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REGULAR SELF-INJECTIVE RINGS

'

- 1

. . Plerre intaya ) .

This tholio studies reg\xhr right aelf-injoctivo rings with identity.
First, the basic results of the theory are proved. Second, strugturo
theorems are obtained: In‘ particuhr‘, we sho: that any reg\}lar, -right
self.in jective ring has a unique decomposition‘R = R1 X R2 X R3~ such
that Rl has a lot of abelian idempotents, Rz has a lot of quui...benan
idempotents but no nongzero abelian 1dupotonts, and R3 has no quasie
abelian idenpote,n o Finally, prime ideals are studied, u;é ch(racte:ri- '
zations,are obtained for! ‘bireg.uhr, quasi-abelian regular and quasi-

*

lﬁregulaml right self-injective rings. -
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? ghl.p};lr 1

Regular self-injective rings , \

)

R

_This chapter mtroducu the basic rnults on roguhr right n]_f.
mjoetivo rings. . In particular, proposition 1,2 shows that they have a

hrgo supply of central idoupotonta.
Lemma 1,1 'If o 1s an jdempotent in a semiprime ring R, then the following
conditions are equivalent: ' o i '
‘(a) » is~central. . R ‘ Co L
* (b) o 'e;muut.os with -every idmﬁotorlt in R, *
(o) (t-eme=0. S -
(d) R is a two-sided ideal of R, * . . ‘ ‘
() oR(1 <0)=0, -
(£} Re is a two-sided ideal of R.
Px;ocf (a)=3 (b) a priori. - |
(b)#(c): ‘et x€e (1 --o)‘Ro.‘ Then e + x is an idenpotont, and so
e(e + x) = (e + x)eo, whence o = o + X, Therofore x =0, ‘ \
‘ (c)-b(d)t Since (1 - a)Ro = 0, we have thnt Re & r(R(l - 8)) = eR,

whence eR is a two-ndod ideal of.R. - . S

r(d)ﬂ-)’(a): "Assume oR is a left ideal, Then, Re € eR and eR(1 - o.) is .- S
a nilpbten:t left ideal of R. It follows that (1 - e)Re = 0 and gR(l ~8) = ) o
0, whence er = ere = re for any r € R, Therefors s i% central.
(a) &> (o) @ (f) by symmetry,
1
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.Thelhfore, uR/J = 0, i.0., uR = J,

v 4
2
o

Rromsition 1 2 Lot R be a regulary right solt-i.njoctin ring, and lot

- J be a two-sidod idoal of R, Thon the following holds .

(a) There is a unique u € B(R) for which J S, (uR)

(b) (R/& ) is nonsingular if and ‘only if J is gonoratod by a contr‘l

idempotent.-

<

\

Proot (a)  Since R is right solf-injtctivd, thoro exists an iddnpotont.

o E R such that J .... uR, We will show that u € B(R). Lot X be any ele-

ment. in R. Then, xJ <J <nR, and 80 (1 - w)xJ = 0, This implies that

‘the mp ng/J-—f(l - d)xR gim by g{r + J) (1 - u)xr is well-defined,

Honco, (1 - u)xuR is a houomorphic iugo of the singular module uR/J

(6, proposition 1.21), and so is slngular -by. (6, proposition 1,22), vhence
o

(1 = u)xuR = 0, Thus, (1 - u)Ru = O; hence lemma 1.1 shows that u € B(R).

It remains to show uniqueness,

1r J S, (fR); for some £ & B(R), then’ JR $;'m NuwR = ufR, Since
uff is a submodule 91‘ uR and fR, see that fR = ufR = uR, Therefore
f= u.‘ o \ | - '

() First assume that (R/J)l; is a nonsingular ‘li-m::dul;. ‘Accordiné

to (a), thers exists u € B(R) such that J_ <. uR. : This implies .that uR/J

R
1: singular by (6, proposition 1.21). Now, since uR/J is a submodule

'of the nonsingular module R/J ve alsb have that uR/J. is nonsingular.

Comrersoly, assume J = uR for some u € B(R). Then R/J ~ (1 « u)R.’

Thpa ’ (B./J)R -is nonsingulir.

'

Definition 1.1 Let R be a -regular, right self-injective ring, and let

x € R, _The central cover of x, written e(x), is the unique central.

-

v
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- idempotent u € R satisfying (RAR)"S, (uR) (this exists by proposi.

tion 1.2). - : . -

i

[

, Proposition 1,3 Lst R be a nonzerﬁ,_ {Qg'ulhr, right self.injective ring.

and” only if R is a pri-'o ring.

.

Then R is indecomposable (as a ring) if

2

e

Proof Assume R is a prime ax;gi u€ B(R). Then (uR)(1 - u)R = 0, and 86

uR = 0 or (1 - w)R = O, vhence u =0 or w =1, Therefore, R is indecompo-

sable, '

. Conversely, if R is nct' pr:\.ne » tho;x R has nonzero two-sided ideals
J and X for which JK x 0, Set:L={reR | Jr =,U}’° and note that L is
’Q nontrivial two-sided ideal. “ We wili,show that (R/i)R i:s nqnsingui.ar.
" Assume there is a large right ideal I such that (a + L)I = o.. Then

- al <1, {nx)d so (Ja)I = 0, whence Ja = 0, i,e., 8 € L, Thus, (R/I..)R is

a nonsingular R-module, According t;a proposition 1.2, L = uR for some

u € B(R), and since L 4s nontrivial e have that u ¢ {0, 1}, Thus, R

‘ . 1s decomposable,

Reécall that for any ring R, B(R) is a Boolean algebra in which ’

erf=af,evf=8+f«0f and 6' =1 = &,

Proposition 1.4 If R is a regular, right Self-injective ring, ‘then B(R)
is a compléte Boolean algebra. For any {ui} E.B(R), we have
) \ = =
C(NupR =N R and (V)R = B(( L 9,R)).
Proof Let {uifn be a family of central idempotents, The obvious map

(r/N uiR)R—v m(1 - ni)R is one-one, and so (R/N -‘.xiR)R is nonsingular.

r
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o b
According to proposition 1.2, N R =R for sme u e B(R), and it is {

-

clear, that u = /\u : ' S . '
Again by lemms 1.2, there is'a £ € B(R) suoh ‘that ( 2 uR) g S (Mg, .

whence (fR); = E(( Z u,R) R . Obviously ui.Sf for all i. If g € B(R)

i

such that u, < g for all i, then (1 - g)¢ Zuifg = 0, Since Z u,R ® (1 - 1R
: ¢
- 1s a large right ideal of the ring R, wo see that ({1 - g)fR)R is a singu-

¢4

s . '
lar right R-noduls, and so (1 - g)f =0, 1.e.,f g, Therefora £ =\/u,,

~ ~

The fo'llow:lng proposition is often used to decouposo regular self-

P

) injective rings into a direct product of rings,

LAY SUPT ST I

Proposition 1.5 Let R be a regular, right self-injective ring. Let X

be a nonempty subsst of B(R), and let th-———» fIvR be the natural ring map,

weX

| ’lyhen the following hold:
(a) Kerh = (1 - \/l)&

‘ s
(b) h is surjective if and only if the elements of X ars’pairwise
‘orthogonal, ;
Proof (a) According to proposition 1.4, Ker h= M (1 - u)R ( /\(1 - u))R
u.nx ‘ w6 X
(1 = ( VX)R, . ,

1! uz\} be distinct

elements of X. "Defines x ¢ H;zﬁ 80 that x(ui) =u, and x(u) = 0 for all

(b) First assume that h is surjective, and let u

u # . Since h 1s surjective, there exists YER such that hy =

’

172

whence uy =y, and L,y = 0.' Thus, u_ u, (uly)u2 = ui(uzy) =0,
' Conversely, assume X is an orthogonal family, “According to (a),

Ker h = uR for some u € B(R). .This imvlies that hR is isomorphic to the

ring (1 - uw)R, and so hR is a right self-injective ring. Thus, by .

'
—~
~
.
WW&J&M Chba get wbar e o
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0 = h(x(v))(u) for( all u € x such that u $v, we see that x(hv) = h(x(v)),

u € B(R) there exists an atom a such- that a < U,

‘isomorphic to a direst product of prime rings if and only if B(R) is

. 5
(6, proposition 1.8), it is enough to show that (bR)|_ X, (Duwlote [
get that hR =“ﬂqu. \ ’ v \>
Let x be a nonsefo element of quR. . Then thers exists a v € X such
- d

that x(v) # 0., Sinde x(hv)(v) = x(v) = h(x(v))(v) and since x(hv) (u) =

lﬁ\onco x(hv) is a nonzero elmnt of hR, Hence x(hR) N hR # O, There-

fore (hR) ...,_( H“R)ha ‘ # \ ‘

"‘?.}, 7

+

Definition 1,2 Let R be a ring. ‘A miniml nonzerp element of B(R) is

b

called an atom. The ring B(R) is called ntm'nic ir r every n‘Onzox'-o

-

[}

v

N

C’orolluy 1,6 Let R be a regular, right self-injective rihg. Then R is

atomic, . N

4 - : |
Proof Necessity is obvious, Convorsely, assume that B(R) is atomie, ’
and let X be the set of atoms in B(R). Since VX =1 and since atoms . g
are pairwise orthogonal, proposition 1.5 shows that the natural ring ;

map R.—P..I'I nR is an isomorphism, According to proposition 1.3, aR is a . . b%i

e » - i

prime ring for each a € X. Thus, R is isomorphic to a direct product

of priuo rings. ' - , e
% i ‘ : , 2 '

~

L] ¥

Proposition 1.7 LetR ba a regular, right self-injective ring., Then

v the following hold: o , -

(a) If x€ R, then r(xR) = (1 - c(x))R.
(b) Let Jbe a right' ideal, and let S = {e(y) | ¥ € 7h

,%»ﬁ» - -4 . -
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. o
Then r(J)

0 -

'~-,, } - {6;
-a-Van G R

(o) For any x, ye R, xRy = O is oquivalent. to e(x)e(y) = 0,

(d) If e is an - mmpotant;{in R and £ € B(eRe), then f = c(f)s,
./

n

Proof (a) By.definition 1.1, RxR S, c(x)R, whence r(xR) = r(RxR) =

-

r(c(x)R)’ = (1. c(x;;.‘ , B : .
(b) Since r(J) = r(RJ) =f( Znyn) = (\F(RyR), (a) shows £h.t r(.ﬁ =

{1~ o(z))R. Then, r(J) = ( /\<1 - c(y))n = (1 - VSR by proposition

1’,4.

