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ABSTRACT

Slope Conditions for Stability of ACIMs of Dynamical Systems

Zhenyang Li, Ph.D.

Concordia University, 2013

The family of W —shaped maps was introduced in 1982 by G. Keller. Based on the
investigation of the properties of the maps, it was conjectured that instability of the
absolutely continuous invariant measure (acim) can result only from the existence of
small invariant neighbourhoods of the fixed critical point of the limiting map. We
show that the conjecture is not true by constructing a family of W —shaped maps
with acims supported on the entire interval, whose limiting dynamical behavior is
described by a singular measure. We then generalize the above result by constructing
families of W —shaped maps {W,} with a turning fixed point having slope s; on one
side and —s5 on the other. Each such W, map has an acim p,. Depending on whether
i + i is larger, equal, or smaller than 1, we show that the limit of u, is a singular
measure, a combination of singular and absolutely continuous measure or an acim,
respectively. We also consider W-shaped maps satisfying i + i = 1 and show that
the eigenvalue 1 of the associated Perron-Frobenius operator is not stable, which in
turn implies the instability of the isolated spectrum. Motivated by the above results,
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we introduce the harmonic average of slopes condition, with which we obtain new
explicit constants for the upper and lower bounds of the invariant probability density
function associated with the map, as well as a bound for the speed of convergence to
the density. Moreover, we prove stability results using Rychlik’s Theorem together

with the harmonic average of slopes condition for piecewise expanding maps.
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Chapter 1

Preliminaries

1.1 Absolutely continuous invariant measures and

some functional spaces

Let X be a set equipped with a metric; X is usually assumed to be a compact metric

space. Let a family B of subsets of X be a o—algebra.

Definition 1.1.1. A function p: B — R is called a measure on B if and only if:

2. for any sequence { B, } of disjoint measurable sets, where B,, € B, n=1,2,3,...,
n=1 n=1

The triplet (X, 2B, 1) is called a measure space. We call it a normalized measure

space or probability space if u(X) = 1.



Definition 1.1.2. A measure is called o—finite if X is the countable union of mea-

surable sets with finite measure.

Definition 1.1.3. Suppose there are two measures, u and v, on the same measure
space (X,B). We say that p is absolutely continuous with respect to v if for any

B € B satisfying v(B) = 0, it follows that u(B) = 0. We write p << v.

Definition 1.1.4. Let 1 < p < 00, and (X, B, 1) be a measure space. Consider the

family of real valued measurable functions f : X — R satisfying

J 1@ du< .

This family of functions can be made into a normed space by taking quotient space

with respect to the kernel of || - ||,,, where for each function f in this family,

HERCE du);.

This space is called the LP(X,B, u) space. It will be denoted by LP(u) when the
underlying space is clearly known, and by LP when both the space and the measure

are known.
The Radon-Nikodym Theorem allows us to represent p in terms of v if yp << v.

Theorem 1.1.1. Let p and v be two normalized measures on (X,B). If p << v,

then there exists a unique f € LY(X,B,v) such that for every A € B,

u(A) = [ f v

The function f is called the Radon-Nikodym derivative and is denoted by Z—‘Ij.



Let us introduce the measure-preserving transformation.

Definition 1.1.5. We say that the measurable transformation 7 : X — X preserves

the measure p or that u is 7—invariant if u(7=*(B)) = p(B) for all B € B.

If a measure p is invariant and also p << v, where v is the underlying measure,
then we call p an absolutely continuous invariant measure (acim). Now, we can

present the definition of a dynamical system.

Definition 1.1.6. Let 7 : X — X preserve the measure u. We call the quadruple

(X,B, 1, 7) a dynamical system.

Let 7 : X — X be a measure-preserving transformation. Its nth iteration is
denoted by 7"": 7"(x) = T o---o7(z) n times. We are interested in properties of the
orbit {7"(z)},>,- The Poincaré Recurrence Theorem states that a dynamical system

will return to a state very close to the initial state after a sufficiently long time.

Theorem 1.1.2. Let 7 be a measure-preserving transformation on a normalized mea-
sure space (X, B, ). Let E € B such that (E) > 0. Then almost all points of E

return infinitely often to E under iterations of T, i.e.,
w({x € E| There exists N such that 7"(x) ¢ E for alln > N}) = 0.

Definition 1.1.7. Let 7 : (X,B, u) — (X,B, ) be a transformation preserving the

measure j; we call it

1. ergodic if for any B € B such that 771(B) = B, we have u(B) = 0 or u(X\B) =

0;



2. mixing if for all A, B € B, u(t7"(A) N B) = pu(A)u(B) as n — oo;
3. exact if for all B € B, 7(B) € B, and moreover, if u(B) > 0, lim p(r"(A4)) = 1.
n—oo

Ergodicity is a very useful concept since it reveals the property of indecomposability
for measure-preserving transformations. There are some other properties equivalent

to the ergodicity [Boyarsky and Géra, 1997]:

Theorem 1.1.3. Let 7 : (X,B,u) — (X,B,n) be measure-preserving. Then the

following statements are equivalent:

1. 7 s ergodic.
2. If f is measurable and (f o7)(x) = f(x) a.e., then f is constant a.e..

3. If f € L*(u) and (f o7)(x) = f(x) a.e., then f is constant a.e..

The Birkhoff Ergodic Theorem [Birkhoff, 1931] is the fundamental theorem in er-

godic theory.

Theorem 1.1.4. Suppose 7 : (X, B, u) — (X,B, u) is measure-preserving, where

(X,B, 1) is o—finite, and f € L'(u). Then there exists a function f* € L'(u) such

that
1 n—1
= [ @) = p—ae
k=0
Furthermore,

and if u(X) < oo, then



By Theorem 1.1.3, we obtain the following corollary.

Corollary 1.1.1. If T is ergodic, then f* is constant u—a.e. and if p(X) < oo, then

s 1 e
/ _u(X)/deM o

Thus, if n(X) =1 and 7 is ergodic, for E € B we have

n—1

> xu (T (@) = w(E), p— ae.,

S

k=0

and thus the orbit of almost every point of X occurs in the set E with asymptotic

relative frequency p(E).

Theorem 1.1.4 together with Corollary 1.1.1 shows that for an ergodic transforma-

tion 7 : (X,B, ) — (X,B, 1), we have
1~ 1
lim — f(r*(x :/fd a.e.,
i S = g [ 7

i.e. the time average of f € L'(u) equals its space average.

1.2 Functions of bounded variations and the Frobenius-

Perron operator

We first introduce the total variation of f : [a,b] — R.

Definition 1.2.1. Let f : [a,b] — R be a function. The number

\V = Sup {Z | f () — f(xk—1)|} ;

[a,b]
where the sup is taken over all partitions P of the interval [a, b], is called the total

variation or the variation of f on [a, b].



We denote the space of functions of bounded variation by

BV([a,b]) =< f € L'([a,b])| inf \/f1<oo

fi=fa.e.

For any f € BV([a,b]), the norm on BV ([a,b]) is defined as follows:

L llsv=Il £ I+ inf \/ fi
fi=fae. (ab]

Let X be an interval, I = [a,b]. We call a transformation 7 : I — I nonsingular if
L(A) = 0 implies L(77'(A)) = 0 whenever A € 9B, and where L is Lebesgue measure.

With the aid of Theorem 1.1.1, we now define the Frobenius-Perron operator:

Definition 1.2.2. Let 7 : I — [ be a nonsingular transformation. For any f €

L*([a,b]), P.f is the unique function in L!([a, b]) such that

/Pfde:/ fdr,
A T=1(A)

for any A € 8. The existence and uniqueness of P, f follows from Theorem 1.1.1.

For more details, we refer interested readers to the book [Boyarsky and Géra, 1997].
If 7 € T(I), the class of piecewise expanding transformations (see Definition 5.2.1),

P. has the explicit representation:

7'2 [L’
Bf= Z [7 (77 () ¥ tes- o) (®)

(77 ()
where f € L'(I). Tt is well known that the fixed point (normalized one) of P, is the
density of a 7—invariant absolutely continuous measure. We call it the 7 invariant
probability density function (pdf).

To show the existence of the invariant pdf, the following lemma is important.
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Lemma 1.2.1. Let 7 € T(I) and let g(z) = Wlx)w )= 1211? L(I;). Then, for any
19

feBV(I),

\/(PTf)SA\/f+B/\f|dL,
I I 1

where A = 2 4+ max B =2+ 1max and inf |7 (x)] > o > 1.
. 1§Z,Sq\h/_g, i 51§i§q¥g, inf |7(z)| =

Now, we introduce the well-known Lasota-Yorke Inequality which plays a crucial

role in showing the existence of an acim.

Lemma 1.2.2. Let 7 € T(I). Then there exist constants 0 < r < 1, C' > 0, and

R > 0 such that for any f € BV(I) and anyn > 1,

I PEf Ay Cr | f llsv +R 12

Remark 1.2.1. Lemmas 1.2.1 and 1.2.2 show that the Frobenius-Perron operator P,
can be viewed as an operator from BV (I) into BV (I), and that it is quasi-compact

[Keller, 1982].

With the help of Lemmas 1.2.1 and 1.2.2, we have the following result for the

existence of an acim for a piecewise expanding map.

Theorem 1.2.1. Let 7 € T(I). Then T admits an acim whose density is of bounded

variation.

Remark 1.2.2. On the one hand, the constant R in Lemma 1.2.2 depends on the
constant B in Lemma 1.2.1, and the latter again depends on the quantity ¢ which
can be small if the partition of the map 7 is very fine. On the other hand, in practice,

to make the calculations easier, we consider the iterated system 7" for some n > 1.



Moreover, we would like to study the stability of a system. In either of the cases, ¢
is small, and may even approach 0 as the perturbation goes to zero. See Fig. 4.1 in
Chapter 4 for an example. This is why it is relatively easier to show the existence of

acim than to show the stability of acim.

1.3 Analysis of dynamical systems: acims and their

stability

It is well known that complicated behavior can be exhibited by deterministic dynam-
ical systems. A popular example of deterministic chaotic behavior is the butterfly
effect, which dates back to Lorenz’s numerical model of a weather prediction [Lorenz,
1963]. Roughly speaking, chaos is a very spectacular long-term behavior of dynamical
systems that are highly sensitive to initial conditions. For these kinds of dynamical
systems, small differences in initial conditions can result in large differences to future
outcomes. In reality, due to external noise or roundoff errors in computation, when
we deal with a chaotic dynamical system, it is very hard or even impossible to predict
its state past a certain short time range. Thus, we cannot study the limiting behavior
following individual orbits which are generated by iterating the system from starting
points.

Instead of viewing orbits in the phase space X, we apply the Frobenius-Perron
operator P, associated with the transformation 7, which defines the evolution of the

probability density function under 7. It is an operator acting on L*(X), the space of



Lebesgue integrable functions. The fixed point of P,, say f(x) which is a pdf, describes
how all the orbits will distribute in the future. This invariant density function f
defines an invariant measure y(B) = [ g fdL for B € B, where L is Lebesgue measure.
Among invariant measures of a dynamical system, the acim (usually it is absolutely
continuous with respect to Lebesgue measure) is of the greatest practical importance,
as it is a “physical” measure and can be simulated by computer. With the help of
the acim, we can study the ergodic properties of the dynamical system, for example,
the Birkhoff Ergodic Theorem 1.1.4 and the Poincaré Recurrence Theorem 1.1.2.

In practice, there is a natural interest in the stability of properties of chaotic
dynamical systems under small perturbations. If we consider a family of piecewise
expanding maps 7, : [ — I, a > 0 with acims {u,}, converging to a piecewise
expanding map 79 with acim g, then under general assumptions p,’s converge to
to. One such assumption is that inf |7/| > 2 for all @ > 0 (see [Baladi and Smania,
2010}, [Géra, 1979], [Géra and Boyarsky, 1989a] or [Keller and Liverani, 1999]). This
is useful in the study of the metastable systems [Gonzaléz-Tokman et al., 2011], or
to approximate the invariant densities [Géra and Boyarsky, 1989b].

[Keller, 1982] introduced the family of {W,} maps that are piecewise expanding,
ergodic transformations with a “stochastic singularity”, i.e. the pu,’s converge to
a singular measure. This occurs because of the existence of diminishing invariant
neighborhoods of the turning fixed point. The slopes of the W, maps converge to 2
and -2 on the left and right hand sides of the turning fixed point, respectively. In
Chapter 2 we will present more details.

Given two numbers, s; and s,, greater than 1, we consider a W-shaped map

9



with one turning fixed point having slope s; on one side and —s; on the other.
A W —shaped map is a map with a graph in the shape of the letter W for which
the middle vertex is a fixed point. More precisely, it is a map 7 : [ — [, piecewise
monotonic on the partition {1y, Iy, I3, 14} of I, I; = [a;—1,a;],7 = 1,2, 3,4, such that
T(ap) = 7(as) = 1,7(ay) = 7(a3) = 0 and 7(az) = as.

In Chapter 2 [Li et al., 2013], we consider the special case where s; = s = 2.
The perturbed maps W, are piecewise expanding with slopes strictly greater than 2
in modulus and are exact with their acims supported on all of [0, 1]. The standard
bounded variation method [Boyarsky and Géra, 1997] cannot be applied in this setting
as the slopes of the maps in that family are not uniformly bounded away from 2. Other
methods, for example, those studied in [Dellnitz et al., 2000], [Kowalski, 1979] and
[Murray, 2005] cannot be applied either. Using the main result of [Géra, 2009], it can
be shown that the p,’s converge to %,uo + %5(%), where 5(%) is the Dirac measure at the
point 1/2 and pq is the acim of the W map. Thus, the family of measures j, approach
a combination of an absolutely continuous and a singular measure rather than the
acim of the limit map. Similar instability was also shown in [Eslami and Misiurewicz,
2012] for a countable family of transitive Markov maps approaching Keller’s W map.

The result of Chapter 2 is generalized in Chapter 3, where a family of W —shaped
maps is constructed, and various instabilities are presented. Depending on whether
i + é is larger, equal, or smaller than 1, we show that the limiting measure is a
singular measure, a combination of singular and absolutely continuous measure or
an absolutely continuous measure, respectively. The main result is Theorem 3.2.1.
More importantly, this result inspired the introduction of the harmonic average of

10



slopes condition, which motivated the result concerning a stronger Lasota-Yorke type
inequality in [Eslami and Goéra, 2012]. It is also applied in Chapter 5 and Chapter 6.

In Chapter 4, we study the instability of the W —shaped map by observing the
unstable spectrum of its Frobenius-Perron operator. The second eigenvalues of the
perturbed Frobenius-Perron operators converge to 1, which is the maximal eigenvalue
of the Frobenius-Perron operator. We also discuss the relation between an unstable
second eigenvalue and a metastable dynamical system.

In Chapter 5, whose main results are also presented in the joint work [Géra et al.,
2012b], we apply the harmonic average of slopes condition to the transformation in
the class T(I), the class of piecewise expanding transformations. Here we use the
weak covering property, weak mixing and a generalized Lasota-Yorke type inequality
[Eslami and Goéra, 2012]. We weaken the slope 2 condition to ensure stability, obtain
the explicit constants concerning the lower bound of the invariant pdf, and the explicit
constants for the decay of correlations. We also extend our results to families of maps.

In Chapter 6, whose main results can also be found in the joint work [Géra et al.,
2012a], we continue to use the harmonic average of slopes condition. Instead of
the bounded variation technique (Lasota-Yorke type inequality), we introduce the
summable oscillation condition, and use Rychlik’s Theorem (see, e.g., [Boyarsky and

Goéra, 1997]) to show the existence of an acim and its stability.

11



Chapter 2

W —shaped Maps Having Singular Mea-

sure as a Limit of Acims

2.1 Introduction

Usually, the acim of a piecewise expanding map of an interval is stable under de-
terministic or even random perturbations. This means that if we consider a family
of piecewise expanding maps 7,, a > 0, with acims p,, converging to a piecewise
expanding map 7y with acim p, then under general assumptions p,’s converge to fi.
As we already discussed in Chapter 1, one such assumption is that for some positive
€ |1!] > 24 € for all a > 0.

[Keller, 1982] introduced a family of W-maps that are piecewise expanding and
exhibit a wide variety of behaviour. This was done to understand whether in di-

mension one the expanding constant ensuring stability is really 2 rather than 1 as

12



for zero-dimensional systems [Géra, 1979]. This regularity was later confirmed in
[Géra and Boyarsky, 1989a] by showing that this constant for a piecewise expanding
n-dimensional system with rectangular partition is n + 1.

Key to the complexity of Keller’s families is the fact that, as the parameter ap-
proaches 0, say, the behavior near a folded turning point plays a crucial role. This
turning point has slope 2 on one side and —2 on the other. Thus, the entire family
is uniformly piecewise expanding and each member has a unique acim. However, the
stability of probability density functions that one might expect in families of uni-
formly piecewise expanding maps does not occur. Keller provided an example of a
family for which the limit of acims is a singular measure. This occurred because of
the existence of diminishing invariant neighbourhoods of the turning point. Keller
conjectured that this is the only mechanism which can cause such limiting behaviour.

