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ABSTRACT
The Effects of Lesson Sequencing on Preservice Teachers' Place-Value Knowledge
Diana Royea
Elementary students' mathematical achievement is a focal point of mathematics

education research. Place-value is a foundational topic in the elementary mathematics
curriculum. In order to teach place-value in a manner that is in line with mathematics
reform practices, teachers must possess strong conceptual, procedural, and specialized
content knowledge (SCK) of place-value. At the same time, preservice teachers tend
possess mathematical knowledge that is conceptually and procedurally weak. This study
used a pretest-posttest design to investigate the effects of lesson sequencing on preservice
teachers' conceptual, procedural, SCK, and transfer knowledge of place-value. Preservice
teachers were assigned to one of three conditions: Concepts-first, Procedures-First, or
Iterative. All of the participants were exposed to the same eight lessons, four conceptual
and four procedural. The differences between the conditions was the order the lessons
were received in. The results were analyzed quantitatively and where there were
significant effects, those results were further analyzed from a qualitative perspective.
Quantitative results indicated that there was a significant time % group interaction for
conceptual knowledge. The Iterative condition significantly outperformed the Concepts-
first and the Procedures-first conditions. While there was no main effect of condition on
procedural knowledge, SCK, and transfer, there was a main effect of time for all three of
these knowledge types. Furthermore, qualitative analyses revealed that the pathway of
conceptual knowledge acquisition was affected by lesson sequencing. Finally, limitations,

future research, and practical implications of this study are discussed.
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Statement of the Problem

Learning Mathematics with Understanding

Concerns with elementary students’ mathematical achievement have been a driving
force of mathematics education research (Gould, 2005; Mack, 1995; Saxe, Gearhart, &
Nasir, 2001). These concerns are further mirrored in current mathematical reform
principles (Ministére de I’Education, Loisirs et Sport, 2001; National Council of Teachers
of Mathematics, 2009). Fostering the type of mathematical learning advocated by the
latest reform requires elementary school teachers to possess sound mathematical
knowledge that is both conceptually and procedurally rich (Ball, 1996; Ball, Hill, & Bass,
2005; Hill, Rowan, & Ball, 2005), a form of mathematics that is unfamiliar to them
(Comiti & Ball, 1996; Frykolm, 1999). Preservice teachers’ mathematical knowledge has
also been undergoing significant scrutiny, however. A plethora of research has identified
a variety of concerns relating to the quality of preservice teachers’ mathematical
understanding and the types of knowledge that are required to adequately perform within
their profession (Ball, Lubienski, & Mewborn, 2001; Hill, Ball, & Schilling, 2008;
Kahan, Cooper, & Bethea, 2003; Osana, Lacroix, Tucker, & Desrosiers, 2006; Stacey,
Helme, Steinle, Baturo, Irwin, & Bana, 2001; Rowland, Huckstep, & Thwaites, 2005;
Tirosh, 2000; Tsamir & Tirosh, 2008).

The general consensus is that preservice teachers are lacking in conceptual and
procedural mathematical knowledge (Ball, 1990; Morris, Hiebert, & Spitzer, 2009; Rizvi
& Lawson, 2007). Conceptual knowledge of mathematics is the knowledge of concepts
and principles underlying mathematical procedures and the interrelationships between
these concepts. Conversely, procedural mathematics is often the rote knowledge of

mathematical procedures and algorithms. Possessing strong conceptual knowledge has

1
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both short and long term benefits for students and preservice teachers, including flexible
thinking, transfer, and improved access to and increases in mathematical knowledge
(Hiebert & Wearne, 1992). For teachers, possessing conceptual knowledge, procedural
knowledge, and an understanding of the conceptual basis underlying procedures is vital
to engaging in a reform-oriented practice (Ball, Thames, & Phelps, 2008; Frykholm,
1999; Steele, 2001).
Mathematical Knowledge for Teaching and Teacher Training

Ball, Thames, and Phelps (2008) developed an influential and informative model
of teachers’ mathematical knowledge. According to this model, mathematical knowledge
for teaching (MKT) is separated into two major categories: subject matter knowledge and
pedagogical content knowledge. For the purpose of this study, two sub-domains of
subject matter knowledge will be addressed. Those sub-domains are common content
knowledge (CCK) and specialized content knowledge (SCK).

CCK includes the basic skills that typical mathematically literate adults have
(Ball, 1990; Hill & Ball, 2004). That is, CCK is the mathematical knowledge required to
perform basic calculations and successfully navigate through everyday mathematics
problems in order to arrive at correct answers (Ball, et al., 2008). Teachers must possess
CCK because they need to know the material they are teaching and be able to
differentiate between correct and incorrect student solutions. While this type of
knowledge is essential for teachers, it is not specific to teaching per se (Ball, 1990; Ball
et al., 2008).

On the other hand, SCK is a type of knowledge that is uniquely required by

mathematics teachers (Ball et al., 2005). It includes mathematical reasoning and
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unpacking in a manner that is distinctively required by the work of teachers. Tasks that
require SCK include teaching mathematics with meaning and analyzing and
understanding students’ solutions and errors (Ball et al., 2008). Evidently, SCK requires
mathematical understanding that goes well beyond the knowledge that is taught to
students. In particular, teachers require conceptual knowledge of mathematics, procedural
knowledge of mathematics, and an understanding of how mathematics concepts and
procedures are related in order to adequately develop SCK (Ball et al., 2008; Ball & Bass,
2000; Rizvi & Lawson, 2007).

Even though it is often assumed that preservice teachers are mathematically
proficient by the time they enter a teacher education program, preservice teachers’
mathematical knowledge during and after their teacher training remains disconnected and
conceptually weak (Ball, Lubienski, & Mewborn, 2001; Khoury & Zazkis, 1994;
Newton, 2008). That is, the mathematical procedures that they know are not supported by
conceptual understanding. Given the positive correlation between teachers’ mathematical
knowledge and student achievement (Hill et al., 2008; Hill, Rowan, & Ball, 2005), these
findings are disconcerting and justify further research regarding how to improve
preservice teachers’ conceptual and procedural knowledge of mathematics, including
how and why mathematical procedures work, during their teacher training.

Knowledge Acquisition: Concepts and Procedures

How to develop SCK in preservice teachers is not clear. At the same time,
developing SCK is dependent, at least in part, on developing sufficient conceptual and
procedural knowledge of mathematics. In children, the process by which conceptual

knowledge and procedural fluency are acquired remains somewhat of a debate (Byrnes &
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Wasik, 1991; Gelman & Williams, 1998; Rittle-Johnson & Koedinger, 2002; Siegler,
1991; Siegler & Crowley, 1994; Sophian, 1997). In an attempt to improve elementary
students’ conceptual understanding and procedural knowledge of mathematics, prior
research studies have examined the impact of an iterative sequencing of conceptual and
procedural lessons (Rittle-Johnson & Koedinger, 2002). Rittle-Johnson and Koedinger
(2009) found that iterating between conceptual and procedural lessons resulted in
comparable gains in conceptual mathematical knowledge, increased gains in procedural
knowledge, and increased transfer compared to presenting all the conceptual lessons
before all procedural lessons. The effect of lesson sequencing on preservice teachers’
conceptual and procedural mathematical knowledge has not yet been studied, however.
The purpose of this study is to determine the effects of three different lesson
sequences, Concepts-First, Procedures-First, and Iterating between concepts and
procedures, on preservice teachers’ conceptual knowledge, procedural knowledge, and
SCK of numeration, place-value, and multi-digit arithmetic. An additional purpose is to
examine the nature of preservice teachers knowledge of place-value and how this
knowledge changes as a result of different lesson sequences. The results of this study will
have several practical implications. Not only will the results contribute to the literature on
the acquisition of mathematical knowledge, but will also provide practical guidelines on
how to foster preservice teachers’ mathematical knowledge and SCK during their teacher
training. Increasing preservice teachers’ SCK is especially important because for most
preservice teachers, their teacher training will be their first exposure to the type of rich,
interconnected knowledge of mathematics they will be expected to use in their future

reform-oriented practices (Frykholm, 1999)
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Literature Review

The following review begins with the definitions of conceptual mathematical
knowledge, procedural mathematical knowledge, and specialized content knowledge
(Ball, Thames, & Phelps, 2008). Then, the mathematical knowledge that preservice
teachers actually possess and the type of mathematical knowledge that they need to be
effective mathematics teachers is discussed. One way to measure effective teaching is by
looking at student outcomes. As such, the effect of teachers” knowledge on student
achievement is briefly followed by a review of the literature on a mathematical topic that
poses particular difficulties for children: place-value. While the nature of students’ place-
value knowledge and means of remediating this knowledge is well documented, little is
known about preservice teachers’ understanding of place-value and how to improve their
conceptual knowledge, procedural knowledge, and specialized content knowledge of
place-value concepts and relevant procedures. Finally, the relationships between
conceptual and procedural knowledge of mathematics is explored and related to
designing and implementing mathematical lessons to foster conceptual and procedural
mathematical knowledge acquisition.
Conceptual Knowledge, Procedural Knowledge, and Specialized Content
Knowledge

Conceptual knowledge. Rittle-Johnson and Siegler (1998) broadly define
conceptual knowledge as the “explicit or implicit understanding of the principles that
govern a domain and the interrelations between pieces of knowledge in a domain” (p.
77). More specifically, concepts are the governing principles or ideas of a given

mathematical domain. Conceptual knowledge is characterized by an understanding of
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these principles and the relationships between these principles (Rittle-Johnson & Alibali,
1999); the relationships together form a connected network of knowledge (Rittle-Johnson
& Siegler, 1998). Prior knowledge is linked to or tied to new knowledge through these
networks to create meaningful learning through the process of assimilation (Byrnes &
Wasik, 1991; Rittle-Johnson & Siegler, 1998). Conceptual knowledge is freed from any
particular context and lies within a more abstract level of thinking and reflection
(Tchoshanov, 2011). For the purpose of this study, conceptual knowledge is defined as
knowledge of the ideas underlying mathematical procedures that cannot be learned
through memorization but rather through reflection on the relationships between various
pieces of mathematical knowledge.

Procedural knowledge. Unlike conceptual knowledge, procedural knowledge is
context specific (Hiebert & Lefevre, 1986). Rittle-Johnson and Siegler (1998) defined
procedural knowledge as the “action sequences for solving problems” (p. 77). That is,
procedural knowledge is the knowledge of prescribed steps required to solve a
mathematical problem. This type of knowledge is composed of two distinct parts. The
first part consists of formal mathematical language and symbols, whereas the second part
consists of algorithms and rules for completing mathematical tasks such as the standard
procedures taught in school (Hiebert, 1992). Therefore, procedural knowledge
necessitates the ability to remember and correctly apply mathematical syntax and
symbols, in addition to the steps required to solve a problem (Brynes & Wasik, 1986;
Fuson & Briars, 1990).

Knowledge of syntax and symbols is considered procedural in nature because this

type of knowledge often only demonstrates an understanding of the surface features of
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any given mathematical problem (Rittle-Johnson & Siegler, 1998). While procedural
knowledge is often perceived as the ability to follow the steps required to solve a problem
using standard mathematical notation, it can also be non-symbolic. Non-symbolic
procedural knowledge means that the steps to solve a problem could involve using
concrete objects, or manipulatives, in a consistent way to solve the same type of problem
by following the same sequence of steps (Hiebert & Lefevre, 1986). For the purpose of
this study, procedural knowledge is operationalized as the knowledge of rules,
algorithms, procedures, and formal mathematical language and symbols.

Specialized Content Knowledge. Specialized content knowledge (SCK) is a
form of knowledge possessed and applied by teachers of mathematics. It plays a crucial
role in teaching for understanding and involves the ability to perform many teaching
tasks. Some of these tasks include: (a) being able to use multiple mathematical
representations for the same concepts, (b) understanding the relationships between
different representations, (c) understanding different situations of division (such as
partitive and measurement division), (d) using appropriate mathematical language, (e)
selecting tasks to elicit specific mathematical concepts or remediate misunderstandings,
and (f) understanding the conceptual basis of mathematical procedures (Ball, Thames, &
Phelps, 2008). Evidently, SCK requires both conceptual and procedural knowledge of
mathematics. At the same time, SCK further demands an understanding of how
conceptual and procedural knowledge are related to one another (Osana & Royea, 2011).
Preservice Teachers’ Mathematical Knowledge: What do They Know?

Preservice teachers often struggle with school mathematics. A substantial body of

literature documents their difficulties. Concepts related to multiplicative structures, for
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example, are especially difficult for many preservice teachers. In general, preservice
teachers’ mathematical reasoning is constrained by additive reasoning making it difficult
for them to reason multiplicatively at all (Sowder et al., 1998). Simon and Blume (1994)
found that preservice teachers experience difficulties when trying to understand the
multiplicative relationship between the sides of similar rectangles. Additionally, many
preservice teachers do not have a solid conceptual understanding of multi-digit
multiplication or division and as a consequence, they are prone to making systematic
procedural errors (Graeber, Tirosh, & Glover, 1989). In terms of division, more often
than not, preservice teachers are limited to understanding division in terms of the partitive
situation only and struggle to solve and create problems that reflect the measurement
situation of division (Simon, 1993). In any context, preservice teachers generally
perform poorly when the quotient of a division problem should be less than one (Tirosh
& Graeber, 1990). These issues are, at least in part, due to the fact that many preservice
teachers have difficulty understanding division procedures and the multiplicative nature
of division (Zazkis & Campbell, 1996).

The concepts and procedures related to rational numbers, especially fractions, is
another elementary school mathematics topic with which preservice teachers often
struggle (Khoury & Zazkis, 1994). Newton (2008) performed an extensive analysis of
preservice teachers’ conceptual and procedural knowledge of all four mathematical
operations with fractions. Overall, the results indicated that preservice teachers maintain
many of the same conceptual misunderstandings as children. Furthermore, the preservice
teachers in her study also made several procedural errors directly related to their lack of

conceptual understanding (Newton, 2008; Toluk-Ugar, 2009). Links between preservice
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teachers' fraction concepts and procedures are known to be weak (Osana & Royea, 2011)
and given preservice teachers’ difficulties with division in general (Simon, 1993; Tirosh
& Graeber, 1990), it is not surprising that division with fractions is considered especially
challenging for this particular population (Flores, Turner, & Bachman, 2005; Kribs-
Zaleta, 2006).

Preservice Teachers’ Mathematical Knowledge for Teaching: What Should They
Know?

Over the years, researchers have struggled to precisely define the specific types of
knowledge required to teach mathematics well (Ball, Thames, & Phelps, 2008; Carpenter,
Fennema, Peterson, & Carey, 1988; Graeber, 1999; Silverman & Thompson, 2008).
Shulman’s (1986) seminal work on teacher knowledge has provided the framework for
defining the mathematical knowledge teachers need to teach mathematics effectively as
recommended by current reform principles (e.g., NCTM, 2009). Shulman contributed to
the understanding of teachers’ knowledge by marrying content knowledge and
pedagogical knowledge to create the notion of pedagogical content knowledge. Content
knowledge, also commonly referred to as subject matter knowledge (Ball, 1990; Ball et
al., 2008), is the understanding of basic concepts and procedures of any teachable
domain. This type of knowledge is not specific only to teaching (Shulman, 1986).
Pedagogical knowledge, on the other hand, was specifically conceptualized for the work
of teachers. This knowledge encompasses institutionally related knowledge such as the
knowledge of curriculum, knowing what needs to be taught at which grade level, and the
order in which certain topics should be presented to students (Shulman, 1986). Many

subsequent researchers have adopted (Carpenter, Fennema, Peterson, & Carey, 1988;
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Rizvi & Lawson, 2007) or extended this influential framework to better understand and
study teachers’ knowledge (Ball, Hill, & Bass, 2005; Ball et al., 2008).

Common content knowledge and specialized content knowledge. Shulman’s
(1986) discussion of pedagogical content knowledge changed the way several educational
researchers have conceptualized and studied mathematics teacher education. Ball,
Thames, and Phelps (2008) have constructed an elaboration of Shulman’s original
framework that includes an expanded definition of the original content knowledge and
pedagogical content knowledge constructs (Ball, Hill, & Bass, 2005). After sorting
through the morass of knowledge and skills that elementary teachers are purported to
need in their practice, Ball et al. further divided subject matter knowledge and
pedagogical content knowledge into more detailed categories specifically suited to
mathematics instruction. Under their expanded framework, pedagogical content
knowledge and subject matter knowledge consist of three sub-domains, each as illustrated
in Figure 1. Pedagogical content knowledge consists of a combination of knowledge of
content and students, knowledge of content and teaching, and knowledge of content and
curriculum. By the same token, subject matter knowledge is further subdivided into
common content knowledge, specialized content knowledge (SCK), and horizon content
knowledge (Ball et al., 2008). Because of the focus of the present study, I will focus the
remainder of this review on specialized content knowledge, henceforth referred to as
SCK, and more specifically, conceptual mathematical knowledge as a component of

SCK.
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Domains of Mathematical Knowledge for Teaching

PEDAGOGICAL CONTENT KNOWLEDGE

SUBJECT MATTER KNOWLEDGE
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Figure 1. Pictorial representation of mathematical knowledge for teaching as presented

by Ball et al. (2008).

Cognitive knowledge types. Ball, Thames and Phelps (2008) are by no means the
only researchers to emphasize the role of conceptual knowledge in their framework for
mathematical knowledge for teaching. In examining the effects of teachers’ mathematical
content knowledge on student achievement, Tchoshanov (2011) mapped out three
cognitive types of knowledge that teachers have. While these typologies are not explicitly
integrated as part of Ball, Thames and Phelps’ (2008) mathematical knowledge for
teaching framework, there are many parallels between the two. According to
Tchoshanov, teachers who possess Type I cognitive knowledge demonstrate the ability to
recall basic mathematical facts and correctly apply mathematical rules. This is similar to

at least part to the construct of common content knowledge of Ball et al. (2008) in that
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Type I cognitive knowledge is procedural in nature and tied to specific mathematical
contexts (Tchoshanov, 2011).

Type II and Type III cognitive knowledge parallel SCK (Ball et al., 2008;
Tchoshanov, 2011). Teachers who possess Type II cognitive knowledge demonstrate the
same skills and understanding as teachers with Type I cognitive knowledge, but are
further able to understand the underlying concepts and procedures (Tchoshanov, 2011).
Type II cognitive knowledge is not context bound in the same way that Type I cognitive
knowledge is. More specifically, teachers with Type II knowledge have a concrete
understanding of mathematical concepts that enables them to select multiple
representations, transfer knowledge to novel contexts, and solve non-routine problems
with relative ease (Tchoshanov, 2011). By this definition, Type II cognitive knowledge is
conceptually rich and ties in with the Ball et al. concept of SCK. Finally, Type III
cognitive knowledge, according to Tchoshnov (2011), characterizes mathematical
knowledge that is removed from any specific mathematical context. It is characterized as
encompassing the knowledge of both Type I and Type II cognitive knowledge and the
ability to further extend mathematical thinking to making general mathematical
statements, designing mathematical tools and models, and proving theorems. Similar to
Type II cognitive knowledge, Type I1I cognitive knowledge requires a rich, conceptual
understanding of mathematics and fits into the category of SCK (Ball et al., 2008).
Teachers’ Mathematical Knowledge and Student Achievement

The existing research on teachers’ mathematical knowledge and student
achievement further implicate the important role of teachers’ mathematical knowledge in

effective teaching. Tchoshnov, Lesser, and Salazar (2008) identified a positive
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correlation between student achievement and teachers’ conceptual knowledge. This
correlation was further examined by Tchoshnov (2011), who explored different degrees
of teachers’ conceptual knowledge (Type I cognitive knowledge, Type II cognitive
knowledge, and Type III cognitive knowledge) and how conceptual knowledge translated
into classroom teaching practices and student achievement. The results from three sub-
studies on these knowledge types indicated that teachers who possessed stronger
conceptual knowledge, Type Il and Type III, were consequently more conceptual in their
teaching and emphasized the relationships between concepts and procedures rather than
emphasizing procedural rules alone (Tchoshnov, 2011). At the same time, there was no
significant difference in student achievement scores in the classrooms of teachers who
possessed Type Il cognitive knowledge compared to the classrooms of teachers who
possessed Type III cognitive knowledge. More importantly, students of teachers who
exhibited both Type II and Type III cognitive knowledge scored significantly higher on
measures of mathematical achievement than students of teachers exhibited Type I
cognitive knowledge (Tchoshnov, 2011).

Focusing specifically on teachers’ SCK, Hill, Rowan, and Ball (2005) similarly
found a positive relationship between teachers’ SCK and gains in student achievement
over a one year period. Moreover, in a correlational study that combined five case
studies, a significant positive relationship was found between teachers’ level of
mathematical knowledge for teaching and students’ mathematical achievement (Hill et
al., 2008). However the constructs are conceptualized, teachers' conceptual knowledge,
procedural knowledge, and SCK appear to be positively related to quality of instruction

and student outcomes (Hill, Rowan, & Ball, 2005; Hill et al., 2008; Tchoshnov, 2011).
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Therefore, the argument that teachers require strong mathematical knowledge to help
students perform in line with reform standards is further supported.
Numeration and Place-Value

Concepts and procedures related to place-value are topics that elementary school
teachers will repeatedly encounter during their teaching career. Simply put, place-value
refers to the value of digits in relation to the position they appear in a number. For
example, the in the number 135, the one does not represent a single unit. Rather, it
represents one group of one-hundred units, of 10 groups of 10 units. Similarly the three
represents three tens, not three. The position of the digit dictates the digit's value.
Enumeration and grouping quantities form the basis of any place-value system. These
concepts are further built upon when children learn basic arithmetic. In essence, these
mathematical concepts are some of the first that children encounter both informally
before starting school (Baroody, Lai, & Mix, 2006; Wynn, 1990) and formally when they
do start school (Baroody, 1990; Canobi, Reeves, & Pattison; 2003). Because of the way
other mathematical topics build on place-value notions, place-value is arguably one of the
most important concepts for elementary students to master (McClain, 2003).
Furthermore, children’s understanding of place-value and related place-value concepts
can serve to help or hinder future mathematical achievement (Fuson, 1990; Fuson &
Briars, 1990).

Unfortunately, traditional education produces dire effects on children’s
understanding of place-value (Hiebert & Wearne, 1992) because teachers approach the
topics as a series of rules and procedures for writing numbers and performing operations

with little emphasis on concepts and the relationships between those concepts and place-
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value procedures (Fuson et al., 1997b). Teachers who lack strong conceptual and
procedural mathematical knowledge perpetuate the cycle of weak mathematical
knowledge. The students of those teachers will themselves acquire mathematical
knowledge that is conceptually and procedurally weak. These students often grow up
disliking and avoiding mathematics (Jackson & Leffingwell, 1999).

Children’s knowledge of place-value. A review of the literature on children’s
understanding of place-value suggests that there are three general requirements for
acquiring meaningful learning of place-value concepts and procedures (Fuson, 1990;
Fuson & Briars, 1990). The first essential place-value requirement addresses counting,
regrouping, and written notation (Baroody, 1990; Hiebert & Wearne, 1992). Children
must understand a variety of mathematical concepts to fulfill this requirement. Not only
do children need to learn the number words in the correct sequence and how to write and
read numbers, they also need to learn the relationship between number words and the
value they represent in relation to the way they are written (Fuson, 1990). In general,
children must have a sound understanding of the concepts related to counting and
grouping sets of objects including using written notation (Hiebert & Wearne, 1992).

The second requirement of learning place-value with meaning pertains more
specifically to the construction of the concept of unit. Conceptually understanding the
construction of multiunit structures is a crucial component of the development of
conceptual knowledge of place-value (Fuson, 1990; Miura, Okamoto, Kim, Steere &
Fayol, 1993). As opposed to seeing numbers as collections of individual units, conceptual
understanding of place-value requires children to be able to conceptualize individual and

composite units in tandem (Fuson, 1990). For example, given the number 100, conceptual

15



EFFECTS OF LESSON SEQUENCING

understanding of the multiunit structure requires that children can flexibly conceptualize
the number as one unit of a hundred or as 10 units of ten or as 100 single units. The
position of each digit dictates the quantity of units or composite units that could be used
to represent the number. Groups of units need to be understood and treated as composite
units as opposed to “concatenated numbers” (Fuson, 1990; Hiebert & Wearne, 1996). In
addition to having conceptual understanding of numeration concepts and notation
(Baroody, 1990; Hiebert & Wearne, 1992) and multiunit structures or composite units
(Fuson, 1990), children must further conceptually understand the third requirement: how
to regroup composite units in such a manner as to preserve quantity (Fuson & Briars,
1990; McClain, 2003).

Elementary school children’s difficulties with place-value. Mathematical
competence in place-value relies on children developing relationships between their
procedural and conceptual knowledge (Bisanz & Lefevre, 1992; Hiebert & Wearne,
1996). It has been well documented that elementary school children have difficulties with
place-value (Baroody,1990; Fuson 1986; Fuson 1988; Fuson, 1990, Fuson and Briars,
1990). Moreover, the difficulties associated with place-value are often the result of
inadequate or disconnected conceptual knowledge in part because of the mathematics
instruction they receive in school (Fuson & Briars, 1990). The basis of many children’s
difficulties with place-value is embedded in language and counting words (Saxton &
Towse, 1998). This is especially true for English speakers (Miura, Okamoto, Kim, Steere,
& Fayol, 1993). English counting words do not support the construction of meaningful

grouping and place-value. In English decade number words especially, the relationship
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between the tens and ones is not made obvious by the actual number names (Fuson et al.,
1997a).

Miura, Okamoto, Kim, Steere and Fayol (1993) explored the way children from
different countries cognitively represented multi-digit numbers. After examining French,
Japanese, Korean, Swedish, and American children’s conceptions of place-value, it was
suggested that the language spoken affects children’s cognitive representations of
numbers and consequently their conceptual understanding of place-value. English
speaking children are more likely to develop the concatenated (Fuson, 1990)
understanding of multi-digit numbers, whereas children who speak languages that
demonstrated the relationships between the value of the position of the digit and the value
of the digits in a multi-digit number (“ten and two” as opposed to “twelve” in English)
are less likely to develop this same misconception (Miura et al., 1993).

The most prominent misconception children hold about place-value stems from
their conception of multi-digit numbers (Fuson, 1990). Many children perceive multi-
digit numbers as unitary (Bowers, Cobb, & McClain, 1999). That is, rather than seeing
the number, say 23, as composed of two units or groups of ten and three single units, their
understanding of the quantity is limited to the 23 single units interpretation. Fuson (1990)
refers to this conceptual misunderstanding as the "concatenated single-digit number"
misconception. This particular conceptual misunderstanding is believed to be the catalyst
for other place-value misconceptions and associated procedural errors (Kouba et al.,
1988).

Counting and multi-digit addition and subtraction are often taught as a sequence

of steps (Fuson & Briars, 1990). And as a result, children’s difficulties with multi-digit
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arithmetic are apparent on both a procedural and conceptual level. For instance,
procedural fluency does not necessarily indicate that a child possesses adequate
conceptual knowledge (Cauley, 1988; Fuson et al., 1997b). Cauley (1988) found that
elementary school children with high levels of procedural knowledge of multi-digit
subtraction had incomplete conceptual knowledge. In fact, many children are capable of
correctly carrying out arithmetic procedures with little or no conceptual understanding of
the process. Several other studies have found that among students who followed the
appropriate procedures to add or subtract two multi-digit numbers, many arrived at the
correct answer but did not understand the crucial aspects of the procedure they followed
and were incapable of explaining the value of and reasons for regrouping (Fuson &
Briars, 1990; Labinowicz, 1985; Olivier, Murray, and Human, 1990; Resnick &
Omanson, 1987). Furthermore, lack of conceptual understanding and reliance on
procedures may account for student misconceptions such as always subtracting the
smaller number from the bigger number, despite the order in which the numbers are
presented (Fuson & Briars, 1990).