7¢J’

(e)- Obwiocusly, c(i)c(y) = 0 always implies xRy = O, Conversely,

assume xRy = 0, According to (a), r(xR) = uR for some u € B(R). dince

¥y € r(xR), we see that yu =y, whence c(y) Su (by definition 1,1),

Alsc xu = O, and so x(1 - u)'= x, whence c(x) <1 - u, Therefore

N e(x)ely) = o. B «

f(exe)f =

c(f)e(s -

fore, c(f)e =c(f)f =1,

(;{) Let x € R, Since f € eRe, we have that fxf = (fa)x(ef) =

h ~

ff(gxo) = fxe, whence fR(e - f) = 0. By part (a),

f) =0, Hence, c(f)(e - ) = c(f)e(e - £)(e -‘f') = 0, There-

Definitio[n 1.} Idempotents e, f ina ring R are equivalent, vritton

D

X € eRf and y € fRe such that xy.= s and yx = £ (10, p. 21, theorem 14),

.

'LQIiHIl 1.8

e~ f, if eR ~ fR. Note that e ~f if and only if there exist elements

-

7
let R be a regular ring, and let s, f be two idempotents in R

If eRf # O, then there exist nonsero idempotents 01 € eRe and f, € fRf N

& s\uch that e

. . 1 *
A . S .

~f‘ 4
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7
Proof Consider any nonsero x € eRf, Since R is regular, there oxist.s

v € R such th}j. X = xyx. Put 01 = x(f‘yo) and t = (fye)x, and note t.hat

e md f1 are nonzero, Then e ,&l |
- ke
R ~
‘ "" 4 . o
Notation: If A and B amh modules, then the notatfon A S B means that A
—_— P
* 7

is isomorphic td a submodule of B, ‘

\ -

We are now in a poaiti'on to prov; the most ussful promrtv of reguhr
self-injective rings, which will be used extonsively from this point on', . LI

namely general conparability.

Thooré- 1,9 Let R be a regular, right self-injective ring;' and let o, f
be two idempotents 1n R. Then there exists a u € B(R) such that:

(a) euR < fuR, . . *
() £(1 - WR S e(l - wk. ‘ . b
¢
Proof Let ¥ denotc t.ho collection of all triples (X,'Y, h) such that
) < eR, Y < fR, and hxx—-x:g,n isomorphism, Define < partial order on
S by setting (X, T, h) < (x", Y' h')- whenover x,S X', Y<Y', ang h is

an eitensioh'of h. By Zorn's lemma, thers is a maximal element

(xo,r,h)m?"" ' k )

. Inasmuch as eR a*nd fR are in;)ectivo, oR contains an injective hull v
Xi for Xo and fR contu.ns an injactive hull ’1‘1 for Y 0 and h extends to N

‘ :
an isomorphism h1:x1 1. By mima],tty, (Xo, o’ ho) = 1, Yi’ hfi)" A 4
whence Xo and Yo are injective, Thus, XO is a direot surmmand of eR and

Y, is a direct sumand of fR, ,This implies that thers exist idempotents

€y Q» k, m € R such that - ' . ] 5
. i ' . * : \ {
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' {.\ ‘ a 8" ' X
. ; P . 'S .
8 K teR,e=g+k gk=ke=0, o

' Yoth,f-q+n.qn=m=0.

Vﬁaing lerma 1.8 and the maximality of the triple (Xo, Y ho), it 1s not

0’
hard to show that mRk = 0. According to part (c) of proposition 1.7, we

' o then have that c(m)e(k) = 0. Put u - c(m). Then ku = ke(k)e(m) = 0,

and so '
‘ eu = gu and fu = qu + =, g s
Since gR = qR, we have that guR = quR, hence euR = quR, 'whence euR < fuR.
) It'r.emins to show that (b) also holds. D / R

) Uising the rehtio:xs e=g+kandf =q+m, vwe obtain -(1‘- u) =
g(1 ~ u) +k(1 = u) and £(1 = u) = q{1 = u)., Hence, since gR ~ oR,
£(1 - %R 2q(1 - WR ~g(1 = WR Se(1 - uR. Thersfore £(1 - WR S !

3 , 5 ; v
e\ﬁl - u?R. " | \
- / > '

Lemma 1.10 Let ,  be equivalent idempotents in a ring R. If I'is s B e

two-sided ideal containing e, then f € I.. .

4
IProof Since e ~.f, there exist x, y € R such that xy =g
L Y

Then £ = yx = yxyx = yex € 1,

H o .
. 3 % -

Proposition 1.11 Let R be a regular, right self-injective ring, and let

M be a maximal two-sided idesal of R. If I is a two-sided ideal of R not

4

contained in M,I then I 5 M ¢i‘ontiins a central idempotant,

3
BN

N oY
Proof 3ince M+ I =R, 1 =x + i'Wor some x € M and some 1 € I, and so
there exists x ¢ M such that 1 « x € I, Let h € R be an idemvotent such

that hR = xR. They (1 - x) - (h(} -x)) € I, vhence 1 = h € 1.

D .

A,
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According fo general comparability, there sxists a central 1dampot;;x¥“\nﬂ
such t.’ﬁat: o ! s

(a) MRS (1 - h)uR, ‘ X o /
) (- W - RS n{l - u)a o - -

Since (1 - h)ue I it follows by lemma 1.10 and ‘the relatiqn {a) that -
hue I. Honce u=(1~«hlu+hue l., Similarly, I - u € M. Therefore
8\ ) ! a

nel.-«M,

?

Definition 1.4 A ring R 18 said to be directly finite A xy = 1 implies

yx = 1 for any X, Y€ R. An idempotent s in R is called directly finite

if eRe is directly finite.

Theorem-1,12 Let R bc a directly finite,- regular, right ulf.injeetive
/

ring. fIisa nongero two-sided ideal of R, then I contains a nonzero

contral idempotent.

' Proof Let e, 40 be an idempotent. in I, and let fA = C+) o, R be a maximal

L“’

dirdct sum of right ideals isomorphie to elR, vhere f, > 03,... s © are
= . ) )

idempotents (7, proposition 5.7). Note that lemma 1,10 implies f &'I.
According to theorem 1.9, there exists a u € B(R) such that:

(a) (1- 0w Lo, uR,

1

(b) o, (1 - u)R S - £)(1 - u)R,

1
B§Eauso of the relation (b) and the maximality of the A R's, we see that

u #'0, Also, loma 1; 10 shows that (1-1fue Re,uR < < I Ther,eforp‘
u'=fu+ (1~ f)u is a nongzero element of I. ¢

.
\

The converse of theorem 1,12'is false, 4 reguiar, right self-injective

-a

I, *
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) #*
ring R has the property I N B(R) = 0 for every two-sided deal if and

only if it contatns a u € B(R) snch that uR is finite and (1 - u)R is

quasi~abelian, as we show in chapter VI,
i . .
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Chapter II
X i} ‘ ‘ .
Quasi-abelian idempotents in regular o .

sol!:injoctivo rings‘
. ! »

-

In this chapter, we show that any regular, right self.injective ring

has & decomposition R = R, x R, x R, (Types I, IT, TID) such that R has

a lot of abelian idempotents, R has a lot of quasi-abelian idempotents

but no nonzero abelian idempotents, and R3 has no qﬁasi-abolian'idehPO-'

tents, At the end of the chapter, we give cﬁaractqrizationp for Type I1 \
u . -‘ ’\ '

and Type I3 rings,

-

¢

Definition 2.1 A ring is said to be abelian if all its idempotents are

L. - SN

central, An idempotent e is called abelian 1f eRe ia abelian.

Definition 2.2 A ring R is said to be quasi-abelian if for any idempo-

tent e in R there exists u € B(R) such that ov;:u. An idempotent e is
called quasi-abelian if eRe is quasi-abelian.
For example, let ¥ be an 1n£inite-d1menstona1.vector sSpace over a
field F, and set Q = End (V) and ¥ = {xe q | dim (xV) < dimF(V)}. Then '
Q/M is a simple quasi-abelian regulir ring, which is not sbelian, . '

Moreover, Q/M is not right self-injective by (12, section 3).

L] ~ r

a »

Proposition 2,1 Let R be a regular, right self-injective ring, and let ‘ Y

o= o c R, Then the following conditions sre equivalent: 0

I

RS

11
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(a) e is quasi-abelian. ‘ . .
(b) %= £ € eR implies fe ~ sc(f).
(e) 2 ar € eRe imolies f ~ ec(t).

Proof (a)=s»(b): Let rz = f € eR, Then fe ~ u for s'ome'u € B(eRs). By #
proposition 1.7, u = c(u).e., Also, since fR = feR : uR, we have tt;at ;fR =
RuR by lesmma 1.10, whence c(f) = c(u). Thorefo:t’-e, fo ~ u = c(u)e = c(f)e.
(b)=(c) is. obvious. “ ‘
(e)=2>(a)s Suppose £2'= t € eRe. Thén) ¢ ~ ec(f)jrehtive to R, and
so thére exist x!c fRec(f) and y € ec(f)Rf such that xy = f and yx = ec(f).

- +, 3 ~
Since x, y € oRe, £ ~ ec(f) relative to sRe. Thus e is guasi-abelian.

&

9

- ’ L

Corollary 2.2 Let R be a quasi-abelian, regular, right self-injective
ring. If 92 = @ C R,'t};on oRe is quasi-abelian. -

Proof Let £ = f € eRe, By proposition 2.1, we see that e ~ c(e) and -
£ ~ céf). This implies ec(f) ~ c(e)c(f) and fc(e) .~ c(e)e(f), whence

f ='fc(o) ~ ec(f). Thus e is quasi®abelian by proposition 2.1,

“

‘Definition 2.3 A Baer ring is a ring in which every right (and left)

annihilator ideal is generated by an idempotent. . /

“w.
1

)

s

Note tMat proposition 2.4 and ;:orollary 2,2 also hqld [for tfxe more .

general class of semiprime Baer rings,

Definition Z.k/Let R be a regﬁiar, right self-injective ring and let

o> = 6 € R. Then e is faithful if 0 is the only central idempotent of

[ W

L

PR
s

PN

v
ey ke



, nonzero x € R. .

