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I¥is well»known that one or Lhe maln dlmcultles In the deslgn of 2-D stable
recurslve digital ﬂlters Is to ensure 1ts stablllty Instabiiity could be caused by the.

occurrence of the non-essentlal sjngula?tles of the second kind, which are not -

»
I3

. present 1n the case of 1-D. The other difficulty ls' thatfqa mulﬁvarlable polynomlal

) cannot be ractorlzed ln general. Hence, the derlvation of & guaranteed stable 2-D
recursive transfer I‘unctlon Is a maJor problem, “This thesls dlscusses the deslgn of

© 2D stable recursive digital filters derlved from the proper,t,y of the slope of ‘an n-

varlable reactance functlon.

In order .to avold the non-essentlal singularitles of the second kind, ‘the
, denémlxiayor /of a stable 2-D transfer function sﬁall be a’'Very Strictly Hu.rwnz,
‘ Polynom.lalf(V'SHP,). In this thesls, thls Is generated 'boy first c.onslderlng the slope.
. of'a multivariable reactante functlon, which 1s Known to be pc;slt,lve on the lma-

ginary axes. The starting polnt 1s an n-port gyrator termlnated In n-varlable

¢

-

” s capacltive.or Inductive reactances. Since-thls Is a physlcally reallzable lossless net-
work, 1ts input immitance Is a reactance functlon. Varlous properﬂes of the slopes
of such a reactance funetlon on the Imaginary axes are determined. These- are

utllized In the generatlon of VSHP.

THe VSHP S0 geﬁerated is used as the sﬁgnomlna‘tor of a 2-D discrete transfet
function. Thls’cox‘lt;élns the ele;‘n‘ents of the n-port gyrator matrix as variables.
’i‘he n‘umerat,‘cr pplynomlal Is proper'ly assigned. The resul.t,l;xg'transrer function Is
utilized In th;e éleslgn of the ti?/q‘ types of recurslve fliters, namely: (l)'denor'ﬁmaz

tor separable, and (l1) denominator nonséparable which will meet certaln sym-

{
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metry constralnts. The design 1s carrled out using nonlinear opBplzation tech-

he *

niques in order to ‘minlmlze the-error bétween the prescribed a ; e actual még-
nltudes dand/or group delay re‘s’c‘mses. After obtalning filters with high precision

coefliclents, 2-D fllters using Integer coefliclents dne_qbt‘alned. A number of exam-

ples are given, .
Finally, the sensitivity performance of thesg fllters have been carrled out and

H

It 1s verified that they are low. .
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cCh‘apter 1 o
Introduction -

1.1 Leneral -

Fijjering 1s a process by which the frequency spectrum of a slgnal can be .

. N .
modified according t6 Some JJeslred specificatlons. The digital filter 1s-a system

that canﬁbe used to filter dlscrete—tlme ’slgr{als. m °

One-dimenslonal (1-D) filtering finds diverse applications such as In’ Blomeal-

cal. englneering,’ acoustles, sonar; radar; selsmology, ',speeeh commumdcatlon,

nuclear sclence, and many others. However 1-D has limitations In some applica-

tlons{ivh)ch make two-dlmenslonal’ (2-D) signal processing desirable. We can name

) «

. Plcture processing of weather photos, alr reconnalssance photos, medical x-rays, .

selsmic records, etc. as examples. These signals- are tnherently 2-_d|mens‘lonal in

S T oA .

‘nature. . - o

"

[ » -
W

2:D ﬁlterl g Is dlﬂ'erent from 1:D due to three factors: (1) 2-D problems gen- )

erally lnvolve cons!derably more data than 1-D ones; (2) the mathematlcs

. requlred ror 2-D systems Is less complete than the mathematlcs for 1-D systems;

and (3) 2-D systems have ma,ny more, degrees of rreedom. whlch glve the system

deslgner a ﬁexlblllty not encountered ln the 1-D case.

© By m‘akln_g compor;ents smaller 'and c_heaper,,a computer ‘of the given size’

_ ea{n handfe more data ﬂc;wp,déys than before and hence probiem (1) gl\zen above

0"

‘will not be "serleus.'_However the othe'r two pr_ebl‘ems require considerable atten- .

L}
.

LY 4 -
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1.2 Appli(:ations J R ‘ @

Two dlmenslonal (2-D) digital filters find numerous appllcatlons In lmage

processlng, geophyslcal prospect,lng, sonar, radar, radloastronomy, ete. [1 2]

£
a

Exploral;lon geoph&slcs has a dual sclentlﬁc role, ﬁamely the research for new

petroleum and mlneral deposlns and the search requlred to develop new methods

and lmprove sclentlﬂc understanding. Here among manx other things we should

[

mentlon analysls of selsmle records. f T

Sonar Is equlvalent, of sound propagation in the ocean environment. Exam-

*

ples 6: actlve sonar applicatlons Include target detectlon and locallzation, com- .

I3

‘munlcatlon. navigation and mapplng and charting.

Parameters that can be measured by a r_aa'ar\ye: target's ’angular direction

(azlmuth and elevation), range, veloclty and Teflectivity (cross sectlop)

N

In all or the above appllcatlons -2 D Rlters are the lntegral par‘t or any pro—

.

cessing scheme adopted. . : ' C S

1.3 FIR and IR Filters g

’

2.-,D f_lltérs are' computational algorithms which can transform an Input 2-D

array of numbers’ to an output 2-D array of numbers according to a set of

v

prespecified rules. These filters are divided Into twa classes, namely, Nonrecursive

-

(Finlte Impulse Response FlR”)’br Recurslve (Inﬂnlt,e Impulse Response IIR).

An FIR (Nonrecurslve) ﬂlter 1s one whose lmpulse response possesses only a

-finlte number of NONZEro" samples For such a ﬁlter, the lmpulse response 1s

always absolut,ely summable and t,hus FIR filters are always stable. The dlﬂ’erence

equation or an FIR ﬂlter can:be written as:

~ ' Nr—ler 0 Y i
< . y(npng) =3 3 h(ul)z(n —l,,ng—l ). (1.1)

l 1—01g=0 . -

- sl

- ‘ E
where X v b, ang Y are the lnput array, the fliter Impulse response, and the out-

) . ‘.
° . \ . !
° n .

]



put array respectively.

An IIR (Recursive) fliter Is one whose Input and output satisfy a multidl-
’ L B
menslonal difference equatlon of finlte order. These filters may or may not be

stable. IIR filters can be repres_ented by thelr difference equation as follows:

‘x N T a
~

' Ly Ly
E 2 b (k l’kz)y (n k1'n2*k2)—- E E a(ll.lg)'l‘ (n llne"ll-)) (1.2)
~ ¢t ky=0k,=0 I, =0l3=0.

~ -

where 2 and b are the filters coefliclents, while X and y are' the Input and output

&)

¢

respectively.
14 N
As can be seen from Eq(1.2), present output oran filter 1s calcilated using

the present and pz‘xst, input as well as past outputs. Therefore the output can

become arbiltrary large Independent of the slze of the Input slgj]al. hence resulting

.

~In Instabllity of the system.

. 'In 2-D FIR (nonrecurslw}e) filters, problems of stability do not exlst and these

L}

filsers are capable of providing llnear phase. However, IIR (recursive) flliers are

preferred In practice becp,use they provide a shixrp cut-off response and they

these filters suffer from ‘the problem of stabmty and that exact llnear phase

>

“ comparable flitering operatlons.

n

‘ Takling the z—tr;nsrogbm of both sldes of Eqgs(1.1) and (1.2) ylelds the system

functlon for FIR and IIR filters. For FIR 1t 1st

-

Lyilet

I 1—0[ 2=q

requlre less number of multipllers and memory than thelr FIR counterparts. But '
characterlstlcs are dlﬁlcult to get with these fllters. Also, the order ot' FIR fllter -

has to be very large compared with that of uR. Thus the promise of IIR filtersis ..

8 pot,entlai reduction in/ computation compared to FIR fiiters when performing ,

CHGEwz)= 3 8 a(llvlz)z "’2—'2 ' (1.3) .



v -

the resultant fliter may not be stable.

" represent a brief description of each method.

»

]
[y

and for IIR fllter Is :
' ' A(z4,2,) ) ‘ ‘ .
= YSart———
'H(zl'z2) , B,(z'l,zg)_ . : Cn
. Ge .
. . L1l
' ' 33l ez
. - h=0ly=0
s C = Ki-1Kp1 '

S S s b ke 2y - -

k =0k =0

1.4 Design of IIR Filt;erF . - L :

IIR ﬂlters can be designed In space domaln or frequency domaln In space

w

"domaln technlque the alm in general Is to find t.he coefliclent arrays of 2-D IIR

4.

t_llt,gr SO .that the fliter response to a speclﬁed input signal, usually unit lmpu!se, is
a good- approxl'matlon to some desired output signal. Usually the mean squared

error norm 1s the most wlldl"y usgd In conjunction with optimlzation. -

One of the earllest methods of space domaln designs 1s due to Shanks et al
. \ N N »
[3]. The major advantage of Shanks method 1S llnearization of the cost function
s ,

. “so that linear programming can be used for minimization of the cost function.

Unfortunately thls technlque does not minlmize the true mean squared error, and

A There are other llnéar and nonlijnear programming t..echnlques for space

domaln design {1} . ' k

-
There are two.general a,pproaches for the frequency domaln designs, namely,
sbectral transformation method and direct (computer aided) method. Below we

1.4.1 Spectral Transfoi‘xhation -

" In the spectral transrormatlon technlque some kind of transrorma.tlon Is’

applled to 1-D analog or dlgnal filter to obtaln a'D filters, the transrer funcmon of

whlch 1s:

.
" .
.

R Y



A(s,8,) ' -
B(s,,s,) .

Li-1Lg1 ) t
PIEDY 0(11'12)3132 '
1,=0l3=0 .
= Xoaka ‘ (1.5)
AP b(k,,kz)s 32 ) ,

k |==0k 2——-0

The first transformhation proposed 1s due to (8], ln this paner the autlxofs intro-
duced the expresslon l‘or rotatlnn ol‘ axls ‘as l)zsls for transformation of 1-D analog
fllters to 2-D analog filters whlch Is then dlscretlzed by the use of the double bil-
lnpar transformatlons Thls t,echnlque, In splte of Its slmpllclby. suﬂers from the
la.ck of produclng. a, deslred cutoff boundary and also guaranteelng stable 2-D

-

' ﬁlt,er A !

* [}

Later this technfque ‘was modified [4) by ﬁndlng sultable angles of rotatlon to
ensure t,he stability of the, deS}neg filter. It. was also shown that by cascadlng :
several rotated filters whlch have the angle of. rotat,lon between 270° and 360°,
near circular symmetrlc filter 1s obtalnable. This tecnnlque suffers from hatrdware
cornplexlt.y'slnce several rotated fllters are to be'gascaded to .obt,aln :a\'deslred clr-

cular cutdfl boundary.

McClellan I5] has lntroduced a transformation for the deslign of 2:D FIR
ﬁlters Latér this t:ransrormat,lon has been used for the design of 2-D IIR ﬂlﬂers
[6]. The-technlque requlred 1s: (1) g'enera_t,lon of 1-D zero phase IIR filter (ll_) appll-
. catlon of McClellan transrormatlon to 1-D'zero nha.ne IIR filter and (m) decorn.po- :
sitjon or the result,ant 2-D zero phase ﬁlter to four slmple_quadra.ma.l fliters each
recursing in different dlrectlon.a’l‘hls method cannot, guarantee the stablllw of the

* designed filter. ' L , -

1

Later 2 second order. two-varlable reactance function has been a{:plled to 1-

LI
.

D analog nlters as a transrormatlon [7] Thls is followed by double bilinear
b | : . , ,

L)

.



transformation. Zero-phase 2-D fllter Is then obtalned by cascacilng four single

quadrant 2-D fllters.

Higher order 2-variable reactance function has been used to arrive at approx-'

.-lélately cireularly symmetric 2-D filters [8].

For transformation from a 1-D digital' IR prototype filter H(z) to a 2-D IIR

filter G (z,,7,) we can make the substitution : . '

-1 ___'p(z;,zﬁ) B | (1.8)

To ensure that G 1s_a stable fliter both H and F must be stable and F should be .
allpass [é]. It has been shown that [10] the onlﬁadmlsslble transformation for

mapping 1-D IIR filter Into 2-D IIR filter has the form:
| | <
F(zy2p) = 277251 (1.7)

Most of these technlques produce circulariy symmetrlcﬁlters. The design of

‘o

fan filters using the transformatlon as In [7] , is worked out by*Ref.[1 1]..Later 12] .
probosed a complex t,ransformat,loq:
a,/ ﬂl 2/ Py

to obtaln stable fan fllters. .
“1.4. 2 Direct method of design of IIR filters

z 1~ c”’z

(1.8)

:

]
-We group these fllters according to thelr separabl}lty. Then three cases arise:

I) - Product Separable Transfer Functions [13,14]

These are glven by: . . - .

e H () = Hie DHo(so) T e

- .
13

In the speclal case that the unlt,—sample response ar equlvalently the systemn

runctlon Is separable, the-filter 1s stable If and only If the poles of H,(z,) lte
Inslde the unlt c¢ircle In the z,-plane and the poles of H,(z,) lle Inside the unit

circle In the -z -plane. Thus thq stability test 1s indeed equivalent to two 1-D/




‘tests. \

} »
.Conslderlng that 1n the 1-D canonlc reallzatlon of the fliters the number of

s

unit delaxs. which Is almost thf number of’multlpllers, Is equal to t.l}e order of
the‘t:lter, then If the order of H,(z,)1s n, and order of H,(2,)1s ny, then n,+n,
multipliers are used to reallze the separable transfer functlon of Eq(1.9). In the
realizatlon of the general non-separable filter as seen from Eg(1.4),
_Maz (L L, K ,K,)of multipllers are required for canonle reallzation of the filter.
Th{ls 1t 1s seen that number of multlpliers are conslderably less for separable

o

filters as compared with genera! non-separable fllters.

i

\Linear phase Is also obtalnable with this scheme, since,
H(e?“e ") = H (e"“)H (e 7*)

" the famlllar optimlzation technlque can now be formulated and Implemented
b . - N

much easler than when H Is non-separable.

Hoxﬁever,'thls scheme has restriction that it gives rectangular cut off boun-
dary. Let us assume that we want to deslgn a low-pass fllter. Then H, (e’ 18
forced to be ldeally flat up to cut-off frequency w, , and similarly H (e Iy wit)

be flat up to cut-off frequency Wy, ¢ - Therefore the cut-off boundary of H=H H,

will be fectangular with sldes at w; . and w, . .

, Thlé rectangular boundary flnds applicatlons In image processing when the
boundary of the spectrum of' image has near rectangular shape,

II) - Denominator Separable Transfer Functions (15,16]

In this case, the transfer function is:

A2,z
Hiz ) = o2

B .10
| B (s )B o) (3.10)

9

Since th¢ denominator ls. the determining stabillty factor ‘and slnce the

denomlnator s separable, the same argument as In I) above concerning. the-
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stabllity holds. The other advahtage 1s that less number of multipllers are
required as compared to the case of the nonseparable filters. Also neal.'l‘y clrcu-
larly ss‘rmmet)rlc fliters are possible only with this scheme. The dlsadvantage is
t:hat, It nonsfmmetric cutoff boundary )s required this method falls. It has been
shown by [15] that quadrantal symmetry i$ only obtainable with separable

denominator filters and In this case the numerater should be In the form

4

A (2125) = Py(zH2" 2Pz pzgtzs? )2 T2g (1.11)
III).- General form

The transfer function s of the form: .

ro A(zlvzz)

H(z,,2,) = TP (1.12)

-

The ad\{antage 1s that general ‘class of 2-D filters can be designed wlith any given
boundaries. But It has' the disadvantage of stabllity problem, and“ it needs more

multipliers as compared with the first two groups.

These fllters are designed |by. linear [17-22] of nonlinear {23-27] programining.
1.6 Stability of IIR Filters

3

The stdbllity requirement for Eq(1.4) 1s [28]:

&

B(z,,25)%0 for (2] | 2| 21 - | (1.13)

1 =1

4

In the analog doméln, referring to Eq(1.5), the requirement Is,
. ‘ 2 . "
B(s,,82)7#0 for (MRe s; 20 ' . (1.14)
i =1

\

Historically, 1n the direct deslgn method, stablllity test wds required after cal-
. cuiatlon of the parameters of the fliter followed by one of the stablilzation
methods If the fliter was found to be unstable. Not,é that4tabllizatlon Is used in

1-D fliters as well, but some teg:hnlgues used for 1-D cannot be exteﬁded to 2-D. .

.
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As an example“ggle-zero cancellatiof technlque in 1-D described below, cannot be

extended to the case of 2-D.

In the ‘deslgn of 1-D-recurslve digltal fillter, 1t may happen that the fllter's

transfer function will have some of Its poles located outside the unit clrcle In
% . ] , .
spite of a satlsfactory magnltude response whlch Is assoclated with the filter's

~ transfer function. In this case It Is desirable to stabllize the fliter transfer function-
without aﬁ‘ecting the magnitude characteristics of the fliter. Let us assume t}ﬁn

the designed fliter which has a desired magnitude response 1s expressed as follows:

M "
. Yoz ' b
H(z) = — . '=°M . c ol <1 L @as)
miz-rne’®) 11 ‘z——l-,-e’a'] .
§ =1 M l—-K+l .

Thls represents the transfer functlon of a filter with K of-its poles inslde t.he untt
circle. and-the remalnlag (M-K) poles locateﬁ outside the unit circle. If this

tranéfer function 1s cascaded with the all pass function of the form below:

o lz——c ] )
M - -

! "T1 — ‘ (1.16)

t=k-+1 (z._r‘.cja')

the destabllizing effeéb will be removed without changing the magnitude response
\ of the resultant fliter. However this may not be possible In the case of 2-D,

because. 2-D polynomials ma@ not be ractorlzable In general.

\]

Another difficulty of 2-D wh!ch is not present in 1-D Is the occurreme or
non-essentlal singularity or the second kind and the role of the numeracor polyno-

mial in 1ts stability. In [28], Goodman has consldered three fllters:

»

(1-2,)%(1-2,)°

. G , = ‘ . 1:17
1(z"22)' 2-2,-2, - ( ) )
. ‘ 1-2 H1-2
’ ' ' G.z(z,,zg) = -—-—-—-———-( l)( 2) . © (1.a8) -
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2

—_ 1.19
2-2,~z, (1.10)

Gy(2,,2,) =

In G, and G, both the numerator and the denomlnator ‘become zero at
2 =22¥1. It is éhown that G, Is stable whereas G, and G, are unstable. It
, ban be seen that the numerator of Eq(1.17) has played'a role In the stablllt;y of
the fliter In splte’ of the fact that the poles and zeros of Eq(1. 17) and (1. 18) are

identical.

This difficulty of stability t;st, and stabllization has been qvércome by ctrcust
analogy‘method [30] as follows. In 1-D r'.ecurslve digital filter design a blllnear
transformation Is often applled~tc'> analog fllter transfer functlon with the desired
characteristics to obtaln _dlgltal fllter transfer functlpn. The rationale for this
approach 1s that 1t 1s desirable to explolt conslderable body of knpwledge which
has been bullt up In analog fliter theory. Bearing ln‘ mind, ;;hat, it would be very
desirable‘bo‘ have a class of hetwork functlons which aré guaranteed to be stable,
thus avolding repeated stabllity tests, the followlng two--dimenstonal circust ~anal—
ogy can be proposed: design a 2-D analog fliter and apply double Slllnear
transformation to obtain the 2-D recursive digital ﬂlter: This method 1s analogous.

to 1-D case, but underlylng motlvation Is different (guaranteed stabllity rather

than previous expetlence).

Later, lossless frequency independent multiport network that was term.lnated-
at n, of Jts ports In unlt capacltors §,, n, of Its ports In unlt capacitors s,, and
n, of Its ports In unlt resistors have beeh consldered  [31] and they préduced
Strictly Hurwitz Polynomial- (SHP). Then by -the application of double billnear

transformatlon 2-D stable fliters were obtalned.

Howeverj. It has been shown [32] that not all two varlable analog functlons
with SHP denominators upon blllnear transrgrmatlon yleld stable 2-D dilgltal
transfer functions. There exlst analog functlons which on bllinear transformation-

4
4
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result 1n digital functions possessing §lngularltles of the second kind on%he dis-
tinguished boundéry of the unit clrcles In the z,, z, plane. I-iere. we present
several 'met,hods of gen;:ra.t,lng 2-D SHP's free of non-essentl;;tl singularitles of tli’e_
‘s;econd kind. These polyno:lals are called Very Strictly Hurwitz Polgjnomials

(VSHP) [33]. But first we define the .singularitles.

It l§ well known that a 2-variable ratlonal function -

H(s,,6,)=A (5,,5,)/B(5,,5,) may possess two types of singularitles and they
o *

may be deflned as follows:

1) H(s,,8,) Is sald to possess non-essentlal singularity of-the first kind at (81 ,8;)
if B(s7,s5)=0and A'(s],s;)5%0.
. ; ,

1) H(s,s:z) Is .sald to possess non-essentlal sihgularity of the second kind at-

Pt ¥ P R ' PN X ,
(61,85)1 A(s],85)=B(s;,5;)=0. 2

Some difficulties have been polnted out. [32]\with thergenerablon of stable 2-D '
digital functions using double bilinear trans ormatlon. However, 1t may be
verifled that this maﬁs the entlre s, and &, pﬁ es on the entlire 2 , and z, planeé
on a one-to-one basls and so the behavior of the run;:t}on Is not altered by t,he.

application of bllinear transformation. Fof Instance,- If H (z,2,) Is the

transformed functlon of H(s,s,) and 12g) has a singularity at (z';,z;),
then H(s,,s,) ought to have the same type of s!ngular“lty at (87,8, ) where
(s{,84 ) Is the polnt corresponding to (2,24 ). This simply means that the ana-
log functlon with strict Hurwltz polynomtal denomlnators t,hemselv‘e:; have the
second kind singularitles. Thils Is not surprising In view of the fact that a'.twg
Vvarlable polynomial may possess, In additlon to zeros and poles, singularities of
the éecond Kind at Infinlte distant poles. In the definition of SHP thése secc;nd
kind singularlties ére not t-aken.!ntq account, Naturally, one obvl;){xs remedy for
this problem s then to deflne a Hurwitz polypomlal which avolds t,hc; non-

essentlal singularities of the second kind as follows (33].

