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Abstract. Commonly used kernel regression estimators may not provide admissible values of the regres-
sion function or its functionals at the boundaries, for regressions with restricted support. Any smoothing
method will become less accurate near the boundary of the observation interval because fewer observations
can be averaged, and thus variance or bias can be affected. Here, we adapt Chaubey et al. (2007)’s method
of density estimation for nonnegative random variables to define a smooth estimator of the regression func-
tion. The estimator is based on a generalization of Hille’s lemma and a perturbation idea. Its uniform
consistency and asymptotic normality are obtained, for the sake of generality, under a stationary ergodic
process assumption for the data . The asymptotic mean squared error is derived and the optimal value of
smoothing parameter is also discussed. Graphical illustration of the proposed estimator are provided on
simulated as well as real-life data.
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1 Introduction

Various nonparametric estimators of regression function m(-) have been proposed in the literature,
we may refer to Tran (1994) and Laib (2005) and the references therein. Note however, that most
of these methods may not provide admissible values of the regression, or its functionals at the
boundaries for restricted support regressions. Near the boundary of the observation interval any
smoothing method will become less accurate because fewer observations can be averaged and thus
variance or bias can be affected. Although the usual kernel method may be used to estimate m(-),
this method has two drawbacks. The first drawback concerns positive mass outside of support
as shown by Silverman (1986) for the kernel density estimator, since this estimator can assign
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positive mass to some x € (—00,0). It can perform very well only for densities that are not far
from Gaussian in shape (see, e.g., Wand, Marron and Ruppert (1991)). The second drawback of
this estimator is its failure to consistently estimate discontinuity at the boundary, for regressions
on [0,400) with m(0) > 0.

The boundary problem is of great importance, for instance, in econometrics where the range
of the variable of interest in important models is not the whole real line. The boundary is usually
at zero, and significant bias error occurs in the vicinity of zero. For instance, the income data for
a country can have most of the density mass near zero because of high unemployment. Financial
transaction data are typically highly dependent and often close or approximately equal to zero
for frequently traded stocks. In the context of life testing and analysis, the associated random
variables are typically nonnegative.

For i.i.d observations, several methods have been developed in the past to cope with the
boundary error. See for instance Zhang et al. (1999), the reflection method of Hall and Wehrly
(1991) and, in the setting of fixed-design regression, the generalized jackknifing technique of Rice
(1984) [see also Hardle (1990), pages 130-132]. Boundary phenomena have also been studied by
Gasser and Miiller (1979) and Miiller (1984).

In addition, there are a number of approaches to density estimation f(-) exclusively for non-
negative data. For instance: the transformation method (e.g., Wand, Marron and Rupport
(1991)); the Bagai and Prakasa Rao (1996) method which, unfortunately, uses only the first
r order-statistics to estimate f(z) if = lies between the r-th and (r + 1)-st order-statistics; the
Chaubey and Sen (1996) method based on Hille’s (1948) smoothing lemma; the Gamma-kernel es-
timator of Chen (1999) and the inverse-Gaussian kernel estimator of Scaillet (2004); the Chaubey
et al. (2007) method based on a generalization of Hille’s smoothing lemma, coupled with a
perturbation idea to take care of the boundary bias.

Note also that most of the above papers deal with density or regression estimators in the setting
of independent random variables. However, a great deal of data in econometrics, engineering and
natural sciences, among other areas, occur in the form of time series in which observations are
dependent.

In this paper we propose a smooth estimator of the regression function for nonnegative data.
The estimator is obtained by adapting the Chaubey et al. (2007) method for density estimation
based on generalized Hille’s lemma and perturbation. Further, the data are assumed to be sam-
pled from a stationary, ergodic process to allow maximum possible generality in the dependence
structure. We avoid the widely used strong mixing condition and its variants as a dependence
measure. For one thing, the calculation of probabilistic dependence measures is generally not
easy because it involves the complicated manipulation of taking the supremum over two sigma
algebras . Moreover, the mixing properties (strong or not strong) of a number of well known
processes is still an open problem such as the AR(1)-GARCH(1, 1) process (see Lu and Linton
(2005)). Additionally, many well-known processes are not strong mixing. For instance, Chernick
(1981) and Andrews (1984) have given examples in which the first order linear autoregressive
process with discrete valued random innovation is not strong mixing. In particular, if (¢;);ez
is a sequence of independent Bernoulli random variables with parameter g, then the process
Xi=pXii+e=> 10, pFei_y, where p € (0;1/2], is not strong mixing since o, = 1/4 for all n
(see Andrews, 1984). The process (X;) is an example of ergodic processes that do not fulfill the
strong mixing property. In the same spirit, Guégan and Ladoucette (2001) show that some long
memory processes with Gaussian innovation are ergodic without being strong mixing. Another
example is given in Bosq (1998, pp 57-58) where the chaotic process of type X; = T'(X;_1), with
T a measurable real function, is shown to be ergodic but not strongly mixing.



In Section 2, we first derive a raw estimator without perturbation. It is then shown that
this estimator, m,(x), can be inconsistent at x = 0 for m(0) except in special cases. Following
the idea of Chaubey et al. (2007), this motivates us to consider the perturbed version 7, ().
Thus it appears that perturbation is indeed a very useful new idea to deal with boundary bias
in the case of nonnegative data, which also avoids the complication of some of the rigorous
boundary correction methods mentioned above. Section 3 is devoted to the study of asymptotic
properties of the proposed estimator. We establish there the uniform almost sure convergence
of the estimator m,(-) when the observations are assumed to be only stationary and ergodic,
so that the results hold for both mixing and non mixing processes. However, the asymptotic
normality is established under a weaker dependence condition. In comparison to strong mixing
this dependence condition appears sufficiently mild. Also, the asymptotic mean squared error is
derived and the optimal choice of smoothing parameter is discussed. Section 4 deals with the
generalization of our results to higher dimensional case. Section 5 is devoted to the application of
our results to the construction of confidence bands for the functions m(-) as well as nonparametric
predictors. In Section 6 we give some graphical illustration of the proposed estimator on simulated
as well as real-life data, the latter pertaining to hardwood sapling height-growth in a boreal forest.
The proofs are deferred to the Appendix. In this context, the martingale techniques play a vital
role that allow us to obtain optimal results as in the i.i.d setting.

2 Smooth estimator of the regression function

Let Z; = (X;,Y;)ien be a RT x RT-valued strictly stationary ergodic sequence process defined on a
probability space (2,4, P). Let ¢ be a Borelian function of R™ into R such that E(|¢(Yp)|) < co.
Let m(xz) = E(¢(Yy)|Xo = z) be the conditional mean function of ¢(Yy) given Xy = x which is
assumed to be bounded on RT.

The problem of interest is to construct a smooth estimator of the regression function m(-)
based on data Z;,7 = 1,...,n. To this end, the following generalization of the Hille’s Lemma will
be used.

Lemma A (Lemma 1, Chapter VIL.1, Feller 1965). Let h be any bounded and continuous function.
Let gzn(s), n = 1,2,... be a family of densities functions with mean p,(x) and variance uZ(x)
then we have as pin(x) — = and up(z) — 0

P(z) = / W) gen()dt — h(z) as n— oo, (2.1)

—0o0

The convergence is uniform in every subinterval in which u,(x) — 0 and h is uniformly contin-
UOUS.

