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ABSTRACT

.
-

ESSAYS ON ASSET PRICING MODELS

To Minh Chau
Coqcordia University, 1983

<

The central paradigm in Finance is the equilibrium pricing of risky assets.
Recent studies have questioned the "appropriateness of the two princi‘pal mo—
dels of asset pricing, namely <«the Capi.tél Asset Pricing Model (CARM) and
the Arbitrage Pricing Model (APM). The purposé of this dissertation is to
investigate empirically both the CAPM and the APM, and to propose an alter-
native npdel which may be preferable to the CAPM and the APM at both a theé—
retical and empirical level. The dissertation contains six (samewhat inde-—
pendent) eéssays which have Séen grouped under three’ asset pricing ap-
proaches: the CAPM (chapter two), asset pricing at the individual investor

level (chapter three), and the AMM (chapter four).

s

The overall conclusions to this dissertation are as follows:

(1) The traditional CAPM contains at least two empirical hurdles (E -V
: and , B instability) which prevent it fram being empirically tested

using traditional econametric procedures.

(ii) Individual investors (as proxied by Canadian households) appear to
hold efficient portfolios in a mean-variance dense, although such
portfolios are not the traditional market portfolio. Furthermore, the
expected returns on these individual portfolics are‘linearly related

to their variances.




-

(iii) While factor analytic techniques are generally used to test the AMM,
they imply serious deficiencies in test design, and better procedures
for the'eni)iricr;xl validation of the APM need to be found. Using stan-
dard piocedures, the APM predicted équilibriun relationship is not
consistent with \the data. Thus, whether the APM is. an inappropriate
model or not is still'an unresolved issue. ' ‘
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CHAPTER ONE
INTRODUCTION

® W’/ a
As has(Peen Shown by Rubinstein (i973) and by Pogue and Lall (1974),
one of the central paradigms in Finance is_ the equilibrium pricing of
rilsky assets (\i.e., contingent' claims). Concepts derived from this
paradigm have had a number,of theoretical and empirical applications,
such as the examination of the .informational effjciency of tapital mar-—
kets, the determination of the requiréd rate oLf return on invéstment
proj%%\ts, the evaluation of the performance of managed portfolios, and

the estimation of #he fair return on stockholdings in regulated -indus-

tries.

Al though the pric{ng of assets in a world with perfect capital markets
and certainty is relatively straightforward, the equilibrium prici;\g of

contingent claims in a world of uncertainty, with or without tharket im—

perfections, has long been a major challenge to financial economists. . a

Of the numerous models of asset pricing that are available, the capital
asset pricing model (CAPM),.which was developed by Sharpe (1973), Lint-
ner. (1965) and Mossin (1966), has gained general acceptance by both

academicians and practitioners. The reasons for this general accept-

. ance of the CAPM include the simplicity of its theoretical derivation,

its intuitive appeal in terms of its explanations of concepts such as

risk and return, and its relative ease of application. . p

However, the CAPM has not been unambiguously supporte& empirically.
For example, tests conducted by Blume (1968) and by Friend and Blume
(1970) concluded that the Sharpe-Lintner-Mossin version of the CAMM is
not supported enmpirically. On the other hand, tests by Blac\l‘}, Jensen
and Scholes (1972) and by Fama and bZacBeth (1973) supported the Black

* (1972) version of the CAPM, while tests by Blume and Friend (1973) did

not support that version of the CAPM. Recently, Roll (1977,1978) has
shown that the CAPM can never be tested unambiguously because it is not

¢
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possible  to observe ¢hé "true" market portfolio. He also has gshawn

«

that past tests, which: relied on the linear relationship between risk-

S

and return, were ambiguous, because the mean-variance efficiency of the
market rtfolio implied necessarily and sufﬁiciently' the linearity
between Feturn and risk. However, if a linear relationship was found
for a proxy market portfolio, ;his did‘not imply that the true market'
portfolio was mean-variance efficient. Thus, it is the mean-variance
efficiency of the market portfolio which is the central tenet of the
CAPM, and not the limearity of the relationship between the returns and
risks of securities.

While empirical evidence that was unsupportive of the CAM accumulated,
researchers developed and tested alternative tyf)es of asset pricing mo-

dels. These include, amongst others, the arbitrage pricing model (APM)

"of Ross (1976), the inter;terrporal asset pricing models of Merton

(1973) and of Breeden (1979), the two-risk-attribute (or three mament)
model by Arditti (1967) and Kraus and Litzenberger (1976), the two-in-
dex model by Stone (1974), and the individual level version of the CAM
by Mao (1971) and by ievy (1978). -~ Among these replacements for the
CAMM, Ross"s APM is the front—rt{nner in terms of theoretical developt:

ment and promise for empirical investigation. - ’

As was reviewed in detail in the dissertation proposal, models other
than the CAPM and the AMM are generally considered to be inferior to
either the CAPM or the AMM. For example, the multi-moment models [Ar-
ditti (1967), Arditti and Levy (1973), Kraus and Litzenberger (1976)]
and the multi-indef models [Stone (1974), Lee and Lloyd (1976)] are not
based on a basig”and well-developed economic rationale. More speciﬁi-
cally, Iwhile the multi-moment models cannot exp]a'in why moments béyond
a given order are neglected, the multi-index models cannot explain
either why the market is segmented or into Row many segments the market

Ld . . N .
is divided. The models based on the stochastic daminance criteria

[Hader and Russell (1969), Whitmore (1970)] are also not satisfactory,

because they do not provide an ordering which is complete apd compa-

L
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tible with the ranking given by the class of concave utility functions

" which exhibit decreasing absolute risk aversion. Although Hakansson's

(}971") capital growth model initially appeared appz-op‘riate, it is merely
a re-interpretation of the CAPM.if the period studied is defined as

"being a period of sufficient length to always imply a positive return

ort wealth. The most ‘promlslng of these :alternate models is Breeden's

©(1979) exten51on of Merton's (1971, 1973) intertemporal asset pr1c1ng

model. Unfortunately, Cornell (1981) has shown that the model cannots

be tested because the consumption betas ¢i. e., the risk measures in the
Breeden model) are not intertemporally stationary, except for trivial
variants of the mgdel.\ , ' ‘ -

-

P . N \ . b '
Thus, given “the present state of the fleld, the pyrpose of thls d.ls—
sertatlon is to 1nvestlgate enplrmally both the,CAPM and the APM, and
to propose an altérnative model of asset.prlcmg which could, on both a

the CARM ,(chapter two), asset pricing at the individual investor level
(chapter three), and the’ APM,(chapter four).

.~ : /

3

. theoretical and enpirical basis, be preferable to the CAPM and the APM.
" The dissertation contams six somewhat independent essay\s of ‘unequal -

\\ '& ° L 39 . ’
rd .
e ¢
] iy,
<
f P a
- N .
- 14
i ~ L
bl ’
RS
. ‘ v‘ -
% o a .
1 - L]
4 -
. ' . -
1 . & .
-
+ s
Y b
.
4
. . » »
» - \ N
-
' K [
~ N r'd &l
. o
N J 1'
- - " . © .
" . N LN

y

'length which have been grouped under three asset pricirg approaches- )

)



tr

L4

L - * CHAPTER TWO _
THE CAPM: SOME THEORETICAL AND EMPIRICAL ISSUES

“

-
.
i

P

The capital asset pricing model (CAFM) was derived from the"i)ortfol_io
selection model developed by Markowitz (1959). Using the principle of’
maximization of expected utility which was first proposed by Von Neu-
}nahn and Morgenstern (1944), Markowitz devised a parametric quadrati\c
programming algorithm to obtain a gleneral solution to the portfolio se-—
lection problem. If quadratic utility was assumed, or if the in-
vestor's terminal wealth followed a distribution characterized only by
its mean and variance, Tobin (1958) showed that the Markowitz model im-
plied that the process of investment éhoice ;:an be broken down into two
independent .decisions: first, the choice of the best unique combina-
tion of risky assets; and second, the allocation of wealth between a
riskless asset and the best combination of risky assets. This impor-
tant result, known as Tobin's separatjon theorem, was also shc;hn by |
Hicks (1972). It was also found earlier by Gordon and Gangolli (1962)
in the context of the theery of choice among different lotteries, and
by Roy (1932) in the context of. the "safety first"” investment cri.te—
rion. - . )

1 d *
i

The Sharpe (1963) version of the CAPM was developed at about the same
time as the "Lintner (1965a) - Mossin (1966) versions. This version .of
the CAPM states that, given the infg;rmation available at'the end of
period t-1, all assets will be priced according to their appropria
measured risk. Thus, in equilibrium, each asset is priced uch-fh
its; probability distribution of yield over the imnediaté ensuing
period, t, is exactly the distribution uniformly expected by investors.
In other words, the expected returns orx common shares with similar
risks are equalized. / . . P

3

Thus, for asset i, i= 1,...,ns" /



E(?iw) = E(F, 1y) , | (0.1)

where ry © 1s the random return on security i in period
o t: -

¢ is the available information set at the end of
period t-1 regarding the probability distribu-
tion of returns on all assets during period. t;

\
\

¥ ‘is a measure of the risk (however defined) of
returns for asset i1 during period t; and

-

E(") is the expectation operator.

N

The CAPM also maintains that the market portfolio (i.e., the portfolio
which includes all assets each weighted by' its relative market value to
the total market value of all- assets) is mean-variance effic.ient.
Thus, in equilibrium, each asset will be priced in such a manner that
its OJne-period expected return 1is determined by the attempts of
investors to hold mean—variance efficiegg portfolios.

A
In the Black (1972) version of the CAM, the equilibrium reYationship

b

between risk and return is as follows:

E(ro) = E(ry) « 8y CE(r)) - E(r )1 - " (0.2)
where ’ E(Fi) is the expected rate of return on asset i in

_period t given asset i's risk of return in pe-
riod t;

N K]

By

~

_E(r_) is the expected return in period t on the as-
set that is uncorrelated with the market port-
folio and has minimum variance amony§ such as-

sets: ‘ o
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o E( r y is the expected return on the markety pprtfolio
_in period t; and

i is a measure of the risk of asset i’ rel_ative

L . to the total risk of the market portfolio.

I

Thus, the Black version reduces to the,Sharpe version if the return on
the so-called "zero-beta" portfolio is constant and equal to the risk-‘{

free rate, rg. : ‘

.
1

>
SR

The CAPM inplieé that the relati(;nship between the expected -return on
an asset and its risk relative to the market portfolio's risk (i.e.,
its systematic risk) is linear. It should be noted that the model does
.not imply that any unsystematic or specific asset risk-is rewarded, nor
does it imply the intgerterrpoyaf‘%tatiénarity of B (see Essay 2)-.

e

The problem of relating expected ex—ante asset returns with realized
ex-post returns can be solved by using a specific stochastic return ge—o
nerating® model or by using techniques such as multidimensional scaling
[Gooding (1975), Slovic (1972)}.1 Two stochastic return—generating
models, the single- and the two-factor market models, are consistent
with the Sharpe and the Black formulations of the CAMM, respectively.
These models have been used to provide testable implications of the
CAPM. “ '

'I:he single factor market model (SFM) was first proposed by Sharpe. The
model -assumes that the rate of return ;it of asset i in pericd t is
linearly srelated to the rate of return rmt of the market portfolié

in period t as follows:

~ e i, (0.3)
. = . - + €, g
Fie = Tee * By (r re.)
where ?it’ Tepo Bit’ Fmt are as defined eérlie:r (but are now assumed to
be potentially yariable from time period to

time period); and

v

!
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€t > is the disturbance term.

The SFM implies that the systematic (or non-diversifiable) part of a
securlty s return is captured by’ its estimated linear relatlonshlp with
the return on the market portfolio. "Any returns not accounted for by
this relat10nsh1p will be reflected .in the disturbance term Elt.
Therefore, this term captures the effects of non-market influences,
such as industry and s;')ecific company influences. Thus, unlike the
CAPM, non-systematic risk can exist in the SFM in é specific time pe-
riod because it is usually assumed that €it has a constant p051t1ve
ivarlance. It , 1s also assumed that E(€1t) = 0 and that the it

p

‘are hot correlated pairwise across i, nor serially across t. The SFM

was first tested by‘ Blume (1968). His results did not support the mo——. i
del as an explanation of the relationship betwee\h ex—ante expected re- >
tutns and ex-post returns, and thus, by way of implication, did not

support the Sharpe version of the CAPM. Merin (1976) found similar re-

W2

sults for Canadian securities. \

Ay

A
\

P

The two factor market model (TFM), or zero~beta market model, is con-
sistent with the Black (1972) version of the CAPM. The TFM is given as
follows: o .

~

Pit = Tt Byg Orpg — vy * it "(0.4)

CN

{/ where rit’ rzt’ Bit’ r

mt are as defined warlier (but are now assumed to

be potentially variable from time period to’
time period); and

Eit is the stochastic disturbance term of the re-
' turn on security i in period t (with an as- ,
) sumed. mean ,of zero, a positive constant va- '
riance, independent of Tmt 'and uncorre- ‘
.lated pairwise across i).
: \
o



.12

-

Iz{:j.this model, the return on a security is assumed to be a %unction of
the general market varia’blei r Tzt and Tmt, and of <the firmspe-
cific variables, Bt and E£jt. Genekally, it is also assumed
that’ Bit is constant over time. Extensive empirical testing of the
model by Black, Jensen and Scholes (1972) and by Fama and MacBeth
*(1973) has found the model to be a reasonable description of the sto—
chastic process generating asset: returns. However, tests conducted W
Blume and Friend (1973} and Morin (1976) have found conflicting evi-
dence. R

N

Recently, Roll (1977) has shown that past tests of the CAPM are ambi-
guous, because tests using the: SFM and TFM are joint tests of the CARM
and of the SFM and TFM, respectively. He notes that the only hypothe-

sis” that can be tested unambiquously is the mean—variance efficiency of

~f

. '# °
Two CAPM related issues will be dealt with in the two essays of this -

the market portfolio.

chapter. 1In the first essay, the assunption of the stationarity of the
mean vector and of the varlance—covarlancg matrix of securlty returns
will be enplrlcally tested. In the second essay, it is demonstrated
that the beta estimates from time series data are endogenous variables,
since they are functions of past security returns. Thus, time-series

estimates of security betas will behave as randam variables.
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1. The nultidimensional scaling teghnique was used by Gooding (1975)

¥ and. Slovic :(1972) to try to unrtvel how, investors/portfolio mana-
gers appraise financial assets. This technique is basically a type
of psychametric factor analysis.

~—
¢ ' -
-
»
v /‘ ” .
1 &
. - R
N 1
. .
"~ -t
"
. - - 0 -
. L
“ | .
- ”~
. i
' . ( ’ /
." . e
. -
-
.
’-—) .
/
a
.
- -
.
J
« .
- -
.
-
+
- R .
. a
¢ .
’ | \/
. R
] N
A\
“ -
? L. %




, ESSAY 1
THE STATIONARITY OF THE VECTOR OF MEAN RETURNS, E, AND OF THE VARTANCE-
COVARIANCE MATRIX OF RETURNS, V

N f;?
Since researchers have generally used time series of asset returns in
empirically testing asset pricing models, they have implicitly or ex-
plicitly invoked thenassumption that -the applicable parameters of the
security return distributions being studied are intertemporally sta-
tionary. In a mean-variance framework, this assumption means that the
expected security return vector, E, and the wvariance-covariance matrix'
of security returns, V, are both intertemporally stationary. Although .
this assumption is not essential to the theoretical development of such
one-period asset pricing models as the Capital Asset Pricing Model
(CAPM) and the Arbitrage Pricing Model (APM),it is mecessary when time -
series return data are used to test either these asset pricing models \
or the relationships based on these models (such as the excess returns \

earned from exploiting nonpublic information).

While a nugber of authors have acknowledged the importance of the E - V
stationarity assumption, few have attempted to test its validity.
Thus,’the burpose of this section of the thesis is to enpiricaily test
the intertemporal stationarity of E, V and R (the correlation matrix of
security.returns) using statistics proposed by Box (1949) and Jennrich
(1970). These tests are not only conducted on samples of randomly-se-
lected securities but also on samples of securities selected according
to their beta values, their industry classifications and their market

values.

The remaining part of this essay is organized as follows. In the next
sectién, the literature on the stationarity of E and V is reviewed. As
will be shown below, much of that literature only indirectly tests for
the intertemporal stationarity of E and V. In the second and third °
sections, the statistical tests and sampling procedures, respectively,

are presented. In the fourth section, the empirical results for the
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intertemporal stationarity of E and V for the various samples, using

both nominal and real security returns, are presented and analyzed. 1In ~

the fifth section, the empirical results for the intertemporal station—
arity of R are presented and analyzed. 1In the sixth and last section,
“some concluding remarks are offered.

. 2

*

II Review of the literature:

a?

Indirect tests ¢ o o

Blume (1968,1970) and King (1966) were two of the first authors to note
that the variability of security returns.on the New York Stock Exchénge
decreased from the prewar to the postwar period. Both authors used se-
curity return variances as the appropriate measure of vériability (dis—
persjon). Subsequéntly, Officer (1970) found that the variance of the
NYSE index was higher in the 1930's than in either the pre-depression
or postwar years. Thus all three authors provided empirical evidence
that return variances were not intertemporally stationary since they
were influenced by general uncertainty about business conditions.

A number of studies have supported the notion that security returégLare
heteroscedastic. For example, Blattberg and Gonedes (1974) found that
the variances of individual security returns chanbed over time. Their
results suggested that observed rates of retufv on common shgres can be
characterized as independent drawings from a normal population, with

presumably a constant mean and a changing variance.

There appear to be several plausible explanations for the intertemporal
non-stationarity of security return variances. First, technological
innovations, business combinations and/or divestitures can be expected
. to change the return distribution of a firm's cownon shares. Second,
based on multi-period consumption-investment theory, Rubinstein (1974b)
and Fama (1970) have shown that, if in each period consumers and in-
vestors plan their consumption and investment over multiple future pe-

riods, then the variances for securities may change over time as new
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information enters the market and/or new individuals with new preferen-

ces bid for risky assets.

In their test of their option pricing model, Black and Scholes (1972)
discussed the potential def&cien@ies of security returé variances which
have been estimated using ex-post time series data. More specifically,
they showed that using bast data to estimate the variances of security
returnhs caused their option pricing model sto overprice options on high
variance securities and to underprice options on low—variance securi-
ties. Black and Scholes-suggested that the "inaccurate" estimates of
asset ‘return variances were due to the well~known problem of errors-in
-measurement, and to the evidence of non-stationarity in the variances.
Subsequently, Johnson (1979) proposed an option pricing model which al-
‘lowed for systematic changes in the variances of asset returns.  Al-
though Johnson's model is a significant advancement in the incorpora-
tion of stochastic variances in an option pricing framework, his modél
is still unable to deal with the difficult problem of non-systematic
movements in the variances of security returns. For as has been aptly
described gy Barry (1978, p.422), non-statyonyrity (or séochastic para-

meter variation) is the condition where "the dharacteristics of random

‘processes change through time in a non-systematlic way".
Schmalensee (1976) attempted to observe and jJexplain the changes in the
variances of subjective distributions by using an experimental ap-
proach. Like Fisher (1962), Schmalensee found that the logarithmic
adaptive expectation models appear to be more descriptive of actual in-
dividual behaviour rather than the technical expectétion formation me-
chanisms which are assumed to be appropriate in almost all empirical
work. -Schmalensee's findings implicitly éupport the notion that indi-
viduals do account for parametric changes in asset return distributions
in their decision-making process. In addition, Schmalensee showed that
turéing points are more important in the formation of expectations than

are the trends of economic variables.
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Some of the more recea{t’: ‘studies have also attempted to provide a ratio-
nale for the intertemporal non-stationarity of estimated security be-
tas. For example, Fabozzi and Francis (1978) used a number of under-—
lying explana/tory factors (including firm—speci%ic factors} macroecono-
mic factors, political factors and market-related factors) in order to
explain the observation that "many stocks' beta coefficients move ran-
domly through time rather than remain stable". 'Scott and Brown (1980)
showed that the simultaneous violation of two OLS assumptions (namely,
. autocorrelation and a leading dependent variable) can imply biased and
unstable beta estimates even when the true betas are stable.l Riding
(1982) argued that information flows are responsible for both random
and structural shifts in beta values.

Direct tests

:

Because asset pricing models deal essentially with the interdependence
struc’tu“re among assets, and not overly with the means énd variances of
individual asset or portfolio returns (especially in large'markets), it
is essential to test the assumption that the mean vectors, E, and va-
riance—covariance matrices, V, of security returns are intertemporally
stationagy. With regard to the intertemporal stétionarity of the means
and variances of security returns, none of the literature reviewed
above contains a direct test of the eguality of the mean vectors, E,
and variance-covariance matrices, V, of security returns. In a paper
designed to examine the general factor model underlying the APM, Gib-
‘bons (1981) provided a direct test of the intertemporal stationarity of
V. As a preliminary\step before using factor analytic techniques to
explore the interdependence structure of 41 industry portfolios, Gib-
bons tested the validity of the assumption that the covariance matrix
was stationary. More specifically, on 3 sample which was divided into
two ’sub-per’iods, Gibbons used Box's x2 approximation to the likeli-
hood ratio statistic in order to test for.the equality of two cova-
riance matrices,2 and Jennrich's y2 statistic in order to test for
the equality of two correlation matrices.3 while Gibbons found that
the covariance matrix was not stationary at the .0001 level, he also

found that the same covariance matrix, if it is standardized to yield a
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‘correlation matrix, is stationary with almost certainty across the two

sub-periods in his sample. Thus, he concluded that while the variahces
are not stationary, the cotrelation coefficients are. Consequently,
the use of fa'ctgr analytic techniques is feasible provided that the as—
set returns are first standardized.

Statistical tests

The likelihood ratio statistic developed by Morrison {1976, pp. 136-
138) for testing for the equality of two mean vectors was used in order
to test for the intemporal stationarity of E. More specifically, Mor-—
rison has shown that the quantity O] in equation (1.1) follows "an
F-—dis*t’f"i:tmtionowith N.and (T]1 + T2 - N - 1) degrees of freedam:

~

——
LT 2{T]+T2-N-1) - .
Q = — (E,-E,)" (S,+5,)”" (E,-E.) :
L G Y N T T A e A (1-1)
2
where _Ej and E, . are the N-element (security) vectors of sample
mean returns cormputed for the N (N=50) select-
ed securities over t} = 1, ..., Tl and
t2 = 1, ..., T2 return observations for

the first (t1) and second (t2) contiguous

-

sub-periods, respectively;
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3; and 3, are the NxN matrides of sums-of-squares and

" product-moments of the sample of N seeurities
computed . For the contiguous sub-periods t3
g ‘and t2, respectively, and

Ty and T, are the length of the first and second conti-
?ﬁé/s sub-periods of observations, respective—
ly.

The null hypothesis is that the two mean vectors are equal (i.e., that
E is stationary). It is accepted if Q];s E‘a; N, T}I+T2—N-1 :
it is rejected otherwise. - ) .
3

Box's F‘—api)roximation to the likelihood ratio statistic for testing for
the equality of two or more covariance matrices was used in .order to
test for the. iﬁterterrporal stationarity of the covariance matrix, V.
More specifically, as shown by Box (1949) and -Pears;)n (1969), the quans
tity Q2 in equation (1.2) approximately follows an F-distribution
with d] = N(N + 1)/2 and d2 = [12 T1? (N)+1)2] N(N + 1) + 4]
/ [7(N + 1)2 (N - 1) (N + 2) - 6(2N2 + 3N <~ 1)) degrees of freedom
for the case where there are two covat/ nce matrices and T1 équals
T2. Equation (1.2) is given by:

. ~ )
0y = (T1+T,-2) Ln)s| - (T,-1) LniS; ) = (T,-1) Lnis (1.2)

5l
1 A
where S = W (T]-”i] + (T2-1)§2 ; and

all the other variables are as defined earlier.,

The null hypothesis is that the ﬁwo covariance matrices are equal
(i.e., that V is intertemporally stationary). It is accepted if
Q,<F,:;d1,d2 it is rejected otherwise. '

‘ :
Box's x 2 approxmtipn’“to the test statistic for the equality of two

covaxiance matrices is not deemed to be appropriate because of the re-
. .