-
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Definitlon 1: D(sl,§2) 1s a strict Hurwitz polyn'omlal (SHP)-.lf 1’/D (81,82)

does not possess any- slnguiar!tfes in the reglon: s

A

(81162) | Re (8,)20, Re(5,)20, |5, <oo,and |s,] <co

Deﬁr_l'mon 2: D(sy,8,) 1s a Very Sirict Hurwitz Polyno;nfal ‘(VSHP) It
1/D (s,,8,) does not possess any singularities In the reglon: '
(6,.8,) | Re(s,)>0 and Re (§,)>0

-3

The test to see If an SHP is also a VSHP consists of [33) verifying the follow-

ing three conditlons:

.t

1) 'LimD(l/s,,sg)yéO/o for Re(s,)=0 ' - -

8§,—0
L t '
tm :
) 82_)0D (81,1/82)'?50/0 for Re (8,)=0
Lim . ' :
‘M) s,—0D (1/5,1/8,)5£0/0
§9—0

1.8 Generation of VSHP

-

There already exlsg effective meth—ods for generation of VSHP which are as

rollo;/vs: -
{

1.8.1. Genérgtion of VSHP using properties of the deriva-
™ tives of even or odd parts of Hurwitz polynomials [25]

It was mentloned that multi-varlable network theory lha(s found application
- In the deslgn of two dimenslonal recursive digital filters. It has beeh shown in [3i]
how a 2-D stable analog filter can be desigred by using the propertles of the
ixnmltance function of a lossless frequency Independent N-port network. Thls,
however, has ralled to deal with the possibllity of generating rux;ctlons with
nonessentlal singularitles of the second kind which could result In an unstable
discrete filter It a blllnear transformation 1s applled. In [26] the earller becﬁnlc;ue

v

lia.s been modified 40 ensure that the polynomlal 1n the denomlnator of the fllter

-
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remalns a VSHP at all tlmes, hence avolding any non essential slngularlt.les of bhe

second Kind. Thls can be done by uslng the const,ralnt.s for the denominator of

~

the ﬁlt,er to be 'VSHP- as rpenalty,-function in .phg process of optimlzation. How-
éver, this assurance bears a fleavyn cost In cdmputatlon. In [25] a method' has
'bee'n gilven for ensuring that the denominator of the filter Is always VSHP. This )
avolds the uncertalnlty of the. method in [31]. also lt:.does not require any con- -

.. straint Qp_t:ignzat,ion method [28], which results In conslderable saving In compu-

s
PR

tatlon time. ’ ' A
The method conslst of the following steps: N

1) A sultable even or odd ‘part of an n-varlable Hurwitz polynomilal is gen-

.

erated. .
r . :.—" .

(1)  The odd orggven past Is obtalned by the corresponding derivatlves, assocl-

)

S
r

ated with 1t.

3

(1)  The resultlng n-varlable Hﬁrwl‘tz-polynﬂomlal Is converted to a 2-'varlab1,q

[

 VSHP.'
.Twq cases arlse q ' ) ' ’
Case ﬁ&: The even part of 2 Hurwitz polynomlal as the starting polnt;

Conslder the polynomlal M,, glven by

M2F = det) I"m+A2n l ‘ . (1120) “
where p#,, 1s a dlagonal matrix. of order 2n and A,, Is a skew symmetric matrix

- of order 2n.

_ From dlagonal expanslon of determinant of a matrix [38], M,, can be writ-

ten as: ‘ g h ‘ € ’
. .,111' -
M2n = detA 28 + E Hikig Al ,|g+ (1.21)
. C 1<i)<i<2n ;
‘. L : . 2 i Bighi i Airigigip t 7 . .
. ' 1Si1<i2<l‘;<qu2n ) .o -

Thslalty oy : ) . ’ ™
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0

where A, ;, Is the determinant of the submatrix of A,, obtalned by deleting both

the ¢ i" and 1 % rows and columns, and Is of order (2n-2), A; Is the deter-

minant of the submatrix Ay, obtalned by deleting the Tith, i,th, i,th, and ¢ th

rows and columns and 1s of order (2n —4), and s6 on.

Haiolaly P

L}

Since the matrix, (U, + Azpls always physically realizable, M ,'rgpresents
. / a e r .

the even part of a 2n-varlable Hurwitz polynomial. Therefore, G

ZLc = X k."'—A;I';——
n

1s a reactance function. As a consequehce

[
¢

‘ ) 2n
. M' =M2n+2k.'

=1

Is & 2n-varlable I'-Iurwlpz polynomial,

From Eq(1.23), a 2-varlable VSHP can be generated by, putting some of the _

tlons of 2-varlable VSHP are satlsfled.

)

e

, (1.22)

(2.23)

S

(f's equal to s, and the rest of u's equal to s, and also ensurlng that the condl-

.t

Case B: The odd part of a Hurwitz -polynomlal as the starting point,

Constder the polynomilal N,, ., given by

N4y = det | Hony1+tAgg |

.
B *

“(1.24)

2

where pzn;,jl'ls a diagonal matrix of ordet (2n+1) and A'Q,H_1 is a skew-symmetrié

matrix of order (2n +1). Simllar development as In Case A produces a (2n +1)-

w

variable Hurwitz polynomilal

2n +1 aN,,, +1
ou;

N' =Nyt ¥ k

4 ¥
s i1

-

A

£l

(1.25)

from which a 2-varlable VSHP can be obtained by equating some of y'sltb s, and

. ~ Lo i . .
., the remalning u’'s to 8,, and also making sure that the

satisfied.

LY

condltions of VSHP are

v
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1&3 2 Generatlon of 2-var1able VSHP’s using reactance
matricés [27], [35] - _ oy

It ls well known that a symmet,rlc posltive d,eﬁﬁlté (or positive seml-deﬁnnef
matrix 1Is a,lwa.ysc physleally realizable. It Is 'f\iﬂ.heg known that an§ positive -
. deflnite matrix P can always be decomposed as & product of two matrices Q and -

Q!, where Q Is elther gn.upper-trlangular or a lower-trlangular mat.rlx.,Deﬂne

v

tﬁe matrlx . - .

. ! DZ=ArA's +BaB's G - (1.26)

: - TN '
where A and B are upper-trlangular matrices, I' and A are arbitrary dlagond¥

* non-negatlve matrices, and G Is a skew-symmetric matrix. - N .

. .
S oo . ¢

Matrix D-Is realizable as a two-varlable redctance network. Therefore detD
. : - 4 - .
constitutes either the even part or the ocgd part of a two-varlable Hurwitz polyno-

~

. mlal (HP), depending on whether the order Is even or odd. It has to be noted that
- .

some of the elements of I" and A.can be zero. Slnce D 1s'a bhyslcally realizable

1 ’ IS

matrlx;' we derlve a two-variable Hurwlitz polynomlal,

d(det DY +k, d(det D)
O0s, - . 08, , °

where k, and k, are non—negatlve constants. The varlous steps are glven below i

[ 3
R

D (s1,50) =etD-+ky (1:27)

assumlng that detD-———M n o ) s
O) ,.FOPiD o l.'- . ) . g ) - -
- e oM, oM | |
- ""M‘*’ku B3, +k De \ (2.28) ’
..r‘-. * _\«n‘: . 2 .
‘ . | i - o,
» This‘ls known to.be a 2-varlable HP. ' - 0
(1) ' Now, form . co. ° . .
oM, oM, s “ , - ,X \
. M,=M. +k =~4-k o= 1.29 h
l+ 12 68 . + ' 22 882 ( ) .
/- ’
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,)whlch Involves highér order partial derivatlves of M. This will also be a

2-varlable HP. @

(111)  This process can be continued untll we form

’ .0
' Mn = n—1+Kln -y

1.30
5 (1.30)

* which can be s;hown to be a VSHP Other VSHP's can be formed using

other derlvatives of M, and hence there exist a number of cholces.

1 7 Phase Conmderatlon

‘ To overcome the sh_ort coming of llnear phy(,[(wmch lé easlly obtalned with

FIR fiiters), three lterative n;:l:fs are thought for IIR filters: cascade, parallel,
p /

and simultaneous magnltude hase minimlzatlon.

@

‘In cascade method a filter whose Impulse response is h(n,,n,) 1s cascaded

-

with a ﬂlier whose Impulee response Is A (-n 1—"15). The overall Impulse response
. p 3

. of the cascade Is h(n,,n,)*+h (-n,~—n,) and the overall frequency response 1s the

4

real nonnegative functlon:
'y - ' '
CC(wywy) = | H(wywy) | (1.31)
In the parallel approach the outputs of two ng)‘nsymmetrlc‘m fllters are

added to’'form the final output slgnal. As In the cascade case, the second filter 1s

a space reversed verslon of the first, so the overall frequency response 1s given by:

P (wywo)=H (%,%)-{-H ¥ (Wypwp)=2Re [H (wy,w;)] - (1,’32).

How%ver. both cascade v,g:ggd parallel methogis produce noncausal filters.

. .
mlnlmlzatlori of a cost function lnvolle};ghgth ‘magnitude and phase of the 2:D
filter. And this 1s the approach we have adopt.ed We conslder a constant group
delay assoclated with an ldeal ﬂlter, agalnst whlch the actual fllter ls compared

T
»

- Another way of getting llnear “(or any other speclfied ) phase Is slmultaneous °

-
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and Its error Is oiqtlinlzed. T

1.8 Scope of the Thesis .. -7

In this thesls, the-deslgn of 2-D IIR fliters based on the property of the slope
of the reactance functlons (.whlc'h Is known to be positive alonﬁ the lmafglnary

axes) wlll be discussed.
= - ) [

In Chaptér 2, a reactance function obtalned by terminated multiport gyrator -
Is consldered. Fhe slope of thls reactance functlon Is obt,;nne\d. A VSHP 1s gen-
erated using those propertles. Some ..theoreri'ls are proved to determine those.pro-
pertles .andv also to ensure that the generated polynomial 1§ VSHP. The VSHP s
asslgned to the denominator of a ratlonal function thereby assuring the st,ablllty'

of the fliter.

» \

In Chapter 3, deslgns of ‘varlous digltal filters are discussed. The transfer:

»

function of the dlgital filter Is _&)'ta%ed by the doubie blllnear transformation

: -~
from the correspondliig 2-D analog filter. The digital filters which could be pro-

.

duct separable or non-product separa®® have been deslgned to meet the sym- .

~

metry requirements and also to satisfy a prescribed magnitude with or without

« constant group deiay speciflcations. Thls technlque'requlres minimization of the

t

cost function.whlch Is the mean squared error between the deslred and the
deslgned mragnitude and group delay responses of the fliter by means of & non-

linear program.

All these filters yleld coefliclents with Infinlte precision. A method Is alsé
discussed to design Integer coefliclent 2-D filter. It 1s shown that the error- with.

thls Integer coefMclents does not differ consld_erably rrorp that obtalned wnl;’

, v N

infinlte precislon coefliclents. The sensl‘th;r propertles of the various filters a/re

 further Investigated.

X ~ -y . /
Chapter 4 glves the summary and concluslons. "Also'the possible future Inves-
K ’ . . N ﬂ‘ i

tigatlons arlslpg from this study are outilned.

A L ( e
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‘ . Chapter 2~ = . ' °
A .. Generation of 2-Variable VSHP
Using the Reactance Slope Property - .

o

,_,L_._»._.

2.1 Introductlon :
/
This chapter will deal with generation of 2-var1able.VSHP,~l.e., as indlcated

[ \‘.‘ ) . :

In Chaptel 1, transfer functlons whose poles are in left half plane, and are free of

-

non-essentlal singularity of the second kind.

In Sec. 1.6.1 we mentioned the generatlon of VSHP using properties of the

derivative of even or odd parts of Hurwitz polynomlal. Two cases were dlscussed.

Case A: The even p’art of a Hurwltz polynomlal as the starting polnt:

. Consider the polynomial M,, glven by

-
¢

. M,, = det I"Qn +Ag | (2.12)
where po, ls a dlagonal matrix of order 2n and A,, 15 a skew symmenrlc rna.t,llx

.. of order 21, and these are glven by

Bop = diag (l‘pﬂz, Tt opl . . (2.1D)

L]
and . - ‘ . )
’ e - 0" a4, a Gron ¥
‘ —@ 2 0 Gy - - -- Zo2n
! . —Gq3 G5 g " O32p ,
A, = C . . R (2.1¢)
| =G y9n —G22n —Gg3on S

From the diagonal expanslon of determinant of a matrix [36], M,, can be

. ivflt.ten as:

."

&N Y j\an = detiA on + ’ E ‘lil”izA.‘l"z-*- . . (2.2)
oo L 181, <1< %n
. : n Bitifihs Aigigiy + 0 :

ls '.l< ig< "a< l.‘_<_2”
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Flyally T Mg o

where A; ;. ls\/le deter mlnant ol‘ the submatrix of A»n obm\ned by deleung both

..

the z"’ and 15 rows and columns, and Is of order (f’.n -2), Ai;iniau 1s,the dct,m-
- \ N R R

minant of the submatrix of A,, obtalned by deletlng the a'l", t,‘,". 15,". and

”' rows and columns and Is of order (2n —4), and so on. '

Since the matrix (g, + jq:] Is always éhyslchlly reallzable, M,, represents

the even part of a 2n-varlable Hurwltz polynom'lgu.'Therefdré.

, . oM,, ‘
2n L S, ‘ : ﬂ o
21 M, : (=:3)

Is a reactance functlon. As a consequence

1 ko —28 0
M} MQ,,+'_§=31, " (2.1)

*1s'a 2n-variable Hurwitz polynomiat.

Case B: The odd part of 2 Hurwitz polynomlﬁl as the*tart,lng polint.

Conslder the polynomlal N,, ., given by ' S

: Nopyy = det | HBan 41+ A on 41 | (2.5)
where pyp g 15 2 dlagonal matrix ‘of order (2n+1) and Ay, !s 2 skew- -symmetric

matrix of order (2n +1), and these are glven by:

Bop 41 = diag [ uttgr =~ ligg 4] (2.5b)
) .
and . - : .
- { _
0 a0 a;; - G1,2n +1 ]
G2 0 Gy ¢+ c - Y22n41
~013 —Go3 0 Tt G32n 41 o
— C e , o
Aon 1= . J . S . (2.5¢)
| ~61,2n 41 .‘“22n+' ~@32n41 O )

" Simllar development as m Case A produces the rollowmg reactancc runcmon'

fw

-\,
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' ‘ ”3N2n+“1 :
L 2n+41 o
Zrc = Y ki

EE =1

s

and the following 2n +1 varlable Hurwltz Polynomial:

ant1 ANy, 4,y
-3ﬂ,i

'—'N2n+1+ E L

i=1

N2n+l

(2.6)

" (2.7)

. ,\ ' .
Note that [31]-has come out with a general 2-D SHP, but It does not always

glve VSHP. Instead [25) has glven two particular VSHP'S, L., Eqs(2.3) and (2.8).

Here we will derlve the slope of the reactance functions Eqs(2.3) and (2.6), and

-.come out with yet another VSHP. S

a

1Y

" Thus the maln purpos@f this chapter s to find the the slope of Z;o of

Eq(2.3) and Eq(2.8) and thelr propertles. These slopes are given In Theorem 5

) ”

and Theorem 8ewhich is preceded by four other theorems needed In thelr proofs.

Some appllcations of Theorem 5 follow In Sectlon 2.5 and 2.6. In Section 2.7 a

new ;pethod of generation .of 2-var1able VSHP using the reactance slope property

of Theorem 5 1s Indlcated whlch l% used In subsequent development of the 2-D

3

for proofs of Theorems 5 and 8

-

2.2.1 Theorem 1 : Ex;;ansion of a Pfaffian’

’
[
[

)

filter in Chapter 3. We proceed with the theorems as mathematlcal prellmlnarles

e w

A Pfaflan /A, , ...,, can be expanded around & plvot ¢ as a sum-of

-

lower order Pfafans:

: L3

Ay iy = »

. - s 4% 3=1
TR 00 .., 0,

v+ '+11
(‘1) . ’ eI.J 6 1'2»

where:

.

a5 O

An'jcla2 e g

(2.8)

o
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\ L3 \
Ospag -+ 89 ij = €ai€agi " €agi€aj€agi T €y (2.9) .
with: ' £
{+1 It h <k
, W=l wh>E -, (a0
Proof : ' ' '

.a
.

\\

-

It 1s well known that any skew-§ymmetrlcai determinant A of odd order Is
zero, and of even order Is a perfect. square. The square root of A Is glven'the

" name Pfaffian. {37] has proved that the Pfafllan VA , Is obtalned by the fol-
*

. lowing rule:

”

4 —

"Write down all the arrangements in palr of numbers

-

1,2,8,...,n. Denote any such arrangements by (hk),(Im),...,(uv), then:

VA = % e, oo

\ uy -
: hktlm, ,u,v

where the posltive or negative sign Is to be taken according as the
‘arrangement khim...uv Is derlved from 1234...n by an even or by an
. ( N -

odd number of transpositions. The term @ ,,a,4...04,_, 5 IS tO have

the sign +."
F .

Ld

_ Now, let's fix & as a number In the s?t {1,2,8,...,n} and vary k. Then k wili

take all the values 1, 2,3,...,h-1,h+1,..;:,n. Thus: o

‘ n ; R

V,,A = 3 2 Eowean, - gy
k=1{1,m, . u,v . -
TR

-~

But a,,,; s a.w s 'another, lower order, Pfafllan obtalned from A by

deleting the & and & rows and columnss

. . . . b n N
. VA = kZ (oA )
‘ o

s, k;h_

“

The ne.w Prafllan’ can be expanded around another pivot different from /i and k,

’ -
. . * «
.
v
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and so on.
The arrangement; h k 1,28.. h-1,h+1,... k-1,k+1,...,n can be derlved from
1,2,8..,n by .h+k-8 transpositions , and there will be another transposlt,lon If

h<L Theaefone the rule says-that t,he sign Is (- 1)" +"‘“ €pe » Where €, Is glven

In Eq(2.10). Therefore: ' , g
V E €hk ("1)" +k+l\/Ah . .
‘ k;éh
Slnillarly: \
n
A":’z Cieteg, = . 2 : :tafj \/Aijs,82 e s,,'
j=1
#' 8182%. .., 82

To determine the sigh from the rule, observe thg the arrangement:

]

.],1,~, 8 -1 sl+1, w8 2~1 32+1 218 o 132,+1, o

- Is obtalned flom the arrangement:,

N
L3

1,2,3,5.,8 1=1,8 1+ 1eest yoeiy T seensS g —1,8 o +1,00000

accordlng to, position of t and gJ. le. If s,<s2<...'<s,<i , and

8 <82< <8y, <J ,then the sign wouﬂd be (-1)' i +Hix ()l +m |

* We Introduced the sign 6 tn Eq(2.9). Accordlngly since sl<sz< <s, <z ,

therefore, 8y 5080 ;=(-1)! and § =-+1 thus:

81 41.--89, .1
(2.11)
Stmllarly, “slnce §,<s,<0.<8, <J ., théﬁ Og 8g.0m , §=C1)" ,and

&

Sm41enSor . ) ==-1 , thus; ‘ , : |

6 = (-1)" ‘ , (2.-'12)

8182...82, . J

o

~

From Eq(2.11) and Eq(2.12) we get:. o . . \A,
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8189...82, , 1)

608 0n, i = (1T

" And therefore the theorem ls proved.

-

Note that even though at the first slght ) slgn seems compllcahed but, n

\

Jslmpllﬁes conslderably, slnce then we don't have to l\eep the tr acl\ of the vatloUs

s's to determline whether they are less or greater than 1 or J. We extend this nota-

»

tlon to:
— DRI [} 2
53189...3, s byta bty T €6|h"'€3.y txeixte""e*’?‘n €syt, €t (2'13)
for future, use. - : ' ; "

Next, we prove that the number of addends of vVA , when A has dlmenslon

2n X2n Is 1><3><5,><.,.><(2n_—1) . Notice that .tota) of (2n)!, which Is the’ ‘permu-

-

tation of 2n numbex‘s, are posslble, and observe that n/ of them are lcpeated since

the order IS Immaterlial, and also note that lnt,exchange of a(\ with a,; 1s taken

Into account by the slgn, lle., a;;4= -a;;and therefore 2" Interchange of pa!rs

are redundant. Therefore:

+

no_: of addends of \/-fi——-—(?-ri-)'—
S 2" Xnt - .

= 1X3X5X.. ><(2n-1)><

<
.

2X4X6X.. .X2n
2" Xn!
i
= 1><3><5X--.><(2n —1))(-7-1:-;-

i N * o ’ L )
an ascendin® inequality

3

* In-an " ascending tnequality” :



.. the number of repei\bl‘ons, M, of any element N, with: .

*

< 2A - - . ’ .." o,

/Sm1<m2< v <mlSk

°

J .
) " J SN <k

Proof : . _ .
. § ' .

. ‘ I
We deflne [ <m 1<m2<'m a< '+ <my <k as an "ascending inequality”

and the numbeérs m; as elements of such an inequallty. We also define ! as its

- fndez. Obvlously an element N 1 In the range f<N<k. The full expansion of

-

arrangements for the lnequallt

such an Inequallty IS shown tr Table@ ) —— e

. Vo
We notlce that there é§ as many as permutation .of k:f+1 chosen [ of

l.e.: .

