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ABSTRACT

Pricing Ratchet ETA under Heston’s Stochastic Volatility

with Deterministic Interest

Dezhao Han

Since its introduction in 1995, equity-indexed annuities (EIAs) received increasing
attention from investors. Most of the pricing and hedging for different types of EIAs
have been obtained in the Black-Scholes (BS) framework. In this framework the un-
derlying asset is assumed to follow a geometric Brownian motion. However, the BS
model is plagued by its assumption of constant volatility, while stochastic volatility
models have become increasingly popular. In this paper we assume that the asset
price follows Heston’s stochastic volatility model with deterministic interest, and

introduce two methods to price the ratchet EIA.

The first method is called the joint transition probability density function (JT-
PDF) method. Given the JTPDF of the asset price and variance, pricing ratchet
EIAs boils down to a question of solving multiple integrals. Here, the multiple
integral is solved using Quasi Monte Carlo methods and the importance sampling
technique. The other method used to evaluate EIAs prices is called the conditional
expectation (CE) approach. Conditioning on the volatility path, we first price the
rachet ETA analytically in a BS framework. Then the price in Heston framework
can be obtained by simulating the volatility path. Greeks for the ratchet EIA can
also be calculated by the JTPDF and CE methods. At the end, we carry out some

sensitivity analyses for ratchet EIAs’ prices and Greeks.
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Introduction

An equity-indexed annuity (EIA) is an innovative hybrid insurance product which pro-
vides participation in the financial market. The EIA’s return is linked to the performance
of an equity index, typically the S&P 500 index, while a minimal return is guaranteed on
its initial investment. Investors sacrifice some potential upside return for the downside
protection, which means that the policy earns a non-negative return even when the mar-
ket performs poorly. EIAs are increasingly popular since their introduction in 1995 by
Keyport Life Insurance, and according to Marrion et al. (2010), EIAs’ sales have grown
dramatically from $3.00 billion in 1997 to $30.2 billion in 2009. In 2008 the sales of
fixed-indexed annuities, the generalization of EIAs, represented 42% of the annuities sold
by agents, but in 2010 their market share shrank to 25% (see soa.org). This could be
explained by the fact that the companies failed to hedge EIAs during the financial crisis
and they became reluctant to issue such contracts. Thus pricing and hedging EIAs are
interesting topics.

Designs of EIAs vary according to the companies that sell them. The simplest EIA is
the point-to-point design where the policy earns the realized return on the index over a
certain period of time at a prescribed participation rate, but with a minimal guarantee.
The most popular EIA is the ratchet EIA, which represents 85% of the current market
(see annuityadvantage.com). The return of ratchet EIAs is reset annually, and in each
year it is the maximum of the prescribed portion of the index return and the minimal
guarantee.

Because of their popularity, EIAs have received considerable attention in the actuarial
literature. In a Black-Scholes framework, Tiong (2000) derived explicit prices for some
popular EIAs using the Esscher transform. Lee (2003) extended Tiong’s method to some
other path-dependent EIAs. Lin and Tan (2003) and Kijima and Wong (2007) argued
that the effects of stochastic interest rates are crucial in pricing EIAs due to their long-

term maturity. Assuming stochastic interest and mortality rates, Qian et al. (2010) priced



the ratchet EIA analytically. For most designs it is possible to price EIAs analytically
in the Black-Scholes framework because of the Markovian property of the return. Little
variations on the financial model have been considered except for Cheung and Yang (2005)
and Lin et al. (2009) in which a Markov regime-switching model was applied to evaluate
an optimal surrender strategy and price.

In our paper, we use Heston’s stochastic volatility model which is a popular method to
generalize the Black-Scholes model. Since there is a closed-form for the price of European
call option in Heston’s model, MacKay (2011) priced the point-to-point EIA analytically
by transforming its payoff to a European call’s payoff. However, there is no closed-formula
for the price of a ratchet EIA due to its complexity. Lin and Tan (2003) and Lin et al.
(2009) valued ratchet EIAs by simulation, which makes it difficult to evaluate the Greeks.
In this paper, we introduce two approaches to evaluate the price and Greeks of the ratchet
EIA.

The structure of this thesis is as follows: In Chapter 1, we describe the Heston Model.
First, we give a review of financial frameworks. Since Heston’s assumption of a constant
interest rate does not hold for long-term investments, we generalize Heston’s model to
a case of deterministic interest and give a semi-closed expression for the price of FEuro-
pean call options. In the end, using a global optimization algorithm, named differential
evolution, we calibrate Heston’s model using observed European call option prices.

Chapters 2 and 3 introduce two methods to evaluate the prices of ratchet EIAs. The
first method is called the joint transition probability density function (JTPDF) approach.
Lipton (2001) and Lamoureux and Pascka (2009) derived different explicit formulas for
the JTPDF of the Heston process. We generalize this formula to the case of deterministic
interest. Though the formula is analytic, it is hard to calculate the oscillatory integral
in it. Following Ballestra et al. (2007), we solve the oscillatory integral by the Filon-type
quadrature. Given the JTPDF, pricing ratchet EIAs boils down to a question of solving
multiple integrals. Again, following Ballestra et al. (2007) the multiple integrals are solved

by the so-called importance sampling technique. However, our samples are generated by



Quasi-Monte Carlo methods.

We call the other method the conditional expectation (CE) approach. Conditioning
on the volatility path, we first price the ratchet EIA in a Black-Scholes framework. Since
there are explicit formulas for the prices of ratchet EIAs in the Black-Schloles model, we
can evaluate its price in Heston framework by simulating the stochastic volatility. The idea
of taking conditional expectation can be dated back to Hull and White (1987) in which
stochastic volatility was first introduced in Finance. Broadie and Kaya (2004) adopted
the same idea to evaluate the Greeks for European call and Asian options. In terms of the
CE method, the key point is how to simulate the integrated variance. Broadie and Kaya
(2006) and Glasserman and Kim (2008) introduced exact simulation schemes, but ac-
cording to Tse and Wan (2010) and Bégin et al. (2012) both exact schemes are time-
consuming. In our paper, we approximate the integrated variance by a summation of
gamma distributions, which is faster and with acceptable errors.

Chapter 4 discusses the equity-indexed annuities, especially the ratchet EIA. We ap-
plied the JTPDF and CE methods to evaluate ratchet guarantees. The Greeks are also
derived using the JTPDF or CE methods. Numerical results are presented in the last

chapter. Some sensitivity tests are also conducted in Chapter 5.



1 Economic Model

1.1 From Black-Scholes to Stochastic Volatility

Since the introduction of Black-Scholes model in 1973, there have been a lot of empirical
examples showing that the assumption of constant volatility does not correctly describe
stock returns. Firstly, Blattberg and Gonedes (1974) show that the log-return of the s-
tock does not follow the normal distribution but a leptokurtic density, which has heavier
tails and a higher peak. However, this phenomenon can be explained by time dependent
stochastic volatilities and people realized that the volatility also has a mean-reverting
property. Furthermore, Beckers (1980) presents statistical evidence of a negative relation-
ship between the level of stock price and its volatility. Nandi (1998) evaluate the corre-
lation between the stochastic return and the volatility and its importance. The volatility
smile obtained from the implied volatility casts more doubts on the Black-Scholes model.

In order to describe these behaviors such as a leptokurtic density, mean-reverting
property, negative correlation and volatility smile, a proper model is needed to describe
the variability of the volatility. Cox (1975) develops a constant elasticity of variance
(CEV) diffusion model. It assumes that the volatility is a decreasing function of the stock
price. Derman and Kani (1994), Dupire (1994) and Rubinstein (1994) suggest to use the
so-called local volatility model, i.e. the volatility should be a deterministic function of
the stock price and time. They also develop appropriate binomial or trinomial option
pricing procedures. However, Dumas et al. (1998) prove that although the deterministic
volatility (DV) model beats constant volatility models, the DV model’s predictions get
worse with the complexity of the assumptions on the volatility and the hedge ratios are
not as reliable as those in Black-Scholes model.

Stochastic volatility models describe the volatility using a diffusion process. Denote

by V; the stochastic volatility, then the general process is given by

d‘/t =P (Sta V;‘/a t) dt + q (Sta V;‘/’ t) aw (t) ’



where p(Sy, Vi, t) and (S, Vi, t) are functions of Sy, V; and ¢, and W(t) is a standard
Brownian motion. Different p(S;, Vi, t) and q(S;, Vi, t) lead to different models (here, we
do not consider cases with jumps). Research works on stochastic volatility can be found
in Johnson and Shanno (1987), Wiggins (1987), Scott (1987), Hull and White (1987),
Stein and Stein (1991), Heston (1993), Schobel and Zhu (1999), Lewis (2000), and Zhu
(2010). Table 1, which is from Zhu (2010), gives an overview of some representative

stochastic volatility models. In Table 1 V; means the stochastic volatility and v; stands

Table 1: Stochastic volatility models

Johnsom and Shanno (1987) | (1): dV; = kVidt + aVi:dW ()

Wiggins (1987) 2): dinV; = k(0 — InV;) dt + odW ()

Hull and White (1987) 3): dV2 = kV2dt + o V2AW (t)

Hull and White (1987) 4): dV2 = kV2(0 — V) dt + oV2dW (t)

Heston (1993) 6): dv, = k(0 —v) dt + o\/vdW (1)
dv, = k(6 — v2) dt + ovl AW (t)

do(t) = k(0 — /o — Avy) dt + o /v, dW (t)

Lewis (2000)

(1)
(2)
(3)
(4)
Stein and Stein (1991) (5): dVy = K (0 — V;) dt + adW (1)
(6)
(7):
(8)

Zhu (2010) 8):

for the stochastic variance so that V; = \/v;. Among the models given in Table 1, only (5)
(6), (8) have analytic option prices in the case of non-zero correlation between the stock
returns and volatility. Models (1) and (3) can not produce the mean-reverting property.
Zhu (2010) shows that models (1), (2), (3), (4), (7) are not stationary processes, so they
violate the feature of stationarity of volatility or variance. Hence models (5), (6), (8) are
worth studying in details.

In fact, each stochastic volatility model in Table 1 has a corresponding discrete mod-
el. Discretizing them leads to autoregressive random variance models. The generalized
autoregressive conditional heteroscedasticity (GARCH) models also play important roles

in studying volatility, but since we only focus on continuous models this kind of approach



will not be considered here.

1.2 Heston’s Stochastic Volatility

In this paper, we assume that the asset price S; follows the Heston model which, under

the real probability measure P, is described as follows:

dSt = /,Lstdt + \/FtstdWS(t),
dve = k(0 — v)dt + o/ dW, (1), (1.1)

d<Ws(>7 Wv()>t = pdta

where W(t) and W, (t) are two standard Brownian motions with negative correlation p,
w is the drift and vy and Sy are known. In general, the initial asset price Sy is observable
from the market and vy can be calibrated.

In this model, the asset price S; still follows a geometric Brownian motion, but with
volatility /v;. Instead of modeling the stochastic volatility directly, Heston described
the variance v; by the mean-reverting square root process with long-run mean 6, rate
of reversion k, volatility of volatility . The mean-reversion is a desired property for
stochastic volatility or variance and is well documented by many empirical studies. The
process for v, is the square root process, which is called the Cox-Ingersoll-Ross (CIR)
process. Cox et al. (1985) apply this process to model interest rates. It is also called the
Feller process because of William Feller’s early work on this process. The CIR process

has the following properties.

Proposition 1.1 For the CIR process
dvy = k(0 — v)dt + o/ /v, dW, ().

1. The conditional probability density function of viy, given its current value vy can be

expressed as

q/2
’/) I, [2 gy}, (01, Vesr > 0). (1.2)

P (Vpir|vr) = ce & (E

6



where

2K

c = ,

0% (1 —e ")
& = covp-e”
v = C*Vqr,

2K0
q = —2—1.

o

and I, [-] is the modified Bessel function' of the first kind of order q.

2. The conditional expectation of vy, given vy is

Evpyrlv] =6+ (v — 0) e (1.3)

Proof.
See Cox et al. (1985).0

For a given t, the random variable 2cv; follows a noncentral chi-square with 2q + 2
degrees of freedom and parameter of noncentrality 26. When the Feller condition (2x6 >
0?) is satisfied, the process vy is strictly positive.

Heston’s stochastic volatility model is one of the most popular stochastic models for
equities because of the following reasons. Firstly, a suitable set of the Heston parameters
{k,0,p,0} can produce a leptokurtic distribution (high peak and heavy tails) of asset
returns and the negative correlation between the asset price and volatility. Examples are
available in Moodley (2005). Secondly, the volatility has the mean-reverting property.
Thirdly, it captures the volatility smile. Finally, a closed-formula for the European call

option is available so that it is possible to calibrate the Heston model.

1.3 Deterministic Interest Rate

Heston (1993) assumes that the interest rate is a constant. It is acceptable for short-

!The definition of the modified Bessel function of first kind can be found in Bowman (1958) and it is

evaluated numerically with the method given by Amos (1985) in this paper.
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term investment products since their maturities usually are less than 2 years. In such
a relatively low interest rate market, a constant interest rate could give an acceptable
approximation. However, for long-term investment products whose maturities range from
5 to 15 years, the risk-free interest rate is more volatile. Table 2 in Section 1.5 illustrates
the observed yield rates of T-bills on August 9th, 2011, which are regarded as risk-free
investment products. The maturities of the T-bills in Table 2 range from 1 month to
30 years, and the table shows that after 2 years the yield rate varies a lot. Hence, it
is unreasonable to assume a constant risk-free interest rate when we are dealing with
long-term investment products.

The constant assumption could be overcome by assuming deterministic or stochastic
interest rate models. A deterministic risk-free rate is described by a function of time ¢,
while a stochastic process is used to represent a stochastic risk-free rate. Though a deter-
ministic interest rate model is not as accurate as a stochastic model, some deterministic
models still fit the data correctly in the long run. Lin and Tan (2003) apply stochastic
interest rates to equity-indexed annuities (EIAs), and show how the interest rate affects
participation rates. However, their results show that randommness just introduce little
impact on the participation rates. Moreover, the problem gets more complex when s-
tochastic interest rate models are introduced in stochastic volatility models. Hence, we
use deterministic interest in this paper.

Instead of modeling the risk-free interest rate r; directly, we turn to the yield rates of

T-bills y;. Present value factor can be obtained from yield rates using

e~ fot rsds _ et

1.4 Non-Arbitrage Assumption and Heston Framework

Generally speaking, the non-arbitrage assumption says that it is impossible to make money

out of nothing. This concept is important in mathematical finance.



Black and Scholes (1973) derive a PDE for option pricing under the non-arbitrage
assumption and solve the PDE, leading to a closed-form equation for the price of European
call options. Harrison and Pliska (1981) prove that under the non-arbitrage assumption,
there is a risk neutral measure Q under which the asset price earns a risk-free interest
rate and introduced the popular risk-neutral pricing formula. Under the non-arbitrage
assumption, Heston (1993) also derives a PDE for prices of European call options, and
also gives the asset prices dynamic under Q.