IS
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latively large dimensionaliq; (N=50) of the covariance n;atr'ices. The
x2 approx%mation is adequate only for relatively small (N<5) cova-
riance matrices [see Morrison (1966, p.252)].
. S )

Both of the statistics, Q1 and 02, assume that the sampled security
returns are distributed according to a N-variate normal distributiaqn.
As originally developed, the statistic 0; is based on the assumption
that the two independent random samples of obsem!tion; of sizes T}
and T2 have the same, although unknown, covariance matrix V which is
of full rank N;mi Fortunately, Ito and Schull (1964) have demonstrated
that if the s le sizes Ty and T2 are equal, then unequal ¢ova-
riance matrices have no effect upon the size of the type 1 error proba-
bility. Thus, in this essay where T] is equal to T), a test of
Q1 is mot a joint test of the equality of the mean vectors and of
the covariance matrices, but a test of the equality of the mean vectors
independently of the covariance matrices. In addition, a formal test
of the homogeneity of the mean vectors, given that the unequal cova-
riance matrices are available, can be used for those cases there T}
is not equal to T3. This formal test is based on the multivariate
analog of the Behren-Fisher problem [see Giri (1977, pp. 171-172)]. On
the other hand, 02 is an independent test of the hamogeneity of the
covariance matrices since it assumes unknown (and potentially unequal)
mean vectors [see Giri (1977), pp. 223-232)].

Both E and V must be stationary in order to validate the use of time
series returns in empirically testing (or applying) asset pricing o=
dels such as the CAPM or the APM. I'n other words, the intertemporal
stationarity of one or the other (i.e., E or V) is not sufficient for
such testing, since both E and V must be intertemporally station-
ary. Although a joint test of the equality of both the mean vectors
and covariance matrices is available Isee Giri (1977), pp. 232-2%3)],
it has not been used herein because independent tests of the hamoge-
neity of the mean vectors and the covariance matrices provide more de—
tailed results than a joint test. Also, the joint test simply results
from the intersection of the independent test of the hamogeneity of the

mean vectors given equal covariance matrices, and of the independent

.
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test-of thé hamogeneity of the’ covariance matrices. Thus, it does not

add to the power of the independent tests.
. . .

-

- 3

Jennrich;s (1970) x2 ‘test procegluze, as summarized in (1.3), was usﬁed

~
to repllcate Gibhpn's tese-of the stationarity of the correlation ma-

~ A

trices of security rgpurns,_g. ng has an- asymptotic x2 d(strlbu— -

~is glven by'

S a

- Q3‘ :e% -tr(_lz) - dg'(Z) !-1 dg(_Z_) Py © @ (1.3)
‘ ? —l ~ - - ' =3 »
Wheret Z = . c, R (%{ - R2); . -
- -re - .. :
c = : “ TA T2/ (T1 + T2); N
R = q (T1R1 + T2R2) =1{rij}; . L
i{_l ar;(_i R2 ~ are the N x N matrices \of sample correla-
" tions .between the N securities computed. for
<7 the first ‘and second contiguous subperiods, .
’ . ‘ respectively; )

1 ' L] (
dg{.) . > f‘ denotes the eléments in the principal d1agona1
¢

aexpressed aI a column vector; N
«we S . .
& -
- ’ ' o ‘ !
tr(.) ' ' denotes th¢ txace; ’ . {
u = % {6ij + rij ridy; g .
B - - .
§ij ~ Y is the Kronecker gélta;, . ‘
. o B e
dd is "the i-th. line, j-th column element "~ of *
- . R ¥ N . .
. rR-1; and
9 . "
-all. the other variables are as defined
earlier. : o
- )
. .
L} '
- ‘ ,_)
€ " . p
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The null hypothesis is that R} and Rz are equal (i.e., that R is
.intertemporally stationary). It is accepted if Q3Sx§;N(g-]2; it is

rejected otherwise. .

III.. Sampling procedures

In order to test for the intertemporal stationgrity of E, V and R for
conticjuous time periods, security samples were formed by7? (1) randc‘xn
sampling, (2) selecting securities according to their beta values, (3)
selecting securities according to their size (as measured by the total
market value of their common equity), and (4) selecting securities ac-
cording to their: industry classification. These sampling procedures
. were chosen because they are the portfolio formation methods most com-
monly used in empirical tests.of asset pricing models such as the CAPM
and the APM. ’ T

’ '}he sampling procedure used for the randomly selected samples was as
follows. First, eleven samples (each consis'qi:ing of 50 securities) were
randomly drawn fram those securities that were included on the CRSP
monthly tapes over the 360-month period from January 1948 to December
1977.4 Second, each of these eleven- random gamles was divided into
eight pairs of contiguous éubperiods (as given in Table 1.1) to yield

88 sample-pairs. This subdivision was designed to facilitate the exa- -

mination of the intertemporal stationarity of E and V for various con-

tiguous time periods of equal length.

«The selection of samples according to the betg values of individual se-
curities proceeded as follows. First, the beta estimates for all 456

continuously listed securities on the CRSP tape were calculated using

all 360 months of data for the period from January 1948 through Decem-

ber 1977. The beta estimates were derived using the standard single
factor market model, where the market proxy was the value-weighted

(cum—dividend) New York Stock Exchange Index. The beta values varied

A
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TABLE 1.1 i
CONTIGUOUS SUBPERIODS FOR EACH OF THE

ELEVEN SAMPLES
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[

Length of each First Subperiod Second Subperiod Pair
Subperiod1 starts ends . starts ends Identifier
b .

60 months Jan. 1948{ Dec. 1952 Jan. 1953{Dec. 1957 1

Jan. 1953| Dec. 1957 Jan, 1958{Dec. 1962 2

Jan. 1958{ Dec. 1962 Jan, 1963|Dec., 1967 3

i Jan. 1963] Dec. 1967 || Jan. 1968|Dec. 1972 4

Jan. 1968{ Dec. 1972 Jan, 1973{Dec. 1977 5

120 months Jan. 1948} Dec. 1957 Jan. 1958 Dec. 1967 6

Jan. 1958| Dec. 1967 Jan. 1968|Dec. 1977 7

180 months Jan. 1948f Dec. 1962 Jan, 1963 {Dec. 1977 .8

Ty = Ty, vwhere T; and T; are the length of the first and second
subperiods, respectively, of each pair of contiguous subperiods.
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from *1.917 for the security with the highest beta t\b 0.522 for the
450th ranked security to 0.212 for the security with the lowest beta.
Second, beginnihg wiEh the security with the highest beta, securities
were grouped into nine samples, each consisting of 50 securities.
Thus, the six securities with the smallest beta values were not used.
Third, each of these nine. beta-based samples was divided into eight
pairs of contiquous sub—pefiods to yield 72 sample-pairs.

The selection of samples according to the market values of the indivi-
dual securities proceeded as follows. First, the market values of all
456 securities were computed as of December. 1977.5 fpe market values
vari)ed from 40.2 billion dollars for the largest market value to 11.3
million dollars for the' 450th ranked security to 5.1 million dollars
for the smallest market wvalue. Second, beginning with the security
with the highest market value, securities were grouped into nine
samples, each consisting of 50 securities. Thus, the six securities
with the least market values were not used. Third, each of the nine
market-valued-based samples was divided into eight pairs of contiguous

sub-periods to yield 72 sample-pairs.

The selection of samples according to the industry classification of
individual securities proceeded as follows. First, each of the 456 se-
curities in the basic sample was identified by its two-digit SIC code.
This level of industrial classification was chosen in order to ensure
that the number of securities in each —industry was adequate. Second,
using the two-—digit SIC code, securities were assigned to 17 samples,
where each éample contained from 9 to 44 securities. Third, each of
the 17 industry-based samples was divided into eight pairs of conti-

guous sub-periods to yield 136 sample-pairs.

In all sample selections, the holding period was one month. ' Also the
time periods used in camputing E coincided exactly with those used to
campute V for the same sample-pair.

o

T

L
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Iv  Empirical results for E and V -

Naominal returns .
— -~

[y

The empirical results for the tests of the intertemporal stationari'ty
of E and V for the 88 randomly selected sample—pairs are given in Table
1.2. For sub-periods with equal lengths of 60, 120 and 180 months, the

Q1 statistics for the intertemporal stationarity of E were statisti-

.cally significant for 18%, 100% and 100% of T:he applicable sample-’

pairs, respectively. For sub-periods with equal _lengths of 60, 120 and
180 months, the 02 statistics for the interE,emporal stationarity of V
were statistically significanﬁ for 31, 23 and. 18 percent of the appli-
cable sample-pairs, respectively. For sub-periods with equaf lengths
of 60, 120 and 180 months, the Q] and 02 statistics for the: inter-
temporal stationarity of E and V were both statistically éignificant
for 7, 23 and 18 percent of the applicable sample—-pairs, respectively.
These empirical results‘\éﬁ‘ﬁ’l\general\‘not consistent with the hypo—
thesis that both E and V aMrally stationary, nor are they
consistent with the hypot’ﬁesis that V is intertemporally stationary.
They are consistent with the hypothesis that E is intertemporally sta-
tionary for sub—-periods with equal lengths of either 120 or 180 months.
The intertemporal non-stationarity of E for sub-periods of 60 months is
probably due to the fact that Q) for relatively small sub—-periods has
a small sample distribution which is not well approximated by the

asymptotic distribution.

The empirical results for the tests.of the intertemporal stationarity
of E and V for the samples selected according to beta“’values, market
values and industry classifications are summarized in Tables 1.3, 1.4
and 1.5, respectively. With few exceptions, these empirical results
are basically the same as those obtained earlier far the randamly se-
lected samples. The exceptions include: (i) E is basically intertem—
porally stationary for all industry-based samples, with the excex;ition
of those for inustry 35 "machinery, except electrical", for sub-pe-

riods with equal lengths of 60 months; and (ii) E is intertemporally
. «

¥
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non-statlonary for all market-valup-based sanples for spb-periods with
equal lengths of 60 months.

Real returns /

Since the intertemporal non-stationarity detected in E and V may be due

to the use of nominal returns,® the values of Q1 and 02 were re-

calculated for the heta—based and market—value-based samples using real
returns.’ All returns were adjusted for the all-item cost-of-living
index published by the Department of Commerce in Business Statis—~
tics. The results for the beta-based and market'-value-based samples

using real returns, which are summarized in Tables 1.6 and 1.7, res-

pectively, are basically the same as thos:ﬁported earlier for the no—

minal returns. More specifically, only the hypothesis that E is inter-
temporally stationary is consistent with the data. for sub—-perxods with
equal lengths of 120 and 180 months. ’

Empirical results for R

In order to replicate Gibbon's (1981) test for the intertemporal sta-
-tionarity of the correlation matrix, R, the quantity Q3 was estimated
for the beta-based and markét-value-based samples of securities. The
results for these samples for nominal and real security returns are
summarized in Tables )L,B and 1.9, respectively. Since none of the ob-
served Q3 values are significantly different fram zero at the 0.0001
level, the data is consistent with the null hypothesis that the corre-
lation matrices of security ret:nrns are intertemporally staticnary.

Thus, our findings for Rare identical to those of Gibbons (1981).
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Based on the empirical findir‘ugs presentecf above,”"éome cdnclusions can
be drawn. Firstly, the joint hypothesis that both E and re inter-
tet%orally stationary is not, consistent with the monthlyf

for securities included on the CRSP file. This" f1nd1ng was robust in
that the 1ntertempora1 non—stationarity of both E and V appears to be

invariant to the nature of the sampling procedure ‘used and to whether

turn data

_nominaI* or real secrrlty return data were used. Secondly, only the in-—
tertemporal stationarity of E was empirically supperted for contiguous

sub-periods with equal lengths of ten and fifteen years. This finding
was also robust }n that is was 1nvar1ant to the nature of the sampllng

. procedures used and to ‘whether nom1na1 or real Ssecurity return data

. Wpre used. 'I‘hlrdly, the hypothesis that R is intertemporally station-—

‘ary was empirically- supported. This finding is consistent with the

fiqdings of Gibbons (1981). Thereforeé, like Gibbons, one is tempted to

conclude that factor analysis can be used to unravel the factor struc-

ture of security returns, provided that the matrix of oa—griations
sin

emdng Security returns is first standardized.- Fourthly, some of

the contiguous sub-peridds exhibited the reguired intertefporal sta-

“tionarity in the E and V, it is still possible to empirically test an

assét pricing model such as the CAPM or the APM if the assumption that _

' E and V is intertemporally stationary is first empirically verified for

©

the sample (or samples) to be used in the empirical tests.
' . 7 : ’

R PV AR T 5. N

R i ST

A

]



1

2

o

3

4 s

5

6

- 7

A more camplete review of the literature on the stationarity of se-\

curity betas is presented in Essay 2.

The theory underlymg this test statistic is presented 1n Morrison
(1976, pp. 252-253). Box (1949) provided the initial x2 and the
F approximations to the distribution of the likelihood ratio sta-
tistics for testing the equality of a number of covariance matri-
ces. Box's approximations were later refined by Pearson (1969).
Korin (1969) provided tables of the upper .05 cr1t1ca1 values for
the 11ke11hood ratio statistic.

See Jennrich (1970) .

Because the test’ statistics used in this paper involve matrix in-
versions, the size of the samples had to be severely constrained.
The effect of this constraint is compensated for somewhat by using
eleven samples of data. '

When either the I;,ecmg'_ty price or the number of shares outstanding
was’ not available, the available data for the month after December
1977 which is closest to December 1977 was used. !

w

‘Fama and MacBeth (1973) demonstrated that nominal returns were nbt

intertemporally stationary and that real returns seemed to be inde-
pendent and stationary through time.

-

L4

Industry- and randomly-based samples were not used because of bud-
getary limitations and their 1imited additional contribution to the
understanding of the E - V stationarity phenomenon.

teela




ESSAY 2 ' .

INTERTEMPORAL INSTABILITY OF THE TIME-SERIES ESTIMATES
OF SECURITY BETAS

i Introduction

Estimating-and analyzing the stability of security betas is important
both for theory and practice. First, betas are important for under-
standing risk-return relationships in capital market theory. Second, -
they are important in investment management applications of the Capital
Asset Pricing Model (CAPM), such as asset selection and portfolio per-
formance eva'luat:icgn.l‘a Third, they are being increasingly used in the
determination of rates for regulated industries such as public utili-
ties.? Since an ex-post return series is the usual input foF mea-

suring systematic risk, it is important to determine whether dr not,
and under what conditions, security betas can be expected to be inter-
temporally stable.

o e S AW L3 F e

o

With the exception of the study by Riding (1982), there has been little
reseatch on the theoretical causes of the intertemporal instability of —

beta. Much effort has been directed—to the empirical testing of the ——— -~
stability of the systematic risk of common shares.3 The methodology :

Fpa—. - - o - e —— 4+ e

PRt

generally used in these studies involves cross-sectional correlation ‘
and other forms of the OLS regression estimates éf systemati¢ risk for
both individual securities and portfolios of securities over two or
more contiguous time periods. Most (if ‘not all) of these studies
implicitly assume that beta jnstability only results when a leading
assumption (')f the CARM is violated.4 Merten (1971, 1973) -has found
that the requirement of a constant investment opportunity.set (which

requires that security returns are serially independent and cbey a

r . . ‘
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stationary distribution over time) is a critical and simplifying as-

sumption in the context of a dynamic (i.e., multiperiod) CAMM.5

Therefore, the purpose of this essay is to show that even if ex-ante
security returns are assumed to be serially independent and obey a sta-
tionary distribution over time (i.e., the mean return vector and the
variance—covariance matrix of returns for securities are assumed to be
constant over time), the beta of individual securities will vary over
time whenever the betas are estimated using a time scries of ex-post
returns. In the next section, a review of the literature is presented.
In the third section, a simple model of the intertemporal instability
of the time-series estimates of the security betas is presented. 1In
the fourth and final section, some implications of the intertemporal
instability of security betas are presented.

Before proceeding, the terms "stability”, “stationarity®™ and
"randamess® must be defined. In this essay, the term stability
will refer to the "sameness"™ of a sample coefficient or estimate, which
~has been obtained for different time intervals, or different sample
sizes, or different estimating techniques. As in the first essay, the
term stationarity will refer to the time-related stability of the
estimated parameters of the distribution of a random variable. The
term randomness will refer to the following property of a variable/
and, of course, of an estimated sample coefficient; namely, that it is
knbwn through a probability distribution or a density function. A va-
riable, an estimate, or a coefficient, which is wriﬁtfz\n as a function

of a random varia;ble', is itself a random variable.

In this essay, the stability of the time-series estimates of secu-
rity betas will first be discussed in general termS® Then, it will be
shown that these betas are unstable because they are random
(that is, functions of random security returns, Which themselves may
have stationary'dlgtributions); However, no conjectures are offer-
ed with regard to the stationarity of the%di'stributions of the beta es-

timates. -
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I1 Literature review

As was notéaxg;rlier, the intertemporal stability of the beta coeffi-'
cients of common shares has received considerable attention in the re-
cent finance literature. A brief review of that literature will.now be
presented. Blume (1971) examined the long-term stability of the beta
coefficient using monthly prices and successive seven-year estimatid%
periods. Hé concluded that while portfolio betas are very stable, in-
dividual betas are highly unstable. R. Levy (1971) reported s;milar
conclusions based on weekly data and shorter time pefiods. More speci-
fically, Levy used 52-week base periods with 52-, 26— and 13-week sub—

sequent periods. After detailed testing, Bogue (1973) reached similar
conclusions about individual beta instébility. Meyers (1973) found
that the assumption that beta was stable for individual securities over
time was unwarranted for the 1950-67 time period. Gonedes (1973) and
Fisher (1970,197)) found that the regression parameters of the market
model were non—-stable at the level of individual assets, and that the
optimal estimation interval was seven years. Levitz (1974) found that
portfolio betas were stable when calculated using three-year base pe-
riods and one-year subsequent periods.

Klemkosky and Martin (1975) investigated the source of forecast errors
. of extrapolated beta coefficients and examined the -efficacy "of three

adabtive procedures recommended by others for improving beta forecasts.
They concludgst thatgthe accuracy of the simple no—change extrapolative

beta forecést could be improved by using a procedure which combined a

Bayesian predictor and a reasonable portfolio size.

Porter and Ezzell (1975) questioned two of the major conclusions of the
previous studies of beta stability; that 'is, that the beta coefficient
shows remarkable stability for portfolios containing %arge numbers of
securities, and that the demonstrated stability is a positive function

of the number of securities in the portfolio. After critically eva-

. .
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luating the portfolio "selection" procedures used in past studies such
as those of Blume (1968) and R. Levy (1971), Porter and Ezzel (1978)

state: '

Evidence presented in this note suggest.that .the
intertemporal stability of the beta coefficient
... 1s sensitive to the procedure used to select ’
portfolios. In particular, it was shown that if
portfolios are randomly selected, the time-stabi-
lity of beta is relatively slight and is totally
unrelated to the number of securities in the port-
folio (Porter and Ezzell (1978, p. 369)].

Blume (1975) provided some new empirical evidence which showed that a
major reason for the observed reg}ession of the estimated betas towards
the grand mean of all betas is real non-stability in the underlying va-
lues of beta and not the so-called "selection biag". More recently,
Pettway (1978), using an elaborate enmpirical. procedure, found that long
periods of unstable betas seem to be interspersed with periods of
stable betas. He concluded that these periods of instability were
transitory becausé the betas tended to return to their previouq levels

-

after leaéing a period of disturbance.

Baesel (1974) estimated betas using various estimation intervals (one
year, two years, four years, six years and nine years) to determine the
inpéét of the length of the estimation period on the stability of the
estimated betas. He concluded that the stability of beta is dependent
upon the beta value. Furthermore, unlike Gonedes, Baesel concludéa
that the longest of the estimation intervals evaluated (i.e., nine
years) was optimal. Altman et al. (1974), using data fdg the French
stock market, also concluded that for single securities, the longer the
egtimation period, the higher the period-to-period correlation. Al-
though Baesel and Altman et al. indicate that increasing the estimation
period tends to increase the stability of individual security betas,
' they both used initial and subsequent estimation periods that were of
the same length. Roenfeldt et al. (1978) studied whether the stability
of individual security betas was affected by shortening the length of

the second .sub-period. They found that if a one-year forecast is de-.
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t
sired, it is better to base it on a four—year previous period than
simply ‘to use the immediately préceding year.

In a recent article, Alexander and.Chervany (1980) discussed the 6pti—
mal estimation per;od J{screpancy between Baesel and Gonedesy and con-
cluded that the conclusions of Baesel were.improperly drawn [Alexander
and Chervany (1980, p. 123)]. More specifically, using mean absolute
deviation as’a measure of beta stability, they presented evidence show-

ing that extreme beta§ are less stable than interior betas and that the

: optimal estimation interval was generally foﬁr—to—six years. Alexander

and Chervany also suggested that the magnitude of intertemporal changes
irfjportfolio beta coefficients decreases as the number of securities in
the portfolio rises, regardless of how the ﬁortfolios are formed. They
pointed out that the discrepancy iq the results of Porter and Ezzell
with those of Blume and Levy are caused by the fact that attempts to
measure the stability of portfolio beta coefficients by tﬁe use of cor-
relation coefficients masks the relationship between beta stability and
portfolio size, for portfolios formed by random selection.

Fabozzi and Francis (1977) used standard econaretric significance tests
to determine whether the betas for a sample of 700 NYSE stocks differed
significantly when measured over bull and bear market conditions. They
concluded that neither the alpha nor the beta statistics in the single-
index model -appear to be significantly affected by the alternating for-
ces 6f bul% and bear markets. In a subsequent article, Kim and Zumwalt -
(1979) extended the design of Fabozzi and Francis to include an analy-
sis of the variation of returns of securities and portfolios in up-and-
down markets. Kim and Zuwwalt found that:

The results indicate (1) that unlike the Fabozzi and
- Francis study, more securities exhibited statisti-
. cally significant differences between up-market and
down-market betas than would occur by chance, and
(2) that it appears that investors do require a pre-
mium for taking on downside variation and do pay a
premium for upside variation [Kim and Zumwalt (1979,

p. 1016)]. '
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Brenner and Smidt (1977) tested a specific model of beta instability
(that was based on the relation between the risk'of the security and
the risk of the underlying real assets) against a model of beta stabi-
lity. Based on enpirical tests conducted on a sample 6f 762 NYSE list-
ed securities, Brenner and Smidt found that the evidence tends to

L3

favdur the hypothesis of constant beta coefficients.

Fisher and Kamin (1978) condugcted tests of the stability.hypothesis and
concluded that the behaviour of market risk is best described by a ran-
dom walk or a first-order autoregressive process with a serial corre- -
lation very close to one.— Sunder (1980) used a random coefficients
test of the stahility hypothesis of market risk of individual stocks
and groups of stocks. He found that the estimates of variance of the
market risk of portfodlios and tests of significance of such estimates
inaicaée that when the risk of individual stocks is non-stable, diver-
sification does not diminish the* statistical significance of the non-
stability in spite of a decrease in the step Qariance (i.e., the va-

riance of the residual errors) of portfolio risk.

Some of the more recent papers have attempted to provide an explanation
fér the instability of estimated security betas. For example, Fabozzi
and Francis (1978) attenpted to explain the observation that for "many
stocks beta coefficients move randomly through time rather than remain
stable" by using a number of underlying explanatory factors (including

firm-related factors, macroeconomic factors, political fadtors and

market—phenomena—related factors). In a similar vein, ott and Brown
(1980) show that simultaneous violations of two OLS mptions can
lead to beta estimates that are both biased and unstabl
true betas are stable. More specifically, they demonstrate that™a com—
bination of:autocorrelated residuals and security returns that lead
measured market returns yield biased beta estimates. Scott and Brown
conclude that autocorrelation and security returns that lead market re-
turns may continue to produce the unstable betas that Blume, Brenner
and Smidt, Fabozzi and Francis, and Levy have noted, because these stu-
dies used monthly data and short time periods to estimate betas.

3
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Riding (1982) proposed that infor.matioﬁ flows are the causes of struc-
tural as well as random shifts in beta coefficients. Using a model
which ir}corporated information flows in a state-preference framework,
Riding showed that changes in beta values are caused by variations in
the expected terminal values of the securities, and (to a lesser ex-—
tent) by variations in the initial wealths or the expected terminal
wealths. of investors. Using different types of 1nformatlon flows {(glo-
bal, industry or firm-specific, and transient or 1long-lasting), the
random coefficient model and five recursive models, Riding demonstrated
the existence of significant changes in beta values (both random and
structural). Nevertheless, there are many other possible explanations
for shifts in beta values, one of which might be thd working mechanism
of the capital market itself.