Number of &rrang’emcpts = [k—fl +1) :

w T, s

For'each N, we partltlon‘ the lnequéllty Into all of smaller lnequailnles which

contaln N, e.g., for N=fwe will have f1in all arrangements of; -

{

m=f,and f +1§m2%m3' e .<m,§k.

or N==f. Is r'e'péabed as much as f ;i-1§m1<1;z 2'<.:.<m,__1_<_k which acéordtng
to Eq(2.14) .l'w.s éxactly. (‘2:{ ) arrangements. Wé can ‘proceed In ihls manner
for N=f+1, N=f+2, and SO oN.« | ‘ ,

This scheme of partitionlng 1s shown in Tat;le(2.2)‘whlch proceeds from left

for N=f and termlnates at ‘rlghl; for a genePal element N.

.



Table(2.1) : Full expansion of the aScending Inequality
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1

?ﬁz,. C R

/ J+1
! T fHL
R X

! f+1
/ : 1+1
! ' of+d
! J+1
! L e
J k-l+2
Je10 )
S+ . k-i+2
IR ke -

’

my_y

I+I:I ]

J+l-1

S+i-1

I

[+

S+

Sl

k-1

1+

kel

iy
[+

[+ie1

[+i+1

jw

[+t




a

Table(2.2) : Partitloning the ascending inequality up to element N

. ' . L
: | : { N+f+1<.m_y<k .
NS H1Smoncs

42Ky, <k
) j:+1.Sm1...1nl—1SL {f +2S""ml'-1sk
5 N+f +1_<__...‘m[__2_<_k
. N+f +1<um_ <k
"T r
«



Table(2.3) : The result of repeated application of Eq(2.15)

s
k-
( ) (I:—N—f +1)
(L—N AN
I-N+1)] »
, k- /-1 o
e ey )
(L f—l -1
(FNT)
( -N f+1)
(’” N-T)
J_ v
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Now we use the rollowlng ldentity to sum up each palr of Inequallties Inside

the brackets In Table(2 2): - - .- -

/

: By (k) _ _ k! okt
(+065) L1k z)v*"*(z 1)'(/(: ~l1)
L
N IEE z)'( 1) .
- Gk T
Tk -1 41)! S
=t (2.15) ~

To SUI;l for all arrangements which happen for N In the rightmest column of

i
e

Table(2.2), the sum 1s simplified as we apply Eq(2.15) repeatedly by/i)alrlng: con- I

) secut‘ve.\ rows as shown-in Table(2.3). The procedure Is repeated for ‘the next - °

~

column untll we rekach the last column which haé. (I;:{) @s the number of

aprangements for N. Therefore the theorem Is proved. ) ~

2.2.3 Theorem 3 : Inc'rementing the index of ascending ine- .
.quality in asum - _ . - ‘ ' .

] %
. 3
. -

To Increment the Index of aécendlixg Inequallty. In a sum ‘from [ to I+1 we

. . - \ ,\%i .
use the followlhg relatlonshlp: o . - ) ,
k-4 +1 im, +1+1 . >
» 2 € (1) ™ §. . & b . . =
n,,\, im oo bmy s ""‘I Tm yeeebmy o Moy | eoebmg oo
b<m<.<m<k [=l+1 . ;
g /A
T, u,,.l ""l""/'\/ i1, l,,.k b
, I+l ' ( 1 m‘+"+15 - ' o 5 . Y
—_— . A €eo — , . as . . e .
E - . 2 Vim, ‘ . LSRN LR ""l'"""l+1'""‘l+2"""'b:-b+l

b SMx<...<M‘+]Sk T h=1

.
. . °

P/ R SA 2.16
tmy ""‘1+6'"'"‘e.~&+1\/ Fim sy gy 1Py . ( ) )

.
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- The ascending }nqqu_all'ty c?,n be represented as 4 set W with.members w; ":

-

o -~

hE<mi<my s <y <k =1 = {w‘.w.z, R .w,} v (2.17)
. 2 .

-

where 7 accordlng to Eq(2.13) Is:_ -

-
4

= (k-—b+1)

: ! . (2.18)
! Eacp member.of W is Itself amBther set of real posltive integers:
. * a
; w; - {ml‘ b, ,m,"} .o (2.10)

. Ay )
From Hefinitlon of such inequality and Table(2.1) 1t follows that the neces- <

' - ° . Y
sary and sufficlent condltionsfor W-to be an ascending Inequality are that:

{ . . . .. .
my ' £ omy ! for I 51, f
5 , <7 ) e . k [ ’
and, ‘ ) |
wp FEwj\ford 77
. V. : + .
"That Is at [®ast on€ mempber of w;, say m,' of Eq(2.19), should be different from \; a
one member of w;, say m, J .. Of course w; and w; could have equal members .,
< -
but théy can't have all thelr members equal. . . o A
, N J/ ,
We denote the complement of w; as vy , such that:
R . - \ Al
) o, Uwy, =u .-, ' s (2.22)
where, : ’ .

A,
»

Fherefore: - - \

. ' N ’ ' ‘ . .
. - Y ‘;—_‘wi"= {mi+1' vml+2’~j e ‘ -"’1\44‘1’ } - (2-24) > .

. - .

and,



-

oy -'30 -
" e ’ ’ .
b <m, <my +2<...<m,¢_q+1§k = {vl,vg,...,vr (2.25)
where, r Is glvcrﬂby Eq(2'.18v). Once w; Is speclfled v; can be found from Eq(2.24),
) and vice-versa. Therefore: "
> /I PR = ‘ > i ooig b o i (2.26)
b<my< <m <k 1 ! t+1 k-b+1 béml+1< <y <k 1 (i i$1 t-b +1
- ) R - |
IT) - Let, <
kb 41 ' - "
{ L = E E ai,,,
: [=l41 b<mg< 0 <mau<k !
= 5 < 4, +a + - +a; ' - (2:27)
b_.<.~w+n<_;;;<_v_u+_15f_{_ oo _ﬂ_:‘fi) R
S Therefore L Is a summation of of all possible a; 's deflmed by ‘the ascen“dlng‘*
” Incquallty , and range from a,, 10 a; . According to Theorem 2 Eq(2.14),:each a, -
- k-b efore:
Is repedted [k—[—b] times. Therefore: . .
. | R k | .
..'_b *
L = (k"! _b) E a"N (2.28)
Y . . N TN=b : '
¢ : ",
Simllarly; ¢ '
. J
. I+1 i \ "
R =3 DI o, '
=%, bS<my< - - <mu<i '
" T . _ [k’—b) k ‘ ) R .
- PR - l - 2 al.N . (~-29)
. , N=b - , . :’.{r\ .
but,
(k=0 (kb
k=b-U" =" (k=b -1 ) :
* (k-b s - -
= (kb . ‘ , g (2.30)
B ' 4 - R . . . -
Thus: | _ ; L ~ o .
. t A |



L =R 2.31)

III) - Let: ' ' " '

k=b+1 ,
L' = 3 > 4

9:,,,
f=l+l b<m[+1< v <m}_5+1sk I

2,32)

Il.,./ LT T
v"
v

Since f ranges from [+ to k-b+1 and since Eq(2.32) t,oget,her with Eq(-.- )

imply that b <m;< ‘- <m<k and thus all m, to m; are different, there-

&

T w] = {mi Mg, o ,mylmy } / (2.33)
. 1 !

fulfllls the ﬂrst condmon Eq(2.20), for [+1 member ascendlm, lnequanw.

<o

>
fore the set:

e L e e —_—— - .

[

W' =5 $ml<1n.,2< o <m<my ), <k (2.34)
'H}owe'ver the second conditlon Eq(2.21) is not as such satisfled, and some of

w/'s are ~repéated. This happens because the set w; In Eq(‘i.lo) 1s an ordered set,

l.e., )
4
mi'<my< o o<myt N
but even though the first [ members of the set w’ In REq(2.33) are orducd hut,
the last member m, makes It unordered.
Conslder the case when: . ‘ o ‘
. my =My > m :
Then the set: A '
<
Y w0’={ml,m2, LN ,ml,ml_tl} , ‘ '\

¥ . '

1s ordered. Ho:v'g% the unordered set w’ can also take:

\ '
coA

wy = {mavma' T -mlvml+1'm\x}-

’



as well as:

"
w,j,——--{m,,ma,m4, e -mlvml+1vm2}

and so on up to:

w/ = {mlvmﬁ"nav T vml-l’m}'+1’"’l}

Therefore, we see that the set lé repeated from w, to w; , l.e., l+1' tlmés. This

makes the g part In Eq(2.32) to repeat I+1 tlmés, ¢ part k-b-I+1 times, and

according to £q(2.20) d part repeats [kl—b] times.

&

Note that: ' '

N 'U"’ Uw," = qu
Seun ‘ .

ke

. ; N i
with u defined in Eq(2.23), has]c-b-l-l\ members Instead of k-b+1. Therefore, we

"find a mateh for L’ .In‘Eq(2.32)as R’ :

R l+1 . d‘ N
5 ~ tm | RPN . | veebm tm
h=1 b<my< - <mp<h L R B B B ) k-b+1 "k
- "*a ' .
WIith the sane reasoning as above we see that: r
) Ny o_— ! ] L. { !
vy = {m, +2 M43, My 107 } .
I1s the complement of:
R . -

w!' = {ml,me,‘- x ,m,L

but 4 '"has k-b-l+1 repetitions.

Therefore g part In Eq(2.35) repeats I+1 tlmes,.q part repeats k-b-I+1 times,

and d part [kl_b} vimes. Also . . T
, ‘ w! =" U w"
has k-b+1 members.



IV) - To complete the proof that L' = R'

dggin L' therels a.corx'esponhlng dggin R' e

1.
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%

(dgq). — (ddq)p.

\ . .
Let a be a member of the set v; of Eq(2.24):

"Let w; be the complement of v,-"’us glve

a € v

>

formed by adding o to the set w; :

B

It remalns to prove that for any

aq

(2.36)

(2.37)

n in Eqg(2.23), and let w, be the set

P
<

W, =='w,- Ua .+ (2:38)
Then: ) ,
T \ﬁ, B . ((.,19(] )L’ = dagwoqu,
'slmllarlﬁn
$ - v
(‘d{](] )R’ = dﬂgw" QVj . h(2-30)
where w;’ 1s as Eq(2.33), and £ Is a member of w; and:
‘- . 'Uﬂ' = 'U," U ﬂ i (2"10.)

where v;’ Is the complement of w;’

for some 1, %y.’.?=w «=w; Ua=vy' and: .

By choosing f =

vy = Va=lvy

o ,we‘can always get

v

4

Thus Eq(2.36)’ holdsand L' =R’ .I{slné Eq(,2'.-26) once more we get:

k-b+1 p >

X 3 imy Fim i im  Tim .2
f=l+l bsm,< o <m15k ! 1 LAY | 1+ P=b 4
141 T 3
2 2 N\ di"'A I l":l.'"l-vlqi'"l +a""""t -5 -;li”'l

h=1 b<m< -~

<myp ke

L

Now'by following substitutions in T&¥(2.41):

dt',,,l7= aﬁ"‘l ' -
F

(2.4 1‘)



L. [— A .
q = S .
gty ™M
t
,d' _— a..
. bm, ¥im,
A
LSRR P A\ / ""'1"""'14—1
L] 4

*

. . . ——— A.. . . ’)l
‘ Yoy g bmg_y gytmy \/ RLIPPRL LN
and since 1,, = a= im, therefore:
B P 5 Y . § o, +1
(1) 7 ey =(-1) * e (2.42) N
N : | T A :
'l,,.l...l,,,, , u,,,/ tmgeeetmg o Wy by fmyeodmy z,,,/ Ty 1 "y
. { = 0y yu (2_4‘3)—‘
&
v * where, v'" Ua=v and we have used §; ; ,,=+1
. > . myeeeimy
i | im, Vi o0id 1, i = 5:’ b, Gy o $
i T A B R I S S B R B T R S o, B0 TR S B W B M Y RS |
= 6w'v" . : .(2.44)
' ‘ - < : s
L ,‘ * ' -
Therefore Eq(2.18) follows. Note that the index of ascending Inequallty In the left
of Eq(2.10) 1s | whereas In the right is [+1.
) 2.2.4 Theorem 4 : Product of two sums
NS .
The product R=KL, wtth:
','{ t
s , - I{= 2 . ”.‘lui.‘, ”f.Aﬁl(g et ’.k
. 1<iH1< -+ < <n
and, :
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L= 2 ' . “l'll"ligl ”l'lAjl‘ﬂ.g coe l‘l
1< . <) <n “

when [+k<n s glven by: S Coo

\
<

— N bl 3
R=% X g Lo 2
p=0 ISJI<'--<17 Sk+l-P .’p+l£'nl<' ‘<."ll—p S)l-ﬂ-, lS'.l< "<'ll-H-' S"

) p‘ig ﬂ:’z U -“32 i 0l
1y e s J' '),;l ""H’-'

- ' .t
A-. . T e . N Q ve e ‘ . N .
Wity ”, Tm tmg '"'k-p AU ", "'ft-, +x""t-,+c ""t+l-ng

‘{f
3
Proof : S N

.

Wlt,hout‘loss'@ generality we assumhe k<!, We can have u's to the first or

second power only. We first conslder t.hf: case when & c')f' it's are squared, to thls

.

we add the component.when k-1 of p's are squared, and s on, untll the la.zt}am

which has k+[ distlnct ,u‘s’ﬁrovlded that l‘+k$ n. Wrlting down In thls order we

get: )
R = > .z
- 1£71<J2< . <Je <! 1511<ip< < <n
2,2 ... o2y, .oy lc
u'h”"z ”'lkﬂ'lux u"l , )
e A ) - ‘
'An, RN URalaF VR y - . .
) . Jit - .
-+ DI )3 D Y : ,
i . l£j1<£2<...'<1§..1'$l‘ m==gp 150;<i< . <fjy<n .

-
’

Y T T
. u"l”"ﬁ ”')ful”‘J‘ ﬂ"l .

ARV bia'my Bty Ygatma ™42 *




k]

+ % ¥

[
.

2

1€$71<j2< < S jppuSmi<me<.. <myp_y < figioy 15:‘1<.‘,<\...<i,+k-,5n

. ”.
1 "I-H-;

2,2 2
l. t, DY 5 .
/ s“l e - “'ff“"’t

, +

1Smy<my<  <mp K4k 150 <ig< . <ipge £
Fiig "7 By
*

ULIL PR s (LA L '"'l':‘f-l

“." DY y ou'. ."i .'o-’. .
Hihg byl g, NN, Y tme g

i
M4k -2p

(2.48)

o

Note that gs explalned in Theaorem 3 the sets such as:

w = {m1,1712, R ,mk_}

<
whose members appear In the ascending Inequality:

ASmi<my<.' - <m<B

are the complements of the sets such as:

v = {mk+1-7{1k+m T aMpey +1}
such that: ] e \
w Uy =u

. where, .

.

u ={A,A+1.A+2, e .B}

I’_‘gtﬁlng_Eq(2.4d) In the compact form we get Eq(2.45).

' As a further check of .Eq(2.45), note that & has (2] and L has (7]

3

addends. - Therefore:
‘ono.'oj addends .of R = (2) (’;]

-

4

/(2.47)
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The total nuniber of-addends’predlct,ed by Eq(2.45) is: ' > '

. [
r

. , * ) k _ -
Addends of R'by Eq(2.45) = 33 (’“*’ ) (b2 ()
, p=0

. - Zk) : (k+l-p ) (k+l.—-2p )
po Pk +1-2p ) (k-p)(l-p)

,\ : | n'
(l+k—p Wn-l-k+p)
— ‘5 n- - .
p=0P Wk=p NWI-p )!(1‘1-’-1-—1»‘ $p ) '
n! ko I(n-I)
= : by :
I (n-1) Py BICES DUCES BHUSYES +p )!
A o ’ : ,
q(ny & n-! oy
‘ =11 (! ) ( ) (2.48)
3 - ~ "1)
) . P ==0
But 1t Is well known In the théory or binomlal coefllclents that: T ] ‘l

, n -l (" ' oo
. | Iﬂ kop ) = ) | (2.49)
Therefore Eq(2.48) bgcomes: .

Addends in the nght of Eq(2.45) = (n]'( ]
-—Addcnds in the le]t o/ Eq (2. 45)

-

Therefore the theorem Is proved.

2



y -38-

-

" 2.3 Theorem 5 : The slope of the reactance function

The derivative of:

aM2ﬂ ’
Z, gk‘aui o | (2.50)
LLC = = l' Mzn ' o -
where: - -
‘ Mzn = det I _u2n'+ A2n I . ’ (2'51)

where A, Is a 2nX 2n skew-symmetric matrix, and g,, Is a diagonal matrix of

order 2n with dlagonal elements py d=1,2,..., 2n glven by Eq(2.1) Is:

’

LN —— e

v %0 _ $p Lo o @so)
. ’ - ] ¢ .
: ’ aﬂf i=1 -M22n . (
- Where: - o ‘ .
. ' . n 2 . -
Njj =- 2P21—1J r 1) (2.53)
=1 ‘ 3
‘and,
-1 y2 (n-1 2 o
N.‘.j=LEP21'] —[ 21’21-1] v V7] (2.54)
=0 : I=1 ‘
where: ’
Pg[=l< ] : 2}< _<2 6"1" iy i ’2"'1 T Wy \/A," - "m‘A"J"'f' . (2.55)_
Sty <tgS2n :
i 6§ : . .
and, . ' . . B
PQ,A:]%' E< <2 6"1 coedg iy Bi T Bigy Al"'x T !'21-|Aj"x~--i2!-x (2.58)
N Sh et <tgqsén : '
. i #j'j . . . o
Proof : \ > s

The ‘derlvative of the reactance functlon in Eq(2.50); wlt:h M,, glven In

Eq(1.21), with respect to j-axls Is:

, up Mo My My,
0Zic #, “ Ouidu; " Ou;  pj.

a"] ‘ ./l.=l . M22n
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M.

2n
ki Ny
=1 R .
= —'-—M—;—- o (2.57)
en . - .

_Two ¢ases emerge: T

"1 - When the c;erlvatives of ‘Mg, and Z;, are with respect to the same variables,
-~ - ‘ 0 . - .

f.e., t=7In Eq(2.57). ) ' o
. .+ 2-'When the two derlvatives are with respect to dfferent varlables, l.e, ],
’ Separating these two cases Eq(2.57) becomes: '
: . [ 4
“ T ,en
E kl' Nn',j
. ‘ . C=1
P e e e e ‘*aZLo.“;’?kj‘NjTj*"“ T (2.58) .
al“f“ Mz MZ, )
2.3.1.: The component of slope when =)
For i='=j.g1 Eq(2.57) we get: "
L OMyy - ((OMgy ] .
Nj:j =M2ﬂ .02 - a . ) (2-50)
- . 0% j H - .
But referring to Eq(1.21), M,, can, be written as:. ' 7~
v ‘ 1 My, =CotCot -+ +Cy,, © (2.60)
(" and each C can be split Into two parts: a part which contains 7 Which we show
o It as u jE ol - »and ‘a part missing p; which we call 1t Hy .Therefore:
t ‘ ‘ I Czl=UjE2'l—i+Hzl: ) BT (2.81) .
Then according to Bq(1.21): ‘ ' ° .
EQ!" = : N . u'.bg"z. e ”’l'zl-LAJ"'u'g I P (.2‘02).
. 1<H <l 1 iy <2n ‘ .
o R 'L o
« ! . . ;
Hy = ) BiBig o Mighiiy, - iy (2.63).
‘ 1€601<ig< “0 ' <ig<2on L
it

i ‘Then since E 311 and H, don’t have any p; Eq(2.59) ylelds:

I3

2
Nj'j = (E1+E?+o..+E2(_1+-.-+EQn_1) o (2-04)




~ o Iy=-Simplifieation ot Ny i -

" Note that in Eq(2.68) Co=A =H, ,and C,, =u,..

L - 40 -

jj=+1, by compar]ﬁg Eq(2.62) and E;q(2.56) we sée

LN

But since 6; ;...

. Py,=Ey, =5 e
. and therefore Fq(2.53) Is verifled.

Note that NN; ; In Eq(2.64) Is always non-negative on imaglnary axls,

that:

(2.85)

since

"as Is evident from Eq(2.82) E,_, Is an odd functlon of #'s, and thus on the Ima-

glnary axis it will have a common factor of J, and (J )2=-1 .

2.3.2 : The component of theslope when #j e

We write Eq(2-2) agaln, as:
: My = Co+Cot +C2n
But now each C has the following form:

Coa

l‘ill‘g', s ul'glAl.ll"g SRIRI PY)

© Kig<2n

)

=-"‘.;'lij2l—§ +piEg, + “jFél—l +t Hy .
where: F
021'2 = Ll E Bi iy = ”izlreA"fl'xfe R PP
- 1S1<ig - v = <l'2}_g$2n
: on L A
‘ EQl-l = N E ul"ullg e ul.gl-;Allt-lt'g tee l'gl_x
) ] , 1S6Hi<ih o <ig <20 .
- e 1N . . T
Fo,= . 2 ' HBi i 7 ul'zl-nAJ'l'x"s T odgla
g 16 <1ig - v <ig<2n . '
~t o, . . 3 ’ ':l#hj
. H?l = ' . l.. ‘ ‘2 . . ”"l”fﬁ.-: . l"jngl'll.g ?13' . l.gl
» . 1< <ig -0 <lm$2’l '
‘ ‘ - A

MBon =l 1y Djypy

* (2.70)

(2.68)

(2.67)

(2.68

(2.60)

(2.71)
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THerefore, according to Eq(2.57):

) n n ‘ n ‘ .
N; ;=M,, 'EOD ot -2"(2 (Dot +E 2(-—1)12, Dot +F g )  (2.72)
. = .. =0 ', =0 o~

.

