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Abstract

By the classical Beurling-Deny formula, any regular symmetric Dirichlet form is decomposed
into the diffusion, jumping and killing parts. Further, the diffusion part is characterized
by LeJan’s formula. In this paper, both the Beurling-Deny formula and LeJan’s formula
are extended to regular non-symmetric Dirichlet forms. In addition, a counterexample is
presented to show the gap in the Beurling-Deny formula for non-symmetric Dirichlet forms
in the existing literatures.
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1 Introduction and Preliminary

The classical Beurling-Deny formula given in Beurling and Deny [2] tells us that any regular
symmetric Dirichlet form is decomposed into the diffusion, jumping and killing parts. Further,
LeJan’s formula given in LeJan [13] characterizes the diffusion part. These structure results are
particularly important because they give us an analytic description of the sample path properties
of the associated Markov processes. We refer the readers to Fukushima et al. [8] for a nice
representation of the formulae and to Bliedtner [3], Kim [11], Chen and Zhao [5] and Mataloni
[15] for some attempts of extending the formulae to the non-symmetric case (cf. Remarks 1.7 and



2.5 below). For some applications of the formulae, we refer the interested readers to Fukushima
et al. [8, Ch.5], Chen et al. [4] and Mosco [16], etc.

In this paper, we extend both the Beurling-Deny formula and LeJan’s formula to regular
non-symmetric Dirichlet forms. In addition, we use a counterexample to show that there is a
gap in the Beurling-Deny formula for non-symmetric Dirichlet forms in some existing literatures.
For the notions and notations used in this paper, we refer to Fukushima et al. [8] and Ma and
Réckner [14].

Let E be a locally compact separable metric space and m a positive Radon measure on E
with supp[m| = E. Hereafter, we use supp[:] to denote the support of a measure or a function
on E and use Cy(FE) to denote the set of all continuous functions on E with compact supports.
Throughout this paper, we assume that (£, D(&)) is a regular (non-symmetric) Dirichlet form on
L2(E;m). Denote by (-, ) the inner product of L2(E;m) and denote by (Gg)aso and (Gg)aso the
resolvents associated with (€, D(E)) and its dual form (£, D(E)), respectively. Define

EB) (u,v) = B(u — BGgu,v). (1.1)
It is known that (cf., e.g. Ma and Réckner [14, Theorem 1.2.13 (iii)])

ﬂlim EB) (u,v) = E(u,v) for all u,v € D(E). (1.2)
Lemma 1.1. If S is a positive linear bounded operator on L?*(E;m), then there is a unique
positive Radon measure o on the product space E x E satisfying that for u,v € L*(E;m),
(Su,v) = [, pu( Jo(dz,dy). If in addition S is sub-Markovian, then o(E x A) < m(A) for
all A e B(E).

Proof. The proof is similar to Fukushima et al. [8, Lemma 1.4.1] and the only difference is that
the measure o given here is non-symmetric in general. 0

Corollary 1.2. There exists a unique positive Radon measure o3 on E x E satisfying

(BGpu,v) = / u(z)v(y)os(de,dy) for u,v € L*(E;m). (1.3)
ExE
Moreover,
o3(E x A) <m(A) forall Aec B(E). (1.4)
U

Lemma 1.3. Let U be a relatively compact open subset of E. Then, for u,v € Co(E) N D(E)
with supports contained in U,

ED(uv)y=p | (uly) —u(@))o(y)os(dz, dy) +6/ z)(1 = BGsly(x))m(dz).  (1.5)
UxU

Proof. Direct consequence of (1.1), (1.3) and (1.4). O

Lemma 1.4. The following assertions hold:
(i) For u € Cy(FE), there exists a sequence {u,}nen C Co(E) N D(E) such that supplu,] C {z €
Elu(z) # 0}, n € N, and w,, converges to u uniformly as n — oo.

2



(ii) For any compact set F' and relatively compact open set G with F' C G, there exists u €
Co(E) N D(E) such that 0 < u < 1,ulr =1 and u|p\¢ = 0.

Proof. By the regularity of (£, D(E)) and Kuwae [12, Lemma 2.1 (ii)], this lemma can be proved
similarly to the case of symmetric Dirichlet forms. 0

Definition 1.5. Denote by d the diagonal of ' x F.

(i) A subset A C E x E\d is said to be symmetric if its indicator function 7, is symmetric, i.e.
Ii(z,y) = Ia(y,x) for all (z,y) € E x E\d.

(ii) Let J be a Radon measure on £ x F\d. A measurable function f on E x E\d is said to be
integrable w.r.t. (with respect to) J in the sense of symmetrical principle value (abbreviated by
S.P.V. integrable), if f is integrable on each relatively compact symmetric subset A C E'x F\d and
for any increasing sequence of relatively compact symmetric sets { A, }n>1 with U, A, = EXFE\d,
the limit

S.P.V./ f(z,y)J(dz,dy) := lim f(z,y)J(dz, dy)
ExE\d

n—oo A
n

exists and is independent of the specific choice of the sequence {4, },>1.

Theorem 1.6. (i) There exist a unique positive Radon measure J on E x E\d and a unique
positive Radon measure K on E such that for v € Co(E) N D(E) and u € I(v),

E(u,v) = /EXE\dQ(u(y) —u(z))v(y)J(dx, dy) +/Eu(:v)v(:v)K(dx), (1.6)

where I(v) := {u € Co(E) N D(E) : u is constant on a neighbourhood of supplv]}.
(ii) Define A(v) := {u € Co(E) N D(E)|(u(y) — u(x))v(y) is S.P.V. integrable w.r.t. J}. Then for
v e Cy(E)ND(E) and u € A(v), we have the following unique decomposition:

E(u,v) = E%Yu,v)+ S.P.V./ 2(u(y) — u(x))v(y)J (dz, dy)

ExE\d
+ /E w(@)o(2) K (d), (1.7)

where £°(u, v) satisfies the left strong local property in the sense that I(v) C A(v) and £°(u,v) =0
whenever v € Co(E) N D(E), u € I(v).

Proof. (i) The uniqueness of J and K satisfying (1.6) can be proved in the same way as in
Fukushima et al. [8, Theorem 3.2.1] by virtue of Lemma 1.4 (i). The existence of J can be proved
similarly to Fukushima et al. [8, Theorem 3.2.1]. Moreover,

gag — J vaguely on F x F\d as § — o0. (1.8)

To show the existence of K, we fix a relatively compact open set U. For any compact subset
F of U, by Lemma 1.4 (ii), there exist u,v € Cy(E) N D(E) satisfying supp|u] Usupp|v] C U, such
that v|r =1, v > 0, ulsuppp) = 1 and 0 < u < 1. Then, we get by (1.5) that

/F B(1 - BGsly(x))m(dz) < B / 2)(1 — BGsIy(x))m(dz)



IA

8 / u(@)o()(1 — BGaly(x))ml(dz)
3

luly) —ul@)uly)os(de, dy)

= EP(u,v). (1.9)

Now it follows from (1.9) that the family of measures {3(1 — 8Ggly(z))m(dz)} are uniformly
bounded on any compact subset of U. Let p be a metric compatible with the topology of F,
{Ui}1>1 an increasing sequence of relatively compact open sets satisfying U°,U; = E, and {d; };>1
(0; | 0) a decreasing sequence of positive numbers such that U, x U\{(z,y)|p(z,y) < §} is a
continuous set of J for each [. Note that such {U;} and {0;} always exist. Then, there exist an
increasing sequence {3, }nen satisfying 3, — 0o as n — oo, and a positive Radon measure K; on
U, such that for each [ > 1,

Bn(1 — B.Gp,Iy,) - m — K vaguely on U; as n — oc. (1.10)

Extend K to E by setting K;(A) := K;(ANU,;) for any Borel subset A of E. By (1.10), for each
compact subset F' of E, there exists ly such that {K;(F)};>,, is non-increasing. Consequently,
there exists a Radon measure K on E such that

K; — K vaguely on F as | — oo. (1.11)

Denote I'; := Uy x U\{(z,y)|p(z,y) < &;}. Let v € Cy(E)ND(E) and u € I(v). Suppose that
u(z) = a on a neighborhood of supp[v] for some constant . Then, we get by (1.2) and (1.5) that

éuo) = Jim 5 [ ) ), (i dy)

+ [ 2uty) - u(@)e(u) o dy) + [ alo)ole)Kifd)
I U
provided [ > [; for some large enough [;. Letting [ — oo, we obtain

£ = [ 2uty) ~ )l dy) + [ utep(@)Kae),

E

where the integrability of (u(y) — u(x))v(y) follows from the fact that for any y € supplv],

(u(y) — u(x))o(y) = (@ — u(x))o(y) = (@ — u(z)) "v(y) — (@ —u(z)) v(y),

and either supp[(a—u(z))*v(y)] or supp[(a—u(x)) v(y)] must be contained in T';, for some large
l1, since u has a compact support. Thus, the measure K constructed in (1.11) satisfies (1.6),
which in turn implies that K is independent of the specific choice of {U;},;>1 and {§;};>1 by the
uniqueness of K.