IITI A simple model of the effect of past return realizations on cur-

1

rent ex-post beta estimates

A simple model will suffice to show that security betas estimated using
ex-post return data cannot be intertemporally stable, even when secu-
rity returns are assumed to be serially independent and have a station-
ary distribution over time. That is, estimated security betas can be
expected to exhibit intertemporal instability even when the vector of
ex-ante expected payoffs (i.e., E) and the variance-covariance matrix
of payoffs (i.e., V = lojj = cov(Fj,tj)) ) are assumed to have
an intertemporally.stationary distribution. The only assumption which
is needed to obtain such a result is that there is 'no rebalancing of
the market portfolio, or no additional supply, or withdrawal, of new or
old securities, so that the market weights are constant from time pe-

riod to time period. '

Assume that at time zero,_investors have only cash and that they are

of fered variods financial assets. If the market cleared, prices, -amar-
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ket portfolio and market weights, xjo where i ‘denotes the asset i,
i=1,...,nand o denof:es the initial time period (t = o) are obtained.
Now assume that E and V are stationary. Then, the expected payoff and

the variance of the payoff on the market portfolio can be written as:

-— LI
Emo = 505- > (2.1)
and '
° 2 = X
o™ X V%, 2.2
where X5 = {xiol}or the column vector of market weights in time

period o. Assume now that one period has passed‘. That is, assume that
the roulette wheel has spun and that a state of nature along with its
associated payoffs (i.e., price relatives), Til, has been obtained
for each asset i. If one assumes further that no new securities were
offered to the investors over the period and that there was no in-
crease or decrease in the supgly of the existing assets, then the total
market wealth has chahged as follows:

r

X R (2.3)

3

where Rj = (;11} is the column vector of payoffs in time period

one.

. The market value of each asset i has also increased by ;11 (i.e.,
the respective payoff on asset 1). Therefore, the market weight of as-
‘set i has increased fram xjo to xil, such that:
rey
_ il
Xi1. = X0 = (2.4)
m] ‘ L N

or in vector form: v

3
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where: P1 is a diagonal n x n matrix, where- the diagonal elements are
the respective elements of R] and all cross—elements are equal

to zero.

L

To examine the effect of the shift in market weights, obtain the ex-

prgssion for the column-vector Bl =1{g8jil}, where Bj1 is the
measure of systematic risk for asset i in timel. 8”‘ is given by:
. cov(ri1 ,rm]) >
11 var(r . ) ) (2.6)
"m
_B_] is given by:
1 :
B. = "m v l] . . (3.7)
—] ) -
§yx o
Using (2.5), (2.7) can be written as:
L | J
B. = mi ¥ (El 5o )
ol x ) v T (e, x (2.8)
ml ‘9 S/ L Tm (—1 —o)

. .
Because both V and P] are symmetric matrices, their pre- or post-mul-

tiplication yields the same matrix. Thus, (2.8) can be rewritten as:

T~ fﬁ y.lo
B, =r ; 2.9
T m gy plp : (2.9)
LA L. (AN )

. z
Now note that the matrix P') P] is a n x n diagonal matrix, where
the diagonal elements are ¥2;1 and all cross—elements . are zero,
- ]
that o2n = X'o V..Xp from (2.2), and that B =V X/ X'V X

from (2.7). Therefore, using (2.9), each element of B] can be ex-

\ pressed as: ~ .
r oo Fee covir. or ) U oo .
Bip = e 112 e 4 : (2.10)
’ ril var(rmo)
or °
r - .
By = = Bio - (2,11)°
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Based on (2.11), it is obvious that 8] will be different from
8io, whatever i, if ®j1 # ?j] for at 1least one i or j, i #
- If Tj1 = rj1 for all i and j, then of course Tml =
ri1 ® f}]; and thus Bj] will be equal to 8io for all i.
In other words, the measure of systematic risk will be stationary over
time only if the assets' relative prices are the same from one time
period to the next. From the development of this model, it is also
clear that such a result is obtained because the price relatives affect
the market weights. Thus, it follows that if other influences in the
capital markets counter the shifts in market weights (i.e., induce a
rebalancing of the market portfolio), then the measure of systematic
risk will be stable over ti&e.

The most 1likely candidate for a counterforce is the possibility that
all investors not only hold the market portfolio in time period zero
but also exhibit constant absolute risk aversion (CARA). More specifi-
cally, if all investors hold the market portfolio from time period zero
to time period one, then the wealth of each and every investor will in-
crease by a factor of ?ﬁr Since each investor will be offered the same
investment opportunity set in time period one, each will choose the
same market portfolio as he or she did in time period zexo, given CARA.
In other words, even though each investor is initially offered a market
portfolio with different E - V attributes, each investor (given CARA)
will attempt to maintain the same narket’portfolio from time period
zero to time period one (that is, the portfolio withdattfibutes EmI:Emo
and 0%1=o;0)- )

Unfortunately, the existence of constant absolute risk aversion 1is not
consistent with the hypothesis that all investors hold the same market
portfolio. This follows because the latter hypothgsis is.derived from
the CAPM, which itself follows from the assumption of quadratic utili-
ty. In turn, quadratic utility implies increasing absolute risk aver-
sion. Moreover, the assumption of constant ébsqfute risk aversion is
neither theoretically defensible [see Arrow (1971)] nor empirically

supported [see Blume and Friend (1975)]. Furthermore, if investors do

i —
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not all hold the market portfolio, their respective wealth will in-
crease (or decrease) at varying rates. Thus, whether or not they exhi-
bit constant absolute risk aversion, investors will adjust their port-

folios in such a manner that the beta values will shift [sée Riding
(1982)]. ‘ e

Thus, unless a strong counterforce exists, such a; the one described
above, the model presented above demonstrates,that/the beta values will
change by the .sheer return generating mechanism of the capital market.
Thus, fluctuations of security betas are a very pervasive phenamenon,
which are caused by influences such as information flows ([see Riding
(1982)], by 'shifts in market weights induced by the random payoffs, and
by counterforces to such shifts. Moreover, while the model deals with
the instability of beta fram a theoretical standpoint, other sources of
empirical instability, such as measurement error and mispecification of
the estimation procedures, are likely.

, Before proceeding to the implications of the above, it should be noted
that no specific type of return distribution was assumed for each of
the securities in the above model. All that was assumed was that: (a)
each security's return distribution could be adequately characterized
by its mean and variance, and (b) the mean and variance of return for

each security was intértemporally stationary.®

.

IV Implications of the instability of the time-series estimates of
security betas

Given the above findings, it is not surprising that most authors have
found that the betas of individual securities are not stable inter-
temporally. While the instability of the betas in practice may be
caused by a number of factors that affect the intertemporal s;ationa—
rity of E and V [for example, as has been proposed in Fabozzi and Fran-
cis (1978) and Riding (1982)], it has been shown that estimated betas
will not be stable even if E and V are intertemporally stationary, be-

o~ \“'
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.cause the estimated betas are cumulative functions of the past series

of (random) realized secur*i.ty returns.

Before proceeding, it should be noted that some of the findings re-
ported above have been implicitly anticipated in the literature. More

specifically, Cheng and Grauer (1980) have also noted that since betas

are ex—post endogenously determined, they are unlikely to be constant,
and thus they carinot be estimated as regression toefficients usqinQ or-
dinary or ge.neralized least squares techniques. More specifically,
Cheng and Grauer (1980, p. 661) state that for the betas to be inter-
temporally stable, "must also necessarily imply that the equilibrium
firm values must vary through time in equal proportions".”7 Unfortuna-
tely, they did not recognize that the estimated betas are ultimately
functions of the security returns and thus are themselves random varia-
bles. TInstead, Cheng and Grauer argued (correctly) that the betas are
functions of the expected return, Ezt = E(;zt,}, on the zero—
beta portfolio; a value which varies from period to period even in the

case when E is intertemporally stationary.

The above findings on the intertemporal instability of estimated betas
have some important implications for the empirical testing of the CAPM.
The regressic;n techniques used in most (if not all) Q?st empirical
tests of the CAEM to estimate betas now appear dubious. In the words
of Cheng and Grauer (1980, p. 662) past empirical tests assumed "a CAMM
disconcertingly different from‘the CAPM being tested". A feel for this
contradiction between purpose and procedure éan be obtained by exa-
mining Figure 2.1, which depicts the CAMM irrpli’ed by past tests of the
CAPM, and Figure 2.2, which depicts that implied by the theory. Al-
though the CAPM, as generally formulated, is a one—period model, past
empirical tests of the CAPM nonetheless imply that the linear relation-
ship between Ej and B8 "has an intertemporally stable slope.8B
Thus, these empirical tests have implicitly assumed that in the three-
dimensional space spanned by Ej, fi and t, the CAPM is depicted by a
plane (see Figure 2.1). 1In theory, there is no requirement in the CAPM

that the linear relationship between Ej and 8 ; have an intertempo-

%4




) “Figure 2.1

g
The Type of Multi-Period CAPM Relatiocaship Gonorally
Empirically Te,sted

(Figure 2.2 .

The !xpoct:nd Multi-Perfod CAPM Relationship Assuming "
Interyemporal Stationaricy of E and ¥
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rally-stable slope. Thus7 based on the findings of this study, in the
space spanned by Ej, B and t, the CAPM asset—pricing relationship

is more likely to resemble the curved plane in Figure 2.2 than the
plane in Figure 2.1. . ~

Furthermore, the random coefficients model developed by Theil (1971)
.and used by Fabozzi and Francis (1978), assumes in its tests of statis-
tical significance that the coefficients are normally distributed with
stationary parameters. Thus, it can potentially be used if it is known
that the beta distributions are stationary and normal. Unforturiately,
" no study has:yet appeared on the nature and the stationarity of the
beta distributions. However, if the number of variations in beta va-—

lues is finite, recursive technigues can be used to estimate the true
beta value [See Riding (1982)1%- -

kY
The above cammentary on the past empirical tests of the CAPM does not

imply that beta instability makes the CAPM untestable. More specifi-
cally, if E and V are assumed to be intertemporally stationary, then a
(samewhat tedious) procedure to estimate the beta values for each secu—
rity (or portfolio of securities) for each time period can be ‘deve-
loped,... These values can then be used to run a series of crosé—sec-—
tional tests involving E and B for a specified time period. '

-
.
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For a review and discussion of the use of betas in portfolio se-
Jectlon, see Elton, Gruber and Urich (1978).

For a review and discussion of the use of betas in regulatory pro-
ceedings, see Pettway (1978) 4

This literature will be reviewed in the next section of this es-
say.

In the single-period CAPM, the individual security betas are by de-
finition constant. However, in a multiperiod framework, the indi-
vidual- security betas are endogenously determined for each t.
Thus, in both theory and practice, they could vary from period to
period. This has been noted by Rubinstein (1973) who discusses how
ex-ante betas are endogenous in a multi-period context; by Galai
and Masulis (1976) who develop theoretical arguments for the ran-
domess of ex—ante betas; and by Sunder (1980, p. 866) who main-
tains. that there are both theoretical and empirical reasons why the
distribution of .8 is not stationary.

See Merton (1972, p. 17). . .

The stationarity properties of beta using simulation are presented
in Kryzanowski and To (1984).

Rosenberg and Ohlson (1976) reached a similar conclusion in a dif-
ferent context. More specifically, they noted that: )

. Thus, portfolio separation across any subset of as-
sets, together with the stationary-distribution-of-
returns hypothesis, essentially implies a constant
shares of alth property across those assets,
which, in turn, implies a fundamental degeneracy in
the derived behavior of security prices. The result
takes on significance in that so much research in
modern capital theory depends crucially on either
(or both) of these properties... Upon reflection,
the described contradiction is nots-the least sur-
prising. Separation induces irrelpvance with res-—
pect to parameters unique to the investors, so if
the econanwy repeats itself over time, then the same
structure of asset prices must prevail if the re-
turn—generating process is stationary. [Rosenberg
and Chlson (1976, p. 400)]

For example, Black, Jensen and Scholes (1972, p. 86) assumed that
the “betas were stationary, based on evidence presented by Blume
(1968) ;"and thus used an equally-weighted market index. -

. \




CHAPTER THREE
* A CLINICAL~LEVEL APPROACH TO ASSET PRICING

Al though the standard form of the CAPM Ppresents a number of important
theoretical and empirical deficiencies, it has been reformulated into a
number of testable variants. Since these variants are disaggregated to
individual investor level, they generally. focus on the equilibrium of
individual investors rather than on the general equilibrium of the ca-
pital markets. As a result, these models are referred to in this dis-
sertation as being “"clinical" models. -

The models developed by Mao (1971) and by Levy (1978) have .been can—
pared and reconciled in Kryzanowski and To' (1982). 1In Essay 3, a cli~
nical-level variant of the CAPM for imperfect markets, which is more
suitable for empirical testing than the Mao-Levy models, will be pre~
sented and tested using data on the portfolios of individual investors.
In Essay 4, an alternate clinical-level asset pricing model, which in-
vokes no assumption about the functional form of the utility functions
of individual investors, is developed and tested. This "clinical-level
asset pricing theory" is tested using the sape panel data as was used
in the empirical tests presented-in Essay 3.
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ESSAY 3
SOME CLINICAL-LEVEL TESTS OF THE CAPM IN IMPERFECT MARKETS

(

I Introduction
, . s :

In a paper put?lished in 1978, Levy (1978) proposed a general capital
asset pricing model (GCAPM), which he obtained by maximizing investors'
utility when the number of securities held iff each investor's portfolio
was contrained. In a recent paper, Kryzanowski and To (1982b) demons-—
trated that Levy's GCAPM was similar to a model developed earlier by
Mao (1971). Mao had earlier developed his model by modifying the fami-
liar Sharpe-Lintner-Mossim capital asset pricing model (CAPM) to re-
flect the implicat:ions of market imperfections.

Kryzanowski and To (1982b) also noted that thg Mao and Levy versions of
the CAPM for ir{pei:fect markets (unlike t standard CAPM) could be
tested using data\ on the portfolios of individual investors (i.e.,
"clinical-level” o\r also "perspnalized” data). 1In fact, such empirical
tests would avoid the ambiguous nature of the past joint tests of the
standard CAPM that were noted by Roll (1979). More specifically, since
in the standard CAPM all investors will invest their funds at risk in
the market portfolio, an empirical test of the standard CAPM at the
clinical level requires that the unobservable market portfolio be mea-
sured. On the other hand, this is not the case in a Mao- or Levy- type
of CARM fo;: imperfect markets. Since investors in such a market will
invest thajr funds at risk in equilibrium in mean-variance efficient
constrained&:ortfolios (i.e., portfolios that contain a relatively
small. subset Of all the available assets), an empirical test of the
CAPM in imperfect markets at the clinical level does not require
, that the unobservable market portfolio be measured.
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1

In this essay, a model derived from the Mao-Levy propositions is first
formulated and then tested using data on the portfolios of individual
investors. ' The form of these empirical tests is similar, but nof iden-

tical to the two tests proposed by Kryzanowski and To (1982b).

The remainder of this essay is organized as follows. In the next sec-
tion, the CAPM relationship in imperfect markets for the portfolio of
an individual investor in equilibrium is derived. In section III, the
data sources and the empirical procedures used to test the clinical
CAPM are described. In section IV, the empirical findings for the ini-
tial test of the derived CAPM are presentéd and discussed. 1In éection
V, an additional test of the derived CAM is presented. In section VI,
same concluding comments to this essay are offered.

B ]

"11, One specific clinical-level (‘persci\alized') form of the CAM in
Imperfect Markets

The follov;ing pricing relationship can be derived fram Rubinstein's
(1973b) or Levy's (1978) development of the cam:1

E(ri) - re =y cov(ri,rk) vi , (3.1)
where ri is the randam return on risky asset i, i=

l,..., ng where ng<n because of market

inperfe?:tions and investor myopia:

is the known return on the risk-free asset;

rf

X is the intra-portfolio price of risk which.
is equal to [E{fk - rf)] / var(®k); and

;k is the randam return on the portfolio held

by investor k.

5]
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If a frictionless, purely campetitive and perfect capital market is asi-

sumed, and the condition that every available asset is held is satis-
fze'd? equation (4.1) can be easily aggregated to either the individual
investor or marw levels to obtain two testable linear relationships.
The first is between the expected return and "own variance" of investor
kK's portfolio [i.e., Lintner's (1965a) so-called market opportunity
line or MOL for investor k]; the second is between the expected return
and variance of tﬁe market portfolio (i.e., the so-called capital mar-
ket line or CML). Both of these linear relationships deal with effi-
cient portfolios (the investor's portfolio in the first relationship
and the market portfolio in the second relationship). Therefore, the
linear relationships are between the expected returns on the (effi-
cient) portfolios and the variances of return on these portfolios, and
not with some measures of systematic risk. It is interesting to note
that in equilibrium, ML~MOLy, k=1,...,K, so that neither hypothesis
can be actually tested because the "true" market portfolio is itself
unobservable ‘[Roll (1977)}. Of course, one could argue that the empi-
rically verifiable evidence [see, for e;(anple, Blume angd Friend (1975)
and Schlarbaum, Lewellen and Lease (1978b)} “that ng one holds all
available assets is (in and of itself), sufficient evidence to reject
one of the testable implications of the CAPM in perfect markets.

Since portfolio diversification is costly (due to market imperfections
such as taxes, transaction costs, information costs and portfolio mana-
gement costs) and most of the benefits of diversification can be at-
tained with a relatively small number of "well chosen” assets [see
Evans and Archer (1968), Mao (1971), amongst others], it seems reason-
able to assume that investors will attain their optimal MOLs by invest-
: ing their funds at risk in a constrained (or non-market) portfolio of
"assets. In other words, it seems reasonable to assume that, given the
existence of market imperfections, few (if any) investors will hold the
market portfolio or even a portfolio containing a substantial number of
assets. Furthermore, it would be expected that different investors

would hold different portfolios.?2
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If a purely ccnpet;::;é (but imperfect) capital market is assumed, and
the conditiqn that every available asset is held is satisfied, equation
(3.1) can be aggregated to either thé individual investor or market
levels to obtain two types of testable linear relationships. The first
are the MOLs for all K investors; the second is the CML. Eéch of these

aggregations will now be dealt with in turn.

Since (3.1) holds for each asset held by investor k; {(3.1) can be ag-
gregated over the nk assets held by investor k in order to derive the
optimal equilibriun relationship for investor k's own portfolio. Thus,
by weighﬁing each asset i in investor k's portfolio by the relative
proportion of investor k's total wealth invested in asset i, one ob-

©

tains:
E(r ) = re vy var(¥)) . _ (3.2)

Equation (3.2) states that: (i) the expected return on the porﬁfolio of
investor k is positively related to its variance; (ii) the intercepk of
this linear relationship is the risk-free return; and (iii) the slope
of the linear relationship is a measure of the intra-portfolio price of
risk. Furthermore, as shown by Roll (1977, p. 159), equation (3.2)
provides both the necessary and the sufficient cond}tion for establish-
ing that the portfolio held by investor kK is locally efficient.3
Thus, while the standard CAPM inplies that each (and every) investor
will invest his or her funds at risk in the market portfolioc, the CAPM
in imperfect markets implies that each investor w2ll invest his or her
funds at risk in some (unique) subset of all the available assets.
This subset will be a constrained E-V efficient portfolio.
~

Using Roll's (1977) efficient set mathematics, it can readily be shown
that (3.2) is replaced by (3.3) when no risk-free asset is available to
investor k: . ’ PY

"—‘”\-~—-~—E(FE)W= E(?Zk) + Ay var(?k) , (3.%)
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where: E(rzx) is the expected return on the efficient port-

fol.io which is orthogonal to K (i.e., the portfolio

[~

held by investor k); and
all the other variables are as defined earlier.

Under these conditions, investor k's intra-portfolio price of risk and
risk premium are given by [E(;k) -~ E(rzk)l / var(;k) and

E(ri) - E(Tzk), respectively.4

Using the general formulation (3.3), the equilibrium for investor k can
be graphically depicted as in Figure 3.1. It is apparent from the fi-
gure that the optimal holdings for investor k in equilibrium (i.e.,

portfolio K) denotes: (1) the revealed risk preferences of investor k,

which are given by the slope of the line joining G and K (i.e., Ay)
an ii) investor k's perceived set of investment opportunities since

portfoNes on the mean-variance efficient frontier for the ng
assets. In other words, equation (3.3) reflects 'both the parameters of -

Y
investor k's utiMction of wealth and the parameters of investor
line. In addition, it is now apparent

k's personal market opportuni
that the intercept of equation (3 (i.e., the intercept of the line
joining G and K in Figure 3.1) is invest cific and thus is not

likely to be constant across all investors.

While (3.3) denotes optimality at the individual investor's level, does
it also denote equilibrium at the market level? If one assumes that  no

individual investor can influence security prices, equation (3.1) shows

that individual investors will attain their optimal conditions by ad~ .

justing their portfolio compositions. Therefore, price-taking be-~
haviour is necessary to move from clinical optimality to market equili-
brium. In effect, the market mechanism acts as if the set of prices
were collectively determined by all individual investors and not by any

&
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FIGURE 3.1 .
A REPRESENTATION OF THE CLINICAL EQUILIBRIUM FOR INVESTOR Kk VX’
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Where G: Global minimum variance portfolio; : '
K: Investor k's portfolio; and .
Z: The portfolio orthogonal to K. .
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particular investor individually. Hlowever, this adjustment could re-
sult in some securities not being exhaustiveiy held. To guarantee mar-
ket clearing, one must have a type of tatonnement process where dif-
ferent schedules of prices are tried until each investor holds his or
her optimal portfolio and the market clears itself at the same time.
In this sense, the prices of securities are co—determined. Note, how-
ever, that this co—determination does not necessarily imply that be-
liefs are hamogeneous. All the tatonnement process does is simply
search out the market clearing prices. ~While a market pricing equation
cannot be attributed to the market clearing prices, equation (3.1) will
hold with respect to each investor's beliefs, risk preference and op-
portunity set.

Thérefore, this market setting is compatible with perpetual and conti-
nuous trading where market clearance can be adequately characterized by
a tatonnement process.6 In this essay, hamogeneity of beliefs will be
assumed only for testing purposes, because it is possible to derive
only a single measure of E(;i), and thus the same estimate must be
used for each and every investor. However, the assumption of homo-
geneity of beliefs is not instrumentél in the theoretical development

of (3.3).

III. Data sources and empirical procedures

There are three testable hypotheses associated with equation (3.3).7
They are: (i) linearity between E(fk) and var(rk), (ii) a positive
risk-return tradeoff (i.e., >‘k >0), and (iii) investors hold optimal
portfolios while engaging in riskless borrowing and lending (i.e., a

0

joint hypothesis).

There are a number of alternative procedures for testing for linearity.
Fama. and MacBeth (1973) and Grauer (1978b) used a quadratic risk term
(and also the variance of the disturbance'term). Their test for line-

:
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arity was baspd on the statistical and/or economic significance of the
estimated regression coefficient of the squared risk term, Stambaugh
(1982) used a Lagrangian multiplier (x2) test of linearity. Stam-
baugh preferred the Lagrangian muRiplier test to bcth the Wald and the
likelihood ratio tests because baéed on Monte Carlo simulations the
Vald test rejected the linearity hypothesis too often while the likeli-
hood ratio test did not reject it often enough. However, like Mac-
Beth's (1975) test, Stambaugh's test was conditional upgn previous es-
timates of the regression coefficients. More specifically, while Mac-
‘Beth assumed that the estimates were made without error, Stambaugh as-
sumed that they were made with a disturbance term. A Box—-Cox trans-
formation of the var(:‘k) term can also be used to test for linearity.
However, none of these tests are as saZisfactory as one would likeJ.
Use of a quadratic risk temm (or other ad hoc variables) is Somewhat
deficient in that one is never sure whether the use of other ad hoc va-
riables, which generally have some economic content, would have sup-
ported non-linearity. Use of the lLagrangian multiplier test of line-
arity is also somewhat deficient in that the test is not independent of
“the estimates of the regression coefficients, which are themselves only
meanlngful if it is assumed that the estimated relationship is linear.
Furthermore, it appears that the Lagrangian multiplier test is depen-
dent upon the rank of the subset of linedrly independent asset returns
in the vector of returns used to compute the market index. Finally,
\the Box—-Cox transformation is somewhat deficient in that it implies a
greater chance of not accepting the linearity hypothesis (that is, that
v#l in [var(rk)’ 1) than of accepting it; that is, that v=l.

