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. .- ABSTRACT.

Analytrcal Modeﬁng of The Responses of
lce-Covered Streams to a Thermal Effluent

Walid Saleh
- In many northern rivers, reaches of open water in the ice cover may exist throughout
the'winter season. ’Son:re of these reaches are the result ot a tributary thermal effluent of higher .
.temperature, or of fast movrng water that alters the thermal and hydrodynamrc conditions of ice -
' cover progressron Berng mixed and dispersed wuthrn the recewmg stream, the heat is ‘ '
. eventually transfered to-the atmosphere through evaporation, radratron, and conductron.

The‘ tempergture distribution, doyvnstrearn of the' point of eftluent _di'scharge. is
determined by the hydrodynamic characteristics of the stream and by the prevatlirig
\'\' meteorologrcal ‘canditions at the site. [f sufficient heat is introduced lnto the receiving ﬂow. the

progressron of ice cover may be completely halted over alarge drstance mainly downstrean of
' the discharge point, for the entire winter period. ‘ ’

i 4 This thesis deals with the development-and testing ofa special approach, based on
perturbatron techmques concemed wuth the suppressrdn ot ice caver trom the pornt of effluent ‘
drscharge up to the ultimate advancrng of rts fronts The mathematical tormulatrorus based on
the assumption that mrxrng of the tnbutary effluent wrth the recervrng water body occurs both
vertrcally and laterally at all sections of the stream, including at the Iocatron of discharge. The
heat exchange teyms in'the governing equations a/re expressed as linear fu_nctrons of the average
N ' -terhoerature. Although the above theoretical formulation is based on a quasi one-dimensional

‘ ) /
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approach, it allows for special consideration of the hon-lin_ear variation in the stream geometry

and adjustment for non-mixing assumption. . e -

_ The forinulgtion Qf the upstream ice edge locatlon is developed based onthe 0°C '

usotherm cntenon The upstream and the downstream ice edges are determuned for unsteady

unlform flow and for steady non unlform flow Conditlons for the non-suppressuon of the ice

-cover are also obtained based on the relatnve posmons of the upstream andsfownstream ice.’

: edges A oompanson w:th field data shows good agreement with the formulatnon mcorporatnng the

flow velocity effect. K <L
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LISTOF SYMBOLS
Description and Unit

- ~ "
- empirical coefficient of the order of 0.023 used to calculate .
N = ;

£

specific heat of air under constant pressure i\_

A
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acceleration due to gravity

heat-transfer coefficient at the water-air inte}face, in

w.m-2"c-}




. Descrlptl;)n”' |
- heat transfer coefficignt at the water-ice imeda&e. in
w.m‘ilc"‘ |
o= heat transter coefficient at the ice-air interface.“in w.m?

VO
oc1

= latent heat of fusion of ice

latent heat of evaporation of water

F

' hy = ic;,e cover thicknessin,m ™
'-K, , ‘5 thermal conductivity of the icain, w m™! °C""
Ky {= | thermal conductivity of water in w m=! *C-}
. - .
'KO Ké - flicients for vapour and sensible
) B ' K t respectively

P | = | atmospheric pressure, in (mb) -
Ps = rate of snow fall p& unit area, in (g cm'2 hrly ‘
R - hydréulic radius, in meters
Se ’ = slope of the energy line
Ta = . air temperature, in °C \

T = water temperature, in °C _ -
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- [
}=\- water temperature in chann I-1,in\C -
= . water temperature in the side channel, in ‘C -
= , initlial water temperature upstream of channel-1, in °C
4 . ) . ‘
= mixing water temperature, in ‘C
- water temperature at the it eqge
4 ’ ;
= water temperature at water-ice interfac, in °C
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=, Towvelocity at tr}e*rﬁn’fing section, inm s™!
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xiii
Description
upstream ice edge location, upstream of the point of

discharge, inm

- location of the mixing section, inm

downstreani ice edge location downstream of the point of
discharge, inm ’
density of water, in kg m=3 . ]
air density, irl Kgm3 7

b
emissivity of the wa‘er surface=0.97

dynamic viscosity, in kg m-! s-!

* psychometric constant iq Bowen-Ratio

Stefanfaoltzgiw constant =4.879°10°9 cal.m™2 hr!

K4 )

. 4
heat flux at the water-air or watet-ice interfaﬁ

1)
4

heat flux at the water-air intérface

.heat flux at the water-ice interface

heat flux through ice sheet

heat flux due to solar radiation P
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CHAPTER 1

N e

INTRODUCTION

1.1 Preface
) The stu.dy. of the thermal responses of ice-covered streams to an effluent of high‘
- o tamperaiure, or of fast moving v;/ater. has been of considerable interést to those concerned with
- hydraulic 'systemé. environmental effects, and nayfgqtionél routes in coid régior‘xs.' g |
Power plants and other industries, for obvious economic reasons, normally dispose of
thgir heated waste water_ into nearby streams . This practice has always been oon;idered an.
' accepfable econorﬁic and social compromise betwee; environmental protection, consumptive |
water use, and,ener/gy’production'. However, concems have recently been raised about its effect
0 onthe aquatic qnvironmém and on the overall ecological balance. The undesirable changes in the
‘.physic'al propertieé of water cal)s_ed by the waste heat disposal have led to the imposition.of
maximum temperature incrases by concerned authorities. | ) /

/

o i y
. \ - /
’ In nor\lriern rivers, and in the presence of a ttibutary effluent of relatiyef;/ high
temperature ‘on of fast moving water, the ice cover is usually suppressed in the regeiving reach
- > in the vicinity of the po;nt of discharge. If sufficient heat were introduced into {he receiving.
flovy. the ice cover might melt completely over a large distance, essentially,downstréam,of the
discharge point, for the entire winter perio\d: In-navigable rivers, propér positioning of the
heated side effluent might permit‘ an effective use of rivers for shipping throughout the winter
period. For instance, in Cmda the St. Lawrenpe Seaway clpses annually from January to
March , inflicting a high oostontrnCar{ac}an economy. ‘ -

Preventing the formation/of Ice cover, or decreasing its thickness during the winter
h ]

/




/ - s \

./

; .
/’ months, may also reduce the chance of floods caused by ice jams. On the cther hand, open water

reaches in ice-covered rivers could, under severe atmospheric conditions, produce large
quantities of frazilice. The latter is responsible/ for an increase in the stream head loss; up to
!

25% has beenrecorded [2]. . \ :

i
v

For the reasons mentior?g_d aboves, it has become necéssary for hydraulicians to studyﬁ
and predict the thermal behaviour of streams sﬁbjecteci to a tributary thermal effluent. The
magnitude and extent of changes in the river te;mrature distriﬁution due t;) a thermal side
effluent input &epend mainly upon the degree of mixing between the warm effluent and the cooler
receiving flow, as well as on the rate c;f heat exchange between water and atmosphere. The
mixing process is domimant only in the region adjacent to the point of thermal discharge.
Do;»vnstream from this area, the water temperature distribution is controlled by the prevailing
surface heat exchange. The net amount of heat transferred from the water to the atmosphere is
controlled by various processes; which depend on climatological conditions. Heat budget items, -
associated with Jghort-and long-wave ra;diation, evaporation and convection to the atmqsphere,
are considered here. : _ -

1.2 Literature Review

Early attempts to study the prablem have focused on estimating the temporal, rather
than the spatial changes in temperature in areach. Ince and Ashe [2é] used field data from thé
St. Lawrence river in order to compare two finite ditference apprbaches to calculate the
downstream water température attenuation. The evaluation of the length of the ice-free reach
was first attempted by Dingman et al. [17); they used a differentiél :pproach for the
steady-state heat with constant meteorological conditions. Pai‘|y et al. [31,32] introduced

generalized relationships between the major climatological factors and the coefficients of the



linearized heat loss by means of a muhiple-regreseion anaiysis. In addition, their work included

a derivation of a closed form solution of the unsteady, one-dimensional, convection-diffusion

/equation Ashton [7] de\)eleped e quasi-steady numerical simulation that predicts the varying‘

open water reach as a function of the tnbutary thermal load to the river, the atmosphenc
conditions, and the characterlsttcs of the river flow. However, stream velocny was considered

constént. Ashton [7,9] introduced a new criterion for the location of the ice edge, based on the

heat balance at the undersurface of the i ice cover. Howevef ata later stage, it was concluded that

the 0 °C |sotherm criterion provides a better predlctnon of the length of the ice free reach [10]

1.3 Research Objectives

\

~In the present work, the phenomenon of ice cover suppression by a thermal side

effluent is examined through an analﬁhal model of which-the unsteady-state quasi-linear.

energy equauon forms the theoretical basns An adequate formulatuon of the energy transfer,

process, related to the meltmg and freeznng of the ice cover, was also incorporated. Themodel is

" designed to evaluate the dominant variables which govern the local melting of the ice cover in -

order to predict the occurrenca of ice cover suppressian through a new proposed criterion, and

to estimate the location of both the upstream and downstream ice cover edges, for various

hydrodynamic and meteorological conditions. it also addresses the variability of the flow velocity .

on the ice cover progression or regression in conjunction with a thermal effluent release. The
equations were sbived for the case of ‘Specific\, as well as general, velocity variations.
Perturbation techniques were used based on WKB approximation and Louville-Green
tra'nsforn]a-tion. In this manner, it was possible to account for the effect of the longitudinal

diffusion, in addition to the flow velocity variebility.

