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Two-Dimensional M_odélling of Local River Ice Cover Melting - ) : : .

s
{

N N . R X . . . . ) . N ) ?{
. . due to a Side Thermal Effluent . o ST ‘)@
e ' T i Lo SO
PhilipR.Plouffe . * -~ > -
N . ) o‘v\:~ ,‘ ) " - - \;";'& ‘W a\

Thermal effluent is discha;ged from ﬁunicipaliﬁcé, indusnfics and thcr;maé power .',. .
plants. In horthelzn regions, where rivers are ice covered for a considcrlal;'lé pcnod ;>f the . .
year, these thermal effluents have the effect’of lesscnin_g ice cover thickness ‘or o .
completely melting the ice cover OVcr long reaches predormnatcly downstrcam of thc |
effluent dnschargc Ice free reaclies may be employed for beneﬁmal purposes suchas -
allowing year round navigation and flood prevenuon by elumnanon of ice Jammmg

The extent of ice meltmg is dependant on the river hydrodynarmc charactcnsncs, K
the effluent source characgcnstlcs and the pr;vaﬂmé meteorological conditions.

A This thesis dcais with the development and testing of a two-dix‘nc.n'sidnz;l‘nﬁmcf'ical )

t

model, for the local melting of a river ice cover due to a s1dc thermal cfﬂucnt. The fiver -

,
s

«
v -
..

hydrodynamics are modelled using the depth mtcgratcd st Vcnanrcquanons for shallow — =~ ~*

water, incorporating the effcct of the ice cover on the flow. Tcmperaturc distributior is

_determined from the two-dimensional unsteady depth averaged energy cqu;ition. These -

equations are solved by employgpg a modified McCormack and upwinding, flﬁiw '
difference schemes. Heat exchange between the river and atmosphere is evaluated from
the meteorological variablés, for ice covered and open river conditions. Ice thicknessis* .= . -

simulatcd by use of the atmospheric heat cxbhange processes and heat transfer frorif the

river flow to the ice cover: t ‘ e

- 4 -

A comparison is carried out with field data to determine the validity of the model —

& ’ ‘ ¥ ~

results. . e
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= energy equation discritization coefficient, in mi s°!

-
' = annual variation in solar radiation constant, in cal em?day™! . .
. = annual variation in solar radiation com N
2 ] ~ . .. . N ! . :
T’ = cloudcover;intenths o o , 0
¥ N N , . '
, G = coefficient for ice cover reduction in conductive heat transfer .
" » . * 13 13 ‘ 13 - .
C. = coefficient for ice cover reduction in evapo-condensation heat flux
C, & celerty,inms’! . —
; .
Lo Gy = specific heat of water, in cal kg1 °C’1
Cos = heat transfer constant water to ice, in cal %2 m'26 °C"! } o
c = empirical constant for atmospheric radiation .
DD =, diffusion conductance, in m 57! C _ ' ) -
’ . ’ J . ) N " N
‘ " D, = longitudinal dispersion coefficient’x direction; in m2 5! .
; 1 - )
o . ! * ) . 13 I3 ) ] ‘l . . '
D, = longitudinal dispersion coefficient y direction, in m?5’! . ]
' = empirical constant for atmospheric radiation )
) { ) \ /
3 ’ Y ! , -
e, .= air vapour pressure,inmb . . ) b
“ - ! . " r )
e - = saturation vapour pressure,inmb . ,
N ’ . ’ ) v in .
- F = conservative variabléiﬁ?n‘-‘ 52 o .
- . ) . . l: 3 .l\ . s - A “
, FF = convective strength,inm s e -
" f = Coriolis parameter, in 5! - .
7 : G = conservative variable, inm3s -2 , ‘
g = gravitational acceleration; in m 52 . . .
N 0
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‘ oy . v .
) . v, - Q ) - xii
= waterdepth,inm . -Q ”
.. = heat ﬁangfe;cocfﬁcignt from water to ice cover, in cal m2 s1°C!
= ice thermal condl;ctivity, in cal ;! 'Q* | R
o cm};irical constant for atmosphcrié\ra'di_ation i ‘
= coefficient for free éohvcctiox; L E' | ; " . )
{= ‘10ngitudi\nal dispe;r;ion‘const'ant x direction
= longitudinal disp?rsioh cc;nsgant‘y dxj.rcctic;n ( : \
= , ice heat of fusion, in éal kg"l ’ |
: . .
= McCormack operator x-direction backward pregliétor, forward corrector
i £ N ‘ 5 . e Yo
= McCormack operator y-direction backward predictor, forward corrector '
= McCoﬁnack op;mtor\ x-direction forwa’rd pretiictor, backwiard corrector
= | McCormack operator y-direction fof;\/ard predigtor, backward corrector
= _Manning's coefficient Tt , k
= Manning's.'cocfficicnt ofriverbed - ™ . _d ST
; Manni_ng's coefficient of underside of ice cover |
= Peclet number o o )
= heat transfer water to ice cover, in cal mZs k
= | hydraulic radius, in ml 5 .
t.?, = conservative variable, in m3 52 o0 .
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friction slope lbngimciirlal direction
friction éloiiouansvcme direction

bed slope longitudinal direction

<

bed slope transverse direction

water temperature, in °C

air temperature, in 'C
aif temperature, in ‘K
freezing point temperature, in *C
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top surface temperature, in ‘C. -
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time;ins .

time step, if§s -
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unit discharge longitudinal direction, in m? s’
shear veloeity longitudinal direction, in m s°!

~
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%
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- S
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x = space coordinate longitudinal,\\lirection, inm O
Ax = grid spacing x direction, in m \
y = space coordinate transverse direction, in m
N - R N A Y :\, X . . e ) “ A}
ay . = grid spacing y direction, in m -
, Z = bed elevation, in m
Loz = space coordinate vertical direction,inm -+ .
: a -+ = surface albedo
. o, = _empirical constant for ice surface albedo
o = empirical constant for ice surface albedo
B, = fraction of solar radiation which penetrates ice-water interface
. 5 : ‘
" a9, = ice thickness change at top siirface, in m- .
- A8, = ice thickness change at bottom surface, in m
- . . N “ ‘ e
‘e =, turbulant viscosity coefficient, in m2s-] )
T = emissivity of water or.ice surface \ ,
€ " 1N ) \
o 0 = ice thickness, in m ' o )
. p - = water density, inkgm™ - ‘
X .
p; * = ice density, inkg m?
. L =" Stefan-Boltzman constant, in cal cm™2 day"! )
" .. % ., = Dbulkextinction coefficient, in cm™!
B L N N
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- ,CHAP’]‘ERI(
. INTRODUCTION

> >

Throughout the world large amounts of waste heat are bemg rejcctrg to the

- e

< -
“environmentand in parthular to watercourses. Thcrmal power plants, mdustnes and

o

municipalities discharge thermal efﬂucnt to ncarby streams. In cold regions where Hvers
are ice covered for part of the year, thesc cfﬂucnts have the effect of reducing 1qc¢:;over
thickness, or completely suppressing its formation over long reaches. In the case‘{)f
power plant discharges, these ice free reaches often extend several kilometci;c? | \

downstrcam of the efﬂucnt source.», - .

-

A modct WhJCh would predict thc melting of river ice cover duc toa thcrmal effluent
is of considerable interest to people dealing with hydrauhcs and nawganon in cold '
regions as\the discharge of thermal effluents incr;asc. This model would evaluate the
outcome, ols a new effluent source, before construction, as is often required by Lo
.environmental studies. A possible beneficial use of this model would be the design of
effluent sourses to keep navigation channels and harbours ice frcc Closure of shlppmg
routes cause economic loss, as is the case in Canada ghem the St. Lawrcnce Scaway
must close for thc winter period. These efﬂucnts would allow an extension of the ’
' navigation season or year round navigation. Electricity can be easily transmitted ovc;_
long distances allowing beneficial placement of generation Ezicilitics. Steam generatjon of
Aclcctricit‘y typically rejects 58 to 67% [Paily 1974] of the energy used to the cnvironrr;;:nt,
predominately in the form of cooling water from the station condensors. The ice free ',
" reaches also eh’minatc flood damage caused by ice jamming during n'vcr ice breakup. :
Tlus is anothct possxblc benefit from use of the model to design effluent discharges to

prevent ice formatxon at critical river sections. Thexma] cfﬂucnt can create dangerous



. .
cond.itions'in recreational and urban areas by weakcnir:g the ice cover in some regions.
'I"hg model would also be of use to calculate the effects of the thermal c‘fﬂ:ucnt for this
p;xrposc. .
Rivci' ice cover melting is dependent on a large nimber of parameters. The region
of ice c;)vcr Amclting' is determined By the magnitude of thé effluent d?sé.klarge, the rivﬂcr
flow pattern and the rrictcorological\conditiop.;. . '

. A number of researchers have previously studied this subject. Dingman gt al
[Dingman: Weeks & Yeh 1967)] performed a one-dimensional solution of the en€rgy
equation ﬁcglccﬁng— the diffusion rm. A steady state solutien was ca]culau;d usingan” " °
‘unifPrm, assumed velocity ﬁelc{. Paily et al [ Paily 1974, Paily, Macagno &’Kcnn_cd;,7

:1974; Paily & Macagno 1974] solved 'the one-dimensional energy equation including the
effect of longitu'diﬁal dispersion. ‘T(hc solution used an uniform, as;sumcd velocity field.
The unsteady case was included in the model. In addition, linearized heat loss relations
wc}e developed. Ashton [Ashton 1979] solved the one-dimensional quasi-steady energy
cquaf:k‘)n. Heat transfer processes at the ice cover interfaces were considered as weﬁ as
varying meteorological conditions, using a linear heat transfer relationi. An asgumcd .
velocity field was uniform and steady. Shen and Chiang [Shen & Chiz;ng 1984] .
deve{opcd a one-dimensional model of the ice cover growth and decay on the St."
Lawrence River. The model used an uniform velocity field and included a complcté i;:c ’
cover and open water heat transfer formulation. Al-Salah'et,al [ I-Salah, Sarraf & =
Kahawita 1987] peﬁormcd an analytical solution of t!)c one-dimensional energy

equation, including coverging or diverging river flow. A linear heat transfer relation was '

Al

used in the solution.