According to Eqs(2.66) and (7\.37): '

n
. M, ‘=IE pilhi Doy gty Boy HuiFoyr +Hy (2.73)
. ' =0 i
substituting Eq(2.73) Ih Eq(2.72) we get, after some cancellations:
: n T \ n n ) .
N i =X Do o N Hot Y Eg 1 1 F g1 (2.74)

A S T T [ S § T SN )

Consldering that D_y=D,, =H,, =E_=FE,, ,=F_=F,, =0, we get from"

Eq(2.74):
- n-1 n-1 n-1 . n-1
Nii=N Dy S Hy Y E2Il—l Y Farp (2.75)
e =0 [2=0 ll=1 . lg=—"l .

An example 1s glven below:

Example 1 :

Let n=2, then we should have:,

B .(D-o'**D 2)(H cﬂ‘H 2B yF (=(P o+P,)*~P}
And since: ' B

D 0=Alj D 2=” l'.),“ fg *

Hy=A . Ho=piu; A

P LR

E l=”l’1Aﬁ|+ﬂl‘ A

7“7y

Po=\[AAs; Py=6; ijbin/AiiAjit0ii5 i/ Aidji,

v .

% Poy=b; ipij Biti/ Airi,

F 1=£".1AJ'" ,+I‘;‘,Aji2

1<51,<1,<4

' ' Tl




Therefore:

DoHy=AA;;=P¢ .

Consldering that: Y . “

F.E,=X,+X,

where
X1=”il/“‘tgA]:,An;+/“‘z,ulg u,AJaQ
XQ-"‘““AJt ,A11,+/“‘: AugAj:'g
And; ' L T
7 P12: =Y1+ Y2 .
where
Y1=2‘5i.l'g,t'j ”i,”t'g\/An Aji, ,AugAth
Y —'I""lA"xAJH-I-u 2A"2AJ'2 ‘ .
Equating the coefliclents of u; p;, we get “r
- 1
- DOH2+HD -X,=2P,P,-Y,

Thus, we have to verlt‘y that,

AA

111 Jy iy jig

2\/ AA:'J' .53',:’,,1'_.;' vV Al’{i9—26i,i,,|’j vV mAJI lAllQAJlg

We see that

'Aju‘x’,tfi#Au,AJta UPRF) \/AmA AueAJne“('thJl At'e+'72 A"xAJ'a)
where:

+AAA,,,AA .

. ql=6jl'|,l.l.g ’72—_-6(.!‘1,]'!'2 - '7172=—6l.1l'3,i]' =’73
‘and, .

i . . ! 4

+A -2\ /A4 A 6,

i)iy PR PPN Y R ' . '

U (A A AVA R o A

Aj A
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~

Therefdre, we have to prove that:

-~

¢ ’ T VAjs',Au‘:',+72JAii ;Afie=’73.\/ 'I'R+\/_- (2'762\.

But:
- . &
4 7 i +i1+1 i N
VA = 33 a5, (-1) 7€\ Aa,
’l.l=l \ ~
iﬁéi v ‘ )
— PRYE eS|
=a;; (~¥)' T e Ay
3\ ¢ F)

T T T ki, ™ -

+0;;,(-1) €;i1\/zf.'_, oo

izl _
+a”g "1) ug\/ Ait'g . .
» .
i and, - .
£
i+ e,
< . - A 1’2 ( 1) d a 5'1‘2‘] ‘
. - I . » -
’ - '+‘2+1 % N .

— A ——( 1) €4i 2055 O i i1 5 - ,

Therefore Eq(2.786) I‘ollows.

For p? we clearly see that X ,=Y,. .
- . — e R
For pi i, we h?,ve: , " o . : . 4 \ -

o

D Hy=plpiA;i =P

2 lll

.o And thererore ‘we nave proved that for n=2 Eqs (2.54) and (2 75) are the same,
§

. ‘o
~ - ' ©
e . "

<

Y

2.3.3) - Compact form of e ‘a,ti n.
233) - Compact form of the coyatio
- \
. }

To show t.ljat,'t\ N; j» in Eq(2.75) is equivalent to that in Eq(2.564) we have to
perform the produét of the sums by use of Theore'm' 4. According to Theorem 4
' . * . . N ¢ " )

o,

B . ..‘ .
- ’ ] . e e .
. « oL, , .
. . . ’J ’
.

>

'. \/ == 1‘-}-‘1-H € Qi \Ogi g, 0v o ‘ |
o J () 1 1.72-1 -’,‘ \\"\/
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the product (L, where I has k varlables and L has ! variables, has [+k variables.

of which p of them are squares, where p Is a’number from zero to k. That Is, KL .

> will contain: = | ' ) ' o

’ e
e 2 ,,2 .. 2 . . L e
M[+I;~,p L= IJ'““:JZ ) “11’”:,’“ N:,l“_’ .
Moreover 1t 1s seen from Eqs(2.68)-(2.71) and Egs(2.55)-and (2.58) that the sub-
seript 1n D, E,F I, and P are the number of Independent varlables, #s, In them
[ 4 .
and from Eqs(2.75) and (2.54) it s seen that we only encounter terms like

M, , sWhere: ’

My, =l o “’i“‘»ﬂ i, (2.77)
- .
‘The terms contalning M, p, In Eq(2.75) and (2.54ﬂre distinguished as: '
- Terms in H,_,,D’zk}r‘,, containing Mzk,p‘ = X ok (3.78) .

Terms in Hyj o D4y containing My, , = X} o (2.79)
. o Terms in PQ,.PQk_Qt containing My, = th,zk'< | (2.50) '

y Ferms in E 5t 11F ok 21y containing Moy = Zoy 10k (2.81)

" Terms in Egp o4 1F 34, containing My, 'p‘ = ZJi+1.0k J2.82)

- Equating the terms with M,, , In EGs(2.75) and (2.54), we distingulsh two
NS -2 . . .
cases far k evéd and odd. We first conslder k even. ,
: ) Ty ~
. Notlce that for 2t=19:' . ) T
R -~ ' N : ) .
' ‘ H gy Doy ne =Hpp-9¢ Dy =Hy Dy _ (2.83)

o Or, In other words, X, 5 = X! 2k , and therefore, N

‘ . < -

} Xiob +X{ ok -2Ye o = 20Xy ok~ Yiop) . .
’ < K . = R 1.k 2k ‘ T T '(2.84)
. ) 4 . / \ -3 , - L]
’ ‘ /‘r Equating the coemclgntg of My pIn Eqs(2.75) and (2.54) We get:
- . . » »~ . N . .
| ) . k-2 k-2 _* / . )
s . ' 1 2 YA A ’
L P ',TR wkok T I3 R0tk — 30 Root 4106 =0° k<n = R (%.85)
1 . =0 t =0
I -
|

. Where R 1.k ok s glven by Eq(2.84 and , ‘

: -

| . - ‘ ‘ . .
) ' ‘ .
s . S"T \ RS .
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R 12t 2k = Xop op +Xat 2k 72Y 21 o (2.80)
R oot 12k = Zotprok+ 23t orok~2Y 00410k -(2.87)

"The largest value for k as Is seen from Eq(2.75) 1s k =2n -2, and with this value ‘

of k we only get —12—R Lk.2k = 0, With My, . Therefore:

o<k <2n-2 (2.88)

For k >n we can say:
k=n+r 0<r<n-2 ' . (2.80)

Since In Hgy D g; oy we should have 2k -2¢ <2n -2, Thercfore:_

P l2r+1 ) _ . (2.00)
Then we have:
: k-2 C Cy
v e+ 3y o) <r<: Q >
- (R - = 2n-4 2n- 2,
2R1,k,2k +t,_zrj+l(1?\\2,,2k Ryot410)=0 n<r<2n-4 2n-42n (2.01)

; , \ . ' [ 8
where, rIs found from Eq(2.89): r==k-n and, ' s

Ripor =0 k=2n-2,with My, "(2.02)
meaning that :

' ‘ Hyp 4Dy o= P'zzn—z
which Is trivial. To 1llustrate take n =10, then Eq(2.75) glves:

S
. .
+ R (%

) L}

y Hot+ - +H g) Dot " +D ) ‘ ' oo (2.03)
For k =12 we get r =2 and: . o B .
s 1 . ] ' .
: ‘2"R a224F Y R igt o R oot 41,24 =90 (2.94)

‘=3 . . LY
whlc‘h\ls checked by consldering M, , 1nEq(2.93) which Is: = °

Co H,D 12_+(H6D 18D 16+ H 10D 1) . (2.05)

w

s
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We first cansider k< n. From Eq(2.45) of Theorem 4 and definition of X o o
\

In Eq(2.78) with H and D as given by Eqs(2.71) and (2.88) respectively we con-

| clude that : . -

Xtk = EtzMzk,p 52 _ (2.98)

Jhy I : \

where:

) (2.97)

1<1<fg - < <2%-p’

)y
o J
A Y= > . . (2.98)

N, Jynsm<my o <mo, <ino,

.zlz,E Y S (2.99)

lSl'l<l.2 o >‘<"2k." <2n

‘ € l.fiél"j ) ] <
2 — . - o
- s‘=A;, ., . A/ o 2.100
1 B ooy, B peoedmgy T 0T By gy ety (2.100)
, Simtlarly: )
3 i Tw , _ . : 2 .
’ Xk =000 Mg ps'™ . . (2.101)
. . JAy I
i L .
v® : 2 - }
: Latrrak =33 LMK pul (2.102) °
. J Az [ .
) i ) 'X, . _
< : Zgi +r2k -“"2'.2 P EMak,p “_'2 - (2.103) ’
: ' . JAgn I . . . )
v ) \ . \
~ Yoo = DN Mo p Bpss! »o 1 (2:104)
' ‘ ' " J‘Am I ‘
' Y?'t~+_1,2k =33 EMzk,p ﬂp uu' (2.105)
- J Ay I ' :
where: ‘
. P ———————— P ES
' - - W= 4
’ 80 = i in. Aiy i) o 2.108
\ . UL LN ""m—p ”!""’p""m—y+1"""'et-2,” ( )
) . N ue = A.. .4 . . v . . . 2.107
., . . | "’x“"',""x'j""‘m-p, jl,l...l,,l.am_,ﬂ...l,,.”_ac ( )
o : ' L ' . v . L .

e . . - s .
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1 . .. .
/‘“7 \< u '—: AJ:,}...:,' l..,l...l,..m_’All,l...l:,'l,.m”"n...l.,\“_c' (g.IOS)
By = iy iy, i = (1) (2.100)
From Egs(2.86),(2.60), (2.101), and (2.104) we get:
. i 'i

Ryot ok = Xop ok ¥X31 20 —2Y o1 ok

¢ = WMy p (s°+5"°-26, 55" ) ) 7 (2.110)
vJ Ay T
Note that s,s’ +4, and u' are all products of two Pfafllans, l.e., they are of the
. _ form:

— Al

w = ‘\'/AJAxAJAa - (2.111)

" where J »A;, and A, represent all rows and columns Heleted from the determ!inant

A. Some simplifications arise by introducing.the sign function:

Yw) =655, 4a,

(2.112)

. - = 6A"A2 y ! ’
whix}j Is ‘defined by Eq(2.13). For instance, s In Eq(2.100) has:
. “ ( LY - - - - .
. - J= tiatia T Y, *
Ay=tpytpn, 4 (2.113)
. 1 Y : .A.z p3 ij‘imal-'-’-l ‘. t
and, therefore: -
- 6 )=6:1 . 2.114
A V=bis i, i, o (z.119)
With this notation Eq(2.110) takes ihe,for'xp:
' ' o : ~
Rygror = D8 My , (57(8) = 8'(s")? (2.115)
JAy 1 .
¢ .
FFollowing the same procedure we obtaln:
. - '
Rogtsroe =5 3 DMy p (u(n) + v/ (2.110)

¢ JAynl ,

\ . . . . .
. ‘ - .
. ‘ . -
. . . 3 . )
. » ' -



- ¢ H ’ A
From Eq(2.98):

‘ Ay = JpSm < 0 <My Kok,
and by Theorem 2 the ascending Inequality-A, has [2Ic—-2p ~1) of element j
y or e ascending Inequality-A, a-p-1 ) Jp 1

, .
and only m,can take value Jp 4+1- Grouping A, as to those with element jp_]’_, and

those without it, from Eqs(2.96)-(2.109) and Eqs(2.85) and (2.86) we get: .

3

k-2 k-2 k-2
2 . 2 ot - . 2 2t 0
S Rigtor = 35 (0 —ade 4+ 3 T(bory = bdr ) (2.117)
t =0 t=0 t =0 -
. ;] ] S/
where: : ' ‘
\a ' « ) ‘ .
. =N (211
J"A‘ I .
with the sums the same as Eqs(2.97) and (2.99) except that now:
. / . E":“ E , (2.119)
A, J”%Sml"'<"“l-p Sjﬂ-p ' '
a, = g WNg ‘ © (2.120)
F—33 A. .. . .oy . . S N 2.121
g "l-""’;""x"""'m’-p "?"1""-’, "p+1""2t—,+l"""‘2k-¢p-l ( ) )
\6 "
' - agy =(g")WVy' - (2.122)
g Aux, 1, I 1...'1,,.2'_' ¥y g+ Uy 429 gy 417 04 gy (212'3)
batr = Wk Wh : (2.124)
. ooty Oy gty Imgy g I ey gy By, T (2.125)
T - ' f ’ o
' \‘ be't"l"l = 'y(h ’)Vh’ . (2.126)
B = Asee &+ ¢ & o A . . 2,127
. 1y by Gy iy B gy g g8y Tm gy g+ gy gy . ( . )

A



Since we..have 2¢ Tows and columns removed from A In-A;

[ |
myetng,

DT - 49 -

2k-2¢ n, b4, _,, therefore:

-

2k -2t

’ Ebzt 1= Y Gokot t21
which yields: '
2t 2k-2t-r. (
Nay = 3 bk atoy
therefore:
k-2 k-2
2 ot 2 2k-2t—1b'
Y iay = 2k -2t -1
t.=0 t=0 pl '
But since: ‘
- M , MMy
¢ E b = 2 bé+'n
\ ‘ a=1)
Therefore:
k-2 k-2 '
2 2t 2 ¢k-2t-~1
Y Yy =3 Y bk ot
? t=0 t=0 k
« k-1 2t4+1 , .
=Y 3 b
‘ t=k/2
Similarly:
. ) v
| k2 S
. 2 2t+1 ' 2t k-1 \
" p) 2b2;+1 Y X 0y
. ) t=0 . t=k /2,
Using Eq(2.130) we get:
k~2 * ‘ k-4
T2 2t-1 :

0 by - bzm) = E E (bzt+1 - b2l+l)

t =1
We establish:

.Subst.lyuﬁlhg F;qs(z:}éa)_

.
)

l==0 .

.

4

‘ L
1/2R g g = N(bey - b)Y

#nd (2.13%) Into Eq(£:117) we get: 2

-

of ay and -

(2.128)

(2.120)

(2.130)

(2.131)

(2:132)

(2.133)

" (2.134)

%
S



r2 '}l L= ,
2 -
/2R g ok 33 Ryt ok = Z(%t —ag; P+ E Z‘ (bzt-f-l bz +1)2(2 135)

t =0 tT-O t—O

Now we substitute Eq(2.132) Into Eq(2.13§): .

k-2“ ’ o ;
k-1 2t o
1/2ka 2k+ER12t2k = 3 (ay - a})? ., (2.136)
. t—o t =0 ) .. .
Similarly:- ' ) . . .
' ot ‘ . 2t +1 2 ‘
Root 108 = (cor + €51 )+ 3 (dap gy + 43t 5y) (2.137)
where: ‘ ’ .
ca =7 WVp ‘ (2.138) we
= As . . ‘ " (2.130
p L TRILT AL P L PV Jl,‘ iy Im gty 417 I ok gy ( )
, - .
¢ =p"Wp' . (2:140)
. ‘ . . . ! i/
P A s e b e Ae ) 2.141
' p AJ';,---'.1,'1,+1""1"""'m-p iy el By Im gt gy ﬁ—{j
e doryy =gV : - (2.142)
= A s o Ae e 2.143).
q "h""’p""x"""‘mﬂ-y ]l“...l,’!,'Hl,,.z‘_,%...lm“_g’_l‘ ( )
v ' i
. 2l =g Wy’ - (2.144)
boem Aw . . . 2.145
9 A’"-’n""’,""1"""‘m+l-p Byt Yy it oy a0 a9y ' ( )
Proceeding as we dld for Eqs(2.131) and (2.132), we get:
) ‘& °
o 2(-1 2k-2t :
. - \ Ndliy = S cpp_or L>1- " (2.146)
. : - .2 at k-1 2t+1 l o
t=0 t——k/z .o '
* +
t Fe -



k-2 .
2 at+l k-1 at

3 dzt-ﬂ: 3 Yeg . ~
t=0 $ =k /2 .

_And, ‘therefore, Eq(2.85') glves, for k even:

o . ’ k-12t ’ k-1 2t \
3 Yldg - aat) 3 g + cat)
t=0 t=0

Now we conslder & odd:

k-—l k—a

ERm 2k~ ER22t+12k""R2k2k =0

' ; t=0 { =0 .
. ' . a ‘. 4

Simllar to development leading t¢ Eqs(2.133) and (2.134), we obtaln:

2t -1 2k -2t

Y b= Y ay _at til

2 ot 2k 21 ' C
} Eazt = 2 p b2k—2t 1 _
t =0
. C ker 2t , ' o
= 3. bat 41 ' '
. k1 : Lo
. 2 .

k-1
1/2R2k ok = 3(ckoy + cf)?
Therefore Eq(2: 150) gives: '

g ‘
et 0 ¢ k-1 - .
. . 2 ot R IE .
” - EE(Gm —azt')'*'z E(bgt—l‘bzt 1)"‘ v
t=0 ) t=0
k-3 k-3
T2 2t T2 st+ -
Y ey + c,_,,) MDY (d2t+1 + d2t+1) E}ck—l + ¢l )= 0(2 154)
t=0 t=0
‘o or: . ~
N L
’-.\"‘\ ' -k__ . ' 5‘ k_.a
\ ) : ot 7 ot+ y
W 130 Ylay - af )+ 33 2(b2t+1_b21+1)"
e e e ~//t=0 { =0 ' ) .
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k-1 R [l k-—a N
2 2t . T2 2t+1 . o
. 4 (cﬂ + c2l 2 2 (dzt +1’+ d2¢+1) =0 '(2.155)
’ . t =0 . t =0 , o

Usling varlations of Eq(2.152) we get:

k-12t k-1 2t

S N(ay -af)P =X Z(c st + cgt) (2.156)

t =0 t =0

Thérafqré Eq(2.149) 1s the same for k even or odd.

o ®

Similar development for 2n-4>k >n leads to:

‘k~r-2 24 2 “k-r—2 2t .
Y Yag —ey) = 3 Xl + cgt) (2.157)
. t=r+1 t=r+1 ., - R

2.3.4) - Mathematical Induction. -

]
* \

The smallest dimenslon that the"determlnant, A can take Is 2n=2. And with

this dimenslon we have p=0, and from Eqs(2.120) and (2.121) we get:
Tag =44 =VA = Gy

ahd from Eqs(2.122) and (2.123) we get: _ . .

afy = 0§ = VA =
Simllarly Eqs(2.1=38) 'a.nd (.2.13,9).yleld: ‘ : )
| Clet =c,=0 )
| a'r;d I'Eds(‘z‘l-;o) am.i .(2.1:11) gives: ,
- | : eyt = ¢ =0

Therefore for the smallest n, Eq(2.149) Is satisfied.

Now we. proceed to prove that If Eq(2.149) 1s valid for (2n-2)X(2n-2) ,.

" determlinant A;; then It Is also valld for 2n X2n determinant A

r
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7/

We accomplish this by assuming that Eq"(z.moi holds for the case when w'e
remove 4, and J rows and éolumn’s from A, and if § or j or both row(s) and
colﬁrpn(s) are already taken away then we remove §,, §g, O both’ row(s), and
column(s), Thay 1s, If we encountsr subscript(s) s, or j, or both'in A we add

"subscript(s) s, or s, or both, e.g.:

) A — A,‘j
and: N

Aij 7 Aijag, : '

Therefore, by assuming that Eq(2.140) 15" valld for speclal case when

Eqs(2.120) and (2.121) become:

>

> L ey —S; = (g 1)\/ 91 - | " (2.158)
g1 = A:‘ji“...a',’ '."x""""m-; 'I'J.l'”...l','_'_ i"'m-,ﬂ""""kt-z,-n‘ 2 (2.159)
and Eqs(2.122) and (2.123) become:  ~ e
. ey —S, =eVe! N AL
gy = A:):I ‘...r,”t,,.‘...z,,,m_’a,.a,Ag_Jn, L PR PO (2.181)
_dnd Eqs(2.138) and (2.139) become:
¢y =S, =P VP S (2a82)
‘ 1
P = Ay, ‘...a','“l'.. x“"‘;"m.—,‘!Aj'.l 1...3‘,’ '."‘m-,+1""."'e{-c,-;°’ ' { (2.103)
"and Eqs(2.140) and (2.141) becomé: - . '
\ ‘ . 2 '—V,S’c{',= '7(?1’)‘/1"—1’ V o (2.164)
Lt 2 == AJI'l:,_l)’+ll"l.,.lm2'_',dgf&"})...l,'l,.'m"_“...lmu_é"‘ﬂ, . (?.166)

g

f
-
. o
L4 . . . >
. P .
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where, the.subscript s, in above equations can take any Integer from 1 to on
o * > . .
except the Integers In the set: .