AJ




- CHAPTER Il
. MATHEMATICAL FORMULATION

2.1 Governing Equations:

1

The mathematical representation rof the thermal state of a stream is based on the
principle of conservation of heat transported and drspersed by the flow.- it describes the :
space-time drstnbutlon of the temperature as a function of the flow propemes

For an incompressible turbulent ﬂow,.}he conservation-law of thermal energy in a
spatially variable river flow, under the conditions of eniform temperature distribution over the

depth, can be expressed by the following partial differential eduetion: , N

2 3 e @ P
DExs2 (pGTI + 57 PEzS (pGJT) |
i | , |

1

3 2 3., C '

5 (pG,OT) +ax(pCprUT)+ 5> eGDVT) = ~ ' (2.1)
9

)

where D = the flow depth in (m); T = the water temperature ('C); u,v = the mean flow velocity
cornponems in the x (longitydinal) and in z (transverse) directions respectively in ms1; E,,
E, = the longitudinal and transverse mixing coefficients respectively; Cp is the specific heat ,

and & = the heat flux at the water/air or water/ice interface. It is assumed that there is no heat .

flux at the river bed.

- W, p,C andDareassumedfobeeonstant, theaboveequatronmnbewnttenas

oT - aT ar a2T
3T *YU3y + "-a-z- . +E, 6_,2] L (22

~
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.Also, the fact that [v'3T/d2] is of much lower order than [u 9T/dx] permits the

* omission of [v 3T/9z] term from the equation. In addition, the assumption of full mixing of the

/

/

water temperature over the cross-section allows for the elimination of [E, 32T/022] term.

7 -

Over a relatively‘ small reach, the longitudinai dispersion coefficient remains invariant along

=

the river reach. The final form of the one d mensional quasn—hnear equatnon can be written as:

o r .

2 .
9T ar _ .2 2.3
o Y axTExax oD (23)

This equation expresses an interrelated equilibrium among four major processes of heat

" transfer, which control the stream heat balance.These prdcesses are répresented by the

¢/

following terms: \
1. 3T/Y; the rate of change of heat in a local water section;
2., u dT/x; the advettion of the heat at mean flow velocity;

3. E, 3%TRAx2.; the heat dispersion in the fongitudinal direction;

4. o the rate of heattransfer &t the water/ice or water/air intertace.

The presence of u fas a function of x.gives this equation a quasi-linear form which requires

advanced analytical techniques for its integration. _ ¢

2.2 Rate of Heat Transfer, ®@:

Fora fully mixed stream, the-temperature distribution resulting.fromthe discharge

of the heat effluent is controlled by the rate of surface heat exchange The latter is determmed by

different heat transfer processes; Wifiich depend upon a number of chmatologncal factors.
When the air temperature is much lower than the water temperature, the water body
\ .

1




. .
[
loses heat to the atmasphere, Ieggpg toa sngnlﬁtnm cooling of the water.

For the analysns of theghﬁat transfer process, a definition sketch is presented in Fig.
(2.1. a-b), for both open and ice- -covered water.

” 2.2.1 Rate of Heat Trancfer For Open Water Conditions:

When the top surface o} the flow is open to the atmosphere, the heat flux @ is denoted

by o, (water-air interface). Thg heat flux at the water surface, °wa' is a function of different

heat transfer processes and canbe expressed as follows:

-

Dya = OR - (Dg+ O + Oy + Og) ‘ (2.4)
where ;

®p : solar or short wave radiation;

-®g : long wave radiation; g

<@g : evaporative heat flux;
<y : convective and conductive heat flux;

" @g : heat transfer rate during the melting of snow falling on the water surface.

: . -
During winter periods, where the-air temperature T, is lower than the water

-
-

temperature, T, o, (heat flux at the water-air interface) is negative, and the water body is

losing heat to the atrr;osphere._ Tl';e. major climatic factbrs contributing to? and affecting the
" process ére: the atmospheric pressure, air hu:midity and temperature, vg_ind velocity, short and
long wave radiations, and precipitation (especially snow). Inthe following, each cbmponem of
the surface heat transfer components will be discussed and evaluated,
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Fig: (2.1) Diagram of ma]gr?eat transter processes at the water surface: \
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: a)without ice cover; bwith ice cover. ' /

‘ ‘ ///
LT . o | L
% . } \

5 . g

, . .
TOx TRV - Loon B

i-
Y




-Solar Wave Radletion:

The intensity of solar energy reaching the outer surface of the earth is 120 cal

L

cm™2he! if the surface is normal to the sun ray. When reachmg the earth's surface, however.
the intensity of the solar radiation is Iess than the above amount because of atmospheric

) absorption&nd.because, in general, the earth’s surface is at an angle to the sun's rays. Hence for ‘
cﬁ;ferent' doud-eovered conditions, the! combined, direct and indirect radiation "insolation &," is
eépressed by the following equatien: ' - e e

| @ = oy {0:35 + 0.061 (10 - C)} 1 ' (5:5)

| C
where & _is the incoming clear sky insalation, and C is cloud coverage in tenths (ranging from

0 for clear sky, to 1 O for

, completely overcast sky). Although the solar heat flux @, reachs the

o, is reflected back into space. Therefore @ g is the difference

[N ' !
.

water surface, a fracti

between the incident &, and the reflected &, short-wave radiation, which can be represented
' . ’ ?
mathematically. as follows: '

R

PR =@, & .
. ad @, = 0.0180, - 6.766x 107 o2 T (28)

-Long Wave Radiation Heat Flux ®p ' <

The net long-wave radle,hon heat loss to the water body is the difference between the

long-wave radiation emitted by the water and the atmosphere. According to the Stefan-Boitzman
6 . ‘ .

v *




' -Ev'apéihtivo Heat Flux @, and Convective and Conductive Heat Flux dbﬁ:
‘:’ .

) o
law, the heat flux emitted by the water surface is given by:

Doy ™ coTdy (2.7)

where ¢ ‘is the emissivity & thé water surface and is equal‘to 0.97 Anderson [1], o is the
Stefan-Boltzman constant-of 4.879 x 10 cal cm~2 hr-! K° %, and T is the water surface
temperé!yre inK . The intansity of the long-u;ave radiation emited by the atmosphere that will
reach the water surface under'cioudy conditions, may be cakulated from the following empirical

| aquauon Anderson (1]

. Opg = (a+beg)aT,* calcm2hr! _ (2.8) .
‘ * . ] .
“with a =074 + 0025Cexp(-1.92x 1074 H)
ad b= 49x1073 - 54x10~4C exp (-1.97 x 104 H) (2.9)

WeHisthqheithothedqudhmetersabovaSOOm. For a cloud height less than 500 m, H

£

-'500misus§d. Therefore, the net long-wave mdhﬁmwgcanbewesemedmamemticww§s
OHoWS: g = By - Bpg + Oy » ,

As &y, is nearly constant, the variation of ¢g is determined by thgwvariation of dy,,. { "
< \

The convective heat transfer, 'befween the water and the air, debends on the
ﬂwper‘atur&diﬂorence between the water and the.air. and &n tt;g surface wind velocity.
Therafora. the convective heat transfer process can be divid‘ed int6 natural and forced
convection. When there is no wind, the natural convection by circulation that:is set up by the
WM&M However, in the presence of a strong wind, the eddies in the
flow field also help to transport the heat, and*he heat transterred due to forced convection s

Py
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dominant. Under forced convection conditions, the evaporative heat transfer and the convective

(sensible) heat transfer are governed by the following diftusion equations:

o = -Kgpy Hig (dE,/dY) | (2.10)

¢

ad Oy = KepaCa(@T,/aY) (2.11)

where E| is the specific humidity (the ratio of the mass of water vapour to the mass of dry air in
" a given volume of mixture), Y is the vertical direction, pg is the density of the air, C,is the

specific heat of air under constant pressure, H, g is the latent heat of evapo?ation of water and

Kg, K¢ are turbulent diffusion coefficients for vapour and sensible heat respectively. The ratio

ofo,joEisknmvnasﬁ'pB;:wenraﬁo R 7~

If the transport mechanism of the vapour is a;sumed to be the same as the transport
mechanism of the air itself, then Kg :;nd K¢ will be quaI, and from Qés.(2.12) and (2.13):.
‘ evaluated between the water surface and the atmospﬁere. After appropriate conversion constants
are substituted, one obtains Dingman [17]: A -

R = 6.1x104 P [T-Tfog," €,] ' (319

N ,
where P is the atmospheric pressure in millibars, and e, is the saturated vapour

-

pressure at T, also in millibars.
/ -
There are many empirical equations for calculating the evaporative heat loss;

- Dingman [17] presented an equation for &g as follows:
- ! ,§ .
o = (0.131+ 0.306 Vg,) (6g,- €g;) calcm=2hr! (2.13)
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where Vgo and egp are the wind velocity (mvs) and the vapduf pressure (fnb) at a height of 2m

\

respectively. The general approach to calculate o is by multiplication of Eqs. (2.12) and

-

(2.43), afid with the approximation that P = 1000 mb gives: ‘

@y = (0.080 + 0.186 V,,) (T-T,) calem2hr! - (2.14)
o
1t should be noted that in the above empirical equations, the direction of the wind\is not

considered as a parameter. " !