13
R.which is orthogonal to e.
2,3 Let R be a regular, right solf-injective ring, and let o be

an idewipotant in R. Then the following conditmns are equivalent:

(s) e is faithful,

(t}) c(e) = 1.

() Re is a faithful left R-module. Y

(d) eR is a faithful right R-module,

(o) Hmh(eR, J) # 0 for all nonzero righ;. ideals J of R.

Proof (a)=b(b): According to propesition 1,2, there exists u & B(R)

such that (RaR) <, (uR)R. Then (1 - u)e = O, whence 1 -~ u = 0, Thus,

(RoR) <. R oo |

‘(b)ﬂb(c)s Since RR is nonsingular and ReR is a large right ideal of

R, we have that xReR # O for all nonzere x € R. Thus, xRe # 0 for all

»

(¢)=>(d): Let K ={x€ R | eRx = 0}. Then (KRe)® = 0, and so

" KRe = 0, Therefore, K = 0, . .

‘no nongero abelian idempotents,

(d)=3>(e): Let x # 0 € J. By assumption, there exists y € eR such

that yx # 0. Define the epimorvhism fixR—yxR by f(xr) = yxr. Sincu yxR,

is projective there is a nonzero mav hiyxR—>xR such that fh = 1, Since
yxR is a direct summand of eR, h extends to a nonzero map eR-—x < J.
(e)=>(a)s - It u € B(R) and eu = Os.then HomR(aB, uE_t) =0, Thus u = Q,

- 1

Definition 2,5 A regular, right self-injective ring R is said to be of -

»

Type IT if R contains a faithful quasi-abelisn idempotent but R contains

’

Al

[

T e e, 5



) . 'i\,%/‘ . ~ | . ' ’ . 14
' Theorem 2.4 Let R be & regular, right self-injective ring, and assume

that R contninsfpo nongero aboliﬂ;n idempotents, Than the following con-

. ditions are squivalent:

(a) R is Type II. s

(b) , Every nonzero right 1doai of R contains a nonzero qua‘si-abclim‘
idempotent. |
o '(c) The two-lsidod'i.dui gonerai:ad by the qv.‘ua_i-uboli-an idemp;tonf:s of .

-‘R\ is essential as a right ideal, - . T

—

/

Proof (a)=%(b): Let ® bs a faithful quasi-abelian idempotent in R,
let J be a nonzero right ideal, and let f be a nonzero idempotent in J.
Then, c(e)e(f) = e(f) # 0 by lemma-2.3. According to proposition 1,7,

it follows that eRf # 0. Consequently, lemma 1.8 implies that there

v

sxist nonzero idempotents 91 € eRe and f 1 € fRf such that .1~ f1; Thus,
f,Rf, ~ Epd(flﬁ) o~ End(e'la) = o Re, C eRe, and so f Rf, s a quasi-abelian

ring' by corollary 2.2, # Therefore f is a fnonzero quasi-abelian idempo..
ad

1
tent contained in J| . '

(b)=>(c) is clear. \

¢+ !
(e)=>(b)s Let x # 0 ER, and let y € R such that x = xyx, By assump-
tion, there exist s, 8 , & ,..., 8 ,'* ,  s..0y * € R and quasi-abelian’
. 17 2" n 1" 2 -n
\ h that xys = r 6 s, + r e.s_ +
idempotents 01' ez, ’ fn suc'h that xys ”1’1’1 rzozsz i
This implies that xre # O for some r € R and some quasi.abelian idempo-

l..+ L]
rnensn #0

tent e in R, Now, let z € R such that (xre)i(m) = xre, and consider
the idempotents f = xrez and g = ezxré, Since (xre)(ezxrez) =fand .
{ezxrez)(xre) = g, we ;oe that £ ~ g, Thus, tﬂ‘f ~ End(fR) =~ End(gR) =~
ghg € eRe, and iso fRf is a3 quasi-abelian ring by coroliary 2,2, There- .
fore f is a nonzero qufsi-abe];m idompotant contained in xR, |

-

¥
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(b)=>(a)1 Set X = {u€B(R) | wR 1s Typs TT } and consider a ‘ 7

maximal érthogonal family {ui} C X. We will show \/ui = 1. Assume
Va,

in the ring (1 - f)R, Since g 1A faithful in the ring c(g)R S (1.« £)R .

L

=f # 1, Then, there exists a ﬁonzaro quasi-abelian idempotent g

and since c(g)R\cdntains no nonzero ‘abalian idempotents, we have c(g)R e
1Y ! J

is Type 11, 1.e., c(g) € X. Then c(g) € fRN (1 - £)R = 0, which is a

contradiction. :Therefore f.= 1, |

Now, for each i there is a faithful quasi-abelian idempotent h N in .

the ring uiR.‘ Since (hi) I “1R(.h1) ~ ﬂhi(uiﬁ)hi, (hi) is & faithful

quasi-abelian idempotent in the ring I'IuiR'. Moreover, Iu.R has no

nongzero abe idompotents ,' and so IluiR is Type II. According to

'

lpx:o\;x:sition 1,5, R = Huiﬁ. Therefors R is Type 11,

Definition 2,6 A regular, right self-injective ring is said to bu4 Type 1 '

if R contains a faithful abelian idempotent,

/

Theorem 2.5 Let R be a regular, right self-injective ring, Then the

fo}lowiqg conditions are equivalent;

r
-

(a) R is Type I.

'(b) Every nonsero right ideal of R contains a nonzero abslian idempo-
tent, ' .
L

(e) The two-sided ideal generated by the abelian idempotents of R is

essential as.a right ide.‘tl._ " M.

AR e e g o S L i A

Proof Analogous to theorem 2,4,

Lemma 2.6 Let R be a ring, let u € B(R), and let X S wR, If

[

A

.



(RIR), <€, (uR),, then ((un)x(ua» <, (aR) .

A

px‘-oof'n@ 0f3 S(nn)uR. ' Then O#JS(uR)l;, and so RRNJ #0,
whence (WR)X(wR) N J #0, Therefore ((uR)X(uR)), . <, (wR)

Definition 2,7 A regular, right self-injective ring is Type IIT if it

contains no nonzero quasi-abelian idempotents,

Theorem 2.7 Any regular, right self-injective ring R is uniquely a direct

o

product of rings of Types I, 'I_I", 11T,
Proof Let X dencte the collection of all abelian idaml;otenu of R, By
proposition 1.2, there exists a u'e B(R) such that (m)R S,' (uIR)R'
Consequently, u,R is Type I by. theorem 2.5 and lemma 2.6, Note that

sinco (1 - v, JRN X = 0, the ring (1 - n' )‘R has no nontero abolian idempo~
tents, Now, 1at Y denote the collection of all quaai-abelian idempotents
in (1 ~ ul)R. By proposition 1.2, thers exists a unique \12 € B(R) such
that (RIR)R S, (uZR)R. Since Y & (1 -\ ul)R, it fol\lows from the un.iquo-
ness of u_ that u_(1 = w ) =u

2 2 1 2!
jdempotents. Thus, by theorem 2.4 and lemma 2.6, u,R is Type IT. set

whence qu contains no nonzero abelian

u3 =1« u, - u2 Then since uBRﬂ Y = 0, the ring u3R is Type I1I.

Therefors, we have orthogonal central idempotents ul, uz, u3€ R such
that o, + u, + u3 =1 and the rings uIR, uZR, u3R are Types I, I, T1I.

It remains to show uniqueness.
]

Suppose fl’ fz, f3€ B(R) such that fi + f2 + f3 =1 and f1R, fZR,

f3R are Types I, I1, 111 respectfully. Then, ulsz is both Type I and

Type I1 by theorem 2.4 and theorem 2.5, whence nlfz = 0, Likewise,

e ———————

. . , b Al
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u1f3 = fiu, = f1u3 = 0, Hence, u = \11(1‘1 + f:z + f3) =uf, =

fl(“l +u, + n3) = tllf Similarly, fz = u, and f Therefore the

37 %
ring decomposition is unique, .

o

Proposition 2,8 Let R be a regular ring, Then R is abelian if and only

if R is quasi-abelian and R is directly finite, |

‘Necessity is obvious, Conversely, let & be an id'ampotent in R,  Since
R is quasi-abelian, there exist elements x, y € R and u € B(R) such that !
xy = @ and yx = u, Clearly u is directly finite, whence u = yx = uyx =

(uyu) (uxu) = (weu)(uyu) = xuy = x(yx)y = xy ='e. Thoref&re R is abelian.

H

Definition 2.8 A regular, right self.injective ring R is said to be Type

II if R contains a faithful dii-ectly finite idempotent but R contains no

nonzero abelian idempotents, ' 4 - b

Lerma 2,9 Lat R be a regular, right seif,-i.njective’ ring, If R is Type

II and Type 11, then R = O,

Proof Let ® be a nonzere quasi-abelian idempotent in R. According to

PR, ﬁ‘awwmdm P

(7, corollary 10.9), eRe is Type I1I, and so f:here exists a nonzero ciirec-
tly finite idempotent f in eRe. Since e is quasi-abelian, we also, have g
that f is quasi-abelian (by corollary 2.2), Then, pro;;ositién 2,8 impliss :
that £ is a nonzero abelian idempotent in R, which is a contradictio;. ‘
Thus, R = 0,

o~
~

Definition 2.9 A regular, right self-injective ring is Type III if it .




18

contairs no nonzero directly finite idempotents.

4 B 4‘
Lemma 2,10 Let R be a regular, right self-injective ring. If R is Type

IIT and Type III, then R = 0, . ’ .~
- ¥
H

*

Proof This follows ’fron (14, theorem 3.2 and lerme 3.3)“.

T g
1t

S )
Thoom‘{ 2,11 Let R bef;fiiugular, right self-injective ring. Then the
'following conditions are equivalent: |
(a) R is Type III. ‘
() R is Tyve II,
(¢) R has a faithful directly finite idempotent but no r;onzero quasi-

e

" abelian idompoténts.