Letting in (2.1), h(t) = m(t) f(t) and suppose that g, () be a density function satisfying
[ tgzn(t)dt = pn(z) — 2 and [(t — pn(2))?gen(t)dt = 02(z) — 0 as n — oo. This allows us
to get

/h(t)gx,n(t)dt — h(z) asn — oo. (2.2)
Observe that the left hand side of (2.2) can be written as Ef (¢(Y0)gz,n(X0)), where the expec-

tation is taken with respect to f(-), this motivated the introduction of the following estimator of
m(-), that is



() = " izt S0 (Xi)

n~t Zi:l G (Xi)

when the denominator is non equal 0. The function g, ,(-) may be generated by considering a

density function g,(z) on [0,00) with mean 1 and variance v?, giving g, »)(t) = L gv,(L). The
estimate of m(x) is then given by

n 3 0(Vi) Qua (Xa)
nLY T Qe (Xi)

where Q.0 (t) = 1g,, (L) is a density function on [0,00) with 2 mean and variance (zvy)

my () (2.3)

2 _ 0
as n — 0o.

The above estimator, however, may not be defined at x = 0, except in cases where my,(0) =
lim, o+ my,(x) exists. For instance, if @, .(-) is a gamma density function with mean = and
variance (zv)2, defined for > 0, by

1 1
Qxﬂ}n (t) = ﬁan F(a )tan ! € ant/x? Where a?’l = 1/7)%7 61‘ = ,U?Lx' (24)
X n

Then, the limit m,(0) may be computed as follows

S Y Xy e/
mn(()) = lim an—1 e Xn/x
z—0t Zi:lX 7)1 n (i)
D
= lim
2—0+ S X?;_l e—onlX@—X)l/z
SOV XG5 ™" + Sy 0(Vy) Xy~ e Xl
um, a1 anl—a[ Xyl/z
z—0 X + Zi:2XA e AnlA () T4 (1)

1) (4)
= ¢(Yv[1])7

where X(;) stands for the order statistic of X; and Y};) the corresponding concommitant, i.e.,
Y;) = Y; if X3y = X;. However, in this case m,,(0) does not consistently estimate m/(0).

To see this, consider the following example. Let (X;,Y;) be a sequence of i.i.d. r.v. with joint
density f(z,y) = e Y fory >z > 0. Thus f(z) = e 2, f(y|z) = e W) m(z) = fgo yf(y|lz)dy =
r+1and Gy(y) = P(Y <y|X =2)=1—e¥". Since for all t > 0

1]<t / G )(t>l‘)d

where f(1)(-) stands for the density of X(;) and I(-) the indicator function, then we have, when
Qs(}f[l]) = }/[1]7 that

PV = m) <) = 0 [ 6o (m) (1= P s
~1/2

1+in 19
_ n/ (1 _ it +x) e~ (e g,
0

— 1—e¢' as n— oo



In this case, m;(0) does not consistently estimate m(0) = 1. This would be the case in general,
unless the conditional distribution of Y, given X = 0, is degenerate.

To alleviate this situation we consider the following perturbed version of the above regression
estimator

-1 r sz T+€n,v Xz
n S 6000 (KD
n Z:l Qutenon (Xi)

M (x) :=my(x + €,) = (2.5)

where Qpte, v, (t) = ﬁ%n(ﬁ) and €, goes to 0 at an appropriate (sufficiently slow) rate as
n — oo.

In this paper, we focus on the special case where Qy,, ++, (-) is a gamma density function with
mean z + €, and variance v2(z + €,)?. Namely, for z > 0,

1
Qutenon(t) = —ax o=t gmant/ @) where a = 1/02, Bote, = 02 (x4 €n).  (2.6)

[(an)

T+en

Gamma density is naturally asymmetric to cope with discontinuity at ¢ = 0.
2.1 Notations and hypotheses

In order to state our results we introduce some notations. Let JF; be the o-field generated by
((X1,Y7),...,(X;,Y;)) and G; that generated by ((X1,Y1),...,(X;,Y;), Xiy1). For ¢ € N, let
f(:]Fi—1) be the conditional density of X; given F;_; and f(-) be the common density of the
Xi’s. Let Cyp(R) be the space of continuous functions going to zero at infinity and || - || be the

sup norm. From now on, set J = [a,b] C R" with 0 < a < b.The notation D, stands for the
convergence in distribution of random variables. For a random variable & write £ € LP (p > 0) if
1€llp = (E|¢|P)/P < 0o and define the projection Py, by Pié := E(¢|F1) — E(€|Fi_1), k € N.

Our results are stated under some assumptions we gather hereafter for easy reference
A0

v, — 0 and ¢, — 0 as n — oo.

Al) Foralli e N, f(-) € Co(R) and f(:| Fi—1) € Co(R) almost surely (a.s.)

(A0)
(A1)
(A2) The sequence {n~t Y"1 | f(x| F;—1)} converges uniformly in z to f(x) almost surely.
(A3) sup{f(x):z € [a,b],a >0} > 0.

(Ad)

A4) The conditional mean of ¢(Y;) given G;,_; only depends on X;, that is , for all i > 1,
E(6(v)

(A5) There exists some v > 2 such that max;<i<, E (|¢p(Y)[7|Gi—1) < 00 a.s.

gz’—l) =m(X;).

Remark 1.

Assumptions (A1) and (A2) is justified by the work of Gyorfi and Lugosi (1992) where the
authors have pointed out that the ergodic condition alone is not sufficient to ensure the L! consis-
tency of kernel or histogram density estimates. A complementary assumption is therefore needed



like the existence and the absolutely continuous almost surely of the conditional distribution.
Conditions (A3) is very common in nonparametric estimation. (A4) is satisfied, for instance, by
letting Y; = X;+1 where {X;} is a Markov process. As pointed by Gyorfi et al. (1998), condition
(A4) is necessary for establishing the consistency of partitioning estimate. (A5) is very weaker
than those proposed elsewhere in the literature.

3 Main Results

3.1 Uniform strong consistency

Theorems 1 below deals with the uniform consistency of the estimator my,(-).

Theorem 1 Assuming (A0)-(A5) hold, then we have

sup |my(z) —m(xz)|=0a.s. as n — oo.
z€la,b]

3.2 Asymptotic Normality
Theorem 2 below delas with asymptotic normality for m,, ().

Theorem 2 . Let Wy, 5(X;) := E[¢*T0(Y;) | Gi_1] for some 6 > 0. Assuming conditions (A0)-
(A4) hold and that

nv, — oo asn— oo and maxsup f(t|Fi—1) < oo, (3.1)
it

the functions m(-), f(-) and Ways(-) have bounded derivatives up to order two.
(1) If f(z) > 0 at given x € R}, then

B xX) — m2 X
V(i () = m(x) = Bu(z)) S N (0, o*(x)), where o*(z) = 2\1/7? = x)f@) =

and By(-), which is defined in (7.3), stands for the bias term of iy, (-).

(i) Suppose that

sup > [P1f (ylFi)l2 < oo, (32)

Y =1

n1/202/2 — 0 and n”%}/zen — 0 as n — oo, then
V1o (M () — m(x)) 2N (0, o*(2)).

. 5/2 1/2 1/2 3/2
(iii) If x = 0 and if e,v, — 0, nvye, — 00, nl/%n/ en/ — 0 and nl/gvn/ en/ — 0 as n — oo,

then
VAU (1 (0) = m(0) 2 N (0, o3 (0))
where 03(0) = ﬁ%&rﬂ(o).



Remark 2
The condition (3.2) replace in some what the strong mixing condition and allows us to give
an estimate of the convergence rate of the bias term By, (-). It holds for linear as well as many

nonlinear processes, such as threshold autoregressive models, AR models with conditionally het-
eroscedastic errors (see, Wu (2003) and Wu and Shao (2004)).