Adopting the non-arbitrage assumption, the Heston model with deterministic interest

under Q is given by:
Proposition 1.2 Heston’s process under the risk-neutral measure Q is given by

dS; = 1uSydt + /e S dWE (1),
dv, = K*(0F — vy)dt + o/r, dW2 (1) (1.4)
dWZ (), W2 ())e = pdt,

where W2 (t) and W (t) are standard Brownian motions under Q; vy is the risk-free rate.

K* =K+ X\ and 0" = ni‘g)\o. Here, {k,0,0,p} are the same as the parameters in (1.1).

Finally, \o, a constant, is related to the market price of the volatility risk.

Proof. For the value of an option II, a PDE can be derived according to (A.11) in
Appendix A. That is

1 Lo 1, o I ol oIl
- Yo o2, Bl WY o o
2USi gz T o7 Vg TroSvg e T gy — il T idigg

+ (K (0 —v) — A(s,v,t) 0y/v1) g—z =0. (1.5)

In Heston’s model, A (Sy, vy, 1) is assumed to be %, that is the market price of volatility
risk.

Similar to (A.11) in Appendix A, the drift terms of dS; and dv; under Q should be



reSy and & (0 — v) — Aovy respectively. Hence, (1.1) can be rewritten as follows,

dSt ( — T
= r,dt +
S Ve VU

dt + dW, (t)) ,

Nov/Ts
dvy = (k(0 — v) — Aovy) dt + o/vy ( OV Gt + AW, (t)) ;
g

d(Ws (+), W, () = pdt,
Q is just the measure under which

W
\/_

vy dt +dW, (t) = dW2(t).

o

() = dWl(h),

S

One term which calls for attention is the market price of volatility risk. Though it
does not appear in (1.1), the PDE in (1.5) shows that it has an impact on the option
prices. However, the market price of volatility risk is hard to estimate since the volatility
is not traded in the financial market. In Heston (1993) it is assumed to be % This
assumption at least fits common sense, as the market price of volatility should be higher
when the volatility is large and lower when v, is small. Moreover, under this assumption

the asset prices keep the same dynamic under both measures P and Q.

1.5 European Call Price

In order to price and hedge derivatives in the Heston framework, we need to identify
the parameters in (1.4), these are {k*,0* 0,p,v9}. The parameters are calibrated by
comparing the observed European call prices and the prices obtained using the Heston
model. The closed-form expression for European call prices is derived in Heston’s original
paper, but as we pointed out in the previous section, the assumption of constant interest
does not hold for pricing EIAs. In this section, following Heston (1993) and by studying
the characteristic function of the log-return, we give an analytical formula for the price

of European calls under Heston model with deterministic interest.

10



1.5.1 Characteristic Functions

The payoff of European calls is max{Sy — K, 0}, where St is the asset price at maturity
T and K is the strike price. It means that if the asset price at maturity St is larger than
the strike K then the payoff of one unit of European call is S — K. Otherwise, the payoff
is zero. In order to price European call options, we use the risk-neutral valuation formula

which was introduced in Harrison and Pliska (1981) as follows:

Proposition 1.3 Denote by Y (T') the valuation of an attainable’ claim exercised at time
T, then its price at time t is given by

Y (t) = B(t)E® [%

ft:| ) (16)
where

B(t) = eJo w dw
and Fy is the filtration (or the information) up to time t.

Proof. See Harrison and Pliska (1981).00

Remark 1.4 B (t) is also called the numeraire* under Q such that % is a Q-martingale.

According to Proposition 1.3, the price of a European call option, Il¢, is given by
HC(t,T, St,’Ut,K) = EQ eiftTrwdw maX{ST — K,O}’ft]
— e i B (S 1(Sy > K| F)
—Ke J et QS > K| F} (1.7)
where Q{Sy > K|F;} is the probability of the event {Sr > K|F;} under Q and I{-}
stands for the indicator function.
In order to evaluate EQ[SpI{Sy > K}|F;] we change Q to another measure Q, by

the technique of change of numeraire. Before doing that, it is necessary to introduce two

lemmas.

2 A contingent claim attainable if it can be replicated by a self-financing portfolio.

3 A numeraire is a price process X (), almost surely strictly possitive for each t € [0, T]. For details of

numeraire please see Geman et al. (1995).

11



Lemma 1.5 Assume that B(t), Q, F; are as in Proposition 1.3 and let X (t) be a non-
dividend paying numeraire such that X (t)/B(t) is a Q-martingale. Then there exists a
probability measure Qx defined by its Radon-Nikodym derivative with respect to Q, that

dQx, . _ B(0)/B(T)
aQ " T X(O)/X(T)

such that the basic security prices discounted with respect to X are Qx martingales.

Proof. See Geman et al. (1995). O

Lemma 1.6 (Bayes Formula) Assume that P is absolutely continuous® with respect to P
and Z is its Radon-Nikodym derivative with respect to P. IfY is bounded (or I@’—mtegmble)

and Fr measurable, then

EF[Y|F] = %EP YZ(T)|F],  as. fort<T.

Proof. See Exercises 5.1 in Bingham and Kiesel (2004). O

Proposition 1.7 Given the Heston model (1.4), let B(t) be the numeraire under Q. In

other words, B(t) stands for the money market account elorwdv  Thep
1. S;/B(t) is a Q-martingale.

2. There exist a measure Qg such that the basic security prices discounted with respect

to Sy are Qg martingales.
3. Heston’s model under the measure Qg is given by
dS; = (1, 4 vy) Sydt + /0, S, dW s (1),
dv, = [K* (0" — v) + pov] dt + o/v dW2s (t) (1.8)
W2 (), W2 () = pdt,

where W25 (t) and W25 (t) are two standard Brownian motions under Qg.

4Measure p is absolutely continuous with respect to v is there exists a function g such that u(A) =

Jygdv.

12



Proof.

1. Apply Itd’s formula, we have

Sy dS; 1
d SidB (t) + d(S.
]~ BSOS g1
1 1
= 7Syt + /0, S, dWE (1 +S{— ]Btrdt
B(t)[tt VUi St ()} t B(t)g (t)re
1
= B (t) [’I"tStdt + \/’U_tStdWSQ (t) — 'I"tSt]
1
= B—(t)\/’U_tStdWP (t).
2. This is true because of Lemma 1.5 and the previous result.
3. Let Y; = In S}, applying [to’s formula to Y; leads to
oy, 10%Y, Y,
ay, = —+-= d(s., S. —dt
© = 35 trag St
1 1 1
= EdSt + 5 <_S_t2) vatdt

Hence,

1

t 1 t
ln—:Y}—YO:/rs—avsds—i—/\/@dW;Q(s)ds.
0 0

13



Then, according to Lemma 1.5,

dQs _ B(0)/B()

dQ  S/S
1 t 1 t
= ———exp ry — =vgds + | /o, dW2(s)ds
elo e ds 0 2 0 °
t t 1
= exp {/ VosdWE(s)ds — / JUs ds} . (1.9)
0 0

By Girsanov’s theorem
dWE (t) = dW2 (t) — J/vdL. (1.10)

Since dW2s (t) can be written as pdW2s (t) + /1 — p2dZ%s (t), where Z%5(t) is a
standard Brownian Motion under Qg which is independent of W2s(¢), then

AW2s (t) = pdW2 (t) + /1 — p2dZ% (1)

= pdWE2(t) + /1 — p2dZ°%s (t) — \Jvdt

= pdW2(t) + /1 — p2dZ°% (t) — \Jvdt (1.11)
= pdW2(t) — /ot (1.12)

Equation (1.11) holds since while we change the measure by (1.9), Z9(#) is still a

standard Brownian motion under the new measure, that is Z9s(t) = Z9(¢).

Hence, (1.8) is true because of (1.10) and (1.12). [

Remark 1.8 Wong and Heyde (2006) prove that 2L is a true martingale only if k* >

B(t)

op. In Part 1 of Proposition 1.7, the condition k* > op is not necessary since by definition

K* and o must be larger or equal to 0, and in (1.1) we assume that p < 0.

By the definition of Qg, both Qg and Q are absolutely continuous to each other. Denote

the Radon-Nikodym derivative of Q with respect to Qg by Z, s.t.

dQ So/ St

ags|” T B

s OIED)
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by Lemma 1.6 we have
1
E®[SpI{Sr > K} Fi) = - E% [LrSrI{Sr > K}| F).
t

Hence,

o= S r(w) dw (O [SrI{S; > K}|F] = BBT(;))EQ [STI{St > K}|F]

= BBT(;))%EQS [Zy SrI{Sr > K}|F]

B(t) Zg
E B(T) 7 SpI{Sy > K}|F,
= E9[S,I{Sp > K}| F]

== StQS {ST > K|.Ft}

where Qg {S7 > K|F;} stands for the probability of the event {Sy > K|F;} under mea-

sure Qg. Then the call price (1.7) can be written as

Ho(t, T, S, v K) = SiQs{Sr > K|F} — Ke™ J QS > K|F,}
= Stpl — KeiffTrwdeQ

A gup e f redvp (1.13)

where P, £ Qg¢{Sr > K|F;}, P, 2 Q{Sr > K|F;} and 7, = In S,.
We turn to the log-price x; in order to simplify the calculations. Applying [t6’s formula

to z;, we obtain the SDE for the log-price as follows,

dl't = (Tt — %Ut) dt + \/FtdW;@ (t) s
dv, = K* (0% — v,) dt + o JodW2 (1), (1.14)
dWE (), W2 () = pdt.

v

Hence, to obtain a formula for I1(¢, T', S;, v, K') we just need to seek for P, and P,. Where-
as, Rollin et al. (2010) reported that the the probability density function of the log-return
or log-price is still not well known, and maybe do not have a closed-form. However, the

characteristic function of the log-price has nice properties. Hence the valuation of options

15



via characteristic function (CF) is popular: in fact in Heston (1993), the original closed-
form for call price is derived using the CF; Bakshi and Madan (2000) shows that CF plays
a significant role in pricing options and simplify the problem; Dragulescu and Yakovenko
(2002) derived the PDF of the “log-return” in Heston’s framework via CF, assuming the
initial stochastic variance follows a stationary distribution. Zhu (2010) gave a thorough
description of applying the CF to Heston’s model. The following results explain how to

derive the call price via the characteristic function of the log-price.

Proposition 1.9 Given the characteristic function ¢ (s) of a random wvariable X, the
CDF of X, Fx (x), is given by

1
2 27 18

—00

L (%00 0 (1.15)

Proof. See Gil-Pelaez (1951). O

Corollary 1.10 Assume that ¢; (s) is the characteristic function corresponding to P;,

for j =1,2in (1.13), then we have the following relationship:

1 1 00 —isinK 1
Pi=2+ —/ Re [—e 9 (S>] ds, (1.16)
0

™ 15

where Re [z] is the real part of z.

Proof. According to Proposition 1.9, for j =1, 2,

P, = 1-F(InkK)

I L TO
2 2mJ_o 18

_ l . i B /O efi(fE)lnll(fbj (_5) . /oo efz'sln.Kgbj (S) s
2 27 100 —15 0 15
1 1 +oo JisInK & (Z) 00 —islnK 1.

- — 4 — / 67739(3)(15_1_/ e'—@(s)ds (1.17)
2 27| ) —15 0 (5
1 1 o) efisan

— 4= R : d 1.18
2+7T/0 e{@(s) — ] s, (L.18)

where a +ib = a — ib, a,b € R, Im|[z] and Re [z] denote the imaginary and real part of

zZ.
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Equation (1.17) is true since for a characteristic function ¢ (—s) = ¢ (s) and (1.18)
holds since the probability density F; must be real, so that the integrals w.r.t the imagi-

nary part can be eliminated. [

Note that Corollary 1.10 is model free, so that the problem of pricing a European call
option can be converted to a problem of identifying the characteristic functions of the
asset price (or log-price) under Q and Qg. In Heston’s model, ¢;, j = 1,2, are obtained

through the Heston PDE.
1.5.2 Heston PDE

In order to derive the Heston PDE, we need to introduce the following theorem.

Theorem 1.11 (Feynman-Kac Theorem)

Suppose that

1. x; follows the stochastic process in n dimensions

where x; and p (X, t) are n-dimensional column vectors, o (x4, t) is a n X m matriz

and W? is a m-dimensional Q— Brownian motion. That is

a1 (1) pi (X, t) on (%6, 1) o o (xe,t) | (AW (D)
d = dt +

T, (1) fin (Xt 1)) On1 (X, 1) o0 Opm (X, ) dWS (t)

where p; (x4, t) and o;; (x4, t) are functions from R™** to R.

2. By definition, the generator of the process x; is

n 9 1 92
A= ZMZ% + 5 Z Z (JGT)i,j axiaxj) (120)
1=1

i i=1 j=1

where for convenience p; = (X, t),0 = o (x,t) and (aaT)ij is the element (i, 7)

of the matriz oo’ .
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Now let f € CZ (R™), ¢ € C(R") and is lower bounded, we have

1. Put
Y(t,x)=E [exp (- /th(xs) ds) f(x) x] , (1.21)
then
Ny - qv; t>0, xeR", (1.22)
ot
Y (0,x) = f(x); xeR" (1.23)

2. Moreover, if w (t,x) € C? (R x R") is bounded on K xR™ for each compact K C R
and w solves (1.22), and (1.23), then w (t,x) =Y (¢,x), given by (1.21).

Proof. See Oksendal (2002).0

The Heston PDE can be derived directly from Theorem 1.11. Recall that in the
Heston framework the asset price dynamics under the risk-neutral measure are described
by (1.14). The process for x; = (x;,v;) can be written in terms of two independent

Brownian motions Z; and Z, as

T ry— v ) 0 dZy (t
0 G Y L P B ) (1.24)

vy K* (0% — vy) apy/Vr o/ v(1 = p?) dZs (t)
To apply the Feymann-Kac Theorem, we need the generator given in (1.20). Since

T

To_ VUi 0 Vi 0
op\/ue o/u(l = p?) op\/ue o/ u(l = p?)

Uy POy

PO U O'Q'Ut

the generator in (1.20) becomes

1 0 o 1 0? 0? 0?
— (= 2o ) R0 =) S e 20— 4 P | . (12
A (rt 2vt) o + K" (0" — ) o, + 5 Utax? + 20 pvy Tr.00, +o Utc%? (1.25)
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Then (1.22) can be written as

O (LN g g LYY +12 R G
a1 o, Y ou T 282 T T on00, 27 Yo T Y T

(1.26)

Equation (1.26) is called the Heston PDE which is used to solve for ¢; and j =1, 2.