In this chapter we construct a family of simple W-maps which disproves Keller’s
conjecture. All our maps are piecewise expanding with slopes strictly greater than 2
in magnitude and are exact with their acims supported on all of [0, 1], but the limiting
dynamical behaviour is captured by a singular measure.

Standard bounded variation methods [Boyarsky and Géra, 1997; Dellnitz et al.,
2000; Kowalski, 1979; Murray, 2005] cannot be applied in this setting as the slopes of
maps in our family are not uniformly bounded away from 2. In this chapter we shall
utilize the main result of [Géra, 2009], which proves that the invariant probability
density function (pdf) for any piecewise linear map which is eventually expanding
has a convenient infinite series expansion. The estimates on the family of pdf’s
derived from this representation allows us to prove our main result, that the acims

13



of the family of W-maps approach a combination of an absolutely continuous and a
singular measure rather than the acim of the limit map.

In Section 2.2 we introduce our family and state the main theorem, which is proved
in Section 2.4. In Section 2.5, we show computational results for some pdf’s of the
W, maps when a is small.

The results obtained in this chapter (Sections , 2.4 and 2.5) were, after some

modifications, published in the paper [Li et al., 2013].

2.2 Family of W, maps and the main result

We consider the family {W, : 0 < a} of maps of [0, 1] onto itself defined by

(

1—4z, for 0<z<1/4;
2+a)(x—1/4), for 1/4<z<1/2;
1/24+a/4—(2+a)(x—1/2), for 1/2<x<3/4;

4(x—3/4), for 3/4<zx<1.

\

The map W, is Keller’s W-map [Keller, 1982]. We consider only small a > 0 as we
are interested in the limiting behaviour of the W,’s as a — 0. Fig. 1 shows the graphs
of W, for a =0 and a > 0. Every W, is a piecewise linear, piecewise expanding map
with minimal modulus of the slope equal to 2 4+ a. Every W, has a unique acim p,
supported on [0, 1] and is exact with respect to this measure. The transitivity of such
maps is proven in [Eslami and Misiurewicz, 2012]. The uniqueness of the acim and

exactness follow directly from the Li-Yorke paper [Li and Yorke, 1978].

14



1 y/ 1 ~
12} £ 12}
0/ . 0L .
0 4 12 34 1 0 4 12 34 1

a) b)

Figure 2.1: a) map Wy, b) map W,, a > 0, with a few first points of the trajectory of

1/2.

Let h, denote the normalized density of u,, a > 0. It is easy to check that for W,

1o has density

[N [eN]

, for 0<2x<1/2;

, for 1/2<x<1.

N[

Our goal is to prove the following theorem:

Theorem 2.2.1. As a — 0 the measures p, converge x-weakly to the measure

2 15
gNO‘Fg OF

where 5(%) is the Dirac measure at point 1/2.

The proof relies on the general formula for invariant densities of piecewise linear
maps [Gora, 2009] and direct calculations. The calculations depend on the parameter

a, but we suppress it whenever there is no confusion.

15



We spent some time on finding the proof to support this theorem. The first crucial
step was finding a special sequence of a’s, such that the W —shaped map is approxi-

mated by Markov ones, and then observing what happens as a approaches 0.

2.3 Markov subfamily, the heuristic idea for the

proof of the general theorem

In this section we consider a Markov subfamily of the family {IW,},>o. We consider
a’s such that for some finite m > 2, W (1/2) = 1/4. For these a’s all calculations
can be made in a finite form. Our method is different from the standard Markov
map approach. Other Markov subfamilies can be considered in a similar way. A 3-
parameter family of transitive Markov maps converging to the WW-map was considered
in [Eslami and Misiurewicz, 2012].

Let W, denote the i-th branch of the W, map, i = 1,2,3,4. Let s; = W(;il,z' =

1,2,3,4; Iy = [0, + ¢]. The associated Frobenius-Perron operator of W, is

1 1
P.f =—fosi + —a(f 0 82) X1, + 2+—a(f 0 83)X1, + Zf 054

Notice that XIo © 81 = 17XIO 082 = XIops XIp © 83 = [(2 + a)(i - %)7 % + %]7)(10 054 =0

let I :==[(2+a)(; — 9), 5 + %] whose left end point is W2(3), i.e. Wo(5 +9).

Let a satisfy:

1 1

W) = 23)

where m > 2 is the first time the trajectory of % reaches i.

16



Let us take 1 as the initial function to do the iteration P;'1 which will be denoted
by fnm. Let
1 a
[i: (= ) _7>:1727"'7 .
[Wa( 5+ 4) + 4] i m

After a certain number of iterations, using (2.3) we will get:

fn,m = Cn,0 + Qn0XIo + Qn1 X1, + Qn2X1, + 1+ Apom—1XTIm_1 + AnmXIms

where ¢, and a,;(i = 0,1,--- ,m) are constants. Now let us look at the f,,41.,. By

straightforward calculations, we obtain the following proposition.

Proposition 2.3.1. (1) ¢, 901 and ¢, o084 are again constant functions, ¢, Sa2X1,
and cp 0 © S3X1, are the characteristic function xr,;
(2) x1, 081 18 a constant function, X1, © S2X1s = Xlos Xlo © S3XIo = XI1» Xl © S4 18 0;
(3) Fori=1,2,---,m—1, xg,081 and x1,054 are 0, X1,052X1, = XI,4,» XI,053X1, =
X1 s

(4) x1,, 051 and xy,, © s4 are 0, X1,, © S2X1o = XIo» XIm © S3XIo = XI -

Thus, we have the following proposition.

Proposition 2.3.2. For n sufficiently large, f,.., always has the form:

fn,m = Cn,0 + Qn0XIo + 1 X1, + Op 2X1, + - F Anom—1XIm_1 + O mXIm»

17



and

Cn+1,0

Q41,0

Q41,1

an+1,m

A,, is given by

N[
(=

where Ay, is (m+2) x (m + 2).

We also need the following proposition.

Proposition 2.3.3. (2.3) is equivalent to:

Cn0

Qp 0

Q1

Qn.m

m—1
2+a)" =) (2+a) =
=0

(2.4)



Proof. Actually, equation (2.4) is:

a2+a)"+1 1

1+a a

Y

which is equivalent to

L a2+a)”+1 1 1

4 1+a 2

By equation (2.3) and Lemma 2.4.3(I), we finish the proof. O

Using Proposition 2.3.3, we can find the fixed vector of A,,. If we denote it by
(¢, 0,1, , ), then up to a multiplicative constant the invariant function of P,
is

Gm = C+ aoXr, + a1Xn + QaX1, + 0+ QXL T QX

where
1
c = —
2a
1
oy = —
a

o = (2+a)m_1

ay = (2+a)"?

Um_o = (2+a)?
U1 = 2+a
oy, = 1

Let us normalize g;,. First, we multiply g, by @, and denote the new function by

I =C+ Boxiy + Bixn + Baxr, + -+ Bm—1 X1 1 + B Xl

19



where

N —

Bo = 1
Bio= a2+a)"!

By = a2+a)"?

Bz = a(2+a)?
fPm-1 = a(2+a)

ﬁm:a-

It follows from (2.4) that (2 +a)™ = =, so

1
a(2—|—a)m_1:a(2+a) — oo as a — 0.

The length of I} is

k—1
|Ik|:f (2+a)=> (2+a)), k=12 m,
i=1
and
1 1
/ﬁk)gde = /a(2+a)m_k)gde
0 0
B 1@3(2 +a)™ + a?(2 + a)m kL
4 1+a
1a+(2+a)
4 1+CL> ks y 4y ,m
Thus,

m 1 m
S [ s = Y4
k=1"0



1
I~ Gram
1

1_2+(L

1ma+

4 1+a

1—a?
— 1

1ma+1

2+a

4 1+a

Now, let us look at the term ma. By (2.4) we obtain:

. . —2alna

limma = lim ——

a—0 a—0 ln(2 + a)
= lim-—————(—alna)

a—01n(2 + a)
= 0.

This implies that lim Y A, = 3.

On the other hand, let m; = [m/2]. We have

iy a4+ SEET
li A = li = " 2%a
mln—{{)okzz; k mllI_I)loo 4 1 +a
mia + =4
—  lim 1 =5
m1—>oo4 1+a
1
2
Moreover,
1 k-1 "
|Ik|:1a((2+a)’f_ (2+a)i)>z,k=1,2,---,m.

i=1

The left endpoint of I}, will be smaller than % since the right endpoint of I} is % + 9

for k =1,2,---,m. Notice that the length |I| is increasing as k is increasing.

1a*(2+a)™ +a(2 +a)

I.,.| =

‘ 1‘ 4 1 ‘I’ a
1 2
latal2+a) o0 0,
4 1+a

so all the intervals Iy, Iy, - - -, I,,, concentrate at %
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On the interval [0, %) and (%, 1], we have

1

2 3
/ C+50XIodL:Z
0

and

/10+5 aL—t195 1 a0
= — — —.,as a
% 0X1Io 4 4 47 )

so the invariant measure is

12 1 2
0|1 +-
3|+43

OO\[\D

“2L o1, 2L [1 9= L %+5|1+L| 1]

hﬁ\w

where L and ¢ denote the Lebesgue measure and Dirac measure, respectively.

2.4 Proof of Theorem 2.2.1

This section contains the proof of Theorem 2.2.1, divided into a number of steps.

2.4.1 Formula for non-normalized invariant density of W,

We adapt the general formulas of [Géra, 2009] to our case and obtain the following

formula for f,:

Lemma 2.4.1. For small a > 0 there exists A < —1 such that

—1+24 <Z X (B(1/2,m) "(1/2))> . (2.5)

|5( 1/2 n)|

1s a W-invariant non-normalized density.

Here,

X[0,] for t >0
X*(t,y) =

X[y,1] for t <0,
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and 3(1/2,n) is the cumulative slope along the n steps of the trajectory of 1/2 defined
by:

B£(1/2,1) =2+ a, and
B(1/2,n) = (2 +a) - Wi (Wa(1/2)) - Wo(WZ(1/2)) - - Wo(W;~1(1/2)), for n > 2.

The detailed justification of formula (2.5) is in Subsection 2.4.2.

For small positive a, the first image of 1/2 is W,(1/2) = 1/2 + a/4 and the next
image lands just below the fixed point slightly less than 1/2. The following forward
images of 1/2 form a decreasing sequence until they go below 1/4. Let k be the first
iterate j when W7(1/2) is less than 1/4. That is, k = min{j > 1: WJ(1/2) < 1/4}.

Then, the consecutive cumulative slopes of 1/2, namely 5(1/2,5),1 < j <k, are

2+a),—(2+a)*—-2+a)?,...,—(2+a)",
and
k
X[0,Wa(1/2)] Xiwi1/2),1]
=14 24 | 22T AL BT 2.6
fo=1+ <(2+a) +]Z:; Gty t ) (2.6)

2.4.2 Justification of the formula for f,

Using the notation of [Géra, 2009], we have the following lemma:

Lemma 2.4.2. (a) N=4, K=2, L=0;
(b) a=(1,1/2+a/4,1/24+a/4,1), 5 =(—4,24+a,—(2+a),4), v = (0,0,0,0);
(¢) The digits A = (ay,a9,as,ay), where a; = —1,a0 = 1/2+ a/4,a3 = —3/2 —

3a/4,a4 = 3;
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(d) There are two c¢;’s, which are ¢y = (1/2,2) and co = (1/2,3), and j(c1) = 2,
j(ea) = 3. Then, Wy, = {c1,c2}, W =0, Uy = {c2},U, = {c1}.

(e) Blcr,1) = 2+ a since j(c1) = 2, then B(c1,2) = —(2 + a)? and B(cy, k) =
—(2+4 a)* up to k defined in Subsection 2.4.1, k = min{j > 1: Wi(1/2) < 1/4};

(f) Blca,1) = —(2 + a) since j(ca) = 3, then B(ce,2) = (2 + a)? and B(cg, k) =
(24 a)k up to the same k in part (e), W (cy) = W(cy) for all n;

(g9) Based on (f), we have the following for the matriz S =S, ;,i,7 =1,2:

For ¢y € U,

S, = f: 6(B((c1,n) > 0))6(Wg'(cr) > 1/2) + 6(B((c1,n) < 0))6(Wg'(er) <1/2)
7 n=1 |5(Cl>n)| ’

S,y = i 6(B((c1,n) > 0))6(Wy'(cr) > 1/2) + 6(B((c1,n) < 0))6(Wy'(er) <1/2)
[ |B(c1,n) ’

Forcy € U

5, = i 6(B((c2,n) <0))6(Wy'(c2) >1/2) 4+ 6(B((c2,n) > 0))6(Wy'(c2) < 1/2)
7 n=1 |5(C2>n)| '

Sy = f: 6(B((c2,n) <0))6(Wg'(c2) > 1/2) + 6(B((c2,n) > 0))6(Wy'(c2) <1/2)
7 n=1 |5(C2>n)| '

where §(“condition”) is equal to 1 if the “condition” holds and to 0 if it does not.

Remark 2.4.1. It follows from (e, f) of Lemma 2.4.2 that S, ; are equal for 4, j = 1, 2.
Let Id be the 2 x 2 identity matrix, V' = [1, 1]. Then, for the solution, D = [D;, D,],
of the following system :

(=ST+1d) D" =V", (2.7)

we have Dy = Dy. Let us denote them by A.
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Let Iy, Iy, I3, I, be the partition of I = [0, 1], where [} = [0,1/4), I, = (1/4,1/2), I3 =
(1/2,3/4) and I, = (3/4,1]. Let py = —4,02 =24 a,83 = —(2+ a), and f, = 4. We

define the following index:
jlx)=jforzel;,j=1234,

and
jler) =2,5(c2) = 3.

Already defined for Lemma 2.4.1 we have cumulative slopes for iterates of points:

6($7 ]-) - ﬁ](x)a and 5(33777') = 6($an - 1) ’ BJ(W(?*I(;(;))’ n =2 )

and

X[0,4] for t >0
X*(t,y) =

X[y,1] for t <O0.

Using Theorem 2 in [Géra, 2009] directly, we obtain Lemma 2.4.2. Now, we can prove

Lemma 2.4.1:

Proof. First, by part (g) of Lemma 2.4.2, since the first and fourth branches of W,

have slope of modulus 4 > 2 + a,

it 1 1
SZ"< = <1.
’J_Z(2+a)" 1+a

n=1

On the other hand, for small a

1 1
+ 5 > 1/2.

S5 >
7T 24a  (2+a)
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Now, the solution of the system (2.7) will be Dy = Dy = < —1. By Theorem

1
1-251,1

2 in [Géra, 2009], it follows from (d, e, f) of Lemma 2.4.2 that:

X Clv 7 X 027 7W(:L(C2))
= 14D + D
I 12 wcln 22 IBC2, ]
X Cla a 1/2 X CQa a (1/2))
= 144 + A
Z |5 C1, n Z W C2, )|
v (8(1/2,n) W"<1/2>>
= 1+2A4 ,
(Z B(1L/2.n)
which completes the proof. [

2.4.3 Estimates on f,

Recall that k = min{j > 1: WJ(1/2) < 1/4}. Clearly, k > 1. Furthermore, we have

the following lemma:

Lemma 2.4.3. (I) for2 <m <k, W™(1/2) = _ia%’:l“ + %;

(IT) lim ak = 0;
a—0

(I11) lim = 0.

(2+ )k
Moreover, if we let ki = [%k‘] (integer part of 2k/3), we have

(IV) lim

%
a—0 a(2+a)k1

(V) lim a?(2 4 a)k* = 0;

a—0

(VI) lim Whi(L) = 1.

a—0 2

= O"

Proof. Suppose (1) is true. By the definition of k, 0 < W*=1(1/2) < 1/4. That is,

1 a+a)t+1 1 1
< —= — < - 2.
T R (2:8)
The first inequality of (2.8) implies
a?(2+a)f 2 < 1. (2.9)
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Thus

In(2+a) —2Ina 2alna
k< — 920 — —
we=a In(2 +a) ez In(2+a)’
o < 2T

2+ a);

2 k (2+a)
a (2‘|‘a) ' < (2_'_a)k—k1’

so we obtain (V), and since lin(l) alna = 0, we obtain (II). and the second inequality
a—r

of (2.8) implies

1 < O
al2+a)k ~ 2+4+a’

(2.10)

letting a — 0, we obtain (III).

On the other hand, (2.10) implies that

24a k—k1
1 - a(2 4 a)Fh - (2+a)5 (2+a) 1

a24+a)r =  24a 2+a 2+a)5

By the definition of k;, we obtain (IV). Finally (VI) follows from (I) and (V).