Proof (a)=> (b)s Acc::z;ding to.(?, theorsm 10.13), R has a unique decom-
position ‘into rings of Types I, II, III, Then R is Type II by lemma 2,10,
(b)=>(a)1 According to theorem 2,7, R has a unique decomposition ,

' into rings of Types I, 11, I1l. Then R is Type IIi by lemma 2.9,

? * ’
(b) <> (¢)s+ This follows from the equivalence of (a) and (b),

Theorem 2,12 Let R be a regﬁlar, right self-injactive ring, '.l‘hen the
followix?g‘ conditions 'are equivalent:

(a) R is Type II,

'(b) R is Tyve III.

‘(c) R has a faithful quasi-abelian idemvotent but no nonzero finite

idempotents,

Proof Analogous to 2,11,

N g A et

fpesan



A L]
C | " Chapter III . . ' -
. ¢ \ ' "
' - . Purely infinite rings © ‘

- This chapt;.er is concerned with regx‘xhr, rigl'st self-injective rings,

which do not have nonzero directly finite ring direct summands,

V. e

Qetiniiion 3.1 A regular, right sel‘f\injective r{ng is purely inﬁnito_

:

if it has' no nonzerc central directly finite idempotents, &

*

¢ For example, every regular, right éelf-'in;)octivg ring of Type III is

purely infinite, For another sxampls, lst R be the endomorphism ring

of any infinite-dimensional vector space, Since B(R) ={0, 1} and R 1s

+

directly infinite, we see that R is purely infinite, "
( , 5

- For characterizations of purely infinite and quasi-aboli}a( rings
——Y

(chapter V and\k), we nesd the following results,
St
S | ]

Fl

' h.

Proposition 3.1 If A and B are injective, modules suc"ﬁ that A S B and

BS A, then A =By : o ‘
——

Proof By sssumption, A S B and B is isomorohic to a submodule C of A,

nlndis 'there exists a monomorphism fiA— C. Since C is injective, -we

have A ¥ H @ C for some H. We claim that {H, fH, %1, t3H,...} 15 an

independent family of subm&;dulo of A, /
Obviously, {H[» is indeperdent. qu, suppose that

19
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2!1,...0. an} is independent, for some nonnegative integer n,

{5, ', ¢
Since f is s monomorphism, it follows that {fﬂ, fZH,..., fn+in'} is inde-
pendent, Moreover, EM (fH & 8 @ “oe @’fn+1H) SHNEASHEHNC =0,

whence {H, f:i, f‘zH,.... ngiH} is independent. Thus,.the induction works,

and so {H, fH, fzﬂ,...} is independent.,.
Now A has a submodule P = H ® fH @ f2H® cosy and We note that P ;

H® fP. Sinee fP <C, we see that C contains an injective hull Q for

fP. It follows th:t, E(P) = E(H ® tP) = E(H) ® B(fP) = H®Q, ard s0

H @ Q is an injective hull Tor P, Inasmuch as fP = P, we get that

Q ="1'.2(fP) ~B(P) = H®Q, Finally, C=Q &K for some K, whence A =

HAC=sHPQBK =2QPK =C =B, Therefore A ~ B,
o4 “ X
(—q

Lemns 3.2 let R be a regular, right self-iMdective ring, and let A and
B be nonsingular injective right R-modks. Let X C B(R), and set g = \/X.
(a) If AuS B for allue X, then_Ag < Bg.
. (b) If Au ~B for all u e X, then Ag = Bg.

[,

Proof If X is empty, then g = O, and so the results hold trivially,

\

Thus;» we can aIume that X 1is nonempty.
P4

{fe B{(R) | £ < u for some u € x}, and note that Af S Bf

L)
iy

(a) Set Y

“for all fE Y. ‘%’Now, consider a, maximal orthogonal family {ui} SY, and

i~ -

1let \/ui =wS g, Assume w # g. Then there exists s € Y such that
s(g - w) #0, “and so s(g - w)j is £ nonzero element of Y. THis contradicts
the m;mahty of the fa;ui]\y {1;1}. Hence \'/“1 =w=g, Weclaim that
Ag = E(® Au,) and Bg = E(® Bu,). '
According to proposition 1.4, (gﬁ)R = E((® uiRjR), whence gR/ (4] “1R) :

is a gingular ‘right R-module (6, proposition 1.21), Now, since the

— L
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- ' , mapping f igR/ @ w,R)—agh + (®-Au,)/(® Au,) given by f.@ = agr 1s )
. an epimorphism for any a € A, we ses t}}at“z;nng + (@ Aui)K® Aui) =
" Ag/ (b Au,) 1s an epimorphic image .of a direct sum of covies of
gR/(® u R).. Hence Ag/ (® Aug ) is singular as well, Confequently, - /?
o @® Au, S, Ag by (6, proposition 1 21). Thus Ag = E(@ Au“) Similarly

SBu forall 1, we have@Au s

Bg = E(® Bui). Finally, sinces An 4

1
. ' '®Bu,, vhence E(® Aui)s B(@Bu,). Thus AgS Bg.

A Y

E ‘ (b) This follows automatically from (a), in view of 3.1.

- - B

Theorem ":2.:2 Lat R be a regular, right splf.injective ring R. Then the
3

Vo

following conditions are equivalent:

v : . LI B )

(a) R is purely infinite, . ~ i .
, . , < >0 , .
S (b) nRy S RR for some n Z 2! %
/ (e) nRy = RR'for all positive intsgers n,
, L@ E(RRY) =R \ o - ‘

<p
/ ;

Proof (d)=>(e)s Let n be a positive integer. Then RR ~ B( HoRR) ~
E((n = 1Ry @RR.). = (n - 1)R, ® E(NR.) ~nR_. Thus R = nRp.
. (c)#(b) is clear,

(b)=>(d)s Since RR~ nR , We see that 2&R~ RFl A AS a result, we
= R,

can construct right ideals_kl, PLAEE and B prsee of R such

0 1’

¥ < ~ ™~ .
— that for all k, A @B _<B , and A ~B =R, §ince‘thoAkare

k-1
‘ . independent, we have that HR ~@® Ak R R whence E(H‘ R ) X R. Accor-

4

F

ding to proposition 3.1 "E(H RH) o~ R .
- ~ (b)=>(a)s Let u € B(R) be directly finite, By assumption, ZRRS Ros
,and so '2(uR)RS (uR)R. According to proposition 3,1, z(uﬁ)R ~ (uR)R.

Since u is directly finite, we must have u = 0, Thus, R is ourely

i
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*infinite. . \

»
€

(a)m> (.b)x By proposition 1.4, there exists g € B(R) such that 1 - g
is the supremum of al} ue B(R)I{or which 2(uR) < uR, Then, lemma .3.2
implies 2(1 = g)RS (1 - g)R. We claim that g = O, '

A:‘wnme g # 0, By assumption, g 1s directly infinite, and so gR coge
tains a nonzero idempotent f such that 2(fR) ~ fR (7, proposit:ion 5.7).
Now, choose % maximal independent famiiy {J ‘

. i}
of gR which are isomorphic to fR, Then gR = E(® Ji) ® kR for some k2 =k
)

among those right idegls

such that R kR, and note that & J, # O. According to theorem 1.9,

th)oro exists h € B(R) such that hkR < hfR and (1 - W) R S (1 = h)kR,

Then, since hgR = E(® hJ,) & hkR, we have hgh S E(@ h,) @ hfR = E(e hd,) ®

R

hd, @ heR x E(@ hi,) @ 2(hfR) x E(@ bJ,) th =~ E(ga’hJi) ®hJ,

_E@hJ,), that is, hgR S E@hJ,). This implies that 2(hgR) S

260 hJ,) = E(@® 2(hJ,)) ~E@h,) < haR, Hence (1 - g)hg = hg, whence
hg = 0. Hence fR = gfR = (1 - h)gfR = (1 = W)fR S (1 = h)kR < kR, which

is false. Therefore g = 0,5 Thus ZR = RR

Theorem 3.4 Any regular, right self-injective ring R is uﬁiquely a direct
product of a dirgctly finif‘o ring and a purely infinite ring,

Ve
Proof Let X = {u € B(R) | uis dire{tly finite}, and set f = Vx, Accor-
ding to provosition 1, 5, the_kernel of the)natural ring map.-hiR— IIuR
is (1 = )R, Since fR = B/(1 - £)R = R/ker h = hR, ve see that fR is
isomorphic to a subring o# the dirsctly finite ring “[.IXuR, and S0 is
directly finit.e. as well. Also, (1 - £f)RN X = 0, vwhence (1 - f)R coq,ta;.ns
no nonzero directly finite Zentral idempotsnts. Therefdre, (1 - f)R'is

purely infinite and fR is directly finite., It remains to show uniqueness,

S P oSee dhgtd
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Assume, g € B(R) such that gR is directly fini.t}e and (1 - g)‘R {s vure.
ly infinite., Then £(1 - g) is a directly ”t‘init:e central idempotent in 1
the purely infinite ring (1 - g)R, wglonce (1 - g) = 0. Also, Cl.h- f)g I

is a directly finite central idempotent in the purely infinite ring

(1 - £)R, whence (1 - f)g = 0, ﬁonee £ = fg = g, Therefore the decom-
. 4
position is unique,

v

In a similar manner one can show that any regular, right self-injective i

‘ ., .
ring R is uniquely a direct product of an abelian ring and a ring without ‘

0

nonzero centnal abelian idempotents (7, proposition 13, 14) It is inte-

resting that the corresponding rqsult also holds for central quasi-abelian ) U

idempotents, as we show in chn;;tar.VI. *

E Definition 3,2 A regular, right self-injective rinz R is Tyre If? }f R'“
is Type I and directly finite; Type I, if R is Type I and pnrély ipfini-
tes Type II.F if R is Typs II and directly hnita;“’l‘ype II_if R is Type
II and purely infinite, _ \

; ' | |
Ihcerou 3.5 Any regular,-right sol.t‘.-injective ‘ring is nniquely a direct

product of rings of Typaa IF’ Iy IIF' IT° 9 111, _ .

. ! . ]) ’ .
Proof Theorems 2,7, 2:41, 2,12 and 3.4.

