 2 and hence there can be at most one zero within each gap.
We next prove

Theorem 2.1 Let Q be the unbounded connected component of C\ S,, and K C § a compact subset. Let
2en(K) be the roots of P, belonging to K, (=1...., mn(K). Then, uniformly in K we have

my (K}
1
lim —In|P,(2)| + — E Galz. zem) = /lnlz—t[du(t) . (2-16)
n—oon n oy )

=1
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where Gq(z,w) is the Green’s function of }, namely the function such that

A£G, (w)=0. zeQ)\ {w) (2-17)
G (zw) =0, z€d0 (2-18)
Gz,w)>0. z,wen (2-19)
Go(z,w)=1n - +0Q1) z—w (2-20)

Additionally, if K is closed and does not contain (eventually) any roots, then, uniformly,

lim %ln]Pn(z)]=/1n|z—t|dp(t) (2-21)

- 00

Proof. We reason on the functions

ma(K)
1
fol2) = SRl 4= 3 Galz zem) —/ln|z — tldplt) (2-22)
n n =1

We will see in Prop. 3.1 together with Corollary 3.1 that Ve > 0 3ng: n > ng
1
=~ In|P,(2)u™z)| < —Fy +¢. VzeC (2-23)
n

Additionally, the f,(z)’s are subharmonic in Q and harmonic in a neighborhood of z = oc: indeed all
roots are uniformly bounded (from Prop. 2.1) and the Green’s function Gq(z, w) is harmonic away from
the singularity z = w (in a neighborhood of which it is superharmonic) and in the neighborhoeds of
zen the fn’s are actually harmonic because the singularities coming from P,’s cancel out exactly those
coming from the Green’s functions.

For z € 99 and Ve > 0 we have eventually (recall that Gn(z,w) = 0 for z € 6Q)

fa(2) S V(z)+U"(2) = Fyy+e <e, z € 0N (2-24)

Since f,(z) are subharmonic. they cannot have isolated maxima in the interior of  and hence we conclude
that f,(z) < e throughout Q2 (including z = 0).
Let foo(z) = limsup,, ., [n(z); then Ve > 0

foolz) = limsup fr(z) <€ = foolz) <0, zeC (2-25)

n— 00

Let Pc(Sy) = C\ Q be the polynomial convex hull of S, and let now K be a compact set K C f.

We next analyze the liminf; let zg € K and set
Lo :==liminf f,,(z0) < foo(z0) <0 . (2-26)

where 29 € K is some (arbitrarv but fixed) point. There is a subsequence nyg of the numbers f,(z0)’s

which converges to this limit; out of it, we can extract another subsequence (which we denote again ny, for
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brevity) such that the counting measures o,, have a weak* limit (since they are all compactly supported)
which we denote by ¢, (note that both the subsequence and this limiting distribution may depend on
zp)- Prop. 2.2 implies that its support of ¢;, lies in the polynomial convex hull of S,,; in particular the
function In |z — e| is harmonic on supp(o,,) for any z € K. Let g,, be the restriction of g,, to those
atoms outside of K; we know that it differs from o,, by a finite number m,(K) of atoms (uniformly
bounded in n) and hence it obviously has the same weak* limit. Now, for any z € K along the chosen

subsequence we have

02 fool2) 2 Jim fu, () = Jim /ln|; — t]ddn, () - /ln|z — tdp(t)+
mn(K)

= Y (Galz.zen) +Inlz = z2n,]) (2-27)
£=1

Since G, (2. w)+In |z —1w| is jointly continuous in z. w for z,w € £, it is also (jointly) bounded on compact
sets; we know already that zy,, all are uniformly bounded, hence the last term in (2-27) tends to zero.
We thus have

Jim £, (2) = kli’n'clo./ln]z = t1dFn, (8) ~ /lnlz— et () =
- /m |2 = £]dG. (1) — /ln]z—tldyw(t) (2-28)

The right hand side of (2-28) is harmonic in © (by inspection) and by (2-25) it is < 0; on the other hand
at z = oo it vanishes (since both measures are probability measures) and hence it must be identically
zero. Evaluating it at z = zp yields that L, = liminf, o fn(20) = 0; since zp was arbitrary, this shows
that limy, e fn(z) = 0; the uniformity of the convergence follows from the fact that the sequence of

functions

ho(z) i= / Iz — t|dG.(1) (2-29)

are equicontinuous for z € K and hence the Arzela—Ascoli Theorem [12] guarantees uniform convergence.

To see equicontinuity we compute

—2' lz — 2| .
7 don, (1) < mdffnk ) <
|z — 2|

P
~ dist(K, Sy)

1+

A6, (1) = / In

on) ~ bl = [0 2 =

(2-30)

Note that the above chain of inequalities applies more generally for any closed K C € and also says that
the sequence is uniformly Lipschitz.
To prove (2-21) we note that we have used compactness only after (2-27), but if m,,(K) = 0 (eventu-

ally) then the same arguments prove uniform convergence without having to use compactness. Q.E.D.

Theorem 2.1 says loosely speaking that % In | P,| converges to the logarithmic transform of the equilib-

rium measure as uniformly as it is possible on the “outside” of the support, given that there are possibly
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some stray roots; if we restrict to the outside of the convex hull of Sy, then this convergence is truly
uniform (over closed subsets) because —eventually— there are no roots at all (Prop. 2.1).

Theorem 2.1 has an interesting corollary

Corollary 2.1 Let h(z) be any harmonic function on a neighborhood of Pc(S.) and let o be a weak*

limit point of the counting measures of the LP~optimal polynomials. Then
/ h(z)do(z) = / h(2)dptn(z) (2-31)

Proof. By Mergelyan’s theorewn it suffices to verify it for the monomials z7; we have seen in the proof of

Thm. 2.1 (2-27 and discussion thereafter) that

/ln Iz — tdo (t) — /ln I — tdpm(t) = 0 (2-32)

for z € Q (the complement of the polynomial convex hull of S,,). Taking the large z expansion we have

easily the statement Q.E.D.

Remark 2.1 The Theorem 2.1 and Corollary 2.1 assert that whatever limiting distribution the roots of
the p—optimal polynomials may have, it must be a balayage of the equilibrium measure onto the support
of this limiting distribution. In order not to swindle the reader, we should point out that it falls short of
saying that there is a unique limiting distribution, and even further away from any statement about what
distribution that should be.

3 Norm estimates

3.1 Upper estimate for the norms

The ain of this section is twofold: first we will prove that if P,w™ are the p-optimal weighted polynomials
then

1
lim = ln||Pos™|p = —Fu & [[Paw"f, =e "Fetolm (3-1)
n—oo 1

En route we will see that the LP norms of the wave-functions P,w™ are asymptotically equal to the L™

ones. In particular this implies that the n-th root of the wave functions is uniformly bounded.

Proposition 3.1 Let P,w™ be the p-optimal weighted polynomial; then

1 .
limsup — Inf{|Pow™|lp, < —Fy . (3-2)
n

n—00

where £ is the Robin constant for the equilibrium measure.

10
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Proof. We compare the LP norms of the P,w™’s with the weighted Fekete polynomials F,w™. Let A be
a bounded open neighborhood of S,,. Then

¥ optimality

(2-1)
1w, 1Eaw™ly < (14 Ce™) [ Fuw™xurlly < (1 4+ Co~) | Faw™ o Area(N)F  (3-3)

Now taking 1 In(-) of both sides gives

1 1 . 1 N -
(1P p) < i (1Fawllp) < - (| Faw”lle) + O ™) 34
Since
1
tim —In (|l Fw”lloo) = ~Fu (3-5)
(see Thm. II11.1.9 in [1]) we have
3 1 . 1 n . 1 n
limsup = In (|| Pow™||p) < limsup = In (j| Fow™|)p) < limsup = In (| Faw™||o) < —Fu (3-6)
n—oo N n—oo T n—oo T

Q.E.D.

Remark 3.1 It may be of some importance to note that the above proof can be used to show .

lim sup In 12wl < ¥ Area(Sw) (3-7)

n—oo ”Fn"-‘-r‘nnoo
3.2 Lower estimate for the norms
We follow the idea in (1}, pp 182.

Lemma 3.1 Let P,(z) be a sequence of polynomials of degree at most n. Assume further that the potential
V is twice continuwously differentiable. Then there is a constant D > 0 and dy (the Hausdorff dimension
of &, which for us 1s either 2 or 1) such that

| Pw™ |}y _4r
———— > Dn"® 3-8
WPl = 58)
In particular
liminf | Pyw”[l,™ > lim inf | Pyu™ floo ™ (3-9)
n—oc n—00
lim sup lanw"Hp% > limsup [|P,,w”||°o% . (3-10)
-0 n—oo

Proof. We work with the normalized polynomials

L P (3-11)

=— P,z
| Paw™||oo

Qn(z):

11
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Let zp be a point where |@,,(z)w"(z)| achieves its maximum value 1 (such a point exists by the

assumed admissibility conditions on w). We claim that

1 1
3 D 2= 20) € s (V@ s L 3.12
020 2= 2 < 5o = Qo)™ 2 (3-12)
Since |Q(z0)le~"V (%) = 1 the inequality can be rewritten
[Qn(2)} < |Qn(20)]e™V @~V vy, e . (3-13)

Let 6 > 0 and set Cs(z0) = sup|,_ .o =5 [V{(2) — V(20)[; since we are assuming V(z) to be twice contin-
uously differentiable, zg € S, and S, is compact, we see that a simple argument shows Cj(zp) < C§
for some constant C > 0 (independent of zg € Sy). Let |z — 2] < %J; the formula of Cauchy for the

derivative implies

2 1
Qu(2)] < 1Qnlz0)l3e™ |2 = 20l < 56 (3-1)
On the even smaller disk |z — 29| < %8 we have
-z 28nC6 _ 1
n(2) = @aleoll < | 1QWOIAH < @nleo) =2 < Lguiaerett 3as)
Jz2g

: hanee § — L 5o 1 .
If we choose § = &, and hence |z — zp| < & = ;57 we have

1 1
|Qn(z) — Qn{zo)| < ilQn(ZO” = |Qn(2)] = 51Qn(20)] . {3-16)
Multiplying both sides
Q{2 IV EN > g e VAV E) 3 Lo (sg)fenes = [@nlz0)l
1 1
1Qn(2)le™ ) > o |Qnlzo)le™™ ) = o (3-17)

Integrating the inequality (3-12)

( / lcznmw“!f’dzz)" > ( /;z_m@ lQn(2)1v"|”d22> s (3-18)

SIS

Here Bg(8) is the do volume of the ball of radius § centered at zo in 3: in the case ¥ = C this is
simply 742, in the casc ¥ is a smooth curve then By (3) > ¢f for some ¢ > 0. The only important
fact for us below is that Bs:(4) is bounded below by some positive power of §. Therefore, recalling that
Qn(z) = Pa(2)/|| Paw™|leo the inequality (3-19) reads
1
P lp) > 52 | B2 (s )] 1Pl (3-20)
2e 4nCe

12
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Summarizing, there are constants D > 0 and dy (the “dimension” of 2. which for us is either 2 or 1)

such that
1P (2)w™ [l

dyn
> Dn~ . 3-21
Powe = " (3-21)

Q.E.D.
Before proceeding we recall
Theorem 3.1 (Thm. 1.3.6 in [1]) Let P, be any sequence of monic polynomials of degree n. Then
lim inf (|| Paw"loo)* 2 exp(~Fu) - (3-22)
As a corollary of Thm. 3.1 and Prop. 3.1 we have
Corollary 3.1 The norms of the p-optimal polynomials satisfy
Yl Prwny — e F n—oc. (3-23)

Proof. Using Lemma 3.1 and (3-9) together with Thm. 3.1 we have that the liminf of the left hand side

cannot be less than e~ Fv:
Prop. 3.1 1 R ! Prop. 3.1 ] Thm. 3.1
—-F, 2> limsup-In|Pw”|p > liminf — Inj|P,w”l, > liminf—-In||Pouw"flec > ~Fu -
n—oc N n—oc 7N n—oo N
Q.E.D.
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Chapter 11

External potentials for two-point

quadrature domains

11.1 Summary

This chapter is based on the manuscript presented in the following section. The goal
of this study is to solve a forward potential problem corresponding to the simplest
types of classical quadrature domains corresponding to two quadrature nodes. The

paper is organized as follows:

1. Symmetric connected two point quadrature domains are considered and, based
on the algebraic structure of the Schwarz function corresponding to the boundary,

admissible quasi-harmonic external potentials are constructed (Sec. 1).

2. A confluent limit of two-point quadrature domains with a single second order
node is studied and a corresponding admissible quasi-harmonic background po-

tential is constructed (Sec. 2).

3. As a degenerate case, quadrature domains consisting of two disjoint congruent
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disks are considered and a suitable admissible quasi-harmonic potential is found.
The corresponding equilibrium measure is shown to coincide with the normalized

area measure concentrated on the disks (Sec. 3).

4. As an appendix, the quasi-harmonic potentials are represented as superharmonic
perturbations of the Gaussian potential for explicitly calculated positive perturb-

ing measures along straight lines (Sec. 4).

11.1.1 Forward potential problem for external fields

For quasi-harmonic admissible potentials the equilibrium measure is often (not al-
ways) given by the normalized area measure restricted to a compact set K. Assuming
that the boundary 9K consists of a non-singular analytic Jordan curve, one of the
methods to recover the support set K, as we have seen in Sec. 6.6, is to find the
positive part S*(z) of the Schwarz function of the boundary and, by the singularity
correspondence between the Schwarz function and the exterior conformal'map, find
a uniformizing map for CP'\ K.

Motivated by applications in approximation theory [13], one may consider the
forward problem of finding the quasi-harmonic potential associated to a given com-
pact set K of positive area. For sets with simply connected exterior and an explicit
exterior uniformizing map the Schwarz function and its decomposition into positive
and negative parts can be calculated explicitly. This means that a corresponding
quasi-harmonic potential can be obtained by integration according to Thm. 6.6.1.

It is easy to see that the exact same strategy can be followed if the set K is given by
its interior conformal map instead: an explicitly given conformal map of the boundary
allows the recovery of the Schwarz function and a corresponding background potential.

The special cases considered in the paper are illustrating the simplest cases in

which K is given by a rational interior conformal map: two point quadrature domains
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with either two distinct or one confuent quadrature nodes, corresponding to rational
interior conformal maps of degree two. As a consequence, the corresponding Schwarz

functions satisfy quadratic equations of the form
A(2)S(2)* + B(2)S(z) + C(z) = 0 (11.1)

where A(z), B(z),C(z) are rational functions in 2. The positive part S*(z) of the
Schwarz function is therefore algebraic also (the negative part is rational because of
the quadrature property). The integration of this algebraic function leads to a quasi-
harmonic admissible potential Q(z). A proper choice of the branch cut structure of

S*(z) allows the external potential to be expressed in the form
Q(z) = alz* + U”(2) (11.2)

where v is a positive measure supported on branch cut of S, (z). The detailed formulae
and the geometric construction of the background potentials can be found in Sec. 1
and 2.

The degenerate case of two disjoint disks is considered in Sec. 4. The corre-
sponding external potential is of a much simpler form and therefore the variational
inequalities may be checked easily, confirming that the equilibrium measure of the
calculated potential is supported on the prescribed disks. A superharmonic pertur-
bation representation for this potential is also obtained by finding a positive measure

v supported on the imaginary axis.

11.2 External potentials for two-point quadrature domains,

manuscript
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EXTERNAL POTENTIALS FOR TWO-POINT QUADRATURE
DOMAINS

F. BALOGH

ABSTRACT. Admissible background potentials are calculated for three different kinds
of two-point quadrature domains: bicircular quartics, limacons and the union of two
disjoint congruent disks. The equilibrium measures of the potentials are normalized
area measures concentrated to the corresponding quadrature domains. Moreover, all
three potentials may be represented as a sum of a dominant Gaussian quadratic term
and a pure logarithmic potential of a positive measure on the plane.

CONTENTS
1. Bicircular Quartics 1
1.1.  The conformal map and the Schwarz function of the boundary 1
1.2. Quadrature identity 3
1:3. Comparison with the formula of Davis 5
1.4. The Cauchy Transform and S_(z) 5
1.5. The external potential 6
2. Limacons 8
2.1. Conformal map and Schwarz function 8
2.2.  The external potential 10
3. Two disks 11
4. Appendix: Representations of External Fields as Pure Logarithmic Potentials 13
4.1.. Charge density for two-point quadrature domains 13
4.2. Charge density for limacons 14
4.3. Charge density for two disks 15
References 16

1. BICIRCULAR QUARTICS

1.1. The conformal map and the Schwarz function of the boundary. First of all,
we start from a special class of rational conformal maps of degree two and show that the
image of the unit disk under such mappings satisfies a two-point quadrature identity. We
refer to [2], [4] and [5] as standard references on quadrature domains.

