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ABSTRACT

Simulation Study of an Estimator of Bivariate Survivor

Function and Estimator of its Variance

by Yu Lan Jin

Bivariate survival data arises when we have either a pair of observation times for each in-
dividual or times on two related individuals, such as infection times for the two kidneys of
a person or death times of twins. Such data are also often subject to censoring - bivariate
censoring - i.e., exact observations may not be available on one or both of components
because of drop-out or other reasons. Hence it is important to have an efficient, nonpara-
metric bivariate survivor function estimator under censoring, i.e., a bivariate Kaplan-Meier
estimator. In this thesis we carry out an extensive simulation study of an estimator pro-
posed by Sen and Stute(2007), which involves solving for an eigenvector of a certain matrix.
A comparison of the estimator with two other existing but unsatisfactory ones is also given
using a small data-set. Moreover, variance of the former is computed using a bivariate
analogue of Greenwood’s formula, which involves solving a matrix equation of the form
AXB=C
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Chapter 1

Introduction

1.1 How did the problem arise?

For univariate survival data analysis, we have many efficient estimators and inference pro-
ceeding.

Correlated failure time data arise in diverse application areas such as disease occurrence
studies between pairs of family members in genetic epidemiology. Such data are often sub-
ject to (bi-variate) censoring. For the purpose of inference without parametric models, or
for

Model checking (for a parametric model), we need an efficient, computationally convenient
nonparametric bivariate survivor function estimator. In other words, it is desirable to have

an analogue of the Kaplan-Meier estimator for bivariate failure time data.

1.2 Notation

Some notations are involved in my thesis as below.

Survival data

Survival data is a term used for describing data that measure the time to some event. The
event is a transition from one state to another.

For example, death is a transition from the state alive to the state dead. Occurrence of




discase is a transition from a state of being healthy to a state of presence of disease. In
the economic example, it is a transition from a state unemployed to a state employed to a

state unemployed.

Univariate survival data

This term means that all time variables describing the time to the same type of event
and individuals are assumed to be independent. The event considered will be called death
for theoretical evaluations, event though it also can be other events. Therefore, the data
consist of n independent times, T3, ...,T,, with corresponding death indicators

Dy, ..., D,. Thus, in the case of death,D = 1, T is time to death; in the case of censoring

D =0, and T is the observation time. A subscript i is used to denote the individuals.

Univariate censoring
The survival variables Y}, Vs, Y3, ..., Y, are right-censored by fixed constants t,, ¢, 13, ..., tn,
if the observed sample consists of the ordered pairs (Z;,d;), for ¢ = 1,2,...,n, where for

each Z; = min{Y;, t;},

1 ifY; <t; (uncensored)
ifY; > t; (censored)

wheret; is the fixed censor time and é; the censor indicator for Y;,

Survival random variable

A random variable X is a survival random variable if an observed outcome x of X lies in
the interval [0, 00).

Suppose that X has probability density function f and cumulative distribution function F.

Then F(z) = P(X < zy) = [} f(

Survivor function
The survival function,F), is defined for all values of = by F(z) =1 ~ F(z).
ie. F(z)=P(X >z)= [ f(u




Empirical survivor function

Given n observations Xi, X3, X3, ..., X, independently and identically distributed (i.i.d.)
with the same distribution as Y, the empirical survivor function F}, is defined for all values
of y by

_ _ numberofobservation >z 1

Fo(z) - == Z L(z.00)(Xi)
=1

and is an estimate of the survival function F.

Hazard function
A survival random variable Y has hazard function, or hazard rate or force of mortality,
defined for y > 0 by

Ply<Y <y+Ay) f(y)

W T R

Greenwood’s Formula

In terms of notation for jth interval I; = [a;_1, a;), N; as the number at risk in I;; we write:

p; = P(Surviving through I;| Alive at the start of I;) a1
1.1
= P(X > a]‘)X > aj_l)

where p; as the actuarial estimate of p; and ¢; =1 — p;, If“(a]-) is lifetable estimator.

We will concentrate on the derivation which approximates S (a;) by a product of indepen-
dent binomial proportions for the intof the lifetable prior to a;. This will require positive
sample sizes (effective numbers at risk) in each of the intervals concerned. If we condition
on this, then the result is exact rather than an approximation; unconditionally, the stan-
dard error result is an approximation.

We begin by noting that if N; > 0, the effective number at risk, N}, for j > r depends
on past effective numbers at risk, N, with [ < r only through the value of N;. Of course,
if N; = 0, then we cannot tell at a previous interval identified by / < j whether N/ = 0
or whether N] > 0. The discussion begins by showing that the lifetable estimate If“(aj) is

‘approximately’ unbiased for S(a;).




Theoreml

E[F(a;)] = pipaps -+ p; = F(a;) 5 =1,2,3,..., k+1.

Theorem?2 (Greenwood’s Formula)

The standard error of the lifetable estimate if given by

J
£ i 4 .
V(LT'[F((IJ')] = F((Lj)z - m,] = 1,2,3, ey kE+1.

i
The Kaplan-Meier Estimator

The most commonly used for survival data is the Kaplan- Meier (1958) product limit
estimate . The Kaplan-Meier estimator is aimed at estimation of the survival function
from censored life-time data. The value of the survival function between successive distinct
uncensored observations is taken as constant, and the graph of the Kaplan-Meier estimate
of the survival function is a series of horizontal steps of declining magnitude.

If 7; is the probability of having an event until then, that is, on surviving to that time,
the likelihood function is L(7) = H§=1 w;-ij(l — m;)™~% where n; is the number having
survived and still under observation, and hence still known to be at risk just prior to ¢;,
called the risk set, d;, is the number having the event at time ¢;, and 7, is the hazard
or intensity at ¢;. This is a special application of binomial distribution, with maximum
likelihood estimates,; = d;/n;. Then, the product limit estimate of survivor function is
just the product of the estimated probabilities of not having the event at all time points
up to the one of interest:

Py = TI2%= 1] {“ﬁ{('z_)}

. Uz .
J|tj<t i|Z; <z

where H,(z) = 15" 1(Z; > ).
Bivariate survival times, Survival function, Hazard function
X means X = (X;, X,) € R™ and if we write <, >,> and <, then this should hold com-

ponentwise: for example, if z,y € R*2, then z < y <= z1 < y1, 72 < y2. We will write




X;,i=1,...,n, as notation for n i.i.d. bivariate survival times with the same distribution
as T, while we write X; and X, for survival times with the same distribution as X, while
we write X; and X, for the components of X.

Bivariate right randomly censored data can be modeled as follows: T is a positive bivariate
lifetime vector with bivariate distribution Fy and survival function Fy : Fy(t) = Pr(X < z)
and Fy(t) = Pr(X > ). Let C be a positive bivariate censoring vector with bivariate
distribution Gy and survivor function bivariate censoring vector with bivariate distribution

Gy and survivor function Hy : Go(Y) = Pr(Y < gy) and Gy(Y) = Pr(Y > y).

Handling probabilities is more complicated in the bivariate case than in the univariate.
In the univariate case, the probability of an interval (a,b), that is, Pr(T(a,b)), is found as

F(b) — F(a), but in bivariate case, the corresponding formula is

Pr(Xi(a,l, bl),Xz(ag, bg)) == F(bl, b2) - F‘(al, b2) - F(bl, ag) + F’(al,ag).

We may define a bivariate hazard function as

t1,1

h(ty, ta) = [t ta)

F(tb t2)
which describes the probability that both coordinates will experience an event given that
they are both alive. This naturally extends the univariate expression h(t) = %%, which

_ d2P(ty,ta)

alternatively can be written as h(t) = —~@%?@. Thus h(t1,ts) = —Fiﬁﬁ)—, but it cannot be
simply formulated by means of the derivative of logF(¢;,t,). In fact, the relation is

2

dty, dts

- od _ d _
logF (ty,t2) = h(t1,t2) — {d—tllogF(tl’t2)}{d_t2l09F(tl’t2)}'

Observations are described in the standard parallel way, as (X3, X2) with corresponding
death indicators (¥3,Y3). There are three types of observations - the double deaths, that
is, known times; single deaths, where one individual is observed to die and the other is

censored; and double censoring.




Uncensored

If D; = (1,1), then the observation Y; is called uncensored.

Singly censored

If D; =(0,1) or D; = (1,0), then the observation Y; is called singly censored.

Doubly censored
If D; = (0,0), then the observation Y; is called doubly censored.
The uncensored observations are the complete observations and singly censored and doubly

censored are incomplete observations.

1.3 History of non-parametric bivariate survivor func-

tion estimator

For univariate survival function estimator, we have Kaplan-Meier eatimator and Nelson-
Aalen estimator. Especially, Kaplan-Meier Estimator is successfully to express the masses
of survival function. We use the graphs of the Kaplan-Meier estimator to compare different
group of survival data.

It is a long history to find an eflicient bivariate survival estimator. Many proposals for
estimation of the bivariate survival function have been made in bivariate censored data .

There are some main remarkable estimators.

Hanley and parnes (1983) estimator is a maximum likelihood estimate. They suggested
this estimate and made an explicit evaluation under homogeneous censoring and described
an iterative solution in the general case.

Their estimation method for homogeneous case has an interpretation like the multi-state
model, because they split the problem into the distribution of minimum, the distribution
of which component(s) fails at the minimum given the minimum, and then an arbitrary
distribution for the second event given the first. When the censoring pattern is not homoge-
neous, this simple derivation is not possible. therefore, the two cases are treated separately.

This method is limited to solve some cases.




Pruitt(1991) proposed an interesting implicitly defined estimator which is the solution
of an ad hoc modification of the self-consistency equation. The Pruitt method instead
distributes the mass according to a Kaplan-Meier method applied to the observed events

in a neighborhood of the observation.

Dabrowska(1988) and Van der Laan (1995) found the notable estimators. Dabrowska’s
multivariate product-limit estimator, based on a very clever representation of a multivari-
ate survival function in terms of its conditional multivariate hazard measure.