1.5.3 Solving the Characteristic Functions

Note that the definition of Y in (1.26) is given by (1.21), we can replace Y by Il in (1.26)
and get the following PDE by setting 7 =T — ¢,

or ' 2 92 = 9% ) or, P 00,
1, O*llc olle
— —rp_,11 (0 — =0. (1.2
+ 507 07 rr— o+ [7(0" — vy)] o, 0. (1.27)
Inserting (1.13) into (1.27) leads to
0P 1 \oP 1 0*°P 0? P 0P
€T -+ - * 9* _
et[ 5 +(T + vt>at+2 rre +patavtat [povy + K" ( Ut)]8t+
12 8P1 _rr 8P2 1 82P2 8P2 821
- _ Ke Jrorrdw | 72 2 T 72 -
27 o2 ] ¢ or + 9 0x? T 8xt o 8xtavt+
. opP, 1 0Py
K*(0F —vy) o + 502% oz | = 0. (1.28)

Since (1.28) must be true for all strike values, the term multiplying K and the term

independent of K should each be zero. Hence, (1.28) can be rewritten into two PDEs,

that are
0P, n 1 . 0P, . 1 0*P . 0?P,
o= T Ut ) 5=+ Suig g +pov
ar T ) B, 2 aa2 P au,0,
. oP 1 0*P,
+ [povy + KX (0" — vy)] 5 tl + —(72Ut 8'0?1 =0, (1.29)
and
oP, 3P 1R 1 0P,
— —— + pov U0
ar "Ov,0r, 2 Ox? o2
1 0P, op,
== (0 — — =0. (1.30
(e = g ) o+ I w5 =0, (130
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We can rewrite (1.29) and (1.30) by

OP; L 82]3j L 1 82Pj N 1 28213]-
- — v —v —
ar P00, T 2% 82 T 2% a2
OP; OP;
+ ('I"Tff + UjUt> a—:L‘Z -+ (a — bj’l]t)a—vj = O, (131)
where
U1—2,U2— 2,0,—/{/ 01 = R pPoO,02 = K .

In order to obtain PDEs of ¢;, for j = 1,2, we need to introduce Kolmogorov’s backward

equation given in the following theorem.

Theorem 1.12 (Kolmogorov’s backward equation)

Let f € C2(R™) and x; be and Ito diffusion in R, with generator A.

1. Define
u(t,x)=E[f(x) }x} . (1.32)

Then u (t,-) € Dy for each t and

9 _ w50, xR, (1.33)
ot
u(0,x) = f(x); xe€R" (1.34)

where the right hand side is to be interpreted as A applied to the function x —

u (t, x).

2. Moreover, if w (t,x) € C? (R x R") is a bounded function satisfying (1.33), (1.34)
then w (t,x) = u (t,x), given by (1.32).

Proof. See Oksendal (2002). O

According to Theorem 1.12, the characteristic functions ¢; must satisfy the PDEs of

P; but with different boundary conditions, which are

¢j($0,@0,T = O) = eiszo’ j = 1,2
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In fact, by definition when 7 =0
¢1 (S) — EQS [eiszo} _ eisa:()’
¢2 (S) — EQ [ez‘szo} — eisa:o'
Following Heston (1993) we assume the characteristic function is the form of:
¢; (s) = exp{C;(7,s) + D;(7, s)v, + isz;}. (1.35)

Hence, D;(0,s) = 0 and C;(0, s) = 0. Inserting (1.35) into (1.31) leads to

(2% , 9D,
or or

1 1
Ut) + povsisD; — 5%82 + §vt02D]2- + (rr—r + ujvy) is + (a — bjv,) D; = 0.

Grouping the terms including v;, we have

0D, 1 1 oC;
vy (_8—7] + poisD; — 532 + 502DJ2. + ujis — bij) — 6—7] +rr_ris +aD; = 0. (1.36)

Note that (1.36) must be true for all values of v;, so that in (1.36) the term with v; and
the term free from v; are both supposed to be zero. Hence, (1.36) can be rewritten using

the following two equations:

oD 1 1

aTj = pUiSDj — 582 + 502D]2' + Uj’iS - bij (137)
oC;

a—Tj = TT*TZIS + G,D] (138)

Since D (0,s) = 0, (1.37) is solvable according to Appendix C. Setting
Lo . L,
L; = ujis — 35 ,Qj = pois —b; and R = 3%

(1.37) can be written as

oD;
8—7] = L; +Q;D; + RD3.

According to Appendix C, denote by

5, —Qj+/QF —4RL;

2R ’
A = 2RBy+ Qj,

the unique solution to (1.37) with D (0, s) = 0 is given by
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where

By (A — RBQ) e~ At — (A — RBQ) By

/ (A — RBQ)Q_At + RB()
A— RBQ G_AT —1
R ATBigar |

RBy
_ pois —b; —d; ebim — 1
- 2 ois—bj—d; T
g fppoier;)jfc]lj ed] + 1
_ bj—pois+d; 1— edi™
B o2 1 — gjetsm’
d; = —\/(paz's — b))% — 02 (2u is — s?),
bj — pO'iS + dj
j — pois — d;

(1.39)

Given Dj, the solution for C; with boundary conditions C;(0,s) = 0 is given by

integrating (1.38),

T b, — ; d. T 1= d;T
/ r(T —71)isdt +a (L;S#_]) / 7€dd7
0 o o L—gjesr

/ T(T—T)iSdT—F% [(bj —paz’s+dj)7'—2ln(
0 o

C;

T
is/ r(w) dw + % [(bj — pois+d;) T — 2ln(
’ o

1- gjedﬂ)}
1 —g,

%” C (1.40)

l—g;

Obtaining C; and Dj, (1.35),(1.39) and (1.40) give us the formula for ¢;, j = 1, 2. Hence,

the formula of call price could be obtained by combining (1.35), (1.17) and (1.13).

Though a closed (or semi-closed) formula for the European call price is derived, there

are still some numerical problems which make it unpractical. Albrecher et al. (2007)

pointed out that due to the discontinuity in the branch cut of the complex logarithm in

(4, ¢1 (s) is unstable for the long term maturity or for certain parameters, while ¢ (s)

does not suffer this problem. This numerical problem was solved by Bakshi and Madan

(2000) in which the relationship between ¢, (s) and ¢9 (s) was found as follows:

. (bg (S — ’l)
N ="
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Since ¢y in our paper suffers the same problem as Heston’s original formula, we use ¢5 (s)
and the relationship between the two characteristic functions given in (1.41) to evaluate
P, and Ps.

Finally, we give the European call price under Heston model with deterministic interest
as follows: Under Heston’s model with deterministic interest, the price for a European
call option with strike K and maturity 7" at time ¢ (< T') given current asset price S; and

current stochastic variance v; can be expressed as

Ho(t, T, Sy, v, K) = e Py — Ke™ i rwdvp,, (1.42)
where
Ty = lIlSt,
1 1 00 efisan(é2 (S—’L)
P = —-+- R d
1 2+w/o [ isa (~i) ] ;
1 1 o] —isln K
PQ = —+_/ R@ |:—6 - ¢2(8):| dS,
2 7 ) 15
Oo(s) = exp{C(1,s)+ D(71,s)v + ixys},
T * O* dr
0 1—
C(r,s) = z’s/t r(w) dw + 502 |:(/€* — pois+d)T —21n (%)] ,
* ; 1 — ed7
D(rs) — K* — pois +d e |
o2 1 _gedT
K* — pois +d
9 =
K* — pois —d
d = —\/(pais — k) 4 02 (is + s2),
T = T—1t.

Please note that “d” in our paper is the opposite to the “d” in Heston’s original paper.
In fact, there could be two values for “d” because it is the square root of a complex number
and they lead to the same result. This is because of the uniqueness of the solution to the
Riccati function (1.37). (See details in Appendix C). However, compared with the call
prices obtained by simulation and the numerical methods that we introduced in Chapter

3, Heston’s choice generates a little error in practice while the other value of “d” leads
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to consistent results. This is due to the branch cut of the square root function of a
complex number. Another explanation is that when d is positive the computation error

in evaluating e is larger than e=%7.

1.6 Calibrating the Heston Model

The parameters of the asset price dynamic are calibrated using observed European call
prices. Since most of our formulas are derived under the risk neutral measure, we pay
more attention to the calibration of the Heston parameters Gy = {xk*, 0%, 0p, vo}.

In order to calibrate the Heston model with deterministic interest, we first identify

and calibrate the model for yield rates. In this thesis, we assume that

1 —e /M 1 —e /M .
- - I 7 S|
)

1 — et/

- et (14
P P BT

yt:51+52{

where t is the time to maturity. Bi, 02, 03, B4, A1 and Ay are parameters to be estimated.
This model, which is called Nelson-Siegel-Svensson (NSS) model, is introduced in Svensson
(1994). Although we specify a certain formula for the deterministic yield rate, our financial
model does not limited to the particular one.

We calibrate G1 = {1, 52, B3, b1, M1, A2} according to the observed rates from the
market. Table 2 illustrates the yield rates of the U.S. Treasury bills (T-bills)® which were
observed on August 9th, 2011 and the maturities of corresponding T-bills range from 1
month to 30 years. Following Gilli et al. (2010), we use DE method to calibrated G
according to the yield rates given in Table 2 (brief introduction to the DE algorithm is

given in Appendix B). The objective function is

: s 2
Gy = argng;lnz (2 — yNo5)”,

where €2, is the space of parameters, y©*

stands for the observed yield rates given by the

U.S. Department of Treasury and y¥°9 is for the yield rates obtained from (1.43). The

2

calibration results are given in Table 3.

SData  was obtained from http://www.treasury.gov/resource-center/data-chart-center /interest-

rates/Pages/TextView.aspx?data=yield
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Table 2: Yield curve in percentage

Time 1 Month | 3 Month | 6 Month | 1 Year | 2 Year | 3 year
Yield Rate 0.02 0.03 0.06 0.11 0.19 0.33
Time 5 Year 7 Year | 10 Year | 20 Year | 30 Year
Yield Rate 0.91 1.53 2.20 3.17 3.56

observed data well.

problem as follows,

N
Gy = arg rxglzinZwi (1125 (0, T3, So, vo, K;) — T (0, T3, Sp, vo, K3)] (1.44)
2=t

Table 3: NSS model calibration

Parameter | Calibration Results
o 4.233068
Ba —4.233048
B3 —25.918993
Ba 19.522368
A 1.572826
A2 1.367069

25

— yN$9)? = 0.004768%.

The error is estimated by the root of mean squared error which is,

\/ % Z (40"

Furthermore, Figure 1 shows the calibration results as well as the NSS model fits the

After calibrating the NSS model, the Heston parameters can be calibrated according to
the observed data. In this paper we calibrate Go = {k*, 0%, 0p, vy} based on observed Eu-

ropean call options. In other words, calibrating the Heston parameters is an optimization

where € is the space for Go, T19% (0, T;, S, vo, K;) is the observed European call option

price, TIEe" (0, T}, Sp, vo, K;) is the European call option price obtained by (1.42), N is



Yield Rate in Percent
N

0-5¢ NSS Model
*  Observed Data
o Il Il Il Il Il
0 5 10 15 20 25 30

Time in Years
Figure 1: Calibration result for NSS model.

the number of observed prices and {w;} are the weights. Because the market prices are
given as a bid-ask spread®, it is impossible to determine the real price. Hence, the average
of the bid and asked prices is used to define the observed European call prices. Following

Moodley (2005), we define the weights as where bid; is the bid price and ask;

is the asked price. This weight makes sense: the larger the difference between the asked
and bid price, the harder it is to determine the real price, hence we are supposed to assign
less weights to such prices.

In our paper, forty European call options on S&P 500 observed on 9th August, 20117
are used to calibrate Heston’s parameters. On that day the S&P 500 index closed at
1,172.53 that is used as the initial asset price Sy. The maturities of the observed call

options range from 2 month to 14 month and the strikes are between 800 and 1, 400.

6Bid prices are the prices at which the agents sell the calls and ask prices are the prices at which the

agents buy calls.
"Data from marketwatch.com

26



As we said before, the Heston model under the risk-neutral measure has five parameters
that need to be estimated. Minimizing the objective function is a nonlinear programming
problem. The objective function is far from being convex and Mikhailov and Négel (2003)
pointed out that there exist many local extrema so that global optimizers should be
applied here. In our paper we use the Differential Evolution (DE) method introduced
by Storn and Price (1997) to minimize the objective function. The DE method is widely
and successfully used when calibrating Heston model and other financial models, see
Gilli and Schumann (2010), Schoutens et al. (2004), and Vollrath and Wendland (2009).

The parameters estimation is given in Table 4: Note that this set of parameters

Table 4: Heston parameters under risk neutral measure

Parameter | Calibration Results
K* 4.1
0* 0.046
o 0.605
p —0.7736
Vo 0.077931

satisfies the Feller condition, that is, 2k*0* — 0? > 0. This result is obtained using the
DE optimization algorithm with parameters n, = 50, F' = 0.5, CR = 0.9, Ng = 200.

The error is evaluated by the root of the weighted mean squared error, which is

N
% Z w; [HiObs . H{{eston] 2 = 1.4700.

i=1

Compared with the weighted average call option, that is

1 N
~ > It = 31.39
=1

the calibration error seems acceptable. Furthermore, in Figure 2 the black stars stand

for observed European call option prices and the surface is generated by (1.42) with the
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parameters given in Table 4. From Figure 2 we can see the calibrated prices fit the

observed prices well.

400 ~
350
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200

Call Price
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50 15
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800
900 4000

1100
1200 4300

1400 O

Maturity

Strike

Figure 2: Calibration result for Heston parameters.
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2 Joint Transition PDF of Heston Model

In this section, we introduce the conditional probability density functions of the asset
dynamics and volatility.

As we presented in Section 1.2, the volatility follows a noncentral chi-square distri-
bution. In terms of the marginal PDF of the asset price, there is still no closed formula
though a number of research works have tried to address this problem. One interesting
result is given by Dragulescu and Yakovenko (2002). They first obtain p (In(S;/Sy), v¢|vo)
by inverting its characteristic function, then a formula for the marginal PDF of the asset
price, p (In (S;/Sp)), is derived by integrating v; and vy out. They call their result the DY
formula and show that the DY formula fits the data of the Dow-Jones index from 1982 to
2002. Silva and Yakovenko (2003) continue to illustrate that the DY formula successfully
fits the data of S&P 500 and Nasdaq indices from 1980s to 2000s. However, in integrating
vo out they assumed it follows the stationary distribution of p (vyy,|v;). This makes the
DY formula an approximation. Though this assumption makes sense for long-time peri-
ods, it is not reasonable for short terms. Rollin et al. (2010) proved that the density of
the log-return has a C*°(or smooth) density and can be written as an infinite convolution
of Bessel type densities.

Though the marginal PDF of asset prices is unknown, Lipton (2001) as well as
Lamoureux and Paseka (2009) both derived closed formulas for the joint transition den-
sity probability function (JTPDF) of the asset and volatility. The Heston process is
described by the stochastic processes S; (or z;) and vy, so that it is characterized by
the JTPDF p (z4yr, viir|2, v¢). The JTPDF is advantageous in dealing with the path-
dependent derivatives because of the Markovian property of (x¢,v;). This enables us to
address the path-dependent derivatives period by period, rather than dealing with the

whole path.