Example 1.Nonlinear models.
a) Let d > 1 be a fixed integer and consider the nonlinear AR(d) model

Xn=Re,(Xn-1,--., Xn—d), (3.3)

where R is a bivariate measurable function and {X,,} is a stationary process. For different forms
of R in (3.3) one can obtain threshold autoregressive models (TAR, Tong (1990)), AR models
with conditionally heteroscedastic errors (ARCH, Engle (1982)) and exponential autoregressive
models (EAR, Haggan and Ozaki (1981)) among others. By iterating R in (3.3) one can see that
the process X, defined in (3.3) may be written as X,, = F(...,€,-1,€,), where F' is a measurable
function. The process {X,,} is a stationary and causal process and represents a huge class of time
series models. In the case where d = 1, the process {X,,} admits a unique stationary distribution
if

Re - Re
E(logL:) <0, E(LY)+ E(Jxg — Re(z0)|*) < 00, where L. =sup |Re(2) W)l

(3.4)
TH#Y ‘x - y‘

holds for some a > 0 and zg (see, Diaconis and Freedman, 1999).
Let f(u|X;) be the conditional density of X,,+1 at u given X,, and assume that sup,cg | f(u|Xo)|
oo and there exists C' and 3 > 0 such that for all z and 2’ in R,

sup | f(ulz) = f(ulz')] < Clz = #'|.
u€eR

By the analogous proof as that of Theorem 3 in Wu (2003) we have sup,cg || Pof(u|Xn)||2 =
O(r™) for some r €]0, 1] and therefore condition (3.2) holds.

b) Letting ¢(Y) =Y and Y; = X; where X; is generated following an ARCH-model:

X, =0X,_1+ A/ ag + alXi{l € (3.5)

where ag > 0 and 0 < a1 < 1, the sequence ¢; is i.i.d and for any ¢ > 1, ¢; is independent of X;_ 1.
By (3.4) a sufficient condition of the existence of stationarity distribution is E (log(|0| + |a1€|) < 0
and E(]e|*) < oo.

Let f. and f! be the density function of € and its derivative. The conditional density of X; = z
given X;_1 =z is f(z|z) = \/a01+w fg(\/zi‘zz). Using theorem 3 of Wu (2003) one can see that
the condition (3.2) is satisfied whenever sup,cp[|2fi(2) + fe(2)] < oo and sup,cp | f(2]x)] < co.

Example 2. Linear models.

Let X, = Yo%) @i€n—i, where Y 3% |a;| < oo, E(ey) = 0 and E(e}) < oc. The process X,
includes many useful special cases such that the causal ARMA models. By the analogous proof
as that of Theorem 4 in Wu (2003), we can show that (3.2) holds whenever sup,, |fc(z)| < oo and

supy | f/(z)] < oo.

<



3.3 Asymptotic mean squares error (AMSE) of the regression estimator

Here we consider only asymptotic mean squared error (AMSE) of m, () computed at one single
positive point x. In this case we may let ¢, = 0, as perturbation is not needed away from the
boundary = = 0. In a future paper we shall consider asymptotic mean integrated squared error
(AMISE) as well as data-driven choice of both the smoothing parameters (e, vy,) via an empirical,
cross-validation function derived from AMISE.

The AMSE may be deduced from Theorem 2 as follows:

AMSE(1n,(z)) = B2(x)+ %UQ(QU) for x > 0.

Using (A1) and (A2) the bias By (z) defined in (7.3) can be written, for n sufficiently large, as
B (x) = fooo(m(x) — m(t))Ql‘+€n,’l)n (t)f(t)dt
fOOO Qeren,vn (t)f(t)dt

One get then, by a Taylor expansion of order 2 of the functions ¢ — h(t) = m(t)f(t) and t — f(t)
that

B (@) = —ood @m(@) & §@vi + 2wend) (20" (@) (z) — f(@)m" (z)) +olv} + )
! f(x) + e f'(x) + %(CBQU?L + 226,02) () + O(v2 + €,) :

(3.6)

Here we consider only the case where x > 0. In this case the bias term can be approximated
when ¢, = 0 and v, — 0 by

By By ~ @) 2w @) (@)
f@) + =52 f" (@)
| (@) f(@) — 2 (@) () 5 -
~ o) as vy — 0. (3.7)
Thus, we have for n sufficiently large, that
AMSE(ma(z)) ~ a(z)z™vl+ b(m)%, (3.8)

where

o) = |[I@ L BDI @] s g gy = L Wale) - a)

2fx) T 2yr af(w)

The above result means that the bias square, as a function of v,,, is increasing whereas the variance

(3.9)

decreasing.
Minimizing now the quantity AMSE with respect to v,, one get the AMSE optimal bandwidth
Vopt = V0:

v = ( b(z) >én_51). (3.10)



The optimal rate of the AMSE is thus given by
b(x)

AMSEyy = a(z)ztvg +
nvg
4 1/5
_ <1+ ‘Z) (16;20103) n45, (3.11)
where
_ [ (@) f(@) + 2 (2) f' () ]? _ Wa(a) —m?(2)
Cl = fa:) :| and CQ = f(.’L') (3.12)

4 Generalization to the d-dimensional case

We briefly discuss a generalization of our result to the d-dimensional case. For d > 1, de-
note by X; = (X;1,...,X;q) a d-dimensional vector random variable defined on R*9. Let
x = (21,...,24) € R™ and €, = (e1n, ..., €q,) such that for any 1 < i < d, €5, — 0 . Then for
any t € RT?, the density function defined in (2.6) takes the forme

i

a—1
1 d —ay?
Qx €n,U t = t; i=1 Titein 4.1
rer® = T G @) (H ) ‘ 1)

where a 1= oy, = 1/v2, Brites, = V2 (x; + €,) and v := vy,.
Let Z; = (X, Y;)ien be a RT x Rt-valued strictly stationary ergodic sequence. Let ¢ be a
Borelian function of R into R. We estimate then m(-) by

~ . n~t Z?: ¢(Yi)Qx+en,v(Xi)
Mn (X) B n-1 Z%Lzl Qeren,vn (Xz) '

We consider the following o-algebra: §; = o(Z1,...,Z;) and &; = 0(Z1,...,2Z;, Xiy1).
For i € N, let fx,(-|§:) be the conditional density of X; given §;—; and f(-) be the marginal
density of X;. One can then state and prove the following theorem.

(4.2)

Theorem 3 . Assuming conditions (A1)-(A4). Moreover, suppose that the functions m(-), f(-)
and Ways5(-) have bounded partial derivatives up to order d and

d

n

d

vy — 0, nvih — oo and maxsup f(t|Fi—1) < oo. (4.3)
it

Then we have for f(x) > 0 at given x € RF? that

x) — m?(x
(1) \/rl () — () — Ba0) BN (0, 02(x))  where o%(x) = — - W2l =)

@2yvm)* (T, =) f(x)

it) Suppose that (3.2) holds and n'/205%% 0 and nl/Qvid/Qeg — 0 as n — oo, then

V(i (x) = m(x)) B A (0, o*(x))



, 5d/2 d/2 d/2 3d/2
i) If x = 0 and if ¢lvd — 0, nvled — oo, n 26572 0 and n'/20@2 Y — 0 as n — oo,

then we have

\/nvded (m,(0) — m(0))) 2N (0, 03(0)) where o3(0) =

5 Applications

5.1 Confidence bounds

Using Theorem 2, the asymptotic 100(1 — «)% confidence band for the function m(-) is given by

on(@)) ! /2
mp () £ cq <n> , x>0,
nu,
where ¢, is the upper a quantile of the distribution of (0, 1) and o,(+) is an appropriate estimate
of o().