The Dabrowska method has the problem that it assigns negative probability masses to some
points. As demonstrated in the example, this happens at a very large number of points and
the mass is non-ignorable. A further problem that makes us insure about the approach is
that it supplies an estimate for full bivariate distribution,even when this distribution does
not make sense, e.g., for bivariate data for different events with one of events being death.
Note that the former can assign negative values to some events whereas the latter is in-
explicit, although asymptotically efficient under some strong conditions such as complete

observation of the censoring variables.

The Dabrowska estimate
An interesting estimate of the bivariate survivor function was suggested by Dabrowska
(1988). It was derived by a consideration of bivatiate hazard functions. The estimate is as

follows. First find the bivariate risk set

R(t1,t2) = Z{Tzl > t1, Tip 2 t2}.
Then we need the number of bivariate events at each time
Ku(t,ta) = Z DiuDpl{Th = t1, Tip = t3}

and the number of events for coordinate 1, among those where

the second component is alive at time t;




Kio(ti,t2) = Z Dal{Ty = t1,Ti2 > ta}
The quantities are seen relative to the risk set

Liy(t1,t2) = Ku(ta,ta)/R(t,t2)
Lig(t1,t2) = Kio(t1,ta)/R(t1,ts)
Loi(t1,t2) = Koi(ty,t2)/R(t1,t2)

The marginal survivor functions are found as

Sl(tl) = H{l _LIO(’U"O)}

u<t1

Sa(tz) = J[41 - Loa(u,0)}.

u<ts

In fact, they are just Kaplan-Meier estimates based on each coordinate separately. At all
times without events, the factor is 1 and can be neglected. At times with event, there is a
term below 1, which contributes to the estimate. Then the estimate is
S(ty,ta) = Si(t1)Sa(ts) II (-Hwv} 1)
0<u <t1,0<u <t2

where H is given by

Hity ty) = Lio(t1, t2) Loi(t1, t2) — L11(t1, t2)
’ {1 = Lio(t1, t2)}H{1 — Lor(tr, t2)}

It can be seen that Equation(2.1) has a strong interpretation as the product of the marginal

survivor functions, modified by the product of H terms, which then describe the depen-
dence. If we want to assume symmetry, R should be substituted by R(t1,t2)+ R(t2,t1) and
similarly K41 should be substituted by Ki1(t1,ts) + K11(t,t1). Furthermore, Ky should
be substituted by Koi(t1,t2) + Koi(t2, t1), and Kio(t1,t2) should be the transpose of sum.

Prentice and Cai (1992) suggested an estimator based on representation of the sur-
vivor function by Peano series which is a nice estimator.
Prentice et al (2004) obtained one estimator of survival function with the empirical ma-

trix eigenvector, but it has incorrect solution.




Sen and Stute (2007) derived a bi-variate (or, multivariate) survivor function estima-
tor with a general solution to the empirical version of the eigenfunction equation by using
a simple matrix eigenvector calculation. The estimator is linearized by the functional A—
method.

In brief, the Dabrowska method gives negative mass in some points. The Prentice et al
(1992) method has the incorrect solution which is shown by Sen and Stute (2007).
Generally, expressions for the variance are not available. Variance estimate has been derived

only for the Hanley and Parnes approach, using Greenwood’s formula.

1.4 Content

The aim of my thesis is to carry out a simulation study of Sen. and Stute’s(2007) estimator
as well as the associated variance estimator formula.

In Chapter 2, computation and simulation of the estimator of Sen and Stute (2007) under
different survival joint distributions and censored joint distributions, are given. We also
checked the estimator with the real data (twins, kidney), and compared with Dabrowska’s
and Hanley and Parnes’s methods.

Chapter 3 gives the estimator of variance of bivariate survival function and the simulation
results.

Chapter 4 shows the conclusion of the simulation study.

Further study is in Chapter 5.




Chapter 2

Calculation and Simulation of the

Estimator of Sen and Stute(2007)

2.1 The estimator of Sen and Stute (2007)

Simulation studies are presented to assess the moderate sample performance of a bi-variate
Kaplan-Meier estimator, denoted F,, derived by Sen and Stute. We present the mean
squared-error (MSE) of F, under different degrees censoring, with failure times and random
censoring times generated from several joint distributions F(zy,z3) and G(y1,y2) respec-
tively. A comparison with Dabrowska and Hanley-Parnes estimators are also provided in

a small, real-life data-set.

The bivariate Kaplan-Meier estimator derived by Sen and Stute (2007)

Let (Xi,Xi2), 1 < i < n, be independent and identically distributed (i.i.d) nonnega-
tive random vectors, each having a bi-variate distribution function (d.f.) F(x,, ;) and
representing a bi-variate failure or survival time, such as those for ‘twins’, or pairs of
kidney. Suppose further that these vectors are subject to random censoring from the
right by another, independent set of i.i.d random vectors (Yi1;Y¥i2),1 < ¢ < n, each
having d.f. G(w1,y2), so that we can only observe (&;1;di2; Zin; Zi2);1 < 4 < n; where
0 = I{X;; <Yy, Zij = min(X;;; Y50, =1,2,1 < i< n.

Let F(xy,...,2m) = P{X; > x1,...,Xm > Zm} be the survivor function of an m-

10




dimensional random vector X = (X,...,X,), m > 1. Then F(,...,-) satisfies the integral
equation
_ _ dF(t1, ... tm)
Flai-,....x —)=/ Fltim, .t~ (2.1)
( ' " [z1,00) X X [Tm,00) ' " F(tl—-, e ,tm—-)

Let us look at m = 2 only. Now for censored data, we have

dF(ty,t))  G(ti—, ta=)dF(t1,19)

F(ti— ta—)  G(ti— ty—)F(t;— t—)’

where G(-, ) is the censoring distribution. Thus Eq.(2.1) becomes

- dHY(t),t5)
F‘T _7x - :/ Ft ‘—',t — —_——,-———7 (2_2)
( ' 2 ) [1,00) X [32,00) ( ' 2 )H(t1_7t2_)

and F'(-,-) can be estimated as a solution to the empirical version of Eq.(2.2):
_ dH! (ty,ts)
Fn(xl-—’ wz_) = / F‘n(tl_a t2—)—‘n—"—_a (23)
[zl’oo)x[z2’°°) Hn(tl—s t2—)
where as usual, H!'(t1,t2) = n™ 30 610001{Zn < t1,Zi2 < to}, and Hy(ty,to) =
nt Y e HZa > t1, Zia > ta}.

Equations (2.1) and (2.3) obviously represent eigenvalue problems, i.e., F(z;—,z9—) and

Fo(xz1—, z2—) are eigenvectors corresponding to the eigenvalue 1 for the integral operators
f[,,oo)x{_,oo)(dF(tl,tz)/F(tl—,tz*)) and f(',oo)x[.’oo)(dH}ll(tl,t2)/FIn(t1~—,t2—)), respectively.
To solve Eq.(2.3), we may assume that the estimator gives mass p; > 0 to the observation

(Zil» ZZ‘Q), 1< ) S n, so that
n

Fy = Fo(Zn—, Zp—) = Z ijPj
—

where

S 1 ifZj 2> Zin, 253 2 Zio
Y10 otherwise;
Further, let bi = AHrlll(Zil, Zig)/Hn(Zil—, Zig—) = n‘léﬂéiz/ﬁn(Zﬂ—, Zig—'). Then Eq(23),
with z1 = Z;1, z2 = Zi», 1 < ¢ < n, may be rewritten in matrix notation as,
n
Ap=ABAp, > pi=1, (2.4)
i=1
where A = ((ai;)), p= (p1,...,Pn), B =diag (by,...,b,). Now order (Z;1, Z;2), 1 <i < m,

in the increasing order of the first coordinate, i.e., as (Zjny); Zpimg), 1 < 4 < n, where

1




Zimy < 0 < Zppy and Zppg, 1 < @ < n, are the corresponding concomitant. Then,

with any suitable convention for breaking ties, A becomes a non-singular, upper-triangular

matrix, i.e.,
0 ifj <4
aij; = 1 ifj=1
lorQ ifj >4

Note that for univariate ordered data, a;; = 1 for all j > i. Thus A now becomes invertible,

and Eq.(2.4) becomes
p=BAp, > pi=1. (2.5)

i=1

Finally, we have F,; = Z;;l a;;p; or in matrix notation

Fe = Ap (26)

The results of the estimation F(x1,z3) or equivalently, its survivor function F(zi,z5) =
P{X; > x1, X, > z,} based on the observed data, i.e., the bi-variate version of the Kaplan-
Meier estimator, is as follows.

1) Observation bivariate data (Xi, X32) has the density of f(z1,z2).

To estimate F(r;, 1y) = P{X; > 11, X3 > x5} based on a sample (X;1, Xi2),i =1,2,...,n

we use
n

2 1
F(:El,.'EQ) = — I{Xil > :El,Xiz > :EQ}.
n

i=1

2) Censoring data (Y1,Y2) has the density g(y;, y2), where (Y7, Y2), (X1, X2) are indepen-
dent.

3) For (Yi1,Ys), i=1,2,...,n, data matrix : (6;1, 2, 201, 2i2), ¢ =1,2,...,n,

where

za = XaAYy, 0 =1(X; <Yy)

Zi2 = Xi2 A Yo, 8io = I(Xiz < Yi2)

Let
X1=(Xi1, 1§1§n), X2=(Xi2,1§i§n),

le(yzllalsién)a Y'2=(Y;.271§1Sn),

12



http://Zn-.ni

51=(X1§Y1)+0, 52=(X2_<_Y2)+0.

Arrange matrix (05, di2, 2i1, 2i2,© = 1,2,...,n) according to increasing order of (23,1 < ¢ <

n), then the matrix change to (dp1, 0pi2), 21y, 22, 0 = 1,2, ..., 7).