Let r > 0 and E € [1,00) be given and consider the following conformal mapping on
D:

¢ T 1 1

1 = =T _ _
(1) 1= 5" =5 |70 - 5]
This mapping is univalent for all considered values of the parameters: for a pair {; # (2
the equality f(¢,) = f(¢2) implies that
(2) GG = -E?

1
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2 F. BALOGH

and E > 1 is equivalent to the fact that there are no such pairs (1, (> € D satisfying (2).
Let G denote the image of the open unit disk I of the {-plane under the mapping f in
the z-plane:

(3) G := f(D).

2=£(¢)

FIGURE 1. The conformal map

The boundary of G is a nonsingular analytic curve for £ > 1 and therefore possesses a
so-called Schwarz function analytic in a neighborhood of G such that

{4) S(z)=z 2€8G.
(see [2]). On the boundary 8G.

r¢
z=[f(()= o
() A
fTIN¢) TP
since the uniformizing parameter satisifies { = % This means that z and y = Z are

algebraically dependent on 9G. Since, for fixed z € G, both polynomials
pr(¢) = 2(* + ¢ ~ Bz
p2(Q) = By —r(—y.

must vanish for some ¢ € 9D, the resultant equation

(6)

(7) P(z,y) = (2°(1 = E*)? - E?) y? - r(B* + 1)zy — r?E?2°
is satisfied by z and Z on the boundary:

(8) P(z,7)=0 z€08G.

It is important to note that

9) 9G C {z: P(z,%) = 0}

but the equation is also satisfied at z = 0 which is not on the boundary of G unless E =1
(actually {z: P(z,2) = 0} = 0G U {0}).
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EXTERNAL POTENTIALS FOR TWO-POINT QUADRATURE DOMAINS 3

1.2. Quadrature identity. The components of the standard inner-outer holomorphic
decomposition of §(z) with respect to OG are defined as follows:

Sp(z) = — /a CIOLI

—2—71"1 Gt—Z

s ()= [ WY oG
27|’Z_ac t—z

(10)

Both functions are analytic in their domain of definition and have non-tangential limit
functions on the boundary and they satisfy
(11) S(z0) = lim S4(2) — lim S_(z) 20€ 9G .

z—2zp z—2g

In our case, both functions admit simple analytic continuations to a large portion of the
complex plane and the equality

(12) S(z) = S4(2) - S-(2)

holds in every region containing G into which all three functions above admit analytic
continuations.
The explicit form of S_(z) can be calculated by using the conformal map f to param-

etrize the boundary of 9G:
1
S_(2) / S(t)dt
2

(13) = % G t—z
L[ HOFQd

- 27” I¢]=1 f(() -z

This can be rewritten as a contour integral of a rational function on the (-unit circle since
¢ =1/¢ there:

PR /|c|=1 QO FAGLS

" omi fO -2
1) L r0x T row

= f(O-=z =+ [l -2
)1 R
2 f(F) s 2B J(h)-s

(For fixed z € C\ G, this rational integrand has six poles, and only two of them, % and

— 1, are inside the the unit circle.) In terms of the quantities

E
rf (%) _r3HEY+1)
2F2 T 2(E4—1)2

1 rE
“—‘f(E)—ﬁv

the exterior part of the Schwarz function S_(z) is the rational function

m=

(15)

m

a—2z a+z'

(16) S.(2) =
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4 F. BALOGH

with two simple poles. The polynomial equation P(z,y) = 0 is equivalent to the rescaled
equation

17 : P(z,y) = (22 —az)yz—szy—azzzz() .
whose coefficients are simple functions of the quadrature data m, a.

Proposition 1. The following statements hold:

(1) The domain G defined above is a classical holomorphic quadrature domain (in the
sense of [4]) for the measure

(18) mdéy +md_g,
(2) For allm > 0,a > 0 satisfying
(19) m > a (connectedness condition)

there exists a unique choice of £ > i, r > 0 such that the corresponding interior
conformal map f produces a gquadrature domain with measure md, + mo_,.

Proof. Let h(z) be a test function holomorphic in a neighborhood of G and integrable
on cl(G). Then
1
/ h(z)dA() = — / h(z)zds
G 2

:/h

2L h(2)Ss (2 dz~~/ 2)S_(2)

0

1
= — h(z){ﬂm + ”m}dz
2mi Jp z—a z+ta

= wmh(a) + mmh(—a).

N
2
|

This proves the first statement.
The system of equations

rE .

a=—

Ff_1
(21) _,’,2 E4+1
M S ET )

for the unknowns r and E may be rewritten as
2
E' - TE +1=0
a
F*-1
E
The quadratic equation 72 — %’?z + 1 = 0 has a unique solution z > 1 because the

quadratic expression has the negative value 2(1 — 7%) at z = 1, and therefore both r and
E are determined uniquely by m and a.

(22)

=0.

r—a
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EXTERNAL POTENTIALS FOR TWO-POINT QUADRATURE DOMAINS 5
By taking h(z) = 1 as test function we get the area of G:

(23) Area(G) = / 1dA(z) = 27m |
G

1.3. Comparison with the formula of Davis. In [2|, Davis gives the equation of the
so-called bicircular quartic in polar coordinates:

(24) = {z =pe'? : p? = a® + 4£2 cos? 0} ,

where o and ¢ are positive real numbers. The Schwarz function is given by

2(a? + 26?) + 2va® + 4a%e? + 4¢7252

(25) SF(Z) = 2(22 _ 52)

(see [2], p- 26, eq. (5.16)).

This means that y = Sr(z) satisfies the quadratic equation
(26) (2= 22 + (@ +2%)zy + 222 = 0.
After rescaling and equating the coefficients (note that a and therefore E has to be real)
one gets

o T
T

rE

Et-1"-

(27)

1

1.4. The Cauchy Transform and S_(z). The Cauchy Transform of the area measure

restricted to G is
dA(t
(28) Celz) = &
G t—z

By using Stokes’ Theorem, Cg(z) is expressible in terms of the inner and outer components

of the Schwarz function of 4G:
(29) Colz) = {~7rE+7rS+(z) z€G

mS_(z) z € C\ cl(G).
Using the fact that
(30) S1(2) = S(2) + 5-(2) ,
an argument shift in (17) implies that w(z) = S4(z) satisfies the equation
(31) (2% — &®) w? 4 2maw — a?22 =0 .

Note that —y and w satisfy the same quadratic equation (this is not a surprise since
the identity :

(32) ~Y(2)+ wle) = = S() + 84(2) = 5-(2) = - 5y

zZ5—a

is exactly Viete's Formula for the sum of the roots of the modified equation (31)). The
branch y(z) is the one which has two simple poles inside G and w(z) is the other branch
which is holomorphic inside G (by symmetry, y(z) takes both poles at z = o and z = —a).
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6 ‘ F. BALOGH

1.5. The external potential. The aim now is to find an admissible background potential
Q(z) such that the equilibrium measure ., of the weighted energy problem for w = e~ %
is the normalized area measure on cl{G).

Since the density is fixed, we look for the potential in the form

(33) Q&) = ylel? + A(:)

where h(z) is a suitable perturbation of the Gaussian leading term and harmonic in a
subdomain D of C including G.
The equilibrium condition on G reads as

1
(34) Q(z) + USGz)=F (z€G)
27m
for some constant I where
1
(35) U%(z) := / log ———dA(w).
G |z — w|
Then taking @, formally, we have
1 1
(36) —Z+3h(z)+ —Cg(z) =0 (2€G).
4m 47m
Therefore
- ; 1 .
(37) d.h(z) = ——84+(2) (z €G).

4m
To find a suitable function h(z), the algebraic function S (z) has to be integrated. The
singularity structure of S4(z) is indicated by the discriminant of P(z,y):

(38) D(z) = 42%(a®22 + m? — a*) .
In terms of

m2 _ ot
(39) a = —

(the positive square root is taken), the two simple branch points of y(z) are
(40) z1 = ia and zp = ~i ,

and there is also a double point at z = 0. The antiderivative of S, (z) can be obtained by

a standard Euler substitution:
u=z—vz2+a?

’U,Z—'a2

(41) 2T T

u—z u? +o?
dz = u = —du
u 2u

From now on,

(42) V22 + o2

stands for the analytic function that lives on the complex z-plane with two infinite cuts
along the imaginary axis:

(43) S:=C\{z=it: t eR, tzzaz}.

and takes the value a at z =
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S|
|

FIGURE 2. The mapping z(u)

The mapping
W —a? 1 a?
44 2 = = = _
(44) W= = (u-%)

maps the open right halfplane R of the u-plane conformally onto the cut plane S on
the z-plane. The points u = ia and u = —ia are fixed by this map. Moreover, if two
points uy,us € R are in inversion with respect to the circle ju| = o, ie. u;uz = a?, then
2{u;) + z{uz2) = 0, namely the inversion with respect to the circle ju] = o corresponds to
the reflection to the imaginary axis of the z-plane.

By pulling back the one-form integrand to the u-plane, we get

—mz —azvVz? + o?

S dz = d
+{2)dz T2 2
(45) _ (a%u? +m? - a4)(2a2u2 —m®+ Lf) du
2au?(au + m — a?){au + m + a?)
a9 m m?—a 1 am am d
2w % & audim-a¢ autm+az]®

Therefore the real part of the antiderivative is

: 2_ 4
Re (/ S+(z)dz> = gRe(u) +mln|ul + mz—aRe (l)
a

u
(46) —min|au+m — a®| — mln|au + m + a?|
2 2
= 2Re <u+a—> — mln |a? <u+ a_) +2ma
2 N u

The function

2
o’ (u + a_) + 2ma
u u

has no singularities in R and it is invariant under the inversion to the circle ju| = o5 in
particular,

o P = (%) = ().

(47) Fu) = gRe <u + 9~2> —mln
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8 F. BALOGH

This means that F(u(z)) is smooth in § and continuous across the cuts of S.
Therefore we find the external potential

Q) = 7 1o +A(2)

(49) = el — o (u(2))
= i|Z|2 ~ L Re (U(z) + i) + L™ a? (u(?) + i) + 2ma
Cam dm u(z) 2 T u(z)

Finally, the asymptotic behavior of Q(z) has to be checked for large |z| to conclude that
@ is admissible in the sense of [3]. By pulling back @ to the u-plane, the difference

Q(z(uw) - Infz(u)| =

(50) 1 u?-a?? o« o? 1 2 _o?
~—Relu+ — |+ :ln
4dm u 2

Ut -«

—1
n 2u

i lu+ of + 2ma
o a -
4m 2u U
has to be investigated near u = 0 and u = oo on the halfplane R. Now

ot 1 a®1 1. 1

61 Q(z(u)):ﬁw—mm—§lnm+0(l)~.oo lu] — 0
QUew) = otul’ = St = 3 Inful + O(1) = oc [ul = o0

shows that @ is sufficiently strong near z = oc.

Remark. To conclude that po is the normalized area measure on G, the standard
inequality for the effective potential has to be proven outside the support. At this point,
it seems to be quite complicated.

2. LIMACONS

2.1. Conformal map and Schwarz function. To construct quadrature domains with
a single second order quadrature node, we consider a family of mappings of the (-plane
to the z-plane of the form

(52) FQO) =rC+b2 r>0, beC.

The images of the unit circle under these mappings are called limagons (see [2]).

2=f(()

FI1GURE 3. The conformal map
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The mapping z = f(¢) is univalent iff [b] < §: we have f((1) = f({2) for two different
points (; # (2 when r+b(¢; +{2) = 0. The existence of such a pair is equivalent to having
—7 €2D.

3

The boundary curve B of the domain B := f(D) is the zero locus of a polynomial
equation P(z,Z) = 0 which can be calculated as above:

z=f(Q)=r(+b

(53) 27 <l> N b

EZ=f1- 4 =

¢ ¢ ¢

Therefore we are looking for the resultant of the two polynomials
(54) - pQO= b (-

p2(Q) = y(®—r(+b.
with y = Z along the boundary of B. This gives the quadratic eqliation satisfied by

S(z):

(55) Plz.y) = 2%% — (2bbz +r2z + )y + b5 — r2bb — 12z = 0.

The discriminant of P(z,y), as a function of z, factorizes in the following way:
(56) D(z) = r?(4bz ++2)(z + b)*.

The exterior projection S_(z) of S(z) is calculated using the conformal map parametriza-
tion:

1 F) Q)
S = — —_—
(2) 27t Jiepe1 fQ) =2
(57) _
(g + C%) (r + 2b¢) d¢
= res .
¢=0 r¢ +b(% -z
Since
(fr&)e+20 1/ ,
(58) r( b2z _*Z<E+C_') (r+260) ( )>
:A%é—%<r 4 2bh+ )
near { = 0, we have
2 4+2bb 1%
(59) s,(z):—’——z——’z—z.

The rational form of S_(z) implies the

Proposition 2. The domain B is a holomorphic quadrature domain with a single second-
order quadrature node: if h(z) is a function analytic and integrable on B then

(60) /B W(z)dA(z) = 7(r? + 21b]°)1(0) + 71200 (0) .

In particular, the area of B is

(61) Area(B) = w(? + 2|b}?) .
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The Schwarz function of &B is given by
(2bbz 4 r?z + 2b) + r(z + b)Vdbz + 72

222

(62) S(z) =

where the square root

(63) Vabz + 12

means the branch that is defined on the cut plane
72
(64) S:=C\{—p%: le}
that takes the value r at z = 0. Now, :
Si(2) =S(z)+5-(2)

(20bz + 122 + r2b) + r(z + b)Vdbz # 12
222

(65) S
=0(1) 2—-0.
2.2. The external potential. Following the steps in the previons section, we need to find

the antiderivative of Sy (z)dz to obtain a suitable background potential which generates
B. To this end, we use the Euler substitution again:

u = /4bz + 12

u? - ?
w
dz = 2_de
The conformal mapping
u? — 2
67 - =
(67) z T

takes the right halfplane R of the u-plane to S on the z-plane (the imaginai‘y axis is
mapped to the sides of the cut).

FIGURE 4. The mapping z ()
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The antiderivative of S;(z) can be calculated in terms of u:

2 + 2bb 2rbb
/S+(z)dz = / [T‘ had —’U,:T + m} du

(68) =
2 = 2rbb
=ru— (r°+ 2bb)In(u+ r) — .
u+tr
Let
. 2rbb
F(u):=Re (ru — (r? 4+ 20b) In(u +r) — :_ r)
u
(69)

2rbb _
= Re ('r‘u— rbb) — (r2+2bb)Inju+ 7| .
u+r

This function is symmetric under conjungation: F(ii) = F(u) .
By following the calculation in previous section, we get a suitable candidate for the
background potential:

1 1

Qz) = ST 2|2 — T F(u(2))
(70) 3 1 122 1 R ( (b2 () 4]
T 2(r2 4 2b}?) 2" - 2 + 2[b]? £ <”" z) ~ W) n|u(z) +r| .

This potential is smooth on § and continuous on the cut (by the conjugation symmetry
of F). It is also easy to see that Q(z) is sufficiently strong at infinity. Therefore @ is an
admissible potential. .

Remark. The variational inequality needs to be proved to conclude that B is the
support of the equilibrium measure for Q.

3. TWO DISKS

In this section we find an external potential whose equilibrium measure is a uniform
measure supported on two disjoint congruent disks symmetrical to the origin. Recall that
the logaritmic potential of the area measure restricted to a disk D of radius R centered
at a is

1 1
~g|z —al®+ 5R27r+ R?rlog 7 ° €D
(71) UP(z) =

Rznlog; 2¢D .
|z ~ a

Without loss of generality, assume that a € R* and R < a (to have disjoint disks).
Take the following background potential of the form

1
(72) Q(z) = WMQ +h(z) ,
where
%Iog lz+al — éﬂz +7z) Re(z)>0
(73) h(z) =
%log|z- al + #(2+2) Re(z) < 0.

This function is harmonic in the open left and right halfplanes and continuous on the
imaginary axis.
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FiGcure 5. Disk configuration

Proposition 3. The equilibrium measure is the normalized Lebesgue measure on the
union of two disjoint disks Dy and D_:
D = : —al<R
(74) + {z {z —a|l < R}
D_ ={z: |z+a|<R}.

Proof. The logarithmic potential of the measure v above is

11 1
Slgo 4. zeD
zta 28Rty €D

1 , 1
LI -1
4R2|Z al +20g
110 + - lo
2 glz—a| 2 g[z+a| .