Now, let us prove (I). For m = 2, it is easy to check that W2(1/2) = 2_“4_“2 which

is the same as —iaa@;ffl + 5. Suppose (I) holds for m =i < k, that is

1 a22+a)"t+1 1
——a + =
1+a 2

Wa(1/2) =

Then, for m =141,

1 a@+a)~t+1 1 1

H12) = (2 - 5T
Wit1/2) = @+t
1 a2+a)+2+a 1 a
4 1+a 2 4
1l a@+a)+1 1
4 l+a 2
This completes the proof. [
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Let §(“condition”) be equal to 1 if the “condition” holds and to 0 if it does not.

Lemma 2.4.2 implies that

g . _ i 0(5((1/2,n) > 0))6(W,;(1/2) > 1/2) + 5(B((1/2,n) < 0))4(
o 6(1/2,n)]

. Since

Wr(1/2) < 1/2)

n=1
Also, it was shown there that A = —-—
1,1
1

-1 T ~ Gr
_ 2+4a 2+a)k1
SLlan::l(Q‘l—a)n_ 1_ 1 ’

2+a
and
- 1 1
S < ~ = ;
“~ (2+a) 1+a
we have
1 1
= AL (2.11)
a 1+(2+a)k1 a—1

Note that, for small a, both estimates A; and A;, are smaller that —1.

Let us define,
k1

X[0,Wa(1/2)] 1/2 WJ(I/2
g1 = 2 + a Z 2 + CL )

and
1

— ];1 2—|—a (14+a)2+a)k

Let us further define f; = 1+ 24,9, and f, = 1 + 24,¢g,. It follows from (2.6) and

(2.11) that
fi < fa< [ (2.12)
Let X1 = Xo,1/2+0/4 X5 = Xwi(y2),1/240740 7 = 235+, k1, Xe = X1/24a/4,1)- Now
we will represent the functions f; and f;, as combinations of functions x;, 7 =1,...,k
and x.. After some calculations, we obtain:
k1

Xn
- A1) +24)) "
i <2+ ! )Xl zn:2 2 +a)n
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1 1
4a  (2+a)k1 1
g e @rof Y

k1 1 1
2 n a ak
fr = {Ah +1]X1+2Ah§;><7+<2w+1)%
24+a

—~(24a) a—1
Note that (2.11) implies that both A;, A are smaller than —(1 4 2a). Using this we

can show that all the coefficients in the representation of f; and f, are negative for

sufficiently small a.

2.4.4 Normalization

Let us define J; = [0, Wk (1/2)], Jo = (WF(1/2),1/2+a/4], J3 = (1/2+ a/4,1]. We
will calculate integrals of f; over each of these intervals and use them to normalize

fn. We have

1+a 1
— L = 2 1 L
=, Ind /J{ (a—12+ )+ }de

- () g - G

a—12+a 2 (a—1)24a) * "2

Using Lemma 2.4.3, we have hH(l) L= —%. In the same way we can see that for any
a—

0 < a < 1/2, we obtain

lim — /fhdL— — (2.13)

a—0

On the interval J5, the integral of f;, is:

l4+a 1 1+a
— I = 2 1 L 2
Ca= [ Ind /J{ <a—12+ )+ }de - Z/Jz Tty
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— a2+—3a (; + a Wfl(l))

(a—1)(2+a) 4 2
plta| (-1 o 1 gram
a—1142+a)(1+a) 4(14+a) 1+4a ’

Using Lemma 2.4.3, we have

lim &2 = 1 (2.14)

On the interval J3, the integral of fj, is:

1 1
Cy= | frdL :/ g2ta (et | 4 YedL
J3 J3 a—1
1
2

+
1 %
_ (2 2+a (2+a)*1 + 1) (

a—1

Using Lemma 2.4.3, we have

In the same way we can see that for any 0 < a < 1/2, we obtain

1 [t 1/1
lim — dL = —= | = — . 2.1
agéa[/2+afh 2 (2 Oé) ( 5)

If we define B = C 4+ Cy + C3, then % is a normalized density. We see that

. B 3
lim — = —— .
a—0 @q 2

2.4.5 Conclusion of the proof

Now, we will use our foregoing calculations to show that the normalized measures

(fn/B) - L converge *-weakly to the measure 3o + %5(%), as a — 0.
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For any interval [0,a], 0 < a < 1/2 as a — 0, formula (2.13) implies

~iq
lim/ Jn dL = = (2.16)

3
—0 —=
“ 2

For J,, which converges to the point 1/2, formula (2.14) implies

lim/ Ihgr —

a—0

= 3 (2.17)

I
w\m‘le
|

For any interval [1/2 + a, 1], 0 < a < 1/2, formula (2.15) implies

hm/1 fhdL_le(l—a) . (2.18)

=0 J1/24a —% 3

Formulas (2.16), (2.17) and (2.18) together show that measures (f,/B) - L converge

*-weakly to the sum of the measure with density x(o,1/9 + éx[l /2,11 and % of a unit
point mass at 1/2, i.e., to the measure 3,u0 + 15 (L)

Now, we will show the same for the normalized measure defined using f;. To this

end, let us note that

1
fo—Ti hgi 19h (An L] l(1+a)(2+a)’“
l+a  =2/2+a)" 1
= 2 g1 — 24, '
a—1la—1+2/2+a)k (1+a)(2+a)k

where |g;] < 1 and lim, ,o 4, = —1. Using Lemma 2.4.3 once again, we can show

that, for any subinterval J C [0, 1], we have

J

a—0 @

For J = [0, 1] this means that the normalizations of f; and f;, are asymptotically the
same. Thus, the limit for a general J implies that the x-weak limit of normalized
measures defined using f; is the same as for those defined using f;. Together with
inequality (2.12) this proves Theorem 2.2.1.
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2.5 Computational results

We present in Fig. 2 graphs of W, normalized invariant densities for a): a = 0.1,
b): @ = 0.05 and ¢): a = 0.01. They were obtained using Maple 13. Note that the

vertical scales of the graphs are very different.

6 124 { 60

1-__r'J - 1__J

0 : 0
0 12 10 112 10 12 1
a) b) ©)

Figure 2.2: W,-invariant pdf’s for a): a = 0.1, b): @ = 0.05 and ¢): a = 0.01.
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Chapter 3

W —shaped Maps with Various In-

stabilities of Acims

3.1 Introduction

In this chapter, we construct a family of maps for which the instability of the acims
has a global character, not a local one. In the more general case considered in this
chapter, with s, s9 not necessarily equal to 2, we will discuss the limits of the acims
ttg of the {W,} maps. We have three cases:

(I) If i + é > 1, then p1,’s converge *-weakly to 6 1.

=

(IT) 1f i + é =1, then pu,’s converge x-weakly to

(gs1 +ps2s—p —q)(s2+2) o + 25,53 5
0
(gs14+ps2 —p — q)(s2 + 2) + 2rs;53 (qs1 +psa —p—q)(s2 4+ 2) + 2rs153 (

N
—

where p, ¢ and r are parameters defining our family of maps.
(III) If i + é < 1, then p,’s converge to .
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Additionally, in Theorem 3.2.2, we prove that in case (III) the densities of the u,’s
are uniformly bounded. The first case of our result contains the example in which
Keller [Keller, 1982] obtained the “stochastic singularity.” In the second case, the
limit measure is a combination of an absolutely continuous and a singular measure,
and this combination is varying according to p, ¢ and r for fixed s; and ss. This is a
generalization of the result of Chapter 2 [Li et al., 2013]. In the third case, we have
a map with a stable acim.

At the end of this chapter, we use our main results to provide an interesting ex-
ample. [Keller, 1978] and [Kowalski, 1979] proved that for a piecewise expanding
map 7 : I — [ with m being a function of bounded variation, the density of the
acim of 7 has a uniform positive lower bound on its support. We construct a family
of piecewise expanding, piecewise linear maps 7, such that 7,, are exact on [0, 1], 7,
converge to 7 = Wy (s1 = s2 = 2), |7),| > 2 for all n but the densities of the acims
14n’s do not have a uniform positive lower bound.

In Section 3.2, we introduce our family of W, maps and state the main result. In
Section 3.3 we present the proofs. In Section 3.4, we show the example related to the
results of [Keller, 1978] and [Kowalski, 1979].

The results obtained in this chapter (Sections 3.2, 3.3 and 3.4) were, after some

modifications, published in the paper [Li, 2013].
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3.2 Family of W, maps and the main result

Let s1, s2 > 1 and p, g, r > 0. We consider the family {WW, : 0 < a} of maps of [0, 1]

onto itself defined by

4

2(s1+pa) 1 stra |
1 2ot g for 0<z< -2
1 ra
(s1 +pa)(x —1/2) +1/2+ra, for %_8211pa§x<1/2;

Wa(z) = (3.1)
—(sa+qa)(x—1/2)+1/2+ra, for 1/2<z<;+ Ltra

s2+qa

1+ 2t (p 1), for §+ i%qa <zr<1.
For each choice of sy, s > 1, p, ¢, r > 0, we consider only a > 0 such that 0 <
W,o(z) <1 for z € [0,1].

An example of a W, map is shown in Fig.3.1. Fig.3.1(a) is the unperturbed Wj
map with turning fixed point at 1/2 and s; = 3/2, so = 3. Fig.3.1(b) is the perturbed
map W,, with a = 0.05, r = 2, p = 3, ¢ = 2. The slope of the second branch is
s1 + pa = 1.65, the slope of the third branch is sy + ga = 3.1, and Wy ¢5(1/2) =
1/2+ra=0.6.

Every W, has a unique acim g, since all the slopes are greater than 1 in modulus.
We will show later that, for i + i <1, g is supported on [0, 1] and for é + é > 1it
is supported on a subinterval around 1/2. W, is an exact map with the measure .

Let h, denote the normalized density of u,, a > 0. Since the W, map is a Markov
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0.8 0.8
0.6 64 \ g =
041 0.4
/f/ ,,,,,,,,,,,,,,,,,,,,,
0.2 ,/') 021 /T'i:/' ;
o 02 04 06 038 1 0 02 04 06 08 1
(a) (b)

Figure 3.1: The W-shaped maps with i + i = 1: (a) Wy with s; = 3/2 and s, = 3,
(b) W, with s; = 3/2, s5 = 3; a = 0.05; 7 = 2, p = 3, ¢ = 2; also several initial points

of the trajectory of 1/2.

one, it is easy to check that

Zmletd) o 0 << 1/2;

2s182+s1—s2 7

2ol e 1/2< <1,

2s182+81—52

Our main result is the following theorem

Theorem 3.2.1. As a — 0 the measures p, converge x-weakly to the measure

(1) &

(gs1+ps2—p—q)(s2+2) 2rs1s3 el 1 .
(]U (gs1+psa—p—q)(s2+2)+2rs1 53 Ho + (gs1+ps2a—p—q)(s2+2)+2rs1 s3 6(%)’ if s1 + s2 L

1
2

where 61 is the Dirac measure at point 1/2.

The proof relies on the general formula for invariant densities of piecewise linear
maps [Gora, 2009] and direct calculations. Most objects and quantities we use depend
on the parameter a. We suppress a from the notation to make it simpler.
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In case (III), we actually prove a little more:

Theorem 3.2.2. [f i + i < 1, then the normalized invariant densities {h,} are

uniformly bounded for given p, q¢ and r. Consequently, we obtain Theorem 3.2.1(111).

3.3 Proofs of Theorem 3.2.1 and Theorem 3.2.2

This section contains the proofs of Theorems 3.2.1 and 3.2.2, divided into a number

of steps.

3.3.1 Assume i + é > 1

Let

$1—1+pa—2ra
2(sy — 1+ pa)

*

SL’l:

and

o 5251 = 54 (2rs1 — g+ pss + gs1)a+ (2rp + pg)a’
" 2(s1 — 1+ pa)(s2 + ga) '

x} is the fixed point on the second branch of W,, and z is the preimage of x] under
the third branch of W,. Both z; and x] converge to % as a approaches 0. For small

a, we have

ralsi1ss — s1— S2 + a(qs1 + ps2 — p — q + pqa)]

W, (1/2) — ;= (s1 — 1+ pa)(sy + qa)

< 0.

In this case, we have Wo([z], z7]) C [2],27]. Walmr ey is a skewed tent map with

W,(1/2) > 1/2; it is known that with acim p,, it is ergodic on [W2(1/2), W,(1/2)].

*

Since p, is concentrated on [z}, z}

|, we conclude that p, converge s-weakly to O 1.
This proves Theorem 3.2.1(1).
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Fig.3.2 shows an example with a = 0.05,r =2,p=3,¢ =2; 51 =4/3,50 = 5/2.

0.8
0.6
0.4+ £y
/A—
0.2
0 02 04 06 08 1

Figure 3.2: The W, map with i + é > 1

3.3.2 Formula for the non-normalized invariant density of IV,

An example of a map W, is shown in Fig.3.1. We have the following proposition.

Proposition 3.3.1. For i + i <1, the map W, has an acim p, supported on [0, 1]

and the map W, with respect to p, is exact.

Proof. W, is a piecewise expanding transformation. From the general theory (see for
example [Boyarsky and Gora, 1997]), it follows that it is enough to show that the
images W (J) grow to cover all [0, 1] as n — oo, for any interval J C [0, 1]. Since W,
is expanding, W (J) grow until some image W °(.J) contains an internal partition

point. If this point is not 1/2, then W™ T2(.J) contains the repelling fixed point 1.

Then its images grow to cover all of [0, 1]. If this point is 1/2, we proceed as follows.
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First, assume that i + é < 1. Consider a small neighborhood J = (21, z2) around

1/2 with length ¢, then

1 1 1
min max {(5 — z1)(s1 +pa), (za — =)(s2 + qa)} =—F1(>"0

zo—z1=L 2
e s1+pa s2tqa

Thus, the interval J will grow until its image covers two partition points of W,. Then
the second iteration afterward will cover [0, 1]. Therefore, W, is exact with respect

ot .

Assume i + i = 1. If a # 0, then m > 1, which implies W, is exact with
respect to fi,. In the case a = 0, we first note that 1/2 is a turning fixed point. Take
again a small interval J = (21, 22) 3 1/2. Its image is an interval (z,1/2). It will grow
under iteration and its iterations still contain 1/2. It will grow until its image covers

another partition point of W,. Then, the second iteration afterward will covers all of

[0,1]. Thus, W, is again exact with respect to . O

We adapt the general formulas of [Géra, 2009] to our case and obtain the following

lemma:

Lemma 3.3.1. (I) N=/, K=2, L=0;

(I1) « = (1,1/2+ra,1/2+ra,1), B = (B, B2, B3, B4), where B = — 2(s1+pa)

s1—14+pa—2ra’

52 = 51+ pa, 53 = _(82 +qa) and ﬁ4 - %7 Y= (0a070a0) ;

(I1I) The digits A = (ay, as, as, ay), whereay = —1,ay = W, as = —W,

s2+1+qa+2ra

a4 = s1—1+pa—2ra

(IV) There are two ¢;’s, which are ¢y = (1/2,2) and ¢y = (1/2,3), and j(c;) = 2,
j(ca) = 3. Then, Wy, = {c1, 2}, Wi = 0, Uy = {2}, Uy = {c1} ;
(V) B(c1,1) = 81+ pa since j(c1) = 2, then B(c1,2) = —(s1 + pa)(sy + qa) and
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B(cr, k) = —(s9 4+ qa) (s + pa)k~t up to some k which is the first moment j when the

Wi(1/2) is less than & — 15/12:1;“, and is the same one defined in Lemma 3.3.4 ;
(VI) Bleg, 1) = —(s2 + qa) since j(cz) = 3, then B(cg,2) = (sq 4 qa)? and (co, k) =
(52 + qa)*(s1 + pa)*=2 up to the same k in part (e), Wr(c;) = W(cy) for alln ;
(VII) Based on (VI), we have the following for the matriz S = (Si;),<; <o

For ¢, € U,

Sii— f: 0(B(er,m) > 0)6(Wr(er) > 1/2) +6(B(c1,n) < 0)§(Wr(ey) < 1/2)

— |B(c1,m)] ’

& 6(Blen,n) > 0)6(Wr(er) > 1/2) + 6(B(er,n) < 0)6(Wr(er) < 1/2)

S12= 2 Blewn)] |
Forcy € U

Sp1— i 8(B(casn) < 0)6(W2(c2) > 1/2) + 8(B(ca,m) > 0)6(Wr(c2) < 1/2)

n=1 |5(C2>n)| '
= 6(Blea,n) < 0)8(Wr(ea) > 1/2) + 8(B(ca,n) > 0)5(W(c2) < 1/2)
2= 2 [Blea ) ‘

Remark 3.3.1. Tt follows from (V, V) of Lemma 1 that

S+ qa

51,1 = 51,2 ) 52,1 = 52,2 and 51,1 =
S1 + pa

Sa.2 .

Let Id be the 2 x 2 identity matrix and let V' = [1,1]. Then, for the solution,

D = [Dy, Dy, of the system :
(=S"+1d) D" = VT, (1)

we have Dy = Dy. Let us denote them by A.