1 it Z;1 2 Zn, Zjp 2 Zip
0 otherwise;
B = diag (by,. .-, bn); where b; = 9i16;2

j=1 Bif

We define A = ((a;5)) , where a;; = 1<i<n, 1<j<n

We may assume that the estimator gives p; > 0 to the observation (Z;, Z), 1<1i<mn,

so that F,(Z;-, Zp-) = > i1 @igps,where p = (p1, ..., Pn)

So we solve the following eigenvector problem in p:

BAp=
ot (L)
Zi-——l pi = 1
Rewrite (1.1) as:
(I-BA)p =0
1’p =1, where 17 = (1,1,...,1)

S0, matrix equation as below:

I-BA
1T

0
Pt = | . | (12)
(n+1)xn L

Case(1.1): Unique solution if b; = 1 for only one i, b; < 1 for all other i.
In this case 1 is an eigenvalue of BA of multiplicity one. Hence the matrix equation Eq.(1.2)

gives a unique solution p.

Case (1.2): Multiple solution if b; = 1 for more than one i, i.e. by =+--=b; = 1.
In this case 1 is an eigenvalue of BA of multiplicity & > 1. Hence the matrix equation
Eq.(1.2) gives k linearly independent solutions. We enforce a unique solution by letting

p;, = -+ = p;, in the matrix equation (1.2), then solve out p.

Case(1.3): No solution if b; < 1 for every i.
In this case 1 is not an eigenvalue of BA. However, we obtain a pseudo-solution as follows.

Add a dummy variable p,11, With b,y = 1. ignore ppq1, 3o, i < 1.

13




i.e.

An+1)(n+1) = 1

Then, we change the matrix equation (1.2) to :

We switch to
A — [ (aij) Lty ]

Om+1)j  lm+n(na

B' = diag (bla ooy by 1(n+1))

,wherebiz—‘s‘ﬁ?i—,lgign

2oj=1 @i
P = (1, Pn, Pnt1)
I-BA O(ns1)x1
o Plnsiyx1 = L(n L (12)
(n+2)x(n+1) Ix1

We solve the adjusted matrix equation to get the solution of p’.
Based on the above three cases, we have p. Then we can calculate F,(z;, 73) = Yo pd(Zy >
Ty, Z2i > T3), where py +pa+ - +pp, =1

2) Mean squared crror MSE = E(F, — F))?

For N repetitions, MSE = % Zﬁil(ﬁi — F)2 where F(ay,a3) = P(X; > a1, X2 > a2)

e

Two method to calculate F(ay,as) = P(X; > ay, X2 > a2):

(2.1) Exact method of calculation survivor function:

©  poo
F(al, ag) = P(Xl > ay, Ty > a2) = / / (f(.’l)l,.’l/‘z)d.’lild.’l/‘z
ay az

or

(2.1') Approximate method of calculation survivor function using the empirical

14




method:

- 1
F(al,a2) = EZI(XH > al,X—,‘Q > a2)

i=1

2.2 Simulation results from the following distributions

Simulation (3.1) Let observation (X7, X5) has the distribution f(z;,z3), and censoring

data has the distribution g(y;,y2).

6(1l —z5) 0<z;<2,<1
f(z1, 32) = (1=2) 0sm<as (3-1-1)
0 elsewhere
1 0<y,<1,2p <
9y, y2) = ==L =h (3-1-2)
0 elsewhere

From (3-1-1),

31-21)2 0< 7 <33<1
0 elsewhere

f(.’L‘l) = / 6(1 - (L‘Q)dil?g =

T1

f(xo]z1) =

fl@as) _ 6(1-=) [ HEH 0<m <<l
f@) 31 —=z)?

Step 1) Generate pairs of (U, Us): U; and U, are i.i.d. and uniform(0,1).
Step 2) Generate X;:

0 elsewhere

X1
F(X,) = /0 31 —t)?dt=1-(1-X,)®

Let F(X;) = Uj so,
X;=1-1-U]"3

Sept 3) Generate Xj:

X2 2(1-t) 2
Sl gzdt 0<z <2< 1 (X2 —-1)
F(X,|X,) = 1 (1=X3) =1-2-——= 0<X;<1
(X2l X) { 0 elsewhere (X, —1)? ==
Let F(XQ‘X:[) = U2, S0

(X — 1)
Uy=1—- ——=
? (X1-1)?

X, =1-(1-U)"Y*(1- X))

15




From (3-1-2),

1/2p 1/2y1 0<y <2
= dyo = - -
9(y) /(; vz { 0 elsewhere

Y1
G(y1)=/ 1/2ydy = 1/4y?
0

Let Us = G(y1),s0 Y1 = 2U9}/2

2
Y1, Y = 0<y<L2y, <y
g(y2]y1) —_ g( 1 2) - U1 2
g(y1) 0 elsewhere

y22
Glyaln) = / 24y
0o U

Let Uy = G(y2|y1), so Yz = ;UsY:

Simulation result(3.1): n is sample size, N is repetition times. Test Results(N=200

samples, each of size n=100)

Table 2.1: Estimation results (3.1): F(zy,z9)
(a1,a9)  Fe F mseFe 6(1,1) 6(1,0) 6(0,1) 4(0,0)

(0.1,0.3 0.0248

(0.1,0.3

) 0.395 0.6358 0.0436 0.307 0.6686
) 0.0248
(0.1,0.2) 0.5250 0.7001 0.0314 0.2993 0.69695 0.0238
)
)
)

0
0.395 0.6358 0.0436 0.307 0.6686 0
0

0.3315 0.5101 0.0614 0.2949 0.67925 0 0.0259
0
0

(0.2,0.1

(0.3,0.1) 0.1652 0.3461 0.1393 0.2962 0.67885 0.0250

(0.5,0.2) 0.0265 0.1277 0.2373 0.2978 0.67675 0.0255

Simulation (3.2):

Observation data has distribution as

8rixy 0< 1< <1
0 elsewhere

f(zl,:c2)={ B3-2-1)

Censoring data distribuion is

3 O<ypa<yi <1
gy =4 " 2= (3-2-2)
0 elsewhere
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From (3-2-1),

4z1(1—2?) 0<z1 <1
fer) = { 0 elsewhere

T1,T % O<r <z <1
flaa|zy) = 1(1__22 =) 1-4f
f(z1) 0 elsewhere
1
F(zylz:) = 17— p (23 — 27) = Us
80,
Xy = (X4 Up(1 — X2))1/2
From (3-2-2),
u 3?2 0<y <1
g(y) :/ 3y1dy, = ! '
0 0 elsewhere
v1
G(p) = / 3tdt =y = U
0
Yl = U11/3
gy ot O<zp<yi<l
9(alyr) (1) { 0 elsewhere
yz 2 0<yp<y; <1
G = = (2!
(2ly) /0 { 0 elsewhere
So U2 = g%,

Yy = ViU, = U%U,

(Y1, Ys) = (U3, U;*t)

17




Simulation result(3.2):(N=200 samples, each of size n=100)

Table 2.2: Estimation results (3.2) : F(z;,x2)

(a1, a2) Fe F mseFe  §(1,1)  6(1,0) 6(0,1) 6(0,0)
(0.1,0.3) 0.97375  0.5554  0.219482 0.08365 0.68235 0 0.234
(0.1,0.2) 0.97805 0.5889765 0.088067 0.085  0.68555 0 0.22945
(0.2,0.1) 0.9235 0.4935362 0.086302 0.08235 0.6868 0 0.23085
(0.3,0.1) 0.82785 0.4054272 0.092361 0.0843 0.69 0 0.2257
(0.5,0.2) 0.56075 0.1837466 0.148653 0.08695 0.68145 0 0.2316
(0.5,0.2) 0.5681 0.1650683 0.161627 0.08315 0.6849 0 0.23195

Simulation (3.3)

(X1, X,) is survival data. (Y3, Y3) is censoring data.
COPULA MODEL: F(zy,z9) = C{Fi(z1), Fa(z2)}
CLAYTON’S COPULA MODEL: For X:

F(x1,$2) = P{Xl > $1,X2 > $2}
_ 1 (2.1)

o=

1 1
[m(zlne t EEr 1]

6 >0, Fy, Fy are survival marginal function

(3-3-4): Take 0 = 4,

Fi(z) =™, Fy(zy) =™

T
Fi(z) = / etdt=1—e %
0

Let Fy(z,) = Uy, then Xy = —In(1 - U))

18




= 1
F(SIJ1;$2) = [64:1;1 + 641'2 —_ 1]1/4

d - 564:1:164:1:2
[F(z1,22)] = [edo1 + eloz — 1]9/4

f(fvl,a?z) =

dl‘zd(l)l

fi(z1) = —e™

f(:l)l, 1,‘2) _ 551 gda2
filz1) — [efor 4 ede2 — 1]9/4

f($2[$1) =

T2 5651:16415
F =
(l‘zlflfl) /0 [64:1:1 + edt — ]_]9/4 dt (22)

=1— €5X1 [64X1 + e4X2 _ 1]—5/4

Let F(za|z1) = Uy,
Then

U2 — 1 _ e5X1 [e4X1 + e4X2 . 1]-—5/4

Xy = %ln[l — e [(1 - Uy)e5K1]4/9]

Randomly generate: U; and U, is uniform distribution (0,1)

= X1 = —ln(l — Ul)

X, = -}Iln[l — e} [(1 = Uy)e™5%1]7 %]
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(3-3-4-a-1) Y : Y1 ~ EXP(200), Y2 = 00

Table 2.3: Estimation results 3-3-4-a-i : F(x;,%2)