1 1 1 1

2

“log —— + -log = + - -
|z + al +20g|z_a;+2ogR+4 ze€D

(75) U (z) = z€C\(DyUD_)

4R?

The effective potential for z € D is

2

, 1, 1 1 &
(76) Q)+ U (z)_il()gﬁ_'—Z_W = const .
For z€e C,\ D, ,
(2) + U%(2) = g Jof? =~z +5) + 2o
@z AT T gt T A T R Ty
1 1 1 a?
77 = Jz—al?+Zlog ——— — —_
(77) 4R2'Z al +20g|z—a| 4R?
1 1+1 a?
3R TI T IR

Since @(z) and U¥(z) are both invariant under the sign change z — —z, the same equality
and inequality holds for the corresponding reflected domains respectively. This is enough
to conclude that pg = v.
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4. APPENDIX: REPRESENTATIONS OF EXTERNAL FIELDS AS PURE LOGARITHMIC
POTENTIALS

In this section we find positive charge distributions v in terms of which the perturbing
terms h(z) in the potentials above are represented as *pure’ logarithmic potentials:

(78) h(z) =/log ﬁdy(t) .

These measures all have unbounded support (along the carefully chosen cuts of the alge-
braic functions used in the construction of the h’s).

If v admits a density p(r) with respect to the one-form dr along a contour I then A(z)
is differentiable at z € C\ T and

(79) 8,h(z) = lfﬁ’ﬁﬁ _ l/p(r)df ’

2) 11—z 2 T—2z

By the Plemelj formulae [1],

{Iim (9.h)(z) — lim (azh)(z)} )

z—ort =7~

(80) o)=L

i
where the limits above are referring to the non-tangential limiting values along I" from its
positive or negative side respectively.

4.1. Charge density for two-point quadrature domains. The notations of the first
section are used. Consider the contour i
(81) I:={z=1t: te€(a,00)}

emanating from the branchpoint z = o oriented upwards. Then

lim w(z) =1 (t — V2~ az)

z—(it)t
(82)
1i =it t2—a?) .
z_.l(ril'tl)_ u(z) z_( + a)
Consequently,
. imt — atVt? — o?
lim 84(z2) = ——F—F—
(83) z.—)(it)* ac+t
lim S, (z) = imt + alV? — a®
z— (i)~ HE= a? + 12 '
As
1
(84) B:h(z) = - —S4(2) ,
dmn
(it) = ! lim (8,h)(2) lim (8,h)(z)
P = zJ(rirtl)*r =z 2(it)= z
1
85 = — 5 z)~ i S
(85) dmmi L—.l(rir:)-r 5+(2) z—»l(l;'l;l)— +(z)}
1 atViz — o?

T Smni a2+ 2
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Since p(7)dr = p(it)idt, the non-negative density in terms of the real parameter t is given
by

1 atvt? —o?
86 dr = — —————dt .
(86) A7) 2mn  a®+¢2
By the reflection symmetry of A with respect to the x axis of the z-plane, the density
along the opposite cut is obtained by reflection to the z axis.

Lt

FI1GURE 6. The density profile along the imaginary axis

4.2. Charge density for limacons. Let

,’.2
(87) Bi=gp -
Let T be the contour
8
88 Ti=<{t—~
(88) {15+ e}
oriented outwards (parametrized by t). Then
™

li = - _

(89) i Y A
T
li =1 Vit — .
- e = Vi lel

Consequently,

— (265 +r)eB/ 1] ~ r%b — i (¢6/181] + B)/E = 4]

m  Si(z)=

(90) 2 (1B/181)* 2(t8/181)*

= (26b+ 7B/ 18] = b + &7 (46/18] + B)+/i 16

. () = I
el 2e5/11)?
As
1

(91) O:h(z) = —m5+(2) )
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p(tﬂ)=%[ lim (8.h)(z)—  lim (azhxz)]

181 2 (B/18)* = (¢B/161)~
1
= o li — li S
(92) 2(r? + 2[b|?*)mi L—*(tg/r}ﬁl)’f S+(2) o (eB /181 +(z)}
r? 1. _
o yEess BT
(r? +2[b}*)m 2(t8/181)°
Since p(r)dT = p (%t) |g—1dt, the non-negative density in terms of the real parameter
t is given by
2 (¢+%) vi-Tal
p(r)dr = 5 3 5 dt
(03) 2(r2 + 2062} /1Bin t
2 _ _
r (- 1) V/E=T8l,

T 22+ 2bf2)/IBn t2

B I

FIGURE 7. The density profile along I’

4.3. Charge density for two disks. Since
1 1 a

1z4+a 4R? Re(z) > 0
(94) 0:h(z) =
1 1 a
Z‘ZT(; + m Re(z) <0.
1
plit) = ~—[ lim (8,h)(z) ~ lim (Bzh.)(z)]
(95) T | z—(it)+ z—(it)~
o« 1 1
T 2mi \R? a2 +12)
The density is
N - 1 1
(96) p(it)idt = 7 (ﬁ - oye t2> di .

This is a positive density since ¢ > R.
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FIGURE 8. The density profile along the imaginary axis

If a = R this perturbing charge configuration is the same as the singular limit corre-
sponding to a bicircular quartic with quadrature data m = a®:
at?

1
97 ithidt = —— ———dt .
(97) plit)idt P 7 2 dt

FIGURE 9. The density profile along the imaginary axis
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Chapter 12

Riemann-Hilbert analysis of the

Bratwurst orthogonal polynomials

12.1 Summary

This chapter is concerned with the asymptotic analysis of orthogonal polynomials
with respect to quasi-harmonic weights corresponding to the family of semiclassical

potentials of the form

O2) = |z|2+2010g|zi—al , (12.1)

where a,¢c > 0 and ¢ € C. The following results are proved in the manuscript

presented in the next section that forms the basis of the forthcoming publication {11]:
1. It is shown that the system of orthogonality relations
/ Pon(2)2 |2 — a?Vee M gA(z) =0 k=0,...,n-1 (12.2)
C

can be reduced to an equivalent system of contour integral orthogonality condi-

tions for an analytic weight function (Sec. 3).
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2. The associated Fokas-Its-Kitaev Riemann-Hilbert problem for the non-Hermitian

orthogonal polynomials is shown to have a unique solution (Sec. 4).

3. A g-function is constructed for the Deift—Zhou nonlinear steepest descent method

in terms of a suitable quadratic differential (Sec. 5).

4. Complete strong asymptotics for the orthogonal polynomials is obtained by ap-

plying the Deift-Zhou nonlinear steepest descent method. As an application,

Conjecture 8.1.1 is confirmed for this special case.

From now on, without loss of generality, we assume that & = 1 and ¢ € R*. For

the asymptotic analysis of the monic orthogonal polynomials P, y(z) in the scaling

limit
y N__)OO N'_)t

the relevant equilibrium measure corresponds to the rescaled potential

n — oo

1

t 1
2
- = Y og —— |
2t|Z| +C og

Qi) = 5. Q(2) —

12.1.1 Time evolution of the equilibrium support

The support sets of the one-parameter family of the equilibrium measures
t— o, t>0
gives an increasing one-parameter family of compact sets

t — So, t>0.

(12.3)

(12.4)

(12.5)

(12.6)

Lemma 8.1.1 can be used to find the support of the equilibrium measure. By matching

the data of the t-dependent potential, the radii R(¢) and r(¢) depend on t in the

following way:

(12.7)



Figure 12.1: The boundary evolution for a = 1, ¢ = 1 before the critical time

There is a critical time

(12.8)

te = ala + 2v/c)

when the disks D(0, R(t)) and D(a,r(t)) are in a critical position:

(12.9)

r(te) +a = Rlt.) .

Hence the topology of the support changes from simply connected to doubly connected

e] .
) Pay (]
= KO
2 &
QO Yy
= (@]
@ g
< =
= R=!
o R
3 g
195! ©
0 +
& =
5 s
=] rm <F
[eD]
5 & \f
5 2 3
(@]
= Q. |
Q
gs R
= = I
Q o
z g g
0 i
£ =
= =
® 0
= =
b
&
s
-
[45]
=
-~
=
-,
w2
<
[

as t passes through t..

the following way:

This is the equilibrium position of one simple point charge in the presence of
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e For the pre-critical regime 0 < ¢t < t. the support is given by a ¢-dependent

Joukowski-type exterior uniformizing map (see Lemma 8.1.1 and Fig. 12.1).

e At the critical case t = t. the support of the equilibrium measure becomes doubly

connected:

Sq.. = D(0, R(t.)) \ D(a,r(ts)) . (12.11)

e For the post-critical regime t > t. the equilibrium measure is supported on the

doubly connected set

So, = D(0, R(t)) \ D{(a,r(t)) . (12.12)

12.1.2 The orthogonal polynomials

Since

/ 2P NE g A () = / 2" — aMee VP 4A(2) < 0o (12.13)
C C

for all n, N > 0, the monic orthogonal polynomials
Pon(z) = Po(e™™VdA;2) (12.14)
are uniquely determined by the two-dimensional orthogonality conditions
/CPn,N(z)Ek]z — alche_lePdA(z) = Ognhn.N k=01,....n. (12.15)

These polynomials are referred to as Bratwurst polynomials: the term was coined in
[61, 66] for the Joukowski mapping that corresponds to the equilibrium measure.
There are no known formulae expressing the polynomials P, n(z) explicitly or in
terms of classical orthogonal polynomials. A numerical Gram-Schmidt orthogonal-
ization procedure may be used to investigate the behavior of the zeroes of P, n(z) for

fixed values of the parameters a, ¢ and . The value scaling parameter N depends on
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n and, for simplicity, it is set to be

N = ? . (12.16)

Numerical plots of the zeroes and the boundary of the corresponding.equilibrium
support are shown in Figs. 12.2, 12.3.

The zeroes apparently accumulate along certain arcs of the complex plane: the
numerical plots of the zeroes indicate that the arc appears to connect the branch

points of the uniformizing map F for ¢ < t., and it becomes a closed curve for ¢ > ¢..

12.1.3 Reduction to contour integrals

To identify the supporting arcs and densities of these asymptotic zero distributions
one has to investigate the asymptotic behavior of the polynomials of P, n(z) in the
limit n, N — oo, n/N — t. However, the asymptotic theory of general orthvogo—
nal polynomials in the complex plane still lacks a method comparable the powerful
Riemann-Hilbert approach for orthogonal polynomials on the real line. Below it is
shown how to reduce the problem involving two-dimensional integrals to an equiv-
alent problem expressed in terms of contour integrals. The method developed to
prove Thm. 3.5.1 can be adapted to this special case which implies the following

quadrature-type identity for the measure
|z — aNee Mg A(2) (12.17)
on polynomial test functions:

Theorem 12.1.1 (Lemma 3.1, [11]) For any polynomial p(z), the following inte-

gral identity holds:
/ ()72 — aNeeNEA () =
o

—2miNe _k . c,—az
e 2miN (k)ak_lf‘(l+Nc+1) %p(z)(z—a)N e % dz
l_

2 l ]\ﬂ+Nc+1 ZNc Zl+1 :

(12.18)
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0 0
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-2 -2
-2 1 0 1 2 5 1 0 1 2
t=1.0 t=15
2 24
1 g 1
0 0-
a 14
-2 -2
5 1 0 1 2 2 R 0 1 2
t=20 t=25

Figure 12.2: The zeroes of P, n(z) for n =40 with N = n/t and a = 1 ¢ = 1 for different values of

t < t. and the corresponding equilibrium supports
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*e

sussevsay,
Lot v,

-1

t=250
Figure 12.3: The zeroes of P, n(z) for n =40 with N =n/t and a =1 ¢ = 1 for different values of

t > t. and the corresponding equilibrium supports
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Figure 12.4: The contour I’

where the term

Nc¢ ’
(z_“> ~1  z-00 (12.19)

z

in the integrand has a branch cut along the segment [0, a] and T is a simple positively

oriented closed contour encircling [0,a) (Fig. 12.4).

Note that if N¢ € Z then (12.18) simplifies considerably: w, n(2z) becomes mero-
morphic and the contour I' can be deformed into a contour enclosing z = 0 only. All
the I'-integrals are expressible explicitly in terms of residues. This is also clear by
looking at the finite expansion of the perturbative term

Nc
|2 — alch — Z (jic) (J\IIC) (_1)k+laNc—k-ch—lzkzl . (12.20)
k=0 ’ '

valid only for Nc¢ € Z. In terms of the non-Hermitian weight function

wnn(z) = %{i z2€ C\[0,q] (12.21)
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the integral identities (12.18) can be written as
/ P (2)e VPP dA(2)
C

/ Po(2)7e~N2) dA(2)
C

. 9riNe
%e miNc¢

/PH)N(Z)E""le_NQ(Z)dA(z)
L Jc

[ (0y[(Ne+1) 0 0 T fp(Z)Z”_lwn,N(z)dZ
(0) NN+
| o o I e
n-1y n—1T(Nc+1) n—1y n_2I(Nct+2) n—1y I'(Nc+n)
L ( 0 )a ' NVet] ( 1 )a ’ NNcF2 (n—l) NVeFR j{p(z)wn,N(z)dz.
L Jr

(12.22)

This means that the system of orthogonality relations (12.15) is equivalent to the

system of non-Hermitian orthogonality relations

g _ Nc,—az
]4 SRR L C ) S
r

N k=0,1,...

(12.23)

,n—1.

It is important to note that the moment matrices M "~ (e‘NQ(Z)) and M"Y (w, v, T)

are related by

M®=D(e=NQE)) = pr=D Aln=1) pr(r=1) (4, . T) (12.24)
where
pt = (5k n—l—l>0§k,l§n—1

A(n‘l) _ e—2m’Nc l al—kr(k + Nc+ 1) (1225)

2% k Nk+Nc+1 0<ki<n_1 !

Therefore the moment determinants are connected by the equation

det (M1 (e~ NQ))

—2nmiNc n—1 (1226>

— det (M™V(w, y,T)) (~=1)13) —°

— I'(k+Nc+1).
PR H ( )
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Since the Gamma, function I'(z) has no zeroes and M ™Y is non-singular, we obtain

det(M™ (w, 5, T)) #0 . (12.27)

12.1.4 The associated Riemann—Hilbert problem

Since P, n(z) satisfies the non-Hermitian orthogonality relations (12.23) the standard
2x 2 Fokas-Its-Kitaev Riemann-Hilbert problem [55] can be formulated on the contour

I' defined above:
Theorem 12.1.2 (Lemma 4.1, [11]) For fized n, N, the Riemann—Hilbert problem
(Y.1) Y(2) is holomorphic in C\ T,

B 3 1 w,n(2)
(Y.2) Y (z)=Y_(z) for z e,
0 1

(Y3)Y(2)=(I+0(%))27"% as 2 — o0

is solvable as a consequence of (12.27) and there is a unique solution of the form

ul2) 1 [ pa(t)(t)dt
_ 27n r t-— z
n-1 27m r t—
where
Y11(z) = pu(2) = Pon(2) (12.29)

and qn_1(2) is a polynomial of degree at most n — 1.

12.1.5 The g-function
For what follows we fix the dependence of the parameter /N on the degree n:

(12.30)

N:I—T—L
t
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The non-Hermitian weight function is of the form
won(z) =e NV (12.31)

where the contour potential function V'(z) is of the semiclassical type [68] in the usual

sense:

c c+t
+ .

z—a z

V(z) =az—clog(z—a)+ (c+1t)logz, V'(z)=a — (12.32)

We seek a function g(z) in C\ £ where £ is a system of oriented contours (also to
be determined) and a suitable homotopic deformation of I" in C \ [0, a] such that the

following conditions are satisfied (generalizing the g-function conditions in Chap. 7).

(g.1) g(z) is holomorphic in C\ £ and has continuous boundary values g, (z) and g_(z)

along L,
(9:2) g(z) =logz+ O (1) as z — o0,
(9.3) There exists an arc B C £LNT such that
00 (2) +g_(2) = %V(z) ¢ seB, (12.33)

for some constant ¢ and

Re(gyi(2z) —g_-(2)) =0 z€ B. (12.34)
(9.4) The inequality
1
Re <g+(z) +g_(2)— ?V(z)> <0 ze€T'\ B, (12.35)
holds and
o (94(2) () € 2 (12.36)

for each part of £\ B, i.e., ") is holomorphic in z € C\ B.
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(9.5) The function
h(z) == g+(2) — 9-(2) (12.37)

has an analytic continuation in a thin lens-shaped region L around B such that

Re(h(z)) >0 =z € L on the positive side of B ,
(12.38)

Re(h(z)) < 0 2z € L on the negative side of B .