Let Iy, I, I3, I be the partition of I = [0, 1] into maximal intervals of monotonicity

of Wy: I = [0, M)_& — (M 1/2), 15 = (1/2, W) and I, =

2(s1+pa) 2(s1+pa) 2(s2+qa)
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( s2+1+qa+2ra

S(ntaa) 1]. We define the following index function:

jx)=iforz e l;;1=1,2,34,
and
jler) = 2,j(c2) = 3.
We define the cumulative slopes for iterates of points as follows:
5(3:7 1) - 6]'(:(:)’ and 5(1’,71) = 6(1’,7@ - 1) : 6j(Wg*1(m))> n Z 2.

In particular, we have
B(1/2,n) = (s1 +pa) - Wy (Wa(1/2)) - Wo(WZ(1/2)) - -- W (W™H(1/2)) ,

which is the cumulative slope along the n steps of trajectory of 1/2. Recall that k
is the first moment j when the W7(1/2) is less than § — Lzira etk = [2k] (the

s1+pa

integer part of 2k/3). Note that k; — oo as @ — 0. Let

X[0,2] for t>0;
Xo(t ) =

X[z,1] for t<0.

Now, we can obtain the following formula for f,:

Lemma 3.3.2. Let

) sitpa, (X (B(L/2,m), W2 (1/2)
fa_1+(1+82+qa)A<; B(1/2.) )

Then f, is W, invariant non-normalized density. Furthermore, for small a > 0, we
have:

1,1 _ )
(D If -+, =1 then A <—-1,

41



(11) [fijti < 1, the sign of A depends on s; and so, can be either positive or negative

depending on the sign of 9 = 1 — <31+32 + 3(1;1’321)> =1 — suts2 <1 + ﬁ) The

5182 5182

case when ¥ = 0 is discussed at the end of Section 3.3.

Proof. By the Theorem 2 in [Géra, 2009], it follows from (IV,V,VI) of Lemma 3.3.1

that:
- X (Bler,n), W, X (—B(ca,n), Wi(c2))
= HDZ; |5<c1,n DQZ w c2,)
o - Xs(ﬁ(Cb )7 1/2 X 029 > (1/2))
= LA AZ [B(co )

) 31+pa X*(B(1/2,n), Wr(1/2))
= 1+(1+ 52+qa (Z \51/271)\ )

Let s = min{ 25 25 g 32} Note that s > 1. Since

s1—17 so—17

S ! 11 Gt

(s1+pa)”  s1+pa sy+qa s;+pa—1

1
31+pa So + qa

Sii >

> LM

n=1

A

1 1
S + + —
MUS s 4pa sy+qa (n “ (s1+pa)*  (s1+pa)t nz:; s")

! 1 1- (S1+p31)"1 1 1 1
= _'_ ’
si1+pa  sy+qa\ sy +pa—1 (s1+pa)—ls—1

and A = 1—81+§§£§Z+qa51,1’ we have
1 1
A= <AL = Ap,
1= (k+ (1 = rpae) L= (k+ (1 = ) T W)
(3.3)
s1+s2+patqa _ s1+s2+patqa __ S1ts2+pa+tqa 1 1

where r = (s1+pa)(s2+qa) ’ n= (s2+qa)?(s1+pa—1)’ W= (s2+ga)?  (si+pa)k1—1s—1-

(I) Note that for small a both estimates A; and Ay, are smaller than —1 since both
r and 7 are smaller than 1 and close to 1. Furthermore, as a approaches 0, both
and 7 approach 1, w approaches 0.
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(IT) As a approaches 0, x and 7 approach *1*52 and 31+32 respectively. Again,

5182 s1—1)7

note that for small a, estimates A; and Aj, can be either positive or negative, and

they have the same sign. 1

For small positive a, the first image of 1/2 is W,(1/2) = 1/2+ ra and the next one

falls just below the fixed point z; slightly less than 1/2. The following images form

1/24ra
s1+pa

a decreasing sequence until they go below % — . Since k is the first iteration j

when the W7(1/2) is less than £ — 22 the consecutive cumulative slopes of 1/2

2 s1+pa ’
are
(s1 4 pa), —(s1 + pa)(s2 + qa), —(s1 + pa)?(s2 + qa), ..., —(s1 + pa)*~'(s2 + qa) ,
and
S1 + pa k Xw?
fo= 14 (14 L2 [ XoWe(t/2)] +Z [W“l/2)1] +.o). (34
s2 +qa (51 4 pa) = (s1+ pa)i=t(sy + qa)

3.3.3 Estimates, normalizations and integrals on f, for i +

<1
o <

Remembering that k = min{j > 1: W7(1/2) < £ =129 and ky = [2k] (the integer

1
2 s1t+pa

part of 2k/3), we will give the estimates on f,.

Let us define

X[0,Wa(1/2)] 1 Xwia/a.
0,W4(1/2 Wa(1/2),1
| + >

(

g1 = s1+pa S2 + qa j=2 s1+pa)i—t’
and
gn = gi 3+ qa P (51 + pa)ki—1si =9 (s9+qa)(s —1)(s1 + pa)—1 -

AISO, let X1 = X[0,1/247ra]y Xj = X[Wg(1/2)71/2+m}aj = 27 3> sy k1> Xe = X(1/2+ra1]-
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3.3.3.1 Estimates on f, if i +L=1

52

We have the following lemma:

Lemma 3.3.3. For the family of W, maps, if i + i =1, we have

(I) Wo(1/2) = 1/2+ra, W2(1/2) = —ra(sy +qa) +1/2+ra, and for 3 < m < k, we

m 2 m—27(g81+ps2—p—q)+rpga | si—l+pa—2ra .
have W™(1/2) = —a*(s1 + pa) s1tpa—1 + 2(s1+pa—1) ’

(IT) lim ak = 0;
a—0

(I17) lim ——— = 0;

a—0 a(s1+pa)®
(IV) lin ey = 0
(V) lim a*(s; + pa)™ = 0;
a—0
(VI) lim Wi (3) = 1.

Proof. Suppose (I) is true. Let us first prove that (II) and (III) are true.

By the definition of k, we have:

0 < _a2(81+pa)k_2r(qsl +pse—p—q)+rpga sy — 1+ pa—2ra 1 1/2+ra
- 51 +pa—1 2(s1+pa—1) — 2 s +pa’
(3.5)

The first inequality of (3.5) implies that (s1 4 pa)*? < 5 (T(q‘:jrgffi’;‘; Trpqay thus

In(sy — 1+ pa—2ra) —In2 —2Ina — In(r(gs; + pss — p — q) + rpqa)
a

k<
“we= In(s; + pa)

+ 2a,

< Vs1 — 1+ pa —2ra(s; + pa)
= V2(r(gs1 + ps2 — p — @) + rpga)(si + pa)t/2’
(s1 — 1+ pa — 2ra)(s; + pa)?
2(r(gs1 +ps2 —p — q) + rpga)(sy + pa) =+’

a*(s1 +pa)t <

so we obtain (V), and since linéalna = 0, we obtain (II).
a—
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The second inequality of (3.5) implies

1 < 2a(r(gs1 +pss — p — q) + rpga)(s1 + pa)
a(sy + pa)k—2 — sy — 1+ pa—2ra '
Therefore,
1 < 2a(r(gs1 +ps» —p — q) +7pga) (3.6)

a(sy+pa)t = (s1—1+4pa—2ra)(si + pa)
and as a — 0, we obtain (III).
On the other hand, (3.6) implies

1 2a(r(gs1 +ps2 — p — q) +rpga)(sy + pa)* ™M
a(sy + pa)kr — (s1+ pa —2ra —1)(s1 + pa)
V2(r(gs1 + ps2 — p — q) +rpga)(si + pa)t M
V81 + pa — 2ra — 1(s1 + pa)k/?
V2(r(gs1 + psa —p — q) + rpga)
V/s1 + pa — 2ra — 1(sy + pa)kr—F/2

N

IN

By the definition of ki, we obtain (IV). (VI) follows from (V).
Now, let us prove (I).

The fixed point slightly less than 1/2 is z} = %, and

ra®(q(s1 — 1) + p(sy — 1) + apq)

2; — W2(1/2) = S

> 0,

which implies that W/ (1/2) are all in the domain of the second branch of W, for

3 <m < k. For a linear map 7T'(z) = mox + by, we have T"(x) = m{x + Z‘jj by. This

proves (I). O

Using (3.4) and (3.3) we see that for the functions f; = 1 + (1 + 2*%)A;g;, and

sa2+qa

frn=1+(1+ 2\, q, we have

Sa+qa



Now, we will represent functions f; and f. as combinations of functions x;, j =

1,...,k; and x.. After some calculations, we obtain
s1+ pa X[0,Wa(1/2)] & Xiwi(1/2),1
= 1+(1+ A
f ( 82+qa) l( $1+ pa 82—i-qaZ Sl+pa11

+ 1 )
(s2 +qa)(s — 1)(s1 + pa)k—1

k1
S$1 + SS9+ pa + qa S1 + S9 + pa + qga ;
:<1 21T pP qu+1>X1 1 2p2q Z Xj -
(s2 + qa)(s1 + pa) (52 + qa) (51 +pa)i

1 - —1—
‘l’ S1 _'_ 82 +pCL ;'_ qul (81+Pa)k1 ! + 1 Xc
(52 + pa) s1+pa—1

s1+s2+pa+qa A
s2+qa

+(52 + qa)(s — 1)(sy 4 pa)kr—1 "’

k1 v
$1 + pa . 1 Xiw
foo= 1414+ LD Ah<X[o,W<1/2n+ 3 [Waa/a),_l_]l)
s2+qa sitpa - sy+qa i (51 + pa)’
k1
S1+ S2 +pa+qa S$1 4 So + pa+ qa :
= (Gran et 1) Y
(52 + ga)(s1 + pa) (82 + ga) (s1+ pa)’

1

+st+patga, T Gpan

S1 2 pa2 quh (1+p)11+1 Ye -
(52 + qa) s1+pa—1

In the case we are considering, (3.3) implies that both A;, Aj, are smaller than -1.
Using this, one can show that all the coefficients in the representation of f; and fj,
are negative for sufficiently small a. For example, let us consider the coefficient of x;
in fy:

S1+ so+ pa+qa K

Ap+1 = +1
(s2 + ga)(s1 + pa) 1= (r+n(l- m) +w)

_ et G
= T <0.
1—(I€+7](1—7.,)+W)

(s14pa)F1~1
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3.3.3.2 Normalizations and integrals if i + é =1

Let us define J; = [0, Wr(1/2)], J, = (Wk(1/2),1/2 + ra], Js = (1/2+ ra,1]. We
will calculate integrals of fj, over each of these intervals J;, Jo and J3, and use them

to normalize f,. We have

In dL:/ |:81—|—82+pa—|—quh+1] X1 dL
J1 Jl

C
1 (s2 + ga)(s1 + pa)

[ s1+ 89+ pa+qa oo 1
- N
| (s2 + qa)(s1 + pa) . } @ (2)

K

o L
PRIl ARG

_]' - (/{: _I_ /)7(1 (Sl—l-p[l)kl 1)

a(2qs152 + pss — 2qs; —p — q)

[(1 = (5 +n(1 = Gpar) T w))(s2 + qa)*(s1 +pa — 1)
N a’(2pgs2 — ¢° + ¢*s1) + pg°a’
(1—(k+n(l- W)+w))(52+qa)2(sl +pa—1)

n _
(sitpa)fi—1 — ¥ kl(l) .

+1—(m+n(1—+)+w)} ¢ 02

(s1+pa)k1—1

Using Lemma 3.3.3, we obtain

1 C1 205+ psi—2qs—p—q _ 2qs1+ps5—p—g
a0 a 253(s; — 1) 25981 '

In the same way, we can see that for any 0 < 6 < 1/2, we obtain

1 2 2_
lim — fhdL_ @1 EPH =P~y
a—0 @ S951

On the interval Jy, the integral of f;, is:

S1+ SS9 + pa + qga
Cy = dL = / { A +1} dL
=0 o (52 ga)(s1 +pa) X

S1 + S + pa + a
+1 2 TP q Z/ dL
(s9 + qa)? I 81+a

_ 1-— n—+ (S1+pa)k1 T — W (1 T ra— Wfl(l))
1—(/€+7](1—W)+w) 2 2
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1
s1+ 89 + pa + qa {m(sz + qa) N ra(l — (sl+pa)kr2)

(52 4 qa)? s1 + pa (s1+pa—1)?
+a2(k51 —2)r(gs1 +pss —p—q) + qua]
s1+ pa s1+pa—1 ’

Using Lemma 3.3.3, we obtain

C
o _51+32[@+#}:_mz.

lim =2 —
all}(l) a S% S (31 — 1)2

On the interval J3, the integral of fj, is:

Cy= [ frdl = / o j Tpp—L 1) yedL
J3 J3 (52 4 qa) s1+pa—1
(s1+pa)k1—1 1

= +1] (z—ra

1—(/€+n(1—m)+w) (2 )
a(gs1+ps2—p—q)+pga®
_ (51-+pa)(s2+4a) “ <} _ ra)
1—(k+n(l- m)jtw) 2

Using Lemma 3.3.3, we obtain

i Cs qs1 +psa —p—q
im — = — .
a—0 @ 25189

In the same way, we can see that for any 0 < 6 < 1/2, we obtain

1 —_— J—

=04 J1/249 5152 2

If we define B = (' 4+ Cy + Cj, then % is a normalized density. We see that

lim B (gs1+ps2—p—q)(s2+2)+2rs;5)
a—0 @ 28182 ‘

Our calculations show that the normalized measures {(f,/B)-L} converge x-weakly

to the measure

(gs1 +ps2s—p —q)(s2+2) o+ 215,53 5
(qsl +p52_p_q>(82+2)+2T818% 0 (qsl +p52_p_Q)(32+2)+27’818% (3) -
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Now, we will show the same holds for the normalized measure defined by f;. To

this end, let us notice that

S1 + pa

— = (1+ Apg — (1 + A
fn—fi ( 82+qa) g — ( 52+qa) 19h
s1+pa
51+ pa + s;-l-qa
= (1+ A, —N)g — A
U g I A ) = 1) sy + pag
w(l+ Gig) ,
= !
(1= (r+n(1 = Gopam) T =k = (1 = 5m))
S1t+pa
— A L+ s;-i-lq)a
(s2 +qa)(s —1)(s1 + pa)r=" "~
where |g| < % and liné A; = —1. Using Lemma 3.3.3 once again, we can show that
a—

for any subinterval J C [0, 1], we have

a—0 J

For J = [0, 1] this means that the normalizations of f; and f, are asymptotically the
same. With this, the limit for a general J means in particular that the x-weak limit
of normalized measures defined using f; is the same as for those defined using f,. In

view of inequality (3.7), this proves Theorem 3.2.1(II).

3.3.3.3 Estimates on f, if i + i <1

We have the following lemma:

Lemma 3.3.4. For the family of W, maps, if i + é < 1, we have

(I) Wo(1/2) = 1/24ra, W2(1/2) = —ra(sy +qa) +1/2+ra, and for 3<m <k, we

m _ m—2r[s1s2—s1—s2+a(gs1+psa—p—q+pga)] s1—14pa—2ra ,
have Wa (1/2) - a’(sl +pa’) s1+pa—1 + 2(s1+pa—1) ’

(I1) lim ak = 0;

a—0
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(I11) lim a(s; + pa)t* = 0;
a—0

(IV) lim Wi (L) = 1.

a—0 2
Proof. Suppose (I) is true. Let us first prove that (II) and (III) are true.

By the definition of k, we have:

0<— a(sl _I_pa)k—zr [8182 — 81— S22+ a(q31 +pso —p—q —l—pqa)]

s1+pa—1 (3.8)
s1— 14+ pa—2ra
2(s1 +pa—1)
The inequality (3.8) implies a(s; + pa)f=2 < gr[sl32—31—212:-1182:;22—p—tH-pq[z)}7 thus

In(s; — 1 +pa—2ra) —In2+2In(s; +pa) —Inr —Ilna
¢ In(s; + pa)
@rsis2 — 51— 5o +algs) +ps; —p — g+ pga)])
In(sy + pa) '
(s1 — L+ pa —2ra)(s + pa)’

2r [s182 — 51 — S2 + a(gs1 + psa — p — ¢ + pga)] (s1 + pa)r—F’

ak <

a(sy + pa)™ <

and since lim alna = 0, we obtain (II) and (III). (IV) follows from (III).

a—0

Now, let us prove (I).

. : : * _ s1—1+pa—2ra
The fixed point slightly less than 1/2 is z} = m, and

ralsisy — 1 — s2 + a(gs1 + ps2 — p — q + pga))
s1—14pa

2 —W2(1/2) = >0,

which implies that W/ (1/2) are all in the domain of the second branch of W, for

3 <m < k. Now, (I) follows by the same reasoning as in Lemma 3.3.3. ]

Lemma 3.3.5. If the normalized densities {hy}a<a,, for some ag > 0, are uniformly

bounded, then hy — hgy in L.