A

(a1, a2) Fe F  mseFe §(1,1) 6(1,0) 4(0,1) 4(0,0)
(0.000, 0.000) 0.9996 1.0000 0.0013 0.9954 0 0.0046 0
(0.375, 0.000) 0.6843 0.6859 0.0003 0.9950 0 0.0050 0
(0.750, 0.000) 0.4692 0.4712 0.0001 0.9953 0 0.0047 0
(1.125, 0.000) 0.3216 0.3236 0.0000 0.9949 0 0.0051 0
(1.500, 0.000) 0.2209 0.2227 0.0000 0.9948 0 0.0052 0
(0.000, 0.375) 0.6833 0.6844 0.0003 0.9949 0 0.0051 0
(0.375, 0.375) 0.5917 0.5933 0.0001 0.9952 0 0.0048 0
(1.500, 0.375) 0.2215 0.2232 0.0000 0.9950 0 0.0050 0
(0.375, 0.750) 0.4518 0.4538 0.0000 0.9947 0 0.0053 0
(0.750, 0.750) 0.3934 0.3953 0.0000 0.9951 0 0.0049 0
(1.500, 0.750) 0.2181 0.2199 0.0000 0.9948 0 0.0052 0
(0.000, 1.125) 0.3224 0.3242 0.0000 0.9947 0 0.0053 0
(0.375, 1.125) 0.3198 0.3216 0.0000 0.9948 0 0.0052 0
(0.750, 1.125) 0.3074 0.3092 0.0000 0.9947 0 0.0053 0
(1.125, 1.125) 0.2693 0.2711 0.0000 0.9952 0 0.0048 0
(1.500, 1.125) 0.2117 0.2134 0.0000 0.9953 0 0.0047 0
(0.000, 1.500) 0.2252 0.2270 0.0000 0.9953 0 0.0047 0
(0.375, 1.500) 0.2200 0.2216 0.0000 0.9952 0 0.0048 0
(0.750, 1.500) 0.2215 0.2230 0.0000 0.9953 0 0.0047 0
(1.125, 1.500) 0.2098 0.2115 0.0000 0.9949 0 0.0051 0
(1.500, 1.500) 0.1853 0.1870 0.0001 0.9949 0 0.0051 0
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(3-3-4-a-ii): Y : ¥Y; ~ EXP(200), Yo=Y,

Table 2.4: Estimation results 3-3-4-a-ii : F(z1, z2)

A

(a1,a9) Fe F mseFe §(1,1) 6(1,0) 6(0,1) 6(0,0)
(0.000,0.000) 0.9997 1.0000 0.0001 0.9944 0.0007 0.0006 0.0043
(0.375,0.000) 0.6864 0.6880 0.0000 0.9944 0.0006 0.0007 0.0043
(0.750,0.000) 0.4684 0.4703 0.0000 0.9941 0.0006 0.0006 0.0047
(1.125,0.000) 0.3251 0.3269 0.0000 0.9948 0.0005 0.0007 0.0040

1.500,0.000) 0.2224 0.2241 0.0000 0.9949 0.0000 0.0006 0.0039
0.000,0.375) 0.6864 0.6880 0.0000 0.9941 0.0007 0.0007 0.0046

(

(

(0.375,0.375) 0.5946 0.5963 0.0000 0.9943 0.0007 0.0008 0.0043
(0.750,0.375) 0.4508 0.4526 0.0000 0.9943 0.0008 0.0007 0.0042
(1.125,0.375) 0.3178 0.3197 0.0000 0.9942 0.0007 0.0006 0.0045
(1.500,0.375) 0.2212 0.2231 0.0000 0.9940 0.0008 0.0007 0.0046
(0.000,0.750) 0.4698 0.4715 0.0000 0.9942 0.0007 0.0008 0.0043
(0.375,0.750) 0.4486 0.4505 0.0000 0.9946 0.0007 0.0005 0.0042
(0.750,0.750) 0.3978 0.3996 0.0000 0.9946 0.0008 0.0007 0.0046
(1.125,0.750) 0.3078 0.3096 0.0000 0.9940 0.0007 0.0008 0.0042
(1.500,0.750) 0.2195 0.2213 0.0000 0.9941 0.0005 0.0007 0.0048
(0.000,1.125) 0.3229 0.3247 0.0000 0.9944 0.0005 0.0007 0.0045
(0.375,1.125) 0.3227 0.3248 0.0000 0.9944 0.0008 0.0006 0.0042
(0.750,1.125) 0.3098 0.3120 0.0000 0.9936 0.0008 0.0007 0.0049
(1.125,1.125) 0.2715 0.2734 0.0000 0.9946 0.0006 0.0006 0.0041
(1.500,1.125) 0.2102 0.2119 0.0000 0.9940 0.0009 0.0007 0.0044
(0.000,1.500) 0.2221 0.2238 0.0000 0.9939 0.0006 0.0008 0.0047
(0.375,1.500) 0.2229 0.2248 0.0000 0.9940 0.0008 0.0006 0.0045
(0.750,1.500) 0.2194 0.2211 0.0000 0.9947 0.0006 0.0006 0.0041
(1.125,1.500) 0.2119 0.2138 0.0000 0.9943 0.0008 0.0007 0.0042
(

1.500,1.500) 0.1871 0.1887 0.0000 0.9945 0.0007 0.0007 0.0041
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(3-3-4-a-iii): Y : Yi ~ EXP(200), Vi, Y; are i.id.

Table 2.5: Estimation results 3-3-4-a-iii : F(z;, z2)

(a1, as) Fe F MSEFe  §(1,1) 6(1,0) 6(0,1) &(0,0)

0.9997784 1.0000 1.306597e-03 0.9905 0.0047 0.0048 0.000
0.6859239 0.6883 3.249541e-04 0.9905 0.0047 0.0048 0.000
0.4715727 0.4753 3.193285e-05 0.9895 0.0055 0.0050 0.000
0.3212743 0.3251 9.160115e-06 0.9896 0.0055 0.0048 0.000

(0.000, 0.000)

(0.375, 0.000)

(0.750, 0.000)

(1.125, 0.000)

(1.500, 0.000) 0.2181039 0.2213 8.069634e-05 0.9901 0.0051 0.0047 0.000
(0.000, 0.375) 0.6803728 0.6831 3.135022¢-04 0.9900 0.0051 0.0049 0.000
(0.375, 0.375) 0.5937038 0.5968 1.613447¢-04 0.9900 0.0049 0.0051 0.000
(0.750, 0.375) 0.4506014 0.4541 1.971480e-05 0.9902 0.0046 0.0051 0.000
(1.125, 0.375) 0.3160567 0.3196 1.107430e-05 0.9898 0.0055 0.0047 0.000
1.500, 0.375) 0.2200086 0.2235 7.873276e-05 0.9899 0.0048 0.0058 0.000
0.000, 0.750) 0.4671715 0.4707 2.912554e-05 0.9901 0.0048 0.0051 0.000
0.375, 0.750) 0.4501753 0.4538 1.949694e-05 0.9901 0.0047 0.0052 0.000
0.750, 0.750) 0.3996358 0.4030 2.242911e-06 0.9902 0.0052 0.0045 0.000
1.125,0.750) 0.3079297 0.3113 1.441737¢-05 0.9903 0.0049 0.0048 0.000

1.500, 0.750) 0.2146828 0.2180 8.428403e-05 0.9900 0.0049 0.0050 0.001

0.375, 1.125) 0.3190518 0.3229 9.953295e-06 0.9902 0.0049 0.0049 0.000
0.750, 1.125) 0.3002254 0.3037 1.799310e-05 0.9904 0.0049 0.0047 0.000
1.125, 1.125) 0.2707833 0.2743 3.530341e-05 0.9901 0.0050 0.0048 0.000
1.500, 1.125) 0.2099726 0.2130 8.935121e-05 0.9900 0.0048 0.0051 0.000

(
(
(
(
(
(
(0.000, 1.125) 0.3178020 0.3216 1.04138le-05 0.9898 0.0049 0.0052 0.001
(
(
(
(
(
( 0.2185869 0.2218 8.019608¢-05 0.9899 0.0051 0.0050 0.000

)
0.000, 1.500) 0.2195676 0.2229 7.918518¢-05 0.9902 0.0050 0.0047 0.000
0.375, 1.500)
(0.750, 1.500) 0.2156402 0.2190 8.327215¢-05 0.9900 0.0048 0.0052 0.000
(1.125, 1.500) 0.2084467 0.2119 9.102444e-05 0.9900 0.0052 0.0048 0.000
(1.500, 1.500) 0.1842161 0.1875 1.196754e-04 0.9897 0.0053 0.0050 0.001
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Test Result 3-3-4-b:

The distribution of (X, X3: COPULA MODEL theta = 4
(3-3-4-b-i) The distribution: g(y;,y2)

Y = 2e:cp(—2y1)

Yy =00

Test Results(N=200 samples, each of size n=100)

Table 2.6: Estimation results 3-3-4-b-i : F(x;, z5)
(a1, az) Fe F mseFe 5(1,1) 4(1,0) 6(0,1) 4(0,0)

(0.1,02) 07794 05209 0.0293 03273 0 06727 O
(0.1,03) 0.7187 0.4225 0.0366 0.3308 0  0.6693 0
(0.2,0.1) 07803 0.4834 0.0325 0.3364 0  0.6637 0
( 0 06606 O
( 0 0

0.6629

0.3,0.1) 0.7102 0.3544 0.0480 0.3394
0.5,0.2) 0.5794 0.1899 0.1192 0.3371

(3-3-4-b-ii):

The distribution of X1, X2: COPULA MODEL theta = 4
The distribution: g(y1,42): Y1 = 2exp(—2y1), Y1 =Y,
Test Results(N=200 samples, each of size n=100)

Table 2.7: Estimation results 3-3-4-b-ii : F'(x;, x3)

A

(a1,as) Fe F mseFe  §(1,1)  §(1,0) 4(0,1) 4(0,0)

(0.1,0.2) 0.78155 0.399234 0.036083  0.27 0.0662 0.066 0.5975
(0.1,03) 0.71755 0.3212684 0.058701 0.26875 0.0662 0.065 0.60005
(0.2,0.1) 0.782 0.4138579 0.037208 0.2676 0.0663 0.0666 0.5995
(0.3,0.1) 0.71465 0.3169887 0.059355 0.2661 0.066 0.0666 0.6013
(0.5,0.2) 0.5859 0.1552863 0.137779 0.2628 0.06795 0.0671 0.60215
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(3-3-4-b-iii) The distribution: g(y;,ys)