(i) For v € Co(E) N D(E) and u € A(v), define
E(u,v) :== lim —/UXU s 2(u(y) — u(x))v(y)os, (dz, dy). (1.12)
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Then, we obtain decomposition (1.7) by the proof of (i) above. The uniqueness is obvious by (i)
and the left strong local property of £¢(u,v) follows from (1.12). The proof is complete. 0

Remark 1.7. (i) Note that if v € Co(E)ND(E) and u € I(v), then £°(u,v) = 0since I(v) C A(v).
In this case, decomposition (1.7) has been obtained in Kim [11, Lemma 2.14] . Further, Chen
and Zhao [5, (A.15)] extended the result to non-symmetric Dirichlet forms in the extended sense
that only the sub-Markovian property of the dual semigroup of the a-subprocess is assumed for
some « > 0, rather than that for the original process (that is a = 0).

(ii) Mataloni [15, Theorems 2.7 and 2.8] has obtained decompositions like (1.7) but without
introducing the notion of S.P.V. integral and the constraint that v € A(v). This condition is
essential and cannot be dropped. See Example 4.5. We thank Kazuhiro Kuwae for drawing our
attention to the paper [15].

(iii) As in the symmetric case, J and K respectively represent the jumping and killing measures
of the Markov process associated with (£, D(E)). For any E-exceptional set N, J(E x N\d) =
J(N x E\d) =0 and K(N) =0 (cf. e.g. Hu [9]).

The rest of this paper is organized as follows. In Section 2, we extend the Beurling-Deny for-
mula to a regular non-symmetric Dirichlet form (cf. Theorem 2.3 and Remark 2.4 below). In Sec-
tion 3, we give some representations of the diffusion part £¢ (cf. (1.7)) of a regular non-symmetric
Dirichlet form, which are extensions of LeJan’s formula for a regular symmetric Dirichlet form.
In Section 4, we give an example and a counterexample.

2 Decomposition of Regular Non-Symmetric Dirichlet
Form

We denote the diffusion part, jumping and killing measures of £ (cf. Theorem 1.6) by &, J and
K, respectively. One can see that J(dx,dy) = J(dy,dx). By Theorem 1.6,

E(u,v) = E°%(u,v)+ S.PV. / 2(uly) — u(z))v(y)J(dz, dy)

ExE\d

+/ w(z)v(z)K(dz) for all v € Co(E) N D(E) and u € A(v), (2.1)

where A(v) := {u € Co(E) N D(E)|(uly) — u(x))v(y) is S.P.V. integrable w.r.t. J}.

Theorem 2.1. (i) There always exists a metric p on E compatible with the topology of E
satisfying the following properties:

(p-1) [puma P’ (@, )/ (1 + p*(2,y))J(dz, dy) < oo for any compact subset I" C E.

(p.2) There is a special standard core (cf. Fukushima et al. [8, p.6]) D, C Co(E) N D(E) such
that any v € D, is p-Lipschitz in the sense that for some constant C' > 0,

lu(y) — u(@)| < Cp(z,y) for all z,y € E.

(ii)) Let p be a metric satisfying (p.1). Then for any a > 0, £ can be expressed for u,v €
Co(E)N D(E) as follows

E(u,v) = Sa’p(u,v)+/

E

1
XE\dQ (1 - m) (u(y) — u(z))v(y)J (dz, dy)

bt



—I—/Eu(x)v(x)K(dx). (2.2)

Here £** is a bilinear form with domain Cy(E) N D(E) and satisfies

o [ 2 @) R
£90(u, v) /Ew\d L (e, dy) for v € Co() N D(E) d w € ). (23

J is a positive Radon measure on E' x E\d and K is a positive Radon measure on E. Furthermore,
such £%? J and K are uniquely determined by &.

Proof. (i) A metric p satisfying Theorem 2.1 (i) is not unique. Below we will construct such a
p. By the regularity of (£, D(E)), we can always find a countable family Dy C Co(FE) N D(E),
say Do = {fi}i>1, which constitutes a core of € (cf. Fukushima et al. [8, p.6]) and separates the
points of F.

For any relatively compact open set U and u,v € Cy(E) N D(E) with supports contained in
U, similar to (1.5), we get

M) = 5 [ () ~ @) (wly) ~ o(a))es(d, )

+ (u(y)v(@) — u(z)v(y))os(de, dy)

xU

+5 [ u(@)@)[(1 = BGsly(x)) + (1 = BGsly(x))m(dx). (2.4)

oD N

S

In particular,

£ (u,u) = § /U (u) — u(z))205(de, dy)
+§ /U w(2)[(1 = BGalu(x)) + (1 = BGaly(x))Im(dz). (2.5)

By (1.2), (1.8) and (2.5), we find that
/E E\d(u(y) —u(z))?J(dz, dy) < E(u,u) < oo for all u € Cy(E) N D(E). (2.6)

For x,y € E, we define

9\ 1/2
|fi(z) = fi(y)]
<22 (1+||szoo+|yfz|ygl)> : (2.7)

Since {f;}i>1 separates the points of E, one can check that p is a metric on E. Moreover, the
topology induced by p coincides with the trace topology on each compact subset F' of E, since
{fi}i>1 are all continuous functions. Thus, p is compatible with the trace topology of E since
E is locally compact. By (2.6), p satisfies (p.1). By (2.7), each f; € Dy is p-Lipschitz. Denote
D, :={u e Co(E)ND(E)|u is p-Lipschitz}. Since Dy C D, D, is a core of (£, D(£)). Moreover,



if f is p-Lipschitz, then f* A1 is also p-Lipschitz. Therefore, D, is a special standard core and
(p.2) is satisfied.

(ii) Let p be a metric satisfying (p.1). Then (1—1/(1 + ap?)) is integrable w.r.t. J on E x F\d for
any a > 0 and any compact subset F' C E. Since for u,v € Co(E), (u(y) —u(z))v(y) is a bounded
function such that {|(u(y) — u(z))v(y)| > 0} C E x F\d for some compact subset F' C E, the
second term of (2.2) is well defined. Therefore, decomposition (2.2) can be obtained by simply
setting

P = — S u(y) —u(z))v x
erlun) = £ = [ 2 (1 s ) ) — () e )

— /Eu(x)v(x)K(dm) (2.8)

By (1.6) and (2.8), (2.3) is obvious. The uniqueness of decomposition (2.2) under conditions (p.1)
and (2.3) is a direct consequence of the uniqueness of decomposition (1.6). 0

Note that when a tends to oo, (1 —1/(1 + ap®(z,y))) tends to 1, and thus (2.2) approximates
(1.7). Indeed, (u(y) — u(z))v(y) is S.P.V. integrable w.r.t. J if and only if (u(y) — u(z))v(y)
/(1 + ap*(z,y)) is S.P.V. integrable w.r.t. J. In this case,

EVP(u,v) = E%(u,v) + S.P.V./ 2Auly) — u(@)v(y) J(dz,dy),
Bxp\d 1 + ap?(x,y)
and (2.2) coincides with (1.7).

In general, J is not symmetric and J — J is a signed Radon measure, which is well defined
on each compact subset of E x E\d. Denote by J; := (J — J)* the positive part of the Jordan
decomposition of (J — J ). Set Jy := J — Ji. One can check that Jy is the largest symmetric
positive Radon measure dominated by J. In particular, if J is symmetric then J = Jy. In the
next theorem, we will give some sufficient conditions with which decomposition (1.7) holds for all
u,v € Co(E) N D(E), or for all u,v in a special standard core.