Remediating children’s knowledge of place-value. Given the importance of
place-value and the weak nature of children’s place-value knowledge, it is important for
teachers to understand and teach place-value in a meaningful and connected manner
(McClain, 2003; Yackel, Underwood, & Elias, 2007). Understanding the source of
student difficulties and developing activities and lessons that highlight relevant concepts
to children can help remediate those difficulties (Ball, Thames, & Phelp, 2008). At the

same time, those particular teaching activities require teachers to possess a substantial

18



EFFECTS OF LESSON SEQUENCING

amount of conceptual knowledge and specialized content knowledge (Ball, 1990; Ball,
Hill, & Bass, 2005; Ball et al., 2008).

Even though children have difficulty with place-value concepts, the existing
literature shows promise in terms of remediating their performance. The most successful
instructional interventions on place-value with children focus on building and
strengthening children’s conceptual understanding of critical place-value concepts
(Fuson, 1990; Fuson & Briars, 1990; McClain, 2003). The main feature of any
conceptually based instruction is the notion of creating links and connections between
mathematical ideas, whether those ideas are conceptual or procedural in nature (Lesh,
Post, & Behr, 1987). With elementary school children, manipulatives are often used to
aid in the development of conceptual understanding of mathematical topics and
procedures (Canobi, Reeve, & Pattison, 2003; Fuson & Briars, 1990; Osana &
Pitsolantis, 2011).

Fuson (1990) observed that children’s knowledge of place-value is negatively
affected by the traditional manner in which it is taught in the school system. After an
examination of traditional elementary school mathematics textbooks, it was determined
that place-value is traditionally approached as a series of rote procedures applied without
meaning. As a consequence, Fuson designed a conceptually based instructional
intervention on place-value concepts mirroring the topics taught within a traditional
curriculum while emphasizing the links between the various concepts and procedures.
Following the intervention, first-grade students who completed the conceptually based

instruction performed significantly better on measures of conceptual knowledge of multi-
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digit addition and subtraction than first-grade students who followed the traditional place-
value lessons as prescribed by a textbook (Fuson, 1990).

In another study, Fuson and Briars (1990) used conceptually based place-value
instruction to remediate second graders' place-value understanding. The results
demonstrated that students who were average achievers in multi-digit addition and
subtraction performed significantly better following the intervention and demonstrated
meaningful regrouping for both operations (Fuson & Briars, 1990). Similarly, Hiebert
and Wearne (1992) implemented a conceptually based instructional unit on and multi-
digit addition and subtraction focusing on the use of manipulatives to make place-value
concepts and connections between concepts and procedures explicit. Compared to
conventional textbook instruction, first graders who engaged in the conceptual instruction
demonstrated significantly higher levels of conceptual understanding of multi-digit
addition and subtraction procedures and were more flexible in their selection of problem
solving strategies (Hiebert & Wearne, 1992).

Preservice teachers’ understanding of place-value. Several important points
about place-value and preservice teachers’ knowledge have been established in this
review thus far. First, place-value is an important topic in the elementary mathematics
curriculum (Yackel, Underwood, & Elias, 2007). Secondly, elementary school students
often experience difficulties related to their lack of conceptual understanding of place-
value concepts (Hiebert & Wearne, 1996, Carpenter & Moser, 1984). Thirdly,
conceptually based instruction has been shown to help elementary school children
develop conceptual understanding of place-value and procedural fluency (Fuson &

Briars, 1990). Finally, it is well known that preservice teachers’ knowledge of school
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mathematics tends to be conceptual weak (Ball, 1990; Newton, 2008) and procedurally
rule bound (Zazkis & Campbell, 1996), frequently leading them to hold similar
misconceptions and commit the same errors as elementary school students (Harel &
Behr, 1995). At the same time, there is a near dearth of research on preservice teachers’
understanding and learning of place-value.

McClain (2003) explored whether or not the results obtained from studies
conducted on elementary students’ understanding of place-value could be used as a guide
to developing preservice teachers’ understanding of place-value. By designing and
implementing conceptually based lessons on place-value using a base-8 context, McClain
found that the learning trajectory of preservice teachers was, in fact, similar to that of
elementary students. Furthermore, using conceptual lessons in base-8, as opposed to
base-10, served to help preservice teachers develop their conceptual understanding of the
positional place-value system without interference from prior knowledge and known
procedures (McClain, 2003). Yackel, Underwood, and Elias (2007) also used a base-8
place-value system to help develop preservice teachers’ conceptual understanding of
place-value and to create learning experiences that parallel those of elementary students
who have little prior knowledge of place-value when they start formal schooling.
Preservice teachers were thus afforded the opportunity to reconceptualise their view of
mathematics and what it means to learn and teach mathematics with understanding
(Yackel, et al., 2007). It is important to note here that even though these interventions
appear to be effective, none of these studies examine the nature of the students'

developing knowledge of place-value.
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Conceptual and Procedural Knowledge in Mathematics

The relationship between concepts and procedures. Conceptual knowledge and
procedural knowledge do not exist independently of one another. While they are
considered distinct types of knowledge (Rittle-Johnson & Sielger, 1998), conceptual
knowledge and procedural knowledge are interactive. At the same time, the development
and exact relationship between conceptual and procedural knowledge is not completely
understood. In several different mathematical domains, past research has demonstrated
that children who are stronger than their peers in conceptual knowledge tend to also be
stronger in procedural knowledge (Baroody & Gannon, 1984; Byrnes & Wasik, 1991;
Cowan, Dowker, Christakis & Bailey, 1996; Cowan & Renton, 1996; Dixon & Moore,
1996). Regardless of the multitude of studies that demonstrate the influence of conceptual
knowledge on procedural knowledge, it is strongly believed that the relationship between
these two types of knowledge is in fact, bidirectional in nature (Rittle-Johnson &
Koedinger, 2009; Rittle-Johnson & Siegler, 1998; Rittle-Johnson, Siegler, & Alibali,
2001).

Conceptual knowledge affecting procedural knowledge. In general, two
important ways that conceptual knowledge impacts procedural knowledge is in terms of
selecting and generating procedures to solve mathematical problems (Rittle-Johnson &
Siegler, 1998). Possessing conceptual understanding of a mathematical topic helps
children identify the essential elements of a given problem and facilitates the selection of
an appropriate known procedure to solve it (Rittle-Johnson & Alibali, 1999). Mestre
(2002) found that undergraduate students who scored low on a measure of conceptual

understanding relied on memory to select procedures that were used to solve problems
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that were similar according to superficial characteristics. Thus, they were less successful
at choosing an appropriate procedure compared to their peers who scored higher on
conceptual understanding. Conceptual knowledge constrains procedural selection by
helping children recognize when a given procedure is inappropriate (Rittle-Johnson &
Alibali, 1999). Gains in conceptual knowledge might help people recognize the
application of incorrect procedures by highlighting inconsistencies with the procedure
being used and their conceptual understanding of the mathematical situation (Byrnes &
Wasik, 1991; Rittle-Johnson & Siegler, 1998).

Moreover, adequate conceptual knowledge has a positive impact on procedural
knowledge in terms of procedural generation. In fact, several theories on knowledge
acquisition postulate that the generation of procedures in children is based on the
conceptual understanding of the mathematics embedded within the problem being
approached (Gelman & Williams, 1997; Halford, 1993). Not only does conceptual
understanding constrain procedural selection, it similarly constrains procedural discovery
and the adaptation of existing procedures to novel mathematical tasks (Gelman &
Gallistel, 1978; Gelman & Meck, 1986; Siegler & Crowley, 1994). Therefore,
understanding the underlying concepts and the interrelations between concepts and
procedures facilitates the appropriate generation of procedures to solve a mathematical
problem while reducing the likelihood of over-generalizing the procedure to an
inappropriate context.

In addition to influencing the selection of known procedures (Rittle-Johnson &
Siegler, 1998) and the generation and adaptation of procedures (Siegler & Crowley,

1994), conceptual understanding also plays a role in future procedural gain (Hiebert &
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Wearne, 1996). Hiebert and Wearne (1996) found that children’s conceptual knowledge
can also be used to predict future fluency in procedural skill. That is, children who scored
higher in conceptual knowledge in early elementary school tended to acquire higher
procedural knowledge than children who originally scored lower in conceptual
knowledge (Hiebert & Wearne, 1996). Other studies have found similar results (Fuson,
1990; Fuson & Briars, 1990; McClain, 2003).

Procedural knowledge affecting conceptual knowledge. It has been established
that conceptual knowledge impacts procedural knowledge, yet the relationship is not
unidirectional. Procedural knowledge may positively impact children’s acquisition of
conceptual knowledge. When children are procedurally fluent, the acquisition of
conceptual knowledge is sometimes facilitated (Rittle-Johnson & Alibali, 1999). When
solving mathematical problems using well-known, automatic procedures, working
memory is freed up, which may promote children’s metacognition about conceptual
aspects of the procedure. Such reflection may lead to an exploration of why the procedure
works and thereby further develop conceptual understanding (Rittle-Johnson & Siegler,
1998). At the same time, the same correct procedural knowledge may further help
children expand on their conceptual knowledge by helping them focus more specifically
on accurate and related concepts (Rittle-Johnson & Koedinger, 2009).

The acquisition of concepts and procedures. The fact that conceptual and
procedural knowledge are related to each other is unquestionable (Byrnes & Wasik,
1991; Fuson, 1990; Rittle-Johnson & Alibali, 1999). At the same time, the exact
mechanism by which conceptual and procedural knowledge is acquired is still unclear.

Over the years, researchers have studied children across several mathematical domains
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from enumeration (Baroody, 1990; Gelman & Gallistel, 1978) to fractions (Mack, 1990;
Yoshida & Sawano, 2002) in an attempt to understand how mathematical knowledge is
acquired. Despite the inconsistencies found within the literature on this topic, three
important theories of the acquisition of mathematical concepts and procedures have
emerged. Traditionally, two of these theories dominated. The knowledge acquisition
debate centered on whether or not mathematical concepts were acquired before
procedures, the Concepts-first perspective, or if mathematical procedures were acquired
before mathematical concepts, the Procedures-first perspective (Rittle-Johnson & Siegler,
1998). More recently, the third theory, the Iterative perspective, has come to the forefront
of the debate (Rittle-Johnson & Koedinger, 2002). The Iterative perspective contends that
conceptual and procedural knowledge are not acquired sequentially with one type
preceding the other. Instead, mathematical knowledge is acquired in an iterative manner,
with gains in one type of knowledge leading to gains in the other, thereby fostering
further gains in the first type of knowledge.

Concepts-first perspective. Many researchers have postulated that mathematical
knowledge develops in a sequential manner with mathematical concepts being learned
before procedures (Geary, 1994; Halford, 1993; Wynn, 1992). If this is, in fact, how
mathematical knowledge is acquired, it should have an important influence on how
mathematics is taught in the classroom. That is, if concepts are developed before
procedures, children should be taught mathematical concepts before traditional
algorithms in an attempt to teach mathematics with meaning and in a fashion that
corresponds to children’s development. In fact, before starting formal education, very

young children demonstrate conceptual understanding of enumeration (Gelman &
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Gallistel, 1978), certain characteristics of small quantities (Feigenson, 2005; Wood &
Spelke, 2005), and even simple arithmetic (Geary, 1994; Wynn, 1992). In some
domains, it is widely accepted that conceptual knowledge does precede procedural
knowledge. For example, Baroody (1992), Wynn (1990), and Fuson (1988) all supported
the claim that children develop a sophisticated conceptual understanding of counting
principles well before school-age. Moreover, several studies have found that not only do
young children possess these rich conceptual understandings, but at the same time, they
do not yet possess procedural fluency, suggesting that conceptual knowledge, at least in
certain domains, precedes procedural knowledge (Byrnes & Wasik, 1991; Gelman &
Meck, 1983).

Procedures-first perspective. Despite the evidence that children acquire several
mathematical concepts before entering school, many school-aged children perform
mathematical procedures with very little conceptual understanding (Olivier, Murray, and
Human, 1990; Resnick & Omanson, 1987). If conceptual knowledge precedes procedural
knowledge, children should not be able to perform mathematical procedures successfully
in the absence of knowledge of the related concepts. Nonetheless, children and preservice
teachers have demonstrated some procedural fluency and knowledge of fractions despite
their impoverished conceptual knowledge of this topic (Mack, 1990; Newton, 2008;
Yoshida & Sawano, 2002). Similarly, children have demonstrated the ability to perform
multi-digit arithmetic without conceptual understanding of the procedures they are
following (Fuson & Briars, 1990; Labinowicz, 1985).

Resolving the paradox. Some researchers have explained the Concepts-First or

Procedures-First paradox using the privileged domains hypothesis (Geary, 1995; Gelman
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& Meck, 1992). The privileged domains hypothesis stipulates that while in general,
procedures are acquired before concepts, some mathematical concepts are easier for
children to learn conceptually because they are of potential evolutionary importance and
thereby remain evolutionarily privileged (Rittle-Johnson & Siegler, 1998). Therefore, in
the privileged domains, concepts exceptionally develop before procedures.

Another attempt to resolve the Concepts-First or Procedures-First paradigm is
provided by the frequency of exposure hypothesis (Baroody & Gannon, 1984; Fuson,
1988). Similar to the privileged domains hypothesis, the frequency of exposure
hypothesis simply purports that while procedures are generally acquired before concepts,
the frequent opportunities provided by children’s environments to observe certain
activities, such as counting, allow children to imitate and acquire certain conceptual
knowledge and skills considered privileged by the former hypothesis (Briars & Siegler,
1984).

Iterating between concepts and procedures. While researchers have been
examining children’s acquisition of conceptual and procedural mathematical knowledge,
it has become apparent that there is no clear cut evidence favouring either the Concept-
first perspective or the Procedures-first perspective universally across all mathematical
domains (Gelman & Gallistel, 1978; Hiebert & Lefevre, 1986; Siegler, 1991; Wynn,
1990). The third and more recent perspective on the acquisition of mathematical
knowledge, the Iterative perspective, takes into account many of the aspects of the
Concept-first perspective and the Procedures-first perspective (Rittle-Johnson, Siegler, &
Alibali, 2001). The Iterative perspective argues that there is a complex, bidirectional

relationship between conceptual and procedural knowledge (Rittle-Johnson & Kodinger,
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2009). This relationship is more interactive than either of the other two theories
presumes. Regardless of whether or not the initial piece of knowledge is conceptual or
procedural in nature, the Iterative perspective argues that increases in one type of
knowledge foster increases in the other type of knowledge, thereby further fostering gains
in the first type (Rittle-Johnson & Kodinger, 2009; Rittle-Johnson, Siegler, & Alibali,
2001).

Established relationships between conceptual and procedural knowledge, such as
the positive relationship between conceptual and procedural knowledge (Cauley, 1988)
and the predictive relationship of conceptual knowledge on procedural knowledge
(Hiebert & Wearne, 1996), lend credence to the Iterative perspective. Moreover, other
studies on the acquisition and nature of children’s mathematical knowledge have further
suggested that gains in procedural knowledge support gains in conceptual knowledge
(Brynes & Wasik, 1991; Hiebert & Wearne, 1996). As previously discussed in this
review, conceptual instruction has also been shown to improve procedural fluency
(Rittle-Johnson & Siegler, 1998). Further research on children’s development of
mathematical equivalence that explicitly examined the effect of lesson type provide
further support for the bidirectional relationship between conceptual and procedural
knowledge (Rittle-Johnson & Alibali, 1999). Rittle-Johnson and Alibali (1999) examined
the impact of conceptual and procedural lessons on children’s knowledge of equivalence
with addition. The researchers reported that children in the fourth and fifth grades who
received conceptual instruction demonstrated increased conceptual understanding as well

as greater correct procedural generation and transfer, while students who received the
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procedural instruction also demonstrated increased conceptual understanding, but limited
transfer (Rittle-Johnson & Alibali, 1999).

Several other studies directly examined the impact of iterating between
conceptual and procedural lessons on children’s mathematical knowledge (Rittle-Johnson
& Koedinger; 2002; Rittle-Johnson, Siegler, & Alibali, 2001). Rittle-Johnson and
Koedinger (2009) assumed that if knowledge develops in an iterative fashion, then
iterating between conceptual and procedural lessons should improve learning. Rittle-
Johnson and Koedinger (2009) compared the effects of an Iterative lesson sequencing to
a Concepts-First lesson sequencing on sixth grade students’ knowledge of decimal
numeration. The results indicated that while children in both conditions had comparable
gains in conceptual knowledge, those in the Iterative condition also gained more
procedural knowledge and demonstrated the ability to transfer procedures to novel
situations. Perhaps more importantly, pretest knowledge of concepts predicted posttest
knowledge of procedures and vice versa, thereby supporting the Iterative perspective of
the acquisition of mathematical knowledge (Rittle-Johnson & Koedinger, 2002; Rittle-
Johnson & Koedinger, 2009). Rittle-Johnson and Koedinger’s (2009) results regarding
students’ abilities to transfer their knowledge to novel situations also suggest that the
Iterative sequencing of lessons resulted in mathematical knowledge that was more
connected and conceptually rich, which is required for the adequate development of SCK
for teachers (Ball et a., 2008). Iterating between conceptual and procedural lessons may
highlight the links between concepts and procedures, thereby creating a tightly woven
network of knowledge (Rittle-Johsnon & Koedinger, 2009; Rittle-Johnson & Siegler,

1998; Rittle-Johnson, Siegler, & Alibali, 2001).
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The Iterative Perspective and Mathematical Knowledge Gains

While there is evidence to support the Iterative perspective (Rittle-Johnson &
Koedinger, 2009; Rittle-Johnson, Siegler, & Alibali, 2001), it is important to explore why
iterating between concepts and procedures leads to more gains in knowledge than
presenting concepts before procedures. There are three main reasons related to concepts
and procedures that may explain why iterating between them may lead to greater gains in
mathematics learning. The first explanation is related to the cognitive load associated
with presenting all the concepts first. Presenting all the relevant concepts of a
mathematical domain in the absence of any procedures takes a toll on working memory
(Shrager & Siegler, 1998). Teaching procedures in tandem with the associated concepts,
or closely together, may lighten the cognitive load, thereby freeing up the capacity to
further reflect on the concepts being used (Rittle-Johnson & Koedinger, 2002; Rittle-
Johnson & Siegler, 1998).

In addition to freeing up cognitive space and potentially enabling metacognitive
activities, iterating between concepts and procedures may help students better understand
how concepts and procedures are related to one another (Rittle-Johnson & Koedinger,
2002). Exposure to a concept followed by an appropriate procedure that capitalizes on
that concept may encourage students to integrate both the concept and procedure into a
meaningful network of usable knowledge (Resnick & Omanson, 1987). That is, iterating
between concepts and procedures may highlight the relevance of concepts on procedures
and procedures on concepts, fostering the integration of the two (Rittle-Johnson &

Koedinger, 2002).
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Finally, another reason that iterating between concepts and procedures may lead
to more gains in conceptual knowledge than presenting all the concepts first is related to
procedural generalization. Procedural generalization is when known procedures are
generalized or applied to situations different from the situation in which they were
learned. Iterating between lesson types may encourage appropriate generalizations
(Rittle-Johnson & Koedinger, 2002; Rittle-Johnson & Siegler, 1998). In fact, iterating
between varied but related tasks is believed to support appropriate generalizations
(Anderson, 1993) and discourage overgeneralizations as well (Rittle-Johnson & Albali,
1999).

Present Study

The objective of this study was to examine the effect of lesson sequencing on the
acquisition and nature of preservice teachers’ mathematical knowledge. More
specifically, this study examined the relative effects of an Iterative lesson sequencing, a
Concept-first lesson sequencing, and a Procedures-first lesson sequencing on preservice
teachers’ conceptual knowledge, procedural knowledge, and specialized content
knowledge of place-value concepts. This study also further examined the nature of the
preservice teacher's place-value knowledge and how this knowledge changed as a result
of different lesson sequences.

A group of preservice teachers received a computer-based instructional
intervention on place-value concepts and procedures. Those concepts and procedures
involved naming numbers, counting, grouping, and multi-digit addition and subtraction.
All of the participants completed the same eight lessons on place-value (four conceptual

lessons and four procedural lessons), but the order of the lessons differed according to the
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conditions to which the participants were assigned. The eight lessons were administered
over four instructional sessions of two lessons per session. All concepts and procedures
taught during the lessons were in a base-7 context. I assumed that using base-7 prevented
the participants from using any concepts or procedures they may already have known.

About a week before and a week after the intervention, the participants completed

a paper-and-pencil test, called the Numbers and Operations Test (NOT), that measured
their base-7 conceptual and procedural knowledge, their base-10 conceptual and
procedural knowledge, as well as their SCK of place-value concepts. In addition, the test
contained items designed to assess the participants’ ability to transfer their procedural
knowledge to novel problems in base-5.

The three research questions addressed in the present study are the following:

(1) Will the Iterative sequencing of place-value lessons result in greater increases
in conceptual scores, procedural scores, and SCK scores compared to the
Concepts-First sequencing?

(2) Will the Iterative sequencing of place-value lessons result in greater increases
in conceptual scores, procedural scores, and SCK scores compared to the
Procedures-First sequencing?

(3) How will the nature of preservice teachers' knowledge change as a result of
lesson sequencing?

Method
Participants
The participants were 33 undergraduate students enrolled in an elementary teacher

training program at an urban, English language university in Canada. All of the
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participants were registered in the first of three required teaching mathematics methods
courses. The participants were recruited to participate in this project during the first
teaching mathematics method course and because the instructional intervention was
directly related to the course curriculum, participation in all instructional sessions,
including the pretest and the posttest, was a required part of the course. The intervention
took place over the fall semester of 2011 and none of the participants had yet completed
any of the three required teaching mathematics methods courses. All 33 participants
(Concepts-first, n = 11; Procedures-first, n = 10; Iterative, n = 12) were included in the
qualitative analysis, whereas only 29 of the participants (Concepts-first, n = 10;
Procedures-first, n = 9; Iterative, n = 10) were included in the quantitative analysis
because any participant who missed one or more of the four evaluations was dropped
from the quantitative analysis.

The majority of the participants were female (n = 30). The average age of all of
the participants was 26 years old with ages ranging from 19 to 43 years. All of the
participants, except for one, reported having some teaching experience in the form of
teaching internships, private tutoring, or classroom teaching. All of the participants
started the program in the fall semester. Twenty-two (22) of the participants had started
the program in 2010, eight in 2009, and three in 2008.

Design

This study used a three condition pretest-posttest experimental design. The three
conditions were Concepts-first, Procedures-first, and Iterative. All of the participants
were randomly assigned to one of the three conditions. Several types of place value

knowledge were evaluated throughout this intervention. To evaluate the participants'
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conceptual base-7 knowledge, procedural base-7 knowledge, and SCK of place-value and
the effects of lesson sequencing on this knowledge, the participants were evaluated at
four time points throughout the instructional intervention (see Figure 2). The first and last
assessment points are called here pretest-T1 and posttest-T4, respectively. Furthermore,
the participants' conceptual base-10 knowledge, procedural base-10 knowledge, and
procedural transfer in base-5 were evaluated at two time points, namely pretest-T1 and

posttest-T4 (see Figure 3).

NOT

Pretest- > IS-1 >> IS-2 >

T1

NOT

P 1S3 D Is-4 > Posttest-

T4

Figure 2. Schematic of assessment time points of conceptual base-7 knowledge,
procedural base-7 knowledge, and SCK. The black shapes represent when the

assessments took place. The white shapes represent the instructional sessions.

NoT IS-1 >> IS-2 >> 1S3 >> 1S-4 ot
Pretest-T1 i - B POS]ETSt_

Figure 3. Schematic of assessment time points of conceptual base-10 knowledge,
procedural base-10 knowledge, and transfer. The black shapes represent when the

assessments took place. The white shapes represent the instructional sessions.
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The study was designed so that the pretest and the postttest would take place
during lecture time and all of the instructional sessions would take place during the
designated lab of the mathematics method course. Lab sessions were scheduled every
week for four weeks for this purpose. Two lessons were to be completed during each of
the four instructional sessions. Following the administration of the Numbers and
Operations Test (NOT), the participants completed the instructional intervention, which
consisted of a series of lessons on counting, grouping, and place-value concepts in base-
7. Some of the lessons focused on the concepts central to these topics and other lessons
focused on related procedures. A week after the instructional intervention, the
participants completed the NOT again as the postttest.

There were four instructional sessions and two lessons per instructional session.
The Concepts-first condition, Procedures-first condition, and Iterative condition received
exactly the same lessons. The difference between the three conditions was the sequencing
of the lessons (see Table 1). That is, the order in which the lessons were presented varied
depending on the condition. The Concepts-first condition received all of the conceptual
lessons before the procedural lessons. The Procedures-first condition received all of the
procedural lessons before the conceptual lessons. Consequently, the Iterative condition
received one conceptual lesson followed by the related procedural lesson before receiving
the subsequent conceptual lesson; the remaining lessons iterated between conceptual and

procedural in this fashion.
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Table 1

Presentation of Lessons by Condition

Concepts-first Procedures-first Iterative
Instructional Session 1 C1 C2 P1 P2 C1 P1
Instructional Session 2 C3 C4 P3 P4 C2 P2
Instructional Session 3 P1 P2 C1 C2 C3 P3
Instructional Session 4 P3 P4 C3 C4 C4 P4

Notes. C = conceptual lesson; P = procedural lesson.

After completion of the second instructional session, at which time the Concepts-
first condition had received all of the conceptual lessons, the Procedures-first condition
had received all of the procedural lessons, and the Iterative condition had received half of
the conceptual lessons and half of the procedural lessons (see Table 1), all of the
participants' conceptual knowledge, procedural knowledge, and SCK of place-value was
evaluated again during the lab session (see T2 in Figure 2). A week later, the participants
completed instructional session 3. The fourth and last instructional session was a week
after instructional lesson 3. After the fourth session, all of the participants had received
all of the conceptual and procedural lessons (see Table 1), their conceptual base-7
knowledge, procedural base-7 knowledge, and SCK was assessed again (see T3 in Figure

2). Finally, at posttest-T4, the participants' conceptual base-7 knowledge, procedural
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base-7 knowledge, SCK, conceptual base-10 knowledge, procedural base-10 knowledge
of place-value, and transfer were evaluated for the final time using the NOT.

To summarize, there were six outcome measures, three measures were used at all
four time points. These measures were: (1) conceptual place-value knowledge in base-7,
(2) procedural place-value knowledge in base-7, and (3) SCK of place-value. Three
additional measures were assessed twice during the instruction intervention. These
measures were: (1) conceptual place-value knowledge in base-10, (2) procedural place-

value knowledge in base-10, and (3) transfer to base-5 (see Table 2).

Table 2

Assessment of OQutcome Measures across all Four Time points

Outcome Measures

CK7 PK7 SCK CK10 PK10 T
Pretest-T1 X X X X X X
T2 X X X - - -
T3 X X X -- -- --
Posttest-T4 X X X X X X

Notes. CK7= conceptual base-7 knowledge; PK7 = procedural base-7 knowledge; CK10
= conceptual base-10 knowledge; PK10 = procedural base-10 knowledge; T = transfer.