-Heat Flux as a Consequence of Preclpl'tat'lon. Dg: ) \

The heat transfer rate, as a res.’u‘lt of the melting of snow falling on the water surface
can bgnoted as °S From the conservation of heat, the heat flux g, for heatmg up and melting

\

snow, is given by: T | . o

og = PsH+CsT-T9) = @)
where Py is the rate of snowdall per unit area (g cm™2 hr-l), H_is the latent heat.of fusion of
ice, Cg is the'spécific heat of snow, and Tg is the té&nperature of the snow. ;Mthough ;')recipitatioq

has\been identified as a component of the total heét transfer, the contribution due to snoyfall is
ot substanual compared to the total &at)loss of the season, Freysteinsson{23.i.

Table [2.1) Asvall [11] gives the total heat loss rate at the water surface at ditferent
" wind speéds. different cloud coverages, ar;d differeng air temperatures. The table was

constructed based on measured data from Norway (APPENDIX).

BewzsethewvfaceMatexdmgerate.%(}). appears to be a complex function of
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the water temperature, attempts have been made to express it as a linear function”of the water
™

" temperature.
‘ . S ¢ (“
The existing linearized models are due to Edinger, Duttweiler and Geyer [20},

Yotsukura, Jakman and Faust [41]. Paily, et al.[31] introduced a linearization of the surface B

heat exchange relation, which approximates &, by:

Oyq = € (T + 1) e n " (2.18)°

1)

where n = a base heat exchange rate correspon&ing to a stream temperature of 0°C; and e = the

coefficient of the heat exchange. The linearized values of ¢ and n were represented by:

c=a+ b (Vay) +C (Tgy) + d(R.H) + e(V; : ‘ (2.17)

I

with a = 30.03958; b = 7.07423; ¢ = 1.04632; d = -0.01656; ande = -0.01093, ¢ i
. M e [»7 ;

* .
calcm~2 day;! "C™! ‘ e

and: n=nl-og
g
where nl is the bdse heat exchange rate without the net solar radiation. The value of n! was

<;‘f’u'

°
Al

- represented by: L

nl =201 + 20.3 (V) - 18.7 (Ty) - 1.75 (R.H) - 1.02(V) - 4.58 (V,T,) - 0.184

yl

(Va'R.H) - 0.111 (Tg°R.H) + 0.153 (T 2f - 0.496 (R.H)
for clear skies. The range of all the variables involved is: . (d s.,\/as 12,m séc~l);
2.(-21sT, 50, °C); 3. {0<R.H <100, tenth); 4. (15 V<10, KM).

In the present study, it is assumed that the wind velocity,.V,,,, and air temperaturs, '

)
A}



T, ate the dominating climatoldgical factors. Hence &, is expyéssedfb.y' the following:

- relationship:
- ®ya= hya (T-T) [ X )

where h,,, is the heat transfer coefficient applied to thevdiffe(ence~ between jthe'wafer, ,
' ‘ , - ) , JT‘\ -
temperature T and the ambient air temperature TaThi's coefficient (hwa),'is largely dep'eﬁdem -

[N -

onthe wind velocity, expressed generally by: -

Ma»: a+bv, - _ ' (2.19)
wherd a is the heat transfer coefficient for still air, and bV, is the wind effect with V,, the

. ambient wind velocity measured at some specified height above the Surface (7] For a wind with
an approximate velocity of 4.5 m sec’! the value of hya = 25wm=2C1,

~ 2.2.2 Rate of Heat transfer For Ice Cover Conditions-: . g .

-

-

Under ice cover conditions, the heat flux consists of three major processes as shown
in Fig (2.1). The heat flux to the atmosphere (at the ice-air 5gtergace during ice growth) is

| formulated as:

. Big=hig(Ts-Ty)- y - - (220

where hi, is the heat transfer coetficieht at the ice-air interface in (W.m"2.C"1), T¢ and T, are

.

the ice surface and the air temperatures ( “C ) respectively. This is asimplified model arid the

heat transfer coefficient encompasses-several heat transfer budget corgponents and wind
velocity. L - ' €



v the lce ( C) and the net heat flux rs zero.

W

.a linear temperature profile in the ice cover, is :

o= k (Tm-Ts )/hi (2.21)

’

where k |s the thermal conductwrty (W rn"l C") of the ice, Tp, is. the meltmg temperature of_

&3

\

[N L

B '

- -

.

~ S I the assumptnon is made ;hat evaporanve and condensatron losses are mmrmal atthe

%
- * L

" ide-atmosphere interface, with the existence of a steady-state condition, then @4 = ;, which
o, - i . : . ° A W

- LY

y 4 . ' \‘*:j ! ¢ ' ' * . -
allows g to be eliminated, and the heat transfer rate through the@ sheet can be represented
by: s S e
@i;(rr,;ZTa)[(hiik-gJ/hié) ], T (@22

R}
-

“n general for the ICB Covered flow the heat flux Dyi at the water-rce mterface is

A3

| Jhe domrnant pracess v whrch depends on the flow hydrodynamc vanables. and can be expressed as

*

follows (7]

Pyi= wl(T'Tm) . . | - . ) | ' | - 22-23)%\
(where hyi is the heat transfer coemcuent (w. m2. C“) TmandT hre the meltlng point (T, =
@C)‘»anqt,-,the'water femgeture respectively. The classical approach to evaluate h,,; is based

upon a closed conduit turbulent heat transfer correlation [33], which is given by the following
. .

M= C(uRpr 8, (_Rwi)o:t ‘ , | 2.2
kW'.~ . L

where R: the hydraulic radlus (m); u: ahe mean flow velocrty (ms“), p: the density(kgm )
. »

 formula:

-

» During the ice-cover grtowth. the conduetive heat flux through the ice sheet . aesumine ‘

) |
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u: the dynamic viscosity (kgm‘1 g1 Y Cp: the specific heat ( kg'1 °c-1 ), Ky the thermal
conductivity of water (wm'1 °c ); C: an empirical coefficient of the order of 0.023 Rohsenow
and Choi, [33]. By evaluating the above thermd! properties at 0°C and R = D/2 ,we get,

0.8 ,
hwi = Gui: 302 . (2.25)

where: C,yi = 1622 ws0-8m 2.6 °c-1 for C = 0.023 and , N

Cyi = 2433 ws0-8m26 °C-1 for C = 0.0345

* 2.3 Longitudinal Dispersion-Coefficient, E:

The longitudinal dispersion coefficient is influenced mainly by the combined
mechanisms of mixing over the ﬂou; cross section and the variation of the longitudinal velocity
within the flow cross section. Major studigs in iongi'tudin\al mixing havie been done by Fisher
[24,26), Sayre [34], Carter and Okubo [13]. However, based on laboratory investigation of
Iopgffudinal dispersion in ::pen channel flows and‘ field measurements in natural stre;ms,
formulas have been developed to predict the IcS}"T;jitudinal dispersion coefficient. Th? most )

.

E=cDU’ (2.26)

common formula is expressed by:

where C is a constant, D is the depth of flow, or the width of channel, and U = VRgSg is the

shear velocity, in which R is the hydrau'lic radius, g is the acceleration due to gravity, and Sg is

~

the slope of the energy line. Investigations have yielded values of C ranging from 5 to 7500.
Fisher [25] has summarized these values in a tabular form, which is presented in Table [2.2]
( APP ENDIX). '
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—~ CHAPTR NI

Ice Cover Response to Heat Transport by Advection
© :
Fd# the purpose of analysis, the configuration of the channel intersection shown in
Fig. (3.1.a-b) is considered. The main channel-1 is assumed to be narrow and covered with ice,

except in the vicinity of the intersection, if conditions are favourable. The water temperature is

)

assumed uniform over the cross-section. T4 °C is the water temperature in channel-1, and [T

> T4] is the water temperature in channel-2. At the intersection, the ice cover may be

- suppressed in the main channel and an open water area might occur mainly downstream of the

point of side effluent discharge.

The main purpose of this chapter is to identify the derninant v5riables. and their

- valués, tor which the ice cover will be suppressed and oonsequemly, 1o evaluate the upstream

and the downstream ice cover ‘edges. 1t will also be a questxon of response ot thaice edge location

© 10 changes in the meteorologml variables and discharges.

o
3.1 Uniform Flow Case:

L 3
For the unsteady state uniform flow, with constant velocity along channel-1, the

longitudinal mixing term [E,, 92T/9X2] may be neglected. Hence, the dispersion process is

presumably accomplished through advection in the direction of the main flow. Therefore,

equation (2.3) can be reduced to:



" —a—

o

Q o
> )
Y [l T
. a w) v
V. 4 f o1 -
] o 1 = mixing ———>
A cover: regx [ o
| 7 V7T : ,
upstream Y B% .// L7777
#nceedge A ; side effluent '
xu-xo ‘Xm.! ‘xd'xm >
Xo Xg X o ‘ ) >
. : (b)
" Fig: (3.1) Channel configuration with various geometrical locations. * ‘
a) Constant width channel; b) Variable width channel.
. P
) - *
1]
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3

' N (3.1)
. o9t - ox pCpD : '

Inthe followung section we will solve this equatlon for both upstream and downstream

reaches of the river from the point of discharge. , -
3.1.1 For lce-Covered Reach (upstream of the pt;lnt of discharge)

3
14 l [?\
_ Under igg-covered conditions, d,,; can be expressed according to equation [2.25}. In

~

order to solve equation (3.1}, a new transformation has been introdu

E=E& (xf)= x+ut (3:2)
R Where'[ot/ax] = 1 ;and [0E/at] = u, and
CaT  aT 3t aT
Tt T at ot "V 3 ’
(3.3)

oT oT 0§ 9T

ax , 3t & o

Gr ..
and in terms of the new variable &, equation (3.1) can be written as follows:
il 1 T-Tn) (3.4)

13 2uPGp0 Mwi

. Solving for the 'boundéry conditions that -at x = X, Tq = T,; & at x=x, T{=Tp, the final

~ ~ solution is given by ,

e
<

COoTe T szgDu

R i %)) 3.5)
TO- Tm .,5‘9'. '
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X

At'the intersection, the water is assumed to be fully mixed. The resulting mixing femperature

*

¥, ‘Cicanbe given by: ‘
R L TR o T " (3.6)
° Qs 0p | ‘ -

- N W

where Q4,Q, are the flow rate in channel-1 and channel-2, respectively; T4, and To are as

defided earlier.