Theorem 2.2. Let J be as in Theorem 2.1 and write J = Jy + J; as above.
(i) If J1(E x F\d) < oo for any compact subset F' C E, then A(v) = Co(E) N D(E) for any
v € Co(E)ND(E) and hence decomposition (1.7) holds for all u,v € Co(E)ND(E). In particular,
if J is symmetric then decomposition (1.7) holds for all u,v € Co(E) N D(E).
(ii) If we can find a metric p satisfying (p.1), (p.2) (cf. Theorem 2.1 (i)), and

p(z,y)

3 / ————>—Ji(dx,dy) < oo for any compact subset F' C F,
(0:3) Exr\a 1+ p(7,y) 1(de, dy) Y

then there is a special standard core D; D D, such that decomposition (1.7) holds for all u,v € D;.

Proof. First, we will show that for any u,v € Co(E)ND(E), (u(y) —u(x))v(y) is S.P.V. integrable
w.r.t. Jo on E x E\d, moreover,

S.PV. e 2(u(y) — u(x))v(y)Jo(dw, dy)

= [ ) = )0l o)) ol ). 29
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where the right hand side of (2.9) is a usual integral. Note that Jj is the largest symmetric positive
Radon measure dominated by J. For any relatively compact symmetric subset A C E x E\d, we
get by the symmetry of Jy that

| 2ts) = wl)ts) o )
= /(u(y) — u(x))v(y)Jo(dx, dy) + /(u(a:) —u(y))v(z)Jo(dz, dy)
A A

= [ (o) = u(@)ot) = ola)) Il dy). (2.10)

By Holder inequality, (2.6) and the fact that Jy < J, we find that

/E E\d|(u(y) —u(x))(v(y) — v(x))|Jo(dx, dy)

< ([ L - u<ac>>2J<az9s,dy>)é (/ L - () (e d))

< 0o0.

N

Thus, for any increasing sequence {A,},>1 of relatively compact symmetric subsets of £ x E\d
satisfying U | A, = E' x F\d,

lim [ (u(y) —u(z))(v(y) —v(x))Jo(dr, dy) = / (u(y) — u(x))(v(y) — v(x))Jo(dz, dy).
n—o J A, ExE\d
Therefore, (2.9) holds by (2.10).
Now we have shown that u € A(v) if and only if u € Co(E) N D(E) and (u(y) — u(x))v(y)
is S.P.V. integrable w.r.t. J;. Assertion (i) follows immediately. Note that for w,v € D, (D, is
specified in condition (p.2)), we get by (p.1) and (p.3) that

—u(x))v T Mv .
[, = wonintandy < [ Sy
p*(z,y)
" /EW 15 2o ) W) — ul@)e(y)l A (de, dy)
< 00,

where F' = supp|[v] and C' is the p-Lipschitz constant of u. Therefore, at least D, satisfies assertion
(ii). O
Theorem 2.3. (i) Let p be a metric satisfying (p.1) or, more generally, satisfying (p.1)" below:
(p.1) / MJ(CZZE dy) < oo for any compact subset F' C E
Fxma L+ 0%(2,y) 7 .
Then for any a > 0, £ can be expressed for u,v € Co(E) N D(E) as follows

E(u,v) = gc(u,v)ﬂt/E E\d(U(y)—U(ﬂﬁ))(v(y)—v(x))J(dwvdy)Jr/U(w)v(w)f((d-’f)

E

+E% (u, v) + /

E

1
" (1= gy ) (000 — w20
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Here éc(u, v) is a symmetric, nonnegative definite form satisfying the strong local property (i.e.,
w € I(v) implies £¢(u,v) = 0), J is a positive Radon measure on E x F\d, K is a positive Radon
measure on F, and £%” is an anti-symmetric form satisfying

Sa,p _ 1 3 —
EV(u,v) = /EXE\d m(u(y)v(x) — u(x)v(y))J(dz, dy) if supplu] N supplv] = 0. (2.12)

Furthermore, such £¢, J, K and £%° are uniquely determined by &.
(ii) Let u,v € Co(E) N D(E) be such that

(u(y)v(z) — u(x)v(y)) is S.P.V. integrable w.r.t. J. (2.13)
Then

Swr) = &)+ [ ()~ u@)o) ~ v@)Idndy) + [ ulp)k (@)
ExE\d E
+&%(u,v) + S.P.V. /E E\d(u(y)v(a:) —u(z)v(y))J (dx, dy), (2.14)

where £°, J and K are the same as in (2.11), £¢ is an anti-symmetric form satisfying the local
property, i.e. supplu] N supplv] = @ implies £(u,v) = 0. Moreover, such £¢, J, K and £ are
uniquely determined by & if decomposition (2.14) holds for all u, v in some special standard core
(cf. Theorem 2.6 below).

Proof. (i) Let {U,;};>1 be as in (1.10), taking a subsequence of {3, } if necessary, we may assume
that for each [,

B.(1 = .G, I,) - m — K; vaguely on U as n — oo, (2.15)
where K is the corresponding object of K; w.r.t. (£, D(E)) and
K, — K vaguely on E as | — oco. (2.16)

Let {6;} and {T';} be the same as in the proof of Theorem 1.6, by (1.8), (p.1)", (1.10), (1.11),
(2.15) and (2.16), the following limits exist.

huv) = limlim 2" / () = u(@)(o() = vl@))o, (@r,dy)

l n

-/ ., () @) ely) o), dy),

e B [ ap(z,y)
L(u,v) = hlmh’?l?/rl m(u(y)v(m) —u(x)v(y))os, (dx, dy)

_ / » (1 _ ﬁ) (u(y)o(x) — ula)o(y)) T (dz, dy),

l n

_ /E u(r)o(n) (K (dr) + K (d)).



By (1.2) and (2.4), we get

E(u,v) = %(5@, v) + E(v, 1))

= tilim G [ (0() = () 00) ~ o) (. )

limlin g, | ue)o(e) - 00— 8,Goulu(5) + (1= B Ty ) ().
Define £¢(u, v) = &(u, v) — I (u, v) — Iy(u, v), then £(u, v) admits the following expression
5/ ) U))@)), ).

Eu,v) = lim lim =

From this expression, it is clear that & (u,v) is a symmetric, nonnegative definite form satisfying
the strong local property. Then, we obtain (2.11) by setting
E (u,v) = E(u,v) — E(u,v) — I (u,v) — Iy(u,v) — I5(u,v).

It follows that

E%(u,v) = limlim &/ (u(y)v(z) — u(x)v(y))os, (dz, dy)
! 2 Uy xUp,p(x,y)<d

n

(uly)o(x) — ulz)o(y))J (dz. dy>} . (2.17)

1
+ -

(u(y) —u(@))v(y) — (v(y) — v(z))u(y), if supp[u] Nsupp[v] = @, then
(2.18)

Since u(y)v(z) — u(x)v(y) =

i lin 2 (uly)o(e) - u(z)o(y))os, (dr, dy) = 0.
n Uy xUp,p(x,y)<d

Therefore, (2.12) follows from (2.17) and (2.18).
Now let us show the uniqueness of the decomposition. For u,v € Cy(E) N D(E) satistying

supplu] N supp[v] = 0, we get by the strong local property of £¢(u,v) and (2.12) that

Euv) = /E ., (00— o) T,
n / (u(y)o(z) — ulz)o(y))J(de, dy)
ExE\d

= 2 /ExE\d u(x)v(y)J(dea dy)'

Hence the measure J is unique (cf. Fukushima et al. [8, Theorem 3.2.1]).
Since £°(u,v) is symmetric and £“?(u, v) is anti-symmetric, for u,v € Cy(E) N D(E),

Ewu) = E(uv)+ / (v(y) — v(@))(uly) — u(x)) J(dz, dy)

ExE\d
—i—/Ev(x)u(a:)f((da:) — £%(u, )

1
- [ExE\d (1 N m> (u(y)o(z) — u(z)o(y))J (dz,dy).  (2.19)

10



Set J(dx,dy) = J(dy,dz). By (2.11) and (2.19), for u,v € Co(E) N D(E),
E(u,v) = Euv) +/E E\d(u(y) — u(x))(v(y) — v(x))J(dz, dy)

—i—/Eu(ac)v(:U)f((dx,dy)

J+J
2

= 5C(u,v)+/E E\d(U(y)—U(x))(v(y)—v(iﬂ)) (dz, dy)

+ /E u(z)v(z)K (dz, dy).