An X indicates that the measure was assessed whereas a indicates that the measure

was not assessed. T2 = time point 2; T3 = time point 3.
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Measures and Instruments

Demographics. As part of the pretest, participants were asked to fill out a
demographic survey. This paper-and-pencil survey collected information such as gender,
age, semester and year when the participants entered the teacher preparation program,
and a summary of the participants' teaching experience (see Appendix A).

Numbers and Operations Test. The Numbers and Operations Test (NOT) is a
paper-and-pencil measure that was administered at pretest-T1 and the posttest-T4. It was
designed specifically for this study to evaluate the participants’ conceptual and
procedural knowledge of counting, grouping, multi-digit addition, and multi-digit
subtraction in the context of a base-7 place-value system. The NOT also assessed SCK,
multi-digit addition and multi-digit subtraction in base-10, as well as transfer of
procedural knowledge. While the test was designed to evaluate base-7 and base-10 place-
value knowledge, some general information (see Figure 4) about these two place-value
systems was provided at the beginning of the NOT at both pretest-T1 and posttest-T4.
This was done to prevent the participants, who had probably never explicitly been
exposed to a numeration system other than base-10, from being overwhelmed by the test

and to prevent a floor effect for the base-7 items. The NOT is presented in Appendix B.
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&eneral Information

In our everyday lives, the counting and numeration system that we use is
colled “baze-10." At the same time, other counting and numeration systems exist.
Threughout this handout, you will be asked to complete a variety of tasks in both
our regular way of counting and in different bases. Please be careful to make sure
you are using the correct way of counting as indicated in the instructions. When a

number is in base-10, it will be written in the way you are used to seeing.

For example, the following numbers are in base-10: 1, 16, 25, fifty. one-
hundred-twe.

When a number is in a different base, this will be indicated by subscripts

(little numbers written lower and to the right) or written in words.

For example, the following numbers are in base-7:

1; 165 267
subscript subscript subscript

The following numbers are also in base-7: five-zero base-7, one-zero-two

base-7.

Figure 4. Introductory note on the NOT.

The NOT consists of several subscales: a conceptual base-7 subscale, a procedural
base-7 subscale, a conceptual base-10 subscale, a procedural base-10 subscale, an SCK
subscale, and a transfer subscale consisting of two items assessing procedural knowledge
in base-5. Including the two transfer items, there is a total of 38 items. Of these items, 6
assess conceptual knowledge, 28 assess procedural knowledge, 2 assess SCK, and two
assess procedural transfer knowledge (see Table 3 for a breakdown of the items by type).
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All test items except for the SCK, transfer, and base-10 items are analogous to the types
of questions that were used during the instructional intervention and are thus considered
familiar tasks. The SCK items require the analysis of hypothetical students’ work on

multi-digit addition and subtraction problems in base-10 and are considered novel items.

Table 3

Numbers and Operations Test Item Distribution

Number of Questions

Base-7 Base-10 Base-5* Total
Conceptual Addition 2 1 0 3
Conceptual Subtraction 2 | 0 3
Procedural Addition 5 5 1 11
Procedural Subtraction 3 6 1 10
Procedural Enumeration 9 0 0 9
SCK Addition 0 1 0 1
SCK Subtraction 0 1 0 1
Total 21 15 2 38

Note. *Indicates transfer items.
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Conceptual base-7 subscale. There are 4 familiar conceptual items on the NOT
that focus on assessing the concepts behind addition and subtraction. To assess concepts
of addition, two of the conceptual items display two groups of items (e.g., stars) placed in
columns in a table. Participants were asked to join the two quantities in base-7. Similarly,
to assess concepts of subtraction, the other two conceptual items also display two groups
of items placed in by columns in a table. This time, the participants are asked to subtract
the second quantity from the first in base-7. Please refer to Figure 5 to see a sample

addition item and Figure 6 for a sample subtraction item.

A B

WOW W

W W W

A'I'B:

vy

¥
¥

3 e ¥ WOwW

Y ey W ¥

Zﬂ>ﬁ>>21>>21>

Figure 5. Sample conceptual base-7 addition item. Participants were expected to join the

quantities in the two columns. The correct answer is 327.
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A
W W W

W W W

3
¥

¥
 ¥¢ ¥ A
Fdedr W %

X%X%X%X%

Figure 6. Sample conceptual base-7 subtraction item. Participants were expected to
subtract the quantity in the column labelled B from the quantity in the column labelled A.

The correct answer is 3.

Procedural base-7 subscale. The procedural base-7 subscale contains 17 familiar
items. The familiar procedural items assess certain procedural aspects of multi-digit
addition, multi-digit subtraction, and enumerating in base-7. For the procedural addition
and subtraction items, participants were given double-digit addition problems and
subtraction problems and were asked to compute the answers. The addition and
subtraction items were presented both vertically (see Figure 7) and horizontally (see

Figure 8). Four items were vertical and 4 were horizontal.
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14 100,
"‘13T - 50?

Figure 7. Sample vertically presented addition and subtraction procedural base-7 items

from the Numbers and Operations Test.

607 + 1167 = 42;-15;=

Figure 8. Sample horizontally presented addition and subtraction procedural base-7 items

from the Numbers and Operations Test.

The remainder of the familiar procedural base-7 items required the participants to
use procedures to determine missing values. A base-7 number chart (see Figure 9) was
provided that paralleled a typical number chart (see Figure 10) often used in early
elementary school to teach children various place-value and counting concepts. The
participants were asked to fill in missing values on the base-7 number chart and to
respond to five questions about numbers that could be answered by recognizing the

patterns in the given base-7 number chart. These questions are presented in Figure 11.
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115 124 134 14, 15, 167

20, 21, 23, 24, 25, 267

30, 315 32, 33, 34, 354 367

41, | 42, | 43, | 44 46,

50, 514 52, 537 54, 557 564

60, 61, 62, 637 64, 657 667

Figure 9. Base-7 number chart with missing values from the Numbers and Operations
Test. Participants were asked to fill in the blanks with the appropriate missing value so
that the pattern was preserved. The correct answers from left to right are 107, 224, 407,

and 45-.
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0 1 2 3 4 5 6 7 8 9
10 11 12 13 14 15 16 17 18 19
20 21 22 23 24 25 26 27 28 29

30 31 32 33 34 35 36 37 38 39

40 41 42 43 44 45 46 47 48 49
50 51 52 53 54 55 56 57 58 59
60 61 62 63 64 65 66 67 68 69
70 71 72 73 74 75 76 77 78 79
80 81 82 83 84 85 86 87 88 89
90 91 92 93 94 95 96 97 98 929

Figure 10. Typical number chart. This type of chart is used in elementary school to help

teach children place-value patterns and counting up and down by numbers other than 1.
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Instructions: Use the chart above to fill in the blanks with the appropriate base-7

number.

The next number after 267 is _

The number before 507 is
is seven numbers more than 437.
is three numbers less 55;.

12+ is numbers more than 27

Figure 11. Sample base-7 procedural knowledge questions using the number chart. The

correct answers in order are 307, 467, 527, 527, and 7.

Conceptual base-10 subscale. The conceptual base-10 subscale consists of 2
items: one addition and one subtraction. These two items are analogous to the base-7
conceptual items. That is, two columns were presented each containing a certain number
of objects (e.g., stars). The participants were then asked to join the objects or to subtract

the second column from the first. See Figure 12 for a sample base-10 conceptual item.

46



EFFECTS OF LESSON SEQUENCING

Base-10

Instructions: Examine the number of objects in column A and column B. Use the

quantities presented in the columns to fill in the corresponding blank number

sentences. Use base-10.

B

A
Yo W

A+B-=

LIRS
Yo

Vgl k¢
\J'L

W
W

W
%

W

W

g
NN

Figure 12. Sample base-10 conceptual addition item. The correct answer is 21.

Procedural base-10 subscale. The procedural base-10 subscale contains 11 items.
These procedural items assess the execution of the addition and subtraction algorithms in
base-10. Participants were given multi-digit addition and subtraction problems and were
asked to compute the answers. The addition and subtraction items were presented both
vertically (see Figure 13) and horizontally (see Figure 14). There were 8 horizontal and 3

vertical problems.
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Base-10

Instructions: Perform the following calculations. Do the computations in base-10.

96 477 1 983
+ 623 - 26

Figure 13. Sample procedural base-10 addition and subtraction items presented

vertically.

Instructions: Perform the appropriate calculations to answer the following

problems. Use base-10.

172 + 88 = 1003 -17 =

Figure 14. Sample procedural base-10 addition and subtraction items presented

horizontally.

SCK subscale. Two additional transfer tasks designed to assess the participants’
ability to interpret elementary students’ work constitute the SCK subscale of the NOT.
They require the participants to combine their conceptual knowledge and procedural
knowledge of the traditional base-10 numeration system to perform an error analysis of
two examples of hypothetical students’ work. One of the SCK items requires the
participants to determine whether a student’s solution to a vertically arranged multi-digit

addition problem is correct and to further explain the student’s answer using relevant
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concepts and procedures. The other SCK transfer task is exactly the same as the first,
except that the hypothetical elementary student solved a multi-digit subtraction problem.
In both SCK items, the student solutions contain typical errors produced by
elementary school students. For example, in the addition SCK task (see Figure 15), the
student neglected to properly regroup composite units of ten and wrote “12” in the ones
position. In the second SCK task (see Figure 16), the student had to subtract nine ones
from four ones. The standard procedure is to decompose a group of one hundred into tens
and then to decompose a group of ten into ones. Rather than regrouping a group of one
hundred into 10 groups of ten, the student erroneously decomposed a group of one

hundred and regrouped it as 10 ones.
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Base-10

Instructions: Look at the solutions below produced by elementary school students.
Ineach case, indicate if the student got the right answer. If the student solved
the problem correctly, explain the steps used. If the student solved the problem
incorrectly, describe the mistake(s) made by the student.

Student A's work:

27
+ 5

Student A got the answer: Right / Wrong (circle one)

Explain:

Figure 15. SCK addition item from the NOT. The correct answer is 32, but the student

did not group the 12 ones in the one column into one group of 10 and two ones.
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Baze-10
Student B's work: :
104
- 9

Student B got the answer: Right / Wrong (circle one)

Explain:

Figure 16. SCK subtraction item from the NOT. The correct answer is 95, but rather than
regrouping a group of one hundred into 10 groups of ten, the hypothetical student

erroneously decomposed a group of one hundred and regrouped it as 10 ones.

Transfer subscale. There are two procedural transfer items. Participants were
given with numbers presented symbolically in base-5 and were asked perform one
vertical multi-digit addition problem in base-5 and a vertical multi-digit subtraction

problem in base-5 (see Figure 17).
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Basze-5

Instructions: Perform the appropriate operations in the following problems. Do all

the computations in base-5.

13, a4,
= 135 - 325

Figure 17. Transfer items from the Numbers and Operations Test. The correct answers

from left to right are 315 and 12s.

Assessment at T2. After instructional session 2, the participants' conceptual base-
7 knowledge, procedural base-7 knowledge, and SCK were assessed. The T2 assessment
consisted of one familiar conceptual item, a familiar procedural item, and one SCK item.
The familiar items mirrored what was covered in the instructional sessions up to this time
point. More specifically, the participants were asked to name a number in base-7
(procedural subscale) and then explain why that number was named that way (conceptual
subscale); (see Figure 18). The SCK item at T2 was a multi-digit addition item. The
participants were expected to recognize that the hypothetical student produced an

incorrect answer and to identify that the student did not regroup a group of ten ones into a
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group of ten and subtracted in the hundreds column rather than added (Figure 19). See

Appendix C for the assessment at T2.

1. Inwords, name the following number and explain why that is how the number is
named.

6147 =

Explanation:

Figure 18. Conceptual and procedural item at T2. The number should be named six-one-
four base-7. It is named this way because there are four ones (7°), one group of seven
(7", and six groups of 49 (7). The place-value positions are not ones, tens, and hundreds

like in base-10.
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Examine the following student solution. Determine if the student is correct. Explain how the
student arrived at the answer. If the student is wrong, explain where the student went wrong.

Student’s work:

907
+315

ol2

The student is correct/incorrect.

Explanation:

Figure 19. SCK item at T2. The participants were expected to recognize the hypothetical
student's answer as incorrect and to identify that the student did not regroup appropriately

in the ones column and subtracted in the hundreds column rather than adding.

Assessment at T3. At T3, the participants had completed all of the instructional
sessions. Once again, their conceptual base-7 knowledge, procedural base-7 knowledge,
and SCK of place-value was assessed. The conceptual and procedural items were familiar
as they replicated the items in the instructional sessions. At T3, procedural base-7
knowledge was assessed by having the participants compute a vertical multi-digit
subtraction item (see Figure 20). For the conceptual subscale, the participants were
required to use a block model, introduced during the instructional session, to calculate the
answer to a horizontal subtraction problem (see Figure 21). Finally, for the SCK subscale,
the participants had to again analyze a hypothetical student's solution. This time the
student solved a vertical multi-digit subtraction problem in base-10. The participants had
to recognize that the student produced an incorrect answer because he subtracted the
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smaller number from the larger number in the ones column rather than subtracting the

subtrahend from the minuend. See Appendix D for the T3 assessment.

Instructions: Solve the following problem.

123.
- &E'_,'

Figure 20. Procedural item at T3. The correct answer is 257.

Instructions: Using the block model you learned in the computer lessons.
Calculate the following.

4217 - 354,

Figure 21. Conceptual item at T3. The participants should have represented the
quantities using the block model and then cancelled out the blocks in the minuend from

the subtrahend. The correct answer is 34-.

Instructional Intervention

All of the conceptual and procedural lessons were presented using an online
survey tool called Survey Monkey. Every conceptual lesson had a corresponding
procedural lesson. The topics of the lessons are presented in Table 4. Each lesson was
formatted as a survey that presented the lesson to the participants and then asked them to
answer a variety of fill-in-the-blank and multiple-choice questions. These questions were

used for instructional purposes only and were not used as data in this study. The survey
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tool collected and stored the responses in a secure online database. In addition to storing
the participants’ responses, the survey tool also recorded how long it took each

participant to complete each lesson.

Table 4

Conceptual and Procedural Lesson Topics

Conceptual Procedural

Lesson 1 Counting by one Naming numbers

Counting by seven

Lesson 2 Enumerating collections of objects Using the base-7 number chart
Grouping by seven Base-7 number chart patterns

Representing quantities with base-7 blocks
Lesson 3 Adding using base-7 blocks Adding using the traditional algorithm

Lesson 4 Subtracting using base-7 blocks Subtracting using the traditional algorithm

Conceptual lessons. All four of the conceptual lessons were designed with
careful consideration of how to explain key place-value concepts involved in counting,
grouping, addition, and subtraction while avoiding any strategies or procedures for
completing the tasks. One way this was facilitated was by using a different base than the
participants were used to (McClain, 2003; Yackel, Underwood & Elias, 2007). The use of

a different base reduced the likelihood that participants would use already known
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procedures during the lessons. Thus, all of the lessons on place-value concepts were in
base-7. That is, groupings were conducted in groups of seven rather than in 10. In a base-
7 numeration system, the digits 0 through 6 are used. Furthermore, every time there are
seven at any given place-value position, those seven are regrouped to make a "one" (i.e.,
one group of seven) in the next denomination.

In addition to using a different base, language, notation, and terminology were
considered carefully to help participants build place-value concepts and meaningful
relationships. To avoid confusion with base-10 numbers, all of the numbers throughout
all of the lessons were presented with the subscript "7" to indicate that the number is in
base-7. Furthermore, when naming numbers, only the traditional base-10 number names
for the digits 0 through six were used. For multi-digit numbers in base-7, the participants
were instructed to name those numbers as a sequence of the individual digits followed by
“base-7.” For example, the number 146; would be called “one-four-six base-7"’ and not
“one-hundred-forty-six,” as prescribed by base-10 number names.

Conceptual Lesson 1. The first conceptual lesson focused on counting objects in
base-7. The participants were presented with a quantity using pictures (i.e., stars) of a
certain number of objects. While counting activities often involve both procedural and
conceptual knowledge, coordinating number words with quantities is predominately
conceptual (Steffe & Cobb, 1988). In the case of this intervention, the amount of
procedural knowledge implicated in the enumeration tasks was minimized because the
counting was in a different base and different number names were used.

Rather than explicitly being told that the lesson involves counting, participants

were presented with a quantity and told what the quantity is called in base-7. The lesson
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starts with one object being presented and the lesson states that it is called “one base-7,”
(see Figure 22). The subsequent screens present one more object than the previous
screen, and each time the participant is shown how to represent the quantity using words
(see Figure 23). When there were seven objects presented on the screen, the objects were
grouped together (see Figure 24). Objects were counted in this manner using pictures for

the quantities 17 through 1305 (see Figure 25).

) ¢ This is “one base-7.”

TR TR PYTNTE FURTEE DR | 1 T 1 | |

Figure 22. Screen shot of Conceptual Lesson 1.
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*

> ¢ This is “two base-7."

l

WA TRy PIRYT] DD Perrn | L PR PO I

Figure 23. Screen shot of Conceptual Lesson 1.

This is “one-zero base-7.”

R WPRARTY PRI (XA SRRCIv | 1 [ e . | ]

Figure 24. Screen shot of making a group of seven objects from Conceptual Lesson 1.
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Figure 25. Screen shot of making groups of seven from Conceptual Lesson 1. Here the

count went up to one-three-zero base-7.

Later in the lesson, quantities of objects were counted by sevens using a similar
pictorial strategy (see Figure 26). At the bottom of each counting slide, a number line was
presented that provides a visual representation of the relationship between the quantities
that were being counted and their relationship to the previous and next quantities. Using
different representations is believed to help solidify the construction of concepts (Rittle-
Johnson & Siegler, 1997). See Appendix E for all of the screen shots of Conceptual

Lesson 1.
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Skip Counting by Seven in base-7

This is “three-zero base-7.”

| ME 2
| e | | e [ e
e e | | e el | e e
e S\
Pl i ST bu - JWON FPUORR PODOW, 1 1 [ ] ]
0 10, 20, 30? 40, g0, 60, 100, 110, 120, 13C

Figure 26. Screen shot of objects with a number line from Conceptual Lesson 1.

Following from Conceptual Lesson 1, there were 10 lesson questions. Eight of the
questions were fill-in-the-blanks and two were multiple-choice. For the fill in the blank
questions, a set of objects was displayed and the participant was required to write the
number name in base-7 that corresponded to the quantity represented by the set (see
Figure 27). For the multiple choice questions, a base-7 number in symbolic form was
presented and the participants was expected to select which one of four pictures of sets
corresponded to the number (see Figure 28). See Appendix F for the end of Conceptual

Lesson 1 questions.
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Count the following in base-7

This is

* %
* % %

*2, Write your answer here:

Figure 27. Screen shot of Conceptual Lesson 1 fill-in-the-blank question.
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Indicate which of the following pictures
represents 15,7

*:*
*k

a.)

c.) Yok Rk k K d.)

MR ke beto N

*¥10. Select one of the following:

Figure 28. Screen shot of Conceptual Lesson 1 multiple choice question.

Conceptual Lesson 2. Unlike the first conceptual lesson, the second conceptual
lesson provided two representations of a quantity in base-7. The first used words and the
second used digits (see Figure 29). This lesson focused on counting and grouping sets of

objects and in particular, emphasized grouping single objects by seven, called here
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“oroups” (see Figure 30). Mathematically, one single object is represented by 7° and one
group of units is represented by 7'. When seven groups are formed, it is called here a “big
group” and is mathematically equivalent to 7°. Making these groupings explicit was
meant to foster the participants’ conceptual understanding of composite units and the role

of composite units within a positional place-value system.

Grouping and Counting Objects in
Base-7

Here we have five single objects in base-7.

:*** = 5, = “five base-7”

Figure 29. Screen shot of representations of quantities in base-7 from Conceptual Lesson

2.
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Grouping and Counting Objects in
Base-7

Here we have one group of objects and one
single object in base-7.

=11, = “one-one base-7"

Figure 30. Screen shot of grouping objects by seven from Conceptual Lesson 2.

In this lesson, an alternative representation for counting in base-7 was also
introduced (see Appendix G for the complete Conceptual Lesson 2). Hiebert and Wearne
(1992) used base-10 blocks with children to build their conceptual understanding of
place-value and multi-digit addition and subtraction. To simulate this instructional
method, pictures of base-7 blocks were used in this lesson. Representing units and
composite units with a proportional model may help foster conceptual understanding of
place-value. Coordinating composite units back and forth, such as, in this case, from
singles to sevens, requires conceptual knowledge (Cobb, Yackel, & Wood, 1992).

In this lesson, a picture of one small square represented one unit. One rectangle,
composed of seven small squares, represented one “group.” Finally, a large square,
equivalent to seven rectangles (or seven groups), was said to represent one “big group”

(see Figure 31). In more explicit terminology, the small square represents a unit (7°), the
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rectangle is a composite unit that represents seven units (7'), and the big square is a
composite unit of seven rectangles, or 49 single units (7°). An additional purpose for
providing pictures of base-7 blocks as an alternate representation was to facilitate the use
of combining sevens and ones as a conceptually based addition strategy, which appeared
in Conceptual Lesson 3. Fuson (1990) and Fuson and Briars (1990) argued that providing
exercises that allow the construction and trading of multiunit structures, as well as linking

those structure to word names, builds conceptual understanding of place-value.

Different Representations

Sometimes it is useful to use different representations for
objects.

Representing a group of seven cbjects as a single object
can facilitate counting.

For example, if B is a single object, then EEN
represents a group of single objects in base-7.

Furthermore, represents a big group

of objects in base-7.

Figure 31. Screen shot of the block model introduced in Conceptual Lesson 2.
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Following Conceptual Lesson 2 were 12 lesson questions. Eleven of the questions
were fill-in-the-blank and one was a multiple choice question. The fill-in-the-blank
questions represented a variety of different tasks, such as naming the number of units,
number of groups, and number of big groups for a given set of objects (see Figure 32).
Participants were also asked to use symbols to represent how many were in a quantity
drawn with base-7 blocks (see Figure 33). The multiple choice questions required the
participants to select the picture that accurately represented a given quantity of objects
represented by pictures of base-7 blocks. See Appendix H for the end of Conceptual

Lesson 2 questions.
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Examine the objects in the box and answer the
following questions.

* 2. How many groups of objects can you make in base-7?
| |

* 3. How many big groups of objects can you make in base-7?

* 4. In words, how many objects are there in base-7?

Figure 32. Screen shot of naming the number of units question from Conceptual Lesson

2.
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According to the representations presented during the

lesson, write in words, the guantity in base-7 that is
represented by the set of objects below.

*g. Write your answer in words here:

Figure 33. Screen shot of question about objects represented with pictures of base-7

blocks from Conceptual Lesson 2.

Conceptual Lesson 3. The third conceptual lesson focused on combining two sets
of objects that were represented with base-7 blocks. Rather than perform the steps
associated with the traditional addition algorithm, Conceptual Lesson 3 demonstrated (a)
how single units can be grouped into composite units (see Figure 34), and (b) how to
combine the single units and composite units from two different sets to arrive at their sum

(see Figure 35). Throughout the third conceptual lesson, examples demonstrated how
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combining sevens and ones can be used to add two sets of objects (see Appendix I for
Conceptual Lesson 3). Adding quantities in this way could help the participants develop a
conceptual understanding of grouping in the context of addition because this is similar to
the invented strategy of combining tens and ones that children use. Meaningful
engagement with multi-digit addition and subtraction can lead to conceptual
understanding of place-value (Fuson & Briars, 1990). In fact, many studies use multi-
digit arithmetic to assess and remediate inaccurate place-value notions (Fuson et al.,

1997; Hiebert & Wearne, 1992).

45, + 16,

{ These seven single objects (or
v ones) can be combined into a

B ¢

Figure 34. Screen shot demonstrating how units can be combined into composite units

from Conceptual Lesson 3.
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113, + 65,

These seven groups of
seven can be combinead
into a group of seven
sevens or a big group.

Figure 35. Screen shot demonstrating how to regroup to form composite units from

Conceptual Lesson 3.

At the end of Conceptual Lesson 3, there were 10 lesson questions. Three of the
questions were multiple choice questions and 7 were fill-in-the-blank. For the multiple
choice questions, each item consisted of a number sentence and four possible base-7
block representations. Participants were required to choose the representation that
demonstrated the quantities in the number sentence and the resulting sum. Conversely,
each fill-in-the-blank question consisted of items that had two sets of objects represented

in base-7 blocks and for each item, the participants were required to write the
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corresponding number sentence in written symbols. See Appendix J for the end of
Conceptual Lesson 3 questions.

Conceptual Lesson 4. The fourth and final conceptual lesson was exactly like the
third conceptual lesson with one difference. Rather than demonstrating how to add two
sets of objects using the “combining sevens and ones” strategy, the final conceptual
lesson showed how to subtract one set from another using the same strategy (i.e.,
subtracting ones and subtracting sevens separately). See Appendix K for Conceptual
Lesson 4. At the end of the lesson, there were also 10 lesson questions that were
structurally similar to those in Conceptual Lesson 3, but used subtraction (see Appendix
L).

Procedural lessons. All four procedural lessons were designed to reflect
procedures that were related to the concepts in the corresponding conceptual lessons (see
Table 4). As such, all the procedural lessons were also in base-7 and focused on strategies
required to count, create and decompose composite units, and add and subtract two multi-
digit numbers. Written symbols were used for all representation of quantities in the
procedural lessons. During the procedural lessons, the participants did not receive any
explanations about why they were learning certain procedures or why these procedures
work. Instead, everything was presented as facts and sequential steps. Furthermore,
language that is traditionally used when these procedures are taught in elementary school
was incorporated into the lessons. That is, in the procedural lessons, the terms used when
composite units were created were “carrying” and “borrowing.”

Procedural Lesson 1. This lesson focused on naming numbers in base-7 with no

relationship to the quantities those number names represent. To accomplish this, the
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participants were exposed to the symbolic form of a base-7 number and were told what
the number name was (see Figure 36). All of the same language and naming conventions

were used for all numbers from 17 to 130;. See Appendix M for Procedural Lesson 1.

Naming Numbers in Base-7

This is how you name single digit numbers in

base-7:

Digit | Name
0 Zero

1, One base-7

25 Two base-7

3; Three base-7

4, Four base-7

5 Five base-7

6, Six base-7

Figure 36. Screen shot of number names from Procedural Lesson 1.

Following the number naming lesson (i.e., Procedural Lesson 1) were 10 end-of-
lesson questions. Three of these questions were true or false questions. For these,
participants were given a number followed by a statement pertaining to that number’s
name. The participant was required to decide if the statement was true or false (see Figure

37). Three additional questions were multiple-choice questions. The multiple-choice
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questions presented a number in base-7 and four possible names for the number (see
Figure 38). The participant had to select the correct number name. The last four lesson
questions were fill-in-the-blank questions. For these final questions, the participants were
presented with a base-7 number and were required to write out the number’s name in

words (see Figure 39). See Appendix N for the end of Procedural Lesson 1 questions.

*3. The number above is called "three base-7."
"

-, True

IS False

Figure 37. Screen shot of a true or false question from Procedural Lesson 1.
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23,

* 5. Select the correct name of the above number.