3.1.2 Open Water Reach (downstream of the point of discharge) .
' A

The heat transfer rate @ is given by equation (2.18), in the following form:

O=yy =hy, (T-Ty) - ‘
. S 1 .
By inserting it__ir_\ equation (3.1) anql applying the previous transformation, the following
solution will result from the integrétion:

fom
)

—

I_Ia_.Exp[

) 3.7

for the boundary conditions that at X = Xy, T = To%. The location of the ice cover edge according

tothe 0°C isbth7r'm citerionisgivenby; = . *. -
’ p C,Du "
‘ __® il '
L Yt Teo « — lge [?—'PT'] (3.8)-
SRR g wa ot a

-
° ©

where. T, is the water temperature at the ice cover edge, assumed to be zero.
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.;.1.3 Open Water case (upstream of the point of dlséharge)

Upstream of the point of discharge, .a relatively small open water area is us'ually
e_ncountered as a result of the migration of warm thermgl effluent in the upper layer of the
stream. Due to the fact that the effluent is warmer than the ambient river water tetperature, a
‘ stratification and a partial upstream flow is established in the upper layer of the st_feam,
adjacent to the ice cover. In the present study, this phenomenon can be regarded as a heat
diffusion process in the upstream direction. The retarding effect of the main flow is accounted
for through the introduction of an apparent dispersion coefficient that is: |

| E-E-E
where E_ is the equivaleni retarding dispersion coefficient estimated by the transport term, |

assuming that: '

a a . a'l; ) l ' -
— u B e— t - .
ax ()5 € 3%) @)
 which leads to: '
- : E - JrL,'T LI ( (3.10)
Jx
' Gy ».
‘a ’ ’ ) e - o
where‘JGT is a nominal temperature gradient which depends on the iguration of the channel

$

' intersection, and can be.evaluated from field data. Hence, in the open water reach upstream of
the point of discharge, the energy balance can be formulated as follows: ‘

. - N . )
2 ' s N R

— - “la (3.11)

Solving this equation for the following boundary condition, at x = X, T =T, & at X=X, T1=T,,

the final solution yields:
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~ 100, [\l’.-'—Ta ] |
| B (x - X )= — thi — o . . (3.12)
—a._.
Ecpos]

where x,;: is the upstream ice edge location; X the point of discharge; Te; the water

temperature at the ice edge, assumed to be zero according to the 0 °C isotherm ;:meﬁon. This
eqt;égon represents the 'Iocation of the upstream ice cover edge, and it is shown in Fig. (3.2) for
.flow depth of 5 m. The convective t:eat transfer term is neglected, since the relative velocity of
.the water flowing upstream in the upper layer, is practically nil. ’
3.2 sieady non-uniform fiow:

¢

in this case, the equation was s/lved for a steady non-uniform ﬂow} with variable veloci)y

u being‘consideréd as a function of the x coordinate Using the same assumptions as in the

previous case, and conssdenng each term as daily averaged values, equation (2.3) becomes

—o(T)
4 w0 5 - P G0

”

(3.13)

>

For a known form of the expression of u as a function of x, the above equation can be

mtegrated either analytically or numerically.

downstream reaches of the nver from tha point of discharge.

3.2.1- For Ice-covered reach (upstream of the point of discharge)

-Assume the velocity u = u(x) is considered to vary according to the following relation: ’

 umk(x-Xg)+Ug

A

»

In the following section the above equahon will be solved for both upstream and ‘
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where ug = is the initial water velocity (m/sec)at x=x,
' -k 0.2 -1
Ke ———t— kg =1622°CSM " jo|.
p CpD'-2 <.

The solution for the boundary condition at x = ¥, T4 = T, can be expressed as follows:

T1 - Tm 1 0.8 :

—_— —_— . 0.8 ) (3.14)

To™ T, = [ k(%% +ug} - ug ]

m
‘ . !

This equation represents the water témperature attenuation under the ice cover for variable |

flow velocity, and it is shown in Fig. (3.3). -

[

3.2.2 Open water-reach (downstream-of the point of dlschérge)

For the ’open—wat,er reach, the heat transfer }ate ® is given-by equation (2.16) in the *

form:
—

D=0y, = hy, (T-Ty)

for a velocity which is assumed to vary linearly with respect to x, such as:
b ‘ e
;&

Integration of equation (3.13), for the boundary conditions that at x = X, T = To', yields:

L3 £
To- Tg KXy xpm)+ U (3.15)
. To'Ta um

where: K = 30/pC D

The location of the ice cover edge according to the 0°C isotherm is therefore given by:
1] m Tm -A'Ta . /
( - 1) ‘ - 3.t6
K' -T'O - Ta ' ‘ . ( )

(x - X =
\d ")Te‘o B

P
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The formulation of (x,, - X,) has not changed in this case, since the velocity effect is neg'ligige.
The downstream locations for both constant and variable velocity conditions, as described by
_ equauon (3.8) and equatnon (3.16), are shown in Fig.(3.4). The comparison between the
lormulations for temperature attenuation and those given in previous works is shown in Flg

(3.5).

N |
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Fig. (3.2): Upstream location of the ice edge for a uniform flow depth of:

/ D=5m.
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3.3 Ice Cover Suppression Criterign:

Tne discharge of a tnbutary thermal effluent mto a cold water fiver usually results in a
substanual loss of heat to the ice cover, leadmg toa thermal stratification in the receiving water
body beneath the ice cover. The portion of heat which is not transfered to the atmosphere causes
the !ocal melhng of the ice cover. A definition sketch for the upstream and dowastream ice edge

locations is shown in Fig. (3.1 a-b). The‘suppression of the ice cover is established by

evaluating,. separately, the locations of the upstream and the downstream ice edge based on the 0

<

°Cc }sotherm criterion. The criterion for ice cover s\;ppression is then fixed according to the
ratio R of the distance from a datum X, of the upstream ice cover edge location, to the

downstream ice edgb . The ite-coveris suppressed if, R <'1, that is:

-

X, - X .
Re =21 = (3.17)
xd‘xo". .

where:  x,.: the upstream ice cover edge location

/

Xg: ﬂ'iedowrxstfearniceooveredgebcaﬁon .

X, : the datum point on the ice cover reach upstream of the Yfiermal discharge

[

*. section different from x,,.

However, in order to express R in terms of the .heat balance equations, the following

mampulanon is introduced:

re (% Xo) (% OI L Xm) .. (3.18)

(x- "o) (x "o) (x,xo)

sy




where Xy, i§ the focation of the point of thermal discharge. Similarly, the right hand side terms

of equation (3.18) may be expressed by:

-
-

(x d- xo) i (Xd - Xm) . (xm‘xo) N (xd - Xm) . 10
(X m - Xg) Xpr Xo) (X %) Xm *Xo)

. (3.15)
(xg- x4) _(Xd' X)) (X x:) .

(x, - %) x, - )+(xu- X m) . '

. Each of the above terms is then replaced by its correéponding aﬁalwical expression as
developed earlier, resulting in an expression of R in terms of the hydrodynamic and
thermodynamic variables.

5

3.4 Discussion of the Formulations: ’ .

N

Figure (3.4 a-b) shows the location of the downstrgam edge of the ice cover (X4X,) as a

function of the initial mixing water temperature To' for various air temperatures. The water

. depth was taken as 5m with an initial water velocny of 0.5m/sec. The Imeamy of the curves is

peculiar to low air and mixing water temperatures. a‘or dufferent air temperatures there exists

a certain value To at which the curves begin to behave non-linearly. This indicates that at low

air temperatures, the effect of the mixing temperature is reduced and the advance of the ice

cover edge is attenuated. The downstream distance to the ice cover edge (Xd-Xm) increases with .
. the air or effluent water temperature

Although the values of (Xd-Xm) shown in Fig. (3.4 b), for non-uniform flow, are lower
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G

than those calculated under constant velocity conditions Fig. (3.4 a), the curve characteristics

remain unchanged. However, it is'noted that the upstream ice edge distance (X ,-Xy,) from the

point of thermal discharge is essentially a function of the apparent dispersion coefficient, and of

the initial mixing water temperature TO'; and since the effect of the velocity was negligible, the

' formulation of the upstream distance to the ice edge (X,-X,,) was not changed. -

*

The suppression of the ice cover determined by thératio R is presented in Fig.(3.6 a-b).‘
which shows the effect of the receiving stream velocity on the ice cover, outlining the various

conditions for ice cover suppression. in addition, the linear behaviour of the curves, at low air_

and initial mixing temperatures, implies that at highér values of T, '. the eftect of the freezing

air temperatures T is aiminished. Ice cover suppression for uniform flow is also presented in

Fig. (3.7 a-b), in terms of initial water mixing temperature for two air temperatures of -5°C

and -15°C.