Field studiés have been conducted to evaluate the process of river ice cover melting

kY

" by a thermal effluent. Dingman gt 3] [Dingman & Weeks 1970] carried out a study on

3
1

}




14

-~

thc North Saskatchcwan River at Edmonton Alberta. Dcspxtc operational difficulties

&»
. uscful mformauon was obtianed. Ashton [Ashton 1981] conducted an extensive study

on the M1551551pp1 vacr at Bcttcndorf Iowa Field data on many aspects of ice mcltmg

was collcthd during thc study period. Haycs and Ashton [Hayes & Ashton 1985]

collected data fragn pdwer plants in the Pmsburgh/ Pcnnsylvama area to furthcr test their

model. The field studies allow vcnﬁcauon of model results and assumpnons

In the present work, river ice cover melting by a thermal effluent is modelled by a

two-dimensional numérical model.. The river flow is determined from the solution of the

St. Venant shallow water cquaﬁons. The unsteady two-dimensional energy equation is

‘thc'basis of the water temperature calculation. Heat transfer processes between the river

and the atmbsph‘crc is incorporated both for the open water and ice covered cases.

Melting of the ice surface on the top and underside is considered. The heat transfer

-

‘Between ice.cover and water is-also evaluatede This model accounts for ~variabih'ty in the

river geometry and changes in the -ﬁow pattern caused by the ice conditions, by

.

’ calcuwlatiop of the velocitS/ field. A two-dimensional solution of the flow péttcrri and
;0 . -

témpcrature disn:ibution allows modelling of the ice cover rrfe]ting in tfle longitudinal as

wcll as the transverse dn‘ccnon The hcat transfer processes and ice cover thl.CkﬂCSS .

change is addressed by consndcnng the dommant hcat transfer terms in nvcr ice 90vcr

1
~ ’

‘melting by a thcrmal effluent and thc ice thxckness equanons

. K Ve

4 -~ a N 3
o, . .o /o

S
’
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| ! CHAPTER 2
N '
MATHEMATICALFORMULATION - . -
- v : -
"2.1 Hydrodynarmc Equations
) o
Thc river flow field is calculated by use of the shallow watcr or depth averaged
hydrodynamlc equations, to model the fLQw of the thermal cfﬂucnt, which causes
, melting of the ice cover. These equauons ckpress the ﬁnmplcs of conscrvpuon of mass
and momehtum stated'by the three—dlmensxonal Navier-Stokes cquanons In the case of
free- surfacc flow, these equanons are mtegraﬁcd over the depth using thc hydrostatic’ .
pressurc appnoxxmatmn The result is the St. Venant shallow water gquatlons for frec‘ .
surface ﬂows The St. Venant shaﬂow watcr equations are Expresscd here in
co.qscrvanve form [Garcia 1983]: . ‘ 1
Continuity equation: , : T :
o . <y T, ' - Lt . :
oh %‘l+2‘_’_=o N . @y
. ) \‘ ‘ ! ) ’ ’ '
Conscrvanon of moméntum equation in x direction; e
. ‘ ’ .
93U OF . 3G 1 9 au -d au. -\
-5t— + 'a—x‘+ W = gh(s&& Sfx) +fV - -; 't + T (GT) T (9-5-) P(22) \
’ Conservation of momentum equation in y direction: .-
aV oG 9§ av. d aV .
at+—--+$- gh(Soy-s ) - fU""‘,y*"g-(BT)* (959—) . (2.3)
' whcfc the conservative vanablcs F,Gand S are dcﬁncd as:
F=Fxyt2uth+12gh2 = o " X R
. L
v L B
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G= G.(X’)’yt) = th ) ) T . B C (235) —
~ 5= Stxy.)=v?h+ 12gh? Co . i

x and y are thc horizontal coordinates in the longltudmal and transverse directions

-,
rcSpccuvdy, t is the time; h = h(x,y,t) is the water depth; U = u(x,y,t) vthand V = :
v(x,y,t) = - vh whxch are the umt wxdth dlschargcs in the 1ong1tud1nal and transverse

v . o
directions n:spccuvcly; So and S y are the river bed slopes given by equanons . 7) and- - - e
: v
(2.8) reépecti\:ely; . —
d0Z, ‘ b
Sox = Tox N _— 2.7
% 2.8
. . : n » .
Z, is the bed elevation;' S, and Sfy are the ﬁ'ictign slopes approximated by'v Manning's'
‘formula expressed in equations (2.9) and (2.10) respectively; A S
S == el ;. ) . (2.9) -
'3 B ’ ‘ . ‘\ I. )
néG\/ (u2+ vz)” J ' | o i }
% Sfy = 4 13 o (2'10) ’
. = - h *
n is the Manning's Surface roughness coefficient; g is the gravitational acceleration value;
- ’ : .
" fis the Coriolis parameter; T and T,y &re the surface stresses developed frorr; wind
’ '
. currents; € is the turbulent viscosity coefficient and p is the water density which is - ,
. . - | . 4

L) Py

assumed constant. | : A “
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* The diffusion of momentum due to the turbulence terms are not normal{y significant

for large scale problems unless near ficld mixing is considered. The modclling-\é)f the .

- neat field mixing would require a complete turbulence model. In this present work a

constant coefficient of turbulent viscosity is satisfactory.

H

2.1.1 Ice Cover Effects on Hydrodynamics"

. & To account for the effect of a floating ice coverin the hydrodynamic equations,
modification of the h&drostatic pressure terms is necessary. The additional pressurc due
to the welght of the ice cover is accounted for by adding 90% of the ice thickness to the
water-depth in hydros‘atlc pressure terms. The value of f% is employed due to a nine

tenths density ratio

een ice and water. The conservative variables F and S are

" F= +0.90)2 ~ (2.11)

h 3 0.96)2 , (2.12)

A

where 6 is the tHickness of the ice cover. The friction slope terminthe x and y
; . , ~ .
,conservation of momentum equations, gh(S, - Sy,) and gh(S,, - Sg,) respectively, also
is modified by the addition of 90% of the ice thickness to the water depth.

The friction slopes Sy, and S, formula is modified due to‘the presence of the ice

et

cover. The formulas are redefined as:

S /‘/
- T - \z i
2 , 2 2
S =nu L +v) . @13) +
fx 4n3 w

[ d R \‘“ .
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' . where Ris the hydraulic radius. In the case of opén water the hydraulic radius is set
equal to the \gvaicr-’depth, by @se of the wide river assumption [Chow 1957]. Far the

case of ice covered flow in a wide river, the hydraulic radius is one half the river depth.

-

This accounts for the increased friction ¢aused by a two fold increase in the wetted

perimeter of the river {Burrel & Davar 1982].

" The Manning coefficient used in thé friction slope calculation for an open river is
. A . ‘u ) ) R C
- determined by the bed friction. For ice covered flow a combirf€d Manﬁ?xg coefficient

takirig into account the roughness of the river bed and ice cover underside is required.

S The combined Manning qocfﬁéiént is obtained form the Nezhikhovskiy formula
[Wankiewicz 1984]: . . ' ' N

- P

23

‘ - 33, 312 S N~ e , .
- n‘.__("b '2“% ) : . - (2.15)

- * - //
coefficient. - - —
% / \ y
: 1 / f
© ___——"22 EnergyEquation ' .

o

" The temperature diéuibufion in the river flow field is calculated by use of the energy
equation. The energy equation is based on the principal‘ of conservation of heat '
u'anspo’rtcd and dispersed by the flow. The space-time icmpcr%urc distribution-of the
n’v;r is expressed as a function of the flow properties. An increase in the river water
o | temperature caused by the thermal cfﬂugnt, which lcéds to melting of the ice coveris

simulated by this equation. S oo ]

where n is the bed roughness coefficient and n, is the icerunderside roughness —
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The two-dimensional unsteady heat encrgy conservation equation gbvcmmg the N

JER—

temperature distribution in a vertically homogeneous stream is given as [Wakc & Rumer
1979]: - '

am@;ruaw a( a'r) <
- * +5 +__T +-$ hDy-;; +h® | (2.16) )
' ﬁ'_;z_/ o . |
where T is the water temperature; D, is the longitudinal dispersion coefficient in the x

¥

N

direction; D is the longitudinal dispersion cocfﬁcxcnt in the y direction and @ is thc .

source term which represents the heat flux at thc watcr-axr or watcr—nceqntcrfacc

N @ ’ ~~
— .
P~
L]

2.2.1 Dispersion Coefficients - ¢-

The solution of the cncrgy equatlon requires the eyaluation of the dxapcrsmn/r

coefficient terms ,'Dxesetcmxs”’ﬁ&?nmned ffom the follpwmg eqwﬁonsJAshton
1979]: ~ A
D =k, U*R ( T .17)
D, =k, V*R . SN ¢ 5 )

where k, is the longitudinal dispersion constaiit in the x direction; k, is the longitudinal

dispersion constant in the y direction; U* is the shear vcloéity in the longitudinal
direction and V* is the shear velocity in the transverse direction. The shear véjacities are
defined as:



A o R
€ , | : v -
Engnian ['Engrhan 19771 f ound thftt the préseqce of an ice cover reduces the
dispersion constants by 50‘7:. However by the use of the hydraulic radius, which is,
reduced by one half in the case of an ice covered river, one value may be used for the
dispersion consﬁnt.
" The longitudinal dispersion constant is influenced by the processes of mixing over
the flow cross section and variat;on of the 10néitudina1 velocity. . In fnc’ld situations the
vaiuc is determined by channel irregularities in the horizontal and vertical directions,
wind and waves. Elder [Elder 1959] f(;und‘ the value of the dispersion constant in
lat">ora.tory channels to be 5.9. In rivers a large variation in the dispersion constant is .
.. measured, with much larger values being found. T}.\c\dispersion constant ;ralues are
* summarized in Table 2.1.
' .