A

,S: = {z vJ ".f:{""'f,ﬂ"m;“"mu-a,-x}

. - Vr

A .
¢ . " " a N , * .
SR " and 8, can assume any number from 1 to f.;,e_zggept, the numbers In the set:
‘ . . S {S 8 } {'z!.] S TR T ,s,}' (2.167)
’ + . 1 .
¢. That Is to.say, we are assuming:
. vip =V or vy =1 . (2.188)
where: | c : ' :
% ) .
: ' vj=5,-8,, and Vy =S, +S,, . (2.169)

2.3.55 - Expansion of the terms in the equivalent form.

°

I3
?

Now we use Eq(2.8) ~of Theorem 1 to expand the Pfafflans In

Eqs(2.12p),(2.122),.(2.138), and (2.140) around-the pivots 4,7, and i; - For exam-

L]

ple to expand ag\, around the plvot

where BQ,“,C,_,‘ ' 2,+'\9<nd EQt are glven later In Eqs(2 187) to (2. 190) angd:
2k -2p -1 i din 41
X = 2 (-1) - ! €iim ﬁa ﬂz LT X
] =2t~p+1 kS
’ : .. . , s . . 2.171
, \/A"’1“"’,""1"""‘2:-,"‘/A'J'J1""’;+x""2:-;+x"""‘2t-¢,-1 (, 17 ) E
and, - "
: ~ Co 48,41 ’ .
& . E( e ,ﬂa ﬁy a::a_,?i . o
C A . A . . ' 2.172
N ' \/ £, l.:.l,’l,. yemgy By 'J"x""’,+x""m-,+x"‘""2&-2,-1 ( ' )
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Do wlere,
=6 - o
ﬁa m x""”‘m "”’p-H t—p +1 ".".ag-ng -1
\
.ﬂz = 6:’,‘ n,’ im e I,,.m - ""‘I
-, L/
.By = 5:'“ 11’3,,. ""m - A8y .
.. . We use Theorem 3, Eq(2.18) to put Y in the form:
\ 2t-p +1 § 40y +1
X= 3% (1) ™ ¢ Ba; X
) Pyt A A
i ) SAn A; ' 2,173
. \/ Moyt tmye I “p+1 SURE "pﬂ' 2t-p+2" m-c,-n' A ( 5
N with: ' ' -
. N s :
—_5 . . . RV ' )
@ ] 1““J,-u""2:-,+a"""‘2t-2,-x"""k X Wi o ""m —r+1’ J'J,+1"""""'+’ ""n-ep .
N ‘ Now we expand X, In Eq(2.173) around the plvot j as: ) '
: {k & 1
’ N
X = X +X, .
‘where, . : / )
. 2k-2p-1 2t-p+1 $ i +1 F+in,, +1
— ™ ™y ’
Xl = E , E (""1) . (-' ) E"'m‘ejl'ml @ ﬂz la,-,-m‘ aj,'ml Z 1(2.174)
[ =2t-p+2 h=1 !
. 7 with: 3
’ Ly = \/A —y A ;g : ; 2,176
' , 1 ‘J"h""';-f"'x '"'m-,+1 / U'Jx ”"H’"'m-pﬂ'“'mQkﬂr-l'mk‘( ( )
- .Q .
. ﬂz, = 6“’:"".1,'."‘x“"."‘m-, ﬂ,ji,',,’ ° .
and, :
T © , Y
2t-p +1 , .
— J+a,y+1 . ) .
Xz - E E("l) ! eja,‘.s‘r',..‘ﬁ:’ ﬂz,ax'x',,;‘ a,u,ZQ (2’176)
o h_—'l 61
) j where, . . : ) ‘
| Z2 = \/Ziji,l...i,’ ’."'x“"."'m-,-u‘ 'A"j"’x"".'p+li"2c-p+a"'i”e;-a,-xf"g L (2',177)
‘;l ' ' _—
A By = By iy fmpimg, pios o
, ;
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Agaln, we use Eq(2.16)-to modlfy X, of Eq(2.174) to the following form:

—

20 -p +220—p +2 § +im +1 T b, +1 .
m— A " an .a s i .
X,= ¥ X 1 (-1) €ii, € in, B1Biin, Vin,, 3 (2:178)
h=1 h! =1
h' £h C
where,
*
- o C - t . , ¢ 5
7. = \/Av C .o . A;s 2.179
3 \ Wty tm e tmay_y4a J"l ’;+1 2-p 48" M2k =251 ""A""A' ( )
’ -~
/= 6‘.‘- ! . . . . 6. ’ x *
'@‘ 'J'"‘n“"’"a--g+a"’,+1'"‘m-,+o"""'at-ey—1x by "p+x' 2t-p+8" "'ck-a,-x-""u
§.. . .
J":""p-i-x'"‘m s "‘2&-'2, r’""‘
“Then, we expand X, around the*lvot i , 1o get: o \

X, = Fy 13+ Gy 40

L
"\

)
-

where F,, 5 and Gy, are glven later In Eqgsf2.101) and (2.192) ‘respectively,

and agaln Eq(2.16) Is used In an:lvlng at the final form of Fy; 4.

. Next we expand X, in Eq(2.176) around ¢;  to obtaln: - * .

-

Xy = H2t+2+12t +1 - (2.180)

4

\

where. Eq(2.16) ls utlllzed to get the ﬂnal form of H,; .- which Is glven ln

Eq(2. 193) and IQHI ?glven by Eq(2 194).

Then we repeat the same procedure expand Y of Eq(2.172). We first -
1 4 . P

expand It around the plvot j to obtaln:
Y =YiS ' (2a81) o
with S, as In Eq(2.203). Then we expand Y, around the pivot iJ-’ ,, o obtaln:

A . . -

- Yl = JQ‘ +2+I}(2t +1 . ’ (2.182)

with J g 40 and Ko oy as In Eqs(2.195) and (2.196) respectively.”

Therefore, for @, 1n Eq(2.120) we can wrlte:

Qgp = Bopp+Cop+D o 1+ E o +F 51 13+ G gt 4ot ) N
' Hoy ot Tor it ot got Vo v Noyy 45,0 - .(2-‘133) .
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o : _ . .
Stmillarly: . ’ '
afy = Fyp 1+ Gy +R 2t+1+i2t +U2:+1+I{2¢ +L o+ -
! ‘,M'.’t +N2t L*‘Sa' M

P

o “ " . ’/
Cop = B2¢+1+02t_+F2't+1+Q2r+1+‘”2i ~Iap~Ugp ¥
V2t+1"L'2t +P2t +Sc ro!

_J :

- - c?l = ‘D".’t +1+E2t _F2t+1"'Q2t+1"“R 2t+1+Jn¢ + »

Y
. Iy -Moy—Poi+S, . (2.186)
” .
The relg¥ant terms In Eqs(2.183) to (2.186) are listcd bRlow: o
) A-p+1 ¢ .
. . th+1=a£s', X a,Bmﬂa,ji,ﬂx
Jh =1 .
A . . Ao [ .. 187
\/ ‘Ul,l...l,’ﬂoml...lmm_’dl 'ﬂ’l"""}+l'"‘2t-;ﬂ'"'"'Rk-ﬁp-l'"'k ( }
« - » —' Y
Cor==a;;, Yac, 4, ] = ¥
c iyt . PR N
LR
. Ay 0 b A . 2.188
\/ Ty ety pytm e Img, G 0T8T g * ( 4 )
LY
a 2t-p +1 ..
. D, .i=a, » . ‘
2t +1 Ji ap 1" . ‘
SR v g+l Timy " ‘
A . .. A . .- o 2.180
v \/ S LR RLF R 1 O Ll £ L PRRER L L VRS LS AN ( . )
- v 1]
] -~ E2t==a Eagmamx o .
. C ot ' no
- A o o A v . 2.100
o , \/ 'L'Jn""l”lf”z“""‘m-, IJIH t,' c,,.m_,_ﬂ ’"at-a;-l' -z& ( )
% . . ! - -
7 2t—p +321 -p +3 2t-p+3 a/ °
A . N, D ' o
F2t '(‘3_ & 2 arﬂl-ﬂ "mA aJ'mAl a'} -’-‘l'ml" -
’ ' h-—:l\ hi=1 k=1 ptE, N
. hiEh hrisEh b A "
\/}1:;:,1 n, +1' pmgy_yts .l]lll...l),+ll,,,m_’H;l,),“_a'_ll,,‘l,,,“:,,,“, .k(2‘1 1)
. e : fT " <! '
[y 1 a— -
= ¢€;Fqy » v :
2t-p2t-p . o
Gor = Z‘ 3 206, % :am,‘b, 2, X g
h=1h'=18, ‘., ‘ P o
- hl#h ’ . . e °
. P N . VA 2.102
. ,\/lel{l...ll'_“l,,,I:_..l,.,m_,al Uiy ey pimayy gyt magag, oy Pmdmy - )
] . . ) ) /" ¢ . . . '
. N 3 ‘ - .’
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f 2t-p 2t-p

HQ! - 2 E Eai{m “m ' \‘m ' ajalx
: * —lh'—l 8, r \\‘ v
? histh o ;o .
. =1 A e " (2.193) .
v \/ ”' ’p+x'"'1"""‘m-, U"l ol +1' t2e-p 41’ .\' \2t-e, 1"‘1. ™! ( )
’ . . 2t—p o
° 0 Qt = E Ezalzg a"m‘a alJ,_Hng ' ) )
c oL , h=1a, 4, . 5
A o - A 2.194
: et , \/ ""]l”',)p+l‘ml """m 82 U": 1,+1""2:-,+1 Vm 2& ~2p - 1""1.8‘ ( )
k" . . .
" ‘ . ’
‘ 2t-p 2t-p
* . . - 2t = E Z Ecr./g, Jim, l, _Hi,,,“ a’fa]><°
3. . Y . -'lhi_l 8, .
. o ‘ hith °
SR . ' ’ A e . Ao . . ‘ 2.190
, \/ l]l”...l,,_,_llmﬂ'.lmm-’a| 11, l...l,’+ll,,,2‘_’+l...l,,.2k_2p_l:,,,h L ( ?)
- ;./ " [N ks b % U,
¢ J :
; ° . . » .
" . ‘e K2t = 2 EE‘YK” a]x Qs 1“1, “62 .
. h_l 8, 32
TAs ... e . . Ty 7(2.196) -
- ’ \% tJl’l...SJ’+ll,,,l "”'21-,63 "7"1""1p+1""2:-;+1"""'2k-2,-1"’fA"‘ ( ‘ ')
. - . ’)‘ " * 3 , ' . . .
; , .
2t -p »

+

2!;

X Bt i %%

2 h—lvﬂl

Ao

- - "

. . [y
.

\ s . , .
[
K s ! c.. O
« . . ,_rﬁ
. ~ .
8 ’

My=3%

‘&

: © . . \/Aiji ) l'
v . W

s

- ma,Au:J l,

Z.

y

i
1 ™2t 41

.1, fm. 81
Mok-gp-l ™AL
- .

-

SIFUNR" PRRNNE MR |
Wi, "H:x"‘r Moty

2t-p -
EaMgf "’"'A ’Slal.! +181>< . ) . '
h -vl a, . ? : R .
SRR AML PSSR LIPS

¢

’ * M -
. . = (
. ’ "'" ‘e N'Qt. a‘J aNm-x .
oy oo N VR v g ‘
','(/ - "‘\ * \/ h, "","" 1"""'9: 'J'j oot 1p+1 "'2(-;+l "at-ap-l '
. . e .,..“ . \ . . R - . . N .
' 5 o . /
N _.o]"‘ ~ ° * ° B
Do \ Pa =5 50p 0,80, X S
e, E 5 .
. . 0, ce . ‘ - s 8 & . N
- v \ ‘ !
¢ . . * . \/Aiji 1 o i Aijt' veedy coelm o, 817
3 . " ! e, J,x ~J +1 QH oo B Mot ""25-0'-1‘ ‘
\ ‘ .
2 N 4
: . , « . 2t-pt12t-p . :
) o . Q2t+l= E 2 Eacmﬂa"n .f"mu q:‘, +16‘X
. t —_ — [ 4
. , . 1 hi=18, Cod
" ° L hi#h
RV 2. A.'j.' e N o mg, 8
0 gy "az-,-n 13 V) :‘,m-,-m"' "2k-2p-1 "4 "'(' 1
W ' . .\ " ) ‘ ' T
e ' RS \ v . -t A N i A -
: . e f ¢ . ‘ R PRI
o e . 3 ‘ r @ i - N v

- (2.201),

N7
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+12t -p +1 ’ .

R2t+l= 2 2’ “Eaﬂmﬂ "mla";’ﬂ'.m“. aj"lx

h=1 h'=1 8,

M

hish. - . [
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S, =333.a5, Gy @y, X
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imoeoim, . e PA0G0 o in
p i magy T ety Mg Mgy
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42

2t-p +1
' ?2t+l Z 22011, an,,. J8, l, 41 ,X
» ‘,0 5 —1 6[ ‘2 «
—

: \[Aiji“...i,’-ﬂiml

. !

2t
U2t +15

.

) &8 As’ i, ofy 8, .
Mg 418 188U by imay e "":u-np x' A

-p +12¢-p +1. Lo »*
Z 2 Ea‘lﬁlﬂ Jim a"dl-x - )

@i, i,
k=1t hi=1 8 J AL
hih . ,

\/71 5y ek pgim

"" o3 ”"1 "pﬂ""m-,w .""nt-c, 1"'1.""5' 5

s

2t-p 11 . )
2t +1= E EEaKm.H Jlm‘ w,GI, .
. h—-—l 8) 52 .

A." ...' , 0 Al“‘ ...' ] .4.1. [}
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The varlous a’s, In Eqs(z.lgf' ) to (2.209), after simplificatlons, are:
. ¢ . -

o a82,+l 3 1/91’71 ' )

(2.208)

. A3 « . - N . * e » i} .
o+ . o - ! . .
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C L
£ = (l—l)‘ FIH, i, .

= €. €. 5“ .
M "’pﬂ Jim, "J’ﬂ‘Jtm‘

o g, = &MPm,  (2@11)

4546,  +e -
£ = (-1) e

| -

N
‘ 2 \ .ml""mm_,‘a":,”m.—'*-l.“'"'m.g’_l . .
&2
g ‘.{@ »
2 '11""1,"1'1,“31
. . V ‘
’ r
= 't Y s . ) .
Ng = €;\ €456 .
PR LS ALY L) , )
o ! . . : ,
: :

aDm-H = El)\lﬂm:; ' !

=€ ., €. 5 B
= N3 J"p-f—l Jlm" J.’}-H'"'"L ,

dEﬂt — “€2X262n4 . )

== €. € 6 - .
M4 R LA PR R

" XF e = 53_)‘4ﬁ3"75

\ 63 '= (x—l). +{ +"’P+l+’mﬁ+"“:.\+'m‘" +3 s ' ‘
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M=6 i ey ; L ‘
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s = efimaej""‘h' 6'.’; +l."'"l" i""s' .‘J"'-.‘. s ’."'A""'b' 'i’r;\'."x" -
,.—‘—J. o‘ | Xg, = €4>\4ﬂ4776 ’ } i . “ (2.2]5)
" i+j+n‘,’+‘+:‘,..“+u‘,.k, +8,43

o= (1) . -

By=06; i i ii
4 £y ooy, W00 S Ty gy 814

\
\

Ne = l‘-ii,,fji,,‘,,f\'

;'+la'l-'"mA.]'m‘, 'J'mA 'm‘, .‘,'+lal . .

N .

A =

by bmys Iy ""2!-,""'2!-’-H"'."'N-np-l

oy, = ENaBan (2.216) "

Ny = € €; . € b e Y, VSR R
1 1
7 LA s,”l:,,.“ Joy nm, )’_H‘m‘, ",’H m“me, I

‘ . Ly
‘ XI/Q.\; €shePss (2.217)
65 — (_1)1 +J',+“lp+l+‘."'k +8 |+.8 2+3 | .

L}
'} i

v

-5;

JA SRR ] oot T} 82Y¢ vt ,8
Yy Iy "“a:-,"’""‘m_-,ﬂ mopgp-y 'Iimy mory'®2 g Mgyt

[}

* §, 50, AJ1,  im 8182, .
. . Iyt Yy JJ’+| m o192 .
, * ‘ [ .
. v : b .
oy Ng = € € €; . 6. . 5:' s
8, Hom, Ja, ','_H?z "m“]al ';’_H.U'm‘ﬁx . . .
L} ' . . v

wly ey, =B o (22

* N
N = ejs',,,‘fn',, i eialaji,,.‘,,i,'ﬂi,,.‘, 6;’:’,’“5,,‘:',,“‘, sy
' .. .
. a[(‘m = £5>\5ﬂ5n10 . (2.210) ’
) ' .
. " , . ) . .
= € €; €; S o 6 st
‘7710 Jim €816 6, 83" Simy 10170y T 8 :
. N . .
t \ N ,

. , . - o« .
X Bs = 6; - L Y r,

-«
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‘ ‘ ap, = Sprefsi (22200
‘ ) i +J 4, Fim .
€ = (-1) e
” .' - ) , l ) N :.

e =b; . i K} vk, 6. .
‘ 8 bmy tm g L PPRL PR PN PR e .

o Be =6, L, i, i,
. ' == €, € € ° E‘-'E" €: . 5. b
. M iim, € 8160, 02407 Sy €Ty i Ol J8075 008 '
; ‘ - ‘ .
L N * .
: ap,, = EeraPetliz | (2.221)
: . = €;; €; €; €€’ € Lo & .8 LA [T ——
" ‘ 2. N D PRNCINY LR A TN n,,.A,:s‘ UKD
. - B , . \‘ . - ‘.‘;
’ / . L _ < 0N, = Ex N a2 (2.222)
3 .
) . it - ‘
. M 6.7 - (~1) J T * .
. | - ] ‘ ’
— =l i i
. T ) . ® = fm g ""zc-p"’r+x!"'9|-,+1"""'2t-a,-1
) ; AN . N . ' ' - . .
. S . ﬂ —_.--. 6. P . * g ‘ . ¢
' . ‘ - 7 oy 0 .. ..
- ‘ _ . é - ! 1l . . !
‘0 . N T / . (3 . ’ . ?. .
. " . . . B ' * . ' )
' ' . .o ! . . nla - E,J . e L7 .t i R .'

- S _ ot Do .....C’-’Pm‘= E M 11Brm14 \ ' ' '.’(2'223).
.. o R ’ - e : . o

s

= Oy Seed Saim.. o d . :
) "‘Jp-n""x. Morp Tl Mo 41 Moyt . ) ) .

N . B
» . ' . - . '

HEU ‘ » \. ' ST - o n4 = 6'.3161.315'.51.]'31 : . i e

H . ‘ X )
anc-n = £ XsB4Ms A (2.224)

.
' [
. ' ! - .
et . . 3 . .
3 . .. - , RS . . e
I o e .

i, e . : ; R

s Lot . ) == 0. \ . . ’ . LY
ot ¥ . : L , )‘5 ; 6:,.. (TR 2Y IR 2 0m veelm R :

s A ™ 1 Tet-p Mgl 242§ -1 ‘ .




” h: ‘ 4, g 'f_&
<083 -
' ‘ aRm.H =.€4)\Sﬂ4n7 . ‘ (20225)
. as, = &Miabsths . | . (2:220)
. L : ki et .
a € =+ (-1) B c
. 13 ot '"'2:-""'”",-H"‘m—,ﬂ'"':"nu»-: *
’\ .. : e o
4 .
Bs = 5_.',)...:',’,.'1'.3,3, . ! )
- N ,
. M5 = €5 €5y Biay s .

oo A , .
: cor ; . o5, ='€s)‘14.ﬂs7)15 . (2.227)

.

A= 20 S , . e, s
14 61"2""»!1 'mm_’:';'_'_}’mm_'_'_‘-..lm 26291

¢ . . . .
e Loy, = EaX 17815 . (2.228)
- Do ‘ - \ ‘ '
) P
‘17 82ty 1ybm, SLPTICS L PRI L PIAPRES . : L
v ) 1 * . ‘ N .
, Qg = f&xlaﬁsnxs- .(2.220)
Mg = 6 y N
ORI : . - 18 ™ al'.!’.,ﬂ'ml resd ,"'ﬂ-p'62'm217’+.l"""'2i-07-l .
: ooy = EMPsmg . (2.280)
> : . o .
’ ‘ * N . o
- [} ° ’ . . . . ’ <7
' . 7 fmytm UL PRC S LE L PORRCC Prapas
> . ' ' . ‘ . Lt

S Xy = €4>‘5ﬁ5ﬂ% . (2.231)

’

.
~ .

. , 0y, = EsMaBsMo e '(2.‘232.)

Y

Consldering that: ’

+

1)

. " . , B '*_-l . . H k ' ' : ' ‘ ‘n, '.
C .. b)) F2t+3 =3, th.“ R (2,233)
1 . =0 " {=1 - . . R . .

Y - - ~ e . -
a0 . . . .
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N

' Where:

And sinee Fy ., = F, =0, we get:

k-1 . k-1 .
Y Fait4a="3 Faun n- |(23334)
t =0 .. P t=1

_Simllarly, Gy = Gy, =H,, =H, = 0 and thu52

. ’ ’ ' ) \
- okt ,
"3 Gy = E Got (2.235)
t =0 t=1 . ' .
N N \\‘\ ‘ '
' . k=1 A S . . ) . .
T 0 BN Hyu,= X Hy ~ - "(2.238)
. t==0 t= . ) . .
-Then we get, after some cancellatlons;  ° - 7 ,
k-12t "« 2 2 o .
DD CPIT ) (#g+Vp) 4’ E E(’“zt +vge )? e
t=0 t=1 . . ®
v ' k-1 2t a .
© L= 3 kg v ) ) . (2.237)
o, _ t-=0 b+ ‘ L

.
i

Kot = Byt Co+D g i+ Top T o+ Vo yi-

Roty1-T ot ~Uge 4 1~K ot =L gy —-M oy ‘ o (2.288)
and, - s o : . -
- Dy = 8,-5,. . ' A . (2.239)

And, similarly: . - . ' ' e '

k-1 2t k-12t - - T ’
. D e q-cd =5 3k +uz’¢) (2.240)
. t-—-o ¢ t_o . v

' | ‘Y. =8,-5. . ' 4(2.241)

"Bgt, éccor:dlhg to Eq(2.168), we -h;\re alréady a;sumed that:

. ~
' . . . . B

Therefore we see that with the assumptlion In Eq(2. 168) Eqs(2 237) and (2. 240).