5.2 Prediction in Markov time series

Let {U;; i € N} be a real-valued strictly stationary process. The prediction aims at evaluating
Uny1 given Uy, ..., Uy. To this end, set X; = (Ur,...,Uirg—1) and Y; = Ujq, i = 1,2,...,n,
where n = N — d + 1, d is here appropriately defined. Whenever (U;);>1 is a Markov process of
order d, a theoritical predictor of Uy 1 is given by Uy, ; = m(Xy). The predictor estimator of

Uny1 is then Unyq = mn(X,), where 1, (+) is the estimate of m(-) given by (2.5).

The following Corollary based on Theorem 1 gives the asymptotic behavior of the empirical
error of prediction.

Corollary 1 Under hypotheses of Theorem 1, then we

Uni1—Upyq| =50 as N — oo

Corollary below, which is a consequence of Theorem 2, deals with the normality asymptotic
of the empirical error of prediction.

Corollary 2 Under the assumptions of Theorem 3, we have when x > 0

VRN (g ) 2 N(0.1).

o) Uny1— Uiy

6 Illustrations

We illustrate our method with two sets of simulated data, one each from IID and autoregressive
models, as well as a real-life dataset on hardwood sapling height-growth:
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IID data. Here X,..., X,, are generated as iid Exponential with expectation 1, and we consider
two models for Y7,...,Y,: a)Y; =0.5(6 — 4X; + Xiz)si; b) Y; = sin(1/X;)e;, 1 < i < n. Here
gi, 1 <i < n, are taken to be i.i.d Weibull (1,2), i.e., with density g(¢) = 2c exp(—¢?), £ > 0.

Figure-1 and Figure-2 illustrate our estimator for Model-a and Model-b respectively, and also
provides a comparison with the usual kernel estimator. In both the figures we take n = 200,v =
en™ 5 for ¢ = 0.2,0.5 and the perturbation-parameter € = 0 on the plot on the left, e = 0.5v% on
the right. The choice of € is based on the relation € = O(v?) established in Chaubey et al. (2007)
for density estimation. The kernel estimator is based on the standard Normal kernel, where the
bandwidth is chosen to be h = 0.5n~ /5.

Figure-1 (Model-a) shows that 7, (-) with a low v = 0.2n~1/? is affected by noisy observations,
as is the standard Normal kernel estimator, even with a high bandwidth. However, m,, with a
high v = 0.5n~'/% adapts well to the shape of the true regression. Moreover, the right-hand plot
in Figure-1 shows that the effect of the large outlier near zero is reduced as € is changed from
zero to 0.5v2. In Figure-2 (Model-b) all the estimators are comparable.

Autoregressive data. Here X1,..., X, are generated as:

Xi=0.5X,_1+(,/0.2+ O.lXZ-Q_l)»si7 X Exponential (1),

where n = 200, &;, 1 < i < n, are i.i.d Weibull (1, 3), i.e., with density g(¢) = 32 exp(—¢?), € > 0.
The two models for Y71, ..., Y,, as well as the choice of smoothing parameters and kernel function,
are exactly the same as the i.i.d case above. The illustration/comparison is provided in Figure-3
and Figure-4 for Model-a and Model-b respectively. The choice of v, € here are the same as in
the IID case above.

Figure-3 shows that m,(-) with a low v = 0.2n~1/5 is affected by noisy observations, as in
the IID case. However, the standard Normal kernel estimator and 7, (-) with v = 0.5n1/% are
comparable in this case. In Figure-4 m, () with low as well as high v detect the shape of the true
regression quite well, while the kernel estimator remains essentially flat over the entire range.

5

Hardwood sapling data. We apply our method to data on initial height (X) versus 5-year
height-growth (Y') of naturally-occurring hardwood saplings in gap areas of the boreal forest
around Lake Duparquet in north-western Quebec. Both the initial height (as of 1998) and the
height-growth (over 1998-2003) were obtained from multi-temporal LIDAR (LIght Detection And
Ranging) surveys. (Data courtesy: Prof. Benoit St-Onge and Ms. Udayalakshmi Vepakomma,
University of Quebec at Montreal.) All measurements are in meters, and the sample consists of
n = 94 saplings.

Figure-5(a) gives the scatter-plot and our estimator m,,(-) along with the Standard Normal
kernel estimator for comparison. The bandwidth and perturbation-parameters (v,e) for our
estimator, as well as the bandwidth for the kernel estimator, were chosen by trial-and-error
through visual inspection of the fitted lines and the residuals (Figure-5(b)). We would like to
mention two points: firstly, the kernel estimator required a bandwidth (2.8n~1/°) that is 7 times
that of v = 0.4n~1/% of 7, (-) for a comparably smooth fit; this indicates robustness of 17, (+) vis-a-
vis the kernel estimator. Secondly, m,,(-) captures quite clearly the stabilization (i.e., approaching
a constant level) of growth as initial height — an indicator of age — increases, as is to be expected,
whereas the kernel estimator shows a downward trend.
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Figure 1: scatterplot and regression estimators for IID data with Y = 0.5(6 — 4X + X?)e: true
regression (—), m,, with v = 0.2n~1/5 (--.), 1, with v = 0.5n~1/% (- ), standard Normal kernel

with h = 0.5n"1/5 (- - )
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Figure 2: scatterplot and regression estimators for IID data with Y = sin(1/X)e: true regression
(—), iy, with v = 0.2n~ Y% (--.), m, with v = 0.5n~/5 (- -), standard Normal kernel with
h=0.50"1%(---)
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Figure 3: scatterplot and regression estimators for autoregressive data with Y = 0.5(6—4X +X?)e:
true regression (—), 7, with v = 0.2n=/% (--.), f,, with v = 0.5n"1/5 (- -), standard Normal
kernel with o = 0.5n1/% (- - -)
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Figure 4: scatterplot and regression estimators for autoregressive data with Y = sin(1/X)e: true
regression (—), m,, with v = 0.2n~1/5 (--.), 1, with v = 0.5n~1/% (- ), standard Normal kernel
with h = 0.5n"1/5 (- - )
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Figure 5: scatterplot and regression estimators for height-growth data: (a) m, with v =
0.4n~Y% ¢ = 0.50> (—), standard Normal kernel with h = 2.82=1/5 (-~ -); (b) line-plot of
residuals corresponding to m,,
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7 Appendix: Proofs
This section gives detailed proofs. We start by two lemmas that we will be used in the sequel.

Lemma B (Laib 1999). Let {(X;,S;) : @ > 1} be a sequence of martingale difference such that

16



|Xi| < B a.s. forl1<i<mn. Foralle>0, one has

i 2
€
P 1%%1 Z lXj‘>6 SQeXp<_2nB2)'
]:

Lemma C (Wu, 2003). For any y € R? let H,(y) = Y1, f(y|F:) — nf(y). Then condition
(3.2) implies that sup,, || H,(y)||3 = O(n).