To construct the actual g-function for the nonlinear steepest descent analysis, we
follow the constructive approach detailed in [16]. The central object in the construc-

tion of a suitable g-function is a meromorphic quadratic differential [89] of the form

a’J(z) 2
P pa— (12.39)

R(2)dz* = —
on the Riemann sphere, where J(z) is a monic polynomial of degree four:

(2= 2) = 2" +732° + jo2® + jiz + jJo . (12.40)

=
O
n
—

J(z) is assumed to have real coefficients because of the symmetry of the problem with

respect to the real axis. Consider the one-form

y(z)dz == % 'R(2)dz = :(T—%dz . (12.41)

on a double cover of the z-plane. To meet the g-function conditions, we impose the

equations
rg%y(z)dz =+(t+¢),
resy(z)dz = Fc , (12.42)

res y(z)dz =t ,
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ie.,

( (t+c)?
- = (1+0(2)) z—0,
¢
R(z) = ¢ 'm(“‘o(z—a)) z—a, (12.43)
—a2+@+0<i2> z— 00 .
\ Z z
This gives the equations
JO)=(t+c)? Ja) =  ~a*(2a+js)=2at, (12.44)
2 2
J(2) = J(t, z;2) = 24—?—@—%—223+$22+ <a3 + (2t — 2)a — M) 2t (t4c)?
, a
(12.45)

where the value of the real parameter x has to be chosen appropriately. The numerical
results suggest that the zeroes condense along a connected arc which motivates the

Genus zero ansatz. We seek a one-form y(z)dz whose associated algebraic curve
y(z)® + R(z) =0 (12.46)

is of genus zero, in other words, we assume that the polynomial J(z) has at least one
double root, i.e., the discriminant of J(z) vanishes. Of course, this ansatz has to be
justified by proving that the resulting g-function satisfies the required conditions.
This imposes an algebraic equation of degree five on the possible values of x and,
depending on the value of the parameter t, there is a unique choice that is compatible

with the g-function conditions, as shown below.

Lemma 12.1.1 (Lemma 5.1, [11]) There ezists a continuous functionz: (0, 00) —

R such that the genus zero ansatz is satisfied for allt > 0:
discrim(J(x(t),t;2)) =0 t>0, (12.47)
with the following properties:
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lim J(z(t),t;2) = (z — 21)*(2 — 22)* , (12.48)

t—0

The double roots z; and zy split into a pair of complex conjugate and a pair of

real roots respectively for small positive t:
J(z) = (2= b)*(z — B)(z = B) for some b= b(t) ,0=5(¢) , (12.49)
withb>a and § € R,

o At the critical value t = t. all of the four roots collide:

J(2)=(z—a—+c)! (12.50)
o Fort > t., there are two real double roots:
a’+t 2

J(z) = <22 -z + (c+ t)) =(z—b_)*(z—by)? (12.51)

Pre-critical case. The analysis of the quadratic differential R(z)d2* shows that
there exists a critical trajectory B that connects 3 and § whose intersection with the
real line is negative (goes on the left of z = 0). The orientation is chosen on B from
to 4. Now y(z)dz can be defined unambiguously on C \ B and the equations (12.43)

correspond to the residue relations
resy(z)dz =t +c,
z=0

resy(z)dz = —c , (12.52)

zZ=a

res y(z)dz =t

Z=0C

as stated above (12.42). Cousider the normalized integral function of y(z)dz:

o(z) = Qit/:y(s)ds . (12.53)
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The real part of ¢(z) is smooth and harmonic on C\ (B U {0} U {a}) with

t+c
2t
Re(¢(z)) ~ (12.54)

loglz| 2z—0,

Clo| | z—
5 glz—al z—a.

Moreover Re(¢(z)) vanishes along all critical trajectories emanating from 3 or 5. Also

1 1
2—tV(z) — ¢(2) ~ logz — g + O (;) z2 — 00 » (12.55)

for some £ € R (the reality of ¢ follows from the symmetry of y(2)).

The g-function is constructed as follows:

Lemma 12.1.2 (Lemma 5.2, [11]) The function

g(z) = %V(z) — ¢(z) + g (12.56)

for z € C\ L satisfies the conditions of the g-function for 0 < t < t. with the choice

of the integration contour

I''=BUR, (12.57)

where R 1s chosen so that T is a stmple positively oriented contour around the branch

cut C\ [0, a].

Proof.

There is a probability measure given by the one-form y(z)dz:

Lemma 12.1.3 (Lemma 5.3, [11]) The measure

1
du(s) = ——y,(s)ds (12.58)
2mit B
supported on B is a probability measure. Moreover
Re(g(2)) = / log |z — uldu(w) - (12.50)
JB
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Post-critical case. Past the critical time ¢ > t. the numerator of R{z) has two

double real roots:

, a’+t 2 ) )
J(z)= |2 - — z4+(c+t))] =(z-b)(z—by)?, (12.60)
where
2ttt —t)(t-Te
, o artEViEzt)tor) (12.61)
2a
The corresponding one-form becomes rational and therefore single-valued:
t
y(z) = (a _ife, ¢ ) 2. (12.62)
z z—a

The corresponding critical trajectory structure changes: there is a critical trajectory
B emanating from and returning to b_ encircling 0 and a. |

Now the integral function has the explicit form

1 [ a c z—a t+c z
= — s)ds = —(z—b_ —1 — log — . 2.
)i [ s = o=+ piom (20 ) - Sfloe . (126

for z € C\ [0,00). Thus

([ a 1 1
Z,_ 2 _ - Z
5%~ 3 og z 2+O<Z) z — 00
$(z) ~ ! ;—tc logz+ O (1) z—0 (12.64)

ilog(z—a)—i—(?(l) z—a,

2t
with
b ¢
¢ = - —;log(b_ —a)+ ;LC logh_ € R . (12.65)

Now the real part of ¢(z) is smooth and harmonic on C\ ({0} U {a}).
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Lemma 12.1.4 (Lemma 5.4, [11

1
V() +6(2) +

g(z) == z € C\ [0, 00)

—

) The function

z inside B

N} e

1 1 .
Q_tV(Z) — ¢(z) + 5 Z outside B

satisfies the conditions of the g-function along the integration contour I' =

Note that the simple form of y(z) makes g(z) quite explicit:

t+c

S log(z — a)+ logz outside B
glz) =4 1

%z +/ inside B .

Lemma 12.1.5 (Lemma 5.5, [11]) The measure

1
du(s) = —5! (s)ds

B

supported on B is a probability measure. Moreover

Re(g(2)) = / log |2 — uldp(u) |

(12.66)

B.

(12.67)

(12.68)

(12.69)‘

The conclusion of the asymptotic analysis. The steps of the nonlinear steepest

descent method give the strong asymptotics of the polynomials:
Theorem 12.1.3 ([11]) The following strong asymptotic results hold:

e For C\ B,

2 n
holds uniformly on compact subsets of C \ B.

Pon(z) = <B(z) B o (l)) n9(2)

e For z€ B\ {B,5}:

PnyN(Z)
1
2
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GQ_tV(Z)+§ .
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with the notation

o(2) :=7r/ﬁzdu(s) z€B.

(12.72)

In particular, since B(z) + B(z)~! has no zeroes in C \ B, by Hurwitz theorem the

zeroes of P, n(z) may accumulate only on B. The asymptotic result above gives that

lim E log | Pa(2)] — Re(g(z))] 0 :eC\B.

on C\ B. Since .
Relg(2)) = [ Toglz ~ uldu(w)
B

this confirms the conjecture 8.1.1 in this special case:

Theorem 12.1.4 The (full) sequence of normalized counting measures

1 n
Un N = E E 5Zk,n,N n=0,1,2,...
k=1

of the zeroes of the nth orthogonal polynomaial

n

Pon(z) = H(Z — Zkn,N) n=0,1,2 ...

k=1

converges to u; in the weak-star sense.

12.1.6 Post-critical case

(12.73)

(12.74)

(12.75)

(12.76)

The study of the post-critical case follows essentially the same steps as in the pre-

critical situation but the

Theorem 12.1.5 The following strong asymptotics holds for the polynomaials as n —

o o)

o For z outside B:

P(z) = <1 e (%)) e

uniformly on compact subsets in the exterior of B.
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o For z inside B

1 1 1
= LY ot 12.78
P.(z) ( rwnmz—b_—i_o(n%))e ( )

where k = —y'(b_) > 0. Again, this result is valid also uniformly in every

compact subset inside B.

e Forze B \ {b_}:
Pon(z) = (——Mem“’(z) +e ) 10 (l)> g2t (VI¥) (12.79)

z—b_ n

again with the notation
p(z) = 7r/ du(s) z2€B. (12.80)
B

The Hurwitz theorem implies that the zeroes of P, n(2z) may accumulate only on

B and therefore we get

Theorem 12.1.6 The (full) sequence of normalized counting measures

n

1
Vn N = > by n=01,2 . (12.81)

k=1
of the zeroes of the nth orthogonal polynomial
Pon(2)=]](z=2knn) n=0,1,2,... (12.82)
k=1

converges to u; in the weak-star sense.

12.1.7 The g-function and the equilibrium measure

Figs. 12.2 and 12.3 suggest that for every value of the parameter ¢ the support of
the asymptotic zero distribution encoded into the g-function is closely related to the
geometry of support of the equilibrium measure. The following very important result

says that the support of the equilibrium measure and the asymptotic distribution of
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the zeroes of the orthogonal polynomials connected by the same quadrature property

observed for the Gaussian weights above:

Theorem 12.1.7 The derivative of the g-function is equal to the negative of Cauchy
transform of the equilibrium measure pig, outside the polynomial convex hull of Sg,. In

other words, int(Sg,) is a holomorphic quadrature domain with respect to the measure

He-

Proof. Since supp(u;) C Sg, by Lemma 10.1.1, ¢’(z) is holomorphic in the un-
bounded component of C \ Sg,.

Fort > t., the derivative of g and the negative of the normalized Cauchy transform
of the support S, = D(0,v/t+c) \ D(a,+/c) are both given by the same rational
function outside D(0, /t + ¢): '

g'(2) =—%C@(Z)= ! (HC— ‘ ) : (12.83)

t z zZ—a
For 0 < t < t., as shown in the appendix to this chapter in Sec. 12.3, the derivative
of the g-function satisfies the same algebraic equation and, as and they have the

same asymptotic behavior as z — oo, they are equal in the unbounded component of

C\SQt'

12.2 Riemann—Hilbert analysis for the Bratwurst orthogonal

polynomials, manuscript
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1 The potential and the orthogonal polynomials

‘We consider the function

Q=) = [zl2+2clog; (1)

z - al

in the complex plane where ¢ > 0 and. without loss of generality, we assume that ¢ € RY.

The only critical points of the potential are

a—+\a?+4c a+va?+ 4c
= g 2=y (2)
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These are both local minima, the absolute minimum of @ is attained at z = z;. The corresponding
weight function in the context of normal matrix models is given by

e QD = - aIQCe_lz'2 . (3)

By introducing the scaling parameter N > 0 we get a one-parameter family of weight functions. For
any N > 0 the absolute moments are all finite:

/C l2]fe M9 dA(2) < oo, k=0,1,..., (4)

where dA denotes the area measure in C. Therefore the monic orthogonal polynomials P, n(z)
satisfying

/Pn,N(z)Pm,N(z)e—NQ(Z)dA(z) = hnNOnm  nom =01, .. (5)
C

exist and they are unique. The normalization constants h, y are all positive. The nth monic
orthogonal polynomial is characterized by the orthogonality relations

/ Pan(2)2Fe NP AGz) =0  k=0.1,...,n-1. (6)
C

In the degenerate case @ = 0 the monic orthogonal polynomials are the pure monomials P, n(z ) = z"
from now on we assume that a > 0.

2 Results

Motivated by random matrix models [5], we consider the obtain asymptotics of the orthogonal
polynomials Py n(z) in the scaling limit

n—oo, N-—ooo, V_'t (7)

By this we mean that for every compact subset K of C we get asymptotic formulae for P, y(z) that
holds uniformly in K.

For simplicity, we will assume that N = 2

As a consequence of the Deift- Zhou nonlinear steepest descent or Riemann-Hilbert method
applied to the P, y’'s we obtain the following main result of this paper:

Theorem 2.1 There exists a family of probability measures
L= t>0 (8)

given by (64) and (87) such that the sequence of normalized counting measures

of the zeroes of the nth orthogonal polynomial

™"

711\' HZ_Zk:n'V Tl:012 (10)
k=1

converges to py, in the weak-star sense.
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Figure 1: The contour I'

3 Non-Hermitian orthogonality

First we show that the polynomials P, n(z) satisfy a non-Hermitian orthogonality with respect to
an analytic weight function on a closed contour in the complex plane. This is a consequence of the
following

Lemma 3.1 For any polynomial p(z), the following integral identity holds:

/p(z)Ek|2 —a|PeeNEgA(z) =
C

k

. 11)
g™ 2miNe B\ P+ Nc+1) (z —a)Noe 2 dz (
( )ak ! ( fp(z) )
=0

% l NI+Nc+l Ne S
where the integrand has a branch cut along the segment [0,a] and I' is a simple positively oriented
closed contour encircling {0,a] (Fig. 3).

The proof of Lemma 3.1 can be found in the Appendix.
The triangular structure of the above identities implies that the system of orthogonality condi-
tions (6) is equivalent to

' (z—a)Ne™ % dz
ﬁpn,N(z)Tle:O l=0,1,,“7n—1 (12)

(the diagonals are all different from zero in the above triangular linear system). By relabeling the
monomials above, we get the following

Corollary 3.1 The system of Hermitian orthogonality relations (6) is equivalent to the system of
non-Hermitian orthogonality relations

_ Ne,-oz
fP,,,‘A:(z)zkgf——%%e—dz:O k=0,1,...,n-1 (13)
r e
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with respect to the varying weight

(Z _ a)NCe~az

wa, N (2) 1= T NeR
with branch cut along [0, a.

Corollary 3.2 The complex moments of the weight (3) are given by

/ 7%z — PV N dA(2)
c

e2miNe Kk s LU+ Nc+1) sz —a)Ve * dz
= — — N z — .
2% = ! ]\Tl-+Nc+1 r er. 2
The area integral moment matrices
MM = </ %7z a,IQNce_NﬁdA(z)>
C 0<k,l<n—1

and the Hankel matrix associated to the contour integral moments

- o Nc —az
oy (f k(e a)NCe
m " = 2 e —dz
S Netn
r z 0<k,I<n—1

satisfy the relation
AP 2 () pln) 4(n)

where

P = (Ok "—1—’)0§k,l§n—l

A e~ 2miNe (<l>ahkr(k‘ + Ne+ 1))
% k Nk+Net 0<k,i<n-1 ’

and I'(z) is the Euler gamma function.
Therefore the moment determinants are connected by the equation

e—2nmiNec n-1

g (1) e () (1

(Qi)" ]\,-'77,Nc+T ito

Since I'(z) has no zeroes and M ™ is non-singular, det(m(™) #£ 0.

4 The Riemann—Hilbert problem

5 [ Tk+Ne+1)

(14)

(19)

Since P, n(z) satisfies the non-hermitian orthogonality relations, we may consider the standard 2 x 2

Riemann—Hilbert problem [6] on the contour T' defined above.
Lemma 4.1 For fired n, N, the Riemann Hilbert problem

(Y.1) Y(z) is holomorphic in C\T,
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(Y.2) Yi(z) = Y_{2) { (1) “’"1(2) ] forzel,

(Y3 Y()=(I+0(1))z " esz—- 00
has a unique solution and Y11(z) = Po n(z2).

The proof can be found in the Appendix.

5 The g-function

The Deift-Zhou nonlinear steepest descent method [4] will be applied to obtain the asymptotics of
the solution of the Riemann-Hilbert problem in Lemma 4.1. To perform the standard steps of the
method, an appropriate auxiliary function g(z) (the so-called g-function) has to be constructed.
Finding the g-function is not as straightforward as in the real line case; however, it is still related to
the logarithmic equilibrium problem in the complex plane corresponding to the potential (1). The
equilibrium measure is studied in detail in [1]; instead of using the equilibrium measure, we construct
a suitable function g(z) from an ansatz satisfying based on the specific conditions expected from the
g-function.
The weight function is of the form

wan(z) = e MV , (21)
where the potential function V(2) is of the semiclassical type [7]:
V(z) =uaz —clog(z —a) + (c+ t)logz , (22)
for z € C\ [0, co) with jumps

—2(t+c)ni 1 € (0,a)

—2tmi z € (a,00) . (23)

Vilz) - Vo(2) = {

Notice that the function exp(~V{(z)/t) is holomorphic in C\ {0, a}:

The g-function conditions. We seek a function g(z) in C\ £ where £ is a system of oriented
contours (also to be determined) and a suitable homotopic deformation of I in C\ [0, a] such that
the the following conditions are satisfied:

(g.1) g(z) is holomorphic in C\ £ and has continuous boundary values g,(z) and g_(z) along L,
(9:2) g(z) =logz+ 0O (L) asz > 00,
(¢-3) There exists an arc B C £LNT such that

g+(z)+gﬁ(z)—%\/(z)zf z €8, (24)

for some constant ¢ and
Re(g4(z) —g_(2)) =0 z€B. (25)
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(g-4) The ineguality
Re (g+(z) +g-(z) — %V(z)) <0 z€T\B, (26)

holds and
57 (9+(2) —g-(z)) € Z (27)

for each part of £\ B, i.e., €*9(?) is holomorphic in z € C \ B.