Thus the uniqueness of £ and K follows from the uniqueness of the classical Beurling-Deny
formula for symmetric Dirichlet forms. Finally, the uniqueness of £ follows from (2.11) and the
uniqueness of J, £¢ and K.

(ii) Note that for any u,v € Cy(F), condition (p.1)" implies that (1—1/(1 + ap*(z,y)))(u(y)v(z)—
u(z)v(y)) is always integrable on E x E\d w.r.t. J. Thus, in this case, (u(y)v(z) — u(z)v(y))
is S.P.V. integrable w.r.t. J if and only if (1/(1+ ap®(z,v)))(u(y)v(z) — u(z)v(y)) is S.P.V.
integrable w.r.t. J. From the above proof of part (i), we know that £%*(u,v) can be expressed as

gob(u,v) = limlim{& /U () @), (dr.dy)

! n

1
[ e 000) et )|

= li}n lim{A;,,(u,v) + By ,(u,v)}.

Suppose now that (u(y)v(z) — u(z)v(y)) is S.P.V. integrable w.r.t. J. Then £°(u,v) := lim, lim,
Apn(u,v) exists and we get decomposition (2.14). By the expression of A;,(u,v), we see that
£¢(u,v) is an anti-symmetric form satisfying the local property. Under the additional assumption
that decomposition (2.14) holds for all u, v in some special standard core, the uniqueness of &,
J, K and £° follows similarly to part (i). O

Remark 2.4. If u € A(v) and v € A(u), then condition (2.13) is fulfilled. In this case,

~ A

E(u,v) = §(€C(u,v) + E(u,v)) (2.20)

and

A ~

£(u,v) = %(56@, V) — £ 1)) = %(5C(U,u) _ &, v)). (2.21)

In general, it is not necessary that £°(u,v) = 3(£¢(u,v) — E°(u,v)).

If (£, D(€)) is symmetric, then for any u,v € Co(E) N D(E), u € A(v) and v € A(u) (cf. the
proof of Theorem 2.2). In this case, the dual form (€, D(£)) coincides with (£, D(£)), and thus
E(u,v) = E(u,v) for any u,v € Co(E) N D(E). By (2.20) and (2.21), we find that £(u,v) =
E(u,v),E(u,v) = 0. By the uniqueness of (2.14), we know that the measure J in (2.14) is
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symmetric. Then, it is easy to check that S.P.V. fExE\d(u(y)v(m) — u(x)v(y))J(dz,dy) = 0.
Hence (2.14) is just the classical Beurling-Deny formula for symmetric forms.
Remark 2.5. In Bliedtner [3, (9.2)], the author gave a representation which is essentially the

same as (2.14) but without introducing the notion of S.P.V. integral and the crucial condition
(2.13). We point out that condition (2.13) cannot be dropped. See Example 4.5.

Theorem 2.6. Let J = Jy + J; be as in Theorem 2.2.

(i) If J1(F x F\d) < oo for any compact subset I’ C F, then condition (2.13) is always fulfilled
and hence decomposition (2.14) holds for all u,v € Co(E)ND(E). In particular, if J is symmetric,
then (2.14) holds for all u,v € Co(E) N D(E).

(ii) If we can find a metric p satisfying (p.1)-(p.3). Then, there is a special standard core D; D D,
such that decomposition (2.14) holds for all u,v € D;.

Proof. (i) is clear. Note that

u(y)v(z) —u(z)oy) = (uly) — u(@))o(y) = (v(y) = v(z))u(y).

Then, condition (2.13) is fulfilled if u € A(v) and v € A(u). Therefore, assertion (ii) follows
directly from Theorem 2.2 and Theorem 2.3 (ii). 0

3 Extension of LeJan’s Formula to Non-Symmetric Diri-
chlet Form

Let J be the jumping measure of (£, D(E)). Decompose J = Jy+ J; as in Section 2. Throughout
this section, we make the following assumption.

Assumption 3.1. For any compact subset F' C E, Jy(E x F\d) < co and J;(F x E\d) < o©.

Note that if J is symmetric, then J; = 0 and Assumption 3.1 is automatically satisfied. Proposi-
tion 4.4 (i) below provides another example for which Assumption 3.1 is satisfied.

By Assumption 3.1 and Theorem 2.2, (1.7) and (2.1) hold for any u,v € Co(E)N D(E). Then,
it follows that

E(u,v) = %(S(u,v)—g(v,u))

A

— %(50(u, v) — E(u,v)) + S.P.V. /E - 2(u(y) — u(:c))v(y)%(d:c, dy)
+ /E u(x)v(w)K ; K (dz)
= &%u,v) + S.P.V. : E\dQ(u(y) — u(x))v(y)J(dz, dy) —i—/Eu(ac)U(:I:)K(dx) (3.1)

Here we point out that the definition of £%(u,v) is different from that given in Section 2 (cf.
Remark 2.4). Throughout this section, we define £(u,v) by (3.1).

In the following, we will give some structure results for the diffusion part £ of (£, D(E)).
Note that £(u,v) = E(u,v) +E(u, v), where £(u,v) = 1(E%(u,v) +&°(u,v)). Consequently, we
only need to concentrate on the structure of £¢ below.
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3.1 Linear Functional L(u,v)
For u,v € Co(E) N D(E), we define a linear functional L(u,v) on Co(E) N D(E) by

< L(u,v), f >:= %(Ec(u,vf) — Eu,vf)) forall f e Cy(E)NDE). (3.2)

Then, £°(u,v) =< L(u,v), f > for arbitrary f € Co(E) N D(E) satistying f|suppp) = 1. It follows
from (3.1) that

< L(w,v), f > = %(5(u,vf) —E(u,vf)) - SP-V/ 2(u(y) — u(x))v(y) f(y)J (dz, dy)

ExE\d

- /E u(z)v(z) f(2) K (dz). (3.3)

Theorem 3.2. Let u,v,w, f € Co(E) N D(E). Then

(i) < L(u,v), f > is bilinear w.r.t. v and v.

(i) < L(u,vw), f >=< L(u,w),vf >.

(iti)< L(u?,v), f >=< L(u,v), 2uf >.

(iv) < L(uwv,w), f >=< L(u,w),vf > + < L(v,w),uf >.

Proof. (i) and (ii) are obvious by (3.2). (iv) follows by applying (iii) to (v +v)?, u* and v*. In
the following, we prove (iii). Suppose supp[u|Usupplv] Usupp[f] C G1 C G; C Gq, where G1, G,
are two relatively compact open sets. Then,

ED(uvf) = Blu—BGau,vf)
= 0 (u(y) — u(x))v(y) f(y)os(dr, dy)

GoxGo
+0 ; (1= BGpla,(z))u(z)v(z) f(z)m(dx)
— E(u,vf) as f — 0. (3.4)

Similarly,

ED(u,vf) = B (uly) — w(@))v(y) f(y)Gs(dz, dy)

GaxGa
+6 ; (1= BGple, () u(z)v(z) f(x)m(dx)
— E(u,vf) as 3 — oo, (3.5)

where G4 is the measure associated with B3G5 (cf. Corollary 1.2). Note that 64(dz,dy) =
op(dy, dz).
By (3.3), (3.4) and (3.5) (cf. the proof of Theorem 1.6), we get

<pluohs> = [3Hm s [ )~ w0 o 5a)(de.d

+3 [ w@r@ @)K ) - 5 [ u@ure) ki
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-srv. [ 1, 2000 ) 0T )~ JRCECIEIE

- %[}LIIC}Oﬁ o (w(y) — u(z))v(y) f(y)(os — 65)(dz, dy)
—S.PV. e 2u(y) — u(z))v(y) f(y)J(dx, dy). (3.6)

It follows from (3.6) that
< L(u*v), f > — < L(u,v),2uf >

B _% ﬂh—{loloﬂ G x (u(y) - u(x))%(y)f(y)(aﬁ — 53)(d$, dy)

LSPYV. /E (1) )P 0) = ) ) (3.7)

We now analyze the limit term in (3.7). Note that

Shm s [ (uly) — u(e) o) ()0 — 5a)(dr.dy)
GaXGa

— Liim g (u(y) — u(@))*(v(y) f(y) — v(@) f(2))os(dz, dy)

2 ﬁ_m)o GQXGQ

— L im g UG y (u(y) — w(@))*(v(W) f(y) — v(@) f(2))d(2)d(y)os(dz, dy)