29



2.1 The Joint Transition Probability Density Function

In this section, we generalize formulas in Lamoureux and Paseka (2009) to the case of

deterministic interest.

Proposition 2.1 Given the Heston process with deterministic interest rate under Q, that

is (1.4), the JTPDF of the process is given by

Lovt e (Vs VIR e imk
P (Tpirs Vpsr |y, v) = —€ 2 e h (k) dk, (2.1)
N (% 0
where
O e 2
m = —|ZTyr— T — Tw dw + poT |,
t
hk) = I, [2y/@up] e e,
2K*0*
v = = -1,
d
I
@ = 77Z)2€d7'7
A = — [Ry+d]
1 — 2R1 2 )
1
Ay = —[-Ry—d
2
o
Rl - 77

Ry = ikpo — K",

d = \/(k* —ikpo)? + o2 (k2 + ik),
and I, [-] is the modified Bessel function of the first kind of order v.

Proof. Lamoureux and Paseka (2009) give a proof when the interest rate is constant.
This idea can be applied to the case of deterministic interest rates. See Ballestra et al.

(2007) on how to change the bounds of the interval. [J

Figure 3 consists of the graphs related to the JTPDF. The plot on the left is the figure

of the JTPDF, the plot on the top right is the projection on the surface of JTPDF and x,
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and the third plot at the bottom right is the projection on the surface of JTPDF and v,.
The parameters used for plotting are obtained from the calibration. Figure 3 shows how
the log-price and the stochastic variance of S&P 500 would change after August 9th, 2011
based on the market of European call prices that we observed. Firstly, the support of the
JTPDF is rather small compared to its domain which is [—o0, +00] x [0, +00]. Secondly,
the log-price tends to increase with a large probability and has a heavier tail on the left

side. Thirdly, the volatility tends to decrease with large probabilities.

XT vs TPDF

60

50

3 3.5 4 45 5 55
Log Price

VT vs TPDF

0 0.05 0.1 0.15 0.2 0.25 03 0.35
volatility

volatility

0 3 Log Price

K =4.1,0'=0.046, 0 = 0.605, p = ~0.7736, v, = 0.077931, x, = 4.6052, maturity = 1

Figure 3: Figure of the transition PDF
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2.2 The Quadrature of The TPDF Integral

The integral in (2.1) is an oscillatory integral due to the term e"*. When traditional
quadrature is applied to evaluate such integrals, the result is not reliable. In fact, to
evaluate an integral, for example [ = fab f (x) dx, the traditional quadrature first generates
N points {z;}, i = 1,2,..., N according to a certain rule from the interval [a, b], then the

following summation is applied to approximate the integral
N
I = Z wif (xl) )
i=1

where w; is the weight assigned to f(x;). Setting w; = % leads to the Monte-Carlo
method. When f(z) is difficult to evaluate, f(x) is approximated by an interpolation
g(x) according to (x;, f(x;)), i = 1,2,... N. The function g(x) is selected such that it is

always easy to evaluate. Hence, the basic idea of typical quadrature is
b
I = / f(x)dx
N
Z wig(z;).
i=1

However, when f(z) is an oscillatory function the integral of f(x) is referred to an oscil-

Q

latory integral and the points might not be representative of the behavior of the function.
Figure 4 shows how these interpolation points could miss their target. In Figure 4 the
blue line is the plot for function z? cos(60z), which is a typical oscillatory function. To
approximate this function we randomly generate 20 points that are marked by red s-
tars. These interpolation points are fooled by the behavior of 2% cos(60z), and the typical
quadrature gives the integral of the function presented by the red line. Some Gaussian
quadratures such as the adaptive Gauss-Kronrod or Lobatto quadratures works at eval-
uating the oscillatory integral in (2.1). However, this is because the oscillatory factor m
in (2.1) is too small for our problem. When the oscillatory factor is large, like the func-
tion in Figure 4, the results obtained by a typical quadrature are not reliable. Hence, the

Gaussian-type quadrature is not recommended to evaluate oscillatory integrals. Firstly, it
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10 T T T T T

Figure 4: f (x) = 22 cos(60z), x € [-3,3]

is time-consuming since the method requires a lot of interpolation points when evaluating
the oscillatory integral. Moreover, the Gaussian-type quadrature gives modest accuracy.
However, to evaluate an oscillatory integral there are many other numerical methods.
Olver (2008) gives a good review of the literature on oscillatory integrals. In our paper we

use the Filon-type quadrature which was introduced in Filon (1928) to solve the integral

I= /b e"™*h (k) dk. (2.2)

Though it was introduced almost one hundred years ago, it is fairly good in solving
oscillatory integrals when the oscillatory factor m is given. So far there have been just
limited improvements to Filon’s idea.

Filon’s method approximates the function h (k) by polynomials instead of interpolat-
ing the whole integrand in (2.2). When A (k) is continuous the accuracy of the approxi-
mation is guaranteed by the Weierstrass approximation theorem (see Jeffreys and Jeffreys

(1988)). Assume h (k) could be approximated by a polynomial P (k) such that maxy |h (k)—
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P (k)| <€, then

b b
O — pimk pimh
1-Q ?b kh (/;)]dkp(k)dk
L
b
< /|m P (k)] | dk
< / "I (k) — P (k)| di

< Ib—almgXIh( )~ P (k)]

The last two lines hold since |¢"™*] is always less or equal to 1. Hence the error of the

Filon quadrature is bounded as follows:
error(I — Q) < |b— al ml?x\h (k) — P (k)|

which goes to zero if P (k) is an excellent approximation to h (k). From the above error
estimation, the accuracy of Filon quadrature is free from the oscillatory factor.
Following Ballestra et al. (2007) we apply a Filon-type quadrature to our problem.

Before doing that we change the integral in (2.1) as follows:
/Omeimkh(k) dk = /Om [cos (mk) + isin (mk)] x [Re {h ()} + ilm {h (k)}] dk
_ /0 "% s (mk) Re {1 (k) — sin (mk) Tm {h (k)} dk
+ /O " cos (mk) Im {h ()} + sin (mk) Re {h (k)}] dk
_ /0 " cos (mk) Re {h (k)}  sin (mk) Im {h (k)} dk.

The last equation holds since the integral is a probability density function which must be
real. The upper bound of the integral +oc can be replaced by a constant k., since the

absolute value of the integrand goes to zero as k increases. Hence,

+oo kmaac
/ "R (k) dik ~ / ek (k) dk.
0 0
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It is easy to choose a ke, such that |e™*h (k)| < e for all possible z; and v;, given the

Heston parameters, x¢ and vg. In this paper, we choose k,,,, = 60 such that
le"™*h (k) | < e=1077,

when k > k0.

In what follows, we illustrate how we can interpolate h (k). Our idea is to use piece-
wise interpolation. We first divide the interval [0, kyq,] into M subintervals at points
Zo, T1,. .., Ty, then we interpolate h (k) on each interval. In order to have efficient com-
putation time, we use 6th-order Lagrange interpolation in each subinterval, and the inter-
polation points in each subinterval are a linear transformation of the roots of the Legendre
polynomial of degree 7. In the ith subinterval, the interpolation points are denoted by
zh, 2, ... k. In Filon (1928) the interpolation was a quadratic spline, the spline could be
more accurate but it costs more time since the derivatives of h (k) and the interpolation
function at boundaries points of each subinterval are set to be the same for spline. We
denote the piece-wise Lagrange interpolation as L (k). Using this method the integral
(2.2) becomes

g/%mmlfka(k)dk (2.3)
0
and it can be solved analytically since L (k) is a polynomial. The quadrature error depends

on the Lagrange interpolation, that is, for any & in [a, b]

Fmh (&)

error (h(k) — L (k) < maxmax | So=—

*
K3 Z‘i

Wi (x;k) )

where &, xf € [x;_1, ;] and

wi (z) = (z —af) (x —2}) ... (z — x) .
Hence, the quadrature error is bounded by

(n+1) (¢
Knar TNAX MAaX fi(&)wi ()] .

Here, we set n = 6 which is large enough. The Filon-type quadrature is faster since
all the computations are evaluated analytically except for the modified Bessel function in

(2.2).
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2.3 Pricing European Path-Dependent Derivatives using TPDF

It is challenging to price path-dependent derivatives in the Heston framework. Although
they can be priced by simulating the asset price, simulation methods have some drawback-
s. It is hard to evaluate and eliminate the discretization error. Another shortcoming is
that it is hard to simulate the Greeks directly, which represent the sensitivities of the price
with respect to financial market changes. In this subsection we show how to price Euro-
pean pathdependent derivatives by JTPDFs, a method which overcomes the simulation’s
shortcoming.

Since Heston’s process is a Markovian process of x; and v, given the initial log-price xg
and stochastic variance vy, the joint PDF of x = (x1,29,...,2,) and v = (vy,v9,...,v,)

can be written as:
n

p(X,V‘xo,Uo) = Hp(xtavt‘xtflavtfl)- (24)
t=1

Using (2.4) it is possible to price European path-dependent derivatives analytically.

Let S = (Sp, S1, - ..,5,), we denote the payoff of a European path-dependent deriva-
tive by Chatn (S, ). Note that S; = S; (z;) = €™, the payoff is rewritten as Cpam (S (x), 1),
where S (x) = (Sp (o), 51 (1), ..., 5 (x,)). Note that the time unit represents one peri-
od, so that we let the initial time ¢y be 0 but it can represent any time before maturity n.
Then, according to Proposition 1.3, the price of the European path-dependent derivative,

Iatn (0,7, 2o, vg), is the expectation of its discounted payoff, that is,

1_Ipath (Oana 33'0,’00) - |: fo w dwC ath(S( ) n) 33'0,’00:|
= e f(;l Tw dwEQ [Cpath(s l‘o,’ljo]
= e fO delU/ / path Hp xj’vj|xj_17vj_1) dXdV,
(x,v)eQ J=1
(2.5)
where Q = [—o00, +00]" x [0, +00]".
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Note that (2.5) could be solved recursively by tacking

// C1paLth(S (X) 7n)p (:L‘na Un|xn—1a Un—l) dxndvnv

(@n,vn) E€[—00,+00] X [0,+00]
for given x,,_1 and v,,_1. Hence, it becomes possible to solve (2.5). Lipton (2001) first used
this idea to price the forward starting option. However, while n gets large it is rather
challenging to solve the multidimensional integral. Ballestra et al. (2007) introduced a
numerical method to price the path-dependent derivatives and they succeed to price an
one-year arithmetic Asian option. Because the main purpose of our paper is to price a
7-year EIA contract, which means that (2.5) is a 20-dimensional integral, we solve the

multiple integral by a numerical method.

2.4 Importance Sampling
2.4.1 Importance Sampling

Following Ballestra et al. (2007), we solve the multiple integral in (2.5) using the method
of importance sampling. In this case the standard Monte Carlo method is inefficien-
t to evaluate the expectation since it is difficult to generate samples from the density
p (z;,vj|zj—1,vj-1). Thus the importance sampling method is introduced to overcome
this problem.

The idea of importance sampling is as follows. Instead of generate samples from
p (z;,vj|zj—1,vj-1), we first approximate p (z;,vj|x;_1,v;-1) by another similar function

P (z;,v;]z;-1,vj—1) which must be 0 where p (z;,vj|x;_1,vj_1) = 0. Then (2.5) becomes:

pan (0,7, 0, vo)

— fo Tw dw/ / path ) %

(x,v)eQ
H;L P (T4, 050750, 05-1)

H] 1 D (@5, v5]25-1,v5-1)

n
Hﬁ (2, v;|T;-1,vj—1) dxdv
7j=1
H?:1p(ffjavj|$j—1,vj—1)

- 7f0nrwdwEQ
e = =
P [[= 6 (), 05021, v5-1)

Cpan (S (x) , 1)

X0, 110] , (2.6)
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where Eg -] is the expectation under Q w.r.t [T7_, p (x;, vjlzj1, vj1).
Hence, to evaluate the multiple integral in (2.5), we just need to generate samples
from p (x;,v;|z;—1,v;_1). Hence, what is left is to find an appropriation p whose samples

are easy to generate.

2.4.2 JTPDF Approximation

Again following Ballestra et al. (2007), p (z;,v;|z;—1,vj_1) is given by bilinear interpola-
tion. This is because samples of a density described by a bilinear interpolation function
are easy to generate. An introduction to bilinear interpolation is given in Appendix D.
In terms of approximating the JTPDF p (241, v4sr |7, v¢), note that in (2.1) both z;,
and x; always appear together in the term of x;,, —x;, so that (2.1) is actually a function

of vi1r, vy and Axy = x4, — x4. Hence, the JTPDF is a function of three variables,

p ($t+r, Ut+r|$t, Ut) =D (AfEt, Ut+7'|0a Ut) . (2-7)

In fact, (2.7) shows that, given v;, the process for x; is time homogeneous. Since the
support is rather small compared to its domain, we focus on approximating p on its
support.

Assume that v; is given, we can find an upper bound v,,,,, for v, using the transition
PDF in (1.2), such that p (v |vy) < €, when vy, is outside the interval [0, v,4,]

In terms of Ax;, note that the process is described as
1 Q
de‘t = Tt — §Ut dt + \/U_tdWS (t) .
We discretize the previous process as
t+1 1 )
A:pt%/ r(w) dw—a(a*) T+ 07,
t

where Z ~ N (0,7). In terms of o*, for v; is a mean-reverting process it makes sense

to set 0 = \/E [vy,|vy]. Then the PDF of Az, is estimated by a normal distribution
N (T w) dw = ()7, (V7))

Thus, the support of Az, is estimated by
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1

N [/tHTr (w) dw — = (6*)* T — ao/T, /ttJrTT (w) dw — 3 (0%)° T — apo/T

where a, is a number such that the probability for Az, to be outside the above interval
is smaller than e,. Hence [0, Upnaz] X [Amin, Amaz] 18 used as the support of the TPDF,
P {Az, v]0, v}

Divide the above support into N, x N, grids. Then the look-up table can be generated
using the Filon quadrature. Finally, p (Azy, v44,]0,v;), given vy, can be approximated by
a bilinear interpolation p (Ax;, v;1,]0, vy).