3



Chapter IV

7

! ) .
Prime ideals in regular self-injective rings
.
In this chapter ws study prime ideals in a regular ring with compara-
bility, In.particular, we show that a two-sided ideal P is prime if and
only if P N B(R) is a maximal ideal in B(R),

* Notation: Let R be a ring, We write L,(R) to dencte the lattice of

two-sided iduh of R (partially ordered by inglusion),

Definition 4.1 A regular ring R is said to satisfy the comparability

‘axiom provided that, for any x, y € R, either xR < yR or yR S xR.
, . ,

Note that a regular ring satisfies the comparability axiom if and
only if, for any idempotents e, f € R, thers exist elements s € eRf and

t € fRe such that either st = ¢ or ts = f.

Propésition 4,1 Let R be a roguhr ring whieh satisfies the comparabi.

lity axiom' then the following holds

(a) 1.2(Ri‘ is linearly ordorod.

(v) A1 proper two-sided méals of R are priue.
; Proof (a) Let I, J be two-sided {deals .of R-and let § € J. Assume
there gxi}st; an element x in I - J, Since R is régular, thers axist
"idempotents e.and £ in R such that xR = oR and JR =fR, It rc;nows from

»

2

¢
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confpu“ability that R S fR or fR S eR. By lemma 1.10, eR s fR, hence
IR < eR. @other application of lemma 1.10 shows that £-€ I, and so
JEIL ThwJ S I, Therefore LZ(R) 1‘3 linesrly ordered, |

(b) Let P be s proper two-sided ideal ‘of R, and consider any tWo-sided’
ideals I and K of R which properly contain P. According to (a), either

J<Kor KSJ, say J SK. Tt follows that P<J =J2 < JK. Thus P is

A

prime.

v

Theorem 4,2 Let R be a regular ring satisfying

L

_zeneral comparability,
and let P be a proper two-sided ideal ¢of R, Then the folloving condi-

tions are squivalent:

4

(1) P is a prime idesl of R. ' , , .
(b) PN B(R) is a maximal ideal of B(R), -
(e) For.all u € B(R), either u = or 1 <ue.P,

(d) L,(R/P) is 1inesrly ordered. ' | : ’

Proof (a)=>(b): Let ue B(R)., Then uR(1 -u)R =0 S P, Since P is

prime, either uR S P or (1 -[u)R\E P, 1.6., uE P orfi ~.u€ P. By -
(11, p. 2, proposition 2), PN B(R) is a maximgl ideal of‘B(R). |

(b)=3>(c) by (11, p. 32, proposi tion 2). ‘

()=>(d)1 First we claim that R/P satisfies compsrability, Lot &
and T € R/P with e and f two idenpotenté.. Since R satisfies ceneral
comparability, there exists a u € B(R) such that ueR S ufR and
(1 - u)ﬂi <(1 - u)eR. It follows that ueR/P S ufR/P and (I = wR/P-S
(m:R/P;. By assumption, either u=1 or 1 - u = 1, whence '
oR/P. S TR/P or TR/P S eR/P. Thus, R/P satisfies the comparability

axios, Then, proposition 4.1 implies that R/P is linearly ordered,

S
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~ (d)m>(a) asAn B,1 (b)," 7 - | -

Corollary 4,3 Let R be a regular ring aatijfyi.ng general comparability,

and let P S Q be proper two-sided ideals of R, If P is pri.i, then Q is

prime,

i

Proof This follows from the equivalence of (a) and (b) in theorem 4.2,

L

Corollsery 4o&4 1st R be a regular ring satisfying general comparability,

It Mis s ma.xin’l" ideal of B(R), then MR is a minimal prime ideal of R,

Proof First, assume MR is not a proper ideal. Then e,x, * e X, teuut

o, = 1for some e, € ¥ and.some x,€ R. Set e=e, Vo, V...Ve ,and

i 3 1'%
note that @ € M, Since “?1': o, for al‘l i, e = o/l,= e(aix1 + o,X, +\...+’ .
onxn) = ox, + 0212 o0t enx; = 1, vhence 8 = 1 € M, which is impossible,

- Thus MR is proper, »it remains to show that MR is a minimal orime ideasl,
Givon'my fe B(Rj, either f € Mor 1 - f € M, and so either f € MR or
1-f €M, According' to theorem 4,2, MR is a prime ideal of R, Consider
any 'prine 1deal PS MR, Ife€ M, then 1 - o% MR, whence 1 -~ e ¢ P,

N
whence o€ P, Then MS P, and so P = MR, Therefors MR is a minimal

‘prime ideal, -

. Corollary 4.5 Let R be a regular ring satisfying general comparability,

and let P be a prime ideal of R, Then P 1s contained in 2 unique maxi-
ml two-sided ideal of R, and P contsins a tnique minimsl prime ideal

~

of R.

S DA
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Proof. By theorem 4,2, LZ(R/P) is linearly ordersd, whence R/P has a
uiique maximal two-sided ideal M/P, This implies that M is the unique

maximgl two-sided idesl of R which contains P. It rempins to show that

T et S R T8 S st g e BT A 4

P contains a unique minimal prime ideal, . ‘ ‘
Inasmuich as P M B(R) is a maximal ideal of B(R), corollary 4.4 iipli;s
that Q = (P N B(R))R is a 'minimal prime ideal of R contained in P. If
K is another minimai prino ideal co;xtain’od'in P, then KM B(R) S PN B(R).
- Then, sinca KN B(R) and PN B(R) are maxinal in B(R), it follows that -
KA B(R) = P B(R). As-a result,Q = (PN B(R)R = (K N B(R)R S K,
wﬁenco K= Q by minimality of K, Therefore Q is unique. . ,

‘

Definition 4,2 A ring is said to be biregulai 'if for each x ¢ R, there

exists s u € B(R) such that the two-sided ideal RxR = uR.

-« '

8

Corolhry 4, 6 Let, R be a regular ring satisfying goneral couparability.

Then ‘R is birogular Af and only if all prime idea'l.s of R are maximal.

>

Proa! Assume R is birezular, and let P be a prime ideal of R, Clearly
R/P is birogular, and. So every two-sidod ideal of R/P cor;tains a central

idompotont..\ Now, since R/P is also prime, 1 1is the only nonzero central

idempotent of R/P. Hence svery nonzero two-sided ideal contains 1,‘ when-
N : o - . .
ce R/P is simple, Thus P is maximal, . L i ’

Conversely, if R\ not biregular, then thers is sems x € A such that
RxR is not g;neratod a central idempotent, OSet J = {y €R ] yRx = 0},' i
and note that J is a two-sided ideal, Since .}(m) =0, we have that
4N RxR - 0 (by. the semiprimeness of R), As a result, since RxR is not.

generated by a central idempotent, we must have RxR @ J # R, Hence,
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RxR ® J is contained in some maximal two—sided ideal M of R, According
to theorem 4,2 and corollary 4.4, P = (M M B(R))R is a prime idesl of R,

' We claim that P # M. ' ) .

If P=)¥, thenx € RRRS M= P, and s0 X =eXx +e,x ti..teox for

some o, ¢ MM B(R) and x, € 'R, Setting @ = e, V ) \...y 8 , We see |
that e€ MNB(R) and (1 - e)Rx=0. But then 1-a€J<H, which is

impossible, ‘i‘heraforo Pk M, Thua, P is a nonmaximal prime idesl of R,

. Proposition 4,7 Let R be a regular, right self-ifjective ring, Then,
any prime ideal of R 1is eiﬁhor essential or tlosed, ' -
Proof Assume P is a prime 1deul of R. According to propositden 1, 2,
there ‘exists a u € B(R) such that P <, uR. Sinco P is a prime ideal, we
have 'that u€ Porl -ug P, whence P = uR or P S,R. Therefore, P 1s
either c}.osod or essential,

| K
.¢Notations Let R be a ring. We write Spec(R) for the set of all prime

idaals of R.

Recall that Spec(R) becomes a topological space (Zarisky topolozy),
if as open sets we take all sets of the form {P € Spec(R) | X Q P} for
any X S R, ‘ *

'
-
) N !‘
1

_ Definition 4,3 .The Boolsan spectrum of a ring R, denoted BS(R), 4s

Spec(B(R)),

*

In chapter V (‘“prO_pos‘ition 5.6) 5 we will show that BS(R) is a compact,

e 2

TP

ey
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Hausdorff » totally disconnected spacse,

Definition 4,4 The maximal spectrum of a ring R, denotad MaxSpec(R),

is the subspace of Spec(R) consisting of all maximal two-sided ideals

ofR. ° ) ;

o

Theorem 4,8 If, R is a regular ring satisfylng general comparsbility,

_then the rule M— M N B(R) defines [homoomo;phim of MaxSpec(R) onto”

BS(R).
Proof For all M € MaxSpec(R), set f(M) =M N B(R) € B3(R)e If M, N€
MaxSpec(R) such that £(M) = £(N), then M and N both contain (r(n))a.

According to corollary 4.4, (£f(M))R is a prime ideal of R, whence N = M

by corollary 4.5, Thus f is injective.