In order to prove our results introduce some notations. For z € [a,b], let 7 = x + €,
anp = a+ €, and b, = b+ €,. Let h(z) = m(z)f(z) and m,(z) = mu(z + €,) := m,(z). The
estimator M, (x) of m(x) can be written as
h +
mp(z) = n(27) where

falat)’
hn(x—‘r) = %Z¢<Y2)Q$+en,vn (Xz) and fn($+) = %ZQ:U-I—en,vn(Xi)- (71)
=1 =1

S B Qesena (X0| Fia] and Toa®) =+ 3" B Qe (X0)| Fi1] (72)

i=1 i=1

S|

—_

fnlx™)
—(m(x) + Bu(@))(falzt) = Fula™))], (7.4)

so that B,(-) can be viewed as the “asymptotic bias” of /i, (+). The major thrust of the decom-
position (7.4) is due to the fact that the summands of the term form a martingale difference.

We state and prove now the following results which give the uniform convergence of the bias
term.

Proposition 1 Assuming (A0)-(A4) hold, then we have

sup ‘Bn(:c)‘ =0 a.s. as n — +oo.
z€[a,b]

Proof of Proposition 1. Tt suffices to show that h,(z") — h(z) converges uniformly in z to 0
and f, (zT) is uniformly bounded over. Making use of (A4) and the law of iterated conditional
expectation we can written

E[6(Y:)Qutenon (Xi)|Fict] = E (E[0(Yi)Quten,on (Xi)|Gi—1] |Fic1) = E [Quenvn (Xi)m(X;)|Fiz1] .
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Thus,

Ton(a+) — h(z)| < % Z / - Qurenn (OO f(UFi1)dt = ()
1 n
;Zf(-!fi H/ Quten v, (t)m(t)dt + o (ORE)dt — h(z)|. (7.5)
=1

By the Hille’s Lemma and (A0), the second integral goes to 0 uniformly in z. The first term
is bounded above by

. sup |[m(z)],
reRt

=D UL f|
i=1

which goes to 0 as n — oo in view of (A2) and the fact that m(-) is bounded. By the same
arguments we can conclude by Hille’s Lemma, (A0) and (A2) that f,,(z™) converges uniformly
in z to f(x) which is bounded over uniformly in x in view of (A3). O

The following Proposition gives an asymptotic lower bound for inf,c | fn(zT)]|.

Proposition 2 Assuming (A0)-(A3) hold, then we have

(i)  supl|fu(z®) = f(2)|=0 as. as n— oo
xeJ

(i) 1n5fn( >0 as as n— oco.
re

Proof of Proposition 2. For (i) we have

(@) = @) < |fu(a®) = Fr @) + [Fu(a™) = f(2)].

Making use of the same argument to prove Proposition 1, we can easily seen that the second term
in the right hand side of the above inequality tends to 0 as n — oo. The first term converges also
uniformly in x to 0 by the same arguments that used to prove Proposition 3 below. For (ii), we
have for any x € J,

inf |f,(z%)| > inf - n(zh) — :
it (o) = inf (@) = sup fu(o) — F(0)
Then (ii) follows from (i) and condition (A3). O

The main task now is to establish the uniform almost sure convergence for h,(z") — h(z).
Making use of the Stirling’s formula We can easily seen that, for any fixed x, the function ¢ —

Qz+e,,v, (t) is bounded above by ﬁ($+e o for every t > 0 whenever v, — 0. By contrast, the

function ¢(y) is not necessarily bounded, it can thus be handled by a suitable truncation. To this

1/
end, let M, = {nlnn [InIn n]HC} A/, where ( is a positive constant and v is as in (A5). Note

that the series ) M, is convergent. Let us now define the following processes
Wh(at) = - Z¢ VI{|6(Y:)| < My} Qe v, (Xi), and (7.6)

18



n

W) = =) Ep(Y)IH{I$(Yi)] < Mn}Quteyn (Xi)lFiza], (7.7)

i=1
where I stands for the indicator function. We have
ho(27) = hn(a®) = (ha(2™) = R (a™)) + (Rh(xF) — Bh(27™)) + (hh(aT) — An(x™)). (7.8)

The asymptotic behavior of the three terms on the right hand side of (7.8) is given in the following
results.

Lemma 1 Assuming (A5) holds, then, for each w outside a null set D, there exists a positive
integer no(w) such that hy(x) = b (zT) for n > no(w) and all x € R,

Proof of Lemma 1. The proof uses the summability of M,, " and arguments similar to those used
by Roussas (1990). O

We deal now with the asymptotic behavior of the third term in (7.8).
Lemma 2 Assuming (A2) and (A5) hold, then we have

sup |hd (zF) — hp(at)| =0 (M}™)  as. as n— oo (7.9)

TeRT

Proof of Lemma 2. We have by (A5) and the properties of conditional expectation that

E [$(Y:)Qutenwon (X)) [{Yi > Mul}] < My E[|9(Y0)]" Qa0 (Xi) | Fit]
Ml "E [Qx+€n,vn( z) [|¢( )|7’gl 1” ]
Ml v 1I£134<X E (’¢< )"ygz 1) [Qm-{-emvn (Xl)‘fl—l]

IN

IN

M [ Quicwnn O (UF )t (7.10)

Therefore,

IN

B (@) — R ()]

CM}~ v{” Zf |Fica H/ Qztenvn(t)
/ Qw+en,vn ( )dt} (7.11)

The first member of (7.11) goes uniformly in x to 0 in view of (A2). The second one converges
also uniformly in x, by Hille’s Lemma and (AO0), to f(x) which is bounded. These imply (7.9). O

We study now the convergence of the main middle term on the right side of (7.8).

Proposition 3 Let v, be a sequence of real number such that

Vp — 00 and <Z§> My, 3v, b -0 as n— oo. (7.12)

n
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Assuming (A0) holds and for any A >0

Z Vn exp (—azmA’nM,, ?v2) < oco. (7.13)
n>1
Then, we have
sup |h8(z) = hb(zM)| =0 a.s. as n— oco. (7.14)
z€[a,b]

Remark 2. The condition (7.12) is satisfied if we choose, for instance, v, = [(‘Z—;)Uﬂ M, 3 log n] +
1 whereas (7.13) holds true by taking A = A,, = v/ Cn-

, where C is a large positive constant.

Proof of proposition 3. Divide the interval [a, b] into subintervals each of length §,, = (b — a)/v,.
Since the set J,, = {x;|z| < |b— a|} is compact, it can be covered by a finite number of bounded
intervals with centers x,,; whose sides are of length d,. That is J = [a,b] = U, J5;, where

Jnj={z; jz—anj| < (b—a)v, '}, F=1,...,0p. (7.15)

Let Vi,(zt) = kb (zT) — hb (2T), then we have, for z,,; € J,;, that

sup |[Vop(z1)| = max sup [Vp(z7)]
zeJ 1<j<vn zegndy,;
< -
< 123}5”5%%”]"/”@) V() )|+1g;§>§ V()]

= Thip +Top + T3y,

where
T, = max sup |hE(z") —hi(az:jﬂ (7.16)
1<J<Un p€ N,
Ty, = max sup [hh(z") —%(x:g)‘ (7.17)
1<j<vn zeJ,NJn;
— b o
Tsn = |max | () — by (). (7.18)

In order to give an upper bound of each term in the above inequalities we have to establish
the following Lemmas.

Lemma 3 Under (A0) we have
(i) Tin=0()
2\ on
(@)  Ton=O0(&) with & = Chay* (2) al>My.v, !