2 f—o0

" /G P )o(o) ) (1~ 6()ord dy)

- / A (@)o(a) f (@)1 — d(y))os(dr, dy)
GaxGa

= 3 I [0(3) + B(3) - KE) (3.9)

where ¢ € Co(E) N D(E) satistying ¢ > 0,¢|c, = 1 and supp[¢] C G5. Note that (v(y)f(y) —
v(z) f(x))o(x)p(y) € Coo(E X E\d), where Cy (E X E\d) denotes the set of all continuous functions
on E x E\d vanishing at the infinity, and the measures 3(u(y) — u(z))?o5(dz, dy) are uniformly
bounded by 2€(u,u) and converge vaguely to 2(u(y) — u(x))?J(dz,dy) on E x E\d as 3 — oo
(cf. (2.5)). Then, we get

lim () = Q[E E\d(U(y) —u(@))*(v(y)f(y) — v(@)f(2))o(x)o(y) I (dz, dy). (3.9)

B—o0

For I5(f), noting that ¢|g, = 1, by Corollary 1.2, (1.2), (1.10), (1.11) and Theorem 1.6, we
get

L(B) = B u?(y)v(y) f(y)os(de, dy) — 3 u?(y)o(y) f(y)o(x)os(de, dy)

GaxGa GaxG2

= —B(BGss, u’vf) + B(BGla,, u*vf)
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= B¢ — BGsp,u’vf) — B(1 — BGple,, u*vf)
~ E.f)— [ @)K ()
— &Gty +SPV. [ 0 216~ SN0 0 )
+ [ @@l K () - [ @)@ (d)
- sev. [ o) )1~ ) ). (3.10)

Similarly, we get

ﬁlim I;(6) = S.P.V./ 20 (z)v(z) f(2)(1 — p(y))J (dx, dy). (3.11)
o0 ExE\d
Therefore, < L(u?,v), f >=< L(u,v),2uf > by (3.7)-(3.11). O

Lemma 3.3. Let u,v,w € Cy(E) N D(E). Then
(i) If u is constant on a relatively compact open set G, then for any f € Co(G) N D(E), <

L(u,v), f >=0.
(ii) If v = w m-a.e. on a relatively compact open set GG, then for any f € Cy(G) N D(E),
< L(u,v), f >=< L(u,w), f >.

Proof. (i) Direct consequence of (3.2) and the left strong local property of £¢ and Ee.
(ii) It is obvious by (3.2). 0

Proposition 3.4. Let uy,...,u,, v € Co(E) N D(E). If ¢ € C*(R™) with ¢(0) = 0, then
o(u) == d(ur, ..., um) € Co(E)N D(E), and for any f € Cy(E) N D(E),
L(¢(u),v), f >=Y < L(u;,v), és, () f > . (3.12)
i=1

Proof. The proof follows from that of Fukushima et al. [8, Theorem 3.2.2]. Let ¢ € C*(R™)
with ¢(0) = 0. By the inequality (cf. Fukushima et al. [8, (3.2.27)])

LOO(S) ga(Ui,Ui), 87 Z 07 (313)

VEG(W. 0 <3 6,

noting that ¢(0) = 0, one can check that ¢(u) € Co(E) N D(E), ¢, (u) € D(E),1 < i < m. Let
A= {¢ € C*(R™)|$(0) = 0 and (3.12) holds}. By Theorem 3.2 (iv) and (i), one finds that
o € Aif ¢, € A. Since A contains the coordinate functions, it contains all the polynomials
vanishing at the origin.

Let S be a finite cube containing the range of u(x) = (u1(x), ..., un(x)). Then there exists
a sequence {¢*(x)} of polynomials vanishing at the origin such that ¢* — @, qﬁk — gy, O i
Griz;» 1 < 4,5 < m, uniformly on S (cf. Courant and Hilbert [6, II §4]). Due to (3.13), gbk( )
is & -convergent to ¢(u) and ¢F (u) is &-convergent to ¢,,(u),1 < i < m, as k — co. And
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¢"(u(x)), ¢k (u(x)),1 < i < m are uniformly bounded and respectively converge to ¢(u(z)) and
Oz, (u(z)),1 <i<m,x € E, as k — oo. Thus

< L(o(u),v), f > =

The proof is complete.
Define

fc

loc

Remark 3.5. (i) Since (€, D(£)) is regular, it is easy to show that 1 € Ff

S(EG(w),vf) — E(of, o{u)
5PV [ 20w — o ) )

J—Jy

(dz, dy)

‘/,m’f(u)(x)v(x)f(x)f?(dw)

5PV /E ., 200) ~ ) ()10 D= dy)
/ z(x)éﬁl(U)(fv)f(fv)K(dz)}
> € 0n 1) - E0u ). 0)
J — Jy
SRV [ o) ) n (00 ) 7y

:= {u] for any relatively compact open set G, there exists a function

v e Co(E) N D(E) such that u = v m-a.e. on G}. (3.14)

(cf. Lemma 1.4 (ii)).

loc
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(ii)) f v € F, and f € Cyo(E) N D(E), then by the definition of F, there exists a function
v € Cy(E) N D(E) such that v = v m-a.e. on supp[f] and thus vf = vf m-a.e. Consequently,

vf € Co(E)ND(E).

Take a sequence {Gn}neN of relatively compact open sets such that G, C G,41,Vn > 1, and
UxX G, = E. For u,v € Ff,, there exist two sequences {uy, }nen, {Vn }nen With u,, v, € C’o( )N
D(E),Vn > 1, such that u,, = u,v, = v m-a.e. on GG,,. By Lemma 3.3, we can define the linear
functional < L(u,v), f >:=< L(un, vn), f >, Vf € Co(G,)ND(E). This definition is independent
of the specific choice of {u, }nen and {v, }pen. We call such {u, }nen an approzimating sequence
of u.

By Theorem 3.2, one can easily prove the following corollary.

Corollary 3.6. Let u,v,w € Ff, and f € Co(E) N D(E). Then
(i) < L(u,v), f > is bilinear w.r.t. u and v .
(i) < L(u,vw), f >=< L(u,w),vf > .

(i) < L(uv,w), f >=< L(u,w),vf >+ < L(v,w),uf >.

Proposition 3.7. Let uy,...,un,v € Ff., ¢ € C*(R™), and u(z) := (u1(x),. .., un(z)). Then
d(u), oo (u) € Froy1 <i < m, and for any f € Co(E) N D(E),

m

< L($(u), ), f >=Y < Llug,v), 6p () f > . (3.15)

i=1

Proof. Define ¢(z) := ¢(x) — #(0). Then ¢ € C*R™) with ¢(0) = 0. If wy,...,w, €
Co(E)ND(E), one can show that i (wy, ..., wy,) € CO(E)OD(E) following the proof of Proposition
3.4. Then ¢(u) € Ff,.. Since the constant function ¢(0) € Ff,, by Remark 3.5 (i), one finds that
o(u) € Ff,. Similarly, one can show that ¢, (u) € Ff.,1 <i <m.

By Corollary 3.6 (i) and Lemma 3.3 (i),

< L(¢(u),v), f >=< L(¥(u),v), f >+ < L(§(0),0)), f >=< L(¢(u),v), f > (3.16)

Take the sequence {G,, },en of relatively compact open sets as above. Let {ugk)}keN, . {ugf)} kEN
and {v®},cn be approximating sequences of wy,...,u, and v, respectively. One can show
that {@Z)(ugk), o ,ugff))}keN is an approximating sequence of ¥ (uy,...,uy). Then, for any f €

Co(Gr) N D(E), we get by Proposition 3.4 that

< L(u),v), f > = < L@, ... u®) o®) f>
uz(k)a U(k))7 wxz(ugk)a e ,Ugi))f >

Y, (u) f > (3.17)

Us, U

> <L
i=1
— Z < L(ug, ), g, (ug, .oyt f >
i=1
> < Llu,v),
i=1
Since ¢, = V., 1 <i <m, (3.15) follows form (3.16) and (3.17). The proof is complete. 0
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3.2 Functional Representation of £¢(u, )

In this subsection, we assume that U is a domain of R? and (£, D()) is a regular (non-symmetric)
Dirichlet form on L?(U, m) satisfying C§°(U) C D(E). Further, we make the following assumption.

Assumption 3.1°. For any compact set K C U, J(U x K\d) < oo and J(K x U\d) < 0.