2.3. Atmospheric Heat Transfer Equations

Heat exchange occurs between the atmosphere and river. When the river is not ice
covered heat c:;changc &cum at the air-water interface and for an ice covered river at the
air-ice interface. This surface condition influences the individual Heat transfer processes.

The components of the heat exchange inchldc shortwave (solar) radigtion,
longwave radiation, evapo-condensation ﬂu?( and cc;nductive heat transfer. The
meteorological factors determining these components are cloud cover, air temperature,
wind velocity and air vapour pressure. Heat transfer from precipitation and glcc;thermaI
heat transfer through the river bed is not significant in modelling the melting of river ice )

“by thermal effluent. The effect of snow covér is ot fncluded but the ice edge is'

normally washed free of snow by wave action. During winter periods when the air

temperature is considerably lower than the temperature of the river and solar ;adiat‘ion is
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at a minimum, considerable heat loss from the nvcr to the atmospherc occurs. This
results in the > cooling of the fiver, formation and thxckemng of ice cover and cooling of

the effluent flow, reducing ice melting.

\

P g
-\ The héat exchange processes mummarizcd_in Fig. 2.1. ' ‘
0 ~a<§ ri. pa 03¢oa ¢bs‘ e e
NN S S T
) " ICEOOMER 3o \®
¢ f - Ty
sp qti
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\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
* RIVERBED- - .

-

-

Fig. 2.1 Heat Transfer Processes on the Ice Cover
. . » o £

ke

‘Heat transfer values from the equations used are converted to urlimj( calm?s!-

for use in subsequent calculations.

B

Lo
2.3.1 Shortwawe (Solar) Radiation

The incoming solar radiation for an area rﬁay be determined from-weather records,



.

_ if such data has been recorded. Often the only available data is on cloud cover ,

5
o«

e

conditions. The incoming solar radiation may be calculated using the cloud cover data
) ‘ . h

from [Shen & Chiang 1984]:

¢ =[a-b (9, - 50)] (1 - 0.0065C?)’ _ | (2-?1) _

~

-

where ¢, is the incoming shortwave radiation in cal cm2 day;l; 6,,, 18 the latitude on the

carth's surface in degrees; C is the cloud coyer in tenths (ranging from O for aclear sky -

to 10 for a ébhxpletcly overcast sky)andaand b Which_ are constants that ,reflcd the

* annual variation in solar radiation intensity: ;The values of the constants a and b are

given in Table 2.2 for the winter period.

Table 2.2 Annual Variation of Solar‘Radiati?m Constants [after Shen & Ghiang 1984] -

b ’ \ . | \
Month a, in calorie-centimeters-2 -_day'l ) b -
Dec. , . 100 A 8.'2
. .'. . \ ’ - | | . )
Jan. . 142 /: . i 1‘1:0 .. .
. \ ' 3 . . .
Feb. - - 228 Ar2
{ Ve IR PR RN P X 28
[ 4 SRR TOF VI

v

Aportion of this solar radiation reaching a surface is reflected back and niot

absorbed. o

a1
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) For the water surfacc thc net solar radlanon 1s ngcn by [Shcn & Chlang,l 984]
.0, ~.4.~‘(1 e, S | (223)
- ( ’ - ~
whcrt: ¢ is the net shortwavc radxatxon in cal cm 2 day! and o is thc Qurfacc albedo.
The value of this albedo is equal to 0.1 [Shen & Chiang 1984], B

For the i 1cc cover surfacc the albedo valuc depends on the material behaviour of thc

~

ice cover The albedo is calculated using [Shen &‘Chlgng 1984):

: . - “ .- - Y
» ) L ‘ -‘ . , ”,
a=q, ! T,<0°C : " T(223)
- - l r ) . - ”' , " . - .o //
-t “_wTa . . - . ‘! A 7
a=o +(x-0)k | T20C o (2.24)
~ ' - / .

whcre'ai‘, o, and \y are empirical constants and T, is the air témperatire in °C. The

-

[N €
. 3 AT
. ‘. - -

values of the constqnt's are di =041, a"a =0.25 and y = 0.7 [Shen & Chiang1984].
A portion of this solar‘ radiation penetrates the icc cover and acts asan intérnal hcat

squrce in the watcrbody Thls shortwave radlatlon penetration is calculated from the .’

TR

Bou gucr-Lambert cxpOnentJaJ law [Shen & Chiang 1984]:

h . . L ,
0, =Bi0e . s S T e

where ¢_ is the penetration of shortwave radiation into the waterbody in cal cm2 day-!

B, is the fraction of absorbed solar radiation which ptnetrates the ice-water interface and

N ® -
. !




A

v

. T is the bulk extinction coefficient. The value of B, is set equal to 1.0 due to the small

-

+

difference in the refractive indices of ice and water. The bulk extinction coefficient is

0.07 cm! [Shen & Chiang 1984). - ~ ,

2.3.2 Longwave Radiation . - B " ' \)

%

The longwave radiation heat transfer is made up of two components. These

coimponents are the longwave radiation emitted fr9m the river surface and the net

- - .
B

2
/

absorbed atmosf)hcric radiation.

Radiation emission from the river surface is evaluated from the Stefan-Boltzma,p N

léw of radiation including the cmissiirity of the 'rivcr;s surface [Shen &Chiang 1984]\:\
! , | | .: - o ‘\\ | | .
Co Lo . @26)

g

4
q>bs =E0 Tsk

~ . e
‘

K where ¢, is the longwave ination emitted by the river sufface in cal cm? day; € is. <L

»

"

the emissivity of thé lg'ater or ice surface;0 is the Stefan-Boltzman constant atzd Ty is the. | :
water or ice surface temperature in ‘K. The Stefan-Boltzman constant is l.i7~l x 1Q’7 c,'al '
.cm? day’! and the cmissivﬂy of both'the water and ice surface is 0.97 [Shen & Chiang ’

1984). * ' f e -
| "I'imcfannbsphcrit:‘radi,ation for an area may be determined from wcather_x:ecords;, if-

such data has been recorded. Atmospheric radiation may also be éql&:’uléted from cléud

cover data using Bolz's formula [Shen & Chiang~198r4]':

v
- . '

rd & e, .

4. 2 : co )
¢ba=cTak(c+'d.‘/§)(l+ch ) . e
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v N L . v m ‘
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where ¢, is the atmospheric radiation in cal cm-? day™!; T, is the air temperature in °K;  °
N . N ' ) ! ' * B . 5 M .
. fo T . Ve la.
” ¢, d and kpare empirical constants and e, is the air vapour pressure in mb., Empirical qi

{ ¥  constant V@lués for ¢, d and k,, are 0.55, 02052 and 6.00]7 respectively [Shen & Chiang
¥ . L ‘ CoLe

1984 S : T y

- 3

+

- radiation is therefore [Shen & Chlang 1984]

- - / &
N\ . oL B
-~
. .

¢bn 4097¢ba _ PR : (2.28)

The rcﬂccn‘vxty of thc ice or watcr surfacc may be takcn as 0 03." Net atmosphenc . '

. s
’ » v

’ ' Py

e
v - ’

. where.¢, is the net atmospheric radiation in cal cm2 day™!.

{" ° Considering the two compoﬁcnis of the longwave ia‘di‘ation, the effective back -
o r'acfldiatjonli_s givén’ by (Shen & Chiang 1984); - S _ -;'»« o L
) Tk . e . © K . . )
P, =0y, ¢bn. C o .. . .o ~' . ‘ T 229
o whcre ¢, is the effective back radiation in cal em? day‘l " . .
- / : \. . ’ , . — ‘ . . i - N . - .
233 Evapo-Condcnsauon Flux, B ‘ ' : o
-" Evapo-condensation heat ﬂux which occurs at the water surfacc is dctcrmmcd by
the Rxmsha-Do_chenko formula [Shen & Chiang 1984]: L L -
T SRR S S
= (1.56k, + 6.08V,) (e,-€) | o @30 .

. . . . .
-~ - ; — L] . X

4 W N . .
. " where 9, is thc evapo-condensation 'I;EAt flux in cal cm? day’); V, is the wind velocity at. ’

R - - "
L) - 3

. ! ' - ,"
. .'2 m above the water surface in m s’ and e, is the saturatiop vapour pressure at the '
' !
. . - ' ’ . ‘
™ - . - P 3 ;?-“N :‘ -




C \ » .
. estimated value 0.5 is added to the Rimsha-Dochenko formula {Shen & Chiang 1984} “~

- -
> . . ~

* T . T - .
. . "R
hd * . Q - '

-~

surface temperature inmb. -

To account for the effect of free convection the coefficient k, is calculated [Shen &
Chiang19841: . . -~ .