In the above, v; is assumed to be known while in practice it is changing from time
to time. Hence, p (Axy, v, |0,v;) is also a function of v;. Suppose that vy, and Ax,
are given, we use piece-wise interpolation to approximate JTPDF as a function of v;.
Since the transition density function is given in (1.2) and the process v; has a mean-
reverting property, we can find an interval [0, ftyq,] for vy, given any possible v;_,, such
that p(vs|vy_r) < &, when v is outside [0, ftymaz]. Hence, v; must be in the interval
[0, ftmaz]. Divide the interval [0, fimq.] into M subintervals and denote the break-points
by {1, p2, - - - thar, iar+1}, then v, must fall into one of the subintervals. Say v, falls into

the interval [p;_1, i), given Ax; and vy, then the approximation of p { Az, vy4,|0, v} is

given by
- i — Ut . Ut — Mi—1
p (Axta Ut+7'|07 Ut) ~ up (Aﬂft, Ut+7-|07 ,Uzel) + tilulp (Ath, /Ut+T‘O7 Mi) ) (2-8)
i — Hi—1 Hi — fhi—1
where u;, 1 =1,..., M + 1, are already known.

This leads to a good approximation because v,,,, cannot be too large since the initial
volatility is usually smaller than 0.1. Also, the JTPDF is a continuous function of v, and
if M is big enough the error remains acceptable.

In summary, the algorithm for approximating the JTPDF is given in Algorithm 1

below.
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Algorithm 1 Approximating p (Axs, v;1,|0,v;) by Bilinear Interpolation

Given vy, Uyyr, Ty, Tyir, initialize Ny, Ny, M, Azy and [0, fimaz)-

Divide [0, ftymaz] into M subintervals. Determine v; € [;_1, f;]-

Generate look-up tables according to p;_; and p; respectively.

Compute p (Azy, v41,|0, pi—1) and p (Axy, v44+|0, p1;—1) by bilinear interpolation.

Evaluate the approximation p according to (2.8).

2.5 Generate p Samples using Quasi-Monte Carlo Method

As we said before, we need samples from p to compute (2.6). Here, samples from p are

obtained by a Quasi-Monte Carlo method.

2.5.1 Quasi-Monte Carlo Method

The Quasi-Monte Carlo (QMC) method is a modification of the original Monte-Carlo
(MC) method. It is well documented in solving multiple integrals and details are given
in Schiirer (2003), Paskov and Traub (1995) and Joy et al. (1996). Here we use QMC to
generate samples from p.

In practice, the randomnes in the MC method is always generated by pseudo-random
numbers, while QMC uses low-discrepancy sequences. A low-discrepancy sequence is a set
of well-chosen deterministic points that are defined from some results in number theory.
Although it is a deterministic set, Figure 5 shows that the low-discrepancy sequence
fills the space more efficiently than the pseudo-random numbers. There are different
kinds of low-discrepancy sequences, some popular ones are Halton’s, Faure’s, and Sobol’s
sequences. Krykova (2003) compares them and suggests that Sobol’s sequence works
best. Here, we use Sobol’s sequence in all our Quasi Monte Carlo methods. For details

of low-discrepancy sequences, please refer to Krykova (2003).
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(a) pseudo-random numbers (b) Sobol Sequence

Figure 5: Pseudo-random numbers vs. Sobol’s sequence, 5000-by-5000

2.5.2 Generating Samples From p

Note that

P (At Vg0, 0) = P (Vg7 |0, ve) P (A2 |0, Vg, veg7)
where we can generate Az; and v, individually. Since p (Ax, vy4,|0,v;) is an approxi-
mation of a transition probability density function the integral of p (A, vey |0, v;) over
its whole support (or space) is close to 1. Hence, before generating samples we need to
normalize p by setting

D (Al’t, Ut+7'|07 Ut)

B ffp (A’It) Ut+7’|0a Ut) dl‘t-ﬁ-rdvt-i-T’
S.’I?’U

Dn (AfUt, Ut+r|07 Ut)

where Sy = [Tmin, Tmaz] X [Vmin, Umaz] is the support for p(Axy, v,,|0,v;). In fact, we
are generating samples from the normalized density p,.

First, generate vy, from p, (v;4,]0,v;), which is obtained by first integrating Ax;.
Using the inverse transform algorithm, given wu; is a sample from a uniform distribution

on [0, 1], the sample of v, is obtained by solving

Vt+r
/ Dn (Ut+7'|07 Ut) dviyr = ug, (2-9)

min

where v,,;, stands for the lower bound of the support of v, ..
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Note that the sample of vy, has been generated from (2.9) and the following equation

holds
P (Axy, vi47|0,vy)

P (vi4-10, vy)

ﬁ(Athmavt,UHr) =

then the sample of Ax; can be generated by solving the equation

fAmt D (Al’t,vt+7|0 Ut) dAZL't

)
min — u, 2.10
B (0ra]0, ) 2 (210

Axy
/ Dn (A$t|0, Ut Ut+7) dAx; =
5m7ln

where uy is another sample that follows a uniform distribution on [0, 1]. In summary, the
samples of (vyy., Ax,) from p (Axy, vi1,|0,v;) are generated by (2.9) and (2.10). Then it
is trivial to generate samples of (zyy,, vir) from p(xeyr, Vepr|ze, ve).

In the end, the price of the European path-dependent derivative is evaluated using the

JTPDF approach by the following algorithm.

Algorithm 2 Evaluate EQ |e~ Jo rw W atn (S (x),n)

Zo, Uo]

Generate look-up tables.
fori:=1— NQMC do

fort=1—ndo

Generate ugi) and ug) from Sobol’s sequence.

Generate sample of vt(i) based on xii)l, vt(i)l according to (2.9).

Generate sample of xt ) based on x,ﬁ )1, vt(z)l and 'U,gi) according to (2.10).

ComPUte p ('rz(t U )}xt 1avz£ )1) and p ('rz(t U )}xt 1avz£ )1>

end for

p(xiavi’meO) Ht 1p<~’13t 7Ut }xt 15Ut )1>

D (Xiavi’xmv()) = Ht:125 <x§ a'Ut }xtflavgf)l)‘

Compute Cpoe, (S (x;) , n) 2ELVilzo00)

P(xi,vi|zo,v0)

end for

Compute e i 7)1 T ST Chans (8 (x) 1) Beyzess.

Nomc P(x4,vi|zo,v0)

42



3 The Conditional Probability Density Function of
Asset Prices

This chapter introduces another method to price derivatives in Heston framework.

3.1 Pricing Derivatives via Conditional Expectation

According to Proposition 1.3, given the payoff C' (S,T) at maturity T the price of the
derivative at time ¢ is the expectation of the discounted payoff under Q. Conditioning on
the path of the stochastic variance, that is v* = {vs|s € [t, T}, the price can be rewritten

as

In = E° {eszTstC’(S,n)

7

= E© {E@ {eftT rdsC (S, n)

v M . (3.1)

In Hull and White (1987), the paper in which the stochastic volatility model was
introduced, they show that the inner conditional expectation in (3.1) is similar to the
case under Black-Scholes’ assumption. Thus, what matters is the outer expectation. In
Broadie and Kaya (2004) this idea was also used to derived the statistical estimators for
the Greeks.

In the Black-Scholes framework, the inner expectation in (3.1) varies a lot due to
different payoffs, but many of them can be evaluated analytically. In terms of the outer

expectation, it is estimated by simulating the path of the stochastic variance.

3.2 Conditional Density of the Asset Price

In order to evaluate (3.1), we need to know the conditional distribution of S;. Note that

x; = In Sy, given (1.4). Then applying 1t6’s formula to z; leads to
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de‘t = dln St

3xt 1 823715 axt
= Prgs, 4 22 ys 9
ast St+265§ T
= —dSt — = (pz'Ut + (]_ — ) ) dt
St

1
= (Tt — —Ut) dt + p\/_dW + \/ 1-— \/_dZQ

where Z9(t) is a standard Brownian motion under Q which is independent of W2 (¢).

Hence,
T 1 T T T

Sp = Stexp{/ rsds—a/ Usds+p/ \/_Ude;@(t)—l—s/l—pZ/ ,thdz@(t)}
t t t t

T 1 [T
= S;exp {/ reds — / Vg dS+
t

I e el

T
— Stexp{/ reds+ = [UT—Ut—I{Q*(T—t)]-f-
t

(2 2) [ vas e vie [ vz},

o

Note that Z2 (t) and v; are independent because of the independence between Z9 (t) and
W2 (t). According to Andersen (2007), ftT VuidZQ (t) follows a normal distribution with
mean 0 and variance ftT v, that is N (O, ftT Vs ds).

Here v* contains the information about v;, vy and ftT vs ds. Hence, conditional on the

path of the stochastic volatility, the density of the asset’s log-return under Q is given by

In &
St ) |

T * T
P PR 1
- vds+ D jop — v — K0 (T — ¢ L ds,
1o /tr 3+U[UT v — K0 ( )]+<J 2)/t Vs ds

T
Ué = (1—,02)/t vgds.

~N (g, 03), (3.2)

where
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Similarly using (1.8), conditioning on the path of the stochastic variance, the density

of the asset’s log-return under Qg is given by

~ N (/’LQS’ 0(2@5) ’ (33)

where

T T
1
fos = /trsds—i—g[vT—vt—ﬁ*G*(T—t)]—i—(p: +§)/t vsds
T
= u@—i—/ Vs ds,
t

T
Ués = (1—p2)/t vsds:aé.

3.3 Simulate the Path for the Stochastic Variance and the In-

tegrated Variance

By Proposition 1.1, vy, given vy, follows a noncentral chi-squared distribution, thus the
path of the stochastic variance can be simulated according to (1.2). Hence, the method
of pricing via conditional expectation boils down to the question of simulating ftT Vg dS.
Since v* is a random process, ftT vs ds is a random variable. Dufresne (2001) derived
the moment generating function (MGF) of the integrated variance and discussed the
properties of the MGF. Broadie and Kaya (2006) discussed how to simulate the integral
of vy exactly, they first obtained the characteristic function of the integrated variance and
applied (1.15) to find the CDF of ftT vsds. Then samples of the integrated variance can
be generated by the inverse transform method in simulation. This method provides the
exact simulation of the integrated variance but is plagued by its complex computations.
Glasserman and Kim (2008) point out that the integrated variance can be repre-
sented explicitly by a gamma expansion and their method is much faster than that of
Broadie and Kaya (2006). Though both, the exact simulation and the gamma expansion,
describe the exact probabilistic properties of the integrated variance, it is impossible to

use them because each of them includes infinite summations. However, each truncated
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error can be controlled. In order to avoid complex computations, Tse and Wan (2010)
show that when T'—t goes to infinity ftT v, ds converges to a inverse Gaussian distribution
and they suggest using an inverse Gaussian to approximate the integrated variance. Al-
though it is not as accurate as the exact simulation or the gamma expansion, according to
Tse and Wan (2010) it is much faster and the accuracy is acceptable. Instead of using an
inverse Gaussian, Bégin et al. (2012) showed that the gamma distribution is more efficient
in approximating the integrated variance. Since our project is much more complicated
than pricing European call options, it is necessary to sacrifice some accuracy in exchange
of a faster processing time. Hence, we use a gamma distribution to approximate the
integrated variance.

To approximate ftT vs ds we let

T m t;
/ vsds = Z/ v ds, (3.4)
t j=1 tj—1

where t =tg < t; < -+ < t,,—1 = t,, = T. Since the first and second moments of each
ftt,j | Us ds can be obtained, given v*, by matching the first and second moments each
i

integral on the right hand side to that of the approximating by a gamma distribution.

Then the samples of the integral can be simulated.

3.4 Comparison of the JTPDF and CE Methods

Results for the JTPDF and CE methods are obtained through numerical and statistical
methods. In the JTPDF method, importance sampling is used to evaluate a multiple
integral up to 2n (n is the maturity) dimensions. Applying the CE method, the path of
the stochastic variance and the integrated variance are simulated.

The JTPDF method requires an appropriate method to evaluate the multiple integrals
and it is difficult to find one. The primary errors stem from (i) quadrature to compute
the modified Bessel function, (ii) applying Filon’s quadrature to evaluate the oscillatory
integral, (iii) approximating the JTPDF by bilinear functions, (iv) applying Quasi-Monte

Carlo to evaluate the expectation. However, except for the last one, the other numerical
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errors can be controlled. The JTPDF method can be used to price any European option,
even when it takes a long time to compute the result.

In terms of processing time, the CE method is faster since most of the work is derived
analytically except for the outer expectation. But one prerequisite to use the CE is that
the inner expectation can be priced explicitly. Otherwise, CE is exactly the same scheme
as in Broadie and Kaya (2006). Errors of this method are (i) the discretization errors
in simulating the path of the volatility. (ii) the error in approximating the integrated
variance. (iii) the truncated error while applying the law of large numbers to evaluate the

expectation.
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4 Application to Ratchet EIA

4.1 Investment Guarantees

The objective of life insurance policies is to provide financial protection to policyholders
and their beneficiaries in the case of death. Traditionally, a level premium is paid to
purchase a whole life insurance policy which provides a fixed death benefit. The level
premium means that policyholders pay the same amount at each contract anniversary.
The fixed death benefit is the amount of money that is paid to beneficiaries when the
insured dies.

As the financial markets changes, the policyholders demand extra investment opportu-
nities outside the insurance sector. In 1970s, the high interest rate environment resulted
in the introduction of the universal life insurance policy (UL). The difference between
UL and traditional life insurance is that the premiums are deposited in an account which
earns a return linked to the performance of the insurance company. Typically, a guaran-
teed return between 0% to 4% is provided and it could be higher if the company receives a
higher return from the market. Each month spreads such as management fees are directly
withdrew from the account. If the value of the account reaches zero, the account is closed.
In general, in the case that the insured dies a specified benefit is paid plus whatever is
left in the account. According to Klugman et al. (2012) UL represents around 40% of
the market, which is twice the market of traditional life insurance. The rest consists of
equity-linked products and term insurance.

Variable annuity(VA), which is more of an long-term investment product, is similar
to UL. The primary difference is that the policyholder determines how the account is
invested and how the return of the account is credited. VAs contracts are flexible, the
account linked to VAs can be invested in bonds, a stock index, or commodities. The
VA is one of the most important life insurance products because it enables policyholders
to participate in financial markets. Suppose that the account is invested into the stock

market, if the return on the stock is positive the account receives positive return while

48



the account loses money in the case of a stock market collapse. Guarantees of the account
can be obtained by purchasing extra riders on the contract, such as guaranteed minimum
income benefit (GMIB) and guaranteed minimum death benefit (GMDB).

Another kind of equity-linked products is called Equity-indexed annuity (EIA), which
allows policyholders to invest in a financial index, typically the S&P 500, while the return

of the linked account is guaranteed.