Since none of these alternative tests results in an adequate test of
the linearity hypothesis, it can be argued that a minimalist approach
should be followed. That approach is merely to reject‘ (oxf not to re-
ject) the linearity hybothesis based on: (i) the economic and statis-
tical significance of the regression coefficient’ associated yith var
(Ex), (ii) the F—value test of the linear regression in (3.3); and

(iii) the significance of the determination coefficient of that regres-

)
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sion. Nevertheless, to be consistent with the literature, the tradi-

tional quadratic risk term is also used herein to provide a further

test of linearity.

he S

The hypothesis of a positive risk-return tradeoff can be tested by
examining the s'ign of the regression coefficient associated with °
var(?.‘k). As in Grauer (1978b), the third (joint) hypothesis can be
tested by comparing the estimated intercept term of the regression in
the form of (3.3) with fﬁ‘a priori estimate of E(Tzk), and by test-
ing if the estimate of E ?Zk)is statistically different from zero.
Following the'tradition established by Fama and MacBeth (1973), Grauer
(1978b), amoﬁgst others, our tests are conducted with portfolios of as- i
sets and not with, ihdividual assets. However, unlike other authors who
grouped assets into portfoliocs based on the size of their risk terms in
order to all';?viate an errors—in-measurement problem, the grouping cri-

terion used herein is that dictated by the theory and is observable in ‘

the market (i.e., the portfolios of individual investors).,:

Machine-readable data from the 1977 "Survey of Consumer Finances", con-
ducted by Statistics Canada,8 was used to empirically test equation
(3.3). The data included the 1976 income, various asset and liability

category values as of May 31, 1977, and various additional socio—-econo-

T Shew ’mdan oA

mic characteristics, for a sample of 12,734 Canadian economic house-—
holds. Since the data was for economic units (i.e., h8useholds) and
not for individuals, it was necessary to assume thatheach household

acted as if it were a single (or homogeneous) investor.

PR N

Statistics Canada used a multi-stage, stratified, clustered, probabi-
lity sampling technique to select an initial sample of 17,000 econamic
units. The sample design purports to cover Canadian economic units of

all trades, regions and wealth categories, with the exception of "mar- ) :

ginal”™ units such as those confined to hospitals, prisonjnmates, resi-
dents of Indian reserves, and residents of the Northwest and Yukon Texr-—

ritor:ies.‘ In order "to improve the representation of the asset and’

\
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debt holdings of Canadians at the ,upper end of the income and wealth
distribution",9 a special supplementary sample of 500 “economic units
was selected from the original sample of 17,000. These "special eco-
nomic units" accounted for 139 of the 12,734 households in the final
sample. Since not all households responded to all the questions in the
questionnaire, imputed householder data was used for from 2 to 18.1
percent of the responses for any spec.ific guestion. This imputed data
was generally based upon extraneous sources of informatior;, and on the
averages computed from households of simjlar socio-economic cgaracter—
istics which had responded to the appropriate questions. According to
Statistics Canada the reliability of the survey data is "quite good and

encouraging" .10
’
8

The information which is available on each household's assets and lia-
bilities are given in Table 3.1. To test equation (3.3), it is\ neces-—
sary to assume that the return distributions for each agset and liabi-
lity category 1listed in Table 3.1 are homogeneous (i.e., the same)
across houscholds, and then determine the E and V for the asset and
liability categories. Then given the E and V data and the structure
(category compositions) of each household's portfolio, it is fah’ely
easy to calculate the E(fk) and ¢4(fx) values needed in order to

test equation (3.3).

The assumption of homogeneous return distributions across households
(H‘HR’D) -is subject to criticism. However, it has been shown by Mao
(1971) that a large percentage of the potential benefits of diversifi-
cation. is attained with a relatively small number of assets. For exam—
ple, up to 50 percent of the potential benefits of diversification are
attainable with only three sccurities. Schlarbaum, Lewellen and lease
(1978b, p. 400) found that the average performance of the portfolios
of 2,500 investors was not "distinguishable staEistically—-at any of
the commonly employed levels of significance—-from (that) ... avéilable
from a passive buy—the-market—and-\c))ld investment strategy, nor from
the returns generated by the mutual funds". This was the case even

though the "average" investor in their sample held from 3.6 to 6.1

»
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Table 3.1

Asset and Liability Categories for each Investor's Portfolio

ALC 1

Cash on hand, including outstanding cheques.

ALC 2 °,Bank deposits and.all other deposits in financial 1nstitutions.

"ALC 3

ALC S
ALC 6

acy.

ALC 8

ALC §

Investment in registered retirement savings plans (RRSP) and in regis-

tered homeownership savings plans [RHOSP), at face value plus accrued
interest. '

Boids, at face value, including federal government bonds, provincial
government bonds, foreign government bonds and industrial corporation
bonds. - .

Stocks and shares, at market value, including those of public corpora-
tions, listed and unlisted, of mutual‘funds, of investment funds and
clubs, and also rights and wxarrants of these stocks and shares.

Equity in business, farm, or profession, computed as the difference
between market or book value of total assets, and book value of total
debts. -
Investment in other non-liguid financial assets, at market value or
outstanding amount, including mortgage loans, loans to individuals and
businesses (including one's own), interests in trusts and estates,
royalties from mines, oil wells, copyrights, and future contracts.

kS

Cars for personal use, at market value.

\Owner-occupied homg, and other real estate held for personal use, at

market value, including vacation nome.

Lrability Categories

ALE 10 Consumer debts, including lgans from chartered banks, Big%g??inance and
]

consumer loan companies, credit unions and caisses aires, and
charge accounts and instaliment debt; and other personal debt, includ-
ing loans guaranteed by stocks and bonds, student loans, miscellaneous
loans from financial institutions, unpaid bills and taxes, and loans
from individuais outside the household, from business firm (including
one's own); at outstanding qmoupt.

-

ALC 11 Mortgage debt on the owner-occupied home, and on other real estate held

for personal use, at outstanding amount. .

N
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securities at any given point in time over the period from 1964 to
1670, Similarly, Blume and Friend (1975) found that investors, on the

average, held 3.4 di{rideﬁd—paying securities.

Thus, even if the households in‘the current sample held AIC's which .

differ in their compositions, one can assume that within each of the 12'

broad AIC's t,b,e return distributions do%at differ matenally across
households, and can be proxied by a"'basket"‘of the available assets
(or 11ab111t1es) within each AIC. Wwhile this assumption is subject to
criticism, it can be argued that it is ho more unpalatable than the as-
sumption’ of homogeneous expectations which has been invoked in all past

empirical tests of asset pricing models. ;

The asset and liability categories [(ALC's) in Table 3.1 do not include

thdse' that are non-marketable. Since the non-marketable asset, human

capital, constitutes a significant portion of the wealth held by most
hou#éholds, an attempt was madel to incorpogate an estimate of each
household's human wealth into \it’s por.ifolio of assets.

1}0 incorporate human wealth in the ‘investor's portfolio, one is faced
with two measurement problems: (i) the measurement of the return on hu-
man wea{th, and (ii) the measurement of the value of human wealth it-
self,

-

1

Mayers (1972) and Fama énd Schwert (1977) were two of th_e tirst studies .

which proposed measurements of the return on human wealth. Mayers
(1972) defined the total payoff (mcome) on all non-marketable assets,
or human wealth, as the aggregate income received by the labor force
extant at the beginning of the time perxod. Fama and Schwert (1977)
correctly argued that such a measurement ignored the effect of varia-

tions in the size of the labor force. 'Ihei:éfore, .they used the "income

per capital of the labor force to measure the variation through time ir_l\

the payoff to a unit of human capital." Mayers (1972), as well as Fama
and Schwert (1977) were primarily interested in estimating the cova-

A}

riances between incane and returns from time series data. Therefore,
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they had to assume that the bivariate distribution of the income and

return variables was stationary through time. However, Fama and
Schwert (1977) found that the distribution of per capita income could
not be stationary, since-it has an upward trend (at least in\the aggre-—
gate) and it has autocorrelations that were close to one for many lags.
They proposed a "standard cure for that type of non-stationarity" by
using percentage changes in the per capita income to estimate the cova-

t
riances between income and return variables,

For all practical purposes, Fama and Schwert (1977) defined income as
"wage and salary disbursements plus the proprietors' income portion of
seasonally adjusted personal income." However, they also tried other
definitions of income such as "net transfer payments" and "total per-
sonal incate". According to Fama and Schwert, these definitions pro-
duced "results similar to those reported..:". Fama and Schwert (1977)
acknowledged that "there are many legitimate quarrels with the way we
measure the return to human capital." They quoted their ignorance of
the maintenance cost of the human asset in computing a net payoff to
human dgpital, their disregard for the potential disparity in quality
of hymén wealth, and their assumption that human wealth is a non-mar-
ketable asset.

FY
o

However, Fama and Schwert (1977) did not specifically compute a return
on human wealth, but rather the payoff on each unit of human wealth.
In other words, they only computed the nuq$rator qf what could be a
measure of the return on human wealth. Their use of the pere€nt change
in the incame per capiga of the labor force was strictly designed to
avoid the autocorrelation problem in directly using the payoff Ber unit

of the labor force.

Nonetheless, Fama and Schwert (1977) appear to,have interpreted the
percentage change in per capita income as a partial return on human
wealth. Discussing the "missing assets" model noted by Mayers (1972),
Fama and Schwert (1977) conéluded that the percenEage change in per ca-

pita income is "also the percent capitai gain rgtdrn on human capital”.
i
- \
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 They reached this conclusion by assuming that the percentage change in

per capita income follows a random walk, that the beta of human wealth
is constant through time, and that the expected return-risk relation-
ship of the CAPM is also constant through time. Under these‘condi-
tions, "the discount rate applied to expected future incomes to get the
market value of human capital is constant through time, and the market

value of human cap%tal is proportional to and thus perfectly correlated
with income." Fama and Schwert (1977) used this conclusion to assert:

the fact that in the missing assets model the per-
cent change in per capital income corresponds only
to the capital gain portion of the percent return
on human capital is unimportant. In the present
scenario, income and the market value of human ca-
pital are perfectly correlated. If the capital
gain return on human capital is unrelated to the
returns on marketable assets, so is the “dividend®
return.

The last sentence of the above quote is the br;ncipal conclusion drawn
by Fama and Schwert (1977) from their paper. Howevé;, in the context
" of this essay, given that income and the market value of human wealth
are perfectly correlated, any relationship observéd betweeﬁ the returns
on marketable éssets and the capital géih portion of the return on hu-
man wealth would also be true should the total return on human wealth
be used. This is the case because the dividend portion of the return
on human wealth is proportional to the market value of human wealth,
and thus a non—r?ndcm variable. ' )

In this essay, as well as in the next one, the measurement of the mar-
ket value of human wealth and of the capital gain portion of the return
on human wealth are such that one can invoke‘the samg‘procedural guali-
fications that were invoked by Fama and Schwert (1977).

First, the return to human wealth is defined as total personal incoame
per unit of the labor force in Canada. More specifically, total aggre-
gate personal incxxma reported in the Canadian national accounts is di-

A 5o e i T e 1 T AR
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vided by the total employed 1abour'f6rce repérted by Statistics Canada
in order to obtain per capita personal income. Percentage changes of

per capita personal income are then construed as the capital gain por-
4
tion of the return on human wealth.

Second, the market value of human wealth is Jefined, as suggested by
Fama and Schwert (1977), as the present vatue of all future incomes
from the present age up to the mandatory retirement age of 65. ‘This
definition implies two further empirical measurement procedures. The
first involves the discount rate, and the second involves the estima-

tion of the stream of annual incomes from the present age up to age 65
for each individual in the sample.

While it is difficult to choose a suitable discount rate for futurd in-
cones, it seems reasonable to assume that in the long run any increase
in the Meal income from labour will came from an increase in producti-
vity. Therefore, it can be assumed that the riskiness of future in-
comes is dependent upon the variance of the inflation rate, the varian-
ce of the rate of productivity gain, and the covariance of both rates,
if any. This riskiness of future incomes should also be reflected in
the discount rate. A very conservative measure of the rate of product-
ivity gain is zero.l2 If real incomes are used, then one can ab-
stract from the influence of the inflatioA rate. Thus, in this essay,
the market value of human wealth is defiééd as the "undiscounted" sum
of real incomes from the present age up to age 65, or, alternatively as
the present value of all future nominal incames fram the present age up
to age 65, where the discount rates are the periodic inflation rates.

This definition of the market value of human wealth implies that the
"dividend" portion of the returﬁ on human wealth is proportional to the
market value of human wealth, although the specific proportion differs
from individual-to-individual. ¢(In fact, it equals the reciprocal of
the:éifference between age 65 and the present age, given that real in-
come does not increase with age.) Therefore, for each individual, the

covariances between the capital gain portion of the return. on human

.
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wealth and the returns on marketable assets are also the covariances

between the total return on human wealth and ‘the returns on marketable
assets. .

In order to implement this measure of the market value of human wealth,
a procedure must be designed"r to éstimate each year's income from the
present age up to the retirement age for each individual. Friedman
(1957) has argued that a consumer's behavior is based on permanent in-
come and not on measured income. That is, the decisions of consumers
are related not to curlcrent incomes (which might include transient com-
bonents) but on incomes which are considered to be stable. Thus, in
order to aggregate an investor's income stream over his or her life cy-
cle in order to obtaiﬁ a market value estimate of his or her human
wealth, one needs to estimate the investor's permanent incame. One
procedure for doing so is to assume that individuals, who share the
same relevant income determinants, will also have the same permanent
(but not necessarily measured) incomes. The differences between their
n';easured and their assumed permanent incomes will represent the tran-—
Sient income components of their current incaomes. In other words, in
the regression of current income on the income determiants, the points
on the regression plane are measures 'of permanent income, while the
distances between the regression plane and the actual observations
(i.e., error terns)'are the measures of transient incomes.
\

In turn, this suggests that a multiple regression between current be-
fore tax income (BTI) against a number of relevant income determin;apts
will yield an estimate of annual permanent income. The incame deter-
minants which were chosen herein are: household size (HS) [because BTI
is measured for the whole household]; net tangible wealth (NIW);
schooling of household head (SHH); occupation of household head (DHH);
city size (CS); regional location (RL); and age of household head

(AHH). The regression results obtained are:

BTI = 3950.4 + 2350.6 HS + 0.05 NIW + 1342 SHH - 519.4 OHH
- 473.4 CS + 1189 RL + 35.7 AHH (3.4)

~
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where the Adj. R = ,404, F-value = 589.8, and the sample size = 6080.

All the coefficients are significant at the .001 level, and the adjust-

ed R is reasonable given the cross-sectional natlire of the multiple re-
gression. Since equation (3.4) is used structly for predictive pur- ~
poses, and only a good estimator of annual permanent income (i.e., one
with the smallest confidence interval) was desired, some comwpromises
had to be made with econometric orthodoxy. Notably, the indicgs, occu-
pation of the head of household (OHH) and regional location (RL), were
2 used as if they were nwnerlc variables in estimating H3.4). Nonethe-
less, for all other income determinants, the sign and magnitude of the
coefficients seem plausible. More specifically, equation (3.4) implied
— —¢———that a minimm annual incame -of $3,950.40 existed for each Canadian
household in‘dependently of all other income udeterminants.13 The
larger the household, the larger the incame (the rate of growth was
$2,350.60 for each additional person in the household). The yield on
net tangible wealth is a credible five percent per annum. Each.addi-
tional 3-to—4 years of schooling of i:i1e household head increased annual
inéome by $1 ,-342.00 for the household. Each year of age of the house- | 3
hold—head—increased—the—annual income of the household by $35.70.
Household income decreased with city size (CS is larger for smaller -

B N,

ties), with less socially desirable occupations of the household head
(OHH is 1 for managers, ..., 5 for unskilled workers), and increased
with westward location of the household (RL is 1 for Maritimes, 2 for
Québec, 3 for Ontario, 4 for Prairies and 5.for British Columbia). ’ i

PR ORS

The aggregation of permanent incaome from a household head's present age
to the retirement age of 65 was carried out using equation (3.4), where
BTI increased with AHH ét the annual rate of $35.70. Using the formula
for the gum of an arithmetic progression from the present age (i.e.,

- AHH) to the retirement age of 65, wifh an‘argument of 35.7, the market

value of human-wealth is given by:
\ . : o
{

'HW = (65 — AHH) BTI + 35.7 (65 ~ AHH + 1) (65 — AHH)/2 . (3.5)
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Equation (3.5) is exactly the life-cycle permanent income concept advo-
cated by Friedman (1957), when the rate of growth of permanent income
is arithmetic and not geometric, and the sum of an arithmetic progres-

3 . . n‘ . [
sion, and not an integral of an exponential function of time, is used.

The special households were not used in estimating (3.4), because in

order to ensure anonimity for these households no values were contained
on the tape for RL and AHH. The HW of the special households was esti-
mated in (3.5) by using the mid-range sample values for RL and AHH of
2.5 and 40, respectively. Furthermore, the HW of all households, whose
head was more than 65 years old, was arbitrarily set to zero. While it
can be argued that these households are likely to have some positive
human wealth, the amount must not only be small relative to théir net
tangible wealth .but it is difficult to estimate because of the uncer-

tain date of eventual (and certain) death of each household head.

Data to compute the holding period returns for each of the twelve ALC's
were gathered as the annual averages of the monthly one-year holding
period returns for the 25-year period from 1952 to 1976.14 The spe-
cific return computation procedure used for each ALC i§ given in Table
3.2.15 ’

Since 2y is a function of the utility parameters in equation (3.3),
it has to be estimated for homogeneous household groupings (that is,
households which have identical utility functions). Seven criteria
were initially chosen in order to stratify the sample into the required
homogeneous household groupings. These criteria were household size,
household wealth, schooling of the household head, household location,
total household after-tax income, age of household head and occupation
of household head. Since the use of all seven criteria would have re-
sulted in stratif{;d sub-samples with few households, two stratifica-
tion criteria (specifically, total household after-tax income gpd occu-
pation of household head) were not used because of their high 2S!inear-
ity with the other criteria.l® Based on the remaining five cri-

.
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Table 3.2 ,

Procedures for the Calculation of Holding Period Returns for the
Twelve Asset and Liability Categories (ALC's)

Iden-

tifier ALC Calculation Procedure

ALC '1 Cash on hand Return is set to zero.

ALC 2 Bank and other Arithmeti~ average of returns on 3-month Trea- -

deposits sury- Bills, 90-day financial paper, 5-year
Guaranteed Deposit Certificates, and saving
deposits without chequing privileges.

ALC 3 RRSPg and RHOSPs 10% by the arithmetic average of returns on

S-year Canada's, long-term Canada's, and

McLeod, Young & Weir 10 Provincial Bonds;

plus 10% by McLeod, Young & Weir 10 Industrial
Bonds;

plus 15% by returns on stock (see ALC 95;

.plus 597 by return on mortgage (scc ALC 11); and

plus 6% by the arithmetic average of returns on
3-month Treasury Bills and 90 day financial .

paper.@
ALC 4 Bonds ’ Arithmetic average of returns on 5-yecar Canada's,
.. long-term Canada's, McLeod, Young ¢ Weir 10 .
> Provincial Bonds, and McLeod, Youing and Weir 10

Industrial Bonds.

ALC 5 Stocks and ) Annual average of monthly one-ycar nolding
shares period returns on the Toronto Stock Exchange
300 Index, including dividends. '

ALC 6 Equity in Before~-taox returns on equity for all indus&ries. ~ N
Business, Farm or -
Profession R

ALC 7 Non-liquid finan- - Arithmetic average of the returns on mertgage
cial assets loans plus\ 3P0 basis points, and on the returns

on ALC 6 minus 200 basis points.b

ALC 8 Market value of Relative changes in the consumer price index
cars for new car purchases.C
ALC X Real estate Relati,ve changes in one of six regional price

indexes for housing.d
’.4
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Table 3,2 Continued

L

Iden— .

tifier ALC" Calculation Procedurce

ALC10 Consumer debt Annual average of the interest rates on prime
business loans plus 106 basis points.®©

ALC1l Mortgage debt Annual average of monthly holding period
returns on nortgage loans, plus 89 basis
points for service fees.

ALClZi Human wealth Relative change in per capita perscnal income.

Notes :

g
;
]
§

3In 1976, the RRSP funds were invested according to the foIlowing
proporticns: 10% in government bonds, 10% in corporate bonds, 15% in '
stocks, 59% in mortgage loans and 6% in other financial assets, mostly . .. = _
short-term deposits,, . .

b . R C
It'is assumed that non-liquid financial assets are composed equal-
ly of second mortgage loans and loans to private firms.

-

“Because a decision to purchase a car (or a home or vacation real
éstate) is both a consumption and an investment decisior, the current
narket value of a car or house is a reflection of a household's optimal
decision to invest in a capital asset which.acts as the storage of future
consumption for the good 'transportation'" in the case of a car, or for the
good “housing" in the case of real estate. Thus, at the beginning of, any
period, households can either realize the storage value of the capital
assets by selling them, or forego an amount equal to the rate of price
increase on similar cars or homes, if the cars or homes are retained. In
other words, the storage values of the cars or homes can be viewed as
capital assets which provide an annuial return which is equal to the
relative price changes on similar assets. -

dThe six regional indexes for housing are the Atlantic (St. John's,
Halifax and St. John), Québec (Montréal), Ontario (Ottawa and Toronto).
Prairies (Winnipeg, Saskatoon/Regina and Edmonton/Calgarv) and British
Cé{gmbia (Vancouver) for households which live in the above five rcgilons

and Ymreities of 100,000 or more inhabitants. All other households were

" taken as having real estate with a return equal to the relative change on
the composite housing price index for Canada. Note that the housing price
index was a rent index for 1952/53, and a shelter index fcr 1953/60.
Adjustments were made to insure homogeneity from one index to the next.

eDuring the three-year period, 1975-1977, the rate on new consumer
loans was, on average, 1.06 percent over and above the prime rate on
business loans (see the Canadian Bankers Institute Magazine, 1978).
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teria, the total sample of households was grouped into 432 stratified
sub~samples (strata) of supposedly homogeneous households. However,
only 33 of these 432 stratified sub-samples consisted of more than one
hundred households, and thus were used to test equation (3.3), Some of

. the characteristics of these 33 stratified subs}rples are summarized in

.Table 3.3.

-

IV The clinical-level tests of the CAPM in imperfect markets

Using the E and V values, E(rg) and 02(fik) were calculated for
the portfolios of the households in each of the 33 retained strata.
Then, using the OLS technique, E(~rk) was cross-sectionally regressed

on 02(rg) “to obtain estimates of E(rzk) and Ay for each of the

N 33 strata of households.

-

The empirical findings obtained from applying the empirical procedure

described earlier are presented in Table 3.4.

Although it will be further tested in the next section of the essay,
the findings generally support the first 'hypothesis that E(Yyx) and
02(;)() are linearly related. ' More specifically, not only do the
RZ2-values compare very favourably with those generally reported for
enplrlcal tests of the standard CAPM but the values are significant for

all hut seven strata for both tfﬁe nominal and the real returns.

Although the second hypothesis implies that the estimated A p should
be positive and significant for all 33 strata, this was the case for
approximately one-half the strata (namely, sixteen of the strata using
nominal returns and sixteen of the strata using real returns). Thus,
the number of non-statistically significant and non-positive estimates
of the intra-portfolio price of risk for the 33 strata suggests that
the second hypothesis is not empirically supported. This finding is
however consistent with a number of possible explanations such as the
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'
et 3.3 '

CHARACTERISTICS OF THE 33 STPATIUIED SUBSAMPLES USED !