'k, =8.0+035(T,-T) 2.31), .

) . ¢ '
- where k) is‘a coefficient that accounts for free ;,onvcction and T, is the surface

v,

temperature in ‘C. ¢ . “ N

“Presence of an ‘ice cover will reduce the evaporation process. A coefficient of - .

¢c.-_- C,(156k, + 6})8 V)(e,-e) - L @232

where C, is a coeffitient which accounts for the reduction in surface evaporation due to
. v - ]

: 3 naaf, T -
. -13816x10 (10 (l 373,16)'1)

-

.the presence of an ice cover.

. Saturation vapour pressure may be calculated using the Goff-Gatch formula [Paily, -

Macagno & Kennedy 1974].. ‘ : ' T ' ,
' 373.16 | 37316\ |
loge, = -7.90298 |~ -1} +502808 log | —7—
[} sk ~

/

%

af .- 37316 -
+8.1328 x 10° (10 33914 (T : 1) . 1) +16g (1013246)  (2.33)

+

S 7,
S R

L 3
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< 234 Conductjve Heat Trapsfer ‘ o ‘ /
’ S
Heat exchange occurring from conduction at the water surface is determined by use

of thee Rimsha-Dochenko formula [Shen & Chaing 1984);

0. =Gy +39V(T,-Ty .= ' (2.34)

-~

. where ¢_ is the conductive heat exchange in cal cm2 day!.

N

Y-

Ice cover presence reduces conductive heat transfer, necessitating the introduction
4 .

. of a coefficient of estimated value 0.5 [Shen & Chiang 1984):
q/‘ . ) , f
o (2.35)

%

9,=C, (k,+39V) (T,-T,)

————,

where Cc‘is a coefficient which accotints for the reduction in conductive heat transfer due

to the presence of .an ice cover. . .

- -
’

% :
2.4 Ice Equations ' ) o )
Ri"ver ice cover consists of a floating slab with heat transfer and thickness changes
occurring at both the top anci bottom surfaces. The top surface exchanges heat with the
% afrhosphci‘e and at the bottom surface heat c‘:xchan ge occurs with the river flow.

The top surface of the ﬂoaﬁr\ig ice cover is assumed to be ‘well drained, with no
surface water present during thawing periods. Water is only present at the bottom
surfacc; to cause ice cover thichning.

v . thhin the ice cover heat transfer is governed by one-dimensional heat conduction.

2 ' . . L.
Top surface temperature is determined from meteorological conditions. Bottom surface

temperature at the water-ice interface is set to the freezing point temperature, These

~

s

! " surface temperatures are shown in Fig. 2.1.

3
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.

Across the ice cover thickness the asumption of a linéar temperature profile is.

)

Y,

R adopf‘ed. The temperature profile in the ice cover is given by [Shen & Chiang 1984):
- ‘, . b d i

~

P : | . F(2.36)

= . .. .
where T, is the ice cover internal temperature in°C; z is the distance from the top surface

in m and T is the frbezing point temperature. The freezing point temperature for fresh

water is 0°C. o

( “To model the ice cover behaviour the heat exchange proce;sscs at both surfaces must
be studéed. These processes are the heat transfer at thc}top surface which provides the
top surface temperature and top surface melting and the bottom éurfacc heat transfer and
bottom surface ice thickness growih or reduction. These Heat transfer processes are I
shown on Fig. 2.1, | \.

Ice cover melting due to a thermal effluént is most influenced by the heat transfer

and melting at the bottom surface caused by the increased water temperature.

24.1 'I:op Surface Temperature ‘

Top surface tcmpérature of the ice cover is ;}eter{m'ned by ghe heat cxchmées |
occhin'ng at the air-if:c interface. A number of these heat e#chax;gc processes are
dependant on the surface tcmpcre;mrc namely, lbngv_?avc radiation, evapo-¢ondensation

- flux and conductive heat éxchange. The procedure to solve for the surface tempémmm
consists of evaluating each top surface heat exchange process, using the surface
temperature of the previous time step for processes which include the surface

tcmpcratum; and then solving for the new surface temperature. Top surface temperature



is calculated from [Shen & Chiang 1984]:

T-T, . ,
=0 @237
0 : .

<

&1-Be®) -4 -0-¢+K,

where K is the thermal coﬁductivity of ice. The thermal conducﬁﬁtf of ice is<0.53 cal

m-! 51 *C1 [Shen & Chiang 1984].

2.4.2 Top Surface Ice Melting | ; .

When the top surface-temperature calculation is performed the surface temperature
may exceed 0°C, the melting pont of ice. For this situation the top surface temperature is

set to 0°C and the top surface meIﬁné is calculated from [Shen & Chi:«ing 1984]:

' ’

L — , (2.38)

051 -Be?)-¢-0-0+K

where p; is the density of ice; L, is the latent heat of fusion of ice and A6, is the change

in the ice thickness at the upper surface during the time step At. The density of ice is 920

kg m3 and the heat of fusion of ice is 8.0 x 10* cal kg1 [Shen & Chiang 1984).

2.4.3 Bottorn Surface Heat Transfer
Heat transfer from the water to the underside of the ice covcr has'a sngmﬁcant effect

on ice melting caused by a thermal effluent. The turbulent heat transfcr from thc water to

. the ice cover is given by [Shen & Chiang 1984]: .

A
I —

Quithe (T-T) - )

+
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— ‘
where q,,, is the heat transfer from the water to the ice cover incal m2sl, The heat

transfer coefficient is determined from considering the ice covered river flow as a closed

conduit flow where h\;,i is found from [Shen & Chiang 1984; Hayes & Ashton"1979]:

. -\ ’ t : N
08 ' - \
- . A'AY . .
' by = Cui —53 - | (2% _

" s - '
. .
.Y “ . . . v

where h,, is the heat transfer coefficient water to ice in-cal m2 5! *C and C,}is the

‘ ‘ .. - heat transfer constant. The value of C,,; is 387.4.cal 502 m'26°C"! [Shen & Chiang

1984]. The resitant velocity is found from:

.

- -

‘ V= ,/(u2+v2) . ‘ S 2.41)

7 . \ . ‘e . \“.
where VV is the resultant velocity inms1.-

PR ‘e . i s

2.4.4 Bottom Surface Ice Meltihg
_ At the bottom surface of the ice cover water is present allowing melting or growth <

of the ice cover, depending on the ice cover heat exchanges. The ice cover thickness » )

change is determined from [Shen & Chiang 1984]: ’ 2
’ ’
T,-T A8, )
K4 t.q . =pL —% 2.42)
s wimFit —o /

kY
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At. This equation utilizes the'assumption of the linear tcmpcratum profilc through the ice °

b

cover . . - ' "

2 5 Source Term Calculation ‘ . . L

>4

— ————

The energy equation contams a source term which rcprcsents the heat ﬂux between

the water and the surroundings. ‘This source term contains different components

'depending on whether the river is ice covered or not. Heat exchange components with

the water are illustrated in Fig. 2.1. For the case with an ice cover [Shen & Chiang

1984 PN . .
$=9,,-9; : : - .o (2.43)
and for the case without an ice cover: I ~
0=0,-0,-0,-¢, . QT (244)
The source term in the energy equation is calculated from;
o=-—0 R (2.45)
C hp L ’ ~

-
et

where C is the specxﬁc heat of water. Thc speclﬁc heat of water is 1000 cal kg“ ‘c!
[Pally 1974]. *
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‘ CHAPTER 3 ‘

Y

NUMERICAL FORMULATION

3 1 Hydrodynamic Equations
Solution of the hydrodynamic cquahons utilize a modified McCormack finite

¥
differpncc scheme.

I . N
%

3.1.1 Modified McCormack Scheme .
The m?dlﬁcd McCormack scheme is an cxl;licit, forward time central space
schcm&. The scheme is a fraction;ll step method involving the di\lision ofa fizlité
diffc;cncc operator into a scquc;;c of simpler steps. The two-dimensional oper;nion is
split into a sequence of onc—dxmcnsxonal operations. Each operator 1s further split mto a
“\ prodxc{or-corrcctor sequence. The use of a symmetric sequence allows for second order
accuracy in space and nm,e;

- A finite difference grid is overlain on the river to discritize the hydrodynamic -

. equations. In this work a fully'dense gﬁd is uscd, with all values defined at each grid /

S

- point. Fag 3.1 shqus the fully dcnse grid. . Subscripts of i indicate points in the X

du'ccnon and ; subscripts indicate’points in the y dnrcctxon

R o .
M .