4

For the case of non-uniform flow Fig.(3.6b}{ the suppression of the ice cover is
determined by evaluating the ratio R, taking into account the velocity variations. The effect of

variability_in the flow velocity is shown to be significant at lower air temperatures.
. & -
Furthermore, in both cases, there exists-a value To', at which, for different air temperatures,

the ice cover would be suppressed. For the calculation presented in Fig. (3.6 a-b), the water

depth was taken as 5m.
/
LY
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Fleld Measurement

In the winter of 1982/83, Hydro- -Québac (Canada). carried out an observation and data
ooﬁecbqn campaign designed to study ice problems at the proposed Archlpel Hydroelectric power
. plantatthe Lachi}me Rapids on the St. Lawrence River[42]. Fig. (3.8) depicts the location of the
observation sites on the St. Lawrence, in the vicinity of the city of Montreal. In this stretch of
river, three distinct zanes were observed . The first zone is located upstream of Lake St. Louis,
with an averege flow of 8400 m3/s, and characterized by-a stable ice cover. The extent of the
stable ice cover in this zope’ varies significartly from'year to year. The seeond zone covers the
Lachine Rapids and remains completely ice free,-excebt for a few areas near the sh’ore. The third
zone extends over Beauhamois canal with a relatively higher water temperature.

The mainxobjectives', of the campaign were: (1) the determination of the periods of
formation of active frazil and ité\characteristics, (2) the observation of ice cover formation by
analyzing photographs and charts of the ice sheet.in the regime concerned, and (3) the
measurement of local water temperature and velocity.The climatological factors were monitored’
at the Dorval Airport meteero!ogical station. .

For the purposes of thns study, the ice cover maps, the\ gater temperature, flow velocity
and climatological factors were considered. Visual ob@rvatmn;‘and aerial photographs were
gathered to draw complete ice maps from the Comwaﬁ Rapids to the Jacques Cartier Bndge
Measurement of the water temperature was made possiblé with the use of a floating hehcopter.
This s::rvey consisted of determining the flow ve‘locitywend variation ef the water temperature at
the surface (1m depth) at different observation sites. The observations were performed in the
following tashior:: In zones of low velocity, the helicopter was able to settle on the water and the
temperature was obtained at 1m depth. Once the velocity of the water becante excessive, the

measurements were taken from the air, again at a 1m depth. The thermometer used was "Dean



" velocity profile.
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L3

Engineering Associate” with a precision of 1/100 °C.

Thermal stratification at the entrance of't.ake St. Louis in the zones of low velocity was

noticed on March 5, 1983. A few temperature readings were taken beneath the ice cover on

March 4 and 8, 1983; these varied between 0.09 to 0.32 °C. In addition, temperature

measurements along the transversat sections of the flow were repeated 7 times in the same

' manner The velocity of flow plays an important part in the thermal heat exchange at the

water-arr interface. It is therefore useful to measure both the velocity and temperature of the

-

- water at the samessite. A series of flow, velocities measured atvarious depths was collected at

several observation sites. The velocity was measurbd using a moulinet a coupoles. Different

stations were used to evaluate the velocity proﬁle at im depth, as well as the transversal

.
%

-

High water velocities and perturbations produced by the ice 'were the major causes of
drﬂrcuttres enoountered during the measurement of the water temperature Therefore, inorder
to collect accurate temperature readings, the temperatures were measured regularly behind a

The presence of active frazil tended to falsify the temperature readings. Therefore, a

suitable non-adhesive material was chosen for the thermometer rod.

«7
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3.6 Field Data Comparison :

The sité of the study centeréd on the intersection of the Beauhamocs canal, the Vaudreuil
channel, and the St-Lawrence River at the entrance of Lake St-Lodis.} A typical situation of
upstream and downs'tream edges of the ice cover is shown in Fig, (3.8). The water depth was
determined from topographic and bathymetric maps, along different sections between
Pointe-A-Valois and the Beauhamois canal. .The discharge rates for the three tributaries were
recorded at various sites. Table [3.2] summarizes the discharges measured at various dates
Initial water mixing temperatures were recorded |mmednately downstream of the Beauhamous
' power plant, with a range varying from 0.03°C on the 14! of Fepruary. 10 1.29°C oRMarch
oth. . ' : ’

Two methods of calsulation were carried out to check the validity of the formulation, and to

test the derived equations against field data. At first, zero degree'ot thermal mixing was
considered by assuming To * equal to the effluent temperature. In the second instance, full

mxnngwasmrderedaooordingtoequanon(sa) Bothmethodsad'uevedagoodagreemenwm
observatxons However.thesecond yielded smaller values 1orthelocanon of the downstream ice

edge due to the effect of the relatively cold water of the Vaudreuil channel. Fér example, on -

March 8, 1983, the following data were recorded: T,=-1 9 °C, Ty=0.419 °C, and T=0.93 ‘C.
The first method yields (X4-Xmy)=216.86 Km, (X ;-X1)=1099.85 m, and R=0.642, while the

second gives T°'=0.835 °C by equation (3.6), (X4-Xy)=183.8 Km, (X ,-X1)=973.6 m, end
\\, .

the ratio R is equal to 0.686. Both calculations indicate suppression of the ice cover. The same

procedure was a!so\used for the data from Febyuary 15, 17, March 4, 8 and 9, 1983, and was

S
€

§
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P . ) .
T in agreement with the observed conditions. it has been suggested from the calculations that the

]

thermal effluent with a higher temperature does not fully mix unless the velocity of the

- L receiving stream is high enough to suppress the ice cover in the receiving stream . The

calculation results are shown in Fig.(3.9) through (3.12).
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CHAPTER IV
- SOLUTION BY PERTURBATION TECHNIQUES ]

— hd

A

Many of the problems facing engineers involve such difficulties as nonlinear
governing equations, variable coefficients, and nonlinear boundary ‘conditions at complex
(kﬁown or unknown) boundaries that preclude solving them exactiy. Consequently, solutions are
approximated usi;g analytical™ and/or" numerical techniques.

Foremost 'among the analytical techniques are the methods of perturbation
(asymptotic expansions in terms of a small or a large parameter or coordinate). Accordiﬁg to
these perturbation techniques the solution is represented by the first few terms of a
perturbation expansion, usually the firsftwo. Although these perturbation expansions may be
divergént they can be more useful for a qualitative as well as a quantitative, representation of
the solution, than expansions that are unrformly and absolutely convergem it is the rule, rather 1
than the exception, that the straightforward expansnons in powers of a parameter have hmned
regions of validity, and break dawn in certain regions, called regions of nonuniformity. To ‘
render these expansions uniformly valid; several in@estigatérs ﬁave developed a number of
techniques in which some are radically different, while others are‘slightly different -
interpretations of the samé basic idea.

In this chapter, the perturbation method was applied based on the WKB
approxlmatlon and the Liouville-Green transformation. In this manner, it is possible to
investigate the effect of the flow velocity vanablllty. in addition to the effect of the longitudinal
diffusion, on the ice cover suppression. A general form solution for the one dimensional
quasi-linear energy equation with variable flow velocity is obtained.

‘e

)
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4.1 One Dimensional Quasi-Linear Equation:

In this sectidn. a general solution of the quasi-linear equation with linearized heat loss

‘term Eq.(2.3) is presented. The initial mixed temperature was taken according to Eq. (3.6).

The boundary condition is given by T=To', at x=xp,. Ata certain distance downstream of the

point of discharge, the initial mixing water temperatufe i‘o' will reach the ambient river_

temperature ¥+, under the influence of climatological factors. This distance is dependent on the
b .

meteorological factors, especially the air temperatifte, and on the thermal effluent discharge To.
Using the same assumptions mentionéd in chapter-ll, and by considen‘gg each term as

daily averaged values, Eq. (2.3) becomes;
T - T . ha
= UX) == -E +
xXGR T CP

Equation\(4.1), which is a quasi-linear partial ditferential equation, can be solved to ~predict
the thermal response of heated streams, with the initial boundary conitions mentioned earfer.
Assuming, ‘ o -
Kb,

P

Taking, 8 = K(T-T,), and differentiating T, and 6 with réspect to x gives:

1, dl
RO =&
al "{-} . 42

T-T)=0 (41) .-

-~
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substitutihg (4.2) into eq.(4.1) yields,
. oo U, K Lo
0 —-Ee ‘;Ee =0 (4.3

il‘he solution of this homogeneous second-order difterential equation containing slow:ly p

varying coeﬂicient..which involves the use of the Liouville-Green transformation, is:
8(x) = p(x).w(x) ' . (4.4)
-&, Where p and ware chosen so that Eq. (4.3) is transformed into an equation whose dominant part

has constant coefficients. It follows from Eq. (4.4) that™

0 =pw+pN axd

v o L. (43
0 =pW+2PW+pW.
Substituting for 8, & and 8" in Eq.(4.3) leads to
A ' | o
‘e . ’aag’ o u. u . k ' ' ' p
P'W+PW +pN” -pW-£PN -EpW=0 ' (4.6)
Forcing the coefficients of w {o be zero gives:
, U p - J
P w =L =0 . ‘ (4.7)

and Eq. (4.6) is reduced 1o;

%,

. B up ks s

-

N
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0 e

Substituting p'and p_ in equation (4.8) yields:

. . 1 z? K ' ‘
S %+[§;'g'1;]w=o - (410

assume X=x\;_
.