<

become ldem,lcal thus the mathematical lnductlon ls complet.ed and as t,he result ;

Vot .&= 14: : L (2:242)

Eq(2.149) 1s verified. Parallel reasomng holds for 2n—4>k >n And . this
.« ‘ | .2

//?\ . . e
. - .o [ !
. N N ’ L " o _

- N ~



completes the proof of Theorem 5.

'The derivative b,f:

! ¢«
le-p -1—
GFE v dp 8T

‘ Prpdf:

, We agaln write Eq(1.21) as:

Fam Rt
- . Pl

L
e
~
S, .

FEERREEY
- R

o
:
-

0

1€ 1< Cigpy g <20

-85 -

\

- 2.3.6 Lemma 1 ngher Order Derlva.tlves.

1 . . oM,
o= 8 ki
c = ki =7
=1 . ’ Aiﬂ-"ﬂ .
. 7. § :
- ‘Where, .
9 9 .,
M, cr =My
‘ . . al‘]l auh :
" with respect-to u i Is: -
. A % L N/
= j —
_8u,~ Ci=1 T M{,,z
. ' {7714y -
... Wheret )
. N ' - 2‘
& NJ" '“‘"[EPQI—p—x)
1 =1
- ? a.'nd) . ' . ‘n
' e . n-1 2 nn 2. o
© e "N} = |3 Pg_, ) - EPQII-—p—ll 1 #]
‘ l=0 =0 .
with: ' ' i
P'ﬁ’,’ —P 2 \/;1]'1---1" il--»"ﬁl-;A"jjl---J" P PO
l<l1< <32/..’ <on ., . . -
. I # s J,.t j

«
-

\/AfJ'l~~fp '\---inlq-foJ'x-nfp 1 igiogn

-

~N
Y
‘ ¢
n
= 2.021 /
11?0 /

(2.250)

(2.251)

(2.252)

(2.253)

(2.254)
(2.255)

(2.259) .+



We break C,  'Into two components:

. Cou = pjobtjEop+Da (2.258)
where: " S - . ‘
o ' ¥ .
Egp = 2 Ay gyividuqPivFig, (2.259)
) CT 11 <...<igy <20 "
' ’ it#jlmj)
v . M . ' . ' . . )
. D, = > Aiy o ig iy Biy ’ (2.260)
, '1\1_<_i'|<...<l'm.., Sﬁﬂ., . ) . '
1 #51dy S .
. v

’

Now we proceed as'we did for Theorem 5 but with M,, replaced winl_xr

. n . .
M, = Eq_, - (2.261) -

- { =0

2.4 Theorem 8 : The Slo;‘)e( of - The Alterliziti,ve Reactance

Function e ~ .
) : e ? . -
" The derlvative of: . ‘ ‘
' N ‘ ONgp 41, .
. L RN TN
Lt = . .
=1 ' NQYl"l‘l . .
where: . . o L .
' 3 M \ )
— _ . Nopyy= det | “2n+1I'2.+_1 + Agntr |

" where A g, 4 Js & 2n+1X2n+1 skew-symmetric matrlx and pg, 4 8 diagonal
. .nié,}rlx of ordér 2n7/-1' with dlagonal elements u4 d-'-—=1,2,...,:2n+1 as glven In

Eq(2.5) Is:

2n +1 N:S

ok

g ‘ P CoL
. 1=1 'N2n +1 . Co- o
; Where: . ‘
Il i A N 4
a ’ n+l -y 2
o 4 - - ’
RSy S Alle) .
i, . L {==1"' .
.'h'}‘:. , . . ~
o ' . )




. . - 87 - . .- & v

. and,
! L 2 (n-1 2
Ni=| T Al —[21’2:'] -
N .. \=0 =0
\ with: : ‘
Pzi"’-'—‘ T 2 63'1 e "an'lj“il T “'.nl \/Af"l ce '.ﬂlAj‘.l s dg
: 1<8 - <ig<2n 4l '

l‘t #’. ;j Y s i U -

and,
2 A (

5:’, coe gt BT “"211-1\[!1"1»' e fnl+lA‘ff|--'5m+1

Y

Blly,=" by
: 14 <dguS2n+l.
il o
Proof : ' : .
s M ‘ N Y - A

.

. ey . ° .
Note that the dlagonal expansion of determinant N 2n 41 1S NOW:

2n +1 ’
Nosn= 30w At °
i1=1 ‘
- ° ' E ul.luigl‘l.gAl.ﬂ-gl.; + e
lsi1<l.g<i352ﬂ+l . .
‘n|

v

Flpotty C 0 Hop 4

4 ’ 4 R . .
’ ana that A Is a skew symmetric determinant of order 2n+1, and therefore it 1s

" zero. Where A Is the determinant of,the submatrix A obtalned by delem'nz
\ b} # . . . .
both the 1,th rows and columns, and is of order (27 ), and Is a perfect square.

'.Slmllar reasqnlng as for proof of Theorem 5 completes the proof of tlils theorem.

—'9




2.5 Further Properties. .

Here we present two properties based on the reactance slope (Theorérh 5):

I) - Property one P .

Zre In Eg(1.23) can be wrjtten In the following form:

4

A pt+A,
T o= 22 - 2.262
. . ke P1”1+B2 . (2.262)
Then, v )
| 2n '
i=1 X o

where, N; , Is glven by Eq(2.53) or (2.54). Since /V; ; 1s non-negative on the Ima-

ginary axils, we conclude that A B ,~-B A, Is non-negative there.

1Y t B .
Proof : - . Pa
We ‘have: ‘
9ZL¢c _ A(1yB+Bo)-B,(1A,+A )
N a‘”l R . M22n . ’
AByB A, . .
M3

‘273 . ™ .

E lc,- Ni,x : . . ,

t==1 . . )y

.’ = ) . JEEN B 2.264
M, ? \ ‘ ( )
~ 9

where, NV, , Is glven by Eq(2.53) or (2.54). Since NN, Is non-negative on the Ima-

ginary axls, we conclude that A [B;-B A, Is non-negative there.

D {
II) - Property two ~ ©a
. Let My, 1n Eq(1.21) be %r'itt;en In the followlng form: . . \J
Myy= BB, - T (2:265).
cyL o e ;3 . % AN\

. .
- B
. i
. . H [N
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& .
_ QP .
: Tl_ien the slope of: '
7= B - '
T m—— 29
B, ) . (2.200)
Is non*negat,.lve on theilmaglhax‘y axls.
Proof :
» pet | ) l—/~\ -—
The slope of the reactance functlon: '
oM,, .
-. ‘ - . Iy = —6—“-'-- ¥ =1,2,...,2n (2.267)
E 4 4 LC M2n ghyossgan ' . .
along u,-axls ls:
o OM,, \* _ dM,," .
M,, 3 2n ]—Bl 2n
. 0Z1¢c . af‘l ag“s‘ R o ..
| .“/aul S Mg, *?. . !
e '( B +B iaB, B [ aB <3B2
p - By|pm—ts—| -
_ 1~1 ‘2 au’ 1 1 au' au.
M,,?
' B 0B, B 8B,
T topp oy
- Mp? . ‘
. : x
. ¢ o 3 :
) 4 . ’

] .'a[.B.’l B O ag208)
. T . - ‘B.22M2n2—aﬂ; Bz . N . . R

8Z

2;. : : ' c

v . And since, we have already proved that a,u ‘Is non- neganlve on t,he ima- -
* N . 1 . ' .
i o glnary axls, and since B, M anlls non-negative there, Lherefore the\slope ot B
' ' .
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v ¢ -
. .

Is nopft{gapwe on the Imaginary axls.

2.8 Application.in Group Delay Approximation. '
The group delay of the analog all pags filter H:. -
. Sogglers s | |
. ' jaMzﬂ ’ ) . *
. . ‘ 2n au’ K .
H(I‘ul‘wmvuzn) = ) (2.269)
! M aMzn ‘
+
. My
. <P a#‘.
Is: -
2_pnr2 _ .
T, = g M N \ ' (2.270)
A 2__B2 . :
. . LC . Loy
where,. M?~-N? 1s calculated as numerator of . 5 as in Eq(2.53) or (2.54) on
. uj . :
the Imaginary axis and, A2%-B? Is the magnltude square of the denominator of -
.+ Eq(2.269) on the Imaginary axis, and M Is the.even part and /N Is the odd part of .
B ; «
. the polynomlal.
~. The group delay for; the c_ldrived digital filter, assuming bllinear transforma- R
tlon,ls: - :‘; o - . .
P ) o : N
. . . ) . R T ’ ’
T . " T = sec (—2—w,- )7q . | (2.271)
) ‘ : ) oot ! oL e ‘o - - e
- ' Proof: - ST
- . . ) . ; - : . . "a
. ; N . y - = 4
I) --Analog Filter - . « - .
In Eq(2.269), M,, 1s-an even functlon, therefore; on the lmaglnary axis -
. P . ' . . ' aM2ﬂ T . .~ . "' )
(;@g}f););ls A()0),..47 Qg ), and PR Is am odd functlon which we denote
. RS oot T : L . .
— 'lt(as JB (jn,,....j'n% ). Therefore, on the Imaginary axls: - o . \



= ' 2.272
A +3B o ( )
The phase angle of ‘il 18, therefore: ) - . )
‘ i aB - o
§ = -2tap™'— .. (2.273)
Lo A < ' .
The group delay: with respect to u j raxls Is: T« . -
. 90 9 . B . . ’
CoTg o=-— = 2= tant=) - oo
. RASE-ToR 0 tanlx) ,
g ‘ * . e
7 L “
= 2 l ] ‘ ;’ S y ’(0274)" .
. B\’ an - S
o 1+ [-——] . . .t
\ A ‘
N - ; / ’ B ” g
But we have already’ deduced the value of ERT W in Theorem 5, q(2.53)
. ’ . L] 2 s . .
A ) J :
" or (2.54), as: o~ ' B, < .
Ce, t .
, o (B M2-N? .
| . ___[ _.] _M-N A (2.275)
. oo 00; LA A2 !
Therefore, ‘ . T
- ' . v b '
" Ar2_N2. - :
. i . .. . CLL A‘+B : , ’ ) T
W 1,;’ - ' ' * - ’ .
Since H s a stable clrcun and. slnce we-have analy ucally determlned the °
groupo .delay, then we can optlmlzegmms group * delay wlth reSpecL to the
" coefficlents 1n Eq(2.¥8¥For (2. 54) Also not}c/ that t,he coemclenbs in M\N,A, and B.
are the elements-of thé 2nX2n skew-symmetrlcal det,ermlng.nt and thus Lhey are .
- o [22"']’. mmmber. ﬁ - - : - ' -
II) - Digital Filter.  ~ g R
1 ‘ [ . o P . ¢ . v N
o ‘ In this case some.form of transi‘;m‘ét*;on shoyld be used. Denoting 1t by: .
\ ¢‘ ‘ N ) { , » .
i . ' . ..., . ‘ - ‘Il hl o
) [ . R [
ey N ' \ : - 1 I3




Bﬂ."'——"-.f (w_.-x). ‘ k . (2.277)

A o

| \
where 2 1s analog, and w 1s digital l‘r\e\quenéles. Then _
. ' ‘ :

v, =00 %% ) . '
. d - 00, 6w$ Lo . o ) ) .
i . 2 ) ) ' \ ' ,
) =' _ 00 6./ (w)) . '(2.\278)
BQJ- . 8&)] i .

L)

And following the same derivation as in I), we get:

' 8/ (w_’\ .
T4 =Te TTNY2.270)
« - w] \ .
Assuming bllm{ar transformation, then:
= L - 2 T . Co
‘- x Sy = —ftan (':2-,(:0' ) . (2.280)
and, thus: ' v
& : s,
80,‘ ! T ,
by 2 N . .
, . — == seC(—w; ) . . 2.281) .
aw“ ( 2 l) ( ) p
/; ' v
2.7 Generation of New VSHP : L
4 ) . i
-

In t.hl's section we explolt: the result of Theorem 5 to obtafn a new re;ctance'
function, and thus a Very Strictly Hurwitz Polynomlal (VSHP) and to use it In
generating s:‘,able 2-D. digital filters,” Because of the complexity Inyolved, this will

-

be lllustrated rox_' a special case. v
’ ‘ ‘J . ) ' .( ) D'm\

2.7.1 A ‘special case of Theorem 5. )

Here we consider a speclal case of Eq(2.54) when.2n=6 , 1=5 , and =0

Then: ™

f Nsog=(P 0P P Y (PP ) o (2.282)

e

&



> . ~ where, acco_r('llnghbo Eq(2..55):

Po=+/AAz; . . " (2.283)

- —— —_— :.' ] . '

- ﬁ\{ *
..

Py = ppg\/A A 1256""#1#3\/ 134 1355'*'#1!‘4 nA 1456t 4
Ny ' . Hatizy/ A 23A '2356+l‘2/“4\/. A 24{1 2456'*‘1‘3“4\/ A 344 3456 (2.284)

LY

Py =5 pybiahiabia/ A 12344 103486 (2.285)

And aceor'dlng to Eq(2.56):

- .- . ) —NI¢A ISA 16+u2\/A 25A 26+#3\/A 35A 36+ﬂ4\/A 45A(46 2.286) )

o - = U bgla\/ A 1p354 1235+I‘1#2#4 A 12454 1246+ _'
" - L M1t/ A 13454 1346'*‘!{2#3#4\/ A 23454 2346 (2.287)

’

. Where A Is a 8 X6 determlnant: . :
O a;, a;3 %14 915 Gy Vf
- G2 0 a,; %24 G35 Qo
-Q ., —a . a a a ~
A= 13 23 O 34 35 Ta36 . (2.288)

=G4 —Ggq —A34 O Gy Ay
- _ - -a

@5 —Gg5 —G3g 45 0 ag
-1 —-a 16 "’026 -036 _a-lﬁ _a56 0

which éccordlng to Theorem 1 can. be expressed as:

A = (axQVAw alavAla'*‘au\/A 1@ 15/ A 15+a16VA16)

. The varlables contalned In determinant A are the elements of the set A'

* where: N
.L A' ."='.{a l2'a layngya la,...,aga',...,d 25,...,& 56} . (2-289)
\' ’ L -
- and are- (g) In number. - coo
’ The lower.order Pfaflans can be simllarly found by further appllcation of ’

4
Theorem 1. They are listed below for future refergiice:

4



3 . 4
1 . L3 , ‘
. — o i * i .
L. - - 74 - . . .-
- 1 ’ . 0
Lo, VAr = 034056350 46+ 036045 - , (2.200)
r ’ ‘ £ - \ . » !
. . ‘
VAia = 05,0570 950 45+ 0060, , T (2.201) .
_ ¥
VA4 = 053055805036+ 006035 (2.202)
. ’ V415 = 09304670 24036026034 (2.203)
» A g = Q930 45— 0 940 55+0a 5034 (2.204)
7 - ]
- VA = 0405d-0 1505016045 - (2.205)
. . . ' ’ ] R . .
/ -\ .
VA = 04304670 ,,036+0 603, . C(2.207) ",
. - °,
N v VA = 0130 4504055+ a,505, (2.208)
' /
- * ° . .
V Ay = 0105670 1505610 16025 (2.290)
.. . - ’ . b
) e VAgs = 0150 4604026015024 (2.300)
. . i . _— ‘ | .
T _ VA = 0150 45=0 14025+ @ 1584 (2.301)
- , VA = 019036013026+ 0 16023 S " (2.302)°
t o ‘ VA = G0 35-0 130 5+0 5003 - ' (2.303)
" N . V Asgg =”'-"‘112a34"a 1302471H0G 14003 ’ (2.304)
- We see that N6 1s of the form: E . et ‘
Ngg= M?*-N*= (M+N)M-N) ' (2.305)

N
"

where, M Is an even, and N Is an odd polynomial. Ir}'order to retaln g Strictly '

Hurwltz Polynomlal (SHP), we keep M+N, and by lettlng p,=p,==8, anq

. . v
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\ = . %

- . . . .
N .
/ . 4 s, .
% ¢ .

H(s,,6,) = M+N (2.308)
i o with: . E . .
, - ‘o -
;o - Y M =F 4K, 4G 87 +B s s,+15 7] (2.307)
| * . . ' ) ‘ 2
.o - ‘ N = C/s;+D 169+ 18 25, +E 5,8 " (2.308)

L where:

\ . / . .
N K A -~ - . .
. . .
.
.

. /
{ N ;
B, = a;4\/A 15+6 03/ A 1410 14/ A 9318331/ A g4 (2.309)
C,= \/A 154 16+\/A 254 26 S (2.310)
. - o D, = \[A 3A 36+/A A 4 : (2.311)
. . “: : E 1 = 4a 25(1. 25+a 150 16 (2-3122 ' :
[ ( . o M ‘ . N ‘ ’ . M‘.;.‘J: . 3
. . A N . s 4
; L= F"a = VAA . (2:313)
\‘ ’ , o o
t - I ,f
G, =4 12V Az » : (2-?14) ,
, : I,=dx + . *(2.315)
J1 == 0450 46F0350 36 (2.318)
- ‘ , I(l = 0 34/ A 12 (2'317)
-" ! . 2.7-2 The New VSHP. .
. _‘ . Equatlons (2.200) to (2.304) are 15 highly nonlinear and qimcult to manipu- ,
v _* late equations, To ease the mathematics considerably, and’ yet nov to obtaln a -
. degenerate éolutlon. that Is starting from even bart Eq(2.1) and endlrig with the

same even part,

v

the followlng five sufficlency conditions

G934 = G403

Q95834 == Goaligs -

G416835 = Gy5035 °

(2.318)
(2.319)

/e
\k © (2.320)
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Ay1034 = G 14303¢

- @,6023 = G302

) * are used to obtaln a new transfer funetlon. :

M [ + 3
addends, but with the new conditlons twelve of them becogme slngle term each.

Now they are:

R . S .

-

V . . We tniotice that Jthe fifteen Pfa

p) )

Ao = 030557035046+ 036045

" 25
VA= —/A 12
33
: a1g
2 Ag= A g
Q36

VA4 = 82305

VA 5= 304
B ‘s

VAs= 0384

Agy = @304

] b .
VA= 8,304 ‘

VAg= 01305 !

VA = 01904

s vAés"""' Q120 45

VAg=0a504 .
A= 0,,0
Vaas: 12% 36

[}

fllans In Eqs(2.200) to (2.304) each has three

)]

. (2.3206) -

© (2.334)

) (2.321)
(2.322) °

-— 3

. /
. (2.828)

A

(2.3247

(2.325)

»

(2.327)
(2.328) .
(2.320)
(2.330)
(2.331)
(2.332)

'(2./333) ,

(2.335)




i I

" . / ‘
) 4 . p o / \ | ’, r . ‘
' S ' | Ay =0;2055 - R (21336)
- . ‘- . . . ) 2.\
- _ ' VAge = ‘12“34' , ‘ (2.337) . ,
° ¢ P " A . .« . ‘
'Further. we see that we have 10 mciependeht varlables, Instead of 15 as in
+ A of Eq(2.289), these which we call 1t the set A" are: o Lo '
Al = { @ 1200 16102318 2610 3410 35: 0 361 @ 45:0 46 @ 56} (2.338)
The other 5 variables In the set A’ can be expressed In terms of these 10 varl-" p
ables as: - -
I P ' 4 S . .
o ’a‘ 8160 23 . =a16a34 : 016035
- [ 13’;.‘ et 14 A ———— ’ 15=c—-————
g : . G2 - Oge " CGag
S . . : .
' . ‘ Coelay . '4‘24“:;5 @268 35 .o .
o ' . @ g == — Qg —— = x {2.339)
;. : . Ga ., %34 @3s
, y . . _ S .
| ‘With these variables Eqs(2.300) to (2.317) becomes:
] oy - oy 1 ag -
. By = \/Amau(a.fe-}-ag%)—T+a56[a1’6+a226)--:-—5- (2.340)
- , ' 36 ‘ @6
: a5
. . T 2 ‘ , ' ‘
. : q - Cy=(af+af)—  (2341)
’ Lo . ot " G .o ]
- ' 2 J
N . .
. :‘ ' +
. G35 2 2 - P
/ Q3¢ ’ -
\ ) ' I3
. Fy=af; A0, + (2.344)
; -
. " Gy =-aas ' (2.345)
- - . . St . . : '
* °o Il = a 56 ’ T . ~ (2-346)

.



°

. Moreover these coeflicien

. - by setting:

I
|
N
v
(=]

I
a-
e )
N
-
Vv
o

K =17,>0
L,

-

OiBl, :.. ,I{l e . . ' '

e

ts, B, 10 { , need to be positive, which can be achleved

N

And from now on we take B ,.'+ , I{, which are ’ﬁ'osmve qoemcgénts lnste’ad’ -
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It Is of Interest to see If the _ljesult,fné second order 2-varlable function Is
} . . ) v
VSHP. We first check the SHP nature of the functlon by applying Ansel's test

38].

To this end we have 1o show that ,T(sl,s.g)l—,;:-%- 1s a_reactance functlon,

" ’ .
that 1s ¥¢ obeys the following three conditions:
Condition 1) - LN

T (~8,,-65) = ~T (5,,84) o (2.347)

o
»

which is fulfilled, since M Is an even and and N is an ‘odd polynomlal. Therefore

M L
T == Is odd. -
- N

) . .
Condition 2}\- The polynomlal In s,, H(s,1) must not have zeros In the closed

* right half plane, thatls ° ' ‘

AN

H(s y13.= (D +F + G B +C 1+ E s (+ (T +T+K )s 2 (2.351)

- [

should be SHP, which 1s always the case since coefficlents of s, are positive.