-
-

‘ B
. 3 - o e e -

e e e e
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Fig. 3.1 Fully Dense Finite Difference'Grid
o .
“The usual finite difference notation of a supcrsédpt to denote time step is employed?
A'superscript of n denotes the.prcsé'nt time step and n + 1 denotes the next time step
[Anderson, Tannehill & Pletcher 1984]. ’
. In the McCormack scheme the differentiation is carried out by a series of one

. ‘- ) . 1 .
dimensional operators, The L, operator calculates x derivatives and the Ly operator

calculates y dcrivativ'cs;. The ’modiﬁed McCormack scheme splits both the x and y
-- ~ derivatives into two-time steps, each one half of the original time step. By splitting both
. x and y derivatives, as oppos;d to the ori ginal scheme where only one direction was
split, no px;eferred alignnient in the flow direction of the scheme is ncccssar;/. The
_ modified McCormaek scheme uses the seri;s of operators:

)

x Ly Ly Lx ‘ LG
, ‘\“\ . ‘ ' -

i

o

2
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whéry iﬁ.thé ‘o_i)crator's’1 Lxand Ly, backward diffgrcnccs are used in the Mctm step
and forward diffcrgncqs‘irc used in the corrector stcp Inthe L'x and L'y opqratoi*s,
forward differences are used in thé predictor step and backward differences are-used in
the corrector step. J ' '

Ay \
Y

3.1 2 Discritization of the Hydrodynarmc Equat:ons

In the Lx operator only x derivatives are coﬁsxdcred Baclcward differences are used—~

for the prcdictor step. The discritization of the kljnydrodynaxmc‘ equations are [Garcia

1983 . - ”
' At2 " . :
n+1/2 n ’ :
by =By~ (U .w - “? . Lo (3.2)
At b}, +
U = Uy - rﬁ.ingm Qg (%A i)
( Vo Ay “ |

, ,+At2(fV'i'J-—Jp )+e-z-;5af;_ A UMJ) . (33)

( | . Atz . “ . A>£2 . ' 5 ‘. .

+172 n oo ) -
Vi = V- — G- Gup+es Vig™2Vig+ Vi) | (3.4)

Y
where At, is one half the time stép At and Ax is the grid spacing in the x direction.
. . ) . ° 13
The Lx corrector stép is discritized using forward differences:

A9

n+l e tz R +1/2 o
Th IJ - |+1? (;5/)/"5

o

-
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. - At2 n - ium h;‘*’g ’ T,
n+ + + + 1 . |
Ui [U“ U" (1=‘;_,1‘j -Fy 5] + gty (21 ) )
‘ Z -7 / tl‘H-llZ Atz
fi+l,j “fig +172 +172 "axi,j
T (- (T s“ )+A (V- )+e
A fxij Ry o ARl
+172 +12 +12 _—
(U}, 1y "2 Un Un WYRE S b
’ ' ’ 7
‘ (3.6)
Vi 1 Vo vn+lf2 A, Gn+l/2 Gn+l/2 .
i Tz VitV (g -Gy ) ‘
A T
é tz (Vzi; Vn+l/2 v:iu:/z . ) ? (37)
2 +1j
Ax™ , ‘ ) .
¥ T .
, . R . .
‘The L'x, Ly and L'y operators are descritized m a similar manner. | P
- 3. 1 3 McCormack Stability Criteria = - ) -
‘ ~ As with any finite difference scheme the question of stabxhty must bc addressed.
The stability cntcna is determined from tlE_Solémt-Fnednch-Izvy criterion. The
maximum time step i thc modified McCormack scheme i 1s given by [Baldwm,
~ McCormack & Diewart 1975]: . )
s '»\ ‘ . -
\\ ' . | . ,
\ - 24x 24y ) S A
o s e e . (38)
v ' e A (u+ el\)max v+ el)max MIN !

{
. where Ay is the gnd spacmg m the y direction. The cclcnty el C,, i defifted as:”
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Ci=48h . ¥ (3.9)
. : . ' ' . A ) (
where C,, is the celerity velocity inmsl. @ .

\ . »

The modified McComm‘cia ;;chcn‘ic allows a time step twice as large as the standard
McCormack schcmc when cquaJ grid spacmgs are uscd in the x and y d1recuons s

Therefore the mtroducnon of the extra opcrator actually reduccs ovcra.ll computanons.

3.2 Energy Equation . .

A numerical scheme is required to model the tcmpcramrc distribution in the river

h

flow, for determining the melting of the river ice cover dué to a thermal cfﬂuent. The

scheme:must solve the two-dimensional temperature equation including convccu'on and

e

»

dxspcrsxon. .
A one-dlmensxonal cxample wﬂl be used to sht>w the dlfﬁcultlcs in the development

of a numchcai scheme for the energy equation [Patankar 1980]

“auT d aT

= w\ox) v | Le o 310)
. B . . . s ' - .
" from which the following symbols are defined: e
FE=u - ‘(3.11)
bx '. z . ‘ E , ‘o
DD = — ' ) (3.12)
Ax — s

®

- e ’ ) Y
-where both terms have the. same dimension. The FF term indicates. the strength of

convection and the DD term indicates the dispersion cohdﬁctancc‘ The value of Db



always remains positive but FF may be positive or negative. The central difference in

space discritization equation may be written uling the new terms: -

1+1°1
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- AT = A~ml - - | (3.13)

whcre: .
A;,1=DD,, ”l- d (3.14y
FFi-l .
A, =DD,, +—— (3.15)
L
A.=DD Fian DD, FFiy ~ - 3.16
i i+l + 2 + ir1” 2 QI( )
A=A, +A  >FF;, -FF Y | | | (3.17)

If an example is taken where:

D:Di+1 = DDi»l' =] and FF+1 " Flfi-l =4

1

solving the one-dimensional equation using . .
T,,; = 200 and T, , = 100 the resultis T; = {0‘ ' ‘ e
and using ’ | ‘

T;,; = 100 and T, ; = 200 the result is T, = 250.
The unrealistic results obtained are caused by negative coefficients for A, , or A; ,
L] @ \ .
dcpendmg on the sign of FF. When the valuc of |FF)| excccds 2DD this is posslble

The ratio is known as the Peclet numbcr )

‘\

-y
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uAx '
. (3.18
5 - C ‘ @3 | )

N Tt N
where P is the dimensionless Peclet number. In cases where convection dominates, that

is, the Péclet number is_greater than 2, central difference schemes do not give usable

results, "

The modified McCormack finite difference scheme is actually a ccntral difference
scheme due to the usc of forward and backward differences. Use of this scheme for the -
river water temperature dlstnbuu tcmpcratunc values outside of thc rangc of the
nc1ghbounng points. An increas¢ iri the dlspcrswn coefficient in rcglons of largc “
temperature gradients elxmlnatedi.lus problcm Howcvcr, excessive dispersion occurred,
cspe(:lally in‘the upstream directiori. . ‘ -

The introduction of Leonard's quadratic upstncam intcr;iolcration is a possible'
schcmc for river temperature distribution modelling [Leonard 1979b]. Thxs séheme uses
an upstream weighted normal curvature term to calculate the wall tcmperaturc of each
finite difference cell. . ’

Use of the normal curvature term however causes behaviqur similar to that of the
modified l\icCormack s;:)\cmc, including when extra disl;crsic;n is employed. .

The use of an upwinding icilcmc was adopted to overcome these diffi'culticg:

3.2.1 Upwinding Scheme B
C The use of the upwinding scheme may be lllustratcd by the tanks shown in F1g
3.2, which represent ﬁmtc difference cclls Fluld flow from one stirred tank to another
through short tubes reprcscnts convection. Heat transfer through the tank walls
represents dispersion. Kluid flofving from one tank to the next is at the temperature of

the previous tank and unaffected by the fluid in the tank it is cnfcring or the next

~ . . o
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_ upstream tank. ThlS rcprescnts the essence of the upwmd schieme. 'I'hc dlspcmon term

hcat flow occurs bctwccn the tank and thc two adjacent tanks. Thc use of a central

)

dlffcrpncc scheme is therefore appropnatc for thalspcrsxon tcrm [Patankar 1980].

’ 7
] \\i I\ : O\
,, 1S T T N
N | <

Fig. 3.2 Tank Modef .
- ‘
. Use of an upwinding scheme is correct according to Raithby [Raithby 1976) when
. steady or near steady convcctlon is dominate in the dcvelopmcnt of the temperature field
and exthcr the flow is closély aligned with the grid lines or rio strong cross flow gradients
are present. If flow moves along the grid lines the Peclet number should be | of' ‘thc order
of 10 or larger. In the case of river temperature distributiop, flow is often oriented along
érid lines with large i’eclct numbers. The flow velocity varies little and no strong cross

flow g‘raﬁ:ms exist; such as shock waves. The use of an upwinding scherhe is

therefore justified in this work.

3.2.2 Discritization of the Energy Equation\

-

The upwind scheme is an explicit forward time method. This scheme takes into
AY N
account the direction of the convecting velocity. The development of thc convecting term

discritization is shown, usmg Fig. 3.3 as a reference [Roache 1976].
-~ {
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Fig. 3.3 Convecting Velocity Directions
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V=7, ,‘ ’ (3.19)
U = Ui'j * Biay - /i - | ) (3.20)
Y12y = 7 ' o '
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Ih the case of velocity reversal or converging velocities within a cell, 2 combination of
- the formulas is used. A similar derivation is employed for derivatives in the y directios.

-

The time term of energy equation is eyaluated using forward differerices. A central

v«.i : X .
difference formulation is used for the dispersion term employing the cell wall water

A .

—
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depth and dispersion-coefficient, The discritization.of the two-dimensional energy

Lol

equation is given by equation (3.23).

v
4 aU'r aV'r
n+l ,Ia'a-l-l__ﬂ.n hn-o-l At( + \
At +1 n+l +1 n+l
Z’F(ﬂm(md i+(112) 'Itq.j 'I?J) lj:u(uz).j m/z).j 1.1))
At +1 n+1 ' n+l h
F(Duyxa+(tn) i+ (112) T‘:.n{lfj) o M Ty Ty 1))
\«h L] - \ i
Aty d“;‘ ' . - (3.23)
.

where the convection terms are calculated using the appropriate upwinding forgula and
the cell wall water depth is calculated.in a similir manner to the wall velocities.
The energy equation is solved using a one step appréach for x and y derivatives to

" allow conservation of temperature at river boundaries. .
. ‘ ¥

3.2.3 Cell Wall Dispersion Cocffu’:i;:nts'

The cell wall dispersion coefficient is determined by. use of the harmonic mean of

the adjacent cell values [Patankar 1980). - P
2D D
xi-1j T xij '
Dxi(llZ),j '—_—D s _ ¢\ (3.29)
X iy SN

2D D
D, .= aietgDxty ' (3.25)
LR iR (172)§ D” 1.1+Dxi.j L.