Proof. The uniform boundedness implies {1, }o<q, is @ weakly precompact set in L.
Thus, any limit of {h,}e<q, is a invariant density by Proposition 11.3.1 [Boyarsky
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and Géra, 1997]. At the same time, this limit is an L' function, thus defines an acim.
Since the map Wy is exact and has only one acim, we conclude that h, — hg in

L. ]

Now, we will prove Theorem 3.2.2:

The main idea of the proof is the following: since non-normalized densities { f, } are
uniformly bounded (formulas (3.9, 3.10, 3.11)), it is enough to show that {fol fadL}
are uniformly separated from zero.

For small a, by Lemma 3.3.2, A (and then both A; and Aj,) can be either positive
or negative. Thus, we can have the following cases.

Case (i): A; < O:

Comparing with (3.4) and (3.3), we see that for the functions fi = 1+ (142522 Ay gy,

sa2+qa

and fr, = 14 (1 4+ 2227, g, we have

Sa+qa
H<fa<fu. (3.9)

Note that ﬁ and j?h have the same form as f; and f;, in Section 3.3.3.1, so their
representations as combinations of functions x;, 7 = 1,...,k; and x. are similar to
that of f; and fj,. At the same time, now we have é + i < 1, so the representation

is as follows:

k1
~ S1 + S9 + pa + qa S1 + So + pa + qa ;
7= (1 2 T P q Az+1)X1—|— 1 2 TP quZ Xj

(52 + a) (51 + pa) (2t qa)? 2 (1 4 pa)i!

(82 4 pa)? s+ pa—1

s1+s2+patqa
sao+qa Al

* (s2 +qa)(s — 1)(s1 + pa)ki=t "~

1
51+ 8o+ pa + L = oyt
+<1 e (s1tpa)n 1 1>X0
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k1

S1+ s2+pa+qa Z X
(s2 +qa)? (s1+ pa)i~!

~ <sl+82+pa+qa

I (52 + 40) (51 +pa)Ah+1> X1+

j=2

1

S1+ S2 +pa+ qa 1—8 F1 -1

n 1 2 pquh (s1+pa)*1 1y
(52 +qa) s1+pa—1

(3.3) implies that all the coefficients in the representation of fl and fh are negative

for sufficiently small a.

We use the same notations J;, Jo and J3 as in Section 3.3.3.2. First, we do the

calculations assuming that ¢ = 1 — <51+32 + gits2 ) # 0.

5182 s2(s1—1)

We will calculate the integrals of fh over each of Jy, Jo and J3, and use them to

normalize f,. We have

~ ~ $1+ S22 +pa+qa
C, = dL :/ { Ap + 1} dL
1 ’ In B (52 + qa)(s1 + pa) h X1

[ 1
_ $1+52+pa+quh+1}Wfl(—)
(52 + qa)(s1 + pa) 2
K 1
= +1 W (5)
_1—(%+U(1—m)+w) 2
. [ 818%—81—82—83
_1—(m+n(1—m)+w))(52+qa)2(sl +pa—1)

a(2qs152 + pss — 2qsy — p — q)

+
(1—(k+n- m) + w))(s2 + ga)?(s1 + pa — 1)

a®(2pgss — ¢* + ¢*s1) + pg*a®

_l_
(1—(k+n(1-— W) +w))(s2 + qa)?(s1 +pa — 1)
n
(srpayii—t — ¢ } koL
+ Wal(_) .
1—(/€+n(1—m)+w) 2
Using Lemma 3.3.4, we have
5133—51—32—33 __s1t+s82
AP = S R =
a—0 21_ <81+82 4+ _gsitso ) 21_ <81+82 4+ _sitso )
5182 s2(s1—-1) S152 s2(s1—-1)

On the interval J5, the integral of fh is:

=~ -~ $1+ s2 +pa+qa
Cy = dL = / { Ay + 1} dL
2 P In o | G52+ qa)(s1 + pa) h X1
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S1 + SS9 + pa+ qga
I 1 2 TP q hZ/ dL
(s2 + qa)? 31+pa

1= g1 = )
T 1 (s +(n(1 i1£) +w) G re= Wfl(%’)
(s1+pa)F1—1
51+ s+ patqa, [ra(s;+qa) "0~ Gopmme)
(s2 +qa)? { s1+ pa (51 +pa—1)2
+a(k:1 —2)7(s180 — 51 — 83+ a(gsy +psa —p—q +an))}
$1+ pa s1+pa—1

Using Lemma 3.3.4, we have liH(l) 62 =0.
a—

On the interval J3, the integral of fh is:

G = [ Far - / 81+82+pa:quh Gotpa) 0 ) L
s s (s2 + qa) s1+pa—1
N (1 - (S1+;ni)k1’1) 1
+ 1| (5 —ra)
1= (k+n(l = ) +w) 2
s1sa—s1—sa+a(gs1+psa—p—q)+pga®

_ (31pa) (s2-+qa) ‘)

1= (k+n(l = ) Tw) 2

Using Lemma 3.3.4 once again, we have

1 __ S1t+s2
lim 03 = = 152 .
a—0 2 1— Ss1+s2 + S1+s2
$182 s%(sl—l)

Note that if we define B = 6’1 + 62 + 63, then

S1+s S1+s
1 2 - ( ;1822 _l_ 2(181—21)>

. = S
lim B = — 2 ,
a—0 2 1— (sifs2 4 _sits2

5189 82(81 1)

which is not 0. Since {]?h} are uniformly bounded, we conclude that the normalized

{fh} are also uniformly bounded.

Now, we will show that the normalized {f;} are also uniformly bounded. To this

end, let us notice that

~ ~ S1 —|-pa S1 —|—pa
P - (4 Angi — (1+ A
Jn— fi ( 32+qa) ngt — ( 52—|—qa) 19h



1 ‘l‘ s1+pa

S1 +pCL so+qa
= (1+ A, — A —A
O g A9 M a6 = o1 + pay
s1+pa
— WU i) a1
(1= (k01— Gpam) TW)A =k —n(l = )
S1+pa
+ s;-i-lq)a

l(sz + qa)(s — 1)(s1 + pa)kr—1 "~

where |g)| < + + ——— and lim A; = ! . Thus, lim f, — f; =0 . We
S1 1_( ) a—0

s2(s1—1) a—0 s1tsg | s1+sg
5152 s3(sp—1)

conclude that the normalized {ﬁ} are uniformly bounded since the normalized {fh}
are uniformly bounded. Thus, after normalization, {f,} are also uniformly bounded.
Case (ii): A; > 0:

This case implies that f, given by (3.4) has the following properties:
fa>1, (3.10)

and all the coefficients of the characteristic functions appearing in (3.4) are positive.

We note that A is always positive for small a. Thus,

$1 + pa - 1
fag1+(1+52—|—qa)A;7|5(1/2,n)| , (3.11)

which is finite since our maps {W,} are expanding. In view of (3.10), we conclude

that the normalized {f,} are uniformly bounded.

Ify=1- <sl+52 + gt ) = 0, then we have lim + = lim &+ = 0, A; and A},

5152 s2(s1—1) a0 M a0 An

are still of the same sign. We can renormalize f,. Let us take the j?h as an example.

Multiplying it by ﬁ, we obtain

1 ~ s1+ 89+ pa+ qa 1 51+ 82 +pa+qa 2 X
- X1 Z(

+— .
(s2+qa)(s1+pa) ~ Ap (s2+qa)* < (s1+pa)~!

(s2 + qa)? sitpa—1 Ay

1
(Sl st patqal T Gt b ) Xe -
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Note that the coefficients of x; and Y. converge to #1752 and —f1ts2

5152 35(31_1) ) reSpeCtlvely.

Thus, { fol ﬁfh dL} are separated from 0. This implies {ﬁfh} are uniformly bounded.
A similar procedure can be applied to ﬁ We conclude that {% fo} are uniformly

bounded.

3.4 Example

One of the important properties of a piecewise expanding transformation of an interval
is that its invariant density is bounded away from 0 on its support. The following

result was proved, by [Keller, 1978] and by [Kowalski, 1979].

Theorem 3.4.1. Let a transformation 7 : [ — I be piecewise expanding with m a
function of bounded variation, and let f be a T-invariant density which can be assumed

to be lower semicontinuous. Then there exists a constant ¢ > 0 such that flsupp r > c.

We provide an example showing that this result cannot be generalized to a family
of expanding maps, even if they all have this property and converge to a limit map

also with this property. Let d(-,-) be the metric on the weak topology of measures.

Example 3.4.1. Let us fix
s1=82 =2, p=q=1

For small a > 0, let W, , denote the W, maps with varying parameter r, and let p, ,
denote the acim of W, ,. We know that y,, is supported on [0, 1] and W, with i,

is exact. Using Theorem 3.2.1, we know that {y,,} converge *-weakly to the measure

1 n 2r 5
L+200 T 1200

Hor =

55



Let r, =n,n=1,23,---. Also, let {a,}{° satisfy r,a, < 1/2 and be so small that

1
d an,'n ) T < —.
(Haniras o) <

Now, for the family of maps 7, = Wy, ., n =1,2,3,---, 7, converge to W, with
|7, ()| > 2, but the invariant densities f, ., converge to d 1). This implies that the
invariant densities {f,, ,,} corresponding to {, , } have no uniform positive lower

bound.
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Chapter 4

Instability of Isolated Spectrum for

W —shaped Maps

4.1 Introduction

In previous chapters, we discussed one of the most important problems in the theory of
dynamical systems: their stability and possible instability [Boyarsky and Géra, 1997;
Keller, 1982; Keller and Liverani, 1999]. In particular, in the theory of piecewise
expanding maps of an interval, it is interesting whether the given system has a stable
acim, and more generally, if the isolated spectrum of the Perron-Frobenius operator
is stable under small perturbations of the map.

In general, the setting of the stability problem we are interested in is as follows:
let 75 be a piecewise expanding map of an interval with unique acim o and {7, },>0 &

family of its perturbations with acims p,, correspondingly. If maps 7, converge to 7
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(say, in Skorokhod metric), do their acims converge (say, in the *-weak topology) to
to? Or more generally, do the isolated spectra of P, converge to the isolated spec-
trum of P, including multiplicities and eigenfunctions? P, is the Perron-Frobenius
operator induced by 7 on the space of functions of bounded variation and by isolated
spectrum we mean the part of the spectrum which lies outside the essential spectral
radius. Papers [Keller, 1982] and [Keller and Liverani, 1999] show that such stability
takes place if the family {7,}.>¢ satisfies the Lasota-Yorke inequality ([Lasota and
Yorke, 1973] or [Eslami and Géra, 2012] for strengthened form) with uniform con-
stants. Usual conditions ensuring this are |7,| > 2 + ¢ plus the minimal length of
subintervals of defining partitions uniformly separated from 0.

One of the known sources of instability is the presence of a turning fixed or periodic
point touching a map branch with slope 2 or smaller. In previous chapters, we studied
the famous W-shaped map introduced in [Keller, 1982] (see previous chapters for
detailed examples). Because of the turning fixed point we cannot use an iterate
of the map to increase the minimal slope. It causes appearance of arbitrary short
partition intervals in perturbed maps (see the discussion in Remark 1.2.2). This is
depicted in Fig. 4.1.

The Wy, s, map is a piecewise linear map of the interval [0,1] onto itself with a
graph in the shape of letter W. The original W-map of [Keller, 1982] is of W55 type,
and in Chapter 2 (see also [Eslami and Misiurewicz, 2012; Li et al., 2013]) we see that
its acim is unstable under some family of localized perturbations. A more general
situation was considered in Chapter 3 [Li, 2013]. The perturbations similar to that
of Chapter 2 [Li et al., 2013] were considered. It was shown there that depending on

o8



0.8+ 0.8+

0.6 0.6

0.4+ 0.4+

0.2 0.24

a) b)

Figure 4.1: The W-shaped maps: a) W, with s; = 3/2 and s, = 3; a = 0.01, b) W2,

the second iteration of W, shown in a).

whether i + é is larger, equal or smaller than 1 the limit of p,’s is Dirac measure
d1/2, or a combination of 0,5 and pg, or p, correspondingly. This result suggested
that condition i + é < 1 may actually imply stability which was later proved for a
quite general setting in [Eslami and Géra, 2012].

In this chapter we consider map Wy of type Wy, 5, with i + é = 1 and show that
that eigenvalue 1 is not stable. We do this in a constructive way. For each perturbed

map W, we show the existence of the “second” eigenvalue A,

1—27°a< - 1
14 2ra “ T 14 2ra

)

where 7 is a constant independent of a. Thus, as a — 0 the eigenvalues A\, — 1 which
shows instability of isolated spectrum of Wy. At the same time, the existence of
second eigenvalues close to 1 causes the maps W, behave in a metastable way. They
have two almost invariant sets and the system spends long periods of consecutive

iterations in each of them with infrequent jumps from one to the other.
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For a fixed small ag > 0, the slopes of the middle branches of W, satisfy 1/(s; +
2rsyag) + 1/(s2 + 2rsaap) < 1. By the stability result of [Eslami and Géra, 2012],
there exists an € > 0 such that for all a satisfying |a — ag| < €, the maps W, have
eigenvalues close to \,,. Most of these maps are non-Markov. Thus, our Markov
examples prove the existence of non-Markov examples with similar properties.

The results obtained in this chapter (Sections 4.2, 4.3 and 4.4) were, after some

modifications, published in the paper [Li, 2013].

4.2 Markov W, maps and their invariant densities

Let s1, s > 1 satisfy i + i =1, and r > 0. Let us consider W-shaped map:

WOl(ZL')—l—QSQZL', O<£L’<%—i,

Woa(x) —51($_%+ﬁ)7 %—ﬁ§$<%a
Wo(x) =

Wog,(l’) —82(%4—%—1'), l<l’<%+ﬁ,

\WOA(ZL') = 281(1’—1)+1, %—}—ﬁ <z<l,

and its perturbations, W, maps with parameter a > 0:

(

Woi(z) :=1—2sx, 0<z<35— 5,

Weo(z) == (51+2r51a)(x—%+ﬁ), %—ﬁ <z <3,
Wa(x) =

Was(x) := (52—|—2r52a)(%+ﬁ—x), i<z < %+ﬁ,

Weoa(z) :=2s1(x — 1) + 1, %+ﬁ <z <l

\

Let 7; = Wl;il, i=1,2,3,4; Iy = |0, % + ra]. The Frobenius-Perron operator (see
Definition 1.2.2; or [Boyarsky and Géra, 1997] for more details) associated with W,
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is

1
Puf =5—fom+

5% m(foTz)Xfo + m(foTs)Xfo
+ 2731]0074
Note that
XIp ©T1 =1 y XIop ©T2 = XIp »
(4.1)
XIo © T3 = X(w2(1/2),14ra] » X1 ©Ta=0.

Let I, = [W2(1/2), 5 + ra] whose left end point is W2(3) = W, (5 + ra).
We will consider only parameters a such that W, is a Markov map, i.e., some iterate

of 1/2 falls into an endpoint of the defining partition. Let a satisfy:

1
W;”(i +ra) =

1
— 4.2
281’ ( )

N —

where m > 1 is the first time when the trajectory of W,(3) = % + ra reaches the

partition point % — i Note that % - = ﬁ The point Wa(% + ra) is just below

1
251
the fixed point on the second branch of W, and the consecutive images Wi(3 + ra)
decrease until for i = m the equality (4.2) is satisfied.

Let us take 1 as the initial function and iterate it using operator P,. Let PI'l be

denoted by f, . Let

1 1
[i: [W2(§+Ta),§+ra],z':1,2’... M.

Because of (4.2)and (4.1), after some number of iterations (n > m + 1), we have:
fn,m = Cnyo + A 0XIo + Qn 1X1, + QOn 2X1, + -+ O m—1XIpm—1 + A mXIm>

where ¢, and ay,; (i = 0,1,---,m) are constants. Now, let us look at the f, 11 m.
We have the following proposition.
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Proposition 4.2.1. (I) ¢,g07 and ¢, 07y are again constant functions, ¢, o0 TaXi,
and cn 0 0 T3X1, are the characteristic function xp,;
(I1) x1, 071 18 constant function, X1, © ToX1o = Xlo» XIo © T3XIy = XI1s XIo © T4 05 0;
(II1I) Fori = 1,2,---,m — 1, x;, o7 and xg, o7y are 0, X1, © ToX1y = Xlps:-

XI; ©T3X1o = XI5

(IV) x1,, o1 and x1,, © 74 are 0, X1,, © ToaX1o = Xlo» XIm © T3XIy = XTI, -
Thus, we have the following proposition.