L&t M € B3(R). By c&rollary 4L.4, MR is a proper ideal of R, whence
MR is contained in a maximal two-sided ideal N.‘ Then M S N NB(R) _= f{(N)
and so M = f(N), by maximality of M in B(R), Thersfore f is a bi jection. ‘

If X is ar;y\closed subset of BS(R), then X = {‘M €B(R) | YCM} for
some T S B(R). It is not hard to see that £~1(X) = {N € MaxSpec(R) |
S N}, which is closed in Hax'Spec(R)’. Thus, f is continuous.. Since
f is a contiﬁuous bijection of a eompact space onto a Hausdorff space "

we have £ is a homeomorphism,




Chapter V

PR l Quasi-abslian rings

- r

In this chapter and ithe next, we study -two classes of rings which

"have a lot of importance in the structurs theory of regular self-injective

rings, namely quasi-abelian reguiar rings, and rings in which every twoe
sided ideal contains a nonzero central idemnotent‘,

1

P;-opositiou 5,1 For a regular ring R, the following conditions are equi-

" walents

() R is quasj-abelian,

(b.). Every p:rincipa]} right‘(iloft) ideal is isomorphic tt{ a two-sided
idesl (as Remodules). ‘

(e) { xrzx | xye B(R)} is t.’hoiset of ali idempotents in R,

LY

Proof (a)=>(b)s Let I be a principal right ideal, Since R is regular,

wa have I = eR for some idempotent e, By assumption, thers exists a

G d

»

ue B('R) such that I = eR =~ uR, Therefore I is isomorphicrto ; tw;i
sided ideal. ‘

(b)=2> ()1 Let & be an idempotent, ‘Then eR is isomorphic to a two-
sid;d ideal aR. Since R is regular,laR = fR for some idemootent f).
By leoma 1.1, we have f € B(R), Now since e ~ f, there exist x, y€ R
such that e = yx ard xy = f, whence e = yx = v(xy)x = (xy)(yx) = xyzx.
Thus e c {xyzx ] xy € B(R)}. " For the reverse inclusion, if xy € B(R),
then (xy?x)(7°x) = (xy)(yx) (=) (7x) = (=) (y) (7%) = (eylylay)x =

%0
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Xyyx = xyzx. Thus, {xyzx | xy e B(R)} is the set of all Mmp::tents in
R. LT | |
(c)= (a)1 Suppose e is an idempotent. Then there qﬁst x, YER
such that e = xy?x and xy € B(R). It follows that e = (xy)(yx) =
y(xy)x = y(xyx) and xy = (xy)(xy) = (xyx)y; whence e ~ xy € B(R)., Thus,
R is quasi-abelian,

-~

Proposition 5.2 Let R be a quasi-abelisn regular ring. Then R satis-’

fies general comparability.

~ Proof Let e and f be idempotents in R, Then e ~ u and f ~ v for some
u, v € B(R), Since ev ~ uv ~ fu = fuv and f(1 - v) = 0, it follows that
a) evR < fvR, - ‘ | o
jb) £(1 - V)R Se(1 - v)E.
Thus, R satisfies general comparability.

'

'4

. It is obvious that the class of all quasi-gbelian regular rings is
closed under direct products, In the next propositlion, we show that it

is also ¢losed under factor rings,

Proposition 5.3 Let R be a quasi-abelian regular ring and let I be a

two-sided ideal of R. Then R/I'is a quasi-abalian regular ring.

Proof Clearly R/I is a regular ring. Let & be an idempotent in R/I.
Since every idempotentl in R/I comes from an idempotent in R, there
exists an ﬁenpot_ent ® € R such that s = a. By assumption, @ ~ u for

4

some u € B(R)., This implies that there exist X, y €.R such that xy = e

- —

o e e
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and yx = u. Itfollowsthutxy=o=aandyx=ue.B(R/I) whtncoa~u./

4]
Therefore R/ I is a quasi-abelian regular ring.~

,Prgposilti'on 5,4 If R is a quasi.abelian regular ring, then R ig biregu.

“lar, -

~
Proof let x be an elsment in R, and 1et y € R such that x = xyx, Since
]
xy 13 an 1dempotent., tharo exists a u € B(R) such that x‘y ~ u, Accor-
giing to lemma 1,10, this implies that RxyR = uR, Sinco RxyR S RxR =

RxyxR C KxyR, we have that RxR = uR. Theréfore R is biregular.

Corollary 5.5 If R is a' quasi-abelian regular ring, then o.vor;y prime

" jdeal of R is nximl.

Proof ‘According to proposition 5.2 and prppésition 5.4, R is a biregular
ring which satisfies genengl comparability. Consequently, every prime

ideal of R is maximal by corollary 4.6,

Proppaition s,6 If R is a quasi-abslian regular ring, then Snec(R) is .

a2 compact, Hausdorf‘f totally disconnected spacs,

Prpoi‘ Since R is a ring with unit, Spe¢(R) is cimpact. Now, consider
Aanfdistinct‘ P,Q€E épec(R). According to corollary 5.5, P and Q are
maximal, and so there exists an element x such that x € I;,- Q. This J
implies that P - Q contains an idempotent (R is regular). Let ; =

ole P - Q. By assumption, & ~u for some u € B(R) , whence P - Q also

contains the idempotent u (by lemma 1.10), Since u is central, it is.

4

4 Ll

Do A T AN IRET 2, S SN BN 0

0
s kot B i

R R NI

T



~ T o >~ "33
not hard to ses that V = {¥ € Speo(R) | u¢ M} and W= {Mc Spea(R) | ©
"t -~ ug M} are disjoint open subsets ‘of Spec(R) such that Q€ V and
P € W, Thus, Spec(R) is Hausdorff. I%, remains to show that Spec(R) ‘is
totally disconnected, -

We will show that Spec(R) has a basis of clopen sets, Lst V =
{M € spee(R) | X € ¥} be an open set, and let GE V. .‘Then there exists
an x'¢ X - Q, whence W = {M € Spee(R) | xe M} ts an open subset of'
Spec(R) such that Q€ W CV. Since R is regular there exists an idempo-
.tent o such'that' eR'= xR, whence W = {¥ € Spec(R) | o ¢ M}, Moreover,
e ~u for some u € B(R), and so lemma 1,10 implies that W = i
{M € spec(R) | u ¢ M},  Since u € B(R), ws also have that W =
{M € Spec(R) | 1 - ne M}, \A&:};ls closed. Thus, W is a clopen subset
of Spec(R) such that Q € WS V, “*Therefors Spec(R) has a basis of clopen
sets and so is totally disconnected.

13

A

Proposition 5.7 let R be a regular right self-injective ring, and lest

{e i} be a maximal infinite set of oréhogonal squivalent lidempotents
which contains 91. Then there exists a nonzero u € B(R) such that
"uwR = E@® hiR), whers hl =enu and hi~ h1 for all i ¢ I.

&

Proof Let ei = E(® eiR). By general comp’arability,‘the.re exists a

u € B(R) such that

(a) (1 - e)uR Se, uR,

1
. (b) 01(1 -wRS(1 - 0)(1 - u)R.
Note that by the maximality of the family {e;} and the relation (b),

we have that u # 0. Since (1 - e)urR S oluR, there exist idempotents

A LT R LS T g CF R, SRR
A
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!'1 and:’éi\. such that eiuR = fla_@ g,R and f1~ (1 « e)u, Conso?uent]y,
since e 1‘; ~®,u, there exist idempotents t'1 and g, such that eiuR =
fiR@ giR, ri~ (1 « e)u and g~ & for each 1 # 1. Now, consider tho’
direct sim 5 = (1 - o) ® (Bf,R) & (D gR). Since the cardinality of '
the set I U { 1} is equsl to the cardinality of I, we see that S' =@ h1R

ﬂth h1 = 0111 and hi~ 01\1 for all 1€ I, It remains to show that
v

[

uwR = E(8'). , .
Since euR = E(® eiuR), it follows that R = (1 - @)uR @ suR =
E((1 - e)uR) D E® eiuR) = E((1l - e) B ® @ oiuR)) = E(S'). Therefors

uR = E(@ hiR) with h1 = 8. u and ’h1~ h, for all 1€ 1.

1 1

Lemma 5.8 Let R be a regular ring, let e be an idempotent in R, and let

x, ¥ € R, Then xsyR SeR. ' .

Proof Since 'R is regular, thers exists s € R such that xey = xeysxey,
Then, xeyR = xeysR = (xeysxey)sR = (xeysx)(eys)R = (eys)(xeyax)R < eR,

% Thus xeyﬂﬁ eR,

Prg;Esition 5.9 Fér @ regular, right self.injective ring R, the following

. conditions are equ?valont:
.'(a) R is quasi-abelian.

- (b) For every nontentral jdempotent e.of R, there exists an infinite

set {fi} of pairvise equivalent orthogonil idempotents such that c(e) - @ h

€ { fi} ‘ s : »
(¢) For every noncentral idempotent e of R, theres exists a nonzero
rd .

~

u € B(R) such that eu~ u,

(8) {se R |6
’ /"\
b

= e and xey 2 c(a) for some x, y € R}is the set 01;

e st

e v

R e L
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- all idempotents of R. .

<«

Proof (a)=%(b)s Let e be a noncentral idempotent, By assumption,
there exist x, y € R such that yx = @ and xy = c(e) Set o ij
(y",‘lx‘j'l j)xy for alli, j =1, 2, 3,.... Whenever j < k, we

have that eijy" = (yiled-15% y‘xj Ky = (17834 L plykedyay =
13%n (ei:jyk‘1 =t o “ykxn)xy = 0 whenever j <k - 1, and
C Tttt ey yj‘1 1 y"xn)xy - (13 yixj)yj'l 1)y =
‘ (yi'lxn" yin"'l)ry = e, . Since xkekn = (xkyk"’ixn"1 - xkykxn)xy =

. (o1 - M)xy = 0, we also have xJe
; "

Hence s ©

=0 for all j 2k, whence e, e

kn 1) kn

o yt-ixd-le - yixds = 0 whenever y 2k +1,

. Now, since oljaiiaii 6, = X¥ = ¥X # 0, we see that all eii_# 0,

‘Alsq, from the abgvo, the nongero oi N are pairwise orthogonal and sre
~ )

. p;irwi\so equivalent, Thus, ® =(1 - y‘x‘)xy Z Xy - yx = c(e) - @ is
. v :

part of an.infinite set Jf pairwise equivalent orthogonal idempotents.
: \ ) :
(b)= (¢)1 Lat 'Y bo a noncentral idompotent, and let {fi} be .an
infinite set of pairwise squivalent orthogonal idempotents such that

> c(e) - e € {f } According to propos"iti’.on 5.7, there exists aB

.+~ + u€B(R) Such that W = E(@h R) with h1 = u(c(s) - o) 'and h,~ h, for

S : all i. Then, QCQ)R = E(@h c(e)R), and so (1 - hl)c(e)uR = E’(thic(e)R)

=~ uc(e)R. Hence, auc(e) = (1 - c(e)u + eu)c(o)u (1 - hl)c(e)u ~ uc(e).