L



Similar formulas are used in the y diréction. : v /
The use of the harmonic mean as opposéd to the simple arithmetic mean yields
more realistic results. If one cell has a dispersiorf coefficient of zero, the harmonic mean

sets the wall dxspcrsxon cocfﬂcxcnt to zero, as opposed to the arithmetic mean which

would give an average wall dispersion coéfficient, not zero heat flux. Ina second case

where one cell dispersion cocfficient has a much higher value than the neighbouring cell,

the heat transfer is controlled by the cell with low dispersion. The arithmetic mean , _

would use an average of the cell walls as the cqntrollmg’dispersioﬁ value.

-

“a

A .

. 3.2.4 Upwinding Stability Criterion ¢

The stability‘requircmem of the two-dimensional upwinding scheme is given by:

L3

1 . ,
At< ~ L (3.26)
1° 1 u v
2D, D)y (— +—) + 2 1
Ax®  Ay" | Ax By

-

3.3 Boundéuy Conditions

. Solutmn of the equanons overning the melting of river 1ce by thermal effluent,
requires a complete and appro ate set of boundary condmons for each boundary type
and equation, ' ‘

Open boundaries are locz:t'ions where flow may enter or leave the cgmputational
zone. The required boundary conditions. for the hydrodynamic equations are dependent
on the flow regime and are summarized in Table 3.1. In the case of subcritical flow
which is mo;t frequently encountered on natural rivers, the inflow velocity in the '

"
longitudinal and transvcrsc direction is specified from the river flow quantity and nver

V4

v

o

Ny
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geometry. At the outflow boundary, the water dcptlﬁs\imposcd with'parti‘cular care
being taken to account for the increase or decrease in water depth at points on the !

outflow cross section, due to ice thickness changes.

Table 3.1. Required Boundary Conditions at Open Boundaries [after Garcia 1983])

SUBCRITICAL FLOW SUPERCRITICAL FLOW

N \ N
INFLOW B.C.'S | OUTFLOW B.C.'S INFLOW B.F.'S OUTFLOW B.C.'S

LS

2-D 2 1 3
PROBLEMS

o~

b} ! , ' o

At inflow boundaries the energy equation requ}res specification of the water
temperature. The outflow boundary condition is (3T)/(9x) = O for bc'i'undaﬁcs in the _
19ngitﬁdinal direction and kaT)/(ay) - 0 for boundaries in the transverse directidh. \

Closed boundaries are locations where soﬁd walls, such as the river banks, limit

the flow field. This requires that the velocity perpendicular to the wall be zero at all
times. For the case when & is not zero, noﬁ slip boundary conditions are required. This
is accomplishcﬁ by the specification of ﬁctitioqs points outside the computational region,
As seen in Fig. 3.4 the boundary occuss at the cell face. At the fictitious points the
velocity components are set equal to the magnitud‘e of the inside point, but opposite in

LY

sign,
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3.4 Initial Conditions
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Fig. 3.4 Boundary Conditions at Closed Boundaries

N .
The energy equation boundarlcondiﬁon Tor temperature, is the requirement of

setting the temperature at the inside and the temperature of the fictitious point to be equal.

The heat flux at the river shore becomes zero. This originates from no convection at thc;\
boundary, due to zero wall velocity and no dispersion at the boundary'due to zero

temperature gradient across the boundary.
o

4 - -

w

To begin m@ng a solution to river if:c ‘melting by a thermal cfﬁucnt,a complete
set of initial conditions is required. -

The.water \;clocity cb;nponcms are initially set to zero everywhere on the
c.omputational domain. The inflow vglocities are increased over a'short time period to

their steady state values.. The' movement of the flow downstream occurs at the flow

3 ; —
-



ﬁ*}’i:x\ T o

e h

£

D ‘ w 36

- T * ‘
celerity velocity. The water depth at all points is initially specified to the omﬂo'{wk
bboundaxy 'watcr depth or level pool depth.

Temperature at all points in the computational domain is set to the inflow
emperatue, _ ; | -
Ice thickness is set to the average prevailing thickness present over the river reach

for all computational points. *




' CHAPTER 4
MODEL APPLICATIONS AND DISCUSSIONS

Two sets of tests have been performed using the model for the melting of river ice
cov;zr due to a thermal effluent. A series of results is ; ented to show the variation in
ice cover melting caused by varying effluent dischargc%tcmpcr%tures, air temperatures,
ﬁow velocities, disPcrsi:m constants, channel 'gcomctn'lr:s and t‘\\llrbulcnt viscosity
coefficients. A comparison is also carried out with a set of field data.

i - ' \
4.1 Model Tests

The model in this work has been used for a number of parameter combmatlons to

ﬂlustrate the behaviour of the river ice cover near the source of a thermal efﬂuent

" A simple river geometry has been chosen for these tests as is shown in Fig. 4{.1.
" The river has a flat bed and an outflow dépth of 3 m. Transverse width of the ri‘ver is
750 m. The flow enters the river at the left boundary and flows to the right. The
entrance velocity is 0.2 m 5! in the longitudinal direction only. Manning's \"roug.hncss
coefficient for the river bed is 0.030 and 0.020 for the ice cover underside. The
coefficient of turbulent viscosity is 0.25 m?s!- A value of.10.0 is used for the
dispc'rsion constants. Thermal effluent enters the river flow at the shore on the lower
side of the figure with a flow rate of 4.5 m%!. Initial ice thickness is set o 0.10 m.

The prevalent meteorological conditions are summarized in Table 4.1.

-
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Fig. 4.1. Test River Geometry ' :

Table 4. 1. Meteorological Conditions

i Parameter ' . Value & Unit -
Cloud Cover ©  Stenths )
Latitude e . . ’
Month ' "' February ) ’
Wind Velocity© © 20kmhr!
Relaive Humidity | -+ 60%

- ‘The set of figures and the table which follow give the results obtained in the tests.
° - The 'efﬂu‘ent temperature and air temperature is indicateq on each figure. The series of
figures from Fig. 4.3 to Fié. 4.8 illustrates the ice cover thickness disu'iﬁu}ion onthe .
siver. A contour interval of 0.025 m is employed on-all t};c figures. The transverse scale

. » . o o . ,
is exaggerated to better show the melting of the ice cover. Table 4.2 summarizes the : .

-~
-

» .
LN
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“The mid-reach section where ice thickness is reduced, s

.. _ -
lcngths of the downstream ice frce rcaches

Results were obtained by ﬁrst using the hydrodynamic equations to cstabhsh the
steady state flow field of the river. Thermal effluent was then introduced. Contmued
use of the hydrod;namic equations allowed variation in the flow pattern of the river, due

4
to changes in ice thickness, to be consideret A grid spacing of 500 m is used in the x

- direction and a grid spacing of 50 m iS'ixsed in the y direction, with a time step of 15.0 s.

Y

4.1.1 Discussion of the Model Tests © ,'
‘Fig. 4.9 shows the transverse ice thickness at two sections, for an air texlnpcl‘rature"

of -20° C and an effluent terﬁ}craturé of 10°C. The hydrodynamic results indicited an

s jncrease in the flow depth of the river, in regions of ice melting, as shown on Fig. 4.10

which is for the same test and sections as the previous figure. This increase in flow
dqapth was equal to 90% of the decrease in the ice cover thickness. Fig; I4. 11 and Fig.
4.12 shows a similar behaviour in the lon gitudinal direction at the shore of the effluent
discharge. At the dlschargc location the ice cover thlckness is reduceéd by 0.24 m and theI)

water depth i increases 0.22 m. 'I‘cstmg -with an ice covc;r prescn caused an increasé in

: thc friction slope of 80 to 9'0% in the longitudinal direction, comparcd to when noice

cover is present on the river. Field studies show rivers have a higher stage when ice

covered, due to the increased flow resistance [Burrel & Davar 1982]. ‘An increase in

flow velocity also occurred in regions of ice cover suppression. The transverse velocity

profile at two sections is shown on Fig. 4,13, Near the shores some reduction in
velocity occurs, but the iéqcoycf melting causes an increase in the flow velocity of 25%
as comparcd‘to tl;c other shore, at the discharge cross segtion where the water is ice free.
ins a 5% velocity increase
between shores. A c“i)cck of inflow and ou_;ﬂow quanﬁti@@vs an agreement within

2% of .the flow quantity. ‘ : Lo
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Tests have been done using different values for the turbulent viscosity coefficient in

m the hydrodynamic equations. As seen on Fig, 4.14ﬁa doubling of this value caused only

aslight effect on the ice cover thickness, for the -20°C air temperature and 10°C effluent

' tcmﬁeratur‘é case. The ice cover thickness was increased by 3 to 4 mm. The use of a

zero turbulent viscosity coefficient and slip boundary condmons also has litde cffcct on |

ice thickness as illustrated on Fig. 4.15, thh only a 2 mm change. Symmetry has been

checked by mtmducmg thie effluent a both shores of the river and having the main flow

/
direction oriented along the y axis. The msults of these tests for longitudinal ice

thickness is illu§tratcd ori Fig. 4.16. As seen on the figure the model produces
symmetrical results within 1 (:m of ice cover thickness at all points, with exact agreement
in the x direction. d .