™y
L twenty-three

—
£
L two-three

Ty

", two-thres base-7

Il---_.“I

-, twenty-three base-7

Figure 38. Screen shot of multiple choice question from Procedural Lesson 1.
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12,

* 8. In words, write the name of the above number.

Figure 39. Screen shot of fill-in-the-blank question from Procedural Lesson 1.

Procedural Lesson 2. The second procedural lesson taught the participants about
the number chart tool that is often used in a procedural manner in elementary school. In
the context of the intervention, it was a base-7 number chart. As part of the instruction,
numerical patterns were made explicit and taught as rules. For example, one “rule” was to
look at the number directly below a given number to find a number representing seven
more (see Figure 40). See Appendix O for Procedural Lesson 2.

Following the lesson on the base-7 number chart and patterns, there were 10
lesson questions. Five of these questions required participants to fill in values that were
missing in the number chart while preserving the counting patterns (see Figure 41). The

other five questions were fill-in-blank questions about various patterns in the base-7
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number chart. Some questions were, “What number is seven more than 4,?” and “What

number is three more than 5;?”” See Appendix P for end of Procedural Lesson 2

questions.

13

2

3

47

10;

117

127

13;

144

15

167

207

217

22;

237

245

257

267

307

3y

32;

33,

357

367

40,

415

42,

43

45,

467

50,

51

52;

53;

54;

557

56,

G0,

617

627

63y

B4,

¥

65;

667

If you want to increase by seven, just go
one rectangle down.

Seven more than 55? is 55?.

Figure 40. Screen shot of sample "rule" from Procedural Lesson 2.
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1[]? 117 127 13]’ 14? 15? 163

2071217| 22712371 B |257] C

D 13173271337 347 357] 36+

40;|41;|42; |43, | 44, |45, | 48,

07| 817| E | 537 547|557 | 56¢

60;|61:|62;|63;]|64,]|65;]|66;

*2_Fill in the missing values in a way that preserves the pattern.

Ais:

Figure 41. Screen shot of fill-in-the-blank question from Procedural Lesson 2.

Procedural Lesson 3. The third procedural lesson focused explicitly on the
procedure for adding two base-7 multi-digit numbers. This procedure parallels the

algorithm taught in school and was taught as a series of steps without any conceptual
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explanations (see Figure 42). All of the problems were presented vertically because this
presentation is believed to reinforce the learning of rote steps for children (Fuson, 1990).
Refer to Appendix Q for the entire Procedural Lesson 3.

Following the lesson, there were 10 end-of-lesson questions. Five of the questions
were true-or-false questions and five of the questions were fill-in-the-blank. For the true-
or-false questions, the participants were shown two base-7 multi-digit numbers presented
vertically with a corresponding sum. Participants were required to indicate whether or not
the given sum was the correct answer. For the fill-in-the-blank questions, the participants
were given two multi-digit numbers arranged vertically and were asked to calculate the
sum using the procedure taught during the lesson. All of the end of Procedural Lesson 3

questions are presented in Appendix R.

Study the Following Example Carefully

45; The first step is to start with the top number in the
right column.

+16;

B _ Then, you count up by how many the number
below indicates.

In this case, you start at five base-7 and count up
six times.

Figure 42. Screen shot of addition algorithm from procedural lesson 3.
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Procedural Lesson 4. Procedural Lesson 4, including the end-of-lesson questions,
was exactly the same as Procedural Lesson 3 using subtraction instead of addition (see
Appendix S for Procedural Lesson 4 and Appendix T for Procedural Lesson 4 questions).
Procedure

During class time on the first day of class, all of the participants who were
registered for the first teaching mathematics methods course completed the NOT at
pretest-T1. The participants were given the test booklet and instructed to write their
student identification numbers on the first page and not to talk to other students while
they were completing the test. I explained to the students that number of correct answers
they got would not affect their course grade and to try their best even if they were not
sure about how to complete some of the questions. The time the students started was
noted. They were instructed to turn the test over for me to collect when they were
finished. I marked the time on the tests as I collected them. On average, it took 42
minutes to complete the NOT at pretest-T1.

All the participants were scheduled to arrive two days later at the two computer
labs that were reserved for the intervention. Prior to arriving, the participants were
randomly assigned to one of the three conditions, and were assigned to a computer work
station by student identification number. In the computer labs, the participants were
seated in groups according to condition.

In the lab sessions of the course following the pretest-T1, all participants
completed a total of eight lessons over four instructional sessions. Four lessons were
completed during the first instructional session and two lessons were completed in the

remaining two weekly instructional sessions. All lessons were delivered on the computer
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and the participants worked their way through the lessons at individual computer stations.
All of the participants met for the instructional sessions at the same time in one of two
computer labs books specifically for this purpose. Two computer labs were required
because no single computer lab at the university had enough computers to accommodate
the number of participants in the study. All of the participants in the Iterative condition
were in one computer lab, while all of the Concepts-first and Procedures-first participants
were in a different computer lab across the hallway from the first computer lab. To avoid
contaminating the conditions, all of the Concepts-first participants were seated on one
side of the computer lab and all of the Procedures-first participants were seated on the
other side on the computer lab.

Using the FirstClass e-mail software prior to the instructional sessions, e-mails
containing the appropriate links to the intervention for each participant’s assigned
condition were composed, but not sent. For every participant, two e-mails, one per lesson,
were composed for each instructional session. Once all of the participants had arrived at
the lab rooms and were seated at their assigned computers, they were instructed to open
their FirstClass e-mail accounts. They were informed that they would shortly receive a
link and were asked to follow the link to the survey containing the first lesson. They were
also informed that a second e-mail containing a second link would be sent 25 minutes
later.

The participants were supposed to complete the first instructional session, which
consisted of two lessons on base-7 place-value, during the lab time of the mathematics
methods course. While the participants were gathered in the computer lab to complete the

first instructional session, however, the university was evacuated for a fire drill. As a
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consequence, instructional session 1 and instructional session 2 were completed the
following week during the lab time when the second instructional session was scheduled.
That is, the participants completed the first four lessons in one lab session that was two
weeks after pretest-T1.

The procedure for instructional session 2 was exactly the same as for instructional
session 1. When they were finished the first survey, they were instructed to start the
second survey. They completed the lessons in the order in which they were sent to their
e-mail accounts. They were also be asked to work individually and not to communicate
with other participants. Once the lessons were completed, the participants were excused.
The same process was repeated for all three instructional sessions. The week following
instructional session 4, the same procedure used for pretest-T1 was followed for
postttest-T4.

Scoring

All conceptual items on the NOT were coded as either correct or incorrect.
Correct answers were awarded 1 point and incorrect answers were awarded O points. Any
items that were left blank were treated as incorrect and received a score of 0. All of the
procedural items, except for the missing value base-7 chart items, were coded in the same
manner as the conceptual items. The missing value base-chart item was subdivided into
four sub-items,each worth a maximum of 1 point. Therefore, that particular item was
worth a maximum of 4 points.

The SCK items were scored differently. Each SCK item was worth a total of five
points. One point was awarded for correctly identifying whether or not the student’s work

was mathematically accurate. An additional point was awarded for accurately identifying
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the error made by the student, and up to three points were awarded depending on the
nature of the participant’s explanation of the student’s work. For a conceptual only or
procedural only explanation, the participant received 1 point. Procedural only
explanations describe the student's steps without any reference to the justifications for the
steps or why the student should have taken different steps. Similarly, a conceptual only
explanation describes where the student went wrong from a conceptual perspective (e.g.,
did not properly regroup) but does not explain the steps the student took. For disjointed
conceptual and procedural explanation, the participant received 2 points. An explanation
was considered a disjointed conceptual and procedural explanation when the explanation
incorporated both concepts and procedures but failed to make a connection between the
concepts and the procedures. A linked conceptual and procedural explanation
incorporated the relevant concepts and procedures and made the relationship between the
concepts and procedures explicit. A linked conceptual and procedural explanation,
received 3 points.

For the addition SCK item (see Figure 15), an ideal explanation of the student’s
work for five points would include identifying that the child's response was incorrect,
describing that the child added the ones to get 12 and made a procedural error by writing
“12” in the ones positions. Similarly, for the subtraction SCK item (see Figure 16), an
explanation of the student’s work for five points would include discussing that the
student was incorrect because 9 could not be subtracted from 4 because you cannot take
more away from the amount that exists, and the student decomposed a group of hundreds,
and incorrectly regrouped the group of hundreds into ten ones rather than to ten tens in a

manner that was conceptually and procedurally linked.
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The conceptual items, procedural items, and SCK items at T2 and T3 were coded
in the same way as the pretest-T1 and posttest-T4 items.
Data Analysis

Quantitative analysis. After all the items were coded, a percentage for each of the
six outcome measures (conceptual base-7 knowledge, procedural base-7 knowledge,
conceptual base-10 knowledge, procedural base-10 knowledge, SCK, and transfer) was
calculated at each applicable time point. Depending on the measure, these percentages
were calculated for pretest-T1, T2, T3, and posttest-T4 or pretest-T1 and posttest-T4 (see
Table 2). After the data were coded and the percentages were calculated, mean scores
were compared using either a repeated measures 3 x 2 ANOVA with lesson sequence
(Iterative, Concepts-first, and Procedures-first) as the between condition factor and time
(pretest-T1, posttest-T4) as the within condition factor or a repeated measures 3 x 4
ANOVA with lesson sequence (Iterative, Concepts-first, and Procedures-first) as the
between condition factor and time (pretest-T1, T2, T3, posttest-T4) as the within
condition factor. Separate analysis were conducted for each of the six dependent
measures.

Qualitative coding and analysis. Following the quantitative analysis, any
significant effects were further analyzed from a qualitative perspective. Rubrics for all of
the time points emerged from the data using a grounded theory approach. All of the
participants' responses were examined, and then re-examined, as interesting features were
observed in the codes. The examination of the commonalities and differences with and

across time points were conducted using codes and observed patterns in the data.
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Results
Quantitative Analysis

The data from this study were analyzed both quantitatively and qualitatively. This
section specifically addresses the quantitative results of the conceptual knowledge scores
in base-7 and in base-10, the procedural knowledge scores in base-7 and in base-10, the
SCK scores, and the transfer scores.

Descriptive statistics. The mean scores and standard deviations for conceptual
knowledge of base-7 place-value, procedural knowledge of base-7 place-value, and SCK
are presented in Table 5. Mean knowledge scores are presented as a function of lesson
sequencing (Concepts-first, Procedures-first, Iterative) and time (pretest-T1, T2, T3,
posttest-T4). Similarly, the mean scores and standard deviations for conceptual and
procedural knowledge of base-10 place-value at pretest-T1 and posttest-T4 are presented
in Table 6. Mean knowledge scores are once again presented as a function of lesson

sequencing (Concepts-first, Procedures-first, Iterative) and time (pretest-T1, posttest-T4).
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Table 5

Mean Knowledge Scores of Base-7 Place-Value and Standard Deviations as a Function

of Condition and Time

Time Points

Pretest-T1 T2 T3 Posttest-T4

Conceptual Knowledge
Concepts-first 0.40 (0.27) 0.20 (0.42) 0.60 (0.51) 0.83 (0.31)
Procedures-first 0.50 (0.31) 0.11(0.33) 0.78 (0.44) 0.94 (0.17)
Iterative 0.53 (0.32) 1.00 (0.00) 1.00 (0.00) 0.93 (0.17)

Procedural Knowledge
Concepts-first 0.60 (0.19) 0.89 (0.33) 1.00 (0.00) 0.95 (0.06)
Procedures-first 0.63 (0.23) 0.89 (0.33) 0.89 (0.33) 0.94 (0.07)
Iterative 0.65 (0.23) 1.00 (0.00) 0.80 (0.42) 0.94 (0.10)

SCK

Concepts-first 0.49 (0.25) 0.59 (0.25) 0.52 (0.24) 0.53 (0.20)
Procedures-first 0.43 (0.24) 0.54 (0.23) 0.54 (0.33) 0.70 (0.17)
Iterative 0.44 (0.07) 0.67 (0.31) 0.53 (0.22) 0.74 (0.13)

Note. Standard deviation scores are reported in parenthesis after the mean knowledge

Score.
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Table 6

Mean Knowledge Scores of Base-10 Place-value and Standard Deviations as a Function

of Condition and Time

Time Points

Condition Pretest-T1 Posttest-T4
Conceptual Knowledge
Concepts-first 0.86 (0.23) 0.95 (0.15)
Procedures-first 0.90 (0.21) 1.00 (0.00)
Iterative 0.95 (0.15) 0.95 (0.16)
Procedural Knowledge
Concepts-first 0.75 (0.15) 0.80 (0.15)
Procedures-first 0.77 (0.15) 0.87 (0.13)
Iterative 0.84 (0.18) 0.82 (0.17)

Note. Standard deviation scores are reported in parenthesis after the mean knowledge

Score.

Lesson sequencing and conceptual knowledge of place-value. Separate
analyses were conducted for base-7 place-value knowledge and base-10 place-value
knowledge. The dependent base-7 measures were the conceptual base-7 subscale of the

NOT at pretest-T1, the conceptual item at T2, the conceptual item at T3; and the
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conceptual base-7 scale of the NOT at posttest-T4. The base-10 conceptual subscale of
the NOT was the dependent measure for the base-10 analysis.

Conceptual Base-7 knowledge of place-value. The mean conceptual knowledge
scores for the base-7 measures for each of the three conditions and at each of the four

time points are graphed in Figure 43.
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Figure 43. Mean conceptual knowledge percent scores. All three conditions are graphed

as a function of both lesson sequencing and time across all four time points.

To test the effects of lesson sequencing on conceptual knowledge of base-7 place-
value, I conducted a repeated measures 4 x 3 ANOVA with time (pretest-T1, T2, T3,
posttest-T4) as the within group factor and lesson sequencing (Concepts-first,

Procedures-first, Iterative) as the between group factor. Results revealed that there was a
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significant main effect of time, F(3, 78) = 16.8, p < 0.001. In other words, regardless of
condition, there was a significant difference found between the mean conceptual
knowledge scores at the four time points. Post-hoc Bonferroni comparisons revealed that
between pretest-T1 (M = 0.474, SD = 0.294) and T3 (M = 0.793, SD = 0.412, p = 0.018),
there was a significant increase in conceptual knowledge scores regardless of condition.
In addition, there was a significant increase in mean conceptual knowledge scores
between pretest-T1 (M = 0.474, SD = 0.294) and T4 (M = 0.897, SD = 0.227, p < 0.001);
and T2 (M = 0.448, SD = 0.506) and T3 (M =0.793, SD = 0.412, p = 0.004), and, finally,
between T2 (M = 0.448, SD =0.506) and T4 (M = 0.897, SD =0.227, p < 0.001).
Without taking into consideration lesson sequencing, it appears that overall, the
participants increased their conceptual understanding of place-value from pretest-T1 to
posttest-T4.

The same 4 x 3 ANOVA also revealed a significant main effect of group, F(2, 26)
=11.8, p <0.001. That 1s, without taking into consideration the effect of time, there was a
significant difference in mean conceptual knowledge scores between conditions. More
specifically, post-hoc Bonferroni comparisons indicated that the Iterative condition's
mean conceptual knowledge score (M = 0.863, SD = 0.123) was significantly higher than
the Concepts-first condition's mean conceptual knowledge score (M = 0.506, SD = 0.380,
p <0.001). Moreover, the Iterative condition's conceptual knowledge score (M = 0.863,
SD = 0.123) was also significantly higher than the Procedures-first condition's conceptual
knowledge score (M = 0.583, SD =0.312, p = 0.005). At the same time, there was no

significant difference between the mean conceptual knowledge scores of the Concepts-
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first condition (M = 0.506, SD = 0.380) and the Procedures-first condition (M = 0.583,
SD =0.312, p > 0.05).

Finally, the same 4 x 3 ANOVA indicated that there was a significant time x
condition interaction, F(6,78)=15.27, p <0.001. This indicates that the effect of time on
conceptual knowledge was moderated by lesson sequencing, or condition. Simple effects
analysis indicated that there were differences between the condition means at T2 only,
F(2,26)=24.46, p <0.001 . Post-hoc analysis revealed that the Iterative condition (M =
1.00, SD = 0.00) outperfomed the Concepts-first condition (M = 0.20, SD =0.422, p <
0.001) and also the Procedures-first condition (M = 0.11, SD = 0.333, p <0.001). At the
same time, no significant difference was found at T2 between the Concepts-first and the
Procedures-first conditions (p = 0.999).

Conceptual Base-10 knowledge of place-value. The mean base-10 conceptual
knowledge scores for each of the three conditions at pretest-T1 and posttest-T4 are
graphed in Figure 44. To examine the effects of base-7 lesson sequencing on conceptual
knowledge of base-10 place-value, I conducted a repeated measures 2 x 3 ANOVA with
time (pretest-T1, posttest-T4) as the within condition factor and lesson sequencing
(Concepts-first, Procedures-first, Iterative) as the between conditions factor. The results
revealed that there was no significant effect of time, F(1, 28) =1.939, p=0.175 or
condition, F(2, 28) = 0.463, p = 0.634. Furthermore, there was no significant time X

condition interaction, F(2, 28) = 0.479, p = 0.624.

90



EFFECTS OF LESSON SEQUENCING

100 -

o0
e
1

(o)
e
1

—&— Concepts-first
=i Procedures-First
== [terative

Base-10 Conceptual Knowledge
N
(=)

[\ @]
e
1

Pretest-T1 Posttest-T4
Time
Figure 44. Mean base-10 conceptual knowledge percent scores. All three conditions are

graphed as a function of both lesson sequencing and time.

Lesson sequencing on procedural knowledge of place-value. Separate analysis
were conducted for base-7 place-value knowledge and base-10 place-value knowledge.
The procedural base-7 dependent measure was the procedural base-7 subscale of the
NOT at pretest-T1 and posttest-T4, the procedural item at T2, and the procedural item at
T3. Similarly, the procedural base-10 knowledge subscale from the NOT at pretest-T1
and posttest-T4 was used as the dependent measure for procedural base-10 place-value

knowledge.
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Procedural base-7 knowledge of place-value. The mean scores of base-7
procedural knowledge for the Concepts-first, Procedures-first, and Iterative conditions at

each of the four time points are graphed in Figure 45.
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Figure 45. Mean base-7 procedural knowledge percent scores. All three conditions are

graphed as a function of both lesson sequencing and time.

To test the effects of lesson sequencing on procedural base-7 knowledge, |
conducted a repeated measures 4 x 3 ANOVA with time (pretest-T1, T2, T3, posttest-T4)
as the within condition factor and lesson sequencing (Concepts-first, Procedures-first,
Iterative) as the between conditions factor. The results revealed that there was a
significant main effect of time, F(3,75) = 11.7, p <0.001. Post-hoc Bonferroni

comparisons revealed that there was a significant increase in procedural knowledge
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scores from T1 (M = 0.626, SD =0.209) to T2 (M =0.928, SD =0.262, p < 0.001).
Similarly, at T3 (M = 0.893, SD = 0.315), the mean procedural knowledge score was
significantly higher than the mean procedural knowledge score at T1 (M = 0.626, SD =
0.209, p =0.005). Finally, the mean score at T1 (M = 0.626, SD = 0.225) was
significantly lower than the mean score at T4 (M = 0.941, SD = 0.075, p <0.001). This
means that regardless of lesson sequencing, the participants' procedural knowledge
improved significantly from the pretest-T1 to T2, after which their performance remained
constant. There was no significant main effects condition, F(2, 75) = 0.084, p = 0.920,
nor was there a significant time x condition interaction, F(6, 75) = 0.845, p = 0.539.
Procedural base-10 knowledge of place-value. The mean base-10 procedural
knowledge scores for each of the three conditions and at pretest-T1 and posttest-T4 are
graphed in Figure 46. To examine the effects of base-7 lesson sequencing on procedural
base-10 place-value knowledge, I conducted a repeated measures 2 X 3 ANOVA with
time (pretest-T1, posttest-T4) as the within condition factor and lesson sequencing
(Concepts-first, Procedures-first, Iterative) as the between condition factor. The results
revealed that there was no significant effect of time, F(1, 28) =2.343, p=0.137, or
condition, F(1, 28) = 0.608, p = 0.551. Furthermore, there was no significant time X

condition interaction, F(2, 28) = 1.294, p = 0.290.
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Figure 46. Mean base-10 procedural knowledge scores. All three conditions are graphed

as a function of both lesson sequencing and time.

Lesson sequencing and SCK of place-value. The mean SCK scores for each of
the three conditions at each of the four time points are graphed in Figure 47. To test the
effects of lesson sequencing on SCK, I conducted a repeated measures 4 x 3 ANOVA
with time (pretest-T1, T2, T3, posttest-T4) as the within conditions factor and lesson
sequencing (Concepts-first, Procedures-first, Iterative) as the between conditions factor.
Similar to procedural base-7 knowledge, the results indicated that there was a significant
main effect of time, F(3, 75) = 5.10, p = 0.003, on SCK scores. Post-hoc Bonferroni
comparisons revealed that there was a significant increase in SCK scores from pretest-T1
(M =0.454, SD = 0.193) to posttest-T4 (M = 0.661, SD = 0.126, p < 0.001). No other

pairwise comparisons were significant. This means that regardless of lesson sequencing,
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the participants' SCK scores improved significantly at posttest-T4 compared to their
initial scores at pretest-T 1. There was no significant main effect of condition, F(2, 25) =
0.455, p = 0.639, nor was there a significant time x condition interaction for SCK, F(6,

75) = 0.965, p = 0.455.
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Figure 47. Mean SCK scores. All three conditions are graphed as a function of both

lesson sequencing and time across all four time points.

Knowledge transfer to base-5. The mean scores and standard deviations for the

transfer measure are presented in Table 7. Mean knowledge scores are presented as a

function of lesson sequencing (Concepts-first, Procedures-first, Iterative) and time
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(pretest-T1, posttest-T4). Furthermore, the mean transfer scores for each of the three

conditions and at both time points are graphed in Figure 48.

Table 7

Means and Standard Deviations for Base-5 Transfer Scores as a Function of Condition

and Time
Time Points
Pretest-T1 Posttest-T4
Condition
Concepts-first 0.27 (0.47) 0.73 (0.47)
0.40 (0.52) 0.70 (0.48)
Procedures-first
0.50 (0.53) 0.80 (0.42)

Iterative

Note. Standard deviation scores are reported in parenthesis after the transfer scores.
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Figure 48. Mean procedural transfer scores. All three conditions are graphed as a

function of both lesson sequencing and time from pretest-T1 to posttest-T4.

To evaluate the effects of lesson sequencing on the transfer task, I performed a 2
x 3 repeated measures ANOVA with time (pretest-T1, posttest-T4) as the within
condition factor and lesson sequencing (Concepts-first, Procedures-first, Iterative) as the
between condition factor. The results indicated that there was a significant main effect of
time, F(1, 28) = 8.28, p = 0.008. That is, without taking into consideration lesson
sequencing, there was a significant increase in mean transfer scores from pretest-T1 to
posttest-T4. At the same time, there was no main effect of condition, F(1, 28) =0.521, p
= 0.600, nor was there a significant time x condition interaction, F(2, 28) =0.184, p =

0.833.
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Qualitative Analysis

In the interest of examining how the participants' knowledge of place-value
changed, further qualitative analyses of conceptual base-7 place-value knowledge,
procedural base-7 place-value knowledge, SCK, and transfer were performed. The
qualitative analysis for each of the three knowledge types varied depending on the types
of significant effects revealed by the quantitative analysis. I only looked at differences
between conditions where there was a significant time x condition interaction.
Subsequently, when there was a significant main effect of time only, I grouped all of the
participants together and examined the changes that occurred over the specific time
points where there were significant effects. Finally, when there were no significant
effects, no qualitative analyses were performed.

Conceptual base-7 knowledge of place-value. For conceptual base-7 place-
value knowledge, the quantitative results of this study revealed a significant time x
condition interaction, with significant differences between the conditions, at T2. On the
other hand, at pretest-T1, T3 and posttest-T4, there were no significant differences
between the conditions. For this reason, all three of the conditions were collapsed and the
participants' responses were qualitatively analyzed as a single group for these time points.
At T2, the Concepts-first and Procedures-first conditions were collapsed and analyzed as
one group because there was no significant difference between these two conditions. The
collapsed group will be called here the "Combined" condition. The Iterative condition
was not collapsed with the other conditions because there was a significant difference
between the Iterative condition and the other two conditions at T2. The qualitative

differences between the Iterative condition and the Combined condition will be reported
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in the following section. In particular, the changes in responses from pretest-T1 to T2,
and the changes from T2 to T3, on the participants' conceptual base-7 knowledge are
described below. Only these particular differences were examined because it was
between these points where there were differences between the performances of the
conditions. I was interested in investigating how lesson sequencing possibly impacted the
acquisition of conceptual knowledge.

Conceptual addition and subtraction at pretest-T1. At pretest-T1, the
participants completed several conceptual tasks that involved both adding and subtracting
with pictures of objects rather than numbers. For the qualitative analysis, one conceptual
addition item and one conceptual subtraction item were selected for further examination.
Please refer to Figure 49 for the conceptual addition item and Figure 50 for the

conceptual subtraction item that were selected for the qualitative analysis.
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Base-7

Instructions: Examine the number of objects in column A and column B. Use the

quantities presented in the columns to fill in the blanks in the corresponding
number sentences. Use bagse-7.
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Figure 49. Pretest-T1 and posttest-T4 conceptual addition item. The correct answer

should be 30-.
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Instructions: Examine the number of objects in column A and column B. Use the
quantities presented in the columns to fill in the blanks in the corresponding

number sentences. Use base-7.

Figure 50. Pretest-T1 and posttest-T4 conceptual subtraction item. The correct answer is

67.

Conceptual addition. For the addition item, 10 of participants (30% ) got the
correct answer whereas seven of the participants (21%) got the correct answer for the
subtraction item. Three of the participants who obtained the correct answer showed
evidence of counting and grouping in base-7, whereas the other seven did not show any
work.

Upon further examination of the incorrect addition items, it became apparent that
the participants' base-10 knowledge may have interfered with their ability to complete the
addition task in base-7 (see Table 8 for a breakdown of the incorrect responses). Of all of

the participants who did not get the correct answer, 12 participants (53% of the incorrect
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answers) added the objects by counting them in base-10, but using base-7 notation. In
these cases, participants counted 21 objects in base-10 and recorded the answer as "21;"
instead of the correct answer, "30;" (see Figure 51 for an example of this type of error).
At the same time, 5 participants counted or operated incorrectly in base-7. For example,
one of the participants correctly grouped the objects into three groups of seven, but then
recorded "3;" as the answer rather than "30;" (see Figure 52). Finally, the last 6 (26% of
the incorrect responses) of the participants who did not get the correct answer simply did

not respond to the question.

Table 8

Types of Incorrect Base-7 Conceptual Addition Responses

Incorrect Responses

Type of Response n %
: . . 12 53
Counted in base-10 and incorrectly used base-7 notation
. . 5 21
Counted and operated incorrectly in base-7
6 26

Did not respond
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Figure 51. Sample of a participant's incorrect response. The participants worked in base-

10 but used base-7 notation.
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Figure 52. Sample of incorrect item. The participant worked in base-7, but made an error

in notation.