IN EMPIRICALLY F{';STUIL. T'F CLINICAL CAPM

Wealth age of House- Schooling of Hyyse- Size of Location Stratum
hold Head « hold Head ' Heuseholl Identified
<0 35 yrs §-12 vrs N 1-2 ' Ontario 1
- Quibec 2z
1= Ontario 3
) . Prairies 4
G-12 yrs B.C. S
=35 yrs Atlantic 6
‘ 23 Québec 7
$0 ’ p Ontario 8
| to Prairies s 9
$24,999 -
213 yrs 1-2 Québec 10
Ontario 11
1-2 Québec 12.
© . ; ,‘
<8 yrs ' 23 Atlantic 1
Québec 14
36-65 yrs
1-2 Ontario 15
AN .
i 9-12 yrs- -3 - Atlantie 10
[ Québec 17
: ] i
\ ‘Atlantic : 18
+65 vrs <8 yrs 1-2 Québec ! 19
~
| J  Prairies ! 20
Y
<8 yre 23 Atla:tic 21
. &be 21
y $25,000 L Québer 27
to 36-65 yrs - Atlantic 23
$49,999 9-12 vrs K Bk} Québec 24
b 'K Ontario 25
R Y /r‘_-’\_ g g
.o (\\ SN Ontario 26
r 235.yrs @yrn ~3
. Prairies * 27
ol
1-2 Ontario 28
! . P 9
2$50,000 | 36-65 yrs 9-12 yrs rairies 2
, 23 Ontario 30
Prairies .31
213 yrs 23 Ontario 32
L} - T
Special - - Special 1]
-« T Tt —

et



Nominal Returns

TABLE 3.4

Stratum N N

Ident1fier E(F.}k) Ay Ady. RZ F-value
1 - 6.441 -0.142 .850 800.759

2 2.123 0.904 .592 235.177

3 _2.017 0.924 327 102.426

“ 3.706 0.517 144 29.912

5 3.648 0.520 139 , 14.672

6 3.289 0.602 312 70.549
7,0 3.392 0.574 161 32.245

8 3.045 0.648 .170 32.134
9 4.866 0.211% .006 1.588+

10 2.186 0.892 .572 135.961

11 2.274 0.862 .270 50.643
12 4.995 ' -0.034* .0 0.124*
13 5.469  -0.086* .0 0.472%
14 2.399 0.809 .257 60.785
15 ) 6.709 -0.362, .100 11.921

16 1.551 -1.029 333 62.367

17 2.379 0.814 .364 67.486

18 1.378 -0.433 175 22.879

1 1.439 . -0.223 .567 155.664
20 0.592  -0.014* .0 0.211
21 2,156 0.921 .289 43.671
22 ' 2.801 0.736 .159 23.085
23 1.446 1.140 .504 95. 631
24 6.534  -0.433 141 17.293
25 2.455 0.797 .569 144.820

' 26 5.145 -0.126 Yoz2 5.075
27 9.099  -1.266 .220 37.688
28 4.128 ~0.172% .0a7 1.822¢
29 6.381 -0.812 174 25.508

" 0 4.761 0% .0 0%
31 ’ 8.720  -1.136 .297 99.963
32 5.180  -0.095* .0. 0.889*
33 6.957 -0.368 .282 50. 502

*Not-significant at-the 8.05 level .‘
. . .
\'{:"
tk?i )

~>

Empirical Results For the Clinical-Level Testa of £quation (3‘.3)
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P
Real Returns

A ~

E(F ) Ady. R F-value
6.019  20.132 .834 711.323
1.881 1.038 629 279.177
1.659  1.095 371 123.558
3.523  3.569 136 28.169
3.095  0.680 .183 19.988
3.030  0.692 .329 76.163
3,103 0.669 72 34.801
2.521  0.824  '.217 43.137
4,362 0.313%  .016 2.788%
2.063  0.99 .575 137.720
1.681  1.091 .336 68.937
4.820  -0.062* .0 0.360%
5.499  -0.196*%  .067 2.176%
2.212 0.913 .249 58.316
6.393  -0.403 .16 13.858
1371 1,166 .330 61.647
2.189  0.520 .342 67.104
1.293  -0.456 .186 24.526
1.383  -0.234 .596 175.353
4,285 0% ..0 .0*
2.022  1.015 .272 40.247
2.532  0.858 .161 23.488
1.217  1.307 .512 98.550
'6.261  -0.500 .158 19.515
2.232  0.911 .572 146,913
4.864  -0.126 .018 4.282
8.470 -1.274 .16 25.949
3.826  -0.132* .0 0.942%
5.931  -0.790 136 19.227
4,521 0% .0 LO*
8.402 -1.289 .286 94.175
4.917  -0.103* .0 0.888+
6.508 -0.360 .268

47.026

)
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existence of systematic errors-in-measurement in determining E(?k)
and v2(fx) and with the likelihood that some groups of investors
are not risk averse. Systematic errors-in-measurement are possible be-
cause observed before-tax returns were used in this study. Investors
(especially those in higher marginal tax brackets) may be making in-

vestment decisions based on after-tax returns, and thus may appear to
be more risk-seeking on a before-tax basis.

The empirical findings appear to be consistent with the third hypothe-—
sis, since all of the estimates of E(sz) are statistically and econo-

mically significant. The reasonableness of the estimates of Exzzk)

+

are based on the observation that the average annual nominal rate of
return on t¥Yeasury bills for the sampled period was 4.35 percent.

/ ~ ,

»

V. A further test of linearity

As noted earlier, while none of the ig'ilable alternatives leads to an
adequate test of the linearity hypothesis, it was arbitrarily decided
to follow the tradition established by Fama and MacBeth (1973) for con—

ducting such a test. Thus, a multiple cross-sectional regression of

-
-t

the form (3.6) was run for each strata:
~ - ~ 2( L
E(r,) = E(rzk) + A 0% (F )+ 4, o (r,) (3.6)

where b iS the coefficient an the quadratic risk term;

\
and ’

all the other terms are as previously defined.

The summary statistics for these cross-sectional multiple regressions
are presented in Table 3.5.

-
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- * Emparical Results for the Clinical-tevel Tests of Equation (3,-5)
; . ~
b Nominal Returns Real Returns
X Etratum A -~ - - R R .
identifier E(r‘zkl Ay b, Ady. RZ _F-value E(r,y) Ay b, Ad) R? F-value
A
1, . 5.275% 0.224 -0.021 . 866 464.7 5.075 0.207 -0.021 .849 397.8
2 ~4.,237» 4.1§2’ -0.416% .592 120.2.° -2.860* 3.869* ~-C).QZZ" .628 ‘139.7
3 5.814* -1,004+ 0.244% ,325 51.1 9.660* -3,643% :0.701' 370 62.1
4 -17.182* 11,145 -1.80 1,165 17.9 -14,112* 11,0264 -1.587* ,150 16.1
5 -11.329% 8.105% -0.959* .138 7.8 -1.342% 3.296* -0.385% .174 9.9
6 I11.095' =-3.409+ 0.515% ,312 35.7 9.825* -3.378% 0.609* .329 38.4
7 39.111 417,577 2.303 .207 22.3 39.309 -20.795 3.178 .218 . 23.7
8 4.970* « -0,327* 0.123* .165 15.9 11.283% -4.353*  (.764% .214° 21,7
9 45.603° -20.351%  2.592* 027 2.4 64.113 -34.899  5.182 .078 5.5
10 _ -21.416 12.789 -1.498 .596 75.4 -23.281 ¥5.875 -2.184 .605 78.4
1 7,959 5.984% -0.641% .26 25:2 - -17.866* 12.489% -1.661* .335 ~  34.8
i ©1.257 1.570 -0.137 369 33.5 *1.255 1.663 -0.162 .356 31.7
13 =0.3352% 2,833 -0.366* .42 64.9 0.175% 2:718 -0.}66 412 62.7
3& -0.826* 2.943 -0.333 317 41,1 -1.173 3.482 -0.463 .309 39.i
15 1.739* 1.577 ~0.161 . 264 18.5 1.892+ 1.582 -0.182 .255 17.8
16 1.206% 1.297¢ -0.046* .328 .31.0 0.969+ 1.521* -0.071+ .325‘ 30.7
17 -7.030 6.133 -0.742 462 55.5 -7.692 7.336 -1.039 469 5?.2
18 -é.OZ& 1.284 -0.167 .548 63.5 -1.833 1.264 -0.183 .576 70.8
19 - .047* 0.141 -0.008 .821 268.8 0.100* 0.114 -0.008 .827 281.4
20 © 0.941 -0.114#% 0.003* .0 0.8t 0.716 -0.058+ 0.002* .0 0.2»
21 -1.109+ 3.805 -0.577 «331 27.0 .-1.685* 4.725 ;0.848 .325 26.3
‘22 4.159  -0.427% 0.228* .161 12.1 3.672 - -D.245* 0.247* .159 12.1
-23 1.996* 0.692* 0.084* .500 47.5 1.756" 0.809* 0.108* .507 48.9
24 0.343* 2.337 -0.261 «796 194.2 0.216* 2.803 -0.330 .798 196{’
25 0.264% 2.313 -0.254 .587 78.4 : ¥ 0.058¢* 2.645 -0.336 .589 7941
26 4.838 0.017* -0.005* .0{9 2.8* 4,360 0.141* -0.010¢« .019 2.8+
27 7.508 0.118* -0.274* .231 20.5 7.006 0.1}8’ -0.307* .166 13.9
rdi I $.080 -0,738 0.052‘ .020 2.3* 4,507 -0.581* 0.039* .003 1.2+
29 7.472 -1.561 0.092* .194 15.0 6.880 -1.498 0.095*% .]47 1.0
30 3.291 1:036 -0.169 °.084 7.5 2.857 1.309 -0.240 JO5 o 8.8
31 2.597 -1.90a 0.152*  .300° 51.2 . 9.601 -2.425 0.247 .294 " a9,6 .
Y 4,795 0.130* '-0.029* .0 0.8* 4.461 0.192+« -0.041* .0 0.9+
33 9.469 -1.671' -0.152 :QOS 43.? 8.833 -1.716 0.175 ~ .404 ' 43.7
. ’ - ‘ ’ ' |
‘
*Not sagnificant at the 0.05 level. o
L
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The results can be summarized ;s follows: (i) Eighteen and seventeen of
the 1y estimates are not statistically significant for nominal and
real return data, respectively; (ii) the number of statistically signi-
ficant positive X estimates has been reduced slightly from that found
earlier (see Table 3.4); and (iii) approximately two-thirds of the es-
timates of E(rpk) ate no longer statistically significant,! positive
and reasonable. However, the adjusted R? did increase on average
across the strata when the quadratic term is included. Furthermore,
the partial correlation coefficients associated with 04(;}() are not
positive and statistically significant for most of the 33 strata.
Thus, the results imply the rejection of the hypothesis that a quadra-
tic relationship exists between E(;k) and 02(?:k). However, as
noted earlier, one cannot assert unambiguously (or even with much con-
fidence) that the findings are consistent with linearity based on this
test alone.

| AN
7/
Vi. Concluding remarks

The primary purpose of this essay was to empirically test a CAPM in im-
perfect markets :sﬁing clinical-level data. At the clinical level, such
a model asserts that the expected return-on each investor's optimal
bortfolio is linearly related tp its variance of feturn (as depicted,
for example, for investor k in Figure 3.1). Thus, the CAPM in imper-
fect markets would be empirically val idated.if the linear relationship
between expected return and risk was statistically significant, if the
estimated intercept was found to be equal to E(?zk)> 0, and the es-

timated slope : A, was positive.
[}

The OLS technique was used to cross—sectionally estimate E(f2x) and N

for 33 strata of Canadian households using both naminal and real return
data. The findings were samewhat supportive of the CAPM in imperfect
markets at the clinical level in , that all of the estimates of
E(;‘zk) (in the linear modgl“s) were;‘,_‘st:atistically significant, posi-
tive and reasonable, and almost all of the linear adjustments were sta-
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tistically significant. The empirical findings were somewhat mixed
with regard to the reward for bearing intraportfolio risk, since such
estimates were positive and significant for only about one-half of the
strata. The introduction of a quadratic term to further test for line-
arity did not unambiguously support or reject the proposec‘i\’linear mo-
del. While the explanatory power of the model increased, only one-half
of the estimated coefficients of the quadratic term were statistically
significant. Also, this latter test resulted/in a slight reduction in
the number of statisticaly significant positive estimates,. and in a
drastic reduction in the number of E(r~zk) estimates which were sta-
tistically significant, positive and reasonable. However, the last re-
sult itself could be ambiguous, because non-significant intercept terms

generally imply that the model was initially misspecified.

The major potentia)l deficiency of this research is the HHRD assumption;
that is, that the composition of holdings within an ALC is relatively
unimportant in that it doés not cause the distribution of returns for
that ALC for an individual portfolio te differ materially from the dis-
tribution of returns for the universe of assets or liabilities in that
ALC. 1In other words, whether an individual actually holds one or all
of the available assets or liabilities in that ALC, it was implicitly
assumed that the investor Held a sufficiently well-diversified port-
folio of the assets (or liabilities) in that ALC.

wWhile it is easy to envision how this potential deficiency can be reme-
died, this remedy is extremely difficult to implement. More specifi-
cally, to remedy the potential deficiency, the actua} holdings of each
~household's portfolio for all asset/liability categories (ALC's) and
reliable estimates Of the means and covariances of all these individual
asset/liability returns, are required.1? However, such data is pre-
sently costly, if not impossible, to obtain.

A number of arguments were advanced earlier to justify the palability
of the HHRD assumptiqn for -each ALC for the purposes of empirical test-
' ing. If those arguments suffice, then it can be concluded that many of

»
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the households in the 33 strata held optimal portfolios in the sense of
equation (3.3). 'If those arguments do not suffice, then the enpiricél
tests preserted herein are in fact Jomt tests of the va11d1ty of equa—
tion (3.3) and of the HHRD assumption for the 12 broad ALC's.

‘e

3
*
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J v
1 This is identical to Levy's (1971) equation (6'). In deriving -
© (6"), Ievy made no assumption about the nature of aggregation to
— the market level (i.e., aggregation across both assets and invest-
ors), and no assumption about the specific form of investor k's

utility function, Uy, except that it was concave and twice dif-
ferentiable with respect to investor k's wealth.

2 Mayshar (1981) recently proposed a formal formulation of the CAPM
which takes into account transaction costs. While transaction
costs can be incorporated into the derivation of an asset pricing
model, other market imperfections such as the indivisibility of as-
sets, and externalities such as investors' myopia and inertia are
more difficult to incorporate into a formal model. Thus, while
market imperfections and investors' externalities are invoked in
this paper as an explanation for the constrained number of risky
assets held in the portfolios of individual investors, they are not
formally incorporated into the derived equilibrium pricing rela-

tionships.
3 Since var(rg) is always a poéiZ;;; quantity, the full-rank va-
, riance-covariance matrix of security returns is always positive de-
finite. That is,
x'Vx20¥, x+0, x'I =1,
. where x is the column vector of "the proportions of wealth invested
in the nk assets considered by investor k;
V is the variance-covariance matrix of the ng assets;
0 is the null vector; and
a I is the identity vector.
While Levy (1971, p. 653) may have foreshadowed the existence of a C
relationship such as (3.3) when he stated that "it is obvicus ... .
that variance plays a central role in explaining the risk-return
relationship," it appears that he was concerned with the relative
impact of a risky asset's variance versus its covariances on its
expected return, and not with the effect of "own" variance on the
expected return of an investor's optimal portfolio of assets.
Nonetheless, the seminal papers by both Levy (1978) and Maoc (1971)
have directly inspired the research contained herein.

-
LR A i

S5 The intercept and the slope of the line are obtained simultaneously
by drawing the line joining G,i.e., the global-minimum-variance
portfolio, to k (i.e., k's dominant portfolio).

ot P rar m r gt S

4 6 For a discussion of the equilibrium in an imperfect market when the ?
number of risky assets held is constrained, one is referred to Mao
(1971), Levy (1978), Lintner (1965b) or Mayshar (1981). ile the
knowledge of the conditions of market equilibrium is desirable, it \
will not be examined in this paper because it does not affect con-
dition (4.3) for individual equilibria. Unfortunately, as is the
case for the standard CAPM, both the Mao and Levy models cannot be

\
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tested at the market level because the formulation at that level .

includes the expected return on the market portfolio.

Hadar (1971, pp. 289-293) described a tatonnement process for the
clearing of the market which is similar to that assumed in this es-
say. In Hadar's mechanism, an auctioneer announces price schedules
for all securities, and no securities are exchanged unless a parti-
cular schedule clears the market simultaneously for all securities.
Hadar showed that, under certain conditions, this tatonnement pro-
cess will converge to a unique and stable equilibrium.

Similar hypotheses have been tested by Fama and MacBeth (1973),
MacBeth (1975), Grauer (1978b) and Stambaugh (1982).

This data is contained on a microdata tape, "Income (1976), Assets
and Debts (1977) of Econamic Families and Unattached Individuals,"
that is available from Statistics Canada. Specific information on
the survey, the sampling design and the questionnaire used in col-
lecting the interview data, and on the data base itself, are avail-
able from a number of sources. These include: the Microdata Tape
User's Manual; Statistics (anada, "Evaluation of Data on Family
hssets and Debts, 1977, Publication Cat. no. 13-571, December
1979; and Statistics Canada, "Methodology of the Canadian Labour
Force Survey, 1976," Publications Cat. no. 71-526.

Furthermore, various characteristics and descriptive statistics of
the households' incomes, assets, debts and portfolio campositions
are presented and discussed in Statistics Canada, "Income, Assets
and Indebtedness of Families in Canada, 1977," Publication Cat. no.
13-572 (occasional); and in Statistics Canada, "The Distribution of
Income and Wealth in Canada, 1977," Publication Cat. no. 13-570
{occasional).

Statistics Canada, Microdata Tape User's Manual, p. 79.

Statistics Canada, "Evaluation of Data on Family Assets and Debts,
1977," Publication Cat. no. 13-571, December 1979, p. 72.

Fama and Schwert (1977) used various definitions of the capital
gain portion of the return on human wealth with similar results for
the covariances between the returns on marketable assets and the
return on human wealth.

A long-run rate of growth in productivity of about 1.5 to 2 percent
is more probable.

The annual welfare benefits for a single adult in 1977 were about
3 600 $, and the maximum annual unemployment benefits in that year
were 3 900 S. )

Except for returns on ALC 2, ALC 6 to ALC 10, and ALC 12, all the
return data were drawn from Appendix 10, Volume II, "The Retirement
Income System in Canada," Task Force on Retirement Incame Policy,
Department of Finance, 1979. Returns on ALC 2, ALC 7 and ALC 10
were computed using various series drawn fraom the "Monthly Review,"
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Bank of Canada. Returns on ALC 8 and ALC 9 were) computed fram
various series in "Prices and Price Indexes," Statistics Canada,
Publications Catalogue no. 62-002. Returns on ALC 6 were camputed
from "Rate of Return and Investment Profitability," Department of
Finance, Long R%mge and Structural Analysis Division, Catalogue no.
F2-481 1980 E.° Finally, returns on ALC 12 were camputed using
various series given in the "Monthly Review," Statistics Canada,
Publications Catalogue no.. 11-003 F,

Real returns were calculated using nominal returns by dividing (1 +
the nominal return) by (1 + the relative change in the all item
consumer price index from December of one year to December of the
next year). For more details on this procedure, see Appendix 10,
Vol. II, "The Retirement Income System...," op.cit.

Note that because of the definitions of human wealth used in
(4.10), the use of total wealth (which includes human wealth)
should result in approximately the same stratification.

Expectational investor data would also be required to avoid the as—
sumption required for empirical testing of the CAPM: that is, that
investors sha}e the same beliefs with respect to the distribution
of asset retirns. .
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' ' ESSAY 4
A CLINICAL-LEVEL ASSET PRICING THEORY

1. Introduction -

Based on the pioneering work by Markowitz (1959) and Tobier (1958), fi-
nancial economists have developed a number of different models to de-
pict the process for pricing assets in both perfect and imperfect capi-
tal markets. The most prominent of these models during the past decade
have been the Sharpe-Lintner-Mossin and the Black versions of the gapi-
tal asset pricing model (CAPM). FEmpirical tests of the CAPM have been
somewhat unfavourable. While empirical tests by Black, Jensen and
Scholes (1972). and Fama and MacBeth (1973) have supported the CARM;
tests by Blume (1968), Friend and Blume (1970), Blume and Friend

'(1973), Cheng and Grauer (1980), Banz (1981) and Reinganum (198la,

1981b) have not supported the CAPM. Roll (1977) has shown that all of
these past tests have been ambiguous, since they have incorrectly test-
ed the linear relationship between ex-ante return and risk and not the
mean-variance efficiency of the market portfolio. Furthermore, since
the market portfolio can not be observed (and thus measured), Roll as-
serts that it is not possible to unambiguously test the CAPM,

As the empirical and theoretical evidence against the CAPM mounted, the
sea¥ch for a more adequate asset pricing model intensified. Although
many replacements'for the CAPM have been proposed, the most pramising
ones appear to be Ross's (1976a, 1976b) arbitrage pricing model and
Breeden's (1979) consumption-based inter;tenporal model . ]

In a similar vein, this essay attempts to formulate a model that is
more acceptable in temms of its predictions than the basic CAPM. The
model presented herein follows fram the discussion in the preceeding
essay on individual investor equilibria. In turn, that study was based
on the seminal studies by Lintner (1965b), Mao (1971), Rubinstein

™
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(1973b) and Levy (1978) on asset pricing in imperfect markets (more
specifically, the case where the number of assets held by each investor
is constrained to same number which is less than the number of assets
in the universe). Although the theory proposed herein assumes the
existence of capital market imperfections (such as transaction costs
and portfolio management costs) and that investors have hamogeneous ex-
pectations with respect to the means, variances and covariances of re-
turns for all securities, it makes no assumptibn with regard to the
fogm of each investor's utility function, and it allows these utility
functions to differ from investor to investor. In fact, unlike modern
portfolio theory, the theory proposed herein is consistent with tradi-
tional portfolio management practice that maintains that portfolfo se-
lection is not independent of individual preferences and circumstances.
Because the orientation of this theory is with the equilibria of indi-
vidual investors, we propose that it can appropriately be referred to
as the "clinical-level asset pricing theory (CAPT)".

The remainder of this essay is organized as follows: In the next sec-
tion, the Elipical-level asset pric'ing theory is formulated. . In sec-
tion’{II’i, a salient feature of the CAPT is discussed. In section IV, a
proé:edure for testing the CAPT is outlined. In section V, the empiri-
cal results are presented and discussed. And finally, in section VI,

same concluding remarks dre offered.

II. The clinical-level asset pricing theory (CAPT)

Assume that investor k attempts to maximize his or her expected utility
of wealth and consumption in (4.1), subject to his or her budget cons-
traint (4.2):

ECu, (W, e, )] (4.1)

’

[y

where Uk is the monotonic@lly increasing and strictly
concave utility function of investor k;
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is the randamn end-of-period wealth of in-
vestor Xk;

is the consumption by investor k during the
period; and

is the expectations operator.

Ko o (4.2)

is the income of investor k for the period;

is the amount of investor k's wealth in-
vested in risky asset j, 3+ 1,...,0k (where
Jx is the nurber of risky assets out of the
n available risky assets that are held by in-
vestor k); . '

PREEY

is the amount of investor k's wealth - in-

-vested in the risk-free asset; and

4
all the other variables are as defined

" earlier.

-

'It can be noted that the initial endowment is t:hus:‘};J LTI T
“~

Furthermore, while cx is"a flow and wk is a stock, they are propor-

tionally related in

Samuelson's (1969) and Merton's (1969) multi-

period models. Therefore, the optimization problem (1)-(2) can be
construed as the one-period version of the' multiperiod models where the
consumer-investor attempts to maximize the expected utility of the sole

variable ck over his or her lifetime.

Lets /

(4.3)
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’

where rj is the randam return on risky, asset j;

£ is the known' return on the risk-free
asset held by investor k: and

all the other variables are as defined
earlier. -

Thus, investor k's problem is to maximize the Langrdngian Ly:
/ S :

¢

. W

Ly = EQu (wyac )T +uly, - PR Weg) (4.4)

where u is the Langrangian multiplier.
Two of the first order conditions for the optimal solution of (4.4)
are:

BLk/awkj = E[(ui) rj] - U‘ =0 vja J=19---3\Jk; and (4-5)
aLk/“kf = E[(u;() rf] -u =0, . (4.6)
where u|‘< = auk/aw"(-

Using (4.5) and (4.6), one obtains:
L

E[a; (F3 - r 1= 0. - (4.7)

Or, using basic statistical calculus, one obtains: .

cov(u"(.;j-rf) + E(ul'() E(Fj-rf) = 0. (4.8)
Rewriting (4.8), one obtains: .
cov(uL,FS) + f(ui) [E(F&) - rel =0, ‘ | (419)

3
'E
;
!
¢
£
!
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Because (4.9) holds for each risky asset j, j= 1,..., Jk, one d&n
aggregate (4.9) over the Jx risky assets held by investor k. In this

aggregation, each risky asset j is weighted by its value relative to

. ’
the total value of all Jx risky assets in investor k's portfolio;
that is, the weight® for risky asset j is xkj which, in turn, is

equal to wkj/wk. Such an aggregation for investor k gives:

L

' ~ . 2 oy -
cov(uk,XJ. xkjrj') + E(uk)[E(Zj xkjrj) - rf] =0 . (4.10)

A ,

~

or,ifr*k=XJ.ka.rj : | ;

cov (ul'(,'r?k) + E(g"() [,E(Fk)' - rf] = 0. ‘ (4.11)
Replacing E(u'y) in (4.9) by its implied value in (4.11) yields:
~ ' L B -
E(rj) S e cov(ul'(.r.) — (4.12)
: cov_.(uk,rk)
If (as was previously assumed) investor k's utility function is monoto-
nically increasing and strictly concave,” both cov(u'g, rj) and
coviu'y,rx) will be strictly negative. This is because u'x =
'/ <0 and Wk/a;k (or 3Wa?j)>0. ) Therefore,
du'y/drk (or &'y/dTj) is strictly negative. Thus, equation
(4.12) can be rewritten in either of two more familiar forms. The

first is:
Sy o (4.13)
E(rj) re= X cov(uk,rj) ‘
where (F.) - r
DRRAl U i LA
cov(uy ¥, ) ,
The second is: ,’
~"‘ . R . v )
%) e = - , (4.14
E(F;) = rp= 8y [E(F) - vl .
where .
cov(u!,¥,) o 2 L .
g = UKL By 0 Y. ¥ |
cov(u"(.rk) : ¢ " .