4.2 Introduction to EIAs

Here we focus on equity-indexed annuities (EIA). The EIA is one of the most innovative
life insurance products and its market shares increase rapidly since it was introduced by
Keypord Life in 1995. Generally speaking, the policyholder pays an initial premium to
purchase a unit of EIA. The premium is deposited into an account whose return is credited
according to the performance of an external index, typically S&P 500. A minimal guaran-
tee, or a minimal interest rate, is provided in EIA contracts to protect the policyholders
against possible losses. The account earns a portion of the index’s return if it is larger
than the minimal guarantee. Otherwise, the minimal guarantee is credited. Thus, even
though the stock market collapses the account still earns a non-negative return. Hence,
the EIA is attractive to people who seek market appreciations with downside protections.
In practice, the upside return of EIAs is always “limited” by the participation rate, cap

or spread.

e The participation rate is the portion at which the external index return is credited
to the EIA’s return. For example, if the participation rate is 90% and the return of

the external index is 10%, the EIA’s return can be as much as 9%.

e The cap is the maximum of the return for a specified period which could be smaller
than the portion of the index’s return. For instance, if the cap is 8% in the previous

example the return is at most 8% rather than 9%, which is 90% of the index’ return.
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e The spread is a reduction from the fund’s interest rate such as the management fee,

ete.

Most EIAs have the characteristics we discussed before, but different designs lead to
different EIAs. Here, we focus on the ratchet EIA which is the most popular design. The
return from the ratchet EIA is reset annually, and according to annuityadvantage.com
EIAs with reset designs represent 85% of the current market.

In each year, the ratchet EIA’s return is linked to the performance of the external
index. It is as least equal to the minimal guarantee, and its upside return is limited by
the cap, spread, or participation rate. The value of the account of n-year ratchet EIA is
given by .

Crat (S,n) = H max {min [eo‘(yt_”), e],ev}, (4.1)
t=1

where o stands for the participation rate, v is the annual yield spread, ( is the cap, g

stands for the minimal guarantee, S = {S;};<,,,, ¥; = In % and S} takes different forms

according to the EIA’s design. In practice S} could be defined as

Sy, term-end point design
11
Si=8 5> 5 «, Asian-end design (4.2)
k=0 12
max Sk. high-water-mark design
(1<k<12t 12

Note that in the term-end point design, Y; only depends on S; and Sy. The other two
designs are path-dependent. The Asian-end design is less volatile so that it leads to a less
expensive price. The high-water-mark design credits the appreciation at the highest index
price during a whole period so that this kind of appreciation leads to an expensive product.
According to annuityadvantage.com the term-end point design is the most popular one.
Tiong (2000) priced it analytically in a Black-Scholes model, so that we focus on the first
design.

There is another representation for the value of the fund at the end of year n, that is

t=1

Crat (S,n) = max {H max [min (14 aR; —7,1+¢),1],8(1 + g)”} : (4.3)
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where R; is defined as Sfi — 1, 7 is the spread, § is the portion at which the minimal

guarantee is credited, and g is the minimal guarantee. The rates ¥ and g could be different
with the spread and minimal guarantee in (4.1).

The returns produced by (4.1) and (4.3) are similar. The primary difference between
them is that in the former the guarantee is compared annually while in the latter the
guarantee is compared at the end of the period. The payoff expressed by (4.3) is closer to
what most companies use, while (4.1) is a simplification of (4.3) and according to Tiong

(2000) and Qian et al. (2010) it can be priced analytically in a Black-Scholes model.

St
St-1

Hence, from now on we use (4.1), in which Y; = , as the ratchet EIA’s survival

benefit.

4.3 Pricing EIAs

Due to their complex payoffs, it is challenging to price EIAs. The risk involved in EIAs can
be decomposed into the financial and mortality risks. For the financial risk it is important
to find the present value of the account linked to EIAs. In terms of the mortality risk, we
need to determine when the benefit is claimed.

Actually, in this thesis we do not consider the mortality risk but focus on the sur-
vival benefit. This is because mortality risk can be reduced by using a well diversified
homogeneous portfolio. Under this diversification assumption, EIA prices become linear
combinations of prices with different maturities. Hence, we focus on the financial risk

that is the most important risk involved in EIAs.

4.3.1 Pricing Ratchet EIAs via the TPDF Method.

Denote the beginning of the contract as time 0 and the maturity as time n, let ¢ represent
the integers between 0 and n, at time ¢ where 0 < i — 1 <t < i < n, the survival benefit

is given by (4.1). Using (2.5), the price at time ¢ can be written as
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Hpa (t,n, ¢, 1)

— I dew/ /C’Rat ,n) p (X, v]zy, v) dxdv

(%,v)EQxv
= ¢ ft dew/ /CRat ) (xi7vi‘xtjvt> H p(xj,’uj‘xjfl,vjfl) dXdV,
(x,v)e g=irl
(4.4)
where S (x) = (S; (%), ..., S0 (Tn)), X = (T, Tiz1, -, Tn), V= (U3, Vi1, .-, V), Qxy =

(—00, +00)" 7" x (0, +00)" ", Here p (@44r, Vepr|s, vy) is the JTPDF given in (2.1).

Given (4.4), the price can be found according to Algorithm 2.

4.3.2 Pricing Ratchet EIAs via the CE Method

If a contingent claim can be priced analytically in the Black-Scholes framework, it is easy
to price the same derivative in the stochastic volatility model using the CE approach.
In terms of the ratchet EIA, Tiong (2000) derived its analytical price in a Black-Scholes

model using Esscher’s transform and proved the following result:

Proposition 4.1 1. In Black-Scholes model, there exists a unique risk-neutral Esscher
parameter h* such that under the Esscher transform with parameter h* the real

probability measure is changed to the risk-neutral measure Q.
2. Suppose that Y follows N (1, 0?), under the Esscher transform with parameter h
Y ~ N(u+ ho?, o%);
Under the Esscher’s transform with parameter h + a,
Y ~ N(p+ ho® + ac®, 0?).

Proof. See Tiong (2000). O
Conditioning on the variance path and the integral of the volatility, the density of the log-

return in Q is given by (3.2). Since in a Black-Scholes framework Q is unique, (3.2) must
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represent the density of the log-return under Esscher’s transform with the risk-neutral

parameter h*. By Proposition 4.1 under Esscher transform with parameter h* + «,

~N (ug + acd, 03) - (4.5)
h*+a

Proposition 4.2 In Black-Scholes framework with deterministic risk-free interest rate,

the expectation of the discounted survival benefit (4.1) under Q is given by

H [efttl’"“’ dwtgp {Yt < g +7; h*} 4 S fiarwdvp {Y} > ¢ +7; h*} +
Q@ Q@

t=1

67(17(1) \[;‘/t—lrw der%Ol(a*l)UéP {g + ¥ < Y; S £ + v; h* —+ Oé}:| s (46)
o (6]

where under the Esscher’s transform with parameter h*

Y,

2
B ~ N(MQ? a(@)a
and under the Esscher’s transform with parameter h* + «

Y;

heta ~ N (pg + aog, 05).

Proof. See Tiong (2000). O

Before showing how to apply the CE method to price the ratchet design in Heston’s
framework, we rewrite the survival benefit (4.1) as follows:
CRat (87 n)

i—1 n
£ Hmax {min [ea(yf'ﬂ), ec} e} H max {min [ea(yf'ﬂ), eq e} x
j=1 j=it1

(Sst ) e “"max {min [eay*, eC*] ,eg*} , (4.7)
i1

where

S4
Y* = (2
“(%)’
C* e C+a7—aln(5?tl),
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= g+ay—aln S
g =49 v S .

Insert (4.7) into (3.1), the price of the ratchet EIA at time ¢, where 0 <i—1 <1t <

1 < mn, is given by

HRat (t, n, Ty, Ut)

= EQ |:EQ |:6_j;sn7’wdwC'Rat (S,TL) {,US}SE[O,TL}:| .F.t:|
S « i—1
— (Sitl) eavjl;[lmax {min [ea(Yrv)’ eC} ’eg} EQ {Hinner ]—"t} ,
(4.8)
where
1_[inner = EQ max {mln [eay*, 64*} ,€g*} H max {mln [ea(Yj*'Y)’ e(} ’e!]} V*]
L j=it1

= E° max{min [eay*,ec} ,eg*}

{/US}SE[OJL}:| X

EQ H max {min [ea(yf’”,ec] ,eg}

Lj=i+1

v*] . (4.9)

Applying Proposition 4.2 to (4.9) leads to

s
«

Hinner - |:e—fti7’wdw+gp {Y* S g—7 h*} + eC*—erwde {Y* > C h*} +
(0%

e~ (1) Ji rudut gala—D)og p {g— <y <Sin g aH g
(6] (6]
H [e‘ff—l’"wdw*gP {Yj <9Iy h*} + ¢ fiaradvp {Yj > & +7; h*} +
(@ «
j=it+1

6—(1—04) f].j_l Tw dw—l—%a(a—l)aép {g +y< Y; <
[0

¢

(%

—I—v;h*—I—aH.

In the end, the outer expectation in (4.8) is evaluated by simulating

tmax
{US}SE[t on] and {/ US} 5 (410)
o tmin t<tmin <tmaz<n

using the method introduced in Chapter 3.
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4.4 Greeks of the Ratchet ETA

After obtaining the price of ratchet EIAs, it is natural to think about deriving its Greeks.
Greeks are defined as the sensitivities of an option’s price to its parameters. They are
usually used to set up a replicating portfolio in order to reduce the financial risk. The
Greeks that are most used are the Delta, Gamma, Vega®, and Rho. Denote by II; the
price of a derivative at time ¢, and Sy, v; and r; as in (1.4), then the Greeks mentioned

above are defined for 1I; in the Table 5.

Table 5: Greeks

Greeks Formula

Delta At = %Ht
Gamma | T; = 2511,

Vega | A, = 211,

RhO Pt = %Ht

The delta measures the sensitivity of the price to changes in the underlying asset
price. In the replicating portfolio Delta represents the number of asset shares in order
to reduce the risk induced by price movements in the underlying. Gamma is the second
derivative of the price w.r.t. the underlying asset price, according to McDonald (2006) it
is introduced since Delta hedging (replicating portfolio only consists of asset shares) fails
when the change in asset price is large. Rho is used to measure the sensitivity to interest
rate changes.

Vega measures the sensitivity of the price to the volatility of the underlying. It is
undervalued in Black-Scholes models due to the assumption of constant volatility, but it
becomes important in stochastic volatility models.

In terms of the Greeks for ratchet EIAs, it is easy to derive the Delta and Gamma

8“Vega” is not a Greek letter. Sometimes it is represented by “Kappa” or “Lambda’. See McDonald

(2006).
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(03
using (4.8), since the expression depends on S; in the terms of (SS—;> . Hence, at time ¢

(0<i—1<t<i<n), we have

0
At = a—S'tHRat (t,n,xt,vt) (411)
(St oz 1 70[71 1 ,
= ( H max {mln } € }E 1nner -Ft )
82
Ft = aSQHRat (t n .I't,'Ut) (412)

a—2 L
_ @ (cv (_Sl) ()*gt) e v H max {miﬂ [GQ(YFV), 64} ’eg} E° [Hinner
i—1 j=1

-Ft:|7

where Ilje is given by (4.9). It is difficult to derive A;, using the CE method, since the
initial variance is required. However, A; can be derived using the JTPDF method.
Recall that the JTPDF method evaluates the price by solving multiple integrals. If it
is possible to interchange the differential operator with the integrals, the JTPDF method
can be applied to evaluate the corresponding Greeks. Although it is hard to see whether
8 5, is interchangeable with the integrals, however, it is true for (see a proof in Appendix
Note that we denote by V; the stochastic volatility, in other words v; = V2. According

to Appendix D, at time ¢ (0 <t < n)

A . aH aHd'Ut
L9V ow v
0
n p(xlavz‘xtavt)
— 2 Jirwydw Q| o () Qv . 4.1
Ve O Y I (4.13)

Ut

In terms of the term a%tp (i, vi|xy, vy), recall that in (2.1) only (Uti> and h (k) are

functions of v;, so that

9 (Tpprs Vpar|Te, v1)
By, P \Fte Ve |Te, Uy
1 V+1 * 0 Uttt v/2 /+oo ik Vtyr v/2 /+OO g . k
= = | — h (k) dk —e""h (k) dk
7T€ { [a’l]t ( (o ) 0 ¢ ( ) + Ut 0 3’0156 ( )
v/2 +oo ~+o0
1 vt (Vs v / ik / imi O
= —ez "7 - "R (k) dk ™ —h (k) dk 4.14
serer () L2 [ e ke [T e T ar . ()
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and

0
g (F) (4.15)

— ¢e%d+(A2—¢)vt—(A1+w)Ut+f %

{% (Iy—l [2\/ QOUtUt+7] + Iy+1 [2\/ SDUtUtJrr] > Pl + 1, [2\/ SDUtUtJrr] (A2 - ¢)} .

Ut

(4.16)

The previous equation holds since -1, 2] = L (I,_1 [2] + L,11 [z]), see Bowman (1958).

Given (4.14) and (4.16), Vega in (4.13) can be evaluated using Algorithm 2.
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5 Numerical Results

This section shows numerical results from the implementation of the JTPDF and CE
methods to evaluate prices and Greeks for ratchet EIAs. All the results obtained with

the by JTPDF method use the following parameters
Nowme = 10,000, N, =500, N, =300, M =50, €, =10"°, a, = 4.6031, ¢, = 107°.

In terms of the CE method, the number of samples in simulating the stochastic variance

was 15,000 and the time step 0.005. In (3.4), t; —t;_1 = 0.01 for all j.

5.1 European Call Option

The analytical price of a European call option is given by (1.42), its explicit Greeks can
be found in Reiss and Wystup (2001). These explicit formulas can be a benchmark to
compare the performance of the JTPDF and CE methods.

Broadie and Kaya (2004) discussed the Greeks of the European call option, we adopt
their parameters and use the JTPDF and CE methods to price an at-the-money European
call option with strike 100. The prices are illustrated in Table 6, where the exact value
is the number derived by the explicit formula. The results suggest that both the JTPDF

and CE methods work well.

Table 6: European call prices

Exact Value JTPDF CE

Price 6.8061 6.8097  6.7995

In carrying out the JTPDF method, we just simulate the price once since the variance

of the Quasi-Monte Carlo (QMC) method is small. We also calculate the integral of

// p (1, v1]z0, vo) D (1, v1zo, vo) dxdvy.
p (21, v1|20, Vo)

(z1,v1)€[—00,+00]| X [0,+ 0]
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The result is supposed to be 1, and our result is 0.999930. This number measures the
error of the bilinear interpolation approximation and it suggests that the approximation
error is negligible.

In carrying out the CE approach, we simulated the call price 30 times. The 5-th
percentile is 6.7694, and the 95-th percentile is 6.8338. We also simulated the Greeks
30 times for the European call at time 0. The results are summarized in Table 7 where

“Exact Value” stands for the number evaluated by explicit formulas.

Table 7: Applying the CE approach to European call options

Exact Value Mean 5% estimator 95% estimator

A§ 0.6958 0.6952 0.6918 0.7015

r§ 0.0265 0.0264 0.0263 0.0266

5.2 Ratchet EIAs

There is no closed-form expression for the prices of ratchet EIAs, but we can evaluate these
using the JTPDF or CE methods. In order to check the accuracy of the two methods, we
use the QE scheme introduced in Andersen (2007) as a benchmark. The QE method is
recognized as a good scheme to simulate from the Heston model. In carrying out the QE

method, we set the number of simulations to 20,000 and the time step to 0.005.