(g-5) The function
h(z) := g4(2) - g-(2) (28)

has an analytic continuation in a thin lens-shaped region L around B such that

Re(h(2)) >0 =z € L on the positive side of B ,
(29)
Re(h(z)) <0 2z € L on the negative side of B .

To central object in the construction of a suitable g-function is a meromorphic quadratic differ-
ential {9] of the form

a*J(z) 5 dz? (30)

R(z)dz* = ~ Gt

on the Riemann sphere, where J(z) is a monic polynomial of degree four:

4
J(2) =[]z - z) = 2* + 72z + jo2® + j1z +jo . (31)

=1

J(z) is assumed to have real coefficients because of the symmetry of the problem with respect to
the real axis. Consider the one-form

y(z)dz = %\/R(z)dz = a——"](z)dz . (32)

2(z —a)

on a double cover of the z-plane. To make it single-valued on the z-plane we need to introduce a
suitable branch cut structure between the roots of J(z) that accomodates the g-function conditions
and it will depend on the geometry of the critical horizontal trajectories (see {9]) of the quadratic
differential R(z)dz? The integral function of this differential form is the essential building block of
the g-function: this integral has to cancel the jumps of of V(z) and its logarithmic singularities at

z =0and z = a (the fixed poles of y(z)) which gives residue conditions of the form
;E%y(z)dz =+(t+c),
ng%y(z)dz = Fc, (33)
res y(z)dz =t ,
z=00

where the sign ambiguity comes from the the fact that the branch cuts are not specified vet and
and the overall sign of the y-term in the definition of g(z) may vary depending on the region in the
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z-plane. In terms of the quadratic differential there is no sign ambiguity: the conditions (33) are
expressed as

t+c)’
A zzc) 1+ 0(2) z—0,
2
R(z) = —ﬁ(uou-@) z-a, (34)
2 1
—a*+ at+0(—2) z— 00
Z
This gives the equations
J(0) = (t + ¢)? J(a) = c? —a%(2a + j3) = 2at , (35)
that are linear in the coefficients of J(z). Therefore
2(t + a? tt+2
J(z) = J(t,a32) = 2% — -(—+E—223 + 22+ <a3 + (2t - x)a - LC)) z4 (t+¢)?, (36)
a a

where the value of the real parameter x has to be chosen appropriately. Based on the calculations
in [1] concerning the potential Q(z), we make the following
Genus zero ansatz. We seek a one-form y(z)dz whose associated algebraic curve

y(2)>+ R(z) =0 (37)

s of genus zero, in other words, we assume that the polynomial J(z) has at least one double root,
i.e., the discriminant of J(z) vanishes.

This imposes an algebraic equation of degree five on the possible values of 2 and, depending
on the value of the parameter ¢, there is a unique choice that is compatible with the g-function
conditions, as shown below.

Lemma 5.1 There exists a continuous function x: (0,00) — R such that the genus zero ansatz is
satisfied for allt > 0:
discrim(J(z(t),4;2)) =0 ¢ >0, (38)

with the following properties:

lim J(a(t),62) = (2 = 2)( = 22)° (39)

e The double roots z; and zo split into a pair of compler conjugate and a pair of real roots
respectively for small positive t:

J(z) = (z — b)*(z = B)(z — B) for some b=b(t) ,6=A{), (40)
with b > a and 8 ¢ R,

e There is a critical value

¢ = ala+2vc) (41)
of the parameter t for which all four roots collide:
J(z)=(z—a-Ve)! (42)
7
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e Fort > t., there are two real double roots:
244 2
J(z) = (;2 - %i_—z +(c+ z)) = (z=b_)z—by)? (43)

The analysis of the discriminant of J(¢,z;z) and the construction of z(t) can be found in the
Appendix.

The parameter ranges 0 < t < t. and t. < t < oo are referred to as pre-critical and post-critical
respectively. There is a transition in the behavior at t = ¢.; in the vicinity of ¢, a double scaling
limit will be considered.

5.1 Pre-critical case

Consider the quadratic differential R(z)dz? fixed by the conditions above for ¢t < t.. It has five
critical points: z =0 and z = a are poles of order two, z = oo is a pole of order four, z = 3, z = 8
are simple zeroes and z = b is a zero of order two. The local behavior of the horizontal trajectories
is governed by the following rules [9):

e In a neighborhood of the double poles with negative leading coefficient the horizontal trajec-
tories are conformally equivalent to concentric circles.

e In the vicinity of the single zeroes there are three distinguished directions of incoming critical
horizontal trajectories (with asymptotic angles 27/3).

e In a neighborhood of a double zero there are four distinguished directions of incoming critical
horizontal trajectories (with asymptotic angles 7/2).

e Out of the four outgoing critical trajectories from b there are at most two converging to oo.

The two double poles are surrounded by conformal punctured disk domains that are separated
by critical trajectories. Therefore on the boundary of both disks there has to be at least one zero of
R(z). Since R(z) has real coefficients, all horizontal trajectories are symmetric with respect to the
real axis. It follows that 3 is on the boundary if and only if 3 is on the boundary. The topological
possibilities for the global arrangement of the critical trajectories are shown in table 5.1. Using the
theory of quadratic differentials and the conditions of the ansatz we conclude (see Appendix) that
the only possible trajectory structure is given by the (3,1) entry of the above table.

The contour B is chosen to be the critical trajectory that connects 8 and 3 whose intersection
with the real line is negative (goes on the left of z = 0). The orientation is chosen on B from § to .

Since the choice of B and the asymptotic behavior of y(z) is fixed there are no sign ambiguities
for the one-form y(z)dz; in particular, the equations (34) translate into the residue relations

resy(z)dz =t+c,
z=0
res y(z)dz = —c, (44)

z=a

res y(z)dz =t

z=oC

as stated above (33). Consider the normalized integral function of y(z)dz:

8z) = 5. /ﬁ y(s)ds (45)
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[ O\a | b ‘i band g [ ] I

b impossible impossible
band g impossible
B

Table 1: Possible trajectory topologies.

on C\ £ where
L:£1UL2U£3UB (46)

with £1 = (0,a), £2 = (a,00) and £3 = {f —iv : v > 0}. The poles of y(z) give logarithmic
singularities at z = 0 and z = a. Since

y(z)~a—§+(9<zl2) 2> 00 (47)

integration yields
1
o(z) v gz 5logz+ O(1) 200 (48)

Along the different parts of £ the function ¢(z) has the following jumps:

27 t+c .
T Srggy(s)ds = - z €Ly
9
d4(z) -0 _(2) = ——27; (re%y(s)ds + res y(s)ds) = —7 z € Ly (49)
s=l s=a
2m1

— (res y(s)ds + res y(s)ds + res y(s)ds) =271 z€L3.
2t \s=0 s=a s=00

Since B is chosen along a critical horizontal trajectory of R(z)dz2, we have [9]

/z \/R(s)ds:i/zy(s)dseR z€B, (50)
B Kl
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Figure 2: The contour system L and the sign of Re(#(z)) (dark gray=positive)

and therefore

¢+(z>—¢_<z):21t/ﬁ (54 () - y— (s))ds =+ /G ye(s)ds€ iR z€B.

Obviously, )
e
62490 = [ wete) +y-as =0,
The real part of ¢(z) is smooth and harmonic on C\ (BU {0} U {a}) with

t+

QtCloglzl z— 0,

Re(¢(z)) ~

€10 | |
—_—— - —
5; loglz—d z—a.
Moreover Re(¢(z)) vanishes along all critical trajectories emanating from 8 or 3.
1 14 1
—V(z)~¢(z) ~logz— =+ Of - z — 00
2t 2 z

for some £ € R (the reality of ¢ follows from the symmetry of ?)(z)).

Lemma 5.2 The function
{

9(e) = V() - 6(2) + 2

(51)

(52)

(53)

(54)

(55)

for z € C\ L satisfies the conditions of the g-function for 0 < t < t. with the choice of the integration

contour
''=BUR,

(56)

where R 1s chosen so that I" is a simple positively oriented contour around the branch cut C\ [0, a].
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Proof. The above function is holomorphic on €\ £ and the choice of ¢ gives that

g(z):logz+(9<l> z— 00, (57)

z
Moreover, the logarithmic singularities of V and ¢ at 0 and a are cancelled and we have g;(z) =
g-(x) along £; U £5. On L3 the jump is given by
g+(2) — 9-(2) = ¢4 (2) ~ ¢_(2) = 2mi . (58)

Therefore we conclude that g(z) is holomorphic on C\ BU L3 and e™9(*) is holomorphic in C\ B.
"Also for z € B

012+ g (2) = V()= bi() () L= L. (59)
Along R we have
Re (29(2) _ %V(z) _ e) — 2Re(¢(z)) < 0 . (60)
Along the cut B the jump of g(z) is given by
04(2) = 9(2) = 6_(2) ~ $4(2) = %_(2) , | (61)

and therefore the function

(62)

{ —2¢(z)  on the positive side of B
hiz) ==

2¢(z)  on the negative side of B

provides the analytic continuation of g4 (z) — g (2} to a lens-shaped region surrounding B. The sign
of Re(¢(z)) implies that

Re(h(z)) >0  on the positive side of B
(63)
Re(h(z)) < 0 on the negative side of B |
as requested.
Q.E.D
Lemma 5.3 The measure )
du(s) == 5y (s)ds (64)
il B
supported on B is a probability measure. Moreover
Re(g(2)) = | 1oBz - uldu(u) . (65)
B
Proof. First . .
) — ’ Nds = —— 2} — b =1 6
[ ute) = gz [ yatsdas = 046 - 60 = 1, (66)
where z € L3 an arbitrary point. In terms of the arclength parametrization z(v) of B we have
d z(v) d 1 z(w) 1
= dy = — = ! 67
wl = e /ﬂ v (s)ds = 5=y (x(0)2'(0) (67)
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which is real by the choice of B and nonzero since y4 (s) is nonzero along B. Therefore the integral
function f; o) du can only increase and therefore u is a probability measure supported on B.
To show that Re(g(z)) is the logarithmic potential of u we note that the Cauchy transform of u
is
/ du(s) 1 y(s)ds
gs—z 2mit)g s—z

= _— <res y_(s)ds + res —y(s)ds + res my(s)ds + res y___(s)ds) (68)
20\s=0 s —z s=a §—2z s=z §—z s=00 §—2
1 + ! 1
= (T ) —a) = V) () = ()
2t z z—a 2t
This means that
Re(g(2)) = / log |z — uldp(u) + K (69)
B
for some constant, but g(z) ~ logz + O (1/z) gives that K = 0.
Q.E.D.
5.2 Post-critical case
Past the critical time ¢ > . the numerator of R(z) has two double real roots:
2 2
J@:(;Z—“ +tz+(c+t)> = (2= b_)2(z = bs)? (70)
a
where .
b:t:a + 14 (t—tc)(t—rc)' (71)
2a
The corresponding one-form becomes rational and therefore single-valued:
t
y(z)=<a— +C+ < )dz. (72)
z z—a

The corresponding critical trajectory structure evolves through the degenerate (2, 2) case as t passes
through the critical time t.. This is the topological structure of the level set Re(¢(z)) = 0 which
contains all the critical trajectories of R(z)dz? in this degenerate case. The critical trajectory
emanating from b_ encircling both z = 0 and 2z = a will be denoted by B.

Now the integral function has the explicit form

z

1
@(z2) = %), y(s)ds = %(z —b_)+ %log <

zZ—-a t+c z
- log — .
b - a) TR (73)

for z € C\ [0, 00). Thus

! 1 £ 1
:%z—ilogz—§+(9<;> z — 00

o(z) ~ —t;(:logz+0(l) z—-0 (74)
%log(z—a)%—@(l) z—a,
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with

Z:-%—%log(b#—a)+—t~:clogb_GR, (75)
There are jumps only along (0, 00):
! —:Cmi z €(0,a)
012~ 0-(D=1 5 e (ab) (76)

L z € (b_,0) .

Therefore the real part of ¢(z} is smooth and harmonic on C \ ({0} U {a}). The behavior around
z=b_:
—g(z ~b)2(1+0(z—b_)) z—b_ ,Re(z—b_)>0
8(2) = _ (77)
—i ~ g-(.z b )1+0(z-b)) z—b_ ,Re(z-b_)<0
where y
¢ c+t ,
(= — —— = —y (b_ 0. 78
K b —a)p B2 y'(b) > (78)
(The function y(z) changes sign from + to — at its zero z = b_.)

Lemma 5.4 The function

%tV(z) + é(2) + g z inside B

o2)= 1 é €T\ [0,00) (79)
1o £ )
2t‘ (2) — o(z) + 5 2 outside B

satisfies the conditions of the g-function along the integration contour I = B.

Proof. The function g(z) is holomorphic in C\ £ where
L:=BULUL,UL3 (80)

with £; = (0,a), £2 = (a,b_) and £3 = (b_,00). By the choice of ¢,

g(z)zlogz—!—@(%) o (81)

Combining the singularities of V(z) and ¢(z) the logarithmic singularities are cancelled, and the
jumps of g(z) are:

0 z€ LyULy
9+(2) —g-(2) = (82)
271 z € L3 .
Therefore (%) is holomorphic on C \ B. Obviously,
1
g+(2) +9-(2) - ZV(Z):f zeB. (83)

13

233



Figure 3: The contour system £ and the sign of Re(¢(z))

The function
h(z) = 2¢(z) (84)

provides the analytic continuation of g4 (z) — g_(z) in a lens-shaped region around B\ {b_} with

Re(h(z)) >0  inside B

(85)
Re(h(z)) < 0 outside B .
Q.E.D.
Note that the simple form of y(z) makes g(z) quite explicit:
_¢ log(z — a)+ tre logz outside B
g(z)={ ot f (86)
?2 + ¢ inside B .
Lemma 5.5 The measure )
du(s) := —3 y(s)ds (87)
v B
supported on B is a probability measure. Moreover
Relgz)) = | Togls — ulduw) (88)
B
Proof. By the residue theorem,
[ duts) = = 5o [ wlods =~ (resu(a)de + resyleddz) = 1 (89)
; ws) = -5 — Bys s= -7 \resyla)de +resy(z)dz) =1.
The rest is proven exactly the same way as above.
Q.E.D

6 Riemann-Hilbert analysis

We have all the ingredients to perforin the nonlinear steepest descent method of Deift and Zhou {4].
Since the structure of the g-function is very diflerent for the pre-critical and the post-critical values
of the parameter ¢ the Riemann-Hilbert analysis is done separately for each case. It is particularly
interesting to look at the transition around t ~ t, where a standard double scaling limit. procedure
due to Bleher and Its [3] is used.
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6.1 Pre-critical case

We describe a sequence of invertible transformations Y +— U +— T +— S to relate the original matrix
Y to the solution of a model problem ¥.

First transformation (undressing). To normalize the Riemann-Hilbert problem at infinity, we
consider the undressed 2 x 2 matrix

U(z) == e~ intoay (z)e n9(2)oaghnton | (90)
This characterized by the Riemann-Hilbert problem
(U.1) U(z) is holomorphic in C\T and has continuous boundary values along T,

(U.2) Uy(z) = U_(2)Vy(z), where

0 enh(:)

[ e*'th(z) 1
Vu(z) = ' (91)

(U3) U(z)=T+0(})asz—o00.

Second transformation (lens opening). Let L be a lens-shaped domain in which h(z) is holo-
morphic and take two contours S; and S_ on the positive and on the negative side of B respectively,
contained entirely in L. Let the domains enclosed by &, and B and by §_ and B denoted by 2
and Q_ respectively. Qoo and {2y are the remaining domains bounded by B and R (unbounded) and
by &; and R respectively.

Then the second transformation amounts to

1 0
U(Z) ': _e—nh(z) 1 J A Q+
T(z) = 10 (92)
U(Z) [ enh(z) 1 :| z€ Q.
Ulz) 2€ QWU .