Note that if Assumption 3.1° is satisfied, then Assumption 3.1 is automatically satisfied since
J = Jo+ Ji. As an example, Assumption 3.1 is satisfied with U = R? in the situation of
Proposition 4.4 (i) below.

For u,v € C3°(U) and f € Co(U) N D(E), we get by Corollary 3.6 (ii) and Proposition 3.7
that

d
E(u,vf) =< L(u,v), f >=< L(u,1),vf >= ; < L(x, 1), S—va > .
Taking an f satisfying f|suppp) = 1, we get
y d ou
Eu,v) = Z < L(z;, 1), a—iv > . (3.18)

=1

In order to give an explicit representation of < L(z;,1), 2%v >, we need the following two

' D
lemmas. In the sequel, we let (£,D(€)) be the symmetric part of (&, D(€)) and respectively

denote by £°, J and K, the diffusion part, jumping and killing measures of (£, D(E)).
Lemma 3.8. For u € Cy(U) N D(E), there exists a unique F(u) € D(E) such that

Eu,v) = E(F(u),v) — /U U\dZ(u(y) —u(z))v(y)J(dz, dy) for all v € Co(U) N D(E).

Proof. By Assumption 3.1", Cauchy-Schwartz inequality and (2.6), we find that 2(u(y) —u(z))v(y)
is integrable w.r.t. J on U x U\d. Then, for any v € Co(U) N D(E), we get by (3.1) that

E(u,v) + / 2(uly) — u(a))v(y)J(dz, dy)
UxU\d

= %(E(U,v)—g(v,u))—/Uu(w)v(m)f((dm) (3.19)
and
/Uu(x)v(I)K(dx) < /U|u(x)v(x)|—(K+f()(d:z:)
S ACCEGIS
< ( UUQ(x)K(dx)>2 - < /U v2(x)f((dx))2
< g%(u,u)g%(v,v). (3.20)



By (3.19), (3.20) and the weak sector condition of Dirichlet forms, there exists a constant C'(u) > 0
such that |£¢(u,v) + foU\dQ(u(y) — u(z))v(y)J(dz, dy)| < C’(u)gll/Q(v,v). Then, the proof is
complete by noting that Co(U) N D(E) is dense in D(E). O
Lemma 3.9. Let v € D(E),uy,...,un, € D(E)y, and ¢ € C1(R™). Denote ¢p(u) := d(us, ..., Upy).
Then

dlac<¢(u),v> = Z (bfﬂz (a)dlaiui,v>7 (321>
=1

where for any w € D(E), ji,,,~ is the local part of the energy measure fi<, > associated with
the regular symmetric Dirichlet form (€, D(E)) (cf. Fukushima et al. [8, §3.2]).

Proof. Let {v,}nen C D(E), be an approximating sequence of v, i.e. v, is &-convergent to
v as n — o0o. Then by the remark right before Fukushima et al. [8, Theorem 3.2.3] and the
classical LeJan’s formula (cf. Fukushima et al. [8, Theorem 3.2.2 and p.117]), we find that for
any f € Co(U)ND(E),

/U F@ gy = i [ @ g,

n—oo

~ lim 2; /U F (@), (@)% -

n—o0 4

— Z lim / f(@)pn, (W)dEZ,, ,, >

_ ; /U F(2) o (@) i, o

and therefore (3.21) follows. O
By the regularity of (£, D(£)), it is easy to show that 1,z; € Ff ., 1 <i < d (Ff, is defined in

locy - loc
(3.14)). Take a sequence {Gj}ren of relatively compact open sets such that G,, C Gpy1,Vn > 1,
and U2 ,G,, = U. Let {w,(fi)}keN, 1 <1 <d, {w,(:)}keN be approximating sequences of z;,1 <
© < d, and 1, respectively. There exists a ky € N such that Ulesupp[%] U supp[v] C Gi,. Then

for any k > ko,

ou T 1 ou
< L(z4,1), a—xiv > = < L(w,(c ),w,(f )), a—xiv >
. . ou
— g° (zi) (1)
(wk » W al,lv)
= g, Ty (3.22)
k 9 8xz . .
By Lemma 3.8, for each £ € N and 1 < i < d, there exists a function F(w,(fi)) € D(E) such that
s, (z) OU < 2\ Ou
(i, 5,0 = EFW™), 5 -0)
x4 X4 au’ T
[ ) - w @) ) ey (329
UxU\d Ly
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By the classical Beurling-Deny formula (cf. Fukushima et al. [8, Lemma 4.5.4]), we find that

~ z) Ou

E(F ), 5-v)
_ [ 9U ) se0 U (x)
—/UaxivF(wk )dm+5(axiv,F(wk )

+/UXU\d <F?I_U\;(f/))(y) - F@\g))(ﬁ)) (g;i (y)o(y) — SZ (x)v(x)) J(dzx, dy)

@) ou -
+/UF(w,c )(:B)a—%(a:)v(:z)K(d:E) (3.24)

Since J = 1/2(J(dx,dy) + J(dy,dz)), J(U x K\d) < oo for any compact subset K of U by

Assumption 3.1°. Then we get by the symmetry of J that

[ (PO = PO @) ) (G2 00t0) = St ) Je.dy

= [ 2 (P - Fel)@) et s, dy), (3.25)
UxU\d i

Extend J to a measure on U x U, which we still denote by J, by setting J{(z,y) € U x U]z =
y} = 0. Set u(dy) := J(U,dy). Note that J(U x K) < oo for any compact subset K of U.
Following the proof of Ethier and Kurtz [7, Appendixes, Theorem 8.1], there exists a kernel
n®) (y, dx) (k > ko) such that

@) @) Ou i
[ 2 (P - Ful) @) 5 et o,y

—_~—

= 2 [ Ly / (F(wff”)(y)—F(w?”)(sz:)) n®(y,dr)u(dy).  (3.26)

U &L‘l

Extend J to a measure on U x U, which we still denote by J, by setting J{(z,y) € U x Ulx =
y} = 0. Set ji(dy) := J(U,dy). Similar to n*)(y,dz), there exists a kernel 7% (y, dz) (k > ko)
such that

/UXU 2(w]ixi)(y) - w’(gftl)(x))ggz (y)v(y)j(dm,dy)
= aa W) /U<w£z”<y> — wf™ (@)1 ® (y, dr)i(dy). (3.27)

By Lemma 3.9, we get
d

50 ou (xi)\\ _ 1 0 ou 5
£ (a—miv,F(wk ) = 5;/[,5)_% (axi”) iy ) - (3.28)

For each k € N, and 1 < 1i,5 < d, define

—_——

pde) = F(w)(@)m(de) + F(w™)(@) K (dx)
= (F(w?”)(x) - F(w,?“)(y)) 1)z, dy)u(d)

=2 [ (0l @) =l )i o, i) (3.29)




and

1
:uzy (dx> = /L (w,(:l))>(dx) (330)

2" <wz;,F

Therefore, it follows from (3.23)-(3.30) that

Sc (k)
£< " c%z axl +Z/ oz <8xz ) Hg - (3:51)

We now give the main result of this subsection.

Theorem 3.10. There exist unique generalized functions {F;}i<i<q on U such that for any
u,v e Ce(U),

E(u,v) =) < %u,ﬂ > (3.32)

Moreover, for any relatively compact open set G C U, there exist signed Radon measures
{/'LiG}lgigd and {Mg}lﬁ@jﬁd on (G such that

<, F, >:/vdul +2/ o ——dpf for all v € C5°(G). (3.33)

Proof. For 1 <i < d, we define the generalized function F; by

<wv, F; >:= lim [/vd,uZ +Z/ d,uZJ ], ve CrU), (3.34)

k—oo

where ul(-k), ,ugf) are given by (3.29), (3.30), respectively. First, we show that F; is well defined.