Y1, Y are 1.i.d. Yy = 2exp(—2y;) and Yz = 2exp(—2y2)

Test Results(N=200 samples, each of size n=100)

Table 2.8: Estimation results 3-3-4-b-iii : F(zy,z2)

(a1,05)  Fe F mseFe  6(1,1) 6§(1,0) 6(0,1) 6(0,0)
(0.1,0.3) 0.7114 0.2065745 0.132304 0.17955 0.1604 0.15385 0.5062
(0.1,0.2) 0.77865 0.2886584 0.098576 0.17625 0.1534 0.15525 0.5151
(0.2,0.1) 0.77805 0.2983941 0.098035 0.1807 0.1534 0.1557 0.5102
(0.3,0.1) 0.71645 0.217031 0.124461 0.1826 0.15225 0.15195 0.5132
(0.5,0.2) 0.58505 0.07306155 0.202845 0.1797 0.1535 0.1531 0.5137
Test Results 3-3-4-c:
The distribution of X1, X2: COPULA MODEL 6 =4
(i) The distribution: g(y1,y2)
Yy ~ exp(2) : 0.5exp(—0.5y;)
Y2 = infinite
Test Results(N=200 samples, each of size n=100)
Table 2.9: Estimation results 3-3-d-c-i : F(z), z3)
(a1,a2)  Fe F mseFe  6(1,1) 6(1,0) 6(0,1) 6(0,0)
(0.1,0.3) 0.7141 0.5362535 0.017474 0.4996 0 0.5004 0
(0.1,0.2) 0.77905 0.6194021 0.024148 0.4949 0 0.5051 0
(0.2,0.1) 0.7795 0.6132116 0.022747 0.5008 0 0.4992 0
(0.3,0.1) 0.7149 0.5271148 0.013131 0.49915 0 0.50085 0
(0.5,0.2) 0.5819 0.3468149 0.040801 0.4972 0 0.5028 0

(if) The distribution: g(y1,y2)
Y1 ~ exp(2) : 0.5exp(—0.5y;)
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i=Y;
Test Results(N=200 samples, each of size n=100)

Table 2.10: Estimation results 3-3-4-c-ii : F(xy, z)

A

(a1, az) Fe F mseFe  §(1,1) 6(1,0) 46(0,1)  6(0,0)
0.1,0.3

0.7206  0.4912762 0.012835 0.4434 0.05685 0.05775 0.442

0.1,0.2 0.78335 0.5887734 0.016168 0.44075 0.0588 0.05775 0.4427

(

(
(0.2,0.1 0.7782  0.5803228 0.015992 0.44615 0.05635 0.05655 0.44095
(

(

0.5,0.2

)
)
)

0.3,0.1)  0.717  0.4889063 0.012192 0.43995 0.0561 0.05585 0.4481
) 03264068  0.5859  0.043037 0.4482 0.05515 0.0579 0.43875
)

(0.5,0.2 0.58815  0.3380997 0.03888 0.44 0.0583 0.0578  0.4439

(iii) The distribution g(y1,y2) :
Y1, Y, is i.id., and exp(2) : 0.5exp(—0.5y;)

Table 2.11: Estimation results 3-3-4~c-iii (N=200 samples, each of size n=100): F(z;, ;)

~

(a1,as) Fe F mseFe 6(1,1) §(1,0) 6(0,1)  4(0,0)

(0.1,0.3) 0.717  0.3993221 0.044479 0.3184 0.1805 0.1747  0.3264
(0.1,0.2) 0.7718 0.4830862 0.035084 0.328 0.17935 0.1793 0.31335
(0.2,0.1) 0.7757 0.4906433 0.03434 0.3263 0.17925 0.17475 0.3197
(0.3,0.1) 0.71685 0.3915652 0.047766 0.3183 0.1813 0.1759  0.324

( )

0.5,0.2) 0.58175 0.2121534 0.110404 0.3241 0.1755 0.1796  0.3208

(3-3-6): Take 6 = 6,

Fi(z1) = ™, Fa(z) =™

T
Fi(z) = / etdt=1—¢%
0

Let Fi(z1) = Uy, then X; = —1In(1 — Uy)
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_ 1
F(z1,32) = [e671 + ebz2 — 1]1/6

d 565’.721 641‘2

f(fﬂl,fUZ) = [F(xl’xi%)] = [66131 + ebz2 1]13/6

d.’L‘zdl‘l

fi(zy) = —e™

f(leil'l) — f(xl,xz) _ 7721 gb22

fi(z1) - [efe1 + ebz2 — 1]13/6

) 7671‘166t
Fole) = dt
(m2]71) /0 [e621 1 oot — 1)13/6 (2.3)

— 1 . e7X1 [66X1 + 66X2 . 1]—7/6

Let F(l‘z'l‘l) = U2,

Then Uy = 1 — ™1[e8% 4 8X2 — 1]-7/6

1
Xy = 8 In[1 — €% 4 [(1 — Up)e™™*1]7/7]

Randomly generate: Uy and U, are uniform distribution (0, 1)

= X; = —hl(]. - Ul)

1
Xo = 5 In[l — €% 4+ [(1 = Up)e ™)~ 7]
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(3-3-6-1) Y :Y; ~ EXP(200), Yy = 0o

Table 2.12: Estimation results 3-3-6-i : F'(z,22)

A

(a1, az) Fe F mseFe 6(1,1) 6(1,0) 4(0,1) 6(0,0)

0.000, 0.000) 0.9996 1.0000 0.0012 0.9949 0 0.0051
0.0048
0.0048

0.375, 0.000) 0.6851 0.6867 0.0003 0.9952
0.750, 0.000) 0.4710 0.4727 0.0000 0.9952
1.125, 0.000) 0.3188 0.3205 0.0000 0.9951 0.0049
0.0054
0.000, 0.375) 0.6854 0.6870 0.0003 0.9952 0.0048
0.375, 0.375) 0.6158 0.6175 0.0002 0.9951

0.750, 0.375) 0.4638 0.4657 0.0000 0.9952

(

(

(

(

(1.500, 0.000) 0.2227 0.2246 0.0000 0.9946
(

( 0.0049
( 0.0048
(

1.125, 0.375) 0.3207 0.3227 0.0000 0.9951 0.0049

(1.500, 0.375) 0.2225 0.2241 0.0000 0.9951 0.0049
0.000, 0.750) 0.4688 0.4708 0.0000 0.9949 0.0051
0.375,0.750) 0.4614 0.4634 0.0000 0.9947 0.0051
0.750, 0.750) 0.4189 0.4210 0.0000 0.9947
1.125, 0.750) 0.3158 0.3176 0.0000 0.9949 0.0051
1.500, 0.750) 0.2198 0.2218 0.0000 0.9947 0.0053
0.000, 1.125) 0.3249 0.3268 0.0000 0.9949
0.375, 1.125) 0.3231 0.3250 0.0000 0.9952

(

(

(

(

(

( 0.0051
(

(0.750, 1.125)  0.3185 0.3205 0.0000 0.9949
(

(

(

(

(

(

(

0.0048
0.0051
1.125, 1.125) 0.2879 0.2895 0.0000 0.9956 0.0044
0.0049

0.0054

1.500, 1.125) 0.2151 0.2169 0.0000 0.9951
0.000, 1.500) 0.2236 0.2254 0.0000 0.9946
0.375,1.500) 0.2218 0.2236 0.0000 0.9949
0.750, 1.500) 0.2195 0.2211 0.0000 0.9951
1.125, 1.500) 0.2196 0.2213 0.0000 0.9950

0.0051
0.0049

0
0
0
0
0
0
0
0
0
0
0
0
0.0053 0
0
0
0
0
0
0
0
0
0
0
0.0050 0
0

o O O O O O O o O O O o O O o O O o o O o o o o©o

1.500, 1.500) 0.1965 0.1980 0.0001 0.9953 0.0047
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(3-3-6-i)) Y : ¥; ~ EXP(200), Y, =Y;

Table 2.13: Estimation results 3-3-6-ii : F(z,, z2)

(a1, a2) Fe F mseFe  §(1,1) (1,00 6(0,1) 6(0,0)

0.000, 0.000) 0.9996 1.0000 1.280748e-03 0.9944 0.0004 0.0005 0.0047
0.375, 0.000) 0.6844 0.6859 3.092975e-04 0.9942 0.0006 0.0006 0.0046
0.750, 0.000) 0.4700 0.4719 2.714036e-05 0.9946 0.0004 0.0004 0.0046
1.125, 0.000) 0.3241 0.3261 1.033198e-05 0.9945 0.0004 0.0004 0.0046
0.000, 0.375) 0.6854 0.6869 3.111915e-04 0.9943 0.0006 0.0006 0.0046

0.375, 0.375) 0.6188 0.6205 1.904258e-04 0.9945 0.0005 0.0005 0.0046

(

(

( )

( )

(1.500, 0.000) 0.2208 0.2226 8.427519e-05 0.9947 0.0004 0.0004 0.0044
( )

( )

(0.750, 0.375) 0.4640 0.4659 2.365601e-05 0.9946 0.0005 0.0004 0.0045
(1.125, 0.375) 0.3228 0.3246 1.083043e-05 0.9946 0.0005 0.0004 0.0045
(1.500, 0.375) 0.2251 0.2267 7.977515e-05 0.9946 0.0005 0.0005 0.0045
(0.000, 0.750) 0.4727 0.4746 2.880326e-05 0.9949 0.0004 0.0005 0.0042
(0.375, 0.750) 0.4632 0.4650 2.318379e-05 0.9944 0.0005 0.0004 0.0047
(0.750, 0.750) 0.4174 0.4194 4.722666e-06 0.9946 0.0003 0.0004 0.0047
( 0.3149 0.3170 1.403197e-05 0.9944 0.0005 0.0005 0.0047
( 0.2191 0.2211 8.578078e-05 0.9945 0.0006 0.0006 0.0043
(

(

(

(

(

(

(

0.3222 0.3241 1.104290e-05 0.9947 0.0004 0.0005 0.0044

)