The matrix-valued function T is the unique solution of the RH problem:
(T.1) T(z) is holomorphic in C \ T with continuous boundary values on BURU Sy US_,
(T.2) T4 (z) = T_(2)Vr(z), where

1 0
[e—nh(z) 1} z2€8y,

1 0
|: M) :| ze€S_,
Vr(z) = (93)

{_01 é} z€B,

—2nd(z)
[l ¢ } ze€R .
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Figure 4: The contours of the Riemann-Hilbert problem for T

(T3) T(2)=1+O( ) asz— 0.
Model problem. Because of the properties
Re(h(z)) >0 z€8;, Re(h(z)) <0 2€S_, Re(¢(2)) <0 z€eR, (94)

the corresponding off-diagonal elements of Vi (z) are exponentially small pointwise (but not uni-
formly) along the contours §4,5_ and R. By neglecting the jumps that are suppressed as n — oo,
we get the following model problem:

(T.1) ¥(z) is holomorphic in C\ B,
(T.2)
} z€B (95)

(T.3) ¥(2)=I+0O(L)asz— 0.
The unique solution is provided by the standard construction [5]

B(z)+ B(z)™! B(z) - B(2)™!

V(z) = —B(z) —E B(z)"! B(z2) -+-253(z)_1 (96)
24 2
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where

z—p z
Note that B(z) is bounded and bounded away from zero on every compact subset of C \ B.
Local parametrices. The estimate

Vr(z) = O (e™") n — 00 (98)

Bw:(z_—fz)%, s~1+0(1) imoo o)

is valid only pointwise and cannot be made uniform in the vicinity of the branch points g and B.

The standard method [4, 5] to deal with an end point like 3 is to try to solve the Riemann-Hilbert

problem T(z) ezactly in small neighborhood of 3 using a conformal change of variables { = ((z),

¢(0) = 3. The original set of jumps simplifies in terms of the new coordinate and an exact solution

p(¢) is found whose asymptotic behavior as { — oo is matched by the local asymptotics of ¥(z) near

z = 3. Then the original jumps of T'(z) around 3 can be traded off for the jumps of P(z) := p({(z)).
For & > 0 consider two disks around the branch points 8 and 3:

Di(e):={z€C: |z=08] <€}, Dole):={z€C: |z-f|<e}. (99)

In the disks D;(e) we construct local parametrices, i.e., 2 x 2 matrix-valued functions P;(z) such
that

(P.1) P;(z) is holomorphic in D;(e) \ BU Sy US_ UR with continuous boundary values along the
contours,

(P.2) Pj (2} = P;_(2)Vr(z) for z€ BUSL US_UR,

(P.3) as n — o0, ﬂ
P = (1+0(2)) v, (100)

uniformly on 3D .

We give the construction of the local parametrix Pi(z) only; the construction of Py(z) follows by
symmetry.
By construction, h(z) = —2¢(z) along Sy and h(z) = 2¢(z) along S_ and

)~ oz HH+0GE-p)  zeC\B,z—0, (1on)
where d is given by
y(z2) ~d(z =821+ O(z—-f)) z€C\B,z—4. (102)
So we introduce a new coordinate .
¢= (3r0)) (103)
This is a holomorphic change of coordinate because
3 5, rdNd
(5n¢<z)) ~ (27) (:-8) 2-8. (104)

We assume that ¢ is small enough to ensure that ¢ is one-to-one in D;.
In the (-plane, we need need to solve the following Riemann-Hilbert problem:
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(p-1) p(¢) is holomorphic on C\ I,

(p-2) p+(2) = p— (2)vp(z) along , where

[0 1
ex
] e
Fo
K13 (€
vplz) = (105)
_ L
1 e 3¢?
€x
o ) } (€Xs
[ 1
s C€%,

(»-3)

wo=cie |y T (r+o(3)) (106)

where (% has a branch cut along [0, c0) and the branch is fixed by Q% le=o1 = 1—\;'5’

The last asymptotic equation is motivated by the fact that

U(z) = E()((() 37 [ . ] near z = 3 , (107)

where E{z) is a holomorphic function in D; (¢) (assuming that e is small enough to ensure this). The
solution to this problem is standard [5], it is given in the Appendix in terms of the Airy function.
Actually by the known asymptotic properties of the Airy function {106) improves to

p(¢) =¢ i [ i _l’ } (1+o (55172)) ) (108)

Therefore the local parametrix
Py(z) == E(2)p({(2)) (109)

satisfies the requirements.
The final transformation (error matrix). Consider now

S(z) =

{ T(2)¥(2)"! 2e€ C\(BUS; US_ URUD;(e) U Da(e))
(110)

T(2)P;(2)"! 2€ Dj(e)\(BUSL US_UR) (j=1,2).
Because of the matching jumps of 7" and P; inside the disk D;(¢), S(z) is holomorphic in D;(c). Let

¥ s denote the contours along which S has non-identical jumps. So S(z) solves the Riemann-Hilbert
problem

(S.1) S(z) is holomorphic in C\ Zg ,
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(S.2) S4(z) = S_(2)Vs(z), where

Pi(z2)¥1(z)  z€0D;e),
Vs(z) = (111)
V(2)Vr(2)T~1z) z€ ¥s\ (Di(e)UDas)) .

(S3) S(z)=1+0(1)asz > 0.
The jump matrix Vs(z) ~ I as n — oo for every z € £g. We have that
1+O(%) ZEHDJ‘(S) s

Vs(z) = (112)
I1+0((e ) z€ s\ (D1(s)U Dy(e)) uniformly for some ¢ > 0

as n — o0o. Since §(z) is a small-norm Riemann-Hilbert problem, Vs(z) is close to the identity in
both the L' and the L*™-norms, we have that [5]

sm:uo(%) - 00 (113)

uniformly for every compact subset of C \ Zs.

The conclusion of the asymptotic analysis. The consecutive transformations Y — U —
T — S are all invertible in the domains in question which allows to get from ¥(z) to Y(z) and
therefore to extract asymptotic information on the polynomial P,(z) as n — oo. This provides
strong asymptotics uniform on every compact subset on C; the particular form of the asymptotic
result depends on the region in question.

o 2 € 0o U \ (Di(€) U Da(e)): here T(z) = U(z) and therefore
Pn(z) = Y11(2)
= Uu(z)eﬂg(z)
= Tu(Z)C‘ng(z)

= (8131 (2)¥11(2) + S12(2) gy (2)) €9
= <M 40 (%)) en9(z)

(114)

2

uniformly on compact subsets of {2 U Qg \ (D1(e) U Da(¢)). By deforming the contour R we
obtain the same asymptotic behavior for the points on R. Since £ > 0 can be arbitrarily small,
the same asymptotic result holds for compact subsets of int (Qoo UQo)- Also, by deforming
the contours &, and S_, the validity of this asymptotic formula is extendible to the whole cut
plane C \ B.
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e 2€ QL \(D1{e)UDs(e)): here U(z) = T(z) { LeFnh (l) } and therefore

P.(z) = Yii(z)
- Uu(z)e"g(z)

= (T11(2) £ €7 Ty5(z))em9t")
1
- (W“(z) £ MO, () + O (ﬁ)) oo

B+ BRI | o BE) = BE™ o (1YY nate
- <___2___ie¢ h()__z___*_(g(E))e a(2)

(115)

uniformly on compact subsets of Q4 \ (D1(e) U Da(g)).
e z€ B\ {3,5}:
Pon(z) = (Yi)u(2)
= (U (z)emo+®
= (T lz) + e (T )12(2))emo+ )
(T ) (2)e™+ ) 4+ (Ty)12(2)e™- )

= < (Tulz) + 0 < >> e @ 4 ((\I/Jr)lz(z) +0 (%)) e’”“’-(z)} eB V(S

(116)
With the notation .
p(z) == 7r/ du(s) z€B, (117)
8
Since 1
6:2) = 5, [ ya(o)ds = 4ip(2) (118)

and we have

Pon(z) = <(B’(z) + B(z) e ™ — i(B(2) - B(z)™)e™ ) + 0 (%)) RV s

(119)

N =

Since B(z) + B(z)~! has no zeroes in C \ B, by Hurwitz theorem we get the following:
Corollary 6.1 The zeroes of P n(z) may accumulate only on B as n, N — oo,n/N — t, t < t..

This is enough to complete the proof of our first main theorem:
Proof of Theorem 2.1. The asymptotic formulae gives that

lim H log | Po(2)] — Re(g(z))J =0 zeC\B. (120)
on C\ B. Since
Relg(z)) = [ loglz — uidufu) (121)
B
20
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this means that
/ log |z — uldvn, N (u) — / loglz — uldu(u) n — 00 (122)
B B

pointwise in € \ B. Since B is a simple arc, this is enough to conclude that v, y converges to y in
the weak-star sense [8].

Q.E.D.

6.2 Post-critical case

We follow essentially the same steps as in the pre-critical case; the notations g(z),y(z), h(z) and £
refer to the construction relevant in the post-critical case.
First transformation (undressing). Let

U(z) := e 703y (7)e "9(:)osginton (123)
This satisfies the RH problem
(U.1) U(z) is holomorphic in C\ B .
(U.2) Us(z) = U_{2)Vu(z), where

Vu(z) = A z€B. (124)

(U3 Uz)=1+0 (L asz—> 0.

Second transformation (lens opening).

Let S, be a closed contour inside B such that hA(z) is defined and positive there (it has to pass
through the point z = b_ because it is a saddle point of Re(h(z)) at the zero level). We may choose
S_ to be the critical trajectory emanating from z = by surrounding B. Let Q4 and Q_ be the
domains enclosed by Sy and B and by S_ and B respectively. g and Q. denotes the component
Coo \ (24 UQ_ UBUS, US,) that contains § and oo respectively.

1 0
U(Z) |: _e—nh(z) 1 :I FAS Q+
T(z) := ) 10 (125)
U (Z) [ enh(z) 1 ] z€0Q_
Ulz) 7€ QU0 -

Therefore T is the unique solution of the RH problem:

(T.1) T(z) is holomorphic in C\ (BUS; USs) ,
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(T.2) Ty(z) = T-(2)}Vr(z), where

1
[ L IC I } z€ S8y
1 0 )
VT(Z) = [ enh(z) 1 ] zE€S- s (126)
[ _01 é } z€B

(T3) T(z)=1+0(})asz—o0.

Model problem. The asymptotic behavior of the entries of Vr(z) suggests that we have to look
at the model problem

(¥.1) ¥(z) is holomorphic in C\ B,

(¥.2) ¥(z) has continuous boundary values everywhere on B,

\14(2):\1/,(;)(_01 1J :eB (127)

(U3) ¥(z)=1+0 () asz - 0.
The solution is simple:

}:Pl (1)} ZEB+

U(z) = (128)

[é?} zebB_ .

Local parametrices. Now z — b_is the only point where the jump matrix Vp(z) is not close to the
identity in the L°°-sense. We build a suitable parametrix that solves the Riemann-Hilbert problem
explicitly and it is uniformly close to ¥ in a circle around 6. For a fixed € > 0 consider the disk

DE)={zeC: jz~b_|<e}, (129)

where we assume that e is small enough that a and by are not in D. We seek a function P(z) that
satisfles

(P.1) P(z) is holomorphic in D\ (BUS, US,) ,
(P.2) Py(2) = P-(:)Vr(2)

(P.3) asn — oo,
P(2)V 1z) ~ 1 = ¢ (130)

on the circle 8D(z).
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Introduce the coordinate

= —4ng(z) Re(z) > 0
= { —4n(¢(z) + i) Re(z) >0 (131)

in the vicinity of 2 = b_. This change of variables is holomorphic in a neighborhood of b and
univalent for £ > 0 small enough since

C~VInr(z—b_)Y14+0(2=b_)) z—b_. (132)
In the (-plane, we look for the solution of the RH-problem
(p.1) p(¢) is holomorphic in C\ T,
(p-2) p+(¢) = p-(QJup(C) on I'\ {0}, where

vp(z) = (133)

(p-3) as { — oo,

plQ) = (I+O<%>>¢(C), (134)
where 1(() 15 defined by the local behavior of the model solution ¥(z):
I Cen
w(c)::{ {_01 H CEAUAUAS. (135)

This is solved explicitly in the Appendix; the local parametrix P(z) in terms of z is now simply
P(z) =p(C(2))  z€D(e). (136)
If we proceed in the same way as above, the error matrix

T(2)¥(z) 1 2eC\(BUS US; U D(e))

S(z) = { (137)
T(2)P(z)"! z€D(e)\ (BUSIUS,) .

satisfies a small-norm Riemann-Hilbert probletn and it can be proven that

su):uo(%) n - oo (138)

But the fact that ¥,;(z) = 0 for z € Qg results in the asymptotics

Put) =0 ) | (139)

n
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which is not strong enough to exclude the presence of zeroes there asymptotically as n — oc. This
means that we have to obtain more terms in the asymptotic expansion of P, (2); one possxble way
to do this is to construct a modified mode! problem $ (z) and an improved local parametrix P(z)
Modified model problem and improved local parametrix. Following (2], we seek \Il( ) and
P(z) such that

(P.1) P(z) is holomorphic in D(e) \ (BU S U Sz),

(P.2) Py(z) = P_(2)Vr(z) on BUS; U Ss \ {b_}

P = (140(3)) 0 (140)

uniformly on the circumference of D(e) .

(P.3) as n — oo,

The function \il(z) is a (possibly n-dependent) modification of ¥(z) such that P(z)¥(z)~" is bounded
asz — b_.

Consider therefore the following problem that allows a singularity at ¢ = 0 in order to improve
the asymptotic behavior as { — oco:

(.1) p(¢) is holomorphic in C\ T ,
($2) p+(¢) = (rp(¢) on T\ {0}
-3)
3¢ = (1+o(<—12))w(o (o, (141)
Note that the matrix function
m(¢) == p(¢)p~ () (142)

that has the same jumps and therefore holomorphic in the punctured ¢-plane C\ {0} with asymptotic
behavior m(¢) =1+ O (%) as ( — oc. Therefore

m(Q)=1+3 2. (143)

for some 2 x 2 matrix-valued coefficents my. The asymptotic condition on p

<1+ka>( g ? é+o<<2>):1+o(£—é> (144)

gives that the Schlesinger transformation

11
1 — Z
m(¢) = Vor( (145)
0 1
is suitable for this purpose. Since
1 1 1
= 14+ 0O(z-b_ z—b_, 146
RORNTEET ( ( ) (146)
24

244



the matrix

1 1
M(z) = [ ; \/47rn,AgIZ —b_ :' (147)
satisfies
M(z)m(¢(z)) =0O(1) z—b_ . (148)
The improved error matrix. With the definitions
P(z) = M(2)p(¢(2)) z€D(e),  ¥(z):= M(2)¥(z), (149)

we define the following modified error matrix:

) T(z)¥(z)"! ze C\{BUS,US,UD(E))
S(z) = { (150)
T(z)P(z)~! z2€ DE)\(BUS US,) .

Since

Pl2)i(z) "t = MEP(C()(C(2)¥(2) " M(z) ™) = M(z) <1+ o (%)) M) =140 (El—

(note that sy
50 = (1+0(z))we)  c—o (152)

is valid) uniformly on 9D (e), the function E(z) satisfies a small-norm Riemann-Hilbert problem and
it can be proven that

S(Z):Ho(é) n— oo (153)

n2
The conclusion of the asymptotic analysis.
o For z € Qo
Pn(z) = Yll(z)
= Ui (2)e™
— Tu(z)e"g(z)

= (5’11(2)@’11(’2) + 5'12(2)\1!21(2)) ™9(2)

rrofi))
nz

uniformly on compact subsets of 2. By deforming the contour S; we obtain the same
asymptotic behavior for compact subsets outside B as before.