Proof of Lemma 3. We prove only (i), the proof of (ii) is similar. We have
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Now observe that

anfl efanXi/xﬂL e_a"Xi/sz
_ M

Qaen o (Xi) = Qe n (Ki) = 13 v e | (7.19)
nj
where 37, = (viz")® and oy = 2. The term in brackets in (7.19) can be written as
n n — an +.
e_anXi/-’E+ o efanXi/ij <ﬁj¢] - §+> e a /Inﬂ
20 + Qn Ban (720)
zt xt ‘szj

Since for ¢ > 0 and for any ¢, (0 < ap <t < b), the function f.(t) = e/t is a K, lipshitz of
order one with K, = a%e_c/ b it follows, for all x,z}, € [a,b], that
0

2 v2,—anX;/b
a2 X2e=onXi/bn

e I e R < B el (7.21)
Moreover, making use of the mean value theorem, we can write, for z, between ™ and :U;fj,
that
82 =% | < anedrfe el

< b0l — ). (7.22)

Combining (7.20), (7.21) and (7.22) we can then bound above the right hand of (7.19) by
|Qx+6n,vn (XZ) - anjJren,vn (Xl)| (7-23)

[14 6?": AZ X Qyy e on (Xi) + WXf"_lQaJren,vn (Xz):| |T; — 20
n Pan n

1 /b, \™ o _
[ <> A2 X" Qyer v (Xi) + bl Lay 20m X 0 1Qa+en,vn<xi>] |27 — Tg.

at \ a,

Making use of the Stirling’s formula, we can see, for = fixed and 7 > 0, that the function

t = t7"Quten,0n (t) is bounded above by (wj;;# whenever v, — 0. It follows that
1 + a4 b2 on _3
Qutnn(X) = Qaprenn (K] € 222 () ol (128
Hence,
Lta, (02\™" _3 -1 _
Tin < (b—a) alvan <an v, "Mpv, " = O (&) (7.25)

This completes the proof of Lemma 3. [J

The following Lemma deals with the asymptotic behavior of T5,,.
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Lemma 4 Suppose that (A0) holds and that

Z Vn exp (—apmA’nvi M, %) < oco. (7.26)

Then we have

T35, =0 a.s as n— oo (7.27)

Proof of Lemma 4. The proof uses Lemma B. To this end write | (" i) hb b(xf D= S Ln(fUZj),
where L (" )= LIs(Y)I{|1o(Y;)| < M, }Qu,jten v (Xi). 1t is clear, for x,; € [a, b], that

1 1
| L ()| < n~' M, <

n~tM,
= — n
vV 27r:v:§jvn V4 27Tanvn ’

whenever v, — 0. Moreover, for any fixed j, 1 < j < v, (Ln(ac:{j), E) is a bounded martingale

difference, we can then apply Lemma B, to get for any A > 0

P{T5, > \} <2y, exp (fanw)?m}zMn_% . (7.28)
The result follows from Borel Cantelli’s Lemma and condition (7.26). O

Proof of Theorem 1. The proof follows from decomposition (7.4), Propositions 1 to 3 and Lemmas
1to 4. 0.

Proof of Theorem 2.
(i) We have from (7.4) that for any z > 0

Vi, (mn(@ —m(z) - Bn@:)) = B e, (7.29)

Fula®)
where
Ra@®) = Vit (ho(a") = Fe") = m(@) (") = Fula™))
I (. ><fn;:&>+) Fala®)
Let

v\ 1/2
i = () 100%) = (@) Qrten 0 (XD and Eus = i — E [l Fica].

n
Then Ry (z%) = 371, & Once the asymptotic normality of R, (z") is established, that of
mn(z) —m(z) — By (z) follows from A, (z7) — 0 in probability and f,(z™) — f(x) in probability
as n — oo.

Lemma 5 below gives convergence in probability of f,(z") to f(z).

Lemma 5 Assuming (A0)-(A2) hold, then f,(xT) — f(x) in probability.
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Proof of Lemma 5. The result follows from a direct applications of Hille’s Lemma combining with
Lemma B. J

The following lemma gives the asymptotic behavior of A, (x™).
Lemma 6 Assuming (A0)-(A8) hold. If f(x) > 0 at a given x € RS, then we have
An(zt) =o0p(1) as n — oco.
Proof of Lemma 6. Arguing as in the proof of Proposition 4 below by letting m(z) = 0 and

»(Yi) = 1, we get for any > 0, under condition (7.30), the following central limit theorem for
the density estimator,

- D f(z)
Vi (falet) = Tala®) 24 (0, £

Thus, f,(zt) = f,(zF) = Op(1//nvy,). It follows from Lemma 5 that A,(zt) = Op(1)|B,(z)|.
We conclude by Proposition 1 that A, (z1) = op(1). O

Proposition 4 Let Wy 5(X;) = E[¢*(Y:)|Gi—1] be derivable at X = x for some § > 0 and assume
that Ways(z) is bounded at a neighborhood of x. Moreover suppose that

nuv, — o0 asn — oo and max sup f(t|F—1) < 0. (7.30)
1<i<n ¢
Then we have for a given x € RY that

R,(z™) 2N (0, 7%(z)), where 7°(z)= 2{;;2(W2(3:) —m?(z)). (7.31)

Proof of Proposition 4. Observe that for any fixed z, the summands in R, (z") form a triangular
array stationary martingale differences with respect the sigma field F;_1, we can then apply a
CLT for discrete-time arrays of real-valued martingales, as given for instance in Hall and Heyde
(1980), to prove the asymptotic normality of R, (x™). It suffices then to prove

S B[ Fi-] L, 72(z) and the Lindeberg condition

nk [ffnl|§m|>5ﬂ = o(1) holds for any € > 0.
In order to prove the first statement making use of condition (7.30) and the fact that m(-) is
bounded, one get

|E [nnil Fica] | = (%)1/2E[(m(Xi) — (%)) Qe 0y (X0)| Fict]
- 1:)1/2/+(m(t) _m(x))Q$+En,Un(t)f(t‘f‘_l)dt
R!
vp \ 1/2
()"

where C' = max; sup, m(t) f (t|Fi—1). Thus

— Y E[&|Fi]
=1

n

< D (Bl Fia

=1
< C?v, —0 as n— oo. (7.32)
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Consequently, we have only to prove

N E [ Fima] = (). (7.33)
i1
Observe now that
S EnilFia] = %n > B [Wa(Xi)Q2 e, 0 (Xi)|Fii]
i—1 i=1

IS B [m(@)(2m(6) — ()@, 0, (X0 Fi]
=1

The term Ji,, can be be split as follows

Jin = Un /]Rj‘ WQ(t) :25+en,vn (t) [; ; f(t|]:i*1) - f(t)

dt + v, /R W)@, 0, (1) (1) (7.35)

By (A2) the term in brackets in (7.35) goes to 0 uniformly in . Moreover, vy, [p+ Wa(£)Q2, ., . (t)dt
is bounded above by

Un Slzp Qatenvn (t) /]R* Wa(t)Qatep v, (D) dt = ——Ws()

since by Hille’s Lemma [p. Wa(t)Qute, v, (t)dt — Wa(x). This implies that the first member in
+

Jn1 goes to 0 as n — 0. The second member in (7.35) can be split as

Un /R (Wa () f(t) = Wa(@) f(2)Q2 ¢, 0, (DAt +vn | Wa(2) f(2) Q2 v, (D)l (7.36)

* *
+ Ri

Making use of a Taylor expansion of order one of the function ¢ — (Wsf)(-) and the fact that

T pom (t)dt = ()™ L(m/v® +p+1—m)
; Tten vn ( 2m+)((m/v2)+p+lfm)- rm(1/v2)
1 1 !
~ m(2m) L o (@ £ )P w1, v (737
n 1 —v2(7=r=)

one can show that the first member in (7.36) tends to 0. Moreover, the second one is asymptoti-
cally equivalent, as €, — 0, to

f(@)Ws(x)
2T x

We have now to study the asymptotic behavior of the second member in J,2. Observe that

Jn1 ~ (7.38)
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= —v m(t) —m(x)[n~" . i—1) —
he = v [ Cm(o) ~miz) > () ~ s
— (@) [ (m(®) - m()@2, ., (O O
Ry
~ () [ m(0)f(@) ~ m(o) (@) Q0 (OF
R*
@ f @) [ QB (7.30)
R*

Using the same argument as above we can easily seen that J,o is asymptotically equivalent, as
en, — 0, to

f@)m?(z)
2y x

Then (7.33) follows from (7.38) and (7.40).