‘where: Condition 8) - We form the ponzero polynomial:

-

H(jw,50) = b @%b kbt 5 (ag+a,04a,) (2.352)
. bp=TIu-G (2.353)

) .
b;=-Bw . . (2.354)
f b, = -K Wi F ‘ ' (2:355)

g‘ - ao o —Ew '\ ' - (2.358) .'
’ g e, =-J&*+D . ' (2.357)
" Q"« v 1 |

' a¢,=Cuw : . (2.358)

Ll

\
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v €y ==a, b,-a,b, R (2.359)
for: o ' ” R
. . .
o . 0<r.s<2 . (2.360)
"fLet R(w) dencr,e the 2X2,symmetrlc polynomlal matrix whose typlcal clement

(w) (1<:]< 2) 1s the sum of all those polynomilals c, o (w) ror wmch both .

®
o s4r =i+j5-1 ' ‘ . (2.361)
and . : ~ '
s-r > |1i-7 | . | (2.302)
are satisfled. Then the two successlve principal minors of R (w)\,' that 1s M =R - R
and | | . .
P N 1\12=‘g“ gxz p -
: 12 oo
! | C
must be non-negative for all.real w. ' e
Here we have: ) i k !
M = Jluw'+w*(EB-DI-JG }+DG (2.363)
' M,=R,R ?2—3 2 - T Lo
‘ = [JI c:)‘l‘-i-(EB ~-DI-JG )w*+DG"|"X
’ [JK w'+(BC-JF ~-DH Jw?+DF |
2 I3
"3 = [(EK ~-CI'W?+(CG -EF )w] : (2.304)
| Here wé ave: o ‘
_ M,=8+8, ' © {2.365)
where, . » y ‘
| S = JIWA(DI+JG)+DG , (2.366)
| , - . ' .
| _ . . “
- o S, = EBu’ : (2.367).
\\ . . M




Sy 18 non-neghtive

-81- ..

.

since E and B are absolute values. We can make S, non-

t

negative If we take DI =_JG’ . Then:

S, = JIw'-2JG uw?+

== %(1%4—&)216' +G?)

-’ LY
JG? | \
" I' v ” ‘A

= Luwcy,

.

(2+368)

which 1s non-negative. Since M, Is the sum of two non-negative quantlities, 1t Is

© .non;negative.

o

The second-principle minor is: o

where:

¥

© with: -~

“and,” -
&
If we assume that:

so that: *

since,

R

. M2 = Mle;wzQzQ

- .Q 1 = Sa+S4
S5 = JK w*(JF +DK Y?+DF,

S, = BCuw®

Q, = «A(EK ~CI)+(CG -EF)

DI = JG" and DK = JF

e _1., L_X
F K G F
.2

2 .
51="£ng— __I_wn_]

we substitute the value of -I- from Eq'(2.'375‘), then: .

G

(2.369) |
(2.370).

(2.;.;71_)

" (2:372)

IR - .

(2.373)

(2.374)

(2.375)

(2.376)



where,

and from Eq(2.375):

N Subst,\cutmg Et{(2 379) in Eq(2. 377)

f
<

Simllarly:

-8 -
JG* [ K o_;} #
JG '
(K w 2 FYy N -
.IF ( / . : .
. / D
JG2 2/. o
IF? ,/
//./"
Y =ch)'~’—F
/ 12F2___ (202
__@_’_. .
\
_ Sy
Sa = K_},

We write Eq(2.373) In slightly dlff.e‘rent, form:

’

~ slnce from Eq(2.374) I

-

Q,= EWK-F ),-C(wQJSG y

JG

KG

== ‘therefore; !

F

‘Q = EY- C[wz——*Gl

= FBY ———

.

cG

CG
= Y[E—T

Therefore,

where,

‘ 'W2Q22

S =

// y

-~

= '—S 5_S 6+S7

E2w2 Y2

(2.377)

(2.378) .

(2.379)

(2.380)

(2.381)

(2.382)

('2.383)

(2.384)

(2.385)



ol

+ "83"
= crre 2y?2 N
. Kz "
o _ JEcr
Sq=2 e

Where~S, to’ S, are all non-negative.

Substituting Eqs(2.385),(2.370), and (2.384) In Eq(2.369) we get:

Since: ,
W2Y? N
$,54-S¢ = —-LC—I(JB-IC )\” =
K?
If we let: /
B = By+B, J=J+J,
Then by taking: ' Tk o«
- JyB,~IC =0 ’
we get:
Simllarly:
BJ
§5,854-8Sg=F 2Y2 E]
3 5 I( .
If we take ° z
- BgJ, = EK
then we get: :
1 - L -
S253-5520

¢
A . )

Therefore, with the assumptlons: -

—

N\
N

DI=JG DK=JF J By=1C JaBs—EK

.(2.388)

(2.387)

(2.388)
(2.389)

(2.390)
(2.391)

(2.392)

*(2.393)

(2.394)

"(2.395)

(2 306)

Note Lhat the fou;‘ condltlons ‘In Eq(2 396) are slmpllﬁcatlon of‘ Ansel* s test,

and by yet we have not speclallzed 1t ror our case. That'is they are suﬂ‘lclent. con-



~. . . s - R " , (

- ‘ - .
-

dmons fqr stabliity of any second order polvnomlal s In Eqs(" 3068) to (2.308).

we. can be sure that M, and M ‘are alwavs non- negatlve fon all real values of w

- ' N .
in our case. . .
‘For the first condlition In E‘q(2.396_-) w_'ve have . 5 oo
: ‘ D{I,=J,aiay,~J,G, - .. (2.308)
/Similarly, with: - . B
/ , - . | - - .
, . .- . C el . o, 7
- . By=—5242s. (2.390) -
. b , 26 ’ . s
‘ & .
. ) . Z,\Zs - o ]
Bg= g . (2.1400)
. 2 %
. . @34 ) :
» 1 s,
A S
' Jo=125" (2.401)
o - | ' 'l' ' !
Jy=12, . (2.102)
we easlly ¢heck other conditions in Eq(2:&06)., . '
. ++ .+ % . Now that we have an SHP, we vy'ou\g llke to apply double 'blllxiéar transfor- Co

mation to get a digital fllter. ngevéx", It 19 s‘h'owr_l,[32]~t,h'at no.t,. all SHP's are éan-%

didates for double billnéar transformation. The remedy ror‘_p'hls 1s.gfven by' VSHP - .

- ~[33].. Applylng the VSHP!test-we get:__ ) ’ o e
. o \. e
- % o ' ) 'H[—L.jwz):‘-‘ T T (2.408)
' . .51 Yo : ¢ —_
? ’ ' . ¢ ’ FS 12. +I{ "'IG'. U.)22s 12 +j0.)28- 1_1w22:+‘ CS 1+].D' ({023 12 +J'J UJ2"E w228 1 b L Y - e
3 A T
Therefore: ' o, . R
° K -T2+ T w, - .
o g - ' . ° -~1 W .J w. L ’ )
v, Lim H[_}_:szl _ 2 2 J (2.404)
B o v §,—0" 8, 0., ) ‘
| . ’ e ' : . : ' . - . .
- -+ whichisnot —If . oo T N N -
. . . ‘ L, (6] H . ' Y
. ' o K-Twlglws#0 > . (2.405)
- » R , r . . . I




~

Stmllarly: B

_ . o s.—oli[ 2, L] = % . . (2.408)

- ' . s—»O °
. , 2 -

~ & 0‘
which 1s not —1f 150 : - ,
- »
h L In all we shouldghave I 540, K <0, and G #£0 which leads to:
e . ) . , * J 4 012#0 a56#0 A 12%0 . o (2_407)
' In short our 2-D dlgital fliter Is a bllinear transformation:

v
”~

- ] . ' . 2 2 -1 R .
< T > 5 == 1=1,2 2.408
» ! T z +1 . . ( )
. " to'the 2-D continuouﬁransfel functlon
E E Cu S 83

., ) . < _ ‘ ,
/ , , . T (s,,8,) = - "1;(80 - . (2.409)
- } ' e e

. £“where:"

2 ' °

H(s,,8,) = F +Ks '12 +Gs 2 +Bs,s5,+1s *s ? .
Cs \+Ds ,+Js 2s ,+Es ;s } ) (2.410)
‘with: (
a2

o A B—ZZ——+ —22,25>0

a5 1026

-~
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G =a3Z,>0

I = Z,>0

°

J = Zy+Z3>0

. ‘ K = 27,>0
<
and: )
GagV A | =2, . |8as@gs| =2y , |04 | =25
—_ 2 2
Gsg | =24 am"'é%—fzs
Q
’ VA 12 = 0348 560350 4610360 45
k ! )
2.7.3 Comparison = . §

"y

Since In the reactance functlon of Eq(2.3), which we started with, the gep-
erating polynomlal was lts even part M ,,of Eq(2.2). Therefore, 1t 1s falr to com-

pare M, with the even part of Its dertvative N4 g of Eq(2.282), which we call 1t

M . . i . .
- \ - : :
‘ Mg = P +P,+P, ‘ (2.412)

wheére P, P, , and P, are glven In Eqs(2.283) to (2.285).

- 3

1 - =

For, this we Indlcate the elements of the Eiet.erlmlnant, 4 in Eq(2.2) by &,

and those of A{ In Eq(2.411) as a;,.

Equating the coefMclents of llke varlables we get: ~ . = —

Bge =1 ' , (2.413)

. . ‘5‘324‘= Gaq\/A 1p 3 (2.414)

T L b = ap/Aps - (2.415)
¥ ' ‘
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bjy = afyuse . ’ (2.418)
b = a1\/An . (2.417)
) b123 = a,%ags ' N (2.418)
1 < . ) ? ‘
) b = ajas ' (2.419)
‘ . \ :
2
B = ( b 12D ay=0 1aboutb 14bos) = a a5,/ A5, (2.420)

-B°

The two sldes are equal, If and only If:

/

v »
_ 335046 = G3s04s5 /
.whlch makes: .
. .
. . A= 6404

L]

in which cdse we find a degenerate case, that we have started from one form and

-

end up with the same case.

2.8 Summary and Discussjon : .

1
v

\ The derlvative of the reactance functlons, Zy ¢, for two cases of Eqs(2.3) and
(2.8) are established in Theorems 5 and 6 -respectlvels;. Some properties of these

derlvatlveé are Indlcated In Sections 2.5 an'd_-2.6.
4 ;o

A speclal cése of Theorem 5 Is used to generate a.new)v VSHP In Sectlon 2.7. .
It should be neted that Bigher order VSHP can be formed If the order of the gen-
era}lng skew-symmetrical determlnant 1s Increased. This new VSHP wlill be used o

In Chapter-3 In making of varlous fllters.
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Qhaptér 3
Design of 2-D Stable Recursive Digital filters

.

. 3.1 Introductién ' oot

/

.In this chapter, based on the results of previous chapter, deslgns are glven’
for stable 2-D recu.rslve fllters (a)—.liavlng separable denomlinator transfer mnctloh.
7 3

(b)-having non-separable numerator and denomlnator transfer functions. These

are sultable for the deslgn of 2-D fllters satlsfylng (1) a prescribed magnltude

s‘peclhcatlon only (1) a p}escrlbed magnitude and group delay specifications.

These design approaches yleld a t,re.m;fer function for the.deslred 2-D fllter

having coefliclenigswith high preclslom-lmplementatlon of this Lransl‘er function "

" on a finlte reglster machine would alter the filter speclncamon and some tlmes

the stability of the fliter, which Is undeslrable. To overcome this problem a

—-—method w\li be presented here enabn;)g us to design an integer coemcle_nt 2-D .

, ﬁlt,e'r so that (a)-fixed polnt arlthmetlc Is employed In the‘ lmplementétlon of such

fliter rather than floating point arlthmetics, (b)-the effect of round off érror in the .

| implementation of such f_ilt,er' on the flnite reglst,ér machline Is kept to mlnimum.

. Examples wlill also be glven to lllustrate the usefuiness of these proposéd tech-
nlques.

- 3.2 Demgn of Separable Denominator 2-D Recurswe Filter

In this approach the transfer functlon of the filter Is of the rorm

e

M N
DY Zaijzlzzj'

rd

HD (‘_z'l'z2) = — 1==0) =0 - ‘ ‘
o ‘ Eblizl—']‘ Ebzizl—"] .
‘\i=0 . j=0 * . X
N(z 1,32)' _ 'N(zl'32)

= DGuza)  DizDyzn)
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Using the method in previous chapter for generating 2-varlable VSHP it can
easily be shown as an example that If In Eq(2.289) all members of the set A’ are
equal, and thelr absolute value Is c,, then Eq(2.410), apart frcm a constant mul-

tiplter c,, teduees to: *

Q[sl,'sz]‘ = (81‘*'01]2(8,2'*'“1]2
' . L= Q(5,)Q4(5,) . ’ ' (3.2)
and.is portraylng a stablé separ:{blé 2-varlable polynomial in the varlables s ; and
A 8q. Ot,hergexamples can simllarly be found. It should be noted that the matrlxl o,
'chosen 1n Eq(2.288) Is a 6x6 matrix whlcﬁ has re_sulted In a cascade of the §econd |

.

order polynomlal In &, and s, as In Eq(3.2). Higher order 2-variable polynomials

[}

are obtalnable by Increasing the order of the determinant A 1n Eq(2.288).

Now Q(s 182) of Eq(3.2) 18 assigned to the denominator of a 2-varlable .

separable denominator analog transfer function of the rorm; ®
- ' 2 2
, ' 3 s 154
T i =0 ) =0
. HA (S '8 ) = 2
o e Q(s1,85)
P(syps,) L .
= 2 _ (3.3)
Q (5,8 2) .
' ;L‘\he numerator Is chosen as In Eq(1.11) so that the fliter can have quadrantal
K ! symmetry. . L L {

' . /

" To dl§cretlze this 2-D analog transfer function, bilinear trax{sformamoqs are

applled to Eq(3.3) as follows: x .
_— Hp (21,25) = Hy(5,,8,) 2 41 1=1,2 (3.5)
' ' - T T+ -

Now the errof between the magnltude response of the ideal 2-D filter and

thedesl»red:one I1s calculated using the relationship:

Eppeg ywp®) = | Hy (7T 67T ) |~ | H;(e74T e 70T (38) |

.



. v . ' " . . .% ' o ;
— where," ¥ Is the ccefliclent vector, | Hy<| and | H; | are the magnitude responses '

of deslgned and ldeal.fllter respectively.

The error between "the group delay responses of the deslgned and ideal 2-D ..

ﬁlt.er ls calculated using the relatlonshlp ©

‘ E =T.T-—T-(6,jw‘T,ch2T), § =1,2 . . (3.7
T, I !

where 7y Is the ldeal group-delay response and' T; 1s the designed group-delay

with respect to w;, and 1t 1s proven (18] that 7; 1s equal tQ the order of the fllter
. \ -

+1.

. The gradlents of the absolute values In Eq(3.8) are calculated analytically

o

by:
a |H| . -1 —~0H C
{—— .
Oz |H‘ e[} B:c} (3:8)
and the group-del‘ays In Eq(3-7) are calculated by [40]):
\ oH (Z") . ’ ' -
! R ' 62!. . 2 ’ . : ( ) =
. 7, = —-Re |z, ——— 1 =1, T " (3.9 |
' 'OH (%) . ‘ Lo

with z; =e /%7 ‘ L. '

1]

Now two cases wlll be consldered.
® - Formulatlon of the Design Problem with Magmtude
Specification Only with Quadrantal Symmetry

In thls approach the least mean aquare error of the magnltude response Is

‘ N~
calculated using Eq(3.8) In the following relatlonship: . ~

Ey(Jwy ] wp,¥) = B> Epfyy (wy ), (3.10)

m.,n elps

where Ipg 15 a set of all frequency polnts along w, and w, axls within passhand
and stopband of the filter. CoefMiclent vector ¥ can now he caiculat,e'd by minim-

izing Ej, in Eq(3.10). This Is a nonlinear programming probl®m and can be solved



-Block A. . ’ T ,

. . . -e1-x

bi/ using the conjugate gradlem.mcthod of Fletcher and Powell [41]. All 'pro-
grams were run‘on VAX 11/’f80 with double preclslo,ﬁ: "The continuous time fre-
queﬁcy were sampled at 21 polnts. o, .

_Th{e flow chart of the programs Is shown in Flg¢3.1). Note that ;hls flow
ch‘a;'t Is valid for E)xatnple 3.1 through 3.4, the on‘ly bl.bck which ctianges" I1s the

s

Example 3.1
To show how this technique works we’'design a 2-D low pass filter wloth H,- /l

Eq(3.8) expressing the following speclfication:

ax .

_ | H, (wyoy) | = 1 for \/witwi<i
o P 0 for JwiHwi>2

and the transfer functlon Hy=N/D in Eq(3.6) 1s obtained wit

the form of Eq(1.11) as: /

numerator in

N=(c,(z l:i-l./z DFe sz )c (2o+1/25)+c 52 ,) ,

[ . .
and the denomlnator as Eq(3.2) repeated here:

L D =c (c +s)c 1+32)

Flg(3 2) shows the partlcular part_of the /ﬂow chart for thls Example, the
other parts or the flow chart are as In Flg(3 1) The minimized error in Eq(3 8)

was 2, 70 and the Central Processor Unlt (CPU) time was 3} seconds. Table(3.1)

. Indlcates the coefliclents, whereas Flg(a.s) shows the magnltude lrespo'nse of this

filter.




Initial points

A " | arg(1),...;arg(n)

Apply Conjugate °

xPlock A T»———¢—{Gradient to find: ° .

S arg(1),...,arg(n) - ‘

/ \ : No ’ 17
,/ :
-/ /" )
/ {
/.
: .
Yes .
If error set
-
. proper IER }
i C;; .
Jdf min IER=0 || - : ""”\
] ‘ Output the min. - |
values | * ‘ !
k . sBlock A:- S ,
, ’ f j For Example 3.1 see fig(3.2) _
| For Example 3.2 see ig(3.4) , ¢
For Example 3.3 see fig(3.8)
E . Lo For Example 3.4 see fig(3.12)
F1g(3.1) - Part of the flow chart for Examples 3.1 through 3.4 ‘ <
1] . - /
" - [ -




- N 3y =arg {4)(z 425" )4+arg (5)*z,

-g3-

. zym=e A e iTIA

3m=

—_— m==1,2
Tz, + -

-

2 Zm~1 i ¢

N1l =22, .
N2, j=arg (2)(z,+2;' Harg(3)*z,

Ni ;=N1, N2, /N3,

r F=)arg(1)]
: Dy j=F (s ,+F )} s ,+F)*

Y .

1 w<1
G =}e 2N 1<w<2

0 otherwise

: 0 10 ' 2
val = 2 Y (HMNkJ "‘Gk,_l)

bk =-10 |=-10

-
¥

- |grad (m )=0val /Barg(m) m=1;:;'.'.n“

2

*H,o 38 N/D at freq. (0,0)

F1g(3.2) - Block A In F1g(3.1) for Example 3.1

!

A )



a
!

Table(3.1) :Coefliclents of the fllter In Example 3.1
. .

1
1

T ¢, 0.1333186633E+01 Ca 0.2550358544E+01
- ‘ \ 4 -, *
Co 0.2550358544E+01 Cy ., -0.1380610581E+-01
Cy -0.1386105815E+01 - . ‘
1 1
. . ° !
* ] > L3
° . '
1
i ’
B' | -
vy it
ey .
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e response of the fAitel in Example’3,1
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!

Fig(3.3) - Amplitud
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.
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(ii) - Formulatlon of the Desxgn Problem w1th Magmtude and
Group-Delay Speclﬁcatlons with Quadrantal Symmetry

In many Image processrng applications It has been proven that the the 2-D

N ' ,,:5,‘ filters must, have constant group-delay characterl’st,lcs [42] to bc useful In any
s ) - -
—-ﬁ*ﬁreprocess]ng or postprocésslng In the Image processing appllcax.lon. For this rea-
k,/

son a modlficatlon to the above algorlt,hm wlll be glven here to Include the deslgn
©of 2-D fllters with constant.group-del'ay specificatlon. In this formulation the gen-

eral least mean square error Is calculated uslng the following relationshlp:
* : .

e

E, (]wl,Jwg, ¥ EMag(wv%-‘I’) ~ ) . ‘ "

m,nElpg

'+ N3 E rf (i:’irw2-1)

m.nElp ' "

+ 33 ET2 (vazvl)

m,n'€lp

(3.11)

. . where Ejpr,, and ET; J=1.2 are given as In Eqs(3.8) and (3.7), Ipg 1s a set of- all
. o .
.. discrete frequency palrs along w; and w, axls covering‘the passband and stopband

of the filter while Ip 1s a set of all deslred frequency points along w,, w, axls coy-
-(f s

ering passband of t,he flltér only Now the coefliclent vector ¥ can be calculated
by minlmizing Z; 1n Eq(8. 11) using any sultable nonlinear optimlzation tech-
n!que.

Example 3.2 ‘ i o

To show how this techntque works we design a 3-D low pass filter with /I; In

Ky

Eq(3.8) expressing the following specification: E .

L . : 1 for WJwl+twd <1
. | H; (wyw) | = T3 !
: 0 for s witw, >2 .