)

1.125, 0.750)

1.500, 0.750)

0.000, 1.125)

0.375, 1.125) 0.3235 0.3254 1.056248e-05 0.9947 0.0004 0.0005 0.0044

0.750, 1.125) 0.3193 0.3211 1.220348e-05 0.9947 0.0004 0.0006 0.0044
) 02874 0.2892 2.841380e-05 0.9950 0.0005 0.0003 0.0043
)
)
)
)
)
)

0.2144 0.2161 9.115753e-05 0.9945 0.0006 0.0005 0.0045

1.125, 1.125
1.500, 1.125
0.000, 1.500) 0.2237 0.2252 8.114177e-05 0.9948 0.0004 0.0005 0.0044
0.375, 1.500
(0.750, 1.500

(1.125, 1.500

0.2208 0.2226 8.423188e-05 0.9946 0.0005 0.0004 0.0045
0.2197 0.2215 8.544754e-05 0.9944 0.0007 0.0005 0.0044
0.2204 0.2222 1.115536e-04 0.9946 0.0005 0.0005 0.0044

(1.500, 1.500) 0.1968 0.1984 1.115536e-04 0.9946 0.0005 0.0005 0.0044
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(3-3-6-iii) Y : ¥; ~ EXP(200), V3, Y3 areiid. n = 1000, N = 25,

Table 2.14: Estimation results 3-3-6-iii : F(z1, z2)

(a1, az) Fe F mseFe 6&(1,1) 6(1,0) 6(0,1) 6(0,0)

0.000, 0.000) 0.9989 1.000 0.3858 0.987 0.007 0.006 0.000

0.375, 0.000) 0.6680 0.670 0.0843 0.995 0.002 0.003 0.000
0.3134 0.316 0.0041 0.987 0.008 0.005 0.000
0.2490 0.253 0.0166 0.993 0.005 0.002 0.000

( )
( )
(0.750, 0.000) 0.4834 0.489 00112 0.985 0.009 0.006 0.000
(1.125, 0.000)
(1.500, 0.000)
(0.000, 0.375) 0.6811 0.684 0.0920 0.987 0.005 0.008  0.000
0.375, 0.375) 0.5988 0.600 0.0488 0.991 0.002 0.007 0.000
0.750, 0.375) 0.4475 0.453 0.0049 0.989 0.008 0.003  0.000

1.500, 0.375) 0.2072 0.208 0.0291 0.997 0.002 0.001 0.000

(

(

(1.125, 0.375) 0.3486 0.353 0.0009 0.990 0.006 0.004 0.000

( )

( ) 0.4628 0.464 0.0072 0.996 0.001 0.003 0.000

(0.375, 0.750) 0.4519 0.457 0.0055 0.990 0.002 0.008 0.000
)

0.750, 0.750

0.000, 0.750

( 0.3722 0.376 0.0000 0.988 0.007 0.005 0.000
(1.125, 0.750) 0.3039 0.306 0.0055 0.991 0.006 0.003 0.000
(1.500, 0.750) 0.2119 0.216 0.0275 0.982 0.004 0.013 0.001
(0.000, 1.125) 0.3216 0.322 0.0032 0.992 0.002 0.005 0.001
(0.375, 1.125) 0.2953 0.299 0.0068 0.990 0.003 0.007 0.000
(0.750, 1.125) 0.3111 0.314 0.0044 0.994 0.004 0.002 0.000
(1.125, 1.125) 0.2701 0.274 0.0116 0.992 0.004 0.004 0.000
(1.500, 1.125) 0.2083 0.210 0.0287 0.993 0.005 0.002 0.000
(0.000, 1.500) 0.2435 0.246 0.0180 0.987 0.008 0.005 0.000
(0.375, 1.500) 0.2441 0.249 0.0179 0.991 0.004 0.005 0.000
(0.750, 1.500) 0.2488 0.250 0.0166 0.991 0.007 0.002 0.000
(1.125, 1.500) 0.2304 0.232 0.0217 0.994 0.002 0.004 0.000
(1.500, 1.500) 0.1985 0.203 0.0321 0.988 0.006 0.005 0.001
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2.3 Calculation for the real data

3-4) The real data simulation results:

1. twins

Table 2.15: 3-4 Estimates of distributions for Twins, based on Hanley and Parnes,
Dabrowska and Sen-Stute method. In multiples of 1/60

Point or set Hanley and parnes Dabrowska Sen and Stute

(1,4) 0 -1 8.57
(1, 5) 0 -1 10.29
(1, 8) 12 14 41.14
(3, 4) 16 16 0
(6+, 5) 16 - 0
(7+, 5) - 16 0
(7T+, 7+) 16 16 0
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Figure 2.2:

3-4-2 Twins-contour
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Comment for comparison of different estimator:

Table 3-4 shows the estimated non-zero probabilities under the Hanley and Parnes method,
the Dabrowska method and A. Sen’s method of Figure 3-4. They agree for the point(3.4)
and the set (7—+—,7—+—). The Dabrowska method requires the marginal data, and therefore it,
compared to ths Hanley and Parness estimate, moves mass from (1,4) and (1,5) and gives
it to (1,8). As (1,4) and (1,5) have zero mass initially, their mass under the Dabrowska
method becomes negative. For the single cesoring (6+,5), Hanley and Parnes just gives the
mass to this interval, but the Dabrowska method has no mass in the marginal distribution
for the interval from 6 to 7 and therefore lesds to the same mass’s being concentrated on
the smaller univariate interval, as such, is not assigned a probability mass. But, we can, as
the sets are nested,calculate that Dabrowska’s method gives a total mass of 16/60 in the
interval (64, 5) and Hanley and Parnes method has a probability between 0 and 16/60 for

the interval (7+, 5). But for A. Sen method, all the mass points are nonnegative.
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3-5-1) Pairs of Kidney

Table 2.16: 3-5-1. Estimation of survivor function for infection in kidney catheters. Data

of McGilchrist and Aisbett (1991)

Observation Estimation of Survivor function

(8, 16) 0.71878
(22, 28) 0.46100
(30, 12) 0.52161
(7,9) 0.81002
(53, 196) 0.15748
(7, 333) 0.04724
(96, 38) 0.15678
(536, 25+) 0.00000
(185, 177) 0.05590
(22+, 1594) 0.21180
(152, 562) 0.02415
(3, 66) 0.34346
(12, 40) 0.41406
(132, 156) 0.10380
(2, 25) 0.76811
(27, 58) 0.27156
(152, 30) 0.16470
(119, 8) 0.32379
(6+, 78) 0.33758
(23, 13+) 0.53608
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continue

Observation Estimation of Survivor function

447, 318)
24, 245)
511, 30)
15,154)
141,8+)
149+,70+)
17, 4+)
292, 114)
15, 108+)
402, 24+)
39, 46+)
113+, 201)
34, 30)
130, 26)
+5 , 43)
190, 5+)
54+,16+)

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(63, 8+)

0.02402
0.07061
0.03904
0.29020
0.16470
0.10434
0.63847
0.04831
0.31449
0.06306
0.23740
0.04817
0.37017
0.29776
0.40071
0.08735
0.32645
0.35248
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Figure 2.3: 3-5-1-1 Kidney-drap
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Figure 2.4: 3-5-1-2 Kidney-contour
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Figure 2.5: 3-5-1-3.Kidney-scater
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3-5-2) Estimation of survivor function of male’s kidney

Table 2.17: 3-5-2. Estimation of survivor function for infection in kidney catheters of male.

Data of McGilchrist and Aisbett (1991)

Observation Estimation of Survivor function

(8, 16) 0.54287
(22, 28) 0.22858
(30, 12) 0.22858
(7,9) 0.77145
(152 ,562) 0.11429
(12, 40) 0.31429
(2, 25) 0.54287
(15 ,154) 0.22858
(17 , 4+4) 0.34287
(63 ,8+) 0.11429
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Figure 2.6: 3-5-2-1.Kidney-male-drap
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Figure 2.7: 3-5-2-2.Kidney-male-contour
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3-5-3) Estimation of survivor function of female’s kidney

Table 2.18: 3-5-3. Estimation of survivor function for infection in kidney catheters of

female. Data of McGilchrist and Aisbett (1991)

Observation Estimation of Survivor function

(53, 196) 0.06250
(7, 333) 0.08523
(96, 38) 0.85227
(536, 25+) 0.00000
(185 , 177) 0.00000
(22+ , 159+) 0.06250
(13, 66) 0.06250
(132, 156) 0.00000
(27, 58) 0.06250
(152, 30) 0.00000
(119, 8) 0.00000
(6+ ,78) 0.14773
(23, 13+) 0.91477
(447, 318) 0.00000
(24, 245) 0.00000
(511 , 30) 0.00000
(141 , 8+) 0.00000
(149+, 70+) 0.00000
(292, 114) 0.00000
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continue

Observation Estimation of Survivor function

(15 , 108+) 0.06250
(402, 24+) 0.00000
(39, 46+) 0.06250
(113+, 201) 0.00000
(34, 30) 0.91477
(130 , 26) 0.00000
(5+ , 43) 0.14773
(190 , 5+) 0.00000
(54+ , 16+) 0.85227
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Chapter 3

Estimation of Variance of the

Sen-Stute Estimator

3.1 Definition: Influence function

For a given distribution F in R? and an € > 0, the version of F contaminated by an € amount
of an arbitrary distribution G is denoted by F(e, G) = (1 — €)F' + ¢G. The maximum bias
of a given location functional T under an ¢ amount of contamination at F is defined as

[Hampel, Ronchetti, Rousseeuw and Stahel (1986)]
B(&;T, F) = supe|T(F(e, G)) — T(F)|

, where (and hereafter) ||.|| stands for Euclidean norm.
1. The influence function (IF) of T at a given point z € R? R for a given F is defined

as

IF(2;T,F) = lime_o+ (T(F(e,0;)) — T(F))/e

, where 6, is the point-mass probability measure at z € R?.