Conceptual subtraction. For the conceptual subtraction item, the participants'
errors were broken down into three different categories (see Table 9). One of the
categories pertains to the attempt to use base-7 to complete the task, one of the categories
pertains to the use of base-10 to complete the task, and the last category includes items
that were marked as incorrect because no answer was given. Thirteen (13) of the
participants who did not get the correct answer used base-7 while answering the question,
seven used base-10, and six did not answer the question. Within the errors using base-7

category, several different types of errors were made. For example, some participants
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accurately grouped and counted the objects in base-7 but failed to use the correct base-7
notation and recorded the answer as "6" rather than "6;" (see Figure 53 for an example of
incorrect base-7 notation). This would be considered a procedural error because the
mistake was purely notational. Similarly, one participant crossed out five of the stars
from the first quantity to subtract 5; from 14, but then recorded the answer as "10;"
when it should have been "6;" In this particular case (see Figure 54), the participant
demonstrated that she understood what the operation was, attempted to use base-7 (her
answer was not in base-10), used base-7 notation, but did not record the correct quantity.
One participant attempted to use base-7 but performed the wrong operation. A few other
participants failed to keep the quantities separate. For example see Figure 55 that shows a
participant's work where she appears to understand the operation, attempts to use base-7,
but for some reason fails to keeps the quantities separated. Finally, for several of the
participants, the work was difficult to decipher and the answer produced was incorrect

(see Figure 56).
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Table 9

Types of Incorrect Base-7 Conceptual Subtraction Responses

Incorrect Responses

n %

Base-7 errors 13 30

Used base-10 7 27

Did not answer 6 23
A B

W B
w */@ﬁ/»ﬁ/ :

*
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Figure 53. Example of a participant making a base-7 notational error.
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Figure 55.Sample of a participant's incorrect response.
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Figure 56. Sample of an incorrect response.

Two different types of errors using base-10 were made on the subtraction item.
The most common mistake involved using base-10 to subtract the second quantity from
the first quantity and then incorrectly trying to convert this difference into base-7. One
participant used base-10 and correctly converted to base-7, but performed the wrong
operation and added rather than subtracted.

Iterative condition compared to Combined condition at T2. 1 qualitatively
analyzed the differences between the Iterative condition and Combined condition. At this
particular time point, the participants were asked to provide an explanation regarding
why base-7 numbers are named the way they are. The Iterative condition significantly
outperformed the Combined condition. At T2, 11 out of the 12 participants (92%) in the
Iterative condition provided an adequate conceptual explanation compared to only 2 of
the participants in the Combined condition. That is to say, 92% of the participants in the
Iterative condition provided an accurate explanation that was conceptual in nature

compared to only 11% of the Combined condition. An example of this kind of
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explanation provided by a participant in the Iterative condition was "614; is called six-
one-four base-7 because there are four single objects, one group of seven single objects,
and six groups of seven single objects. We cannot say things like six hundred because the
six doesn't represent the hundreds." Another correct conceptual explanation was "because
there are six groups of 49 things, one group of seven things, and four things."

Incorrect responses were divided into three categories (see Table 10). Those three
categories are summarized as follows: the explanation was procedural rather than
conceptual, the explanation was in base-10 rather than base-7, or the explanation was
incorrect. In the Iterative condition, only one participant made an error on this item, and it
was because she did not complete the item. She responded that she "had no idea" why
base-7 numbers were named the way they were. For the Combined condition, most of
participants who got the item wrong used a procedural explanation. Forty-seven percent
of the participants who got the incorrect answer, or 8 participants, explained that 614
was named "six-one-four base-7 because that is how it is done," or "because you name
the single numbers and then write base-7 after." Another 7 participants in the Combined
condition provided a base-10 explanation such as "because there are four ones, one ten,
and 6 hundreds." Finally 2 participants in the same condition provided responses that
were categorized as incorrect. These responses were either irrelevant, such as "no clue,"

or incomplete. An example of an incomplete answer is "there are four ones."
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Table 10

Incorrect Responses to Conceptual Knowledge Task at T2

Incorrect Responses

Procedural Base-10 Incorrect Total
Explanation Explanation Explanation
n n n n
Iterative 0 (0%) 0 (0%) 1 (100%) 1 (100%)
Combined 8 (47%) 7 (41%) 2 (12%) 17 (100%)

Iterative condition compared to Combined condition from pretest-T1 to T2.
While the tasks at pretest-T1 and T2 were both designed to assess the participants'
conceptual understanding of base-7 place value, the tasks were not the same. Regardless
of this fact, certain differences emerged when comparing how all three of the conditions
collapsed into one group performed at pretest-T1 to how the Iterative condition and
Combined condition performed at T2. More specifically, the role of negative transfer of
base-10 knowledge seemed to differ as a result of time and condition.

At pretest-T1, 13 of the participants (50% of the incorrect answers) who did not
get the correct answer on the addition item used base-10 rather than base-7. Similarly, 7
participants who did not get the correct answer on the subtraction item (21% of the
incorrect subtraction responses) also used base-10 instead of base-7. This is comparable

to the Combined condition at T2. Seven participants in the Combined condition (41% if
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the incorrect responses) used a conceptual base-10 explanation rather than a conceptual
base-7 explanation when describing the naming of base-7 number. At the same time,
nobody in the Iterative condition exhibited this kind of negative base-10 transfer at T2

(see Table 11).

Table 11

Negative Base-10 Transfer to Conceptual Knowledge at Pretest-T1 and T2

Incorrect Responses:

Base-10 Negative Transfer

n %
Pretest-T1
All conditions - Addition 12 52
All conditions - Subtraction 7 27
T2
Iterative 0 0
Combined 7 41

Conceptual addition and subtraction at T3. At T3, the participants were asked to
subtract two quantities using the "block model" that they learned during the instruction
(refer to Figure 57). On this particular item, 24 out of the 31 participants (77% ) got the
correct answer. Correct responses on this item are divided into three categories: correctly
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used block model only to arrive at correct answer (19 participants), correctly used block
model to arrive at correct answer and verified with the algorithm in base-7 (4
participants), and correctly used the block model and incorrectly verified using the base-7

algorithm (1 participant).

Instructions: Using the block model you learned in the computer lessons,
calculate the following.

3. 4217 - 354,

Figure 57. Base-7 conceptual knowledge subtraction task at T3. Participants were
expected to use the block model presented during the instructional intervention to regroup

and trade appropriately and arrive at the difference 34.

At T3, the pattern of incorrect responses paralleled that of correct responses. Of
all of the incorrect answers, three of the participants incorrectly used the block model. In
other words, they attempted to use the block model, but incorrectly represented one or
both quantities, incorrectly regrouped, or incorrectly counted the resulting quantity. One
of the participants who did not get the correct answer used both the block model and the
algorithm. More specifically, that participant incorrectly used the block model, but
correctly computed using the algorithm. Finally, three participants correctly computed the
answer using the algorithm only. Even though some of the participants arrived at the
correct answer using the algorithm, the answer was coded incorrect because they used a

procedure, and not their knowledge of the concepts, to arrive at the correct answer.
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Iterative condition compared to Combined condition from T2 to T3. As with the
conceptual items at pretest-T1 and T2, the conceptual task at T3 was designed to assess
the participants' conceptual understanding of base-7 place value. Once again, the tasks at
T2 and T3 were not the same, but analyzing the participants' responses at T2 and T3 from
a qualitative perspective nevertheless revealed commonalities and differences in the
participants' responses. More specifically, the main difference between T2 and T3 is
regarding the interference of procedural knowledge on the participants' performance on
the conceptual item.

At T2, the Iterative condition significantly outperformed the Combined condition
on conceptual knowledge. Furthermore, the qualitative analysis at T2 revealed that
almost half of the Combined condition's errors (47%; see Table 11) were attributed to the
inappropriate use of a procedural explanation. This type of error did not occur with any of
the Iterative condition's participants. At T3, there was no difference between any of the
conditions. Nonetheless, the inappropriate application of procedures at T3 was
substantially less for all three of the conditions grouped together than it was for the
Combined condition at T2. Only three participants altogether inappropriately applied
procedures at T3 compared to nine participants in the Combined condition at T2. While
there were participants who used the algorithm to verify the answer they obtained using a
more conceptual method, fewer participants did not get the answer correct. Furthermore,
fewer participants committed themselves to using a procedure only rather than applying
their conceptual knowledge.

Procedural base-7 knowledge. For procedural base-7 knowledge, there was a

significant difference in base-7 procedural knowledge at the four time points regardless
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of condition. More specifically, performance pretest-T1 differed significantly from all the
other time points. There was no significant main effect of condition nor was there a
significant time x condition interaction. Therefore, the differences in the participants'
responses at various time points, collapsed across all of the conditions into a single group,
were further examined from a qualitative perspective. At pretest-T1, I qualitatively
analyzed one procedural addition item and one procedural subtraction item from the
NOT. The procedural task at T2 consisted of naming a base-7 number using words. [ was
interested in examining the nature of the increase in participants' procedural knowledge
from pretest-T1 to T2. Because procedural knowledge gains stabilized from T2 to
posttest-T4, the only other difference I examined qualitatively was between pretest-T1
and posttest-T4.

Procedural gains from pretest-T1 to T2. As with conceptual knowledge, the
participants had more success with procedural addition than procedural subtraction at
pretest-T1. At pretest-T1, 10 participants computed the correct answer for the addition
item compared to seven participants who computed the correct answer for the subtraction
item. For the addition item, all of the participants who computed the correct answer did
so by operating and counting in base-7. On the other hand, 18 of the incorrect answers
resulted from participants computing in base-10 but using base-7 notation. The remaining
five participants did not answer the question.

The results for the subtraction item were similar to results for addition. For all
seven of the participants who obtained the correct answer, all of them computed and
counted in base-7. The incorrect responses were categorized into four distinct categories

(see Table 12). Twenty-one participants computed in base-10 but used base-7 notation.

114



EFFECTS OF LESSON SEQUENCING

Similar to this type of error, two of the participants computed in base-10 and performed
the wrong operation. That is, they added the two quantities rather than subtracting one
from the other. Two other participants computed in base-7, but made a mistake counting

or with base-7 notation. Finally, the last participants did not respond to the question.

Table 12

Incorrect Procedural Addition at Pretest-T1 and Posttest-T4

Incorrect Responses
Computed in  Computed in Computed in Did Not Total
Base-10 but Base-10and  Base-7 and Answer

Used Base-7 Wrong Made Error

Notation Operation
n n n n n
Pretest-T1 21 (81%) 2 (8%) 2 (8%) 1 (4%) 26 (101%)
Posttest-T4 0 (0%) 0 (0%) 2 (67%) 1 (33%) 3 (100%)

Note. The sum of the percentages at pretest-T1 equals 101% because of rounding.

There was a significant increase in base-7 procedural knowledge scores from
pretest-T1 (26% accuracy when addition and subtraction scores are averaged together) to
T2 (90% accuracy). For the three participants who did not get the correct response at T2,

all of the participants used base-10 notation and wrote "base-7" at the end. For example,
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rather than correctly naming the number "six-one-four base-7," they named the number
"six hundred and four base-7."

Procedural gains from pretest-T1 to posttest-T4. There was a substantial
increase in base-7 procedural knowledge place-value scores from pretest-T1 to posttest-
T4. At posttest-T4, 30 of the participants correctly calculated the response to the addition
item compared to 10 participants at pretest-T1. Upon further analysis of the correct
responses, it appears that 26 of the participants showed evidence of counting and
computing in base-7, whereas 8§ participants did not show any work but arrived at the
correct answer nonetheless. Presumably, these participants did the work mentally. In
contrast, at pretest-T1, all of the correct responses were accompanied by the appropriate
written calculations.

As for the three incorrect addition responses at posttest-T4, two participants
attempted to compute in base-7, but made errors either regrouping or counting, and one
participant did not answer the question. None of the incorrect responses resulted from
computing in base-10 and incorrectly using base-7 notation, such as was the case for 21
participants at pretest-T1 (see Table 12).

For the procedural base-7 subtraction at posttest-T4, there was a significant
increase in accuracy from 21% at pretest-T1 to 76% at postttest-T4. Of the correct
answers at postttest-T4, 22 of the responses were accompanied by the appropriate written
work and there was no written work for three of the responses. In contrast, at pretest-T1,
all of the correct responses were accompanied by the written work. Of the incorrect
responses, three are attributed to using base-10 to compute and incorrectly using base-7

notation, compared to 21 of the incorrect responses at pretest-T1. Furthermore, three of
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the incorrect answers resulted from using base-7 to compute but making a mistake

counting or with notation (compared to two at pretest-T1). Finally, two of the incorrect

responses were considered incorrect because the participants did not write down an

answer (see Table 13).

Table 13

Incorrect Procedural Subtraction

Incorrect Responses

Computedin  Computed in ~ Computed in Did Not Total
Base-10 but Base-10 and Base-7 and Answer
Used Base-7 Wrong Made Error
Notation Operation
n n n n n
Pretest-T1 21 (81%) 2 (7%) 2 (7%) 1 (4%) 26 (99%)
Posttest-T4 3 (38%) 0 (0%) 3 (38%) 2 (25%) 8 (101%)

Notes. The percentages for pretest-T1 and posttest-T4 add up to 99% and 101%,

respectively because of rounding.

SCK of place-value. The quantitative analysis demonstrated that the only

significant effect on the participants' SCK scores was a significant main effect of time

indicating that regardless of condition, the participants SCK of place-value improved
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over time. As such, all three of the conditions were once again collapsed into one group
for further qualitative analysis from pretest-T1 to posttest-T4.

At pretest-T1 and posttest-T4, the participants completed two SCK tasks that
involved analyzing hypothetical student responses to multi-digit addition and subtraction
tasks. For the qualitative analysis, one addition SCK item and one subtraction SCK item
were selected for further examination. Please refer to Figure 58 for the SCK addition item

and Figure 59 for the SCK subtraction item.
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Base-10

Instructions: Look at the solutions below produced by elementary school students.
In each case, indicate if the student got the right answer. If the student solved
the problem correctly, explain the steps used. If the student solved the problem
incorrectly, describe the mistake(s) made by the student.

Student A's work:

27
+D

Student A got the answer: Right / Wreng (circle one)

Explain:

Figure 58. Pretest-T1 and posttest-T4 addition SCK item selected for further qualitative
analysis. Participants were expected to recognize that the theoretical student did not get
the correct answer and explain that the student wrote the sum of the ones column under

the line without regrouping a group of 10 ones into a group of 10.
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Base-10

Student B's work:

104
- 9

5

Student B got the answer: Right / Wrrong (circle one)

Explain:

Figure 59. Pretest-T1 and posttest-T4 SCK subtraction item selected for further
qualitative analysis. Participants were expected to recognize that the theoretical student
did not get the correct answer and made an error regrouping one group of one-hundred

into 10 ones.

SCK gains from pretest-T1 to posttest-T4. At pretest-T1, 12 participants
recognized the student error as "did not regroup a group of 10 ones into one group of 10,
called here the "Not Regrouping Error." An alternative correct response that 11 of
participants recognized was that the theoretical student "wrote the answer from the ones
under the line instead of carrying, or the "Under the Line Error." More specifically,

participant explanations were coded as the Not Regrouping Error when the explanation
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specified that the hypothetical student had not regrouped a group of 10 ones. Whereas
explanations that stipulated that the hypothetical student wrote the total of the one's
column under the line, without any explanation of regrouping or carrying, were coded as
the Under the Line Error. The other 10 participants could not adequately recognize either
error. At posttest-T4, a higher number of participants recognized the Not Regrouping
Error and the same number recognized the sum under the line error. That is, 21
participants recognized the first error and 11 recognized the second error. Furthermore,
only one participant could not recognize either error at postttest-T4, compared to 10
participants at pretest-T1. Please see Table 14 for a summary of the SCK addition

responses at pretest-T1 and posttest-T4.

Table 14

Summary of SCK Responses at Pretest-T1 and Posttest-T4

Response Frequency

Not Regrouping Under the Line Did not Recognize Total
Error Error an Error
n n n n
Pretest-T1 12 (36%) 11 (33%) 10 (31%) 33 (100%)
Posttest-T4 21 (64%) 11 (33%) 1 (3%) 33 (100%)
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In addition to recognizing the student error, the participants were required to
provide an explanation of the error. See Table 15 for a summary of the SCK addition
explanations at pretest-T1 and posttest-T4. An analysis of their explanations revealed that
for the SCK addition task, 15 of the participants provided a procedural only explanation
at pretest-T1 compared to 13 at postttest-T4. Moreover, at pretest-T1 only one participant
provided an explanation that was considered conceptual and procedural, but disjointed.
Thirteen participants provided the same type of explanation at posttest-T4. A conceptual
and procedurally linked explanation was provided by 2 of the participants at pretest-T1
and by 5 participants at posttest-T4. At pretest-T1, a greater number of participants did
not provide an explanation compared to posttest-T4; that is, eight participants compared
to one participant, respectively. At the same time, only one participant provided an

incorrect explanation at posttest-T4 compared to seven participants at pretest-T1.
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Table 15

Summary of SCK Addition Explanations at Pretest-T1 and Posttest-T4

SCK Addition Explanations

Procedural  Concept- Concept- Incorrect Did not Total
Only ual and ual and Explana- Provide
Procedural Procedural tion Explana-
- - Linked tion
Disjointed
n n n n n n

Pretest-T1 15 (45%)  1(3%) 206%)  T(1%)  8(25%) 33 (100%)

Posttest-T4  13(3%)  13(21%)  5(41%)  1(15%)  1(15%) 33 (100%)

Table 16 summarizes the qualitative results for the SCK subtraction item. For this
SCK item, 11 participants recognized the "Regrouping Error," or that the student had
regrouped a group of one hundred into 10 ones rather than 10 tens, and nine participants
recognized the error as the "Borrowing error," or that the student had borrowed from the
wrong column. At posttest-T4, these numbers changed to seven and 15 participants,
respectively. In terms not identifying any error, this number of participants who could not
identify an error dropped from 11 at pretest-T1 to eight at posttest-T4. In contrast, non-

responses increased from two at pretest-T1 to three at posttest-T4.
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Table 16

Summary of SCK Subtraction Responses at Pretest-T1 and Posttest-T4

Response Frequency

Regrouping Borrowing Did Not Did Not Total
Error Error Recognize an Respond
Error
n n n n n
33
Pretest-T1 11 (33%) 9 (28%) 11 (33%) 2 (6%) (100%)
33
Posttest-T4 7 (22%) 15 (45%) 8 (24%) 3 (9%) (100%)

There were also qualitative differences in the type of explanations provided at

pretest-T1 and posttest-T4. The incidence of procedural only explanations decreased

from seven participants at pretest-T1 to one participant at posttest-T4. At the same time,

the number of participants who produced disjointed and linked conceptual and procedural

explanations increased from one and eight at pretest-T1, to 15 and 12 at posttest-T4,

respectively. Not only did the nature of the types of explanations change, but the rate of

inaccurate explanations also changed. At pretest-T1, nine of participants responded

inaccurately compared to only three at posttest-T4. Finally, eight of the participants did

not provide an explanation at pretest-T1 compared to two participants at posttest-T4. See

Table 17 for a summary of these contrasts.

124



EFFECTS OF LESSON SEQUENCING

Table 17

Summary of SCK Subtraction Explanations at Pretest-T1 and Posttest-T4

SCK Subtraction Explanations

Procedur- Concept- Concept-  Incorrect Did not Total
al Only ual and ual and Explana- Provide
Procedur-  Procedur- tion Explana-
al - al - tion
Disjointed  Linked
n n n n n n
Pretest-T1 7 (21%) 1 (3%) 8 (24%) 9 (27%) 8(24%) 33 (99%)
Posttest-T4 1 (3%) 15 (45%) 12 (37%) 3 (9%) 2 (6%) 33 (100%)

Note. The percentages for pretest-T1 add up to 99% because of rounding.

Transfer knowledge. To evaluate transfer knowledge, participants were asked to

compute two items in base-5: one vertically presented addition item and one vertically

presented subtraction item (see Figure 60). Similar to SCK, there was a significant main

effect of time on the transfer measure. All three conditions were grouped together into a

single group because there was no significant main effect of condition or interaction.

Given that transfer was evaluated only at pretest-T1 and posttest-T4, the significant main

effect of time was an increase in transfer knowledge from pretest-T1 to posttest-T4.
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These increases were analyzed qualitatively and reported separately by item in the

following sections.

Base-7

Instructions: Perform the following calculations. Do all the computations in base-7.

3. 14, 14, 100,
+137 - 507

Figure 60. Pretest-T1 and posttest-T4 base-7 procedural knowledge items selected for
qualitative analysis. Participants were expected to compute using the algorithm taught
during the instructional intervention to arrive at the correct answers. The correct answer

for these addition and subtraction items are 307 and 204, respectively.

Addition. At pretest-T1, 13 of the participants correctly answered the addition
task compared to 23 at posttest-T4 (see Table 18). The participants' errors were divided
into four categories at pretest-T1 (see Table 19). Of the participants who did not get the
correct answer on the addition transfer task, 12 calculated in base-10 and used base-5
notation. Another participant unsuccessfully tried to convert the base-5 quantities to base-

10 quantities. Finally, seven participants did not provide a response.
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Table 18

Correct Transfer Task Responses

Correct
Pretest-T1 Posttest-T4
n n
Addition 13 (39%) 23 (70%)
Subtraction 21 (63%) 24 (73%)

Table 19

Types of Errors on Addition Transfer Task at Pretest-T1 and Posttest-T4

Incorrect Responses

Calculated in Error Error Error Adding  No Response
Base-10 Converting to  Regrouping in in Base-5
Base-10 Base-5
n n n n n
Pretest-T1 12 (60%) 1 (5%) 0 (0%) 0 (0%) 7 (35%)
Posttest-T4 1 (10%) 0 (0%) 1 (10%) 7 (70%) 1 (10%)
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At posttest-T4, in contrast, not only did the participants made fewer errors on the
addition transfer task, but the types of errors that they did make were different. Errors at
posttest-T4 were divided up into five different categories (see Table 19). Unlike at
pretest-T1, only one of the incorrect responses was attributed to calculating in base-10,
no errors were attributed to incorrectly converting to base-10, and only one of the
participants did not provide an answer. At the same time, the majority of errors at
posttest-T4 were caused by incorrectly using base-5. More specifically, one participant
made a regrouping error. Rather than regrouping a group of five ones (5°) into one group
of five (5'), it was regrouped into a group of 25 (5°). This error was considered a
regrouping error because the participant included the correct number of units in the group
but placed that group in the incorrect denomination. Furthermore, seven of the
participants incorrectly added in base-5. For example, several participants incorrectly
indicated that the sum of 35 and 35 was 105 or 135 instead of the correct sum, 115. This
was considered an adding error rather than a regrouping error because even though the
participants regrouped, it appeared that they miscounted and put either too many units or
not enough units into the grouping.

Subtraction. At pretest-T1, the participants' performed better on the subtraction
items than they did on addition items. This may be attributed to the fact that there
subtraction item did not require regrouping. Nonetheless, 63% of the participants were
successful on the subtraction transfer task at pretest-T1. This rate improved to 74% at
posttest-T4.

At pretest-T1, the errors were placed into four different categories. Six of the

participants' answers were considered incorrect they did not write a response. Base-10
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interference appeared to have accounted for a substantial portion of the mistakes made at
pretest-T1. Three of the participants calculated in base-10 and incorrectly used base-5
notation. Moreover, one participant unsuccessfully attempted to convert the base-5
quantities to base-10 quantities. The remainder of the errors were attributed to adding in
base-5 rather than subtracting. That is, two participants used the wrong operation. See

Table 20 for a summary of the response types.

Table 20

Types of Errors on Subtraction Transfer Task at Pretest-T1 and Posttest-T4

Incorrect Responses

Calculated in Error Wrong No Response Total
Base-10 Converting  Operation in
to Base-10 Base-5
n n n n n
Pretest-T1 3 (25%) 1 (8%) 2 (17%) 6 (50%) 12 (100%)
Posttest-T4 1 (14%) 0 (0%) 2 (29%) 4 (57%)
7 (100%)

At posttest-T4, similar error types were made but there were fewer errors overall.
Fewer participants did not provide a final answer at posttest-T4. Only four participants

down from six at pretest-T1, did not answer the subtraction transfer task. The number of
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participant errors that were attributed to calculating in base-10 and using base-5 notation
went down from three at pretest-T1 and to one at posttest-T4. None of the participants
made errors converting the base-5 quantities to base-10 quantities at posttest-T4. On the
other hand, the number of participants who performed the wrong operation remained the
same.

Discussion

Place-value is an important mathematical topic in the elementary mathematics
curriculum. It's importance extends throughout elementary school as a topic that provides
the basis for many later mathematical topics. At the same time, preservice teachers'
mathematical knowledge of place-value and related topics tends to be conceptually and
procedurally weak (Morris, Hiebert, & Spitzer, 2009; Rizvi & Lawson, 2007). With the
interest of improving preservice teachers' mathematical knowledge of place-value, the
present study examined the effects of an Iterative lesson sequencing on preservice
teachers' conceptual, procedural, and SCK of place-value compared to both a Concepts-
first and Procedures-first lesson sequencing.

This study supports the prediction that lesson sequencing does have different
effects on base-7 place value knowledge. At the same time, the nature of the effects were
not what was anticipated prior to commencing the study. The Iterative sequencing did not
result in a greater final increase in conceptual base-7 knowledge scores, procedural base-
7 knowledge scores, or SCK scores compared to the Concepts-first or the Procedures-first
condition. All of the participants in all of the conditions significantly improved on all
three of these measures over the course of the instructional intervention. This means that

on average, the participants acquired conceptual base-7 place-value knowledge,
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procedural base-7 place-value knowledge, and SCK of place-value. Furthermore, there
was no effect of base-7 place-value lesson sequencing on the participants' base-10 place
value knowledge. Nonetheless, there was a significant effect of the intervention on
transfer knowledge.

At the same time, there was a difference between the conditions regarding how
conceptual base-7 knowledge was acquired over the course of the instructional
intervention. In other words, the pathway of conceptual knowledge acquisition for the
Iterative condition differed from that of the Concepts-first condition and the Procedures-
first condition.

The most interesting difference occurred at T2, where there was a significant time
x condition interaction. At T2, the Iterative condition performed significantly higher on
conceptual knowledge than both the Concept-first and the Procedures-first condition.
There was no significant difference between the Concepts-first and the Procedures-first
condition. Furthermore, conceptual knowledge gains for the Iterative condition occurred
sooner in the intervention and the Iterative condition maintained those gains throughout
the course of the study.

One explanation for the findings at this time point might relate to the amount of
time elapsed between exposure to the number naming lesson (Conceptual Lesson 2) and
the number naming assessment at T2. For the Iterative condition, this was the last of four
lessons received before the assessment. The Concepts-first condition had received this
lesson in the same instructional session as the Iterative condition (because of the
interruption caused by the fire drill during the first instructional session), but it was the

second of four lessons presented during that same instructional session. Finally, for the

131



EFFECTS OF LESSON SEQUENCING

Procedures-first condition, those participants had not yet received any conceptual lessons.

While the temporal proximity of the conceptual number naming lesson and the
conceptual number naming assessment may have been a factor, I do not think it explains
the performance of the Concepts-first and Procedures-first conditions. It is not surprising
that the Procedures-first condition did not perform as well as the Iterative condition on
the conceptual item at T2 because the Procedures-first condition had not been exposed to
any of the conceptual lessons yet. At the same time, no difference was found, however,
between the Procedures-first condition and the Concepts-first condition, which had
completed all of the conceptual lessons at this time point.