\ where, A is a large variable compared with x. Expressing the equation-in terms of the new
variable X, yields:
N dv_dvdX_dw 1 g 4y,
T RK "X % . . ,

o

a.;id‘substit.uting into equation (4.10), yields:
o’ 5'3”.5+ﬁqx>w=o : | (4.12
CoodX® ‘

where: S ,




46

g it

This is a dnﬂerentual equation with a large non-dumensuonal parameter therefore the WKB

(\!

approximation can be applied.

-~

4.1.1 The WKB Approximation: . o
Assuming that q(X) in Eq. (4.12) is differentiable, and dividing b; A2 yeilds:

W +qX)w=0 o @13
A

Letting A - in (4.13) leads to q(X)=0; this yiélds the trivial solution. Therefore, the solution

cannot be determined by seeking an approximation in the form,

w(X)=w°(X)+%w1’(X)+£-2- Wy (X)+... - (4.14) -

-~

hence instead of seeking straightforward expansion in inverse powers of A, an expansion in the

following form will be applied, ‘ - . -

v wedG&N o/ (4.15)

where G has a straightforward expansion in inverse power.of A, in the following form:

C(Xa)=Go(X2+%G,(X) +.£;'ez(x5°§ . @l

Differentiating-Eq. (4.15) twice yields:
w=2G ¢l cand w=02G24+2G )e’C
Substituting for w,w' andw’ in the linear equation (4.12), we transform it into the following

nonlinear equation :

I
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(G°+;G +_.GZ+ )2+q+%(<;6 ych +_G.2 ¥. )-o @.17)

?

Expandmg and re-arrangmg the terms Eq. (4 17) ylelds

C5'°2 G G +q+—G’b +.. : (4.18)
a Equating the coefficients of A° and A™ to zero, we obtéin.
~ q).? +q=o ’ ' (419
¥
, G +3&, G =0 - (4.20)
-*” 1t follows from Eq.Y4.19) that, | |
: G;)z —q
- +iJq ifq>0 o
. : % = ., . _ (4.21)
. _ iﬁ . fq<0 = _ :
. i dX ifq>0
G,= j @ N 42
% J' J-4 ox ifq<0
‘To solve, Eq. (4.20) we first divide it by ZG'O , and obtain;
| ‘ & +G=0 | 4.23)
2g |

which, upon integration gwes. , . .
G, +2mq, =0 ' (4.249)

méomtamuimegranonisnotneededasnbeeomesde_arbem Hence,
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G;=-1n‘/6'; - | . (4.5

Substituting for G, and Gy in Eq. (4.16) gives .

+

-

\ | &G=iij‘fq' (b(-%[ln,/ﬁ +In* Ja] +.. o0 (4.26)
and . )
G=+___J'J'-'qu-%[ln,/;£1' +inf Gl +... g0 (4.27)

N . - - ' . . 13
\ Since u is usually a small value, u /2E is also a very small value. Therefore, the combination

(-u2/4E2) and (-K/E) will result in a negative value for q(x). Hence, only Eq. (4.27) will
apply in the present work.

Substituting Eq. (4.27) into Eq. (4.15) we have:

. w=e<p{ :!;ixf,/ﬁ dX‘.[ l;]‘/—; +In4.,j_'q]+...} |

or,

ed /X - |
w.?ﬂm{‘,; ]+ | | 428

- Equation (4.28) provides two linearly independent approximate solutions of (4.15).
Expressing the exponentials in terms of trigonometric funciions. an approximation to the

general solution of Eq. (4.15) can be written in the form:

r -

4}260[”.& Q(] +.. for g<0 429

V " c‘ecp['k jfﬁ dX

where C4 and Cy, are arbitrary constants.
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Equatuon (4.29) is usually referred to as aWKB approxxmanon after Wentzel, Karmers
and Bnllomon However, note that Eq. (4.29) breajs down at or near, the zeros of q(X). These

zeros are called turning or transition points.

Rewriting Eq.(4.29) in terms of x gives:

C.eqo[jf'ck +cge<pU J—Ckl
‘I35 -

Now substituting Eq. (4.30) in Eq. (4.4) to find the value of @ yields,

. | | o0 “Uﬁd(l;%e“{"[ Tﬁ d‘le@[ j%dx} a0 (@3

ST

Also we can fird the value of 8 for g>0 in the same way . 8y applying the boundary conditions,

o

that is at x—, 86 =>00r T..Ta

- Cq =O;am6canmfwduated for; .. . E
] JI{ 5] w[J zd‘] L wea

Comparison of the abovg equation with’ previous works is presented in Fig. (4.1).
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4.2 Unuonjv Flow case Y ‘
" xample demorstrates an evaluation for a undorm channel flow with constant flow
velochy it also helps to examine the validity of the, general form solutuon for such flows

.

'

R

lnthuscase q(x)hasaneganvevalue ﬂwereforaequahon 4. 29) shouldbeapphed and .

theﬁna!!ormsolutionbeoomes

T Y
2 ¥ um

i
S

From the above equation th;a location of the downstream ice dﬁ{edge.\the 0 °C isotherm,

becormes; .
Te~Ta . < . ,
] SN ......Ifge T; "Ta g -
';‘.‘. (XG-MTQ-O - . . r ' t . < . ~? -~ (434)
\ 1 ‘ . ' .
= - (e kYz ool
. . - B -4—-82—- +.E" P --Z

rs ’ L 4 . -
+ * N
Vi ] .

. N .

Equa‘tion (4.84) rapresents the movaement of me,dwnstream edge of the ice cover as a

s A - ,
mnctM the mmal muxmg )jmperature To ' and the ag temperaturp Ta. This relation is

shown in Fig (4. 2 b) 1or dnﬂere'-: ir .mal m:xmg water and air tempefatures In this- 49ure the

‘ curve$ seem 10 have a nonﬁnnear behav»our at h:gh air temperature, 4nd to bohave linearly at
low anr temperature. in fact, at low air temperatwes the water sr'dace looses relatively more -

. hea, andlargapanolihemermalnmtaﬁwmcovermllbeuansfenedtotheatnwsptwre
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\ vooe ‘ Y
e ) \ S :
\ .
& ~ .
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‘thereby reducing the effect of the thermal effluent disc{arge. and re'sulting in slower
advancement of the ice cover edge. On the other hand, at relatively high air temperature, the rate
of heat transfer to the atmosphere is sma]ler. therefore keeping the heat input within the
receiving water body, and causing a large downstream movement of the ice edge. The various
conditions for the ice covet suppression are shown in Fig. (4.3 a).
By comparing the results obtained by this method with those obtained from equations_

- 4 (3.8, 3.16) for the same conditions, it is revealed that they agree at low initial water mixing ’

temperatures, while at higher values of To' and lower air temperatures, some discrepancy

exists. N
4.3 Divergent Flow Case: ’j’ '
The effect of the flow variability is- examined through a divergent channel, where the

flow velocity decreases along the longitudinal flow directibn. The velocity is assumed to be

- v - o b ’
represented by the following equation ;
’ ) ' . 4
u= K (X-X)+Up, w
where: ‘
n -m ’
pC,D

-



XomXom

v 4

where, o= (2K+K') ,a=2EA
. . & 8

U= U, at X= X .
‘ m m ¥

- : 2 1
A=0p Zé—(-[ -K (x-x,) +um\[[ -K (X"Sn)"*Um] g+2E(2(+K ) +

2 (X +K ).l [4" "“"n)“!m|+j| K <xw+q,.l +2E(K +K )]

,/ (XK +K)

K (k) ] (4%

.
/ :
.
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L 4

B-/-ecp-;;;( o] B+ (K +K) +2ZE(XK+K ) |

bga' (q,n+‘\/l.ﬁ|+z(2(+|<)' qi,)
- JE&K)

Equation (4.35) shows the effect of the variation of the receiving stream velocity on the

(4.37)

ice cover suppression. Since the flow velocity is an important factor in the mixing process of
the thermal effluent discharge, and' in heat transport, it is desirable to investigate its
variability effect by the perturbation techniques. In this section, the subpression of the ice
cover is determined by evaluating the ratio:
Y T Vi
‘ X~ %o

where x,;-X,, is the distance from the upstream ice edge to' the datum point xq, and Xg-Xg, is the
distance from the downstream ice edge to the same datum point This has been done by taking into
account the velocity variations and the longitudinal dispersion terms. In a divergent channel, and
since the flow velocity decreases along the longitudinal direcﬁod, the ice.cover is given the
opportunity to be es;tablished. This 'implies that. higher values of the initial water mixiqg
temperature will be required to suppress the ice cover. Fig. (4.3a-d) Shov»{s that the effect of
thé variable velocity is significant on the movement of the downstream ice edge Fig. (4.3a-d)

represents the movement of the downstream ice cover edge, (xg-Xm). as a function of the initial

4

mixing water temperature To' for different air temperatures. The flow characteristics are the

same as in the previous example. Although the values (x4-xp,) shown in Fig. (4.3a-d) are

]

lower than those calculated in tt:z previous case, the curve characteristics remain unchanged.
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For example, for air temperature is -30 °C, and To' =1.5°C, the value of (Xg-Xm) will be 10

Km for u,, of 0.2 m/sec where the value of (x4-x,) is equal to 6 Km for a flow velocity of 0.3

3

e .
m/sec, for the/same initial water mixing temperature. The various conditions for the ice cover
suppression ahg obtained from Fig. (4.45-d). The above results are for the same conditions

mentioned earlier.