Influence function of the estimator

Note that Equations (2.3)—(2.6) and their solutions are completely dimension-free, i.e., is

valid for A; = (61, -..,0mi), Zi = (Z1iy..., Zmi) for m > 1, with the definitions §; =
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H;’;l 85 and ay = 1{Z; > Z;} where the inequality is defined in the coordinate-wise sense.
Hence in this section we shall use scalar notation also for vector variables, with the above
interpretation.

Now to derive the influence functions for the estimators Fy,(x) and J @dF, for a given (),
let P denote the distribution of (4, Z) and P, the empirical distribution of (8;, Z;), 1 < ¢ <
n. Also, let T,(P) 1= F(z~), To(P) := [ ¢dF, and let T;(P,), T,,(P,) be their estimators,
respectively, obtained via Eq.(2.5)-(2.6). Thus we rewrite Eq. (2.2) and (2.3) as the

eigenvalue problems

11
.(P) = [1ezame )dH( ())
(B = [1(zan(e )Hfﬁl(t; (3.1)

with the initial conditions Tp(P) = 1, Tp(Py,) = 1.
Note also that, for a function o(:) satisfying ¢(z) = 0if 2 & [0, 7] for some 7 with H () > 0,

1) = [eonR g
nP) = [eOmE . 2)

3.2 The estimator of variance of bivariate survivor

function estimator

The influence function L,(P,) of T,(P,) = F,(z—) derived by Sen and Stute(2007) as
below, where H1!(t), G(t) is as defined in Chapter 2:

L( //{t > x}Ly(P, ; (t))

p=BAp
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p=(p17apn)a szzla (25)
i=1

n
Fo(z1,22) = Zpif(zu > 71,29 > T2)

i=1

1) Fn(xl—,Ig—) — F(xl—,IQ—) = P(Xl > SCl,Xz > 502)

Mon®) _ pa(p,)l,  ElL(P)] =0, @ = (o1,2:)

n

where L,(P,) is given by

and

1
o
32
&

0z(Py) 23 [ [ re s <wnI R s

i

aO(Pn) 3n(0)+2//I(OSy1SS%)%(%)%%

3n(z) = /I(t > z)F(t) [dfén(t()t) _ Hn(t)dfllin((tg)]
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Thus

f2
+Z/~-/[I(x5y1s...s@/r)— F@I0<y <...<y)] (3.4)

- dF (yl) ar (yr)
W F ) F)
and
su3) = Flalsn(0) = [ 12 ) = F@)) Flo) | - Ao G

HY(t) = E(H!(t)) = Pz <t1, z2s < tg, 815 =1, 695 = 1)

=P(Xu <t1, Xo <ta, X1; <Yy, Xoy <VYa) (3.5)
/ / (w1, wo)dF (w1, ws)
H,() 1i]( > t > ty) 3.6
n\l) = — 214 y 224 .
n 2 1 1, 22 2 (3.6)

H(t) = E(Hn(t)) = P((z1: > t1, 200 > t2)
=P(Xu > t1, Xoy >, Yi; >t1, Yo > 1) (3.7)

= F(t1, t2)G(t1, ta)

Also, for any function (w1, w2) ,

/go(wl, wo) dH™ (w1, we) = /go(wl, wy) G(wi, wa)dF(wy, ws)

1 n
/80(w1, wy) dH,' (w1, wy) = 52511'521'80(211', 22i)

i=1
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Hence

(o) = [ 12 aF0 |50 - w05
= l Z5lz5zz (210 > 21, 225 2 132);%2: Z:; (3.8)
_ Gty ta)dF(t1, tg)
/H I{t > z)F(¢ H2(t1 >
One-dimension case:
Data:
(6i, 2:),1< i <, 6 = I(X; £ Y)), z = XinN Y,
dHM'(t) 5, . dH1(t)
L,(p,) = —F(x) /I(t<:c [ 0 — H(t) 70 ] 9

Zah % < 7) / ] (Ot < 7) dg (tgt)

- /I(z,->t)1(:v>t)}§1(t)r v()

v(zx) is estimated by ” Greenwoods’s Formula”

o) = Fia) EZ ‘5’?;1'(2)“ SR Y )2}

i=1
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1) To estimate var(F,(X)) = E(L:(P,))

E(L2(P,)) = different, except in 1-dimension

1-dimension:

_: di' () - dF(t)
L(P) = ~F@) [ 16052 [ aw  Omwr >]

= —F‘(x)/](t < 7) [dg"(t()t) ! (t)§2((t?]

= —F(x) —1-_26“](%<I)]§[(zz /( lez>x> (t<x)
N _F2(.’L') - 6i-[(zi S CL‘) _ 5 r HH( )
i ;[ il ECIRER 7 ]

Let (i, z:) = 6;%:1) JI(zi>t, o> t)dg:zt(;)
BAR) = T8 B, 2

o 5t 0 = £((4452)] = £ (357

R . n 6;1(z;<
Hence E2(;, 2;) is estimated by %ZFI —'—Hfngz:; )

51




=9 1 - 5¢I ZjSI
R )}

_ 1 oy 5 duil(zg < @)
n {Fn( ); ("“jH)Q]’ (3.11)
21y S 2@ < .S 2w
1 | |
oy Opy d[n]
> et iﬂ%ﬁ;) is Greenwood’s Formula
3) In general (2-dimension or more), by Eq. (17)+(18)
Lo(Pa) — [I(t>z)LdP) %R = 3.(2)
LO(Pn) =0
=
L(PILP) ~ [ 162 on, ) FE - [ 162 prrLe)EY
+ [ 1= 0162 nueare) T T
= 3n(w)3n(y)
(3.12)
Let M(z,y) = E[L(P,)L,(P,)], so that M(z,z) = E[L(P,)]
Thus we have,
M(z,y) - /I(t > :c)M(y,t)dFF—(tt)) _ /I(s > y)M(s s)dﬁi(sj)
dF(t) dF (s) 3.13
+ //I(t > )1(s 2 )M 8) T 7 (3.13)

{ Lo(Ba) — [I(t2 @)L Pa)RE = 3a(2), Lo(Pa) = 0
Ly(Py) = JI(t' 2 y)Lo(P) %53 = 3a()s Lo(Pa) = 0

Let v(z,y) = E(Lg(Po)Ly(Pn)), v(z,z) = E(LA(P,))
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’U(:an) - fI(tziv)’U(t,y)dFFét) — f[(t’zy) (£E t)%z

+ [ [It > ) 2yt t)ELED = E(3a(2)s.(y)),

F(t) F()
v(0,y) = v(z,0) 0
(2) Sample Version:
Take z = 2z, y = z;, and let 9(z;, 2;) vy
Then
al;'(t)
Uij_ /I(t Z Z,,;)’U(t,Zj)W
) af'(t)
Hll(t) aHll(t’)
It > z)I({t' > z)u(t, b)) it Lon
+ [10 2 w1 2 gt ) E R e
= E(én(zi)én(zj))
Initial conditions:
[ w(0,9) = 0

- 4F(t)
o { fv(tay) F(t)

+ [ I 2 y)ot, ) FLEE = E[3a(0)3(v))]

v(z,0) = 0
- { ~ [z, t’)éﬂﬂ
+ [ It 22, t) LT = Efsa(2)3(0))]

Sample version of initial conditions:

zi = 0= vy =0, a = 1:
= Dok bevky + 3 YLy bkagbor = 305, 1S5 <n

z; = 0 = Vgj = 0, ajp = 1:
— Yo bva Y o aabkbivi 4+ dip, 1< <

N

30, = put ay = 1in Eq.(4)
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30 = putaj = 1, ay = 1in Eq.(4)

n n
Vij — Zf(zk > 2;)Ukjbe — ZI(Zz > zj)vab
k=1 =1

D - 3.15
+ Z Z I(zk > 2z:)I (2 > 2zj)viabiby (3.15)
k=1 I=1
= E(én(zi)én(zj))
Recall a;; = I(ZJ Z Zi),
- Z Qikbrvikj — vij — Z Qikbivks — Z ajibg + Z Z Qikbrajibivi
k=1 I=1
3.16
_ Blon(aon(s) (310
ot 3”

Let V = ((Uij))nxm z = ((3ij))n><n- Then

V — ABV — VBAT + ABVBA” = i — (%)

where A = ((ay;)), B = diag(by,..., by) = ((b;i)),
0 = lifi = j,8; = 0ifi# j: "Kronecker Delta”

(3)

(o) = [16 > 2) [0~ B0 5]

1104 - f
0 = 10 20 [4582 - A0

dF(t
n(z) = ZG(t) z) — ~Z/ (z > t)I(t > x) H((t))

w) = 23 gtz 9 - 23 [z 0ne 2 EE
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Where tVy = (t1,t2) V(y1,%2) = (b1 Vyr,t2Vya)

Hence

// (¢ F O F OBV 2 21 2 0)Z D T
=—{/It>x t>y 1?(ﬂﬁ£29 (3.18)

.// (t ) HVE)FEVvE)FRFE)I(t> z)I{ > y)

dHll dHll ]
H2(t) H2(Y)

(4) Sample Version of E(3,(x)3n(y)) :

3ij = E (3n(2:)3n(25))

= —le[nZI(zk 2 z)l(z, 2 Za‘)Ff(Zk)(

+ TL2Z Z (1—-ag)(l —ag) (3.19)

— Er 2 k=1 I=1 g£]
Hy(2i V 2) Fo () B (20) I (20 > 2:) (2 > 25)] (Zj«ikrf (Ej;ls)Q
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Where

a = (2t 2 2), ajp = (2 2 25), age = (2 > 2), a = I(z 2> z),

Fu(ay, ag) = Zpil(zil > a1, ziz > az),
Fo(z) = Zpil(zil > k1, Ziz > 2k2),
— 1

Hy(a1,a2) = n ZI(ZH > a1, ziz > 0z),

2V = (2 Va2V 22) = (a1, a62).