Moreover, even though the Iterative condition had the most recent exposure to the
number naming lesson prior to the assessment at T2, the concepts taught in Conceptual
Lesson 2 were present throughout Conceptual Lesson 3 and Conceptual Lesson 4, lessons
only the Concepts-first group had exposure to at T2. Therefore, if anything, the
participants in the Concepts-first condition had more exposure to number naming
concepts in base-7 than the Iterative condition. Thus, time is not likely an explanation
because the Concepts-first condition did not perform at least as well as the Iterative group
at T2. Perhaps the Concepts-first condition had forgotten what they had learned, or were
unable to apply it.

An alternative explanation for the Iterative condition's performance at T2 might
be more directly related to the Iterative sequencing of place-value concepts and
procedures. These differences might be attributed to the Iterative condition's quicker
assimilation of base-7 place-value concepts and procedures. Receiving the conceptual

lessons and the related procedural lessons in close iteration may have helped these
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participants create links between the related concepts and procedures. Rittle-Johnson and
Koedinger (2009) found that an iterative lesson sequencing fostered a better
understanding of the relationships between mathematical concepts and procedures.
Further, these relationships may reduce cognitive load. Automaticity of procedures may
free up working memory, thereby allowing for deeper reflection of related mathematical
concepts (Rittle-Johnson & Koedinger, 2002; Rittle-Johnson & Siegler, 1998). Presenting
all the relevant concepts of a mathematical domain in the absence of any procedures takes
a toll on working memory (Shrager & Siegler, 1998). Furthermore, exposing concepts
and procedures that capitalize on those concepts in close temporal proximity may
encourage the integration of both the concepts and procedures into a well-connected
network of usable, conceptually rich knowledge (Resnick & Omanson, 1987).
Qualitative analyses of the participants' conceptual base-7 knowledge provided
further insight on the nature of preservice teachers' knowledge of place-value and the
effects of lesson sequencing on this knowledge. At T2, there was a reduction in negative
base-10 transfer to conceptual base-7 knowledge. None of the participants in the Iterative
condition demonstrated base-10 interference when explaining why base-7 numbers are
named the way they are. This was not the case for either the Concepts-first or the
Procedures-first condition at T2. Both conditions experienced substantial negative base-
10 transfer. Rittle-Johnson and Koedinger (2002) argued that iterating between lesson
types may encourage appropriate generalizations and reduce inappropriate
generalizations. Inappropriate overgeneralizations would include using base-10 concepts

in a base-7 context. In fact, iterating between concepts and procedures may support
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appropriate generalizations (Anderson, 1993) while simultaneously discouraging
overgeneralizations (Rittle-Johnson & Albali, 1999).

In addition to negative base-10 transfer, the Combined condition also showed
signs of procedural interference on the conceptual item at T2. That is, close to half of the
Concepts-first and Procedures-first condition's errors at T2 were the direct result of using
a procedural explanation rather than a conceptual explanation of the base-7 number
name. This type of procedural interference did not present itself in the responses of the
Iterative condition at T2. Interestingly, these differences in negative transfer and
procedural interference disappeared by T3. That is, negative transfer of base-10 to base-7
concepts and the interference of procedures were substantially lower for all of the
participants at T3.

There are several possible explanations as to why these differences disappeared at
T3. At this particular time point, the instruction was complete. All of the participants
benefited from the instructional intervention, but it required only four lessons for the
Iterative condition to improve their conceptual knowledge of place-value. From a
methodological perspective, it is also possible that the measures were not sensitive
enough to detect differences in the quality of the participants' responses. Finally, it is
possible that some of the increase in conceptual knowledge scores was attributed to
practice effects. Perhaps with conceptual transfer items, a bigger difference between the
conditions on conceptual knowledge would have been observed.

Interesting effects on procedural knowledge were also revealed at T2. That is, at
T2, the Concepts-first condition, who had not received any of the procedural lessons,

performed just as well on procedural knowledge as the Procedures-first and the Iterative
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condition, who had received four and two procedural lessons, respectively. The
conceptual knowledge and procedural knowledge findings at T2 suggest two things.
Firstly, it appears that it is possible to learn procedures from exposure to the relevant
concepts alone. Secondly, to learn concepts, it appears that both concepts and procedures
need to be taught. This second finding was also highlighted by Rittle-Johnson and Alibali
(1999) who found that conceptual knowledge may have a greater influence procedural
knowledge than procedural knowledge does on conceptual knowledge.

Qualitative analyses of procedural base-7 knowledge revealed some similar
findings. More specifically, at pretest-T1 there was substantial negative base-10 transfer
to the base-7 procedural items. On the other hand, there was no difference between the
conditions. All three conditions were equally affected by this negative transfer.
Fortunately, over the course of the instructional intervention, negative base-10 transfer
was considerably reduced.

An additional pattern that was revealed in terms of procedural base-7 knowledge
pertains to the written work produced by the participants when responding to the
procedural items. Compared to at pretest-T 1, there were more correct answers at posttest-
T4 that did not provide any evidence of the participant's work. This may suggest that
these participants were performing the calculations mentally, thereby suggesting
improved procedural fluency (Sohn & Carlson, 1998).

For SCK from pretest-T1 to posttest-T4, there was a significant improvement
regardless of condition. The participants' ability to recognize student errors in multi-digit
addition and subtraction improved over the course of the instruction. Interestingly, the

qualitative nature of the explanations of the students' responses also improved. At pretest-
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T1 many of the participants could not adequately explain what the student had done
wrong. Moreover, when the participants could provide an adequate explanation, it tended
to be limited to a reiteration of the procedure the student had followed. In the rare
instances when a deeper explanation was provided, the concepts and procedures used
were disjointed.

In contrast, at posttest-T4, improvements did not lie only in the participants'
accuracy in identifying the students' errors. There was a dramatic change in the nature of
the participants' explanations of the students' work. More specifically, most of the
participants referred to the relevant concepts and procedures present in the students'
solutions. While most of the participants' explanations remained disjointed, there was
also a substantial increase in the number of conceptually and procedurally linked
explanations. These findings perhaps indicate that conceptual and procedural knowledge,
while perhaps by themselves not sufficient, are important components of SCK. The
importance of content knowledge on elementary school teachers' ability to perform many
tasks required for a reform oriented practice, such as recognizing errors, analyzing
student solutions, and selecting appropriate tasks to elicit mathematical concepts and
procedures, is well documented (Ball & Bass, 2000; Ball, Lubienski, & Mewborn, 2001;
Ball, Thames, & Phelps, 2008). These teaching tasks are also components of SCK.

Similar to procedural base-7 knowledge, procedural transfer knowledge scores
increased over the duration of this study, but there were no differences between the three
conditions. As with procedural base-7 knowledge, there was considerable negative base-
10 transfer to the procedural base-5 items at pretest-T1. This negative transfer was

reduced at posttest-T4. The pathway of acquisition of this transfer knowledge may be
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veiled by the fact that transfer knowledge was only evaluated at pretest-T1 and posttest-
T4 and not at any other time points.

In summary, all of the participants learned place-value concepts and procedures
over the course of the study. Furthermore, all of the participants also improved their SCK
of place-value. While there was not a clear effect of lesson sequencing on the acquisition
of place-value knowledge, lesson sequencing appears to have an impact on the pathway
of the acquisition of conceptual knowledge. This pathway has important implications
specifically for elementary mathematics teacher educators. More specifically, based on
these findings, the importance of teaching both concepts and related procedures needs to
be stressed. That is, mathematical concepts and procedures should not be taught
separately. Instead, presenting mathematical concepts and related procedures in close
temporal proximity, perhaps even in tandem, may have positive effects on the acquisition
of conceptual and procedural knowledge.

At the end of the intervention, after both concepts and procedures of place-value
had been taught, all of the participants improved their conceptual, procedural, and SCK
of place-value, but an iterative sequencing of concepts and procedures appeared to be
more efficient. The Iterative condition learned more quickly than the other two
conditions. Decreasing the amount of time required to teach mathematics topics is highly
desirable given the short amount of time and high volume of material that mathematics
teacher educators are expected to cover.

At the same time, further weaknesses of the this study need to be addressed. The
group sizes were relatively small from a quantitative perspective, as small samples tend

to have more variability than large samples. With small group sizes, one participant's
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performance could have a greater effect on the overall mean. Additional weaknesses
pertain to the measures that were used. Even though certain items were designed to assess
conceptual knowledge, there was no way to prevent the participants from following
procedures, even mentally, to respond to the items. When it was obvious that this was the
case, the items were coded as incorrect. It is impossible, however, to prevent the
participants from thinking about some of the conceptual items procedurally or creating
their own procedures using generalizations from the instructional intervention. Another
weakness associated with the measures was that they were not analogous at all of the
assessment points, making the results difficult to compare across time from both a
quantitative and a qualitative perspective.

The results of this study contribute the literature in several ways. First of all, it is
the first study that I am aware of that looks at the effects of lesson sequencing on the
preservice teacher population, a population that is notorious for lacking in mathematical
knowledge (Khoury & Zazkis, 1994; Newton, 2008; Toluk-Ugar, 2009). Secondly, the
results of this study may actually support a more recent perspective. That is, concepts and
procedures may not actually develop iteratively, but rather in tandem or simultaneously
(Sarama & Clements, 2009). The closer together the concepts and procedures are
presented, the more positive the impact will be on conceptual and procedural knowledge.
Finally, this study supports the existing literature on the development of SCK (Ball et al.,
2008). It appears that conceptual and procedural knowledge are components that must be
addressed when developing SCK. At the same time, on their own, or without strong links
being created between concepts and procedures, conceptual knowledge and procedural

knowledge are probably not sufficient.
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Appendix A

Student Number:

Concordia University
Department of Education
EDUC 387/4: Teaching Mathematics T

Participant Demographics

Instructions: Please fill in all the information as accurately as possible. Your
information will remain confidential and will be used for research purposes

only.

1. Circle your gender: Male or Female

2. Age:

3. When did you begin the ECEE Specialization Program?

Semester: Fall or Winter

Year:

4. Do you have any individual or classroom-based teaching experience
including substitute teaching, teaching stages, futoring, working as a
classroom aide, etc?

Circle: Yes or NO
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5. If you circled yes, please describe in detail your teaching experiences

below.
Type of Details of Responsibilities/Tasks Approximate
Teaching Duration
Experience (in months)

Please feel free to ask for another sheet if you need more space.

Thank-Youl
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Appendix B

Student Mumber:

Concordia University
Bepartment of Education
EQUC 386/2: Teaching Mathematics I

Instructions: This worksheet is about reading numbers, writing numbers, and
arithmetic. Carefully read all of the instructions, examples, and questions. Please
answer all of the questions to the best of your ability in the spaces provided in this
booklet.
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General Information

In cur everyday lives, the counting and numeration system that we use is
called "base-10." At the same time, other courting and numeration systems exist.
Throughout this handout, you will be asked to complete a variety of tasks in both
our regular way of counting and in different bases. Please be careful o make sure
you are using the correct waey of counting as indicated in the instructions. When a
rumber is in base-10, it will be written in the way you are used to seeing.

For example, the following rumbers are in base-10: 1, 16, 25, fifty, one-
hundred-two.

When a number is in a different base, this will be indicated by subscripts
(little numbers written lower and to the right) or written in words.

For example, the following numbers are in base-7:

Iy 167 25y
subscript subscript subscript

The following numbers are also in base-7- five-zero base-7, one-zero-two
base-7.
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The following
qguestions are
about base-10.
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Base-10

Instructions: Perform the fellowing calculations. Do the computations in base-10.

o6 477 1 983
+ 623 - 26
20 000 001 403
- 4 312 ¥ 4
9999 7492
+1191 x 17
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The following
questions are
about base-7.
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Base-T

Instructions: Perform the following calculations. Do all the computations in base-7.

14, 100,
413, - 50,
257 65;
£ 25, 56,
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The following
qguestions are
about base-10.
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Base-10

Instructions: Examine the mumber of ebjects in column A and column B. Use the
quantities presented in the columns o fill in the corresponding blank number
sentences. Use base-10.

A )
%P W
& % *-,:; i AsBs
%
2 ¥
2 "‘*’*ﬁ To%
A B
fr W e
ﬁ * A=-8z
e Tl %
e L
%
-
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The following
guestions are
about base-7/.
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Base-T

Instructions: Examine the number of objects in column A and column B. Use the
quantities presented in the celumns to fill in the blanks in the corresponding
rumber sentences. Use base-7.

A B
eSS [V
}f_‘.;"i—fﬁ v < s A+B=
WO :
e e
4 o | W %
b
A B
f-'{ﬁ‘a:"::r I\ w A-B-=
L W OW
. ﬁf; i X
Fal
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Base-T
A B
-\:-'f '{.’ ':"' A B =
¥ ¥ & ¥ % +
Yo ¥ ¥ WO W
e ¥ Y W
A B
¥ ¥ ¥ ¥ ¥
‘I-'-" “-ﬂ? - =
WOW W e W A-B
rd rd
Yedede , | WW M
Yevrdr W % W
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Base-7

Instructions* There are four missing values in the following base-7 number chart.
Fill in the miszing values so that the pattern is preserved.

0 Tz | 27 | 37 | 47 | &7 | B7

T17 | 127 [ 137 | 147 | 157 | 167

207 | 217 237 | 247 | 257 | 267

307 | 317 [ 3237 | 337 | 347 [ 357 | 367

41; | 42; | 43; | 44, 46;

507 | 517 [ 527 | 537 | 847 | 557 | 567

B0; | 617 | 627 | B3y | B4y | 657 | BBy

Instructions: Use the chart above to fill in the blanks with the appropriate base-7
number,

The next number after 267 is

The rumber before S0y is

is seven numbers more than 437

is three mumbers less 557.

127 is numbers more than 27
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The following
qguestions are
about base-10.
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Base-10

Instructions: Ferform the appropriate calculations fo answer the following
problems. Use base-10.

172+ 88 = 1003 -17 =
2o X o= 95 -88=
126 X 75= M 132 =
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Base-10

Instructions: Look at the solutions below produced by elementary school students.
Ineach case, indicate if the student got the right answer. If the student solved
the problem correctly, explain the steps used. I the student solved the problem
incorrectly, describe the mistake(s) made by the student.

Student A's work:

27
+D

Student A got the answer: Right / Wrong (circle ong)

Explain:
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Base-10

Student B's work :
104
- 9
5

Student B got the answer- Right / Wrong (circle one)

Explain:
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The following
qguestions are
about base-7.
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Instructions: Ferform the appropriate calculations to answer the following
problems in base-7.

125, + 50, = 125, - 50, =

60, + 116, = 42,-15,=
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The following
questions are
about base-5.
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Base-5

Instructions: Perform the appropriate operations in the following problems. Do all
the computations in base-5.

13, 44 .
Ll 135 - 32,,
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Appendix C

Session #2 - Questions

Student ID#:

1. In words, name the following number and explain why that is how the number is

named.

614, =

Explanation:

2. Examine the following student solution. Determine if the student is correct. Explain how
the student arrived at the answer. If the student is wrong, explain where the student

went wrong.

Student’s work:

907
+315

ol?2

The student is correct/incorrect.

Explanation:
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Appendix D

Student ID Number: Date:

Instructions: Solve the following problem. Then, on the lines provided,
explain in detail how you solved the problem and why you solved it that way.

123,
- ﬁE-;

175



EFFECTS OF LESSON SEQUENCING

Instructions: Examine the following student solution to the problem.
Indicate if the student is correct or incorrect. Explain the steps the
student used to solve the problem. If the student is incorrect, explain what
was done wrong.

2.

173
- 84

Y
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Instructions: Using the block model you learned in the computer lessons.
Calculate the following.

3. 4217 - 354,
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Appendix E

4. Srudant 1D Mussber:

Introduction

Different numeration systems group numbers in
different ways than you are used to.

Understanding how various numeration systems
work will help you as a teacher in several ways.
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You will be able to better understand central
cancepts about counting and place value that
will improve your ability to solve problems with
addition, subtraction, multiplication, and
division.

As a consequence, you will improve your ability
to teach these concepts as well.

Counting Objects in Base-7

The following pictures demonstrate how to
count objects in base-7.

You will see how to name, in base-7, the
guantity of objects that are presented.

You will also see how different base-7 quantities
relate to each other.
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. 4 This is “one base-7."
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Today you will learn about counting objectsin a
way that is different than you are used to.

You will learn about counting and grouping in
base-7.

Instructions

Please read and study the following pictures, The
pictures explain the basics of counting and grouping
numbers in a different numeration system than you
are used to,

Take the time to see the differences and similarities
between the pictures.

After you have finished studying the pictures and
the explanation, please answer all of the questions
that appear at the end of this lesson.
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Counting Objects in Base-7

The following pictures demonstrate how to
count objects in base-7.

You will see how to name, in base-7, the
guantity of objects that are presented.

You will also see how different base-7 quantities
relate to each other.

- This is “one base-7."
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*
* This is "two base-7."

* This is “three base-7."
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* %
* * This is “four base-7."
L l i 1 1 I I [ 1 1

*ok *** This is “five base-7."
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L f
*k *‘k* This is "six base-7.%

o This is "one-zero base-7."
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) 1
m This is "one-one base-7."
L |l’ 1 1 1 1 1 1 | 1 |

ok
ﬁw This is "one-two base-7."
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kK
E&W This is “one-three base-7."
L 1 l 1 1 1 L 1 1 | 1 |

ok ke
ﬁi% This is "one-four base-7."
L N l i i i i 1 1 1 1 i
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]
Fookokkok
E&W This is "one-five base-7."
L 1 ll 1 1 L 1 1 1 1 I
]
1.8 8. 8.8 ¢ ¢
ﬁgw This is "one-six base-7."
L 1 'l| i i i 1 1 1 1 i

188



EFFECTS OF LESSON SEQUENCING

AARRAR

qﬁ"‘f‘é\;j’?@) This is “Two-zero base-7."

* ki AA g

ﬁgﬁﬁ@ This is “Two-one base-7."
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* i

AARRAR

qﬁ"‘f‘é\;j’?@) This is "Two-two base-7."

b ki AA g

q:*\'f% This is “Two-three bass-7."
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AARRAR

ﬁ"‘;@@ This is “Two-four base-7."

it FRREARE

ﬁ"\"f% This is “Two-five base-7.7
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GR)
s

I{g. FRREARE

ﬁ"\"f% This is “Three-zero base-7."
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&4

Xt

L 0.2.0.2.7. .

qﬁ"‘f‘é\;j’?@) This is “Three-one base-7."

&l

Lo

¥ dekdid

q:*\'f% This is “Thres-two base-7."
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* k|

w
A Kk FARERAL

% This is “Three-three base-7."

L 1 1 I.l 1L 1L [ 1 1 L
| *; ':ll *-k

*', * * 1
I{ﬁ FRREARE

q:*\'f% This is “Threes-four base-7."
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ad * X
x xS
I{ﬁ B 1.5 A0 # .

qi"‘%\;t?@ This is “Three-five base-7."

L 1 1 1 l ) | 1 L L 1 I | |
%\
Ik *|| t***
« * k
I{ﬁ Ak ke

ﬁ"\"f% This is “Three-six base-7."
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H G s

ﬂﬁ@ This is “Four-zero base-7."

H i e

ﬁﬁﬁ@ This is “Four-one base-7."
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H G s

ﬂﬁ@ This is “Four-two base-7."

%

H i e

ﬁﬁﬁ@ This is “Four-three base-7."

* K
*
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**' @?%ﬁ:&?

ﬂﬁ@ This is “Four-four base-7."

* %
* ok

H i s

ﬁﬁﬁ@ This is “Four-five hase-7."

*
*

ot
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()

S P

bk 0200759

w

ﬁw This is “Five-two base-7."
:

k|
kK
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R

H

I FRRRAAR?

w

ﬁ%ﬁ] This is “Five-three base-7."
* /9 %|
L ek |

Tlkk)

L 1L [ L L l1 [ 1 1 L [ |

R

k|
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*Mw
o\
; K

This is "Six-zero base-7

o

. K
m R e
5.5 . a

R

x

i34

AKX
Clkx] o
o

This is "Six-one base-7."

mﬁwﬁ
FIHK
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B2 a - -\ .
Y b e

7"

This is "Six-two base-7
1
This is "Six-three base

+* . . 4 o .
- @it - m***
W I BETIHK i @ FIC U 5 ¥ IR
5.5 E 5.5
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KKK KKK
k) o x|
S ;R

aw

This is "Six-four base-7
This is "Six-five base-7

4
+* . . 4 o
- @it - m***
W I BETIHK i @ FIC U 5 ¥ IR
5.5 E 5.5
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This is "Six-six base-7."

r,;‘k*
* ko
*k

This is “One-zero-zero base-7." l
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This is “One-zero-one base-7."
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%
s

:

*
x

This is “One-one-zero base-
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IAARIAR

x
[
it
*
*x
70
1 l L

This is "One-one-two base-
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2

This is “One-two-one base-7."

AR
&
2
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2

is

W
oy
;'

ne-two-six base-7

o
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Skip Counting

Mow we are going to skip count objects.

Skip counting means that you do not say every
rnumber name as you are counting. Instead you
count up by intervals and only say the number
names that occur at the given interval.

We are going to skip count by seven in base-7.
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Skip Counting by Seven in base-7

This is “zero base-7."

Skip Counting by Seven in base-7

This is “one-zero base-7."
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Skip Counting by Seven in base-7

111
(11}

This is “two-zero base-7."

L=
i e

Skip Counting by Seven in base-7

111
(11

This is “three-zero base-7."

o
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Skip Counting by Seven in base-7

This is “four-zero base-7."

Skip Counting by Seven in base-7

This is “five-zero base-7."

LA AL L L 2
| |

LA RS L K L

bt Tl - Ll

L 1 1 1 1 1 1 1 1 1 ]
a 10y 20, 30, 40 Eﬂr L= 110 L1 120, 1
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Skip Counting by Seven in base-7

This is “six-zero base-7.”

| | o] o |
e ) o] e e |

| o L eml e e e

al | - - - -

1 1 1 1 1L 1 1 1 1 1 1
0 0, oy, 3, a5, GO, 100, 15, 120, 13

Skip Counting by Seven in base-7

This is “one-zero-zero base-7."

| | o [ -
o (mw (wwl ww ww ww .-
- e | e o W | e
] e ) -
D g Ll gl e el 1 1
o W, o, 3, 45, S0, G5, 100, 5, 1=
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Skip Counting by Seven in base-7

This is “one-one-zero base-7."

120, 13

g 100, 110

d|:|I

1,

Skip Counting by Seven in base-7

This is “one-two-zero base-7."

e, 120, 19

w0, W, 100,

4,

1,
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Skip Counting by Seven in base-7

This is “one-three-zero base-7."

-

-

-
i

12, 130

L1y
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Appendix F

Lesson Questions

This section contains ten questions an counting objects
in base-7.

There are:
— Eight fill in the blank questions
— Two multiple choice guestions
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Instructions

Please answers these gquestions to the best of
your ability.

You will not be able to proceed to the next
guestion until you answer the question you are
an.

You may refer back to the lesson at any time,

Count the following in base-7.
Make sure you use the same notation that was used
during the lessan.

Example:
This is _two bose-7 i
*
*
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Count the following in base-7

This is

*  *
* % *

2 Wirite your amiwer here:

Count the following in base-7

This is

* % %
* % % %

3. Wirite your answer hera:
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Count the following in base-7

This is

* k
*

* * %
* % % *

.4, Wirlte your amwer hore:

Count the following in base-7

This is

5. Wirite your aniwer hera:
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]
Count the following in base-7
This is
3 Aok ek %
1 3.8 8.8 8 8.1
1 8. 0. 0088 1
*
F o viriee your amiwer hare:
]

Count the following in base-7.

This is

* &
Kk K dx * K X
* *
* % A
*k X * %

7. ¥irits your answer here:
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Count the following in base-7

This is

F B Viriee your amiwer hare:

Count the following in base-7

This is

2%
1
T
¥
I 4K
x KK
b Sl <
R
i ._I**
.tﬁ *H* WK
e
BE 2
o ol

0, Yrite your anrwer here:
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Indicate which of the following pictures
represents 15,7
*
Y wk > 1K XK
o 1
c) i#::* d.) 1(****
). 8. 8. 8.1
* ok ok e e i e k]
F 10, Beleet oee of B follwing:
‘s ]
Ohe
e
Cie
On the line, indicate which of the
following letters represents 61,7
10.) 61,= &
) prikik g
******_* ***** *****
AR Tooax
Fdddd ook

A e *
(e
}**i-* o d]
ki i e e *Il
e T e
Ak R
Rl
11, Balect one of tha following:
O-
O-
a-
Dl
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Appendix G

* 4 deadan 1D#:

Introduction

You have already learned in a previous lesson
how to count objects in base-7.

Today you will learn more about counting and
grouping objects in base-7.
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Instructions

Please read and study the following pictures that
explain the basics of grouping numbers in a
different numeration system than you are used
to.

After you have finished studying the pictures,
please answer all of the questions that appear at
the end of this lesson.

Grouping and Counting Objects in
Base-7

Here we have a single object in base-7.

* - 1, = “one base-7"
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Grouping and Counting Objects in
Base-7

Here we have two single objects in base-7.

=%, = "two base-7"

*
*

Grouping and Counting Objects in
Base-7

Here we have three single objects in base-7.

*
*'k

=3, = "three base-7"
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Grouping and Counting Objects in
Base-7

Here we have four single objects in base-7.

:** =4, = "faur base-7"

Grouping and Counting Objects in
Base-7

Here we have five single objects in base-7.

:-_*** = 5, = "five base-7"
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Grouping and Counting Objects in
Base-7

Here we hawve six single objects in base-7.
k.1

*-_k* =6, = "six base-7"
*

Grouping and Counting Objects in
Base-7
If we add another single object to six single

objects in base-7 we can then make a group of
objects.

Therefore, here we have one group of objects in

hase-7. -
r;— u
b f |= 10y= "one-zero base-7"
Y/
X /
il _f”f

——
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Grouping and Counting Objects in
Base-7

Here we have one group of objects and one
single object in base-7.

* KX

[ ) )= 11, = “one-one base-7"
¥ /

"X

Grouping and Counting Objects in
Base-7

Here we have one group of objects and two
single objects in base-7.

* KX
| ', #r#)=12, = “one-two base-7"
h___*** J,

bt I
*‘h’
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Grouping and Counting Objects in
Base-7

Here we have one group of objects and three
single objects in base-7.

* KX
[ 5 HeA)= 13, = “one-three base-7"
o, o

¥ \K S

+ *

Grouping and Counting Objects in
Base-7

Here we have one group of objects and four
single objects in base-7.

TR
|I *** = 14, = “one-four base-7¥
\ok, ok

**&t,f’

*‘k
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Grouping and Counting Objects in
Base-7

Here we have one group of objects and five
single objects in base-7.

* KX
| ) ##)= 15, = “one-five base-7"
¥ /
ir***'_\i,f’

*

Grouping and Counting Objects in
Base-7

Here we have one group of objects and six single
objects in base-7.

* KX |
| ****. =16, = "one-six base-7

\

* **xtx”
o
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Grouping and Counting Objects in
Base-7

If we add another single object to six single
objects, we can then make another group of
ohjects in base-7.

— -

T X

*i' *J 20, = "two-zero base-7"

s 4 * \\__/j Here we have two

(¥ * * | groups of objects and

X X/ no single objects in
base-7.

Grouping and Counting Objects in
Base-7

Here we have two groups of objects and one
single object in base-7.