Jn2 ~ — (7.40)

The Lindeberg condition results from Corollary 9.5.2 in Chow and Teicher (1998) which implies
that nEIE21(|€ni| > €)] < AnEnzI (Il > e/2)].

Let @ > 1 and b > 1 such that % + % = 1. Making use of Hélder and Markov inequalities one
can write for all € > 0
E ’nni‘Qa

2
Enpid (Innil > €/2)] < (e/2)2elb
Taking 2a = 2 + § we get

B (Il > £/2)] = O(1) = 0D E[(6(¥:) = m(2)) Qe )
O(1):n= 52D/ [ B(0(Y3) Quten i (Xi)) P + E(m(2) Q)|

IN

= o) Hunt [ Wass(Q2T () f(t)dt + m* T () / Qiiin,vn(wf(t)dt] (7.41)
R}

+

The first term in (7.41) can be written as
—g L 246 246
O(1)n"2vy . (Wars (D) f(E) = Ways(2) f(2)]Q5 7, v, (B)dE — - Ways(2) f(2)Quie,, v, (ENT-42)
+ +

Using the approximation formula given in (7.37), we get

O(1)n=9/2(2+9)/2 [ Wops(z) f(x)Q2H° (t)] =0(1)(nv,) %% -0 as n—oo. (7.43)

. T+€n,Un
R

since nv, — oo as n — oco. By the continuity of the function ¢ — Wo5(t) f(t) one can show that
the first member in (7.42) also goes to 0 as n — oo. Similarly one can show that the second term
in (7.41) is asymptotically negligible. This completes the proof of part (i).

Part (ii). To prove (ii) we need to give an estimate of the convergence rate in probability of the
bias term. This is the subject of the following lemma.

25



Lemma 7 Suppose that (A0)-(A4) hold and the condition (3.2) is satisfied. Moreover, assuming
that f and m have bounded derivatives up to order two. Then we have

|B(2)| = Op (max (max(vZ,e,) ,n ")) = Op (max(v2, e,)) - (7.44)

Proof of Lemma 7. From (7.3), it suffices to give a convergence rate of hy(x") — h(x). To this
end write

hp(zT) = h(z) = (hn(z¥) = Ehp(zh)) + (Ehn(z®) — k(). (7.45)
Making use of (A4) one may write
hn(z) = Ehy(2™) = i/w m(t)Quie, (t) [Z ft| Fiq) - nf(t)] dt
i=1
= 2 [ 0@, OO (7.46)
n Jr+

where H,,(t) = >, f(t |Fi—1) — nf(t). We have then by Cauchy inequality and Lemma C that

E[\En(x+)—Ehn(x+)\2] < LE@E®) (/]R+ m(t)Qersn(t)dt)Z

n2
— oY) ( | m®@w, <t>dt>2. (7.47)

In order to deal with the second term in (7.47) recall that Qge,, v, (t) = ﬁga,g(ﬁ), where
Ja,3(-) stands for the probability density function of the gamma distribution parameterized in
terms of a shape parameter o and inverse scale parameter 3 = o = v2, which in turn, has mean
equals 1 and variance v2. Thus, we have, by a Taylor expansion one get

| Qe Omie = [ gopopm(e +e)s)ds
0 0

— S€n i "
= [ gas@lm(o) + (a5 = 1) + s (a) + D E2D

+0 ((m 1)+ sen))2>]ds
= O(1)+O0(v2) + O(en) + O (max(v2, &) =0(1) + 0 (max(v,%, €n)) = O(1). (7.48)

Thus F UEK&?*’) — Ehn(aﬁ)ﬂ = O(n~!). By the same argument as above one can see that
(Ehyn(zT) — h(z)) = O (max(v2, €,)). These leads to the desired result.
Part (iii). The proof is similar of part (ii). O.
Proof of theorem 3. We only give the proof when d = 2. The proof of Lemma 5 and Lemma 6
still unchanging since the Hille’s Lemma and Lemma A are also true on R*?. Let ¢ now be a
function defined on R*% posses continuous bounded partial derivatives of order one at each point

of an open set S C R+ Then for each point (s,t), (s,t) # (z + €u1,y + €n2) := (z+,y), such
that the line segment L((s,t), (z*,y™)) joining (s,t) and (z*,y™") in S, we have

/]R+ g(s, t)Q%x—&—enhy-l—Enz),v(s’ t)dsdt = Iy, + Iop, (7.49)
d
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where

Iln = /Rer [9(87 t) - g($‘+7 y+)]Q%x+Em7y+€n2)m(s, t)dsdt

%

dg dg
L. [@ ~ M) s @) = =y g @) | Qs o (9@ s (s — 0,

as n — oo, in view of the approximation formula (7.37) whenever the partial derivatives of g are
bounded. Using again the approximation formula (7.37) and the continuity of g, we get

1

m as (67’1176712) — (0,0)

IQn B \/]R"Fd g<x+, y+)Q%x+€n1 »y+5n2)7v(87 t)det ~ g<x7 y)

It suffices then to replace in the proof of proposition 4, v, by vg and to apply the above
result with g(s,t) = Wa(s,t)f(s,t) in (7.36) and g(s,t) = m(s,t)f(s,t) in (7.39) and finally
g(s,t) = Wars(s,t)f(s,t) in (7.42). O

References

Andrews, D.W.K., 1984. Non-strong mixing autoregressive processes. J. Appl. Probab. 21, 930-934.

Bagai, I. and Prakasa Rao, B.L.S. (1996). Kernel type density estimates for positive valued random
variables. Sankhya. A57, 56-67.

Bosq, D., 1998. Nonparametric Statistics for Stochastic Processes. Lecture Note in Statistics. Springer,
New York.

Bouezmarni, T. and Scaillet, O. (2005). Consistency of asymmetric kernel density estimators and
smoothed histograms with application to income data. Econometric Theory 21, 390-412.

Chanda, K.C., 1974. Strong mixing of linear stochastic processes. J. Appl. Probab. 11, 401-408.

Chaubey, Y.P., Sen, A. and Sen, P.K. (2007). A new smooth density estimator for non-negative random
variables. Submitted.

Chaubey, Y.P. and Sen, P.K. (1996). On smooth estimation of survival and density functions. Statist.
Decisions 14, 1-22.

Chen, S.X. (1999). Beta kernel estimators for density functions. Comput. Statist. Data Anal. 31,
131-145.

Chernick, M.R., 1981. A limit theorem for the maximum of autoregressive processes with uniform
marginal distributions. Ann. Probab. 9, 145-149.

Chow, Y.S. and Teicher, H. (1998). Probabilty Theory, 2nd ed. Springer, New York.

Feller, W. (1965). An Introduction to Probability Theory and its Applications, Vol II. New York: John
Wiley and Sons.

Diaconis, P. and Freedman, D. (1999). Iterated random functions. STAM Rev. 41, 41-76.