5.2.1 Prices

We first price a 7-year ratchet EIA at time 0. Here, we use the Heston parameters in Table
4, and assume that at time 0 the T-bill yield rate follows the NSS model with parameters
in Table 3. Given a minimal guarantee of 2%, a participation rate of 30%, a cap of 10%
and a spread of 3%, Table 8 summaries the prices II{t*, evaluated individually by the QE,
JTPDF, and CE methods. For the CE methods, we simulated the price 30 times, the

mean is used as the price while the 5th percentile is 1.0864 and 95th percentile is 1.0872.
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Table 8: Price of the 7-year ratchet EIA

QE JTPDF CE

5t | 1.1084  1.1094  1.0872

The JTPDF, CE, and QE methods are totally different approaches. However, in Table
8 the results are consistent with each other. Thus both the JTPDF and CE methods work
well in dealing with the ratchet EIA. Although there is a deviation of around 0.02 for the
CE method, it is still acceptable. The error of the CE approach is generated when

approximating the integrated variance in (3.4).

5.2.2 Fair Values

In Table 8 prices of the ratchet EIA is above 1, this contract is unfair for companies since
we assume that the investors just pays one dollar to obtain one unit of ratchet EIA. Fair
contract parameters should be set at values at which IT§* = 1.

In this section, we focus on the fair cap and fair participation rate. In solving for the
fair cap we first fix the participation rate at 100%, and then evaluated the fair cap using
different spreads and minimal guarantees. In terms of fair participation rates, they are
calculated without a cap, that is ( = +o00, using different spreads and minimal guarantees.
A bisection (or the binary search) method is applied here to solve for the fair values, and
the tolerance is set to be 1075.

Table 9 illustrates the fair cap and participation rates evaluated using the QE scheme,
and they are regarded as benchmarks to compare the fair values given by JTPDF and
CE approaches. The left part of Table 9 summaries the fair caps with 100% participation
rates and the right part illustrates the fair participation rates without a cap. Tables 10
and 11 present the errors of fair ¢ and « values calculated by the JTPDF and CE methods

respectively”.

9The errors in Table 10 and 11 are defined as w.
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Table 9: Fair values (in percentage) given by the QE method

¢ (a=100%) a (¢ =400)
v\ g | 0.00% 0.30% 0.50% | 0.00% 0.30% 0.50%
0.00% | 2.91 2.64 246 | 19.70 17.21 16.66

0.50% | 2.97 2.69 250 | 2049 1858 17.21

1.00% | 3.04 2.74 254 | 2126 19.24 17.79

Table 10: Errors given by the JTPDF approach

Fair ¢ (a = 100%) Fair o (¢ = 400)

v\ g | 0004 0.30% 0.50% |0.00% 0.30% 0.50%
0.00% | -0.24% -0.39% -0.15% | 0.34% -3.92% 0.39%
0.50% | -0.20% -0.07% -0.12% | 0.35% 0.39%  0.44%
1.00% | -0.39% -0.40% -0.43% | 0.40% 0.44% 0.47%

Table 9 shows that when the participation rate is one, fair cap is an increasing function
of the spread, and it decreases when the minimal guarantee gets larger. This is because
a large spread reduces the EIA’s gain from the external index, and a small minimal
guarantee weakens the EIA’s downside protection.

In this case if the cap keeps constant, a smaller potential return leads to the lower
price. Thus a higher fair cap is expected to yield a price that is more stable.

In terms of the fair participation rate, it behaves the same as the fair cap when spreads
and minimal guarantees change. Table 9 also suggests that fair values are more sensitive
to changes in g. According to annuityadvantage.com, our fair caps are consistent with
what companies are adopting. This also confirms our assumption that the financial risk is
the primary risk involved in EIAs. Finally, even if our Sy is not based on observed data,
it does not influence the return.

Again, Table 10 shows that the results derived by the JTPDF method are close to
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Table 11: Errors given by the CE approach

Fair ¢ (o = 100%) Fair o (¢ = 400)

v\ g | 0004 0.30% 0.50% | 0.00% 0.30% 0.50%

0.00% | -3.58% -3.01% -2.26% | -56.27% -62.74% -56.15%
0.50% | -2.64% -2.77% -1.33% | -49.63% -50.23% -50.31%
1.00% | -2.88% -2.61% -2.11% | -44.03% -44.91% -44.56%

those obtained by the QE scheme. The fair caps calculated in Table 11 are still acceptable,
but the fair participation rates appear to suggest that the CE approach fails. However,
although in the CE method we sacrifice accuracy for processing time, Table 8 shows that
the result is still acceptable. What the errors tell us is that the fair participation rates

are sensitive to the changes in prices.

5.2.3 Greeks

This section introduces the Greeks for the ratchet design. As we said before, the JTPDF
method is good for evaluating AR* while it is easy to derive AR and TR using the CE
approach. All the Greeks are evaluated using fair contract parameters.

The Greeks of a 7-year ratchet design are evaluated at time 0. It is interesting that both
Al and TF* are zero no matter what the contract parameters are. This is because at
time 0 the price in (4.8) is free from Sy. Zero Af** and T'i* means that when the company
sells the ratchet EIA policy, it is not necessary to hold any assets in the replicating portfolio
at the beginning. In terms of Af** they are evaluated by the JTPDF method using the
parameters shown in Table 9, and the results are illustrated in Table 12.

The left part in Table 12 presents Af** with a 100% participation rate. Different
spreads and minimal guarantees are presented in this table. The caps are the fair values
obtained in Table 9. For instance, in Table 9 the fair cap corresponding to a 100%

participation rate, 0 spread, and 0 minimal guarantee is 2.91%. Thus the left top A in
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Table 12 is evaluated using («, 7, (, g) = (100%, 0,2.91%, 0).

One interesting fact is that in Table 12 A values can be negative. It appears to
violate common sense that larger volatilities lead to higher prices, but the negative Af*
values result from the cap. A small cap limits the gains from the index, so that a larger
volatility only contributes to a higher downside risk in which case the price should be
lower. Our argument is verified by the positive AJ* when ¢ = +oo. Thus, the higher
the cap, the larger Af*. Since Af® has different signs, holding a portfolio of ratchet
EIAs can reduce the volatility risk. For instance, the Af* of a portfolio consists of one
contract with (a,7,(,g) = (100%, 0,2.64%, 0.30%) and 41 contracts with («,~,(,g) =
(17.21%, 0.50%, +00, 0.50%) is zero.

The results in Table 13 are used to investigate how the changes in « affect AN, Those
numbers are evaluated using (a, v, () = (100%, 0, +00) and different minimal guarantees.
Comparing the numbers in Tables 13 and 12, we find that Af* is an increasing function
of a. When ¢ = +o00, larger participation rates leads to more volatile returns, in which
case a change in volatility contributes to big changes in price.

All the effects of v and g on AF* in the right part can be traced back to how they
impact the behaviors of fair participation rates. When a = 100% and for fix g, Af* is an
increasing function of 7. This is because how v affects the fair cap. When ~ is fix, the
higher the minimal guarantee, the lower the fair cap is. Thus the space for the gain from

the index is narrow, which leads to the reduction in the absolute values in Af*".

Table 12: Af#* of ratchet ETAs

Fair ¢ (a = 100%) Fair o (¢ = +00)

v\g | 0.00% 0.30% 0.50% | 0.00% 0.30%  0.50%

0.00% | -0.0128 -0.0123 -0.0121 | 0.0008 -0.0004 -0.0006
0.50% | -0.0124 -0.0121 -0.0119 | 0.0014 0.0005 -0.0003
1.00% | -0.0121 -0.0118 -0.0116 | 0.0019 0.0009  0.0001
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Table 13: Af#* of ratchet EIA (IT)

a =100%, ¢ = +o0, v=0

g | 0.00% 0.30% 0.50%

AR 1 0.0834  0.0844 0.0852

At time 0, Af** and TF* are derived by theory, here A2 and T2t are evaluated by
the CE method. In doing so we assume that Sy = 100, S; = 90, S;5 = 100, and the
applied contract parameters are given in Table 9.

Table 14 presents the results for AT, To investigate how ¢ and « influence A%, we
evaluate it using («, v, ¢) = (100%, 0, +00) and different minimal guarantees. The results
are given in Table 16. These, together with the results in Table 14, suggest that AR2t is
an increasing function of o and (. This is because when « or ( are large, the gain from
the index is supposed to be more volatile. From the left part of Table 14, we can see that
given a fixed g a higher « leads to a larger AR2' and this is the reason for the increase
in fair caps. When ¢ = 400, AT%" is an increasing function of v, and it decreases when
g gets larger. The effects of v or g on AR2" are determined by how they affect the fair
participation rates.

Table 15 illustrates the results for TT2". All of the numbers are equal to or near zero,
which means there are no big changes in asset prices. This is because we assume there
are no jumps in our model for S;. When o = 100%, according to (4.12), TRa* = 0. When

¢ = +00, the changes in T'12" behave similarly with those of Af**. This is true since in

the replicating portfolio both I'; and A; are used as the number of similar derivatives.
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Table 14: ARa® of ratchet ETA

Fair ¢ (oo = 100%)

Fair a (¢ = +00)

Y\ g

0.00% 0.30%

0.50%

0.00% 0.30% 0.50%

0.00%
0.50%
1.00%

0.0102 0.0104
0.0103 0.0104

0.0104 0.0104

0.0104
0.0104
0.0104

0.0020 0.0017 0.0017

0.0021 0.0019 0.0018

0.0022 0.0020 0.0018

Table 15: That

of ratchet EIA

Fair ¢ (v = 100%)

Fair a (¢ = +00)

Y\ g

0.00% 0.30% 0.50%

0.00% 0.30% 0.50%

0.00%
0.50%
1.00%

0 0 0
0 0 0
0 0 0

-0.0014%
-0.0015%
-0.0015%

-0.0014%
-0.0015%
-0.0016%

-0.0016%
-0.0016%
-0.0017%

Table 16: AR2t of ratchet EIA (II)

a=100%, ( =+o0, v=0
g 0.00% 0.30% 0.50%
A{{gt 0.0134 0.0136 0.0137
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6 Conclusions

In this thesis, we applied the Heston stochastic volatility model to analyze equity-indexed
annuities (EIAs). Since the 1980s the volatility of stock market began to change markedly.
Thus the Black-Scholes model has been plagued by the assumption of constant volatility,
so stochastic volatility models became popular. The Heston model is one of the most used
models. However, it assumes that the interest rate is constant, which makes sense for most
short-term financial options. But for the EIA, whose maturity is between 10 and 15 years,
the constant interest rate assumption does not hold. For long terms, the interest is volatile
and a deterministic or stochastic model is expected. Here, we generalized Heston model
to the case of a deterministic interest rate and give a semi-closed formula for the price
of European call prices. We calibrate Heston model according to the observed European
call prices, using a global optimization algorithm called differential evolution (DE).

The equity-indexed annuity is an innovative life insurance product. However, it is
challenging to evaluate them properly. Hence, pricing and hedging of EIAs are interesting
topics. In this thesis, we focused on ratchet EIAs, and two different methods are presented
to evaluate them.

The first method is the joint transition probability density function (JTPDF) ap-
proach. We generalize the formula for the JTPDF of Heston’s process, which can be
found in Lipton (2001) and Lamoureux and Paseka (2009), to the case of deterministic
interest. Following Ballestra et al. (2007), we applied a Filon-type quadrature to solve
the oscillatory integral involved in the JTPDF. We find that the Filon-type quadrature is
much faster and more accurate in solving oscillatory integrals than the traditional Gaus-
sian quadratures. Given the JTPDF, the risk-neutral pricing formula reduced pricing
ratchet EIAs to a problem on solving multiple integrals. The dimension of the multiple
integrals is always above 10 and the integrand is too complex to be solved by basic cu-
bature or Monte Carlo methods. Again, following Ballestra et al. (2007) we adopted the

importance sampling technique to solve the multiple integral, but we generate samples by
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a Quasi-Monte Carlo method.

Another method is the conditional expectation (CE) method. By conditioning on the
volatility path, we can first price the ratchet EIA under Black-Scholes (BS) assumptions.
Since a closed-form is known for the price of ratchet EIAs under BS, the price in the
Heston framework is obtained by simulating the volatility path. The key point in the
CE method is how to approach the integrated variance. Broadie and Kaya (2006) and
Glasserman and Kim (2008) showed how to simulated exactly by different methods, but
their method is time-consuming. Inspired by Bégin et al. (2012), we approximate the
integrated variance by summations of gamma distributions. This approach is faster while
the results are still acceptable. The CE method is much faster than the JPTDF approach,
since CE does not require to calculate Bessel functions.

In the last chapter, we present numerical results for ratchet EIA prices as well as
Greeks. We obtained the fair caps and fair participation rates. Our results are consistent
with the parameters used by companies (see annuityadvantage.com). One interesting
result is that the sign of Vegas changes for different contracts, thus the volatility risk could
be reduced by holding a portfolio of ratchet EIAs with different contract parameters. At
the end, sensitivity tests were carried out for the price and Greeks of ratchet EIAs.

Future work could focus on applying stochastic mortality rates to EIAs, since it is
recognized that the mortality risk observed from life tables is a non-diversifiable risk. It
is also interesting to consider inflation rates in dealing with EIAs, since it is always better

to provide inflation protection for life insurance products.
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A Appendix A

In this section, we present how the general stochastic volatility model is defined under
the risk neutral measure Q. This work follows from Wilmott (2006).

In general, the stochastic volatility model is given by

dsS;

= = pdt+ VidW, (1) (A1)
dVy = p(Sy, Vi, t)dt + q (S, Vi, t) dW, (1), (A.2)
(W, (-),dW, (1)) = pdt, (A.3)

where p is the drift, V; is the return volatility, p (S, Vi, t) and ¢ (S;, Vi, t) determine the
model of stochastic volatility, W (t) and W, (¢) are two standard Brownian motion under
measure P with correlation p.