. \
- . L}

Wy

.
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It should be noted lthat re can be redefined as the return on that
asset the covariance of which with u"y is null. Then that asset
will take on the same meaning and economic significance as in.the CAPM
or in the clinical variant of the CAPM discussed in the previous essay.
From section III on, one will use.that generalization of the asset con-

sidered "risk-free" by each investor individually.

IIT. A utility-free asset pricing model
J »

A salient feature of the CAPT can{be readily drawn from equation
(4.14). The equilibrium relationship etween the expected return and
the systematic risk of each asset as denoted by equation (4.14) is less
restrictive tHan that| given by the CARM. In particular, the measure of
systematic risk in the CAPT, namely Bky, is more "general" or “per-
sonalized" than the corresponding measure in the CAPM, namely B3 j=
l,..., n. However, it should be noted that that generalization is ob-
tained at a cost. - The cost is the possibility of having a capital
market where trading occurs perpetually and continuously and where

Al
clearance is a tatonnement process.

In the CAPM, the equilibrium pricing relationship for an individual as-
set j is given by equation (0.2). Although the CAPM-implied equation
(0.2) and the CAPT-implied equation (4.14) are similar, their two dif-
ferences are readily apparent ‘The first difference is that the ex-
pected return of the portfc;lio of investor k, and not the expected re-
turn on the market portfolio, is on the RHS of (4.14). This difference
is due to the different levels of aggregation used in both approaches;
while the CAPM aggregated to the market level, the CAPT only aggregates
to the individtinal investor level. Alfhough in the CAPT it is possible
to aggregate to the market level, the resulting market equilibrium
would not be tes$table because it would require that the unobservable

N
s -
-
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market portfolio be measureq.3 While the éxistence of an equilibrium
at the market level is necessary for equation (4.14) to have any econo~
mic meaning, it has beén shown in the previous essay that optimality at
the individual investor level is compatible with a market setting where
trading is perpetual and continuous and where clearance is a tatonne-
ment process, provided that all investors are price takers and hold ho-
mogeneous expectations.4 Thus, while the exact specification of the
market equilibrium condition is both desirable and interesting in its

own right,-it is not necessary in order to validate equation (4.14) and

thus the CAPT. The second difference is that the general formulation ’

of the systematic risk of security j, namely Bkj, and not the fami-
liar Bj is on the Rﬂg‘of (4.14). o

Since it can be assumed that each investor has a unique utility func-
tion, 6j is essentially a "personalized" and tf{gs less restrictive
measure of the systematic risk of asset j.5 As a result, in the CAPT,
there is no single market price of risk but rather what Mao (1971) has
referred to as "intra-portfolio" prices of risk. Thus, in a CAPT

framework, investors measure the systematic risk of any asset j rela-.

tive to their own portfolios and their own individual utility functions

'S

and not relative to the market portfolio.

v. A procedire for testing the CAPT

If the required panel data on the composition of individual (or insti-
‘tutional) investor portfolios are available, equation (4.14) can be em-
pirically tested. One such test would be essentially patterned after

the two-step procedure cammonly used to test the CAPM. In step one, it

is assumed that the stochastic return genexating process can be adequa-
tely depicted by (and estimated from) a ;ingle—factor market model
(SMM) such as a CAPT variant of the SFM model givenyin chapter two. In
stép two, two predict;ive, relationships derived from (4.14) could then
be tested using a hold-out®sample. ‘
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A CAPT SFM for depicting the stochasfic xeturn generating process for
securities might take the form: -
T F) \ : " - ' R
» - \ { . - .
- b / . o N
Fooo=l o, - . A
. rJt r‘zkt t ekg [rkt gkt]\ (4.15) \
where sz denotes the return on the investor- specific- zero-beta asset; ' \\ i
Y . . \ \ o
t denotes the time period; and } M f/“
ald otHer variables are as. préviously defined. = ¢ \
: \
- . L) - K
- . . . N -\
N N -~ ‘
However, if regression techniques’ are used to .éstimate 6kj, this
‘ ' »
'would imply that: ® . N
ij = cov(rj,rk) / var(rk? . : : , (4.16) -
¢ ' . .
o .

Thus, if tested in this form, the CAPT would in essence be another cli-"-
nical-level version of tkie "CAPM, which has already been tested in the .

Ea

precéeding essay.

{
~

Therefore, it is necessary to estimate 6xj fram (4.14) without in- N

voking the existence of a specific stochastic return generating model.
Since it has been assuxned that investors hold homogeneous expectations
with respect to the return distributions of assets, BkJ cannot be .
estimated directly from (4.14). To estimate BkJ, it is flrst ne—:
cessary to obtain a modified \;ersion of that equilibrium relationship.
Fram . (4.14) where 1rf will now be replaced by Ezk=E(§'zk).,

write: 4

1 Y

(7. - £ ¥ (4.17)
E(rj‘)'- e @ Oy [ Xy E(ri) - E ]
Usingg(4.17),}vrite: e . t
r =8 r JE(R) <8 By s 18)
(7)) = B ™ Ceatns) T % 1ij 3 2
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or:
6 .x, .E(r.) =E(r.) - S8 E(F "
) kB 2 Erg) = B - OGE(MGh T OgEe (4.19).
‘where ~ ~
E(rp.o) = 5 x . E(r.) . ’
With some re-arrangement of (4.19), one obtdins: ’
Xps = — - E ' (F -
Kj E (rj) E(rk:j) ] . (4.20)

oy 4E(F) U
/

~ . '
| Since equation (4.20) is a re-’-arrar:gement of equation (4.14) it has the

same economic interpretagion. However, unlike (4.14) no colinearity
between . the dependent ‘Zariable , E(E’j ), and the independent variable,
E(rk) in equation (4:20) exists because E(Tj) has been excluded
fram B(;k) in (4.20).  This has the effect of showing that the weight
that investor k would, at the optimum, give to asset j is in piroportion
to the ratio E('z":kzj) to E(?-’j), that is to the expected return

on the portfotio, "of which the asset j is excluded, relative to the ex-

pected return on asset j itself.

.

LT R S

Using . (4.20), 8kj can be estimated by regressing xkj against
E(;k:j)- The estimated slope of such a regression line is an es-

e e

[

" timate of —E‘l(f’j) and the estimated intercept, A, is an estimate

: -17_ a-1 F7(% - : e
of ekj ekj'E (rj) Ezk(l ekj)' Therefore, an estimate of ekj is:

\ .
Given \\qn estimate of 6kj, the second step of the procedure for - ;
testing the predictions of (4.14) could be implemented by either re-
gressing ‘E(fj) against 8kj, or by regressing E(¥x). against
&j‘l. The regr|ession of E(¥j) against 83 is done for
each stratum (there are thus 33 such regressions) and involves only 12 g
observation$, one for each asset .  The regression of E(ry) against {
Bkj"l is done for each asset (there are thus 12 such regres-

R A
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. sions) and involves 33 observations, one féﬁ\each stratum. Equation

{4.14) would then be vindicated if in the fﬁffé’t regx:e831onk the esti-

maPéd intercept is equal to Ezk and the estimated slope is equal to*

E(fk)- Ezk, and if in the secdnd regression the estimated inter-

cept- is equal to Ezx and the estimated slope is equal to E(;,j) -
¢

Ezk . ‘

It is important to note that since the 8kj values are estimated
cross-sectionally, they are stationary if it is -assumed that the asset
return distributions are intertemporally stationary.® This latter as-
sumption was invoked earlier in order to derive the mean vector and the
covariance méntr:i)’:‘T of asset returns. -

-
s

The same data base and stratification scheme as was used in Essay 3 is
used to test equation (4.14) . However, becauée of the different empi-
rical'procedures used in this essay, the sample sizes in each stratum
have changéd somewhat. As in essay 3, there are three testable hypo-
theses associated with equation (4.14).- They are: (i) linearity‘bet-
ween E(rj) and 6yj (or between E(fk) and 63~1), (ii) a
positive risk-return tradeoff (i.e. E(rk) 2Ezk- or E(rj) = Ezk,
and (iii) inve§t9rs hold optimal p%rtfolios while engaging in riskless
borrowing and lending (i.e. rzx should be, proxied by traditionally

2

known "risk-free" returns). . All three hypotheses are tested next.
? \ .

<%

4

V. Emwpirical results

- In the first step of the empirical procedure, fegressions of the form
(4.20) were run for each household stratum and for each asset and lia-
bility category. This provided estimates of the intercept term,
Akj, for each household strata, and for each asset and liability
category. Using these Akj estimatés, estimates of Okj were de-

rived using the procedures outlined in the previous section of the

essay.
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Tﬁe 396 (that is, 33 strata by 12 asset and liability categories) re-
gressions were generally statistically significant, especially for
strata of households which were wealthier, better educated and in their
"ﬂroductive" years (i.e., between 35 and 65 years old), ¥nd for such
asset and liability categories as cash (ALCl1), bank and ozﬁér deposits
(ALC2), real estate (ALC9), consumer debt (ALC10), mortgage debt
(ALC11) and human capital (AL5§2).
\

In estimating 8k j using Akj, it was necessary to estimate
Ezk. Since the zero-beta asset might be endogeneous and investor
specific, the expected return on a portfolio orthogbnal to investor k's

portfolio was calculated for each household stratum and used herein.

In the second step of the. empirical procedure, E(Ej) was regressed
against ij across the 33 household strata for each of the 12 asset
and liability categories, and E(rk) was regressed against 9£§
across the 12 asset and liability categories for each of the 33 house-
hold strata. These empirical results are presented in Tables 4.1 and
4.2,

While the results given in Tables 4.1 and 4.2 do not provide overwhelm—
ing support for or against the linearity hypothesis, there i§ someé evi-
dence that for some groupings of economic units, and for same types of
assets, the CAPT linear relationship as depicted by (4.14) holds. For
example, for RRSPs and RHOSPs (ALC3), bonds (ALC4, nominal returns),
human wealth (AIC12, nominal returns), stocks (ALCS5, real returns),
non-liquid financial assets (ALC7, real returns),‘cars (ALC8, real re-
turns), equation (4.14) séems to hold. Also, strata 1 (negative net
tangible wealth), 3, 4, 5, 13, 19, 21 and 23 all hold portfolios which
can be characterized by (5.14), both in naminal and real terms. How-
ever, because 57% of the regressions of E(fj) against 6yj, both
using nominal and real returns, are not significant, and because 58.1%

~ . ~1 o ,
and 41.5% of the regressions of E(Fk) against 63, using nominal
\
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Table 4.1

Nominal Returns

Empirica) Results for the Regressions of
£ (?J) kgaln{t ok
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5,394
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-1 062
- .2
1.1
-3.676
.2.01
238
-6.248
“1.792%
- 3
o
4,63
LI
.676¢
- .8l
.3.293
. L4550
Qe
SRTT
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and.;eal returns, respectiveli/, are not sigrificant, one cannot assert
that the li;\earity hypothesis should he accepted.
With regard to the riskless borrowing and lending hypothesis and- the
positive risk-return tradeoff hypothesis (i.e. the estimates of.iEzk
and E(r~.j) - Egzk, respectively), it is interesting to note the
following. First, the estimates of If appear to be within the 6%-10%
range in nominal terms, and the 1%-5% range in real terms, and are ge-
nerally significant at the .05 level. Second, because of the predomi-
nant. negative sign of E(Tk) - Egzk, it v?ould seem that investors

are not positively rewarded for bearing greater intra-portfolio risk.

- However, if investors make decisions based on after-tax returns and the

tax "bite" per dollar of return is lower on more risky assets than less
risky due, for example, to favourable tax treatment of certain stocks
and bonds (such as movies, drilling funds and Tow dividend-paying
stocks), equity in business,‘ farm or profession (such as the lower tax
rate on small business income), market value of cars, and real estate,

then this anomaly is explainable and is probably due to an omitted va-.
riable, personal- taxes.

Since the majority' of the Egzk estimates ~are economically and dta-
tistically significant, both in nominal and real terms, one could ac-
cept the hypothesis that investors do borrow and/or lend at a riskless
rate while they engage in the process of finding their optimal port-
folio. _ However, the relatively -large number of non-significant re-
gressions also implies that the estimated intercept might be an esti-
mate of theé mean portfolio return, from which the Ezk estimates
might not be distinguishable. Therefore, the evidence of the third hy-
pothesis is not clearly supportive. Moreover, since most of the- esti-
mates of [E(fkx) =~ Ezk] are negative and/or statistically non-si~("
gnif‘icant, one cannot accept the hypothesis of a positive risk-return
trade—off. It should be noted nonetheless that the rejection of this
hypothesis might be caused by an aomitted variable, personal taxes.

Furthermore, this resylt is very similar to that obtained in Essay 3
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and might be explained by the same systematic errors—in-measurement

problem. o

VI. Concluding remarks.

In Qh],‘é’ essay, an asset pricing theox:y that 1s more acc:eptable in terms
of its predlctlons than the basic CAPM was formulated and discussed.
The theory incorporated the emplrlcalvobservatlon Land theoret1c§l de-
monstration) that in imperfect capital markets 1nd1v1dual* investors at-
tfln individual (and unique) equilibria. Such equilibria are charac—
terized by differences in both the number and types of assets . held by
each investor, and by the stfong possibility that the number ‘of assets
held by each investor is less than ‘the number of assets in the uni-
verse. While the proposed theory assumed the existence of 'éa‘pi‘tal
market imperfections (such as transaction costs and portfolio managé~,
ment costs) and that investors have homogeneous expectations with res-
pect to asset return distributions, it made no assumption with regard
to the form of each investor's 'utility function and it allowed for the:
possibility that these utility functions could differ from investor to
investor. Because of its preoccupationy with the equilibria of indivi-
dual investogs, the model was labeled as being the "clinical-level as-
set pricing theory (CAPT)".

£ 2

Three of the jimportant predictions ,of the modél are as follows. First-

ly, in equilibrium, there is no single market price of risk but rather

‘various "intra-portfolio" prices of risk. Secondly, in equilibrium,

investors measure the systematic risk of any asset relative to their
own portfolio and their own (and possibily idiosyncratic) utility func-
tions and, not relative to some market portfolio. Thirdly, in a CAPT
world, the "risk-free" asset can be expected to be investor—specific
and thus endogenous because it is the asset for which the correlation
coefficient between that asset's return and an investor's marginal uti-
lity is nil.

g




. : ) L 99

A two-step empiri¢al procedure was used to test the; CAPT. The amiri-
cal results were mixed in that the linear relagionsﬂip was empirically
supported only for some types of assets and for some groups of invest-
ors. In addition, while the estimates of the zero keta expected re-
turns were generally both statistically and economically significant,

the reward for risk bearing at the clinical level was negativeAwhen
personal taxes were unaccounted for. ' '

»
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1 ,Breeden's model is an extension of the intertemporal CARM that was
" formulated by Merton (1973).

' 2 If such a constraint does not exist, the proposed model will be
. identical to the CAPM.

3 The market equ111br1un condition can be obtamed by aggregatlng a .
re—arranged versioniof (5.14) across all K individual investors.
In this aggregation, each individual investor's portfolio is given
a weight of xk, where xk is found by taking the investor's
wealth at risk relative to the total collectlve wealth at risk.
Such an aggregation gives:

'1 ~
k k kj [E( j) = rf] = E[Zk Xk rk] - rf,

or

, . E(l" - %\[E - rf] , " K
where

=1/t and is the rec1proca1 of the market average of
tﬁe re{]:J.procals of 8j=1,...

;4 See Hadar (1971) or the discussion in essay 3 about the market
o \ clearance mechanism as a tatonnement process.
r

‘5 To empirically test (4.14), this assumption! has to be relaxed same-

what. More specifically, if panel data on individual investors is

used, it is necessary to assume that individual investors that have

been grouped into homogeneous socio-economic strata will share the .

same utility function. .- .

s

/! -

6 It has been shown in Essay 2 \that tlme—serles estlmates of 8:
‘cannot be intertemporally stable éven when the return distributions
are assumed to be intertemporally stationary.

L
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CHAPTER FOUR
THE ARBITRAGE PRICING THEORY

~

Due to a number of seriocus theoretical and empirical difficulties in-
volved with the CAPM, there has been renewed interest in deriving and
testing alternative asset pricing models. Of these models, the arbi-
trage pricing model (APM) proposed by Ross (1976a, 1976b) has attracted
the most interest because of the elegant simplicity of its theoretical
development, its promise for practical application and its potential
for unambiguous empirical validation. To date, the empirical testing
of the APM has attempted to answer two questions: First, how many fac-
tors are "priced" ih the market? This is an important question because
the APM would be considered an unsatisfactory model if the number of
factors was equal (or nearly equal) to the number of assets in the uni- .
verse, or if the number was so large that it severely inhibited the em-
pirical testing and the application of the model. Second, how closely

the ex-post market pricing relationship conform to the ex—ante

(]
ﬁ etically=derived (linear) functional relationship between security

returns and the underlying return-generating factors? (The findings of
the initial empirical tests of the APM are generally supportive of the
model; studies by Gehr (1975), Roll and Ross (1980), Chen (1981),
Hughes-Brennan (1981), Berges (1982) and Brown and Weinstein (1982)
support the validity of the APM, while a study by Reinganum (1981) does
not support the APM.

While these empirical studies have made an important contribution to
the testing of the APM, they have (understandably given the amount of
statistical analysis to be carried out) been only partial (incomplete)
tests. In each of the studies, one or more of the assumptions, which
must necessarily be empirically verified in order to ensure that the
APM can be tested unémbiguously using time-series data, have been left
untested or insufficiently tested. Before proceeding, it must be em-

phasized that while these assumptions are not required in the theore-
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tical derivation of the AMM, they are necessary in order to empirically
test that model. There are four assumptions which should be empirical~
ly validated before the AMM can _be unambigquously tested using time-
' se.ries data. The first assumption is that the mean vector, E, and the
N variance covariance matrix, V, of security returns is intertemporally
stationary. Although all one-period asset pricing models are derived
without invoking the assumption that the E and V of individual assets
are intertemporally stationary, such an assumption is necessary when
these models are empirically tested using time-series data. Further~
more, while a number of authors [see, for example, Roll (1977)] have - .
pointed out that few empirical tests of asset pricing models would be
- feasible without invoking such an assumption, it appears that no direct
test of the stationarity of E and V has yet appeared in the published
literature. ) ’ : .
In this thesis, direct tests of the stationarity of E and V weré pre-
sented in Essay 1. In that essay, it was found that:-only 11 random
sample pairs among the 88 random sample pairs studied exhibited sta-
tionarity in E and V. Therefore, any test of the ARM (or any tradi-
tional, test of the CAMM), which uses time series return data could be
inappropriate if the sample of security returns was not first checked
" for stationarity in E and V. The reason is that the risk measures im-
plied by the CAPM and the APM are results of the decomposition of the V
n:atrix. If such a matrix was not stationary, there is no reason to be-
lieve that the risk measures would be so, and thus any tests, based on
time-series data, usi@ them would be self-defeating by construction.
Thus, the test ofi the AM reported. in Essay 6 only uses the 11 sample- -
pairs .for which E and V were found to be stationary in Essay l.

The second assumption is that security returns are characterized by an
explicit and unique underlying factor structure composed of one or more
general or common factors.l 1In all past tests of the CAM the im-
portance of this assumption has been recognized. More specifically,
while the CAPM does not assume any spemflc stochastic return—generat-
ing model (i.e., no specific underlymg factor structure), all past e

&



pirical tests of the CAPM have used either the smgle-factor market
(SFM) model or the two-factor market (TFM) model.?2 ,

On the other hand, no‘ specific number of factors have been, assumed in
past ermpirical tests of the APM, althoudh the factor structure assump-
tion has; been tested by Gehr (1975) and by Roll and Ross (1980). Since
the major purpose of the paper by Roll and Ross was to éx,ri)irically va-
lidate the APM, they did not,:a priori, propose that the fact':o,r struc-
ture would consist of a fixed number of priced factors, nor did they,
attempt to identify the general factors in the APM,3 While these con-7/
siderations may not be essential for testing thesARM, a camplete undér—
standing /of the basic underlying structure of security returns. (espe~
cially for practical applications) réquires answers to the following ) \
three questions: (i) How many general factors impact upon security ‘re— ’
turns? (ii) Are two of these geneijal factors the so-called "market"

ﬁfactor (i.e., the market portfolio)and its mean-variancde efficient or-
thogonal portfolio (i.e., the zero-beta portfolio)? (iii) What is the
identity of each of the relevant general factors? Preliminary answers . T
to the first of these questions have been given in Kryzanowski and To
(1983). The remaining two questions are in themselves the subject of
lengthy research and will not be dealt with in this dissertation.

The third assumption is that g:he underlyi.ng factor structure of secu-
rity returns is congruent. Thus, it is important to determine if the
underlying factor structure is exactly replicable across various asset
‘subset:s of the asset universe for the samé time period, and across va-
rious time periods for the same asset subset. This is important he-
cau;,e the APM (or any other asset pricing mc;del) would not be con3i-
dered a "satlsfactory" theory 'if it resulted in different (essentially
ex—post) explanations for different sanples of the same (homogeneous)
population of asset‘s or for the same sample of assets for different
time periods. This problem was only partially and indirectly dealt
witl:ldby Gehr (1975), Roll and Ross (1980), Hughes (1981) and‘BrOWn and
' Wemstem (1983). Gehr used returns for two sanples, one con51st1ng of
24 1nd1ces and the other of 41 securities, for the same time period:
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RQll and Ross used returns for 42 samples, each cons1stmg of 30 secu-
rities, for the same time perxod 4 However, in both studies, the re-
plicability of the factor structure for the same asset sample across
various time periods was not examined. flughes tested for the equality,
across two subsamples of securities, of the expected return on the
portfolio orthogonal to all general factors. Brown and Weinstein
tested for the equality across two subsamples of securities of all risk
premia assoc1ated with the general factors and of the expected return
on their orthogonal portfolio. 1In a .sense, if the factors were con-
gruent, then Hughes and Brown and Weinstein would not be able to reject
thei? tested hypothesis. T

ty

To further these studies, the congruence of the faoﬁ)r structure of se-
curity returns will be examined in Essay 5.

r

-

The fourth assumption is thatsthe volatility coefficients 95 the rele—,
vant 'Ec{lerlyi factors are i'nter;errporally stationary.  In other )
words, the coefficients whith relate the expected return of any given

security i, Ej = E(Fj), with the expected realization of any given

factor k, ‘E(gk) 3xe usually assumed to be constant “in both the APM

and the CAPM. However, the random natu%)f the volatility coefﬁcxent

%has been enplrlcally supported by a number of studies. E‘urthenmre. an

analytical demonstratioh that ex post estimates of the volatility coef-

ficients can be éxpected to be unstable over time was prévided in Essay

Thus, prudence woﬁld suggest that each'\gf theser assumptions should be

subjected to a careful validation before the APM (and some of the other

asset pricing models) can be unambiguoysly tested usirzg time—series‘
data: Such a test of the AMM is attempted in Essay 6.
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1 E‘urtherrmre. as noted by Huberman (1980), the number of factors, m,
" in the underlying factor structure can be assumed to be a Fixed
number. In such a case, the .number of factors, m, should not
change as the number of risky assets, n, increases.
. . A
2 The internal inconsistency in both the SPM and the TFM was shown in
Kryzanowski and To (1982a).