Proposition 4.2.2. for n big enough, f,  always has the form:

fn,m = Cn,0 + Qn0XIo + 1 X1, + Ap 2X1, + - F Anom—1XIm_1 + O mXIm>

and
Cn+1,0 Cn0
Q1,0 Qn0
Qpy11 | = Am Qp 1 )
Qpt1m Qnom

where (m + 2) x (m + 2) matriz A,, is given by

r 1 1 1 A
o7 Toe; 35 0 0 0 0 0
1 1 1 1
sl+2r'sla+ so+2rsga sy+2rsia 0 0 0 0 s1+2rsya
0 1 1 1 1 1 1
so+2rsga so+2rsga s9+2rsga sg+2rsga so+2rsga so+2rsga
1
A 0 0 si+2rsia 0 0 0 0
moe 1
0 0 0 sp+2rsia 0 0 0
0 0 0 0 0 0 0
1
i 0 0 0 0 0 S T 0o ]
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Since i + é = 1, we can simplify the A,, to the form

1 1
1 s 0 0 0 0 0
1 1 e 1
14+2ra s1+2rsia 0 O 0 0 s1+2rsia
0 1 1 1 1 . 1 1
so+2rseoa  S2+2rssa S2+2rssa So+2rssa so+2rsqa so+2rsqa
1
0 0 2 0 0 0 0
A, =
1
0 0 e T L. 0 0
0 0 0 0 0 0 0
1
0 0 0 0 0 o b0

We also need the following proposition.

Proposition 4.2.3. Equation (4.2) is equivalent to:

m—1
- 1
(52 + 2rsqa) (s + 2rs1a)™ 1 — Y (s1+2rsia)’ =
— 2rsia
or
(51 +2rsia)" = 5
s rsa)" = ———.
! ! 4r2s2a?
Proof. 1t
m—1 1
(52 + 2rsqa) (s + 2rs1a)™ ' — ) (814 2rsia)’ = ,
— 2rsia
then

81—1_

1

(514 2rs1a)™ (5o + 2rsqa)(sy + 2rsia — 1) — (s; + 2rsia)] =

63
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Thus, we obtain

m 1
(s1+ 2rsia)™ = Islar

On the other hand, it is proven in [Li, 2013| that

Wt (1/2)

7(2rs189 + 218189 — 2rs; — 2rsy) + 4r3sis9a

2 m—1
= —a“(s; + 2rsia
a*(s1 rs10) $1 4 2rsia—1

s1— 1+ 2rsja—2ra
2(s1 + 2rsja —1)

If equation (4.2) holds, then

2125159 + 41351590 s;—1

2 m—1
9 =
@1+ 2rsia) $1+ 2rsia — 1 2s1(s1 + 2rs1a — 1)

hence,

1
a?4r?s1s3(1 + 2ra)

)m—l

(s1 + 2rsia
which is equivalent to equation (4.3). 0

Using Proposition 4.2.2, we can find the fixed vector of A,,. Let us denote it by

(¢, 0,1, , )t Then, the fixed function (not necessarily normalized) of P, is:

G = C+ oXi, + X + 0Xn o F Cme1X 1y T Y X

where

1
C =
2rs1S9a
1

o =

0 2rsia
oy = (s1+2rsia)™?
ay = (s1+2rsia)™?
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2
App—o = (81 + 27’81&)
Qp—1 = S1+ 27’81&

o, = 1.

Using equation (4.2) or (4.3), we can directly normalize ¢, and find its limit, which
will give us the convergent invariant density. The idea will be similar to what we did
in Section 2.3. Alternatively, there is an easier way, it was proven in [Li, 2013] that
after normalization the measures g, - L converge to the measure

1
2r(s1 + s2)(s2 4+ 2) + 21153

(2r(s1 + s2) (52 + 2) o + 2rs15301)2)

where L is Lebesgue measure, 1 is the acim of Wy and d;, is Dirac measure at 1/2.

4.3 Second eigenvalues for Markov IV, maps

Now, instead for a fixed vector, we will look for an eigenvector corresponding to an
eigenvalue A < 1. Denote the eigenvector of A,, associated with A by (¢, g, g, - -+, )T

Then, the corresponding eigenfunction of P, associated with A is:
hm = ¢+ aoxr, + caxr, + QaXn, +  + U1 X1y T QX1 - (4.4)

The equation

Amhm = )\h'm )
is equivalent to the system
1 1
e = —c+ —a
27 28y



1 1
Aoy = (c+ —ap+ —ap)

A - - . .
o 52(1+2ra)<a0+a1+ + ap)
1
Ny, —
2 s1(142ra)
1
>\063 =

s1(1+ 2ra) 2

\ 1
Qg = —————Qpy
? s1(1 4+ 2ra) s
1
Ay = ————— Qe
m-1 51(1+2ra)a ?
1
Ay, = ———— Q1.
s1(1+ 2ra)

We can solve this system starting from the last equation. Let «,, = 1. Then,
a,, =1
a1 = As1(1 + 2ra)

Qg = A?s7(1 + 2ra)?

g = N2 (1 4 2ra) ™
ap = X" 4 2ra) ™! (4.5)

ag = Asz(1+2ra)ar — (a1 + oz + - + am)
AT (1 + 2ra)™ — 1
As1(1+2ra) — 1

ST+ 2ra)™ (As1sa(1 4 2ra) — s152) + 1
B As1(1+2ra) —1

= N5 sy (1 + 2ra)™ —

1
c:)\(l—l—Qm)ao—%——
S1 S1
Qo
c= ——
82(2)\ — 1)
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We have two expressions for ¢. The system can be solved only if they are equal. Thus,

we obtain equation

AT 2(1 4 2ra)™ (Asys2(1 + 2ra) — s15)

AT+ 2ra)™(Asys2(1 + 2ra) — s180) + 1
B S9(2A — 1)(As1(1 + 2ra) — 1) ’

or

AT sy (14 2ra)™(A(1 + 2ra) — 1) [s9(2A — 1)(Asy (14 2ra) — 1) —s1] = 1.

1—2ra
1+2ra

1
1+2ra”

We are going to prove that for small a this equation has a solution <A<

Let us introduce an auxiliary function

P(N) = N7 Lso (14 2ra)™(A(1 + 2ra) — 1) [so(2XA — 1)(Asy(1 4 2ra) — 1) — s1] .

Obviously ¢(; +12m) = 0. We will show that qﬁ(};g:g) > 1 if a is small enough. We

have
1—2ra 1—2ra\™ , | 1—2ra
—= me 1 2 m ]_ 2 - 1 *
¢<1—|—2ra) <1—|—2ra> st s (14 2ra) <<1+27’a) (1+2ra) )

e 0) ) (o) vz -a) =)

— (1 _ 27’@)m8m_182(—27‘a) —27’CL(82 + 581 — 681827”a)
a 1

1+2ra
551 — 6
= (1— 2yl spar2a? 2T 151+ 2T§182m

Using (4.3) we obtain

5 1—2ra\  [(1—=2ra\" sy + 5s; — 6s1sora
1+2ra)  \1+2ra s152(1 + 2ra)

<1—2m)m1+i—6m

14 2ra 1+ 2ra
. 1 1+$—67‘a . 1+%—6ra 4
Note that if a < Trag! then — 2, — > 1. Furthermore, [111_I>I(l) iz =1+ ,>1
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Using (4.3) again, we can represent m as

—21n(2syra)

S 4.6
In(sy + 2sy7ra) ’ (46)

which gives
Ll —2ra 1+ L —6ra (1-2ra) was5ara
’ L+2ra) 1+ 2ra 1+ 2ra

1+ 1 —6ra 1—2ra In(2sy7a)
= —2 — —exp|(—2n :
14+ 2ra 1+ 2ra ) In(sy + 2syra)

1—2ra
14+2ra

) In(a) = 0, the argument of exp converges to 0 as a — 0. Thus

1—2ra 4
li =1+—.
al—r>r(l)¢<1—|—2m> +82

This proves our claim for a small enough. We proved the following

Since lim In (
a—0

Theorem 4.3.1. Assume that a satisfies (4.3), for some integer m, i.e., W, map is

Markov with W™ (1/2) = For a small enough, Perron-Frobenius operator

1 1
27 2s1°
P, has an eigenvalue N\, satisfying

1—27‘CL< - 1
1+ 2ra T 142ra

(4.7)

The corresponding eigenfunction is given by equations (4.4) and (4.5), up to a mul-

tiplicative constant.

Remark 4.3.1. Using tedious calculations we were able to show that ¢” is positive in

a neighbourhood of 1. Since ¢ (};g:g) > 1, ¢ (1+12m) =0 and ¢(1) = 1, for small a

1—2ra
1+2ra’

there is only one eigenvalue in the interval ( 1), i.e.,, A\, we found in Theorem

4.3.1 is really the “second” eigenvalue.
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4.4 Eigenfunction for )\, < 1

In this section we take a closer look at the eigenfunction corresponding to the second
eigenvalue A\, found in Theorem 4.3.1. We omit the subscript “a” to simplify the

notation. Let (¢, ag, aq, -+, ay,) be the A-eigenvector given by (4.5). We have
;= A" (14 2ra)™ 7 >0, j=1,...,m.

Next,

AT+ 2ra)™(AsySa(1 4 2ra) — s182) + 1

<0
Asi(1+2ra) — 1 ’

&%)

since A(1 + 2ra) < 1 but very close to 1 and using formula (4.6) we can show that

A™(1 4 2ra)™ approaches 1 as m — oo . As oy < 0, we also have

Qo

= mer-1) "V

C

The P, eigenfunction h,,, defined in (4.4), is positive on some interval G,,, = [W"1(1/2),1/2+
a/4] and negative outside this interval. Since, as a decreases, more and more of num-
bers vy, Qm_1, m_2 ... are necessary to balance g + ¢, we have lim, ,o(m —m;) =
+00o. This implies, that intervals G, shrink to the point 1/2 as a — 0.
Since 0 < A < 1 we have fol hp,dL = 0. Let K,, = fol |h|dL. The normalized

signed measures %hm - L converge x-weakly to the measure
m

1

+ 15
2/~L0 5 (1/2) »

where (19 is Woy-invariant absolutely continuous measure and d(; /9y is Dirac measure

at point 1/2.
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As it is described in [Froyland and Stancevi¢, 2010] the presence of the eigenvalue
A close to 1 makes the system behave in a metastable way. The sets AT = {t :
hm(t) > 0} and A~ = {t : h,,(t) < 0} are almost invariant with the escape rates
bounded by —In A which is close to 0. This means that a typical trajectory stays
for a long time in A", then jumps to A~, stays there for a long time, then jumps
to AT, spend there long time, etc. Despite the small essential spectral radius (equal
to max{1/s1,1/s9}), the system converges to equilibrium slowly at the rate given by
C A", for some constant C.

Fig. 4.2 shows graphs of normalized functions h,, produced using Maple 13. We
used s; = s9 =2 and r =1/4.

a) m =5, a = 0.14789903570478, A = 0.8732372308, K,, = 3.819456626;

b) m =7, a = 0.077390319202550, A = 0.9365803433, K,, = 8.987509817.

5.5+ 11

: ( r
-1 ’_141 _(; Jx

0 0.5 1 0 0.5 1
a) b)

Figure 4.2: Normalized eigenfunctions h,,.

Note that the vertical scales of the pictures are very different.
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4.5 Remarks

In [Li and Géra, 2012|, for s;, sy > 1 satisfying é + i =1, a > 0, the case when

r = 1 was considered for the following perturbing W, maps:

(

Wai(z) :=1— 282, 0< 1< %_ﬁ’

Weo(z) = (sl+2$1a)(z—%+i), %—i <z <3,
Wa(z) =

Wa,g(l') = (824—282@)(%4—%—;[‘)7 % <zx< %4—%7

Woalw) :=2s1(x — 1) + 1, 5T o Sz<L

\

Now, W,(3) = 3 + a for each a. Using the idea above, it can be shown that the

existence of the “second” eigenvalue A\, and it satisfies,

1—2a<)\ -
1+ 2a “ T 1420

Figure 4.3 shows graphs of normalized functions h,, produced using Maple 13. We
used 81 = 59 = 2.

a) m =15, a = 0.036974758926197, A = 0.873237227279931;

b) m =7, a = 0.019347579800639, A = 0.936580332073165.

Also note that the vertical scales of the pictures are very different. Thus, as a —
0 the eigenvalues A, still converge to 1. In either case, the instability of isolated

spectrum of W is shown although the additional constant r slows the convergence.
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Figure 4.3: Normalized eigenfunctions h,,.
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Chapter 5

Harmonic Averages and New Ex-
plicit Constants for Densities of Piece-
wise Expanding Maps of the Inter-

val

5.1 Introduction

Let I = [0,1] and let P be a finite partition of I. Recall that T(I) denotes the class
of piecewise expanding transformations on I with partition P. We study statistical
properties of the probability density function (pdf) associated with 7 in T(7). To
implement our approach we impose two conditions on 7 : (1) weak covering, by which

we mean there exists an integer K such that the union of forward images of every

73



element of P equals 7, and (2) harmonic average of slopes condition, which comes out
motivated by the results in Chapter 3 and means that the harmonic average of the
(inf of ) slopes of every two adjacent intervals (except for the first and last interval)
is strictly less than 2. We use these two conditions to derive explicit constants for the
upper and lower bounds of the pdf as well as the constant that determines the speed
of convergence to the pdf. Related results were obtained by [Liverani, 1995a] under
the assumption that the magnitude of all slopes is strictly greater than 2. Without
this condition many different behaviors for approximating maps can occur as shown
in [Keller, 1982] for W—shaped maps. For example, the acims of approximating
maps can converge to a singular, absolutely continuous or a mixed measure. We have
studied some W —shaped maps in the previous chapters. An example of a W —shaped
map is shown in Fig.5.3.2. W —shaped maps are continuous but our considerations
do not depend on continuity and we do not assume it.

It is one of the objectives of this chapter to show how we can weaken the slope
2 condition with the help of the harmonic average of slopes condition and establish
stability of acim for some W —shaped maps. For standard stability results we refer
the reader to [Li, 2013].

In Section 5.2 we use the weak covering property and the harmonic average of
slopes condition to derive an explicit bound on the number of iterations needed to
obtain weak covering for any subinterval of a partition element. In Section 5.3 we
use this result and a generalized Lasota-Yorke inequality to obtain explicit constants
for the upper bound of the pdf and from this we derive an explicit upper bound for
the pdf. We then show (Theorem 5.3.2) that we can extend our results to families of
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maps. We provide an example to show that the harmonic slope condition is essential.
For a W —shaped map we calculate all the constants necessary to find the lower
bound. In Section 5.4 we assume weak mixing and use our derived constants to find
an explicit constant for the speed of convergence. Finding the rate of convergence
of initial densities to the invariant pdf of the map is an important problem in many
scientific fields. Our methods depend on using equipartitions rather than partitions of
the inverse images of P and, as such, in most situations, results in sharper constants.
We work out an example where the results of [Liverani, 1995a] do not apply.

The results obtained in this chapter (Sections 5.2, 5.3 and 5.4) were, after some

modifications, published in the paper [Géra et al., 2012b].

5.2 Notation and preliminary results

Let I = [0,1] and let L be Lebesgue measure on I. We present the usual definition

of a piecewise expanding map.

Definition 5.2.1. Suppose there exists a partition P = {I; := [a;,_1,a;],i = 1,...,q}

of I such that 7 : I — I satisfies the following conditions:

1. 7 is monotonic on each interval [;;
2. 1= is C! and lim, .+ 7'(z), lim, - 7'(x) exist (can be infinite);
3. |Ti(z)| > s; > 1 for any i and for all z € (a;—1, a;).

Then, we say 7 € T([), the class of piecewise expanding transformations.
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We will also assume that 7 is weakly covering, i.e.,

Definition 5.2.2. Map 7 € T(I) is called weakly covering if and only if there exists

a K > 1 such that

K
U= =[0.1],i=1,....4q. (5.1)
n=0
Let
s:= min s; > 1. (5.2)
1<i<

Suppose 7 € T(I) satisfies the following condition.

1 1
- — <1. 5.3
o i=11?%§—1 { Si * Si+1 } ( )
The number H(a,b) = 21 is called the harmonic average of a and b. Condition
a ' b

H(a,b) > 2 is equivalent to condition ! + ; < 1. If 7 satisfies sy < 1 we say that 7
satisfies the harmonic average of slopes condition.

Now, we prove a very simple minimax lemma with interesting consequences.

Lemma 5.2.1. Let 21,20 > 1 and a+ 8 = ¢, where o, 8 > 0. Assume

1 1
—+—<1.
21 22

Then,

. 1
min max{z o, 20} = +—c>c.
«, — —
z1 29

Proof. We have

miﬁn max{z q, 220} = minmax{z«, z3(c — )} .
[e% [e%

)
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The line f(a) = 2z« is increasing while the line g(«) = 23(c — ) is decreasing. The

min, max{zq, z3(c — «)} occurs where the lines intersect, i.e., at

Z9C
o= ,
21+ 29
which gives
. Z122C 1
min max{zjq, 220} = = ——qgCc>cC.
B 21+ 22—+

21 z2

Remark 5.2.1. If 2—11 + i =1, then, min, g max{z ¢, 22} = c.