4.3 Convergent Flow Case:

¥

-

For a convergent channel, much lower values of the initial mixing temperature are

required to suppress the ice cover under given meteorological cénditions. This example evaluates
the downstream distance 1o the ice cover edge (x4-xm). This value Wc;uld progress faster
downstream of the point of discharge, under the action of both the thermal effluent and the
increase in the flow velocity. Assuming the velocity 10 be represented by u= K (X-Xm)+um
with, o

K =2
%D

and after integrating and applying the boundary condition at X = X, T= T, , and U = up at x =

Xm the fi;nal solution yields: }

lu?+(z<-}<)4

COTT, € = e

T;)'Ta '41'3'
d"+(2K-K) ‘
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' =3 |
&p -"2—8(1— u./u?-i-b2+b2|(ge(u+ f”ﬂ P
, — . : (48
&p -éku\/lhba +&’Iq;e(u+ :)F+§)-uz

XX

where, A’ = 2K- K , b2 = 2EA’.

The velocity action on the ice cover suppression will increase with the velocity

increase in the longitudinal direction, stdrting from the point of discharge in the downstream
J ‘

direction. Fig. (4.5a-b) shows the downstream distance to the ice cover edge (x4-Xm). for

N )

initial flow velocity of 0.15, 0.3 m/sec. ° S

‘ From Fig. (4.6a-b) the ice cover suppression will be faster in a éonvergent channel
P R

than in a divergent one. For instance, from Fig. (4.6a-b), the ice cover suppression will occur
at Toéajo.783 °C for air temperature of -5 °C, and ini}ial flow vé{ocity of 0.3 m/sec, whereas -

undeér diverge chanr:e! condition, and some other parimeters. the 5uppress;ion will take place at

o

- To.=1.09°C. | e,

3

‘4.4 Flow Under Ice Cover Condition: S

. 2 .
In this section, a general form solution to evaluate the water temperature attenuation

under the ice cover into the downstream dir : W Asis meﬁtioned in chaptar-1l, |

<

the heat flux from ioe-coveréd rivers can be exXpr

*
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for ¢; in equation (4.1) yields; |

.

__- 21, o T | |
u(x) Ex +pcp(T mo | '/(4.39)5

However, t?e heat transfer coefficient at the water-ice intedace h,; is a function of the velocity

and is represented by the following Eq. after [37):
8
hy = 162—-”?1 -
DRz’ - . o=
assunan
22 | :
pCp v
eqhation (4.39) can be written as: <o ' )
- N
- °T aT o8 - ‘, L . -
p =l us-- PBK (T-Tp =0 : (4.40)
& a; - Iy e ) . .
. 0/ )
taking; . }, )
8=K (T-y
» ¢ ° ° o v
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CHAPTERV

FIELD COMPARISON FOR PERTUBATION SOLUTION

-

1 ) \ v ',)

i In order to check the validity of the present work, it is tested against field data. The
same set d datd that has been applied in the prevnous work will be useggagain to compare the
“[results obtamed by the penurbanon method. Two methods of calculatnon are used. The first

a.ssumes the water temperature values, which are measured just in (ront of Beauhamois power
@t. as the initial water tixing To; The second method assumes these values as the water

temperature from the power plant itself, and by using equation (3.6)..In'what follows, we wil|
demonstrate a sampie of calculation for each case.
’\/ ) . [+ t

+

. 5.1 Sample (1), Case NO. (1)

" o) S l . /

‘ » a ' . / .

. OnMarch 8, 1985, the air témperature Ta = - 1.9 C three mixing water temperatures

were measured, for which the ,vatugs are

T, =0.55°C,087°C,093°C ‘

~
-

, )
The first step in calcilationis to evaluate the value of downstream distance of the ice edge

(X 4-X which was found 1o 216.871 km according 'to Eq. (4.32)\. The second stepis to
d

!

evajuate the upstream ds&uu to the ice edge, (x,-X) from equauon (3.12), and itis founq to
be (1099 Qg_)m in the upstream dnrectuon The mode! presented in eqs. (3.17-3. 19) provides

tr
the %l(lOﬂs for the icé cover suppressuon The fatio R for Ta - 0 93, is R = 0.642 < 1,

2 - -

=

\
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indicatir;g that the ice cover will be suppressed, which was the case for March 8, 1983. The.

same model was also used for the dates of Feb. 15, Feb. 17, March 4, and March 9 of 1983. {see

Fig (5.1)). . ' _ .
“sample (2) Case No. (2) | ' ‘ |

£

) f
In this case, the water temperaturé attenuation under the ice cover is calculated for the

Vaudreuil channel and the St. Lawrer® River 1o the intersection of the Beauharnois canal. The
-first step consists in evaluating the wau;r temperature attenuation in the Vaudreuil channel ‘
starting ffom Poigte-é-Valois. This.section has the following charac}eristics for March 8,

19843: ) )

v

1- The initial water tempef&ture T,=0.05°C

. '
2-The average flow depth 4.8m

3-The average flow velocity u=0.0835 m/sec.

4-The flow rate Q=343.41 m3/sec '

Equation (4.44) is applied, and the ratio of T/T , for the sectiorr of 1635 m in length is equal to

0.908; which leads to T = 0,0454 “C. This value is taken as T, for the next section s{aning from

3

Point-aux-Sable, where the flow characteristics for this section are:

L

1-u = 0.08 m/sec \ A ‘
2-D=5.18m '

-y

| 3-Q =343.41 mIsec. -
- v

By applying equation (4.44) again, T/T, for section length of 2450 m is equal to 0.8767, which

leads to a value for T = 0.098 °C. Again this value represents T, for the followitig section, which

-

8
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starts from lle de Cascades, and where the flow characteristics are:
1-u = 0.065 m/sec - . &«
2-D=644m ‘ , : . .

3-Q = 343.41 m¥/sec
“Therefore the value of T/T is 0.9359.
At the intersection with the St. Lawrence River, and for a section length of 2850 m, the
flow cha;actgristics are as follows: . . |
1-T,=0.58°C

. 2-U =057 m/sec
3-D=4.66 m -
4-Q = 1937.1'm3/sec; |

N
therefore T is equal to 0.487 °C, and the upstream water temperature can be evaluated as

t

1§Iows: ¢

| T, - QT (Vadasrl) + Q T(. Lavraxs) - 0.419°C.
angl) + 1
Now, the initial mixing temperature at the mixing region in front of Beauharnois for March 8

will be calculated using equation (3.6) as follows: \
| ¢
.T'$T1Q|+T2°z T ) - ‘
: o Q. +( ; .
l . . N .
with)’ T1 =0.419 °C ' !

T2=093°C

s

T, =083°C
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L

Qy = 2280.51 m3/sec

Q, = 6941.9 m¥/sec

|

~and the values of (x4-xm) = 183.8 km, (x,-xm) = 973.6 m-and the ratio R is equal to

-

.68649, indicating ice cover suppression. ¢

. By comparing both methods of calculation, it was found that the second method gives

lower values 10r (xg-Xy;) and (x,-xm) because it takes into consideration the effect of the Cold

1
i

water from the upstréam%butaries of the Vaudreuil channel and the St. Lawrence River. The

ch4 &9; 1983 and the results are in Fig. (5.1) through Fig.




71

218

198 4

* (Xd-Xm) km

- (Xd-Xm) km
Te=-1.9C

| v

060 065 070 075 080 , 085 090 095
[+ ] ¢
T, C
(a)

0.80 \
*Non mixing assumption march8/83"
— Suppression Obsarvad
2 0.76- : ' s
k)
5 L
= - Region
0 J
2 0.72
= .
%
o 0684 - R=Xu-Xo/Xd-Xo
Ta=-1.9C
0-64 | e v‘ - L4 v v — L4 e v v v
055 060 065 070 , 075 080 085 090 - 095
T, C

A Y

(&)

* Fig. (5.1) Calculated ice, conditions for non-mixing assumption for March 8,1983.

a) downstream_ice edge; b) suppression ratio.

K]



(Xu-Xo)/(Xd-Xo)

,B=

(Xd-Xm)-km

72

(Xd-Xm) km
Ta=-1.9C

[

J

A

Y
0.70
Cc

‘ v
064 .
N -T.

(a)

0.82

*Mixing assumption for March8/83"
Suppresion Cbserved

R=Xu-Xo/Xd-Xo
Ta=-1.9C )

1 l'ﬂ-

064 _* , 070
] C N
(b)

4

0.82

. Fig. (5.2) Calculated ice cover conditions with mixing assumption for March 8,1983.

3
’

a) downstream ice edge; b) suppression ratio.



2100 17— :

J “Full mixing assumption for march9/83"
2050 - C :

w 3
2000
1950 -

1
1900 -
- . - (Xu-Xm)m
1850 - *

. Ta=-1.0C
1800
1750 hJ T M T i | B v L v
0.900 0.945 099 _ ° , 1.035 1.080 1.125
ST, c .
(a)
0.45 ;
“Full mixing assumption for march9/83*
Suppression Cbserved
0.40 - . .

R = Xu-Xo/Xd-Xo
0.35 Ta=-1.0C

<

030 +——
0800 0.925

v T v T AR

v v

— Y T | e
0950 0975 1000 1.025 1.050 1.075 1.100 “%1.125

L
{b)

Ay

Fig. (5.3) Calculated ice cover conditions with, full mixing assumption:

a) upstream ice edge; b) suppression ratio for March 9,1983.