3. While such identification is necessary before the APM can be used
. by practitioners, it seem reasonable to agree with, Roll and Ross
(1980), p. 1077) that the identification of the factors "...is an
area that can be investigated separately from testing.asset pricing
theories." 1In effect, identifying each general factor "...is equi-
valent to asking what causes the particular fiatfies of covariance
terms in the CAPM..." and is thus "...no more appropriate... than
' it would 'be for tests of the CAPM to examine what, if anything,
cauges returns to be multivariate normal." [Roll and Ross (1980, ™
p.10Y7)]. The identification 4nd econamic interpretation of the
factors has been *the subject of at least two studies. Rosenberg
and McKibben (1973) made<ag unsuccessful attempt to find the macro-
econamic correlates for the comon factors. More recently,.Rosen-
berg and Marathe (1976) were more successful in correlating the '
factors with microeconomic descriptors. It is interesting to note
¢ that both of these studies first assumed that the CAPM was valid,
and then attempted to decompose the beta derived from the single
factor market model into its constituent parts. On the other hand,
. Fogler, John and Tipton (1980) obtained positive results by corre-
. *lating stock returns with three macroeconamic descriptors: the CRSP
- value weighted index, the long term Aa utility bond index, and the
three month U.S. 'h'easury bill rate.

4 For example, in the Roll and+Roess study, the 42 groups c,gf assets
contained from 1445 to almost 2619 daily trading returns. *
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1. Introduétion ' . | by *
- “r : A ) < '
L] s
This essay deals with tests of the third assumption among the four dis-
cussed in the introduction to chapter four of the thesis; namely, the
essay dgpls with whether or ‘not the underlying factor structure of se-

curity returns is congruent intertemporally (i.e., acrods time) and
contemporaneously (i.e., across subsets of securities for the same time
period).

-«
Y

‘The remainder of this essay. is organized as follows: In the next sec-

tion, the relevent literature is reviewed. In sections III and IV, the
data an(i[{e empifical procedure, respectively, are discussed. In sec-
tion V, #he empirical results are presented and analyzed. And finally,'

" in section VI, some concluding remarks are presented.’

- '
B

II. Review of the literature

Die to the dimensionality constraint,l researchers have tested the
AM using a number of subsets of securities. For example, l?c311 and
Ross, ®nd Brown and Weinstein used 42 groups, each containing 30 secu-
rities; Gehr used two samples, one containing 24 indices and the other
containing 41 securities; Hughes used two groups, each coptaining 110

‘securities; and Reinganum used 30 groups, containing from a minimum of

50 to a maximum bf 80 securities. ’wever, with the exception of the
studies by Brown and Weinstein (1982) and Hughes (1981), none of these
studies have tested whether or not the factor structure of security re-
turns réplicates itself contemporaneously across the groups of securi-
ties. However, even in the Brown and Weinstein and Hughes studies, the
test of congruence was only partial and indirect, because only the con-
temporaneous equality of the risk-free estimates and of the risk pre-
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mia were tested across the sample of securities. The satisfaction of
the congruence assumption is however 1npo;té‘ t, because the APMM (or any
other asset pricing model) would nopt(g/ considered a satisfactory theo-
ry if it resulted in different ex-pdbt explanations for different éam—
ples of assets, or for the sa;me sample of assets for different time ;;;e-
riods.

’

The studies by Kryzanowski and To (1983) and Gibbons (1981) are also
somewhat related to the. issue of factor congruence, since they tested
for the stationarity of the variance-covariance matrix of security re-
turns. For as noted by Joré&skog (1971), a test of the equality of the
covariance matrices is the first step in testing the hypothesis that

the factor structure is congruent.

III. Data

Tests of the stationarity of the mean vector, E, and of the variance-
covari;nce matrix, V, of security returns are presented in Essay 1.
Eleven basic random samples, each consisting of 50 securities, were
drawn from the CRSP monthly tapes. All selected securities had to be
'listed on both January 1948 and December 1977.2° Each of the eleven
random samples were then divided into eight pairs of contiguous subpe-

,riods of equal length, as was shown earlier in Table 1.l.

It was found in Essay 1 that only 11 of the 88 random sample-pairs ex-—
h1b1ted intertemporal stationarity in both E and V. These eleven
random sample-pairs consisted of: four sample-pairs with equal contl—
guous subperiods w%th a 60-month length (hereafter referred to as in-
tertemporal couples 1. to 4), five sample pairs with equal contiguous
subﬁeriods with a 120-month length (hereafter referred- to as inter—

temporal couples 5 to 9), and two sample pairs with equal contiguous

subperiods with a 180-month length (hereafter referred to as inter-
temporal couples 10 and 11). These eleven intertemporal oouples

are used in this paper to test for factor congruence across time.
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Of the eleven sample pairs that, exhibited stationarity in both E and V,
only five sample pairs could be cambined so that they covered igentic—a-l
calendar time periods. They consisted of four sample pairs with con-
teamporaneous subperiod lengths of 240 months (hereafter referred to as'
cmtelporamm ocouples 1 to 4), and one sample pair with a contem-
poraneocus subperiod length of 360 months (hereafter referred to as

ontenporanecus couple 5). These five oontemporanecus coouples
are used to test for factor congruence across samples.
4

IV. Empirical procedure a
Measurement of Intertemporal Congruence

In factor analysis parlance, testing for iﬁtertetrporal factor con-

gruence is similar to testing for the replicability of the factor

structure. Three such measures, for two factor structures, where the

variablés (securities) are the same but the observations (time periods)

are different, have been proposed in Anderson and Engledown (1980),

Harman (1967} and Veldman (1967). The first measure is the root-mean-
square deviation [See Harman (1967, eq.15.7)]. It measures the extent

of agreement between corresponding factor weights in the first subpe-

riod with those in the second subperiocd, as follows:

/
. ] 2
mspg = (55 thdge Tyt (5.1)

mspg is the root-mean-square deviation between the factor
p in subperiod 1 and the factor q in subperiod 2;

ne1 3

where-

+

13jp is the factor loading' of security j on factor p in .

subperiad 1; ‘

) ‘
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224q is the factor loading of security j on factor q in
"subperiod 2; and

¢

«

n is the number of securities.

Perfect agreement between factor p in subperiod 1 and factor q in sub-
pericd 2 would be implied if Imspg had a null value.

A second measure of intertemporal congruence is the degree of <{actorial
similarity, that is, the coefficient of congruence [see Harman (1967, &

eq. 15.8)]. This measure is given by: ( o
n ~- 7
L a, .
, j=1 G JP) (Zan)
, = ) (5.2 *
P ' { r}]: 132- } { % 262 }j ) .
. j= Jp. j= Jg’ . :
where V 4
¢ pq is the degree of factorial similarity between factor

p in subpericd 1 and factor q in subperiod 2; and o

all the other variables are as defined earlier.

~ ¢
While equation (5.2) .seems to be similar to that for \t.he correlation
coefficient, it is different because the 1loadings are not mean devia-
tions. Possible values of the coefficient of congruence range fram +1
(perfect agreanentj to zero (no agreement) to -1 (perfect inverse

g . agreement) .

'Ihe\:third measure of intertemporal congruence is based on Veldman's
proffosal to campute the degree of rotation necessary to maximize the
degree of overlap between two factor structures. Although Veldman pro-
posed to measure this required degree of rotation as a matrix of cosi-
nes of the angles’ between all the pairs of factor axes in the two
structures, the slopes, or the tangents of the angles between the two

s
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factor axes, must be a more readily interpretable measure of the degree
of rotation than the cosineé. The slopes can be camputed as the re-
gression coefficients, when the factor loadings of one rotated factor
axis are regressed against the factor loadings of the other unrotated
factor axis. Thus, since the loadings need to be normalized to equate .
the origins of the two axes structures, the degree of congruence bet-
. ween the two factor structures can be effectively measyged by the fol-

P
oo F

lowing correlation coefficients:

o(,a cov(,a ,,a
I Paga ) elya) ol ) "
2°q" 1°p 2°q" #
where:
Prq is the correlation coefficient between factor p in U\
subperiod 1 and factor q in subperiocd 2;
/"J qu is the regression coefficient when factor p in sub- .
period 1 is regressed on factor q in subperiod 2;
1ap is the set of factor loadings of the n securities on
- factor p in subperiod 1; and
-~
23g is the set of factor loadings of the n securities on

factor q in subperiod 2.
1]
Since we are not dealing here with prescribed factor structures, the
factorial solution obtained for each of the intertemporal couples are
only determined up to a matrix transformation. Therefore, the three
measures of intertemporal congruence were calculated using the follow-

ing three steps.

First, for each subperiod of the eleven intertemporal couples, Rao fac—
" tor analysis was used to campute the initial factor structure of the \

security returns.3 This factor structure was then rotated to mini-

mize factorial camplexity by using the quartimax technique.4 .




m

-
’

Second, the quartimax-rotated factor structure of the first subperiod
is further rotated in order to maximize the overlap with the quartimax-
rotated factor structure of the second subperiod.3  This rotation
technique, which is based on the criterion of least squares fit, is\
kno»m as the Procrustes transformation. It has been proposed by Green
(1952), Schénemann (1966) and Cliff (1966).

&

Third, the three intertemporal congruence measures were camputed for
all statistically-significant factors, then for only the first five
factors, and finally for only the first two factors. The number of
statistically-significant factors was determined using the X2 statis-
tic for the exact number of factors, with the lower level of accounted
for common variance set at two percent (i.e., 100% or 50 securities).
The five—factor structure was used because of the empirical findings by
Roll and Ross (1980) that security returns are spanned by about five
factors (and 3 or 4 "priced" factors only). And fir\ally, the two-
factor structure was used because of the empirical findings by Kryza-
nowski and To (1983) that one and perhaps two factors are general
(i.e., loaded on by a majority of the securities) and generalizable.

Measurement of Contemporanecus Congruence

Testing for congruence across samples within the same time pericd is
somewhat easier than testing for congruemce for the same sample across
time. In fact, as has been suggested by o‘eldrnan, one could simply es-
timate the factor scores:from one factor structure and then regress
-them against the estimated factor scores for‘, the other factor struc-
ture.® If the factors are the same for both sarples, then these
factor scores (e.g.. t;1e returns ‘on a general orﬁ"market" portfolio)
would be perfectly correlated. ! '

S

' £
A second measure of contenporaneous congruence was proposed by Harman

(1967, eqg. 15&9) It is similar to Veldman's measure, e:gcept that in
\
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. theory it is not a correlation coefficient. The measure is given by:

t

th L) Gfy) )

Q = ik )
N . pq t 2 * t * ! (5.4)
. . 2 .
L f; T oAfC. .
/7 ; B L0 A
where )
' {
3 ‘ )
Qpqt ) is the ocontemporaneous congruence between factor p
of sample 1 and factor q of sample 2; '
1fpi . is the factor score in observation (time period) i
of factor p in sample 1;
- ~ .;'
2fqi ' is the factor score in oObservation (time period) i
' of factor g in sample 2; and
t is the number of observations (time periods).

Before proceeding, it should be noted that in practice both of these
contemporaneous measures of congruence will yield exactly the same re~
sults because the factor loadings are estimated in such a manner that
the factor scores are normalized. Therefore, the means of the factor
scores are null and equation (5.\ 4) becames an equation for calculating
the correlation coefficient between factors p and q.

As for the intertemporal testing, the factor Structure in 'each contenm-
poraneous couple was first quartimax rotated. They were not trans-
formed using the Procrustes routine because the securities in the mem-
bers of each couple were not the same. Thus, the axes in each pair of
factor structures were not campatible.
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V. The empirical results '

- Intertemporal congruence . .

The empirical results averaged over the eleven intertemporal couples of
security groupings are generally dismal for the all significant factor
structures of factor returns. More si)ecifically, none of the (ten to
~fourteen) statistiﬂcally significant factors are intertemporally con-
gruent for all of the three measures of congruence. For example, the
root mean squgjes deviations vary from 0.2 to 0.6 (that is, an average
loading of about 0.5 for the first factor to less than 0.1 for all the
reméining factors). The absolute values of the intertetrporall corre-~
Jation coefficients and the coefficients of congruence are all less
than 0.5. While there are no tests of statistical significance for ei-
ther the root mean square deviations, or the degree of factorial ‘simi—
larity, Harman (1967, p. 153) has noted that values upward of 0.94 de-
Jnote congruent factors when testing for the (intertemporal) congruence

of factor structures. .

ES

Such results might be cau;;ed‘ by the possibility that the Procrustes
routine cannot effectively achieve a "maximum" overlapping of the
factor structures of the intertemporal couples, because of the relati-
* vely. large number of factors being retained. This possibility has some
support, since the measures of intertemporal congruence for the first
factor increased strikingly when the number of retained factors de-

creased to fiv:a and two factors (see Tables 5.1 and 5.2,  respectively).

Based on examinations of Tables 5.1 and 5.2, one can note that the rms
are smallest in the diagonal of panel A, while ¢ and p are largest in

the diagonal of panels B and C, respectively.

While the average loading on the first factor remains near 0.5 for each
of the three factor structures (i.e., all statistically significant
factors, five-factors and two-factors), it is less than 0.1 for all
factors beyon‘d the first in each of the three factor structures. Fur-
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TABLE 5.1

14

" AVERAGE MEASURES OF INTERTEMPORAL CONGRUENCE FOR THE ELEVEN
COUPLES OF FIVE-FACTOR STRUCTURES*
/

*Mean values and standard deviations (in parentheses) are
each factor for each congruence measure. . ‘

Panel A -- Root-Mean—ngpre‘Deviations. o
; .
Procrustes-Rotated Factor --:/Second Subperiod
Factor — . h
First Subperiod 1 2 3 4= 5
1 602 .55 (.03 55 (03 sk (.02) .55 (.02)
2 .55 (.03) .20 (.03) .58 (.03) .26 (.03) ;é6 (.02)
, 3 .56 (.03) .29 (.03) 21 (.04) .25 (.03) .24 +(.02)
4 o .55, (.03) .29 (.02)/ .26 (.03) .20 (.04) .24 (.03)
. 5 560D 29 Gos) 28 (0% 26 (0N .20 (.02)
Parel B -- Degrees of Factorial Similarity
o 2 3 4 5
1 | .97 (.o1) .16 (.07) 14 (.06) ‘.17 (.05) ~.12 (.03)
2 .17 (.07) .60 (;09) .08 (.12) 14 (.14) .07 (117)'
\" 3 D605 .09 (100 b (.21) .20 (.13) .16 (.07)
4) .16 (.Q4) 12 (.12) .19 (.12) 43 (:22)‘ .20,.(.07)
5 . .11 (.03) .08 (.15) A4 (.07) .19 (.08) .40 (.11)
Panel C -— Correlation Coefficients (Factor Loadings)
1 2 3 4 5
1 © .33 (L22) -.02 (.24) -.13 (.14) -.03 (.21) -.08 (.22)
2 -.11 (.17) .59 (.09 .05 (.13) .10 (L15) .04, (.18)
3 -.13 (.17) .05 (.11) 43 (.21) .17 (L13) .13 (.08)
4 -.17 (.21) 09 (,12) .16 (.ié) 41 (L22) .18 (.08)
5 ¢ -.06 (. 18) .06 (.15) .12 (.Oé) .17 (.08) A9 (L11)

only reported for-
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TABLE 5.2
AVERAGE, MEASURES OF °INTERTEMPORAL CONGRUENCE FOR THE
ELEVEN COUPLES OF TWO-FACTOR STRUCTURES*
Panel A ~- Root-Mean-Square Deviations
;*‘ Procrustes—Rotated Factor -~ Second Subperiod
, . ,
5 Factor -- . 1 2
% » T First Subperiod
1 .14 (.02) .55 (.03)
2 | :.56 (.03) .24 (.03)
a 7
) , Panel B -- Degrees of Factorial Similarity ' ‘ -
‘ 7
) ' J 1 . 2"
1 : 97 (.01) - .14 (.08)
2 .14 (,08). 45 (.12)
Panel C -- Correlation Coefficients (Factor Loadings) >
1 2
1 ) .36 (.21) - -.10 (.21)
2 : -.01 (.22) 43 (.11)

.
’

*Mean values and standard deviations (in parentheses) are only reported for
each factor for each congruence measure.
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thermore, based on the diagonal values in.the matrices of the three

measures of intertemporal congruence, it is obv1ous that congruence de-

clines as one moves from factors with high acoounted for comon  va-
riance to factors with low accounted for common variance. In addition,
the measures of intertemporal congruence for the first factor, both in
terms of average values and standard deviations, are relatively more
stable than those for any of the other factors for the eleven intertem—

poral couples.

As notet‘i earlier, there are no statistical tests for two of the mea-
sures —-- root mean square deviations and the degree of factorial simi-
larity.‘ However, the statistical significance of the correlation coef-
ficients can be assessed 4using a t-test. While all the diagonal ele~
ments of the matrix of correlation coefficients are found to be statis-
tically significant at the 0.05 level based on the t-test, all non—dia-
gonal elements are not statistically significant -at the 0.05 level.
. Such results imply that factors are congruent one-to-one (or.on a hie-
rarchical basis) and are orthogonal even when the time framework is
changed.

Contemporaneous Congruence

The enpirical results derived from conducting the tests of the contem-
poraneous congruence for the five and two factor structures averaged
over the five 'contenporaneous couples of security groupings are sum-
marized in Table 5.3. (The results for the all significant factor
structures are not reported herein because they are similar to those

reported in Table 5.3).

The major findings drawn from Table 5.3 can be summarized as follows:
First, the coefficients of congruence (or correlation coefficients) for
the first factor are almost identical for both factor"structures for
each of the five contemporaneous couples of security groupings. Se-
cond, only the 'diagonal elements of the correlation matrix are signifi-
cant at the 0.05 level. Third, while it is not self-evident: from the
table, the correlation coefficient for the second factor was over 0.95
for two of the couples and less than 0.5 for the remaining three cou-

A 116 .
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* > TABLE 5.3
AVERAGE GOEFFICIENTS' OF CONGRUENCE (CORRELATION: COEFFICIENTS) - !
FOR THE FIVE CONTEMPORANEQOUS COUPLES OF FIVE- AND TWO-FAC'I:OR STRUCTURES*
I3 \. . . vl
Panel A -— Five-Factor Structure )
[ 4
Factor —-- Sample 1
1 2 3 S 5
Factor - Sample 2 .’ .
_— . !
1 .55 (.38) -.06 (.10) .08 (.06) .05 1) o5 (.03),
. A .
1 07 €.06) .18 (.34) - 2.02 (:06) .07 (.19) -.04 (.06)
3 .02 (.06), -.02 (.10) =.07 (.11) .02 (.21}~ -.02 (.07)
4 -.01 ¢.08) .00 (.10) .05 (.06) .04 (.19) .08 (.16)
“ , ' ¥ 4
5 .04 (.05) 13 (L32) .10 (.20) .00 (.20) -.05 (.16) .
) ) s
Panel B -- Two-Factor Structure
. I Aha i
Factor -— Sample 1 -t
q 2
. L ]
Factor -- Sample 2 3
) &
1 .55 (,38)  -,02 (.01)
2 N o8 (an 715 (L32) : ’
I .
"\ a w \(\7
*Average values and standard deviations (in parentheses) are only repodted for (
each factor for the five- and two-factor strugtures. o }
’ ' . ¢
! ] . - - * 3
[ *
. ' x .
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/p‘ly, Therefore, although only the first factor is consistently con-—

gruent contemporaneously across security groupings, the second factor
.can-also be .expected to be 'conten;‘raneously congruent for some securi-
- ] ty- grouRings. T . - '

‘- ty

-

Vi.. Concluding CXII;ElltS

In this essay, both the intei‘éerrporal and contenpo'faneous congruence of

# the factor structure of security returns were tested. Although a test
of the AMM is 'neither intended nor presented. herein, tests of factor
congruence are an extremely important step in de\fl’sing acceptable tests
of »the APM using factor analytic techniques.

It was found that only the first factor (and perhaps the second factor)
was congruent across time for the same sample of secur:1t1es. and only
the first factor was samewhat congruent contemporaneously across dif-
ferent samples of securities. These Fesults are consistent with pre—
vious findings by Kryzandwski and To .(1983) that only the first factor
) (and pe;haps the second factor) is general and generalizable to the po—
| pulation of securi‘tles.. Thus, it appears that in empirical tests of

the AMM, the pumber of factors should be restricted to a maximum of two

® ' when using a two-step test procedure that assumes time stationarity.
- Since the results on contemporaneous congruence are not conclusive,
more research needs-to be done on the contemporaneous replicability of
the factor structure from sample to°sample before the APM can be tested

or used'in practical applications with time-series data. .

L
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Because the determination of the factor structure requires that the
correlation or variance—covariance matrix of security returns be
inverted, camputer capagity limitations are a matrix rank of about
60 for a reasonably sized computer to a maximum of about 110 for
the largest computers.

The geometric monthly mean return was used for the (few) months
which had missing return data.

Rao’or canonical-factor analysis is based on the maximum 1ikelihood
principle. It is one of the few factor analytic techniques which
has a test of statistical significance. See Harman (1967).

The quartimax rotation critérion is one’ of many such criteria.
However, it is one of the best for achieving a parsimonious factor
structure which not only allows for the reduction of the camplexity
of the factorial representation of the securities but also for the
possibility of having many securities loaded on the same factor.

The quartimax rotated factor structure of the second subperiod was
rotated in order to maximize its overlap with the quartimax rotated
factor structure of the first subperiod using the Procrustes trans-
formation. For all practical purposes, the results were similar to
those obtained for the reverse procedure. The results for the non-

_Procrustes transformed loading matrices were also only marginally

less congruent than the results which are presented in this essay.
Thus, it seems reasonable to conclude that the, Procrustes trans-
formation has a very marginal impact on the factor axes orientation
conducted herein. )

The factor, scores are the values 'of the factors when the factor
score coeﬁicient matrix is vector multiplied by the values of the
variables (securities). ' .

!
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ESSAY 6 .
SOME EMPIRICAL TESTS OF THE ARBITRAGE ‘PRICING MODEL

.Y .

N

Introduction

Based on Markowitz's (1959) pio;\eering study, Sharpe (1963) and Lintner
(1965a) advanced the first positivist formulations of the capital asset

pricing model (CAPM). *® Their models were subsequently refined by Mossin
- .(1966), Fama (1968), Black (1970) and others.l Even though the CAPM E
has been studied extensively, it has not been empirically’ validated.2 ’
According te Roll (1979), the CAPM cannot be tested in an unambiguous
fashion because of a number of intractable measurement and computa-
tional difficulties, and the joint nature of the hypotheses to be
tested.

A number of other asset pricing models have appeared in the litera-
ture.3 Of these models, the arbitrage pricing model (APM) proposed .
by Ross (1976b) has attracted increased interest because of the elegant
simplicity of its theoretical development, its promise for practical
application and its potential for unambiguous, empirical validation.4
, To date, the empirical testing of the AMM has essentially been limited
to two issues: (i) the number of factors that exist in the return-gene- "
rating process for assets in the economy,> and (ii) on how closely
the ex-post market pricing relationship conforms to the ex-ante theore-
tically derived (approximately linear) functional relationship between
» security returns and the underlying return-generating factors. The
fihciings of the empirical tests of the AMM are gemerally supportive of
e model; studies by Gehr (1975), Roll and Ross (1980), Chen (1982),
Hughes (1981), Berges (1982) and Brown and Weinstein (1983) support the
validity of the APM, while the study by Reinganum {1981b) does not sup-
port the APM. :

@
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While these enplrlcal studies have made an important contribution to
the testing of the ARM, they have (understandably glven the amount of
statistical analysis to be carried out) been only partq‘al (incamplete)
tests. In each of the studies, one or more of the assmpta,mns, which
must necessarily be empirically verified in order to ensure that the
AMM can be tested unambigously using time-series data, have been lé‘ft
untested or insufficiently tested.6 '

Before proceeding, it must be emphasized that while these assumptions
are not required in the theoretical derivation of the APM, they are ne-
cessary in order to empirically test the APM usinc_:i timg series data.
Thus, a validation of. the AMM would have to be based on its predictions
[see Roll and Ross (1980)]. Nevertheless, prudence would suggest that
each of these assumptions should be subjected to a careful validation
before the APM (and some of the other asset priéing models) can be un-
Iambiguously tested using time-series data. Therefore, as a series of
pre-requisite steps to a direct test of the APM, a validation of each
of the four assumptions has' been conducted and reported separately tsee

Essays 1,2 and 4 and Kryzanowski and To (1983)].