* TR
|*** =11, = “two-one base-7"
FRE 2
_J
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Grouping and Counting Objects in
Base-7

Here we have two groups of objects and two
single objects in base-7.

* —~

(3 X
w |.~ :***. =32, = "two-two base-7"
Aoy **Lsft/
II"-\\__* *

Grouping and Counting Objects in
Base-7

Here we have two groups of objects and three
single objects in base-7.

* P
*
* ol |L :***. = 23, = “two-three base-7"
.*f’***ﬁt/
IIK__* *
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Grouping and Counting Objects in
Base-7

Here we have two groups of objects and four
single objects in base-7.

* —~
(3 X
**’ * |.~ :***. = 24, = “two-four base-7"
G
\ X X/

Grouping and Counting Objects in
Base-7

Here we have two groups of objects and five
single objects in base-7.
* * * ICEI-*
* +r ||\ **** =25, = "two-five base-7*
(W e *‘?
\k K
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Grouping and Counting Objects in
Base-7

Here we have two groups of objects and six
single objects in base-7.

* * * 3

* * *** = 26, = "two-six base-7"
Vrupra\ *
.*****?
k_ J

Grouping and Counting Objects in
Base-7

If we add another single object to the six single abjects,
we can then make another group of objects in base-7.

’h %k
\* Hl*** =30, = “three-zero base-7
ik *k

,* * * | Here we have three

k_ / groups of objects and
no single ohjects in
base-7.
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Grouping and Counting Objects in
Base-7

Here we have three groups and one single object in

base-7.

h**

* *(’ |*i’* =31, = "three-one base-7"
\

******\?_/

ok K

Grouping and Counting Objects in
Base-7

Here we have three groups and two single objects in
base-7.

*\I**

\* H'*** =31, = “three-two base-7"
/ir *k
_*J
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Grouping and Counting Objects in
Base-7

Here we have three groups and three single objaects in

base-7.

h**

\* *(’ |*** =33, = "three-three base-7"

/ﬁ\\?_/

(%
\;k* f i’

Grouping and Counting Objects in
Base-7

Here we have three groups and four single objects in

base-7.

*\I**

\* H'*** = 34, = “three-four base-7"

*
_J
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Grouping and Counting Objects in
Base-7

Here we have three groups and five single objects in

base-7.

o

** 3

| ,f"

|** H* )=
** *
g, ¢ J

= 35, = "three-five base-7"

*:1»

Objects can be counted in base-7 by grouping
them into groups as demonstrated by the
previous pictures.

Study how objects are grouped and counted in
base-7 in the following pictures.
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Grouping and Counting Objects in
Base-7

Here we have many objects.

x 7%, 7%

* ***
*

*IHF

n

Grouping and Counting Objects in
Base-7

We can group and count these objects in base-7.

* % +* ** +* So far, we have one

group of objects.
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Grouping and Counting Objects in
Base-7

Grouping and counting...

AN L.
C! ** * V% X ***** *
** * * * w
* i}* *¢ * x
+ % _:I * So far, we have two
* * X & *** groups of objects.
L 6 6 & 1

Grouping and Counting Objects in

Base-7

5till grouping and counting...
A * ok Kk w )

SO
RS ) e W
Ry . *
| '.:-‘-1!_ ‘| »

v —*\ 1 4 5o far, we have three
LA TR & * dog BrouPs of objects.

% %k
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Grouping and Counting Objects in
Base-7

5till grouping and counting...
A, 7 e
. N % * w
gt
w
% %) % *
X * *

* * groups of objects.

*
x xR K

*
*

|| e g_ff—\l * % 5o far, we have four

Grouping and Counting Objects in
Base-7

5till grouping and counting...

* So far, we have five
groups of objects.
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Grouping and Counting Objects in

Base-7
5t||| grouping and counting...
L T il *
* kW) %
/;Wﬁt_* e
“ﬁ% B

31 L So far, we have six
*/| /B&J groups of objects.

Grouping and Counting Objects in
Base-7

Mow grouping groups and counting...

groups or ane big groug

/ *
So far, we have seven

249



EFFECTS OF LESSON SEQUENCING

Grouping and Counting Objects in
Base-7

There are not enowgh single objects left to make anothar group,

Altogether, we have one
big group of cbjects and
three single objects.

Grouping and Counting Objects in
Base-7

Therefore...
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Different Representations

Sometimes it is useful to use different representations for
objects,

Representing a group of seven objects as a single object
can facilitate counting.

For example, if M s a single object, then I
represents a group of single objects in base-7.

Furthermore, represents a big group
of objects in base-7,

Different Representations

Therefore...
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Another Example:

= 25? = "two-six base-7"

Maore Examples:

]
I I I = 32, = “three-two base-T

]
I
I
I

=251, = “two-five-one base-7T1

I b
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Appendix H

Lesson Questions

This section contains 10 questions on grouping and
counting objects in base-7.
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Instructions

Please answers these gquestions to the best of
your ability.

You will not be able to proceed to the next
guestion until you answer the question you are
an.

You may refer back to the lesson at any time,

Examine the objects in the box and answer the
following questions.

# 2 How many groups of cbjects con you make in bese-TT

¥ % Mo many big groups of sbjects can yos make b base-TT

# 4, In words, Bew many obiscts ar there bs bese-TT
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According to the representations presented during the
lesson, write the letber that represents the same guantity as

the objects in the box below?

I | EEE
a.) I h.]II: c)
]

F 5 yiriee your amiwer hare:

According to the representations presented during the
lessan, write in words, the guantity in base-7 that is
represented by the set of objects below.

8. Vrite your anewer in wonls here:
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According to the representations presented during the
lesson, write, in words, the quantity in base-7 that is
represented by the set of objects below.

T viriee your answer in wonls e

Indicate how many of each shape is required to create
an equivalent representation of the objects in the box.

B, How many of &), b.) and ¢ do you needT

Riiees Bl Skt o, .o, &)
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Indicate how many of each shape s required to create
an equivalent representation of the objects in the box,

0. How many of ), b.) and e ) do you needT

Brwees Blie Bibs: &, b o e

Indicate how many of the shape is required to create an
equivalent representation of the objects in the box.
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Indicate how marny of each shape is required to create
an equivalent representation of the number.

11, Hiow masy of ., k) and &) do you nesd?

Brwees Blie Bibs: &, b o e
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Appendix I

Introduction

Different numeration systems group numbers in
different ways than you are used to.

Understanding how various numeration systems
work will help you as a teacher in several
Ways.

259



EFFECTS OF LESSON SEQUENCING

You will be able to better understand central
concepts about counting and place value that
will improve your ability to solve problems
with addition, subtraction, multiplication, and
division,

As a conseqguence, you will improve your ability
to teach these concepts as well,

You have already learned in previous lessons
how to count objects and group objects in
base-7.

Today you will learn about adding objects in
hase-7.
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Instructions

Please read and study the following screens that
explain how to add quantities in base-7. The
addition strategy that is used may be different
than you are used to. The strategy is called
combining sevens and oneas.

After you have finished studying the screens,
please answer all of the questions that appear
at the end of this lesson,

Adding in Base-7 Using a Combing
Sevens and Ones Strategy

To use this particular addition strategy, you
will need to remember the model that you
learned about in a previous lesson,

Please familiarize yourself with the model that
is presented on the next screen.
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Base-7 Proportional Model

Sometimes it is useful to use different
representations for sets of objects.

For example, if® is a single object, then/
represents a group of objects in base-7.

Furthermore, represents a big group
in base-7.

Study the following example that demonstrates how a combiming s=vens and ane
wiratagy is used to add the Tollowing quartities:

45, + 16,
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Study the following exampke that demonstistes how a combining sevans and ane
wirategy is used o add the llowing geantiies;

&5y + 16,

HEEEE
u
L

This represents 45, Thia represents 16,

—F] N

I mgE =

_J= e
] B I

Thase sevan singhe objpcts for
anes] can be combined nbe p

I

263



EFFECTS OF LESSON SEQUENCING

&5y + 1y

Fazaw theere are Four ones
ramaining -

a0, 410,

Mhcaw theie ane Tour onsds
remaining.,
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&5y + 1y

I
EEE N
boa

12

Bioaw theara are Four ones
ramaining -

a0, 410,
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&y 4 10

I
EEE N
TR

i 1 4

Fazaw theere are Four ones
ramaining -

a0, 410,

-..and sis groups of sewen.
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&5y + 1y

IIII L -

and sk groups of seven,

a0, 410,

A
]

]
EEE N
—and six groups of seven,
|
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&5y + 1y

1
]

[
I z EEE N

I 3

|

—and sk groups of seven,
I

5y 4 1,

1
[ E—
I H EEE N
I - a
I

&

4 —-antd sk groups of s

|
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&4,

1

I

[ ]
I - ] EEE R
= 3
]

-

4 _and Sk groups of seven.

|

5y 4 1,
i
]
[ |
I H EEE N
I - M
|
»
[
4 and sk groups of seven,
L]
|
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Tharefiore, 45, + 16; & 64,

Therefore, 45, + 16, k64,
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Tharefiore, 45, + 16; & 64,

Therefore, 5, + 16, k64,
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Tharefiore, 45, + 16; & 64,

PR
v v

I
I
* I EEE N
I
I
[

Therefore, 45, + 16, k64,

OB R e
¥
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Tharefiore, 45, + 16; & 64,

I
I
* I EEE N
I
I
[

[ e
L

Therefore, 45, + 16, k64,

[T T
¥

Ebx growps of seven and .
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Therefore, &5, + 16, k& 64,

L2 B K K B )

@R B RS

Ehe groups of sevenand..

Therefore, 45, + 16, k64,

I

I

I EEE N
I 1
I

I

[T T
¥

Ebx growps of seven and .
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Tharefiore, 45, + 16; & 64,

L B K K B )
]
]
|
|

@R S RS

Eln groups of seven and..

Therefore, 85, + 16, b 64,

. - —
: - I
; - E— EEEE
1 - 111 1
5
s — I

1 3 4

Ebx gronsps of seven and .
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Tharefore, 45, + 16; & 64,

1 * I
i *
1 * AEE N
. - — 111
s » —
5 = [

1z 3 4

Ebx growps of seven and fowr ones or B4,

One more Example:

Please study the next exarmple as well. Take
your time to understand how the combining
sevens and ones strategy works.
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113, + 65,

113, 4 65;

*

This reprasents 113, This represents §5,

277



EFFECTS OF LESSON SEQUENCING

E—
[m .'“\_F__,-"’F

1105 + 0%

.'-'—

& _f__,:,'J

These seven ores.can be
combined imo a group of
SEWER.

Thess sewen prosps of
i car b domilined
i group of ceen
s or s hig gmoup
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1105 + 6%;

. e

113, + 65,

T

dAftogethar thara k& one
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1105 + 6%;

I
Aftogether there ks one
ane, ore group of seven

anes.

113, 4 B8

- . l

] .
Aftogether thare b one
aind, o grese of Liven
gk, and...
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1105 + 6%;

- ' l
|

anes, and...

= 2
Aftogether there ks one
ane, ore group of seven

113, 4 65;

LT

dftogethear thare & one

s, and Two groups of
serwen proups of sereen
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Themfone, 113, + 85, B 211,
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Appendix J
C3 - End of Lesson Questions

ID #:

1. Compute the following using the algorithm you learned.
a. 1257 + 667

b. 547 + 137
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C. 3417 + 2337

d. 1267 + 517
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e. 437 + 147
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2. Circle the letter that represents the solution to the following

problem:

1247 + 257.

a.
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Appendix K

Introduction

Different numeration systems group numbers in
different ways than you are used to.

Understanding how various numeration systems
work will help you as a teacher in several
ways,
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You will be able to better understand central
concepts about counting and place value that
will improve your ability to solve problems
with addition, subtraction, multiplication, and
division,

As a consequence, you will improve your ability
to teach these concepts as well,

You have already learned in previous lessons
how to count objects, group objects, and add
objects in hase-7.

Today you will learn about subtracting objects in
base-7.
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Instructions

Please read and study the following screens that
explain how to subtract quantities in base-7.
The strategy that is used may be different
than you are used to. The strategy is called
combining sevens and ones.

After you have finished studying the screens,
please answer all of the questions that appear
at the end of this lesson,

Subtracting in Base-7 Using a Combing
Sevens and Ones Strategy

Tao use this particular subtraction strategy, you
will need to remember the model that you
learned about in a previous lesson,

Flease familiarize yourself with the model that
is presented on the next screen.
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Base-7 Proportional Model

Sometimes it is useful to use different
representations for sets of objects,

For example, if® is a single object, then S
represents a group of objects in base-7.

Furthermore, represents a big group
in hase-7,

Snudy thie following exampke than Semonstrates hine a combising savans and ang
sirategy is used 1o subbract the followng quantities:

45, - 16,
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E

F

H

i

H

§ .

B

i

’ HEEEE

This represents 16,

-!!!!

Ay 1y
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]
= o
]
= o
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S —
= Xy
S —
— ST

Wa took eway theis fve anes Trem
trese five ones.
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Ay~ 1y

D

W ook eway thos fee ares Trem
Erazses fiwe ones, bt there is sl one

J

45, 18,

CTE.

Wa took sway theis fve anes Trem
Hrae fiwe gnes, bef there (s stll one

o e e
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._ ‘l{}l

]
= =
EEEEENE
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Ay~ 1y

[ —
— il
]
5o faw, there are sie ones leh..
NEEEEEE

45, 18,

[r—e I
— "
|

5o for, there are sicones leh.

L LY
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I —
— il
]
5o faw, there are sie ones leh..
NEEEEEE
4 4

45, 18,

L]
|
—— "
[

S faar, thesra are six omas leh.

EEEEEEE
o
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Ay 1y

5o for, there are sicomes lefi.

EEEEEEN

122 4

5o for, there are sicones leh.

nnnnn

122 4%
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45, - 15
]
[
—] 1
[ |
5o for, there are sicomes lefi.
smmEEER
13 a45%6
45, - 16,
—% "}{‘
o Fawr, thers are gixones lef,,
EEEEEEE
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[ —
=§ QN

S Fw, thers are din ones leH,,

EEEEEEY

&

=§ RN

1
roups of seyven ones.
EEEEEEE ’

300



EFFECTS OF LESSON SEQUENCING

Ay~ 1y

o far, thern ane din anes lel and fen

1
roups of s2ven ones
EEEEECE Py

Therefaore, 45, — 16, is 26,
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One more Example:

Please study the next example as well. Take
your time to understand how the combining
sevens and ones strategy works.

113,-65,;

&

This reprasents 113, This represents 5,
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T8, -0,

I; .

1135,

m
]

=y

7
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EAE PR

il
= s

4 3

Thisa thrae ane taken 2wy, BUL Do reman.
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T8, -0,

"/
0
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==;
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=
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HEN « 1
[ [ |
s A

There sre

There are
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T8, -0,

m

]
' ]

¥ ¥
HEN ¢ 1
[ ] |
s A

4 5

There sre

11345,

1]
o

o

There are e ones. .
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m
__—_h_z'l
¥

11345,

I
mmmmmmm
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T8, -0,

||||||
s

11345,

||||||
s
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||||||
s

||||||
i

312
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T8, -0,

||||||
S

o of sawvan ones

1135,

1 L]
L]
There are trée ones and one

Eroup of saven ones kit

315



EFFECTS OF LESSON SEQUENCING

Therefore, 115; - 65, i315;
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Appendix L
C4 - End of Lesson Questions

ID #:

1. Compute the following using the combining sevens and ones method.

a. 1257 - 667

b. 54;-13;
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c. 341;-233;

d. 1267 -51;
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e. 437 - 147
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2. Circle the letter that represents the solution to the following problem: 124,
- 25;.

a.

b.
BN
||
ii
C.
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Appendix M

Instructions

Please read and study the following screens that
ewplain the basics of writing and reading
numbers in base-7.

After you have finished studying the screens,
please answer all of the questions that appear at

the end of this lesson,
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4. Sesdont 1D &
Introduction

Today you are going to learn about another way
to write numbers.

This other way of writing numbers is called
base-7.

The purpose of this unit is to show you how to
name and write numbers using base-7 notation,

Naming Numbers in Base-7

This is how you name single digit numbers in
baze-7:

(Dign_ame
erg

One hase-7

Tis hiagi-T
Thiee base-¥
Faur hase-T

Fove Eevse-7

Six base-T

e N e RS e
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Naming Numbers in Base-7

This is how you name double digit numbers in
base-7:
oigit | wame |
1, me-pera base-T
P Y Tws-parc hase-7
dly  Thres-oene baseT
an, Foagr-perc hase-T
S0, Fres-asn b7
By Soerarn b=

Writing Numbers in Base-7

Base-7 is denoted by putting a subscript {or a
little number lower and to the right of the
number).
For example:
- 23,
+ 66,

T — Subscripis
. 5

The small 7 {;) following the above two-digit numbers
indicates that these numbers are in base-7.
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Motice that there are no digits higher than &
when counting in base-7.

In base-7, we only use zero to six,

Counting in Base-7

After you know how to write single and
multidigit numbers, you can count in base-7.

The following screens show you how to count in
base-7.

Study the slides carefully.
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1,is called “one base-7."

2, is called “two base-7."
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3, is called “three base-7."

4. is called “four base-7."
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5, is called “five base-7."

6, is called “six base-7."
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10, is called "one-zero base-7."

11, is called "one-one base-7"
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12, is called “one-two base-7."

13 is called "one-three base-7."
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14, is called “one-four base-7."

15, is called “one-five base-7."
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16, is called "one-six base-7."

20, is called “two-zero base-7."
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21, is called “two-one base-7."

22, s called “two-two base-7."
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23, is called “two-three base-7."

24, is called “two-four base-7."
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25, is called "two-five base-7."

26, is called "two-six base-7."
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30, is called “three-zero base-7."

31, is called “three-one base-7."
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32, is called “three-two base-7"

33, is called “three-three base-7."
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34, is called “three-four base-7.”

35, is called "three-five base-7."
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36, is called “three-six base-7."

40; is called “four-zero base-7."
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41, is called “four-one base-7."

42, is called "four-two base-7."
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43, is called “four-three base-7."

44, is called “four-four base-7."
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45 is called “four-five base-7."

46, is called "four-six base-7."
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50, is called “five-zero base-7."

51, is called “five-one base-7."
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52, is called "five-two base-7."

53, is called "five-three base-7"
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54, is called “five-four base-7."

55, is called “five-five base-7."
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56, is called “five-six base-7"

B0, is called "six-zero base-7."
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61, is called “six-one base-7."

B2, is called "six-two base-7."
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63, is called "six-three base-7."

B4, is called “six-four base-7."
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65, is called “six-five base-7."

66, is called “six-six base-7."
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100, is called "one-zero-zero base-7."

101, is called "one-zero-one base-7."
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102 is called "one-zero-two base-7."

103, is called "one-zero-three base-7.°
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104, is called "one-zero-four base-7."

105, is called “one-zero-five base-7."
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106, is called "one-zero-six base-7."

110, is called "one-cne-zero base-7."
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111, is called "one-one-one base-7."

112, is called "one-one-two base-7."
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113, is called "one-one-three base-7."

114, is called “one-one-four base-7."

354



EFFECTS OF LESSON SEQUENCING

115, is called “one-ane-five base-7."

116, is called "one-one-six base-7."
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120, is called "one-two-zero base-7."

121, is called "one-two-one base-7."
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122, is called “one-two-two base-7."

123, is called "one-two-three base-7."
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124, is called “one-two-four base-7."

125 is called "one-two-five base-7.%

358



EFFECTS OF LESSON SEQUENCING

126, is called “one-two-six base-7"

130, is called "one-three-zero base-7."
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MNaming Multidigit Numbers in Base-7

By following the same patterns you have seenin

the previous screens, you can name any number
in base-7.

Look at the following table to see the names of
some multidigit numbers in base-7.

This is how you name multidigit numbers in
base-7:

135, v e -fivw baia-7

-3 She-thap-ome-bwso base-T

21543, Two-one-fha-four-chies base-T

a5, Fouetyso-See b se-T

146 534 004, Dirw-laur-sis-Free-thrssfoor- mro-naro-sera hie-7
B0,

She-pero-rene base-T
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Appendix N

Lesson Questions

This section contains 10 questions on writing
and naming numbers in base-7.
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Instructions

Please answers these guestions to the best of
your ability.

You will not be able to proceed to the next
guestion until you answer the question you are
an.

You may refer back to the lesson at any time,
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16,

2 The nussber atave b called "sxteen™

D-..—
0 e

3?
% The number st-=ve b called “Bres base7."
D-..—
) o
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103,

¥4 The sumiser above & called "on-hundred.Bires hase.T™,
Ov=
O e

23,

4 Buiect e comtect nema of Ly abiew numbes,
ol

g -

Dhrlr-—.'

Ol—yﬁ-l—l
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216,

*mewuﬂmmm

15,

7. Buterl Lhe comtect nema of Ly abiew numbes,
() e

o PRa——

Dhl_l

O.-n—
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12,

B in werth, wiits the nams of Be above sumbar_

501,

* b i werds, wiite tha nams of B above sumber_
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254,

10, In werds, weibs the nane of the aboes numbes.

605,

11, In werds, weibs the name of te abore numbe.,
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Appendix O

* 1. Sewtont 10 Hambe:

Introduction

You have previously learmned about another way
to write numbers and count in base-7.

Today you are going to learn more about
numbers and counting in base-7.
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Instructions

Please read and study the following screens that
explain the basics of writing and reading
numbers in base-7.

After you have finished studying the screens,
please answer all of the guestions that appear at
the end of this lesson.

NMumber Charts

Mumber charts are useful tools elementary school
teachers often use to help their students learn
many concepts related to numbers such as
counting, adding, and subtracting.

The following screen shows you a base-7 number
chart.

Study the chart and the instructional slides that
follow carefully,
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This is a Base-7 Number Chart

0| 115 [ 12| 135 | 145 | 15| 96;

by | 21 || 22 | 25, | 28 | 255 28,

Al | 1, |43, | 435, |44, | 45, | 48,

Slhe| 515 | 52| 530 | 540 | 550 | 58

Bl | 815 | B2 | B3; |54 | B | By

Patterns in the Base-7 Number Chart

Motice that there are seven columns across the
chart.

Furthermore, when you go down the columns in
the chart, the last number is always the same.

‘When you go across the rows, the first number
always stays the same (except for the first row),
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Wl 11, 12, | 13| 14 15, | 18,

2| 2| 220 2'1| M| 25 | 2y

Sy | &0 | Bty | Sy | 5o | 55 | S

00, | &ty | 2y | el | B4 s, [0y

Thaa kst sasimibsar in This row & ahwas thiea.

Mol 10 ] 124|137 140 15, ] 185

D | F 0y | 22 [ 33| 24 | 25 | 28e

B | Iy | 32 | By | Bdp | 35, | 23y

oy |dd | 2, |43, | 445, 48,

al, &, |2, |ea, | B4 a5, [ ea,

The tast resmbier in this row | always 2en.
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20| 2y | 220 | 237 | 24+ l*l ol

30| Iy | 32y | 33| 34, lln My

A0 A0y | &2y [ 40y | &4 | A%, |40y

S0 S| S [ S| S

5TI
0, | o | ez ey | 4 v,
[]

Thee tast mambier in this row b slwarys five

ol 2hr| 22 |20 | 2o 2 ] Acroes this row, all the numiars start with two.

B0 | & ¢ | B2y B0, | B4 | B, |68,
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i | 2r

14

Fa ] sl

24y

25

p | 3| 32y

35

43

&,

A%

Shp| 52

3|

o] 35

et | 02y

3

B4y

Acrass this roe all the rsmbers stamwith four

13

] 15

Fail ol

3¢

25,

p | Fy | 32y

Xy

L]

dtg| 4y

LN

)

45,

B

| 35

B,

dheraan tha rove, all the rombees ot wigh o,
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14

20

F o]

24y

25

Bl
E3

k-3l

33y

My

35,

Lral

4%

&,

Lhil

52

o] 35

By

B2y

3

B4y

B35,

When you go acrass the rows from leftto
Atk mach reciang e incressas by one.

Going frem 30, 1o 31, i increasing by one

13

] 15

1y

Ty

b3l

3¢

25,

3

Xy

k)

13y

L]

&2y

4

A%

51y

5

] 35

&l |

B2y

85,

When yvou ger oo the end of a now amed wang
b increme by one, you need to stari at the
beginning of tha row Bakow.

Dores rrusrn e 56, s 60,
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i | 2r

+1

14

Fa ] sl

24y

25

25,

p | 3| 32y

35

My

4%

Lhil

Slp| 52

3|

o] 35

et | 02y

3

Similarky, ¥ you want b decrease by one,
¥Ou mree ane o the e,

Decreasing one from 5, ks 4,

v| 15

25,

L]

)

45,

o] 35

Dezcreasing oo from 23; & X1,
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CING

(ERAFAETE AL
P 11, 12, |13, 14, ] 15, | 18,
ocdastemteclon ol
.

FB{n iy | 32| 33p | 34| 35, | 284
O | A0 | 2 |3y |y | Al |48y
S05 ) Sitp| 52 | 53 | Se | 55 | S
o0 | &t | B2y | eay | B4 a5 |em;

When you get ba the beginning of 2 row snd
wank be decreass one, you o 1o the hst
ractang bk of the provices o

Decressing ore from 30, = 3,

Br | &

Thp| 124 13|

v 15| 18y

2| 22 | 33y

25, | 28y

H oo wdind b increase oF decrease mone
than ores, o simpdy mowve inthe
desi d i recricn the nussber you want

| 32, |23y

3 | iy

dty| 4y |43y

5, |48,

0,

bl bl

7| ¥ | 3

B0,

Ll = =

85, |8y

ti iIncrese oF decreae.

H pes st b bt ras e P feorn 30, o
miowa 0 Thi: right tive rectangles.

Fiwe mam than 30, is 3%,

377




EFFECTS OF LESSON SEQUENCING

-
ol I ||
=ty

W) 11, 12, |13, 14| 15, | 18,
D |2y | 222 | 3y | 247 | 25 |y
30p | ¥y 32 | 33; | 345 | 35 | 38y
a0 A0y | &2, |40y | &4, ) A%, | 48,
Sl | S| S | Sy | 5| 550 | Sl
B0 | & ¢ | B2, |53 | B4 | 35, | Sy

Fiwe mam than 5,05 13,

S

v| 15

sl

=l

2

Xy

af

&2y

4

Lh

A%

F e

W pma wank bo increase by seven, et go
o red Tanghs S

Earviens mare than 55 5 &5,
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AR EICIE L]

W 11, 12, | 19, | 14, | 15, | 18,

s e s | Pt o
300 | 31| 320 |33y | 34| 35 (28] Five toss than 25, is 20,

0|40y | &2, |4 | aag |, 4y

S| St p | Bty | S| S | 550 | Sy

00, | &1y | 2y | ey | o s, [ oy

e

de | 5r

D0 Fhy| 22y

| 25,

s weent i hescwesas & flwe o 11, wou
mie to ihe beft tive reciangles

I | 3y | 32

Fiwe: bess than 11, 15 3,

afly || £2

i, |45,

Fly | 507 Sea

B | & | B2y
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D |2r|H|de || %
W) 11, 12, |13, 14| 15, | 18,
"
I
20 | | T2 | 235 | 24| 25 | 355
30n | Ty | 320 | 33y | 34, | 35 | 36y
a0 A0y | &2 |43y | &4, | A5, | 48y
Fla | S| S | S | e 550 | S
o0y |t | o2y | | o s, oy

1 s wiank b decreas £ s even just gor one
rectang b ug

Seveen bess than 24, ks 14,
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Appendix P
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Introduction

You have previously learned about another way
to write numbers and count in base-7.