Lemma 5.2.1 implies the following

Proposition 5.2.1. If 7 € T(I) satisfies the harmonic average of slopes condition,
then for any subinterval J C I which does not contain two endpoints of partition P

we have

L(r(J)) > —L(J) . (5.4)

Proof. Note that

. . 1 1
S = min s; > 1min ﬁZ—.
1<i<q 1<i<g-1 = + —— 7 Sp
Si Si+1

If J does not contain any endpoints of partition P, then J C I;, for some 1 <17 < g,

and

If J contains exactly one endpoint of partition P, then let L(J) = o + [, where «
and 3 are the lengths of parts of J to the left and to the right of the partition point.

By Lemma 5.2.1 we obtain L(7(J)) > X L(J). O]

SH
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Proposition 5.2.2. If 7 € T(I) satisfies the harmonic average of slopes condition,
then for any subinterval J C I there exists a positive integer M(J) such that at
least one connected component of T (J) contains two endpoints of partition P and,

automatically, the interval between them. Moreover,

o L
0< M(J) < max{ r ‘WW ,0} , (5.5)

In(sy)

where dmax = max{L(L;|JLix1) | i = 1,2,...,q — 1} and [t] is the smallest integer

equal or larger than t.

Proof. Let J be a subinterval of I. Then,

Case (i): If J contains two or more endpoints of P, then M(.J) = 0. In particular,
this happens when L(J) > dpax-

Case (ii): We assume L(J) < dmax and that J contains at most one endpoint of
partition P. First, let us assume that J contains exactly one endpoint of P, and this

endpoint divides J into two subintervals, Jy; and Jy2. Lemma 5.2.1 implies

max{L(r(Jo1)), L(r(Joa))} > — L(J).

SH
We can assume L(7(Jy1)) > iL(J). Notice that 7(Jy 1) is also an interval since
T e T(I).

Second, if .J contains no endpoint of P, then 7(.J) is again an interval, and L(7(J)) >

Thus, for an interval J that contains at most one endpoint of P, we can find an
interval in 7(J), denote it by Ji, such that L(J;) > iL(J). If J; contains two
endpoints of P, we stop the iteration. Otherwise, consider 7(J;), we can again find
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one interval in 7(.J;), denote it by Jy, such that L(J;) > L L(J;) > éL(]). Repeat

SH

this procedure, we can find an integer k such that L(J;) > S%L(J) > Omax, Which
H

implies 7%(J) contains at least two endpoints of P. Therefore, we obtain

L{J)

M(J) > —Pme,
(7) 2 In(sgy)

U

Corollary 5.2.1. If 7 € T(I) is weakly covering and satisfies the harmonic average

of slopes condition, then for any subinterval J C I we have
K
() =017, (5.6)
n=0

where M (J) is the number from Proposition 5.2.2.

Remark 5.2.2. Note that the weak covering property plus sy < 1 does not im-
ply topological exactness. The simplest example would be the map 7 such that
7([0,1/2]) = [1/2,1] and 7([1/2,1]) = [0,1/2], and 7 restricted to each of these inter-
vals is a tent map (or other expanding map). An additional assumption is needed for

topological exactness, see Theorem 5.2.1 and Corollary 5.2.2.

We define P = {I,, N7~ (I;,) N 772(I;,) N --- N7~ = D(;

In—1

)1 <, i—1,i—
2,...,ip_1 < q}. Partition P is the partition of monotonicity of 7. Note that

P — P,

Theorem 5.2.1. Let 7 € T(I) be piecewise C* with sy < 1 and satisfies inf ¢ > 3,
where ¢ is the T-invariant density. If T is weakly mizing with respect to Lebesque

measure, then there exists Ky such that

L) =10,1],i=1,2,...,q.
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Proof. We follow the proof of a similar theorem from [Liverani, 1995a]. For maps we
consider weak mixing is equivalent to mixing and to exactness [Boyarsky and Gora,
1997]. Let x = xu,/L(I;) for some 1 < i < ¢. Since 7 is exact we have Py — ¢ in
L', as n — oo. Thus, for any n; (it will be fixed later) we can find an N(n;) such
that for any n > N(n;) in every interval J of the partition P(™) there is a point x € J
with P"x(x) > /2. On the other hand, the Lasota-Yorke inequality implies that

\/ Pix<C,
0.1]

for all k£ and some constant C. Let n > N(n;) and
B={JecPm™ .3 ; P'x(z) < B/4} .
If J € B, then we have \/, P'x > (/4 and

\/ Prx > (/445 .

[0,1]
Thus, #B < 4C/5 = Ly.
The Perron-Frobenius operator P, induced by 7, can be viewed as an operator on
BV (I), the space of functions of bounded variation on I (or more generally on L'(I)).

For 7 € T(I), it has the following representation

Pf= Z Ll((x))xﬂaihai} ([l?) .

|7 (77 ()]
For more detailed information about space BV (I), operator P, and its properties we
refer the reader to [Boyarsky and Gora, 1997]. Here, the most important will be the

fact that an f is an invariant pdf (or a 7-invariant density) if and only if P, f = f.
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Using the representation of P., we have the following inequality holding for all
x € [0,1]:

— 7y) su T "(x))s™"
B<plr)= Y. EDIOE p(@)#(T " ())s™" .

yeT— " ()

This shows that #(77"(x)) goes to infinity as n goes to infinity, uniformly in z. In

particular we can find an N such that for all z € [0, 1]

#(77N(2)) > L.

Let us fix ny = Ny and Ny > N(Ny). Then,

N1+N2
P’T

5 Px(y) o B

X = ()] = s

yer N (z)

since at least one preimage y € 7-V1(z) belongs to an interval J ¢ B.
We have proved that 7" *V2([;) = [0,1]. We choose K; as the maximum of con-

stants N1 + Ny over all 1 = 1,2,..., ¢ to complete the proof. [

The following result is an immediate consequence.

Corollary 5.2.2. If7 € T(I) is weakly covering, weakly mizing and satisfies the har-
monic average of slopes condition, then T is topologically exact. For any subinterval
J C I we have

TMD+E 1y =10,1] | (5.7)

where M(J) is the number from Proposition 5.2.2 and K is the constant from The-

orem 5.2.1.
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5.3 Lower bound for the invariant density

From now on we assume that our 7 € T(I) is piecewise C'! i.e., each 7/ satisfies

Lipschitz condition with a constant M;:
|7 (x) —Tl(y)| < Milx —y|, forall z,y € [; , i =1,2,...,q.

This means 7 is a piecewise expanding, piecewise C'*! map of I. We introduce the

following notation

M = max M;,
1<i<q
and
0 if 7(a") € {0,1},
+,_ _
00 = Ortatre(oany =
L if 7(af") € {0,1},
where 7(aj) means lim__, + 7(a;). For example, §;” = 1 means that the left endpoint

of the (i + 1)-st branch of 7 is hanging (does not touch 0 or 1).

Also, let

(

17 82

o5 of e
max{s#’ 1} ifi=1,

i -= max{éq’l,éi} if i = q,

Sq—1" Sq

61 O .
max q —+4, —t fori=2...q—1.
\ Si—1 " Si+1

Now, we present the following proposition from [Eslami and Géra, 2012].

Proposition 5.3.1. Let 7 € T(I), and satisfy the above Lipschitz condition. Then,

for every f € BV([0,1]),

\/Pngn\/f+7/\f|dm, (5.8)
I I 1
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1<i<q

1 M 2 max n;
where n = max { = ; = |55+ —=.
n 1§z§q {Si + 772}7 7 82 + lglilgq L(Iz)

Note that we always have

1
maxnmn;, < — .
122y S

As proved in Theorem 3.2 of [Eslami and Goéra, 2012], if 7(0),7(1) € {0,1}, then
n < sy < 1. If the condition 7(0),7(1) € {0, 1} is not satisfied one uses an extension
method to arrive to the similar conclusion, as it is done in Theorem 3.3 of [Eslami
and Géra, 2012]. For completeness, we describe the method. Let I = [0 —e,1 + ¢]

for some fixed small positive e. We define 7¢ on I¢ as follows

p

—5+%(m+5) , * € [—¢€,0);

m(z) = 7(x) , x€10,1];

\0+%(x—1) ,z€(1,1+¢].

See Fig. 5.1 for an illustration. The interval [0, 1] is the attractor of 7. We
choose € so small that the constants s and sy are the same for maps 7 and 7°. We
consider the subspace BV¢([¢) = {f € BV (I¢) : f(z) = 0 outside [0, 1]} of BV (I¢).
It is easy to check that Pr-(BV<(I?)) C BV*(I*) and (P f);oy = Pr(fjoy) for
f € BVe(I¢). Now, we obtain inequality (5.8) for P,- on BV ([¢). In particular it
holds for f € BV¢(I¢). The constants 7; are different but by the choice of € we still
have n < sy and fax m; < ! . The additional partition subintervals I, = [—¢, 0]
and I, = [1,1+ €| do not show in the 1%i£qL(Ii) because the integrals ro fdm and

fqu fdm are 0 for f € BV(I¢). Thus, for f € BV¢(I¢), we obtain inequality

\/Pngn\/f+7/\f|dm, (5.9)
Is IE I
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Figure 5.1: The extension of map 7 to [0 — &, 1+ ¢].

2

T12idg ()

withn§3H<1and7:SM2+
It is well known (see [Boyarsky and Gora, 1997]) that (5.8) or (5.9) implies that 7
admits an acim with a pdf of bounded variation. We denote this invariant density by

¢. It follows from (5.8) or (5.9) that

\ o< 1377 (5.10)
I

We now consider the uniform partition P* of [0, 1] into 2([;7, ]+1) subintervals, where

[72;] is the integer part of ;2. Thus, for each J € P, we have L(J) < 177

5 NOW,

we prove the following lemma.

Lemma 5.3.1. There exists J, € P* such that

forall x € J, .

N —

¢(x) >
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Proof. Suppose the conclusion is not true. Then, for each J € P*, there exists a point

xy € J such that

o(zy) <

N =

Using the inequality (5.10), we obtain

/¢dm—2/¢dm<z < +\/¢)
JePpu JePpu J
L( 1— 11—
Z<+”V¢> zvn\l/qﬁfﬁny =t

Jepu

The contradiction completes the proof. O

Now, we can prove the existence of the lower bound for the invariant density of
7. This result for individual maps is not new, see [Keller, 1978], [Kowalski, 1979] or
[Boyarsky and Goéra, 1997]. What is new are the explicit constants we obtain, which
allows us to prove the existence of the uniform lower bound for the invariant densities

of a family of maps.

Theorem 5.3.1. Let 7 € T(I) be piecewise C' and satisfy sy < 1. Then there

exists 8 > 0 such that inf ¢ > B, where ¢ is the T-invariant density.

Proof. Let Spax denote the biggest value of |7/(x)| over 1. Since ¢ is the invariant
density, P'¢ = ¢ for any natural number n. Lemma (5.3.1) implies that there exists

interval J, C I with L(J,) = m such that
1—-n

forally € J,.

N —

o(y) >

And, by Corollary 5.2.1, for each x € I, we can find an integer n, < M(J,) + K and
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Yy € Jy such that 7(y,) = x. Therefore,

o(v) o) |
Gy @] = 1) (va)] — 25m

o(x) = (Pro) (x) = >
yET U (x)

-1
Setting 8 = (257 )" (or B = <25n1\£(x‘]“)+K> for an explicit formula) completes the

proof. 1

The next theorem generalizes Theorem 5.3.1 to a family of maps uniformly satis-

fying the assumptions.

Theorem 5.3.2. Let {7} C T(I) be a family of piecewise C'*' maps. The defining
partition for (") s P) = {Il(r), e Iég)}. We assume we can find uniform constants
sy <1, K,0>0, Omax, M, s > 1, Spax such that

i > 547 = max{min| (7)) |7+ min (7O =12, () — 1}

7 I’L+1

K > K", where UKY (T(T))”([.(T)) =0,1],i=1,2,...,q(r) ;

n=0 ?
§ <6 =min{L(I"):i=1,2,...,q(r)} ;

B > 00 = max{ LI UIT) 1i = 1,2, q(r) — 1} ;

max —— “max 7

M > M the common Lipschitz constant for (T-(T))/ ,ci=1,2....q(r);

(2

s < S(T) = min {H%l? (Ti(r))/| > L= ]-72a .. 7Q(T)} )
"

Smax > S) = max {max|(7'i(r))'| Li=1,2,.. .,q(r)} .

"
(5.11)
Let us define
—1
—In(2([7=L—]+1))~In(Smax
max [ SI}DI(]SH) : )“,0}-{-](
5 - 2Smax 3 (512)
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where v = SM2 + s%. Then, for all r, inf ¢ > B, where ¢ is the 7 -invariant

density.
Proof. This is just a combination of all previous results in this chapter. O

Below we refer to an example from [Li, 2013] (or Chapter 3) which shows that
the condition sy < 1 is necessary in Theorem 5.3.2. Another such example was

constructed in [Eslami and Misiurewicz, 2012].
Example 5.3.1.

In [Li, 2013], a family {7} of W-shaped maps was constructed which converged
to the standard W-map 7y with a turning fixed point at 1/2 and slopes 2 to the left
of 1/2 and —2 to the right of this point. The uniform constants K, § > 0, dpax,
M, s > 1, Spax can be found for this family. The constants sg) converge to 1, as
7" — 75. Each 7(") is exact on the whole [0, 1], but the acims of 7(") converge to
Dirac measure d(;/2) as 7" — 7,. Thus, the uniform positive lower bound cannot
exist for the invariant densities of this family.

We now present here an example of a non-linear W-shaped map and calculate for it
all the constants necessary to find the lower bound. The theoretical one turns out to

be approximately 4 x 1071°, while the computer simulation indicates that the actual

lower bound for the invariant density is 0.54.

Example 5.3.2.
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0.8

0.6

0.4+

0.2

Figure 5.2: W-shaped map of Example 5.3.2

Let the map 7 be defined as follows

;

T (z) :=1—40/9z, 0 < x < 9/40,

To(x) = 2(x — 9/40), 9/40 < x < 9/20,
7(x) =

73(z) := —4(x — 9/16), 9/20 < x < 9/16,

ma(z) == 2? + 81/1122 — 81/112, 9/16 < z < 1.

\
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The graph of 7 is shown in Fig.5.2. We have
7 (z) =—40/9, 7(x) =2, m3(x)=—-4, mi(x)=2x+81/112;
s1=40/9, s9=2, s3=4, s4=207/112;
s =min{40/9, sy = 2, s3 =4, s4 = 207/112} = 207/112 ;
L(I;) = L([0,9/40)) = 9/40, L(Iy) = L(]9/40,9/20)) = 9/40 ,
L(I3) = L([9/20,9/16)) = 9/80, L(I,) = L(]9/16,1]) =7/16 ;
0 = min {L(11), L(I2), L(I3), L(14)} = 9/80 ;
Omax = max {L(Iy) + L(I5), L(I3) + L(1I3), L(I3) + L(14)}
= max {9/20, 27/80, 11/20} = 11/20 ;

sy =max {9/40 + 1/2, 1/2+ 1/4, 1/4 + 112/207} = 655/828 ;

M = max{0,0, 0, 2} =2;

Y= ]S‘f + 5,25 — 437248,/42849 ;
2] [
Shnae = 40/9 :
1
L(J,) = 03
K=2.

The estimate for number N, of iterations needed for any interval .J, to expand to

the entire interval [0, 1] comes from Corollary 5.2.1 and is

o { {—ln@([ﬁ] +1) - 1n<<smax>w ’O} e

ID(SH)
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1n(539/10)

= |2 1 142=20.
{m(szs/%s)}* *

which gives

B> (25N )7 = (2(40/9)%) Tt & 5.53 x 107

With the aid of a computer we found the actual value N, = 8, which gives a much

better, although still perhaps unsatisfactory estimate 3 > 3.28 x 1075,

5.4 Explicit convergence constants

In this section we assume that 7 € (1) is weakly covering, weakly mixing and piece-
wise of class C'™! with sy < 1. In particular, this implies Theorem 5.2.1, Corollary
5.2.2 and Theorem 5.3.1. To obtain the exact convergence constants we follow the
method of Liverani [Liverani, 1995a] with small improvements. For more information
on Hilbert metrics and the use of cones in the theory of piecewise expanding maps
we refer the reader to [Liverani, 1995b], [Baladi, 2000] or [Schmitt, 1986].

We consider the following cone:

Co= 9() € BV |9(0) 20, 9(0) 20 oral v 0,1 \/g<w [ gam
0,1] [0.1]

Let 0 =n+ 7.

Lemma 5.4.1. If k > ﬁ, then 8 <1 and P,C,, C Cl,.

Proof. First,9:77+%<n+7%:1.