Engle, R.F., 1982. Autoregressive conditional heteroscedasticity with estimates of the variance of United
Kingdom inflation. Econometrica. 50, 987-1007.

Gasser, T. and Miiller, H.G. (1979). Kernel estimation of regression functions. In: Smoothing Techniques
for Curve Estimation, eds. Gasser and Rosenblatt. Heidelberg: Springer-Verlag.

Guégan, D., Ladoucette, S., 2001. Non-mixing properties of long memory processes. C. R. Acad. Sci.
Paris, 333, 373-376.

27



Gyorfi, L. and Lugosi, G. (1992). Kernel density estimation from ergodic sample is not universally
consistent. Comp. Stat. and Dta Analysis 14, 437-442.

Gyorfi, L., Morvai, G. and Yakowitz, S. (1998). Limits to consistent on line forecasting for ergodic time
series. IEEFE Transactions on Information Theory 44, 868—-892.

Hall, P. and Wehrly, T.E. (1991). A geometrical method for removing edge effects from kernel-type
nonparametric estimators. J. Amer. Statistical Assn., 86, 665-672.

Hardle, W. (1990). Applied nonparametric regression. Cambridge University Press.

Hardle, W. (1991). Smoothing Techniques with implementation in S. Springer Verlag.

Hall, P. and Heyde, C. (1980). Martingale Limit Theory and its Application. Academic Press. New York.
Hille, E. (1948). Functional Analysis and Semigroups. Am. Math. Collog. Pub 31, New York.

Laib, N.; 2005. Kernel estimates of the mean and the volatility functions in a nonlinear autoregressive
model with ARCH errors. J.S.P.I 134, 116-139.

Laib, N. (1999). Exponential-type inequalities for martingale difference sequences: Application to non-
parametric regression estimation. Communication in Statistics, Theory and Methods, Series A, 28,
1565-1576.

Marron, J.S. and Ruppert, D. (1994). Transformations to reduce boundary bias in kernel density esti-
mation. J. Roy. Statist. Soc., Ser B, 56, 653-671.

Miiller, H.G. (1984). Boundary effects in nonparametric curve estimation models. In: COMPSTAT,
84-89, Physica Verlag.

Rice, J.A. (1984). Boundary modification for kernel regression. Communication in Statistics, Series A
13, 893-900.

Roussas, G.G. (1990). Nonparametric regression estimation under mixing conditions. Stochastic Pro-
cesses. Appl 36, 107-116.

Ruppert, D. and Wand, M.P. (1992). Correcting for kurtosis in density estimation. Australian Journal
of Statistics 34, 19-29.

Scaillet, O. (2004). Density esimation using inverse Gaussian and reciprocal inverse Gaussian kernels.
Journal of Nonparametric Statistics 16, 217-226.

Silverman, B.W. (1986). Density estimation for statistics and data analysis. London: Chapman and
Hall.

Tran, L.T. (1992). Kernel density estimation for linear processes. Stochastic Process. Appl 26, 281-296.

Tran, L.T. (1994). Density estimation for time series by histograms. Journal of Statistical Planing and
inference 40, 61-79.

Tong, H., (1990). Non-linear time series: a dynamical system approach. Oxford University Press.

Wand, M.P., Marron, J.S. and Ruppert, D. (1991). Transformations in density estimation. Journal of
the American Statistical Association 86, 343-361.

Wu, W.B. and Shao X. (2004). Limit theorems for iterated random functions. J. Appl. Prob. 41,
425-436.

Wu, W.B, (2004). Nonlinear system theory: another look at dependence. Proc. Natl. Acad. Sci. USA
102, 40, 14150-14154 (electronic). 62M10

Wu, W.B., (2003). Nonparametric estimation for stationary processes. Technical Report, No. 536,
University of Chicago.

Zhang., S., Karunamuni, R.J. and Jones, M.C. (1999). An improved estimator of the density function at
the boundary. J.Amer. Statistical Assn. 94, 1231-1241.

28



76.

77.

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

List of Recent Technical Reports

Michael A. Kouritzin and Wei Sun, Rates for Branching Particle Ap-
proximations of Continuous—Discrete Filters, December 2004

Rob Kaas and Qihe Tang, Introducing a Dependence Structure to the
Occurences in Studying Precise Large Deviations for the Total Claim
Amount, December 2004

Qihe Tang and Gurami Tsitsiashvili, Finite and Infinite Time Ruin
Probabilities in the Presence of Stochastic Returns on Investments, De-
cember 2004

Alexander Melnikov and Victoria Skornyakova, Ffficient Hedging Method-
ology Applied to Equity—Linked Life Insurance, February 2005

Qihe Tang, The Finite Time Ruin Probability of the Compound Poisson
Model with Constant Interest Force, June 2005

Marc J. Goovaerts, Rob Kaas, Roger J.A. Laeven, Qihe Tang and
Raluca Vernic, The Tail Probability of Discounted Sums of Pareto—Like
Losses in Insurance, August 2005

Yogendra P. Chaubey and Haipeng Xu, Smooth Estimation of Survival
Functions under Mean Residual Life Ordering, August 2005

Xiaowen Zhou, Stepping-Stone Model with Circular Brownian Migra-
tion, August 2005

José Garrido and Manuel Morales, On the Ezpected Discounted Penalty
Function for Lévy Risk Processes, November 2005

Ze—Chun Hu, Zhi-Ming Ma and Wei Sun, Eztensions of Lévy-Khintchine
Formula and Beurling—Deny Formula in Semi—Dirichlet Forms Setting,
February 2006

Ze—Chun Hu, Zhi-Ming Ma and Wei Sun, Formulae of Beurling-Deny
and Lejan for Non-Symmetric Dirichlet Forms, February 2006

Ze—Chun Hu and Wei Sun, A Note on Exponential Stability of the Non-
Linear Filter for Denumerable Markov Chains, February 2006



88

89.

90.

91.

92.

93.

94.

95.

96.

. H. Brito—Santana, R. Rodriguez—Ramos, R. Guinovart—Diaz, J. Bravo—
Castillero and F.J. Sabina, Variational Bounds for Multiphase Trans-
versely Isotropic Composites, August 2006

José Garrido and Jun Zhou, Credibility Theory for Generalized Linear
and Mixed Models, December 2006

Daniel Dufresne, José Garrido and Manuel Morales, Fourier Inversion
Formulas in Option Pricing and Insurance, December 2006

Xiaowen Zhou, A Superprocess Involving Both Branching and Coalesc-
ing, December 2006

Yogendra P. Chaubey, Arusharka Sen and Pranab K. Sen, A New
Smooth Density Estimator for Non—-Negative Random Variables, Jan-
uary 2007

Md. Sharif Mozumder and José Garrido, On the Relation between the
Lévy Measure and the Jump Function of a Lévy Process, October 2007

Arusharka Sen and Winfried Stute, A Bi-Variate Kaplan-Meier Esti-
mator via an Integral Equation, October 2007

C. Sangtiesa, Uniform Error Bounds in Continuous Approximations
of Nonnegative Random Variables Using Laplace Transforms, January
2008

Yogendra P. Chaubey, Nadmane Laib and Arusharka Sen, A Smooth
Estimator of Regression Function for Non-negative Dependent Random
Variables, March 2008

Copies of technical reports can be requested from:

Dr.
Dep

Wei Sun
artment of Mathematics and Statistics

Concordia University
1455 de Maisonneuve Blvd. West,
Montreal, QC, H3G 1M8 CANADA



	Laib_GammaRegression_Rev31.pdf
	cover_pages.pdf