Compared with the Black-Scholes framework in which the hedging portfolio consists
of a risk-free bond and certain asset shares, there are two source of randomness in a
stochastic volatility model that are the asset (W (¢)) and the volatility (W, (¢)). Hence,
we need another option to hedge the risk. Suppose that a portfolio consists of an option
I (S, Vi, t), —A shares of the asset, and —A; shares of another option I1; (S;, V;, ), the

value of the portfolio at time ¢ given by
O(St,‘/;,t) — H(St,‘/;,t) - ASt - AlHl (St,‘/;f,t) . (A4)

For convenience we write O (S;, Vi, t) as O and similarly with II,II;, p, and ¢q. Applying

[t6’s formula to (A.4) leads to
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11 1 11 1 1I 11
dO = (8 ds, + 0 —dV, + —VQSQa—dtJr X gv dt+pq‘/25t%—dt) — AdS;
t

DS, oV, t 852
—A; (ggj ds, + 21;; dV, + v253 Ei;;ld t+ 1q 5;52 dt + pqStVta;I dt >
- (- a- Y us (B
— Ay (% 5521422?; + pgSiV,; axigzt + %f%g‘g;)] dt. (A.5)

Note that portfolio O is set up to hedge the option II, so that O is free of asset and

volatility risks. Hence, the terms multiplying dS; and dV; in (A.5) must be 0, that is

oI o _

55, —A— A5 =0, (A6)

oIl Tl o

ovi — Bigw =0

This is equivalent to

A om _ OW/ov oy
— 95, OML1/0V; 95y (A7)
_ om/ov;

Ay = anl/a\t/t'

Note that when the terms multiplying dS; and dV; in (A.5) are 0, (A.5) becomes

Corfon 1, 0 oI LTI
0 = {(E _Svtms pqstvtawast+2 av2

81_[1 81_[2 o112 o011,
— Ay | =+ Z52V? : —q¢* dt. A8

Given that O is free of asset and volatility risks, it earns risk-free interest rate. Thus

dO = rOdt = r (I1 — AS, — AyI1,) dt. (A.9)

Combining and (A.8) and (A.9) leads to a PDE, that is
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il I 1,0
(8— —s2v28 TSV 4 18 )

ot b 028, ov,08, = 27 OV
ol o113 o113 1,010,
~A [ —=— —52V2 SVierre + = ¢
1( ot C s, TP igyas, Tl ave
Inserting (A.7) into (A.10) leads to
152‘/23% + pqStVtavtast + §q2§;§ + rStg—g —rl
p)
o
%G+ 3PV G + S Vigygs + 30° G + S — il
- a1,
Vi

This is an intimidating PDE, but fortunately the left hand side is a function w.r.t. II and
the other side is a function only w.r.t. II;. Since there are no constraints posed on the
contract of Il and II;, the previous equation must be true for any II and II;. This means
that both sides must be equal to a quantity which only depends on S;, V;, and t. We
denote quantity — (p (S, Vi, t) — A (Sy, Vi, t) ¢ (Si, Vi, t)) or — (p — Aq) for short. (Though
we give the quantity a form, but it can still be any function of S;, V; and ¢ since we do
not propose any constraint on A (S, V;, t). Later, the readers will find more information

about A (S, Vi, t).) Then the following equation is true

O 1y 01 P 1 28211 o1l B o1l
a1 T Vg TriViguags + 50 gya T iy, — =~ = Ad) o
that is
o, 1 282 oI 1,01 o oIl

Here (A.11) is important since solving it leads to the price II. Similarly to Black-
Scholes PDE, the drift of dS;/S;, that is u, does not appear in (A.10), but the risk-free
rate r does. Note the terms multiplying g—g and g—‘l}t. We claim that under the risk-neutral

measure Q the drift terms of d.S; and dV; are supposed to be 7S;dt and (p — Aq) dt. Hence
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the general stochastic volatility model under Q is given by

%St = rdt + V,dW2(t),

t

Here the Randon-Nikodym derlvatlve can also be derived.

The term A (S, V4, t), A for short, is of interest. Following Wilmott (2006) we discuss
its properties. Suppose that we delta-hedge an option I satisfying (A.11), then we have
a portfolio O given by

O (S, Vi, t) =11(S,, V,, t) — AS,.

Again, for short we denote O (Sy, V4, t) and I1 (S;, V4, t) by O and II. Applying Itd’s formula

to O leads to

dO = dIl — AdS,;

oIl oIl oIl P 1 ,0°T 1 1T
= (LAY s+ Lo+ (L4 i dt
(ast ) St av Vit (at Vg Tl gt pqstvtavtast)
oIl O, 1oy oI a? 1o

The last equation holds since we are delta-hedging II, that is A = g?n The difference

between dO and rOdt is interesting. It is given by

- o1l o1l P11 ,0PT 1 o211
dO —rOdt = ——d Rl dt
O-ro v, Vt+(8t 29V 55 T2 av2+ pqst%avtast)
o1l ol 1., L0 1,0 1 o211
= (E _St : as2+2 T pqstvtavtast
o1l
—TH+7"StaSt> dt
o1l o1l
o1l
= (@Vi — (p — Ag) dt)
o1l
= gy (it 4+ dW, (1) (A.14)
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Here, (A.13) holds because of (A.11), while (A.14) holds from (A.2).

Observe that the error in delta-hedging, which is an instantaneous rate, can be de-
scribed by the change rate in IT w.r.t. V; and “for every unit of volatility risk, represented
by” dW, (t), “there are A units of extra return, represented by dt”. Hence, A or A (Sy, V;, t),

is called the market price of volatility risk.
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B Appendix B

Here we give a brief introduction to DE’s update procedure: DE deals with a population of
n,, solutions stored in real-valued vectors x; ¢ = (¢1.:6, .., Zpic),t = 1,2, ...,n,, where G
is the generation number and D is the number of parameters (D = 5 in the Heston model).
Given the upper bounds and lower bounds for each parameter, s.t., x]L <1 < ij, the
entry z;1,(j =1,...,D,i=1,...,n,) of the initial vectors w;; is uniformly chosen from
the interval [xJL, xﬂ Then the initial vector is updated as follows: For every vector z; ¢,
randomly select three other vectors x,, ¢, Ty, ¢, Try.c Where 7,71, 79, 75 are different. Define

the donor vector as

ViG+1 = Tpy ¢t F (xTz,G - xrs,G) )

where F'is a constant from [0,2]. The element of the trial vector ;41 is determined
by the target vector z; ¢ and the donor vector v; c4+1. In detail, the entries of the donor
vector are the entries the trial vector with probability C'R, that is
Viigr1 fu; < CRorj = Igna,
Uji,G+1 = (B.1)
Tji,G if Uy, 5 > CR and j 7é Lﬂanda
where u; ; is chosen uniformly from [0, 1], and I,4,4 is a random integer from {1,2, ..., D}.

At last, vector z,,; ¢ is updated by the trial vector u; ¢+1 and itself, is:

wicrr i fluign < f(zig)),
Ti,G+1 = (B.2)

Tiq otherwise.
In the following the update procedure is repeated until the iteration number reaches the
maximum limit Ng. The update procedure is summarized in Algorithm 1.
A series of articles have proved that DE is more accurate and efficient than several
other optimization methods including four genetic algorithms, simulated annealing and
evolutionary programming. For more details on the DE method please refer to Storn et al.

(2005).
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Algorithm 3 DE’s update procedure

initialize parameters D, n,, Ng, F, CR, the upper and lower bounds.
initialize ;1,7 = 1,2,--- , n,,.
for G=2— Ng—1do

generate x,, ¢, Try ¢ Try,¢ for each x; ¢

Viar1 = Try,a + F (2,6 — Try.0)

for j=1— D do

define w;; ¢41 according to equation (B.1).
end for
update z; ¢41 according to equation (B.2).

end for
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C Appendix C

Proposition C.1 Suppose a kind of Riccati function is given as follows:

%t(t) =aY (1) + BY (t) + 1, (C.1)

and with boundary condition Y (0) = 0, where o, 3,7 € C.

This kind of Ricatti equation has a unique solution. And the solution is given by

Yy (A —aYy) e ™ — (A — aYy) Yo
(A — aYy)e 4 + aYy '

Y (1) =

where

o —BEVF o
0o = )
20

A = 2aYy+ B

Remark C.2 Thought there are two values for Yy, they lead to the same value of Y (t)
that satisfies (C.1) and Y (0) = 0.

Proof. First of all, it is possible to find a constant solution to Y (¢) by solving
0=aY (1) +BY (t) +7 (C.2)

and the solution is

v, - “PEVB 4y
0= .
2a

Define U (t) = Y (t) — Yo, that is Y (t) = U (t) + Yj. It is easy to derive that

dy (t) dU (t)
dt dt -’
Y (t)? = U@#)?+YE+2U (1)

Hence (C.1) can be written as
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= a[U@)’ +YE+2U (1) Yo] +B[U () + Yo] +7
= U (1) + (2aYo + B) U (t) + (oY + BYy +7) (C3)

= aU(t)’ + (2aYy 4+ B) U (1) . (C.4)

(C.3) holds since Yj is the solution to (C.2).

Let W (t) = %, that is U (t) = . The substitution leads to

THOR
dU(t) 1 dW (1)
a Ww@)? dt
VO =

Then (C.4) can be written as

1 dW (t) 1 1
— =« + (20 + B)——.
W(t)? dt W (1) 2e¥o + 007
This is equivalent to
dw (t)

7 + (2aYy + /)W (t) = —a.

Note that the previous ODE is a first order linear equation, so that the solution to W ()

is given by i
—(2aYo+B)t _
W(t):C(Qa%z§§/§+B oz’
where C'is a constant.
Define A = 2aYy + 3,
1 A

and

Y(t) = Ut)+Y
A
 CAe 4t — o +Yo
CYpAe ™ + A — aYj

CAe—At — o

82



In the previous equation Y (¢) must satisfy the boundary condition Y (0) = 0, this leads

to
aYy— A

C= v,

Finally, the solution to (C.1), given the boundary condition Y (¢) = 0, is

Yo (A —aYy)e ™ — (A —aYy) Y,

Yi) = (A — aYp) e 4t + aY)

The uniqueness is because the solution to a first order linear equation is unique. [J
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D Appendix D: Bilinear Interpolation

Assume that a smooth function f of z and v over [in, Tmaz] X [Umin, Umaz] 1S given
and its values at four given points (shown in Figure 6) are known as f;; = f (z;,v;) for
i,7 = 1,2, where [x1, 25] X [v1, 2] C [Tmin, Timaz] X [Vmins Umaz)- The value of f (x,v) for
any (x,v) € [r1,xa] X [v1,vs] can be approximated using linear interpolation. First, the
value of g at two points Ry(z,v;) and Ry(z,vs) (shown in Figure 6) is estimated using
linear interpolation with (z1,v;) and (29, v;), for i = 1,2:

To — T r — T

g(R) = g(z,u) = o _xlf($1,v1)+ o _xlf(@,m),
To — X r—x
9(Ra) = g(2,02) = = (w1, 02) + = f (w3, 05).

Note that (z,y), Ry (z,v1) and Ry (x,vy) share the same x coordinate, then f(z,y) can

be approximated by linear interpolation using points Ry, Ry and

g (R2)

Vg — U

9(z,y) = g(Ry) +

V2 — U1 V2 — U1

_ v {xz—xf(x17vl)+ T —x f(wg,m)} D.1)

Vg — V1 (T2 — X1 To — I

+ S {xz_xf(l"l,vz)ﬂL x_xlf(ZUQ,Uz)}-

Vg — V1 (T2 — X1 To — I

v — U

Using the above method, if we divide [Zmin, Tmaz] X [Vmins Umaz) i0t0 Np-by-N,, grids,
given the values of f at the intersection points we could estimate the value of f at any
point in [Zmin, Tmaz] X [Vmins Umaz] by bilinear interpolation. This is because any point
(2,v) € [Tmin, Tmae] Mmust be located in one grid. The set of the values of f at the

intersection points is usually called a look-up table. Note that
g— f when N, = o0 and N, — o0 (D.2)

holds because of (D.1) and the assumption that f is smooth over [Z,,in, Tmaz] X [Vmin, Vmaz]-

Moreover, some useful formulas are listed as follows.

1. The integral of g (z,v) with respect to x from z; to x5 is

/mg(:ﬂ v) dx = (1_ ’U—’Ul) (xg — 1) (f11+f21)+’0—'01 (w9 — 21) (fi2 + f20)

Vg — U1 2 Vg — U1 2
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(x1,v2) R, (x,v,)

(X,:v,) R,(x,v,) bpva)

Figure 6: Bilinear interpolation

2. The double integral of g (x,v) with respect to z and v is

/b/%g(:c v) dedv = (b — 1) (202 — b —v1) (2 — 1) (11 + fo1)

4 (vg — 1)
(b— "11)2 (2 — 21) (fi2 + f22)
* 4 (vg — v1) ’

3. Setting b = vy in the previous equation, the integral of g (z,v) over [z1, z3] X [v1, V9]
is

/vz /xz f(z,v) dedv = i (fi1 + fiz + for + fa2) (w2 — x1) (V2 — 1) .

85



E Appendix E: Vega

oIl
3’015

iEQ [eftn rw)dw e (X n) ’.7—}]

3’015

n 0
Sl rwydw 2
‘ a’Ut/
0

/ C* (x,n)p
QXV
ej; r(w)dwa—vt . <\/Qx C* (X’ n)p(xiavi|xtavt) H p(xj,vj|l'j_1,vj_1) dX) dv

n

($iavi|xtavt) H p($i>vi|$z‘—1>vi—1) dxdv
j=i+1

j=i+1
(E.1)
n 0 , "
el T(w)dwa_ (Z (X)) p (2, v, vp) H p (x5, v5]z-1,0j-1) dx) dv
vt Jay Sx j=it1
(E.2)
n 0 , “
el T(w)dw/ﬂ a0, (Z o f7 (%) p (2, vy, vp) H p (), vjlzi-1,05-1) dX) dv
v 5 j=it+1
(E.3)
n . - B
el r(w)dw/ (Z Y (x) H p(;pj,vj|xj_1,vj_1) a—p (i, vilTe, vp) dX) dv
Qv Sx j=it1 vt
(E.4)
S r(w) dw * - 0
et C* (x,m) H p(x),v;|Ti-1,v-1) %p(:ci,vi\xt,vt) dx | dxdv
Oy \ /9 j=it1 ¢
(E.5)
S r(w) dw * - 0
elt Ce o C (X, n) H p ({L‘j, Uj|l'j_1, Uj—l) a—’(jtp (ZL‘Z‘, Ui|l't, Ut) dXdV
v j=it+1
(E.6)
n aip (xiavi|xtavt)
el T dw pQ | o (X ) Qe Fi . (E.7)
p (xia Uz'|xt7 Ut)

(E.1) holds because of Fubini’s theorem: Since we evaluated the integral or the ex-

pectation so that it can be proved that the absolute value of the integrand is integrable.

Then we can apply Fubini’s theorem to change the order of the integrals. In (E.2),

U S = Q and this is a finite partition for n is finite. We make this change to ensure

that on each S7, the integrand can get rid of the indicator functions and can be written

as f7(x) [Ti, p (xi, vi|wi—1, vi—1), where f7 (x) is a smooth function of x. Hence each inte-
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grand on S7 should be a smooth function of x, v and vy. Further, the integral w.r.t. x is
also a smooth function of v and vy then we can apply Lebesgue’s dominated convergence
theorem to change the derivative and the integrals which leads to (E.3) and (E.4). Then
(E.5) holds as bringing 8%0 inside the inner integral does not make any changes to f7 (x)

(the partition of €, only depends on f7(x)). Applying Fubini’s theorem again leads to
(E.6).
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