As expected, ice cover melting increased with an increase in air temperature and

] . —

effluent temperature. The contour line figures illustrate well the long downstream ice

free reaches which occur due to a thermal effluent discharge.: The ice mclfing 6ccurs
predominately downs&eam, near the shore, on the side of the effluent di‘sjchargc. A

slight reduction in ice thickness occurs upstream 6f the point of discharge over a distance

of S.OO m. In the transverse direction the ice cover quickly thigkcns to the undisturbed
thickness over a distance of about 150 m, as one moves across the river from the effluent—"’

source. An increasing effluent temperature or air temperature results in a wider opening

~N
. in the ice cover. The ice cover thickens much more slowly in the longitudinal direction

over a distance of 10 km, cfownstrez;m of the ice free reach. This is caused by a lower
temi)eratﬁr)e gradient than in the transverse direction. These results gre in agreement with
what Ashton observed during the field study [Ashton 1980; Ashton§=981]. In the case
of low air temperature and a low effluent discharge temperature no ice free region
occurs, only a reduction in }thickncss, as shown on Fig. 4.8..

The ice cover thickness in areas unaffected by thc' thermal effluent was inﬂucnced
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by a chang\c in air t?mperature. As expected a lower air temperature produced a greatcr‘
ice cover thickness‘.« ) )
A'comparison has been carried out with an analytical solution for the length of the

~ downstream ice fre¢ reach using a water ;iepth of 3.2 m, a flow velocity of 0.23 ms’!
and mixing the efﬂuent over a width of 100 m [Al-Saleh, Sarraf & Kahawita 1987].

_This comparison is shown) in Table 4.2 and oanig. 4.2. The analytical solution used a
linear heat transfcr‘ relation between the water and air, dependant on air temperature. The
0°C isotherm was used és thé location of the end of the downs?‘eam ice free reach. The
lengths of the downstream ice free reaches predicted by the numerical model, agg shorter
du; to the complete ice cover heat transfer relation used in this model. This model does
not employ the 0°C isot'l_'ncnn criteria, but rather the heat transfer to the underside of the
ice cover.. This permits ice cover to exist on water above 0°C. The ice cover edge
therefore occurs upstream of the 0°C isoti®m with the location depending on the heat
transfer within the ice cgvcr, from the top surface and the underside heat transfer.

A series of tests havé also been performed to verify the behaviour c:))f the
temperature equation calculation. Fig. 4.17 sll:ows the temperature profile at the entrance
to the channel cross section‘ which was used in the tests. The tests were perfonr;cd ata

. Peclet number of 100 and a(i’eclct number of infinity or the zero diffusion case. The
theo;etica] comparison from Leonard [Léonard 1979a] is included on the figure. On Fig.
4.18 and Fig. 4.19 a similar comparison is carried out for the mid-reach and exit cross ’
sections of the channel. In the infinite Peclet number case pcrféct agreement exists at all
sections and a close comparison exists in the other case.., There is perfect symmetry of

the temperature plume about the central axis. It is al$o found that temperature is

conserved within 0.33%, between the inflow and outflow boundaries. .

- .
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Tests have also been performed using a different river geomctry~with an irregular
boundary as seen on Fig. 4.22. In.this river geometry the width has been changed to

500 m and the effluent is introduced with a mixed temperature of 1.50 *C over a width of

100m from the shore. The other parameters are unchanged including the grid spacing:- K .

¥ !
but the time step i decreased to 10.0 s at the velocities of 0.4 and 0.6 ms™!. Three

velocity values of 0.2, 0.4 and 0.6 ms! are used. The dcvelopmen{ of the velocity field

is shown on Fig. 4.20 for the water depth and Fig. 4.21 for the vcloc,jiy profile at the

mid-reach sections, for a velocity of 0.2 ms. The velocity field develops a near steady

state with no oscillations and an uniform friction slope over the channel 1‘cngth‘_of
0.0021%. The figures are for the time before ice melting begins to occur. The velocity
ﬁelds for the three test velocities are shown on Fig. 4.22, Fig. 4.23 and Fig. 4.24. The
velocity increases downstream due to the reduced water depth. This velocity increase on.
Fig. 4.19 is 14%. 2 IV

Temperature contour lines at the three test velocities are given on Fig. 4.25, Fig.

4.26 and Fipsd.27. As expected an increase in velocity caused an increased movement

of the heated water dbwnstrcam. The development of the tempcratu;e distribution at

three cross sections for a velocity of 0.4 m/s is shown on Fig. 4.28, Fig. 4.29 and Fig.
' i

A

4.30. The temperature profile is most quickly established near the effluent source,

within 4 hours, and more slbwly at downstream sections,.within 32 hours. Especially at

~

sections downstream of the ice free reach, a slight decrease in water temperature of 0.01°
C occurs, due to increased heat transfer to the atmosphere at open water reaches. At the

effluent source cross section, away from the shore, thPwater temperature decreasés up
" 4

to 0.1° C due to movement of the heated water to the increased flow velocity region in

the ice free reach.” Fig. 4.31 shows the temperature profile at several sections at a _

—

velocity of 0.2 ms!.

v
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4

| The increase is streamevelocity caused an increase in the length of the downstream
ice free reach as shown on Fig. 4.32. A linear relationship waé\found\to exist betwce-n
the length of the ice free reach and the velocity, as was used in previous analytical
models [Al-Saleh, Sarraf & Kahawita 1987]. Fig. 4.33, Fig. 4.34 and Fig. 4.35 show
the i 1ce thlckncss proﬁlcs at various cross sections at the three velocities. The higher’
vclocmes causcd z: dccreasc in ice thickness at all downstream sections. The largest
changes occurred near the shore of the effluent discharge.

Tests have been perfermed using different values for th; c;ispersion constg,nt. Fig.
4.36 shows the; temperature distribution: at a dispersion constant of 20.0 and Fig. 4.37
shows the zero dispers\ion test. Only small differences exist in the width and length of
the increased tcmpcrafurc region. The ice thickness proﬁlés are shown for two cross
‘scc;tions at varfous dispersion constants on Fig. 4.38 and Fig. 4,39-. A slight reduction
inice thickncss'of up to 1.0 cm occurs away from the shore of.the effluent source and a
slight i increase inice th:ckncss of up to 1.0 cm at this shore in the main flow location, as
the dispersion constant was mcrcascd from O to 20.

{

The dispersion coefficient and velocity profiles at two sections are compared for a

dispersion constant of 10.0 on Fig. 4.40 and Fig. 4.41. An increase in velocity of 15%

and a large increase of 100% in the dispersion coefficient is seen in ice free. regions in
the figures. A doubling in dispersion is cxpccted in ice free regions as well as a direct
link bctweenﬁelocny and dxspcrsmn

Changing the grid spacing had no effect within the grid increment, on the length of A

the icg free reach as is shown on Fig. 4.42 for the 0.6 ms-! case. s -

o

A

oo
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‘ Table 4.2 Downstreamn Ice Free chg:hes
- Downstream Ice Free Reach

‘ AirTegéperatm\: Efﬂucnt:l‘gmpcrhtum o
. . Model Analytical
. - Solution
-5 20 160 17.9
s S 10 0.5 118
-5 ' 5 ' ¢ 1.5 R
| -20 .20 8.0 " 82
T I | 10 0 |27
-20 .' - | _ 0.0 0.9

20

= Model
-+~ Analytical

JCE FREE REACH (km)
- 3

3
TEST CASE NUMBER

4 5 6

{

Fig. 4.2 Comparison of Model Results
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Flg 4.42 Influence of Grid Spacing Comparison
. ¢/
™ " 42 Field Companson /
( In Febrﬁary 1980 the U.S. Army Cold Regions Rcscarch and Engincering . | ﬁ
B ) E’oomtoq camad out a field study on the melting of river ice by a side dlscharge S
thermal efﬂucnt. Thc study was performed on the Mississippi Rlver near Bettendorf,
o Iowa, under the direction of Dr. G.D. Ashton [Ashton 1980; Ashton 1981]. . .
At the ﬁcld study site the Mississippi Rlvcr is approxlmatcly 1kmin w1dth

narrowing in thc downstream direction. The dxschargc during the study pcnpd was
almost constant at 850 m3s’l The water depth. varies from 2 m near the shore to a

maximum of 10 m in the main channel. Avcragc ‘velocify of the ﬂow is 0. 25 m s’l The .

-

river bathymetry was dctenmncd from river sounding charts obtained frOm the Rock

Island Corps of Engineers. The geometry and bottom clevatlon of this section of the
T { :
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river is shown on Fig. 4.43. The direction of !.hc river flow is from right to left with a
gradual increase in depth, in the downstieam direction. Lock & Dam 14 is located
. approximately 3 km upstream of the reach shown and Lock & Dam 15 is located
ap;roximatcly 1 km downstream of the reach §hown. The river bed consists of sandy
clay material with no rocks and few sudden changes in elevation. A Manning's '
coefficient of 0.030 is used in the hydrodynamic equations. ?I'hc geometry of the river
vai]ey looking upstream from the outflow boundary is illustrated by Fig. 4.44.