Today you are going to learn more about
numbers and counting in base-7.

Instructions

Please read and study the following screens that
explain the basics of writing and reading
numbers in base-7.

After you have finished studying the screens,
please answer all of the guestions that appear at
the end of this lesson.
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Number Charts

Mumber charts are useful tools elementary schoal
teachers often use to help their students learn
many cancepts related to numbers such as
counting, adding, and subtracting.

The following screen shows you a base-7 number
chart.

Study the chart and the instructional slides that
follow carefully,

This is a Base-7 Number Chart

10| 445 12| 13| 145 | 15| 96:

Ay | 25 | e | 235 | Iy | 25 ) 284

Sy | 31 |32 | 330 | 3y | 35| M6y

Sl [ 51 520 53 | S4¢ | 55 58

Sy | 81 |y | B3y | B4y | B5y | By
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Patterns in the Base-7 Number Chart

Motice that there are seven columns across the
chart.

Furthermore, when you go down the columns in
the chart, the last number is always the same.

When you go across the rows, the first number
always stays the same (except for the first row).

B0 5 | B2y | By | B | B | oDy

Tha Rast sasmibsar in this row & abways threa.
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Wl A0, 12, |13, 14, ] 15, | 18,

iy | 2 | 33y | 247 | 25 |28y

ol [ |43, | 45, |

e i [ | e 351 S

4.- il p | B2,y (S | B | B |58

Thee Last rasmber in this row i always 1em.

T 11| 130 [ 13 140 | 15: | 187,

A 4 | 2y |40 | &4, | 4%, | 48,

0 | 50 | S | 58| S

b
B0y | | 02y |03y | B4 4 L
+

Thee Lastmamber in this row I alwrys fve
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2

11|

2 [ 13|

18y

FiT}

&y

23y

24z |35

|

az

el

Air

il

&4, |45,

Bl

St

52

L

&1y

Acroes this row, all the numsars st with Teo.

14, | 15,

18

2

M, 25,

]kl

Iz

X3y

Ay

&2,

4k

e B

[

S |55

] [l

3

BErass this o dl the rsm bers star wieh four
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Ot 2% |de ]|t

PO 0| 12, | 13| 14, ] 15, | 18,

200 Zip| Z2 | 33| 242 | 25 | 287

30 | M| A2y | 33r | 3y | I, | 2y

FLN FI N FLE FTH LA P

S | 50| 2 | 5y | Sy | 55 | Sl

Mheroan the rorag all Bhe reom b dtart wigh ik,

B0, | &t | a2, [ea 64, |65, | ea,

———

20| 21| 220 | 23| 240 |20 | When you go across the mows fom lefi o
Aght, mach reciang e incregsss by one.

s

300 | Ty | X2 |38y | Bdp | 35 [ 38p]  Gedng Trom 30, 1o 31, i incraasing By one

g | 50 | S | S50 | Sl | 55 | Sl

B0 5 | B2y | By | B | By | ol
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Oftr|2r| 3 |de ]|

PO A0, 12, | 13| 14, ] 15, | 18,

o0 {2t | 220 [ | 24 | 250 | e WheEn yoii gt 0o the e of & rosw e st
b Incremes by one, you need 1o star at the
beginning of the Fome Balow,

304 | | A2 | 3¢ | 34, | 35, |
e rrere thar 56, is 60,

LM ERN EwN ER M ESE ELM EL Y

50| 5t | s [ 53¢ 50 | 550 | S )

'}-_. &l | B2, |83, | B | 85 [ 88y

i
Db |2Zr| R ||| &
w0 11, 12, |13, 1 | 15 [ 2
20| 21| 22, [y | 24, |25 | 2
3 | M| A2y |23y | 3dp |25, |8y
F5Y FEM PN FLE FPR FTS S
S0 M50 | 52 | Sy | S |55, | S8
Oy | & | D2y | By | B | 35, il

Similarty, ¥ you want bo decrease by one,
Vi mee ane to the e,

De=creasing oo from 5, s 4,
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Ot |2r|H|de ||
PO A0, 12, | 13| 14, ] 15, | 18,
e
200 2| 22| 33| 240 | 25 | 287
3 | 3| 32y | 33y | 4, | 35 | 2y
FLN FI N FLE FTH LA P
s | 50 p | s | Scde | Sl | 550 | S
ooy et | ez, e | e |as, |,

Decreasing ore from 23,6 22,

oo |2 %|e]s]e
V0| 11| 120 [ 13| 14, | 15, 18,
I RO o 1 4
f

8 ETH ECS EYN VN ETY EON
o, 4| a2, |40 | 2, |4, |
S0 50| 52 | 595 | 5 [ 55 | S8y
00, 61| o2, [, | 04, |05, |oay

When you get ko Rhe beginning of 2 row sed
want be decrease ane, yow po o the last
ractang ke of che prowioes o

Decresaing ore from 30, i 38,
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4y | By

13| 14, | 15, | 18,

] Fal] -3

23y

Dz | 215, | 8¢

H poos Wk 0o IRCrease or decrease more
than one, wos simply move inthe

3 | My | A2

3y

il LAd | iy

A3y

ad, |45, | g

bt Bl forad

=

B0, &t | B2,

d direcrion the nusber you wam
10 increpse of decrease,

W ipois Wt 0o i rease fv from 30, you
move 10 The right T redangies.

Five mare than M, is 35,

112y

14, | 15,

2|22

M, 25,

Ty 22y

35

34, |35,

4%

a4, )48,

51,52,

B

B0y

&l | 2y

B4 | 85

Five mare than &, 13 13,
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Far] Fral

35| 2y

15 | 8y

iy

a2

Xy

35,

-y

REH

LEF

A%

Sl

52

L

"2,

s

1 pna wank o ncrease by seven, just go
O Meclanghe dows.

Sarewems marw tan 55, 5 65,

11|

14,

15,

18

21y

24

23y

My

25

Xy

A2

I,

20

35,

38

Lral

4%

&,

A%

Sl

52

B

|55

B0y

Ll

3

35,

B4,

H oy wank bo decrease five from 25, you
mawve to ihe left te eoiangles

Fiwiz liss tham 25, is 0.
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-
O 2| F|de|Sr]&]

I pins et o decrease five from 11, ypou
2020y | 22y | 335 | 24 |25
I ol Lz e e o the left fve ectangles

3 | | A2y | 33y | Bdp | 35 | e Flwe less than 11, 05 3,

FLN FI N FLE FTH LA P

g | 50| B || S0 | Sl | 55 | Sl

B0, | &t | 2, [ea o4, |65, [ es,

P 11| 125 [ 137 14 15, | 18,

20y | 24| 220 | 23, | 245 | 250 | 2 Hpoma wank bo decreas e seven just go one
rectang e ug,

30| | X2y |33y | Bdp | 35 B8y Seewen bess than 24, ks 14,

A 4 | E2y |40 | &4y | 45, | 48,

g | 50 | S | S50 | Sl | 55 | Sl

B0 5 | B2y | By | B | By | ol
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Appendix P

chart.

Lesson Questions

This section contains 10 questions on writing
numbers in base-7 and using the base-7 number
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Instructions

Please answers these questions to the best of
your ability.

You will not be able to proceed to the next
guestion until you answer the question you are
on.

You may refer back to the lesson at any time.

W00 41, | 12| 13| B ] 15| 18,

20021 |22 |23r| B |25 T

O | 315 | 337 | 23p| 3y | 350 380

0, |41, |43 |43, | 4 | 45, 48,

50|51 E |53r| Sy | S8y | S5y

B0, |81, &, |83, | B4, | 65, |85,

2 Fill In the missing values in 2 may el preseron B galtem

L1 H

3 Fll In the missing values In & may thel preserves B pattem.

B

4 Fil ia the mixsing valees in 8 ey thet greservs the patter.

(=]
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5 Fil In the missing values in & may thet preserve te patten

[ ]

* g FHl I the missing valies in & may thl preserves B patem

O A |23 |d| GG

|21 | T |23r| B | 25| T

a0, | 41, (42, |43, 44, | 45, |45,

B0, |81, &3, |83, | B4, | B5, |85,

T in weurds, wite which nusine o seren mone San &

B in wurds, writs shich memiser & sls mors Ban B

i in wurds, s which nusiss b seven loss than €.

10, In weords, welte which memibser 5 Rur les an E.

‘H.hmmhﬂﬂ—ﬁuhmuht
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Appendix Q

Introduction

In previous lessons, you learned about another
way to write numbers.

This other way of writing numbers is called
base-7.

The purpose of this unit is to show you how to
add numbers in base-7.
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Instructions

Please read and study the following screens that
explain how to add numbers using a
traditional algarithm in base-7.

After you have finished studying the screens,
please answer all of the questions that appear
at the end of this lesson,

Study the Following Example Carefully

45; The first stap is 10 starl with B 1op numbsr in the

right cobsmn
+16,
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Study the Following Example Carefully

45}.‘ The first step is 10 start with the top number in the

right talumn
+1 ﬁ}

— Thazni, you count up by hoe many the ramb e

helow indicates

Study the Following Example Carefully

45; The first stap is 10 start with tha top number in the

+1 ﬁ} right cnlumn

— Thaan, i Coaunt up by hoes many the b o

below indicates

In B cane, you start at five Base-7 and esunt up
b9 Fime.
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45? Five base-7, sin hase-Mone tme], one-rere hase-7
[eene)
+1é6
T
—

45? Five base-7, six base-T |one ime), ore-1en:
hase-7 Cwice].,
+16,

When you get io one mero base-T, you have to
2Ty 3 DN OWET DO e naat column.
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45? Five base-7, sin hase-7 fone ime), one-zem

hase-7 (twice].
+16,

When yoi get to one Tero base-T, you have to
Lty d onm over bo e neat column.

TRaERy filoul PASTATE i bt TRoam s Biia-7
whila ramambarng horw oy tmas gou have
ot .

45? Five base-7, six tase-T jone ime), one oero
hase-7 (twice]
+14,

When you get io one mero base-T, you have to
2Ty 3 O OWET DO tha naat column.

TR e FESEAM Wor EHant Irom ona a7
while Fe et ow many Times v hae
counted up.

o 0ne hase-T [Hree times), twe hase-7 [four
i, three bae-7 (e bme, and Bour (3in
Himes|,

Afar pou have counted up the rght rumber of
times, wou wr ite trat rember in the oolusn,
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7 Fiwve base-7, s base-7 one imel, one-zem
hane-7 (lwice]...

7 When you get i one pero base-T, you have to
CaTy @ ON@ ower b0 tha neat columi.
4 TR, bl PAEER R VP BGRT oM B BT
T whila ramambarng horw oy tmas gou have
CouMted Up.

- trfee hsie-T (U e tirrwd ), Do b we-T [Faur
tines), thiae Base-7 (e dimics, and Bosr (504
Himes|.

After pow have coented up the rghd ;umber of
times, you write that member im the ool wsmn.

45 Than s o s eaact sarne thing with the
7

tokamn 1o the left
+16,
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Than yor do U @501 Sami thing with the
45? cokamn 1o the keft
+] ﬁ? Iy thds case, you start at four...
—

Than o dla tha axsct wame hing with the
45? cokamn o the kef
+1 ﬁ? Ins thds Case, you start at four base-7 ..
—
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Tharn yorl do Che G501 &M e thing with the

5? cokamn 1o the left

ks

+1 ﬁ Ini this case, you tart at four baee-7, and coun
7 up one ime

Than s o s eaict sarne thing with the

45? cokamn 1o the kef
-
+1 ﬁ? Irs thds Case, you start at four basa. 7, and count
up one ime
4 Four base-7, five base- T (ome|
T
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45 Bt il @k have b0 inchada the one o carmsd
7

+16,

50, tiee base-T, sii base-T [with the caemied ome)

Tha you write that rember inthe apgrogriate
45? tokmn

+14,
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45 Tha you wike thal rember in the approgriate
7

+16,

64,

45,
+14,

64,

405



EFFECTS OF LESSON SEQUENCING

One more Example:

Please study the next example as well. Take
your time to understand how the algorithm
works.

'I ‘I 3 * The firit sbap is 1o itart with the lep rumber in the
T sight cobemn
+ =
éﬁ? Then, yau seunt up by haw many the rumber

e e indicates.

I this Cage, yOu L ak th o base-7 and count
up five dmes
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'l 13 Thrae baee-7. four base-Tonce), e base-7
i dtwicn], sin Eoe-7 {thres femas], one-pero has-7
+ 65 7 dlour tirss)...

WhiEn yOU BEE RO ONE-DRFD , WO LAY 3 ona fo khe
rant cxlusin.

| =
113 Three berse-7, four bee-7 (oncel, fve base-7
Fi {twice], six base-7 {thres times|, one-cero base-7

+ &5 7 dHour Hmes)

Whien you Bet B0 One-Dera hase-7, ¥ou cary a one
10 Thie Mt coluimn
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K
'l 13 Thrae bara-7, four hase-7 (once], M bae-T
i dtwitn], sh base-7 fthrem timas], cne-rero hae-?
+ 65 ? dlour tres).

“Whien you pet B0 one-pers hase-7, vou cary & nne
46 the fit caluimn

Aind ERen podl CORDINUE COUNTing i Trom one.
vz lbase-T [Mve times).

Thee yiu weite the frombar usdiar the celurne

|
113,
+ 65,
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'l 13 Thesn vou @0 the sas Thing with the na

> 65 . zafumn
1,

|
.I ‘I-a One bae-7, b biie-7 jonce), three baie-7?
T ftwicel, four base-7 (three tmes), fre base-7
+ {Tour timees), sin base-7 [five time ), sewen bae-7
65 7 {sinc Hmes)

1;
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'l 13 Oni bata-7, two bato.7 jonce), three base-7
dtwicn|, four bann-7 (fhres Bme, frim bma-3
-+ 55 dfour Hmes), sin have-T [Ave fimas), srees b7
7 ik ez
1 ¥ B wid na ane carmed aver, you would weite
7 3 B0 LN tha colmin But bacaus there i &

«one carried over from the prewiows column, it
wranit b incduded.

.. ane base- 7 (nchading the carried one]

.I 1 3 Foau wrile the are in 1he apeeags als column

+ 65,
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'l 13 “Fou wrile O 08 in The approoriate column.

|1
.I 1 3 Fou continue i & similar manner unkl there ane

rip cobumins beft
+ 65,

1",
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11
1 1 3 Fou continu i a similar mannor uned there an
T

m oolymn lefs
+ 85,

11,

o this case, we have 3 one base T and must
ik up once for the ane that was caried ower,

]
Fou continue i & similar manner unkl there ane
113,

ng colimins lefy
+ 65,

",

nthis case, we b Tone taseT and must
ek up ance far the one that was camied over,
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11
1 13 Fou contnu in 3 similar maaner unel there ang
¥

m oolymn lefs
+ 65,

i this case, we b 3one tase T and must
caink up once for the ane that was caried ower,

‘] 1 7 O bata-7, v bage-7 (eariied one)

.I 1 3 Thes you write the rembaer s the & perogriats

wedumn
+ 65,

211,
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113,
+ 65,
211,
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Student ID #:

Appendix R

P3 End of Session Questions

Use the algorithm you learned to compute the following

1.

341,
+233;

143,
+ 657

245,
+ 865
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4,
64,
+ 237
5 44,
+14,
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Appendix S

Introduction

In previous lessons, you learned about another
way to write numbers and add numbers in
base-7.

The purpose of this lesson is to show you how to
subtract numbers in base-7.
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Instructions

Please read and study the following slides that
explain how to subtract numbers using a
traditional algarithm in base-7.

After you have finished studying the slides,
please answer all of the guestions that appear
at the end of this lesson,

Study the Following Example Carefully

45 The firsk st is 10 skart mith the 1op number in the
F

right colmn
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45; The first stap is 16 skart with B tap number in the
7 right colmn

45; The firit step is 1o start with te top numbsr in the
7 right cokimn

A red thiss you count d own by the numbsr of mes
indicated by the number below the oo numser in
—

the same cobamn

419



EFFECTS OF LESSON SEQUENCING

45; The first stap is 16 skart with B tap number in the
T right colmn.
-1 ﬁ} And thes you count d man by the numbsr of Hmes

indicated by the number biskow the 5o RUmSer in
Ehe same enkomn.

45_,: The firsk steq is 10 skart mith the 1op number in the
7 right colmn.
-'1 6‘ Ared ther yeu count d awn by the numbsr of time

indicated by the number bekow the Bop numtr in
the same tokemn

I thiks e, yous woubd hava 10 sLan at fiva base-7
and eount down u tme,
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454 The st stpis 10 skar! mith the 1op number in the
T right comn.
-1 ﬁ} And thos you count d own by the numbsr of dmes

indicated by the number biskow the 5o RUmSer in
Ehe same cobamn.

I thils s, youd wiubd have 1o star at By base-7
and count dewn i b

Bacanse sin is mone than Nve basa-7, you have 1o
Borme frem the next column

45 Ta barroaw, yaea hive 10 crav aul the numisr in the
7 oolumn e the left
A,
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5 To boreora, wong have 10 ¢ mss oul the number in the
7 colurme b the lef
Ak,

Ta borrow, yara have 1o crmss out the number in ghe

‘1\5; colume b the lef

_'1 ﬁ? Then yod replacs That number with & number tha
I5 one less. b this case, 3 memberthat is one less
than forar base-7 i three bane-7
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Tn kareow, wma have tn cmss out the number in the
ool umn b the lef.

Thi wou replace That numbsr with & number that
I5 one less. b this case, 3 memberthat is one less
Ehan four Base-] i thres bine- 3.

I

—
L=
S .

Ta barroaw, yaea hive 10 crav aul the numisr in the
cplume e the lef

Then you reglace that number with @ number that
|5 one less. I this cass, @ memberthat |s one less
than ker Base-7 i three bae-7

Then wou place a lite one betore th rambie i the
prevnys relumn
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Is To baremw, wou have 1o cross out the number in the

7 colurme b the lef.

"".l ﬁ? Thin Fou replaca That number with 3 numboer that
I5 one less. b this case, 3 memberthat is one less
Fhan fagr Base-7 m threw bana -7

Then you place 3 Iitle one betore the ramber nthe
previnus column

I Mow you start cver using the rember one-fve
ase-7 and counting down s Hmes,

I

—
L=
S .
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I Mo ynu skt syer using the rembes one-five
Bawa-7 and cournting down o times.

=

Omie-bwe bz 7. ore-dour bave-7 foreu|, oma-thriee
base-7 (haice]. ane-twa base ¥ [Hhees timas|, one-
ana baia. ] [our temad), cne-cers bais- 7 (fue
e, sin base-T (six times).

]
—
=2

=

I Mow you skt cver uding the rumber ooe-fve

7 Gaze-7 and counting down Bx imes,
-] ﬁ? One-five base-7, ore-tour base-7 (once], ore-thres
base-7 {iwice], one-twi baseT |theee times|, one-
—

ene bina-7 (loor ), one-cera hiie- 7 (ee
trw|, din bise-T (iix G|

rhe you wette Ehat numer in the codumn
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il‘g Mow you start cver using the member ome-five
T base-T and cournting oo x times.
-1 ﬁ One-tiwe base-7, ofe-four bawa-7 (onca], on-th o
7 base-7 (baicel, one-two base-T [thees times|, one-
ene ka7 (lour e, one-cera hae- 7 (e
6 e, siu base-T (sl vimes).

The yeu warite that number in the aslurm

I Mow you start cver using the rember one-fve
T baze-T and counting town sx Himes,
-1 ﬁ? One-tiee bise-7, ore-tour base-7 (once], ore-thyes
base-7 (hwicel, one-wo base-T [Hheee Times|, one-
— 2 5
one bine-7 (ko temes), one-pera bae- 7 (e
6 temws |, s hase-T (iix Grmes|
7

rhe you wette Ehat numer in the codumn
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%5 Then you do the same Erng with the next column
7

1

_ 1 ﬁ o stark wath three base-7

Then you do the same thng with the next cdlumn

-

~d

L
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ﬂs Then you do the ssme thing with the next salumn
7

You start with thres base-T
-16,

% Then you da the isme thing with the next eslumn
F

_1 ﬁ Tou start with three base-7
Fi

And [ounE down once.
—
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%.5 Then you dn the ssme fhing with the next salumn
7
1 ﬁ Vo star with thoes kase-T
.

And Loune down once.
——

% Then you do the same thng with the next cdlumn
F

1 E Fou start wth three
7 Ancd counk down once,
—
Thrae hiie-7, two base-T [once]
i
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Then you do the same thing with the next sslumn
Fou sLark wikh thres
And Loune down once.

Thiee bize-7, two base-T [ancel.

Then you write that nussker i the apgroprste
=TT

Then you do the sams thng with the next cdlumn
Fou sLark with thres

And (oune down once.

Thrae hiie- 7, two base-T [once]

rhqn Fo wrie Hrat nll.-\bql i the aperopriake
enlume,
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One more Example:

Please study the next example as well. Take
your time to understand how the algorithm
works.

1 1 3 The first sbep is 10 start with the top sumberin the
sight cobsmn
T
= ﬁlﬁ 7
—
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1 1 3 ,T T:l::'ll:::rl::n 1o akar with the lep number in the
- 85,
—

.I .I 3 = The firit sbap is 1o starl with the lep rumber in the
right cobemn
T
— ﬁ5 ?- Then, you eeunt diwen by how marw the mamber

bel o indicatas.
—
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= Theie first step i 10 start with 1h top sumber in th
1 1 3 7 right cobamn
= ﬁ.S ?- Then, yau count dorwn by how many the rpmb e

Do o indicates.
——

= The firss stap is 10 start with 1he g sumber in the
1 1 3 7 right cokemn
— ﬁ5 I Then, you eeunt diwen by how marw the mamber

Dozl v indicates.
——
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= Theie first step i 10 start with 1h top sumber in th
1 1 3 7 right cobamn
= ﬁ.S ?- Then, yau count dorwn by how many the rpmb e

Do o indicates.
——

Becauia fee hade.T is Bigger than thees haie.T,
#ou haree to borrow from the past colemn,

To b o, y0u Mt orass cut the numiter in the
1 ]3 rent column,
T
65,
—
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113 T T_:mr;:::.uumm erawk cul the numisar in the
- 45,

113 To b o, y0u Mt orass cut the numiter in the
rant coiumn,
r
— ES Thes you write ane less tham that rumber in ics
7 place.
—
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Ta berrom, you mesd aross cul the numssr in the
113 rent column,
I
- &5 Thes you Wete an less than that rumber in i3
7 place

e is o less thas one base-7

1q3 To b o, y0u Mt orass cut the numiter in the
rent column,
T
- ﬁ,5 Thes you write ane less tham that rumber in ics
7 place.
—

Tirw is ol tham one base-7.
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q Ta b, you masd aram cul the numésr in the
II 3 et column,
I
- &5 . Thes you weite ane less thae that sumber in 3
place
—

e is o less thas one base-7

Ths yiz weitiz 3 one befose the nusbr you ang
AN T,

1q3 To b o, y0u Mt orass cut the numiter in the
rext colu=n
I
— 65 Thes you write one less tham that rumber in ks
7 place
—

Tirw is o lks tham one base-7.

Thes you wrilie & one belare the nusker gou are
Enrowing 1o,
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1q3 . ,;:;:::?m":.:‘-“-Iam*w"h'“-?.“l smunt
- 85,
—

How, FOu Can siar at ore-thees base-T and count
113 2 o hve B
- ﬁ,ﬁ One-three base-7, one-two base-T [once]. one-one
7 fpase-T |bwice|, one-cero base-7 {three bmes), sk
— w7 [Fraur s}, Fo Base-T e i)
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q Wow, you can slart al arne-Ehies hase-T and gount
II 3 o free bmes
I
— 65 7 One-three Base-7, one-two base-T [0nCel. one-one
Ease-T |bwice |, one-pero bme-7 {three bmes). sk
— g7 [four dmes), Tha base-T R tmes)

Thes wau weite Ehe rasukng numsar i the
apprapriate tokomn.

HOw, FOU Can S1art at one-thees base-T and count
13 own e tmen,
T
— 65 One-thres base-7, one-two base-T [oncel, one-one
7 ase-T [bwice|, one-pero base-7 {three Bmes), sii
— R T [Fesuir Hrvint), v a7 s H o)
5 T il warttie Ehe rasi IR ALMBER i thie
T appraprate cakmn.
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q Ared yeu conbinue B the i@ me manrer scroes thea
1 3 T et ol Ehee cody mires.

- 45,

5,

A yeu conbinue in the b me manfer scross the
.I .3 et of the columme,
T
- ﬁ,5 5o base-7 is more tham 2em base-7, s0-yoU Must
) fonrow from the nest colsmn
—

5,
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qq A yoi continie in the ame manrer sross the
3?, wesk o thee g0l mine.

- ﬁ,S Sii base-7 i more tham 2eem base-7, 50 you must
T onrow from the nest colimn.

qq e you Contine in the s M FEnTeT o5 t
3 rek ol Ehe columre.
T
—_ ﬁﬁ 5ie base-7 iy more than 2em base-7, 10 you must
¥ borrow from the next colimn
—
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qq Ared yeu conbinue B the i@ me manrer scroes thea
3 7 vest o Ehe columre.

- 65 Sii base-7 i more tham 2eem base-7, 50 you must
T onrow from the nest colimn.

After yioi Bave bomowed, you star at one-zens
5? [T e mzunk dos Bl e

And you Continue in tha 5 me manner aross tha
3 rest of the columes.
r
_— 65 5t base-7 s more tham zem base-7, 50 you must
7 borrow from the nest colimn
—
ANar you Fave bomowed, jou SIE at one-aan
5? [eine- T 3 moiint oo Sk T

N2 Barea-7, 5h Base-7 |onoa), The base-7
{twice], four bace-7 (three dmes), three base7
dlour tirss), two Baie-7 [fve-time), one hide-T
dui mirees).
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qq Ared yeu conbinue in the i@ me manrer scroe thea
3 7 vk o Ehee columre.

- 65 Sid base-7 i more tham 2evm base-7, 50 you must
T fborrow from the nest colimn

After yioi Bave bomowed, you star at one-zens
5I a7 an et o Bl e

Drig-pires baria- 7, in Bunw-7 |ancs), free bide-7
dtud e, fodir baca-7 (1hnee dimes), thied bese-T
dfour Hmes), tom Base-7 [fve-imes), one bass-T
i ).

Then you write the resuking number i the
appmpriste cokamn,

And you Continue in tha 5 me manner aross tha
3 rest of the columes.

T
-— ES 5id base-7 iy more than 2em base-7, 10 you must
T Exrrow from the nest colemn
—
s yeu Bave borrewed, you start at are-nan
1 5? [eine- T 3 moiint oo Sk T

N2 basg-7, sis Base-T |onoa), e base-7
fiwice], four bace-7 (three omes), thres base-7
dTour tmea |, two B [fve-timen), o bacie-T
dui mirees).

Thes you writn the resuEng numier inthe
Approprigte cokemn,
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W,

- 45,
15,
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Student ID #:

Appendix T

P4 End of Session Questions

Use the algorithm you learned to compute the following

1.

341,
- 233,

143,
- 657

245,
- 845

445



EFFECTS OF LESSON SEQUENCING

4. 4,
- 237
5 44,

446