(154)
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e For z € 2\ D(e):
P,(z) = Y11(2)
= ()

R A R A (155)
= (511(2 \I/u(l) + SIQ(Z)\I/Ql(Z)) eng(z)

)
1 1 1
N +0(— ng(z)
( Vidrnkz —b_ <n%)>e
Again, this result is valid also uniformly in every compact subset inside B.
e For z € Q1 \ D(e):
Po(z) = Yii(z)

- Uu(z)eng(z)
= (T (z) £ T 5(2))e9?)
= (Tu(z) + e¥"ITiz(2))e™?
= ((én(z)‘i/u(z) + 312(2)‘1’21(2)) + E;T’h(z)(gn(z)‘i/lz(z) + ~§12(2)\i’22(2))) o)

1
<1 +e ™M L0 (—>> enal2) z€ 0y

n

<_@ — M2 L o (1>) e e
n

I

z—b_
(156)
uniformly on compact subsets of {2.. The last term indicates that there are no zeroes asymp-

totically in Q,: Re(h(z)) > 0 in 24 and therefore 1+ ¢~ ™*(*) may have no zero in Q.. In Q2_
the zeroes appear along the curve where the magnitude of two terms balances, i.e., where

1 V4
Re(h(z)) = = log | Y™ (157)
n z-—-b_
This implies that the zeroes lie in the region where Re(h) = O (k’%) as n — 00.
e For z € B\ {b_}:
Pon(z) = (Yi)i(2)
= (U+)11(2)€ng+(z)
= (T )n(e) + e "M (Tra(2))e &) (158)
_ (_ \/47mf<veimp(z) +emmel®) 4 0 (1)) e s (V(2)+10)
z—b_ n
with the notation .
p(z) = 7.'/ du(s) z€B. (159)
8
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The Hurwitz theorem applied to the asymptotic formulae obtained above implies the following
Corollary 6.2 The zeroes of P, n(2) may accumulate only on B as n,N — co,n/N — 1, { > t..

Proof of Theorem 2.1. The asymptotic formulae gives that

lim {}ngmﬂ(z)] - Re(g(z))] =0 :€C\B. (160)
on C\ B. Since
Re(g(2)) = / log |z — uldp(u) , (161)
B
this means that
/ loglz — u|dvn, N (u) — / log |z — uldu(a) n — oo (162)
B B

pointwise in C\ B. Since B is a simple arc, this is enough to conclude that v, y converges to y in
the weak-star sense [8].

Q.E.D.
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A Proofs

A.1 Proof of Lemma 3.1.
For a given polynomial p(z) and fixed N, ¢ > 0 we seek a one-form wi on a possibly infinite sheeted

covering of the complex plane such that

1 =
dun = 5p(2)2*]z — alNe N Fdz N dz . (A1)
1

This is equivalent to solving the d-bar problem

B fr(2,27) = —2"|z — oMV (A.2)
since the one-form )
i
Wk = §p(z)fk(z,2)dz (A.3)
satisfies ] )
dwy = Oz (%p(z)fk(z,i)) dzNdz = ?p(z)2k|z —a|MeeNEdz Adz (A.4)
(3
A particular piecewise solution to the d-bar problem (A.2) may be
IS 1 - constructed using contour integration in the following way: the com-
R i -, plex plane is divided into four sectors
IR o S
S - 25 1 275 +1
s Sj=9z€C: J 7 < arg(z) < J 7 (A.5)
. T - 4 4
R “ ‘:\ > where j = 0,1,2,3. The boundary ray R; separates the sectors S;
e and S;41 respectively (the sectorial indices are always understood
Te mod 4).
\:; The sectorial solutions are defined by the formulae
s | 5 .

f;(cj)(Z,E) — e—27riNc(‘z _ a)Nc/ Sk(S ‘ a)Nceszsds (AG)

vi (%)

Figure 5: The sectors S; and where v;(2) is a contour from Z to oo in the sector S(_1ys; (to ensure

the integration contours +;, the convergence of the integral, Re(zs) > 0 is needed for a fixed value

1=0,1,2,3 of z). The branch of algebraic factor (z — a)¢ is fixed by placing a
cut along the half line

Ca i= [0, ) (A7)
and taking (z — )™ := |z — a|V°e*V® where 0 < ¢ < 2m. This explains the presence of the e=27#Ne
factor in the definition of fx(z,z):

(Z _ a)NC(E— a)Nc — eZmlNc'Z _ a|2Nc ) (Ag)

The integration contour vo(z) should not cross the cut C, in the s-plane; by convention, o(Z) goes
to infinity above C, (in the halfplane Im(z) > 0).
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The function f,go)(z,i) has a jump along C,:

. . oo
féj)(l,5)+ — e—?mNc(Z _ a)fc [/ sk(s _ a)fce_N”ds

_/Z (s — a)l_vce‘N“ds} (A9)
e
F9(2,7)_ = e 2miNe(z _ g)Ne /oo (s — a) Ve Moo s
Since (z — a)V¢ = (2 — o)}V ¢e?"*V¢, we find that the 3ump itself is independent of z:
9023y = £02,7) - = (e 2Ne _ 1)(z — a)}° /m s5(s —a)Nee=N=sds . (A.10)
It is easy to see that ’

fOEE) - [Pz =0 eR, (A-11)

for j =1,2,3 (all these contour integrals vanish). For j = 0, how-
ever, we have to take the into account the jump of the integrand that
is given by a holomorphic contour integral that can be deformed to
the cut C, (see Figure A.1):

f(l)(z,f) - f(O)(z)E) =

) e A2
—(e” 2 Ne _ 1) (z - a)NC/ s*(s — a)Yee N=ogs . ( )
a

P )
¥ ~.  As z — oo, the functions f,gj)(z,i) decay exponentially; we prove

that for f,EZ)(z,Z); the proof for other three is essentially the same.
. . To this end, let z = —xq + 1yo; the integration contour is chosen to
Figure 6: The jump on Ro  y¢ the half line —(xq + t) + iyo with ¢ > 0:
If)EQ)(Z:E)I — e~27r1NC(Z o a)[\’c/ sk(s . a)Nce—stds
7 (%)
)Nc/2 X

< ((xo+a)? + 43

00
x / (_IO —t _.iyo)k(zo —t—iyg— a)NceN(—Io+zyo)(zo+t+iyo)dt
0

< ((zo +a)? +43) " /P e VD) (A13)

x / (o + £)* + ¥2) 2 ((mo + t + a)® + y2)Ve/2e Mooty
0

o
< (w0 + a)? +y) "% e NeEHID) / Ce=N=ot/2gy
0

e~ N(-e)(z3+33)
<c:t—
k)

As z — 0, If,gj)(z,i)l — 00. To overcome this difficulty, we introduce a local solution to the
d-bar problem (A.2) in the vicinity of the origin:
fr(z,7) = —e2mVe(5 a)NC/ (s —a)VeeN2ods |2l =6 < g . (A19)
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(Of course, the contour of integration must not cross the branch cut C,.) We define the functions

) . oo
FO(z2) = em2miNe(y — a)NC/ s€(s—a)Ve™N=ds  ze5;, (A.15)

a

where the homotopy class for each sector is chosen as above. The function F, éo)(z) is holomorphic in
S0\ C, and the other F,EJ)(z) functions provide an analytic continuation to the cut plane C\ (CoURo)
(if we compare the boundary values on the other R;’s we find that there is no jump on either of
them and therefore, by Morera’s theorem, they are analytic continuations of each other). We may
suppress the upper index and use Fx(z) to denote this analytic continuation. The jump of Fr(z) on
Cy is

(o 0]
Fk(z)+ _ Fk(Z)._ — (1 _ e?ﬂch)e——27riNc(z . a)ilc/a Sk(S _ a)che—stds (A16)
= (1- ") Fi(z)+
and therefore _
Fr(z)_ = e®™NeF(2)y . (A7)
The jump on Ry is
< & Ne,—N
Fo(z — F (). = - l_eQﬂiNc e‘zﬂ'lNC 2 — Nc/ _ ce=Nzsy
w(2)4 — Fr(z) ( ) (2 —a) s (s —a}y s (A18)
= (1 - e®"N) Fr(z) -
and hence ‘
Fr(z)_ =e 2™ NeRy(2)y . (A.19)
The jumps of the solutions of the d-bar problem are expressed in terms of Fy(z):
24 - 10022 = Fiz)s ~ Fle)- 2€C,
@2~ 10272 = Fle)s - Fla)- z€R (A-20)
F7) - fulz,2) = Fi(z) €8, |2l=6
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Figure 7: The approximate domains of integration

Let Rq denote the part of the ray Rg that is outside the disk |z| < 6. Therefore
/C p(2)3515 — aPVee= N 4A()

1/ .
=— | p(2)z"|z — a|?Me N Fdz A dz
21 Jc
: )
= lim dw’ +/ diok
R—oo ]Z::O oy lz1<5

3
= lim Z}{ _ wfj)+}{ o (A.21)
oo | £ fapt le|=s

= 3 |, PG - Fua)-)a:

+: /C PEFME)s = Fule)- )z

i
-3 ?il:é p(2)Fe(2)dz .

This means that

EAS

/' p(2)2"|z — a|?NeeNEgA(r) = 21 /p(z)Fk(z)dz , (A.22)
'l 7. r

where ' is the union of a keyhole contour around Rg and a simple contour around C, oriented as
shown on Figure A.1.
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Figure 8: The integration contonr I’

The function Fi(z) can be calculated explicitly (the integral is taken along the real line for
simplicity, on the positive side of C,):

oc
Fk:(z):e--QﬂiNc(z“a)Nc/ sk(s_a)i\‘/ce—!\'zsds
a

o
= 3_2“”\"3(2 — a)Nce-az / (,“’ + a)ku/\v’ce—]\’zud“
J0
k
= e 2miNe(, _ gyNeg-az Z <I;> aF 1 /co ytNee—Nau g, (A.23)
1=0 0
— a—2miNc (2 — a)Ncer—az i k k—lw_l
=€ sNe l a Ni+Ne+l LA+

Il
=

Therefore

/ p(2)z")z — oM N dA(2) =
c

e~2miNe Kk a,c_,l“(l—ch—%-l) : ()(z—a)Nce““ dz
2 — l ]\;I+Nc+l T‘p ZNc Zl+1 -

(A.24)

The matching phase terms in the multiplicative jumps Fi(z) allows a different analytic continu-
ation consisting of a single cut along the segment {0,a]. The presence of the factor e~%* permits a
deformation of the integration contour into a closed loop around [0, .

Q.E.D.
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Figure 9: The final integration contour I'

A.2 Proof of Lemma 4.1.

The proof of the uniqueness is standard [5]. The analyticity, the jump condition and the asymptotics
for large 2 implies that

Y(z)= S T A (A.25)
9= 1 g (Qwnn (0t | - 0
Qn—l(z) 2_
7l Jy t—z

where p,(z) and g,_1(z) are polynomials of degree at most n and n — 1 respectively. p,(z) satisfies
pu(z) = 2" + O (") and /pn(z)zkwn,N(z)dz <0 E=01,. .,n—1 (A.26)
r

This implies that p,(z) = P, n(2) (and this settles tlhe existence of the first row). The polynomial
gn—1(z) satisfies

/ gn-1(2)z"wn n(z)dz=0 k=0,1,...,n— 2 and / gn-1(2)2" 'wn n(z)dz = 1. (A.27)
r r

The necessary and sufficient condition to find such gq_1(z) is that det(m(™) # 0 which is true
because of the moment matrix equation.

Q.E.D.
A.3 The analysis of the discriminant of J(2)
Consider the polynomial

J(z) = J(t,a:z2) . (A.28)
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The discriminant is of the form )
D(z) = a—GA(m)?B(z) , (A.29)
where
A(x) = a’cx — 2a%c—a* —4a%t — 12
B(x) = ~4as® + (~16a’c + 28 a*t + 4a°t* + 16 a’tc + 16 ¢ + 13 %) 22
+ (-48a*c® - 14d® — 54a*t® + 64.a’c® + 24 t%ca® — 60a®t + 48 a’tc + 36 uSc + 201%4%) x
—23213ca® — 38413c% — 64a®c®t — 132a*1%¢c - 32¢° — 64¢*® - 192¢%¢ + 50 0512
+48a%c?t + 36 %c% — 72a5tc — 96 a%c%t? — 256 t2c% ~ 3243
+64c%a® + 3265 + 500 — 1314%% — 20ca® .

(A.30)
By picking the double root coming from A(z)
12
1a(t) =2c+a>+4t 4+ pol (A.31)
we get two pairs of coalescent roots in J(z):
2 (a®+1): e+t 2
I(2) = (a2® — (e + t)z+ alc+ 1)) _ (A.32)

(L2

Note that z4(t) is strictly increasing for { > 0. The discriminant of the quadratic polynomial
az? — (@® +t)z +alc+i)is

(@2 +1)? —4a?(c+1) = (t — 7o)t = tco) (A.33)
where the critical times are
7o :=ala — 2v/e) te:=ala+2v¢) Te < te . (A.34)

For t = 0 we have

Alz) = a®(z - 2¢ — d?)

A35
B(z) = a*(5a® — 4za® + 16¢%)(z + 2¢ — a?)? . ( )

We claim that for t € R* \ {7.,t.} we have exactly one root of B(z) in each of the intervals
(—oc,a? — 2}, (a% = 2¢,z4(t) , (zalt),00) . (A.36)

This follows from
lim Bz)=cc

B(a® - 2¢) = ~t% (272a%c + 3213 +128a%c® + 16 a*c + 192 #%¢ + 131 a%#% + 12a%t + 38412 + 256 %) < 0,

c(t+ ) ((t — 7o)t ~ te)?
a2

1

>0,

Bz a(t)) =16
lim B(z)= —o0 .

T—0oC

(A.37)
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As t — 0 we expect that .
J(2)=(z2—21)%(z — 22)° = (2% —az — ¢)* (A.38)
and the branch cut opens at the minimum of the potential z = z; for very small t. This happens
for root z = a? — 2¢ of B(z); let z_(t) and z,(t) the solutions in the intervals (0o, a® — 2¢) and

(a? — 2¢,z4(t)) respectively.
By elementary perturbation theory,

Va2 +4 4
4oy =20t veitie dz (A.39)
dt a a
Now, we are interested in the following:
d 1o} d
L es®ra)| = | D aa:) ¢ LIt (0: ) )
dt - 1O dz di t=0 (A.40)
2(z —a)(2? = 2zz4 +az+c) :
- a
This implies that
d
?ﬁj(t’hr(t)’ z4) e 0
2(z_ ~ 2 _2;_ _+c _—)z_(z_ —-
ﬁJ(t,mr(t);z;) _ (z a)(z? z_zy+az_ +¢) :_4(2 a)z_(z z4) S0,
dt =0 a a
(A.41)
iJ(t,zu(f,);er) _ _2(z+ —a)(23 ~2z_z4 +azy +¢) _ _4(z+ —a)ep(z4 —2_) <0
dt =0 7 a
iJ(t (t);2) =0
AL QRS Lo
(A.42)

This means the following:

e Along the solution z_(t) the double root z = z; splits into a pair of real roots while the
solution z = z_ evolves further as a double root along the real line.

e Along the solution z_ (¢} the double root z = z_ leaves the real line by splitting into a pair of
complex conjugate roots while the solution z = 2z, evolves further as a double root along the
real line.

Since the resultant of the two factors A(z) and B(x) is
resultant(A(x), B(z)) = 16a’c(t + ¢)((t — 7)(t — t))? | (A.43)

the two critical times ¢ = 7. and t = t. are the only possibilities for them to have a common root.
The two critical times are different: if ¢ = 7. then z4(7.) coincides with the largest root of B(x)
while for £ = {. the root x 4({.) hits the solution z, (t), as it can be seen easily from the factorization
of B(z) for these critical times.

The following solution is chosen to fix J(z) for every t > 0:

4 (t) 0<t<te
z(t) = (A.44)
IA(t) te<t.
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A.4 The trajectory structure in the pre-critical case

The quadratic differential R(z)dz? gives rise to a flat metric
|R(2)||dz|? with singularities at the poles and zeroes at R(z) [9].
In this metric the trajectories have an associated length, the so-
called Strebel length. The length L of a horizontal trajectory h is

given by
L= i/ Vv R(z)dz} = /y(z)dz (A.45)
h h
since the form y(z)dz is real along a horizontal trajectory.
For the (3, 3) configuration simple residue calculus gives
L +L2:2Tl'(t+c‘)
Ly + Ly =27c (A.46)

Li+ L3 =27t .
Figure 10: The (3,3) entry

with marked trajectories where the L;’s are the Strebel lengths of the critical trajectories
shown on Figure A.4. This implies L3z = 0 that is impossible. This
means that the (3,3) configuration is not compatible with the con-
ditions (77).
The same argument can be used to eliminate the configuration (3,2).