If f e Cy, using (5.8), we obtain

\/PTfSn\/erv/

[0,1] [0,1] (0,1

fldm < (s7) [ \fldm=r0 [ |idm.
] [0,1] [0,1]

90



U

Lemma 5.4.1 shows that the cone C}, is invariant under the action of the operator

P.. We now define the Hilbert metric O(f, g) on C,. For f, g in C, we define

al(f,g) =sup{A > 0[\f < g},

B(f,g) =inf{u>0lg < puf} ,

B(f, g)}
alf.g)]

where we take o = 0 or # = oo when the corresponding sets are empty.

0(/.g)=1n

We recall the following lemma from [Liverani, 1995a].

Lemma 5.4.2. If ©, is the Hilbert metric associated with the cone Cy, then for each

v<1andgeC,

max {(1 +v) f[o,l} gdm, sup g(:)s)}

z€(0,1]
Ok(g,1) <In

min{(l—y) Jioy g dm. inf g(a:)}

z€[0,1]

A slight change of Lemma 5.3.1 leads to the following lemma.

Lemma 5.4.3. Let P* be the uniform partition of [0, 1] into 2([127]+1) subintervals,
For each g € C., there exists J,~ € P* such that

1
g(x) > 5/ gdm  for all x € Jy .
[0,1]

g(x)
f[o,l] gdm’

Proof. Consider the normalized function, which is a density function and

also in C,,. Lemma 5.3.1 implies that there exists .J,» € P* such that

g()

— >
f[(m gdm

% for all x € J,« .

This completes the proof. [
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Let numbers M (J,~) and K; be as in Proposition 5.2.2 and Theorem 5.2.1. Now,

we now prove

Lemma 5.4.4. For each k > 1%77, there exists Ny < M(Jy) + Ky and A > 0 such
that

diam (PTN“*(C'H)) <A<oo.

Proof. Let g(x) € C,, Lemma 5.4.3 implies that there exists J,» € P such that

9(z)
f[o,l] gdm

> % for all x € J,. Corollary 5.2.2 implies that we can find an integer

Ny < M(Jy-) + Ky and y,+ € Jy« such that 7%+ (y,-) = x. Therefore,

(PN“*g) ([L’) _ Z g(y> > g(yu*)

G NS 1 ()

f[o,l} gdm N f[o,l} gdm

29Nuw T 9 gMUus)+Ky

Using Lemma 5.4.1, we obtain PTNU*C'H C Cy,x, where

1 _ Nu*
Nous 4 ny

0, = - . 5.13
1=1 1-n = ( )
Let
inf (PNetg) (x
e xem( N g) ()
f[O,l] gdm
Then,
—1 < <
5 gM U )+KL = w(g) < 1.
Note that

. . 1— gy
\/ PN g < \/g+17/ gdm
I I -n [0,1]

which implies

V[PTN“*Q

S /<;91 .
f[O’” gdm
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Using Lemma 5.4.2, we obtain

diam (P (Cy)) <

z€[0,1]

max {(1 +61) f[m} PN gdm, sup (PN g) (93)}

S sup 21n
gePNv* () min {(1 — ) f[o . PN gdm, inf (Pﬂﬁg) (:L")}

x€[0,1]

max {(1 +6y) f[o,l} gdm, inf (PNeg)(z)+V, Pﬁvu*g}

z€[0,1]

< sup 21In
gEPTN“*(C,@) min {(1 — 91) f[O 1] gdm, il[})fﬂ (Pivu*g) (ZL’)}
’ zel0,

max {1 + 61,1+ kb }
min{l — 0y, W}

SII!&X

< 2In =A.

]

Thus, exactly as in [Liverani, 1995al], we can obtain the following theorem on the

decay of correlations.

Theorem 5.4.1. Let 7 € T(I) be weakly covering, weakly mizing and piecewise of

class C'™1 with sir < 1. Then, for each f € L'(]0,1]) and a density g € BV ([0,1]),

/ g-for"dm— fd/,L‘SKnAanHl 1—|—b\/g ,
[0,1] [0,1] [0,1]

where
1

A\ Nox
A = tanh (Z) ,

Ky = {exp [AN N TE AT Ao

Note that ¢ < \/ngb 4+ W < 4 1 and since A < 1, we have lim K, <

1-0 n— 00

AN A(k + 1). Although we may not have an explicit formula for N, we can give
the upper bound using Proposition 5.2.2.
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In [Liverani, 1995a] the convergence constants are calculated for an example. We
calculated them for the same example and obtained the same numbers. For maps with
constant modulus of slope and without turning periodic points our method does not
offer any advantages over the methods of [Liverani, 1995a] or [Keller, 1999]. Below,
we continue Example 5.3.2 to which the methods of [Liverani, 1995a] and [Keller,
1999] do not apply.

Example 5.3.2. (continued) We use the directly calculated N,» = 8. We have

Y 4 _ 1748092 _ 1748995 -
= = = “&a - We choose k = . By equation (5.13), we have 6; ~

0.9999985478 and

A =2In((1+ k6;)250%) ~ 33.07038934 .

max

Then, A ~ 0.9999999835, b = 11937 and K, <~ 1648 exp(33 - 0.9999999835"8).
Since all the constants in Theorem 5.4.1 are explicit we obtain a similar theorem

for families.

Theorem 5.4.2. Let a family {7} satisfy the assumptions of Theorem 5.3.2. We
assume that all maps ") are weakly mizing with uniform constant K1 of Theorem
5.2.1. Then, Theorem 5.4.1 holds for family {T™} with uniform constants A, b and

K,.
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Chapter 6

Harmonic Average of Slopes and the

Stability of Acim

6.1 Introduction

The main motivation for this chapter is to prove stability of the acims for some maps
with fixed or periodic turning points, for example, the so called W —shaped maps
introduced in previous chapters. The difficulty caused by periodic turning points was
first noticed by [Keller, 1982]. We will study classes of maps more general than the
W —shaped maps.

For almost forty years the Lasota-Yorke inequality [Boyarsky and Goéra, 1997; La-
sota and Yorke, 1973] has played a crucial role in establishing existence of acims and
in studying properties of these measures. More precisely, in the setting where we have

a single piecewise expanding map 7:I — I, the Lasota-Yorke method requires that
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we use an iterate 7" for which we have inf |(7")'| > 2. Then, the partition P of 7"
is used in an argument where the magnitude of the minimum length of P™ appears
in the denominator of a term. This works if we are dealing with a single map or with
a family of maps for which the n th iterate of all members of the family has slopes
uniformly bounded away from 2 in modulus. Stability of acim in this situation was
considered in [Keller, 1982; Keller and Liverani, 1999]. However, in some important
situations this does not happen. Consider the example of W —shaped maps in pre-
vious chapters, where the limit map has [slope| = 2 at a turning fixed point 1/2. In
this situation the standard Lasota-Yorke inequality cannot be applied to a family of
approximating maps since taking an iteration of these maps creates partition elements
which go to 0 length. The papers [Eslami and Misiurewicz, 2012; Li et al., 2013] show
instability of acim for this map. In the paper [Li, 2013] (Chapter 3), stability of a
more general W shaped map has been considered. The results of this paper inspired
the introduction of the harmonic average of slopes condition.

Recently the Lasota-Yorke inequality has been strengthened [Eslami and Goéra,
2012] by using the harmonic average of the slopes on each side of the partition points
rather than the doubled reciprocal of the minimal slope. This allows us to show
stability of the acim of the limit map for a larger class of maps. The smoothness
assumption in [Eslami and Géra, 2012] is piecewise C1F1.

In this chapter we generalize the use of the harmonic average of slopes condition to
maps with much weaker smoothness properties, namely we assume only the summable
oscillation condition for the reciprocal of the derivative. Unlike [Eslami and Goéra,
2012}, we do not use the bounded variation technique. Our main tool is Rychlik’s
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Theorem (see, e.g., [Boyarsky and Géra, 1997]). We show that the invariant densities
of families of perturbed maps form a uniformly bounded set in L> which implies that
it is weakly compact in L'. From this compactness property it follows that we have
stability of the acim associated with the limit map.

In section 6.2 we will define the class of maps we will consider and introduce the
harmonic average slope condition. Then, we will recall Rychlik’s Theorem [Boyarsky
and Gora, 1997, Theorem 6.2.1]. In section 6.3 we rewrite Rychlik’s proof and show
that the harmonic average condition is enough for the result to hold. In section 6.4
we prove the main result of this chapter, which establishes weak compactness in L*
of the densities associated with the perturbing family of maps. This in turn proves
stability of acim of the limit map. This result stays true in many situation not covered
by previous works. An example is presented in section 6.5.

The results obtained in this chapter (Sections 6.2, 6.3, 6.4 and 6.5) were, after some

modifications, published in the paper [Géra et al., 2012a].

6.2 Notation and preliminary results

Let I = [0,1] and let L be Lebesgue measure on I. In this chapter, we consider
piecewise expanding map 7 € T(I), see the Definition 5.2.1 for T(I). And, the

condition 2 will be strengthened as:
2.7 =7l is Cand lim 7'(x), lim 7/(x) exist ; let M = max |7/(7)].

z—a; z—a; zel

Let s and sy be the same as defined in (5.2) and (5.3), respectively. The definition
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of the harmonic average of slopes condition is the same as defined in Chapter 5. Let

d:= min L(I;). (6.1)

2<i<q—1

Note, that to calculate the § we do not use the first and the last subintervals of the
partition.

Let

1
In = VIR
|(7)]

wherever (1) is defined. Let P = \/"'7=(P). Note that P = P1. For any

measurable subset A of [a, ], let
PA)={JeP:ANJNA) >0}.

Let Tn = Zje?(n) Supy gn-

For J € P we define OSCJ|T1,‘ = max, ‘T—1,| — miny \T1'| and

d, = max oscj— .
Jep(n) kd

Definition 6.2.1. We say that a map 7 € T(I) satisfies the summable oscillation
condition, or 7 € Ty([/), if

Zdn§D<+oo.

n>1

Note that usually the summable oscillation condition means a similar condition for
|| (e.g., [Géra, 1994]) and not ‘T—1,| as here.

This condition is satisfied for example for the following maps:

(i) piecewise in C1*¢ i.e., with bounded derivative satisfying a Holder condition;
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(ii) piecewise satisfying Collet’s condition [Collet and Eckmann, 1985], i.e, the
modulus of continuity of 7/ satisfies

K
(1 +log [t])!*7

w(t) <

as t — 0, for some K, > 0 (7 = 0 is not enough);

(iii) satisfying Schmitt’s condition [Géra, 1994; Schmitt, 1986], i.e, summable os-

cillation condition for |7/|.

6.3 Main result

We now recall Rychlik’s Theorem. The proof can be found in [Rychlik, 1983] or

[Boyarsky and Goéra, 1997, Theorem 6.2.1].

Theorem 6.3.1. Let 7 be a piecewise monotonic transformation of an interval |a, b|

satisfying the following three conditions:
1. There exists d > 0 such that for any n > 1 and any J € P™,

sup g, <d- inf g,;
J J

2. There exist £ > 0 and r € (0,1) such that for any n > 1 and any J € P,

8. 1= ep SUp; g < +o0.

Then T admits an acim. Moreover, if f is a T-invariant density then

[fllo <M (6.2)

d
e(l—r) "
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Theorem 6.3.2. If 7 € Ty, and satisfies the harmonic average of slopes condition

sy < 1, then it satisfies the assumptions of Rychlik’s Theorem.

Proof. Condition (1): Note that supg < % Let J € P™ | x4y € J. We have

For any k = 0,...,n — 1,7%(z) and 7"(y) belong to the same element .J; of P"5)

Using the inequality

we get
g(r"(x)) 1 k — ok
WD < e (- alolrH o) - o)
< exp (Mdn—k>a
and thus,
z:g; < exp (Mkzzodn_k) < exp (M-D).

We have established condition (1) with
d= exp (M-D).

We now invoke the harmonic average of slopes condition to prove condition (2): let

€= %5 and r = sy < 1. (It is important to note that we did not use the lengths of
the first and the last interval of the partition to define §.) It is enough to notice that,
for any J' € P™ . 77(J') is an interval and if L(7"J’) < ¢, then 7%J’ can intersect at
most two intervals of P. Thus, > Jep(rngy Sup g < sy =1 <1

Condition (3) is satisfied by definition. This completes the proof. O
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Remark 6.3.1. Note that in the above proof, if we use the usual summable oscillation

condition for |7'| (e.g., [Gdra, 1994]), we can alternatively obtain the following:

IA
@
s
ol

VAN

¢

>

ko]
7 N "
| =

QL

i

=
~~_

and thus,

n—1
1 D
gn() < exp |- Ao | < exp ()
9a(y) s 2 s

Therefore, we can establish condition (1) in Theorem 6.3.1 with
D
d= exp (—) )
s

6.4 Stability of acim for families of maps

The main motivation for this investigation is to prove stability of the acim for maps
with turning fixed or periodic points. The general setting is as follows. Let 75 be a
map with an invariant density f, and and {7, },~¢ a family of maps with invariant
densities f, such that 7, converge to 7y in some sense as v converges to 0. Question:
under what conditions does f, — fo in some sense? Such problems were investigated
in many articles but usually using bounded variation technique [Keller, 1982; Keller

and Liverani, 1999).

Theorem 6.4.1. Let the family {7, },~0 C Ty, satisfies the assumptions of Rychlik’s

Theorem in a uniform way, i.e, with the same constants and 7, — 7y almost uniformly
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as v — 0. If 7o has exactly one acim, then f, — fo in L' asy — 0. In the general

case every limit point of the family {f,}, as v — 0, is an invariant density of 7.

Proof. The proof follows from Theorem 11.2.3 of [Boyarsky and Géra, 1997] which

we recall below with appropriate changes. ]

Theorem 6.4.2. Let 7, € T, v > 0. Let the invariant densities of {f,},>0 be
uniformly bounded in L. If 7, — 7y almost uniformly as v — 0, then any limit
point of {fy}y=0, as v — 0, is a To-invariant density. If {10, f - L} is ergodic, then

f«{ — fo m Ll.
We now describe two families of maps for which Theorem 6.4.1 applies.

Proposition 6.4.1. Let 19 € Tx satisfy the harmonic average condition sy < 1.
Let T, be defined on the same partition P = {I1,I5,...,1,} and 7, = 79, as v — 0,
in C(int(L;)) for all i = 1,2,...,q. We also assume that the summable oscillation
condition is satisfied uniformly for {7} >0. Then, the family {7, },>¢ satisfies the

assumptions of Theorem 6.4.1.

Proposition 6.4.2. Let 19 € Ty satisfy the harmonic average condition sy < 1.
Let each 7., be piecewise expanding on the partition P, = {17 17 .., Iél)l}, 1Y =

[aw am], i=0,1,2,...,q+ 1. We allow the possibility that Iéy) or ]él)l or both of

i—17

()

i

(0)

them are empty. We assume a;” — a;’ asy—0,1=0,1,2,...,q. Then, automati-

cally a(jl) — a(()o) and agﬁl — at(lo) as v — 0. We also assume that the summable oscil-
lation condition and harmonic average condition are satisfied uniformly for {7, },>o.
If 7, — 70 almost uniformly as v — 0, then the family {7, }.>0 satisfies the assump-

tions of Theorem 6.4.1.
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Results similar to those above were derived in [Géra and Boyarsky, 1989c¢| under
additional much stronger conditions on the family of transformations. The two main
stronger conditions assumed in [Géra and Boyarsky, 1989c¢| are

(i) There exists a constant 0 > 0 such that for any 7, in the family of maps there
exists a finite partition X, such that for any J € X, 7|, is one-to-one, 7,(J) is an

interval, and

min diam(J) > §.
JeK,

(ii) For any m > 1, there exists d,, > 0 such that if

m—1

:Kgm) = \/T;j({K,Y)

7=0
then
min diam(J,,) > 6, >0.

JEK—(ym)

From these conditions it follows that the family of densities is weakly compact in

L'

6.5 Example

The results of this chapter allow us to answer a question posed in [Eslami and Misi-

urewicz, 2012], which is also studied in [Pendev, 2012].

Example 6.5.1.
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Figure 6.1: The graph of Example 6.5.1 for v = 0.

Let 7, 0 <7 <&y < 1/2, be a map defined by

() =
92— 9 ,

To, which is shown in Fig. 6.1, is exact with invariant density fy = %X[o,1/2] + %X[l/ll}'
Is this acim stable under perturbation given by the family {7, },~¢7 79 has a turning
point 1/2 which is periodic with period 3. Previously known methods did not give
an answer to this question.

We will consider the family of third iterates {75 },~0. 73 is shown in Fig. 6.2 (a) and
a typical 72 is shown in Fig. 6.2 (b). The slopes of 72 are 51 = s3 = 57 = 2+ 874872,
Sg = 84 = S¢ = 4+ 87, and s5 = 8. Since 7 is exact, Tg’ is also exact with the same
acim and stability of acim for 73 implies the same for 7. We can see that the family

{7‘:;)’}@0 satisfies the conditions of Proposition 6.4.2. Thus, 7y has a stable acim.
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Figure 6.2: The 3rd iterates of maps of Example 6.5.1: (a) 73, (b) T¢ o5
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