Thus, euc(s) ~ uc(e) with uc(e) # 0, - \
(c)=¢>(a)‘: Suppose e is a noncentral idempotent. Set v =

\/{u € B(R) | eu.~hu}. According to lemma 3.2, ov~ v, We.will show

that ev = e. Assume ev # e. Then 9(1\. . v) # 0, and so e(1 - v)h~h

for some nonzero h € B(R), This implies that 9(1 - v)h~ (1 -.‘73))1 and

(1 ~vh=h £ 0., S:anue 14 ='\/{u € B(R) I ou~ uf, we see that

)
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(1 =« v)h = (1 « v)hv = 0, which is a contradiction. Therefore e = ev ~ v,
‘ fe

Thus, R is a quhsi-abelisn ring. N 3

(a)=>(d):1 Let f be an idempotent. Since f ~ c(f), there exist

NG
Xy ¥ € R such that ¢(f) = xfy and £ = ye(f)x, Thus.fe\{aéﬁ |02=e‘ \,;,»

and xey = c(e) Por some x,ée R} . ‘ \\\’ ‘
(d)=3>(a)t Let e be an idempotent. Then xey = c(e) for some x, y € R.
Accaé‘.\.ng to lemma 5.8, c(e)RS eR. Consequently, e ~ c(s) by prOp’osi'-

»
tion 3.1.

r )
3

B S e B, gt et e e e Ve R e
e

In the following chapter, we will give other characterizaijons of ‘ v

: 4
quasi-abelian, regularg right self-injective rings, ' Y

We end this chapter with a generalization of .(13, corollaire 1,2),

»
i ‘ -

Proposition 5.10 Let R be a regular right salfainjectivo ring, and let
. S -
e and f be two faithful quasi-abeliasn idempotents in R, “ Then & ~ f,

v

‘

Proof Set u =\/{v € B(R) | ov ~ fv}, and note that eu ~ fu by lerfma 3.2,
We claim that u = 1‘.. Assume u # 1, ‘Since Re(l - u)R g,_ c(e)(1 - u)R =
1(1 - w)R = (1 - u)R, we cee that c(e(l - u)) =1 - u# 0, and so

c(e(1 -\.‘?))cgf) t 0. Hence, propoéition\1.7 part (c¢) implies that \
{1 - u)Rf # 0. ‘It follows by }ma 1.8, that there oxis-t a4 nonzero idem-

potent g € o{1 - u)Re({ - u) a.r;d a nongero idempotent h € fRf such that @/
g ~ h, According to propositior; 2.1;_; ~ e(1 - u)e(g) and h ~ fc(hj, )

whence o(1 - u)e(g) ~¢ﬁ:(h).~ Since c(g) = c(h) and c(g)(i -u) =clg),’

we get that e(l - u)e(g) ~ £(1 - u)e(g). This implies

v ou+ (1 -ue(g))~ f(u + (1 - u)e(g)) witha gu + (1 - u)c(:;), which \ \

Y
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" ‘48 a contradiction, Therefors u = 1,
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Chapter VI 4 ‘ ]

. ' Quasi-biregular rings

i

The purpose of this chapter is to study regular right se'l.fl-injectivo‘

»ctmpiet KNy

rings in which every twq-sidea ideal contains a nonzero central idemvo-

4

‘tent., By way of example, theorem 6.9 shows if R is a regular right self-

o R g

injective rin‘g, t,;hen every two-sided ideal of R contains a nonzero cen-

tral idempotent if and onlym if there is a ring decomposition R = R1 x R2

such that R, is directly finite and R

1 2 is quasi-abelian.

Definition 6.1 A ring is quhsi-biroguiar if every nonzero two-sided

ideal of R contains a nonzero central idempotent, An idempotent e is

quasi-biregular in R if eRe is quasi-biregular,

* X - C
Obviously, any biregular ring is quasi.biregular, For another examvle,
x
let R be a regular ring whose primitive factor rings are artinian. Accor-

ding to (7, theorem 6,6), R is quasi-biregular, Q

A

¥

Proposition 6.1 Let R be a quasi-biregular ring? Then R is right and

left nonsingular,
0 t A a‘ . i

A

‘Proof Suppose that xJ = 0 for some nonzerc x € R and some large right
deal J ., Since RxR N B(R) # 0, thers exists a nonzero central idempotent

u such that u = r_xs +.rxs\+.'..+rxs for some » , 8 € R, Set
, 171 2 2 n n ;

I= gl’lJﬂ"sz'i'J NeeoNs =13, Then ul = 0, whence I M uRk = 0,
38_

/

.
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Since I is large in R, we get uR = 0, which is a contradiction, Thus,

RR is nonsingular, ‘ ’

|

It follows from this proposition that a quasi-biregular right selfw

injective ring

is regular,

- ~

Proposition 6,2 If R is a regular, right self-injective ring, then the

i

following are equivalent:

(a) R is quasi-biregular.

(b) For every nonzero nilpotent element x of R', RxR N B(R). # 0,

(c) For every noncentral idempotent & of R, ReR N B(R) # O,

(d) For every noncentral idempotent e of R, \/(ReR N B(R)) = c(e).

(e) The intersectlon of the maximal two-sided ideals of R is zero.

Proof (a)=>(b) a priori.

()= (e)s

Let e be a noncentral idempotent, According to lemma 1.1,

)

there exists an element b in R such that eb(l - e} # 0. Since eb(l - e)

is nilpotent, Reb(1 -“e)R N B(R) ¥ 0. Thus ReR N B(R) # 0,

(e)=>(d)s

mal orthogonal

Set v = \/ni. Since ReR ﬁgc(e)R, we ses that v < c(e), Assume v # c(e),

Then (c(e) - v)R is a nonzero submodule of c(e)lﬁ, whence ReR N (c(e) - lv)R # '

0, Let f be a

RfR N B(R) # 0,
ReR N (ec(e) = v)R. This is a contradiction on the maximality of the set ~

{ui} + Hence v

(d)=>(e)}

Let & be a noncentral idempotent and let {ui} by a maxi-

family of central idempotents in the two-sided ideal ReR,
nonzero ‘idempotent in ReR N (c{e) - v)R, By assumption,
whenée‘,there exists a nonzero central idempotent u in

= c¢(e). Therefore \/(Ra"ﬁ N B(R)) = c(a),

Suppose x is a nonzero element contained in the

T

et
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intprsection of the maximal two-sided ideals of R, Because R is regular,
there exists an idempotent e in R such that ReR = RxR, By'uamnption,

\/(ReR N B(R)) = o(e) # 0, whence there exists a nonzero central idempo-
tent u in ReR = RxR, If: follows that 1 - u is not contained in any maxi= ’
mal two-sided idesl, which is a contradiction, Thus the intsrsection
of the maximal two-sided idesals is zero. ] ,

(e)=> (a)s Let I be a nonzero two-slided ideal of R. Since the inter. .
section of the maximal two-sided ideals is zero, there exists a maximal
two-sidad ideal M which does not contain I, vAccording to proposition 1,11,

there exists a central idempotent u in I - M., Thus R is quasi-biregular,

Definition 6.2 Let I be a two-sided ideal in a ring R. We call I quasi-

biregular if R<R N B(R) # 0 for all x € I.

N, i

w\
Proposition 6.3 Lat R be a regular, right self-injective ring., Then

' thers is a unique ring decompesition R = 3 x T such that S is quasi-

_ biregular and T has no nonzero quasi-biregular central idempotents,

.

Proof Let J be the sum of all quasi-biregular ideals of R, We show
‘2hat r(1(J)) is quasi-biregular, from which it wili follow that J =
r(1(J)). i,et x be a nonzero element in r(1(J)). Then xR = eR for some
nonzero. idempotant e in R. Assume RN I = 0 for all quasi-biregular ’
ideals I, then eRI S:R M I =0 implies that & € 1(J), and 'hence s =
se € l(J)r(.l‘(Jj) = 0, which is a contradiction, Therefore eR/MN I # 0
for some quasi;biregul;r ideal I. Since eR < ReR, we have that
ReR M I # 0, whence ReR = RxR contains a nongero central idempotent,

Hence, r(1(J)) is quasi-biregular, and so r(1(J)) < J, whence s
, - . ' Yo




e

b1

1

r(1(J)) = J. According to proposition 1.7, J = 4R for some u < B(R).
Therefore R = uR @ (1 = u)R, with uR a quasi-biregular ring and (1 - u)R
a ring without nonzero quasi.biregular central idempotents, '
Now, suppose that we also have v € B(R) such that vR is a quasi-
biregular ring and (1 - ¥)R a ring without nonzero quasi-bir;gular cen-

tral idempotents, Then u(l - v)R is a quasi-biregular ring with no non-

~zero central quasi-biregular idempotents, whence u(i - v) = 0. Similar-

1y, v(1 =« u) = 03 hence u = v, Therefore the decomposition is unique,

Proposition 6,4 Let R be a regular, right self-injective ring which

contains a faithful finite idempotent, Then the following conditions

are equivalent:

3

(a) R is quasi-biregular,

(b) R is.finite,

Proof (a)=#(b)t Let e be a faithful directly finite idempotent and
lst u be a nonzero central idemvotent in ReR. Note that by propositiori

6.2, V(ReR N B(R)) = c(s) = 1, We will show that u is directly finite.

. Let u=x ey + x °y, +eoot xneyn for some X, » yie Rf By lemma 5.8;)

171 2

xieyiR < eR for all i, whence xieyi’e {a € R | aR is a directly finite

right R-module} for all i. According to (7, ‘corollary 9.21), u is

directly finite, Now, since "V(ReR N B(R)) = 1, ReR contains a family

of pairwise orthogonal central idempotents {ui} such thdt \/ui =1,
'According’ to proposition 1.5, R =~ IluiR. By the above, R is isomorphic
to a product of directly finite rings, Therequ;o R is directly finite,

(b)=> (a) by theorem 1,12,

st by e

o e e o
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Corollary 6,5 If R is a quasi-sbelian, regular, right self-injective
‘ring of Type I, then R is abelian. |
Proof According to proposition 6,4, R is also finite. Hence, provosi-

tion 2,8 shows that R is abelian,

Lemma 6,6 Let R be a regular, right self-injective ring of Type III,
ard let s, By & be idinpotanta in R, If 81R < eR and ng < oR, then
31}1 + gafR < QR.\ |

. * .
Proof According to (7, theorem 2,3), glR N ng = hR for some idempotent
h. Since hR is an injective 3-subﬁodulo of glR. and gZR,' we get that

giﬁ = hR @ th and SER = hR @ hZR for some idempoténts h and h

1 2
follows that g R + g,R = R ®h R bR < 3eR. According to (7, corolla-

ry 10.17), glﬂ + g,R S eR. - ,

“Proposition 6.7 Let R be a regular, right self-injective ring of Tyve

III, Then \the following conditions are equivalent:
{(a) R is quasi-biregular,

(b), R is quasi-abelian,

(¢) R is biregular.
Proof (a)=s(b):1 Let e be a nonzero idempotent and let u be a nonzero
central idempotent in RyaR\. Then u = r sus, + r,eus, Feout T eus for |
' . some r, sie R. According to lemma 5.8 and lemma 6.6, uR < euR, Conse-
quently, proposition 3.1 shows that uR ~ euR, By proposition 5.9, R is

quasi-abelian, ‘
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l (b)=3- (c5 by pmpopitilon 5.4,
(¢)= (a) is obvious, .