A complete ﬁletcorological record of 3 hour readings is available from the Moline,
Ilinois airport weather office located 6 milcs‘ from the study site. Air temperature, wind
velocity, humidity, cloud coyer and precipitation records are given. During the study
period, from Ft?bruary 14 to February 17/the air temperature was initially warm and thien
became cold. There was only a short peﬁod of light snowfall during the study period.
. In the computations, the daily averagcd metcorologlcal values up to the time of the ice -
edge determination was employcd The; mctcbrolognca] variables for the dates of
February 14 and February 17 are summarized in Table 4.3. .

Table 45 Field Study Meteorological Conditions

Parameter & unit February )14 . February 17
Air temperature °C S L2133 - 118.75 D
Cloud Cover tenths / 9.8 - 0.0
- Latitude degrees 41.5 | S
“Wind Velocity ms’! | 420 399
Vapour Pressure mb ' '2-10 < o 1'_.05 ¢

.«
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The side discharge icrmal effluent originates from the Riverside thermal power
plar;t Thck‘thcnhal"disc.hargc characteristics were determined from pl%nt operating
recprds. During the stqdy period the daily average discharges were almost constant. A
complex intake and outfall arrangement caused mixing of the discharge over a width of
30 m from the shore, with a mixed temperature of 2.97°C.

Temperature readings o£ the water were taken at a few locaﬁo;xs during the field

7 study. These readings indicated no .constant variation of temperature with dcptl:,

t indi_canig complete mmng in the vertical direction. At the entrance to the study reach an
inflow water temperature of slightly above 0°C was found. The value of 0.05°C is us&
for the inflow water temperature in the model. A value of 10.0 is used for the dispersion
constants, due to the gentle flow of the river.

- Ice cover edge locations were dctefminesi from oblique aerial photographs, taken-
during overflights of the river. The cold weather during the study period.caused a
reduction in the length of the open water reach. A thin ice c'ow.;ring formed ;:)vcr
pr’eviously open water on February 17. The ice c;)ver areas not affected by the thermal .
effluent increased in thickness during the study period, from an initial average channel
thickness of 0.25 m. The ice cover underside \;/as relatively smooth with a few ripples. |
A Manning coefficient of 0.020 was used in the model for the-ice cover underside.

*Snow accumnulation on the river ice cover was negligible. ‘No significant amounts of
ﬁazil ice was present in the river flow, due to a complete ice cover upstream-of the study
reach. A grid spacing of 125 m in the x direction, 25 m ig the y direction and a time 'stcp
of 4.5 s is used in the calculations. ‘

V j]

4.2.i Discussion of Field Comparison

h Y

( Fig. 445 ‘shows the velocity field with a complete ice cover and Fig. 4.46 shows
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the velocity field for the ice cover condition on February 14. Slight chan
occurred due to the ice cover melting with an incredse in flow velocity in the ice free
regions and a dccrcas\c cis:cwhenc. ‘ | .

On Fig. 4.47 and on Fig. 4.48 the model temperature distributions of the river for
February 14'and February 17 respectively are shown. The colder air temperature on
February 17 and the different ice cover conditions caused changes in the temperature
profile. The downstream length of the 6.5‘°C and 0.7°C contour line is reduced for
February 17 due to the fz;ster cooling of the open ‘watcr areas. , The downstream positfbn
of the 0.2°C contour line is relatively unchanged. This is due to t})c presence of an ice
cover over a larger extent of the channel, reducing water cooling as compared to open
water areas. The heated water has moved in the downstream direction mainly, with a
siight temperature difference upstream, caused by dispersion. In aréas near the shore, °
outside the main river flow, lower water temperatures are present. This results fromﬂ
cooling of the stationary water.

The ice thickness contours are shown on Fig. 4.49 and Fig. 4.50 for Febraury 14
and February 17 respectively. A comparison of the field study findings and model .
results is given in Table 4.4.

—_—

Table 4.4 Compzfrison of Ice Free Reaches ™ -

Febjuary 14 February 17
Field Study Model Field Study | Model
Ice Free Reach . yes yes yes yes
Downstream Length km 8.0 6.6 | 4.3 1.9




 As seen in Table 4.4 the model correctly predicts whether supprcssiqn of the river ice
will occur. The length of the downstream reach calculated by model especially on
February 14, comparcs well with the field study findings. This type of modellmg often
has discrepancies of several km [Hayes & Ashton 1985] Much of the difference in the
findings may be a result of a number of small thermal effluent discharges not accounted
for in the field study datz\l ax{d therefore not included in the n@&dcl calculations. These
discharges would have the effect of lengthening the ice free reach. The two most
significant of these discharges is located approximately 1.5 km downstream of the power
plant and therefore would likely by the cause of the discmp:mcy on February 17.

The width of the downstream ice free reach, increases initially, becomes constant
and then narrows. A similar behaviour is demonstrated by the field data. Upstream of
the effluent discharge, a slight reduction in ice thickness occ1‘1rs, especially on Febru
14. |

On Februay 17 a much greater undisturbed ice thickness is present on the channel,
following the cold weather period. As sé}:n, especially-enJiig. 4.49, a greater ice
thickness was present in‘bays with low flow velocity. This is commonly found in field
studies of river ice. Furthermore a smallyarea of thin ice is present on the shoreline on
the side of the effluent disbharée. This was noted during the field study.

As experienced during the model tests, the ice thickened much more quickly ‘in the
transverse direction than the longitudi‘nal or main flow direction. The field study found
this to.be true. § ‘

The relationship between river flow temperature and ice p;'cscncc depends on air
temperature. The heat exchange-between the atmosphere and the ice top surface depends
on a number of weather variables, most importantly air temperature. This heat exchange

.
1

must balance with the heat exchange at the water-ice interface to maintain ice thickness

£
H
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7

equilibrium. Therefore as noted on the temperature and ice thickness fiéurcs, the colder
air temperature permits ice cover on a war;ncr river flow. ‘
Fig. 4.51 shows a comparison of the river flow temperature at the mid-point of the

ice free reach for February 17. The mid-dcf)th temperature readings are used. Good *
agreement initially occurs within 2% but then some divcrgen::é’gf up to 30%, again
likely caused by the minor effluent sources. No field water temperature data is availableA
for February 14. Fig. 4.52 shows a comparison of transverse section temperature
profiles foxj February 17. The comparison is for the width of the ice free reach from the
shore. The maximum water temperature occurs a short distance from the shore. The
discrepancy at the downstream section is again likely cauased by the minor effluent
squrces. On ng. 4.53 the time\ development of the water temperature profiles at 0.5 km °
bi:w the effluent source for February 17 are ShO\;VI'l. The water temperature profile is
quickly established at near steady state values. The water temperature profiles at several
x-diyection sections are shown on Fié. 4.54 for Feburary 17. As one moves .

ownstream the proi;ilcs become 1éss sharp as expected, due to mixing. Fig. 4.55
shows a comparison between the ice free width predicted and measured on Feburary 17
with agreement within 12%. The ice thickness for several x-direction sections are
shown on Fig. 4.56 for February 14, again with less sharp profiles downstream. Fig.
4.57 shows the time widening of the ice free reach at three scc;tions on February 17 with
a maximum time of 660 hours. As expected the steady state is reached first near the

| effluept source and then at downstream sections. ¢

[]
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s \
.~ . . CONCLUSIONS

In the present work the melting of river ice by a side discharge thermal effluent is

* modelled. The model developed here allows the effect of a thermal effluent discharge to

be predicted and the possible development of a beneficial design.

The river hydrodynamics are simulated by use of the shallow water equations.

’ ’

-

the vicinity of a floating ice cover. An extensive heat budget evaluation allows for the
effect of different meteorological conditions to be considered. Air temperature has an
; .

important effect on the extent of the open water area, as well as the undisturbed ice

[4

o . .
- thickness. Tests indicated that warmér effluent discharges increased open water reaches

in length and width. Ice cover melting isoobséx"’vcd to occur predominately downstream
of the effluent sdurcc, with some thinning of the’ice cover upstream of the outfall.
Furthermore, suppression of the ice cover was found to be related to flow velacity.

Higher stream velocities produced longer ice free reaches. The warm water is more

quickly carried downstream with less cooling and increased heat transfer occurs to the |

o _ v 0
ice cover underside. The ice cover thickens quickly in the direction transverse to the

flow but thickens slowly in the main flow direction, due to a lower water temperature

‘ gra&icnt. Thickness of the ice cover, in the vicinity of the effluent outfall, is strongly

dependant on the heat transfer at the uriderside of the ice cover. This heat transfer is

‘based on water temperature, flow ,v(clocity and depth of flow.

. The McCormack finite diffcrcncq scheme produces a good simulation of the flow
field. Tcmpcraturc'\disti'ibution modelling is performed by use of an upwinding finite

difference scheme, due to the inability of central difference ;chemcs to provide useful

Incorporation of the ice cover effects in these equations permits modelling of the flow in .

‘}

o



results. - ,

Comparison is carricd out with an'analytical soldtion of the energy equauon .
mdxcaung overall good pcrformance of the model. Companson with field data shows
thc vahdnty of the bchavxour of the i ice cover slmulanon Thc‘space dlS(IlbUthﬂ of ice.
cover thlckness dlstnbutmn agrees with the ﬁeld results. |

Further rcsearch could be carried out to bcttcr understand dlspcrsxon in ice eovcrcd

rivers and | mlxmg at the ice cover edge. Introduchon ofa turbulencc model would allow

‘. néar field rmxmg to be modglled Cahbrauon with addmonal sets of field data would

"prrmt more rcf'mement and a bcttcr undcrs;andmg of the modcl predlctmns 5

R . ) . \
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