(5) To solve (x), write V. = ((v;;))

in vector form, ie., V. = (v11, %12, .., Unn)n2x1

(I—-AB)V(I-BAT) = 2
1"BV(I —BA") = 3T

where 39 = égx, v=V(I-BADx, j=2x,1= (1,1,...,1)T,,

Take x € {(1,0,...,0),...,(0,0,...,1)}, B = diag(b1,...,bn), 1B = (b, ...

Let P = (I- AB), PT = (I1-BAT)

Then,
PVPT = 3
bfvpT é;";
P . Z
Q= yr } ’ “ = { 3 }
(n+1)xn (n+1l)xn

If Q, Pwere non-singular,then V = Q'z,P™!
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But B,P are singular because PF = (I - AB)F = 0.
Hence use G-inverse:

V=Q z,P”
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3.3 Simulation for the variance estimator of the bi-

variate survivor function

1) The real data simulation results:

(1). twins

Table 3.1: 3-4 Estimation result of variance of survivor function of Twins, based on Sen

method.

Observation Estimation of Survivor function variance
(1,4) 1.00000 3.367604e-001
(1, 5) 0.85714 2.216862e-001
(1, 8) 0.68571 -1.502201e-001
(3,4) 0 -9.850951e-033
(6+, 5) 0 0

(7+, 0 0

(7+, 7+) 0 0
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(2). kidney of male

Table 3.2: 3-4 Estimation result of variance of survivor function of pairs of kidney of male

Observation Estimation of Survivor function variance

(8, 16) 0.54287 0.082
(22, 28) 0.22858 0.167
(30, 12) 0.22858 0.081
(7,9) 0.77145 0.027
(152,562) 0.11429 0.004
(12, 40) 0.31429 0.0453
(2, 25) 0.54287 0.008
(15 ,154) 0.22858 0.011
(17 , 4+4) 0.34287 0

(63 ,8+) 0.11429 0
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(3). kidney of female

Table 3.3: Estimation results kidney of female : Variance

(ay,a2) Fe variance
(53, 196) 0.06250 4.851232¢-001
(7, 333) 0.08523 4.205529e-001
(96, 38) 0.85227 -3.738503e-001
(536, 25+)  0.00000 -2.611333e-031
(185, 177)  0.00000 -7.456825e-032
(224, 159+) 0.06250 -7.939887e-032
(13, 66) 0.06250 -6.293170e-031
(132,156) 0.00000 -1.212809e-031
(27, 58) 0.06250 -1.907828e-033
(152, 30) 0.00000 2.419727e-032
(119, 8) 0.00000 -1.336574e-031
(6+, 78) 0.14773  7.223717e-032
(23, 13+) 0.91477 -1.466093e-031
(447, 318) 0.00000 -1.935449e-031
(24, 245) 0.00000 1.571959¢-031
(511, 30) 0.00000 -6.241149e-032
(141, 8+) 0.00000 -9.684226e-034
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continue

Table 3.4: continue: Estimation results of kidney of female: Variance

(a1,a2) Fe variance

149+4,70+) 0.00000 6.439935e-034

15, 108+) 0.06250 8.651571e-033
402, 24+)  0.00000 -2.396189e-032
(39, 46+)  0.06250 -6.249315¢-035
(113+, 201)  0.00000 -8.476003e-032
(34, 30) 0.91477 1.484698¢-033

(
(292, 114)  0.00000 -1.332293¢-032
(
(

(130, 26) 0.00000 -1.475209e-032

(5+, 43) 0.14773 0
(190, 5+)  0.00000 0
(54+, 16+)  0.85227 0

61




(4).The distribution of X1, X2: COPULA MODEL ¢ = 4 (ii) Y :
EXP(200), Y; =Y,

Table 3.5: Estimation results 3-3-4-a-ii : Variance

(a1, a2) Fe F mseFe variance
(0.375, 0.000) 0.6864129 0.6879889 3.244625e-04 0.0188161695
(0.750, 0.000) 0.4684367 0.4703000 2.946298¢-05 0.01146865052
(1.125, 0.000) 0.3250774 0.3268889 8.116079¢-06 0.01515010932
(1.500, 0.000) 0.2224239 0.2241333 7.701070e-05 0.01515010932
(0.000, 0.375) 0.6864163 0.6879556 3.244696e-04 0.00440535970
(0.375, 0.375) 0.5945767 0.5963444 1.615612e-04 0.00834550537
(0.750, 0.375) 0.4507879 0.4526111 1.943949¢-05  0.0024081586
(1.125, 0.375) 0.3178298 0.3197000 1.067533e-05 0.00405958277
(1.500, 0.375) 0.2212427 0.2231333 7.821228e-05 0.0002535174
(0.000, 0.750) 0.4697573 0.4715222 3.029647¢-05 0.0002535174
(0.375, 0.750)  0.4486247 0.4505333 1.835378e-05  0.0002535174
(0.750, 0.750)  0.3977959 0.3995556 1.821240e-06 -0.0003887308
(1.125, 0.750)  0.3077842 0.3095889 1.480168e-05 -0.0006089111
(1.500, 0.750) 0.2195278 0.2213222 7.997339¢-05 0.0002996643
(0.000, 1.125) 0.3228700 0.3246889 8.858455e-06 -0.0006269530
(0.375, 1.125)  0.3227294 0.3247556 8.906865¢-06 -0.0001208961
(0.750, 1.125) 0.3098059 0.3120444 1.391717e-05 -0.0002095059
(1.125, 1.125) 0.2714946 0.2734111 3.531304¢-05 0.00052193561
(1.500, 1.125) 0.2102351 0.2119111 8.985703e-05 0.0012557191
(0.000, 1.500) 0.2221120 0.2237778 7.732708e-05  0.003220793
(0.375, 1.500) 0.2228548 0.2247889 7.657471e-05  0.0029365223
(0.750, 1.500) 0.2193650 0.2210889 8.014152¢-05 3.642526e-003
(1.125, 1.500) 0.2118530 0.2137556 8.809491E-05 0.00254675388
(1.500, 1.500) 0.1871494 0.1887333 1.169026e-04 0.0041182479
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(5).The distribution of X1, X2: COPULA MODEL § = 4 (3-3-4-a-iii): Y : Y} ~
EXP(ZOO), Yla Y2 are lld

Table 3.6. Estimation results 3-3-4-a-iii : Variance

(a1, az) Fe F mseFe variance
(0.000, 0.000) 0.9997784 1.0000000 1.306597e-03 0.0189335023
(0.375, 0.000) 0.6859239 0.6883111 3.249541¢-04 0.00096608637
(0.750, 0.000) 0.4715727 0.4752556 3.193285¢-05 0.0195283675
(1.500, 0.000) 0.3212743 0.3250556 9.160115e-06 0.01862049929
(0.000, 0.375) 0.2181039 0.2213000 8.069634e-05 0.00899143641
(0.375, 0.375) 0.6803728 0.6830667 3.135022e-04 0.00635332909
(0.750, 0.375) 0.5937038 0.5968444 1.613447e-04 0.0019954300
(1.125, 0.375) 0.3160567 0.3196000 1.107430e-05 0.00704323382
(1.500, 0.375) 0.2200086 0.2234667 7.873276e-05 0.00062036830
(0.000, 0.750) 0.4671715 0.4707333 2.912554e-05 0.0063661602
(0.375, 0.750) 0.4501753 0.4537889 1.949694e-05 -0.0003154168
(0.750, 0.750) 0.3996358 0.4029778 2.242911e-06  0.0008761438
(1.125, 0.750) 0.3079297 0.3113444 1.441737e-05 0.00127697827
(1.500, 0.750) 0.2146828 0.2179889 8.428403e-05 -0.0004741107
(0.000, 1.125) 0.3178020 0.3215556 1.041381e-05 -0.0007804777
(0.375, 1.125) 0.3190518 0.3228889 9.953295e-06 -0.0000768104
(0.750, 1.125) 0.3002254 0.3036778 1.799310e-05 -0.0004292545
(1.125, 1.125) 0.2707833 0.2743111 3.530341e-05 -0.0005504304
(1.500, 1.125) 0.2099726 0.2129667 8.935121e-05 0.0009924766
(0.000, 1.500) 0.2195676 0.2229111 7.918518e-05 0.00009573828
(0.375, 1.500) 0.2185869 0.2218000 8.019608e-05 0.0009924766
(0.750, 1.500) 0.2156402 0.2190222 8.327215e-05 0.0019814793
(1.125, 1.500) 0.2084467 0.2119111 9.102444e-05 0.0029622123
(1.500, 1.500) 0.1842161 0.1875111 1.196754e-04  0.0046999643

63




Chapter 4

Conclusion

My thesis work simulated the bi-variate Kaplan Meier estimator derived by Sen and Stute
(2007) by using different joint distribution of (X, X3) and real data.

From all simulation results, the estimator of bivariate survivor function (Sen and Stute(2007))
is efficient to estimate the survivor function. It gives nonnegative masses. Using this es-
timator is easily graph the trend of the survivor function which is very useful in applied
field. Comparing with the other estimators, we have the best estimator.

The variance estimator has a good form. But the variance has negative values for some

points.
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Chapter 5

Further study

1. Confidence interval. In the variance estimator, we have some negative variance which
needs to be corrected. We then plan to use the corrected variance estimator to compute

confidence intervals for survival as well as interval probabilities, i.e.,

PT(X] € (al,bl),X2 (S (ag,bg)) = F(bl,bg) — F(al,bg) — F(bl,az) + F(al,az).

2. Model selection. The bivariate survivor function estimator Fe(-) could be used for
goodness-of-fit tests and other model-checks by comparing it to a given parameterized
family of survivor functions {Fy(-),6 € O}, such as a copula model. However, we need to
develop appropriate methods.

3. Regression. The bivariate point-masses (p1, ..., p,) obtained in Chapter 2 could be used
for regression estimation. For instance, to estimate a linear regression model of the form
E(X,]X1) = Bo+ 51X1, we will have to solve ming, p, ¥ ., PilZai — bo — b1 Z1;)*. Performance

of the resulting estimators will then have to be studied.
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