\/\/\ 74

"Non mixing assumption for march4/83*

r

-« Xd-Xm
Taw4.8C

(Xd-Xm) (m)

10000 v T - T v Y Y v
0.1 0.16 0.21 . 026 0.31 0.36
T'o C ,
‘ /
1:3 . . .
"Non mixing assumption march 4/83"
] ' '
) o ~ |® R =(XuXo)(Xd-Xo)
1 2 o - [+]
Ta=-7.7 C
ﬂ
A
« 1.1 No Suppression Observed
\1 0 —w—(
S on Reas
\.9' ‘
09 v T r T v
0.1 0.2 . 0.3 0.4
L]
- TO c r
Fig. (5.4) Calculated ice cover conditions with non-mixing assumption: .

- a) downstream ice edge; b)suppression ratid for March4,1983.
N .



75

) ‘ o
} #
12 2
1.0+
0.8 4
0O 06 @
. [+
F 04-
021
(Y L .l . . r ymieed. 0
Feb.13/83 Feb.17/83 March 4/83  March 8/83  March 9/83
N
; OBSERVATION DATES
T 45 2 N
] '
\ 1
1.0+
i te
=0 1 '
0.5+
0.0 v 0

Feb.17/83  March 4/83  March 883  March 9/83,
“  OBSERVATION DATES
0

\ Feb.13/83

Fig. (5.5) Interrelation between the suppression ratio R and T,,” for various observation dates

for : a) full mixing assumption; b) non-miidng assumption,

- . . «




76

CHAPTER VI
CONCLUSIONS

In the present study, the upstream and the downstream locations of the ice edge we§a
investiga.ted ﬁr both unsteady uniform‘ﬂow. aswell as 16r steady non-uniform flow. kce cover
was assumed" to exist on the upstream secbon and was subjected to suppression in the vicinity of
a thermal effluent sdurce. The upstream and the downstream ice edge locations were in
agreement wilgh the 0 °C isotherm criterion. it was shown that thp effect of the variable velocity
is significant, especially on the movement of the downstream ice edge. The new criteria based on
the ratio R proved to be practical and accurate in predicting ice cover supproséion.
Furthermore, the suppression of the ice cover was found to be a ﬁmctipn of the flow velocity and
of the mixing rate of the thermal effluent discharge.

Chapter-IV provides a general form solution for the one-dimensional quasi-linear
energy equation developed herein. Perturbation techniques, based on the WKB(Wentzel|,
Karmers and Brilloun) appioximatic_)n and Liouville-Green tr:nsformation, Were usecli in the
formulations. The effect of flow velocity variability on ice cover suppression has been
examined in depth. Also, the above formulations account for the effect of the longitudinal
dittusion term. Three practical examples were also shown in the analysis; these examples
emphasize the flow velocity as a contributing factor leading to ice cover suppression beside the
thermal effluent discharge. The formulation of the upsiream distance to the ice edge was not
included in the analysis, simply because the upstream flow velocity is negligible and has little
effect on the formulation of the probl'em. However, the above studies were r;ainly conductc/ad to
calculate the downstream ice-free reach based on the 0 °C isotherm criterion. By éxamining the

W .
results shown earlier, and from the figures: for the downstream distance to the ice edge for

\

}
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L

different flow velocities, whether for constant flow velocity or for diverge'and converge
il {

g . channels, we will find that the value of (xd-nxm)Jdoes' increése under high velocities, and«,
\ decrease for low velocities. .
Comparison with fiekd data shows the validity of the above formulation as well as okthe

proposed mixing formula, which take into account the water temperature from the colder

investigate the effect of the fi

- of greater qepth. the w.
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- C s TABLE21 S
" TOTALHEAT LOSS RATES AT WATER SURFACE
! . N
Cloud Wind Heat Loss Rate calemZhrt v
Coverage Spoed Air Temperature °C ’
0-10 -{ ms-1 0 . -10 -20° 30
0 1. 119 24.1 , 34.6 45.4
5 12,6 335 . " 516 675
5 1 6.9 19.1° 295 404 .
: ' 5 76 28.9 465 ' 624.
s i /-
.10 1 2.2 14.1 24.8 - 35.6
' 5 2.9 23.8 a8 57.7
(Asvall, 1972)
' k]
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TABLE 22 ’
' m&mmmmwmm
- (AFTER FISCHER, 1973[20)
o Shear Dispersion E "
S Deph ~ Width  Velogiy Coefﬂc!ent C= Pradicted
- : h b u . . .
Reference  Channel Gm) <m) (cmssec) <m2/sec) ‘Emu”  (m/sec.)
Thomas (1958)  Chicago Ship _ 807~ 48 1917 3.0 20
Stateof Caif.  SacramentoRiver 400 - 51 15 . 74
'(1962) ‘ N , ot ) ’ § Lo T
.- Owneseta.  River Derwent 25 14 . 46 131
(1964) S A
 Glover(1964)  SouthPlate River .46 <69 162 B0
?4 “ s . Yo - . . » r. s
. Schuster (1965) YumaMesaACanad 345: 345 075 86
& ) . . .
e Fischer (1967a) TrapezoidalLabora- 35 '\ 40  2.02 423 - 174 431
) {? : , tory Channelwith ~ €7 ~ 43 359 253 150 251
roughened sides 35 40 351 415 338 a7
. _ 35 . 34 348 250 205 250
Lo © 21 33 328 400 392 450
21 19 © 388 220 270 166
Fischer (1968a) Green-Duwamish 110 20 49° 65 = 120 78
River, Washington o. - o
~ ., "85 60 .
. Yolsukuraetal. MisouriRiver 270 200 74 1500 750
Godfreyand - CopperCreek,Va. 49 16 8.0 20 500 6.0
Frederick (1970) (belowgage) - 85 18  10.0 21 - 250 28
(Predicted Values 49 16 80 - 95 245 114
of E from Fischer, - '
1968b) .  ClinchRiver,Tenn. 85 47 6.7 14. 235 .15
. : ' 210 60 10.4 54 245 114
210 ‘53 107 .47 ©-210 55
Copper Creek, Va. . . )
- (above gage) 0 19 1.6 99 . 220 28

- Powell River, Tenn. 85 M 55 . 9.5 200 9.1 .

\ 4
.




- ' | * TABLE 22 (CONTD)

! - ‘ " ot ' ) ' ’ ' ObSG_NBd
o o , X , Shear Dispersion )
. Depth, WidthVelocity - Cosfficient C»

) ! . . ., c h . b U . E
;. 7. Reference’ Chamnal (em) (m) {cmusec.) (m%sec)/ Emu

.

A3

_ Predicted

(mé/sec.)

[l

. ClichRiver,Va. _ 58 36 49 280
e Coachefla Canal, Lo
<. callt, © 156 24 a3

Fukuoka (1971) Sinuwous rectangular 23 ' .13 1.1
. ", LaboratoryChannel to .- to -
smoothsikles, = 70 .26 27
. smooth and rough A
, . bottoms - 25 ‘
b, - ‘ ‘ experiments’

5.8
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1

30

3.9
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(nan- mlxmg assumption)
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' TABLE31 OOMPARISONBETWEEN CALCULATION ANDOBSERVATION

|450.989.

Date . (&) % XnlN *m]| R | Obser\)ations

‘ ’ 0 (km)- : (M) |Calculated | =
Feb.13/83 | 0.14". 19.683. | 49.1 _| 1.288 | no suppression
Feb.17/83 | 0.06 4.225 | 21.4 | 1.697 | no suppression
'Marc‘h.4/'88i 028 [30.860 | 1565 | 1.040 |nosuppression |
March.a/esl' 093 [216.860 [1099.5 | 0.642 | suppression
March.Q'/Bﬂ 1.29 2287.2 0.239 suppression

-,
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TABLE 32: DISCHARGE FIELD DATA

Section | D[ aum /) | -Qmss) [Qim7s) [ amisy | Qmls)
Y| (m) [14Feb.83 |17.Feb83 t.March.838 March 830 March.83
1 0 .. | 24771 | 183.86 |326.52 [ 343.41.]370.69

2 | 1635 | 24771 | 183.86 | 326552 | 34341 |370.60
3 3085 | 24771 | 183.86 | 326,52 | 343.41 | 370.60
& | 5685 | 1437.45| 1931.07 | 2112.56 | 228051 | 208465

T [ 7785 | 8477.28] 9099.48 | 9176.56 | 922241 | 9129.27 |
6 | 9885 | 8477.28| 9099.48 | 9176.56 | 9222.41 | 9129.27

I“}
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TABLE 5.1a: COMPARISON BETWEEN CALCULAT!ON AND

. OBSERVATION (full mixing assumptlon)
- Dat T'( &) X~ X | % X R Observations
° o (km) <m>, Caeuter |
Feb.13/83]| 0.13 ' | 9.595 47.5 1288 no suppression
Feb.17/83| 0.065 | 4.185 | 2p.2 1.697 | no sﬁppression
Magch.4/83 0.35 40.5 205.3 0.996 | no suppression
‘\March.8/83 0.803 | 183.8'| 9736 | 0.686 | suppression
March.9/83 1.09 184.31 | 2035.73| 0.3239| suppression

TABLE 5.1b: COMPARISON BETWEEN CALCULATION AND
OBSERVATION (non-mixing assumption)

88

“Date / T'(&) X Xl Xa| R Observations

oo 7 1 (km) | (M) | Calciated
| Feb.13783 | 0.14 9.683 49.1 1.32 | no suppression
Feb.17/83 | 0.06 4.25 21.4 1.71 no suppression
March.4/83 038 .| 41.47 | 2103 | 0.961 |no suppression
March.8/83 0.93 216.8 | 1099.4 |, 0.642 suppressién
March.9/83 1.29 | 4510 |2287.2 | 0.239°| suppression