Theorem 6.8 Let R be a regular, right self-injective ring., Then there -
is a unique ring decomposition R =3 x T such that S is a quasi-abelian
ring and T has no nonzerc quasi-abelian central idempotents,

Proof Propositions 2.8, 6.3, 6,4, 6,7 and (7, proposition 13,14),

¢ In the following propo‘a’ition‘ we obtain another characterization of

quasi-biregular, right self-injective rings.

Theorem 6.9 Let R be a regular, right self-injective ring, Then R is
qmri-biregular if and only if there ia 4 ring deéomposition R = S x T

s ’

such that § is directly finite and T is quasi-abelian,

' (

Praof FPFirat assume that R is quasi-biregular. Since Ris a regular right

self-injective ring, there exists a u 6‘ B(R) such that R has a falthful

finite idempotent and (1 - u)R is Type III. According to proposition

6.4 and proposition 6.?, uR is finite and (1 - u)R is u;lasi-a'beliap.
Conversely, assume th-ere exists a directly finite u ¢ B(R) such that

1. - u is quasi-abelian. Then R = \iR‘@ (1 - w)R is quasi-biregular by

theorem 1.12 and proposition S.4,

I3

We are now in a position to extend ‘the results of (7, theorem 3.2)

for gquasi.abelian ’régular, right self-injective rings.
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Theorem 6,10 Let R be a regular, right self-injective ring. Then the
following conditions are equivalent:

(a) ’R is quasi-abelian.

(b) For every nilpotent slement x, there exists a u € B(R) such that
xR = uR, o s

(e) Every nonsero right ideal of R contains a nonzero idempotent e
such that & ~ u for some u € B(R). J

(d) "R/P is a quasi-abelian ring for all prime ideals P of R,

Proof (a)ﬂb(b) a priori. ‘

(b)#(c): Let I be a right 1deal of R which d\{os not contain a cene
tral idempotent, and let o be an idempotent in I, According to lemma 1.1,
we have_ that eR(1 - @) # O, whence I contains a nenzero nilpotent element
x. By assumption, xR ;'uR for some u € B(R). -Since R is rogular; we
also have fR = xR for some idempotent f. Therafore, f&€ I and f ~ u,

('c)=b(a)| 'Let x be a nonzero slement of R, Then xR contains a non-
zero. idempotent e such that e ~ v for some v € B(R), According to lemma
V 1.10, we see that v € RxR. Thus R'is a quasi-biregular ring, According
to proposition 6.9, there exists a u € B(R) such that uwR is a directly
finite ring and (1 - u)R is a quasi-abelian ring. It remains to show '
that uR is an abelian ring. Let I be a nonzero right itlieal‘in the ring
uR, Tiion th‘ero exists an idempotent f € I such that f ~ u, for some
Wy € B(R). Since uR is fir;ite, we have that f = Uy whence I contains
a central idempotent. ~ According to (7, theorem 3.2), WR is abelisn,
Thérefore R=uR@® (1 - u)R is a quasi-abelian ring.

(a)=>(d) by proposition 5. 3

‘(dk‘-‘#(n)s Let P be a prime 1deal in R, Then R/P is a prime
)
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quasieabelian regular ri:ig. This implies that R/P is simple by proposi-
tian;S.l#, and so P is a maximal ideal., -According to corolll{ry L,6, we

A éeq that R is a biregular ring, Now, let u€ R such that uR has a faithe

Ao

'

ﬁ:l diroctly finite idempotent and (1 - u)R is a Type III ring. By propo-
sition 6. ?, (1 - uR is a quasi—abelian rogular ring, We claim thatuR

o o ke B

is also a quasi-abelian ring., Note that K = inM | M is a maximal ideal
inRandu ¢ M} is the set of maximal ideals of uR, |
According to proposition 6.4, uR is finite, Let uM€ K, Then uR/uM

is rinite by (7, proposition 10.26), Moreover, since uR/uM is ah ﬁ"ot;:o-

e e s R

morphic image of the quasi-abelian ring R/M, ve alsc have that uR/uM is

a quasi-abolian ring. - Hence, uR/uM is a division ring) for a1l w(€ K,

\

By (7, theorem 3.2), we have that uR is abelian. Therefore R =

L r o o

wR® (1 « uw)R is a dﬁasi—abalian ring.

Proposition 6,11 The maximal right (left) ring of quotients of a quasi- ' G

abslian regular ring is a quasi-abelian ring,

Proof Let R be a guasi-abelian ring, and let Q be its maximal right

.‘quoti.ent ring, First, we claim that B(R) SB(Q). Let-u e B(R), let

y 9
be Q, and lot ftRR—- QR be the Remodule homomorphism defined by ' 4
f(r) = br, Since 2 ""-QR we have 1R < RR by (6, proposition 1.1),
It follows th/nt for any s G‘f'lﬁ, u commmutes with bs as well as s, whence .o

ubs = bsu = bus, | Hence (ub - bu)f'iﬂ = 0, and so ‘uﬁ = bu (because f‘IR g,_R).
Thus u € B<Q). ‘ T ' : ' o

Now, let K be ar;y nonzero right ideal of QQ. Sincg RR S‘QR’ we have‘ ]
KNR#0, and ’so' K N R contains a nonzero idempotent o, Because R is

quasi-abelian, the;'e exist x, y€ Ramd v € B(R) such that xy = v and

< \ 4
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yx = o, By the claim above, v € B(Q), whence e ~ v in Q for some
v € B(Q). Thus K contains a nonzero idemvotent & such that e ~ v for
some v € B(Q)., According to theorem 6.10, Q is quasi-abelian.
. | o

Proposition 6,12 The maximal right (left) ring of quotients of a quasi-

biregular ring is a quasi-birsgular ring.

. Proof Let Q be ‘the maximal right ring of quotients of R. Since P‘R is

" right- nonsingular (prOposition 6.1), we have that Q is regulaQ, rig{‘;.t
seli_‘-inject.ive ring. Also, note that as in proposition 6.11, B(R) é B(Q).
Now, lst I be a two-sided idesl in Q. Since R, <, Q., we see that INR
+is a nonzero two-sided ideal in R. By assumption, I N R contains a2 non-
zero u € B(R) S B(Q)., Hence I contains a nonzerc central idempotent in
Q. Thus Q is quasi-biregular. . '

e

Proposition 6,13 ‘Let R be a regular, right self-injective ring and 1lst

e be a quasi-abelian idempotent™in R. 'Then there exists a nonzero

u € B(R) such that uR = E(&® th) with hj~ eu for all J.

¢

«Proof Let S =& eiR be a max.imal direct 3@ of right ideals isomorohic |
to eR, with {ei} a set of.idlempot.entx' vhich contains’ e, and let fR = E(S).

.If fR = R, put u, = 1, Hence, We can assume fR # R. By peneral compara-
biﬁty,‘thore exists a‘ v elB(R) such that ‘ M ' ' |

(1 -~ £)vR S evR,

o1 - v)RS(1 - )1 = vR.. ' |

v

In view of t}m maximality of the direct sum S, 'we sae tlgat v # 0, Now,

if (1 - f)v =0, then vR = {vR = E(® veiR), and so u' =y d-oes the trick.

o
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It remains to show that the result is true if (1 - f)v # 0,
Since (1,- f)VR < evR, thery exists an 'Qempotent »k € eR such that
k~ (1« f)v, Set u=c(k) =ec((1 - f)v) and T = (} /- f)R D (Do uR).
Note that u # 0 and uv = u. According to propositio 2, 1 ke ~ eu, when-

ce (1 = fur = (1 =« f)uvR =~ kuR = kR = keR é eufl, reover, since

L1

Al

(1 - R @ @s,R) <,R, we have that T <, R, Hhe:to WR = E(T). There-

L
fors, u is a nonzero central idempotent such that = BE@h jR) with

/ x
hj~q/uforlll Je , ‘ \\

i

We conclude this chapter by using proposition 1.15 and proposition 6,13

to decompose rings of Type I and Type III,

Theorem 6,14 Let R be ’a' regular, rigli\t self-injectivo ring with a faithe
ful quisi-:abolhn idempotent, Then R is isomorphic to a direct 'product
of rings Ri’ where Ri is the injective hull of a direct sum of isomorphic
right ideals generated by quasi-abelian idempotents, ‘

t .
Proof Let {ui} be a maximal set of orthogonal central idempotents which
satisfy proposition 6.}3, and let st-—'lvHuiR be the natural ring map.
According to proposition 1.5, f is onto and Ker £ = (1 - \/ui)R. We will
show that f is injective, Supposg Ker £ # 0. As in theorem 2.4, Ker £
contains a nonzerov quasi;abelim idempotent s, Hencs, propositi(on 6.13
implies that there exists a nonzero central mmpotent u such.that uR =
E(@h a) with hj~ eu for all j. Accdrding to lemma 1,10, @ hJR <
Ker f, whence u € Ker f (again by lemma 1,10), This contradicts the
maximality of the set {ui} . Therafore f is in jective.‘;m Therefore f is

an isomorphism, - ) ,f

!
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Gorollary 6.15 Let R be a regular, right self-injective ring of Type 1

(III). Then R is isomorphic to a direct preduct of rings R, , where R,
) | .

is the injective hull of a direct sum of 1§ouorph1¢ right ideals genera.
ted by abelian 1dempo£ents (quui-abohm idempotents of Type I:I).

'

-~

~ Proof Corollary 6,5 and theorem 6. 14,

.
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