These assumptions, as .presented in Essay 5, can be summarized as fol-
lows: (1) the mean vector, E, and the variance covariance matrix, V, of
security returns is intertempotrally stationary; (2) Security returns
are characterized by an explicit underlying factor structure composed
of one or more general or common factors (where a general or common
factor is a factor which impacts on all security returns); (3) The un- .
derlying factor structure of security returns is congruent; that is,
the underlying factor structure is exactly replicable (the same) across
various asset subsets of the asset universe and across various time pe-
riods for the same'asset subset: and (4) The volatility coefficients,

Bik, of the relevant underlying factors are intertenporally_ sta-

tionary.

As the last essay in a series devoted to the APM, the specific purpose

of this essay is to present some empirical tests of the APM itself. Tg
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this end, the validity of the APM is tested using a two-step procedure
on eleven intertenpdrally stationary sample pairs (of 50 securities
each), which were drawn from the CRSP ~month1y tapes for the period from
January 1948 to December 1977.
Y

The remainder of this essay is organized as follows. 1In the next sec-
tion, a brief review of the literature on the empirical tests of the
AMM is presented. In the third section, the data sources and the empi-
rical procedures used are discussed. In the fourth section, the empi-
rical results are presented and analyzed. And finally, in the fifth

section, same concluding remarks are offered.

II. A brief review of the literature - °

Due to the dim;ensionality constraint,”? researchers have tested the
APM using a number of subsets of securities. For example, Roll and
Ross, and Brown and Weinstein used 42 groups, each containing 30 secu- -
rities; Gehr used two samples, one containing 24 indices and the other
coni:aining 41 securities; Hughes used two groups, each containing 110
securities; énd Reinganum used 30 groups, each containing from a mi'r)._i-

mum of 50 to a maximum of 80 securities.

Basically, four different empirical procedures have been used to date
to test the APM. Gehr (1975), Roll and Ross (1980) and Hughes (1981)
used a two-step procedure to test the AM implied equilibrium relation-
ship (6.2), which is obtained from the return model (6.1):

L2

ry =E]. +B1"I 6] + B, 62+ ve. + B. . (6.1)

ri . ° is the return on security i; ~ .

64 . is the realization of factor j, F=1,..0,k; ‘“
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B i3 | is the relative risk of asset i relative to factor J.
) ]
0 1 .0 2 .0 j 0
Ei :‘ E + B_in(E 'E ) + BiZ(E "E ) + .. + Bij(E _E ) 1] (602)
where: . . -
EO 1 is the expected return on the risk-free portfolio;

- that is, the portfolio which is orthogonal to all the
factors, &, j =1, ..., k;

EJ is the expected return on the portfolio associated

with general factor j, Ej, j =1, ..., k; and

\mm » all the other variables are as defiNned,earlier\.

&

Both Gehr (1975) and Roll and Ross (1980) first estimated Bji§ by

the use of a factor analytic technique.8 In factor analytic par-

lance, the Bjj are referred to as the factor loadings. They mea-
sure Dthe degree of associability between each asset and the factor.: 5
When the security returns are standardized, the Bjj are simple cor-

relation ccefficients between ;i and "Sj. In a secornd step, these

authors cross-sectionally regressed the El over the 8;j. This se-.
cond ‘step involved the estimation of the factor score coefficients, or -
risk premia associated with the 55 . Thus, it should be evident that

this' two—step procedure is a factor analytic adaptation of the two-step

prodiidure used by Fama and MacBeth (1973) to test the CAPM. i

|

)

9. ,
The gecond (and very direct) procedure for testing the APM was used by '
Reinganum. This procedure attempts to determine if arbitrage opportu-

/ .
nities exist.in the capital markets that are unexplainable by the APM.

i . , s
Thus, to test for the existence of arbitrage opportunities due to the

LYo
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"small firm" effect, Reinganum first estimated the factor loadings,
Bij.=Then, using ten portfolios formed on the basis of market va-
lues, he estimated the size-effect ari)itrage opportunities after con-
trolling for the Bij's (f.e., the AMM risk measures). Reinganum
found that the arbitrage returns associated with the size effect were

such that the APMM should be rejected.

The third empirical procedure was proposed by Jobson (1982).9 Basic-
ally, Jobson showed that testing for the validity of equation (6.2) is
equivalent to testing the hypothesis that the constant term in thg\?

1

regressions E[(ri-E0) | (8j-E0),j=1,...k], for i = 1,...,n,

null for all assets.

The fourth empirical procedure is the bilinear paradigm proposed by
Brown a@ Weinstein (1983) and also used by Hughes (1981).

In this essay, only the first empirical procedure will be used. Wh.ile
" the second procedure is interestiné, it is not used herein. More spe-
cifically, if the size effect is indeed systematic,&it should be ac-
counted for in the revealed factor structure for the sample(s) heing
studied. If it is not so revealed, this pinpoints a weakness in the )
specific statistical technique used to identifi/ the factor structure of
security returns.l0 (One such possibility would be the manipulative
difficulties encountered in the use of factor analytic techniques.)
Thus, it does not seem prudent to test the APM further using the second
procedure, at least when factor analytic techniques have first been

used to unravel the underlying factor structure of security returns.

While the third empirical pr;pcedure appears to be very simple to use,
Dhrymes (1982) showed that i\t:s apparent simplicity is deceptive for a
number of reasons. The first and most important one is the circularity
of ’gobson's procedure which requires that the return premium vectors be
estimated for all the securities in the sample. Unfortunately, these
return premium vectors can only be estimated if the Bij's are
known. If a zero-beta portfolio return, or a constant risk free rate,
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is used to estimate the security return premia, mfwnes has sh that
any non-singular sub-matrix of the factor loadings matrix could |be used
in the Jobson procedure. This virtually ensures that the APT would °
always be validated because a suitable sub-matrix will always b'e' found"
given enough comwputer time. Also, according to Dhrymes, Jobso \'s pro-
cedure is not applicable to individual assets. However, if thewlikeli—
hood ratio test proposed by Jobson is adamg to portfolios of jsecuri- |
ties, Dhrymes showed that this implied the singularity of the regres-
sion coefficient matrix, and is therefore ambiguous in an econometric

l

|
|

The fourth procedure is the bilinear paradigm used by Hughes (1981) and
Brown and Weinstein (1983). Hughes (1981) tested the hypothesis that

4 . sense.

E® is constant for all assets in her sample. , Brown and Weinstein
(1983) tested the hypothesis that when a sample is split into two sub-
samples, then each sub-sample should yield the same vector of risk pre-
mia. The deficiency of the bilinear paradigm is that there is no appa-
rent justification for splitting each sample into two sub-samples. In
fact, it is easy to see that if the samples were split into a larger
hwnber of sub-samples, the larger are the odds against finding that the
vector premia would be equal among the sub-samples. So, the bilinear
procedure is not an unambiguous empirical procedure for testing the
APM.

I1I. Data sources and empirical procedufw
Data smrc&s

Eleven basic samples were drawn, each consisting of 50 securities, from
the CRSP monthly tapes.ll All selected securities had to be listed

on both January 1948 and December 1977. ’E‘.ach of the eleven samples
were then divided into eight pairs of contiguous subpetiods of equal

length, as is shown in Table 1.1.

|

A ani
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As was found in Essay 1, only 11 of the 88 sample—pairs exhibited in—

tertemporal stationarity in both E and V. These ‘eleven samp le—pairs -

consisted of: four sample pairs with equal contiguous subperiods wi=~ a
60-month length (hereafter referred to as intertemporal couples 1 to

'4), five sample pairs with equal contiguous subperiods with a 120-
month length (hereafter referred to as intertemporal couples 5 to

9), and two sample pairs with equal contiguous subperiods with a 180
month length (hereafter referred to as intertemporal couples 10 and

11). These eleven intertemporal couples are used in this paper in a
two—-step procedure designed to test the validity of equation 6.1.

As.noted earlier, a tm—étep test procedure is used in this pa;;er. In
the first step, the factor loadings, Sij, were computed using the
returns in the first subperiod for each intertemporal c:.ouple.12 In
the second step, the expected returns camputed fram the returns; in the
second subperiod were cross-sectionally regressed on the factor load-

ings of the first subperiod. In order to provide for a standard of

camparison, an "own"-variance model was also tested by cross-sectional-
ly regressing the expected return in the second subperiod against the
estimated variance of returns for the first subperiod for each inter-
terporal couple. This procedure not only eliminates the ambiguity
created by the assumption of stationarity in E and V but it also avolds
the difficulties caused by applying the two-step procedure to the same
set of data. As a Eest of sensitivity, the procedure was also applied
in reverse; that is, the expected returns in the first subperiod were
cross—sectionally regressed on the factor loadings, and the variances,

estimated from returns in the second subperiod. \}

The procedure was applied to four different types of security factor
structures: an all-statistically-significant factor structure,l3 2
five factor structure, a two factor structure and a one factor struc—

ture. The all-statistically-significant factor structures, which in-

volved from 10 to 13 factors depending upon the intertemporal couple,
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were chosen for obvious reasons. The five-factor structure was chosen

because of the empirical findings by Roll and Ross that security re-
turns are spanned by about five "priced" factors. And finally, the one
and two factor structures were chosen because of the empirical findings
l?y Kryzanowski and To (1983) that' a one (or at most a two) factor

structure is common to all securities, and is also intert¥mporally con-
gruent. B

]

Since no prescribed factor structures are being used herein, the fac-
torial solution obtained for each of the intertemporal couples is only
determined up to a matrix transformation. Therefore, the factor load-
ings (or Bij) were calculated using the following two steps. First,
for each subperiod of the eleven intertemporal couples, Rao factor ana-
lysis was used to compute the initial factor structure of the security
returns.l4 This factor structure was then rotated to minimize fac-
“torial camplexity by using the quartimax technique.15 Second, the
quartimax-rotated factor structure of the first subperiod was further
rotated in order to maximize the overlap with the quartimax rotated
factor structure of the second subperiod.16 This rotation techni-
que, which is based on the criterion of least squares fit, is known as
the Proﬁrustes transformation. It has been proposed by Green (1973),
Schéneinann (1966) and Cliff (1966).

Iv. Bmppirical results

Using the procedure discussed in the previous section, the sample mean
returns of the second subperiod were regressed on the various factor
loading structures and return variances of the first subperiod for each

of the eleven intertemporal couples. These results are summarized in

Tables 6.1 and 6.2,

Fram Tables 6.1 and 6.2, it appears that the "own"-—variance model has
more explanatory power than the "best" APM (i.e., the five-factor
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structure APM). More ‘specifically, while the’-gdjusted R2 values of
\ . both models are reasonably high, the "own"—-variarice model has the

higher values for eight of the intertemporal couples. (This is not to-

tally unexpected given that the V for each of the intertemporal couples

was interte’nporally; stationaryjy empirical design). \ Nevertheless,

while all but one of the estimated volatility coefficients for the

"own"-variance model was positive and statistically significant, the

estimated intercepts for the "own"-yariance model were generally either

negative or not significant. In only two out of eleven cases were tﬁey

both positive and statistically significant. .

The regressioh coefficients for the all-significant-factor structure
APM"were not presented in Table} 6.2 because they were generall)’( not
statistically significant. Moreover, it seems that while the adjusted
R2 wvalues increased from the one- to the two= to the five-factor
structures, they decreased from the five to the all-significant-factor
structures. This can be explained by the fact that the adjusted R2
value usually' increases with the number of explanatory variables. How-
ever, beyo}ld a certain threshold the adjusted R2 value will decrease
‘significantly due to the addition of non-significant variables and the
resultant decrease in the number of degrees of freedom.

'’

From Table 6.2, it appears that ~the constant term is not significantly
different from zero for all the intertemporal couples for the five fac-
tor structure APM, while it is generally positive and significant for
the one and two factor structures. This observation is difficult to
explain and might result from a procedural problem encountered in esti-
mating the factor loadings (that is, in the first step of the empirical

procedure followed herein). .
S -

From Table 6.2, it appears that a large number of the volatility coef-
ficients for the one, two and five factor structure APMs are not sta-

tistically significant. More specifically, for the five factor struc-




ture APM, the volatility coefficients of the first, second, ..., fifth
factors were not statistjcally significant for 10, 7, 6, 4 and 3 inter-
temporal couples, respectively. In addition, it appears t-hat, as the
factor structure increases from one to five factors, the first factor
is less likely to be 51gn1f1cant ("priced") and the most recently added
factor (e.g., the fifth factor) is more likely ‘to be "prlcéé"'.

3 /\

When the expected returns in the first subperiod were regressed over
the loadings and variances estimated from the second subperiod,! the re-
suits were less supportive of the APM (see Tables 6.3 and 6.4). More
specifically, the "own“-varlance model clearly domlnated all the four
variants . of the APM (see Table 6.3), and the volat111ty coefficients of
the first, second, ..., fifth factors werd not statistically signifi-
cant (or were indetermipate) for 11, 11, 10, 10 and 11 intertemporal
‘couples, respectively. However, the previous result$s for the EC va-
lues v;ere again replicated. The EO0 values were fiound not to be si-
gnificantly different from zero for all eleven intertemporal couplées in
the\ five factor structure, all positive in the one factor Structure,
and positive and significant or negative and non-significant in the two
factor structure (see Table 6:4).” This phenomenon might constitute a

procedural protglem inherent to factor analytic techniques.

L

Concluding remarks
o /

This essay is thé last in a series of essays, where the first ones
dealt with various specific prerequisitze steps necessary for an "unam-
biguous". test of the AM. Based on the first step, eleven samples
which had intéttemporally stationary E's and V's were used herein to
test the APM. 'The empirical procedure used in this paper, based on the

Fama ahd MacBeth procedure, had previously been used by Gehr, Roll and.

Rogs, and Hughes. This procedure was used on a split sample in order
to conform to the original intent of Fama and MacBeth.

k] R 4
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The empirical evidence would seem to confirm the findings of Roll and
‘Ross (1980) that a five-factor structure provides the highest explana-
tory power in terms of asset pricing. However, contrary to the find-
ings of Roll and Ross, it was found that: (i) no more than three

factors are ever "priced" in the market; and (ii) the "own"-variance

model is. preferable. to the APM, for whatever factor structure model is

chosen,, for tests on groupings of .securities with intertemporally sta-
tionary E and V.17

Since the findings presented herein are mixed in terms of their support
of the AMM, they suggest that further research on the empirical vali-
dity of the APM is warranted. Furthermore, since Reinganum (1981b) has
shown that factor analysis is unable to "pick up" the "small firm ef-
fect" factor, it appears that statistical techniques other. than factor
analysis need to be identified @d used to unravel the underlying fac-
tor structure of security returns. For example, Brock (1979, 1982)
may have pioneered a very promising avenue for future resegrch. He at-
tempted to develop general equilibrium models of asset pricing by using
the recent ad\;ances in stochastic calculus and control theory. Such
models would presumably have the advantage of making the uncertain
factors endogeneous to the ‘asset pricing process. Thus, the cammon
factors could be identified theoretically (or even, definitionally, as
in Brock's models). However; these models need to be recast in a posi-

tivist format for ‘them to be more valuable to both theoreticians and

practitioners.

o




10

11

. 135
FOOTNOTES

L

For ‘a theoretical discussion of the one factor and two

factor formulations of the CAPM, see Fama (1976, chapter
7).

For a review of the empirical tests of the CAPM, see Fama
(1976, chapters 4 and 9), and/Jensen (1972).

Ll

Studies dealing with other asset pricing models include,
amongst others, Hakansson (1971), Merton (1973), Kraus
and Litzenberger (1976) and Breeden (1979).

Shanken (1982) has recently objected to the potential
testability of the APM. However, his criticisms suffer
fram serious deficiencies, as is documented in To, Kry-
zanowski and Parient@ (1983).

Chen (1982) has shown that if k is the number of factors
that exist in the market, then the number of "priced"
factors can be any number between 1 and k. Thus, if at
least one factor is found to exist in the return-gene-
rating process of assets, then the number of factors that
are priced is somewhat irrelevant.

Some of these assumptior{s, which are required to unambi-
guously test the CAPM and other asset pricing models,
also remain untested.

Because the determination of the factor structure requi-
res that the correlation or variance-covariance matrix of
security returns be inverted, computer capacity limita-
tions are a matrix rank of about 60 for a reasonably
sized computer to a maximum of about 110 for the largest

computets.,

Factor analysis includes a large variety of very dif-
ferent techniques. The interested reader is referred to

Harman (1967).
Jobson's procedure has not yet been used to test the APM.

In other words, this would only show that factor analytic
techniques were unable to identify a f?actor (i.e., market
value) that was inportant in the pricing of assets.

Most empirical studies used daily data 'by invoking the
assurption that daily returns are more likely to be sta-

- tionary than monthly returns. None of these studies, ex~

cept Gibbon's, explicitly tested for that hypothesis as a
preliminary step.
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Roll and Ross (1980) claimed that by estimating the

Bij's and the _(EJ-EO)'s simultaneously, the mea-

surement error problem is somehow alleviated. However,
the measurement error problem exists as soon as the secu~
rity returns are measured with error, and could not be
alleviated by 1ncrea31ng the sample size used in esti-
mating the Bij's and the risk premia, whether the es-
timation procedure is simultaneous or step-by-step. How-
ever, from simulation results (obtainable from the au-
thor), for a sanple size of 50 securities, the estlmatlon
bias of .the Bj4' could be 1less than 1%, for b

in the range 0. g to 3. if it is assumed that the mea-
suUrement error of securlty returns is hamoscedastic, that
the induced factors imply equal weighting of the securi-
ties, and that the variance of the error term is equal to
1% of the variance of the security return.

The number of statistically significant factors was ‘de-
termined using the X2 statistic, with the lower level
of accounted-for common variance set at two percent (i.e.
1 divided by 50 securities).

Rao or canonical factor analysis is based on the maximum
likelihood principle. It is one of the few factor analy-
tic techniques which has a test of statistical signifi-
cance. See Harman (1967).

The quartimax rotation criterion is one of many such cri-,
teria. However, it is one of the best for achieving a'a

parsimonious factor structure which not only allows for
the reduction of the complexity of the factorial repre-
sentation of the securities but also for the possibility
of having many securities loaded on the same factor.

The quartimax rotated factor structure of the second sub-
period was rotated in order to maximize its overlap with
the quartimax rotated factor structure of the first sub-
period using the Procrustes transformation. For all
practical purposes, the results were similar to those ob-
tained for the reverse procedure. The results for the
non Procrustes transformed loading .matrices were also
only marginally less congruent than the results which are
presented in this paper. Thus, it seems reasonable to
conclude that the Procrustes transformation had a very
marginal impact on the factor axe§ orientation conducted
herein. ‘
Although all ame perirod asset priging models are derived
without invoking the assumpti that the E and V of indi-
vidual assets are intemporally stationary, such an as-
snnptlon is necessary when these models are empirically
tested using time-series data. For example, Roll (1379)
has pointed out that few empirical tests of asset pricing
models would be feasible without invoking such an assump-

tion.
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CHAPTER FIVE
CONCLIUSION

In the six essays presented in this thesis, the CAPM, the APM and the

clinicak—level approach to asset pricing were investigated.

In Essay 1, an inportan£ consideration in empirical tests of the CAH&
(and in other appliqgtions using time series of returns on financial
assets) is studied. It was found that various subsamples of securities
recorded on the CRSP tapes are generally not consistent with the hypo-
tﬁesis of stationary mean return vector (E) and variange-covariance ma-
trix (V). The only exception occurs when ‘subperiods of 120-months and
of 180-months are used to test for stationarity of E. However, the
data seems to be consistent with the hypotﬁesfs of stationary correla-
tion matrices of security returns, whatever security groupings are used
and whatever the subperiod length. While these results further ques-
tion the appropriateness of past empirical tests of the CAPM, they sup-
port Gibbons's (1981) claim that factor analysis can be used to unravel
the factor structure of security returns, provided that standardized

returns are used to obtain a correlation matrix.

A further problem encountered in the empirical tests and the applica-
tions of the CAPM is dealt with in Essay 2. More specifically, using a
simple illustration of a closed two-security market, it was shown that
the time—series estimates of security betas are random variables. The
underlying intuition is as follows; given ‘. staéionary V, the time-
series estimates of beta are formed by applying market weights to V.
These market weights however shift from period to period because of the
relative magnitude of individual security return realizatjons to market
return realizations. Therefore, OLS estimabgs of beta will vary when
different time periods and different calendar dates are used %n select~
ing the applicable input return series. Although it was shown in Essay

2 that the time-series estimates of beta are random, it is not known
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whether or not the distribution of these beta estimates are stationary
(i.e., have constant distribution parameters across time periods) and
it is not known what type of distribution best describes the beta dis-
tributions. An examination of the nature of beta research distribution
is probably the next logical step in the research on beta, since such

knowledge is a prerequisite to the use of Theil's (1971) random coeffi-
cient model.

In Chapter 3, two empirical tests are conducted on the clinical-level
approach to asset pricing. 1In Essay 3, a clinical-level version of the
CAPM which is similar to the Mao (1971) and Levy (1978) models is ob-
tained. At the individual investor level, the investor's portfolio is
mean-variance efficient. This relationship holds whether or not the
investor holds the market portfolio or an optimal subset of securities,
and it has been tested in Essay 3, using a layge body of data on Cana-
dian households. .The results are consistent in general wifh' the two
hypotheses associated with the clinical-level version of the CAPM:‘ (1)
linearity between risk and return and (ii) the existence of riskless
borrowing and lending. The results seem to indicate that a‘'third hypo-
thesis (i.e., a positive risk-return trade-off) is not supported, at
least for wealthier households. A possible explanation for such a re-
sult is that an important variable, personal taxes, has not be reflect-
ed in the empirical tests due to a lack of data. Although a number of
campromises were used in the data transformations, the results present-
ed in Essay 3 seem to imply that the CAPM might be a good description
of individual investor's behavior in capital markets. Specifically,
one could relax the perfect market assumption and still work with a
simple, intuitively appealing paradigm such as the CAPM. Unfortunate-
"ly, a body of data superior to that used in Essay 3, or presently
.existent, is needed.

In Essay 4, a model, which is more general than the clinical-level ver-

sion of the CAPM, is proposed. This model invokes n%ﬁsumptions about

the distribution of returns or any functional form utility.' How-

ever, empirical tests of the model using the same body of- data used in
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Essay 3 are not in general consistent with the model's pradict:
More specifically, of the three hypotheses tested (i.e., limoar
the risk- return relationship, a positive risk-return tralfe—s¢s
riskless borrowing and lending), only the third 1s somewhas supocrTad

«

empirically.

issues, Essay 5 attempts to test one such issue ; namely, the interzar—
poral and the contemporaneous congruence of the factor structure cf se-
curity returns. Other issues (such as E - V staticnarity, the stan:i-

lity of the volatility coefficients, and the underlying factor struoc—

ture of security returns) have already been 1nvestigatea 1n Essays -

and 2, and Kryzanowski and To (1983), respectively. To this“end, tne
eleven random sub-samples which were shown to be endowed witn E -V
stationarity in Essay 1, were sublmitted to the traditicnal tests of
factor structure congruence. The results are consistent with only the
congruence of the first and (to a much lesser degree) the second factor

for various factor structures of security returns.

In Essay 6, empirical tests of the APM are presented. Using the sare
data set aé' in Essay 5, these tests do not support the APM equilibrium
predictions. In fact, the APM predicted equilibrium relationship is
statistically dominated by the "own"-variance model.

Thus, while the APM is theoretically appealing, its test procedures
must rest on econametric techniques other than factor analytic techni-
ques, or Jobson's procedure which also involves such technigues in its
first step. A very promisjng potential research avenue has been
pioneered by Brock (1979, 1982) who advanced the formulation of gene-
ral equilibrium models using stochastic growth theory (i.e.. stochastic
calculus and control theory). Not only do Brock's models incorporate
randam factors as endogeneous variables and encampass both the APM and
the CAPM as simplifying variants, but they also theoretically identify

| K -
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the factors. However, since Brock's models are not presently gpositi-
vist constructs, they-are not-empirically testable.

) L
.

The overall conclusions to this dissertation are as follows:

[}
¢

(1) The traditional CAPM contains at least two empirical hurdles (E

. -V and B instability) which prevent it from being empirically
tested using traditional econometric procedures.

(ii) Individual investors (as proxied by Canadian households) appear
to hold efficient portfolios in a mean-variance sense, although
such portfolios are not the traditional market portfolio. Fur-
thermore, the expected returns on these individual portfoliocs

are linearly related to their variances.

giii) While factor analytic techniques are generally used to test the
APM, they imply serious deficiencies in test design, and better
procedures for empirical validation of the APM need to be *found.
Using standard procedures, the APM predicted equilibrium rela-
tionship is not consistent with the data. Thus, whether the APM
is an inappropriate model or not is still an unresolved ques-

tion.
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