Suppose that supp[v] C Gy, for some ko € N. Let w € C5°(U) be a function satisfying w|suppp) =
z;. Then for any k > ko, we get by (3.31) and (3.22) that

d

Z ow Z 0 (Ow
/Ud# " / b /Ua$ Udul i 1/[J83’7J‘ (a%’v) i

= < L(z;1),v>. (3.35)

Thus, F; is well defined and (3.32) follows from (3.18), (3.35) and (3.34). The uniqueness of F;
is obvious by noting that < v, F; >=< L(x;,1),v > for any v € C§°(U). Furthermore, we fix
a k € N such that G C Gy and respectively define {uf}1<ica, {1} i<ij<a to be {ugk)}lggd,

{“gf)}lsmsw Then (3.33) holds. ’

3.3 Measure Representation of £¢(u, )
Let (£,D(€)) and L(-,-) be as in Subsection 3.1. For v € Cy(F) N D(E), we define
L) = {u€ Co(E)NDE)|f € Co(E) N D(E) —< Liu,v), f >

is continuous w.r.t. the uniform norm || - ||}
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Proposition 3.11. (i) If u € I(v), then v € L(v), where I(v) is defined in Theorem 1.6.

(ii) If u € D(A)ND(A)NCy(E), then u € L(v), where (A, D(A)) and (A, D(A)) are the generator
and co-generator of the Dirichlet form (€, D(E)), respectively.

(iii) £L(v) is an algebra.

Proof. (i) In this case, < L(u,v), f >= 3(E(u,vf) — E°(u,vf)) = 0 for any f € Co(E) N D(E).
(ii) If u € D(A) N D(A) N Cy(E),

E(u,vf) —E(u,vf) = (—Au,vf) — (—Au,vf) = / (Au(z) — Au(z))v(2) f(z)m(dz),  (3.36)

and
J—J
S.P.V. /E o 2~ ) )5 )
= SV 2uly) — l@)oln) 1) e dy) (3.37)
ExE\d

where J, (dz, dy) = Ji(dy, dz).

By (3.3), (3.36), (3.37) and Assumption 3.1, we find that < L(u,v), f > is a continuous linear
functional of f on Co(E) N D(E) w.r.t. the uniform norm || - |-
(iii) Direct consequence of Theorem 3.2 (i) and (iv). 0

For v € Co(E)N D(E) and u € L(v), < L(u,v),- > can be extended to become a continuous
linear functional on Cy(E) since Co(F) N D(E) is dense in Cy(FE). Then, by Riesz representation
theorem, there exists a finite signed measure, denoted by fiZ,, -, such that

< L(u,v), f >= / f(x)dpZ, .~ forany f € Co(E)N D(E).
E

Remark 3.12. (i) If v € Co(E) N D(€) and u € I(v), then g, . = 0.

(i) If v € Co(E£) N D(E) and u € L(v), we get by taking a function f € Co(£) N D(E) with
flsuppls) = 1 that £(u,v) = [ dis, -

(iii) Let v € Co(E) N D(E) and u € L(v). Then for any w € Co(E) N D(E), one can easily get by
Theorem 3.2 (ii) that u € L(vw) and djil,, ,,,» = WA, -

(iv) For w € Co(E) N D(E), if u,v € L(v), then uv € L(v) by Proposition 3.11 (iii) and we get
by Theorem 3.2 (iv) that djil,, ,~ = udfis, ,~ + VA, -

(v) Let v € Co(E) N D(E) and v € L(v). If u is constant on a relatively compact open set G,
then dji¢, . =0 on G by Lemma 3.3 (i).

(vi) For vy, v5 € Co(E) N D(E), if u € L(v1) N L(v2) and v; = vy m-a.e. on a relatively compact
open set G, then djt, , - = djiZ, ,,~ on G by Lemma 3.3 (ii).

Proposition 3.13. Let v € Co(E)ND(E). Ifuy, ..., u, € L(v),¢ € CHR™) with ¢(0) = 0, and
o(u) € L(v), then

i )0 = Z Doy (WAL, - (3.38)
=1
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Proof. The proof is similar to that of Proposition 3.4. Define
B:={¢ € C'(R™)|p(0) =0, ¢(u) € L(v) and (3.38) holds}.

Similar to Proposition 3.4, one can show that B contains all the polynomials vanishing at the

origin.
Suppose ¢ € CH(R™) with ¢(0) = 0 and ¢(u) € L(v). Let S be a finite cube containing the
range of u(x) := (uy (), ..., un(x)). Similar to Proposition 3.4, there exists a sequence {¢* () }ren

of polynomials vanishing at the origin such that ¢* — ¢, ¢:IZ¢ — ¢y, 1 < i, < m, uniformly on S
and ¢*(u) is & -convergent to ¢(u) as k — co. And ¢*(u(x)), ¢% (u(x)), 1 < i < m, are uniformly
bounded and respectively converge to ¢(u(z)) and ¢, (u(z)),z € E, as k — oo. Now for any
f € Co(FE)N D(E), we get similarly to Proposition 3.4 that

[E @i =3 / F (@) ey ()i o

Therefore, (3.38) holds and the proof is complete. 0
Define

~c .

e := {u| for any relatively compact open set G, there exists a function

~

w € Cy(E)N D(A)N D(A) such that u = w m-a.e. on G}.

Take a sequence {G,},en of relatively compact open sets such that G, C Gpy1,¥n > 1,
and UX G, = E. Forv e Ff_, and u € ~ﬁ)C, there exist two sequences {v, }nen, {Un }nen with
v, € Co(E)ND(E) and u,, € Co(E)ND(A)ND(A) such that v = v,, u = u, m-a.e. on G, for any
n > 1. (Note that by Proposition 3.11 (ii), u, € L(w) for any w € Co(E) N D(E).) By Remark
3.12 (v) and (vi), we can define the measure i, . by fi%, - = i, , - on G. Further, by
Remark 3.12 (iii) and (iv), we get
(i) For any vy, vs € Fp.,u € Fp,.,

~c _ “c

Heupive> = ViHcy po>- (339)
;s c Ic ~c _ “c “c
(11) For any v € ‘Floc’ Uy, Uz € ‘Eocv d/“<u1u2,v> - uldp“<uQ,v> + u2dlu’<u1,v>'

Proposition 3.14. Let v € Fj, .. Ifuy, ..., uy € Fe 6 € C2(R™) with ¢(u) :== ¢(uy, ..., uy) €
e then
loc»

dlac<¢(u),v> - Z ¢xz (u)d:&iui,v> : (340)
=1

Proof. Since F¢

loc

C F

loc?

/E F@AE gy = < L(d(u),0), f >

by Proposition 3.7, for any f € Cy(E) N D(E),

m

— 3 < Ll b >
= > [ F@nw) )it o
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Therefore, (3.40) holds and the proof is complete. 0

Theorem 3.15. Let U be a domain of R? and (£, D(£)) a regular (non-symmetric) Dirichlet
form on L2(U;m) with the generator (A, D(A)) and the co-generator (A, D(A)). Suppose that
Ji(U x F\d) < 0o, J{(F x U\d) < oo for any compact set F of U, and C3°(U) C D(A) N D(A).
Then for u,v € C§°(U), £(u,v) can be expressed as follows

ou Ov d ou
Z/ axza—x]dmj—i‘;/(]a—xlvd%

Zj_

—i—S.P.V./U U\d2(u(y)—u(x))v(y)J(dx,dy)—l—/Uu(x)v(x)K(dx), (3.41)

where {v;;}1<ij<a and {v;}1<i<q are Radon measures on U, J and K are the jumping and killing
measures of (£, D(&)), respectively.

Proof. By Theorem 2.2, for u,v € Co(U) N D(E), we get

E(u,v) = E%(u,v) + S.P.V./

UxU\d

2(u(y) — u(x))v(y)J(dz, dy) + /Uu(x)v(x)K(dx), (3.42)
where
£°(u,v) = E%(u, v) + E°(u,v), E°(u,v) = %(50(% o) + £%(u, v) (3.43)

(cf. (2.20) and (3.1)). Moreover, by LeJan’s formula for regular symmetric Dirichlet forms (cf.
Fukushima et al. [8, Theorem 3.2.3]),

ou Ov
Z/ al,z axj lu<:cz T;>) (344)

where [Lixi,x? is the local part of the energy measure of z;,x;, associated with the symmetric
Dirichlet form (£, D(£)).