-

and the jransfer function Hy;=N /D in Eq(3.8) 1s obtained with numerator In

, ,

the form of Eq(3.11) as:

T MR oo deanilibes], L

e

L |
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Cs . Y .
and the denominator as Eq(3.2) repeated here: ; ' N

D=\§ e l-&sl) 2(c,+54)? 2 arl i=1,2
Tz.+l

- The error between the group-delay responses of the designed and ldeal 2-D

filter 1s calculated using the relatlonslilp:

3

E, =1 T—T;(é’“’T,e”’?T) 1 =1,2
where 7; 1s the ideal group-delay resporise and 7; Is the deslgned group-delay
with respect to w;, and 77 1s equal to the order of the.fllter 1. The correspond-.

Ing flow chart to fill-up the block A ln Fig(3.1) 1s shown In Flig(3.4), and the

coefliclents were as given in Table(3.2).
L "

The 3-D plot of ampllt,ude and group delays are shown In F1g(3.5) to

i

F1g(3.7). The mlnlmlzed error in Eq(3 11) was 6.31, and the "CPU time was 3.6

1
@

seconds. L . ‘ ' ¢
It is Interestlng to note that F1g(3.3) and Flgs(3.5) to (3.7) Indicate good
responses and all tirese have been obtalned with only five coefficlents, ¢ L 10 . \

hd ¢

AL
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Y | Block A” :
Mol
‘In F1g(3.2)
aH{zm) o ". )
Real O2m =12 |
T, =-Real |2 =1,
m 'm H(zm)\, :

ti=order of filter *1

Fof' w<2 ’
v

v\

o

N k =-10 I'me-10
[ grad (m )#aval' [/Barg(m) m=1,..,n

val' =val /£\ 2 (1~ tt)"’+(’r,2--tt)2

.
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* b
- Table(3.2) :Cpefficlents,of the fllter in Example 3.2
r # 4
. ¢, 0.1773225247E+01 P 0.4480828576E+01
e .0.4460828576E+-01 c 0.7796479967E+01 '
. Ei * * =
) Cs 0.7796470987E+01 ‘
® R
Ki%;“ [ ‘ ,
Pa
» I A4
Al * . .
v, i L !
‘ 1 )
3 * A}
. - L3 R R \
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3.3 Design of General Class of 2-D Filters with Nonsepar-

able Numerator and Deneminator Transfer Functions

In the method.to be presented, here the transfer function of the fllter Is of

* the form of Eq(1.5) and Is rewrltten as:

A{s,8,)

et = Jeyy
L,-lLrl ' ' . {
P a(ll.IQ)s 82 i
o {,=0l=0
o~ Ki-1Kx1
3 X b( kl,lca)s 82

k 1==0k 2-—-0

(3.12)

This 1s discretized by the appllcat.lon of billnear transform}a.tlon to obtaln phe

digital transfer function of the form Eq(1.4) rewrltten as:

' A(242,)
At =
" t 2

~L1Lo1 , - H
>3 0(11,12)2 ‘ i ‘ e

l]—O’a_=0
= Kok - (3.13)

> % bkko)d; iy

k =0k =0

To ensure the st,abllltiy of the deslgned ﬁlter the denomlnator polynomlal In .,

‘ the analog transfer function of the Eq(3. 12) Is chosen to have VSHP property.

The technlque discussed ln Chapter 2 1s used to generate such a polynomlal and

A [

then assigned to the denominator of the analog transfer function Eq(3.12), le.,
{ ¢ *

) _Q(s 182) In Eq(3.12) 1s as glven by Eq(é.410) with parameters as Eq(2.4"11). Then

¢

we follow: the discretization as mentioned earller. Two cases will be considered.
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- (i) - Design of 2-D Recursive Filter with Magnitude
Speci_ﬁcation‘OJnly ) _ , >
Example 3.3

P ~

Here we follow the technique already discussed In (1) of the previous sectlon,

*,

and as an example we ~deslgn a fan filter. The frequency response of the ldeal

fllter was: T,

',_‘ .

~

1 for |wg, | < |w4,|tan§-
+ @ =0 otherwise

Block A part of flow chart for this Example, to f;llsup' Filg(3.g) Is shown In

Flg(3.8). The coefficlents of the filter:

. o 2 2 cis s.sé ‘
C Hy (51.8,) = i=0i=0 ‘ (8.14)

D[sl.fﬂ“

Is tabulated |n Table(3.3), where D (s,,5,) In Eq(3.14) Is as glven by ‘[ In

Eq(2 410) with its parameters as Indlcated by Eq(2.411). Flgs(3 9) to (3 11) shows

the characterlst,lcs of the deslgned filter. The minimized error was 10.17 and t,he

CPU time was 82.2 seconds.



. . Dy ! =F +Ks 2 +Gs +Bs s ,+I5 25 }
+ 08,4+ Ds o+ Js 25 ,+E5 15 2
with B,C,D,E,F,G,I,J,,K as in Eq(2.411)

. P

) » —

‘

B
¢ . " .
. . 1N . . L -
- [
—

2 2N P
2 2 c:’j‘slsg .

H, ;= 1=0 ) =0 ‘ o
] k.l ' Dk,l’ - .«

HMN; ,=H, |/H,,

. — Y

N {1 ’Wd, ,S ,wd, tanm/3
G = 0 otherwise , : .
' . 10 10 . - |
. . ' val = E E (HMNk,[—Gk 1 }
! : k=-10 | =-10 -
’ v |- grad (m)=0val [darg(m) m=1,..n |,
‘\

F Y

Fig(3.8) - Block A In Flg(3.1) for Example 3.3. -
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[

|

- 1 .
Table(3.3) :Coefliclents of ‘the fliter In-Example 3.3

/

T ECTe—
0.1774678234E+-01

ay, 0.2804555728E+-01 € oo
ae _-0;8086411362E-0i Cor _ 0.1871468762E+-01
a 93 0.2476525028E +01 € o2 0.2052864352E+00
a 96 0.3317034010E+01 . €10 0:5806821107E+-01
a3y 0.1019347210E+-01 ¢ 0.83330-}0815#-01
@35 0.1599320433E+-01 4_ ¢ g 0.ii05731569E+01 :
a3 0.1273504768E+01 € 2 0.2491684446E+-01 ‘ _
(;45 0.9483519026E+00 P 0.1417640774E+-00
6
a4 0.1795200209E+-01 ¢ 2; 0.3701634931E+00
g 6.1917500653E+01
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(ii) - Design of 2-D Recursive Filter with Magnitﬁde and
Phase Specification |

Example 3.4 - . ' ) ’ o .

Following the‘techn\que (M) of the sectlon 3.2, we deslgn a fan fllter:with

- >

1deal response: & )

G =1 for |wy IS!w,},‘,ltan—F—
. : ' . 3
-G =0 otherwise I
with group-delay equal to the order of the fliter £1. Part of flow chart for this,

" example Which completes the flow chart In Fig(3.1) Is shown in F1g(3.12). The

coefllclents of the fllter are as shown In Table(3.4).
v : .
The responses of the fliter are shown In Figs(3.13) to (3.15). The minlmlzed

t

error was 25.99 ang the CPU time was 82.0 seconds.




’

Block A.

In F1g(3.8)

T ) N - azm;
: ‘ 7, =-Real | z,, ~or—m—] m=1,2

H(z) |. S

li==order of filter +1 °

N
» :
B .
] * ¢
B .
- . [ > .
. .
v
r.
. - . ~ .
PI D

. For w<2 o
. * \
. 10 10 ' ,
p val’ =val+ 30 3 (7=t )P(r-tt )
J ke =-10 1 =-10 . ST .
f ‘grad (m )=0val'~/Barg (m) m=1,...,n L .

A 3
c
) . ‘ Fig(3.12) - Block A In Fig(3.1) for Example 3.4.
* N 0
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‘Table(3.4) :Coefliclents of the filter In Example 4

7

12 * 0.2505666089E+01" Coo 0.1656491286E+01

a6 0.5702157329E-01 €o1 0.3820012793E+00
\ v

a g5 0.1807688756E+-01 € g2 0.8337748514E 400
a g6 0.2616831085E+01 ;w 0.6568883071E+00
Qg 0.1441730470E+01 ¢ 4-0.2050726373E+-00
é a5 0.254057&485‘8E+01 €12 01460924 178E+00
@ g6 0.9950267311E+-00 e 20 -0.6451 7038591’%-{-(50
ag; .(;.1576072479E+01 c;i : 0.4084838108E+00
a4 ~ 0.1745085460E+01 € ; 6:307235553913-'01}
g 0.2512277407E+01 ,

a
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Amp.

F1g(3.13) - Arpplltude response of the filter

o~

in Example 3.4
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3.4 Design of Integer Coefficients. 2-D Recursive Digital Filter

All -filters deslgned using' the’ method discussed in this chapter yleld '

= *coefliclents with Infinlte precision. A method v‘vill'_be presented In this sectlon for
o A .

the deslgn of Integer coefliclent -2-D fliter.

In this pi:ocedure a 2-D Integer coefficlent recurslve fllter 1s obtalned ds!né f

technlque called discretization and reoptimizatlon [43]. The starting value of this

»

‘algorithm Is the.coefficients of the deslgneddilter with Infinlte precision uslng any

of the technique mentloned above. Then the following steps have tc; be Imple-

2

mented to obtaln a 2-D Integer coefliclent fliter.
step (1) - Choose the parameter which has the largest value greater than unity (Uf
nb-paraﬁletei' Is found with value greater than unlty an mt,gger scalar will be used .

to create parameters value greater than unlty).
)

step (2) - The value of thls parameter will be rounded up and down to the closest

- ———

integer value. ‘ ' - -

-
”

step (8) - The least mean sdqare error for the two values of the chosen parameter
A7 v

step (4 ) - Choose the value of the param'eter for which the least mean square

IS calculated.

’

error Is mlnlrpum, assign thls value to the chosen parameter.

step (5) - Go through the optimizatlon process by having the chosen parameter

*

as a constant [(n-1) varlable].

GO TO STEP (1).

This procedure is repeated untll all values of the fllter's. coefficlents are

discretized.

Example 3.5

Followlng these éteps for the filter In Example 3.3, we obtalin:



-

Table(3.5) :Coefliclents of the filter 1n Exam/ple 3.5

z

k]

T en ] 8 Coo 3
R P A 4 Cor 8
@23 | 2 €02 1
26 g 3. €10 12

. a4 . 1 €1 1
@35 R €12 3
436 I ™ 8
@ 45 3 P 1
46 8 €22 1
456 " 8 .

.
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The coefliclents of the filter, l.e., the parameters in Eq(2.420)were:

B =1250 C =000 D =972 E =162
F =162 G =648 [ =172 J =108
' : - K =18 - ) ‘ » el
The error which was 19.17 1h Example 3.8, now becomes 30.84. Figs(3.16) to

. \
' +(3.18) show the results, It Is seen that the fllter can be Implemeénted even on a

. ‘ !
personal computer.



[

N

Flg(3.18) - Ampl

ude response of the filter In Exa:hple 35 .
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8.5 Coefficient Sensitivity and Effects of Finite Word Length.

" “The results of Wué Integer coéfficlent filter In Examb‘le 3.4 Indlcates low

¢

coefliclent sensltivity. This encourages us to enqulre more about sensltivity and

effects of finite word length.

There are several ways to define quantitles for the characterizatlon of the

parameter sensitivity of a system. Of these we choose relative (logarithmic) sensi-
. . ’ A

B

tivity function, which ls:

J, dln «a; o

1=1,24..., N

. - - . O (3.8) -

b Qg

Since we are dealing with sensitivity functions In the frequency or z-domatn |
Jt 1s seen that these functlons depend on the frequencles as welt as parameters, -
whlch makes 1t lmposslblé to show 1t graphically, and huge tables are necessary .

to represent them.

Thus, we choose sensltlvlty measures which are defilned on the entlirety of
the sensitivity funct.lons and allow for a global characterlzatlon of the sensitivity
by a single number [44] To t,hls end we form:

; \ . i S)({az l ) ,Maz l . (ﬁﬂlﬂ)
j--l N

“
. .

I;nn.= 2 lsjz:min (3.17)

where SJ'T.M.az (S f min ) 18 formed by changing frequencles over thelr entire ranges

and sort out for.the maximum (minimum) sensitivity.



=

s

Note- that:

=
o
N,

i7°1

I ™Me

}

(3.18)

o
I M
[=]
i
.
<
bl
[+,
[ S Y

~
I
.gt’_]u gtﬂw’ >

" followed by blll;l’ear transformation. Therefore, N==18, and furthermore T Is com-

* plex.

¢

In order not run Into complicatlon we tabulate these measures for amplitude,

group delay one.and two. .

1

" Since, eventually, the q1gltal filter s realized by some finite digits, it

beécomes of interest to see the performance of the filter with flnlte numbér of

L
diglts.

»

One easy way to show and compare different fliters with respect to finite

world length Is to conslder rounding the mantlssa of the floating polnt arlthmet-

-

fcs.

N

Table 3.8 shows the sensitivity performance of the fliters In Examples 3.1 to

- 123 - . .

1

3.4. The entrles of Table 3.8 were .formed by i‘oundlng the unsligned mantissa of

the fllter coefliclents, which are all expressed by floating polnt arithmeties, to ‘tjtrle

Indicated preclsion. The coefliclents In-Tables (3,1)to (3.4) were rounded to 10, 6, .

5, 4, 3, 2, and 1 decimal digit. .

The sensitivity of the transfer functlon were calculated with respéct to varl-

ables ¢'s and d's according to Eq(3.15) and It was sorted out to find the minimum
and maximum sensklvities with respeét to each varlable, and then they were

~

added according to Eqs(3.16) and (3.17).

From Table 3.6 we conclude that the overall sendltivities are low. In addmon'

rounding eflects as far as single diglt mantlssa Is concerned d'oesn't. change the

low sensitlvity measure conslderably. The following example further shows the

A
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effect of low sensltivlty.

Example 3.6 S

In this example we truncate the coefficients of Example 3.1, which are .tabu-
lated in Tab}e(3.1), with a single byte. In this one byte 2 bits are dedicated to the
" slgns of mantlssa and the exp'onents.'a bits for mantlssa, and 3 bits for exponent.

The blnar); coemclents'.are shown In Table(3.8), and t,hé amplitude response
1s shown in Flg(3.19), wl-llch when compared with Fig(3.1) shows that they, are

exact replica of each other.

3.8 Summary and Discussion :

" In this chapter, designs of 2-D fllters p&ve been cartied out. The designs are
based on the concept of generating VSHPs uslﬁg the sldpe of a 2-varlable or n-
varlable reactance functlon, thereby guaranteelng stablilty. It 18 further shown

that It Is possible to deslgn such 2-D fliters which are less sensltive to finite.

wordllength effects.
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Table 3.8 - Sensitivity Performance.

decimal ten -7 slx five four
points \ '
q . -
min Max min Max min " | Max | min Max
Amp | 1.76-7 | 30.7 | 2.1E-7{ 30.7 [ 1.6E-7-{ 30.7 [ 3,0E-8 | 30.5
\ T

Ex.3.1 | GD1-| 0.6 1.5 | 0.6 1.5 | .59 1.5 | 0.59 1.5
GD2 | 0.8 1.5 | 0.8 1.5 | 0.6 1.5 | 08 1.5

Amp | 0.7E8 | 7.3 | 1.3E-8 | 7.4 |[1.9E-7.| 7.4 [1.6E-7| 7.4

|Ex:3.2 | GD1 | 0.9 1.5 | 0.9 1.5 | 0.9 1.5 | 0.9 1.5
- %]

GD2 | 0.9 1.5 | 0.9 1.5 | 0.9 1.5 | 0.9 1.5

Amp | 3.0E-4 | 77.2 | 8.0E-7 | 77.2 | 3.0E-4 | 77.2 | 4.0E-4 | .77.2

Ex.3.3 [ GD1 | 0.1 182.0 { 0.1 182.0 | 0.1 181.4 | 0.1 177.0
GD2 | 8.1E-3 | 12.0 | 8.1E-3 [ 12.0 | 8.1E-3 | 12.0 | 8.2E-3 | 12.0

| Amp | 5.0BE-3 | 50.7 | 5.8E-3 | 50.0 | 6.8E-3 | 50.7 | 5.8E-3 | 50.7

kd L’J
Ex.3.4 | GD1 | 8.0E-2 | 14.0 | 8.0E-2 | 14.7 | 8.0E-2 | 14.7 | 8.0E-2.| 14.7
, | n )
GD2 | 6.0E-2 | .10.0 [ 6.0E-24 10.0 | 6.0E-2 | '10.0 | 6.0E-2 | 10.3

7



e

Table 3.6 (contlnued)

&

decimal . three two . " one
pAinta - - £ ‘T——-W
min Max min- | Max min Max
Amp | 1.6E-7 | 31.3 | 9.9E-8 20.4 2.2E-16 69.8 s
Ex.3.1” | GD1 | o8, 1.5 | 0.8 1.49 | 0.1 1.8
[ 3 a _
. GD2: | -0.6 1.5 | 0.55° 15 | 0.1 18] °
Amp | 1.7E-7 7.4 | 1.3E-7 7.4 1.4E-7 7.4
*r \‘ﬂ
Ex.3.2- | GD1 | 0.9 1.5°) 1.0 1.5 1.0 1.8
‘ " ) i )
, . , (
| GD2 | 09 1.5 | 1.0 y 1.5 1.0 1.6
Amp | 4.7E-4 75.0 |.3.0E-4 66.0 3.1E-3 43.0
. >
Ex.3.3 | GD1 | 0.14 *20.0 | 0.13 4505.0 0.1 2692.0
GD2 | 84E-3 | 120 | ‘6.5E3 12.8 |“1.8E-2 14.9
. Amp | 4.5E-3 50.9 | 3.0E-3 58.6 2.0E-2 54.0
Ex3.4 | GDI | 0.2 148 | 1.0E2 | 162 |o01 16.8 |
\ ) ' -
. '/ ,
GD2 5.6E-2 10.4 | 4.9E-2 11.5°- 3.9E-2 11.0
/ ’ -
.



.

Table (3.7): One byte floating polnt representatlon

of entrles of Table (3.1)

4

» ” ,ﬂ

¢} -

y 0.T0IX 2% c, - | — Toaorxa2? |
Cy 0.101 X 2° . Cg -0.101 X 2}
sy ~0.101 ¢ 2!

: g

4 , Y )
°‘ v "
) L] ‘l‘\
-y ¢
’ :*‘{\
; )
14
. ' a y .
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response of the fijter i Example 3.5

*

F1g(3.19) - Ampnitugde ;




Chapter 4 . : .
. L)
Summary and Conclusions

.S

The purpose of this chabter Is to provlde a summary of the contributions

<

made In thls thesls and to 'lndlcate some future lr‘f\;est,lgatlons.

The alm of Lh}s thesls 1s to deslgn stable 2-D recurs'lve diglital fllters satisfy-

Ing prescribed magnitude and/or group de'lay specifications. The stabllity Is

ensured by taking care to see that the transfer function does not contaln any

! non-esséntial slng}llarlnles of the second kind. This has been accomplished by
copslderlng the propertleg of the slope of a 2-varlai)le or a n-varlable reactance

function on the lmaginary axis. Slrice lt,'ls difficult to generate a general n-

t - " varlable re}ctance func’tion, a.class of reactance functlons s c'onsldered in
Chapter Two. The reactance functlon Is obtalned by a n-port gyrator termlnated
by n-variable react-ances, n belng élther even or odd. :l‘he slope of these functlons

on the Imaginary axes Is known to be positive. It 1s shown that the numerator of

the s’lope}can always be written In a compact form as the difference of t,h/g squares

Ry

of two polynomlals,‘ each coefﬂclent of the polynomlal belng obtalned by the

‘gyrat,or matrix. This enables one to generate VSHP. )

In Chapter Three deslgns or’ stable 2-D recurstve dlgrtal. fillters are con-
stdered, The VSHPs generated earller are assigned to tpe denominator of the-
transfer functions and the numerators are sultably obtalned. The 2°D recursive
filters ‘consldered are: (1) having separable denominator transfer functlons and (11)
having non-separable numerator and denomlnator transfer functions. Thesé are
chosen to glve required symr'm'atry;lil the res:ponse. These fliters approximate mag-
nitude only and magnltude and group delay speclficatlons also. In all these cases,

an unconstrained optimization has been used.

-
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However, the coeflclents of these filters were based-on Infinlte preclsion. A
method s given where, through discretlzation and reoptimizatlon, Nitérs ~htwlng

% . . ‘

Integer coefliclents have been obtalned.

The coefliclent sensltivities of the filters designed have been studled. They

T \ show that senslitivities ate Indeed low and rounding of the coemc\énts does not
' change the fliter performance apprectably and that they can be lmplemented on a
. » -

- " . personal computer. ’ RS o ‘ .

4.3 Future Research-Suggestions. ‘ ‘ ‘
The following problems seem to be promising research toples In connectlon with
thls thesls:

— - - - -—— 1)-1In Chapter 2 we consldered a spec\alfaseof Theorem:§, where 2n==6;-and" weﬁ E—

S

l‘ormed\a second ordered secblon and use 1t for dlﬂerent, ﬂlters. one can cascade

many of these second orden sectlons and then apply non-linear programming to

— -find thg approprilate coemclen'ps. 2 ’

Alsc; one can take 2n>6 and form dlrect ror,m of realization and apply
optimization to that. : '
2) - In the'op't,lmlzatlon routine we usually torée the gradlent of the objective
function to {'anlsh. The objective functlon In examples of Chapter 3 were all

mean square error between an ideal and actual responses. Egr example:

’ . ’

=zx(IT)-6)* -
. 8y 82 .
" Then: . » T
. - 2 (13- —J—'— |
s , . 8y 83 .
3 But we have the segsltlylty .o < . ‘ ‘ * )
S LT I 3 i.ll:—l— ) 3 ‘
& 8:1:,-

.Therefore, If we need a very low sensitivity we can use some other optimiza-

. a.
» - - ’ /
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tion criteria such that the 'gradlent Is a constant times the sensltivity. To this end

minl-max appears to have superlority over 'tl}e mean square error criterla.
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