A.5 Local parametrices

Airy parametrix for the pre-critical case. It is easy to see that

P(¢) == aap(~()os (A.47)
satisfies the following R-H problem:
(p.1) p is holomorphic on C\ &,

(.2) p4(C) = p_(2)vp(z) along & where

0 1} ces

(A.48)

] et
Oe J (€T3

|
[0t e
|
|

1 0
3 (€Xy,
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(p-3) As ( — oc,

/144" 2 [ 1 4 1
p(() == | —= B - , .49
w03 (%) A i) am
and ¢** has a cut along the negative real axis and it is positive for positive real C.
This can be written in terms of the Airy function
Ai(Q) 1= —— 37 C9dg . (A.50)
271 J oo
Namely,
: 1+ T fo(Q) iA(C) ] 3¢
= , ; C(Qe3” ", A51
w0-(T5) R o Jeod (s
where ‘ .
Jo(Q) = Ai(Q) , 1({) = e s Aile™ 7 () (A.52)
and -~
10
€N
o) cen
1 0]
eEN
11 ¢ 2
cQ)=14 _ (A.53)
0 -1
€N
1| €
(L1
€.
o 1| €™
Parametrix for the post-critical case.
Let us define
B(z) = p(2)()" . (A.54)
This satisfies
(.1) p(¢) is holomorphic on T,
(5.2) 5+(0) = p-(¢)ip(2) along T where
I e uly
vale) =41, _ e Ceror (A.55)
0 1 SRR
(®3)
1
i)(()z[-{—(’)(z) {— 0. (A.56)
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This has a simple solution:

s0=4 79 f(U)=%/Re:2:ds, “¥R. (A.57)
Since
flu) ~ —\/;;i g (22’°—kk)!!u?’1+1 u~— 0o, (A.58)
we have

1 S (=DFEE)! 1
Z( )" (2k)

1
" 01 _ 0 —— |1 1 .
R T o e N A O
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12.3 Appendix

In this section it is shown that the Cauchy transform of Sy, satisfies the same equation

as ¢'(z). To this end, consider a general Joukowski-type conformal mapping

F(u) ::m+a0+ﬁ r>0,Al<1. (12.84)

that maps the exterior of the unit disk to the exterior of a domain B. The condition
|A| < 1 is needed to ensure that F' is holomorphic in {u: |u| > 1} . From now on we

assume that F the following symmetry property:

F(@) = F(a) (12.85)

which is equivalent to

F(u) = F(u) . (12.86)
This implies that every parameter of F is real. Since F'is a rational function of degree
two, F': CP! — CP! is a double covering. The branch points of this covering map

are given by the quadratic equation
(z—rA—ag)* —4rv=0. (12.87)
The mapping F' is univalent if and only if

(1A% > !9‘ . (12.88)

r

For such mappings the image G of the unit disk is given by a nonsingular analytic

Jordan curve. The function S*(z) is given by
S*(z) = _1_/ wdw
2mi Jow — 2

1 Fro
2 g fO -2

(12.89)
dc .
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The rational one-form 3
F(3)r©
f(Q)— 2

has six poles counted with multiplicities:

d¢

1
'U/:07OO,A,Z )F_l(z)l 7F_1(Z)2 .

If z € G4 then only the two poles

are outside the unit circle of the u-plane. Simple residue calculus gives

vy _wAZ
v Az 1-A7)2

ST(2)=up— — —
S R
This gives that u = % and
v [ vA?
=m\ e
T v
a=—=+—-—.
A A(1 - A?)
The area equation gives
B (1— 422"
The Cauchy transform of the domain B is given by
1 diz A dw —nmz+7SY(z) z€B
c)= 5 [T~
21 Jg w—z 7S (z) € B°

(12.90)

(12.91)

(12.92)

(12.93)

(12.94)

(12.95)

(12.96)

The algebraic equation satisfied by the Schwarz function is obtained from the

parametrization of z and w =z on JB in terms of the uniformizing coordinate u:

Py(u) = Aru® + (v — A% — Az)u + A%z

Py(u) = A*wu® + (v — A’r — Aw)u+1A
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The resultant of the above polynomials provide the algebraic equation
E(z,w) = resultant( Py (u), Po(u)) = Ca(2)w® + C1(2)w + Co(2) (12.98)

satisfied by w = S(z), where the functions Cy(z) are explicit polynomial expressions
in z. By completion of the square, it can be shown that E(z,w) = 0 is equivalent to

the equation

( e 1 ¢ 1c+t>2 a*(z = b)*((z — d)* — h) (12.99)

2 2z2—-a 2 2z 42%(z —a)?
where
r
b= —
A
d=rA+ % (12.100)
h=4drv.
The normalized Cauchy transform in the exterior of B is given by
1 1 1 c
= —— ) =—28S"(2)= = - . 12.101
= sCald) = —357 @) = ¢ (- ) (12.101)

that satisfies the equation

(tﬁ) 3 %+ 1 ¢ 1c+t>2 _ a*(z - b)*((z —d)?> - h) (12.102)

2z—a 2 z 42%(z — a)?

which is equivalent to

yp_ =0z = dP )

22(z — a)?

(2tw — V(2 (12.103)

It follows from (12.100) that the rational expression on the left hand side is the same
as R(z) and therefore 1 = ¢'(2) solves the same equation as the normalized Cauchy
transform of B = Sy, outside Sg,. This is enough to conclude that these two functions

are the same.
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Appendix A

Statement on collaborations

1]

F. Balogh, J. Harnad, Superharmonic perturbations of a Gaussian

measure, equilibrium measures and orthogonal polynomials

I found and proved the results Thm. 3.4 and Thm. 3.5 on the structure of the
support of the equilibrium measure for superharmonic perturbation potentials.
Most of the calculations in the proof Prop. 3.3 and the proofs of the estimates
needed for Prop. 5.1 are based on my work. I have performed extensive nu-
merical experiments that support the conjecture of the zeroes of the orthogonal

polynomials detailed in Sec. 6.

F. Balogh, M. Bertola, Regularity of a vector potential problem and

its spectral curve

My work on this paper contributed to the suitable generalization of the definition
of admissibility for vector potential problems (Def. 2.1) and also to the detailed
proof of the existence and uniqueness of the vector equilibrium measure (Thm.
3.2) based on [81]. In the second algebraic part I did the linear algebra on which

the existence of the prseudo-algebraic curve (Prop. 5.1, Thm. 5.1) relies upon.
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[3]

F. Balogh, M. Bertola, On the norms and roots of orthogonal polyno-
mials in the plane and LP-optimal polynomials with respect to varying

weights

I was responsible for the potential theoretic background of the proofs of the

theorems, most of which were worked out jointly.

F. Balogh, External potentials for two-point quadrature domains

This manuscript is based solely on my work.

F. Balogh, M. Bertola, K. T-R. McLaughlin, S. Y. Lee, Riemann-

Hilbert analysis of the Bratwurst orthogonal polynomials

I found the integral identity used to reformulate the orthogonality in terms of
contour integrals (Lemma 4.1), constructed a rigorous proof based on a piecewise
solution of a corresponding scalar d-bar problem. I calculated the formula for the
determinant of the moment matrices. The construction of the g-function relies
on a finding a suitable quadratic differential R(z)dz?; based on an earlier draft
manuscript I reformulated the conditions in terms of the numerator polynomial
J(z) of R(z) that reduces the problem to a quintic equation for a free parameter
z and analyzed the root behavior of the discriminant of J(z) as a polynomial
of x depending on the continuous parameter ¢. I cleaned up the construction
of the g-function and the limiting zero distributions in the pre-critical and the
post-critical cases. I carefully checked and completed the calculations leading
to the strong asymptotic formulae provided by the nonlinear steepest descent

analysis.
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Appendix B

Non-Hermitian orthogonality for

the rotated Hermite polynomials

Proof of Thm. 3.5.1. Our goal now is to rewrite the standard orthogonality

relations

=2 =2

2,2
/FM@#(M”%‘J2¢MQ=O k=01,...,n—1 (B.1)
C

as non-Hermitian orthogonality relations with respect to a weight function supported
along a contour in the complex plane. In terms of the complex coordinates z,z the

area integral is written as

2

T dzAdz .  (B.2)

2,2 &
Tz+T

2,2 2.2 1 -
j/ P (2)ze 5 4A(2) =:—fl)[ Pu(z)7e "3
C % Je

The basic idea [69] is to use the Stokes’ Theorem to reduce the area integral to
integrals on the boundary. To this end, we are looking for a one-form w,; in the
complex plane such that

1 72,2 7232
dwn = ?Pn(z)ike_zz+—2 T2 dz A dz (B.3)
7
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We seek w,; of the form
1

Wnk = —ian(z)fk(z,E)dz (B.4)
2
where f; solves the d-bar problem
_ 2
Ozfi(z,2) = ke“zz+_z2+T = (B.5)

A solution to (B.5) can be easily constructed in a contour integral form:

2 S =2
fr(2,2) == eTTzz/ ste# T s k=01,..., (B.6)

z

where the contour of integration is asymptotic to the ray
{s=iTu: u>0} . (B.7)

This choice ensures that the integral in (B.6) is finite for all values of z. Obviously,

fr(z,Z) is a smooth function for which the one-form w,, defined above satisfies
1
dwpr = —d (5—_Pn(z)fk(z,2)dz>
i

S (P )20 s (B:8)

1
22

To use Stokes’ Theorem, the integral (B.2) in the complex plane has to be approxi-

Tzz

— P (2)Fe T T gz A dz

mated by integrals of the same function restricted to some fixed bounded domains:
T222

/ Po(2)7r e E A T G A() = lim P (2)7h e+ T
C

R0 Ji71<R

= lim f Wnk -
R—o0 Izl:R

To understand the boundary behavior of wyx as |z| — oo one has to investigate the

I 4A(2)
(B.9)

asymptotics of fx(z,Z) as |z] — oo.
A linear substitution of the form
1Ty

e (u € RY) (B.10)

S =
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gives
k+1 oo -z u2
filz,2) = —— / wfeT T T du

2

i+l % 1 2

= / uke3(u+i%) gy,
T

ﬁ T2
Zk+1 2] _2
= —k+1 /
22 1
Z’k‘f‘l ( FZ k—1 00 ; W2
= _k+1 E ve  2du .
~0 - Ji(%-Tz)

The contour of integration above on the v-plane is asymptotic to the line

(B.11)

’*]H N

{vzu+ii : ueR+} . (B.12)
T .
Since the integrand is exponentially decaying in the sector
T
{v . Jarg(v)] < Z} , (B.13)

the integration can be performed along a contour that is asymptotic to the positive
real line on the v-plane. For this standard choice of the contour of integration, it is

well-known (see [2] 7.1.23) that the asymptotic series expansion

2 T 2
“Tdy=,/—erfc|{ —
/Z cow \[2 (\/5)

. 00 o _‘1)” (B.14)
~— <1+Z(_1)m%>

holds as 2z — oo in the sector

{z . Jarg(z)] < —} . (B.15)

Successive integration by parts gives that for k = 0, 1,... the asymptotic expansion

oe 7]2 22 1
/ v¥e T dy ~ e” 2 2! (1 +0 <—2>) (B.16)
; z
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is valid as 2 — oo in the sector

Since

e Tdy = 2rk! ,
o0 0 n=2k+1

[t R

simple symmetry considerations ([1], 6.6.3) imply that

o ‘U2 12 1
/ Ve T du ~ cgp + 7 T 22T (1 + O <—§>>
. z

is valid as z — oo in the sector

'z<ar()<77r
z: g g(z 10

(B.17)

(B.18)

(B.19)

(B.20)

In other words, there is a Stokes phenomenon occurring on the overlap of the two

different sectors.

The case of odd powers is much simpler: we have the explicit formula

k1 |- —~ 1 g
/ v e 2dv = 2"nle 2’%‘!2
vz k=0

using successive integration by parts. Therefore the expansion

b 7.’2 22 1
/ vt le= T dy ~ e~ T 2%k (1 + 0O (—2)>
. 2

is valid as |z| — oo without restriction. To sum up, we have

22 1
o 2 e~z ! (1 + 0O (;)) -3 <arg(z) < &
/ v'e” Tdu ~ B 1
/2 Cnte T2 (1 +0 (—2)> z<arg(z) < ¥

The argument of the integral above is

Sz 14T 1T
i <? — Tz) = —le—lm(Tz) +1 T Re(T?2z) .
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Therefore

2 252
ik+1e“zz+2272‘+TTz ko sk 2\ k! . -1 1
w2 () (7) (7)) (o))
T =\l \iT T ||
(B.25)
as z — oo in the half-plane Im(T°z) < 0 and
e+ —(TQ——z L k-1
file?) ~ Z () (?) “
I=
1 —23+T2; T 2k k-l -1 1
R Z i = -Tz 1+ 0| —
T = T |21°
(B.26)

as z — oo in the other half-plane Im(T'z) > 0 . So let

_ ka1, 5 (T2-L) & kL
fielz.2) = fu(2,2) — : eTk+1 Z (?) <%—;> ¢l (B.27)
1=0 ’

The difference fi(z,Z) — fr(z,Z) is analytic and therefore
8- (2, 7) = —zte— T PHES (B.28)
also.
Let
DE :={z:|2| < R, Im(Tz) > 0}

(B.29)
Dy :={z:]2] < R, Im(Tz) < 0} .

/P.n(z)‘k —|z|2+——+T QdA(z) — lim / Pn(z)zke—|z|2+r2;2+f2fzdA(Z)
C DtubDg

R—xo

Pn(2) fx(z, Z)dz} .

f Pu(2) fulz,2)dz +
oD}

8Dy

(B.30)
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Figure B.1: Integration contours

The asymptotic behavior of f, and fk imply that the contributions from integrals
on the circular contours along |z| = R tend to 0 as R — co. The dominant contribu-

tion comes from the difference of the integrals on the line segment along Im(7z) = 0.

Therefore

2 222 —232
/ P2zt e T gA )
C

=5 /Im(Tz):o P.(z) [fk(z,, zZ)— fk(z,_E)] dz

= — — 712 —_ Ci z
2 Jim(T2)=0 i l T :

=0

k .
1 <k> ot / ; ﬁ(TQ_ 1 )
= = — T Ck—1 P,(z)ze? °/dz
1=0 2\! Tk+l+1 Im(Tz)=0

where the orientation of the line Im(7T'z) = 0 is chosen in the direction of T.
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Since the equations above are triangular and ¢y # 0, the system of linear constraints

222 -—232
/ P2 e P TR A =0 k=01, ..n—1  (B.32)
C
is equivalent to the system of contour integral conditions
/ P()zkez( )z =0 k=0,1,...,n—1. (B.33)
m(Tz)=0

A simple change of coordinate

_ LTU
Ji-ITT

u€eR (B.34)

gives

o 2 = 2
/ P, LTU uke™ du =0 k=0,1,...,n—-1. (B.35)
_ V1—|Tk

The unique monic polynomial that solves the above system is

o

S Halu) (B.36)

where H,(u) is the nth Hermite polynomial (using the conventions of [2]). Hence

T 1—|T*
Po(z) = n—————TH
(2) = 22 (1 — |TP)2 ( 2iT|*

Tz) : (B.37)
|

We note that the truncated moment matrix for the two-dimensional problem can

be obtained from the truncated moment matrix of the contour integral setup:
[ s - (s ,,, oD
2"ZRe” — — k| Z'z'e? T/dz
C 9 k+I1+1 Im(T2)=0

i.e.

N
My =>"mlsi” (B.39)

=0
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where

1(k> ikt L
P 7753 Ck—1 =
s = {2\ T (B.40)
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Index

m-point correlation function, 23

Bergman space, 68

Bratwurst polynomials, 204

Cauchy transform, 38

Christoffel-Darboux kernel, 30
Christoffel-Darboux identity, 31
classical quadrature domain, 71

conjugate function, 57

effective potential, 42
eigenvalue repulsion, 24
error matrix, 87

exterior harmonic moments, 65

Faber polynomials, 76
Fekete point configuration, 43

Fekete polynomials, 165

Gaussian Unitary Ensemble, 2, 21

generalized Chebishev polynomials, 166

harmonic moments, 64

Heine formula, 30

horizontal arc, 91

interior harmonic moments, 64

interior uniformizing map, 54

Laplacian growth, 10
logarithmic capacity, 39
logarithmic potential, 37

lower semicontinuous function, 37

model problem, 86

modified Robin constant, 42
moment matrix of a measure, 28
moments of a measure, 28

monic orthogonal polynomial, 28

monic orthogonal polynomials, 6
normalization constant, 28
orthonormal polynomials, 27

partition function, 21
polynomial curves, 75

pseudo-algebraic curve, 51
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quadratic differential, 90

quadrature domain for a test function class,
69

quadrature identity, 67

quasi-harmonic, 72

resolvent function, 50

Riemann mapping theorem, 53

Riemann-Hilbert (factorization) problem,
78

Robin constant, 40

Schottky double, 61
semiclassical potential, 72
Sokhotskii-Plemelj formulae, 59
spectral coordinates, 22

Strebel length of a curve, 91
subharmonic function, 37
superharmonic function, 37

superharmonic perturbation, 95
total charge, 43
upper semicontinuous function, 36

vector potential system, 45

vertical arc, 92

weighted polynomial, 165

Wigner semicircle distribution, 106
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