Since C5°(U) € D(A)ND(A), one can show that the constant function 1 € Fe. Ifue CoU),
then u; := x; - u € C°(U). Hence z; € Ff,,1 <i < d. By (3.39) and Proposition 3.14, we get

(u,v) Z/ axlvcl,u@l 1> (3.45)

Set vy = 1%, 15, Vij = 5%y, o5s 1 < 4,5 < d. Then (3.41) follows from (3.42)-(3.45). The proof
is complete. 0
4 Example and Counterexample

Example 4.1. Lévy Process

Let X = (Xt)t>0 be a Lévy process on R with the characteristic exponent 7, i.e. E{exp(i{)\, X;))}
= exp(—tn(A\)) for A € R? and t > 0. Hereafter, R? is equipped with the standard product (-, )
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and Euclidean norm | - |. The celebrated Lévy-Khintchine formula (cf. e.g. Bertoin [1, p.3] or
Sato [17, p.37]) tells us that

n(A) =i(b,\) + %Q()\) + /Rd (1 — e 4 i()\,x)l{mgl}) p(dx),

where b = (by,...,b) € R Q is a symmetric, nonnegative definite quadratic form on R?, and u
is a Lévy measure satisfying ©({0}) = 0 and

/R [2I* p(dr) < oo. (4.1)

d 1+|$‘2

Or equivalently, the infinitesimal generator A of (X;);>¢ is characterized by (cf. Sato [17, Theorem
31.5])

d

Auly) = Z(_bi)aiu(y) + % Z Qi;0:0;u(y)

i=1 ij=1

< (u(y )~ uly) - inaiu@)lﬂx@}(x)) () (42)

i=1

for u € C°(R?). Hereafter, C5°(RY) denotes the set of all infinitely differentiable functions on R?
with compact supports. If in addition u satisfies f|x‘<1 |z|p(dz) < oo, then (4.2) can be written
as

d
Auly) = (b)) + 5 Y @uddu() + [ (uly+a) ~u@)ndn)  (03)

i1 ig=1 R4

Let (A, D(A)) be the L?(R%; dx)-generator of (X;);>0. It is known that (cf. Jacob [10, Example
4.7.32))

D) = Hy (R = { € L2(R%5 )

[ e oopar < oo | (4.0

where f()) stands for the Fourier transform of f, ie. f(\) = (2r) %2 Jraexp{—i(\, )} f(x)dz.
Since [n(\)| < C(1 + |M?),VA € RY, for some constant C' > 0. One can check that S(RY), the
space of rapidly decreasing functions, is contained in D4, and (4.2) holds for all u € C°(R¢). By
Jacob [10, Example 4.7.32], (X;);>0 is associated with a Dirichlet form on L?(R¢;dz) if and only
if there exists a constant C' > 0 such that

[Im(n(A))] < C(1+ Re(n(N), VA € R, (4.5)

where I'm(n(\)) and Re(n())) stand for the imaginary and real parts of n(\), respectively.

In what follows, we assume that the characteristic exponent 7 satisfies condition (4.5) and
(€,D(E)) is the Dirichlet form associated with (X;);>o. More precisely, (£, D(£)) is the unique
coercive closed form on L?(R% dr) such that (cf. e.g. Ma and Rockner [14]):

E(u,v) = (—Au,v) forallu e D(A),v € D(E). (4.6)
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By [J 01, Example 4.7.32],

D(E) = {f € P(RYd)] [ Reta)) [F0FaA < oc),

&(f.a) = [ nNFOINN Vg € DE). (@7

Moreover, by (4.7), one can check that (£,D(€)) is a regular Dirichlet form with the special
standard core C5°(RY).

Proposition 4.2. Set J(dz,dy) = ju(dz — y)dy, K(dz) =0, and p(z,y) = |z — y|. Then J and
K are the unique measures specified by Theorem 1.6, and p satisfies conditions (p.1) and (p.2)

of Theorem 2.1 (i) with D, = C5°(R?). Therefore, all the decompositions given in Theorems 1.6,
2.1 and 2.3 (i) hold for (£, D(&)) with these specified J, K, and p.

Proof. Set J(dz,dy) = $u(de — y)dy and K(dz) = 0. By (4.2) and (4.6), one can check that
(1.6) holds for u,v € C°(R?) with u € I(v). Since C°(RY) is a special standard core of £, the
conclusions of Theorem 1.6 follow. Set p(z,y) = |x —y|. Then (p.1) is satisfied by virtue of (4.1).
(p.2) is trivially satisfied with D, = C§°(R?). Hence the conclusions of Theorems 2.1 and 2.3 (i)
follow. 0

Remark 4.3. By (4.2) and (4.6), one can check that for u,v € C§°(RY),

eru) = [ [Z bdiuly) — 3 > Qijaiaju<y>] o)y + |

27]:1 RdXRd\d

{ 2(u(y) — u(z))o(y)

1+ alx —yl?

+2 (Z(I - y)iaiu(y)l{x—ylﬁl}(x)> v(y)] J(dz, dy).

i=1

Proposition 4.4. Set J(dz,dy) = $p(dz — y)dy and K (dz) = 0.

(i) If u({]z| < 1}) < oo, then decomposition (1.7) holds for all u,v € Cy(R?) N D(E).
(i) If fmgl |z|u(dz) < oo, then decomposition (1.7) holds for all u,v € C§°(R).

(iii) In the situation of either (i) or (ii), for u,v € Cg°(RY),

d_ 1
EY(u,v) = /Rd [Z biOu(y) — b Z Qz‘jaiaju(y>] v(y)dy,

where b; = b; +f| zip(de), 1 <i<d.

z|<1

Proof. Taking account of (4.1), one can easily check that the conditions of (i) and (ii) in this
proposition imply conditions (i) and (ii) of Theorem 2.2, respectively. Therefore, Assertions (i)
and (ii) follow from Theorem 2.2. Assertion (iii) follows from (4.3), (4.6) and the uniqueness of
decomposition (1.7). 0O

Example 4.5. Counterexample

Let (X¢);>0 be a Lévy process on R with the characteristic exponent

n(3) = CIA"(1 = isgn(\) tan(=)), A € (=00, 50),
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where C' > 0,1 < a < 2. Then (X):>0 is an a-stable process with Lévy measure
c
where ¢ > 0 is a constant.

Since

[Im(O))] = [ tan( )] - CI < [ tan( 0|1+ Re(n(M)),

n satisfies (4.5). Then (X;);>0 is associated with a regular Dirichlet form (€, D(€)) on L*(R', dz)

and
/ I [FN)]2dN < oo} .
R!

It follows from Proposition 4.2 that the jumping measures J and J have the forms

D(E) = {feLQ(Rl;d:z:)

1 . 1
J(dz, dy) = Su(de —y)dy, J(de,dy) = 5p(dy — z)de.

/Rl /Rl IB(x,y)%M(dm—y)dyz/Rl /Rl [B($+y,y)%,u(dx)dy,

Define u(z) = (|z| — 1)1{jz<1y and v(z) = (2| — 2)1{jzj<2y. We will show that u,v € Co(R') N
D(&). Obviously, u,v € Co(R!). Since

For B C R' x R'\d,

. gz, _ 2 1 — cos(§)
(& \/%/Rl x)dx N X & , i E#£0
and
‘_ 2 Xl—cos(g)’< 4 xi ’_ 2 ><1—(:08(5)‘< 1
V2 & T Ver & | Vor & |7 Ve
we get

s () (8)

Since 4(§) is continuous, it follows that [, [£]*|a(£)[?d§ < oo, noting that 1 < o < 2. Thus,
u € D(E). Similarly, we can show that v € D(E). In fact, one can further check that u,v € D(A)
if 1 < a<3/2(cf. (44)), where (A, D(A)) is the L*(R'; dz)-generator of (X;)¢>o-

Through direct computation we get

Ao - 1)? 4+ 3(2 — 3a)d
3a(a — 1)25 ’

/ | (00)0() ) e ) = F(o0) o

where limgs o f(a, ) exists and the limit is finite. Since 1 < a < 2,

. A(a—1)2+3(2 - 3a)d
lim =00
310 3a(a — 1)262
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and therefore

lim (u(y)o(x) — ulw)o(y))(dr, dy) = .
lz—y[>d

Remark 4.6. (i) Example 4.5 shows that condition (2.13) in Theorem 2.3 (ii) can not be dropped.
(i) Example 4.5 also implies that there exist u,v € Co(R') N D(E) such that the limit

lim 2(u(y) — u(z))v(y)J(dz, dy)
|z—y[>0

doesn’t exist, since u(y)v(z) — u(z)v(y) = (u(y) — u(x))v(y) — (v(y) — v(z))u(y). Therefore, the
constraint that u € A(v) in (1.7) cannot be dropped. Similarly, the constraint that u € A(v) in
(2.1) cannot be dropped either.
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